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Introduccién

La conexion entre cadenas de nacimiento y muerte y polinomios ortogonales es ampliamente conocida
en la comunidad matematica. Pioneros en este campo como D. G. Kendall [43], W. Ledermann y
G. E. H. Reuter [45], y S. Karlin y J. McGregor [39, 40, 41], realizaron contribuciones fundamentales
al encontrar representaciones espectrales de cadenas de nacimiento y muerte en la década de 1950.
Dicha conexién se basa en el hecho de que la matriz de transiciéon de probabilidades a un paso P de
una cadena de nacimiento y muerte a tiempo discreto {X; : t = 0,1,...} con espacio de estados en
Z>o = {0,1,2,...} es una matriz tridiagonal, estocéstica y semi-infinita, lo que permite aplicar el
teorema espectral para encontrar la correspondiente medida espectral asociada al proceso. En este
contexto, con la formula de representacion integral de Karlin-McGregor se calculan las probabilidades
de transicién a n pasos P, j") =P(X,, = j|Xo = %) en términos de una medida espectral y la familia de
polinomios ortogonales correspondiente. Ademas, esta féormula proporciona informacién valiosa para
comprender varios aspectos probabilisticos importantes de las cadenas de nacimiento y muerte como
recurrencia, absorcién o propiedades limite. A partir de los trabajos de S. Karlin y J. McGregor,
numerosos autores como M. E. H. Ismail, D. Masson, G. Valent, E. A. van Doorn, H. Dette o P.
Flajolet, por mencionar algunos, han contribuido a ampliar la conexién entre la teoria de polinomios
ortogonales y las cadenas de nacimiento y muerte (vease [5, 6, 9, 10, 16, 36, 44]). Referencias que
contienen estos y otros resultados se pueden encontrar, por ejemplo, en [8, 47].

Esta tesis se centra en explorar diferentes tipos de factorizaciones estocasticas de la matriz de
transicion de probabilidades P de una cadena de nacimiento y muerte. El estudio de factorizaciones
de matrices de transicién de probabilidades u operadores infinitesimales de cadenas de Markov no es
algo nuevo. Autores como W. K. Grassman [17], D. P. Heyman [29] o V. Vigon [49], han explorado
cadenas de Markov bajo diversas condiciones y descomposiciones en factores, incluyendo factorizaciones
triangulares o diagonales, y la relacion con la factorizacion de Wiener-Hopf. La presente tesis se enfoca
en factorizaciones estocasticas de tipo UL y LU de cadenas de nacimiento y muerte y se basa en los
fundamentos establecidos por F.A. Griinbaum y M. D. de la Iglesia en [24]. La principal caracteristica
de las factorizaciones estocésticas de tipo UL y LU radica en la manera en que se descompone a la
matriz de transicion de probabilidades P en el producto de dos matrices estocasticas: Py, una matriz
bidiagonal superior, y Pp, una matriz bidiagonal inferior. Desde un punto de vista probabilistico,
esta factorizacion se puede interpretar como la composicion de dos cadenas de nacimiento y muerte:
primero, un proceso de nacimiento puro asociado a Py, seguido por un proceso de muerte puro asociado
a P, o viceversa. Este enfoque fue usado en [24] para cadenas de nacimiento y muerte con espacio de
estados en los enteros no negativos Zxq, donde los autores también exploraron la transformacién de



Darboux discreta, que consiste en invertir el orden de multiplicacién de los factores. En el caso UL, es
decir, P = Py Pp, la transformacion de Darboux conduce a una nueva matriz estocastica tridiagonal
que se denota por P = Pr, Py y que describe una familia completa de cadenas de nacimiento y muerte
que dependen de un pardmetro libre. La medida espectral asociada a P y la medida espectral asociada
a P estan relacionadas a través de lo que se conoce como una transformacion de Geronimus, que, en
esta situacion, consiste en dividir por x la medida espectral original y anadir una delta de Dirac en el
punto x = 0. Por otro lado, la factorizacion LU, P :/PLPU, es tnica. La medida espectral de P y
la medida espectral de la transformacion de Darboux P = PUPL estan relacionadas a través de una
transformacion de Christoffel, que, en esta situacion, consiste en multiplicar por = la medida espectral
original.

El objetivo principal de esta tesis es analizar diferentes tipos de factorizaciones estocasticas y
transformaciones de Darboux de cadenas de nacimiento y muerte a tiempo discreto con espacio de
estados en todos los nameros enteros Z = {...,—1,0,1,...}, asf como en otros espacios de estados
como el grafo arana. Como se explicard a continuacion, las principales contribuciones consistiran en
obtener condiciones bajo las cuales es posible asegurar diferentes tipos de factorizaciones estocésticas
para después poder explorar la relacién entre las medidas espectrales de los procesos originales y las
transformaciones de Darboux correspondientes. Una contribucién significativa de esta investigacion es
la obtencién de la expresiéon explicita de la matriz espectral en varios ejemplos. Este logro permite
calcular la matriz de transicion de probabilidades a n pasos de la cadena de nacimiento y muerte
correspondiente utilizando la formula de representacion integral de Karlin-McGregor. Ademas, se
describen otras propiedades importantes como la recurrencia y la medida invariante para algunos
casos especificos.

El Capitulo 1 comienza con una breve introduccion a la teoria de polinomios ortogonales y abarca
algunas relaciones muy ttiles relacionadas con la transformada de Stieltjes, que resulta ser una
herramienta muy poderosa para calcular las medidas espectrales en ejemplos posteriores. Ademas,
se proporciona una breve introduccion a la teoria de cadenas de Markov, incluido el anélisis espectral
de cadenas de nacimiento y muerte a tiempo discreto en Z>¢ y en Z. También se introduce el concepto
de procesos cuasi de nacimiento y muerte, que son procesos que actian en el espacio de estados de
dos dimensiones Z>g x {1,2,..., N} para N € Z>1, cuyas transiciones solo son posibles entre estados
adyacentes de la primera componente. El analisis espectral de estos procesos se consider6 en [7, 18] y
estd muy relacionado con la teoria de polinomios ortogonales matriciales de tamano N x N. Hacia el
final del capitulo, se presenta una revision de los resultados presentados en [24] sobre las factorizaciones
estocasticas de tipo UL y LU y las transformaciones de Darboux para cadenas de nacimiento y muerte
a tiempo discreto con espacio de estados en Zx.

En el Capitulo 2, se extienden los resultados de [24] al cambiar el espacio de estados de Z>( a Z.
Resulta interesante observar que, en este caso, tanto las factorizaciones estocésticas de tipo UL como
LU dependen de un pardmetro libre. En ambos casos, se puede asegurar la existencia de la factorizacion
estocéastica si el parametro libre estd acotado por arriba y por abajo por ciertas fracciones continuas.
En el analisis espectral, se requiere una ligera modificaciéon ya que una matriz estocastica doblemente
infinita P da lugar a tres medidas espectrales soportadas en el intervalo [—1, 1], denotadas por ¥ g
con a, B = 1,2. Resulta que ¥11(x) es una medida de probabilidad, ¥92(x) es una medida positiva y
112 es una medida signada (¢12 = 1021 debido a la simetria). Para capturar esta informacion, se define



la matriz espectral asociada a P de la siguiente manera:

wor= () 26)

Las matrices espectrales asociadas a las transformaciones de Darboux P y P son de la forma:
U(z) = So()Ws(2)S5(z), v ¥(x)=To(x)¥r(z)Ty(x),

respectivamente, donde Wg(x) y Wr(z) son transformaciones de Geronimus de la matriz espectral
original ¥(z) asociada a P, Sy(x) y Tp(z) son ciertos polinomios matriciales de grado 1 y S§(z) y
T (z) denotan a las matrices transpuestas conjugadas correspondientes. Los resultados de este capitulo
se publicaron en [32] y fueron la base para la tesis de maestria [38].

En el Capitulo 3 se investigan diferentes tipos de factorizaciones estocésticas. Especificamente, se
examina una factorizaciéon en la que un factor representa una cadena de nacimiento y muerte en Z
reflectante desde el estado 0, y el otro factor representa una cadena de nacimiento y muerte en Z
absorbente hacia el estado 0. Esta factorizacién se denota por P = PrP4, y se conoce como una
factorizacion reflectante-absorbente (RA). En este caso, para que este tipo de factorizacion sea posible,
habra dos pardmetros libres que deberan estar acotados por abajo por ciertas fracciones continuas.
De este analisis se derivan dos puntos importantes. Primero, en este caso, es necesario considerar a
la cadena de nacimiento y muerte con espacio de estados en Z descrita por P como un proceso cuasi
de nacimiento y muerte a tiempo discreto con espacio de estados en Zxo x {1,2}. Esto se logra al
reetiquetar los estados para obtener una matriz tridiagonal por bloques de tamano 2 x 2 denotada por
P. Después de este nuevo etiquetado, la factorizaciéon RA se convierte en una factorizaciéon UL por
bloques de la forma P = PrP,4. Esto nos permite extender algunos resultados utilizando técnicas
de la teorfa de polinomios ortogonales matriciales. Segundo, después de aplicar la transformacion de
Darboux, se obtiene una matriz tridiagonal por bloques de tamano 2 x 2, P = P4 Pg, cuyo proceso
visto como cadena de Markov en Z es “casi” una cadena de nacimiento y muerte, es decir, es una
cadena de nacimiento y muerte regular pero ademés afiadiendo probabilidades de transicién entre los
estados 1 y -1. Posteriormente, se encuentra que la relaciéon entre las matrices espectrales de P y P
esta dada por _

W(zr) = SoPy(x)SE, (1)

donde ¥y (z) es una transformacion de Geronimus de la matriz espectral original ¥(z) y Sp es la
matriz constante no singular de tamafio 2 X 2 que corresponde con la entrada por bloques (0,0) de
la matrix Pg. En la Seccion 3.3, se exploran las factorizaciones de tipo absorbente-reflectante (AR).
Para aplicar la factorizacion AR, es necesario comenzar con una “casi”’ cadena de nacimiento y muerte
con espacio de estados en Z como la descrita anteriormente. A pesar de que P no es tridiagonal, la
matriz equivalente P, después del reetiquetado, se convierte en una matriz tridiagonal por bloques,
y la factorizacion correspondiente, denotada por P = P4 Pg, es una factorizacion LU por bloques.
Después de la transformacion de Darboux, se obtiene una matriz tridiagonal por bloques P = PPy,
cuya matriz doblemente infinita P equivalente representa ahora una cadena de nacimiento y muerte
regular en Z. Las matrices espectrales correspondientes estaran relacionadas por una transformacion
de Christoffel de la forma R B B
U(z) =28, ' W (x)S;*,

donde §0 es la matriz constante no singular de tamafio 2 x 2 que corresponde con la entrada por
bloques (0,0) de la matrix Pr. En ambos casos (factorizaciones RA y AR), se aplican los resultados



a cadenas de nacimiento y muerte con probabilidades de transicién constantes. Los resultados del
Capitulo 3 estan incluidos en [33].

En el Capitulo 4, se analiza una cadena de nacimiento y muerte no trivial con espacio de estados
en Z, generada por los polinomios de Jacobi asociados. Estos polinomios pueden construirse a partir
de la relacién de recurrencia a tres términos que satisface la familia clasica de polinomios de Jacobi,
reemplazando n por n+t, con t € Ry n € Z. Es importante destacar que en 1999, F. A. Griinbaum
y L. Haine [23] calcularon la expresion explicita de la matriz espectral para los polinomios de Jacobi
asociados con soporte en el intervalo [0, 1] para ciertos valores de los parametros involucrados. Con
base en estos resultados, se establecen condiciones bajo las cuales la familia de polinomios de Jacobi
asociados genera una matriz estocastica tridiagonal doblemente infinita P. De hecho, la matriz P
serd estocéstica si se elige t dentro de cierta uniéon numerable de intervalos reales que dependen de los
parametros de la familia clasica de polinomios de Jacobi, a y 8. En este contexto, se investigan todas
las posibles factorizaciones estocésticas, junto con las transformaciones de Darboux discretas y las
matrices espectrales correspondientes. En este caso, las factorizaciones estocasticas de tipo UL y LU
resultan tinicas, mientras que la factorizacion estocastica RA no sera posible. Aplicando los resultados
del Capitulo 2, se encuentra que la matriz espectral de la transformacion de Darboux ¥(x) para el
caso UL es la misma que la matriz espectral original ¥(z), pero reemplazando el parametro « por
a — 1. En cuanto al caso LU, se tiene que la matriz espectral de la transformacién de Darboux \il(x)
es de la forma
(x)

U (z) = Ty(x) "

Ty (@),

donde Ty(x) es cierto polinomio matricial de grado 1. Para concluir el capitulo, se aplican los resultados
al estudio de un modelo de urnas en los enteros, correspondiente a la familia de polinomios de Jacobi
asociados. Los resultados de este capitulo se encuentran publicados en [35].

Finalmente, en el Capitulo 5, se exploran las cadenas de nacimiento y muerte en una estructura
conocida como grafo arana, que es un grafo compuesto por N lineas rectas en el plano, llamadas
piernas, unidas en el origen, denominado cuerpo de la arana. Este proceso puede ser identificado como
un proceso cuasi de nacimiento y muerte a tiempo discreto en el espacio de estados Z>g x {1,2,..., N},
representado por una matriz de transicion de probabilidades tridiagonal por bloques P. Se demuestra
que para este proceso siempre existe una matriz espectral ¥(z) de tamano N x N soportada en el
intervalo [—1, 1] asociada a P, junto con algunos resultados para calcular la transformada de Stieltjes
correspondiente. Luego, se examinan las condiciones bajo las cuales es posible obtener una factorizacion
estocéastica de tipo RA. Esta factorizacion puede ser vista como una factorizacion estocéstica de tipo
UL por bloques de la matriz P. Dada la estructura de P, se tienen N pardmetros libres, cada uno
de los cuales debera estar acotado por debajo por cierta fraccién continua. Ademaés, se investiga la
transformaciéon de Darboux discreta, que produce nuevas familias de “casi” cadenas de nacimiento
y muerte en el grafo arana, lo que implica que habra nuevas probabilidades de transicién entre los
primeros estados de cada pierna. La matriz espectral asociada a la transformacion de Darboux seréa
una transformacion de Geronimus de la matriz espectral original como la de que aparece en (1). Al final
del capitulo, se aplican los resultados al estudio de la caminata aleatoria en el grafo arana, asumiendo
probabilidades de transicién constantes. Los resultados del Capitulo 5 se encuentran publicados en
[34].



Introduction

The connection between birth-death chains and orthogonal polynomials is widely acknowledged in the
mathematical community. Early pioneers in this field such as D. G. Kendall [43], W. Ledermann and
G. E. H. Reuter [45], and S. Karlin and J. McGregor [39, 40, 41], made groundbreaking contributions
by finding spectral representations of birth-death chains in the 1950s. The fundamental connection is
based on the fact that the one-step transition probability matrix P of a discrete-time birth-death chain
{X;:t=0,1,...} on Z>o = {0,1,2,...}, is a semi-infinite tridiagonal stochastic matrix, allowing us
to apply the spectral theorem to find the corresponding spectral measure associated with the process.
In this context, the Karlin-McGregor integral representation formula computes the n-step transition
probabilities Pi(f) =P(X,, = j|Xo = 1) in terms of a spectral measure and the corresponding family of
orthogonal polynomials. It also provides valuable insights into the understanding of several important
probability aspects of birth-death chains such as recurrence, absorption or limiting properties. Since
the seminal works of S. Karlin and J. McGregor, numerous authors like M. E. H. Ismail, D. Masson,
G. Valent, E. A. van Doorn, H. Dette or P. Flajolet, to mention a few, have contributed to expanding
the connection between orthogonal polynomials and birth-death chains (see [5, 6, 9, 10, 16, 36, 44]).
A couple of references containing these and other results can be found, for instance, in [8, 47].

This thesis focuses on exploring different types of stochastic factorizations of the one-step transition
probability matrix P of a birth-death chain. The study of factorizations of transition probability
matrices or infinitesimal operators of Markov chains is not new. Previous authors, like W. K. Grassman
[17], D. P. Heyman [29], or V. Vigon [49], have explored Markov chains under different conditions and
decompositions into factors, including triangular or diagonal factorizations and the relation with the
Wiener-Hopf factorization. In this thesis, we focus on the UL and LU stochastic factorizations of
birth-death chains. Our work builds upon the foundations laid by F.A. Griinbaum and M. D. de la
Iglesia in [24]. The key distinction in UL and LU stochastic factorizations lies in their specific approach
to decompose the matrix P into the product of two stochastic matrices: Py, an upper bidiagonal
matrix, and Py, a lower bidiagonal matrix. From a probabilistic point of view, this factorization can
be interpreted as the composition of two birth-death chains: first, a pure-birth process associated with
Py, followed by a pure-death process associated with Py, or viceversa. This approach was used in [24]
for birth-death chains with state space on the nonnegative integers Zxq, where the authors also explored
the discrete Darboux transformation, which involves inverting the order of multiplication of the factors.
For the UL case, i.e. P = Py P, this Darboux transformation leads to a new tridiagonal stochastic
matrix denoted by P = P, Py, which describes a whole family of birth-death chains depending on one
free parameter. The spectral measure associated with P and the spectral measure associated with P
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are related through what is known as a Geronimus transformation, which, in this situation, consists
of dividing by z the original spectral measure and adding a Dirac delta at the point z = 0. On the
other hand, the LU factorization P = PPy is unique. Additionally, the spectral measure of P and
the Darboux transformation P = Py Py, are related through a Christoffel transformation, which, in
this situation, consists of multiplying by = the original spectral measure.

The main goal of this thesis is to analyze different types of stochastic factorizations and Darboux
transformations of discrete-time birth-death chains on the whole set of integers Z = {...,—1,0,1,...},
as well as other state spaces like the spider graph. As we will explain below, our main contributions will
consist of obtaining conditions under which we can ensure different types of stochastic factorizations,
and after that, exploring the relation between the spectral measures of the original processes with the
corresponding Darboux transformations. A significant contribution of our research is the derivation
of the explicit expression of the spectral matrix in several examples. This achievement enables us
to compute the n-step transition probability matrix of the corresponding birth-death chain using the
Karlin-McGregor integral representation formula. Additionally, we are able to describe other important
properties such as recurrence and the invariant measure for some specific cases.

Chapter 1 begins with a concise introduction to the theory of orthogonal polynomials and covers
some very useful relations concerning the Stieltjes transform, which proves to be a very powerful tool for
computing the spectral measures in subsequent examples. Furthermore, we provide a brief introduction
to the theory of Markov chains, including the spectral analysis of discrete-time birth-death chains on
Z>o and on Z. We also introduce the concept of quasi-birth-and-death processes which are processes
acting on the two-dimensional state space Z>g x {1,2,...,N} for N € Z>1, and transitions are only
possible between adjacent states of the first component. The spectral analysis of these processes was
considered in [7, 18] and are very closed related to the theory of matriz-valued orthogonal polynomials
of size N x N. Towards the end of the chapter, we present a review of the results appearing in [24]
about UL and LU stochastic factorizations and Darboux transformations for discrete-time birth-death
chains on Zx>g.

In Chapter 2 we extend the results of [24] by changing the state space from Zx>( to Z. It is interesting
to observe that, in this case, both UL and LU stochastic factorizations depend on one free parameter. In
both cases, the existence of the stochastic factorization can be ensured if the free parameter is bounded
from above and from below by certain continued fractions. In the spectral analysis, a slight modification
is necessary since a doubly infinite stochastic matrix P gives rise to three spectral measures supported
on the interval [—1, 1], denoted by ¢, g with a, 8 = 1, 2. Here, 111(z) is a probability measure, 122(x)
is a positive measure, and 12 is a signed measure (¢12 = 121 due to the symmetry). To capture this
information, we define the spectral matriz associated with P as follows:

_ (Yu(z) Yia(w)
‘”’”(wi;(x) wi@)‘

The spectral matrices associated with the Darboux transformations P and P are of the form
U(z) = So(z)¥s(x)Si(x), and W(z) = Tp(z)¥r(2)Ty (z),

respectively, where Wg(z) and Wr(x) are Geronimus transformations of the original spectral matrix
W(z) associated with P, So(z) and Tp(x) are certain matrix polynomials of degree 1 and S§(x) and
T5(x) denote the corresponding Hermitian transposes. The results of this chapter are published in



[32] and were the basis of the master’s thesis [38].

In Chapter 3 we investigate different types of stochastic factorizations. Specifically, we examine a
factorization where one factor represents a reflecting birth-death chain on Z from the state 0, and
the other factor represents an absorbing birth-death chain on Z to the state 0. This factorization is
denoted by P = PrP4, known as a reflecting-absorbing (RA) factorization. In this case, in order
to have this kind of factorization, there will be two free parameters which need to be bounded from
below by certain continued fractions. Two crucial points arise from this analysis. First, we need to
consider the birth-death chain on Z described by P as a discrete-time quasi-birth-and-death process
on Zso x {1,2}. This is achieved by relabeling the states to obtain a 2 x 2 block tridiagonal matrix
denoted by P. After this relabeling, the RA factorization becomes a UL block matriz factorization
of the form P = PrP4. This allows us to extend some results using techniques from the theory of
matrix-valued orthogonal polynomials. Second, after applying the Darboux transformation, we obtain
a 2 x 2 block tridiagonal matrix P = P4 Ppr, which process seen as a Markov chain on Z is an “almost”
birth-death chain, i.e., a regular birth-death chain but introducing additional probability transitions
between states 1 and -1. Following our procedure, we discover that the relation between the spectral

matrices of P and P is given by _
¥(z) = SoWu(z)Sg, (1)

where Wy (x) is a Geronimus transformation of the original spectral matrix ¥(x) and Sy is the 2 x
2 nonsingular constant matrix located at the block entry (0,0) of Pgr. In Section 3.3, we explore
absorbing-reflecting (AR) factorizations. Here, in order to apply this AR factorization, we need to
start with an “almost” birth-death chain on Z as the one described above. Despite P not being
tridiagonal, the equivalent matrix P after relabeling becomes a block tridiagonal matrix, and the
corresponding matrix factorization, denoted by P = P4 Pr, an LU block matrix factorization. After
the Darboux transformation, we arrive at a block tridiagonal matrix P = PrPy4, which equivalent
doubly infinite matrix P represents now a regular birth-death chain on Z. The corresponding spectral
matrices will be related by a Christoffel transformation of the form

~

U(z) =28, W (x)S; ™,

where Sj is the 2 x 2 nonsingular constant matrix located at the block entry (0,0) of Pg. In both
cases, RA and AR factorizations, we apply our results to birth-death chains with constant transition
probabilities. The results from Chapter 3 are included in our work [33].

In Chapter 4 we analyze a nontrivial birth-death chain on Z generated by the associated Jacobi
polynomials. These polynomials can be constructed from the three-term recurrence relation satisfied
by the classical family of Jacobi polynomials, but replacing n by n+t, with ¢ € R and n € Z. Notably,
in 1999, F. A. Griinbaum and L. Haine [23] computed the explicit expression for the spectral matrix
of the associated Jacobi polynomials supported on the interval [0, 1] for certain special choice of the
parameters. Building upon these results we establish conditions under which the family of associated
Jacobi polynomials gives rise to a doubly infinite tridiagonal stochastic matrix P. In fact, we will
see that the matrix P is stochastic if we choose t inside a certain countable union of real intervals
depending on the parameters of the classical family of Jacobi polynomials, o and . In this context, we
investigate all the possible stochastic factorizations, along with the discrete Darboux transformations
and the corresponding spectral matrices. In this case, the UL and LU stochastic factorizations will be
unique while the RA stochastic factorization will not be possible. Applying the results of Chapter 2
we find that the spectral matrix of the Darboux transformation ¥(x) for the UL case is the same as



the original spectral matrix ¥(z) but replacing the parameter o by a— 1. As for the LU case we have
that the spectral matrix of the Darboux transformation W(x) is of the form

=~ W(2)
¥(2) = T () Y 1 ),

where Tp(x) is certain matrix polynomial of degree 1. To conclude the chapter we apply our results
to the study of an urn model on the integers corresponding with the family of associated Jacobi
polynomials. The results of this chapter are published in [35].

Finally, in Chapter 5, we explore birth-death chains on a spider, which is a graph consisting of
N discrete half lines on the plane, called legs, joined at the origin, called body of the spider. This
process can be identified with a discrete-time quasi-birth-and-death process on the state space Zx>¢ x
{1,2,..., N}, represented by a block tridiagonal transition probability matrix P. We prove that for this
process there always exists an N x N spectral matrix W(z) supported on the interval [—1, 1] associated
with P along with some results to compute the corresponding Stieltjes transform. After that, we
examine the conditions under which we can get an RA stochastic factorization. This factorization can
be seen as a UL block stochastic factorization of the matrix P. Given the structure of P, we will
have N free parameters, each of which must be bounded from below by certain continued fraction.
Additionally, we investigate the Darboux transformation, which yields to new families of “almost”
birth-death chains on a spider, meaning that there will be new transition probabilities between the
first states of each leg. The spectral matrix associated with the Darboux transformation will be a
Geronimus transformation of the original spectral matrix of the form (1). At the end of the chapter
we apply our results to the random walk on a spider, assuming constant transition probabilities. The
outcomes of Chapter 5 are presented in our publication [34].



CHAPTER 1

Preliminaries

In this preliminary chapter we introduce essential notions of the theory of orthogonal polynomials
related to the study of discrete-time birth-death chains. Our goal is to provide a general context for
the existing results in this theory and prepare the reader with the necessary tools to understand the
generalizations developed in the subsequent chapters. The primary motivation for approaching the
study of discrete-time birth-death chains from the perspective of spectral theory is the fact that the
tridiagonal structure of the one-step transition probability matrix gives rise to a family of orthogonal
polynomials in a very natural way. These polynomials will be orthogonal with respect to a specific
measure known as the spectral measure. Once we obtain the spectral measure, it is possible to analyze
the corresponding chain and to describe important probabilistic properties such as recurrence or the
invariant measure.

We begin Section 1.1 by providing essential definitions about orthogonal polynomials. Additionally,
we establish the connections between the spectral measure and the Stieltjes transform. Moving on
to Section 1.2, we introduce the concept of a Markov chain and explore some of its properties. In
Section 1.3, we establish the relation between discrete-time birth-death chains with state space on
Z>( and orthogonal polynomials. In this scenario, the matrix P takes the form of a semi-infinite
tridiagonal stochastic matrix. By usign this structure, we not only derive some probabilistic properties
of the process but also compute the n-step transition probabilities using the Karlin-McGregor integral
representation formula, first introduced in [41]. We extend this analysis to birth-death chains with
state space on Z in Section 1.4, and we study their connection with quasi-birth-and-death processes in
Section 1.5 . Finally, in Section 1.6, we review the UL and LU stochastic factorizations of birth-death
chains with state space on Zx>y and explore the example of the birth-death chain generated by the
classical family of Jacobi polynomials.

1.1 Orthogonal polynomials

In this section we give some important concepts and properties about orthogonal polynomials with
the intention to introduce the reader to the main tool to perform the spectral analysis of birth-death



chains. We will focus on the results that will play an important role during the analysis of the different
examples presented along this thesis. The theory of orthogonal polynomials has been widely studied
and the bibliography on this topic is extensive. This section is mainly based on [8, Chapter 1].

Let us start by defining the concept of orthogonal polynomials. For that, we consider ¢ a positive
Borel measure with support on & C R and assume that the moments

Uy, = / 2"dy(x), n >0,
S

exist and are finite. Typically we normalize the measure such that pg = 1, i.e., 9 is a probability
measure. Consider the Hilbert space L?/, (S) of all measurable functions f such that ||f Hi < oo with
the inner product

(1o = [ rgl)aia).
If S is a countable set, we denote the Hilbert space as K?p (S).

Definition 1.1.1. A sequence (p,(2))n>0 is a sequence of polynomials if each element is a polynomial
of degree n in the variable .

Definition 1.1.2. A sequence of polynomials (p,(x))n>0 is orthogonal with respect to the measure ¢
if

(0ol@). 22y = [ pol@pa(@)db(a) = b
where ¢2 > 0, ¢, = ||pn||y is the norm of the polynomial p,, and d,,, is the Kronecker delta.

If the norm is always equal to 1, we say that the polynomials are orthonormal. For this section we
will denote this family as (P, )n>0. It is very well known that every family of orthogonal polynomials
satisfies a tree-term recurrence relation of the form

p-1= 07 Do = 17 xpn(x) = ananrl(x) + bnpn(x) + Cnpnfl(w)v n Z 17

where
(ZPns Prt1)w (P Pn)w (XPns Pr—1)w

anzi = ———— Cc,, =

(pn+1apn+1)¢ ’ " (pnapn)w ’ " (pn—lapn—l)w .

The orthonormal polynomials satisfy the three-term recurrence relation
P1=0, Py=1, 2P,(x)=anPri1(x)+b,Pp(z)+an_1Pr_1(x), n>1,

with a, > 0 and b, € R. The three-term recurrence relation is one of the main characteristics
of the orthogonal polynomials and it is possible to write it in matrix form. If we define P(z) =
(Py(x), Pi(x),...)T and
b() ap 0 0
aq b1 aq 0 e
J = 0 a2 b2 a2 P

then we have that
zP(x) = JP(x).



Note that the matrix J is a semi-infinite tridiagonal symmetric matrix also known as Jacobi matriz.
Observe that the structure of this matrix is similar to the one-step transition probability matrix of a
discrete-time birth-death chain (see Section 1.2 below). We will precisely take advantage of this fact
to develop the spectral analysis of this type of Markov chains.

There is a direct relation between the Jacobi matrix J and the measure . Indeed, since we have
that 2" P(z) = J"P(x), then multiplying by P(z)T on the right and integrating over S with respect
to the measure 1, it is easy to see that

/S 2" Py(x) P, Z / Py (2) Py () dip () =

This relation gives an integral representation of the (i,7) entry of the powers of J in terms of the
corresponding orthogonal polynomials. In particular, it is possible to compute the moment ., of the
measure ¢ by taking J,. This identity can be extended to any analytic function defined on S of the

form f(z) =3_,5qcna™ as

/Sf(ﬂf)Pz x

As we will see below, it is possible to obtain more relations between these two objects.

Z/ et Py =Y el = f(D)is. (1.1.1)

n>0 n>0

Definition 1.1.3. The Stieltjes transform of a measure v is defined by

dy(z
B(z;%) :/ i ), z€ C\R.
RL—Z
This transform is related to the generating function of the moments of the measure since we have
that

o0

1 1 B Lin
Bz¢) = _;/]R l—z/z B _72/ i@ Zntl’

n=0

There is a formula which allows us to calculate the measure 1 from its Stieltjes transform.

Proposition 1.1.4. Let 1 be a probability measure with finite moments and B(z;1) its Stieltjes
transform. Then

b b
/ dfe) + 3o({a)) + (D) = %E{{}/ ImB(x + i€ ) da, (1.1.2)

where ¥({a}) > 0 is the magnitude or size of the mass at an isolated point a. If the measure is
absolutely continuous with respect to the Lebesgue measure at a then ({a}) = 0.

A proof of this proposition can be found in [8, Proposition 1.1]. Equation (1.1.2) is known as the
Perron-Stieltjes inversion formula. When the measure is absolutely continuous with respect to the
Lebesgue measure, i.e., di)(z) = ¢ (x)dx, we have

P(x) = *hmImB(x_FZe V) = h B(x 4 ie;vp) — B(x — ie; 1/})
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For measures with an absolutely continuous part and a discrete part, we can compute the isolated
points a such that ¢ ({a}) > 0 since they satisfy

li&llmB(a +ie;9) = 00



and the size of the jump at x = a as follows

Yv({a}) = 13fgeImB(a +i€;p) > 0. (1.1.3)

Another important concept is the n-th associated polynomials generated by the matrix resulting from
removing the first n + 1 columns and rows from J. For the case where n = 0 we have the following
important results.

If we consider the function f(z) = (1 — zx)~! with z € C\ S, from (1.1.1) we have the following
relation between the matrix J and the generating function of the measure :

=258 = [ {2 v = [ D5

n>0

where [ is the identity matrix. In terms of the Stieltjes transform of ¥ and J we have that

1 1
I—z))yd =——B( =0 ).
(I = 2J)g0 > (Zﬂ/’)
Theorem 1.1.5. Let J©) be the matriz built by removing the first column and row from J. Then we

have
1

I—2J) = :
(= =)o 1—boz — adz2(I — 2zJ )y

The proof of this theorem can be found in [8, Theorem 1.5|. If we assume that 1 is positive and
there is a positive measure ¥(°) associated to J(©) then, from the previous theorem, we have

/dw):: 1
rRl—2z d©O(z)’
1— by 2 [ &Y W)
o %ZA

1—2z
which relates the generating functions of the moments of the measures v and ¥(°). Using the definition

of the Stieltjes transform, we have

1
z—bg+ a2B(z;9)’

B(z;9) = (1.1.4)
Another way to generate the 0-th associated polynomials is by taking the sequence (P,(x))n>0 and
changing the initial conditions to

PO@) =0, P =1/a.

0)

Note that this change makes the degree of the polynomial P,S equal to n — 1. This family has the

following integral representation

PO (x (/P P )wm) n > 0.

Finally for this section we state the spectral theorem. The spectral theorem is a very well known
result specially in the areas of linear algebra and functional analysis. There are different versions of
this theorem but the general idea is to identify a class of linear operators that can be modeled by



multiplication operators. In a finite-dimensional vector space, every linear operator can be represented
by a matrix. This is why in linear algebra the spectral theorem gives us conditions under which a
matrix can be diagonalized, i.e., it can be represented as a diagonal matrix in some basis. In this case
it is essentially enough to analyze the eigenvalues of the matrix also known as the spectrum.

In the infinite dimensional case the situation is more complicated. We will focus on the version for
Hilbert spaces with an inner product where we can apply the spectral theorem to self-adjoint operators
and find a representation in terms of projection operators. Let us consider a self-adjoint operator A
defined on a Hilbert space H. There is a measure 1 on a measurable space S and a unitary operator
U:H — L7(S) such that

(AU f)(x) = F(z) f(2),
for some measurable and bounded real function F' on S. In the context of orthogonal polynomials,
this result is known as Favard’s theorem.

Theorem 1.1.6. Let J be a bounded Jacobi operator. Denote by (en)n>0 the orthonormal canonical
basis for (?(Z>). Then there exists a unique probability measure 1 supported on a real compact interval
such that for every polynomial P, the map U : P(J)eq — P extends to a unitary operator (*(Z>o) — pr
such that UJ = MU, where M : L7, — L3 is the multiplication operator (M f)(z) = zf(x). Moreover,
the sequence P, = Ue,, is a set of orthonormal polynomials with respect to 1. Therefore, the operator
J can be diagonalized in the following way:

UJUT f)(@) = (M f)(z) =f(z), feLi.

If we start from the symmetric tridiagonal Jacobi matrix J which is self-adjoint in the Hilbert
space (?(Z>o), the previous theorem provides us with a measure ¢ and a complete orthonormal basis
in Li (8) formed by the sequence of orthonormal polynomials P,. Two different ways to prove the
spectral theorem can be found in [8, Section 1.3].

1.2 Discrete-time Markov chains

Let (Q,F,P) be a probability space and let us consider a discrete-time stochastic process {X,, :
n = 0,1,...} with state space S satisfying the following property for all n > 0 and any states
10501y eevsln_15%,7] €S

P(XnJrl = .7|XO = Z.07)(1 = i17. .. 7Xn71 = Z'nfl;—Xvn = Z) = P(Xn+1 = Jan = Z) = Pirjb')n+1~

This last relation is known as the Markov property and for i,j € S are the one-step transition
probabilities. A stochastic process with the previous property is called a discrete-time Markov chain
or simply a Markov chain. The state space S can be a finite collection of discrete points, the space of
nonnegative integers Zx>( or the whole set of integers Z. We will assume S = Z> in this section.

In general, there is no restriction for the transition probabilities. However, in this thesis we will
work with homogeneous Markov chains, i.e., the one-step transition probabilities does not depend on
n and can be written simply as P;;. Note that there is a one-step transition probability for each pair
of states in S, so it is usual to represent these probabilities as the following matrix:

n,n+1
Pij

Po Po1 FPor
Py Pii Pro
P=1pPy Py Po ..|>



also known as the one-step transition probability matriz of the Markov chain and it is a stochastic
matrix, i.e., it satisfies the following properties

Py >0, foralli,je€S and ZPijzl, for alli € S.
§=0

Definition 1.2.1. We say that the state ¢ is absorbing if once the Markov chain reaches it, it becomes
impossible to transition to any other state, i.e., P;; =1 and P;; = 0 for all j # 1.

A Markov chain is characterized by a state space, a transition probability matrix and an initial
distribution across the state space. We also can define the n-step transition probabilities as

P =P(X, =j|Xo=1i), foralli,jeS.

1,9

These probabilities form the following matrix

called the n-step tramsition probability matriz. For each pair of states, we can compute the n-step
transition probabilities using the Chapman-Kolmogorov equations:

PO =S PRI ijeS, 0<r<n.
keS

As a consequence of the last equation we have that
P(n) — p".
Therefore, the n-step transition probability matrix satisfies the following property:
Pl=1, PO =p poth_prp_ ppr),

One can describe different properties of the Markov chain through the transition probabilities. For
example, there is a classification of the states depending on the possible transitions. We say that the
state 7 € S is accesible from state 7 € S if there is an n € Z>q such that Pi(;l) > 0. We denote this
property as i — j. If we have that ¢ — j and j — 4, then we say that ¢ and j are communicated
and we denote this as i <+ j. The property of communication is, in fact, an equivalence relation that
induces a partition of the state space & which equivalence clases are called communication clases. We
denote the communication class of i € S by C(i). Therefore, i <> j if and only if C(i) = C(j).

Definition 1.2.2. A Markov chain is irreducible if the equivalence relation induces only a single
communication class, i.e., C(i) = S for all i € S. This means that all states in & communicate with
each other.

Definition 1.2.3. The period of a state i, denoted by d(¢) is defined as the greatest common divisor

of all positive integers such that Pi(in) > 0, that is,

d(i) =ged{n >1: Pl(ln) > 0}.



If d(i) = 1 then we say that the state i is aperiodic. If d(i) = k > 2, we say that the state i has
period k. If all the states of a Markov chain are aperiodic, i.e., d(i) = 1 for all i € S, we say that the
Markov chain is aperiodic.

Definition 1.2.4. The first passage time probability fi(;z) is the probability that, starting in state 7,
the Markov chain reaches the state j for the first time in exactly n steps, that is

F = P(X, =, X £im=1,2,...,n— 1|Xo = 9).

]

Note that f;; (") denotes the probability of returning to the state i for the first time. We can compute
the probability of an eventual visit from the state ¢ to the state j as

fij = Z fz(]n)-

n=1
Definition 1.2.5. The state i € S is recurrent if f;; = 1. The state ¢« € S is transient if f;; < 1.
Definition 1.2.6. The first passage time to the state j is given by

T; = min{n > 1|X,, = j}.

Then the first passage time probability and the first passage time are related by fi(]m =PI, =

)

n|Xo = 1), and these probabilities are related to the probabilities Pl-(;I by the formula

P(” Z (nk, n>1.

Definition 1.2.7. The generating functions associated with Pi(jn) and fi(]n) are given by

oo
Zp(" s, Fij(s) = Zfi(;)s", ls| < 1.
n=0
These generating functions are related by

Pij(s) = Fij(s)Pj;(s), i #Jj,
Pii(s) = 1+ Fii(s) Pi(s).

Therefore, from the previous relations we can also say that the state 7 is recurrent if and only if

> Pi(i") = oo and transient otherwise. Note that if ¢ is recurrent and ¢ <+ j, then j is recurrent.
The same occurs with the transience property.

Definition 1.2.8. The first passage time from the state i to the state j is given by
Tij = mll’l{'fl Z O‘Xn = j, X() = Z},
while the mean recurrence time is given by

pij = E[T3;].



If ¢ = j, then we simply write pu;.

Definition 1.2.9. If u; = oo, the state 4 is called null recurrent. If p; < oo, the state ¢ is called
positive recurrent or ergodic.

To state some limiting properties of the Markov chains, we need the following definition.

Definition 1.2.10. The vector m = (7;);es is an invariant or stationary vector for the Markov chain
if
m; >0, forallieS and 7nP =m.

If we can normalize this vector in such a way that it is a probability distribution, i.e., >, ¢ m =1,
then we call it an ‘nvariant or stationary distribution.

Finally, we are going to state two very well known results on the convergence of Markov chains.

Theorem 1.2.11. If a Markov chain is irreducible and aperiodic, then the invariant distribution exists
and it is given by
lim Pl-(;) =m;, foralli,jes.
n—oo
Theorem 1.2.12. If a Markov chain is irreducible, positive recurrent and aperiodic, then the invariant
distribution exists and it is given by
1

— 1 (n) _
=R =

and it is the only solution to the system P = 7 subject to ) ;g™ =1 and m; > 0 for alli € S.

The theory of Markov chains has been widely developed for both, discrete and continuous time as
well as for countable and continuous or general state spaces. For more results on this topic we refer
the reader to [42, 46].

1.3 Discrete-time birth-death chains on Z-

In the following chapters we are going to study a special case of discrete-time Markov chains called
birth-death chains or random walks. Therefore, in this section we will state some general results about
this particular process. These results will prove to be very useful later. From now on we will use
the term discrete-time birth-death chain, or simply birth-death chain, since random walks are usually
understood as discrete-time birth-death chains with constant transition probabilities.

Roughly speaking, a discrete-time birth-death chain is a Markov chain with countable state space
S that at each step can move +1 or —1, i.e., the process can move from state i to state j only if
|i —j] < 1. Let us consider {X; : t = 0,1,...} an irreducible birth-death chain with the state space
on Z>,. Then the transition probability matrix P is given by the following semi-infinite tridiagonal
matrix

bo an 0 0
C1 b1 aq 0 ce
P=10 ¢ by ay ---|> (1.3.1)



where ag + by = 1 and a, +b, + ¢, =1 for all n > 1 and an,cpp1 > 0,0, > 0 for all n € Z>o.
Observe that P is a tridiagonal or Jacobi matrix (see Section 1.1). A diagram of the birth-death chain
described by P is given in Figure 1.1.

by by by by
') -.“0 ) -.“1 ) -.“’ D) :”3
R c, X cy

Figure 1.1: Diagram for a discrete-time birth-death chain with state space on Zx.

Definition 1.3.1. Let (m,)n>0 be a solution of the symmetry equation 7P = w for P defined in
(1.3.1). Then (7,)n>0 is called the sequence of potential coefficients of P and it is given by
apay - Gp—1

m=1 m,=——"",> mn2>1
Clcz...cn

Notice that (7p)n>0 is an invariant vector of the birth-death chain and it will be a distribution if
Yoo o T < 0.

Now, there is an important representation formula concerning the spectral measure associated to
P. To derive it, we need to define the polynomials Q(x) = (Qo(x),Q1(z),...)T as a solution of the
eigenvalue equation zQ(x) = PQ(z). This polynomial family is given by

Qo(z) =1, Q_1(x) =0,
rQo(z) =aoQ1(z) + boQo(7), (1.3.2)
Z’Qn(QT) :anQn-f—l(m) + ann(x) + CnQn—l(x)y n Z 1.

If we consider the matrix P as an operator acting in the Hilbert space (2(Zx>o) = {(n)nez.,
S0 o lan|?m, < oo}, as follows:

(Pf)n :anfnJrl"‘bnfn"‘Cnfnfla f Ggi(ZZO)a

where the sequence (m,)n>0 is given by Definition 1.3.1, then, P gives rise to a self-adjoint operator
of norm < 1 that we are going to call also P (see [8, Lemma 2.4]). Note that in the following four

equations we are abusing the notation since P represents a self-adjoint operator. Let us define the
(@

vector e, i > 0, as the vector with entries ej) = 0;;/m;, where ¢;; is the Kronecker delta. Then we

have
Peld = 1/mi(0,.... g 1,biscis1,0,...)7 and Prel) = (BRI PR, n>1
k3 goe ey i—13Ug5Ci41,Yy 00 T Oj7 137"'7 .
J
Then
) T 7 — kj i ; (%]

Also, using the three-term recurrence formula (1.3.2) and induction, it is possible to prove that
Qn(P)e® = (™) Therefore we have

P = mi(Pel), ) = (P Q;(P)e®, Qi(P)e®)r = i (P"Q; (P)Qs(P)e®, &)y,

j



Using the spectral theorem (Theorem 1.1.6) we know that there exists a probability measure
supported on the interval [—1, 1] such that

1
[1 f(@)dip(z) = (f(P)e® e®),.

The support of ¢ is a consequence of the Perron-Frobenius theorem (see [30, Theorem 8.4.4]) since P
is self-adjoint in ¢2(Zx¢) and all eigenvalues of P are contained inside the unit circle.

Therefore we obtain the so-called Karlin—-McGregor representation formula for birth-death chains
on Zs,:

1
PP = [ " Qua)Qs()dvo) (13.4)
-1
Let us highlight that if we take n = 0 in the previous equation we get
1 5
[ @@ =2, (1.35)

where 9;; is the Kronecker delta.

Therefore, the polynomials defined by (1.3.2) are orthogonal with respect to the measure 1. We
know the family (Q,(x))n>0 as the family of orthogonal polynomials associated with P and 1 as the
spectral measure associated with P. For more details on this topic see [8, Section 2.2].

As a matter of fact, in the 1950s, S. Karlin and J. McGregor [39, 40, 41] studied continuous-time
birth-death processes and subsequently, the case of discrete-time birth-death chains. This series of
papers represented the beginning of the study of the relation between orthogonal polynomials and
stochastic processes. S. Karlin and J. McGregor derived equation (1.3.4) for the n-step transition
probabilities in [41] and showed its usefulness in the study of properties such as recurrence and
transience in the following theorem.

Theorem 1.3.2. Consider {X; :t=0,1,...} a discrete-time birth-death chain with one-step transition
probability matriz P given by (1.3.1) where ag+bg =1 (i.e., 0 is a reflecting state). Then the following
are equivalent:

o The birth-death chain is recurrent.

./1 ) _
g l—2

1
. Zanﬂ-n = 0.

n=0

In addition, the following are equivalent

e The birth-death chain is positive recurrent.

—1
(oo}

o The measure ¥ has a finite jump at x = 1 of size (Z 7rn> .
n=0



o0
° E T < OQ.
n=0

Remark 1.3.3. In a similar way to the context of orthonormal polynomials, in the context of birth-death
chains we have the concept of the k-th discrete-time birth-death chain which transition probability
matrix is generated by eliminating the first & + 1 rows and columns of P given by (1.3.1). The case
with k = 0 is particularly useful as it will help us to compute the spectral measure for later examples.
Let us denote 9(9) the spectral measure associated with the 0-th birth-death chain. Then we have

1
z— by + ape1 B(z;9(0)

B(z;¢) = —

Note that this equation is very similar to (1.1.4) with the difference that P here is not necessarily a
symmetric matrix.

1.4 Discrete-time birth-death chains on 7Z

In this section we will describe a discrete-time birth-death chain in a similar way that in the previous
section but now considering as state space the whole set of integers Z. These processes are also known
as bilateral birth-death chains. We will follow the last section of [8, Chapter 2] and [41]. Note that in
this section we are going to use the same notation for the same concepts as in the previous section but
with indices in Z instead of Zx.

Let us consider {X; : t = 0,1, ...} an irreducible discrete-time birth-death chain with state space on
the integers Z with transition probability matrix P given by

C_1 b_1 a_1
P = Co bo ag . (141)
C1 b1 ay

Note that, for this case, the matrix P is a doubly infinite tridiagonal stochastic matrix. Then all
entries are nonnegative and
cn+b,+a,=1, neZ.

Since the process is irreducible, then we have that 0 < a,, ¢, < 1,n € Z. A diagram of the birth-death
chain described by P is given by Figure 1.2

b_, b_, by b, b,
a:s O . 0 . 0 .Ian 0 .i 0 :
c, [ o c c c3

Figure 1.2: Diagram for a discrete-time bilateral birth-death chain.

The behavior of this birth-death chain is characterized by the potential coefficients.



Definition 1.4.1. Let (m,),cz be a solution of the symmetry equation 7P = 7 for P defined in
(1.4.1). Therefore (7, )nez is called the sequence of potential coefficients of P and it is given by

apay -+ Ap—1 CoC—1 " C_n+1
=1 m=— 7"_p=— n=>1
C1C2 - Cp aG-10-2"" Q_p

In other words, (7,)nez is an invariant vector of P. Now we consider the eigenvalue equation
2Q(z) = PQ(x),

where Q(x) = (...,Q_1(x), Qo(z),Q1(x),...)T. It turns out that for each x real or complex there are
two polynomial families of linearly independent solutions, so we have Q% (x) for « = 1,2,n € Z. Each

of the solutions depends on the initial values at n = —1 and n = 0 and they are given by
QLi(x) =0, Q% (z)=1, (1.4.2)

rQn(r) = anQpn i1 (x) +0,Qp (2) +cnQy_1(x), n€Z, a=1,2.

It is easy to see that the degree of the previous polynomials depends on n as follows
deg(QL(z)) =n, n>0, deg(Qi(z))=n—-1, n>1,
deg(Q', ((x)=n—1, n>1, deg(@Q*, ,(z))=n, n>0.

Also, it is possible to compute the leading coefficients of the polynomials (Q%(x))nez, @ = 1,2. First,
from the three-term recurrence relation (1.4.2) we have

z— by, Cn
7o) =2 nw) - s )
a z—by a An o
n71($): p Qn(‘r)_7 n+1(x)‘

Now we define R} and L} as the leading coefficient of Q}(x) and Q1 ,,_; (), respectively. Then we get

1
R(%:l, R}lzi, n>1,
apay -+ Gp—1

a1
t.o=0 It =--" > 1.
-1 > n—1 c_1Cg-C_p’ n =
In the same way, if R2 and L? are the leading coefficients of Q2(x) and Q?, _,(x), respectively, we
get

L? 1

—2

L2=1, [}  =—"=—=2=— ., on>1,
C_p C_1C_2*+C_p
R? c

—2 0

R2—1:07 Ri—1: == , n>1.

An—1 ap@y -+ Ap—1

Then, for n > 1, it is possible to get an expression of the two polynomial families using the leading
coefficients as follows

Qn(z) = Rpa™ + O(a" 1), (1.4.3)
Qlfnfl(x) = quzfﬁn_l + O(xn_Q)a



and
Q2(x) = B2 12" + O(a"2),
Q2,_i(x) = Lya" + O(z""1). (1.4.4)

Let us consider the Hilbert space ¢2(Z) = {(an)nez : D pey lom|*mn < 00}, Here the matrix P gives
rise to a self-adjoint operator of norm < 1, which we will also denote by P. In this space, if we define

the vectors e() with entries e(l) i , we obtain the same expression as in equation (1.3.3). Now, the
T

main difference is that we have two hnearly independent polynomial families. Then, using the three
term recurrence relation (1.4.2) and induction, we can prove that

QLH(P)e® + Q2(P)etV) =€ ez
Therefore
Py = my(Pel®, ) = 7y (P[Q}(P)e® + Q5(P)e ], Q) (Ple O+ Q3P )
= T [(P"QHP)QIH(P)e™, e + (P"QL(P)Q(P)e, ¢! >>W
+(P"Q¥(P)Q}(P >< D, e+ (PQH(P)Q2 (P, el 1),].

Here, we can apply the spectral theorem three times from where we get the existence of three unique
measures Y11 (x), P22(x) and ¥12(z) supported on the interval [—1,1] such that

1

/71 f(x)p(x)de = (f(p)e((l)’ 6(0))m
1

/71 f(x)pr2(x)dr = (f(P)e(O),e(fl))m

1
[ f@pma(o)ds = (7Pl D, ).,
-1
where f is a real bounded function on the interval [—1, 1]. Note that, in fact, there are four measures
but we have 112(x) = 121(x) as a consequence of P being self-adjoint and the symmetry of the inner

product. Then we have the Karlin-McGregor integral representation formula for birth-death chains
with state space on Z as follows

P;“—m/ S Q)R @ dbus(@), 15 €L

a,Bf=1

If we take n = 0 in the previous equation, together with equations (1.4.2) for ¢,j = 0, we have

B = o / Q@) = [ (o)

but it is clear that Py, = 1. Therefore 17 is a probability measure. If we take i, j = —1 we have

P =7 1/ Q% (z)dipaa(z) = 7 1/ dipoa(x



Therefore m_1122 is a probability measure. If we take i = —1 and j = 0 we have
P = 7r0/ Q% (2)Qp(x)dipro(x / dip1a(w

Therefore 115 is a signed measure satisfying fil di1a(z) = 0. Taking n = 0, for any 4,7 in the state
space, we also get the following orthogonality relation

0i .

/ Q@)@ (W)dvas(a) = 2, i jez, (1.4.5)
a,B=1 J

with 6;; the Kronecker delta. For simplicity let us assume that the three measures are continuously

differentiable with respect to the Lebesgue measure, i.e., abusing the notation we have di,s(z) =

Yap(z)dz, o, B = 1,2. Now, let us define the spectral matriz associated with P as

_ 1/)11(55) ¢12($)
\Il(;lz)—< ro() %2@)). (1.4.6)

Then the orthogonality relations (1.4.5) can be written in matrix form as

/1 (QM2). Q2(x)) T(x) (Q;@) ir=8 ijecz (1.4.7)
. % [ Q?(Z’) 7Tj7 ] ) - -
where §;; is the Kronecker delta and the Karlin-McGregor integral representation formula can be
written as follows

1 1 T
PP = [ 4" (@), @) ¥(a) (88) dz, ijEL. (1.48)

Remark 1.4.2. Observe that the invariant measure of P is given by the potential coeflicients given in
(1.4.1), which can also be computed using the inverse of the norms of the corresponding orthogonal
polynomials (see (1.4.7)). This invariant measure will be a probability distribution if and only if the

process is positive recurrent, or, in other words, if ZnGZ Ty < 00.

In general, the computation of the spectral matrix for birth-death chains on Z is not an easy subject.
If we consider the irreducible birth-death chain {X; : ¢ = 0,1,...} with transition probability matrix
P given by (1.4.1), we can reduce the computation of the spectral matrix ¥(z) to the study of two
birth-death chains corresponding to the two directions to infinity. Let 1™ be the measure associated
with the birth-death chain with state space {0,1,2,...} whose probability transition matrix P* is
given by Pf = Py, i,j >0, i.e.

bp ao 0 O
n C1 b1 a1 0
PP =10 ¢ by a - | (1.4.9)

with probability of absorption to the state —1 given by ¢y > 0. And let 1)~ be the measure associated
with the birth-death chain with state space {—1,—2,...} whose probability transition matrix P~ is



given by P, = F;;, 4,5 < —1, Le.

b,1 Cc_1 0 0
_ as b c2 0 -
P~ = 0 a_3 b_3 c_3 - ) (1410)

with probability of absorption to the state 0 given by a_; > 0. Then, using the corresponding
generating functions and the definition of the Stieltjes transform of both birth-death chains, it is
possible to compute the Stieltjes transforms of ¥, g, a, 5 = 1,2 given in (1.4.6) with the following
relations:

. - B(z;9T)
B(Z7¢11) - 1—a_1¢B Z,¢+)B(Za¢_),

co . _ Blzy”

C:B(z,qm) T 1—a 1Bz 07 Bo) (1.4.11)
Bz ) = 01 BEEDBG YT

1 —a_1coB(z;9)B(z;97)"

For details about the derivation of these relations we refer the reader to [41] (see also [8, Section 2.6]).
Finally, to get the spectral matrix associated with P, we can use the Perron-Stieltjes inversion formula
given by (1.1.2).

In a similar way to the spectral measure of the previous section, the computation of the spectral
matrix for birth-death chains on Z is very useful when we want to study recurrence or the invariant
measure of the process described by P. Following [8, Section 2.6], we have that the birth-death chain
is recurrent if and only if

1 1
Yu(z) dr =00 or m_j Y22 (2)
—1 1—=z 1 1—=x

dx = 00,

and it is positive recurrent if and only if 11 () and/or 7_1t9s(z) has a jump at the point 1.

1.5 Quasi-birth-and-death processes

Let us consider the homogeneous discrete-time Markov chain {Z; : t = 0,1, ...} with two-dimensional
state space given by Z>o x {1,2,... N}, where N € Z>1. The process is called a quasi-birth-and-death
process if it satisfies the following property:

P[Z1 = (i,5)|Zo = (i0,jo)] =0, if [i —ig] > 1. (1.5.1)

This means that the one-step transition probability matrix of the process can be given by a block
tridiagonal matrix of the form

By AQ
Ci B A
P= Cy By Ay ) (1.5.2)



where A,,, By, and C,,, are N x N matrices containing the probabilities of the one-step transitions.

Note that if N = 1 we go back to a regular discrete-time birth-death chain. In general, the first
component of the state space is called level while the second is the phase. Given the property (1.5.1),
the main characteristic of these processes is that they allow transitions between all adjacent levels and
all phases. The matrices C), represent the probabilities of all the different ways of moving down 1
level while going from any phase to any other phase, starting at level n. We can interpret A, and
B,, similarly with the probabilities of moving up 1 level and staying at the same level, respectively. A
diagram of a quasi-birth-and-death process with 2 phases is represented in Figure 1.3.

Level

()
“(0) (1)

— (2)
2O

& 2,

Phase

Figure 1.3: Diagram for the discrete-time quasi-birth-and-death process described by P with N = 2.

There are some interesting results about quasi-birth-and-death processes concerning the spectral
analysis of the one-step transition probability matrix P (1.5.2). For instance, in [7] (see also [18]), the
authors study the spectral matrix associated to quasi-birth-and-death processes. With this in mind,
let us define the sequence of N x N matriz-valued polynomials (Qn(x))n>0 satisfying the following
three-term recurrence relation

rQo(7) = AoQ1(z) + BoQo(z), Qo(x) = In,
1Qn(z) = AnQni1(2) + BrQn(z) + CoQn-1(x), n>1,
where Iy denotes the N x N identity matrix. Then, it is possible to characterize the existence of

a spectral matrix ¥ such that the polynomials (Q,,(z)),>0 are orthogonal with respect to d¥(x) in
terms of the matrix-valued inner product

(1.5.3)

/ Qi(x)d¥(2)Qj(z) = Oy, forall i#j,
R

where Oy is the null matrix of size N x N and A* is the Hermitian transpose of a matrix A.
Then, in [7, Section 2] we can find the following results.

Theorem 1.5.1. Assume that the matrices A, and C, in the one step block tridiagonal transition
matriz (1.5.2) are nonsingular. There exists a N x N spectral matric W(x) supported on the real line
such that the polynomials (Qy)n>0 defined by (1.5.3) are orthogonal with respect to d¥ (x) if and only if
there exists a sequence of nonsingular matrices (Ry)n>0 such that the following relations are satisfied:

RanR;1 is Hermitian for all n >0,



RiR, = (Cy---CH) YRER)Ag--- Ay, n>1.

Theorem 1.5.2. Assume that the conditions of Theorem 1.5.1 are satisfied and define the block
diagonal matrizx R = diag(Ro, R1, Ra,...). If the matriz R is Hermitian and the matriz R* PR~}
has nonnegative entries, then the spectral matriz ¥ corresponding to the polynomials given by (1.5.3)
is supported on the interval [—1,1].

Therefore we have the Karlin-McGregor representation formula for quasi-birth-and-death processes.

Theorem 1.5.3. If the assumptions of Theorems 1.5.1 and 1.5.2 are satisfied, then the (i,j) block P
of the n-step block transition probability matriz P™ can be represented by

r=(f 11 Qi) (2)Qj (0) )

where W is the spectral matriz associated with the one step block transition probability matriz P (1.5.2)

and
-1

1
1 = (2,1 = ([ @@are;e)

Using the matrix notation we have an alternative way of writing II,, as follows (see [31])
Hn = (Cik-'-C:L)_IHoAQ-'-An,h n Z 1. (154)

Besides, if we assume conditions of Theorem 1.5.1 and that the spectral matrix is supported on the
interval [—1, 1], we have the concept of recurrence for quasi-birth-and-death processes. Let us denote
by ef =(0,...,0,1,0,...,0)T the k-th canonical vector in RN, If the quasi-birth-and-death process
is rreducible, it is recurrent if and only if the condition

e; (/1 Cw(x)) I, 'e; = oo, (1.5.5)

11—z
is satisfied for some j € {1,..., N}. The quasi-birth-and-death process is positive recurrent if and only
if one of the measures

e] d®(x)I;le;, je{l,....N}, (1.5.6)

has a jump at the point = 1. For more details on this topic we refer the reader to [7, Section 4.1]
and [18].

Now, let us present some results similar to those given in Section 1.1 for a scalar measure to relate
the Jacobi matrix, the spectral matrix and the corresponding Stieltjes transform. These results can be
found in [4] where the author shows a generalization of the Karlin-McGregor representation formula
for quasi-birth-and-death processes.

Let us consider the Jacobi matrix P given by (1.5.2). Here, the 0-th associated process is generated
by removing the first block column and the first block row, that is

Bl Al
Cy By A
Py, = C3 Bz Az



The matrix-valued Stieltjes transform is given by

v

B(z;®) = / ﬂ, ze C\R. (1.5.7)
R L—Z

The relation between the matrix-valued Stieltjes transforms associated to P and P, is given by

B(z; @)Ly = [z2Iy — By — AoB(z; ®)llg,C1] ", (1.5.8)

where Ily = ([ d®(z)) " and Iy, = ([ d¥o(z)) "

Remark 1.5.4. In [4], the definition of the matrix-valued Stieltjes transform and ITg depends on the
value of Qo(x) that, in this case, is the identity matrix.

To end this section, we will highlight the important observation that a birth-death chain on Z can
be interpreted as a quasi-birth-death chain with 2 phases. Indeed, by relabeling the states in Z in the
following way

{0,1,2,...} = {0,2,4,...}, and {-1,-2,-3,...} = {1,3,5,...}, (1.5.9)

we have that the doubly infinite tridiagonal matrix P given in (1.4.1) is equivalent to the semi-infinite
block tridiagonal matrix P given in (1.5.2) whith blocks given by

_ (b0 o _(bn 0
BO - (G1 b1> I BTL - (0 bnl) I n Z 17

anp, O Cp, O
= : > = > 1.
A, ( 0 Cnl) , n>0, C, (0 an1> , n>1

The matrix-valued polynomials associated to P are given by

(@) @)
Qn(l') - <Q1n1(37) Q2n1(l‘)> 9 Z 07 (1510)

where (Q%)nez, « = 1,2 are given by (1.4.2). A diagram of this process looks like Figure 1.4.
Note that by equations (1.4.3) and (1.4.4), deg(Q,) = n and the leading coefficient is a nonsingular
matrix. Using Theorem 1.5.1 with the sequence of nonsingular matrices given by

(T 0
Rn—<0 \/m I 7120»

we can ensure the existence of the spectral matrix ¥ and we can write the orthogonality relation
defined in terms of the matrix-valued inner product

1
| Q@ ¥(@)@;, (0)do = 11,5, (L5.1)
-1
where §,,,, is the Kronecker delta and
m,= (T Y n=>0 (1.5.12)
no 0 T_n—1 ’ -7 e

and m = (m,)nez are given by Definition 1.4.1.



Level

b b, b, by
0 m ay
T
3
\_/
C4
Phase a_y
_3 C_y
/’___“\
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\—_/
b_ a_ ' a_ a. U a..
: ’ b_, ’ b_3 ! by ’

Figure 1.4: Diagram for the discrete-time quasi-birth-and-death process described by P equivalent to
the discrete-time birth-death chain described by P on the integers.

In this form, the Karlin-McGregor integral representation formula for the 2 x 2 block entry (4, 5) is
given by
1
pig.n) — (/1x"Qi(x)\Il(x)Q;f(x)dac> U, i,j € Zso, (1.5.13)

where W(z) is given by (1.4.6).

Remark 1.5.5. In the same lines as mentioned in Remark 1.4.2 we have that the invariant measure of
the quasi-birth-and-death process generated by P, using (1.5.12) and [31, Theorem 3.1], is given by
the vector

T = (M0, T—1; 71, 25"+ ),

and clearly, this invariant measure will be a probability distribution if and only if the process is positive

recurrent, or, in other words, if  _, m, < oc.

1.6 Stochastic UL and LU factorizations on Z>, and Darboux
transformations

The main goal of this section is to describe the UL and LU stochastic factorizations and the Darboux
transformation of the one-step transition probability matrix P associated with a discrete-time birth-death
chain with state space on the nonnegative integers Z>¢. This section is based on [24] (see also [38,
Chapter 1]).

Let us consider {X; : t = 0,1,...} an irreducible discrete-time birth-death chain with state space
on Z>o with transition probability matrix P given by (1.3.1). The UL stochastic factorization is given
by

Yo Xo 0 0 e S0 0 0 0
0 Y1 1 0 e 1 S1 0 0 NN
P=1o 0 v 2 ...|[0 rn s 0 ...|=FuFr,



where Py and Pp, are also stochastic matrices. Note that Py is an upper bidiagonal semi-infinite
matrix describing a pure-birth process while Py, is a lower bidiagonal semi-infinite matrix describing a
pure-death process. This means that

In+yn:17 71207
so=1, rp+s,=1, n>1,

0<zu,y, <lforalln>0and 0 < r,,s, <1 for all n > 1. The system of equations generated
by the UL factorization has one free parameter, say yo. This means that we have a whole family of
factorizations depending on the choice of the free parameter 0 < yg < 1.

On the other hand, the LU stochastic factorization is given by

50 0 0 0 ..\ [§o F O O
& 0 0 ...|lo g & o ... _ _

P=fo 7 5% 0o ...l|l0 0 g & ..|=FIru,

where Py, and Py are also stochastic matrices, i.e., all entries are nonnegative and

Tn+yn =1, n2=>0,
So=1, Th+s5,=1, n=>1

In this case there is no free parameter. This means that, if it exists, the stochastic factorization will
be unique.

From a probabilistic point of view, these factorizations involve dividing the probabilistic model
associated with the birth-death chain into two different and simpler experiments, and then combine
them together to obtain a simpler description of the original probabilistic model. Note that although we
can solve the equation system for the respective factorizations, nothing ensures that the two matrices
are stochastic. For that reason we have to introduce some basic elements of the theory of continued
fractions.

Let us define H as the continued fraction generated by alternatively choosing a,, and ¢, as follows

agp

H=1-——— (1.6.1)
C1
1—
—
1_—
The sequence ag, 1, a1, ca, ... is called the sequence of partial numerators of the continued fraction H.
A different notation for H is the following:
1 ao‘_ Cl‘_ al‘_ Cg‘
S N e

Now let us consider the sequence of convergents (hy)n>0 given by

o]

a|_al al ] a|_ al al
1

I R e I B S R IS

h2n =1~



for n > 0. An important property of the convergents is that we can write them as the following
quotients

where the sequences (N,,),>0 and (Dy),>0 can be computed recursively. For basic concepts on the
theory of continued fractions we refer the reader to [3, 50].

Theorem 1.6.1. Let H be the continued fraction defined by (1.6.1) with convergents (hyp)n>0. If we
assume that
0<N,<D,, n>1,

then H is convergent. Moreover Py and Py, are stochastic matrices if and only if

0<yo < H.

The complete proof of this theorem can be found in [24] where we can also find the following
equivalent theorem for the LU stochastic factorization.

Theorem 1.6.2. Consider the continued fraction

=1 \_,a; \_,012 .

with convergents h, = Nn/[?n If we have
0<Nn<ﬁn, forall n>1,

then H is convergent. Moreover, for the LU factorization we have that both matrices Py, and Py are
stochastic if and only if 3
0<ay<H.

Once one can ensure that the UL and LU stochastic factorizations are possible, the authors of
[24] proceed to study the so-called discrete Darboux transformation which implies to invert the order
of multiplication of the factors. In the context of urn models, with the stochastic factorization, it
is possible to interpret the birth-death chain described by P as the consecutive performance of two
simpler experiments, A and B. The Darboux transformation can be interpreted as exchanging the
order of the two experiments, i.e., perform experiment B first and then experiment A.

Note that, as both matrices are stochastic, the product is again stochastic. In fact, this new matrix
describes a birth-death chain which intuitively, in some way, must be related to the original one. This
relation will be studied through the spectrum of both processes.

For the UL case we denote the Darboux transformation by P = P Py. The matrix P describes a
new birth-death chain and it generates a family of polynomials (Q(m))nzo defined by

Q= PLQ, (1.6.2)

so that it satisfies the eigenvalue equation xQ ZNIBQ, with initial condition QO =1 and deg(@n) =n.
The relation between the process described by P and the original process described by P is given in
the following theorem.



Theorem 1.6.3. Consider the family of polynomials (Qn)n>0, defined by (1.3.2), associated to P =
Py Py, which are orthogonal with respect to v in the sense of equation (1.3.5). Let (Qn)n>0 be the family
of polynomials associated to P = Pp,Py and generated by (1.6.2) and the Geronimus transformation

of ¥ given by

~ x

Y(z) = yo? + Mébo, M =1-yop-r,
where yo is the free parameter for the stochastic factorization, do(x) is the Dirac delta and pu_q =
f_ll x~Ld(x) is well defined. Then

/ Q@) (@)i) - %

j

where 0;; is the Kronecker delta and (T,)n>0 s the sequence of potential coefficients of P given by

Oy -+ ey Oy
Fo=1, fip=-2""""0 p>1
Cly.-.,Cp
On the other hand, for the Darboux transformation of the LU stochastic factorization P = Py P,
following the same idea, we can define the family of polynomials

Q= PyQ.

However this family does not satisfy the same initial conditions, so we have to make a slight adjustment
by defining the family (Q,)n>0 through the equation

Qn(gj) = x@n(m)y

that satisfies Qo(2) = 1 and deg(Q,) = n. In [38, Lemma 1.5] we can find the proof that this family
is indeed a family of polynomials and the following results as part of [38, Theorem 1.6].

Theorem 1.6.4. Let (Qn)nzo be the family of polynomials associated to P = Py Py, and consider the
Christoffel transformation of i given by

Therefore

Now, let us highlight the importance of having the spectral measures of the processes described in
the previous paragraphs. In addition to being able to describe some probabilistic properties of the
associated process and having the relationship between P and P or P, we have the Karlin-McGregor
integral representation formula for the n-step transition probabilities as the one given for P in (1.3.4).



1.6.1 Birth-death chain generated by the Jacobi polynomials

The family of Jacobi polynomials is one of the classical families of orthogonal polynomials of a
continuous variable (see 3, 48]). In a general context, this family depends on two parameters a and 3,
and is orthogonal with respect to w(z) = (1 —2)®(1+)?, with a, 8 > —1 in the interval S = (-1, 1).
These polynomials, denoted by RE‘W ) (z), can be generated through the following three-term recurrence
relation
PSP (@) =0, P™(2) =1,
2(n+a)(n+p)

P(a,,@) _ P(aﬁ)

+ f— o PeB) ()
2n+a+B8)2n+a+p+2) "

2+ 1)(n+a+pB+1) pled)

@2n+a+pB+1)2n+a+p+2) "

(), n=0,

and it is possible to see that

20PN (n+a+ DI'(n+ B+ 1) -0

PP = , onz
nl2n+a+ 8+ I'n+a+8+1)

The simplicity of this family has made it one of the best known and used in different contexts. There
are some special cases of Jacobi polynomials for which formulas simplify considerably. For instance,
for « = 8 = 0 we get the Legendre polynomials

P,(z) = P"O(z), n>o0.
For a = 8 = —1/2 we get the Chebychev polynomials of the first kind

2n

—1
> PYV2=12) () > 0.
n 2

T,(z) = 22" (
For o = 8 =1/2 we get the Chebychev polynomials of the second kind

2n + 1

-1
n4l ) P22 () n>0.

U, (z) = 2*" (

For o = B we get the Gegenbauer polynomials also known as ultraspherical polynomials

-1
PO (2) = (2‘1) (””C“)Péam(x), 00,

(0% (0%

with « = A —1/2 # —1/2. In fact some of these polynomials appeared chronologically before than the
Jacobi polynomials (see [3] and [8, Section 1.4]).

Jacobi polynomials are usually defined on the interval (—1, 1), but in fact, they can always be defined
on any other interval (a,b) by the change of variables y = ‘%rb + xb*T“. In particular in this thesis, we

will use the Jacobi polynomials (Q;“’B ))7,20 defined on the interval (0,1) by the three-term recurrence

relation
Q) =0, Q) (x)=1,

. . (1.6.3)
2Q (z) = a, Q'Y (@) + 5,Q () + QY (x), n >0,

S



with
(n+B8+(n+a+p8+1)

T GntatBrh@ntatpt2) n=9,

_ (n+B8+1)(n+1) (n+a)(n+a+f)
" GutatBtUEntatBid)  GutatBtCntatd o (1.64)
c, = n(n + «) e

Cn+a+B8+1D)2n+a+8)’ -
and are orthogonal with respect to the normalized weight

a4+ 6+2)
T(a+ DB +1)

Observe that a, > 0, n >0,b, >0, n>0,¢, >0, n>1,and a9 +by =1, ap +b, + ¢, = 1,
n > 1. Therefore the Jacobi matrix generated by these coefficients is stochastic. To verify if the UL
and LU stochastic factorizations are possible, we have to compute the continued fractions H and H
from Theorems 1.6.1 and 1.6.2 respectively. In general, this is not an easy matter but, in this case, as
it was done in [24], we can use some results related to chain sequences.

Y(x) = (1 —2)?, zelo,1].

Definition 1.6.5. A sequence (n;);>1 is a chain sequence if there is a sequence (m;);>o such that
0<mg<1,0<m; <1forall j>1andwecan write

n; = (1—m;j_1)m;, ©>1.
We call (m;);>0 the parameter sequence and mg the initial parameter.
We have the following result related to the convergence of continued fractions.
Theorem 1.6.6. Consider the continued fraction

n | na|  mg

021‘11 11

Assume that (n;);>1 is a chain sequence. Then

1—m0

C=mot+T77

where (m;j);>o is the the parameter sequence of (n;)i>1 and
= mimy - -m
1My - -y

L= .

; 1—mq)( 17m2)~~~(1—mj)

Moreover, if (Ny)n>0 and (Dy)n>0 are the convergents of C, we have

n n—1 n
Hl—mk —l—m()(Zml k(l_mkﬂ)'--(l—mn)-l-Hmk),

k=1 k=1 k=1

n—1

:Hlfmk +Zm1 k(1 —mpy1) - (1—mn)+Hmk.
k=1

k=1
Therefore 0 < N,, < D,,, for alln > 1.



The previous result and more about chain sequences can be found in [3].

Going back to the example of the birth-death chain generated by the Jacobi polynomials that appears
in [24], we can obtain the conditions under which the stochastic factorizations exist. For the family
of polynomials defined by (1.6.3) and the continued fraction H, the sequence of partial numerators

ag, 1,01, C2, - .. is a chain sequence with parameter sequence given by
n+p+1 n -0
m = m = n .
2n+1 2n—|—a+6+2’ 2n 2n+0z+ﬁ+17 =

Note that mg = 0. Then H converges to u%L with L = % Therefore, following Theorem 1.6.1, if
we take
0<p< %
the UL stochastic factorization is possible.
On the other hand, for the continued fraction H, the sequence of partial numerators ci, ai, ca, ... is
a chain sequence with parameter sequence given by

n+1 n+0+1 >0
Mopp1 =—————, Mogy=—-—"-—— n>0.
T ot a+pB+3 T mta+ B2
Then H converges to mg + 11_ +"£0 with L = é Therefore H converges to :igié
Recall that for this case there is no free parameter, but it is clear that

1 ~ 1

B4l _p_atBil

a+B+2 a+B+2

where the first equality follows directly from equation (1.6.4). Therefore, following Theorem 1.6.2, the
LU stochastic factorization is always possible.

About the Darboux transformation, the first step we need is to get the moment p_;. For this case
it is easy to see that

@), Te+B+2) [N, s
pa= [ B = g )+ 0

 TI(a+p+2) <I‘(a)F(B+1)) _a+p+1
S T(a+DT@B+D) \T(a+8+1)) a

Therefore, following Theorem 1.6.3 the spectral measure associated to the Darboux transformation
P = PPy is given by

00 = =0+ (1= ), ae ol

We have to be careful with some details here. The measure 1; is integrable as long as a > 0 and
B > —1. Also, if yg is in the range for the existence of the stochastic factorization, the mass at 0 is

always nonnegative, and vanishes if yy = ﬁﬂ_ﬂ The case yg = 0 gives us a degenerate measure since

P(x) = do(z) (see [24, Remark 3.1]).
On the other hand, following Theorem 1.6.4, the spectral measure associated to the Darboux
transformation P = Py Py, is given by
" I'a+3+3)

P(z) = F(a+2)l“(5+1)ma+1(l —x)?, xze(0,1].




Finally, following Theorem 1.3.2, we can see that if —1 < 8 < 0 the integral f_ll 1{’(7”‘,2 dz is equal to

0o. Therefore the birth-death chain will be null recurrent since there is no mass at x = 1. If § > 0
the birth-death chain will be transient. This example can be found in [24, Section 5] along with a
probability interpretation through an urn model (see also [21]).




CHAPTER 2

Stochastic UL factorizations on Z

In this chapter we extend the results given in [24] but applied to bilateral birth-death chains. We
start Section 2.1 with the structure of the UL (LU) factorization that we are going to consider. Recall
that, from a probabilistic point of view, these factorizations involve dividing the birth-death chain
into two separate and simpler experiments. The first experiment is a pure-birth chain, described by
Py, followed by a pure-death chain, described by Pr. The main result of this section will consist of
getting the necessary conditions for the existence of the UL and LU stochastic factorizations. We will
see that in both cases the condition is given in terms of continued fractions. An important difference
with birth-death chains on Z>( is that now, for the LU factorization, we also have one free parameter.

In Section 2.2 we study the Darboux transformation which implies reversing the order of multiplication
of the factors. The main motivation of Section 2.2 is to derive an explicit relation between the original
process and the one resulting from the Darboux transformation. This relation will be given by a
Geronimus transformation for both UL and LU stochastic factorizations. This situation is different from
the case of birth-death chains on Z>( where the spectral measure associated with the LU factorization
is given by a Christoffel transformation.

Towards the end of this chapter, we apply our results to a couple of examples. The first one has
constant transition probabilities for all the states and the second one has also constant transition
probabilities but inverted probabilities for the negative states. All the results presented in this chapter
were published in [32] which was the basis of the master’s thesis [38].

2.1 Stochastic UL and LU factorizations on the integers

Let us consider {X; : t = 0,1,...} an irreducible discrete-time birth-death chain with state space on
the integers Z with transition probability matrix P given by (1.4.1) in Section 1.4. Following the same

27



idea of [24], the UL factorization of P is given by

0 Y-1 | T-1 rT—1 S-1 0
P= 0 Yo To To S0 0 = PUPL, (211)
0 Y1 I T1 S1 0

with the condition that Py and Py, are also stochastic matrices. Notice that it is important to have
the zero state as a reference so that the structure of these two doubly bidiagonal matrices is clear. In
probabilistic terms, this factorization gives us a decomposition of the Markov chain described by P
into two independent processes: The first one is a pure-birth chain described by Py illustrated in Fig.
2.1, while the second one is a pure-death chain described by Py, illustrated in Fig. 2.2, both with state
space in Z.

) Y-1 Yo M1 Y2

I
2) D @) W 2)

X_3

Figure 2.1: Diagram for the pure-birth process described by Py.

5_o S_) Sy 5 8y

Figure 2.2: Diagram for the pure-death process described by Pr,.

Since the factorization is stochastic, all entries of Py and Pj, are nonnegative and the sums of all
rows are equal to one, that is

Tn + Yn = 17 Sp+1rn = 1, n € 7. (212)
Equation (2.1.1) is equivalent to

Ap = TnSn+1,
bn = Tnrnt1 + YnSn, n € Z, (2.1.3)
Cn = YnTn-

Also, as a direct consequence of the irreducibility conditions of P, we have that

O<$myn75n77“n<1, nEZ

Notice that, if we fix zg or yq, it is possible to compute all entries of Py and Py, recursively. For yq
fixed and nonnegative values of the indices we can compute xg, s1,71, Y1, L1, S2, T2, Y2, ... recursively



using (2.1.2) and (2.1.3). Similarly, for negative values of the indices we can compute rg, o, _1, y_1,
T_1, S—_1, T_2, Y_o2,... recursively using again (2.1.2) and (2.1.3). This property of UL factorization is
similar to the case of birth-death chains on Zx>( where the UL factorization gives rise to an entire family
of factorizations of the original transition probability matrix P depending on the choice of yq (see [24]).
Although the previous procedure describes how to obtain the coefficients of the UL factorization it
remains to obtain a formal proof to ensure that this factorization is possible.

Lemma 2.1.1. Let {X; : t = 0,1,2,...} be an irreducible birth-death chain with state space on 7
and transition probability matriz P given by (1.4.1) and let Py and Py, be the factors in (2.1.1) with
0 <yo <1 fired. Then x, +yn, =1 for all n € Z if and only if s, + 1, = 1 for alln € Z.

Proof. Let P be the stochastic matrix given by (1.4.1) and let us assume that z,, + y, = 1 for all
n € Z. Using equations (2.1.3), if so + yo = 1, we have

a bo — yos 1—co— 1—7r T
si 4 =202 YosSo _ 0 — %ol 0):70:1'
) xQ Zo Zo

Now, if we assume that s,, + r,, = 1 then, using equations (2.1.3) we have

(€79} bn — mnSn 1—ec, _yn(l _rn) Tn
Sn+1 +Tnt1 = — + = = — =1.
Tn T T Tn

The proof for the negative indices is similar. Now, let us assume that z,, + y, = 1 for all n € Z and
so + 19 = 1, then

b_1 —rox_ c_ l—a_1—2_1(1—s l—a14+a1—2x_
e 1 —z1(l—50) _ 1taa—ea
Y-1 Y-1 Y—1 Y1

Then, if we assume that s_,, +r_,, = 1, we have

b—n—l —T—nT_n-1 + C_n—1

Y—n-1 Y—n-1
:1 —Q_p—-1— x—n—l(l - S—n) _ 1- Ap-1+0_pn-1—T_p-1 -1
Y-n—-1 Y—n-1

Sp—1+Tr—pn-1=

Therefore we can conclude that s,, +1, = 1 for all n € Z. For the second part of the proof if we assume
that s, + r, = 1, using the relations (2.1.3), we have

bn =YnSn + Tn4+1Tn = yn(l - rn) + xn(l - sn+1)

=Yn — YnTn + Tn — Sn4+1Tn = Yn — Cn + xy — an.
This means that z,, + y, = a, + b, + ¢, = 1 for all n € Z since P is stochastic. O

Before introducing the main theorem of this section, let us highlight the fact that (2.1.2) does not
imply that Py and Py, are stochastic matrices. It remains to prove that all coefficients are positive. To
this end, the proof of Theorem 2.1 of [24] for birth-death chains on Z>o provides the main keys for the
case of birth-death chains on Z. There, the authors showed that matrices Py and P, are stochastic
if and only if 0 < yo < H, where H is the continued fraction (2.1.4) below (see Section 1.6). The
difference now is that the free parameter yy will be also bounded from below by another continued
fraction H’'. A somewhat rough argument of why this happens is that here the birth-death chain is



bilateral, i.e., it has positive and also negative states, so in addition to the upper bound we must have
a lower bound generated by the probabilities of the negative states of the birth-death chain.

A first key for the proof is to realize that we can compute all coefficients (yn)nez and (Sp)nez by
using the following equations

Cn _ an
9 3n+1 - 1 —y 9
n

Yn = n €7,

1—s,
and then use equation (2.1.2) to compute all coefficients (2, )nez and (7,)nez. A second important
key is to define H and H' as the continued fractions generated by alternatively choosing a,, and ¢, in
different directions, that is

a c
H=1- 0 and H' = 0 . (2.1.4)
C1 a_1
1-— 1-—
a c_
1— — 2 1— L
c a_
JR— 1- ——2
1—... 1—...
The sequence ay, ¢1, a1, C2, ... is the sequence of partial numerators of the continued fraction H while
the sequence cg,a_1,c_1,a_o,... is the sequence of partial numerators for H’. Alternatively H and
H’ can be denoted by
ge1_ %l al al| | oo c| aa| eaf a]
I R R !1 IR
For H consider the sequence of convergents (hy,,)n>0 given by
gl el af e o W] e e |
hznfl ’ 1 ’ 1 ’ 1 ..’ 1 9 h2n+1f1 ’ 1 ’ 1 ’ 1 ...’ 1
for n > 0, while for H' consider the sequence of convergents (h’_,,),>0 given by

el el sl

An important property of these continued fractions is that we can write them as the following quotients

N, N”
hy, = o and R, = D —=, forall n>0, (2.1.5)

/ )
n —-n

where the sequences (Ny,)n>0, (Dn)n>0, (N.,))n>0 and (D”,,)n>0 can be computed from the following
system of equations

Nop = Nop_1 —cpNop—2, n>1, Nopy1 =Noy —apNop—y, n>0, N_y=1 Ny=1,
(2.1.6)
D2n = D2n71 - CnD2n727 n > ]-7 D2n+1 = D2n - anDanlv n > 07 D*l = 07 DO = ]-»

for the positive indices and

Ni2n = Ni2n+1 - a*’ﬂNl2n+2’n > 1, Ni2n71 = NL2n - Cani2n+1v” >0, N{ = _LN(S =0,
/ A / ! A ! ! !
Dy, =D 5,41 — 0D 9,1 9,n>1, D_y, =D,y —cpyD 5, 11,n>0, Dy=0D;=1,



for the negative indices. For basic concepts on the theory of continued fractions we refer the reader to
[3, 50].

Based on the above system of equations for (Ny)n,>0 and (Dy)n>0 with the corresponding initial
conditions, it is easy to see that

N1D0 — DlNO = —any,
N2D1 — D2N1 = —aicy.

Let us assume that for n € Z>, we have that

Nopn—2Doy_3 — Nop_3Dop_3 = —agciaica - - Gp_2Cn_1,

Nop_1Dop—2 — Nop_2Do,_5 = —apC1 -+ Crn—10pn—1.
Using (2.1.6) for n = n + 1 we get

NopDap—1 — Nop—1Dap = [Nop—1 — ¢nNap—2|Dopn—1 — Nop—1[Dan—1 — ¢ Dap—2]
= Nop_1Dop_1 —cnlNan_—2D2p_1 — Nop_1Dop_1 + cnlNop_1D2p—2

= ¢p[Napn—1Daon—2 — Nop_2Dop_1] = —apc1 - - Cn—1Gn_1Cn.
Then we have

Nont1Dop — NopDopy1 = [N2n - anNanl]DZn - NQn[DQn - anDanl}
= NopDay — anNop—1Daop + Noy Doy + an NopDoyp—1

= ap[N2pDop—1 — Nop_1D2p| = —apcy - - - Gp—1Cnan.
Therefore we obtain
N2pDop—1 — Nop_1D2p, = —aocra1c2 - - Ap-1Cn, n2>1,
Nopi1D2y — NopDapy1 = —agc1ay - -+ Cpay, n 2> 0.

Following a similar procedure for negative indices, it can also be proved that

/ / / ’ o
N—27LD—2n—1 - N—27L—1D—2n = —C0a-1C_1"""Q_pC_p, N> Oa (2 1 7)
N 5, 1D 5, o—N' o, oD 5, | =—coa_1¢_1 - C_pa_pn_1, n>0.

With the previous considerations we can state the main theorem of this section.

Theorem 2.1.2. Let H and H' be the continued fractions defined by (2.1.4) and the corresponding
convergents (hy)n>0 and (h_p)n>0 defined by (2.1.5). Assume that

0<N,<D,, and 0<N’', <D n> 1. (2.1.8)

—n

Then both H and H' are convergent. Moreover, let P = Py Pr, be as in (2.1.1). Assume that H < H.
Then, both Py and Py, are stochastic matrices if and only if we choose yq in the following range

H' <y < H. (2.1.9)



Proof. The proof of the convergence of H and the upper bound for yy can be found in [24, Theorem
2.1]. For the convergence of H' and the lower bound for yg, if we consider equation (2.1.7) and using
the assumptions (2.1.8) we have that

/ !
N72n72 N72n71 €0a—1C—1 " " C_nG_n—1

/ / _ _
h_gp_o—=h_ g, 1= D’ D = D D >0, n>0,
—2n—2 —2n—1 —2n—1"~"—-2n—-2
/ /
B _y . = Nlgn_s . Ny, _ coa—ic—1--a_nc_y >0 >0
—2n—1 —2n — D’ D’ - D’ D’ ’ n=u
—2n—1 —2n —2n—"—-2n—1

Therefore we have the inequalities
O=hy<h' | <h g<--<h g, <h g, | <h g o<---<1,

that is, (h”,,)n>0 is a strictly increasing and bounded sequence, so it is convergent to H'.
For the lower bound for gy, assume first that both Py and P; are stochastic matrices, so that
0 < ZnyYn, Sn,Tn < 1,n € Z. Then we have, using (2.1.3), that

C C
so=1—2>0 2 <l <y < h <o,

Yo Yo
and
a_ a_ c
yi=l-"—"2s0e-"Lcleoai<sgsa,<1l— 2
S0 S0 Yo
C 1 C
@1—a,1>—0©7<y—0@70<yo<:>h’,2<y0.
Yo l—a1 ¢ 1—a

Following the same argument we have

a—n C_n+41 o C_n+1

Y_p =1— >0=a,<sS_pr1el—a_, > < Y_p+1
S_n+1 Y—n+1 1-a_yn
C_nt1 A—n+1 A—n+1
: _"ain <1-— Si:ﬂ o= - Cn—n+1 < S_pi2
1—a_,
<:>’ a_n—{n_l ‘ ’ 611 ‘_’ aIQ ‘ ’ In ‘< S—n+4n
aa| ca| as| o an|_ | «
“riorT o [ 1 Yo
Co a_q ‘ c_1 ‘ a_so ‘ a_ ‘
2 T B el et e W T
@ hLQn < yo.

Therefore, for all n > 0, we have
0=hy<h_, <H <y,

and we get the lower bound for yg. On the contrary, if (2.1.9) holds, in particular we have that
h_n < H <yo < H < hy,, for every n > 0. Following [24, Theorem 2.1] and the same steps as before
together with an argument of strong induction, we can conclude that both Py and Py, are stochastic
matrices with the conditions that 0 < 2, Yn, Sn,Tn < 1,n € Z. O



For the rest of this section we focus our attention on the LU factorization. Here we consider the
same discrete-time birth-death chain with state space on Z described by P given in (1.4.1) but now we
are interested in the study of a LU factorization of the form P = JSLISU where Py, is a lower bidiagonal
matrix describing a pure-death process and Py is an upper bidiagonal matrix describing a pure-birth
process. Notice that we use a tilde to differentiate the matrices of this factorization from the UL case.
The LU factorization of the stochastic matrix P can be written as

P = 7o | S0 O 0 Yo To = ﬁLﬁU, (2.1.10)
1 S1 0 0 Y1 I

where again we have the condition that ]3L and ]5U are stochastic matrices, i.e., all entries of Py, and
Py are nonnegative and the sum of all rows is equal to 1, that is

Tm+8n=1 gp+Ip=1 necZ. (2.1.11)
Now, (2.1.10) is equivalent to the system of equations

Qp = Sply,
bn =TnTpn—1+ SpUn, n € Z, (2.1.12)

Cn = TnYn—1-

Thanks to the irreducibility condition we have that 0 < 7, 5., ¥n, T, < 1, n € Z. Again we can
choose 5y or 7y in certain interval and compute all entries of P;, and Py recursively. Let us consider
To as free parameter. For the nonnegative values of the indices we can compute Sy, Zo, %o, 71, 51, T1,
U1, T2, ... recursively from (2.1.11) and (2.1.12), while for the negative values of the indices we can
compute §_1, £_1, §_1, 7—1, Y—2, T2, §_2, T—a, ... recursively again from (2.1.11) and (2.1.12).

Before moving on, let us highlight that there is an important difference between LU factorizations
when we consider a birth-death chain on Z>, and the case where the state space is Z. The first case
was studied in [24] where if the stochastic factorization exists, then it is unique. However, for the case
on Z, as we saw in the previous paragraph, the solution depends on a free parameter within a certain
range, which means that if the stochastic factorization exists, then there will be a one-parameter family
of LU factorizations. Next we study the existence of the stochastic factorization.

Lemma 2.1.3. Let {X; :t=0,1,2,...} be an irreducible birth-death chain with state space in Z and
transition probability matriz P given by (1.4.1) and let Py, and Py be the factors described in (2.1.10)
with 0 < 79 < 1 fized. Then 7, + 8, = 1 for all n € Z if and only if §, + T, = 1 for alln € Z.

Proof. The proof of this Lemma follows the same steps as the proof of [24, Lemma 2.1] (see also Lemma
2.1.1). O

Before stating the final result of this section, note that we can compute all coefficients of (7, )nez
and (Z,)nez by using the following equations

Cn

T'n

1 _jnfl7



together with equation (2.1.11).

At this point, we can compute all coefficients 7,,, §,, 7, and Z,, in terms of one free parameter 7.
Nevertheless, we can not infer anything about the positivity of these coefficients yet. A natural way
to study this factorization is with a similar argument as in Theorem 2.1.2 but now taking the free
parameter 7y and, surprisingly, the same continued fractions as upper and lower bounds.

Theorem 2.1.4. Let H and H' be the continued fractions given by (2.1.4) and the corresponding
convergents (hyp)n>0 and (h'_,)n>0 defined by (2.1.5) and assume conditions (2.1.8). Then both H and
H' are convergent. Moreover, let P = PPy be as in (2.1.10). Assume that H' < H. Then, both Py
and Py are stochastic matrices if and only if we choose Ty in the following range

H <7 < H.
Proof. The proof is similar to the proof of Theorem 2.1.2 but using (2.1.12) instead of (2.1.3). O

Now that we know the conditions under which we have UL and LU stochastic factorizations for
the transition probability matrix P given by (1.4.1), let us continue to the next point of interest, the
discrete Darboux transformation and the relation between the corresponding spectral matrices.

2.2 Stochastic Darboux transformations and spectral matrices

This section is devoted to the study of the discrete Darboux transformation and is closely related to
[24, Section 3]. If we consider the tridiagonal stochastic matrix P as in (1.4.1) and the UL factorization
described in (2.1.1) then, in our context, the discrete Darboux transformation consists of inverting the
order of multiplication of the factors so we have P = PpPy. The importance of this transformation is
clear when we note that the Darboux transformation P will be again a stochastic matrix. One of the
most important contributions of this section is that we get a relation between the spectral matrix of
P and the spectral matrix of P and with this, a way to study certain probabilistic properties of the
process described by P and the process described by the Darboux transformation P. Of course, we
can perform this transformation in both UL and LU stochastic factorizations.

We begin by considering P = Py Py, as in (2.1.1). Then, by inverting the order of multiplication of
the factors, we obtain another tridiagonal matrix of the form

N r—1 s_110 0 y_1 |2z
P = PLPU = To S0 0 0 Yo Zo (221)
r s1 0 0 Y T

0| & b @




From this, it is clear that the new coefficients of the matrix P are given by

Gp = Spdn,

bn =TpTp—1+ SnUn, nec Z7 (222)

Cp = TnYn—1.

If we assume that the factorization is stochastic, then the matrix Pis again stochastic since the product
of stochastic matrices is again stochastic. Now, as the factorization depends on the free parameter
Yo, the Darboux transformation gives rise to an entire family of new discrete-time birth-death chains
{X::t=0,1,...} on the integers Z with coeflicients (@n)nez, (bn)nez and (&, )nez depending on yq.

On the other hand, we can do the same for the LU factorization (2.1.10) of the form P = PPy
For this case, after the Darboux transformation, the new tridiagonal matrix is given by

~ ~ ~ 0 g—l Ty 1 S§.110
P=PyPL= 0 | 90 o o | S0 O (2.2.3)
0 n = 85 0

= 0 é() b() d() 5 (224)

jan}
o>
[ty
S
iy
Q>
iy

where the new coefficients are given by

Ap = TpSn+1,

b = Enfnst + Gndn, nEZ, (2.2.5)

In the previous section we saw that the stochastic LU factorization is not unique, so again, the matrix
P is stochastic and it gives rise to an entire one-parameter family of new discrete-time birth-death
chains {X; : t = 0,1,...} on the integers Z with coefficients (&, )nez, (Bn)nEZ and (&, )nez depending
on one free parameter 7.

So far in this section we are assuming that all factors of the UL and LU factorizations are stochastic
matrices. Therefore, the corresponding Darboux transformations are also stochastic matrices and they
describe new processes. From a probabilistic perspective, we can think of the birth-death chain P as
a model driven by urn experiments. In this context, both factorizations may be thought as two urn
experiments, Experiment 1 and Experiment 2, respectively. We first perform the Experiment 1 and
with the result we immediately perform the Experiment 2. The model for the Darboux transformation
will be reversing the order of both experiments. Some examples of urn models of this type can found
in [24, 25|. In this thesis we will also see an urn model for the example in Chapter 4.

In Chapter 1 we saw that the eigenvalue equation for the matrix P generates two families of linearly
independent polynomials (Q%),cz, @ = 1,2. Through the use of the spectral theorem, we ensured



the existence of three spectral measures that, in matrix form, we called the spectral matrix ¥(z)
associated with P. An important characteristic of the spectral matrix is that it allows us to write the
orthogonality relation in matrix form as in (1.4.7).

In this section we will return to these concepts since our goal is to give an explicit expression for
the relation between the spectral matrix associated with P and the spectral matrix associated with
the corresponding Darboux transformation. With this in mind, we present the following result that
provides us with a characterization of the orthogonality for the vector-valued polynomials (Q} (), Q2 (z))
associated with P in terms of monomials. This result will simplify some computations later in the
main theorem of this section.

Lemma 2.2.1. Let (Q%)ncz be the polynomials defined by (1.4.2). Then the vector-valued polynomials
(QL(z),Q%(x)), n € Z, are orthogonal in the sense of (1.4.7) if and only if for n > 0 we have

oo ) (0,0, for j=0,1,...,n—1,
[1 (Qn(2), Q7 (x)) ()2’ do = (0. 0).c0 £ 0, for i—n. (2.2.6)

and

b 2 0, for j=01,...n—1,
[ (@@ wpaas = 4 00T (227)

—1
Moreover ag =1,ap =c1---cp,m>1and B, =cy a—1- - a—p_1,n > 0.

Proof. First of all, it is clear that the orthogonality conditions (1.4.7) are equivalent to the matrix
orthogonality (1.5.11). Since Q,(z) in (1.5.10) is a matrix-valued polynomial of degree n with
nonsingular leading coefficient, the orthogonality is equivalent to

1
/ Q. (2)¥(x)x’dr =0y for j =0,1,...,n— 1,
-1

where 05 denotes the 2 x 2 null matrix, and fil Q.. (2)¥(x)z"dz is a nonsingular and diagonal matrix.
The rows of this expression are the same as equations (2.2.6) and (2.2.7), so it only remains to compute
the values of a,, and 8, using (1.4.7) as follows

% _ /_2(@%@) ( ;g ) o

_ /_11(%@) (RHR;H 4;(42(9( ”) 2)) o
- [ ll(Qil(x) (R >dx

_ R / 11@;,@) w(@) () ( > o

so we have the value of «,, as follows

[ @@y (7 ) ar= 15 < ciese

_1 Tn



Following the same steps we can compute the value of 3, as

/_11(an1(9:),@2“(:¢))11:(:¢) (xo") iy @102 Ay

Co

O

The previous result will be very useful whenever one tries to prove orthogonality results on polynomials
related to (Q%(2))nez, @ = 1,2. We will see an application of this lemma in the next two subsections.

2.2.1 Darboux transformation for the UL case

Now it is time to study the spectral matrix associated with the Darboux transformation for the UL
factorization of the matrix P given in (1.4.1). Let us consider the discrete Darboux transformation
P described in (2.2.1) with probability coefficients (@ )nez, (Bn)nEZ and (é)nez given by (2.2.2). In
order to study the spectral matrix associated with P we have to find the family of polynomials that
solves the eigenvalue equation. With this in mind, let us introduce an auxiliary family of polynomials
S&(x) given by the relation

s*(x) = Prq®(x),

where qa(x) = ( a ’le(m)7Q8(]")7Q?($)v e )T7 and Sa(x) = ( o ,Sgl(x)’sg(x)’s?(x)’ U )T’ for
a = 1,2. Using the coefficients of P;, we have

Sp(x) = Q5 () + Q1 (2), n€Z, (2.2.8)
for @« = 1,2. From the expression of the UL factorization we also have
Pys®(x) = PuPLq®(z) = Pq*(z) = xq°(z),

so we get
zQn(r) = 2n Sy 1 (%) +yuSp(x), neZ, a=1,2. (2.2.9)

Evaluating (2.2.9) at = 0 and after some computations we get

52(0) = (—1)n LIl gag) >,

.. -Tn-1
(2.2.10)
o L(0) = (—yrriElTensl gy gy >,
Y-1..-Y-n-1

where

if a=1
S@(O)—{SO’ o

To, if a=2.
This last equation establishes a direct relation between the polynomials (S%),ez for a = 1,2, given by

5057 (0) = 705,(0), n€Z. (2.2.11)



Another relation that eventually will prove to be very useful arises from equations (2.2.9) and (2.2.10)
which gives the polynomials (S%),¢z in terms of (Q%),ez. Indeed, for n > 0,

o _i ax_& az_i &0 S’g-i-(o) < o T Sg(O) a T
2400 = Q) ~ L5200) = ZQa) + ZEE) | 0t )+ i St @)
— Qn(x) n1(0) Qi (2) Sn+1(0) )= ...
-« [ S0 Sy S s
B2 roR il

since S§(z) is constant. Therefore

S%(x) = S¥(0) [1+=2 Zsa . n>1. (2.2.12)
J+1

Following the same steps as before, we have

S (x)=8%,_,(0) |1+ Zsa %1 (@) . n>0. (2.2.13)

,Jloyjl

Observe that this auxiliary family (S%),ecz does not satisfy the same initial conditions as the family
(RQ%)nez since by (2.2.8) we have

So(x) =s0, S (x) = ro,

Sti(r)=—"—"2, 82 /(z)="—""T"T-
() == TE 2 @) = T
Also, the degrees of the polynomials (S%),ez are not the same as the degrees of the polynomials
(QY) ez, since

deg(S})=n, n>0, deg(S?)=n, n>0,

2.2.14
deg(S', ) =n, n>0, deg(S%, ,)=n+1, n>0. ( )

In order to obtain the family of orthogonal polynomials associated with ﬁ, we need a polynomial
family satisfying the same initial conditions and degrees as (Q%),cz. In matrix form these conditions
are given by Qo(xz) = Iy and deg(Q.(x))=n. It is possible to obtain this family of matrix-valued

polynomials by taking
_( Si@)  Si@)
STL(I) B (Slnl(‘r) Sznfl(‘r) o = 07

which has degree n + 1 and singular leading coefficient and defining

Qn(x) = S,(z)Sy (), n>0, (2.2.15)
where
50 To
So(z)=| Z-150 T—T-170 |. (2.2.16)
Y-1 Y-1

Following the same representation as in (1.5.10) we can define the functions (Q%),ez,a = 1,2, but
first we have to show that we are dealing with polynomials.



Proposition 2.2.2. Let (é"(x))nzo, be the sequence of matrix functions defined by (2.2.15). Then,
form >0, Q.(x) is a matriz polynomial of degree exactly n with nonsingular leading coefficient and

Qo(.’t) = I2.

Proof. First we compute the inverse of Sy(x), given by

1 [P T=1To Y=o
So_l(x):< 50 S0 )

1 Y-1

Observe that [So(z)| = 7*¢, so the inverse is not well-defined at x = 0. We will show that we can

avoid this problem using the properties of the polynomials (S¢),cz. Indeed, from (2.2.15), we have

_ 1
Q) = 2 L T (520~ reSh@) . meZ
@i(w) — =t (805721(,@) — TOS}L(;U)) , new.

ISo

A straightforward computation using (2.2.12), (2.2.13) and (2.2.11) gives

5058(1‘) — roSé(x) =0,

— S2(0)Q3(x SH0)Q} (=
5052 (x) — 1o Sk () :xzi (So 52) (0() ) -7 é}jl(o() )> , n>1,

=0 i 41

< S2,-1(0)Q%,_,(x) SL,1(0QL;_,(2)
5052, _1(x) —roSt, _i(z) == R — J — rp—— J ., n>0.
05 =St (0) =Y ( Tt S0

Therefore from these relations we can see that (Q%),cz, @ = 1,2 are indeed polynomials. Also, from
equation (2.2.14) we have

deg ((s0S2(z) —roSh(z))/z) =n—1, for n>1, and
deg ((s05%,,_1(z) — oS, _1(z))/z) =n, forn > 0.

—n—1 —n—1
Then, from (2.2.14) we get
deg(Q}) =n, n>0 deg(@)=n—-1, n>1,
deg(éz—n—l) =n, n Z O

Finally, @1_n_1 is in principle a polynomial of degree n, but if we call A,, the coefficient of x™ in
QL,_,, then, using (1.4.3), (1.4.4), (2.2.8) and (2.1.3), we have

1 Q1T —pe T_18 1 AT —p— T_18
A":<_C 1 Lo 150 ): <_ 1 L 10)20'

S0 -1 C_p-1 Y-n—-1C—1'""C_n S0C—1"C—p C_p—1 Y—n-1

Therefore deg(QL, ;) =n —1,n > 1. The fact that Qo(z) = I comes from the definition. O



Now, we know that (Q%)nez,a = 1,2, is a family of polynomials satisfying the same initial and
degree conditions than the original polynomials (Q%),cz,« = 1,2. They also satisfy the three-term
recurrence relation

Q(x) =1, Qix)=0,
QLi(z)=0, Q% (x)=1, (2.2.17)
2Q%(2) = Q%1 (2) + b, Q5 (2) + 8, Q5_y (), n€EZ, a=12

where the coefficients (@n)nez, (bn)nez and (¢,)nez are defined by (2.2.2).

We will continue with the main result of this section that establishes a relation between the spectral
matrix associated with the Darboux transformation P and the one associated with P. We will also
prove that (Q%Y)nez, « = 1,2, are the corresponding orthogonal polynomials associated with P. For
that, let us define the potential coefficients associated with P in a similar way as for P, i.e.,

Qo Onot oz S0 Comil s (2:2.18)

To=1, Tn=—
Cl...cn ail...ain

Theorem 2.2.3. Let {X; : t = 0,1,...} be the bilateral birth-death chain on Z with transition
probability matriz P given by (1.4.1) and {X; : t = 0,1,...} the bilateral birth-death chain on Z
with transition probability matriz P given by (2.2.1). Assume that

M_, _/1 \Il;x)dz (2.2.19)

is well-defined entry by entry, where ¥ (x) is the original spectral matriz given by (1.4.6). Then the

polynomials (Q¥)nez, @ = 1,2, defined by (2.2.17) are orthogonal with respect to the following spectral
matrix

B(2) = So(x)Ws(2)S; (2), (2.2.20)
where So(x) is defined by (2.2.16) and
Uy(z) = %zwix) i [(1/030 1/07"0> _ Z;)Ml] 8o (), (2.2.21)

with 0o(x) the Dirac delta at x = 0. Moreover, we have

/11 Qu(2)¥(2)Qp, (2)de = <1/grn WOM) . (2.2.22)

where Op s the Kronecker delta and (7, )nez are the potential coefficients defined by (2.2.18).

Proof. Let (Q%)nez, @ = 1,2, be the polynomials defined by (1.4.2), which are orthogonal with respect
to the original spectral matrix ¥(z). By Lemma 2.2.1 we have the orthogonality conditions (2.2.6) and
(2.2.7). Since (Q%)nez, @ = 1,2, satisfies the same initial and degree conditions than (Q%),ecz, o = 1,2,

we will use Lemma 2.2.1 to prove that (@g)nez,a = 1,2, are orthogonal with respect to ¥(z) in
(2.2.20).



Assume first that n > 1. Then we have, using (2.2.20), (2.2.15) and (2.2.21), that

[ (@@ w) b= [

-1

1

(@711(55)5 éi(a:)) 2 (2) 2 d

1 ~ ~
~ [ (@0).@@) Su(@)a¥s(@)S @) s

-1

0 [ (b0, 530 S5 )50l W) )0

S0 -1

= y—o/ (Sh(z),S2(2)) ¥(z) S (x)a? ~ dax.

S0 J-1

Now, using (2.2.8), the above expression can be written as

[ (@ @an) Ferwio = 22 [ (@110 Gi(0) wo Syt

50

+ nYo /_1 ( '}L*l($>7 37,71(-’17)) ‘Il(x)sg(w)xj_ldx

50

Writing So(x) = A+ «B, where A and B are given by

S0 To 0 0
A= _%-18%  Z-1To |, B= 0 EE (2.2.23)
Y-1 Y- Y—1

the above expression can be written as

/11 (@}l(x), @i(:z:)) B ()l dx =
1

i [ [ (@, @i ww e+ [ (L) @) B ]

S0 —1

1 0 [ / 11( (1), Q21 (2)) ®(2) A% da + / 11( ;1<x>,Qi1(x>)‘P<w>B*xﬂ’dw}

S0

Using (2.2.6) we have that the first term of the sum vanishes for j = 1,...,n, the second term vanishes
for j = 0,...,n — 1, the third term vanishes for j = 1,...,n — 1 and the fourth term vanishes for
j=0,...,n—2. Therefore the above expression vanishes for j =1,...,n — 2. For j = n — 1 the only

term that does not vanish is the fourth one. But in this case we have, using (2.2.6) and (2.2.23), that

[ (@w).@w) #we—ta="2 [ (0} .00, @) ewpe e

1 S0

- 0 0 (2.2.24)
= 2% 1,0) [, L | =00
50
Y-1




For j = 0 we have, using (2.2.15) and (2.2.20), that

(@@ @) Bayde = [ (1a). S3) 87 (@)So(o)¥s(0)Si )

— {/1 (Si(x),Si(x))\Ils(x)dx] o [/

-1 -1

1
(Sh(z),S2(x)) x\IlS(x)dx] B*.

The second term of the sum of the above expression vanishes as a consequence of (2.2.21), (2.2.8) and
(2.2.6). Indeed, for n > 2, we have

[/1 (Si(m),Si(x))x\Ils(x)dx} B* — [yo /_11 (510, 52(x) \I:(x)dm} B*

—1 S0

- [ / (@} (2). Q@) W(a)da + ™20 [ 11 (Qh1(0). Q24 (0) Wl | 57 = 0.0)

50 50

For n = 1 we can use the same argument as in (2.2.24) and get again (0,0). Now, using (2.2.12), we
can write

L 62 — o S L (ShO) pr s SRO) o L), 52

Substituting this in the remaining integral we get

1

/_11 (@i(iﬂ)»@i(ﬂc))‘i’(x)dx = [/_1 (Sk(x), S2(x)) ‘I’s(m)dx] A
= shosz0) (), ) - L] a

S0
LW iyt SL(0)
S0 =0 Y J-1 S}11(0)

S2(0)
0

Q; ()

S0

)Qf(m)> W(z)A*d + L (51(0), 52(0)) M_, A*

el 1/s 0 . Yo S0) ! *
= (s20.520) (150 )4 B [ (@b, @3 wa) A

1 2
The third step is a consequence of f”(o) = g"(o) using (2.2.11) and the orthogonality properties.
Si41(0)  S554(0)

1
Since / (Q5(2), Q3 (z)) ¥(z)dx = (1,0), S5{(0) = —soyo/zo, and A is given by (2.2.23) then we have
-1

[ (@@.@0) s = sto.s0) (50,0 )4 - 5 0.0 4

1 2 50 _ It
(1t ) (v 5]
S0 To rg —

Y-1

= ((—ro/SO)Si(O) +S2(0), == ((=70/50)S4(0) + 55(0)))

Y-1

= (070)a



as a consequence of (2.2.11).

For n < —1 the proof is similar but now using (2.2.7) and (2.2.13). Therefore we have proved (2.2.22)
for n # m. Observe that this implies in particular that the family of vector-valued polynomials
(St(z),S%(x)) ,n € Z, is also orthogonal for n % m, with respect to the weight matrix ®g(z) in
(2.2.21). For n = m, using this fact and (2.2.15), (2.2.9), (2.2.8), (2.2.20) and (2.2.21), we have that

1, _ _ _ _ . 1
| (@@.@2@) @) (04 G2@) e = [ (S1(w). S3() Ts(a) (Sh(). $2(w) " d

-/ [ (QL(a). i(@)—jj(S,%H(a:),sal(x))} W () (S(2), S2(x)) de

Tn

Yn
1
- yin/f1 z (Qh(x), Q%(x)) ¥s(x) (Sk(x), S%(2)) do — ="
1

1
1

Yn J—

= yf(;o [ ) (Qh(z),Q1(x)) ®(x) [sn (QL(x),Q%(x))" + 7 (QL_1 (2), 3_1(93))*}

= Znblo / (@h(), @4(w) w () (QL(2), Q%(x))" du + 0 / (@4(), Q1) (@) (@11 (2), Qi

YnSo YnSo

=20 [ (Qh(0). @ (e) W(e) (Qh(a). Qhl) "o = 0L —

YnS0 YnS0 Tn, Tn,

The last step follows using (2.1.3), (2.2.2) and 7, given in Definition 1.4.1 and 7,, given in (2.2.18). O

Remark 2.2.4. The assumption of M_; being well-defined entry by entry in (2.2.19) is actually too
restrictive. It is enough to assume the weaker condition that So(0)M_1.S57(0) is well defined entry by
entry in order to have the same result.

Notice that the spectral matrix {Ivl(ac) associated with the Darboux transformation given in the
previous theorem is a conjugation by a matrix-valued polynomial Sy(x) of degree 1 of a Geronimus
transformation of the original spectral matrix W(z). This behavior is consistent, except for the
conjugation, with the case of the Darboux transformation of transition probability matrices on Zxg
for the UL factorization appearing in [24] (see also Theorem 1.6.3).

2.2.2 Darboux transformation for the LU case

Now we turn our attention to the LU case. For this, we will follow the same procedure as the last
subsection. Consider now the discrete Darboux transformation P in (2.2.3) with probability coeflicients

(an)nez, (Bn)nez and (é,)nez given by (2.2.5). Since the main results are similar to the ones in the
previous subsection, we will only give the important and necessary formulas for the proofs.
First we need to introduce the auxiliary family of polynomials (7% (x))nez, o, 8 = 1,2, given by the
relation ~
t*(x) = Puq®(z),

where qa(x) = ( e anl("T)v Qg(lgv Q?(l’), T )Tv and ta(x) = ( o ,Tfl(x),Té"(x),Tf‘(x), T )T for
a = 1,2. Using the coefficients of Py we get

T (x) = §n Q5 (2) + 2,Qn iy (), n€EZ, a=1,2. (2.2.25)

2

(Si+1($)7 5721+1(93)) Us(z) (S},(:c), STZL(I))* dz

(x))* dx



From the LU factorization we also have Ppt®(z) = 2¢®(z), that is
2Qy(x) =11 (z) + 8,1 (x), neZ, a=1,2. (2.2.26)

Evaluating (2.2.26) at * = 0 we get recursively

T2 (0) = (~1)" 1 2T re 0), n> 1,
50 Sn (2.2.27)
—LPonpa (), no> 0,

—n

V31

%, 1 (0) = (~1)"

<
S| o

S

where

- .’i‘,l, if a= 1,
T2,(0) = {~ . .
J-1, if a=2.
The equations (2.2.27) establish a direct relation between the polynomials (T,%), ¢z, « = 1,2, given by
T T2(0) =g§_1T0), neZ (2.2.28)

Again, the polynomials (T)¢),cz can be written in terms of the polynomials (Q%),cz with the following
computations

= 203+ oo [0 + T )

x{@%(%) T2 (0)Q5 <>]+ T50) p

Sn T 1(0)3 Th 5(0) "
% (0)

= xj:O TJQ(O)SJQ (z) +T;(0),
so we have -
T (z) =T2(0) |1+ xz::() T?j (=) n>1 (2.2.29)
In the same way as before, we have _
o o = QYL
TS, 4 (2) =T2,41(0) 1+ ZT‘_XJQ 0,1 | n > 0.

This auxiliary family (7)%),ez does not satisfy the same initial conditions as the family (Q%)nez. In
fact we have




The degrees of the polynomials (T),¢cz are

deg(T}) =n+1, n>0, deg(T})=n, n>0,

deg(T:, ) =n—1, n>0, deg(T?, ,)=n, n>0.

Again, it is possible to obtain a family of polynomials that satisfy the same initial conditions as
(Q%(x))nez- In matrix form, we take

)= (i Sy 12t y) s 20

—n—1
that has degree n + 1 and singular leading coefficient. Now we will define a new family of polynomials
which will turn out to be the associated family of the Darboux transformation P. For n > 0 define

Qn(z) = T, (2)T, ' (z), n>0, (2.2.30)
where o o
r —Tol-1 _’I“Oy_l
To(z) = 30 30 . (2.2.31)
T g1

Following the same representation as in (1.5.10) we can define the functions (Q\%)nez, a = 1,2, which
turn out to be polynomials, as the following proposition shows.

Proposition 2.2.5. Let (@n(x))nz(h be the sequence of matriz functions defined by (2.2.30). Then,
forn >0, Q,(x) is a matriz polynomial of degree exactly n with nonsingular leading coefficient and

Qo(x) =1I

Proof. Now, since

1 50 o
Toil(gj) = — Sor—-1 T —ToT-1 |,
Xz - =
Y—1 Y-1
we have from (2.2.30)
~ S N -
Q(z) = =" (§_1T (x) —i_1T2(x)), neZ,
TY—1
T2 r
Q% (z) = n(®) 4+ 10 (§-1Tp(z) —2_1T2(2)), n€ELZ
g1 TY—1

From here the proof follows the same lines as the proof of Proposition 2.2.2 but now using (2.2.28)
and (2.2.29). O

Now, let us prove the analogue of Theorem 2.2.3 for the spectral matrix for the polynomials
(Q Ynez, @ = 1,2. We define first the potential coeflicients associated with P given by

Fo=1, #n= T n>1. (2.2.32)



Theorem 2.2.6. Let {X; : t = 0,1,...} be the bilateral birth-death chain on Z with transition
probability matriz P given by (1.4.1) and {X; : t = 0,1,...} the bilateral birth-death chain on Z
with transition probability matriz P given by (2.2.3). Assume that

M_, = /11 dCOpN

X

is well-defined entry by entry, where ¥(x) is the original spectral matriz given by (1.4.6). Then the

~

polynomials (Q¥)nez, @ = 1,2, defined by (2.2.30) are orthogonal with respect to the following spectral
matric

U(z) = Ty(2)Or(2) Ty (x), (2.2.33)
where To(x) is defined by (2.2.31) and
SW) i (e 00) Sy T
lIlT(x) = go - + |: éo ( 0 1/:1;_1> :(jo M1:| (5(]( ), (2234)

with 0o(x) the Dirac delta at x = 0. Moreover, we have

/11 Q. (2)¥(2)Q*, (z)dx = <1/grn 1/ﬁ0n1) 5o

where Opy, s the Kronecker delta and (7, )nez are the potential coefficients defined by (2.2.32).

Proof. The proof follows the same lines as the proof of Theorem 2.2.3. Forn >1land j=1,...,n—1
we have, using (2.2.33), (2.2.30), (2.2.34) and (2.2.25), that

1

"5 2 T j YnS b -
L (Qi(x),Qi(x))‘I%x)dex: YnZ0 [/1 (QL(x), Q2(z)) W(x)A*x 1dm+/

(QL(x), Q% () ‘I’(x)B*xjdx}
Yo .

TnSo . i L
+ 7o {/1 ( }z+1($)>Qi+1(x)) W (z)A* 2’ 1dx+/1 (Q}LH(@"), 31+1(90)) U(z)B :rjdx} ’
where A and B, from Ty(z) = A + xB, are given now by

_ToZ_1  To¥-1 1

— 0
A= So S0 , B=1 35 . (2.2.35)
T_q -1 0 0
Using (2.2.6) we have that the first term of the sum vanishes for j = 1, ..., n, the second term vanishes
for j = 0,...,n — 1, the third term vanishes for j = 1,...,n 4+ 1 and the fourth term vanishes for
j=0,...,n. Therefore the above expression vanishes for j =1,...,n — 1.

For j = 0 we have, using (2.2.30) and (2.2.33), that
| (@@ @) Bwyte = [ (1) T2Hw) Ty (@) Tola) P ()T o)

_ [/1 (Th(x), T2 (x)) ‘I’T(x)dm] o [/ (T(2), T2 (2)) 2 U1 () dz | B,

-1 —1



As before, the second term of the sum of the above expression vanishes as a consequence of (2.2.34),
(2.2.25) and (2.2.6). Now, using (2.2.29), we can write

(e T3w) =22 (§§8§ Q). Q§<x>) + (1300, 720)
Substituting this in the remaining integral we get
[ (@w.@w)Eew =] [ @ e dx} A
- o 7i0) |2 (V] f) )

570 - i ! Tl( ) 1 n(O) T * T 570 1 2 *
i =5 ) (le(o) i (), T2(0) Q5 (x )) Y(x)A*d o (TH(0), T2(0)) M_, A

0 [ (@b @) weoyavae

T,(0) _ T:(0)

T} (0) — T7(0)

using (2.2.28) and the orthogonality properties.

The third step is a consequence of

Since / (QO( ) Q(2)( )) (I)dx = (1,0), Tol(O) = 777022'_1/50, d_l/éo = f_lgo/gofo and A is given
by (2.2. 35) then we have

[ (@0.020) Bwae = 1 (100) 7200) (Vo)A @m0 A

-1 yOTO
Toi‘_l 7
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= (0’0)7

as a consequence of (2.2.28). For n < —1 the proof is similar but now using (2.2.7) and (2.2.29).



Finally, using (2.2.30), (2.2.26), (2.2.25), (2.2.33) and (2.2.34), we have that

/ (040, @2 @) ¥e) (@), B2()) do / (1), T2@) W) (T30, T22) da
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The last step follows using (2.1.3), (2.2.5) and the definition of 7, and 7, in (1.4.1) and (2.2.32),
respectively. O

Remark 2.2.7. As before (see Remark 2.2.4), it is enough to assume that Ty (0) M_1 T (0) is well-defined
entry by entry in order to obtain the same results as in Theorem 2.2.6.

As a final remark, we will mention that the spectral matrix l/I\’(x) associated with the Darboux
transformation given in the previous theorem is, again, a conjugation by a matrix polynomial T (z)
of degree 1 of a Geronimus transformation of the original spectral matrix ®¥(z). This phenomenon
is different from a Darboux transformation of a transition probability matrix on Zsq for the LU
factorization studied in [24] (see also Theorem 1.6.4), where the associated spectral measure is given
by a Christoffel transformation, i.e., multiplying the original measure by the polynomial z.

2.3 Examples

In this section we will apply all the results shown in this chapter to two examples. The first one is
the bilateral birth-death chain with constant transition probabilities, also known as random walk on
Z, and the second one has also constant transition probabilities but inverted probabilities for negative
states.

2.3.1 Random walk on 7Z

For this example we will consider a discrete-time birth-death chain with one-step transition probability
matrix P as in (1.4.1) with constant coefficients given by

anp=a, b,=0b, ¢,=c¢, n€Z, a+b+c=1, a,c>0 b>0.

The first step is to analyze the existence of UL and LU stochastic factorizations. With this in mind,
we have to analyze the continued fractions given by (2.1.4). It is easy to see that both H and H' can



be computed explicitly as follows. For H we have

a c a a c
e R e Rl i i /a
Then H must solve the following equation

H?>+H(a—c—1)+c=0.

Indeed, we have that

1
H:§(1+cfa+\/(l+c—a)274c>, (2.3.1)
with a < (1 — /c)? to ensure convergence. Also we have

C
H =+
H’

therefore the value for H' is given by

H = % (1+c—a—\/(1+c—a)2—4c).
It is also possible to see, under the conditions on the parameters, that 0 < H < H’ < 1. Then, by
Theorem 2.1.2, if we choose H' < yg < H we have a stochastic UL factorization where both factors are
stochastic matrices. On the other hand, following Theorem 2.1.4, we have a stochastic LU factorization
if and only if we choose the free parameter 7y in the range H' < 7y < H.

The next step is to perform a discrete Darboux transformation and to analyze the relation between
the spectrum of the respective matrices. A great advantage of this example is that, thanks to its
simplicity, we can compute the explicit expression of the spectral matrix associated with P. This
spectral matrix appeared for the first time in the last section of [41] for the case of b = 0, together
with the method to compute the spectral matrix using Stieltjes transforms and the spectral measures
associated with the positive and negative states given in Section 1.4.

For this case, let ¥ be the spectral measure associated with the birth-death chain on Z>( with
transition probability matrix P* given by (1.4.9), with probability of absorption to the state -1 given by
c. Also, let ¢~ be the spectral measure associated with the birth-death chain on Z<_; and transition
probability matrix P~ given by (1.4.10) with probability of absorption to state 0 given by a. The
relations between the Stieltjes transforms given in (1.4.11) are the following:

B(z;9™")

B = 1B B o)

C i _ B(a;97)

aB(Z,'(/JZQ) = 1—aCB(Z;1/)+)B(Z;¢_)’ (2.3.2)
—a xh €T +

B(z:1n2) = B(x;97)B(z;97)

1 —acB(z9%)B(z¢7)

Note that if we remove the first row and the first column of P* we get the same matrix. Then, following
Remark 1.3.3, the Stieltjes transform B(z;1™) associated with ¢ satisfy the following equation

acB(z ") + (2 = b)B(z4+) +1=0.



Therefore we have the expression

B(Z;er):b—Zi\/(Z—O'_)(Z—O'_;'_), oL =1—(VaF Vo)

2ac

from which we choose the positive solution so that B(z;%™) is bounded when z — oo. Given
the structure of P~ it is easy to see that B(z;¢") = B(z;%~). Then, using (2.3.2), after some
computations we have
B(z;97) B(z¢™") 1 2
B(z; = = =— , o+ =1—(vaF+c)“.
( wll) 1—acB(Z;¢+)2 2+(Z—b)B(Z;1/)+) \/(Z*O’_)(zfg_,'_) + (\[ \/)

Using the Perron—Stieltjes inversion formula (1.1.2) we have

1 1
z) = — lim ImB(z + t¢; = ,
Yu (@) T e—0+ ( Yn) m/(x —o_)(oy — )
Following the same procedure we can compute 19 and 12. Therefore the spectral matrix of the
discrete-time birth-death chain described by P is given by

z—0b
1 1 2
) = == i oo | TElmoh o= 1o (VaE VR (253

Remark 2.3.1. Another way to identify the spectral measure without using the Stieltjes transform is
to identify the polynomials generated from te recursion formula zQ(x) = PQ(x) which in this case is
given by

or =1—-(aFVe)

Qo(z) =1, Qi(z) =0,
QLi(@) =0, Q% (x)=1,
2Qn(2) = cQn_y(z) +0Q5 () + aQq i (), n€Z, a=1,2

It is possible to see that these families of polynomials can be written in terms of the Chebyshev
polynomials of the second kind (U,,)n>0 (defined at the end of Section 1.6) as follows:

c\n/2 z—0b an (n+1)/2 z—b

and

c\ (n+1)/2 r—b a\ /2 Tz —b
Qi(x) = - (a) Un1 (W) , n=>1, QQ_n—1($) = (E) Un <W> , n>0.

If we analyze this spectral measure, following Theorem 1.3.2; it is easy to see that the process is
always transient except for the case a = ¢. The birth-death chain is never positive recurrent since the
spectral matrix does not have a jump at the point 1, then for the case a = ¢ the random walk is null
recurrent, as expected. The moment M_; of ¥(z) is given by following expression

1 1 b )
— (1=
M. — (oo 2c ( N (2.3.4)
—1 i . b a . 0.
2c oc_o1 cJo_oy




In order for M_; to be well-defined we need to assume that o_ > 0, i.e. v/a + +/c < 1, or equivalent,
a < (1 —+/c)?, which is also the condition for convergence of the continued fractions H and H’.

Regarding the Darboux transformations, for the UL factorization we are interested in the spectral
matrix associated with P = P Py. Using Theorem 2.2.3, the spectral matrix is given by

U(z) = So(x)Ws(z)SE (2),

where
Yo —C c
S0 To % 70
So(z)=[ x-180 z—x_r0 | =  alw—0) sy —0) —ac | -
y-1 y-1 yo(l—a)—c yo(l—a)—c
U(z 1 0
i %2 [ ) ).
c

where do(x) is the Dirac delta at z = 0, ¥(x) and M_; are defined by (2.3.3) and (2.3.4), respectively,
and yg is the free parameter. With these equations we can compute explicitly the spectral matrix
~ 1 -~ - ~ —
U(x) = {A—&—Bm—&—CIz}—i—Mé x),
(=) ma\/(x —o_)(o0g — ) (@)

where

= (H —yo)(H — yo) 1 —r_1/y_1
4= <x_1/y_1 (x—l/y—1)2> ’

SoYo
] __byo
~ 2cy_q ~_ Y% (01
B= _ byo (yob — c(1 —¢))a?, | ¢= 2cy_1 (1 0) ’
2cy_1 acy31
= o~ H')(H — yo) < 1 —xl/y1>
= 5 | -
S0Y0+/0—0+ —z_1/y-1 (z-1/y-1)

So we can conclude that if we choose the free parameter yo in the range H' < yo < H, then M is a
positive semidefinite matrix, so () is a proper weight matriz.

If we observe the last expressions, we see some interesting cases. When we choose either yo = H or
yo = H', some elements of ¥(x) vanishes. In fact, we have

~ —~ ~ 1 5. ~ 1 /0 1
= = = 2c —
A=0,, M=0, B b , C 70 (1 O) .

With all simplifications we recover the original weight matrix (2.3.3), i.e., the Darboux transformation
is invariant. This phenomenon is not possible for Darboux transformations of Jacobi matrices on Zx.
Finally, as we already know, from the spectral matrix {Ivl(x) we get the Karlin-McGregor formula for
the n-step transition probabilities of P using equation (1.4.8) and, thanks to the properties of the
Geronimus transformation, recurrence of the process is not affected by the transformation.



On the other hand, for the LU case, using Theorem 2.2.6 and after some computations, we can
also compute the explicit expression for the spectral matrix associated to the Darboux transformation

P = Py Py, as follows
~ 1 -~ ~ —
U(x) = A+ Bz + Ca?| + Méy(z),
(@) ma\/(z —o_)(oy — ) [ } (@)

where dp(z) is the Dirac delta at z = 0 and

A Fo(H' —7o)(H — 7o) < 1 —50/fo>
T_182 —30/fo  (30/70))"
1 B b
5 _ 710170 ~2ZQOF0 A: 1 01
B T_180 b So T—1 |’ ¢ 25071 \1 O ’

2goTo JoTo
- Fo(fo — H')(H — 7o) ( 1 —30/7o >
= —— s AN I
SpT—1/0—04 50/7“0 (80/7"0)

Again we clAearly see that if we choose 7 in the range H' < 7y < H, then M\ is a positive semidefinite
matrix, so W(x) is a proper weight matriz.

For this spectral matrix we can also observe some special cases. If we choose either 79 = H or
7o = H’, then we recover the original weight matrix (2.3.3). In addition, from the spectral matrix
W (z) we get the Karlin-McGregor formula (1.4.8) for the n-step transition probabilities of the process
described by P and the recurrence is not affected by the transformation.

2.3.2 Birth-death chain on Z with constant attractive or repulsive forces

The second example is very similar to the Example 2.3.1 but in this case we exchange probabilities
a and c for the negative states. The effect of this change is that if a < ¢, we have a discrete-time
birth-death chain where the origin is an attractive state. On the contrary, if ¢ > ¢, then the origin is
a repulsive state. Then, let us consider P as in (1.4.1) with

an=a, c,=c¢ n>0 a.,=c¢ cp,=a n>1, b,=b nez,

and, as before, a + b+ c=1,a,c¢ > 0,b > 0. Diagram for this example looks like follows

b b b b b
C C C a a a
@ (o ) (2)
v\______/
a a C C C C

Figure 2.3: Diagram for Example 2.3.1.

Since the probabilities are constants, the continued fractions given in (2.1.4) can be computed
explicitly. As the positive states are the same as in Example 2.3.1, then H has the same value, i.e.

H:%(1+c—a+\/(1+c—a)2—4c>, (2.3.5)



as long as a < (1 —/c)?, so H is convergent. On the other hand, we have

H=—_
'
and rationalizing we get
H’:2—ca(1+a—c—\/(1—|—c—a)2—4c). (2.3.6)

Here we have that H' > 0 if and only if a > 0, but we have to be very careful because now it is not
true that H' < H for all values of the parameters a and ¢ such that a < (1 — y/c)?. The analysis of
the inequality H' < H shows that a must be in the following range

0<a<(l—,/c)? if 0<c<1/4,

1-2
0<a< 26, if 1/4<c<l1.

Here there is a graph of the range of the previous equations.

Figure 2.4: Range where H' < H in blue.

As before, by Theorem 2.1.2, if we choose H' < yy < H we have a stochastic UL factorization where
both factors are stochastic matrices. On the other hand, following Theorem 2.1.4, we have a stochastic
LU factorization if and only if we choose the free parameter 7 in the range H' < 7y < H.

The spectral matrix associated with this example appeared for the first time in Section 6 of [19]
for the case of b = 0. We will use the same procedure that we used in previous example described in
Section 1.4. Note that, for this case, the matrices PT and P~ given in (1.4.9) and (1.4.10), associated
with the birth-death chains on Z>( and on Z<_; respectively, are the same. Therefore ¢)™ = ¢~ and



B(z;¢") = B(z;4~) = B(2) and equations (1.4.11) simplify to

B(z;¢11) = B(z;22) = %’
B(z;¢12) = 1:651(;()2)2'

Also, we have that acB(2)? — (z — b)B(z) + 1 = 0. Then it is easy to see that

=gy

2 2
B =
¢“B(z)* =c¢ - ,

After some computations we have that

0BE) _(emaeh (0G0 )E)) e

B(z;¢11) = at+c+c(z—b)B(z) 2¢[(1—=2)(z —2b+1)] '

Using the Perron-Stieltjes inversion formula (1.1.2) we have

1 | (a+0)y/@—0)(or —2) )
= — lim ImB ; = =1- .
V() Tesor (z+i6gu) 2me(l—z)(z —2b+1) = (VaFve)
Observe that the Stieltjes transform has two isolated poles at z = 1 and z = 2b — 1. Therefore there
will be two jumps at those points for certain values of a. We have that the size of the jump at z =1
(see (1.1.3)) is given by

. R c—a-+|c—a c—a
on((h) = lim dmB(e+icon) = == = (220 xie,

where x{4y is the indicator function. Following the same procedure we can compute the size of the
jump at x = 2b—1 and 1 with its respective jumps. This means that the spectral matrix associated
to P is given by an absolutely continuous ¥.(z) and a discrete part ¥ (x). We can write the spectral
matrix as ¥(z) = ¥ .(x) + ¥4(x) where the absolutely continuous part is given by

r—0b
(a—l—c)\/(x _U*)(U*F —.’E) 1 a—+c
2rc(l—x)(w—2b+1) |(2=b
a—+c

. (x) = x € lo_,04],

where o4+ = 1 — (y/a F 1/c)? and the discrete part is given by

wi) = (L s+ (5 1) 6] v

where d,,(z) is the Dirac delta at © = w. With this expression and the Karlin-McGregor formula
(1.4.8) we can get the n-step transition probabilities of the process associated with P and we know
that this birth-death chain is always recurrent, in particular it is positive recurrent if ¢ > a since for
that case the spectral matrix has a jump at the point 1.




Remark 2.3.2. Following Remark 2.3.1, it is possible to see that the families of polynomials generated
by P can be written in terms of the Chebyshev polynomials of the second kind (U,)n>0 (see Section
1.6) as follows:

c\n/2 r—b c\ (n+1)/2 x—b
A= ()" v (572). nzo Qo= ()" na (52). nzt

¢\ (n+1)/2 x—b c\n/2 x—b
Gw=-()"" v (52) w1l @@= (9) v (52). nzo

Now the computation of the moment M_; of ¥(xz) is more complicated since there is an absolutely
continuous and a discrete part. Also one of the Dirac deltas of the discrete part can be located at
x=01if b =1/2, so that M_; may have a different expression in that case. Nevertheless, after some
computations, we obtain

o1 Y —bp—1 ( :
_ - a+c c—a b —(a+c
Mo v —bp_1 y + c(2b — 1) (—(a +¢) b X{c>a};
a+c -1

where

afe, if ¢>a.

1 1, if c<a,
/Ll:m((a—i—c)\/m—b\a—d), 7:{ '

In order for M_; to be well-defined we need to assume that o_ > 0, i.e. v/a—++/c < 1, or equivalently,
< (1 —/c)?. For the case of b = 1/2 we obtain

M_, =

4da 9 2a
o
|4a — 1| [0 — 1| 1—4a (1 1
9 _27a 4a +1_2a 1 1 X{a<1/4}- (237)
7T da—1 da —1]

Now we proceed to compute the spectral matrix for the Darboux transformation for the UL case.
Using Theorem 2.2.3 and after some computations we get the following expression

{i}(.fC)f \/(l'—O'_)(O'+—$)

~ ~ ~ 5 —~ —~ —~
= 27T0x(1 — gj)(gj — 9% T 1) |:A + Bx + Cx i| + Moéo(x) + Mgb_légb_l(x) + M151(a:),

where
~ (a+c)(ar —yo)(a— — yo) < 1 —x 1 /y_1 )
A= = 1+v1—-2a-2
S0Yo —5571/3/71 (-’I/‘fl/yil)Q v Qs a+c ( m) )
9% (c(1 —2¢) — byg)x—1 o 0 X
B = cy-1 5 YosoT 1 _
B=| (o1 =20 —byo)ey 2bo—c(l-a)a?, |© O= g |1 @9 ],

cy—
c cyzl Y-1

— H')(H - yo)< 1 —xl/y1),

7, - 2T =X
M, = 1)s0y0 —x_1/y—1 (x,l/y,l)Q

Y-1
Yo
(20 —
—~ _c—a so—r0)2 —(s0 —710)(8-1 —7-1) VA
My, = b— 1) ( (s0—10)(s_1 —7_1) (s_1 — 7:1)2 X{c>a}s M, = o 1 1 X{c>a}-



Notice that we are implicitly assuming that b # 1/2. If we analyze this expression, we get some special
cases. For the case where b = 1/2, the Geronimus transformation is not well-defined for the Dirac
delta at x = 0. However, it is possible to define the spectral matrix in terms of the derivative of the
Dirac delta at x = 0. Therefore, the spectral matrix for the Darboux transformation is given by

¥ (z) = \/(277_0;2()1(U+x)_ Y [+ Bt émﬂ + Moo () — MLSh(x) + M6y (2), (2.3.8)

where A, B, C and M, are the same as before writing b =1/2 and ¢ = 1/2 — a and
M/} = lim (2b—1)My,_1,
b—1/2
1
—  (yo— H")(H — ) ( 1 —wl/y1> 2(1 — 2a)(1 — 4a)’
Mo — ’ _ ( a)(1 — 4a)
0= 5090 —r_1/y-1 (2-1/y-1)? 1 a

if a<1/4,

FPRE if a>1/4.
For the case where a = 1/4 then the moment (2.3.7) is not well-defined, but in this case we are in
the situation of the previous example and, from the spectral matrix \il(z) we get the Karlin-McGregor
formula (1.4.8) for the n-step transition probabilities and we know that the recurrence of the Darboux
transformation is not affected.

If we fix yo = H, we have a similar behavior to the previous example since we observe that the
positive states of the original process remain invariant under the Darboux transformation (2.2.2),
while if yg = H’, then the negative states of the original random walk remain invariant.

Finally, we proceed to analyze the LU case. Using Theorem 2.2.6 and after some computations, the
expression for the spectral matrix of P = Py Py, is the following

o o)) [4a Al o _ _
V(@)= o et T) |4+ B+ Ca?| + Modo(w) + May-1820-1(a) + Moy (2),
where
~_ (a+)(B+ — 50)(B= — 30) 1 —350/To _at+cev2b—1
A= — == ~ J~\2 ] Bi - )
SoYo 50/T0  (S0/T0) a+c
1 (P —pi) (a—afe—c(1—20)\ A G =S
B = pompe S0 ’ C= = -1 )
YoTo \ (a — ¢)7p — (1 — 2¢) 2¢80% 1 Yo 1 0
—~ a(ﬁ’—H)(Vzo—H/)(H—f’o) 1 —§0/f0 = c—a (1 1
M = - - - o M = —_——
0 C(2b — 1)50@0 —30/7‘0 (50/7"0)2 ’ 1 % 1 1 X{e>a}s
My = ¢ ( (Zo — G0)? —(930—?30)@1—271)))<
P 262 — 1) \ (@0 — o) (#-1 — 1) (F1— 1) {e>a}-

As before, from the spectral matrix ¥(z) we get the Karlin-McGregor formula (1.4.8) for the n-step
transition probabilities and the recurrence of the Darboux transformation is not affected. We have a
similar behavior if we assume either 7o = H or 7o = H’ for the factorization.

Before finishing this section we would like to comment on some special cases that occur in both
factorizations, UL and LU. First, if we assume a = ¢ then we recover the previous example and the
Darboux transformation is invariant if we choose the free parameter yo = H = 1(1 + /1 —4a) or

yo=H' = 3(1—v1—4a).



Aditionally, there are some values of the parameters where the Darboux transformation is almost
invariant. For instance, for 0 < a < 1/2 consider ¢ = 1/2 — a, then b = 1/2 and the values of the
continued fractions (2.3.5) and (2.3.6) depend on the value of a. We have two situations:

e If 0 <a<1/4, then H = H' = 1— 2a. Therefore the only choice of the parameter yq in order
to have a stochastic factorization is yg = 1 — 2a. For this value we always have

n=1—2a, n>0, —n=2a, n>1,
n Yo (2.3.9)
Sp=rn=1/2, zp=1—y,, n€EZ.

Therefore the transition probabilities of the Darboux transformation are exactly the same as the
original case except for the state 0, where we have

do=a, d=a, b=1-2a. (2.3.10)

The birth-death chain generated by P is almost the same as the original one except for the state
0. The spectral matrix is given in this case by

T(z) = V(e —0-)(oy —2) {E + CN'x} Y M6 (2), on=1/24/2a(l —2a), (2.3.11)

2rcx(l — x)
where
1 L2 0o 1
- g ~ 1-2 1 — 1-4a (1 1
P=220] 1o a-202 |0 95 <1 = 4a>7 M=si=ag 1t 1)
- 2 2a
2a 4a

Similar results hold for the LU case.

o If 1/4 < a < 1/2, then H = 1/2 and H' = (1 — 2a)/4a. Therefore the parameter yo can be
chosen in the range
(1—2a)/4a <yo <1/2.

In particular, if take yg = 1 — 2a, then we are in the same situation of the previous case, i.e.
we have (2.3.9) for the sequences x,,Yn, Sn,Tn and the transition probabilities of the Darboux
transformation are exactly the same as the original case except for the state 0, where we have
again (2.3.10). The spectral matrix is then given by (2.3.11). If yo = 1/2 then we get invariance
on the positive states of the Darboux transformation but not on the negative states nor state 0.
On the contrary, if yo = (1—2a)/4a, then we get invariance on the negative states of the Darboux
transformation but not on the nonnegative states. The spectral matrix can be computed from
(2.3.8). Similar results hold for the LU case.

Finally, let us highlight that, despite the fact that both examples are considered simple since all
probabilities are constant, both processes were considered by previous authors (at least for the case
b = 0). Besides, considerable effort was necessary to get the explicit expression of the spectral matrices
and our analysis led to very interesting results such as the cases where there is an invariance property
or an “almost” invariance property. For these reasons, we will return to these examples in the next
chapters. Nonetheless we will also study a nontrivial example in Chapter 4, given by the so-called
associated Jacobi polynomials.



CHAPTER 3

Stochastic Absorbing-Reflecting factorizations

In Chapter 2, we explored UL and LU stochastic factorizations of the one-step transition probability
matrix P, which describes an irreducible birth-death chain on Z. These factorizations represent either
pure-birth or pure-death chains. Given that our study goes around the one-step transition probability
matrix P and begins with a stochastic factorization, we seek decompositions that are meaningful and
interesting from a theoretical point of view. In this context, examining absorbing-reflecting (AR)
factorizations presents a promising path for further investigation. The RA factorization consists of
treating the first factor, Pgr, as a reflecting birth-death chain on Z from the state 0, and the second
factor, P4, as an absorbing birth-death chain on Z to the state 0. While there is no difference between
UL (LU) stochastic factorizations and RA (AR) factorizations on Z>, these factorizations represent
different chains when the state space is Z.

The first part of this chapter is dedicated to the RA factorization. Section 3.1 provides the
fundamental definitions and necessary conditions for the existence of a stochastic RA factorization.
These conditions are expressed in terms of the continued fractions presented in Chapter 2 (see (2.1.4)).
In Section 3.2, we perform the discrete Darboux transformation and conduct the spectral analysis.
In this case, after the Darboux transformation we get an “almost” birth-death chain on Z since the
resulting matrix P has transition probabilities between states 1 and -1. To achieve this, we use
the relabeling method given by (1.5.9) to obtain an equivalent representation of P as a 2 x 2 block
tridiagonal matrix, denoted by P (see (1.5.2)). This block structure proves to be very useful in certain
proofs, as it allows us to apply techniques from the theory of matrix-valued orthogonal polynomials.
This analysis offers crucial insights that will also be employed in Chapter 5. The reason for not using
the 2 x 2 block structure in Chapter 2 was that it did not preserve the UL or LU block structure of the
original factorization of P. Following the main result, we revisit Example 2.3.1 and apply our results
concerning the RA factorization.

The second part of this chapter explores AR factorizations. In Section 3.3, we explain why considering
P as in (1.4.1) is not particularly interesting. Instead, we introduce the simplest process applicable
to this factorization: An “almost” birth-death chain similar to the one described by }5, i.e., we add
transition probabilities between states 1 and -1. We then provide conditions under which the stochastic
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AR factorization exists. Following the same steps as before, Section 3.4 investigates the Darboux
transformation and the relation between the corresponding spectral matrices. It is interesting to see
that, after the Darboux transformation, we recover the tridiagonal structure of an usual birth-death
chain. This chapter concludes with an example, closely resembling Example 2.3.1, but with the
modifications described in Section 3.3. All results presented in this chapter are included in [33].

3.1 Stochastic RA factorization on the integers

Let {X; : ¢t =0,1,...} bean irreducible discrete-time birth-death chain on the integers Z with transition
probability matrix P given by (1.4.1). First, we are going to study the RA factorization, that is,
P = PrP4 where Pg represents a reflecting birth-death chain on Z from the state 0 (lower bidiagonal
for the negative states and upper bidiagonal for the positive states) and P4 represents an absorbing
birth-death chain on Z to the state 0 (upper bidiagonal for the negative states and lower bidiagonal
for the positive states). In other words

T2 Y2 O
z_1 Y10
Pr = : 3.1.1
R o Tvo 70 (3.1.1)
0 1 =
and
0 s_o 7_
Py = 0 81 (3.1.2)
A= 01 o0 -
T1 S1 0

Here we have to make two important observations. First, in P we have to add a probability « of
going from state 0 to —1 in order to connect the chain from positive to negative states. Second, the
state 0 of P, is an absorbing state. Therefore so = 1 and 1y = 0. Below we show diagrams for these
two processes.

Yo N »2
v ) a () =

0
(2) (1) ©) 0 2

Figure 3.1: Diagram for the discrete-time bilateral birth-death chain described by Pg.



Figure 3.2: Diagram for the discrete-time bilateral birth-death chain described by Pj.

Since we are looking for a stochastic factorization we have the following conditions:
at+zoty=1, zpt+y,=1, s,+r,=1, necZ\{0} (3.1.3)

Now, using equation P = Pr P4 entry by entry, it is easy to see that

Gp = TpSpy1, N = 0, an=ynr—n, n2=>1, (314)
bn = YnSn + TnTn+1, n 2 ]-7 bO ="Yo + xor1 + ar_i, b—n =Y-nS—n + LTnl—n—1, n Z ]-7
Cn =YnTn, n>1, cg=as_y, C.p=T_pS_p_1, n>1L (3.1.5)

We are going to use this system of equations for the first part of our analysis to derive conditions for
the existence of the stochastic RA factorization. As in the previous chapter, we have a free parameter
a from which we can compute s_1, r_1, y_1, T_1, S_2, ... recursively using (3.1.5), (3.1.3) and (3.1.4).
In this case, for positive values of the indices, we need to fix a second parameter xg, in order to obtain

recursively s1, 71, Y1, 1, S2,... using again (3.1.4), (3.1.3) and (3.1.5). Therefore we have two free
parameters.

Proposition 3.1.1. Let H and H' be the continued fractions defined by (2.1.4) with condition (2.1.8).
Then both H and H' are convergent. Moreover, let P = PrP4 and assume that H' < H. Then, both
Pr and P4 are stochastic matrices if and only if we choose o and xg in the following ranges

a>H', z9>1-H. (3.1.6)

Proof. The first part of the theorem was proved in Theorem 2.1.2. For the second part, assume H' < H,
Pr and P4 stochastic matrices and let (hy,)n>0 and (h.,)n>0 be the sequences of convergents for H
and H' respectively. Then it is clear that

xg > 0=1-— hg,

and then

a
51:70<1<:>I’0>a0:17h1.
To

Similarly

C1 Qg a
yp=—%c<nesi<l-cgs —<l-c S x9> = -
1 T - |1 |1



Using the same argument recursively, for even indices we have

yn+1:cn+1<1<:>Sn+1<1—Cn+1<:>a7n<1—cn+1¢>1—yn>ain
Tn+1 LTn 1—cpy1
_ | enn | _al e e
< yn <1 1 1 & Sy <1 ’1 ’1 ’1 i
ao _ 61‘_ al‘_ 02‘__”_ Cn41
R N R T
0‘ Cl‘ 1‘

Cz‘ Cn+1 |
@$0>’ ’1 ’1 ’1 _"'_’%—1_]7/271-‘,-2’

while for odd indices, we have

S”Jrl:%<1<:>yn<1—an<:>i<1—an<:>1—8n> f"an
@sn<1—’—‘ ’—‘@ @sl<1—’611‘ ’1\ ’012‘_..._ aln
x—o<1 ’1 ’1 ’12‘__ aln
@x0>’a°‘_’011‘_"‘11‘ ’02‘_..._ aln — 1 — honis

Therefore, since in Theorem 2.1.2 we proved that (h,)n>0 is a decreasing sequence, we have
0=1—hgo<1l—h,<1-—H <ux.
Following the same lines as before for (h”,,),>0 we get
0=h{<h,<H <o

On the contrary, if (3.1.6) holds, in particular we have that 1 — h,, <1 —H <zpand b, < H < «
for every n > 0. Following the same steps as before, using an argument of strong induction, will lead
us to the fact that both Pr and Py, are stochastic matrices. O

Next we will proceed to the study of the discrete Darboux transformation which consists of inverting
the order of multiplication of the matrices in the stochastic factorization of the previous theorem, as
well as the spectral analysis.

3.2 Stochastic Darboux transformations and spectral matrices
for the RA case

Now it is time to turn our attention to the discrete Darboux transformation. As we know, if we invert
the order of multiplication of the factors in the stochastic factorization PP = PrP4, we obtain a new
stochastic matrix, say P = P4 Pgr. This matrix P is not tridiagonal but pentadiagonal, so we do not
obtain again a birth-death chain on Z, as in the case of UL (or LU) factorization in Chapter 2. However
we obtain a two-parameter family of new Markov chains on Z, which we denote by {)N(t :t=0,1,...},



which is “almost” a birth-death chain. The only difference is that we have new transition probabilities
between the state 1 to the state -1 and vice versa. The tridiagonal coefficients of P are given by

an = SpTpy O—p—1 =Y—nT—n-1, n >0,
l;o = Yo, 5_1 =rja+s_1y_1, l~>n =TpTn-1+ SnYn, B_n =T nTontl +S—nY-n, n>1,
Co=0Q, Cp="TpYn—1, Cop=358_pnT_p, n=>1,
(3.2.1)
while the probability transitions between the states 1 and —1 are given by
d =P(X; =-1Xo=1)=ra, d,=PX; =1|Xo=—1)=r_x. (3.2.2)

A diagram for this process looks as follows

Figure 3.3: Diagram for the Markov chain generated by the Darboux transformation P.

As we anticipated, we will consider the equivalent discrete-time quasi-birth-and-death process described
by P asin (1.5.2). In this context we have to look for the same structure on the factors Pr and Pj.
This will be very convenient in our computations and also for the spectral analysis that we will see
later in this chapter. If we perform the relabeling (1.5.9), we get the following 2 x 2 block matrices

Yo «a |[zo O
0 Y—1 0 Xr_q
= Y1 0 T 0
0 Y_2 0 T_9
1 0
r—_1 S-1
PA — 1 0 S1 0

0 ) 0 S_9

Observe that Pg is a semi-infinite 2 X 2 upper block matrix while P4 is a semi-infinite 2 x 2 lower
block matrix. If we call

Yo (6% Yn 0 Tp 0
YO (O y_1> ) Yn < 0 y—n—1> , =2 ]-7 X’n < 0 x—n—l) y =2 07

L . . (3.2.3)
Sn _[Tn
SO - (7"1 Sl) 9 Sn - <O Snl) ) n Z 17 RTL - (O Tn]_) I n Z 07



then Pr and P4 can be written as

Yy Xo So
Y1 Xy R 5
Pr = Yo Xo » Pa= Ry 52

With this notation, a direct computation from P = Pr P4 shows that

An = XnSn+17 nz 07
B, = YnSp + XnRup1, 1 >0, (3.2.4)
On = Yana n > 1.

This change plays a very important role in this case because although P = PrP4 is not a UL
factorization, the block matrix factorization P = Pr P4 is a UL block matrix factorization similar to
the one we studied in Chapter 2. Now, if we perform a discrete Darboux transformation we get the
equivalent family of discrete-time quasi-birth-and-death processes P as follows

EO %0 _ So Yo Xo
~ Ci B A4 Ry 5 Y1 Xy
P= Gy By Ay = Ry S Y, X, . (3.2.5)

And the relations (3.2.1) are equivalent to the matrix relations

An = San7 n >0,
By = S0Yy, Bp=RpyXn_1+5,Y,, n>1, (3.2.6)

Cn = RnYnfl, n Z 0.

To continue with our analysis, let us consider the spectral matrix given by (1.4.6) associated with P
and the corresponding matrix-valued orthogonal polynomials in (1.5.10). Notice that the orthogonality
relation is given by (1.5.11), the Karlin-McGregor representation formula is given by (1.5.13) and we
can compute the invariant measure following Remark 1.5.5.

For the main result of this section we will follow similar steps as in Chapter 2. Let us consider the
family of matrix-valued polynomials generated by U = P4Q with U = (U ,U{,---)T. This family
is given by

Uo(z) = SoQo(x) = So,
Un(x) = RnQn—l(z) + STLQH(J:)a n Z 1a

where (Sp,)n>0 and (R, )n>1 defined in (3.2.3). Using the RA factorization of P, we have

(3.2.7)

PrU = PrP,Q = PQ = 2Q,

or, in other words,
2Qn(x) =Y, Up(z) + X,Upsr(z), n>0. (3.2.8)



If we evaluate the last equation at x = 0, it is easy to see that
U,(0) = (—1)"X, 1V, 1 X5 Yoo, (3.2.9)
and we also have

- ny-— — n— - - — -1
Un (U, 1(0) = [(=1)" X, 2, Yoo - - Xg Y0 S0] [(—1)" "X Yk 1 X0 Yo ko X Y0 S0]
= (DX, Y X Yk, k=10 (3.2.10)
This last equation is very useful when we try to solve (3.2.8) recursively, because we have
Un(z) :X;—ll (2Qn-1(2) = Yn-1Up—1(2))
:xngllanl(x) - X;,llynflUnfl(x)
:xngllanl(x) - X;,llynfl [X;,lz (55an2($) - Yn72Un72(1’))] .
Here, using (3.2.10) we can write

n—1

Un(2) =U,(0) [ +2 Y U L (0)X, ' Qu()] - (3.2.11)
k=0

As a matter of fact, through the Darboux transformation we have
PU = P,PrP,Q = 2P,Q = 2U.

Hence the family of matrix-valued polynomials U, (x) solves the eigenvalue equation for P and from
(3.2.7) we have that deg(U,(z)) = n,n > 0. Unfortunately this family does not satisfy the initial
conditions since Up(z) = Sy # Is. In view of this fact, we will be interested in a new family of
matrix-valued polynomials (Qn)nZO where Qo = I,. Since Sy is a nonsingular constant matrix, this
new family can be defined as _

Qn(z) =U,(2)S; . (3.2.12)

Before the main result, let us define the matrix-valued potential coefficients (ﬁn)nzo as the solution
of the symmetry equations for P, given by

ﬁn:(é?~-~5g)_lﬁ0go---gn_1, nZ 1.
Then, using (3.2.4), (3.2.6) and the previous equation, we get

1L, = (RoYn_ 1) T (Rp_1Yn o) T (R2Y1)7T(R1Y0)7Tﬁ0(SOXO)(SIXI) oo (Spo1Xno1)
=R;TY ART Y RyTYT TR TY T 050 X051 X1 -+ - Sp1 X
=Y, 'RTY, AR T Y Ry TYT TR TY TS0 X051 X - Sn1 X1 Syt

=y, "(ClCy - O Yy ToSo Ao -+ Ana S,
Then, if II, = Y TS5+ we obtain

I, = Y'I,5;, n>o0. (3.2.13)



Computing IIy using (3.1.4) and (3.1.5), we get

~ Yo 0
Iy = .
0 ( 0 «of r1>
And, of course, (ﬁn)nZO are always diagonal matrices. We are now ready to state the main result of

this section.

Theorem 3.2.1. Let {X; : t = 0,1,...} be the birth-death chain on Z with transition probability
matriz P given by (1.4.1) and {X; : t = 0,1,...} be the Markov chain generated by the Darboux
transformation of P = PrPa with transition probabilities given by (3.2.1) and (3.2.2). Assume that

1
M,lz/ 7 W (2)dx

—1

is well-defined entry by entry, where W(x) is the original spectral matriz (1.4.6). Then the matriz-valued
polynomials (Qn)n>0 defined by (3.2.12) are orthogonal with respect to the following spectral matric

U(z) = SoWy(x)ST, (3.2.14)

where the constant matriz Sy is defined by (3.2.3) and

By () = 2@ | {1 < 1 /s > —M_l} So(), (3.2.15)

x yo \~r-1/s-1 (r—1/s—1)* +yor—1/as,

where §o(x) is the Dirac delta at x = 0. Moreover, we have
1 ~ ~ ~ ~
| Qu@¥ @)@k @ =, 5,
—1

where Opy, s the Kronecker delta and (ﬁn)nzo are defined by (3.2.13).

Proof. Forn>1and j=1,...,n—1, we have
1

/ Qn(2)¥ ()2’ du —/_ U, (2)®y ()2’ Sy da —/ [RnQn_1(x) + S,Qn ()] (x)2? 1 ST dx

-1

1
- / Ro Qs (@) %@ ST o+ [ 5,Qu() (@) 15 dn = 0,
—1 —1

where for the first equality we have used (3.2.12) and (3.2.14), for the second equality we have used
(3.2.7) and (3.2.15), and finally we have used the orthogonality of the family (Q,)n>0. Now, for n > 1,

we have, using (3.2.11), that
Li+z) Ukjl(O)Xlek(x)] Uy (2)ST dx

/Qn dx—/ U,(2)%y(z )S()de—/ U,( 2

n—1
[/ Uy (x da;+ZUk+1 0)X, /Qk dx]So

n—1




The second part of the previous sum vanishes for £ = 1,...,n — 1. Therefore the only nonzero term
is for k = 0, ie., UTL(0) Xy [, ®(2)dz = UL (0)Xy Tyt A direct computation using (3.2.9),
(3.2.3), (1.5.12) and Definition 1.4.1 shows that

_ P 1 1 1 —r_1/s_
U 0)X, It = =Sy I = —— et :
1 ( ) 0 0 0 “0 0 Yo 77“_1/8_1 (7'—1/5—1)2+y07"—1/0432_1

From the definition of ¥y (x) in (3.2.15) we obtain that f_ll Q. (2)¥(z)dx = 0,.
Finally, for n > 0, and using (3.2.12), (3.2.14), (3.2.8), (3.2.7) and the orthogonality properties, we
have

L lén(x)\fl(x) Q7 (z)dx = L 1Un(x)so—lso‘pu(x)sgs(;TUg(x)dz

1
= [ Vi 0@u(a) = XU ()] W (@)U (0)da

1

=Y, ' [ Qu@)¥(@) [RnQn_1(2) + SnQy ()" dx

=Yy, [ B Q. (2)¥(2)QL (x)dx| St

=Y, 't S) = (S, T, Y,) Tt =10, T =10,

where in the last steps we have used the formula (3.2.13) and the fact that (ﬁn)nzo are diagonal
matrices. O

Let us highlight that the previous theorem states that the spectral matrix associated with the
Darboux transformation P considering the stochastic factorization P = PgrP, is a Geronimus
transformation of the original spectral matrix ¥(z). More notably, the result is not restricted to
2 x 2 block tridiagonal matrices. We can follow the same steps for any block tridiagonal matrix P
with NV x N blocks, if we are able to find a factorization of the form P = PrP4 where Pr and Py
are N x N block bidiagonal matrices as in (3.2). The spectral matrix associated with the Darboux
transformation P = P4 Pg will be given by

U(z) = S, (‘I'f) + [(MoYoSp) ™ — M_4] 50(x)) ST (3.2.16)

as long as M_, = fil x~1W(x)dx is well-defined entry by entry and we can compute the spectral
matrix ¥(x). This last condition is perhaps the most difficult to fulfill because in this case is not
always possible. This idea opens the door to the study of more general structures, as we will see in
Chapter 5.

Certainly, talking about bilateral birth-death chains, one of the most important consequences of
this result is related to the probabilistic properties of the process described by P. As the spectral
matrix after the discrete Darboux transformation W(z) is a Geronimus transformation of the original
spectral matrix, the recurrence properties will be preserved for any values of the free parameters «
and x( satisfying the conditions (3.1.6) in view of the fact that the Geronimus transformation does



not affect the behavior of the transformed spectral matrix at the point 1. Actually, the Geronimus
transformation affects only the point 0, since it consists of dividing by = and adding a Dirac delta at
0. This means that the original process is recurrent if and only if the transformed process is recurrent.
The same can be inferred for null or positive recurrence or transience properties. Finally, the invariant
measure of the transformed process can be computed through the invariant measure of the original
process as follows

(3.2.17)

~ _ QY1 Y-2M_2 Y2M2 Y-3M_3
™= \Yo, —; ’ 3 ) ).
r—_1 S1 S_9 S9 S_3

Note that this expression comes from the fact that the invariant measure is given by the diagonal
entries of II,, and it corresponds to an invariant measure of a quasi-birth-and-death process.

3.2.1 RA study of the random walk on 7Z

Let {X;:t=0,1,...} be an irreducible birth-death chain on Z with transition probability matrix P
as in (1.4.1) with constant transition probabilities, say,

anp=a, b,=0b, ¢,=c¢, n€Z, a+b+c=1, a,c>0, b>0.

Then, we can compute explicitly the continued fractions as in Example 2.3.1. These fractions are given
by

1 1
H:§<1+cfl+\/(1+cfl)2—40) and H’:§<1+cflf\/(1+cfl)2—40).

Following condition (3.1.6) we have that the RA stochastic factorization is possible if and only if we
take « > H' and g > 1 — H, with o +z¢ < 1.

Again, we have some interesting cases. If we choose « = H' and xg = 1 — H, then, using (3.1.5),
(2.3.1), (3.1.3) and (3.1.4) we get

c 2¢ 2¢(1+c—a++/(1+c—a)?—4c)
5.1 =— =
T l+c—a—+/(1+c—a)?—4c (I+c—a)?=(1+c—a)*+4c

1
_ 2 _ =
5 <1+c a—i—\/(l—i—c a) 40) H.

Thenr_; =1— H and

a

= =1-H'.
1-H

Y-

Note that this last equality holds using the expressions of H and H' and that H = 1— =%z . Therefore
x_1 = H'. Following similar steps for the other indices, we have
s.n=H, r—,=1-H, y—nzl_H/) x—n:H/: n=>1,

B , e B _ (3.2.18)
$Sp=1-H, r,=H, y,=H, x,=1—H, n>1,

andyo = H—H’, so = 1 and rg = 0. Now, if we compute the coefficients of the Darboux transformation



using equations (3.2.1), we get

\=H-H)Y1-H), ag=1-H, a,=1, neZ\{-1,0},
\=b=HQ-H)+HQ1-H'), bp=H—-H' b,=b necZ\{-1,01},
éo=H', ¢o=H'(H-H'"), ¢,=c, neZ\{0,1},

d_i1=0—-H)? d =(H">

a
b

This means that the coefficients of the Darboux transformation remain “almost” invariant.

From (2.3.3) we have an explicit expression of the weight matrix W(z) associated with P. The
moment M_; of ¥(z) is given by (2.3.4) where we assume that a < (1 — y/c)?, which is the same
condition for the convergence of the continued fractions H and H’. With this information it is possible
to compute the spectral matrix associated with the Darboux transformation P = P4 Pgr, which we
recall it is an “almost” birth-death chain except for the states 1 and —1 and two free parameters, «
and xo. In this case we have, by equation (3.2.3), that

S0 = (1 —1c/a c?a) '

Now, following Theorem 3.2.1, to get the spectral matrix associated with P we have to perform a series
of simple computations. First, for the absolutely continuous part we have

SO(\PQ(CZ)>S°T m¢<x—<rl_><o+—x> (1—1C/a %) ”“:‘b a2/cc <(1) 1;/2/a>

1 1 1

2a
o o _ 2
ma/(@—o0)og—) |1_7% b—c 147 b 2c+c(3c+a b)+c
2a o o

Using the fact that we can write a = (1 — H)(1 — H') and ¢ = HH’ we have

20— H—-H' +=x

() _ 1 1
SO( x )SOT_WJ;\/(QU_U)(U+_$) 20— H—-H +=x (afH)(oszz’?+9:(a*HH’)

20 o?

For the value at point 0, which will lead us to calculate M_, = fil x’l\i(x), first we note that

Jo_or=+/(H+H —2HH")? —4(1—H)(1—-H)HH' = H — H'.

Then we have to compute

1 1 c-—a 1 1 b
s vy H-H' YoC 2c H-H sT
O c—a 1 1 b (a—c)Q—yo(a—c)_ a 0
Yoc  2c H-H Yoc? c(H — H’)




Using the expression of a and ¢ we get
H-H —y H -«

- | ED ,

a(H — H') o?(H — H')

Therefore the final expression for the spectral matrix is given by

~ 1 -~ —
U(x) = A + Bzx] + M_40y,
(=) 7733\/(56—0'_)(O'+—33)[ ] o
where
20— H - H'
_ ! S e B O (R
A= , B=— 2(a— HH') |,
2a—H—-H' (ao—H')(a—H) 2a \1 %

20 a?

and dp(x) the Dirac delta at = 0. About the probabilistic properties, as we mentioned in Example
2.3.1, it is easy to see that the original random walk is always transient, except for a = ¢, where it
is null recurrent. The transformed process will have the same recurrent behavior. In addition, the
invariant measure of the original process is given by the following simple expression

2 2 3
™= (LC;Q,C‘G C) (3.2.19)

while the invariant measure of the transformed process will be a complicated two-parameter family
of vectors. Nevertheless, for the special choice of « = H' and o = H we have, using (3.2.17) and
(3.2.18), that the invariant measure is given by following vector

H  aH ?(1-H')  o*H A(1—H') )

7= (H-H
T ( 1-H c(1-H) «H E1-H) oH

3.3 Stochastic AR factorization on the integers

Now it is time to study the second case, where we are looking for an absorbing-reflecting (AR)
factorization. First of all note that if we start from a birth-death chain P as in equation (1.4.1)
and consider an AR factorization of the form P = ]SAlgR, we will end with both ﬁA and ]SR two
separated birth-death chains at the state 0, i.e., there will not be a probability that connects positive
and negative indexes. To fix this detail, we notice that the multiplication of matrices of the form
Py Pg, with P4 as in (3.1.2) and Pg as in (3.1.1), gives rise to a Markov chain which is “almost” a
birth-death chain, except for the states 1 and —1. Therefore, for our purposes, it will make more sense
to start with an irreducible Markov chain {X; : t = 0,1,...} on Z with transition probability matrix

given by

C_9 b_g a_o
C_1 b_l a_1 d_1

P = Co bo an ; (331)

dy C1 by ay

C2 by az




similar to the one illustrated in Figure 3.3.
As before, to simplify some computations, we will work with the equivalent quasi-birth-and-death
process. After the relabeling (1.5.9) we get the following semi-infinite 2 x 2 block tridiagonal matrix

bo Co ap 0
a_1 b_1 d_1 Cc_1
C1 d1 b1 0 ay 0
P=|_0 a2] 0 b2] 0 co» : (3.3.2)
C2 0 b2 0 a9 0
0 a_3 0 b_3 0 C_3

where the only difference with the coefficients in (1.5.2) is the triangular shape of the blocks Ay and

C1, now given by
o ao 0 _(a dl
t=(i L) a-(0 )

Observe that the block matrix factorization P = ISAISR corresponds to an LU 2 x 2 block matrix
factorization. A direct computation shows that

(3.3.3)

or equivalently, using P = ?AISR, we obtain

Ap = TpSn, n>1, ag=2=2o, a_p ="Y-py1T—pn, n>1, (3.34)
b = Gndn + Fnctfry N> 1, bo=Fo, bon =Gonbon +Foniifon, n>1, (3.3.5)
Cn =TYn1Tn, n>1, cy=a, c_,=T_,5_, mn>1, (3.3.6)
d_y =7 1G9, dy=ra, (3.3.7)

with P4 and Pg stochastic matrices, i.e., all entries are nonnegative and

G4+ Fo+Go=1, Fnt+Gn=1 &u+fn=1 neZ\ {0} (3.3.8)

Observe that, from (3.3.4) - (3.3.7), the values of the probability transitions between states 1 and —1
are given by
a_1apn CoC1
d_y = , dp=——.
1 b 1 by

This means that the factorization is restricted to condition (3.3.9). Additionally we need to have that
0 < d_1,d; <1, so these coefficients are probabilities. Using again equation (3.3.9), we have to assume
that

(3.3.9)

bp > max{a_jag, coc1}.

With the previous restrictions it is possible to get the coefficients yq, 71, 51, 1, U1, - . - recursively using
(3.3.5), (3.3.6) and (3.3.8) in that order. We also can get o, 7—1, §—1, _1, J—1, T—2, ... recursively
using (3.3.5), (3.3.4) and (3.3.8) in that order. This means that there is no free parameter and the
factorization is unique.



Now, we proceed to analyze conditions under which the factorization is stochastic. As we have a
slightly different expression of P, for this case, the continued fractions H and H’ are given by

~ 01‘ ’11‘_’012‘_’“12‘__..7 fl’:’ I —’ 1 _’ 1 _’ 1

(3.3.10)

For each continued fraction, consider the corresponding sequence of convergents (71 n>0 and (h )n>0s
given by
- N, - N’
hy, ===, h_,==". (3.3.11)
D, D,

With these fractions and the convergents defined we are ready to establish conditions for the existence
of the stochastic factorization as follows.

Proposition 3.3.1. Let H and H' be the continued fractions given by (3.3.10) and the corresponding

convergents (hp)n>o and (h'_,)n>0 defined by (3.3.11). Assume that

0<N,<D,, and 0<]\~/in<DLn, n > 1.

Then both H and H' are convergent. Moreover, let P = ﬁAﬁR. Then, both ﬁA and IBR are stochastic
matrices if and only if o
bo > max{H, H'}. (3.3.12)

Proof. Following exactly the same lines as the proof of Proposition 3.1.1, replacing the formulas by
the tilde notation, one can prove that (h,)n>o and (A’ ),>0 converge to H and H', respectively.
After that, using a similar argument about equivalences as in Proposition 3.1.1, one can prove that
0=ho < hy <H<iy,and 0=hj) <h', < H' < §jo. Therefore we get (3.3.12) taking in mind that
Jo = bo in this case (see (3.3.5)). O

Observe that if by > H , then in particular by > c; and since we know that 0 < ¢y < 1, then
we have by > c¢; > coc;. In the same way, if by > H’, in particular we have by > a_; and since
0 < ag < 1, then we get by > a_1 > aga_1. Therefore it can be concluded that if by > max{ﬁ'7 f[’},
then by > max{a_jag, coc1 } from which we conclude that 0 < dy,d_; < 1. Observe that this does not
mean that the factorization is always possible since we need to have (3.3.9).

3.4 Stochastic Darboux transformations and spectral matrices
for the AR case

Now that we have P = ISAﬁR, or equivalently P = PAPR7 we can perform a discrete Darboux
transformation, which we will denote by a hat superscript, P= PRPA or equivalently p= PRPA In
block matrix form we have

EO A\O }70 XO S;0
~ Cl By A1 Y1 Xy Ry Sl
P= G, By A = % % P . (341



A direct computation shows

A\n = X’I’LS’I’LJ,»lv n > 07
B, = XuRui1 +Y,S,, n>0, (3.4.2)
én = anin, n>1.

Here, after the Darboux transformation, we get that P is now a tridiagonal matrix, i.e., it describes a
discrete-time birth-death chain on Z.

An important difference now is that we can not guarantee the existence of a weight matrix associated
with P. But we know, following Theorem 1.5.1, that there exists a spectral matrix ¥(z) such that the
polynomials (Q,,)n>0 defined by the three-term recurrence relation (1.5.3) are orthogonal with respect
to the spectral matrix d¥(x). The sequence of nonsingular matrices (R,,),>0 in that theorem is given

by
(T 0
R”_( 0 i)’ nz0,

where m = (7, )nez are the potential coefficients given by Definition 1.4.1. Using (3.3.9) we can see
that R, B, R, n >0, are always symmetric matrices and that

RIR, = (CT---CIY'RIRyAy--- A1, n>1.

Therefore we have RL R,, = II,, where II,, is defined by (1.5.12).

Now we have to define the matrix-valued polynomials that we are going to use for the main theorem
of this section. As in Chapter 2, we have an auxiliary family that satisfies the eigenvalue equation but
not the initial conditions. First remember that, in this case, P is almost tridiagonal, so the family

of matrix-valued polynomials we are looking for is very similar to the family given in (1.5.3). Let us
consider the polynomial vector Q = (QOT, _1T, --)T where entries are given by Q = PrQ. Therefore

this family can be generated by

Qu(z) = YoQu(@) + XuQuia(z), n >0,
where (}7”)”20 and ()N(n)nzo are defined by equation (3.2.3). Now, from the AR factorization of P, we
“ PAQ = PAPRrQ = PQ = 2Q,
or the equivalent system

2Qo(z) = 50@0(95),

2Qn(2) = RyQn_1(2) + 5, Qn(z), n>1.
From the previous equation we have that

Qo(x) = 255" Qo(z) = 2S5 ",

and Q,(z) = T, (x), where (T},)n>0 is a family of matrix-valued polynomials with deg(T},(z)) =
n,n > 0, and nonsingular leading coefficient. We can rewrite the previous two formulas in terms of
the polynomials (T},),>0. Indeed,

2T, (2) = YnQu () + X Quyi(z), n >0, (3.4.3)



and in terms of the polynomials (Q,)n>0 as follows

Qo(x) = SoTo(z),

i _ (3.4.4)
Qn(x) = RnTn—l(I) + SnTn(x)7 n>1.

As expected, we have Ty(x) = ggl # I, so we have to define a new family (Qn)nZO that satisfies the
initial condition Q¢ = I>. In this case it is easy to see that this family is given by

Qn(x) = T, (x)So. (3.4.5)

Finally, the last element we need to define is the sequence of potential coefficients given by the solution
of the symmetry equations for P in (3.4.1). Therefore the potential coefficients are given by

ﬁn:(6’1T~-~6’3;)_1ﬁ0110---gn_1, nZl

)

where, using (3.3.4) and (3.3.6), we have

~ 1 (1 0
Iy = — g 81 |-
Yo J_17_1

Note that using equations (3.3.3), (3.4.2) and the previous equation, we get

I, =Y, TI,S,, n>0. (3.4.6)
This means that, as in the RA factorization, (ﬁn)nZO are always diagonal matrices.

Theorem 3.4.1. Let {X; :t=0,1,...} be the Markov chain on Z with transition probability matriz P
given by (3.3.1) and {X; :t =0,1,...} the birth-death chain generated by the Darbouz transformation

of P = P4Pr. Then the matriz-valued polynomials (Qn)nzo defined by (3.4.5) are orthogonal with
respect to the following spectral matriz

U(z) = 255 w(x)S; 7, (3.4.7)

where the constant matriz Sy is defined by (3.2.3) and ¥(z) is the original spectral matriz associated
with P. Moreover, we have

1
/ Qo ()8 (2)QT, (x)di =TT 6,1,
-1

~

where dpm 1s the Kronecker delta and (I1,)n>0 are defined by (3.4.6).
Proof. Forn >1and j =0,...,n—1, we have

I N . 1 .
[1 Qn(x)\Il(r)x]d:c:/ 2T, (2)® ()2 Sy da

-1

1 ~ ~ o~
— [ FaQula) + X Qu (@) 5y T

1 1
=Y, Q. (x)\Il(x)xjgade + )?n / QnH(x)\I'(x)xjgade
-1

-1



where for the first equality we have used (3.4.5) and (3.4.7), for the second equality we have used
(3.4.3), and finally we have used the orthogonality of the family (Q,,)n>0. Finally, for n > 0, and using
(3.4.3), (3.4.4), (3.4.6) and the orthogonality properties, we have

/ O, ()% ()07 (z) da:—/ T, (2)0® ()T (2)dz

= [ Fa@u(a) + XoQuer ()W ()T (1)

=¥ [ Qu)¥@T] (@)dr
1

= [ Qu@)R@)S; Qulw) ~ S R ()]
~ 1 ~

=V [ Qu)¥@)QI()S; e

=Y, 018 T = (ST, Y, ) =107 =10,

n

where in the final step we have used the fact that ( n)n>o0 are diagonal matrices. O

With this final result, let us comment that, after the Darboux transformation, we get a Christoffel
transformation of the original spectral matrix, i.e., there is a multiplication by x. Equally important,
we can conclude that the transformed process is unique. Although we have an explicit expression of the
n-step transition probability matrix 13@‘(3'“) using the Karlin-McGregor formula (1.5.13) and, since \il(x)
is a Christoffel transformation of the original spectral matrix, we have that the recurrence properties
will always be preserved. Finally, we know that the invariant measure of the transformed process is
given by the diagonal entries of the matrices II,, in (3.4.6). Therefore we have the explicit expression
as follows

T =

~ 9 ~ 9 ~ ) ~ ) ~

g0’ J-1 0 Y2 U2 J-3

We finish this section with some brief remarks about the connection between RA and AR factorization.
Now that we understand what RA and AR factorizations are about, we can infer that we are in the
presence of dual problems just as the UL and LU factorizations. It is clear that if we start with an RA
factorization of P as in (1.4.1), i.e., P = PrP4 and consider the Darboux transformation P = P4 Pg,

—~ (1 5_17?_1 517‘&'1 §_27T_2 §2ﬂ'2 5_371'_3 )

then, if we consider P with an AR factorization and perform the Darboux transformation, we will
get the original matrix P. Although this fact is clear from the structure of the one step transition
probability matrices, one can also explore this fact through the spectral matrices as follows. First note
that, after the second Darboux transformation we will have the spectral matrix given in (3.4.7) where
the matrix So appears. Second, note that if we apply the AR factorization to P we have that So So,
where Sy is the matrix in (3.2.14). Hence the final spectral matrix turns out to be the following

~

U(z) =25 0 (2)S; T = 2551800y (2)ST Sy T = & [‘I’f) + 050(33)} = U(z),

where C' is the constant 2 x 2 matrix appearing in front of the Dirac delta do(z) in (3.2.15). It is
possible to follow the same argument for the case where we start with an AR factorization of P as in
(3.3.1).

To finish this section we will revisit Example 2.3.1 with a small change to meet the conditions
required by the AR factorization.



3.4.1 AR study of the random walk on Z with transitions between the
states 1 and -1

As an example for this section we will analyze the random walk with constant transition probabilities as
in Examples 2.3.1 and 3.2.1, but we will make a small change to have transition probabilities between
the states 1 and —1. Note that, by equation (3.3.9), there is one way to choose these transition
probabilities so that the factorization is possible. Let us consider an irreducible Markov chain on 7Z
with transition probability matrix P as in (3.3.1) where

an =a, ne€Z\{-1}, by=b, n€Z c,=c¢, neZ\{l},

and as usual a + b+ ¢ =1,a,¢ > 0,b > 0. From (3.3.9) the values of a_1,d_1, ¢1,d; must be given in
terms of a, b, c. Indeed,
ab a® be c?
= d7 = = d == .
1_ C7 1 1_ C7 C1 ) 1 1_a

Since 1 —¢ > 0 and 1 — a > 0, this implies that a_1,d_1,c1,d; > 0. Now, observe that a + ¢ <1 and
ab < a since 0 < b < 1. Then we have ab+ ¢ < a + ¢ < 1, which implies that ab < 1 — ¢ and therefore
a_1 < 1. In the same way but using a®> < a, bc < cand 2 < cweget d_1 < 1,¢1 < land d; < 1,
respectively. Therefore, independently of the choice of a,b and ¢, P is always a stochastic matrix. A
diagram of this process looks like Figure 3.4.

a_y
1—a

Figure 3.4: Diagram for the Markov chain of Example 3.4.1.

In this case, the continued fractions in (3.3.10) can be explicitly computed as follows. First notice
that

~ be ~,  a_j ab
H:—:i H = = -
J J(1—a)’ J’ J'(1-¢)
where “ B
J::l_ic7 J/:1—7a7
1—— 1--—
J J

or in other words, J and J’ are solutions of the quadratic equations
T4+ J(-1—cH+a)+c=0, J?*+J(-1+c—1)+a=0,
respectively. Using the fact that (1+a — ¢)? — 4a = (1 + ¢ — a)? — 4c and after rationalizing, we have
the following expressions for the continued fractions
~ b

Hzm(1+c—a+\/(l+c—a)2—4c)7 H =

ﬁ(l—s—a—c—i—\/(l—kc—aﬁ—%),



with a < (1 — /€)%, Tt is clear that with this condition we have that b > H, b > H’ and then
b > max{H, H'}.

Therefore, according to Proposition 3.3.1, we have that the AR stochastic factorization of P is always
possible.

Now that P is not tridiagonal and we do not have a birth-death chain on the integers Z, we can not
apply the same methodology as we did in the Chapter 2. However we can consider the block tridiagonal
structure of P given by P in (3.3.2) and use the theory of matrix-valued orthogonal polynomials to
compute the spectral matrix ¥(z). This procedure is similar to the one used in Example 2.3.1 where
we used the relation between the Stieltjes transform of the original process described by P in (1.4.1)
and the Stieltjes transform of the 0-th associated process constructed by removing the first row and
column of P. In this example we use the same results but with the block matrices. To start, after
relabeling (1.5.9), we get that P is given by

b c a 0

a a2

1—bc b 1—c ¢

be c?

l1-a l1—a b 0 a 0

P = 0 a 0 bl 0 ¢

c 0] b 0] a
0O al O b] 0 ¢

Then, we study the relation between the Stieltjes transform of the spectral matrix ¥(z) and the
Stieltjes transform of the spectral matrix Wo(x) of the 0-th associated process Py defined in Remark
1.3.3.

Using equation (1.5.7) we can compute the corresponding Stieltjes transform B(z; ®y), given by

z=bxt\/(z—0y)(z—0_) 0

o _ 2ac z o_,0
B( ,‘I’O) 0 Z*bi\/(Z*O’_;'_)(Z*O'_) ’ EC\[ ’ +]a

2¢2

where 01 = 1 — (y/aF /c)%. Now using equation (1.5.8) we have that the Stieltjes transform B(z; ¥)
of P satisfies the algebraic equation

B(Z, ‘I’)H\p [ZIQ - B() - AoB(Z, ‘Ilo)H\p()Cﬂ = IQ, (348)
where
a 0 b c be c?
Ag=| d? , By=| ab , Ci=(1-a 1-a]>
1—¢ € 1-c 0 a

and IIy and Ily, are given in this case by

H\p=<(1) c(l%c)), n%:(é C?a)




Solving (3.4.8) and after some straightforward computations we get

B(z;9i;) = Pij(2) q”(z);i((z)_ o)z = a_), z€C\[o_,04],

where p;;(2),¢i;(2),7:5(2) are polynomials given by

=1 =a)z® + (1 —a)(b+2(1—0))z® + 222 — blac — ¢ + a + 2c — 1)]
[—(1—a)(1—c+a)z®>+2b(1—a)(l —c)z—b*(1—¢)]

p11(2) =2(1 —a)(1 —¢)2® —4b(1 —a)(1 — ¢)2® + y112 — b*((a — ¢)® —a — ¢),
q11(2) =b[-2(1 —a)(1 = ¢)z —a(l —a) — ¢(1 — )],
r11(2) = 2(1 —a)(1 — ¢)2* —4b(1 — a)(1 — ¢)2° + (711 — b*(2ac — a — )22 + dab®cz — 2ab’c,
p12(2) =b[-(1—a)(1—¢)2® +b(1 — a)(2 — 3¢)2> + y122 — be((1 — ¢)* — a(1l + ¢))]
q12( —(1—a)(1—¢)2>+ (1 —a)(1+2¢* —a—3c)z + be(l — ¢)] (3.4.9)
r12(2) = cr11(2),

(

(

(

\/\/\/\/\l\z/\/\/v\//\
S oo Q o oo oo
—_—

11 = 2(1 —a)®* +2(1 — ¢)® — 2+ 2ac(2 + a + ¢ — 4ac) + b*(2ac — a — c),
Y12 = a® +a*(2¢® +2c — 3) +a(l — ¢)(2¢* — 4c+3) — (1 — ¢)*(1 — 3¢),
Yoo = —2a*(1 + ¢) + a(2¢® — 5¢ +5) — 3(1 — ¢)*.

Therefore the Stieltjes transform B(z; ¥) can be written as

Bz W) = ViE—o)(z—0.) (CCIu(Z) thz(z)) - (cpu(z) plg(z)).

eri1(z) Q12(2)  q22(2) er1(z) \ pi2(z)  p22(2)

We can see that 711(2) is a polynomial of degree 4, so we know that the Stieltjes transform may have
at most 4 real poles. Nevertheless, we have not been able to compute an explicit expression of these
zeros. Instead we will assume that ¢ = a and get a significant simplification.

If ¢ = a, then b = 1 — 2a and the polynomial 717(z) has now a simpler expression:

r1(2) = 2(1 — 2)(2(1 — a) 4+ a)[(a — 1)2* 4+ b*z — ab?].
The zeros of r11(z) are given by

a b(b+ v2b% — 1)

1. —
’ 1—a’ 1456

(3.4.10)

If vV2/2 < b < 1,1ie, 0 < a < (2 —+/2)/4, there can be at most 4 different real zeros. This
means that the spectral matrix will consist of an absolutely continuous density plus possibly some
Dirac delta masses located at these zeros with certain weights. Let us write the spectral matrix
as ¥U(z) = ¥.(z) + $4(x). Using the Stieltjes-Perron inversion formula (see Proposition 1.1.4) the
continuous part of the spectral matrix is given by

U (z) = Vier —2)@—o) (cqu(x) q12()

C7T7“11(.Z‘) qlg(ﬂ;‘) Q22($)) y T E [U—;UH = [1 —4a, 1], (3.4.11)



where

q11(z) = =2(1 = 2a)(1 — a)(z(1 — a) + a),
q12(z) = =(1 = 2a)(1 = a)(z(1 — a) + a)(x — 1 + 2a),
g22(x) = —(1 — 2a)(1 — a)(z? — 2(1 — a)(1 — 2a)z + (1 — 2a)?).
The discrete masses come from the residues at the simple poles of B(z; ¥), given by (3.4.10). After
some computations it is possible to see that all discrete masses are identically 0s. Therefore the
spectral matrix only have an absolutely continuous part given by (3.4.11).
Now that we have an explicit expression for the spectral matrix, let us consider the discrete Darboux

transformation. In block matrix form, the Darboux transformation is given by P which equivalent
matrix P is now a discrete-time birth-death chain on Z. Using (3.4.2) together with the following

continued fraction
_c] a| ¢ af
1 1 1 1

and the corresponding convergents

it is possible to find an expression for the entries of P. The sequences (o, )n>0 and (By)n>0 of the
convergents (j)n>0 can be computed recursively using the following relations:

Qo = Qap_1 — GQ2p_2, N 2>1, aopi1 =ag, —cag,—1, n=>0, a_1=1, ay=1,
Bon = Bon—1 — aPBan—2, n=>1, Pony1=Pon—cBopn_1, n=>0, B1=0, [Bo=1
The first few convergents are given by

¢ . c(l—=c¢) . cb . c(b=c(l—c))
1o BT Ty o j4_b—a(1—a)’ js_b(l—c)—a(l—a)’

First note that using (3.3.4) and (3.3.6) shows that the coefficients &, 4, 7, $n,n € Z, can be written
in terms of the convergents j, as follows

d=c, dn=-—n>0, F_p=jomp, n>1,
17;7211
Jo=b, Yn=1—=2n, Yon=1—jJony1, n>1,
" e m (3.4.12)
Tn = Jon, N >0, f—nili.,nzl,
— J2n—1

Sn=1—jon, n>0, 5_p=1—F_p, n>1

Therefore, the coefficients a,,, IA)n, Cn,n € 7Z, of the birth-death chain P are given by

1—7 1—7
&n :wa nzoa d*’n:w7 77421,
1*]2n 17]2n—1
l—a— . 1—a—i
: _ Jan( a Jan) >0, o, = Jan+1( a .72n+1)7 N1,
1*]2n 1*]2n+3

b, =1—a, —¢,, n€EZ.



To finish the example, it is possible to compute the spectral matrix \/I\l(z) of the birth-death chain P
using Theorem 3.2.1. Indeed, the spectral matrix is given by

U(z) = 255 w(x)S; 7,

where ¥(z) is given by (3.4.11) and

St = (—;/b (1 —Oc)/b> :

After some computations we get

\/I\l(x): x\/(0+—x)(x—a_) e cqui () *%Qn(x)Jr IZCQU(I) 7
b qi1( g22()

2 _ _ 2
err () 2) + 2Cqia(e) g (z) — 20D gpo(a) + 152

where ¢;;(z) are given by (3.4.9).

Finally, it is possible to see that the original random walk is always transient, except for a = c,
where it is null recurrent. Therefore, as we mentioned before, the transformed process will have the
same recurrent behavior. The invariant measure of the original process is given by (3.2.19). Using
(3.4) and (3.4.12), we have that the invariant measure of the transformed process is given by

7?_:<1 c _ ab? A((1—a)®+(1-c)?—-1+ac)? )
ba—c(l—c) c(l—a)((1—-a)?2—c) a?2(1—c)?2+a)((1—c)®+(1—a)?—1+2ac)’ '

The rest of the coefficients can be computed using the convergents (i, )n>0-



CHAPTER 4

An example of a nontrivial birth-death chain on Z: the associated Jacobi
polynomials

In previous chapters, the main object of study was the one-step transition probability matrix P given
in (1.4.1) which is a doubly infinite tridiagonal stochastic matrix. In each chapter, we considered
a different type of stochastic factorization, some of them subject to free parameters. Then we gave
conditions in terms of certain continued fractions such that the stochastic factorization is always
possible. Afterwards, performing a Darboux factorization, we got new families of birth-death chains
on the integers. We identified the spectral matrices associated with these Darboux transformations
which, in general, are conjugations of a Geronimus or a Christoffel transformation of the original
spectral matrix. At the end of the analysis, in each chapter, we presented an example in which it
is possible to perform the stochastic factorization and apply our results. However, as we already
emphasized, the methods for obtaining the spectral matrices are not so simple, even for the simplest
variations of random walks on Z. We also used as an example a version of the birth-death chain
with constant transition probabilities but adding transitions between states 1 and -1 in which case we
managed to compute the spectral matrix using methods from the theory of matrix-valued orthogonal
polynomials.

The main motivation of this chapter is to study a nontrivial example of birth-death chain on Z, given
by the so-called associated Jacobi polynomials. The transition probabilities will be given by rational
functions depending on the state of the process instead of constants. In Section 1.6 we studied the
example of the birth-death chain corresponding with the classical family of Jacobi polynomials. For
our purposes, we considered the family restricted to the interval [0,1] and the coefficients a,, b, and
¢n in such a way that the Jacobi matrix is stochastic. In Section 4.1 we will provide a general context
about the families of associated polynomials, with a specific focus on the family of associated Jacobi
polynomials. We will explore some of its key characteristics, such as the Jacobi matrix and the spectral
matrix. Moving on to Section 4.2, we will derive conditions under which the Jacobi matrix associated
to this polynomial family is a stochastic matrix. This will allow us to interpret this matrix as the
one-step transition probability matrix of a non-trivial birth-death chain on Z, enabling us to study the
UL and LU stochastic factorizations by the end of this section. Continuing our investigation, we will

80



explore Darboux transformations in Section 4.3, and finally, we will conclude with the study of an urn
model corresponding to the family of associated Jacobi polynomials in Section 4.4.

4.1 Associated Jacobi polynomials

The associated orthogonal polynomials have been widely studied before. As far as we know, the
concept of associated polynomials was considered in [2] and then in a paper by D. Askey and J. Wimp
[1], where the spectral measures for associated Laguerre and Hermite polynomials were computed.
The case of associated Jacobi polynomials was considered later by many authors as in [52, 37]. These
references are a great precedent in our subject since we are interested in spectral measures and, as we
know, there are only a handful of cases where the spectral matrix has been explicitly computed.

The families of associated polynomials are generated by considering polynomials satisfying the
three-term recurrence relation for the classical families of Hermite, Laguerre, Jacobi or Bessel polynomials,
but replacing n by n + ¢, where t is an arbitrary real parameter. F.A. Griinbaum and L. Haine in
[22], extended this idea to the whole set of integers n € Z, in which case we have a doubly infinite
tridiagonal matrix. The authors gave a solution of the bispectral problem, also called, Bochner’s
problem, for the doubly infinite tridiagonal matrices corresponding to the associated Hermite, Laguerre,
Jacobi and Bessel polynomials, and the corresponding differential operator has order two. Although a
complete classification of the bispectral problem for this extension of the Bochner’s problem was given
in [22], very little is known about the spectral matrices for these associated polynomials. However,
in [23, Theorem 1], F.A. Griinbaum and L. Haine managed to compute the explicit expression of the
spectral matrix for the associated Jacobi polynomials supported on [0, 1] for some special choice of the
parameters involved. The main purpose of this section is to present the associated Jacobi polynomials
on Z and the expression for the corresponding spectral matrix.

First, for every n € Z let

(n+t)n+t+a)(n+t+pB)(n+t+a+p)
Cn+2t+a+p-1)2n+2t+a+B)22n+2t+a+5+1)’

n

(4.1.1)

e _1 1+ o —
"2 2n+2t+a+5-2)2n+2t+a+p3) )’

with d,, > 0 for all n € Z. Let us define J as the doubly infinite matrix given by

d_q
€0 \/CTO

7 4.1.2
Vi e V& (4.1.2)
I e B

and we consider the eigenvalue equation zP(x) = JP(x), with the vector of polynomials P(z) =
(-++, P_q(x), Py(x), Pi(x), - )T. In fact, we have two linearly independent solutions depending on the
initial conditions. These solutions define two families of linearly independent polynomials (P?),cz,n =



1, 2, satisfying the following three-term recurrence relation
Pol(x):l’ Pg(x):()v
P_y(z) =0, le(a:):l,
.'IJP;Z(J}) = dn+1Pg+l($)+en+1PrZ](‘r)+ V dnpg—l(x)v TLGZ7 n= 172

Now, the coefficients of the three-term recurrence relation for the classical Jacobi orthonormal polynomials
on the interval [0, 1] are given by

- nn+a)(n+ B)(n+a+ B)
C2nta+pB-1)2n+a+B)22n+a+p+1)

n

B 1 2 2
by = - < p o + 1) ,
2\ 2n+a+B8-2)2n+a+p)
for n > 1. Therefore there is a simple equivalence with coefficients in equation (4.1.1) given by

dn = dn-{-ta
€n = bn+t7

for n € Z. Consequently we call (P7),cz the associated Jacobi polynomials and J is the associated
Jacobi matriz. In [23], the authors specify that if we assume that « and § are inside the square
—1 < a,8 < 1, then it is possible to find some ¢ such that d,, > 0, n € Z. Outside of this square it is
possible to see that there is no value of ¢ that makes all d,, positive.

The polynomials (P7)nez,n = 1,2 are orthonormal in the classical sense with respect to certain
spectral matrix W supported on the interval [0,1]. Additionally, if the coefficients d,, are all positive,
the spectral matrix has only an absolutely continuous part given by the following expression

W (z) = 2%(1 — z)° @Egg g;zg;) , xelo1], (4.1.3)
where
Y1 (z) =L (Gi(z) — pK 2 >G5 (),
Yi9(z) =—L (Gl(x)Gg(sc) — [LVK2$72QG2(1')G4(IE)) , (4.1.4)
Saala) = = (G3(o) — w0 KPa G ().
and
Gi(z) =2l (a+B+t+1,~tat+Liz), Gaolz)=2[1(B+t+1,—a—t1—-az),
Gs(z) =oF (a+8+t1—t;a+ 1;2), Gylx)=o2F1 (B+t,1—t—a;1 —asx),
_ sin(7rt) sin(w (8 + t)) L (a+t)(a+B8+1)
= Sin(rla+ B+ t) sin(n(a+ 1)) tB+t)
_ T@l(a+ DI+ D (—a — B —t) sin(ra) sin(r(a + B+ 1))
ml(a+t+ 10— —¢)sin(r(B8+ 1)) ’
I t(8 +t) sin(mwa) Y= (a+t)(a+p+1)

m/do(a+ B+ 2t)a(p — 1)K’ Vidola+ B+ 2t —1)(a+ B +2t)



where o F7 denotes the standard Gauss hypergeometric function.
Now, with the relabeling given in (1.5.9), we transform the doubly infinite Jacobi matrix given in
equation (4.1.2) into the following semi-infinite 2 x 2 block Jacobi matrix

FE, D;
Dy Ey D,
J = Dy E; Ds ;

where

€1 \/do €n+1 0 dn+1 0

and we define the matrix-valued polynomials

P = (ol b)) 20 (.15

These matrix-valued polynomials satisfy the following three-term recurrence relation

l‘Po(l‘) = Dlpl(l‘) + .Ell‘_)o(x)7 Po(LL') =1,
SUPn(ZL') = Dn+1Pn+1(x) + En+1Pn(x) + DnPnfl(x)a n>1,

where I5 denotes the 2 x 2 identity matrix. Therefore the orthonormality is defined in terms of the
following entry by entry integral

/01 P, ()W (2) P (2)dx = I6,m,

where 6,,,, is the Kronecker delta.

All these results were developed in [23] with the difference that the authors used parameters a, b, c,
according to the standard notation of the Gauss hypergeometric equation. For this chapter we decided
to use a notation more related with the classical Jacobi polynomials. Our notation and the one used
in [23] are related by

a=a+p+t+1,
b=—t,
c=a+1.

Remark 4.1.1. Observe that in [23] the authors use a different representation of the matrix-valued
orthonormal polynomials (P,(x)),>0 given in (4.1.5). It is easy to see that both notations are
connected by a conjugation of the o7 Pauli matrix (of size 2 x 2). Thus, the spectral matrix given in
(4.1.3) has been modified according to our notation.

Remark 4.1.2. In [23] the authors gave a complete solution of the discrete-continuous version of the
following bispectral problem: Describe all families of functions f,,(z), n € Z, z € C, that satisfy

(Jf)n(2) = 2fn(z), and Ef,(2) = Anfn(2), for all z and n,



where J is a doubly infinite matrix like in (4.1.2) and E is a second-order differential operator with
coefficients independent of n. In the case of associated Jacobi polynomials the functions f,,(z) can be
given in terms of an arbitrary solution of Gauss’ hypergeometric equation (see (2.1)—(2.6) of [23]). The
corresponding second order differential operator E and eigenvalue \,, are given by

2

d d
E:z(l—z)@—|—(a—|—1+(o¢—|—5+2)z)@,

A=—Mm+t)(n+t+a+5+1).
4.2 The stochastic associated Jacobi matrix

In this section we consider a normalization of the associated Jacobi polynomials in such a way that we
get a stochastic Jacobi matrix. For all n € Z, let us define

n+t+8+)(n+t+a+p8+1)

T ontottatpB+l)2n+2ttatBt2)

b — (n+t+p+1)(n+t+1) N (n+t+a)(n+t+a+p) (4.2.1)
T @n42t+a+B+10)2n+2+a+5+2)  Cn+2+a+B)2n+2A+a+F+1) N
. m+t)(n+t+a)

n+2t+a+B8)2n+2t+a+B+1)

Observe that
an+b,+c, =1, nez.

Again, there is a relation between these coefficients and the classical family of Jacobi polynomials.
If we denote by a.,, b,, ¢, the coefficients of the three-term recurrence relation for the classical Jacobi
polynomials on [0, 1] such that the corresponding Jacobi matrix is stochastic given by (1.6.4), then we
have

Ay = antha
bn == bn+t7
Cn = Cn+t,

for n € Z. The corresponding doubly infinite Jacobi matrix associated with the coefficients (4.2.1)
can be written as P in equation (1.4.1). If we compute explicitly the sequence of potential coefficients
given by Definition 1.4.1, we get the following expression

(a+B+t+1)p(—t) nn+2t+a+p+1)
(a+t+ 1) (-B—t)_nt+a+8+1)

, nez, (4.2.2)

Ty =

where (a),, denotes the Pochhammer symbol, i.e.,
(a)o=1, (a)n=ala+1)---(a+n—-1),n>1,

and
(@)—p=+———, n>1



Now, let us define

I = Vo :diag(--~,\/ﬁ,\/ﬂ,\/ﬂ,~--).
VT

Then, the relation between the Jacobi matrices J and P given by (4.1.2) and (1.4.1), respectively, is
JII =T1IP.

Under the conditions described above, we know that the sum of all rows of the matrix P is always
equal to one. To ensure that P is stochastic it is also necessary that all entries are positive. With
this in mind, let us state the following proposition. Recall from the previous section that « and g are
inside the square —1 < o, 8 < 1.

Proposition 4.2.1. If0 < 8 < 1 then it is not possible to find t such that a,,b,,c, > 0 for alln € 7Z.
Therefore assume that —1 < a < 1 and —1 < < 0. Then the coefficients a,, by, ¢, defined by (4.2.1)
are all positive if we choose t according to one of the following 8 regions (see Figure 4.1):

A= {f—a+1>0,a>—0,8<0}. Thent must be chosen in the following real set:

te U(n,nfﬁ)u(nfa,nfafﬁ). (4.2.3)

neEZ
A= {f—a+1>0,a<—8,a>0}. Thent must be chosen in the following real set:

te U(n—a,n)u(n—a—ﬁ,n—ﬁ).

neZ
Bi= {f—a+1<0,a>—p,a<1}. Thent must be chosen in the following real set:

te U(n,nfomtl)u(nfﬂ,nfafﬁJrl).
nez

By= {f—a+1<0,a<—08,8>—1}. Thent must be chosen in the following real set:

te U(n—ﬁ—1,n)U(n—a—ﬁ,n—a—|—l).
nez

Ci= {f+a+1>0,a>B,a<0}. Thent must be chosen in the following real set:

te U(n,n—a)u(n—ﬁ,n—a—ﬁ).

neZ
Co= {f+a+1>0,a<p,B<0}. Thent must be chosen in the following real set:

te U(n,n—ﬁ)u(n—a,n—a—ﬁ).

neZ



D= {8+a+1<0,a>p3,8>—1}. Thent must be chosen in the following real set:

te U(nfﬁfl,n)U(nfafﬂ,nfaJrl).
nez

Dy= {f+a+1<0,a<f,a>—1}. Then t must be chosen in the following real set:

te U(n—a—l,n)U(n—a—B,n—ﬁ—i—l).
nez

Figure 4.1: Representation of the regions in Proposition 4.2.1.

Proof. We will prove first that in region 0 < 8 < 1 there is no ¢ such that all coefficients a,,, b,,, ¢, > 0.
Let us write the coefficients given in (4.2.1) as follows

Ap = TpSn+1, by, = TpTntl + YnSny Cn =TplYn, NE Za (424)
where
n+t+5+1 n+t+a n+t+a+p n+t
n — y Yn = y Sp = y Tm = .
mt2tatBrl " Tt 2%tatfrl M+2+atp M+ 2+ atf
(4.2.5)

This representation is inspired by the coefficients of the UL factorization of the doubly infinite matrix
P. We will prove the first part of the proposition in the region R = {a > 8 > 0,8 < 1 — a}. The
rest of cases are similar. In the region R, if we take n + ¢ as a variable, the values of the zeros of each
factor in (4.2.5) are located as follows

a+p a+5+1 a+p

—2<-1l-a—p<-1-— 5 <—a—f<-—a<-—

<—-l1-B<-1<-—

<0. (4.2.6)

For the proof, it is enough to see what happens in the interval [—1, 0], since n + ¢ can be moved to
any other interval of this size for some integer n. Now, we are going to analyze the sign of a,,, by, c,
in (4.2.4) through the sign of x,,, Yn, Sn, s in (4.2.5). According to the position of n + ¢, we have the
following possibilities:



L.IUH-1<n+t< 7%{3-&—1’ then we have

o - Sien(+) . _ Sign(+)
"~ Sign(—) " Sign(+)”
Therefore a,, = 541 < 0.
2. If —%ﬁ“ <n+t< —a, then we have
Sign(—) Sign(—)
n = G 7 d n = &N\
" Sign(—) ane v Sign(+)
Therefore ¢, = rpy, < 0.
. If—a<n+t< —QTW, then we have
= Sign(+) 4 s, = Sien(t)
Sign(+) Sign(—)

Therefore y, s, < 0 and the second summand in b, of (4.2.4) is negative.
4. If —# <n+t <0, then we have

_ Sign(—)
Sign(+)

_ Sign(+)

and - yn = Sign(+) "

T'n

Therefore ¢, = rpy, < 0.

In all the above cases it is not possible to find ¢ such that a,,b,,c, > 0 for all n € Z. Finally there
are another two possibilities:

5. If n++¢ > 0 then all z,,, yn, Sn, 7, are positive and ay, b,,c, > 0 for all n € Z. This means that
we have to choose t such that ¢ > —n. As [n| — oo it will not be possible to find a finite ¢ such
that a,,b,,c, > 0 for all n € Z.

6. f n+t < —1—a«—pf, then all x,,,yn, Sn,, are negative and a,, by, c, > 0 for all n € Z. But
then we have to choose ¢ such that ¢ < —1 —a— 8 —n. Again, as |n| — oo it will not be possible
to find a finite ¢ such that a,, b,,c, > 0 for all n € Z.

The rectangle —1 < a < 1,0 < 8 < 1 can be divided in a similar way as in Figure 4.1. The region R is
just one of these triangles. The proof for the rest of the regions is similar, only changing the position
of the values of the zeros in equation (4.2.6).

For the second part of the proposition we will focus on the region A;. The rest of the cases are
similar. As before, we have that the values of the zeros of each of the factors in (4.2.5), for n 4+t as a
variable, are located as follows

a+p
2

_a+p+1
2

a+p
2

—-2<-l1-a-0<-1- <-l<-1-8< <—a<—-—a-f< - <0, (4.2.7)

so it is enough to see what happens in the interval [—1,0]. We have the following possibilities according
to the position of n + ¢:



1. If -1 <n+t< —1-— 73, then we have

_ Sign(-) ~ _ Sign(+) =~ _ Sign(+) ~_ Sign(-) ~_ Sign(-) . ~_ Sign(-)
" Sign(—)’ et Sign(+)’ el Sign(—l—)’yn Sign(—)" ™" Sign(—) " Sign(—)"
Therefore a,,, b,,c, > 0 for all n € Z.
2. f-1-B<n+t< —%ﬂﬂ, then we have
Sign(+) Sign(+)
v Sign(—) ARE Snt Sign(+)
Therefore a,, = ;541 < 0.
3. If —%ﬁﬂ <n+t< —a, then we have
Sign(—) Sign(—)
" Sign(—) andy Sign(+)
Therefore ¢, = rpy, < 0.
4. f —a<n+t < —a— fF, then we have
Sign(+) Sign(+) Sign(+) Sign(+) Sign(—) Sign(—)
n=— . 3 On = < o I'n = I yYn — & ySn — = d n — a. .
Sign(+)" """ 7 Sign(+)" " T Sign(+) " T Sign(+)"™" ~ Siga(—) " Siga(—)

Therefore a,,, b,,c, > 0 for all n € Z.

5. Iffa75<n+t<fo‘—‘2"’8,thenwehave

B Sign(—) and 5. — Sign(+)
U= Sign(c) T Sign(o)
)

Therefore y, s, < 0 and the second summand in b, of (4.2.4) is negative.

6. If—aTH} < n+t <0, then we have

_ Sign(—) _ Sign(+)
= Siga(+) “ ¥ = Sign(4)’

Tn

Therefore ¢, = r,y, < 0.

Cases (1) and (4) correspond to what we wanted to prove in (4.2.3) for region A;. The proof for the
rest of the regions is similar, only changing the position of the values in equation (4.2.7). O

As a consequence of the previous proposition we can ensure that the Jacobi matrix P in (1.4.1) with
coefficients (4.2.1) is stochastic. Therefore it can be interpreted as the one-step transition probability
matrix of a nontrivial bilateral birth-death chain {Z; : t = 0,1, ...} on Z depending on three parameters
a, 5 and t.

Let us consider (Q%(x))nez, @ = 1,2, the two sets of linearly independent polynomials associated to
P which are generated by the eigenvalue equation. In a similar way to what we have done before, we
proceed to perform the relabeling (1.5.9), procedure that allows us to collect all the information of P in




a semi-infinite 2 x 2 block tridiagonal matrix given by (1.5.2) which describes a quasi-birth-and-death
process. If we define the matrix-valued polynomials as in (1.5.10),

(@MW @w Y,
a1 =(o% 0y i) nz0

the three-term recurrence relation is given by (1.5.3) and the orthogonality relation is given by
1
1/m 0
n R4 ; dx = " 5nma
| e@v@an@a= (Y0 )
with d,,,,, the Kronecker delta.

Notice that this relation is equivalent to equation (1.5.11) but with the difference that here the
interval is restricted to [0,1]. In this case, the spectral measure is given by

\Il(:c):(é 1/\3@> W(z) (é 1/;@):;5&(1—:& ) V-1 . zelo1],

(4.2.8)
where X;; are given by (4.1.4). The n-step transition probabilities of the bilateral birth-death chain
can be computed using the Karlin-McGregor integral representation formula (1.5.13).

Finally, it is possible to see that, under the conditions of Proposition 5.1.1, the functions inside the
matrix in the expression of ¥(z) are bounded at the point © = 1. Therefore the divergence of the

integral
1
v
/ (®) 4.
0 1—=z

only depends on the part (1 — z)? from the spectral measure. Besides, in Proposition 4.2.1 we stated
that —1 < 8 < 0, thus we always have that all entries of the integral are divergent. Therefore the
bilateral birth-death chain is always recurrent. To complete the description, since the spectral measure
has only an absolutely continuous part, there are no jumps at the point 1. Then the birth-death chain
is always null recurrent.

Now we turn our attention to the study of UL and LU stochastic factorizations described in Chapter
2. We divide this analysis into two brief subsections below.

Remark 4.2.2. The matrix-valued orthogonal polynomials (Q,),>0 are bispectral. Not only they are
eigenfuntions of the block tridiagonal Jacobi operator P like in (1.5.2), but they are also eigenfunctions
of the following matrix-valued second-order differential operator:

B—x(l—:zc)d—Q—|—(C—xU)i (4.2.9)
- dxz? dr’ -
that is, Q. (z)B = A, Q. (x), where
2t(B+t 2t(B+t
:< a+1+al26;(r%t) QtOZé[z(J%%t)), U= (a+6+2t+2 0 )7
2B+ + S5 Lo e 0 - f-2+2

(—a—=B-2t 0 =+ 1Dn+a+ B+ 2t 0

V< 0 0)’ A"< 0 —nn—a-g-2u+1)) "=

(4.2.10)



Observe that the coefficients of B, independent of n, are multiplied on the right while the eigenvalue
A, is multiplied on the left. This is consistent with the theory of matrix-valued orthogonal polynomials
satisfying second-order differential equations initiated by A. J. Duran, F.A. Griinbaum, I. Pacharoni,
and J.A. Tirao (see [11, 27]). In terms of the two linearly independent families of polynomials
(Q1(x))nez, n = 1,2, we have two coupled second-order differential equations of the form

Ml—wﬂ@ﬁ@»”+(1+e(a+éﬁﬁ;:;>—x@+{@%+ﬁ+200(@ﬂxw
+ <—5(1 +€) + 2et (—1 + af;_ﬁﬂ)) (Qmre(z))
_ %(1 +e)(a+ B+ 200" (x)
=\:QN(z), neZ,
where
C 1, if n=1 \E —(n+1)(n+a+p+2t), if n>0
-1, if p=2" """ —n(n—a—pB—2t+1), if n<o0’

As a final comment J. Wimp [52] found a fourth-order differential equation with coefficients depending

on n for the family of polynomials (QL(z))n>0-

4.2.1 Stochastic UL factorization

According to Proposition 2.1.2, the UL stochastic factorization is possible if and only if we choose yq
in the following range
H/ < Yo < Ha

where H and H' are the continued fractions given by (2.1.4).

Theorem 4.2.3. Assume that o > 0. Then we have that

H—H — %%t (4.2.11)
S a2+ 1 -

Therefore there exists only one value of the parameter yo (yo = H) such that we obtain a stochastic
UL factorization of the form (2.1.1) and the coefficients of each of the factors Py and Py, are given by

n+t+ao n+t+5+1
Yn = 5 n — 5
on+2 1 on+2 1
n+2t+a+p+ n+2t+a+p+ nel. (4.2.12)
n+t+a+p n—+t
Sn = Tn

T omt2%tatps T mit2tath

Proof. We will follow the same ideas as the proof of [24, Proposition 5.1]. First, for H, we have that
the sequence of alternating numbers ag, ¢1, a1, co, ... is a chain sequence (see Definition 1.6.5). Let us
call (an)n>1, the sequence of partial numerators. Then «,, = (1 —m,,_1)m,,, with parameter sequence
given by
n+t n+t+p5+1
- ) m2n+1 = .
n+2t+a+B+1 n+2t+a+ 542

man



According to Theorem 1.6.6, we have that

1— co n mp
H =
mos 5 1=3 1
It is possible to show that L is convergent as long as a > 0, in which case we have
t+1
o Btt+l
o

Using the previous considerations and the value of mg we have

_at+mo(B+t+1)  a@i4fa+B+1)FEHBFEH1) a+t
at+B+t+1 2t+a+B+1)(a+B+t+1) 2t+a+f+1
On the other hand, for H’, we have again that the sequence o, = (1 —m/,_;)m/],n > 1 of alternating
numbers ¢y, a_1,Cc_1,a_3, ... is a chain sequence where
p —n+t+a+p5+1 , —n+t+
Maop = » Map = :
o+ 2A+a+B+1 mt2Atatp
Therefore
1_m/ oo n
1_H/: l 0
Mot T

n=

It is possible to show that L’ is convergent as long as « > 0, in which case we have

I— a—+1
o
Therefore
o= a+t—mgola+t) _ (a+t)2t+a+p+1) —(a+t)t+a+8+1) _ a+t
t t2t+a+p4+1) 2A+a+pB+1
Finally, a direct computation using (4.2.12) and (2.1.3) gives the coefficients (4.2.1). O

4.2.2 Stochastic LU factorization

Let us now consider the LU stochastic factorization of the matrix P. Now, we have to apply Proposition
2.1.4 which establishes that we need to take the free parameter 7y in following range

H ! S fO S H )
in order to have a stochastic LU factorization, where H and H' are defined by (2.1.4).
As before, there is only one value that satisfies the condition and we have following theorem.

Theorem 4.2.4. Assume that o > 0. Then H = H' is convergent to (4.2.11) and there exists only
one value of the parameter 7y (fo = H ) such that we obtain a stochastic LU factorization of the form

(2.1.10) and the coefficients of each of the factors Py and Py are given by

Un =Tntl, Tn=Sntl, Sn=~=Tn, Tn="yYn NEL (4213)

where Ty, Yn, Sn, Tn are defined by (4.2.12).



Proof. Identical to the proof of Theorem 5.2.1 but using (2.1.12). O

Theorems 4.2.3 and 4.2.4 prove that there is a unique UL, or LU, stochastic factorization. Nonetheless,
following Proposition 4.2.1, the factorization depends on our choice of ¢t. For the regions Ay, Ao, By
and By we always have that 0 < H < 1 and a stochastic UL or LU factorization will always be possible.
In contrast, in regions Cy,Cs, Dy, D5 it is not possible to give a stochastic UL or LU factorization
since a < 0 and the convergence of H and/or H' is not guaranteed.

Following our procedure, next we perform the discrete Darboux transformation.

4.3 Stochastic Darboux transformations and the associated spectral
matrices

First, for the UL factorization, we have that the Darboux transformation is given by P= PrPy. In
fact, using (4.2.12), we have that a,,b,, and ¢, are the coefficients a,, b,, and ¢, in (4.2.1) replacing
a by a — 1. In other words,

&n = an|a=o¢—1 ’ i)” = b”|a=o¢—1 ’ &n = C”|a=a—1 :

Therefore the new discrete-time birth-death chain {Zt :t=0,1,...} on the integers Z with coefficients
(an)nez, (bn)nez and (&,)nez is the same as the original birth-death chain Z; but replacing the
parameter o by a — 1. The spectral matrix ¥(z) associated with P is then given by

‘Il(m) = lI’(',I:)‘Oz:OL717
where W(z) is the spectral matrix (4.2.8). Since we are assuming that o > 0, we have that ¥(z) is
well-defined on [0,1]. Also ¥(z) does not have a discrete part, just as ¥(x). We can also derive the

expression for ¥(x) from Theorem 2.2.3, given in terms of a Geronimus transformation of the spectral
matrix W(x). This representation is given by equation (2.2.20) where

S0 To
So(z) = _ T-150 T—T-170
Y-1 Y-1
t+a+8 t

2t + o+ 2t +a+f8
(t+B)(t+a+8) A+a+p—1 t(t+B) ’

Qt+tat+Pltta-1)  tta-1 © @tatPltta—1)

W) = ¥ Kl/so 0 > - yOM_l] 8o(x),

and

so T 0 1/ro 50

where dg(z) is the Dirac delta at x = 0 and M_; = fol 2710 (z)dz. We know that ¥(z) does not
have discrete spectrum. That means that the matrix in front of do(x) should be the null matrix.
In Proposition 2.2.3 it is assumed that M_; is well-defined entry by entry, but for « > 0 it is not.
According to Remark 2.2.4, this assumption is too restrictive. However it is enough to assume that
So(0)M_1S5(0) is well-defined. Sp(0) is a singular matrix and after simplifications it turns out that



the integral of 271S,(0)®(x)S;(0) over [0,1] is always well-defined. In fact we have, after a simple
computation that

t+ 6
1 S N
* - O *
DsOMasi0)= | iy iy =m0 () ) sio
t+a—1 t+a—1

so we have that the matrix in front of do(z) in W(z) is the null matrix. Therefore we can conclude
that a second representation of the spectral matrix ¥(z) is given by
¥ ()

M@zgg@

So ().

Finally, if we construct the matrix-valued polynomials (Qn)nzm associated to P, we have that

/ Q) B(0) 3 () — (Vo 120 ) b

where (7,,)nez are the potential coefficients defined by (4.2.2) replacing « by o — 1 and ,,, is the
Kronecker delta. The bilateral birth-death chain {Z :t=0,1,...} associated with P is always null
recurrent as the original one.

On the other hand, for the LU factorization given in equation (2.1.10) of the form P = Py Py, the
Darboux transformation is given by P= PyPp. As before, a simple computation, using (4.2.13) and
(4.2.12), gives

dn = an+1|a:a71 5 lA)n = bn+1|a:a71 5 én = cn+1|a:a71 .

The previous shifted coefficients give a spectral matrix which is not as easily identifiable as the case
of the UL factorization. However we can still apply Theorem 2.2.6 to compute ¥(z) in terms of a
Geronimus transformation of the original spectral matrix ¥(z). The new spectral matrix is given by

¥ () = To(z) @1 (2) Ty (2),

where
L —5S0Y%  YoTo
To(x):< Zo JJO)
S0 To
2t+a+ﬂ+1x_ t+a)t+a+p) 3 t(t+ a)
t+B8+1 2t+a+B)t+B+1)  (2t+a+pB)t+4+1)
t+a+p t )
2t +a+ 2t +a+f
and

Wﬂm:%w@M{xoG ()>—“M4Fww

rn YoT1 s0/To T1

The spectrum of P is the same as the spectrum of P, since we are only shifting the coefficients one
step forward and replacing o by a — 1. Therefore we should expect, as in the case of UL factorization,



that the matrix in front of do(z) in ¥(z) is the null matrix. Proceeding as before we have

| t+p+1
2 sy L 2ttt B+2)(t+a+B)(t+a) t+a
ETO(O)MATO(O)— (t+1)2t+a+B)(t+B+1) _t-i—ﬁ—i—l t+p+1 S
t+ t+

which is the same matrix as

Zo 1 0 *
0 (0 . /to) T3 (0).

Therefore the matrix in front of dg(x) in \il(x) is the null matrix. As a consequence we have that the
spectral matrix ¥(z) is given by

~

(z) = %To(x)

¥(z)

Ty (2)-

Finally, if we construct the matrix-valued polynomials associated to 13, we have that

/ Q@) #(0)Q () — TR L

. (a4 B+t+1),(—t—1)_,,2n+2t+a+ B+2)
" (att+ ) (-B—t=1)_,2t+ta+B+2)

The birth-death chain {Z; : t = 0,1,...} associated with P will have a similar Karlin-McGregor
representation formula as in (1.5.13) and again it is always null recurrent.

As a final remark for this section, we would like to explain the reason why we do not consider an
RA stochastic factorization. Recall that in that case there will be 2 free parameters, namely « and
xo. As we stated in equation (3.1.6), to guarantee a stochastic RA factorization we need o > H' and
xo > 1 — H. But since in this case a + x¢g = 1, then yg = 1, so the RA stochastic factorization will not
be possible.

where now
n € L.

Remark 4.3.1. The families of matrix-valued orthogonal polynomials (én)nZO and (@n)nzo constructed
from the UL and LU Darboux transformations are also eigenfunctions of a matrix-valued second-order
differential operator of the form (4.2.9). The coefficients and eigenvalues of the differential operator
for the first family (Q,)n>0 are given by (4.2.10) replacing o by & — 1. On the other hand, the
coefficients and eigenvalues of the differential operator for the second family (@n)nZO are given by
(4.2.10) replacing a by o — 1 and ¢ by ¢t 4+ 1. In particular both families are bispectral. In the scalar
case, and choosing special values of the parameters involved, the order of the differential operator after
a Darboux transformation is always higher than 2. In the matrix case we have that after one step
of the Darboux transformation, the order of the differential operator can be the same as the original
one. This phenomenon is not new and appeared for the first time in [12] using a method different
than the Darboux transformation. For other examples of the bispectral property following a Darboux
transformation see [25].

4.4 An urn model for the associated Jacobi polynomials

Finally we give an urn model for the associated Jacobi polynomials. For simplicity, we will restrict the
parameters o and S to the region A} = {# —a+1>0,a > —3,5 < 0} given in Proposition 5.1.1.



For the rest of regions we can proceed in a similar way. In order to have a stochastic matrix P, we
need to choose the parameter ¢ in the real set (4.2.3). Since —1 < a < 1,—1 < < 0 and ¢ is a real
parameter, in order to find an urn model including numbers of nonnegative blue or red balls, in this
section we will assume that

1 1 1

:Z, Bzfﬁ, t:f+K, A,B,T6Z227 KEZZO (441)

(0%

On one side, the restriction on the region A; is equivalent to AB > A+ B and A < B. On the other
side, the restriction (4.2.3) gives two possibilities:

en <t<n-—p,n € Z Substituting (4.4.1) in the previous inequalities we get that we need
n<1/T+ K <n+1/B,n € Z. It turns out that, since A, B,T > 2 and K > 0 are nonnegative
integers, the only choice of n € Z such that the previous both inequalities hold is for n = K, in
which case we need that T" > B. If n < K then the first inequality is not possible and if n > K
then the second inequality does not hold.

en—a<t<n-—a-—L,n¢€Z Substituting (4.4.1) in the previous inequalities we get that we
needn—1/A<1/T+K <n—1/A+1/B,n € Z. Again, it turns out that, since A, B,T > 2 and
K > 0 are nonnegative integers, the only choice of n € Z such that the previous both inequalities
hold is for n = K, in which case we need that B < AT/(A+T). If n < K then the first inequality
is not possible and if n > K then the second inequality does not hold.

We will choose T according to the first possibility (for the second we can proceed in a similar way).
In summary, our nonnegative parameters A, B, T, K will be restricted to

A BT>2 K>0, AB>A+B, and A< B<T. (4.4.2)

We focus now on the case of the UL stochastic factorization P = Py Py, with coefficients x,,, yn, Sn, Tn, 1 €
Z given by (4.2.12). Substituting (4.4.1) in these coefficients we obtain

_ B(AT(n+K)+ A+T) . ABT(n+K+1)+B-T)
In T ABT(n+ 2K + 1)+ 2AB+T(B—A)’ "~ ABT(2n+2K + 1)+ 2AB + T(B — A)’
n € 7.
. _ ABT(n+K)+AB 4+ T(B - A) o AB(T(n+ K) + 1)
" 2ABT(n+K)+2AB+T(B — A)’ " 2ABT(n+ K)+2AB+T(B - A)’
(4.4.3)
To simplify the notation, let us call
Y, = B(ATn+K)+A+T), X,=ABT(n+K+1)+B-T),
(AT(n + K) + 4 +T) (BT(n+ K +1) + ) n €7, (4.4.4)

S, =ABT(n+K)+ AB+T(B—A), R,=AB(T(n+K)+1),

so that we have

:77 TL:i? n:77 n:77 EZ
X+, "T X, +Y, TS, +R., " S.+R.

Yn
Lemma 4.4.1. Assume that we have that A, B, T, K are nonnegative integers satisfying (4.4.2). If
n+ K >0 then Y, X;,,Sn, Ry > 0 for alln € Z and if n + K < 0 then Y, X, Sn, R, < 0 for all
n € Z.



Proof. From (4.4.4) we have that Y,,, X,,, S, R, > 0 if

1 1
7? — Z, for an
1 1
717?4’?, fOr Xn,
n+ K>
1 1 1
T Z B, for Sn,
1
—T for Rn
A straightforward computation using (4.4.2) shows that
1< -1 1+1<1 1+1<1 1< 1<0
T T A B T A T ’

From the previous inequalities it is now easy to see that if n + K > 0 then Y,,, X,,, S, R, > 0, while
if n+ K <0 then Y,,X,,S,, R, <0 for all n € Z. O

Let {Z; : t = 0,1,...} be the bilateral birth-death chain associated with the transition probability
matrix P. Consider the UL stochastic factorization P = Py Pr,. We have that each one of the matrices
Py and Pj, will give rise to an experiment in terms of an urn model, which we call Experiment 1 and
Experiment 2, respectively. Let us call {Zt(l) :t=0,1,...},7 = 1,2, the chains associated with Py and
Pyr, respectively. At times ¢t = 0,1,..., the state n € Z in each of these chains will be given by the
number of blue balls minus the number of red balls. Therefore we may have nonnegative and negative
integer states. We finally assume that the urn sits in a bath consisting of an infinite number of blue
and red balls.

At the beginning of every experiment for ¢ = 0,1,..., we have to decide how many blue and red
balls are going to be in the urn. This will depend on the state n € Z according to the following rule:

1. If the initial state n satisfies n > — K, then we initially put in the urn n + K blue balls and K
red balls.

2. If the initial state n satisfies n < —K, then we initially put in the urn K blue balls and —n + K
red balls.

Experiment 1, for Py, will give a pure-birth chain on Z. Initially, Zél) =n. Onone hand, if n > — K,
then we place n+ K blue balls and K red balls in the urn. After that, we add or remove balls until we
have X,, blue balls and Y, red balls. Note that both are nonnegative integers by Lemma 4.4.1. Draw
one ball from the urn at random with the uniform distribution. We have two possibilities:

o If we get a blue ball (with probability x,, in (4.4.3)) then we remove/add balls until we have
n + K + 1 blue balls and K red balls in the urn and start over. Then we have Z{l) =n+1

o If we get a red ball (with probability y,, in (4.4.3)) then we remove,/add balls until we have n+ K
blue balls and K red balls in the urn and start over. Then we have Z{l) =n.



On the other hand, if n < — K, then we place K blue balls and —n+ K red balls in the urn. After that,
we add or remove balls until we have —X,, blue balls and —Y,, red balls. Again, both are nonnegative
integers by Lemma 4.4.1. Draw one ball from the urn at random with the uniform distribution. We
have two possibilities:

e If we get a blue ball (with probability z,, in (4.4.3)) then we remove/add balls until we have
K + 1 blue balls and —n + K red balls in the urn and start over. Then we have Zl(l) =n+1

o If we get a red ball (with probability y, in (4.4.3)) then we remove/add balls until we have K
blue balls and —n + K red balls in the urn and start over. Then we have Z{l) =n.

Experiment 2 (for Pr) will give a pure-death chain on Z. Initially, ZéQ) = n. On one hand, if
n > —K, then we place n + K blue balls and K red balls in the urn. After that, we add or remove
balls until we have S,, blue balls and R,, red balls. Both are nonnegative integers by Lemma 4.4.1.
Draw one ball from the urn at random with the uniform distribution. We have two possibilities:

e If we get a blue ball (with probability s, in (4.4.3)) then we remove/add balls until we have
n + K blue balls and K red balls in the urn and start over. Then we have Zfz) =n.

o If we get a red ball (with probability r,, in (4.4.3)) then we remove/add balls until we have n+ K
blue balls and K + 1 red balls in the urn and start over. Then we have Zl(z) =n-—1

On the other hand, if n < — K, then we place K blue balls and —n+ K red balls in the urn. After that,
we add or remove balls until we have —S,, blue balls and —R,, red balls. Again, both are nonnegative
integers by Lemma 4.4.1. Draw one ball from the urn at random with the uniform distribution. We
have two possibilities:

o If we get a blue ball (with probability s, in (4.4.3)) then we remove/add balls until we have K

blue balls and —n + K red balls in the urn and start over. Then we have Z%Z) =n.

o If we get a red ball (with probability r, in (4.4.3)) then we remove/add balls until we have K
blue balls and —n + K + 1 red balls in the urn and start over. Then we have Z:EQ) =n-1

The urn model for P with state space on Z is obtained by repeatedly alternating Experiments 1
and 2 in that order. The following figures explain the 3 possible situations that we can find, given the
value of the initial state n € Z. Figures 4.2 and 4.3 are the diagrams for the cases where n > —K and
n < —K — 1, respectively, where the number of blue and red balls at the beginning of Experiment 2
does not change. Figure 4.4, for n = —K — 1 is the only case where at the beginning of Experiment
2, when the state is —K, we need to place a different number of blue and red balls. In the figures,
the boxed regions represent the number of blue balls B, and red balls R, contained within the urn, so
that the state of the system is n = b — r. The event that a ball is drawn from an urn is indicated by
BY™ or RY™.
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Figure 4.2: Experiments 1 and 2 when n > —K.
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Figure 4.3: Experiments 1 and 2 when n < —K — 1.
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Figure 4.4: Experiments 1 and 2 when n = —K — 1.

Similar urn models can be derived for the LU factorization with small modifications.



CHAPTER D

Birth-death chains on a spider

So far we have studied different types of stochastic factorizations for bilateral birth-death chains
and we have performed a detailed and thorough analysis of the relation between the spectral matrix
associated to the different processes. The main object to perform this study is the doubly infinite
tridiagonal matrix P describing the process. In Chapter 3 we emphasized that the use of the theory of
matrix-valued orthogonal polynomials through the quasi-birth-and-death processes allowed us to have
more general results in the sense that we can extrapolate some ideas for tridiagonal block matrices of
size N x N.

This chapter is dedicated to the study of stochastic factorizations and the spectral analysis of
processes with a more general structure than a simple birth-death chain. In particular we consider
discrete-time birth-death chains on a spider which is a graph consisting of IV discrete half lines on the
plane, called legs, that are joined at the origin, called the body of the spider. This chain behaves like a
regular discrete-time birth-death chain in each of the legs, but once it reaches the body of the spider
it continues towards any of the N legs with a given probability. This process can be identified with a
discrete-time quasi-birth-and-death process on the state space Z>g x {1,2,..., N}, represented by a
block tridiagonal transition probability matrix, precisely, with blocks of size N x N.

In Section 5.1 we give a definition of this process and perform the spectral analysis to derive the
corresponding spectral matrix. In Section 5.2 we consider a reflecting-absorbing (RA) stochastic
factorization of the birth-death chain on a spider. The difference with our results in Chapter 3 is that
now we will have N free parameters, one for each leg, and we will show that each of these parameters
must be bounded from below by certain continued fraction built from the transition probabilities of
each leg. After that, we consider a discrete Darboux transformation which describes an “almost”
birth-death chain on a spider (now there will be extra transition probabilities between the first states
of each leg). Finally, in Section 5.3, we apply our results to the birth-death chain on a spider with
constant transition probabilities (or random walk on a spider). This example was considered in [7,
Example 3.5] where an explicit expression of the corresponding spectral matrix ¥ was computed, and
it was improved later by F. A. Griinbaum in [20]. We derive another simplified explicit expression of
the spectral matrix ¥ (as a 2 x 2 block matrix), which is different from the ones given in [7, 20]. The
content of this chapter has been published in [34].
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5.1 Spectral analysis of birth-death chains on a spider

The study of the so-called Walsh’s spider dates back to 1978 when J. B. Walsh [51] characterized a
Brownian motion with excursions around zero in random directions on the plane which takes values
in [0, 27). More recently S. N. Evans and R. B. Sowers [14] considered the same construction but with
different methods and used the name Walsh’s spider. Roughly speaking, the process behaves like a
regular Brownian motion on each leg and once it reaches the origin it continues on any of the N legs
with a given probability. If we replace the Brownian motions with simple symmetric random walks
on the legs we get a discrete version of the Walsh’s spider, also called random walk on a spider. H.
Hajri [28] studied this discrete version as an approximation of the Walsh’s spider. In fact, the author
studied the solutions to the Tanaka’s differential equation related to the Walsh’s spider (called Walsh
Brownian motion) as limits of discrete models.

define an extension of the Tanaka’s equation called Tanaka’s stochastic differential equation related
to the skew brownian motion and there are only one Wiener solution and only one flow of mappings
solving this equation.

The main purpose of this section is to give the definition of the process that we will study together
with the one-step transition probability matrix that describes it. We also perform the spectral analysis
to derive the sequence of orthogonal polynomials and the spectral matrix that we need.

For N € N consider the spider graph given by

SN = {’[}N(k7m)7 kENO, m:l,,..,N},

where

N
The number N is the number of legs of the spider Sy. If N = 1 then we go back to regular birth-death
chains on Z>¢, while if N = 2 we have a birth-death chain on Z or a bilateral birth-death chain. The
point vy (0) := vy (0,m),m =1,..., N, will be called the body of the spider.
Consider an homogeneous birth-death chain {Z,,n = 0,1,...} on the spider Sy. The transition
probabilities are given by

P(Zns1 = vn(0)| Zo = v (0)] = 00, P[Znss = on(1,m)| Zn = v (0)] = @y m=1,...,N,

vy (k,m) =k exp <2m(m_1)> . i=+/—1

N
where > o, =1, and

P [Zn—i-l = UN(k +1, m) | Zy = UN(kvm)] = Qk,m,
P [Zn-‘rl - UN(]f, m) | Zn = UN(k,m)] = bk,ma
P(Zy 41 =vn(k —1,m)| Z, = vn(k,m)] = Chkm,

where ag m + bgm + Com =1 and 0 < ag pm, Cpm < lforallk >l and m=1,...,N.

This whole process can be seen as a quasi-birth-and-death process on the state space Zxo x
{1,2,...,N}. The labeling follows putting vx(0) as the origin 0. Then the first N nodes on the
first circle as 1,..., N, in a counter-clock wise fashion. The second circle with N 4+ 1,...,2N, and
so on. The transition probability matrix of the birth-death chain {Z,,n = 0,1,...}, seen as a
quasi-birth-and-death process, is

By A

C, B A
P= Cy By A, , (5.1.1)



where the blocks are given by

Qo (€3] Qg - aN—1 an
C1,1 bl,l 0 0 a1
By=| €2 0 big - 0 . Ag = o , (5.1.2)
a| N—
cin—1 O 0 - bina1 LN
and
an, N
Ap+41,1
A, = _ , n>1, (5.1.3)
Gp4+1,N—-1
bn,N
bn+1,1
BTL = . s n 2 1’ (5.1.4)
bn+1,N71
Cn,N
Cn+1,1
Cp+1,N—1

A diagram of the probability transitions between the states of this process is given in Figure 5.1.
In the same fashion as previous chapters, we consider the matrix-valued polynomials generated by
the three-term recurrence relation

Qo(z) =In, Q-1(z) =0,
where Iy and Oy denote the identity and the null matrix of dimension N x N, respectively (in this

section whenever we write 0 we will mean the null vector or matrix which dimension will be determined
by the context). This family of matrix-valued polynomials can be written as

Qun(@)  a1QVy(@) Q) - av1QVN(x)
QW)  Quila) 0 . 0

Qn(z) Qi (@) 0 Qna(r) - 0 . n>0, (5.1.6)
QY% _,(z) 0 0 o Quvei(z)

where @, n(z) satisfies the scalar-valued three-term recurrence relation

xQn,N(x) = an,NQ'rH»l,N(x) + bn,NQn,N(x) + cn,Nanl,N(x)v n 2 07

Qon(®)=1, Q_1n(z)=0, (5.1.7)



Figure 5.1: Diagram for the N homogeneous birth-death chains on the Walsh’s spider.

where ap, v = an, bo,y = oo and Q;OEV will denote the corresponding 0-th associated polynomials (see
Remark 1.3.3). These are polynomials satisfying the same three-term recurrence relation (5.1.7) but
with initial conditions

QN =0, Q) =—1/ay.

Also Qn x(z),k=1,...,N — 1, satisfy the scalar-valued three-term recurrence relations

TQn k(T) = ant1,kQn41,k(T) + b1 NQn i (2) + Cnp1 NQn—1,6(x), 1 >0,

Qox(z)=1, Q_1x(x)=0, (5.1.8)

and Qflogc(x),k = 1,...,N — 1, will denote the corresponding associated polynomials with initial

conditions Qg’),)c = O,Qg?,)c =—ci /a1, k=1,...,N—1

As the associated polynomials have degree n—1, the matrix-valued polynomials (Qy,)n>0 in equation
(5.1.6) satisfy deg(@Q,,) = n and have nonsingular leading coefficient. This means that this is the family
of orthogonal polynomials associated to P in (5.1.1).

Proposition 5.1.1. Let {Z,,n = 0,1,...} be a birth-death chain on the spider Sy with transition
probability matriz P (5.1.1). Then there exists a weight matriz W supported on the interval [—1,1]
such that the polynomials (Qn)n>0 defined by (5.1.6) are orthogonal with respect to ¥ in the following
sense

/_1 Qu(2)d¥ (2)Q, (@) = Qul5 b,

where ||Qy||% = f_ll Q.. (2)d¥(2)QL () is the matriz-valued norm of the polynomial Q. (z) and 6pm
is the Kronecker delta.



Proof. For the existence and orthogonality we apply Theorem 1.5.1. We need to define a sequence of
nonsingular matrices (7},),>0 such that

T,7'B, = BI'T, TT, n>0,
T, T Ay = O\ Toii Ty, 1 >0,

where the coefficients (A, )n>0, (Bn)n>0 and (Cy,),>1 are defined by (5.1.2), (5.1.3), (5.1.4) and (5.1.5),
respectively. Let us define the following sequences

a1,N ***QAp—1,N

TN =1, mN=ay————, n=>1,
CIN " Cn,N
o arg - ank
T,k = — 7Tn—i—lJc:O[kia nzla k::la 7N71
Cl,k Clk " Cntlk

Then a straightforward computation shows that the diagonal matrix

VTn+1,N—1

satisfies the conditions (5.1). Finally the weight matrix W is supported on the interval [—1,1] as a
consequence of Theorem 1.5.2. O

With the elements defined in the proof of the previous proposition we can define the sequence of
potential coefficients for the birth-death chain on the spider Sy as

Tn,N
T Tn+1,1
I, =TT, = . , n>0, (5.1.9)
Tn4+1,N—1
where
aj,N " QApn—1,N
TN =1, W N=any———"—, n2>1,
CI,N """ Cn,N
(o7 a1k Ank
ﬂ'l,k’zia 7Tn+1,k:ak77 n217 k:]~7"'7N717
C1,k Cl,k " Cn+lk
and
Tn,N

VTn4+1,N—1
This sequence can be identified with the inverse of the norms of the matrix-valued orthogonal polynomials
(Qn)n>0 defined by (5.1.6), i.e.

m, = (IQnlI%) ", n>o0.



Before moving on the analysis of the stochastic factorization, let us remark that the existence of
a weight matrix W(z) for the birth-death chain {Z,,,n = 0,1,...} on the spider Sy gives one way
of computing the (7, j)-block of the n-step transition probability matrix P™ by the Karlin-McGregor
formula given in Theorem 1.5.3. We also can study the recurrence of the process following equations
(1.5.5) and (1.5.6).

Next we will analyze the Stieltjes transform of the birth-death chain on a spider. These series of
results will be very useful to compute the spectral matrix associated with the process. This computation
will not always be possible since, at this point, the process is much more complex than those seen in
previous chapters. However we will be able to derive this expression for the example at the end of this

chapter.
First of all, let us recall that the family of polynomials (@ x)rn>0, K = 1,..., N, and the corresponding
associated polynomials (Qi%)nzm k=1,...,N, are defined in terms of regular three-term recurrence

relations. This means that we can use the spectral theorem for orthogonal polynomials (Theorem
1.1.6) and ensure the existence of spectral measures supported on the interval [—1,1] such that each
of these two families of polynomials are orthogonal.

For £k = 1,...,N, let us denote wy and wlio) the spectral probability measures associated with

the polynomials (Qn k)n>0 and (QS)L)HZO, respectively. Now we can use the well-known connection

between the Stieltjes transforms of wy and w,(co) (see Section 1.1), in this case given by

1
B(zwn) = — N B( (0))»
z—ap+ayc NB(z;wy
1 (5.1.10)
B(z;wy) = — k=1,...,N—1.

0 b
z—=bi+ Cl1,1c62,kB(Z§W1(C ))

From Proposition 5.1.1 we know that any birth-death chain {Z,,n = 0,1,...} on the spider Sy can
be identified with some weight matrix ¥(z). It is possible to compute the Stieltjes transform of ¥(z),
entry by entry, in terms of the Stieltjes transforms of the measures wy, k =1,..., N. For that we will
need the following notation

aq
- T *2
a=(u,...,an-1) , ap= . , (5.1.11)
aN—1
C1,1
. T C1,2
02(61,17--~701,N—1) , CD = . s
C1,N—-1
w1 (z)
- T WQ(QE)
@G(z) = (wi(@),...,wn-1(2))" , wplz)=

WN—-1 (.’13)

From now on, if we write B(z;&) or B(z;wp) we mean that we are taking the Stieltjes transform
on each entry or component.



Proposition 5.1.2. Let {Z,,n = 0,1,...} be a birth-death chain on the spider Sy with transition
probability matriz P (5.1.1). The Stieltjes transform of the weight matriz ¥ obtained in Proposition
5.1.1 can be written as

. 0 | 0 1 | —éTB(z;wp)

Bz ¥) = ( 0| “B(zmwp)epay) ) +5(2) ( “Bmwn)é | B(z;wp)ée Blzwp) )’ 112

b(z) = ! : (5.1.13)

1 T
= _&TB(s c
Bleron) &’ B(z;wp)é€
Proof. As we know (see (1.5.8)), the relation between the Stieltjes transform of ¥ and the Stieltjes
transform of the spectral matrix ¥(?) of the 0-th associated process is given by

—1
Bz W)l = — [ZIN — By + AgB(z; \1:<0>)Hg°)cl} ,

where Héo) = Iy and

Hoz(l 0 ) (5.1.14)

0| apcp
The rest of the proof is reduced to identify the corresponding matrices and perform the computations.
Since A, By, Cpi1,n > 1, are diagonal matrices we have that B(z; \II(O)) is also a diagonal matrix
given by
B(zwy)
B z;w(o)
B(z; \II(O)) = (z517)
B(zwy)
Using the definition of By, Ag and C1 in (5.1.2) and (5.1.5) we can write the Stieltjes transform of ¥
in a 2 x 2 block matrix expression

o [ Mu | M\ /1] 0
s == (i) (STaman)

where
1
My =2z—ap+ aNcl,NB(Z§w1(\([))) = " Blron)’ Mg = —a®, My = —¢,
z — bl,l + a1,102,1B(z;w§0))
Moy = = —B(z;wp) .

0
z—bi,No1+ a1, No1c2,N—1B(z; WJ(V)_1)

Using the well-known formula for the inverse of a 2 x 2 block matrix

AlB\ ' (A-BD"'C)™' | —(A—BD~'C)"'BD"!
C|D ~\ -D'C(A-BD'C)"' | D'+ D 'C(A-BD'C)"'BD~ 1 )’

and using the fact that

chDaz)l =7,

we get (5.1.12). O



The previous proposition provides us with a very clear method for the calculation of the Stieltjes
transformation of the spectral matrix which, in turn, will allow the calculation of the spectral matrix
associated to P. The importance of this result will be clear when we analyze the example in Section
5.3. However we will also use it to obtain the spectral matrix of the Darboux transformation. With
this in mind, we proceed to study the existence of the RA stochastic factorization to later study the

Darboux transformation.

5.2 RA factorization for birth-death chains on a spider

In this section we will analyze the RA stochastic factorization of the birth-death chain {Z,,n = 0,1, ...}
on the spider Sy described by P (5.1.1). Let us recall that this factorization is a block UL factorization.
Therefore, in block structure, we are looking for a factorization of the form P = Pr P4, where

Yo Xo So
Yi Xy Ry 5
Pr = Yo X, , Pa= Ry 5o )
with blocks given by
Bo B B2 -+ Brnoa
0 Y11 0 . 0 Yn,N
YO _ 0 0 Y2 - 0 ’ Yn _ Yn+1,1 7
0 0 Y1,N-1 Yn+1,N-1
By 0 0 0 .
0 x7 O 0 mN .
XO _ 0 0 12 0 7 Xn _ n+1,1
0 0 T1N-1 Tn4+1,N—1
1 0 0 0 s
ri,p s11 O 0 N s
SO . 1o 0 S19 0 7 Sn _ n+1,1
; Sn _
ri,v—1 O S1,N—1 LN
T'n,N
Tn+1,1
Rn = s n > ].,

Tn+1,N-1

(5.2.1)

n>1, (5.2.2)

(5.2.3)

(5.2.4)



and we have to add the conditions that all these matrices are stochastic, i.e.,

N
> Br=1,
k=0

Tom +Ynm=1, n>1 m=12... N, (5.2.5)
Tnm +8nm=1 n>1 m=12....,N.

Diagrams of the possible transitions between the states of both birth-death chains are given in Figure
5.2.

bt -
733(JoN43 53:(2N+3
( ' ) )
X 3] . 33 : .
23] Y32 . - 83 -
%230 43 1, A2 230 Ne3 IN+2
Y22 / S22
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. 5 2 . . 2
Y3m Yom Yim By //' Vit Y21 Y31 S3m Som Sim 13 s 5, 531
2 A 2 b SEET M o DO nyw O ny O na /« o; [ [
s — — — 2
2N+m) N+m m) [0 1 N+l ON+1) wmw wmw 2N+m) N+m 0 (1)  (N#1) [N+t
—_— —
Xom Xim By & Vg 1() i1 .1 31
A - N o
R 0 V1N . N 51N
‘e N .. N
\‘N
V2N SN
0 2N ’m\ ) N
2N 2N
\iz‘ v
y))"}.,v r;\ ,)\-1 N
3N 3N
* -
* *
. -

Figure 5.2: Diagrams of the possible transitions between the states of the reflecting process given by
Pr and the absorbing process given by Pj4.

The factorization gives the following relations

Ap = XnSn+17 n >0,
Bn = XanJrl + YnSru n > 07
C,=Y,R,, n>1.

Or equivalently, entry by entry, we have

N
ag = fo+ Zﬁkﬁ,ka

k=1
O = BmS1,m, m=12,... N, (5.2.7)
nm = TnmSntlm, N >1, m=1,2_... N, 5.2.8)

bn.m = YnmSn,m + TnomTngim, n>1, m=1,2... N,
Cnom = YnmTnm, N >1, m=12_... N. (5.2.9)



As in previous cases, we can compute all the coefficients zp, ym, Yn.m,Tn,m, Sn,m, in terms of N free
parameters [1,..., BN, one for each leg. Indeed, if we fix 5, for m = 1,2,..., N, we get sy ,,,, for
m = 1,2,..., N, from equation (5.2.7) and 7y ,,, for m = 1,2,..., N, from equation (5.2.6). After
this we get y1.m, for m = 1,2,..., N, from equation (5.2.9) and z7,,, for m = 1,2,..., N, from
equation (5.2.5). Then we get sg,, for m = 1,2,..., N from equation (5.2.8) and so on using the
same equations.

In a similar way to the previous chapters, we will define the continued fractions that will be the key
to derive conditions to guarantee the stochastic RA factorization. Notice that for this case we will
have one restriction for each leg. Let

Hm:’a{n‘_’61im‘_’a1]im‘_’CQim‘—"', '177/:1,27...7]\77 (5210)

be the continued fraction with sequence of convergents given by

Nnm
hpm = —=——, n>0

: Do 20 m=1,...,N. (5.2.11)

The sequences (Ny, m)n>0 and (Dy m)n>o for every m = 1,..., N, can be recursively obtained using
the formulas
N2n,m = N2n71,m - Cn,mN2n72,m7 n > 17 N2n+1,m = N2n,m - an,mN2n71,m7 n > 07
Nfl,m = -1, NO,m =0,
D2n,m = D2n—1,’rn - Cn,mDQn—Q,'rru n Z 17 D2n+1,m = D2n,m - a'n,mDQn—l,’ﬂu n Z 07
D*l,m =0, DO,m =1,
where ag y, = .-

Theorem 5.2.1. Let H,,, m = 1,2,..., N, be the continued fractions defined by (5.2.10) with their
corresponding sequences of convergents defined by (5.2.11). Assume that

0<Npm <Dpsm, n>0 m=1,...,N.

Then the continued fractions H,,, m = 1,2,..., N, are all convergent. Additionally, let P = PrPa
and assume that 22:1 H,, < 1. Then Pg and P4 are stochastic matrices if and only if

Bm > Hy, m=1,2,...,N. (5.2.12)

Proof. For m =1,2,..., N, following same steps as Theorem 2.1.2, it is not hard to prove that

NZn,mDQnJrl,m - D2n,nN2n+1,m = —amC1,ma1,m " Gn,m, n 2 07
N2n+1,mD2n+2,m - D2n+1,7nN2n+2,m == *amcl,mal,m e Cn+1,m7 n Z 0
Therefore
N2n,m N2n+1,m AmC1,mA1,m *** An,m
th,m - h2n+1,m = - = - < 07 n > 07

D2n,m D2n+1,m DQn,mDQnJrl,m

N2n+1 m N2n+2 m OmCl.mA1,m " " Cn4+1,m

h2n+1,m - h2n+2,m = — — — = — : . — < 07 n > 0.

D2n+1,m D2n+2,7n D2n+2,mD2n+1,m



Then we have following inequality
0= hO,m << h2n7m < h2n+1,m < h2n+2,m <--- < 1a

and then the sequences (hy, m)n>0 are all bounded and strictly increasing, so they converge to H,, for

every m = 1,..., N. Now assume that ZZ:1 H,, <1 and Pr and P4 are stochastic matrices. Then
it is clear that
ﬁm >0= hO,m7
and using equation (5.2.7) we have
Qm
Sim = —— <1 By > am = him.
Bm

Using now equations (5.2.9), (5.2.6) and (5.2.7) we have

Cl1,m Qo

<:>1—817m>81,m<:>6m>

= h2,m7
1,m 1- Cl,m

Yi,m =

and in general it can be shown that
ﬂm > hn,m-

Therefore 0 = ho.m < hpm < Hy < B

On the contrary, if (5.2.12) holds, in particular we have that 3,, > hy ., for every n > 0,m =
1,...,N. Following the same steps as before, using an argument of strong induction, will lead us to
the fact that both Pr and Py, are stochastic matrices. O

Remark 5.2.2. The reflecting-absorbing factorization P = Pr P, is just one type of a stochastic block
UL factorization of P, but there can be more possibilities. Also we could have considered a stochastic
block LU factorization of P. As it was pointed out in [25], the different stochastic block factorizations
of P may come with many degrees of freedom, and the analysis is more complicated than the case of
classical birth-death chains.

5.2.1 Stochastic Darboux transformation and the associated spectral matrix

Once we have the conditions under we can perform a stochastic RA factorization, it is possible to
compute the discrete Darboux transformation. If P = PrP,4 as in (5.2.1), then, by inverting the
order of multiplication of the factors, we obtain another stochastic matrix of the form P = P, Pg.
This new matrix preserves the block tridiagonal structure. In a very similar way that the RA stochastic
factorization studied in Chapter 3, for this case the matrix P will describe a whole family, depending on
N free parameters f, ..., By, of Markov chains {Z,,n =0,1,...} on the spider Sy which is a family
of “almost” birth-death chains. The only difference is that we will have extra transitions between the
first states of each leg or, in other words, between the states 1,2,..., N. B

If we call By, A,,Cri1,n > 0, the new coefficients of the block tridiagonal matrix P, a direct
computations shows

An = San7 n >0,
EO = SOYO7 En = Ran,1 + SnYna n > 1a

Cn = RnYnfl, n Z 1.



If we compute values entry by entry, these relations can also be written as

dmzﬂmu m:0717'~'7N7

Qnm = SnmTnm, n>1, m=1,... N,
El,m zrl,mﬁm+31,my1,ma m=1,...,N,

Enﬂn = Tn,mTn—1,m + Sn,mYn,m> n>1, m=1,...,N,
El,mzrl,mﬁnu mzo,L...,N,

En,m:rn7myn_17m, ’ﬂz ]., m = ].,...,.]V7

and we also have transition probabilities between the first states of each leg denoted by d; ;. These
probabilities are given by

Ji,jzﬂjrlﬁi, ’L,j:].,,N

A diagram of this process is similar to the one for the process described by P in Figure 5.1 but now
we have to add probabilities between the first states of each leg. For instance, for N = 4 we have the
diagram in Figure 5.3. In general we have to add N(N — 1) extra transition probabilities between the
first states of each leg.

Figure 5.3: Diagram for the Darboux transformation P with N = 4.

Now, as we stated at the end of Section 3.2, the spectral matrix is given by equation (3.2.16) where



So, Yy are given by (5.2.3) and (5.2.2), and IIj is given by (5.1.9)

ag +an — BN

HOYOSO =

&51

(&%)

anN-—1

. In fact, we can compute

a% (&) anN—1
o 0 0
51 — Q]
1% 0
0
B2 — a2
0 0 0‘?\771

/BN—l —ON-—1

If we call X = (I)YpSo) ™!, a straightforward computation shows that the entries of X = (X;;) for

1 < j are given by

1

X =—
BO

<1

Qi1

L
B
51
(1 _ @‘—1)
Q1

)

if i=j=1,
if i=1,7>1,
- 5.2.13
(1 611) if i>1,5>1, ( )
Q51

!

Qi1

i>1,i=j.

().

Qi1

For entries where i > j we have to change i by j since X is always symmetric.
One of the main challenges here is the computation of the moment M _;. However, using Proposition
5.1.2 we may have a way to compute explicitly B(z; ¥) and then use the fact that

M_1 = B(O, ‘I/)

We will follow this procedure for the example of the next section. Finally, we can also compute the
matrix-valued orthogonal polynomials (Q,)n>0 associated with ¥(x) using Theorem 3.2.1. Since we
have an explicit expression of the polynomials (Qy)n>0 in (5.1.6) and

1 0 0 0
1
S 0
S1,1 51,1 1
71,2 1 .
Sit=1 e 0 o1s 0 , (5.2.14)
_T1,N-1 0 1
S1,N—1 S1,N—1
then we have that
aq 0 (6% 0 aN-—1 0
Van(@) VR V@) Vi (@)
0) 1,1 51,2 S1,N—1
- VrE,l (z) Vn,1(93) 0 0
Qu(x)=| v 0 V() 0 . n>0, (52.15)
V% (@) 0 0 Vay-1(2)



where

N—-1
r (6]
Vn,N(w) :Sn,NQn,N(x) + Tn,Nanl,N (LE) - (Sn,NQS)’BV(x) + Tn,Nleozl,N(x)) Z ZT kk ’
k=1 b
Vi @) =snn QN (@) + QY2 (@),
1
‘/n,k(x) :T (5n+1,kQ7L,k(x) + Tn+1,kQ7z—1,k(x)) , k=1,...,N—1,
T
Vi (@) =sn 1 kQu k(@) + s k@0 ) = 2 (50 Qb (2) + s k@1 4(0))
1

s

As for the potential coefficients for the Markov chain on the spider generated by 15, we have, using
formula (3.2.13) that
m, =Y,',S,*, n>0,

and together with (5.2.2), (5.2.14), (5.2.7) and (5.2.9) we have that

Bo Bo
B B

~ T1,1 B1— o

Bya I

T1,N-1 BN-1—an_1
Therefore (ﬁn)nzo are always diagonal matrices. As a consequence we obtain the norms of the
matrix-valued orthogonal polynomials
~ ~ -1 1 ~ ~ -1
= (1203) " = ([ @iF@aio) .
-1
and the orthogonality relations

1 ~ ~ ~ ~
[ Q@A @)@ (@) = T

with 6,,,, the Kronecker delta

5.3 Random walk on a spider

In this example we will consider a set of N simple birth-death chains with constant transition probabilities
and state space on Zxq all linked in the state 0. Of course we have to add transition probabilities in
the body of this spider. Let us consider the block tridiagonal transition probability matrix (5.1.1) with
constant transition probability coefficients, i.e.,



and
An:aINv Bn:bINv Cn:CINa nz]-v

where
N
Zak =1, a+b+c=1.
k=0
The first step for this example is to derive the spectral matrix. As we anticipated, for the spectral

analysis we will use the Stieltjes transform. For w,(co), k =1,..., N, the Stieltjes transform does not
depend on k and it is given by

Bz®) = 12T \/(22;:”(2 —9) 1 (VAT Ve (5.3.1)

Therefore, using the second formula in (5.1.10), as by, = b, a1 1 = a, a2, = ¢, we have

2 b— - .
B(zwy) = UL SVACEESIE ) k1. N1

b+ -o)(z—0) 2ac

As a consequence

bzt Eo)G o)
2ac
On the other hand, using the first formula in (5.1.10) and (5.3.1), we obtain

B(z;wD) = IN,1.

mz— [z—ao—i-aNcB(z;wJ(\?))] = — {z—ao—&—% (b—z+\/(z—o'+)(z_g_)>:|.

Using the previous two formulas in (5.1.13) we get

1
_ [zfa0+a2—g (bfz+\/(z—g_)(zfg+))} _ (1:;_110%> (b—z—F\/(ZQ—aU—)(Z—O'—&-))

Since a1 + -+ any_1 =1 — ag — ay, after some computations we have

b(z) =

1

e (B e V(CEr R [T

b(z) =

)

and after rationalizing we get

(1—2a—a0)z—b+a0(1+a—c)+(1—a0)\/(2—0+)(z—0_).

h(z)z 2(1_2)[(1_a_a0)z+c—a0(1—a+c—a0)]

Therefore we have all the necessary functions to compute the Stieltjes transform of ¥, given by (5.1.12)
of Proposition 5.1.2. After some computations we can write B(z; ¥) as

W) — Bii(z%) | Bia(5®)EL_,
Blz) = < Bia(z;®)En_1 |  Baa(z®) ’

(5.3.2)



where

Bll(z; ‘I’) = b(Z),
2c—ap(l—a+c)+(b+ag)z—22+(z—a)\/(z —oy)(z—0_)
20—-2)[(1—a—ag)z+c—ap(l —a+c— ap)]

b—z++(z—04)(z *J_)afl
2a b
p(2) +1(2)V/(z —04)(z —0-)

20(1—2)[1—a—ap)z+c—ap(l —a+c— g

Blg(z; ‘I’) =

)

BQQ(Z; ‘I’) =

+

)} é‘Nflé{f\ffh

and
p(z) = =23 + (g + 2b)2% — (ap(2 — 2a — ¢) + b> — 2ac — ¢)z — be + ag(b — a(l — a + ¢)),
r(z) = 2> — (ag + b)z — ¢ + ap(1 — a).

Then, the weight matrix ¥ will consist in the addition of an absolutely continuous part ¥, and a
discrete part Wy, i.e., ¥ = W, + ¥, First, using the Perron-Stieltjes inversion formula (1.1.2), ¥, is
given by

_ Uii(z) | Wip(x)€d_,

Vo (z) = ( Uip(r)en—1 | \1’22(931)\[ ) o el o5

where
_ (1,(10)\/(04_—1’)@70_)

) = oI —a- oot e—aol—ate—agl’

(z —ag)\/(o4 —a)(x —0-)
Uqa(z) 2r(l—xz)[(1—a—ag)z+c—ag(l —a+c—ap)]’
Was(z) = V0o —z)(z — a—)a,51 + r@)y/loy — )=o) en-1€xn_;.

2ra(l —2)[(1 —a— )z +c—ap(l —a+c— ap)]

On the other hand, the discrete part ¥, will be given by the behavior of the Stieltjes transform B(z; ¥)
(5.3.2) at its poles, given in this case by

ap(l—a+c—ap) —c

a=1l 2= l—a—«
—a—qp

The expression for the discrete part is given by

c—a (1-ap—a)?—ac

Ya(z) = l—ag)(l—ap—a+c

61(2)ENE NX{csa) + ( )5zZ (2)ENTNX{(1—a0—a)?>ac}

(5.3.4)

c—a+1—q

where x4 is the indicator function and

T
i = (-1 q q
"1—ap—a’ " 'l—ag—a)

As always, one of the advantages of having an explicit expression for the spectral matrix is that we
can describe some probability properties of the process. We have three cases:




e If a > ¢, then we have that [o_,0.] C [—1, 1]. Therefore all integrals in (1.5.5) are bounded and
the random walk on a spider is transient.

o If a = ¢, then we have [0_,0.] = [1 — 4a, 1]. Therefore all integrals in (1.5.5) are divergent and
the random walk on a spider is null recurrent (since there is no jump at the point 1).

o If a < ¢, there will always be a jump at the point 1 (see (5.3.4)). Therefore the random walk on
a spider is positive recurrent.

Finally, it is possible to see, by looking at the three-term recurrence relations (5.1.7) and (5.1.8),
that the entries of the matrix-valued polynomials @, () in (5.1.6) are given by

Quivt) = = (5)"" [atay o)1 (52) + 2a—awts (52 ) + 20— ot (52 ).
e ) e = )

(P (b ©) () — _ (£)"? z—b _ _
Quil(z) = (a> U, (2\/%) Q) (x) = (a) Un_1<2ﬁ), k=1,...,N—1,
(5.3.5)

where (T},)n>0 and (Up)n>o are the Chebychev polynomials of the first and second kind, respectively
(see Section 1.6).

Remark 5.3.1. The polynomials (Qn, ~)n>0 in (5.3.5) can be written in terms of perturbed Chebychev
polynomials (see [3, pp. 204-205]). Indeed, these perturbed Chebychev polynomials (P,),>o are
defined in terms of the three-term recurrence relation

1 1
Py(z) =1, Pi(z)=6x—7, xP,(z)= §Pn+1(:13) + iPn,l(x), n>1, §#0.

These polynomials can also be written in terms of Chebychev polynomials of the first and second kind
(see Section 1.6). If we use the well-known relation U, _o(z) = U, (z) — 2T, (), we obtain

P, (z)=(2-96)Th(x) — (1 =0)Us(z) —yUp-1(z), n>0.

A direct identification with the expression of the polynomials (Qn, n)n>0 in (5.3.5) shows that we need

to choose
2a aag—>b
5 = Y= - )
an c N

in order to relate (Qn, ~)n>0 with the perturbed Chebychev polynomials (P, ),>o. Therefore we obtain

c z—0b

Q)= ()" P, <W> a0,

Let us now apply Theorem 5.2.1 and see under what conditions we can perform a stochastic RA
factorization of the form P = PrP,. As we have constant transition probabilities, the continued
fractions in (5.2.10) can be written as H,, = a,,/H, where

et



so we can compute the explicit value given by

1

H
2

(l—l—a—c—i-\/(1—&—0—(1)2—40)7

as long as a < (1 — \/c)?. Therefore, after rationalizing, we have

a77l

H,, =
2a

<1+a—c—\/(1—|—c—a)2—4c), m=1,...,N.

According to Theorem 5.2.1, the stochastic reflecting-absorbing factorization will be possible if and
only if

ﬁmZ%(l"‘G_c_\/(]—+C_a)2_4c)v mzla"'aN‘

As Zfizl H,, <1 we need to have

1
a0>§<lfa+c—\/(1+cfa)274c).

After performing the discrete Darboux transformation given by P = P,Py we get a new family of
Markov chains (depending on N free parameters S1,...,08n) {Z,,n =0,1,...} on the spider Sy. As
we mentioned before, the matrix P describes an “almost” birth-death chain on a spider. The new

coefficients By and go, which give the extra transitions between the first states of each leg are given
by

Bo B1 B2 BN-1
(65) CO (651 (%1
i o+ - (11—
& B1 A T & ( 31) P B1
~ Q2 Qg CcQo (6%}
_ -2 - —as+ (11—
By = Bo 3, B1 < 52) B2 — ER— BN-1 %
aN—1 aN—1 CON_1
1- 1— U
Po ( 51\[—1) A ( 51\[—1) Pr-1 NI By 1 —an_1
BN 0 0 0
(6751 (65} cQp
I I 0 0
Pr b1 B Bi—ar
~ (6] [0%) CQo
_ 1- 22 0 a2 _ 0
Ao = Pn B2 Ba  Po—
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Finally, the weight matrix ¥ associated with P is given by

B = 5o (2 4 px - n o))




where

1 0 0 0
1— % ;1 0 0
1— o3 o1 @2 0
So = B2 B2 )
dN_l . . 041\}—1
y e S ) SN-L
51\/—1 6N—1

the weight matrix ¥ = ¥, 4 W, is given by (5.3.3) and (5.3.4), X is the symmetric matrix given by
(5.2.13) and from (5.3.2) we have

M., - ( Fa1 | o€k, ) ’
H12€N -1 ‘ H22

where
~ag(l+a—c)—b—(1—ao)\/710- _ 2c—ap(l —a+c)+ag /o0
par = 2[c—ap(l —a+c—ap)] M2 2[c—ap(l—a+c—ag)]
b—yoyo— _; agb—a(l—a+c))—bc—(ao(l—a)—c)\/oro-_ _p
Moy = —(—ap + EN_1EN_1,

2a b 2a[c—ap(l —a+c— agp)]

and ap defined by (5.1.11). With this expression we have the n-step transition probability matrix
using the Karlin-McGregor formula and the recurrence of the process is not affected by the Darboux
transformation. B B

The matrix-valued polynomials (Q,)n>0 orthogonal with respect to ¥ can be computed from (5.2.15)
and can also be written as combinations of Chebychev polynomials of the first and second kind (see
(5.3.5)).



Conclusion and final comments

This work has been dedicated to the exploration of the spectral properties of birth-death chains and
their relation with Darboux transformations. The main goal was to generalize the results published
by F. A. Griinbaum and M. D. de la Iglesia in [24], which were summarized in Section 1.6. Building
upon this seminal work, we successfully extended the study to discrete-time birth-death chains with
a state space on Z, an achievement presented in the author’s master’s thesis [38] and detailed in
Chapter 2. Chapter 3 explored different kinds of stochastic factorizations like RA or AR, different
from the ones presented in Chapter 2. Chapter 4 presented a non-trivial example related to the family
of associated Jacobi polynomials. At the end of the chapter, an urn model for the associated Jacobi
polynomials family is described, providing a valuable application of the theoretical results. In Chapter
5 we generalized our results to the discrete version of the Walsh’s spider, a more complex process. Let us
highlight that the explicit expressions for the spectral matrices and the Karlin-McGregor representation
formulas enable the computation of n-step transition probabilities and offer valuable insights into
fundamental properties of these birth-death chains. Each chapter in this thesis is directly linked to a
published paper, namely [32], [33], [34], and [35].

In summary, this work has provided novel perspectives and tools for understanding and analyzing
birth-death chains. By exploring diverse factorizations and transformations, we have expanded our
knowledge and enriched the field with new contributions. The application of the theoretical results
to the urn model for the associated Jacobi polynomials highlights the practical relevance of our
research. Looking ahead, there are several avenues for future research. For instance, the stochastic
factorization methods could be applied to other extensions of birth-death chains models related to
multiple orthogonal polynomials, orthogonal polynomials in several variables or Krall-type orthogonal
polynomials (see [13, 26, 15]). Another promising direction is the extension of our findings to continuous-time
scenarios. Exploring deeper into the physical and probabilistic interpretations of stochastic factorizations
and spectral properties may lead to new insights in different fields.
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