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Resumen

La teoría de matrices de la densidad reducida, a través de los funcionales de orbitales naturales
(en cuya base la 1RDM es diagonal), representa una opción atractiva para describir sistemas
fuertemente correlacionados a un costo más accesible que los métodos basados en función de
onda. Sin embargo, su desarrollo permanece activo, requiriendo una mayor eficiencia y análisis
para competir contra el resto de métodos de estructura electrónica. En este trabajo se generó
una implementación eficiente en lenguajes de programación modernos, dando lugar a PyNOF
(Python), y DoNOF.jl (Julia). Ambos programas cuentan con soporte de aceleradores de cómputo
a través de unidades de procesamiento gráfico, y se ha utilizado la aproximación de resolución
de la identidad para reducir el escalamiento aritmético y de memoria a cuarto y tercer orden,
respectivamente. Las implementaciones generadas permiten estudiar sistemas de interés químico
con un tamaño mayor a lo previamente posible. Tales implementaciones fueron utilizadas para
estudiar fenómenos como el comportamiento de los funcionales en el error de deslocalización
de la carga y el orden relativo de estabilidad entre los estados triplete-quintuplete del sistema
hierro-porfirina. Finalmente, se extendió la implementación para el estudio de estados excitados.
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1Introducción

„The computer firms will not have done their job properly until
they have produced a computer that I can talk to, and which will
listen to my voice, interpret my instructions, code itself, and then
tell me the answer. This attractive prospect -I am assured- is by no
means absurdly idealistic.

— C. A. Coulson
Rev. Mod. Phys. 32(2), 170–177 (1960)

En los últimos años, ha habido un desarrollo impresionante de las herramientas que permiten
el estudio computacional de sistemas químicos de interés. Inicialmente, los métodos basados
en la función de onda proporcionaron un avance progresivoa hacia la mejor descripción teórica
de átomos y moléculas, un ejemplo de esto son los métodos de interacción de configuraciones
(CI, por sus siglas en inglés), Møller-Plesset (MP) y cúmulos acoplados (CC, por sus siglas en
inglés). Sin embargo, la mejora cuantitativa de los resultados vino acompañada de un incremento
en el escalamiento computacional, volviéndolos rápidamente prohibitivos para una aplicación
práctica. Por otra parte, la teoría de los funcionales de la densidad (DFT, por sus siglas en inglés)
proporcionó la promesa de un funcional exacto, que aunque desconocido, motivó el desarrollo de
funcionales de la densidad aproximados (DFAs, por sus siglas en inglés) que generan resultados
lo suficientemente buenos para estudiar química a un costo aceptable. Bajo esta premisa, se
han desarrollado una gran diversidad de funcionales,1,2 colocando a DFT como la teoría más
utilizada de la Química Cuántica actual.3 A pesar de su gran éxito, los DFAs han encontrado
obstáculos. La construcción de los DFAs no es sistemática y aunque se ha propuesto la escalera de
Jacob como una analogía para jerarquizar los funcionales,4 esta analiza cómo son construidos, lo
que no necesariamente corresponde a su mejora progresiva en exactitud, como sí sucede en los
métodos basados en función de onda. En este sentido, los funcionales diseñados puramente con
condiciones teóricas no son tan exactos como se desearía, por lo que se han diseñado funcionales
parametrizados para predecir de forma óptima la energía de un conjunto de moléculas. Si bien
esto mejora los resultados, también produce un sesgo en el que el funcional se desempeñe mejor
en moléculas similares a las del conjunto con el que se ajustaron los parámetros, pero no se
desempeña tan bien en el resto de las moléculas. Además, ha surgido un debate sobre que los
aPor ejemplo, podemos analizar un sistema considerando un determinante de Slater y sus excitaciones sencillas, luego
agregar excitaciones dobles, luego triples y continuar hasta tener determinantes de Slater que contengan todas las
excitaciones posibles, cada vez con mejores valores de energía.
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DFAs recientes son cada vez mejores prediciendo valores de energía, pero no funcionan bien
para otras propiedades como densidades electrónicas, momentos dipolares y cargas, lo que es un
indicador de buenos resultados por las razones incorrectas.5-8 En este sentido, es deseable el uso
de una teoría que proporcione resultados con la calidad de altos niveles de métodos de función
de onda pero con el costo computacional de DFAs.

La correlación electrónica se origina por la no separabilidad del movimiento electrónico y es un
factor clave para poder alcanzar predicciones químicas con buena exactitud. Ya que el método
de Hartree-Fock considera el movimiento de un electrón en el campo promedio de los demás
electrones, este método no cuantifica adecuadamente la contribución energética de la correlación
electrónica. Ante este escenario, sería deseable usar siempre la versión completa del método
de interacción de configuraciones (FCI, por sus siglas en inglés), el cual construye la función
de onda como una combinación del conjunto completo de determinantes de Slater en una base
dada; no obstante, esto es inviable en un tiempo de vida humano con recursos computacionales
limitados. En la práctica es común utilizar aproximaciones sencillas como la interacción de
configuraciones con excitaciones simples y dobles (CISD, por sus siglas en inglés), Møller-Plesset
de segundo orden (MP2) y cúmulos acoplados con excitaciones simples y dobles (CCSD, por
sus siglas en inglés). De hecho, agregar excitaciones triples de forma perturbativa a CCSD se
considera como el gran estándarb de la Química Cuántica, pero esto se debe más al balance
entre exactitud y “límites computacionales alcanzables” que a un buen desempeño universal
del método. Los métodos anteriores capturan predominantemente correlación dinámica, la cual
proviene de las interacciones instantáneas entre electrones y es la dominante en muchas moléculas
en su estructura de equilibrio. Sin embargo, la descripción de otros sistemas y fenómenos
químicos de interés requiere de correlación estática,c la cual se obtiene aumentando el número de
determinantes en la función de onda.9 En este contexto, los sistemas fuertemente correlacionados
representan uno de los grandes desafíos para la Química Cuántica actual.10-12 Estos sistemas tienen
una contribución significativa de correlación estática,d por lo que requieren de métodos de función
de onda computacionalmente demandantes. Alternativamente, se pueden utilizar determinantes
selectos para generar nuevos determinantes, dando lugar a los métodos multiconfiguracionales,
los cuales son más plausibles, pero siguen siendo costosos. Para añadirle complejidad al problema,
existen moléculas en las que la correlación estática es necesaria, pero no suficiente, en estos
casos se pueden relajar los orbitales dando lugar a los métodos multireferenciales.13,14 Respecto a
DFT, aunque en principio es capaz de recuperar correlación estática, se ha reportado la falta de
efectividad de muchos funcionales para describir sistemas fuertemente correlacionados.15 El costo

bGold standard, en inglés.
cLa separación de la correlación electrónica en dinámica y estática es solo una herramienta interpretativa práctica,
estrictamente existe una sola correlación electrónica.

dEn estos sistemas, la correlación estática no puede omitirse.
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computacional de los métodos actuales limita el estudio de estos sistemas y genera la necesidad
de buscar caminos alternativos para su estudio.

Los sistemas fuertemente correlacionados incluyen una gran diversidad de sistemas químicos
interesantes, como moléculas altamente aromáticas, por ejemplo los acenos de más de seis
anillos,16,17 ciclacenos,18 algunos fulerenos,19,20 superconductores,21 sistemas con metales de
transición22 como catalizadores,23 compuestos de coordinación y organometálicos y la mayor
parte de los sistemas fuera de su estructura de equilibrio. Por su interés, se ha investigado bastante
sobre la capacidad de los métodos actuales para predecir estos sistemas. Se conoce que los
funcionales de la densidad con intercambio local recuperan mejor la correlación estática que
los que tienen intercambio de Hartree-Fock, pero en general no representan una solución al
problema.15 Por otra parte, los métodos de función de onda aproximados como CASSCF y CASPT2
se han vuelto la elección de-facto para estudiar sistemas fuertemente correlacionados, aunque
su éxito depende de factores como la selección correcta del espacio activo y su demanda de
recursos de cómputo limita el tamaño de los sistemas que pueden ser estudiados. Otra alternativa
se encuentra en la teoría de matrices de la densidad reducida (RDM, por sus siglas en inglés),
cuyo desarrollo se origina en las ideas iniciales de Löwdin, McWeeny y von Neumann y que
fue ampliamente impulsado por Coulson24 y Coleman.25-27 La premisa de estos métodos es que
la función de onda contiene más información de la necesaria para calcular la energía, por lo
que puede reducirse a objetos más simples de analizar, como la matriz de la densidad reducida
de primer orden (1RDM) y la de segundo orden (2RDM). Esto proporcionó el desarrollo de
métodos basados en la RDM,28 por ejemplo, la propuesta de Valone de un funcional universal
de la 1RDM.29,30 La teoría de matrices de la densidad reducida se basa en que el Hamiltoniano
no relativista posee a lo más interacciones entre dos partículas, por lo tanto, la energía es un
funcional exacto y conocido de la 2RDM, la cual se puede obtener directamente de la función de
onda.31 El reto se encuentra en construir directamente la 2RDM sujeta a que corresponda a la
función de onda del sistema, lo que se conoce como el problema de la N -representabilidad.32

El desarrollo de los métodos basados en la RDM perdió impulso con el auge de DFT, al igual
que la mayoría de los métodos de Química Cuántica. Es hasta en los últimos años que la RDM ha
resurgido como una forma de enfrentar los desafíos a los que se enfrentan los DFAs. La forma en
la que se aborda la reconstrucción de la 2RDM ha dado lugar a diversas metodologías, destacando
recientemente la 2RDM variacional (v2RDM, por sus siglas en inglés) actualmente representada
por los trabajos de David A. Mazziotti31-34 y DePrince III.35-38 Estos métodos han sido exitosos,
aunque su mejora requiere RDMs de orden superior y su escalamiento se vuelve prohibitivo, por
lo que es más común solo usar condiciones de hasta tercer orden.39 Otra alternativa consiste en la
reconstrucción de la 2RDM a partir de la 1RDM antisimetrizada y un cumulante. En este caso, el
cumulante contiene la información necesaria para conectar ambas RDMs.40 Aquí destaca la teoría
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del cumulante de la densidad (DCT, por sus siglas en inglés).41-44 Una consideración adicional
se logra a través de expresar las RDMs en la base de orbitales naturales, lo que da lugar a los
funcionales de orbitales naturales (NOFs, por sus siglas en inglés), en los que nos centraremos
en este trabajo. Los funcionales de orbitales naturales ofrecen como ventaja la diagonalización
de la 1RDM, lo que permite tener una expresión del cumulante que depende de los números de
ocupación, así como una expresión sencilla de energía, con un escalamiento aritmético de quinto
orden.45 Es en este contexto que la teoría se vuelve prometedora para el estudio de sistemas
fuertemente correlacionados.

La computación ha avanzado mucho desde aquellos años en que se desarrollaron los primeros
trabajos de la RDM. Por ejemplo, el surgimiento de unidades de procesamiento gráfico ha
permitido el cómputo heterogéneo con unidades de procesamiento central y esto ha acelerado los
cálculos de los métodos de función de onda y de DFAs de maneras sin precedentes, en el orden de
decenas a miles de veces. Por otra parte, el cómputo de integrales y los métodos de convergencia
han evolucionado ampliamente. En este sentido, la cita con la que inicia este capítulo, escrita
en el artículo de Coulson donde reflexiona sobre la RDM, proporciona una motivación muy
interesante.24 La frase trata sobre el deseo de tener una computadora a la que se le pueda hablar,
que nos pueda responder y hasta que se pueda autoprogramar. Si bien en aquellos años (e
incluso hace una década) eso sonó a un escenario de película futurista, hoy en día comienza a
hacerse una realidad. La computadora que escucha y responde llegó de la mano de Siri, Google
Assistant y Cortana y la computadora que se autoprograma llegó de la mano de GitHub Copilot y
Amazon Codewhisperer. Estos parecen haber sido sucedidos recientemente por OpenAI-ChatGPT y
Google-Bard. En ese sentido, el sueño computacional de Coulson ha sido cumplido y ha llegado la
hora de poner un pequeño grano de arena para impulsar el otro sueño, volver a la RDM el motor
de la Química Cuántica actual.

4 Capítulo 1 Introducción



2Teoría

2.1 Matrices de la densidad reducida

La ecuación de Schrödinger independiente del tiempo proporciona la información asequible del
sistema a partir de la solución a la ecuación:

ĤΨ = EΨ, (2.1)

donde Ĥ es el Hamiltoniano electrónico, Ψ es la función de onda y E es la energía del sistema.
En el caso de átomos y moléculas, la aproximación de Born-Oppenheimer permite desacoplar la
parte nuclear de la parte electrónica y centrarnos exclusivamente en resolver el problema

Ĥelecψ = Eelecψ, (2.2)

con ψ la parte electrónica de la función de onda y el Hamiltoniano electrónico dado por

Ĥelec = −1
2
X

i

h(i) +
X

j>i

1
|ri − rj | , (2.3)

con

h(i) = 1
2∇2

i −
X

i,A

ZA

|ri − RA| , (2.4)

en esta ecuación, los índices i y j corresponden a los electrones y el índice A etiqueta a los
núcleos, de esta forma ri y RA corresponden el vector posición del electrón i y del átomo A

respectivamente. La solución a la ecuación (2.2) resulta desafiante y analíticamente imposible
para más de dos partículas interactuantes, por lo que debemos recurrir a varias aproximaciones
que dan lugar a los diversos métodos basados en la función de onda.

Otra alternativa se encuentra en las matrices de la densidad reducida. En general, para un siste-
ma de N electrones cuya función de onda es ψ(x1, · · · , xN ), donde xi representa la coordenada
(espacial y de espín) del i-ésimo electrón, la matriz de la densidad de orden-N está dada por:

N D(x∗
1, · · · , x∗

N ; x1, x2, · · · , xN ) = ψ(x∗
1, · · · , x∗

N )ψ(x1, · · · , xN ), (2.5)
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mientras que la matriz de la densidad reducida de orden-m está dada por:

mD(x∗
1, · · · , x∗

m; x1, · · · , xm) =
 

N

m

!Z
ψ(x∗

1, · · · , x∗
m, xm+1, · · · , xN )ψ(x1, · · · , xm, xm+1, · · · , xN )dxm+1 · · · dxN , (2.6)

es decir, integrando todas las coordenadas de (N − m) electrones.

Debido a que el Hamiltoniano electrónico contiene a lo más interacciones entre dos electrones,
la energía es un funcional exacto y conocido de la 2RDM. Esto se puede entender al expresar el
Hamiltoniano en operadores de segunda cuantización

Ĥelec =
X

pq

hpqa†
paq + 1

2
X

pqrs

⟨pq|rs⟩ a†
pa†

qasar, (2.7)

con p, q, r y s denotando espín-orbitales y

hpq =
Z

dxχ∗
p(x)

 
−1

2∇2 −
X

A

ZA

|r − rA|

!
χq(x), (2.8)

⟨pq|rs⟩ =
Z

dx1dx2χ∗
p(x1)χ∗

q(x2)
Z

r−1
12 χr(x1)χs(x2). (2.9)

Tomando el valor esperado de la energía se obtiene

E = ⟨ψ| Ĥelec |ψ⟩ = Hpq
1Dq,p + ⟨pq|rs⟩ 2Drs,pq, (2.10)

donde se define la 1RDM y la 2RDM como

1Dp,q = ⟨ψ| a†
paq |ψ⟩ , (2.11)

2Drs,pq = ⟨ψ| a†
pa†

qasar |ψ⟩ . (2.12)

Debido a su importancia, se le asigna el símbolo Γ a la 1RDM y el símbolo D a la 2RDM, de tal
forma que la expresión de energía resulta

E =
X

ij

HijΓj,i +
X

ijkl

⟨ij|kl⟩ Dkl,ij . (2.13)

Esta ecuación resulta trascendental, ya que si conociéramos la función de onda exacta del sistema,
podríamos reducirla a la 1RDM y 2RDM y usar la ecuación (2.13) para calcular la energía exacta.
Además, podemos considerar a la 1RDM en una representación diagonal, es decir,

Γp,q = npδpq, (2.14)
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donde np es el número de ocupación del espín-orbital natural, ϕp.

2.2 Condiciones de N-representabilidad y propiedades de
la 2RDM

La ecuación (2.6) proporciona una forma de construir la 2RDM a partir de la función de onda,
mientras que la ecuación (2.13) proporciona una forma de usarla para calcular la energía. La
existencia de este camino es importante porque muestra que el funcional exacto de la 2RDM
es conocido, pero proceder de esta manera es poco práctico, ya que implica realizar un cálculo
previo para generar la función de onda. La idea detrás del uso de la 2RDM consiste en construirla
directamente sin pasar por la función de onda, lo cual puede hacerse variando la 2RDM en
un proceso de optimización de la ecuación (2.13). La ventaja de este enfoque es que la 2RDM
generada puede corresponder a la función de onda de cualquier método de estructura electrónica,
desde Hartree-Fock, pasando por los métodos multirreferenciales, e idealmente hasta la función
de onda correspondiente a FCI. De esta forma sería posible obtener una energía con gran exactitud
sin tener que pagar el costo computacional de estos métodos.

Las RDMs deben cumplir ciertas propiedades, por ejemplo, la traza de la 1RDM debe ser
el número de electrones N y la traza de la 2RDM debe ser el número de pares de electrones
N(N − 1)/2, a su vez esto genera una vía de contracción de la 2RDM a la 1RDM. Además, la
2RDM debe de cumplir con propiedades como la Hermiticidad y la antisimetría, como se muestra
en la Tabla 2.1. Sin embargo, la variación directa de la 2RDM sujeta a estas restricciones lleva
a valores de energía más negativos que el exacto, en contradicción aparente con el teorema
variacional. La razón es que las condiciones anteriores permiten generar 2RDMs válidas, pero no
garantizan que correspondan a la función de onda de N -electrones del sistema, lo que se conoce
como el problema de la N -representabilidad.

Tab. 2.1: Propiedades que deben de cumplir la 1RDM y la 2RDM.

Propiedad Expresión
Traza 1RDM Tr Γ = P

p Γp,p = N

Traza 2RDM Tr D = P
pq Dpq,pq = N(N − 1)/2

Contracción
P

r Dqr,pr = N−1
2 Γqp

Hermiticidad Drs,pq = D∗
pq,rs

Antisimetría Drs,pq = −Drs,qp = −Dsr,pq = Dsr,qp

Para solucionar este problema, se proponen condiciones de N -representabilidad. Las condicio-
nes necesarias y suficientes para la N -representabilidad de la 1RDM son46,47
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Los números de ocupación deben de encontrarse entre cero y uno, 0 ≤ np ≤ 1.

Los números de ocupación deben de sumar el número de electrones,
P

p np = N .

Respecto a las condiciones de la 2RDM, resulta conveniente definir tres tipos de matrices a partir
de operadores de segunda cuantización, las cuales deben de ser semipositivo definidas:

Dpq,rs = 1
2 ⟨ψ| a†

pa†
qasar |ψ⟩ ≥ 0.

Qpq,rs = 1
2 ⟨ψ| apaqa†

sa†
r |ψ⟩ ≥ 0.

Gpq,rs = 1
2 ⟨ψ| a†

paqa†
sar |ψ⟩ ≥ 0.

Estas ecuaciones se conocen como las condiciones D, Q y G, donde la D corresponde directamente
a la 2RDM, mientras que Q y G se obtienen como permutaciones de los operadores de segunda
cuantización que forman la matriz D. Es importante señalar que las condiciones D, Q, y G son
necesarias, pero no suficientes para lograr la N -representabilidad de la 2RDM. Realizar el proceso
de optimización sin las condiciones de N -representabilidad completas lleva a energías menores
a las del estado basal. En la medida que se agreguen más condiciones se obtendrán mejores
resultados y en el límite en que se tengan todas las condiciones necesarias y suficientes, entonces
se podrá alcanzar el límite exacto permitido por la base.

Variar la 2RDM sujeto a las restricciones de N -representabilidad no es algo trivial y a lo largo
de los años se han desarrollado varios algoritmos para lograrlo, destacando la programación
semidefinida y la optimización restringida no lineal.33 Por otra parte, por mucho tiempo el
conjunto suficiente de estas condiciones fue desconocido, pero recientemente se ha propuesto
un método para la inclusión progresiva de las condiciones necesarias y suficientes para lograr la
N -representabilidad.48

2.3 Expansión cumulante

En paralelo al desarrollo de la optimización directa de la 2RDM, hubo un desarrollo interesante
respecto a objetos de menor orden. Por una parte, en 1964 Hohenberg y Kohn formularon su
famoso tratamiento del gas de electrones no homogéneo, en el que mostraron la energía del estado
basal de un gas de electrones interactuantes con un potencial externo determinado es un funcional
de la densidad electrónica.49 Sin embargo, la prueba proporcionada por Kohn y Sham sólo es
aplicable a densidades v-representables, es decir, que provengan de un potencial externo de tipo
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local. Posteriormente, en 1975 Gilbert extendió el teorema de Hohenberg y Kohn a potenciales
externos no locales, encontrando de manera más general que la energía es un funcional de la
1RDM.50 En 1979 Levy resolvió el problema de la v-representabilidad y estableció la existencia de
un funcional universal de la densidad electrónica y de un funcional universal de la 1RDM, estando
ambos conectados.51 Finalmente, Valone extendió el trabajo de Levy a ensambles.29,30 Mientras
que el uso de la densidad llevó a la actual formulación de DFT, el resto de los trabajos motivaron
el desarrollo de la teoría de los funcionales de la matriz de la densidad reducida (RDMFT, por sus
siglas en inglés). La representación de la 1RDM en forma diagonal, es decir, en orbitales naturales
y sus números de ocupación, fue de gran utilidad para el diseño de los funcionales, surgiendo el
funcional de Müller,52 así como otros funcionales propuestos por Goedecker y Umrigar (GU),53

Gritsenko, Pernal y Baerends (BBC),54, Marqués y Lathiotakis (ML),55 entre otros.56 En estos
casos, la expresión de la energía está basada directamente en alguna función de los números de
ocupación y de integrales que dependen de los orbitales naturales.

Otra idea para construir el funcional es a partir del concepto de expansión cumulante propuesto
originalmente como un principio matemático,57 pero aplicado posteriormente en el ámbito de las
RDMs.40 La idea consiste en descomponer una RDM en función de productos de RDMs de orden
inferior y una parte no desacoplable, conocida como el cumulante. En el caso de la 2RDM, esta se
puede expresar en función de la 1RDM como

D = Γ ∧ Γ + λ, (2.15)

donde ∧ es el producto antisimetrizado,a y λ es el cumulante que conecta a la 1RDM con la
2RDM. Haciendo explícito el espín de los índices de la 2RDM y considerando su antisimetría, se
cumple

Dαααα
rs,pq = 1

2
�
Γαα

rp Γαα
sq − Γαα

rq Γαα
sp

�
+ λαααα

rs,pq , (2.16)

Dαβαβ
rs,pq = 1

2
�
Γαα

rp Γββ
sq

�
+ λαβαβ

rs,pq , (2.17)

con λαααα
rs,pq siendo antisimétrico ante el intercambio de índicesb y λαβαβ

rs,pq sin ningún requisito
particular de simetría. Con esto, la expresión de energía haciendo explícito el espín resulta

E =
X

pq

HpqΓαα
pq +

X

pq

HpqΓββ
pq +

X

pqrs

⟨pq|rs⟩ Dαααα
rs,pq

+
X

pqrs

⟨pq|rs⟩ Dαβαβ
rs,pq +

X

pqrs

⟨pq|rs⟩ Dβαβα
rs,pq +

X

pqrs

⟨pq|rs⟩ Dββββ
rs,pq . (2.18)

aEn inglés, wedge product
bλαααα

rs,pq = −λαααα
rs,qp = −λαααα

sr,pq = λαααα
sr,qp
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Se pueden proponer diversos funcionales dependiendo de como se construya el cumulante.
Destaca en este sentido la teoría de funcionales del cumulante de la densidad (DCFT, por sus
siglas en inglés).41 Las ecuaciones (2.16) y (2.17) también pueden escribirse utilizando orbitales
naturales y sus números de ocupación según la ecuación (2.14) para dar lugar a

Dαααα
rs,pq = 1

2 (npnqδrpδsq − npnqδrqδsp) + λαααα
rs,pq , (2.19)

Dαβαβ
rs,pq = 1

2 (npnqδrpδsq) + λαβαβ
rs,pq , (2.20)

con la expresión de la energía en función de los números de ocupación y del cumulante

E = 2
X

p

npHpp +
X

pqrs

⟨pq|rs⟩ npnq(2δrpδsq − δrqδsp) + 2
X

pqrs

⟨pq|rs⟩ λαααα
rs,pq − 2

X

pqrs

⟨pq|rs⟩ λαβαβ
rs,pq .

(2.21)
Un caso particular emerge directamente de las ecuaciones (2.19) y (2.20), ya que si restringimos
los números de ocupación a “0” y “1” con el cumulante como cero, entonces la ecuación (2.21) se
reduce a la energía de Hartree-Fock.

2.3.1 PNOFs

Los funcionales de orbitales naturales de Piris (PNOFs, por sus siglas en inglés) proponen una
expresión cumulante en la base de orbitales naturales dada por58

λαααα
pq,rs = −∆pq

2 (δprδqs − δpsδqr) , (2.22)

λαβαβ
pq;rs = −∆pq

2 δprδqs + Πpr

2 δpqδrs, (2.23)

donde ∆pq y Πpq son matrices que se definen según el funcional. Utilizando el cumulante de
PNOF dado en las ecuaciones (2.22) y (2.23) podemos usar las ecuaciones (2.19) y (2.20) para
reconstruir la 2RDM a partir de los orbitales naturales y sus números de ocupación y a su vez usar
la ecuación (2.21) para obtener una expresión de energía. Al efectuar todas las sustituciones se
obtiene

E =
X

p

np(2Hpp + Jpp) +
X

pq,p̸=q

(npnq − ∆qp)(2Jpq − Kpq) +
X

pq,p̸=q

ΠqpLpq, (2.24)

con Hpp los elementos diagonales de la matriz del Hamiltoniano de core, Jpq = ⟨pq|pq⟩ = (pp|qq)
siendo las integrales de Coulomb, Kpq = ⟨pq|qp⟩ = (pq|qp) las integrales de intercambio y
Lpq = ⟨pp|qq⟩ = (pq|pq) las integrales de intercambio e inversión del tiempo,c todas en la base de

cLas integrales de intercambio e inversión del tiempo se han definido en las referencias [59, 60]. Ya que en este trabajo
se usan orbitales reales, estas integrales se transforman simplemente en integrales de intercambio, Lpq = Kpq.
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orbitales naturales y con los paréntesis indicando la notación química de integrales en orbitales
espaciales que se usará por conveniencia a partir de ahora. Esta expresión es importante, ya que
permite identificar las integrales que contribuyen a la energía y que dan origen a que a estos
funcionales se les conozca como de tipo JKL.

Una vez definida la expresión de energía, solo resta proponer una expresión para las matrices
∆ y Π, lo que da lugar a ocho PNOFs, denominados PNOFi (i=1-7) y un funcional global de
orbitales naturales (GNOF, por sus siglas en inglés).61-68 Aquí destacaremos los más recientes,
PNOF5, PNOF7 y GNOF, los cuales se basan en un esquema de apareamiento de electrones,69

como el que se muestra en la Figura 2.1. Dado un sistema de N electrones en un espacio orbital
Ω, este se puede dividir en NΩ subespacios, cada uno denominado Ωg con g = 1, · · · , NΩ. Del
total hay, NII/2 subespacios de tipo ΩII y NI de tipo ΩI, tal que

2S + 1 = NI + 1, (2.25)

NII + NI = N, (2.26)

con 2S + 1 la multiplicidad de espín del sistema determinada por NI y junto con el número total
de electrones se determina NII. Este esquema permite que la 2RDM cumpla con el valor esperado
del operador del cuadrado del espín.70,71d Cada subespacio en ΩI está formado por un orbital
natural espacial (np = 1/2), mientras que cada subespacio en ΩII está formado por un orbital
natural espacial fuertemente doble ocupado (1/2 ≤ np ≤ 1) y Ng orbitales naturales espaciales
débilmente doble ocupados (0 ≤ np ≤ 1), tal que su suma da 2.0, correspondiendo a la ocupación
total de un subespacio en ΩII. Cuando solo se acopla un orbital, Ng = 1, se dice que se tiene
emparejamiento perfecto, mientras que si se acopla más de un orbital, Ng > 1, entonces se tiene
un esquema de emparejamiento extendido.

Dado el esquema de subespacios, se tienen contribuciones tipo intrasubespacio (intrapar) e
intersubespacio (interpar). Las contribuciones intrapares a los bloques de espines opuestos de la
2RDM están dadas por

Dαβαβ
pq,rt = npδpr + Πpr(1 − δpr)

2 δpqδrtδpΩg δrΩg , g ≤ NII/2, (2.27)

d


Ŝ2�

= N(4−N)
4 +

P
pq

�
Dαααα

pq,pq + Dββββ
pq,pq − 2Dαβαβ

pq,qp

�
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Ω1

Ω2

Ω3

NΩ

Ω4
NII/2

Orbitales Naturales
Débilmente Doble Ocupados

0 ≤ np ≤ 1/2
ΩII

Orbitales Naturales
Simplemente Ocupados

np = 1/2
ΩI

Orbitales Naturales
Fuertemente Doble Ocupados

1/2 ≤ np ≤ 1
ΩII P

p np = 2

P
p np = 2

P
p np = 2

P
p np = 1

P
p

n
p

=
7

Fig. 2.1: Esquema de acoplamiento orbital usado en PNOF. El ejemplo corresponde a un
sistema de N = 7 electrones con multiplicidad doblete (2S + 1 = 2), tal que NI = 1
y NII = 6. El espacio orbital Ω se divide en NΩ = NI + NII/2 = 4 subespacios,
de los cuales hay uno en ΩI y tres subespacios en ΩII. ΩI está formado por el
subespacio Ω4 y ΩII está formado por los subespacios Ω1, Ω2 y Ω3, cada uno, con
un orbital fuertemente ocupado y dos orbitales débilmente ocupados (Ng = 2). De
esta forma, los subespacios Ω1, Ω2 y Ω3 aportan una suma de ocupaciones de “dos”
cada uno y Ω4 aporta una ocupación de “uno”, para dar el total de 7 electrones del
sistema distribuidos en 10 orbitales.

donde el producto δpΩf
δqΩg verifica que los orbitales p y q pertenezcan al mismo subespacio,e y

Π(nq, np) = √
nqnp(δqΩaδpΩa − δqg − δpg), g ≤ NII/2, (2.28)

con δpg que verifica que el orbital p sea un orbital fuertemente doble ocupado y δpΩa que verifica
que el orbital p se encuentre arriba de NΩ, es decir, que sea débilmente doble ocupado.

La contribución interpar al bloque de espines paralelos de la 2RDM está dada por

Dαααα
pq,rt = npnq

2 (δprδqt − δptδqr) δpΩf
δqΩg , (2.29)

eEl término δpΩg corresponde a la delta de Kronecker definida como

δpΩg =
�

1, ϕp ∈ Ωg

0, ϕp /∈ Ωg

,

y que verifica si el orbital ϕp pertenece al subespacio Ωg.
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donde el producto δpΩf
δqΩg verifica que p y q pertenezcan a distintos subespacios. Por otra parte,

la contribución interpar al bloque de espines opuestos es diferente para cada funcional. En el caso
de PNOF5 se propone

Dαβαβ
pq,rt = npnq

2 δprδqtδpΩf
δqΩg . (2.30)

Por otra parte, PNOF7 introduce la función

Φp =
q

np(1 − np), (2.31)

y la contribución interpar de espines opuestos está dada por

Dαβαβ
pq,rt = npnq

2 δprδqtδpΩf
δqΩg − ΦpΦr

2 δpΩf
δrΩg ×





δpqδrt, f ≤ NII/2 ó g ≤ NII/2

δptδqr, NII/2 < f, g ≤ NΩ
. (2.32)

Es destacable que PNOF7 introduce más correlación respecto a PNOF5 debido al segundo término
del lado derecho de la ecuación (2.32), en particular, Φ incrementa su valor cuando los números
de ocupación se alejan de 0 y 1, es decir, que se introduce predominantemente correlación interpar
de tipo estática. Además, si se utiliza la función Φp = 2np(1 − np) se obtiene una modificación
denominada PNOF7s, cuyo propósito es obtener únicamente correlación estática y eliminar la
dinámica para evitar conteo doble al recuperarla mediante métodos alternativos como en el
esquema NOF-MP2.

Finalmente, GNOF introduce la idea de cuantificar la correlación dinámica a partir de los
números de ocupación, np. Para ello, a cada uno le asocia un número de ocupación dinámico
nd

p , que se calcula como función de np y el hueco hg = 1 − ng asociado al subespacio Ωg al que
pertenece ϕp, según

nd
p = npe

−
�

hg
hc

�2

, ϕp ∈ Ωg, (2.33)

con hc = (0.02)
√

2 una constante. De esta forma, la contribución interpar de espines opuestos
queda dada por

Dαβαβ
pq,rt =

�
npnq

2 δprδqt − δpΩIδqΩI

8 δpqδqr

�
δpΩf

δqΩg − Πs
pr + Πd

pr

2 δpqδrtδpΩf
δrΩg , (2.34)

donde δpΩI verifica que el orbital p sea sencillamente ocupado, y

Πs
pr = ΦpΦr

�
δpΩbδrΩa + δpΩaδrΩb + 1

2(δpΩb
II

δrΩI + δpΩIδrΩb
II

)
�

, (2.35)

Πd
pr =

�q
nd

pnd
r − nd

pnd
r

� �
δpΩb

II
δrΩa + δpΩaδrΩb

II

�
−

�q
nd

pnd
r + nd

pnd
r

�
δpΩaδrΩa , (2.36)
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con δpΩb que verifica que el orbital p se encuentre por debajo de NΩ y δpΩb
II

verifica que el orbital
p se encuentre por debajo de NII/2.

Considerando la contribución dada por el esquema de emparejamiento, resulta conveniente
expresar la energía como una contribución intrasubespacio, una contribución intersubespacio de
tipo Hartree-Fock, de tipo estática y de tipo dinámica. La contribución intrapar está dada por

Eintra =

NII
2X

g=1
Eg +

NΩX

g=NII/2+1
Hgg, (2.37)

con Eg siendo la contribución a la energía de un subespacio doblemente ocupado, dada por

Eg =
X

p∈Ωg

np(2Hpp + Jpp) +
X

q,p∈Ωg

ΠqpKpq. (2.38)

Por otra parte, la contribución interpar de tipo Hartree-Fock está dada por

Einter
HF =

NbfX

p∈Ωg ,q∈Ωf

g ̸=f

nqnp(2Jpq − Kpq), (2.39)

con Nbf siendo el número de funciones de base y la prima indicando que se omiten los orbitales
dentro de un mismo subespacio. Hasta aquí se tiene la energía de PNOF5, dada por

EPNOF5 = Eintra + Einter
HF . (2.40)

La contribución interpar de tipo estática de PNOF7 está dada por

Einter
sta =

NbfX

p∈Ωg ,q∈Ωf

g ̸=f

ΦqΦp(2Jpq − Kpq), (2.41)

por lo que la expresión de energía resulta

EPNOF7 = Eintra + Einter
HF + Einter

sta . (2.42)
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Finalmente, GNOF modifica la contribución interpar estática y agrega contribución interpar
dinámica

Einter
sta = −




NΩX

p=1

NbfX

q=NΩ+1
+

NbfX

p=NΩ+1

NΩX

q=1
+

NbfX

p,q=NΩ+1




′

ΦqΦpKpq

− 1
2




NII/2X

p=1

NΩX

q=NII/2+1
+

NΩX

NII/2+1

NII/2X

q=1




′

ΦqΦpKpq − 1
4

NΩX

p,q=NII/2+1
Kpq, (2.43)

con la contribución dinámica interpar dada por

Einter
dyn =

NbfX

p,q=1

′ h
nd

q nd
p + Π(nd

q , nd
p)
i

(1 − δqΩb
II

δpΩb
II

)Kpq, (2.44)

donde el apóstrofe significa que se omiten las contribuciones donde p y q pertenecen al mismo
subespacio. De esta forma, se obtiene la expresión de energía

EGNOF = Eintra + Einter
HF + Einter

sta + Einter
dyn . (2.45)

2.4 Diagnóstico de correlación electrónica

El método de Hartree-Fock aproxima la función de onda como un determinante de Slater y
considera el movimiento de un electrón en el campo promedio ejercido por los demás electro-
nes. La diferencia entre esta energía aproximada y la energía exacta del sistema da lugar a la
correlación electrónica y aunque representa una fracción pequeña de la energía total del sistema,
esta resulta crucial para obtener predicciones químicas acertadas. Suele ser conveniente dividir
la correlación electrónica en dos tipos, en correlación dinámica, originada por las interacciones
entre los electrones que Hartree-Fock no describe adecuadamente cuando considera el campo
promedio, así como en correlación estática, proveniente de aproximar a la función de onda de
forma monoconfiguracional. Desde el punto de vista de los métodos basados en función de onda,
se suele considerar que métodos como MP2, CCSD y CISD, que utilizan un solo determinante de
Slater como referencia para construir a la función de onda, recuperan principalmente correlación
dinámica. A estos métodos se les denomina de referencia simple, mientras que para recuperar
la correlación estática se requieren métodos con una función de onda con más de un determi-
nante de Slater como referencia, por ejemplo CASPT2, a los que se les conoce como métodos
multirreferenciales.
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Cuando la correlación dinámica resulta dominante se dice que el sistema es débilmente correla-
cionado, mientras que cuando la correlación estática es la dominante se dice que el sistema es
fuertemente correlacionado. El problema reside en que recuperar la correlación estática mediante
los métodos multiconfiguracionales comunes suele ser costoso y complejo, por lo que estos no
son usados de forma rutinaria, pero no considerarla da malas predicciones para los sistemas
fuertemente correlacionados. Es por esto que bajo el esquema de trabajo habitual resulta deseable
poder identificar la correlación electrónica dominante en un sistema para saber si podemos usar
un método de referencia sencilla de forma confiable, o si, por el contrario, resulta importante
usar un método multirreferencial. Sin embargo, la estructura molecular no suele ser suficiente
para determinar directamente cuál es el tipo de correlación dominante en el sistema, por lo que
se recurre al uso de varios diagnósticos de correlación,72 algunos de los cuales se muestran en la
Tabla 2.2.

Tab. 2.2: Diagnósticos comunes del tipo de correlación electrónica predominante.

Diagnóstico Criterio para Correlación Estática Tipo de Cálculo Referencia
C0 1-C2

0 ≥ 0.05 CISD [73]
T1 T1 ≥ 0.02 CCSD [74]
D1 D1 ≥ 0.05 CCSD y MP2 [75]
D2 D2 ≥ 0.18 CCSD y MP1 [76]

FOD NFOD ≥ 0.2 DFT [77, 78]
TAE %TAE(T) ≥ 10 % CCSD(T) [79]
M M ≥ 0.1 CASSCF [80]

Dado que la correlación estática se recupera utilizando funciones de onda con una gran
cantidad de determinantes, entonces su importancia puede cuantificarse al evaluar el peso del
determinante de Hartree-Fock en la combinación lineal de determinantes. Si el peso de este
determinante es suficientemente grande como para despreciar a los demás, entonces el sistema
será débilmente correlacionado, pero si no, entonces se requerirán los otros determinantes para
describir adecuadamente al sistema. Siendo C0 el coeficiente que acompaña al determinante
de Hartree-Fock en la combinación lineal, se considera que si el determinante de Hartree-Fock
representa menos del 95 % de la función de onda, es decir, C2

0 ≤ 0.95, entonces el sistema es
fuertemente correlacionado; alternativamente también se puede usar el criterio equivalente
1 − C2

0 ≤ 0.05. El problema de este criterio es que el método de interacción de configuraciones es
costoso, por lo que suele usarse con CISD, en cuyo caso los orbitales moleculares favorecen al
determinante de Hartree-Fock, dando falsos negativos a sistemas fuertemente correlacionados.
Alternativamente, se han propuesto los diagnósticos T1, D1 y D2 basados en las amplitudes de los
respectivos operadores en CCSD, con mejores resultados.74-76 Sin embargo, estudios más recientes
han mostrado que estos pueden tener ciertas inconsistencias al predecir el efecto energético de
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pasar de CCSD a órdenes superiores de cúmulos acoplados que recuperan correlación estática.f

En este sentido se ha propuesto usar la diferencia porcentual entre la energía de atomización
total predicha por CCSD y por CCSD(T) como una medida de la correlación estática, dando
lugar al diagnóstico %TAE.79 Este criterio es conveniente porque da información directa sobre la
confiabilidad de un método de referencia única, sin embargo, CCSD(T) puede resultar costoso.
Debido a esto, se han propuesto versiones del diagnóstico %TAE basadas en DFT,72 así como otros
métodos como las densidades de ocupaciones fraccionarias (FOD, por sus siglas en inglés).77,78

Finalmente, los números de ocupación proporcionados por la 1RDM también son un buen
indicador de correlación estática conforme estos se alejan de los valores de cero y uno. Se ha
propuesto un diagnóstico M en el contexto de la 1RDM de CASSCF que resume los números de
ocupación en un solo número y se considera que un diagnóstico M mayor a 0.1 es indicador de
correlación estática.80 En particular, el diagnóstico %TAE y el diagnóstico-M son importantes
para el desarrollo de este trabajo y como se verá más adelante, el diagnóstico-M se adaptó
conforme a los números de ocupación de PNOF. Por último, es importante destacar que estas
definiciones son una buena guía para predecir el comportamiento de un método ante diversos
tipos de moléculas, pero al final es importante recalcar que la división de la correlación es ficticia
y solo se realiza por conveniencia. Al final, existe una sola correlación electrónica.

fEn general se considera que CCSD solo recupera correlación dinámica y que ir a órdenes superiores empieza a
introducir correlación estática.
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3Objetivos

3.1 Objetivo generales

Generar una implementación que permita aprovechar los funcionales de orbitales naturales
como un método basado en la RDM para estudiar sistemas químicos fuertemente correlacionados.

3.2 Objetivos particulares

Reducir el escalamiento aritmético y de memoria de los funcionales de orbitales naturales
mediante el uso de la aproximación de resolución de la identidad.

Mejorar el proceso de convergencia de la optimización de los orbitales naturales y sus
números de ocupación.

Establecer el desempeño de los funcionales en sistemas cargados fuertemente correlaciona-
dos.

Aprovechar la nueva implementación para estudiar un sistema químico fuertemente correla-
cionado de interés cuyo análisis resulte desafiante.
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4Implementación

En este capítulo se presenta la implementación para la determinación de los NOFs, la cual
se centra en optimizar la energía respecto a los orbitales naturales y respecto a los números de
ocupación. Esto se puede realizar de forma separada como se muestra en la Figura 4.1, donde se
parte de un conjunto de orbitales y números de ocupación de inicio (guess) y se entra a un ciclo
iterativo donde se optimizan los orbitales naturales manteniendo fijos los números de ocupación
(iteraciones externas), para posteriormente optimizar los números de ocupación manteniendo
fijos los orbitales naturales (iteraciones internas) y repetir el proceso. La optimización también
puede realizarse de forma simultánea, como se verá más adelante.

Guess

Iteraciones
Externas

Optimización
de ocupa-

ciones {np}.
Necesita
Jpq y Kpq

Iteraciones
Internas

Optimización
orbital {ϕp}.

Necesita
Jq

µν y Kq
µν

np

Cµp

Cµp

Fig. 4.1: Algoritmo para la optimización de los orbitales naturales ϕp y de los números
de ocupaciones np. Se parte de un conjunto inicial de {ϕp, np} y se realiza la
optimización de formada separada, es decir, se optimizan los orbitales manteniendo
los números de ocupación fijos y luego se optimizan los números de ocupación
manteniendo los orbitales fijos. Se muestran también las integrales necesarias para
el algoritmo, las cuales se describirán más adelante.

Primero se presenta el proceso de optimización de números de ocupaciones mediante gradientes
y de optimización orbital por multiplicadores de Lagrange mediante el algoritmo de diagonaliza-
ción iterativa (ID, por sus siglas en inglés) que ha sido reportado en la Ref. [81] y que ha sido
utilizado por largo tiempo en el contexto de los funcionales PNOF, por ejemplo en el software
DoNOF.82 Posteriormente, se presentan los gradientes para optimizar la energía por rotaciones
orbitales desarrollada en este trabajo, seguido de un análisis de como usar la aproximación de la
resolución de la identidad para reducir el escalamiento de los algoritmos. Finalmente, se compara
el desempeño de los algoritmos utilizando los códigos PyNOF y DoNOF.jl.

21



4.1 Optimización de números de ocupación

Para fines de implementación, conviene escribir la energía comoa

E = 2
X

p

npHpp +
X

p

npJpp +
X

pq

CJ
pqJpq +

X

pq

CK
pqKpq, (4.1)

donde CJ
pq y CK

pq son funciones de los números de ocupación que acompañan a las integrales
de Coulomb Jpq e intercambio Kpq respectivamente y su expresión da lugar a los diferentes
funcionales PNOF.

La optimización de números de ocupación, n, se realiza mediante las variables auxiliares, γ.
Para un subespacio Ωg que pertenece a ΩII, su orbital fuertemente doble ocupado tendrá una
ocupación dada por

ng = 1
2

�
1 + cos2 γg

�
, g = 1, · · · , NII/2, (4.2)

con un hueco asociado dado por hg = 1 − ng, mientras que habrá Ng orbitales acoplados
débilmente doble ocupados con ocupaciones dadas por

np1 = hg sen2 γp1 , (4.3)

np2 = hg cos2 γp1 sen2 γp2 , (4.4)
...

npi = hg cos2 γp1 cos2 γp2 · · · cos2 γpi−1 sen2 γpi , (4.5)
...

npNg−1 = hg cos2 γp1 cos2 γp2 · · · cos2 γpNg−2
sen2 γpNg−1

, (4.6)

npNg
= hg cos2 γp1 cos2 γp2 · · · cos2 γpNg−2

cos2 γpNg−1
. (4.7)

Para un orbital de un subespacio Ωg que pertenece a ΩI, se tiene

ng = 1
2 , g = NII/2 + 1, · · · , NΩ (4.8)

La ecuación (4.2) restringe la ocupación del orbital fuertemente doble ocupado a 0.5 ≤ ng ≤ 1.0,
mientras que las ecuaciones (4.3)-(4.7) restringen las ocupaciones de los orbitales débilmente
ocupados a 0.0 ≤ ng ≤ 0.5, cumpliendo así con el esquema de emparejamiento orbital dado en la
Figura 2.1. Las ecuaciones mostradas permiten reemplazar la minimización respecto a n por una
minimización respecto al vector γ. Esto resulta ventajoso, ya que la minimización directa de la
aEsta es una forma conveniente de representar las ecuaciones (2.40), (2.42) y (2.45), resaltando las integrales
involucradas.
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energía respecto a los números de ocupación requiere de una optimización con restricciones para
limitar los números de ocupación a valores entre cero y uno para garantizar que sumen el número
total de electrones; sin embargo, la optimización de la energía respecto a γ vuelve al problema
una minimización sin restricciones, ya que el cuadrado de senos y cosenos acota naturalmente
las ocupaciones a valores entre cero y uno, mientras que la relación trigonométrica pitagóricab

asegura que todos los números de ocupación por subespacio sumados den uno y sumando todos
los subespacios den el número total de electrones, N , cumpliendo así la N -representabilidad de
la 1RDM.

La minimización de la energía respecto a los elementos del vector γ se puede realizar mediante
la regla de la cadena

∂E

∂γr
= 2

X

p

∂np

∂γr
Hpp + 2

X

p

∂np

∂γr
Jpp +

X

pq

∂CJ
pq

∂np

∂np

∂γr
Jpq +

X

pq

∂CK
pq

∂np

∂np

∂γr
Kpq, (4.9)

donde las derivadas ∂CJ
pq

∂np
y ∂CK

pq

∂np
dependen de la expresión del funcional, pero el escalamiento de

su evaluación no es un cuello de botella. Por otra parte, las derivadas de los números de ocupación
respecto a los elementos de γ se realizan por casos. Si el número de ocupación corresponde a un
orbital fuertemente doble ocupado del subespacio Ωg, entonces de la ecuación (4.2) se ve que su
derivada solo es distinta de cero si se toma respecto a γg y es

∂ng

∂γg
= −1

2 sen(2γg). (4.10)

Si el número de ocupación corresponde al orbital débilmente ocupado npi del subespacio Ωg,
entonces de la ecuación (4.5) se ve que su derivada puede ser distinta de cero en tres casos, i)
al derivar respecto a γg, ii) al derivar respecto a γpj con j < i y iii) al derivar respecto a γpi con
(i ̸= Ng). Entonces hay que tomar tres derivadas

∂npi

∂γg
= −∂ng

∂γg
cos2 γp1 · · · cos2 γpi−1 , sen2 γpi , pi ∈ Ωg, (4.11)

∂npi

∂γpj

= −hg cos2 γp1 · · · sen 2γpj · · · cos2 γpi−1 sen2 γpi , j < i, (4.12)

∂npi

∂γpi

= hg cos2 γp1 · · · cos2 γpi−1 sen 2γpi , i ̸= Ng. (4.13)

De la ecuación (4.1) que proporciona la energía y la ecuación (4.9) que proporciona el cambio
de energía respecto a las variables γr se ve que se necesitan las integrales Hpp, Jpq y Kpq. La
construcción de estas integrales requiere de una transformación de orbital atómico a un orbital

bRelación trigonométrica pitagórica: sen2 x + cos2 x = 1.
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molecular con un escalamiento aritmético de quinto orden respecto al número de funciones de
base, representando el paso más demandante de la optimización de ocupaciones. Sin embargo,
como los números de ocupación se optimizan a orbital fijo, las integrales solo deben de evaluarse
una vez y se pueden reutilizar durante el proceso de optimización.

4.2 Optimización orbital

Los orbitales ϕ se construyen como una combinación lineal de funciones de base µ(r)

ϕp(r) =
X

µ

Cµpµ(r), (4.14)

siendo C la matriz cuya p-ésima columna contienen los coeficientes para construir el orbital
natural ϕp(r) a partir de las funciones de base µ(r). La optimización orbital busca minimizar la
energía variando los orbitales sujetos a la ortonormalidad, es decir,

⟨p, q⟩ = δpq. (4.15)

La matriz C correspondiente a cada paso del proceso de optimización puede construirse a partir
de una matriz de orbitales de referencia C0 que suelen ser los de la iteración anterior mediante

C = C0U, (4.16)

donde U es una matriz unitaria que nos permite preservar la ortonormalidad, analizaremos como
construir esta matriz en las siguientes subsecciones.

4.2.1 Diagonalización iterativa

La optimización de la energía sujeta a la ortonormalidad de los orbitales puede realizarse
mediante el método de multiplicadores de Lagrange, para lo que se propone la función auxiliar Ω

Ω = E − 2
X

pq

κpq (⟨p, q⟩ − δpq) , (4.17)

donde κpq son los multiplicadores de Lagrange. Volviendo estacionaria la variable auxiliar respecto
a la variación de Ω se obtiene

δΩ =
X

p

Z
drδϕp(r)

"
δE

δϕp(r) − 4
X

q

κqpϕq(r)
#

= 0, (4.18)
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lo que relaciona a los multiplicadores de Lagrange con el cambio en la energía dado por la
variación orbital

δE

δϕp(r) = 4npĤϕp(r) + δVee

δϕp(r) = 4
X

q

κqpϕq(r). (4.19)

Multiplicando por ϕq(r) e integrando

κqp = npHqp + gpq, (4.20)

con gpq =
R

dr δVee
δϕp(r)ϕq(r). Debe recalcarse que dado que se usó un orbital general, la dimensión

del índice q corresponde al número de funciones de base, Nbf , mientras que la del índice p

corresponde al número de orbitales, Norb. Los elementos de gpq contienen información sobre
cómo se modifican las integrales de Coulomb e intercambio. Con esto, la expresión de los
multiplicadores de Lagrange es

κqp = npHqp +
X

µν

CµqnpJp
µνCνp +

X

µν

X

r

CµqCJ
qrJr

µνCνp −
X

µν

X

r

CµqCK
qrKr

µνCµp, (4.21)

donde Jp
µν y Kp

µν son matrices de Coulomb e intercambio en orbital atómico para el orbital
molecular p. La expresión de κqp también puede reformularse como

κqp = npHqp + np(pp|pq) + CJ
pr(rr|qp) − CK

pr(qr|pr). (4.22)

La matriz de multiplicadores de Lagrange debe de ser simétrica en el extremo, lo que permite
proponer la función,

Fqp =





κqp − κpq, p > q

κpq − κqp, p < q
, (4.23)

esta matriz puede descomponerse en sus valores v y vectores propios U

F = UvUT , (4.24)

donde v es una matriz diagonal. De esta forma, el proceso de optimización orbital está impulsado
por la transformación que diagonalice la matriz F, lo que por la ecuación 4.23 implica volver
simétrica la matriz de multiplicadores de Lagrange. Un detalle de la definición de F dada en la
ecuación (4.23) es que la simetría de los multiplicadores no proporciona un criterio para construir
los elementos diagonales Fpp. En el algoritmo de ID, se proponen elementos diagonales iniciales y
en cada iteración se usa la diagonal de la iteración anterior como entrada para la nueva matriz.
Además, se pueden utilizar métodos como la inversión directa en el espacio iterativo (DIIS, por sus
siglas en inglés),83 así como escalamiento en la matriz F. Cuando se ha alcanzado la convergencia,
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la matriz de multiplicadores de Lagrange se vuelve simétrica y por la ecuación (4.23), la matriz
F se vuelve diagonal, razón por la que este algoritmo se denomina diagonalización iterativa.
Cabe mencionar que la evaluación de la matriz de multiplicadores de Lagrange mediante la
ecuación (4.21) puede realizarse separando las sumas con un escalamiento de cuarto orden. Sin
embargo, la evaluación de Jr

µν y Kr
µν tiene un escalamiento de quinto orden, lo que determina el

costo del algoritmo.

4.2.2 Rotaciones orbitales

La matriz ortogonal U también puede parametrizarse a partir de la función exponencial dada
por84-86

U = eY, (4.25)

con Y una matriz antisimétrica tal que yab = −yba. De esta forma, un orbital puede expresarse
como una combinación de los orbitales de referencia como

ϕp =
X

r

Urpϕ0
r . (4.26)

La derivada de un orbital respecto a un elemento de la matriz Y está dada por

∂ϕp

∂yab

���
y=0

= δbpϕa − δapϕb. (4.27)

Derivando la expresión de energía dada por la ecuación (4.1) respecto a yab obtenemos la
expresión del gradiente para un funcional JKL como PNOF, dada por

∂E

∂yab

���
y=0

= 4 (nbHab − naHba) + 4 (nb(ab|bb) − na(ba|aa))

+ 4
X

q

�
CJ

bq(ab|qq) − CJ
aq(ba|qq)

�
+ 4

X

q

�
CK

bq(aq|bq) − CK
aq(bq|aq)

�
. (4.28)

Este tipo de optimización se ha utilizado antes en métodos multiconfiguracionales,87 en DFT,88 y
en otros métodos de orbitales naturales.89 En la práctica conviene ordenar los elementos de la
parte triangular superior de Y en un vector a optimizar.

Por comparación de ∂E
∂yab

dado por la ecuación (4.28) y de los multiplicadores de Lagrange κab

dados por la ecuación (4.21), resulta bastante interesante hacer notar la relación

∂E

∂yab
= κab − κba = Fab, (4.29)
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que justo es la definición de la F dada en la ecuación (4.23) que se usa en el método de
diagonalización iterativa. En otras palabras, el método de ID y el método de rotaciones orbitales
están relacionados. La ID está impulsada por aumentar la simetría de la matriz de multiplicadores
de Lagrange y es compatible con DIIS, mientras que en el proceso esto reduce el gradiente y
dirige la función hacia un extremo. Sin embargo, esto no garantiza que la energía disminuya
una iteración tras otra. Por otra parte, el método de rotaciones proporciona un gradiente, lo que
permite usar métodos como descenso del gradiente, gradiente conjugado (CG, por sus siglas en
inglés),90 y Broyden-Fletcher-Goldfarb-Shanno (BFGS, por sus siglas en inglés)91-94 que han sido
diseñados para minimizar la energía una iteración tras otra, lo que a su vez vuelve simétrica a la
matriz de multiplicadores de Lagrange. Una diferencia entre ambos métodos es que como yab es
antisimétrica, entonces su diagonal siempre es cero, por lo que los elementos diagonales yaa no
forman parte de los elementos a optimizar, como ocurre en ID con Fpp para cuyos valores no se
tiene una expresión definida y se toman de la iteración anterior.

4.3 Optimización combinada

Hasta ahora se ha considerado la optimización de los números de ocupación y de los orbitales
naturales de forma separada, sin embargo, estos pueden optimizarse de forma conjunta. Para ver
esto, resulta conveniente considerar a la energía como una función de los parámetros del vector γ

de la optimización de números de ocupación y de los parámetros del vector y de la optimización
orbital. Todos los parámetros pueden agruparse en un solo vector x, es decir,

{x} = {γ} + {y} , (4.30)

esto ocasiona que la energía sea una función especificada completamente dependiente de los
parámetros que forman el vector x. De esta manera, el gradiente de la energía respecto a estos
parámetros es simplemente la unión de los gradientes de la optimización orbital y de ocupaciones

�dE

dx

�
=

�dE

dγ

�
+

�dE

dy

�
. (4.31)

Las derivadas de la energía respecto a los elementos del vector x pueden usarse nuevamente
en métodos como CG90 y BFGS91-94 para seguir una ruta de minimización que considere el
acoplamiento entre la variación de números de ocupación y orbitales naturales. Es de esperar
que esta ruta minimice la energía en una menor cantidad de iteraciones, pero también debe de
tenerse en cuenta que cada iteración es más costosa porque la dimensión de los parámetros a
optimizar es mayor.
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4.4 Análisis de escalamiento

El costo de realizar la minimización del funcional de energía está dominado por la construcción
de integrales. Considerando un algoritmo de tipo incore en el que las integrales monoelectrónicas
y bielectrónicas se evalúen una vez y se guarden en memoria, entonces la parte más demandante
del algoritmo se encuentra en la transformación de las integrales bielectrónicas de orbitales
atómicos (OA) a orbitales naturales (ON). Las integrales necesarias son:

Jpq y Kpq para calcular la energía y su gradiente en la optimización de números de ocupación
según las ecuaciones (4.1) y (4.9).

Jq
µν y Kq

µν para calcular los multiplicadores de Lagrange en la optimización de orbitales
naturales según la ecuación (4.21).

(pp|pq), (rr|pq) y (rp|rq) pueden usarse en un algoritmo alternativo a la opción anterior
según la ecuación (4.22).

La Tabla 4.1 presenta el costo computacional de calcular las integrales necesarias para realizar
la optimización orbital que requiere de Jp

µν y Kp
µν según la ecuación (4.21) y para realizar la

optimización de ocupaciones que requiere de Jpq y Kpq según las ecuaciones (4.1) y (4.9). Como
referencia, se vuelve a mencionar que el número de funciones de base se representa con el
símbolo Nbf y el número de orbitales naturales con Norb, recordando que en general Norb ≤ Nbf .
El paso cero consiste en la evaluación de las integrales bielectrónicas (µν|σλ) en la base de orbital
atómico, con un escalamiento tanto aritmético y de memoria de cuarto orden respecto al número
de funciones de base. Este paso determina la demanda de memoria, pero no representa un cuello
de botella aritmético, además, se hace una sola vez al inicio del cálculo. El siguiente paso, también
común a ambas integrales, consiste en construir una matriz de densidad por cada orbital natural
p,

P p
µν = CµpCνp, (4.32)

lo cual tiene un escalamiento aritmético de tercer orden dado por N2
bfNorb. Posteriormente, esta

matriz se usa para construir las matrices de Coulomb e intercambio por orbital natural,

Jq
µν =

X

σλ

P q
σλ(µν|σλ), (4.33)

Kq
µσ =

X

νλ

P q
νλ(µν|σλ). (4.34)

La transformación a Jq
µν y Kq

µν tiene un escalamiento aritmético de quinto orden, NorbN4
bf , siendo

esta la parte más demandante del algoritmo. Una vez calculadas las matrices de intercambio y
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de Coulomb por orbital natural, se procede a construir los multiplicadores de Lagrange para la
optimización orbital. En el caso de la optimización de los números de ocupación, las matrices Jq

µν

y Kq
µν se continúan contrayendo para generar

Jpq =
X

µν

P p
µνJq

µν , (4.35)

Kpq =
X

µσ

P p
µσKq

µσ, (4.36)

ambos pasos con un escalamiento aritmético de cuarto orden y de memoria de segundo orden.
Ambas matrices se emplean en la optimización de los números de ocupación, sin embargo, como
Jpq y Kpq dependen de Jq

µν y Kq
µν , el escalamiento global de la optimización de números de

ocupación también es de quinto orden.

Tab. 4.1: Algoritmo utilizado para calcular Jq y Kq necesarios durante la optimización de
los orbitales naturales según la ecuación (4.21), así como J y K necesarias para
la optimización de números de ocupación según las ecuaciones (4.1) y (4.9). Nbf
corresponde al número de funciones de base y Norb al número de orbitales.

Tipo de
Paso Operación

Escalamiento

Integral Memoria Aritmético

Común
0 Evaluación de (µν|σλ) N4

bf N4
bf

1 P p
µν = CµpCνp N2

bfNorb N2
bfNorb

Coulomb
2 Jq

µν = P
σλ P q

σλ(µν|σλ) N2
bfNorb N4

bfNorb

3 Jpq = P
µν P p

µνJq
µν N2

orb N2
bfN

2
orb

Intercambio
2 Kq

µσ = P
νλ P q

νλ(µν|σλ) N2
bfNorb N4

bfNorb

3 Kpq = P
µσ P p

µσKq
µσ N2

orb N2
bfN

2
orb

La construcción de los multiplicadores de Lagrange con Jq
µν y Kq

µν acorde a la ecuación (4.21)
tiene como ventaja que se conserva la noción de matrices de Coulomb e intercambio en orbital
atómico, similar a como se haría en otros métodos como Hartree-Fock. El uso de la ecuación (4.22)
proporciona un procedimiento alternativo como se muestra en la Tabla 4.2, donde la primera
columna identifica el coeficiente con el que se multiplica la integral. Se necesitan tres tipos de
integrales bielectrónicas que se pueden identificar acorde a los coeficientes que las acompañan:

La que proviene del término de los elementos diagonales de la matriz de Coulomb con
coeficientes np, que requiere las integrales (pp|pq).

La que proviene de la matriz de Coulomb con coeficientes CJ, que requiere las integrales
(rr|qp).
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La que proviene de la matriz de intercambio con coeficientes CK, que requiere las integrales
(qr|pr).

Sin embargo, en todos los casos sigue habiendo algún paso con escalamiento de quinto orden.

Tab. 4.2: Algoritmo utilizado para calcular las integrales necesarias para construir los multi-
plicadores de Lagrange durante la optimización orbital acorde a la ecuación (4.22).
Nbf corresponde al número de funciones de base y Norb al número de orbitales.

Coeficiente a
Paso Operación

Escalamiento

Multiplicar Memoria Aritmético

Común 0 Evaluación de (µν|σλ) N4
bf N4

bf

np
1 (pp|pλ) = P

p CµpCνpCσp(µν|σλ) NbfNorb N4
bfNorb

2 (pp|pq) = P
q Cλq(pp|pλ) NbfNorb N2

bfNorb

CJ 1 (µν|σp) = P
λ Cλp(µν|σλ) N3

bfNorb N4
bfNorb

2 (rr|σp) = P
µν CµrCνr(µν|σp) NbfN

2
orb N3

bfN
2
orb

3 (rr|qp) = P
σ Cσq(rr|σp) NbfN

2
orb N2

bfN
2
orb

CK
1 (µν|pλ) = P

σ Cσp(µν|σλ) N3
bfNorb N4

bfNorb
2 (µr|pr) = P

νλ CνrCλr(µν|pλ) NbfN
2
orb N3

bfN
2
orb

3 (qr|pr) = P
µ Cµq(µr|pr) NbfN

2
orb N2

bfN
2
orb

Un punto clave a destacar es que en la optimización de números de ocupación se mantienen fijos
los orbitales, por lo que la transformación solo se necesita hacer una vez por iteración externa; en
contraste, la transformación tiene que llevarse a cabo en cada iteración interna de la optimización
orbital porque los orbitales cambian con cada iteración. Es por esta razón que la optimización
orbital representa el mayor tiempo de cómputo de la evaluación de los NOF.

4.5 Resolución de la identidad

El escalamiento aritmético y de memoria puede reducirse mediante la aproximación de reso-
lución de la identidad (RI, por sus siglas en inglés). Esta consiste en aproximar las integrales
bielectrónicas de cuatro centros a partir de integrales bielectrónicas de tres y dos centros, mediante

(µν|σλ) =
X

k

(µν|k)
X

l

G−1
kl (l|σλ)

=
X

k

(µν|k)
X

l

G
−1/2
kl

X

m

G
−1/2
lm (m|σλ), (4.37)
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con los elementos de la matriz G dados por las integrales de repulsión electrónica de dos centros

Gkl = (k|l), (4.38)

y los índices k y l representando las funciones de base auxiliares de dimensión Naux. Al sustituir la
aproximación de la resolución de la identidad de la ecuación (4.37) en las ecuaciones (4.33)-(4.34)
para los orbitales naturales y en las ecuaciones (4.35)-(4.36) para los números de ocupación, po-
demos generar ecuaciones más sencillas que llevan a una reducción en el escalamiento aritmético
y de memoria.

En el caso de la optimización orbital, los nuevos pasos se resumen en la Tabla 4.3. El paso cero
consiste en la evaluación de las integrales bielectrónicas (µν|k) y (k|l), las cuales en este caso
tienen un menor escalamiento de memoria, reduciéndola de cuarto orden (N4) a tercer orden
(N2Naux). El siguiente paso consiste en la formación del tensor b dado por

bl
µν =

X

k

(µν|k)G−1/2
kl , (4.39)

este paso tiene un escalamiento aritmético de cuarto orden, dado por N2N2
aux, siendo el más alto

de todo el procedimiento, sin embargo, se hace una sola vez al inicio del cálculo. Esto es seguido
por la transformación de un índice de OA a ON para construir

bl
qν =

X

µ

Cµqbl
µν , (4.40)

con escalamiento aritmético de cuarto orden N2
bfNorbNaux, este es el paso más demandante y que

se realiza en cada iteración. Los siguientes pasos consisten en otra transformación de b y su uso
para generar la matriz de Coulomb en orbital atómico por orbital natural Jq

µν

bl
qq =

X

ν

Cνqbl
qν , (4.41)

Jq
µν =

X

l

bl
qqbl

µν , (4.42)

y de intercambio Kq
µν ,

Kq
µν =

X

l

bl
qµbl

qν , (4.43)

en ambos casos los pasos finales tienen un escalamiento aritmético de cuarto orden, dado por
N2

bfNauxNorb.
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Tab. 4.3: Algoritmo para calcular Jq y Kq usando la aproximación de resolución de la
identidad para usarse en la optimización orbital. Nbf corresponde al número de
funciones de base, Norb al número de orbitales y Naux al número de funciones de
la base auxiliar.

Tipo de
Paso Operación

Escalamiento

Integral Memoria Aritmético

Común
0 Evaluación de (µν|k) N2

bfNaux N2
bfNaux

1 bl
µν = P

k(µν|k)G−1/2
kl N2

bfNaux N2
bfN

2
aux

2 bl
qν = P

µ Cµqbl
µν NbfNauxNorb N2

bfNauxNorb

Jq
µν

3 bl
qq = P

ν Cνqbl
qν NauxNorb NbfNauxNorb

4 Jq
µν = P

l bl
qqbl

µν N2
bfNorb N2

bfNauxNorb

Kq
µν 3 Kq

µν = P
l bl

qµbl
qν N2

bfNorb N2
bfNauxNorb

En el caso de los elementos de la optimización de ocupaciones, el esquema de contracción para
los elementos de b cambia. Resulta conveniente transformar los índices de b a orbital natural

bl
pν =

X

µ

Cµpbl
µν , (4.44)

bl
pq =

X

µ

Cνqbl
pν , (4.45)

estas transformaciones tienen un escalamiento de cuarto orden. Posteriormente, las matrices de
Coulomb e intercambio se construyen fácilmente mediante con un escalamiento de tercer orden,

Jpq =
X

l

bl
ppbl

qq, (4.46)

Kpq =
X

l

bl
pqbl

pq. (4.47)

La construcción de los multiplicadores de Lagrange mediante la ecuación (4.22) también se
puede beneficiar de la aproximación RI. La Tabla 4.5 muestra el análisis del escalamiento de las
integrales involucradas y la primera columna hace referencia al coeficiente que acompaña a la
integral. Los primeros pasos comunes consisten en la construcción de b y su contracción a orbital
molecular, con un escalamiento de cuarto orden como ya se ha visto. Posteriormente, se construye
la integral (pp|pp) que acompaña a np mediante

(pp|pp) =
X

l

bl
ppbl

pp, (4.48)
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Tab. 4.4: Algoritmo para calcular las integrales J y K necesarias para la optimización de
números de ocupación con la aproximación de resolución de la identidad. Nbf
corresponde al número de funciones de base, Norb al número de orbitales y Naux
al número de funciones de la base auxiliar.

Paso Operación
Escalamiento

Memoria Aritmético

Común

0 Evaluación de (µν|k) N2
bfNaux N2

bfNaux

1 bl
µν = P

k(µν|k)G−1/2
kl N2

bfNaux N2
bfN

2
aux

2 bl
pν = P

µ Cµpbl
µν NbfNauxNorb N2

bfNauxNorb
3 bl

pq = P
ν Cνqbl

pν NauxN2
orb NbfNauxN2

orb

Jpq 4 Jpq = P
l bl

ppbl
qq N2

orb NauxN2
orb

Kpq 4 Kpq = P
l bl

pqbl
pq N2

orb NauxN2
orb

con un escalamiento de segundo orden. La integral (rr|qp) que acompaña a CJ se construye
mediante

(rr|qp) =
X

l

bl
rrbl

qp, (4.49)

con un escalamiento de cuarto orden. Finalmente, la integral (qr|pr) que acompaña a CK se
construye mediante

(qr|pr) =
X

l

bl
qrbl

pr, (4.50)

también con un escalamiento de cuarto orden.

Los procedimientos dados en las Tablas 4.3 y 4.5 proporcionan la misma matriz de multi-
plicadores con escalamiento de cuarto orden. Sin embargo, el último procedimiento introduce
pasos con escalamiento de NbfNauxN2

orb en lugar de N2
bfNauxNorb; considerando que Norb ≤ Nbf ,

entonces el segundo procedimiento conduce a un prefactor más pequeño que vuelve más eficiente
el proceso de optimización orbital.

4.6 Comparación entre algoritmos: ID, rotaciones y
combinado
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Tab. 4.5: Algoritmo para calcular las integrales necesarias para construir los multiplicadores
de Lagrange durante la optimización orbital acorde a la ecuación (4.22) utilizando
la aproximación de resolución de la identidad. Nbf corresponde al número de
funciones de base, Norb al número de orbitales y Naux al número de funciones de
la base auxiliar.

Paso Operación
Escalamiento

Memoria Aritmético

Común

0 Evaluación de (µν|k) N2
bfNaux N2

bfNaux

1 bl
µν = P

k(µν|k)G−1/2
kl N2

bfNaux N2
bfN

2
aux

2 bl
pν = P

µ Cµpbl
µν NbfNauxNorb N2

bfNauxNorb
3 bl

pq = P
ν Cνqbl

pν NbfNauxNorb N2
bfNauxNorb

np 4 (pp|pq) = P
l bl

ppbl
pq NbfNorb NbfNauxNorb

CJ 4 (rr|qp) = P
l bl

rrbl
qp NbfN

2
orb NbfNauxN2

orb

CK 4 (qr|pr) = P
l bl

qrbl
pr+ NbfN

2
orb NbfNauxN2

orb

4.6.1 Escalamiento en cadenas lineales de alcanos

El uso de la resolución de la identidad permite reducir el escalamiento del método de quinto a
cuarto orden. Si bien las integrales son la parte más demandante del proceso de solución, no son
el único paso, por lo que es importante verificar el desempeño del programa mediante cálculos
prácticos. Para ello se plantean los siguientes tres algoritmos a revisar:

Diagonalización Iterativa (ID): la optimización de números de ocupación y de orbitales se
realizan de manera separada, usando la diagonalización iterativa con DIIS para la última.

Rotaciones: la optimización de números de ocupación y de orbitales se realizan de manera
separada, usando el método de rotaciones con gradientes conjugados para la última.

Combinado: la optimización de números de ocupación y de orbitales se realizan de manera
conjunta usando el método de gradientes conjugados. Para ello se unen el gradiente de los
números de ocupación y de los orbitales en un solo vector.

Se realizaron cálculos con cadenas lineales de alcanos desde metano CH4 hasta pentadecano
C15H32 utilizando el conjunto de base cc-pVDZ95 y la base auxiliar cc-pVDZ-jkfit en el código
PyNOF. La arquitectura de cómputo corresponde a un procesador AMD Ryzen 7 5800X de 8
procesadores y 16 hilos. La mayor parte del programa utiliza Numba,96 el cual es un compilador en
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tiempo realc que le permite alcanzar mayor eficiencia de cómputo. Además, las transformaciones
de integrales se hicieron mediante CuPy97 en una GPU NVIDIA RTX 4080.

100 200 3000

50

100

150

Nbf

t
(s

)

ID
Rotaciones
Combinado

(a)

1.6 1.8 2 2.2 2.4
−1

0

1

2

ln(Nbf )

ln
(t

)

ID 3.9 · x − 8.65
Rotaciones 3.94 · x − 8.53
Combinado 3.96 · x − 7.93

(b)

Fig. 4.2: Análisis de escalamiento para los métodos de diagonalización iterativa (ID), op-
timización por rotaciones y optimización combinada. La Figura 4.2a muestra el
tiempo por iteración externa según el número de funciones de base del sistema y
cada punto corresponde a un alcano lineal desde metano (CH4) hasta pentadecano
(C10H22). La Figura 4.2b muestra el análisis logarítmico cuya pendiente proporcio-
na el escalamiento respecto a Nbf , siendo muy cercano a cuarto orden.

La Figura 4.2a muestra el tiempo de cómputo por iteración externa, donde cada punto co-
rresponde a un alcano lineal; en todos los casos se ha impuesto un máximo de 30 iteraciones
internas por iteración externa o conjunta. Se observa que la diagonalización iterativa (azul) es
el método que consume menor tiempo por iteración externa, seguido de la optimización por
rotaciones (rojo) que consume un poco más de tiempo, y de la optimización combinada (café)
que consume significativamente más tiempo. Es interesante notar que los tres métodos construyen
los multiplicadores de Lagrange para la optimización orbital, el cual acorde a la Tabla 4.5 es el
proceso con escalamiento de cuarto orden. Por lo tanto, la diferencia que se observa entre la curva
de ID y de rotaciones se debe a otros pasos, particularmente el algoritmo de DIIS en el caso de ID
y de gradientes conjugados en el caso de rotaciones. En el caso de la optimización combinada,
el tiempo de cómputo es sustancialmente mayor, ya que hay un aumento en la dimensión del
vector a optimizar aumenta. Suponiendo un comportamiento polinomial del tiempo de cómputo
respecto a las funciones de base del tipo

t = bNm
bf (4.51)

cEn inglés, just-in-time (JIT) compilator.
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donde b es un prefactor y m es el grado del escalamiento, se tiene

ln(t) = m ln(Nbf) + ln(b) (4.52)

por lo tanto la regresión lineal de ln(Nbf) contra ln(t) da como pendiente el factor de escalamiento
y como ordenada al origen el prefactor. Esto se muestra en la Figura 4.2b, donde se ha realizado
la regresión lineal con las moléculas de undecano a pentadecano con los tres métodos de
optimización, mostrando una pendiente muy cercana a cuatro; así mismo, ID tiene el menor
prefactor, seguido por la optimización por rotaciones y la optimización combinada de acuerdo
con todo el análisis realizado previamente.

4.6.2 Análisis del proceso de convergencia

Si bien es importante generar métodos que requieran poco tiempo por iteración, también
es importante que puedan llegar correctamente a la solución. Podemos definir el camino a la
convergencia como el conjunto de parámetros y valores de la función objetivo que sigue el método
de optimización desde su punto inicial hasta su punto final. El camino a la convergencia de los
NOF depende de muchos factores, como los orbitales y números de ocupación de partida, los
criterios de convergencia y hasta de la precisión numérica de la arquitectura de cómputo utilizada.
A fin de tener una idea general del desempeño de los métodos de optimización, la Figura 4.3
muestra el camino de convergencia de tres moléculas, en particular en la Figura 4.3a se muestra
el camino de CH4 el cual es un sistema débilmente correlacionado, en la Figura 4.3b se muestra el
camino de FO2 el cual es un sistema fuertemente correlacionado, en la Figura 4.3c se muestra el
camino de ClOO– que además de ser fuertemente correlacionado también es un sistema cargado
y en la Figura 4.3d se muestra el camino de naftaleno, un sistema químico de mayor tamaño y
más complejo. Todos los sistemas se han iniciado desde un punto de partida de Hartree-Fock.

Un fenómeno común en CH4, OF y ClOO– es que al inicio la optimización por diagonalización
iterativa desciende más rápido en energía que los otros métodos, sin embargo, esta se detiene antes
y en una energía más positiva, como se puede ver en las Figuras 4.3a, Figuras 4.3b y Figuras 4.3c.
Otro punto a considerar es que después de descender, la energía puede subir localmente, como
se puede ver en la Figura 4.3c del sistema de ClOO– , e incluso puede oscilar como ocurre en la
Figura 4.3d del naftaleno. Por otra parte, si bien la optimización por rotaciones y combinada inician
más lento y realizan más iteraciones, también llegan a energías más negativas, garantizando un
descenso en la energía en cada paso. De esta forma, puede concluirse que la optimización por ID
funciona bien para una etapa inicial del proceso de convergencia, que incluso puede quedarse
como la única etapa dependiendo de la exactitud deseada. Sin embargo, si se requiere una mayor
exactitud o un camino de convergencia más estable, el cálculo puede continuarse utilizando
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Fig. 4.3: Comparación del camino de convergencia seguido por los métodos de optimización
ID, rotaciones y combinado para los sistemas a) CH4, b) FO2, c) ClOO– y d)
Naftaleno.

la optimización por rotaciones o combinada, donde por relación costo-beneficio el método de
rotaciones será preferible en la mayoría de los casos.
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5Sistemas seleccionados

En este capítulo se aborda el desempeño de los funcionales en sistemas de interés. En particular,
se cubrirá el error de deslocalización de la carga estudiado sobre los sistemas del conjunto
molecular W4-17-MRa y la competencia de estabilidad entre los estados triplete y quintuplete de
la hierro-porfirina.

5.1 Desempeño en el error de deslocalización de la carga

El error de deslocalización de la carga representa uno de los grandes desafíos de la Química
Cuántica actual,10,99 y tiene implicaciones en el estudio de superficies de energía potencial,
band-gaps,100 energías de ionización,101 reactividad química y análisis de transferencia de carga.
Este error ha sido relacionado con varios fenómenos como la autointeracción102,103 y su versión
de muchos electrones104, un error de concavidad o convexidad en la energía de electrones
fraccionarios,105 o una mala descripción de la discontinuidad en la derivada de la energía respecto
al número de electrones,106,107 aunque esto último ha sido criticado.108 El hecho es que el
fenómeno se manifiesta como una sobreestablización incorrecta de cargas fraccionarias que
ocurre en varios métodos (vide infra). Para entender esto, consideremos un sistema como el
de la Figura 5.1a, donde cada esfera representa un fragmento y estos están separados por una
distancia r, la cual es lo suficientemente grande para considerar que no hay interacciones entre
los fragmentos. Si a este sistema se le remueve un electrón, la energía del nuevo sistema será la
energía de un fragmento cargado, E+, más la energía de los fragmentos neutros, E0, es decir:

Ecadena cargada = E+ + (n − 1)E0, (5.1)

donde n representa el número de fragmentos del sistema.

Este fenómeno se puede representar como en la Figura 5.1b, donde la carga se encuentra
completamente localizada en el fragmento de la izquierda marcado con verde. Sin embargo, esta
no es la única distribución de carga posible, ya que también podría encontrarse localizada en
cualquiera de los otros fragmentos. Además, la carga podría estar completamente deslocalizada
entre todos los fragmentos, representando un ensamble de los casos anteriores, como se muestra
en la Figura 5.1c, donde cada uno tiene una carga fraccionaria.106 Estas distribuciones, completa-

aEste es un conjunto con 17 moléculas cuyo análisis requieren de métodos multirreferenciales.98
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Fragmento Fragmento Fragmento Fragmento
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(a) Esquema de los sistemas

Carga: 1.00 Carga: 0.00 Carga: 0.00 Carga: 0.00
Métrica de Localización de la Carga: 1.00 - 0.00 = 1.00

(b) Carga completamente localizada

Carga: 0.25 Carga: 0.25 Carga: 0.25 Carga: 0.25
Métrica de Localización de la Carga: 0.25 - 0.25 = 0.00

(c) Carga completamente deslocalizada

Fig. 5.1: Representación de los sistemas estudiados, los cuales consisten en cadenas de
fragmentos repetidos y bien separados, como se muestra en la Figura 5.1a, donde
cada fragmento es simbolizado por una esfera con distancia de separación r. En la
Figura 5.1c se muestra el caso completamente localizado, con la carga concentrada
en el fragmento señalado con verde, tal que la métrica de localización de la carga
da 1.0 y en la Figura 5.1b se muestra el caso completamente deslocalizado, donde
cada fragmento de color rojo tiene la misma carga y, por tanto, la métrica de
localización de la carga da 0.0.

mente localizadas y completamente deslocalizadas, deben de tener la misma energía, dada por la
ecuación (5.1), sin embargo, es un problema conocido que la gran mayoría de los funcionales de
la densidad,109 y algunos otros métodos como Møller-Plesset,110 sobreestabilizan el caso de la
carga completamente deslocalizada.

En esta sección estudiamos el comportamiento de los NOFs respecto al error de deslocalización
de la carga en sistemas de moléculas repetidas y suficientemente separadas. Para poder caracterizar
la distribución de la carga en estos sistemas, proponemos una métrica de localización de la carga,
(CLM, por sus siglas en inglés), dada por la diferencia entre la carga del fragmento más cargado y
la carga del fragmento menos cargado

CLM = q Fragmento
más cargado

− q Fragmento
menos cargado

. (5.2)
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Si la carga está completamente localizada como en la Figura 5.1b, entonces el fragmento más
cargado tendrá una carga de “1” y el fragmento una carga de “0”, por lo tanto, la métrica de
localización de la carga tomará el valor de la unidad. En contraste, cuando se tiene la carga
completamente deslocalizada entre todos los n fragmentos, como en la Figura 5.1c, todos tendrán
una carga de 1/n y la métrica tomará el valor de la diferencia entre el más cargado y el menos
cargado que será de cero. Cualquier valor entre cero y uno indicará una localización parcial de la
carga, es decir, estará distribuida entre los fragmentos, pero al menos uno tiene un poco más de
carga que los demás. A continuación aplicaremos la métrica a varios sistemas.

5.1.1 Cadenas de helio

Para entender el efecto del error de deslocalización de la carga, consideremos la energía de
ionización de cadenas lineales de átomos de helio, como se muestra en la Figura 5.2. Para ello, se
construyeron cadenas de 2 hasta 20 átomos de helio y se removió un electrón de cada una de las
cadenas, generando una carga positiva. La energía de ionización de la cadena deberá estar dada
por la diferencia de energía entre la cadena cargada y la cadena neutra,

IPcadena = Ecadena cargada − Ecadena neutra. (5.3)

Si la energía de la cadena neutra está dada por:

Ecadena neutra = nE0, (5.4)

entonces la energía de ionización será

IPcadena = E+ + (n − 1)E0 − nE0

= E+ − E0

= IPfragmento. (5.5)

Es decir, la energía de ionización es independiente de la cantidad de fragmentos en la cadena y es
igual a la energía de ionización de un solo fragmento, lo cual concuerda con la idea de fragmentos
suficientemente separados e independientes.

Considerando que la energía de ionización de la cadena debe de ser la misma que la de un
fragmento, podemos plantear la desviación de ambas energías como una medida del error debido
a la deslocalización de la carga, dada por

Error = IPfragmento − IPcadena. (5.6)
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Los resultados del error para cadenas de helio se muestran en la Figura 5.2a, donde cada punto
representa una cadena, el eje horizontal muestra el número de átomos de la cadena y el eje
vertical muestra el error en la energía de ionización de las cadenas respecto a la de un solo átomo
de helio. Además, se muestra el conjunto de datos para los NOF, así como algunos funcionales
aproximados de la densidad representativos de cada escalón de la escalera de Jacob. Puede verse
que los funcionales semilocales presentan un mayor error que sus contrapartes híbridas, por
ejemplo, la curva de TPSS (diamantes rojos) se encuentra por debajo de la de TPSSh (pentágonos
cafés) y la curva de MN15-L (cruces verdes) se encuentra por debajo de la de MN15 (cruces
moradas), por otra parte, el funcional de correlación de rango separadob, ωB97X-D es el que
presenta menor error, todo esto en concordancia con lo reportado previamente para los DFAs. En
cambio, los funcionales PNOF5 y PNOF7 se encuentran en la parte superior de la gráfica, con un
error prácticamente de cero eV, independientemente de la cantidad de átomos en la cadena. El
comportamiento de las gráficas puede entenderse a partir de la Figura 5.2b, la cual muestra la
métrica de localización de la carga en función del número de fragmentos y donde puede verse
que en todos los casos las DFAs tienen una métrica muy cercana a cero, indicando que la carga
está significativamente deslocalizada, mientras que en PNOF5 y PNOF7 la métrica es de uno,
indicando que la carga está localizada en un solo átomo.

bEn inglés, long-range correlated.
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(b) Métrica de localización de cadenas de helio (He)w.

Fig. 5.2: Análisis de la ionización de cadenas de átomos de helio separados por una distancia
r = 7 Å, calculado con PNOF5, PNOF7 y varios funcionales aproximados de la
densidad representativos de la escalera de Jacob. La energía de ionización debería
de ser constante e igual a la de un solo átomo de helio, independientemente de la
cantidad de átomos en la cadena. El error respecto a esta energía es un efecto del
error de deslocalización de la carga y se puede relacionar con valores de CLM muy
cercanos a cero.

5.1.2 Cadenas de sistemas fuertemente correlacionados: conjunto
W4-17-MR

Evaluación de la correlación mediante el Diagnóstico-M

Los resultados para las cadenas de helio muestran un desempeño prometedor de PNOF en el
error de deslocalización de la carga y motiva investigar si este comportamiento se mantiene en
sistemas más complejos. Debido a que el uso de los funcionales PNOF ha destacado en sistemas
fuertemente correlacionados, se han elegido los sistemas del conjunto W4-17-MR,98 el cual
contiene 17 moléculas multirreferenciales. Se utilizó el diagnóstico-M para evaluar la descripción
de PNOF sobre estas moléculas. Este diagnóstico toma valores entre cero y uno y se considera
que un diagnóstico mayor a 0.10 es indicativo de que un sistema es fuertemente correlacionado.
Los resultados del diagnóstico aplicado a cadenas formadas por cuatro fragmentos repetidos se
muestran en la Figura 5.3, donde cada renglón corresponde a la molécula base de la cadena,
la primera columna corresponde a resultados de PNOF5 y la segunda columna a resultados de
PNOF7. Además, la etiqueta M(0) corresponde al diagnóstico del sistema neutro, mientras que la
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etiqueta M(1) corresponde al diagnóstico del sistema con carga positiva. Los resultados muestran
que PNOF5 es capaz de detectar varios sistemas como fuertemente correlacionados, en particular,
B2, BN, C2, ClOO, FO2, FOOF, O3, S3 y S4. Sin embargo, falla en caracterizar al resto de los
sistemas. Estos resultados son mejorados sustancialmente por PNOF7, el cual detecta correlación
fuerte en todos los sistemas, aunque cabe señalar que existe un desbalance en la correlación de
los sistemas neutros (M(0)) y cargados (M(1)) de ClF5, ClO3, ClOO y OClO.

Deslocalización de la carga

La Figura 5.4 muestra la CLM para las 17 cadenas cargadas estudiadas con PNOF y DFAs. En
particular, los DFAs producen valores de CLM muy cercanos a cero, mientras que PNOF5 y PNOF7
producen valores de CLM más cercanas a uno, similar a lo observado en las cadenas de helio.
Hay ciertos casos que destacan en los resultados de PNOF7. En particular, S3, ClOO, FO2 y S4

muestran distribuciones de carga parcialmente deslocalizadas y las cadenas que tienen como base
a B2, BN y C2 muestran una deslocalización importante de la carga.

La distribución de la carga observada en los diferentes funcionales puede relacionarse con la
desviación de la energía de la cadena cargada de cuatro fragmentos respecto a la suma de la
energía de los fragmentos separados, como se muestra en la Figura 5.5. Cualquier punto con
desviación cero de energía es correcto, independientemente de su distribución de carga. Sin
embargo, lo que se observa en la Figura es que los DFAs se encuentran en la región izquierda con
valores de métrica de localización de la carga muy cercanos a cero, indicando que la carga está
mayormente deslocalizada entre los fragmentos y con errores de hasta 5 eV. Además, se observa la
misma tendencia encontrada en el caso de las cadenas de helio respecto a la escalera de Jacob. Por
otra parte, PNOF5 (triángulos azules) se encuentra concentrado en la esquina superior derecha,
indicando que localiza la carga en un solo fragmento sin desviarse de la energía. En contraste, los
puntos de PNOF7 (triángulos naranjas) se distribuyen en un intervalo más amplio de métrica de
localización de la carga, en general manteniéndose cerca de la línea de no desviación.

Resulta muy interesante que la tendencia a distribuir la carga a través de las cadenas puede ser
relacionada con el régimen de correlación en el sistema, como se muestra en la Figura 5.6. En
esta figura se han colocado las moléculas del conjunto W4-17-MR con diferentes colores:

Verde si no presentan desviaciones en la energía,

Naranja si presentan desviaciones pequeñas,

Rojo si presentan desviaciones significativas.
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Fig. 5.3: Diagnóstico-M aplicado a las cadenas suficientemente separadas de cuatro unida-
des, cada una tomada del conjunto W4-17-MR, neutras (M(0)) y cargadas (M(1)).
Moléculas con diagnóstico-M igual o superior a 0.10 son consideradas como fuer-
temente correlacionadas y se indican con color verde, mientras que las moléculas
con valores por debajo de dicho límite se indican en amarillo.
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Fig. 5.4: Métrica de localización de la carga para las cadenas de cuatro fragmentos en
su estado ionizado, calculada con PNOF5, PNOF7 y varios DFAs aproximados.
Valores cercanos a 1.0 indican localización de la carga y se encuentran marcados
en verde, mientras que valores cercanos a 0.0 indican deslocalización de la carga y
se encuentran marcados en amarillo.
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Fig. 5.5: Desviación de la energía de cadenas cargadas de cuatro fragmentos de las unidades
de W4-17-MR como función de la métrica de localización de la carga para cadenas
de PNOF5, PNOF7 y DFAs comunes. Puntos a la izquierda indican que la carga
está deslocalizada entre todos los fragmentos, mientras que puntos a la derecha
indican que la carga está localizada en un solo fragmento. Puntos cercanos a cero
en el eje vertical son deseables e indican que no hay desviación en la energía,
mientras que entre más abajo estén los puntos en el eje vertical indican que hay
una sobreestabilización de la cadena cargada respecto a los fragmentos separados.

Además, se ha colocado una línea roja para señalar la tendencia de PNOF7 a proporcionar
soluciones más deslocalizadas entre mayor sea el carácter fuertemente correlacionado del sistema.
De las diferentes figuras presentadas hasta este punto se concluye que PNOF5 no presenta error
de deslocalización de la carga, pero tampoco captura el carácter multiconfiguracional de todos los
sistemas, por otra parte, PNOF7 sí recupera el carácter multiconfiguracional de los sistemas, pero
presenta error de deslocalización de la carga conforme aumenta el carácter multiconfiguracional
del sistema. Sin embargo, esto implica que PNOF7 está libre de error de deslocalización de la
carga para sistemas fuertemente correlacionados con diagnóstico-M de hasta 0.3 y para sistemas
con valores mayores sí presenta desviaciones energéticas, pero menores a los DFAs comunes.

Desempeño de GNOF

Una vez discutido el desempeño de PNOF5 y PNOF7 en relación con DFAs comunes, se presenta
el desempeño de GNOF, el cual tiene como propósito proporcionar un balance adecuado entre
correlación estática y dinámica. Para evaluar el desempeño, la Figura 5.7 muestra la desviación de
energía de dímeros cargados respecto a la suma de la energía de una unidad neutra y una unidad
cargada, calculados con PNOF7 y GNOF. El comportamiento de PNOF7 es similar al observado
previamente, mientras que los puntos verdes de GNOF muestran que este se encuentra más cerca
de la línea de desviación cero en la mayoría de los casos, salvo por tres sistemas, ClO3, OClO y B2.
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Fig. 5.6: Distribución de las moléculas del conjunto W4-17-MR acorde al diagnóstico-M
y el valor de CLM para las cadenas cargadas de cuatro fragmentos calculadas
con PNOF7. Los puntos en color verde corresponden a sistemas completamente
localizados, en color naranja a sistemas con localización parcial de la carga y los
puntos en color rojo a sistemas con la carga completamente deslocalizada.

Por tanto, aunque GNOF no está exento del error de deslocalización de la carga, sí presenta un
mejor desempeño respecto a PNOF7 y corrige el comportamiento en la mayoría de los casos.

Para verificar el buen desempeño de GNOF en el estudio de sistemas cargados, la Figura 5.8
muestra la energía de ionización de cadenas de ozono de hasta diez fragmentos, el cual tiene una
energía de ionización de 12.5 eV. En el caso de PNOF7 (puntos naranjas), este predice una energía
de ionización de 11.2 eV para una unidad, mientras que la energía de ionización disminuye en
función del número de fragmentos en la cadena hasta llegar a 10.0 eV para la cadena de diez
fragmentos, como consecuencia del error de deslocalización de la carga. En la figura también
se muestra el comportamiento de varios DFAs, los cuales presentan la carga completamente
deslocalizada. Si bien varios de los DFAs presentan predicciones correctas para la energía de
ionización de una sola molécula de ozono, la predicción se degrada rápidamente y en general
PNOF7 proporciona mejores resultados a partir de dos fragmentos que TPSS, TPSSh y MN15-L. En
el caso de GNOF, este proporciona una predicción acertada y constante de energía de ionización,
mostrando que no es afectado por el error de deslocalización de la carga.

Otro efecto donde resulta importante dar un tratamiento adecuado a sistemas cargados es en
las curvas de energía potencial, como la que se muestra en la parte inferior de la Figura 5.9 para
el hidruro de litio, junto a las correspondientes carga de Löwdin del litio en la parte superior. En
particular, en la Figura 5.9a se presenta la información para la especie neutra, LiH, con los datos
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Fig. 5.7: Desviación de la energía de los sistemas con respecto a la energía sumada de un
fragmento neutro y un fragmento cargado, ∆E = Ecadena cargada − (E0 + E+), como
función de la métrica de localización de la carga.

de FCI en rojo como referencia, PNOF5 en azul, PNOF7 en naranja y GNOF en verde. En general
se observa una buena reproducción de todos los PNOF respecto a FCI en todos los casos, tanto en
energía como en carga. Cabe destacar que en la región del enlace la energía de PNOF5 queda
por arriba del valor correspondiente a FCI, evidenciando que es variacional, pero GNOF queda
por debajo debido a que no es completamente N-representable. PNOF7 queda por arriba de FCI
en la región de enlace, pero en la región de disociación tanto PNOF7 como GNOF quedan por
debajo de FCI. Por otra parte, el comportamiento de la carga en el proceso de disociación de la
carga es correcto y comparable al de FCI en todo el intervalo estudiado, convergiendo a cero en la
región de disociación y solo con pequeñas diferencias por parte de GNOF. El mismo efecto puede
observarse en la Figura 5.9b para la especie cargada, LiH+. En este caso PNOF7 y GNOF quedan
por debajo de FCI en todo el intervalo, sin embargo, cabe destacar que se ha ampliado la escala de
energía en el eje vertical para hacer más evidente el resultado y que la diferencia de energía entre
las curvas es realmente pequeña. Además, la reproducción de la distribución de la carga coincide
perfectamente con FCI en todo el intervalo, convergiendo asintóticamente a la unidad para litio,
como es de esperarse debido al buen desempeño respecto al error de deslocalización de la carga.

5.2 Sistema Hierro-Porfirina (FeP)

El sistema hierro-porfirina (FeP) consiste en un núcleo de hierro (II) coordinado con los cuatro
nitrógenos del anillo de la porfirina, como se puede ver en la Figura 5.10. Durante varios años se
ha debatido sobre la multiplicidad del estado basal del sistema hierro porfirina, con evidencias
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encontradas que apoyan al estado triplete o al estado quintuplete.111 El estado quintuplete
fue sugerido inicialmente por los métodos como CASSCF y CASPT2.112,113 Posteriormente, se
utilizó DFT y métodos perturbativos que indicaban que el estado triplete es el más estable.114

Más recientemente, se ha sugerido que la preferencia de los métodos multirreferenciales por el
estado quintuplete se debe a incompletés del espacio activo y que cálculos con espacios activos lo
suficientemente grandes vuelven a favorecer el estado triplete como el más estable.115

En este trabajo se han calculado los estados singulete (S), triplete (T) y quintuplete (Q) del
sistema FeP utilizando PNOF5, PNOF7 y GNOF con la base cc-pVDZ.95 En esta base, el sistema
tiene cuatro orbitales débilmente doble ocupados acoplados a cada orbital fuertemente doble
ocupado, dando un total de 462 orbitales naturales para el estado triplete.c Este se trata de un
cálculo retador considerando que contiene correlación estática y que en términos de métodos
con espacio activo se trataría de un cálculo de 184 electrones en 462 orbitales. Los resultados se
muestran en la Tabla 5.1, donde la primera columna muestra el estado (S, T y Q) en Hartrees, así
como la diferencia de energía del estado triplete respecto al estado singulete (S-T) y al estado
quintuplete (Q-T) en kcal/mol para los PNOFs que se muestran en el resto de las columnas.
Para todos los funcionales se observa una diferencia de energía positiva de S-T, lo que indica
que el estado triplete es más estable que el estado singulete. Por otra parte, PNOF5, PNOF7s y
PNOF7 presentan valores negativos de Q-T indicando que favorecen el estado quintuplete frente

cCon referencia a la Figure 2.1, el sistema de FeP tiene N = 186 electrones. En estado triplete se tiene NI = 2, NII = 92,
tal que NI + 2NII = 186. Hay cuatro orbitales débilmente doble ocupados acoplados (Ng = 4) a cada orbital
fuertemente doble ocupado, por lo que hay 92(4 + 1) = 460 orbitales en ΩII y 2 orbitales en ΩI , dando un total de
462 orbitales.
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Fig. 5.9: Curvas de disociación de hidruro de litio, (a) neutro (LiH) y (b) cargado (LiH+).
Los paneles superiores presentan el comportamiento de la carga del átomo de litio
a lo largo de la curva de disociación, calculada mediante un análisis de poblaciones
de Löwdin. En la Figura 5.9b, la curva de PNOF7, las curvas de PNOF7 y GNOF
están sobrepuestas y las curvas de PNOF5 y FCI están sobrepuestas.

al triplete, es decir, estos funcionales predicen el orden de energía como Q <T <S. Estos tres
funcionales tienen en común que tienden a favorecer la correlación estática frente a la dinámica y
resulta interesante que PNOF7s, el funcional desarrollado explícitamente para tomar en cuenta
solo la correlación estática sin la dinámica, es el que más sobreestabiliza el estado quintuplete.
Por otra parte, agregar correlación dinámica a PNOF7s da lugar a NOF-MP2, el cual estabiliza el
estado triplete. Estos resultados concuerdan con GNOF, el cual busca proporcionar un balance
adecuado entre correlación estática y dinámica y que también apoya al triplete como el estado
basal. Esto resalta la importancia de un balance correcto entre correlación dinámica y estática
para poder capturar la estabilidad del estado triplete y muestra la superioridad de GNOF respecto
a PNOF5 y PNOF7.

Respecto a las soluciones proporcionadas por cada uno de los PNOFs, su diagnóstico-M se
presenta en la Tabla 5.2, donde se puede ver un valor de 1.0 para el singulete predicho por todos
los NOFs, indicando una solución diradical, en concordancia con otros reportes.20 En los casos del
triplete y el quintuplete, el diagnóstico-M de PNOF5 y PNOF7s muestra que estos no capturan el
carácter multiconfiguracional del sistema; sin embargo, PNOF7 proporciona valores que indican
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Fig. 5.10: Estructura del sistema de hierro-porfirina (FeP)

una fuerte importancia de correlación estática para estos estados. Desafortunadamente, esta
importancia se ve opacada en el caso de GNOF, cuyos diagnósticos-M toman valores pequeños.

También resulta de interés el análisis de ciertos orbitales, particularmente los del estado triplete.
La Tabla 5.3 muestra el orbital natural más ocupado más altod (HONO, por sus siglas en inglés)
en el primer renglón, los dos orbitales naturales simplemente ocupados (SONOs, por sus siglas

dConsiderando un ordenamiento de los orbitales acorde a los elementos diagonales de la matriz de multiplicadores de
Lagrange. Estos valores se interpretan como energías orbitales en Hartree-Fock, pero esta interpretación no es válida
en NOF, ya que en general la matriz de multiplicadores no es estrictamente diagonal. Sin embargo, este ordenamiento
también suele coincidir con el ordenamiento por números de ocupación.

Tab. 5.1: Energía (Hartree) de los diferentes estados de espín para el compuesto hierro-
porfirina (FeP), calculados con PNOF5, PNOF7s, PNOF7, NOF-MP2 y GNOF, con
sus correspondientes gaps adiabáticos singulete-triplete (ST), Esinglet −Etriplet y gaps
adiabáticos triplete-quintuplete (QT) , Equintet − Etriplet, en kcal/mol. Los valores
corresponden a cálculos con la geometría optimizada reportada en la referencia
Ref. [114].

MUL PNOF5 PNOF7s PNOF7 NOF-MP2 GNOF
S -2245.417 -2245.436 -2245.989 -2248.384 -2247.769
T -2245.484 -2245.492 -2246.014 -2248.456 -2247.869
S-T 42 35 16 45 63
Q -2245.549 -2245.560 -2246.042 -2248.416 -2247.766
Q-T -29 -36 -17 25 65
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Tab. 5.2: Diagnóstico M para los estados de espín del sistema FeP calculados con PNOF5,
PNOF7 y GNOF.

MUL PNOF5 PNOF7s PNOF7 GNOF
S 1.00 1.00 1.00 1.00
T 0.07 0.07 0.60 0.04
Q 0.07 0.08 0.56 0.04

en inglés) en el segundo y tercer renglón y el orbital natural desocupado más bajo (LUNO, por
sus siglas en inglés) en el cuarto renglón para los funcionales PNOF5, PNOF7s, PNOF7 y GNOF,
situados en las columnas. Los SONOs son similares independientemente del PNOF usado, aunque
en el caso de GNOF están un poco más deslocalizados. Sin embargo, existe un cambio en el HONO
y en el LUNO entre los diferentes funcionales. Existe un aumento de la correlación electrónica
de izquierda a derecha y junto con este, una tendencia a involucrar al átomo de hierro en estos
orbitales. En particular, el átomo de hierro no está involucrado en PNOF5 y PNOF7s, pero sí lo
está en PNOF7 y GNOF. Este fenómeno se ha observado también en otros métodos que establecen
el triplete como estado basal.116 Si bien este hecho se observa tanto en el HONO de PNOF7 y
GNOF, el hecho de que GNOF contiene correlación dinámica es el factor clave para que el triplete
resulte como el estado más estable.
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Tab. 5.3: Orbitales naturales del estado triplete del sistema FeP calculados con PNOF5,
PNOF7s, PNOF7 y GNOF.

PNOF5 PNOF7s PNOF7 GNOF
HONO Ωb

SONO-1 del subespacio ΩI

SONO-2 del subespacio ΩI

LUNO Ωa
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6Conclusiones y Perspectivas

En este trabajo se han implementado funcionales de orbitales naturales basados en la teoría de
matrices de la densidad reducida en PyNOF y DoNOF.jl, los cuales son programas de estructura
electrónica escritos en lenguajes de programación modernos, Python y Julia respectivamente. En
este sentido, el uso de aproximaciones como la resolución de la identidad y de arquitecturas de
cómputo heterogéneo CPU/GPU permitieron tener una implementación competitiva que vuelve
accesible el realizar cálculos de sistemas fuertemente correlacionados a un costo computacional
intermedio entre métodos multirreferenciales y de referencia simple. Esto, junto con el acopla-
miento a diversos métodos de convergencia, permitió explorar sistemas químicos de interés,
mostrar su buen desempeño, por ejemplo, en sistemas cargados, y explorar sistemas químicos tan
grandes como la hierro-porfirina.

Se espera que la implementación generada popularice el uso de la teoría de matrices de la
densidad reducida, a través de los funcionales de orbitales naturales, y permita afrontar retos que
siguen siendo inalcanzable para la química computacional actual. También existe otra oportunidad
de aprovechar la localización orbital para reducir el costo de integración a tercer orden, lo que
tendría un impacto aún mayor en la misma dirección que este trabajo. Finalmente, una vez
establecido el éxito de los funcionales en el estado basal, se vuelve deseable extenderlos al estudio
de estados excitados, lo que permitiría estudiar sistemas muy interesantes como los involucrados
en procesos fotoquímicos.
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ABSTRACT: The relative stability of the singlet, triplet, and quintet spin
states of iron(II) porphyrin (FeP) represents a challenging problem for
electronic structure methods. While it is currently accepted that the ground
state is a triplet, multiconfigurational wave function-based methods predict a
quintet, and density functional approximations vary between triplet and
quintet states, leading to a prediction that highly depends on the features of
the method employed. The recently proposed Global Natural Orbital
Functional (GNOF) aims to provide a balanced treatment between static
and dynamic correlation, and together with the previous Piris Natural Orbital
Functionals (PNOFs), allowed us to explore the importance of each type of
correlation in the stability order of the states of FeP with a method that
conserves the spin of the system. It is noteworthy that GNOF correlates all
electrons in all available orbitals for a given basis set; in the case of the FeP
with a double-ζ basis set as used in this work, this means that GNOF can properly correlate 186 electrons in 465 orbitals,
significantly increasing the sizes of systems amenable to multiconfigurational treatment. Results show that PNOF5, PNOF7s, and
PNOF7 predict the quintet to have a lower energy than the triplet state; however, the addition of dynamic correlation via second-
order Møller−Plesset corrections (NOF-MP2) turns the triplet state to be lower than the quintet state, a prediction also reproduced
by GNOF that incorporates much more dynamic correlation than its predecessors.

1. INTRODUCTION
As early as the 1970s, it was suggested that one-particle
reduced density matrix (RDM) functional theory1−4 could be
an attractive alternative formalism to wave function-based
methods. Unfortunately, calculations based on exact func-
tionals generated by the constrained-search formulation are
computationally too expensive, which has prompted the
development of approximate functionals for practical applica-
tions. The functionals currently in use are constructed on the
basis where the one-particle RDM is diagonal, which is the
definition of a natural orbital functional (NOF).5,6 In fact, it is
more appropriate to speak of a NOF rather than a one-particle
RDM functional when dealing with approximate functionals,
since a two-particle RDM dependence persists7 and leads to
the functional N-representability problem.8,9 An extensive
account on the evolution of approximate NOFs up to the year
2018 can be found elsewhere.10−13

Recent developments14−47 show that NOF theory has
become an active field of research. Nowadays, an open-source
implementation of NOF-based methods is available (github.-
com/DoNOF) to the scientific community. The associated
computer program DoNOF (Donostia Natural Orbital Func-
tional)48 is designed to solve the energy minimization problem
of an approximate NOF, describing the ground state of an N-
electron system in terms of natural orbitals (NOs) and their

occupation numbers (ONs). Fractional occupancies naturally
allow NOFs to recover the static correlation. In fact,
approximate NOFs have demonstrated41,49 to be more
accurate than their electron density-dependent counterparts
for highly multiconfigurational systems and scale satisfactorily
compared to wave function-type methods with respect to the
number of basis functions.
Particularly successful in describing static electronic

correlation are electron-pairing-based NOFs,50 namely,
PNOF5,51,52 PNOF6,53 and PNOF7.54,55 For instance, the
PNOF6 dissociation curve of the carbon dimer closely
resembles that obtained from the optimized complete active
space self-consistent field wave function.56 So far, only NOFs
that satisfy the electron-pairing constraints have provided the
correct number of electrons in the fragments after homolytic
dissociation.57,58 PNOF5−PNOF7 take into account most of
the nondynamical effects, and also an important part of the

Received: November 2, 2022
Published: December 29, 2022

Articlepubs.acs.org/JCTC

© 2022 American Chemical Society
211

https://doi.org/10.1021/acs.jctc.2c01093
J. Chem. Theory Comput. 2023, 19, 211−220

D
ow

nl
oa

de
d 

vi
a 

U
N

IV
 N

A
C

IO
N

A
L

 A
U

T
O

N
O

M
A

 M
E

X
IC

O
 o

n 
Se

pt
em

be
r 

14
, 2

02
3 

at
 1

7:
08

:4
8 

(U
T

C
).

Se
e 

ht
tp

s:
//p

ub
s.

ac
s.

or
g/

sh
ar

in
gg

ui
de

lin
es

 f
or

 o
pt

io
ns

 o
n 

ho
w

 to
 le

gi
tim

at
el

y 
sh

ar
e 

pu
bl

is
he

d 
ar

tic
le

s.

https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Juan+Felipe+Huan+Lew-Yee"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Jorge+M.+del+Campo"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Mario+Piris"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/showCitFormats?doi=10.1021/acs.jctc.2c01093&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.2c01093?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.2c01093?goto=articleMetrics&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.2c01093?goto=recommendations&?ref=pdf
https://github.com/DoNOF
https://github.com/DoNOF
https://pubs.acs.org/doi/10.1021/acs.jctc.2c01093?fig=tgr1&ref=pdf
https://pubs.acs.org/toc/jctcce/19/1?ref=pdf
https://pubs.acs.org/toc/jctcce/19/1?ref=pdf
https://pubs.acs.org/toc/jctcce/19/1?ref=pdf
https://pubs.acs.org/toc/jctcce/19/1?ref=pdf
pubs.acs.org/JCTC?ref=pdf
https://pubs.acs.org?ref=pdf
https://pubs.acs.org?ref=pdf
https://doi.org/10.1021/acs.jctc.2c01093?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://pubs.acs.org/JCTC?ref=pdf
https://pubs.acs.org/JCTC?ref=pdf
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://acsopenscience.org/open-access/licensing-options/


dynamic electron correlation corresponding to the intrapair
interactions; hence they produce results that are in good
agreement with accurate wave function-based methods for
small systems, where electron correlation effects are almost
entirely intrapair. However, when the number of pairs
increases, the total energy values deteriorate, especially in
those regions where dynamic correlation prevails.
There are several strategies for adding the missing dynamic

correlation to an approximate NOF, but second-order
perturbative corrections are probably the simplest and cheapest
way to properly incorporate dynamical correlation effects,
which has given rise to two methods. The first uses a size-
consistent multiconfigurational second-order perturbation
theory (PT2), taking as reference the generating wave function
of PNOF5, which leads to the PNOF5-PT2 method.59,60 The
other proposal, called NOF-MP2,54 adds second-order
Møller−Plesset (MP2) corrections to a reference Slater
determinant wave function formed with the NOs of PNOF7.
Let us note that PNOF5 is strictly N-representable; i.e., the
functional can be derived from a wave function that is
antisymmetric in N-particles, so PNOF5-PT2 is well-defined
and the perturbative corrections are added to PNOF5 energy.
On the contrary, for PNOF7 the generating wave function is
unknown, and in the NOF-MP2 method static and dynamic
corrections are added to a Hartree−Fock (HF) type energy.
The reformulation61 of NOF-MP2 based on the static part

of PNOF7 (PNOF7s) and the orbital-invariant MP2 allowed
us to prevent reference ONs and NOs from being spuriously
influenced by nondynamic correlation in dynamic correlation
domains and extend the NOF-MP2 method to any type of
orbitals, including localized ones, respectively. NOF-MP2 has
been shown to provide quantitative agreement for dissociation
energies, with performance comparable to that of the accurate
complete active space second-order perturbation theory in
hydrogen abstraction reactions,19 and is highly reliable for
accurate chemical reaction mechanistic studies in elementary
reactions of transition metal compounds.31

A canonicalization procedure applied to the NOs gave us the
possibility to combine any many-body perturbation method,62

like random-phase approximation or coupled-cluster singles
and doubles, with a NOF. The inclusion of perturbative
corrections improves the absolute energies over the reference
NOF values and approaches the energies obtained by accurate
wave function-based methods; however, it does not improve
the quality of the reference NOs and ONs. A full optimization
would be the only way to obtain completely correlated ONs
and NOs. Unfortunately, such a self-consistent procedure
makes perturbative methods incredibly computationally
expensive, so it is preferable to recover the missing dynamic
correlation using a more general NOF than PNOF7.
An important recent development that reinforced this

strategy was the implementation of the resolution of the
identity approximation (RI) in DoNOF30 and in the
FermiONs++ program package.40 The RI implementation
substantially reduces memory and arithmetic scaling factors in
NOF calculations. Such developments have made it possible to
perform calculations on large systems of chemical interest with
tens of atoms, hundreds of electrons, and thousands of basis
functions, for example, the 117-atom 2′-carbamate taxol and
the 168-atom valinomycin molecule.40

Recently,38 a NOF was proposed for electronic systems with
any spin value regardless of the external potential, that is, a
global NOF (GNOF). The adjective “global” is used instead of

“universal” to differentiate this approximate multipurpose NOF
from Valone’s exact one.4 GNOF is able to achieve a balanced
treatment of static and dynamic electron correlations even for
those systems with significant multiconfigurational character,
preserving the total spin of multiplets.14 It should be noted that
the agreement obtained by GNOF with accurate wave
function-based methods is not only for relative energies but
also for absolute energies, a sign of good results for good
reasons. An example is the agreement obtained between
GNOF and Full Configuration Interaction (FCI) for
challenging dissociation processes in one, two, and three
dimensions.41 Nevertheless, we must point out that GNOF,
like its predecessors, is not variational since only some
necessary N-representability conditions have been imposed,
with the sole exception of PNOF5 for which we know the
generating wave function.
The simple construction of GNOF allowed us to examine

the effects of different types of electron correlations. The
functional has a term that fully recovers the intrapair electron
correlation, that corresponds to the independent-pair model,
followed by a second term that corresponds to the static
interpair correlation, and it also takes into account the dynamic
correlation between electron pairs. The aim of this work is to
analyze the influence of different types of correlation on the
spin state stability of iron(II) porphyrin molecule (FeP), as
shown in Figure 1, a system with 37 atoms and 186 electrons.

FeP is a model system for more general substituted iron
porphyrins that play a vital role in many biological processes,
including oxygen transport, electron transfer, and catalyzing
the incorporation of oxygen into other molecules.63 The
relationship between spin state and structure of FeP
constitutes an active research topic64 due to its implications
for the biological activity of heme proteins.65,66

The iron porphyrins have proven to be challenging for any
theoretical method and an attractive system for testing the
GNOF. Initial single reference studies considered a triplet
state,67−70 but subsequent multireference studies favored a
quintet state.71,72 The controversy about the spin of the
ground state of FeP continues to this day, and the discussion
has become enriched with the increase of computational power

Figure 1. Iron(II) Porphyrin.
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and the development of innovative methods to include
electronic correlation more accurately.
Calculations with currently used single reference methods

such as coupled cluster and modern density functional
approximations tend to favor the triplet as the ground
state,73−75 and the triplet and quintet states have been
reported to not present essential symmetry breaking.76 In
addition, typical complete active space (CAS) calculations
point to the quintet,77 but increasing the size of the active
space changes the prediction to the triplet; it has been stated
that the preference for a quintet may be an artifact caused by
an insufficiently large active space.78,79 Pair density functional
theory (PDFT) points to the triplet,80 as well as calculations of
stochastic generalized active space self-consistent field.81

However, the discussion is not so easy to conclude, as the
density matrix renormalization group (DMRG) points to a
quintet state,82 even after coupling with the adiabatic
connection to include dynamic correlation.83 Studies on the
influence of the exact exchange on DFAs concluded that the
inclusion of a large amount of it favors high-spin states, while
smaller contributions favor low-spin states,84,85 and this
becomes relevant as a recent study of PDFT has found that
the use of hybrid functionals reverts the tendency to the
quintet state for some on-top functional.86 Hence, the
controversy remains of active interest.
This study provides important information in many ways.

First, the analysis of FeP from the perspective of PNOF
functionals might provide information on the static and
dynamic correlation effects on the problem. At the same time,
it will allow us to compare the set of PNOFs with the different
methods previously used to study FeP. Note further that
GNOF correlates all electrons into all available orbitals for a
given basis set, which in the case of FeP using a double-ζ basis
set correlates 186 electrons in 465 orbitals. To the best of our
knowledge, such a correlation calculation is not possible with
current wave function-based methods, such as CAS or DMRG.
The work is organized as follows. First, Section 2 presents a

brief review of GNOF and the M diagnostic used to
characterize the NOFs solutions. This is followed by the
computational details related to the NOF calculations in
Section 3. Section 4 presents an analysis of the performance of
PNOF5, PNOF7, PNOF7s, NOF-MP2, and GNOF over the
spin-stability order of FeP, together with a discussion of the
electron correlation effects provided by each functional.
Finally, conclusions are given in Section 5.

2. THEORY
In this section, we briefly describe GNOF, and a more detailed
description can be found in ref 38. The nonrelativistic
Hamiltonian under consideration is spin coordinate free;
therefore, a state with total spin S is a multiplet, i.e., a mixed
quantum state that allows all possible Sz values. We consider NI
single electrons which determine the spin S of the system, and
the rest of electrons (NII = N − NI) are spin-paired so that all
spins corresponding to NII electrons altogether provide a zero
spin. In the absence of single electrons (NI = 0), the energy
obviously reduces to a NOF that describes singlet states.
We focus on the mixed state of highest multiplicity: 2S + 1 =

NI + 1, S = NI/2.
14 For an ensemble of pure states SMs{| }, we

note that the expected value of Sz for the whole ensemble is
zero. Consequently, the spin-restricted theory can be adopted
even if the total spin of the system is not zero. We use a single

set of orbitals for α and β spins. All the spatial orbitals will be
then doubly occupied in the ensemble so that occupancies for
particles with α and β spins are equal: npα = npβ = np.
We divide the orbital space Ω into two subspaces: Ω = ΩI ⊕

ΩII. ΩII is composed of NII/2 mutually disjoint subspaces Ωg.
Each of which contains one orbital |g⟩ with g ≤ NII/2 and Ng
orbitals |p⟩ with p > NII/2, namely,

g p p p, , , ...,g 1 2 Ng
= {| | | | } (1)

Taking into account the spin, the total occupancy for a given
subspace Ωg is 2, which is reflected in the following sum rule:

n n n g1, 1, 2, ...,
N
2p

p g
i

p
1

N
II

g

i

II

= + = =
= (2)

Here, the notation p ∈ ΩII represents all the indexes of |p⟩
orbitals belonging to ΩII. In general, Ng can be different for
each subspace as long as it describes the electron pair well. For
convenience, in this work we take it to be equal for all
subspaces Ωg ∈ ΩII to the maximum possible value determined
by the basis set used in calculations. From eq 2, it follows that

i

k
jjjjjj
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zzzzzzn n n2 2 N
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N
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II
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= + =
= = (3)

Similarly, ΩI is composed of NI mutually disjoint subspaces Ωg.
In contrast to ΩII, each subspace Ωg ∈ ΩI contains only one
orbital g with 2ng = 1. It is worth noting that each orbital is
completely occupied individually, but we do not know whether
the electron has α or β spin: ngα = ngβ = ng = 1/2. It follows that

n n2 2 N
p

p
g

g
N /2 1

N

I

I II

= =
= + (4)

In eq 4, NΩ = NII/2 + NI denotes the total number of suspaces
in Ω. Taking into account eqs 3 and 4, the trace of the 1RDM
is verified equal to the number of electrons:

n n n2 2 2 N N N
p

p
p

p
p

p II I

II I

= + = + =
(5)

Using ensemble N-representability conditions, we can generate
a reconstruction functional for the 2RDM in terms of the ONs
that leads to GNOF:

E E E E Eintra
HF
inter

sta
inter

dyn
inter= + + + (6)

The intrapair component is formed by the sum of the energies
of the pairs of electrons with opposite spins and the single-
electron energies of the unpaired electrons, namely,

E E Hintra

g
g

g
gg

1

N /2

N /2 1

NII

II

= +
= = + (7)

E n H J

n n L

(2 )

( , )

g
p

p pp pp

q p p q
q p pq

, ,

g

g

= +

+
(8)

where

n n n n( , ) ( )q p q p q p qg pga a= (9)
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and Hpp are the diagonal one-electron matrix elements of the
kinetic energy and external potential operators. Jpq = ⟨pq|pq⟩
and Lpq = ⟨pp|qq⟩ are the Coulomb and exchange-time-
inversion integrals, respectively. Ωa denotes the subspace
composed of orbitals above the level NΩ (p > NΩ). The
intersubspace HF term is

E n n J K(2 )HF
inter

p q
q p pq pq

, 1

NB

=
= (10)

where Kpq = ⟨pq|qp⟩ are the exchange integrals. The prime in
the summation indicates that only the intersubspace terms are
taking into account (p ∈ Ωf, q ∈ Ωg, f ≠ g). NB represents the
number of basis functions considered. The intersubspace static
component is written as
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where n hp p p= with the hole hp = 1 − np. Note that Φp has
significant values only when the occupation number np differs
substantially from 1 and 0. Finally, the intersubspace dynamic
energy can be conveniently expressed as

E n n n n L( , ) (1 )dyn
inter

p q
q
d

p
d

q
d

p
d

q p pq
, 1

NB

II
b

II
b= [ + ]

= (12)

In eq 12, ΩII
b denotes the subspace composed of orbitals

below the level NII/2 (p ≤ NII/2), so interactions between
orbitals belonging to ΩII

b are excluded from Edyn
inter. The dynamic

part of the ON np is defined as

i
k
jjjjj

y
{
zzzzzn n e p,p

d
p

h
h

g

g
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2

= · (13)

with h 0.02 2c = .38 The maximum value of npd is around 0.012
in accordance with the Pulay’s criterion that establishes an
occupancy deviation of approximately 0.01 with respect to 1 or
0 for a NO to contribute to the dynamic correlation. Clearly,
GNOF does not take into account the dynamic correlation of
single electrons (p ∈ ΩI) via the Edyn

inter term. Considering real
spatial orbitals (Lpq = Kpq) and np ≈ npd, it is not difficult to
verify that the terms proportional to the product of the ONs

will cancel out, so that only those terms proportional to Π will
contribute significantly to the energy.
It is important to note that GNOF preserves the total spin of

the multiplet: S S S( 1)
2 = + .14 Taking into account that

GNOF does not contain intersubspace terms between orbitals
below NB, except for the HF-like terms of the eq 10, eq 6
reduces to the PNOF7-like functional54,55 when the interpair
dynamic term (Edyn

inter) is neglected. Furthermore, taking Φp =
2nphp in eq 11 the PNOF7s-like version of the functional is
obtained.61 Finally, if the intersubspace static term (Esta

inter) is
also disregarded, then GNOF reduces to PNOF5.52

The solutions of PNOFs can be characterized according to
the recently proposed M-diagnostic87 adapted to the NOF
multiplet calculations,47 namely,

M n n1 LSONO LWONO= [ ] + (14)

where LSONO stands for the least strongly occupied NO, that
is, the orbital with ON farthest from 1 below NII/2, so it
belongs to ΩII

b subspace, and LWONO for the least weakly
occupied NO, that is, the orbital with ON farthest from 0
above NΩ, so it belongs to Ωa subspace. Recall that M values
close to zero indicate the predominance of dynamic
correlation, while values beyond 0.1 indicate the predominance
of static correlation.

3. COMPUTATIONAL DETAILS
In this work, we have used the optimized structures of FeP
reported in ref 74 for the singlet, triplet, and quintet states, as
has been used in subsequent studies;40,76,88 hence the energy
gaps are computed adiabatically. The Fe−N distance might be
relevant for the energetics of the problem; in the used
structures this distance corresponds to 1.979 Å for the singlet,
1.976 Å for the triplet, and 2.053 Å for the quintet. The
solution of the NOF equations has been established by
optimizing the energy separately with respect to the ONs and
to the NOs. Therefore, orbitals vary along the optimization
process until the most favorable orbital interactions are found.
NOF-MP2 calculations have been carried out as described in
ref 62. We have taken this opportunity to test an in-house
piece of software written in Julia, currently named DoNOF.jl,
and with integral transformation accelerated by graphic
processing units (GPUs) in the calculations of the perfect
pairing approach (Ng = 1), while the extended pairing
calculations (Ng = 4) have been carried out using the
DoNOF code.48 The correlation-consistent valence double-
basis set including polarization (cc-pVDZ)89,90 was used
throughout, as has been previously reported that the active
space is more important than using a larger basis set (e.g., cc-
pVTZ) to achieve the correct prediction.40,78 The resolution of
the identity (RI) was used to reduce the computational cost of

Table 1. Spin State Energies (Hartree) for FeP Calculated by a Perfect Pairing PNOF5, PNOF7s, PNOF7, NOF-MP2, and
GNOF, with its Corresponding Singlet−Triplet Adiabatic Gap (ST), Esinglet−Etriplet, and Quintet−Triplet Adiabatic Gap (QT),
Equintet−Etriplet, in kcal/mola

MUL PNOF5 PNOF7s PNOF7 NOF-MP2 GNOF

S −2245.417 −2245.436 −2245.989 −2248.384 −2247.769
T −2245.484 −2245.492 −2246.014 −2248.456 −2247.869
ST 42 35 16 45 63
Q −2245.549 −2245.560 −2246.042 −2248.416 −2247.766
QT −29 −36 −17 25 65

aThe values correspond to calculations using the optimized geometries of ref 74 and the RI approximation.
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the calculations, as reported in ref 91 (including for NOF-
MP2), and the cc-pVDZ-jkfit92 auxiliary basis set was used for
all atoms except iron, for which the def2-universal-jkfit93

auxiliary basis set was used.

4. RESULTS AND DISCUSSION
We aim to understand the stabilization of the spin states in
terms of the static and dynamic correlation effects by means of
PNOF5, PNOF7s, PNOF7, NOF-MP2, and GNOF calcu-
lations. For this purpose, a discussion is given for both the
perfect pairing and the extended PNOF approaches, with
special attention to the features of the solutions given by each
functional.
4.1. Perfect Pairing. Here we study the spin-state stability

of FeP using the most simple approach for electron-pairing-
based NOFs, that is, pairing a single weakly occupied orbital to
each strongly occupied orbital in each subspace, namely, the
perfect-pairing approach. Table 1 presents the energy values of
the singlet, triplet, and quintet states of FeP in its rows,
calculated with PNOF5, PNOF7s, PNOF7, NOF-MP2, and
GNOF as shown in each column. First, we observe that the
energy decreases according to the order PNOF5 > PNOF7s >
PNOF7 > GNOF > NOF-MP2 for all spin states, which
corresponds to the order of increase of electron correlation in
perfect-pairing coupling. In addition, the singlet−triplet (ST)
gaps and the quintet-triplet (QT) gaps allow us to check
whether the spin state is more stable with respect to the triplet.
Positive values indicate that the triplet state is lower in energy,
whereas negative values indicate that either the singlet or the
quintet state is lower in energy than the triplet state. Overall,
PNOF5, PNOF7s, and PNOF7 predict the quintet as the
ground state of FeP, which agrees with the multiconfigura-
tional wave functions that include more static correlation,
whereas, NOF-MP2 and GNOF afford the expected triplet
ground state. The case of GNOF requires a more detailed
analysis of the singlet state (vide infra).
Take the PNOF5 QT gap as a reference to analyze the

results obtained and recall that it considers only static and
dynamic intrapair correlation but does not have intersubspace
correlation terms that are important for medium and large size
systems. These terms are found in PNOF7s and PNOF7
leading to deeper total energy values but predict QT gaps with
the wrong sign. It should be noted that PNOF7 predicts a
lower QT gap than PNOF7s, a performance associated with
the PNOF7 static overcorrelation at the equilibrium structures
where the dynamic correlation predominates. In contrast,
PNOF7s takes into account the correct amount of static
intersubspace correlation; therefore, its energy is in between
PNOF5 and PNOF7, but the QT gap prediction is worse due
to the lack of the intersubspace dynamic correlation.
NOF-MP2 includes the dynamic correlation taking as

reference the Slater determinant formed with the PNOF7s
NOs61 and predicts the triplet as the ground state, with a QT
gap of 25 kcal/mol with the expected sign. This outcome
supports the thesis that dynamic correlation is crucial for
predicting the triplet as the ground state. In order to obtain
GNOF energies, PNOF7s NOs and ONs were used as starting
solutions. Since GNOF accounts for static and dynamic
correlations, this functional is also capable of predicting the
triplet state to be lower in energy than the quintet.
Regarding the singlet state, we must note that all functionals

provide a state with a marked multiconfigurational character, as
has been reported in previous studies.76,94 Remarkably, a ST

gap of 17 kcal/mol is achieved by a traditional HF-MP2
calculation that is even lower than the QT gap obtained with
the NOF-MP2 method. This result confirms the importance of
dynamic correlation and points out the existence of a singlet
with a predominant single-reference character.
It should be noted that the total energies of PNOF7s shown

in Table 1 are well below the values obtained by Lemke et al.,40

namely, −2244.6016 and −2244.6514 for the triplet and
quintet states, respectively. The latter are very close to the HF
energies and must then correspond to local minima. In
contrast, our PNOF7s energies are in better agreement with
the results of CAS(44,44).78 They are also lower in energy,
since they correlate 186 electrons in 184 and 182 orbitals for
triplet and quintet states, respectively. Recall that in multiplet
states, single-electron subspaces are made up of a single orbital
with 2ng = 1, while electron-paired subspaces are those that
follow the perfect pairing.
The M diagnostic of the PNOFs solutions for the spin states

of FeP are shown in Table 2. For the triplet and quintet states,

PNOF5, PNOF7s, and GNOF provide solutions below 0.1,
which indicates that dynamic correlation is the dominant
contribution. Note that the solutions of PNOF5 and PNOF7s
are close to 0.1, indicating that the static correlation is
important despite not being the dominant contribution. In
contrast, the results of PNOF7 are strongly dominated by
static correlation. It is noteworthy that the singlet states
achieved with all functionals present an M-diagnostic value of
1.0, which in the perfect-paring approach directly indicates a
diradical character, in agreement with previous reports.76,94

It has been stated that the NO picture can be used to earn
chemical relevant information.95 Following this idea, Table 3
presents selected frontier orbitals of each NOF considered in
this work for the triplet state. A gradual transformation can be
observed from left (PNOF5) to right (GNOF) through an
increase in correlation. The main change can be observed in
the first row corresponding to the LSNO (equivalent to the
HF HOMO), where the effect of the increase of electron
correlation is to allow the “d” orbitals of the iron atom to
interact with the π orbitals of the porphyrin, as can be seen in
PNOF7 and GNOF. A similar effect can be seen in the second
and third rows corresponding to the single-electron NOs of the
ΩI subspace, where the “d” orbital of the iron atoms appears
for all PNOFs; however, the NO of GNOFs spreads
throughout the molecule. These results are in accordance
with the results reported in ref 96, where it is stated that these
orbital interactions are the key factor for the correct ordering
between the triplet and the quintet states, as achieved by
GNOF.
4.2. Extended Pairing. In this section, the extended-

pairing approach is used to go beyond the results of the
previous section. For this purpose, the number of weakly
occupied orbitals coupled to each strongly occupied orbital
was increased to four; that is, the highest possible coupling
with the cc-pVDZ basis set was used. Once again, we used the

Table 2. M Diagnostic for the Spin States of FeP Computed
with PNOF5, PNOF7s, and PNOF7

MUL PNOF5 PNOF7s PNOF7 GNOF

S 1.00 1.00 1.00 1.00
T 0.07 0.07 0.60 0.04
Q 0.07 0.08 0.56 0.04
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NOs and ONs obtained with the PNOF7s as inputs to achieve
the GNOF solutions. In addition, the full electron repulsion
integrals are used.
It can be seen from Table 4 that there is an improvement in

the PNOF5 QT gap as the amount of intrapair correlation is

increased. As expected, the QT gaps of PNOF7s and GNOF
are significantly improved due to an increase in the electron
correlation between orbitals that form the single- and paired-
electron subspaces, which are not present in the independent
pair approximation leading to PNOF5. As noted in the
previous section, PNOF7 tends to overestimate the non-
dynamic electronic correlation between subspaces in the

equilibrium region, so these results were not included in the
table.

4.2.1. Singlet State with Predominant Dynamic Correla-
tion. As the results of the previous section demonstrate, the
inclusion of intersubspace dynamic correlation is crucial for
GNOF to favor the intermediate spin state over the low and
high spin states. We also noted that the singlet obtained by
GNOF from the PNOF7s solution has a marked multi-
configurational character. However, as mentioned above, a
traditional MP2 calculation based on the HF reference affords
a ST gap that is below the NOF-MP2 result obtained from the
reference multiconfigurational PNOF7s singlet. Consequently,
we wonder if there is another GNOF singlet state where
dynamic correlation predominates. In fact, starting from HF
solutions, we have obtained GNOF singlet states with energies
of −2247.914 and −2248.918 hartree corresponding to perfect
and extended couplings, respectively. Clearly, these energy
values favor the singlet with predominant dynamic correlation
as the lowest energy state in the GNOF case.
On the other hand, we must be cautious in claiming that this

singlet is the state of minimum energy in FeP. If we look more
closely at expression 12 that determines the dynamic
correlation in GNOF, we can conclude that orbitals with
ONs close to half do not contribute to the intersubspace
dynamic correlation; that is, it is actually a dynamic correlation
term between the electron pairs. Consequently, GNOF does
not contain dynamic correlation terms of the single electrons

Table 3. Natural Orbitals of the Triplet State of FeP Computed with PNOF5, PNOF7s, PNOF7, and GNOF

Table 4. Spin State Energies (Hartree) for FeP Calculated
by Extended Pairing PNOF5, PNOF7s, and GNOF, with Its
Corresponding Singlet−Triplet Adiabatic Gap (ST) and
Quintet−Triplet Adiabatic Gap (QT), in kcal/mola

MUL PNOF5 PNOF7s GNOF

S −2245.644 −2245.696 −2248.830
T −2245.742 −2245.748 −2248.855
ST 62 33 16
Q −2245.766 −2245.776 −2248.784
QT −15 −16 45

aThe optimized geometries of ref 74 are used.
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that appear in spin multiplets. This behavior has been observed
in other systems, such as molecular oxygen, for which the ST
gap is underestimated. In the case of FeP, it could be that
GNOF is underestimating the energy of the triplet and quintet
states as well as that of the open-shell singlet. It is evident that
until we have an improved GNOF that includes the dynamic
correlation of those orbitals with total occupancies equal to
one (half in the case of the NO), we can only give a partial
answer as this study shows.
4.3. Computational Times. This work ends with some

details related to the time required for the calculations. In
particular, the calculations presented in this section were
performed in a Julia version of the DoNOF software.30,48

Similar codes have been reported97 for other electronic
structure methods. As noted above, the NOF equations are
solved by optimizing the NOs and ONs separately, and these
steps together form an outer iteration in the optimization
procedure. Our implementation has been tested on an AMD
Ryzen 5800 and in two GPUs, the first being a NVIDIA Turing
RTX2080 and the second a NVIDIA Tesla V100. For
reference, the hardware configurations are the following:

• CPU-only calculations: AMD Ryzen 5800X with 8
cores-16 threads

• GPU calculations:
• NVIDIA GeForce RTX 2080 with a 8 cores-16
threads AMD Ryzen 5800X CPU

• NVIDIA Tesla V100 with a 4 cores Intel Xeon
Gold 5122 CPU

The integral transformation on the CPU is currently based
on Tullio.jl,98 while the transformation on the GPU depends
mainly on TensorOperations.jl.99Table 5 presents the

computational times for an outer iteration composed of 30
inner iterations of orbital optimization through the iterative
diagonalization algorithm100 and the ON optimization using
the BFGS algorithm up to |grad| < 10−4.
A significant improvement in computational time has been

achieved in all cases with the GPU implementation, with the
cuTENSOR library being a key factor for this success. The
integral transformation is the dominating step in both the NO
and the ON minimization when the perfect pairing approach is
employed; hence the time of an outer iteration is directly
benefited when it is performed in a GPU, achieving a speed-up
of around 25 times relative to the CPU for the GeFroce
RTX2080 GPU and 29 times for the Tesla V100 GPU.
On the other hand, when the CPU is used for the

calculations using the extended pairing approach, the NO
optimization remains the bottleneck, but the contribution of
the ON optimization to the time of an outer iteration increases
significantly. In fact, when the GPU is introduced for the
integral transformations, the NO optimization time is

significantly reduced, as can be seen by going from 762 s on
the CPU to 22 s in the RTX2080 hardware configuration, but
the ON optimization time remains almost the same; this is the
reason the speed-up is reduced to eight times for the extended
pairing approach. It is worth noting that the integral
transformation is performed only once in the ON optimiza-
tion; hence, this is not the bottleneck but the calculation of the
gradients performed in the CPU. We expect to present further
details of this implementation in a future article.

5. CONCLUSIONS
The PNOFs were used to elucidate the picture of the spin
stability order of iron porphyrin. It has been found that NOFs
that do not consider a significant amount of dynamic
correlation, such as PNOF5, PNOF7s, and PNOF7, favor
the quintet as the ground state. In these functionals, the
increase of the subspace size improves the results due to the
inclusion of dynamic intrapair correlation, but the wrong sign
of the quintet−triplet gap remains. On the other hand,
methods incorporating significant amounts of dynamic
correlation, such as NOF-MP2 and GNOF, achieve the
correct prediction for the quintet−triplet gap of FeP and
predict the triplet as the ground state if we consider the singlet
with multiconfigurational character for GNOF.
Surprisingly, there is another singlet state predicted by

GNOF with a predominant dynamic correlation. In principle,
this state is the one with the lowest energy, which reinforces
the importance of the dynamic correlation in the stability of
the iron porphyrin; however, GNOF does not contain dynamic
correlation terms for the single electrons that appear in spin
multiplets, so we cannot provide a definitive answer at this
time, for this finding.
Larger systems, such as FeP with 37 atoms and 186

electrons, have been shown to be affordable for NOFs to
handle high levels of correlation. This significantly increases
the size of the systems susceptible to multiconfigurational
treatment, especially when it comes to graphic processing
units, such as those used in this work for the two-electron
integral transformation.
In addition, GNOF correlates all electrons in all available

orbitals preserving the total spin of multiplet states, which in
the case of FeP using a double-ζ basis set implies 186 electrons
into 465 orbitals. To the best of our knowledge, such
calculations have not been done so far with current wave
function-based methods, and they are expected to become a
reference calculation.
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This work assesses the performance of the recently proposed global natural orbital functional (GNOF) against the
charge delocalization error. GNOF provides a good balance between static and dynamic electronic correlation leading
to accurate total energies while preserving spin, even for systems with a highly multi-configurational character. Several
analyses were applied to the functional, namely i) how the charge is distributed in super-systems of two fragments,
ii) the stability of ionization potentials while increasing the system size, and iii) potential energy curves of a neutral
and charged diatomic system. GNOF was found to practically eliminate the charge delocalization error in many of the
studied systems or greatly improves the results obtained previously with PNOF7.

I. INTRODUCTION

The delocalization error is one of the biggest pending chal-
lenges of current electronic structure methods.1,2 It appears
in many density functional approximations (DFAs),3,4 as well
as wavefunction-based methods, such as unrestricted Hartree-
Fock and its second-order perturbative corrections.5 It has
been studied from many perspectives considering that the en-
ergy of a system with a fractional number of electrons should
be linearly related to the energy of the closest systems with
integer electron numbers. Consequently, the lack of disconti-
nuity in the energy derivative at an integer number of particles
correlates with the delocalization error.6 The delocalization
error has been explained as a self-interaction consequence,7

and more recently as a multi-electron self-interaction error.3

This problem causes an energetic overstabilization of frac-
tional charges8, and has important consequences in many
chemical situations of interest as band gap predictions9, disso-
ciation curves10 of neutral and charged molecules,11 and ion-
ization potentials.12 Due to its relevance to chemical predic-
tions, many attempts have been made to overcome the prob-
lem of the delocalization error in DFAs.13 Some of these
ideas include functional tuning,12,14 the design of explicitly
corrected functionals8,15,16, and the use of machine learning
approaches.17,18 In fact, surpassing this error has become a
desirable feature to be satisfied in the development of new
methods.19

One-particle reduced density matrix (1RDM) functional the-
ory emerged20–22 in the 1970s as an alternative formalism
to both density functional and wavefunction based methods.
Advances in this area lead to approximate functionals of the
1RDM in its diagonal form, that is, the use of natural or-

a)Electronic mail: mario.piris@ehu.eus
b)Electronic mail: jmdelc@unam.mx

bitals (NOs) and its occupation numbers (ONs), which define
a natural orbital functional (NOF).23,24 It is more appropri-
ate to speak of a NOF rather than a 1RDM functional when
dealing with approximations, since a dependency of the two-
particle RDM (2RDM) persists25 leading to the functional N-
representability problem.26,27 Comprehensive reviews of ap-
proximate NOFs can be found elsewhere.28–30 Nowadays, the
NOF theory has become an active field of research,31–54 and
several advances have been achieved regarding to its efficient
implementation.55–58 Special emphasis should be made on the
open source program DoNOF59 that has been made avail-
able to the community (github.com/DoNOF) to perform NOF-
based calculations.

The design of NOFs has been highly motivated by their
ability to recover static correlation through fractional ONs,
offering an intermediate cost between multireference meth-
ods and common DFAs. In fact, approximate NOFs have
demonstrated to be more accurate than their electron density-
dependent counterparts and to have better scaling with re-
spect to the number of basis functions than wavefunction-
type methods for systems with large amount of strong non-
dynamic correlation. Particularly successful in describing
static electron correlation have been Piris NOFs (PNOFs)
based on electron-pairing,60 namely PNOF5,61,62 PNOF6,63

and PNOF7.64,65 These NOFs are the only ones that have hith-
erto been able to achieve the correct number of electrons for
the resulting fragments in homolytic dissociations,66,67 there-
fore, no delocalization problems have been observed in these
processes.

Although some reports have considered the delocalization er-
ror in NOFs,68 this issue has not received much attention as
in other electronic structure methods. In a previous report69,
it has been shown that PNOFs can simultaneously deal with
static correlation and charge delocalization errors, becoming
a promising option for studying charge-related problems. In
particular, PNOF5 was shown to prefer localized solutions,

http://arxiv.org/abs/2212.01597v2
mailto:mario.piris@ehu.eus
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whereas PNOF7 can suffer from charge delocalization error,
although it far outperforms common DFAs. Two years after
PNOF5 was proposed61, it was realized70 that an antisym-
metrized product of strongly orthogonal geminals with the
expansion coefficients explicitly expressed by the ONs leads
to it, which confirms that PNOF5 is strictly N-representable,
i.e., the functional can also be derived from a wavefunction
that is antisymmetric in N-particles. This exceptional prop-
erty of PNOF5 is responsible for the absence of delocal-
ization error, as occurs with wavefunctions that do not vio-
late inherent physical symmetries. Nevertheless, we must re-
call that PNOF5 is equivalent to an independent electron pair
model, hence it only takes into account the intrapair electron
correlation, whereas PNOF7 also includes essentially non-
dynamic interpair correlation which allows it to perform bet-
ter on challenging strong correlation problems38–40,71 where
PNOF5 fails.

Like in the other PNOFs, PNOF7 satisfies several analytic
(2,2)-positivity conditions72 as a consequence of imposing
them on the reconstructed 2RDM. It is well known that these
conditions are necessary but not sufficient for the ensemble
N-representability, so there might be situations where PNOF7
violates the N-representability and the delocalization error ap-
pears. This small but consistent charge delocalization error
shown by PNOF7 was related69 to spurious contributions of
static correlation due to the absence of dynamic interpair cor-
relation terms in the functional. We therefore hope that a bet-
ter balance between dynamic and static electron correlation
will improve or even make the delocalization error disappear.

Recently,48 a new NOF has been proposed for electronic sys-
tems with any spin value regardless of the external poten-
tial, i.e. a global NOF (GNOF), to precisely achieve a better
balance of static and dynamic electronic correlation even for
those systems with multi-configurational character, preserv-
ing total spin. The agreement obtained50 by GNOF with accu-
rate wavefunction-based methods is good for relative energies
and for absolute energies, a fact that points out that good re-
sults come out for good reasons. Therefore, it invites us to test
its performance in the delocalization error, and the best corre-
lation balance is expected to provide improved results. The
objective of this work is to show that the dynamic correlation
provided by GNOF allows to greatly improve the performance
in the delocalization problem.

The work is organized as follows. First, Section II presents a
brief review of GNOF. This is followed by the computational
details of the tests used to characterize the charge delocaliza-
tion error in Section III. Section IV presents an analysis of
the performance of GNOF over the charge delocalization er-
ror in dimers, ionization potentials of chains and the fractional
charge that arises in the dissociation of diatomic molecules.
Finally, conclusions are given in Section V.

II. THEORY

In this section, we briefly describe GNOF, a more detailed
description can be found in Ref.48 The nonrelativistic Hamil-

tonian under consideration is spin coordinate free; therefore,
a state with total spin S is a multiplet, i.e., a mixed quantum
state that allows all possible Sz values. We consider NI sin-
gle electrons which determine the spin S of the system, and
the rest of electrons (NII = N−NI) are spin-paired, so that all
spins corresponding to NII electrons altogether provide a zero
spin. In the absence of single electrons (NI = 0), the energy
reduces to a NOF that describes singlet states, as expected.

We focus on the mixed state of highest multiplicity: 2S+ 1 =
NI + 1, S = NI/2.31 For an ensemble of pure states {|SMs〉},
we note that the expected value of Ŝz for the whole ensemble is
zero. Consequently, the spin-restricted theory can be adopted
even if the total spin of the system is not zero. We use a single
set of orbitals for α and β spins. All the spatial orbitals will
then be doubly occupied in the ensemble, so that occupancies
for particles with α and β spins are equal: nα

p = n
β
p = np.

The orbital space Ω is divided into two subspaces: Ω = ΩI ⊕
ΩII. ΩII is composed of NII/2 mutually disjoint subspaces Ωg.
Each of which contains one orbital |g〉 with g ≤NII/2, and Ng

orbitals |p〉 with p > NII/2, namely,

Ωg =
{

|g〉 , |p1〉 , |p2〉 , ...,
∣

∣pNg

〉}

. (1)

Taking into account the spin, the total occupancy for a given
subspace Ωg is 2. In general, Ng can be different for each
subspace as long as it describes the electron pair well. For
convenience, in this work, we take it equal for all subspaces
Ωg ∈ ΩII to the maximum possible value determined by the
basis set used in calculations.

Similarly, ΩI is composed of NI mutually disjoint subspaces
Ωg. In contrast to ΩII, each subspace Ωg ∈ ΩI contains only
one orbital g with 2ng = 1. It is worth noting that each or-
bital is completely occupied individually, but we do not know
whether the electron has α or β spin: nα

g = n
β
g = ng = 1/2.

Reconstruction of 2RDM in terms of ONs leads to GNOF:

E = E intra +E inter
HF +E inter

sta +E inter
dyn (2)

The intra-pair component is formed by the sum of the ener-
gies of the electron pairs with opposite spins and the single-
electron energies of the unpaired electrons, namely

E intra =
NII/2

∑
g=1

Eg +
NΩ

∑
g=NII/2+1

Hgg (3)

Eg = ∑
p∈Ωg

np(2Hpp + Jpp)+ ∑
q,p∈Ωg,p 6=q

Π(nq,np)Lpq (4)

Π(nq,np) =
√

nqnp

(

δqΩaδpΩa − δqg − δpg

)

(5)

Hpp are the diagonal one-electron matrix elements of the ki-
netic energy and external potential operators, whereas Jpq =
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〈pq|pq〉 and Lpq = 〈pp|qq〉 are the Coulomb and exchange-
time-inversion integrals, respectively. NΩ =NII/2+ NI de-
notes the total number of suspaces in Ω, as Ωa denotes the
subspace composed of orbitals above the level NΩ (p > NΩ).

The inter-subspace Hartree-Fock (HF) term is

E inter
HF =

NB

∑
p,q=1

′ nqnp (2Jpq −Kpq) (6)

where Kpq = 〈pq|qp〉 are the exchange integrals. The prime
in the summation indicates that only the inter-subspace terms
are taken into account (p ∈ Ω f ,q ∈ Ωg, f 6= g). NB represents
the number of basis functions considered. The inter-subspace
static component is written as

E inter
sta =−

(

NΩ

∑
p=1

NB

∑
q=NΩ+1

+
NB

∑
p=NΩ+1

NΩ

∑
q=1

+
NB

∑
p,q=NΩ+1

)′

ΦqΦpLpq −
1
2

(

NII/2

∑
p=1

NΩ

∑
q=NII/2+1

+
NΩ

∑
p=NII/2+1

NII/2

∑
q=1

)′

ΦqΦpLpq −
1
4

NΩ

∑
p,q=NII/2+1

Kpq

(7)

where Φp =
√

nphp with the hole hp = 1− np. Note that Φp

has significant values only when the np differs substantially
from 1 and 0. Finally, the inter-subspace dynamic energy can
be conveniently expressed as

E inter
dyn =

NB

∑
p,q=1

′
[

nd
qnd

p + Π
(

nd
q,n

d
p

)][

1− δqΩb
II

δpΩb
II

]

Lpq

(8)
where Ωb

II denotes the subspace composed of orbitals below
the level NII/2, so interactions between orbitals belonging to
Ωb

II are excluded from E inter
dyn . The dynamic part of np is de-

fined as

nd
p = np · e

−
(

hg

hc

)2

, p ∈ Ωg (9)

with hc = 0.02
√

2. The maximum value of nd
p is around 0.012

in accordance with the Pulay’s criterion that establishes an oc-
cupancy deviation of approximately 0.01 with respect to 1 or
0 for a NO to contribute to the dynamic correlation.

It is worth pointing out that GNOF preserves the total spin of a
multiplet:

〈

Ŝ2
〉

= S (S+ 1), and, Eq. (2) reduces to a PNOF7-
like functional when the inter-pair dynamic term (E inter

dyn ) is ne-
glected, and to PNOF5 if the inter-subspace static term (E inter

sta )
is also disregarded.

III. COMPUTATIONAL DETAILS

Several tests related to the charge delocalization error will be
applied to the functionals, some related to ionized supersys-
tems of repeated well-separated fragments. To analyze the

calculations performed, let us recall the charge localization
metric (CLM) proposed in previous work,69 defined as the
difference between the most charged fragment and the least
charged fragment,

CLM = max
{

Fragment
Charges

}

−min
{

Fragment
Charges

}

, (10)

where the curly braces indicate the set of all fragment charges
in a system. According to this metric, systems with the charge
concentrated in a single fragment will present a value of 1.
Conversely, systems with the charge fully delocalized will
have a value of 0 since all fragments are equally charged. Val-
ues of CLM between these two limit cases indicate partial lo-
calization of the charge.

The CLM provides information on how the charge is dis-
tributed in a molecule but does not quantify whether the
charge delocalization error is present. Because fragments in
a given system will be well-separated, there should not be in-
teractions between them. In the case of two fragments, the
energy of the a supersystem should be the sum of the energy
of the neutral fragment, E0, and the energy of the positive
charged fragment E+. Consequently, the energy deviation of
the supersystem from this expected value,

∆E = Esystem − (E0 +E+) , (11)

together with the charge distribution, can be used to quan-
tify the charge delocalization error in systems made up of
two fragments, with a straightforward extension to more frag-
ments when required.

On the other hand, the charge delocalization error makes
the ionization potentials of such supersystems depend on the
number of fragments; therefore, the deviation of the ioniza-
tion potentials in relation to the number of fragments can also
be used as a qualitative indicator of the charge delocalization
error.

All NOF calculations were performed in an internal Julia
version of the DoNOF code (https://github.com/DoNOF),59

using the resolution of the identity implementation.55 Since
the purpose of this work is to compare PNOF5, PNOF7
and GNOF at its maximum capacity, the extended pairing
approach has been used, that is, Ng is equal to the maxi-
mum possible value determined by the basis set used in the
calculations, namely a cc-pVDZ/cc-pVDZ-jkfit basis set.73

In addition, DFAs calculations were performed in ORCA
software74,75 and Full-CI calculations were performed on the
Psi4 software when required for comparison.76,77

IV. RESULTS

Charge delocalization error in dimers

In a previous report,69 PNOF5 and PNOF7 were shown to out-
perform common DFAs by exhibiting a much lower charge
delocalization error. In fact, PNOF5 was shown to be free



4

of the delocalization error, while PNOF7 exhibited a small
but consistent error in very strongly correlated systems. To
this end, studies of the relationship between charge distribu-
tion and energy stabilization were carried out for chains of
well-separated repeated fragments. The 17 molecules with
multireference character of the set W4-17-MR78 were used as
basic units of the chains. In this work, we have adopted a simi-
lar approach, that is, we have built a supersystem consisting of
two fragments separated by a distance of 10 Å using the same
set of W4-17-MR molecules. Our intention is to directly com-
pare the charge distribution and energy stabilization between
two fragments obtained by GNOF with the results of PNOF7.

FIG. 1. Energy deviation of the supersystems with respect to the
energy sum of the neutral and charged fragments, ∆E = Esystem −
(E0 +E+), as a function of the charge localization metric.

The results are presented in Fig. 1, where the vertical axis
corresponds to the energy deviation of the supersystem with
respect to the energy sum of the isolated charged and neu-
tral fragments, while the horizontal axis corresponds to the
CLM. The PNOF7 values are consistent with the previous
report.69 Recall that the orange downward triangles on the
left (CLM=0) indicate that the charge is equally shared be-
tween the fragments, on the right (CLM=1) that the charge
is on a single fragment, and those distributed along the hori-
zontal axis indicate that the charge is delocalized between the
fragments, increasing the energy deviation with this delocal-
ization. In contrast, the green upward triangles of the GNOF
values are located mostly to the right and above, indicating
that the charge is located on a single fragment. Regrettably,
there are still some systems in which the charge delocalization
error has persisted, namely the supersystems OClO (CLM =
0.66), B2 (CLM = 0.80) and ClO3 (CLM = 0.91). Interest-
ingly, in the case of OClO, another solution was also found
with the charge located in a single fragment but with higher
energy.

Ionization potentials of chains

A known effect of the charge delocalization error is the devi-
ation of the ionization potentials as the number of fragments
in the system increases.12 Although it has been shown69 that
PNOF7 can provide stable results for helium atom chains and
other weakly correlated systems, even with a multireference
character, its performance deteriorates in cases of extreme
static correlation. However, it should be noted that the ob-
served error for PNOF7 is small compared to common DFA
errors that can reach several electron volts.12

FIG. 2. Ionization potentials of chains of repeated and well-separated
fragments of O3. Each mark correspond to a chain with the number
of fragments indicated by the value in the horizontal axis.

To illustrate this effect, the ionization potentials of chains
formed by repetition of the O3 molecule were calculated with
GNOF, PNOF7, and some common DFAs, as presented in
Fig. 2. For O3 chains, it was found69 that PNOF7 improves
with respect to DFAs in reproducing the ionization potential
as the chain size increases, but still fails due to the delocaliza-
tion error. It can be seen that DFAs present large deviations
in ionization potentials; for example, ωB97X-D predicts an
ionization potential of 13.0 eV for a single O3, but of 11.6
eV for the chain of ten fragments, (O3)10, that is, a difference
of 1.3 eV. Similar differences can be found in other DFAs as
a consequence of the charge delocalization error that affects
the ionized system; namely, the aforementioned difference is
2.3 eV for MN15, 3.8 eV for MN15-L, 3.9 eV for TPSSh,
and 4.0 eV for TPSS. Note that PNOF7 achieves a 1.3 eV
difference between the single molecule and the ten-fragment
chain, with an accuracy for a single molecule that is not as
good as DFAs, but remains more stable, exceeding the accu-
racy of some DFAs just beyond the dimer (O3)2. By contrast,
GNOF predicts stable ionization potentials for all chains. Fur-
thermore, the ionization potential predicted by GNOF is in
excellent agreement with the experimental value of 12.5 eV.79
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(a) LiH (b) LiH+

FIG. 3. Dissociation curves of Lithium hydride, (a) neutral (LiH) and (b) charged (LiH+). The bottom panels present the potential energy
curve, while the top panels present the charge of the lithium atom through the dissociation computed by a Löwdin population. In Fig. 3b, the
PNOF7 (orange) curve is under the curve of GNOF (green), and the PNOF5 (blue) curve is under the curve of FCI (red).

Potential Energy Curves

Another known problem associated with the charge delocal-
ization error is the fractional charge that arises in the disso-
ciation of diatomic molecules. Take the case of LiH as an
example, for which it was reported68 that the charge delo-
calization error may lead to an incorrect electron distribution
in the dissociation limit. The corresponding potential energy
curves for neutral and positively charged lithium hydrides are
presented in Fig. 3 for PNOF5 (blue), PNOF7 (orange) and
GNOF (green); also, the FCI curve (re) is presented for com-
parison.

The neutral LiH shown in Fig. 3a is formed by four electrons;
therefore, the calculation consists of two electron pairs dis-
tributed in the double occupied orbitals of the ΩII subspace.
The bottom panel shows that PNOF5 remains above the FCI
curve as a consequence of being exactly N-representable. In
contrast, PNOF7 and GNOF may be below the FCI curve due
to N-representability violations; nevertheless, GNOF achieves
energies close to FCI, with a deviation of 1.6 kcal/mol in the
dissociation region (7.0 Å), and of 1.2 kcal/mol at the bonding
region (1.6 Å). Remarkably, all NOFs dissociate the system
into a neutral lithium atom and a neutral hydrogen atom, and
the charges along the disociation curve remain almost identi-
cal to those predicted by FCI, as can be seen in the top panel
of Fig. 3a.

The charged LiH+ is presented in Fig. 3b. This molecule is
a three-electron system, then the calculation consists of only

one electron pair distributed in the orbitals of the ΩII sub-
space, and one single occupied orbital in the ΩI subspace.
Again, all NOFs correctly dissociate LiH+ into a charged
lithium atom and a neutral hydrogen atom, with a charge curve
that almost perfectly coincides with the FCI curve. Further-
more, PNOF7 and GNOF provide very similar values (the or-
ange curve of PNOF7 is under the green curve of GNOF) be-
low the FCI curve due to N-representability violations, in this
case the deviation at the bonding region is 1.3 kcal/mol (2.3
Å) and 1.0 kcal/mol at the dissociation region (7.0 Å).

V. CONCLUSIONS

The results provided in this work show that GNOF greatly im-
proves the already promising performance of PNOF7 in the
charge delocalization error. In particular, energetic predic-
tions of quantities such as ionization potentials and potential
energy curves benefit from an increase in stability. Therefore,
the good performance in the charge delocalization error, to-
gether with an excellent balance of dynamic and static corre-
lation, makes GNOF a valuable functional for electronic struc-
ture calculations of general interest.
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Piris Natural Orbital Functionals (PNOF) have been recognized as a low-scaling alternative

to study strong correlated systems. In this work, we address the performance of the fifth

functional (PNOF5) and the seventh functional (PNOF7) to deal with another common

problem, the charge delocalization error. The effects of this problem can be observed in

charged systems of repeated well-separated fragments, where the energy should be the sum

of the charged and neutral fragments, regardless of how the charge is distributed. In prac-

tice, an energetic overstabilization of fractional charged fragments leads to a preference

for having the charge delocalized throughout the system. To establish the performance of

PNOF functionals regarding charge delocalization error, charged chains of helium atoms

and the W4-17-MR set molecules were used as base fragments and their energy, charge dis-

tribution and correlation regime were studied. It was found that PNOF5 prefers localized

charge distributions, while PNOF7 improves the treatment of interpair static correlation

and tends to the correct energetic limit for several cases, although a preference for delocal-

ized charge distributions may arise in highly strong correlation regimes. Overall, it is con-

cluded that PNOF functionals can simultaneously deal with static correlation and charge

delocalization errors, resulting in a promising choice to study charge-related problems.
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I. INTRODUCTION

Static correlation and charge delocalization represent two major challenges to be addressed by

current electronic structure methods.1–5 The former characterize systems that cannot be described

by a single determinant due to nearly degenerate occupied and unoccupied orbitals, namely,

strongly correlated systems,6–9 and is required to describe a wide variety of molecules includ-

ing transition metal compounds,10–13 polyacenes,14–18 cyclacenes,19 molecules out of the equilib-

rium, diradicals,16,20 superconductors,21 photochemical devices,22–24 and molecular switches.25,26

On the other hand, the charge delocalization problem, commonly related to a multielectron self-

interaction error,27 arises as an energetic overstabilization of fractional charged systems.1,28–30

This error can also be observed in charged chains of repeated well-separated fragments when

delocalization of the charge throughout the system lowers the energy relative to its localization

in a single fragment.31,32 The charge delocalization error appears in common density functional

approximations (DFAs), and an opposite charge localization problem appears in Hartree-Fock,

having impact in the study of potential energy surfaces,33 band-gaps,34 chemical reactivity of con-

jugated, highly branched systems,35 and charge transfer processes.36

Dealing simultaneously with static correlation and charge distribution is a difficult task from

a DFAs perspective. It has been found that increasing the Hartree-Fock exchange contribution

improves the charge delocalization description, an idea that has guided the design of some hy-

brid and long-range separated functionals;37–39 however, it has also been reported that increasing

the amount of Hartree-Fock exchange badly recovers static correlation,40 leading to a conflict in

the correction. In this regard, some DFAs have been proposed to deal separately with these ef-

fects, specifically the B05,41 B13,42 and KP16/B13,43 for static correlation, and rCAM-B3LYP

and MCY337 for the charge delocalization problem. Furthermore, the mKP16/B1344 functional

and the multiconfigurational pair density functional theory (MC-PDFT)45,46 have been shown to

improve the results simultaneously.

Methods based on the Reduced Density Matrix (RDM) have attracted attention as a promising

alternative to study strongly correlated systems, standing at the middle point between the accu-

racy of multireference methods and the efficiency of density functional theory (DFT).12,15,47–57

In this framework, Piris Natural Orbital Functionals (PNOF)58–67 provide a chemical description

through the second-order reduced density matrix (2-RDM) reconstructed from the first-order re-

duced density matrix (1-RDM), in its representation of natural orbitals (φp) and occupation num-
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bers (np). In particular, PNOF5 became a breakthrough in the context of RDM-based methods

by being strictly N-representable as shown by its connection with an antisymmetrized product of

strongly orthogonal geminals (APSG), size-extensive and multiconfigurational,63,68 but it includes

only intrapair correlation, however, this was corrected in PNOF7 with a term to include static in-

terpair correlation.65 PNOF functionals reach a low computational cost when combined with the

resolution of the identity approximation,69–72 and have been applied to study static correlation

problems.73–77 In this work, we explore the PNOF performance in the charge delocalization error.

We focus on PNOF7 performance and compare it with PNOF5 due to its similar functional form.

The paper is organized as follows; the theoretical framework of the PNOF functionals, quan-

tification of the correlation regime, and a proposed metric to quantify the charge distribution are

described in Section 2, the computational details are described in Section 3, which is followed

by the results of applying the PNOF functionals to charged systems composed by repeated well-

separated fragments, chosen to be helium atoms and the molecules of the W4-17-MR set,78 in

Section 4. Finally, the conclusions are given in Section 5.

II. THEORY

A. Piris Natural Orbital Functionals

Since the Hamiltonian contains at most two-electron interactions, the 2-RDM contains all the

information required to compute the energy of the system as expressed in equation (1),

E = ∑
i j

Hi jΓ ji +∑
i jkl

�i j|kl�Dkl,i j , (1)

where the indices i, j, k and l represent spin molecular orbitals (MO), H is the core Hamiltonian

matrix, �i j|kl� corresponds to the tensor of molecular orbital electron repulsion integrals, Γ is the

1-RDM, and D is the 2-RDM. The 2-RDM must be constrained to N-representability conditions

which ensure that it remains connected to the wave function of the system.79–82 PNOF functionals

intrinsically incorporate several of these conditions by using the 1-RDM and its connection with

the 2-RDM via the Piris cummulant,58,83 which depends on Δ and Π matrices, and within the use

of a spin-restricted formalism leads to the expression

E = 2∑
p

npHpp +∑
qp

ΠqpLpq +∑
qp
(nqnp −Δqp)(2Jpq −Kpq) , (2)
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where p and q represent the spatial natural orbitals that diagonalize the 1-RDM, with np and nq

being their corresponding occupation numbers; J represents Coulomb spatial NO integrals, K

represents exchange spatial NO integrals, and L represents exchange and time-inversion spatial

NO integrals that reduce to exchange integrals for real orbitals, as used in this work. The energy

in equation (2) is optimized with respect to the natural orbitals and their corresponding occupation

numbers, using an iterative diagonalization method84 with an electron pairing approach.62,63 In

this process, the orbital space (Ω) is divided into contributions, ΩI and ΩII . The former is divided

into NI subspaces, each with a single orbital occupied by one electron, but with an occupation

number of 1/2 due to the spin-restricted formalism, while ΩII is divided into NII/2 subspaces

Ωg, each containing a strongly occupied orbital, labeled {ng}, coupled with Ng weakly occupied

orbitals, labeled {npi}; overall giving NΩ = NII/2+NI subspaces.85 Here, NI corresponds to the

number of unpaired electrons, and NII represents the number of paired electrons such that

2S+1 = NI +1 (3)

NI +NII = N , (4)

where S is the net spin of the system and N corresponds to the number of electrons. This partition

scheme leads to an ensemble of states with zero spin projection, �sz�= 0.

Bounds to the Δ and Π matrices are obtained by imposing sum rules and N-representability

conditions, explicit forms of these matrices give rise to the available PNOF correlation functionals.86

For PNOF5 this becomes63

E =
NII/2

∑
g=1

Eg +
NΩ

∑
g=NII/2+1

Hgg +
NΩ

∑
f ,g, f �=g

E f g , (5)

where Eg is the intrapair contribution to the energy given by

Eg = 2 ∑
p∈Ωg

npHpp + ∑
q,p∈Ωg

Πg
qpKpq , (6)

with

Πg
qp =





√nqnp q = p or q, p > NII/2

−√nqnp q = g or p = g
(7)

and E f g is the Hartree-Fock like interpair contribution

E f g = ∑
p∈Ω f

∑
q∈Ωg

nqnp(2Jpq −Kpq) . (8)
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It has been proven that the PNOF5 functional can be related to an APSG theory,63,68 hence

inheriting several advantages such as size-extensitivty and N-representability, but also underesti-

mating the interpair correlation. PNOF7 improves on this problem by adding a term to the interpair

contribution of equation (8), leading to65

E f g = ∑
p∈Ω f

∑
q∈Ωg

[nqnp(2Jpq −Kpq)−ΦqΦpKpq] , (9)

with

Φp =
�

np(1−np) . (10)

The Φp contribution of equation (10) and hence the last contribution of equation (9) has significant

values when np is far from zero and one, hence PNOF7 recovers only the static part of the interpair

correlation.65

B. M-diagnostic to measure static correlation

The M-diagnostic was proposed by Truhlar and coworkers87 and considers the deviation of the

occupation numbers as an indicator of the importance of static correlation. Here, we have adapted

its definition to be valid in the context of spin-restricted natural orbital functional theory as

M =
1
2

�
[2−2nLSDONO]+ [ ∑

j∈SONO
|2n j −1|]+ [2nMWDONO]

�
, (11)

where LSDONO stands for the Least Strongly Double Occupied Natural Orbital, that is, the

strongly double occupied orbital with the largest deviation from one, SONO stands for Single

Occupied Natural Orbitals, and MWDONO stands for the Most Weakly Double Occupied Natural

Orbital, namely, the weakly double occupied orbital with the largest deviation from zero. M-

diagnostic values equal to or greater than 0.1 indicate that static correlation effects are relevant. It

is worth noticing that in PNOF, the SONOs correspond to natural orbitals in ΩI with occupation

numbers fixed to 1/2, thus, the second term of equation (11) vanishes, on the other hand the LS-

DONO and MWDONO correspond to ΩII , and the first and third term are non vanishing unless

the occupation numbers become zero or one, that is, on the Hartree-Fock limit. Furthermore, in a

PNOF perfect pairing approach, there is only one orbital coupled to each strongly double occupied

orbital, hence, the MWDONO and the LSDONO are coupled in the same subspace, and the first

and third terms of equation (11) become equal due to the N-representability restriction of the or-

bitals in a subspace Ωg to add up to one. Taking everything into account, the M-diagnostic applied
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to a perfect pairing PNOF functional becomes

M = 2−2min{ng}= 2max{npi}; {ng,npi} ∈ Ωg , (12)

where the first equality indicates to analyze the deviation from one for the smallest valued

strongly double occupied orbital, and the second equality indicates to analyze the deviation from

zero for the highest valued weakly double occupied orbital. The last condition of equation (12)

emphasizes that within the PNOF perfect pairing approach, the orbitals selected in the first and

second equality belong to the same orbital subspace, Ωg.

C. Measure of the charge delocalization problem

The energy of a system with fractional electron number should be linearly connected to the

energy of the systems with the closest integer numbers, however, in practice, approximate func-

tionals may overestimate or underestimate this energy.28,29,34,88,89 A common test for the charge

delocalization error is the ionization of systems formed by several repeated well-separated frag-

ments, as illustrated in Figure 1a, where each sphere represents a fragment and r represents their

separation distance.32,38,46,90 Because the fragments in the system are well-separated, there should

not be interactions between them, and the energy of the system should be the sum of the energy of

a positive charged fragment, Echarged, and several uncharged fragments, E0,

Esystem = Echarged − (w−1)E0 , (13)

where w indicates the number of fragments in the system. Another possible solution corresponds to

the equivalent delocalization of the charge throughout the fragments of the system. Both solutions

are valid and should be energetically equivalent. In fact, if the linearity of the energy holds, any

charge distribution leads to the same energy. However, equation (13) is no longer satisfied when

the charge delocalization error manifests and its deviation can be taken as evidence of the energetic

overestimation of having fractional charged fragments.

To describe the charge distribution over the fragments, we propose to take the difference be-

tween the most charged fragment and the least charged fragment as a charge localization metric,

Charge

Localization

Metric

= max





Charges

of

Fragments





−min





Charges

of

Fragments





, (14)
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Fragment Fragment Fragment Fragment

r

(a) Sketch of systems

Charge: 0.25 Charge: 0.25 Charge: 0.25 Charge: 0.25

Charge Localization Metric: 0.25 - 0.25 = 0.00

(b) Totally delocalized charge

Charge: 1.00 Charge: 0.00 Charge: 0.00 Charge: 0.00

Charge Localization Metric: 1.00 - 0.00 = 1.00

(c) Totally localized charge

FIG. 1. Representation of the studied systems, depicted as chains of repeated, well-separated fragments.

Figure 1a presents a scheme where the fragments are symbolized by spheres separated by a distance r, in

this work r = 7 Å was used. Once the system is ionized, there are two limit cases. Figure 1b depicts the

case where the charge is fully delocalized throughout the fragments of the system, colored in red, hence

all atoms are equally charged, leading to a charge localization metric value of zero in this case. Figure 1c

illustrates the case where the charge is totally localized in a single fragment, colored in green, which leads

to a charge localization metric value of one.

where the curly braces indicate the set of all fragment charges in a system.

According to this metric, systems with the charge fully delocalized will have a value of zero

since all fragments are equally charged, as depicted in Figure 1b, conversely, systems with the

charge concentrated in a single fragment will present a value of one, as illustrated in Figure 1c.

The metric values between these two limit cases indicate partial localization of the charge. The

7



Accepted to J. Chem. Phys. 10.1063/5.0102310

Charge delocalization error in Piris Natural Orbital Functionals

proposed charge localization metric provides information about how the charge is distributed in

the molecule, but it does not quantify if the charge delocalization error is present. In practice, the

energy deviation from equation (13) together with the charge distribution will indicate the presence

of charge delocalization error. In addition, the charge delocalization error causes the ionization

potentials of the systems to depend on the number of fragments; therefore, the deviation of the

ionization potentials relative to the number of fragments can also be used as a qualitative indicator

of the performance in the charge delocalization error.

III. METHODOLOGY AND COMPUTATIONAL DETAILS

Calculations were performed using a helium atom as base fragment for the systems (see Fig-

ure 1a). The built helium chains become of interest since they do not present static correlation,

thus providing a clear picture of the charge delocalization problem. However, one of the main ad-

vantages of PNOF functionals is the capability of studying strongly correlated systems; therefore,

we have taken the molecules from the W4-17-MR set as base fragments to build systems such as

the one presented in Figure 1a. In all cases, a separation distance (r) of 7 Å was used.

PNOF calculations were performed using an in-house Python version of DoNOF91 software

(PyNOF code) based on Numba92 for performance, NumPy93 and SciPy94 for numerical calcu-

lations and optimization problems, and with graphics processing unit (GPU) accelerators through

CuPy for molecular integral transformation.95 Electron repulsion integrals were calculated using

the Psi4 interface,96,97 and resolution of the identity approximation70–72 was used for molecular

orbital integral transformation69 with cc-pVDZ / cc-pVDZ-jkfit bases sets.98–101 A perfect pairing

scheme was used for all PNOF calculations, that is, one weakly occupied orbital coupled to each

strongly occupied orbital. The charges were computed according to a Löwdin population analysis.

The DFAs calculations were performed using the ORCA Software102–105 for comparison.

IV. RESULTS

The ionization potentials (IP) of the helium chains with up to 20 well-separated helium atoms

were computed to analyze the variation with the number of fragments relative to the ionization po-

tential of a single helium atom as an effect of the charge distribution, as presented in Figure 2 for

the PNOF5 and PNOF7 functionals; additionally, five DFAs are included for comparison, namely,

8
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(a) Deviations of the Ionization Potential (IP) of helium

chains (He)w relative to the IP of a single atom.

Closeness to zero is better, and indicates less deviation.
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(b) Charge Localization Metric for the helium chains

(He)w. Closeness to one indicates localization of the

charge, while closeness to zero indicates delocalization

of the charge.

FIG. 2. Charge localization in the ionization of helium chains for PNOF5, PNOF7, and several density

functional approximations. PNOF functionals predicts stable ionization potentials with the charge localized

in a single atom, while DFAs ionization potentials degrade with the number of atoms in the chains due to

the delocalization of the charge through all the atoms.

the meta-GGA MN15-L106 and TPSS107,108 functionals, the hybrid MN15109 and TPSSh110 func-

tionals, and the long range-separated ωB97X-D functional.111 All tested DFAs provide a good

prediction of the ionization potential of a single helium atom; however, their predictions quickly

degrade to errors of several eV, while PNOF5 (blue triangle marks) and PNOF7 (orange inverted

triangles marks) predictions remain stable independently of the number of helium atoms in the

chain. This behavior can be understood in terms of the charge localization metric, as revealed

in Figure 2b, where it can be seen that both the PNOF5 and PNOF7 functionals present charge

localization metric values of 1.0, indicating that the resulting charge of the ionization process is

completely localized in a single atom, as in the example case in Figure 1c. On the other hand,

DFAs present values of the charge localization metric close to zero, indicating an almost entirely

delocalized charge distribution corresponding to the example case in Figure 1b of the proposed

charge localization metric. It is worth noticing that helium dimers have already been studied with

PNOF functionals in Ref.59,112 The M-diagnostic values of the helium chains are 0.009, which

9
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confirms that the helium chains does not present significant static correlation, and the behavior

can be completely attributed to the performance in the charge delocalization problem, as previ-

ously reported.45

Due to the results obtained for helium chains, we have expanded the analysis to study the charge

localization behavior of PNOF functionals under various correlation regimes. To this effect, we

have taken the seventeen molecules of the W4-17-MR strongly correlated set78,113 as fragments

to build chains of four units. First, the M-diagnostic was applied to the PNOF calculations for

the neutral and charged molecules. Figure 3 compares the M-diagnostic values of PNOF5 in the

second multicolumn and of PNOF7 in the third multicolumn, for the calculations of neutral, M(0),

and charged, M(1), systems, with each row labeled with the base molecule of the chain. Recall that

for the M-diagnostic, the higher the value, the stronger the correlation regime; and the lower the

value, the weaker the correlation regime. Numerical values have been colored so that values higher

than 0.1 are green-colored, that is, the systems diagnosed as strongly correlated, and lower values

are yellow-colored. It can be seen that both PNOF functionals treat most systems as strongly

correlated according to the multireference nature of the set; however, there are some exceptions

for PNOF5, particularly for eight neutral molecules, namely, Cl2O, ClF3, ClF5, ClO3, ClOOCl,

F2O, OClO and OF, and five charged molecules, namely, Cl2O, ClF3, ClF5, ClOOCl and OF. This

is mostly corrected by PNOF7, which treats all charged molecules as strongly correlated, as well

as all neutral molecules except ClF5, ClO3, and OClO. The tendency of PNOF7 to yield higher M-

diagnostic values than PNOF5 can be interpreted in terms of the last term of equation (9), which

indicates that PNOF7 incorporates static interpair correlation to the functional form of PNOF5,

thus stabilizing strongly correlated systems.

The charge localization metric of equation (14) applied to the four fragments systems is pre-

sented in Figure 4, where the first column indicates the base fragment used to build the chain,

and the rest of the columns indicate the value of the metric for the converged calculations of

PNOF5, PNOF7, and DFAs. Values close to one represent the case of a totally localized charge

and are green-colored, and values close to zero represent the case of a totally delocalized charge

and are yellow-colored. The first thing to notice is that PNOF5 results, numerically, indicate that

it completely localizes the charge in a single fragment without preference for fractional charges.

However, PNOF7 presents a wider range of metric values, with six systems exhibiting complete

charge localization with metric values of one, namely Cl2O, ClF3, ClF5, ClOOCl, F2O and OF,

and the others presenting lower metric values indicating partial charge delocalization. The results
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FIG. 3. M-diagnostic of static correlation applied to the neutral, M(0), and charged, M(1), chains of four

units taken the molecules of the W4-17-MR set as base units. Molecules with M-diagnostic equal or higher

than 0.10 are considered as strongly correlated. Systems with high M-diagnostic values are indicated by

green-colored numbers and systems with low M-diagnostic values are indicated by yellow-colored numbers
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FIG. 4. Charge localization metric for the positively charged chains of four well-separated fragments with

PNOF5, PNOF7, and several density functional approximations for comparison. Values of one indicate

complete localization of the charge in a single fragment (green), while values of zero indicate complete

delocalization of the charge (yellow), and intermediate values indicate partial localization of the charge
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of common DFAs are presented for comparison, where it can be seen that they have localization

metric values close to zero, that is, the charge is delocalized throughout the fragments.
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FIG. 5. Deviation of the energy of the W4-17-MR charged chains as a function of the charge localization

metric for PNOF5, PNOF7, and common DFAs. Points at the left side indicate that the charge is delocalized

throughout all the fragments, while points at the right size indicates that the charge is localized in a single

fragment. Points close to zero in the vertical axes are desirable and indicates that the energy tends to be

the equivalent to the sum of a charged fragment and three neutral fragments, while points far from zero

at the bottom of vertical axes indicate overstabilization of the charge distributed solution due to charge

delocalization error. All points correspond to converged calculations.

The preference of the methods for the charge distributions achieved in Figure 4 can be under-

stood by means of the energy. The comparison is shown in Figure 5, where the charge localization

metric is related to the energy deviation from the sum of the separated fragments, that is, a charged

fragment and three neutral fragments as in equation (13) with w = 4 for systems with four frag-

ments. As long as the charge delocalization error is not manifested, any charge distribution should

have a zero energy deviation; hence, all points in a horizontal line at zero of the vertical axis are

valid, and deviation from this line indicates charge delocalization error. In practice, the DFAs ap-

pear on the left side with large energy deviations as they overstabilize fractional charges, leading

to delocalized charge distributions. On the other hand, PNOF5 appears in the upper right corner,

preferring to localize the charge in a single fragment with no energy deviations; this behavior re-

minds the Hartree-Fock preference for localized charge distributions, but with PNOF5 presenting

intrapair electron correlation. In contrast, PNOF7 shows a wide distribution of points in the upper
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part of the plot. Several of these points present negative energy deviations, indicating that PNOF7

may suffer from charge delocalization error; however, these are generally closer to the horizon-

tal line, and their lower energy deviations lead us to conclude that PNOF7 is able to outperform

common DFAs.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

B2 BN

C2

Cl2O ClF3

ClF5 ClO3

ClOO

ClOOCl
F2O

FO2

FOOF

O3

OClO
OF

S3

S4

M-diagnostic

C
h
ar
g
e
L
o
ca
li
za
ti
on

M
et
ri
c

FIG. 6. Distribution of the W4-17-MR molecules according to the M-diagnostic and Charge Localization

Metric of the charged system computed with PNOF7. Each point in the plot corresponds to a four unit chain

and is labeled with the molecular formula of the base fragment. The green points correspond to completely

localized systems, orange points to partially localized systems, and red points to completely delocalized

systems.

Finally, the performance of PNOF7 in the charge delocalization problem can be related to the

correlation regime with the M-diagnostic, as shown in Figure 6. Each point has been labeled

with the molecular formula of the base fragment and colored according to the charge distribution

achieved. Green points correspond to systems where the charge is completely localized in a sin-

gle fragment of the system, that is, with charge localization metric values of one. These points

include the six systems on the top left side of the plot and all present M-diagnostic values be-

low 0.2. Orange points correspond to systems with charge localization metric below one, but still

with partial localization of the charge, and include eight systems. Three systems are presented in

red, corresponding to the systems with highly delocalized charge distributions. A line has been

drowned to highlight the relation between charge distribution and correlation regime for PNOF7,

as the charge is localized for systems with low values of the M-diagnostic, but a preference for

fractional charges arises as the M-diagnostic values increase.
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The observed relation between charge delocalization error and the M-diagnostic in PNOF7 can

be attributed to an imbalance between static and dynamic correlation. In fact, PNOF7 does not

has interpair dynamic correlation, which leads to an overestimation of the static correlation and

contributes to the charge delocalization error, as shown in this work. PNOF5 treats accurately

the intrapair correlation but do not include the interpair correlation, and shows a preference for

localized charges with the correct dissociation limit. Although PNOF7 has charge delocalization

error, its contribution is acceptable and small in most cases, and it becomes a promising method

for studying charge-related problems. Recently, a Global Natural Orbital Functional has been

proposed,66,67 which preserves the accurately described intrapair correlation but leads to a better

balance between static and dynamic interpair correlation, it is expected that this functional will

improve over the already promising results of PNOF7 in the charge delocalization problem.

V. CONCLUSIONS

In summary, the results presented here for the systems of repeated well-separated fragments

prove that PNOFs are capable of incorporating static correlation and achieve good performance

in the charge delocalization error for the studied cases. In particular, stable ionization potentials

have been obtained with PNOF5 and PNOF7 for helium atom chains of up to 20 atoms. A careful

analysis under various correlation regimes, performed with the molecules in the W4-17-MR set

used as base fragments, showed a preference of PNOF5 for localized charge distributions. PNOF7

allows for more diverse charge distributions, although they are overstabilized with the increase of

the strong correlation, as quantified by the M-diagnostic. In these cases, the charge delocalization

problem may appear due to an imbalance between the static and dynamic interpair correlation, but

energy deviations are acceptable. Overall, satisfactory results have been achieved with respect to

the charge delocalization error for PNOF7, making it a promising low-scale methodology capable

of studying multireference systems and charge-related problems.
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Resolution of the identity approximation applied to PNOF correlation calculations
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In this work, the required algebra to employ the resolution of the identity approximation within
Piris Natural Orbital Functional (PNOF) is developed, leading to an implementation named
DoNOF-RI. The arithmetic scaling is reduced from fifth-order to fourth-order, and the memory
scaling is reduced from fourth-order to third-order, allowing significant computational time savings.
After the DoNOF-RI calculation has fully converged, a restart with four-center electron repulsion
integrals can be performed to remove the effect of the auxiliary basis set incompleteness, quickly
converging to the exact result. The proposed approach has been tested on cycloalkanes and other
molecules of general interest to study the numerical results as well as the speed-ups achieved by
PNOF7-RI when compared with PNOF7.

Keywords: Resolution of the Identity, Density Fitting, 1RDM, PNOF, DoNOF

I. INTRODUCTION

Recently [1], an open-source implementation of natu-
ral orbital functional (NOF) based methods has been
made available to the scientific community. The asso-
ciated computer program DoNOF is designed to solve
the energy minimization problem of an approximate NOF
which describes the ground-state of an N-electron system
in terms of the natural orbitals (NOs) and their occupa-
tion numbers (ONs). Approximate NOFs have demon-
strated [2] to be more accurate than density functionals
for highly multi-configurational systems, and scale better
with the number of basis functions than correlated wave-
function methods. A detailed account of the state of the
art of the NOF-based methods can be found elsewhere
[3–7].

A route [8] for the construction of an approximate NOF
involves the employment of necessary N-representability
conditions [9] for the two-particle reduced density ma-
trix (2RDM) reconstructed in terms of the one-particle
reduced density matrix (1RDM). Appropriate 2RDM
reconstructions have led to different implementations
known in the literature as PNOFi (i=1-7) [10–17]. This
family of functionals provide an efficient way of including
dynamic and static correlation with chemical accuracy in
many cases [18, 19]. It has recently been shown [20, 21]
that PNOF7 is an efficient method for strongly correlated
electrons in one and two dimensions. In addition, the use
of perturbative corrections allow to improve the dynamic
correlation in order to achieve a complete method to de-
scribe electron correlated systems [22, 23].

∗Electronic address: mario.piris@ehu.eus, jmdelc@unam.mx

In the current implementation, DoNOF computer code
needs to transform the atomic orbital (AO) electron re-
pulsion integrals (AO-ERIs) into molecular orbital (MO)
electron repulsion integrals (MO-ERIs) in order to eval-
uate the Coulomb and exchange integrals required in
PNOF. The optimization process involves searching for
ONs, which requires the computation of Coulomb and
exchange matrices in MO representation, and for NOs,
which requires computing Coulomb and exchange matri-
ces in AO representation for each MO. These procedures
have overall fifth-order arithmetic scaling factor. While
this scaling factor is lower compared to other procedures
such as those based on configuration interaction and cou-
pled cluster approaches, there is still room for improve-
ment.

Resolution of the identity (RI), also known as density
fitting [24–26], approximates the product of basis func-
tions as a linear combination of an auxiliary basis set
[27]. It usually reduces the arithmetic and memory scal-
ing factors, and produces intermediate easy-to-handle ar-
rays, as has been reported in other methodologies [28–
39] such as RI-MP2 [34, 40–44], DF-MP2 [45, 45], DF-
MP2.5 [46, 47], DF-MP3 [46, 47], DF-LCCD [48],DF-
CCSD [33, 49, 50], and DF-CCSD(T) [50, 51]. In particu-
lar, the use of the RI approximation in v2RDM-CASSCF
calculations [52, 53] has been shown, leading to energy
expressions and handling of the MO-ERIs in the opti-
mization procedure different from those necessary in the
PNOF family of functionals. Applying the RI approx-
imation in PNOF correlation calculations allows faster
calculations, decreasing the arithmetic scale factor of the
integral transformation of AO-ERIs to MO-ERIs from
fifth order to fourth order, as shown in this work.

The text is structured as follows. In the second section,
the elemental theory of PNOF formulation is shown and

http://arxiv.org/abs/2012.15662v2
http://github.com/DoNOF/DoNOFsw
mailto:mario.piris@ehu.eus, jmdelc@unam.mx
http://github.com/DoNOF/DoNOFsw
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the use of the RI approximation in the ONs and NOs
optimization process is analyzed. In the third section,
the details about the implementation are given. In the
fourth section, the time savings due to the use of the RI
approximation as well as the energy results in standard
cycloalkanes test set up to nine carbon atoms are pre-
sented, another relevant molecules such as oxazole, bo-
razine, coumarin, cyanuryc chloride, benzene, thiepine,
and thieno[2,3-b]thiophene are also presented. Finally,
conclusions are given in the fifth section.

II. THEORY

The ground-state electronic energy of an approximate
NOF is given by the expression

E = 2
∑

p

npHpp +
∑

pqrs

D[np, nq, nr, ns](pq|rs) (1)

where Hpp denotes the one-electron matrix elements
of the kinetic energy and outer potential operators,
(pq|rs) are the MO-ERIs in chemists’ notation, and
D[np, nq, nr, ns] represents the reconstructed 2RDM
from the ONs {np}. Restrictions on the ONs to the range
0 ≤ np ≤ 1 represent the necessary and sufficient condi-
tions for ensemble N-representability of the 1RDM under
the normalization condition, 2

∑

p np = N.

It is worth noting that any explicit dependence of D on
the NOs {φp} themselves is neglected. Accordingly, NOs
are the MOs that diagonalize the 1RDM of an approx-
imate ground-state energy, so it is more appropriate to
speak of a NOF rather than a functional of 1RDM due
to the explicit dependence on the 2RDM [54].

It is clear that the construction of an N-representable
functional given by Eq. (1) is related to the N-
representability problem of D. Using its ensemble N-
representability conditions to generate a reconstruction
functional leads to PNOF [8]. This particular reconstruc-
tion is based on the introduction of two auxiliary matrices
∆ and Π expressed in terms of the ONs to reconstruct
the cumulant part of the 2RDM [55]. For the sake of
simplicity, let us address only singlet states in this work.
The generalization of our results to spin-multiplet states
[23] is straightforward. Consequently, energy expression
of Eq. (1) becomes

E = 2
∑

p
npHpp +

∑

qp
ΠqpLpq

+
∑

qp
(nqnp −∆qp) (2Jpq −Kpq)

(2)

where Jpq, Kpq, and Lpq are Coulomb, exchange, and
exchange-time-inversion integrals [56]. Note that Lpq =
Kpq for real MOs as developed in this work. There-
fore, only two-index Jpq and Kpq integrals are neces-
sary due to our approximation for the 2RDM. Appro-
priate forms of matrices ∆ and Π lead to different im-
plementations known as PNOFi (i=1-7). Remarkable is

the case of PNOF5 which turned out to be strictly pure
N-representable [57].

In the current implementation, minimization of the en-
ergy E [{np} , {φp}] is performed under orthonormality
requirement for real NOs, whereas ONs conform to the
ensemble N-representability conditions. The solution is
established by optimizing the functional of Eq. (2) with
respect to the ONs and to the NOs, separately [58].

In DoNOF [1], the Coulomb integrals are built according
to the equation

Jpq =
∑

µν

P p
µνJ

q
µν (3)

=
∑

µ

Cµp

∑

ν

Cνp

∑

σ

Cσq

∑

λ

Cλq(µν|σλ)

where the indices µ, ν, σ, λ label AOs of dimension Nb,
and (µν|σλ) is an AO-ERI. Hence, J

q is the Coulomb
matrix in AO basis for the MO φq, and P

p is computed
by means of the MO coefficient matrix, C, as

P p
µν = CµpCνp . (4)

Similarly, the integrals are defined as

Kpq =
∑

µσ

P p
µσK

q
µσ (5)

=
∑

µ

Cµp

∑

σ

Cσp

∑

ν

Cνq

∑

λ

Cλq(µν|σλ)

where Kq is the exchange matrix in AO basis for the MO
φq.

From Eqs. (3) - (5), we observe that the four-index trans-
formation of the ERIs generally scales as N5

b . In the oc-
cupancy optimization, this operation is carried out once
for fixed orbitals, however, in the orbital optimization it
is necessary to perform this transformation every time
orbitals change, which is a time-consuming process.

It is worth noting that the last members of the PNOF
family, namely PNOF5-PNOF7, use electron-pairing
constraints [7]. Until now, only these NOFs can pro-
vide the correct number of electrons in the fragments
after a homolytic dissociation [19, 59]. Moreover, the
constrained nonlinear programming problem for the ONs
can be transformed into an unconstrained optimization
with the corresponding saving of computational time. In
the case of electron-pairing approaches, we can addition-
ally reduce the number of orbitals in calculations, and use
just orbitals in the pairing scheme, which we will repre-
sent as NΩ (NΩ ≤ Nb). From now on we will focus on
the electron-pairing-based PNOFs.

In Table I, we show the conventional algorithm used to
compute the Coulomb (J) and exchange (K) integrals in
MO representation, and the Coulomb (Jq) and exchange
(Kq) matrices in AO representation for each orbital φq.
In the last columns, the memory and arithmetic scaling
of the steps are reported. We see that the evaluation of

http://github.com/DoNOF/DoNOFsw
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Table I: Algorithm used to compute J and K in the occu-
pancy optimization, and J

q and K
q in the orbital optimiza-

tion.

Step Operation
Scaling

Memory Arithmetic

Common
0 Evaluation of (µν|σλ) N4

b N4

b

1 P p
µν = CµpCνp N2

b NΩ N2

b NΩ

Jpq
2 Jq

µν =
∑

σλ
P

q
σλ(µν|σλ) N2

b NΩ N4

b NΩ

3 Jpq =
∑

µν
P p
µνJ

q
µν N2

Ω N2

b N
2

Ω

Kpq
2 Kq

µσ =
∑

νλ
P

q
νλ(µν|σλ) N2

b NΩ N4

b NΩ

3 Kpq =
∑

µσ
P p
µσK

q
µσ N2

Ω N2

b N
2

Ω

the AO-ERIs (µν|σλ), labeled as step zero, has an arith-
metic scaling of N4

b . In the current implementation, they
are evaluated and stored at the beginning, consequently,
this step does not contribute significantly to the compu-
tational time. However, its storage represents the highest
memory demand with a memory scaling of N4

b .

The first step corresponds to the evaluation of P ma-
trix, as shown in Eq. (4), which has low arithmetic and
memory scaling factors of N2

bNΩ. The second step corre-
sponds to the evaluation of Jq and K

q matrices for each
MO in AO basis. This is the bottleneck of the current im-
plementation with an arithmetic scaling factor of N4

bNΩ

and memory scaling of N2

bNΩ. Finally, in the third step,
J and K integrals in MO representation are computed
with an arithmetic scaling factor of N2

bN
2

Ω
. The mem-

ory scaling of this step is N2

Ω
, which is not significant

compared to the other steps.

As mentioned above, energy minimization is made up of
two independent optimization procedures, an outer one
that involves the optimization of the ONs for fixed or-
bitals, and an inner one that involves the optimization of
the NOs for fixed occupancies, as shown in Fig. 1. Both
optimizations are iterative procedures in which many in-
ner iterations are performed per each outer iteration un-
til convergence. In the next subsections, the introduction
of the RI approximation in each optimization procedure
applied to PNOFi (i=5-7) is analyzed. For further refer-
ence, to emphasize the specific functional used, the calcu-
lations within this approach will be labeled as PNOFi-RI
(i=5-7), while the global implementation will be named
DoNOF-RI.

Occupancy Optimization with RI

In DoNOF [1], bounds on {np} are imposed automati-
cally by expressing the ONs through new auxiliary vari-

Figure 1: General scheme of the energy optimization. A guess
for ONs and NOs is considered, then an iterative procedure
composed of two independent optimizations, with respect to
ONs and NOs respectively, is performed. For a more detailed
description, see the reference [1].

ables {γp}. In this way, the constrained minimization
problem with respect to ONs for a fixed set of NOs is
transformed into an unconstrained minimization prob-
lem with respect to auxiliary γ-variables.

Since the orbitals do not change, J and K can be com-
puted once and stored along the occupancy optimiza-
tion process of an outer iteration. The RI approximation
can be used to reduce the arithmetic scaling factors of J
and K integrals. In this approximation, the four-center
AO-ERI, (µν|σλ), is expressed using three-center ERIs,
(µν|k), and two-center ERIs, (k|l), according to the equa-
tion

(µν|σλ) =
∑

k

(µν|k)
∑

l

G
−1

kl (l|σλ) , (6)

where k, l represent functions of the auxiliary basis of
dimension Naux, and G is a metric matrix defined as
Gkl = (k|l). In a symmetric approach, G−1/2 would be
computed through eigenvalue decomposition or singular
value decomposition, and multiplied by the three-center
AO-ERIs, however, the metric matrix may be numer-
ically ill conditioned [38], having small or even nega-
tive eigenvalues. Although this problem might be sur-
passed truncating eigenvalues below a certain tolerance,
the overall process is slow and may affect the numerical
stability. Recently, a modified Cholesky decomposition
has been applied to factorize the metric matrix and cor-
rect the numerical problems if required [38, 60]. In this
approach, the metric matrix is expressed as [61]

G = PLDL
T
P

T , (7)

where P is a permutation matrix, L is a lower triangular
matrix, and D is a block diagonal matrix with blocks of
dimension 1× 1 and 2× 2 [62]. The eigenvalue spectrum

http://github.com/DoNOF/DoNOFsw
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of the D matrix is analyzed block by block to correct
negative and very small eigenvalues, giving a corrected
matrix, D̃ [63]. In PNOF correlation calculations a sym-
metric approach results convenient, thus the G matrix is
expressed as

G = PLD̃
1/2

D̃
1/2

L
T
P

T , (8)

the process of decomposing the D matrix in its eigenvec-
tors and eigenvalues is fast due to the small dimension of
its blocks. Once the eigenvalues have been corrected, its
square root can be evaluated directly. Then, a b tensor
is found by solving the following linear equation system

PLD̃
1/2

b
T = (µν|k) . (9)

Using RI, the Coulomb and exchange integrals can be
expressed as

Jpq =
∑

l

blppb
l
qq , (10)

Kpq =
∑

l

blpqb
l
pq , (11)

where the change of indices in b denotes contractions
from AOs (µ, ν) to MOs (p, q) according to

blpν =
∑

µ

Cµpb
l
µν , (12)

blpq =
∑

ν

Cνqb
l
pν . (13)

An equivalent b tensor is employed in RI implementa-
tions that use G

−1/2, particularly, the equations are sim-
ilar to those used in RI-MP2 [34, 40–44] to build other
MO-ERIs.

The memory and arithmetic scaling factors of the Eqs.
(6)-(13) with the RI approximation are shown in Table II.
The zero step corresponds to the evaluation of the (µν|k)
AO-ERIs, and the first step corresponds to solve the lin-
ear equation system for the b tensor with a memory scal-
ing factor of N2

bNaux and arithmetic scaling factor of
N2

bN
2
aux. Assuming that enough memory is available to

store the b tensor in AO representation, this step can be
performed only once at the beginning of the calculation;
hence, although the first step has the largest memory
scaling, it does not pose a problem through the itera-
tive process. The second step is the contraction of an
index of the b tensor from AO to MO with memory scal-
ing of NbNauxNΩ and arithmetic scaling of N2

bNauxNΩ,
being the most demanding step per outer iteration; in
the third step the remaining atomic orbital is contracted
with arithmetic scaling of NbNauxN

2

Ω
and memory scal-

ing of NauxN
2

Ω
respectively. Finally, in step four, the b

tensor is used to build the Coulomb and exchange in-
tegrals with arithmetic scaling of NauxN

2

Ω
and memory

scaling of NΩ. The overall procedure has a fourth-order
arithmetic scaling of N2

bNauxNΩ.

Table II: Algorithm used to compute J and K in the occu-
pancy optimization with RI. Formal memory scaling is shown.
However, to optimize memory usage, the contraction of b ten-
sor for J and K (steps 2, 3, and 4) are carried out simulta-
neously for each l, such that the dimension of the auxiliary
basis does not affect the memory scaling.

Step Operation
Scaling

Memory Arithmetic

Common

0 Evaluation of (µν|k) N2

b Naux N2

b Naux

1 Solve PLD̃
1/2

b
T N2

b Naux N2

b N
2
aux

2 blpν =
∑

µ
Cµpb

l
µν NbNauxNΩ N2

b NauxNΩ

3 blpq =
∑

ν
Cνqb

l
pν NauxN

2

Ω NbNauxN
2

Ω

Jpq 4 Jpq =
∑

l
blppb

l
qq N2

Ω NauxN
2

Ω

Kpq 4 Kpq =
∑

l
blpqb

l
pq N2

Ω NauxN
2

Ω

Orbital Optimization with RI

In the inner optimization procedure of the current imple-
mentation (see Fig. 1), the energy minimization is per-
formed with respect to real MOs under the requirement
of orthonormality, and considering a fixed set of ONs.
In general, an approximate NOF is not invariant with
respect to an orthogonal transformation of the orbitals.
Consequently, orbital optimization cannot be reduced to
a pseudo-eigenvalue problem like in the Hartree-Fock ap-
proximation.

In DoNOF [1], the optimal NOs are obtained by iter-
ative diagonalizations of a symmetric matrix F

λ deter-
mined by the Lagrange multipliers {λpq} associated to
the orthonormality conditions. A remarkable advantage
of this procedure is that the orthonormality constraints
are automatically satisfied. Unfortunately, the diagonal
elements cannot be determined from the symmetry prop-
erty of λ, so this procedure does not provide a generalized
Fockian in the conventional sense. Nevertheless,

{

Fλ
pp

}

may be determined with the help of an aufbau principle
[58].

Thus, the orbital optimization requires to calculate {λpq}
in each step of the inner iterations in order to determine
the symmetric matrix F

λ. Since orbitals change in each
step, Jq and K

q must be recomputed in each inner it-
eration. Many inner iterations are performed per outer
iteration, so the computation of these matrices in the or-
bital optimization is the most important contribution to
the computational time of the present algorithm.

The RI approximation can also be applied in this case,
using the procedure shown in Table III. The zero and
first steps evaluate the (µν|k) AO-ERIs and the b tensor
in AO basis, both are common steps shared with the oc-

http://github.com/DoNOF/DoNOFsw
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Table III: Algorithm used to compute J
q and K

q in the or-
bital optimization with RI. Formal memory scaling is shown.
However, to optimize memory usage, the contraction of b ten-
sor for J

q (steps 2, 3, and 4) and K
q (steps 2 and 3) are car-

ried out simultaneously for each l, such that the dimension of
the auxiliary basis does not affect the memory scaling.

Step Operation
Scaling

Memory Arithmetic

0 Evaluation of (µν|k) N2

b Naux N2

b Naux

Common 1 Solve PLD̃
1/2

b
T N2

b Naux N2

b N
2
aux

2 blqν =
∑

µ
Cµqb

l
µν NbNauxNΩ N2

b NauxNΩ

Jq
µν

3 blqq =
∑

ν
Cνqb

l
qν NauxNΩ NbNauxNΩ

4 Jq
µν =

∑

l
blqqb

l
µν N2

b NΩ N2

b NauxNΩ

Kq
µν 3 Kq

µν =
∑

l
blqµb

l
qν N2

b NΩ N2

b NauxNΩ

cupancy optimization and performed at the beginning of
the calculation. In the second step, an index of the b ten-
sor is contracted from AO to MO with arithmetic scaling
of N2

bNauxNΩ. In the third step of the Coulomb pro-
cedure, an additional contraction is performed for the b

tensor. Finally, in the last steps of both the Coulomb and
exchange procedures, the intermediate tensors are mul-
tiplied to compute J

q and K
q. The algorithm reduces

the arithmetic scaling factor of orbital optimization to
the fourth-order (N2

b NauxNΩ), as in the previous case.
Hence, an overall reduction of the arithmetic scaling fac-
tor from fifth-order to the fourth-order, and of the mem-
ory scaling factor from fourth-order to the third-order is
achieved due to the RI approximation.

Table IV: Comparison of the energies (Hartrees) obtained
with PNOF7, PNOF7-RI using aug-cc-pVDZ/GEN-A2* for
the cycloalkanes test. Mean diff: 2.2× 10−4

Molecule EPNOF7 ∆EPNOF7−RI
a

Cyclopropane (C3H6) -117.228991 1.5× 10−4

Cyclobutane (C4H8) -156.328758 1.9× 10−4

Cyclopentane (C5H10) -195.449913 2.5× 10−4

Cyclohexane (C6H12) -234.549938 2.2× 10−4

Cycloheptane (C7H14) -273.630436 2.3× 10−4

Cyclooctane (C8H16) -312.714209 2.4× 10−4

Cyclononane (C9H18) -351.799073 2.9× 10−4

aPositive differences mean that PNOF7-RI energy is above than

the PNOF7 energy.

III. COMPUTATIONAL DETAILS

The proposed PNOFi-RI (i=5-7) algorithm was imple-
mented in a modified version of the DoNOF software [1]
using Cartesian Gaussian basis functions and MPI par-
allelization, leading to a new implementation labeled as
DoNOF-RI.

We assume that there is enough memory available to
compute at the beginning all the required AO-ERIs as
well as the b tensor on the atomic basis, and store them
for use along the calculation. Operations of optimization
procedures correspond only to arithmetic manipulations
and not to AO-ERI evaluations. Four-center AO-ERIs,
(µν|σλ), have been screened to discard those lower than
10−9. This approach has been taken to reduce the arith-
metic scaling when four center ERIs are used [24, 64–
66]. All results shown in this article were calculated us-
ing 24 threads of an Intel Xeon Gold 5118 CPU. Ba-
sis sets were taken from the basis set exchange [67–69]
www.basissetexchange.org website.

IV. RESULTS

Single point energy calculations were performed to study
the numerical stability and speed-up achieved with the
DoNOF-RI implementation. The structures were opti-
mized with Psi4 software [70] using M06-2X [71] and aug-
cc-pVDZ/aug-cc-pVDZ-jkfit [72] basis set. Initial auxil-
iary variables

{

γ0
p

}

corresponding to a Fermi–Dirac dis-

tribution of
{

n0
p

}

were employed. For NOs, the guess
MOs were taken from a Hartree-Fock calculation.

Figure 2 presents the computational times of an outer
iteration for occupancy optimization (top panel) as well
as for orbital optimization (bottom panel) from cyclo-
propane to cyclononane employing aug-cc-pVDZ basis
set [73, 74] and GEN-A2* auxiliary basis set [75–77],
which generates auxiliary basis functions according to
the basis set. In both plots, blue bars represent the
elapsed time obtained with PNOF7 and yellow bars cor-
respond to computed time with PNOF7-RI, the speed-up
achieved by PNOF7-RI with respect to PNOF7 is pre-
sented over each pair of bars. The different sizes of the
blue bars compared to the yellow bars makes evident the
different arithmetic scaling factors between PNOF7 and
PNOF7-RI. For the smallest cycloalkane tested, C3H6, an
outer iteration of PNOF7-RI is 12 times faster than the
equivalent iteration in PNOF7, in the other hand, for the
largest cycloalkane tested, C9H18, PNOF7-RI is 83 and
37 times faster for occupancy and orbital optimization
respectively. Speed-ups for occupancy and orbital opti-
mization behave accordingly to the described arithmetic
scaling factors, since the final steps of the integral eval-
uation for the orbital optimization shown in Table III
have slightly higher arithmetic scaling factors than the
final steps of the integral evaluation in the occupancy
optimization described in Table II.
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Table V: Comparison of the energies (Hartrees) obtained with PNOF7, PNOF7-RI using cc-pVTZ/GEN-A2* for molecules of
general interest. Mean diff: 3.1× 10−3

Molecule EPNOF7 ∆EPNOF7−RI
a Speed-upb

Oxazole (C3H3NO) -244.980370 8.8×10−4 23

Borazine (B3H3N3) -241.487944 7.0×10−4 19

Coumarin (C9H6O2) -494.724761 1.7×10−3 19

Cyanuric Chloride (C3Cl3N3) -1655.966373 8.0×10−3 23

Benzene (C6H6) -231.058747 6.7×10−4 28

Thiepine (C6H6S) -628.585882 2.4×10−3 37

Thieno[2,3-b]thiophene (C6H4S2) -1239.953451 7.1×10−3 27

aPositive differences mean that the PNOF7-RI energy is above

than the PNOF7 energy.
bGlobal speed-up per outer iteration

Figure 2: Analysis of occupancy (top panel) and orbital op-
timizations (bottom panel) for PNOF7 and PNOF7-RI com-
puting time using aug-cc-pVDZ/GEN-A2*. Achieved speed-
up is presented over each pair of bars.

Although a significant reduction of computational time
has been achieved, it is important to analyze the numeri-
cal impact of the RI approximation applied to PNOF7 on
the final energy values. For this purpose, the NO’s and
ON’s of the converged PNOF7-RI calculation have been
used to restart the calculation using four center ERIs,
namely, a PNOF7 calculation. The results are presented
in Table IV, where the PNOF7 energy and PNOF7-RI
energy difference for each cycloalkane is tabulated. It
can be seen that PNOF7-RI allows achieving a general
accuracy between three and four decimal places, with a
mean difference of 2.2 × 10−4 Hartrees. In all cases a
restart of the PNOF7-RI calculation converged to the
PNOF7 energy in at most two outer iterations, allowing
for a PNOF7 result in a reduced amount of time.

The described restarting procedure using cc-
pVTZ/GEN-A2* basis sets for molecules of general
interest has been performed. The results are shown
in Table V, where the PNOF7 energy is shown with
the corresponding deviation of the PNOF7-RI result.
The minimum error of 6.7 × 10−4 corresponds to the
benzene molecule, and the maximum error of 1.7× 10−3

corresponds to the coumarin molecule. The global times
of an outer iteration of PNOF7-RI and PNOF7 were
compared and the result can be seen in the column
labeled as speed-up, where it is shown that PNOF7-RI
is 37 times faster than PNOF7 for the case of the
thiepine, as well as important speed-ups for the other
cases. Overall, the results prove that DoNOF-RI allows
to compute medium size molecules of general interest.

V. CONCLUSIONS

The resolution of the identity approximation has proved
to be significant to decrease the arithmetic and memory
scaling factors of the PNOFi (i=5-7) functionals, lead-
ing to the DoNOF-RI implementation. The generality
of the algorithm proposed here makes it applicable to
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all approximate natural orbital functionals known so far.
While having an acceptable deviation of the final energy
value, the solution for the natural orbitals and occupation
numbers can be used as a start guess for a regular PNOF
calculation with convergence in few iterations. Conse-
quently, DoNOF-RI provides a way of reaching accurate
results in a reduced amount of time, allowing PNOFi
(i=5-7) functionals to be used to study systems of gen-
eral interest.
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ABSTRACT
Carbenes are a remarkable type of molecules because of the two electrons that might be paired or unpaired, providing a singlet or a triplet
state, respectively. The preference for one of these states can be measured by the singlet-triplet energy gap; however, theoretical prediction
is challenging when static correlation arises, and an adequate balance with dynamic correlation is required to achieve correct predictions.
Piris Natural Orbital Functionals (PNOFs) have been used before to deal with other static correlation problems, but they have suffered from
lack of dynamic correlation, which has been solved by coupling PNOF7 with many-body perturbation theory. Recently, the development of
a Global Natural Orbital Functional (GNOF) has been proposed with the aim of including dynamic correlation without the need to couple
with perturbation theory, thus becoming a promising alternative to study challenging chemical problems. In this work, we applied the PNOF
family of functionals to compute the adiabatic singlet-triplet energy gaps of a set of simple carbenes and compared them with those computed
with coupled-cluster methods and experimental values when available. We have found that the GNOF achieves promising results due to an
intrinsic balance of static and dynamic correlation. In this regard, the GNOF presents errors that are lower than those of PNOF7, comparable
to those of NOF-c-MP2, and is capable of predicting the tendency of substituent effects, proving to be suitable for further application to
predict general singlet-triplet energy gaps.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0146543

I. INTRODUCTION

Carbenes are a fascinating type of molecule. Its existence was
predicted by Hermann in 18551 and then by Nef in 1897.2 The first
carbene was detected in 1912,3 and a stable carbene was isolated
by Igau et al. in 1988.4 Since then, several carbenes have been iso-
lated, mainly in their singlet state,5–7 but more recently, they have
also been isolated in their triplet state.8–11 Carbenes are known to
appear as electrophilic intermediates in several organic reactions.12

Particularly, they can be bonded with transition metals to perform
organometallic reactions; this is the case of Fischer’s electrophilic
carbene complexes with large singlet-triplet (ST) gaps and Schrock’s
nucleophilic carbene complexes with short singlet-triplet gaps.13

N-heterocyclic carbenes have also attracted interest in recent years
due to their application in catalysis.14–18

Carbenes are molecules with two non-bonding electrons in the
carbon atom that allow them to be in a singlet state when these
electrons have opposite spins or in a triplet state when they have
parallel spins. The properties and structure of these molecules are
determined by their ground state, with singlet state carbenes show-
ing angles slightly below than 120○ corresponding to having a lone
pair of electrons in an sp2-hybridized orbital and triplet state car-
benes showing angles over 120○ corresponding to having unpaired
electrons in either sp- or sp2-hybrid orbitals. The preference for
one or the other state is influenced by the substituent, with highly
electronegative and π-electron-donating substituents favoring the
singlet state and bulky steric groups favoring the triplet state when
electronic effects are negligible.19–21 The first two phenomena can
be explained through degeneracy breaking of the carbene σ and
p orbitals: when σ-electron-withdrawing substituents are present,
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the σ orbital is stabilized by an inductive effect that decreases its
energy, leaving the p orbital unchanged, and if there are π-electron-
donating substituents, the orbital energy of p increases and the σ
orbital remains the same.22 On the other hand, bulky groups induce
linear geometry due to steric effects, which lead to orbital degener-
acy and thus favor the triplet state.23 The multiplicity of the ground
state is usually determined by the presence of π-electron-donating
substituents due to mesomeric effects followed by the electronega-
tivity of substituents through inductive effects and finally influenced
by steric effects.9,24–26

Calculating the singlet-triplet carbene energy gap (ST gap) is
of interest because it reflects the spin nature of the ground state
and the possibility of an excitation that may lead to a different
chemical reactivity.27,28 The computational prediction of carbene
ST gaps depends on the correlation nature of the systems. Some
singlet carbenes are well described by a single reference wavefunc-
tion, and density functional approximations lead to good prediction
of these molecules;29 however, a significant amount of carbenes
may be of multireference nature, as has been shown recently in
the analysis of the QMSpin database,30 thus requiring the inclusion
of static electron correlation and becoming a challenge for single
reference electronic structure methods. Interestingly, multiconfigu-
rational methods such as the complete active space self-consistent
field (CASSCF) might not necessarily lead to accurate results as
dynamic correlation is important for these molecules and highly
demanding multireference methods such as CASPT2 and MRCI
are required to properly describe these situations.31,32 Alternatively,
wavefunction methods such as coupled-cluster calculations with
single and double excitations and perturbative treatment of triple
excitations [CCSD(T)]33 and composite methods34 have been found
to provide an acceptable compromise between accuracy and arith-
metic scaling in several cases, although the use of methods that
provide better results in a less demanding way is required. More-
over, studies of this kind have become a test for recently developed
theoretical methods.35–40

Reduced density matrix (RDM) based methods have been
tested as an affordable way to study multireference problems,41,42

and recently, a Global Natural Orbital Functional (GNOF) has
been proposed in the context of Piris Natural Orbital Functionals
(PNOF).43 In contrast to previous versions of these functionals,44–46

the GNOF aims to provide a good balance between static and
dynamic electron correlation,47 successfully describing, for example,
the stability order of the states of iron(II) porphyrin, as has been
demonstrated by some of the authors of this contribution.48 In this
regard, the GNOF presents a promising method for studying the
singlet-triplet gap of carbenes.

II. THEORY
PNOFs are based on reconstruction of the second-order

reduced density matrix (2-RDM) from the first-order reduced den-
sity matrix (1-RDM) throughout a cumulant expansion on the basis
of natural orbitals that diagonalize the 1-RDM, giving the occu-
pation numbers (ONs), np.49 Since PNOF5, the functionals use an
electron pairing approach, an illustrative representation is presented
in Fig. 1, and it can also be found in Refs. 50 and 51. The electron
pairing approach consists of dividing the orbital space, Ω, into NΩ
subspaces Ωg ; these can be classified as ΩII if double occupied and ΩI

FIG. 1. Electron pairing scheme for a system with N = 8 and S = 1; hence,
NI = 2 and NII = 6 (recall that N = NI + NII). In this example, the maximum possi-
ble number of weakly occupied orbitals coupled with each strongly occupied orbital
allowed by the basis set is Ng = 2. The single occupied orbitals in ΩI are inside
the white rectangle, while double occupied subspaces in ΩII are inside the gray
rectangles. There are NII/2 = 3 subspaces that belong to ΩII , namely, Ω1, Ω2
and Ω3, which are represented by the yellow, blue, and orange horizontal lines,
respectively.

if single occupied such that Ω = ΩII +ΩI . In a system of N electrons,
there are NII/2 subspaces in ΩII and NI subspaces in ΩI such that
N = NII +NI . Finally, each subspace in ΩII is formed by a strongly
double occupied natural orbital (ON ≥ 0.5) that can be coupled with
a weakly occupied natural orbital (ON ≤ 0.5) in the perfect pair-
ing approach (N g = 1) or many weakly occupied natural orbitals in
the extended pairing approach (N g > 1). In the case of ΩI , there is
only one orbital in each subspace. From the perspective of electronic
correlation, this means that it can be split into intrapair and inter-
pair contributions, with PNOF5 only including complete intrapair
correlation.44,45 The path forward to recover the interpair contri-
bution passes through PNOF652 and leads to PNOF7,46 PNOF7s,46

NOF-MP2,46,53 NOF coupled with many-body perturbation the-
ory (NOF-MBPT)54 and GNOF.43 In the following, we briefly
review the energy expressions for real orbitals of the most recently
proposed GNOF, and a more detailed description can be found
in Refs. 43 and 47.

The energy of the GNOF can be expressed as an intrapair
contribution Eintra, and Hartree–Fock-like Einter

HF static Einter
sta , and

dynamic Einter
dyn interpair contributions,

E = Eintra + Einter
HF + Einter

sta + Einter
dyn . (1)

The intrapair contribution is calculated from the PNOF5
formulation as

Eintra =
NII

2

∑
g=1

Eg +
NΩ

∑
g=NII/2+1

Hgg , (2)

where Hgg corresponds to the diagonal elements of the core Hamil-
tonian matrix and Eg is the energy contribution of a double occupied
subspace, given by

Eg = ∑
p∈Ωg

np(2Hpp + J pp) + ∑
q,p∈Ωg

Π(nq, np)Kpq, (3)
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where Jpq and Kpq are the elements of Coulomb and exchange
integrals in the natural orbital basis and

Π(nq, np) =
√

nqnp(δqΩa δpΩa − δqg − δpg), (4)

with Ωa denoting the orbitals above NΩ, where NΩ = NII/2 +NI .
It is worth noting that the Π defined in Eq. (4) is applicable to a
given subspace Ωg that belongs to ΩII , as indicated in the last sum of
Eq. (3). Let us choose the subspace given by the right orange arrow
in Fig. 1; in this case, the Kronecker deltas, δqΩa and δpΩa , assess
whether p or q corresponds to an orange colored weakly occupied
natural orbital, and the meaning of δqg and δpg is to check whether
p or q corresponds to the orange colored strongly occupied natural
orbital.

The Hartree–Fock like interpair contribution is given by

Einter
HF =

Nb f

∑
p,q=1
′ nqnp(2Jpq − Kpq), (5)

where Nbf is the number of basis functions and the prime in the sum-
mation indicates that contributions of natural orbitals in the same
subspace are excluded. The static interspace contribution is given by

Einter
sta = −

⎛
⎝

NΩ

∑
p=1

Nb f

∑
q=NΩ+1

+
Nb f

∑
p=NΩ+1

NΩ

∑
q=1
+

Nb f

∑
p,q=NΩ+1

⎞
⎠

′

×ΦqΦpKpq −
1
2
⎛
⎝

NII/2
∑
p=1

NΩ

∑
q=NII/2+1

+
NΩ

∑
NII/2+1

NII/2
∑
q=1

⎞
⎠

′

×ΦqΦpKpq −
1
4

NΩ

∑
p,q=NII/2+1

Kpq, (6)

where Φp =
√

np(1 − np). It is worth mentioning that for singlets,
the contributions described until this point lead to PNOF7, and
if Φp = 2np(1 − np) is taken, the equations lead to PNOF7s, from
which NOF-MP2 can be computed as described in Refs. 53 and 54.

Finally, the dynamic interpair contribution is

Einter
dyn =

Nb f

∑
p,q=1
′ [nd

qnd
p +Π(nd

q , nd
p)](1 − δqΩb

II
δpΩb

II
)Kpq, (7)

with Ωb
II denoting the orbitals below the level NII/2 and the dynamic

ONs given by nd
p are

nd
p = npe−(

hg
hc
)2

, (8)

with hg = 1 − np and hc = 0.02
√

2.

III. METHODS
PNOF7, NOF-MP2 and GNOF adiabatic singlet-triplet calcu-

lations have been performed in PyNOF software55 (an in-house code
based on DoNOF software51) using the spin-restricted formalism,
that is, the same set of natural orbitals and ONs were used for
α and β orbitals. The extended pairing approach was used, with
the maximum possible number of weakly occupied orbitals cou-
pling with each strongly occupied orbital allowed by the basis set.

NOF-MP2 calculations were performed as indicated by the
NOF-MBPT equations;54 therefore, it will be labeled NOF-c-MP2
from now on. The resolution of the identity approximation (RI)56–58

in the context of the PNOF was used for efficiency.59 Additional
CCSD and CCSD(T) calculations based on the restricted-open
Hartree–Fock method have been performed in the Psi4 software for
comparison.60

The def2-TZVPD/def2-universal-JKFIT basis sets have been
used in all cases,61–66 with the geometries reported in Refs. 42 and
67–69. At this point, it is worth noticing that the chosen basis set has
two effects on the NOF calculations: the completeness of the basis,
and the number of weakly occupied orbitals that appear in each dou-
ble occupied subspace. Regarding the latter effect, the observed ONs
allow us to conclude that the number of weakly occupied natural
orbitals is adequate.

IV. RESULTS
A. General performance of PNOFs

We have studied the singlet and triplet states of a set of car-
benes connected to up to two substituents having the formula HCX
or XCX (X = F, Cl, Br, CN, Li, CH3, or SiH3) to test the ability of
the GNOF to predict singlet-triplet gaps. To verify the importance
of static and dynamic correlation in these species, we present some
diagnostics computed using the CCSD method in Table I; in par-
ticular, the green and orange cells correspond to values where the
T170 and D165 diagnostics suggest that the species are of multirefer-
ence nature. Interestingly, there are both single reference (e.g., CH2
and CH3CH) and multireference species in the set, and the impor-
tance of the static correlation may arise in both the singlet and triplet

TABLE I. Diagnostics T1 and D1 for molecules in the carbene set in its singlet and
triplet states, computed by CCSD. Green cells correspond to values of T1 greater
than or equal to 0.02, and orange cells correspond to values of D1 greater than or
equal to 0.05, indicating multireference nature.

Carbene Singlet Triplet

T1 D1 T1 D1

CLi2

C(SiH3)2 0.013 0.011 0.026
SiH3CH 0.012 0.011 0.021
LiCH 0.008 0.016 0.007 0.014
NCCCN
HCCN 0.019 0.047
CH2 0.008 0.019 0.010 0.014
CH3CH 0.011 0.035 0.013 0.021
CBr2 0.013 0.013
ClCH 0.015 0.018 0.044
BrCH 0.014 0.015
FCH 0.016 0.018 0.036
CCl2 0.014 0.016
CF2 0.016 0.017 0.038
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TABLE II. Singlet-triplet gaps in kcal/mol for carbenes computed with members of the PNOF family of functionals and cou-
pled cluster methods with the def2-TZVPD/def2-universal-JKFIT basis set. The singlet-triplet gaps used as a reference are
presented on the column label as ΔEref

ST , where positive values indicate a triplet ground state and negative values indicate a
singlet ground state; the signed errors of the predictions may be found at the bottom of the table.

ST gaps

PNOF Coupled-cluster

Carbene ΔEref
st PNOF7 NOF-c-MP2 GNOF CCSD CCSD(T)

CLi2 2384 18.5 34.7 21.3 22.9 21.4
C(SiH3)2 22.167 37.8 24.9 18.7 25.4 23.5
SiH3CH 18.167 34.2 24.1 14.5 20.9 19.4
LiCH 15.842 25.4 36.8 26.3 29.8 28.2
NCCCN 12.267 10.1 −17.6 −8.1 15.7 12.7
HCCN 11.9 (exp.)71 23.4 4.4 2.2 13.0 10.5

CH2 9 (exp.)72,73 23.6 18.6 5.9 11.3 10.4

CH3CH 3 (exp.)74 25.8 7.8 −0.8 5.7 4.3
CBr2 −1.912 (exp.)75 12.4 −23.1 −25.2 −11.2 −14.9
ClCH −6.1852 (exp.)76,77 17.4 −7.5 −13.3 −3.1 −5.1
BrCH −5.64 (exp.)78–81 14.3 −5.3 −15.2 −2.0 −4.3
FCH −14.9 (exp.)78,79 8.4 −16.3 −14.0 −12.4 −13.9
CCl2 −20.8 (exp.)82 11.2 −30.3 −29.6 −15.9 −19.0
CF2 −54 (exp.)75,83 −23.9 −67.3 −64.8 −53.6 −55.8

Errors

PNOF Coupled-cluster

Carbene PNOF7 NOF-c-MP2 GNOF CCSD CCSD(T)

CLi2 −4.5 11.7 −1.7 −0.1 −1.6
C(SiH3)2 15.7 2.8 −3.4 3.3 1.4
SiH3CH 16.1 6.0 −3.6 2.8 1.3
LiCH 9.6 21.0 10.5 14.0 12.4
NCCCN −2.1 −29.8 −20.3 3.5 0.5
HCCN 11.5 −7.5 −9.7 1.1 −1.4

CH2 14.6 9.6 −3.1 2.3 1.4

CH3CH 22.8 4.8 −3.8 2.7 1.3
CBr2 14.3 −21.2 −23.3 −9.3 −13.0
ClCH 23.6 −1.3 −7.1 3.1 1.1
BrCH 19.9 0.3 −9.6 3.6 1.3
FCH 23.3 −1.4 0.9 2.5 1.0
CCl2 32.0 −9.5 −8.8 4.9 1.8
CF2 30.1 −13.3 −10.8 0.4 −1.8

ME-alla 16.2 −2.0 −6.7 2.5 0.4
ME-expb 22.2 −2.3 −6.5 2.6 0.6
MAE-alla 17.2 10.0 8.3 3.8 2.9

MAE-expb 22.2 6.0 6.7 2.6 1.4
STD-alla 10.1 12.9 8.1 4.6 4.9

STD-expb 6.5 7.1 3.8 1.3 1.3
RMSE-alla 19.1 13.1 10.5 5.2 5.0

RMSE-expb 23.2 7.4 7.5 2.9 1.4
aRoot mean signed errors calculated with all data.
bRoot mean signed errors calculated without CBr2 , CLi2 , NCCCN, LiCH, C(SiH3)2 , and SiH3CH.
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states or in only one of them. In particular, the static correlation may
critically result in the case of CLi2 and NCCCN, where both
diagnostics point toward the multireference nature of these systems.

The results of the ST gap for the set of carbenes are shown in
Table II, where the first column labels the molecule and the second
column indicates the ST reference gap computed as ΔEST = ES − ET ,
that is, a positive sign indicates a triplet ground state and a nega-
tive sign indicates a singlet ground state; experimental values have
been used when available,71–83 indicated by the label “(exp)” next
to the reference value, and the theoretical value was used in the
other cases;42,67,71,84 the systems have been ordered from positive to
negative ST gaps. The following columns indicate the predictions
provided by PNOF7, NOF-c-MP2, and the GNOF. In addition, cou-
pled cluster calculations are presented for comparison, particularly
CCSD and CCSD(T), since accurate results have been demonstrated
for carbenes with the last method.67 Signed errors relative to the
reference can be found at the bottom of the table, and statistical
data, namely, mean errors (MEs), mean absolute error (MAE), stan-
dard deviation (STD), and the root mean square error (RMSE) have
been included in the last rows of Table II; in particular, the rows
labeled “-all” are based on all the studied molecules, and the rows
labeled “-exp” are presented by omitting molecules without exper-
imental data and the CBr2 molecule as it significantly increases all
statistical values.85,86 Furthermore, we present the violin plots of all
molecule errors by each method shown in Fig. 2 and the violin plots
for molecules with experimental data in Fig. 3, with the purpose of
comparing the error distribution of the PNOFs and coupled cluster
methods because statistical data such as ME and STD are insufficient
to collate the data and MAE and RMSE do not provide information
about outliers.

Regarding the PNOF results, PNOF7 generally presents the
largest deviations from the reference values, as expected due to the
lack of dynamic correlation in its functional form. It presents posi-
tive signed errors in almost all cases as reflected in the ME, indicating
a preference for triplet states; in fact, it incorrectly predicts that
most of the singlet ground-state molecules are triplets. This behav-
ior can be fixed by NOF-c-MP2, which adds a dynamic correlation

FIG. 2. Violin plots of all errors calculated by the PNOF family of functionals and
coupled-cluster methods, with the white points showing the corresponding median,
the thick gray bar representing each interquartile range, and the thin line bar rep-
resenting the rest of the data of each method except for outliers, which are marked
with black points.

FIG. 3. Violin plots of exp errors calculated by the PNOF family of functionals
and coupled-cluster methods, with the white points showing the corresponding
median, the thick gray bar representing each interquartile range, and the thin line
bar representing the rest of the data of each method except for outliers, which are
marked with black points.

to a modified form of PNOF7, and it can be seen that, except for
the dicyanocarbene, most of the predicted ST gaps now present
the same sign as the reference values, which means that the cor-
rect ground state is being predicted. Interestingly, the same effect
is achieved by the GNOF, which is relevant since it was designed
to intrinsically balance the correlation regimes in a pure NOF.43 In
particular, NOF-c-MP2 and the GNOF present negative MEs, which
reflects that methods make more negative ST gaps and provide an
MAE-exp and RSME-exp with at least 60% of improvement relative
to the value of PNOF7; all these results are in line with the pre-
vious discussion; however, as can be seen in Table II and Fig. 3,
the GNOF has a lower STD value and a more concentrated error
distribution than PNOF7 and NOF-c-MP2, and it also maintains
the scalability of the method in N4 order when coupled with RI,
which makes it an amenable theory to be applied to medium size
molecules of interest. As already discussed, coupled cluster calcu-
lations can be used to compare the results of PNOF calculations.
In this regard, CCSD presents an RMSE-exp of 2.9 kcal/mol, and
CCSD(T) presents an RMSE-exp of 1.4 kcal/mol, where it can be
seen that the MAE-exp and RMSE-exp error obtained by CCSD(T)
shows 50% of improvement with respect to CCSD, which confirms
the importance of handling static and dynamic correlations simul-
taneously. In order to provide a more in-depth analysis, let us now
focus on violin plots. We observe a decrease in outliers by switch-
ing from analysis of all data to analysis of experimental data except
for CBr, which questions the quality of the theoretical values, and
it allows us to see that the last data are appropriate to compare the
computational methods. It is clear to see that coupled cluster meth-
ods, namely, CCSD and CCSD(T), have their medians closest to
0 kcal/mol, followed by NOF-c-MP2, the GNOF, and finally PNOF7.
In this context, we would conclude that NOF-c-MP2 gives the best
description for these systems compared to other PNOF methods;
however, the error distribution shows that it has a larger prediction
error since the shape is flatter than in the other methods, where the
GNOF has a bias to the left (toward negative values) but has a more
concentrated distribution and a smaller thin line bar, as expected
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due to STD values. Despite the fact that coupled cluster calculations
present lower MAE and RMSE values than PNOF calculations and
more central shapes of the error distributions, some specific remarks
must be made for specific carbenes, as will be done in Sec. IV B.

B. Analysis of specific carbenes
In this section, we give special comments for some of the stud-

ied carbenes; experimental data will be used for comparison when
available, and theoretical data will be used when experimental values
are not reported.

1. Methylene
Let us start with the most elemental carbene, CH2, which is

known to present a triplet ground state with sp2 hybridization. All
PNOFs correctly predict a triplet ground state. An advantage of
PNOFs is that they can provide a direct chemical picture of the sys-
tems through the natural orbitals,87 as can be seen in Figs. 4 and 5
for the singlet and triplet states of methylene. In particular, two
bonding σ-like orbitals can be observed, as well as a non-bonding
σ-like orbital and a p-like orbital perpendicular to the plane of the
molecule. In the context of the PNOF’s orbital pairing scheme, note

FIG. 4. Natural orbitals for the singlet state of the CH2 computed with the GNOF.
For simplicity, only the main weakly occupied orbital coupled with each strongly
occupied orbital is shown.

FIG. 5. Natural orbitals for the triplet state of the CH2 computed with the GNOF.
For simplicity, only the main weakly occupied orbital coupled with each strongly
occupied orbital is shown.

that for singlets, the two σ orbitals appear as strongly double occu-
pied natural orbitals and the non-bonding σ orbital appears as a
strongly double occupied orbital natural coupled to the p orbital,
as illustrated in Fig. 4. A similar picture is obtained in the case
of triplets, but in this case, the non-bonding σ orbital and the p
orbital appeared in the single occupied natural orbital subspace, as
shown in Fig. 5. Similar orbitals and pairing schemes have been
observed in most of the studied carbenes in both PNOF7 and GNOF
calculations, except when otherwise stated; these orbital couplings
were not enforced in any way but appeared naturally as a chemical
consequence of the systems.

2. LiCH and CLi2

Lithium carbenes present special characteristics due to the elec-
tropositive lithium atom, which favors the triplet as the ground state,
and constitute an exception to the common orbital picture seen for
methylene, as depicted in Fig. 6. In fact, the triplet state of CLi2 and
both the singlet and triplet states of LiCH present a linear geometry.
In the case of LiCH, two delocalized orbitals are observed as single
occupied orbitals (SONOs) in the triplet; on the other hand, these
are coupled as double occupied orbitals in the singlet state; similar
orbitals are observed in the triplet state of CLi2. The LiCH molecule
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FIG. 6. Natural orbitals that appear in the triplet state of LiCH. (a) HONO-1, (b)
HONO, (c) SONO(I), and (d) SONO(II).

has also recently been studied by Montgomery with the variational
2-RDM (v2RDM) that predicts a 15.8 kcal/mol singlet-triplet gap,42

which is significantly lower than that predicted by PNOF7, the
GNOF, CCSD, and CCSD(T), where all are in good agreement with
values around 30 kcal/mol. In the case of singlet LiCH, its highest
occupied natural orbital (HONO) has an ON of 1.063 when studied
with PNOF7, which is in good agreement with the diradical charac-
ter reported for the molecule. Regarding CLi2, PNOF7, the GNOF,
CCSD, and CCSD(T), ST gaps are in good agreement.

3. Cyanocarbenes
A negative singlet-triplet gap has been predicted for

dicyanocarbene, NCCCN, using NOF-c-MP2 and the GNOF,
and this is in disagreement with the positive singlet triplet gap
predicted using the G3MP2 level of theory.67,71 On the contrary,
the coupled cluster calculations achieve positive values of ST gaps
for cyanocarbenes; however, it can be seen that including more
correlation by going from CCSD to CCSD(T) increases the stability
of the singlet, which is also observed by going from PNOF7 to the
GNOF; hence, it remains unclear whether the marked overstabiliza-
tion of the singlet state in cyanocarbenes is an artifact of the PNOF
calculations or an improved prediction achieved by the GNOF due
to a balanced inclusion of static and dynamic correlation.

4. Methylcarbene
The singlet-triplet gap for CH3CH has recently been exper-

imentally studied by photofragment translational energy spec-
troscopy by Datta and Davis,74 and it was concluded that the results
are consistent with the ∼3 kcal/mol value, which is in agreement
with the low values obtained by the GNOF, NOF-c-MP2, CCSD, and
CCSD(T).

5. SiH3C and C(SiH3)2
Regarding C(SiH3)2 and SiH3C carbenes, they have a positive

prediction of the singlet-triplet gap,21 in accordance with PNOFs

and coupled cluster calculations. Furthermore, all PNOF calcula-
tions show an sp2 hybridization for the singlet and an sp hybridiza-
tion for the carbon in the linear triplet state. The GNOF presents
errors comparable to those of CCSD(T).

6. Halocarbenes
It has previously been reported that the presence of elec-

tronegative atoms bonded to the carbon atom tends to stabilize
the singlet state24,88,89 while substituents that are less electroneg-
ative than carbon tend to stabilize the triplet state.9,90 Further-
more, dihalocarbenes suffer from multiple bond characters due
to the donation of the lone pairs of substituents, thus generat-
ing a π-system that stabilizes the singlet state.24 Despite the fact
that the singlet-triplet gap decreases as the ability of the π-electron
donor substituents increases, PNOF7 incorrectly predicts a triplet
ground state for almost all halocarbenes, contradicting all reported
experimental data.22,75,91 These results are improved by NOF-c-
MP2 and the GNOF, which predict a singlet ground state for
all halocarbenes.

V. CONCLUSION
We have studied the ST gap of several simple carbenes using

a GNOF. The performance of the GNOF method was evaluated by
comparing with the experimental and theoretical values, including
CCSD(T) and CCSD. Furthermore, the GNOF method has been
compared with previous functionals of the PNOF family, namely,
PNOF7 and NOF-c-MP2.

Interestingly, despite presenting static correlation, PNOF7 fails
to describe the carbenes’ ground state preference for singlets and
triplets due to the lack of dynamic correlation, which is corrected
by NOF-c-MP2 and the GNOF. In general, the effect of substituents
can be well described by the GNOF and NOF-c-MP2 methods
not only by the signed singlet-triplet gap but also by agreeing
with the tendency to decrease its magnitude as the ability of the
π-electron-donor substituents increases.

The RDM- and wavefunction-based methods investigated here
indicate that a proper balance between static and dynamic cor-
relation is required since the GNOF, NOF-c-MP2, and CCSD(T)
methods obtain small RMSE errors compared to their counterparts
that predominantly include one type of correlation.

Finally, we have shown that the GNOF method is capable of
describing carbenes with acceptable scaling compared with mul-
tireference methods, which is a promising result, since the study
of the spin nature of their ground state greatly benefits from the
theoretical methods when experimental difficulties arise in these
systems.
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