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Abstract

The origin of very high energy (VHE) afterglow emission in gamma-ray bursts (GRBs)

is not fully understood. Spectral modeling of the broadband (radio to TeV) afterglow

emission of TeV-bright GRBs can improve understanding of the shock microphysics at

relativistic collisionless shocks and reveal the true energy budget of GRB jets. In this

thesis work, a methodology is presented to fit the broadband afterglow observations of

GRB 190114C, the first TeV-bright GRB reported in the literature, using a numerical

code. To simulate the afterglow emission from an external forward shock a one-zone

kinetic code is used that solves the coupled integro-differential equations for electrons

(and e± pairs) and photons in the fluid frame. Observer frame quantities are then

obtained by integrating over the equal-arrival-time surface in post-processing. To as-

sess the importance of different high-energy processes, mainly three simulations were

carried out, where (i) different physical processes such as synchrotron radiation, syn-

chrotron self-Compton, production and annihilation of pairs, and Coulomb scattering

are included, (ii) the effects of pair production are deactivated, and (iii) Coulomb in-

teraction among electrons (and positrons) was disabled. The main conclusions of this

thesis work are: (1) the TeV afterglow emission cannot be produced by synchrotron

emission alone and an additional high-energy spectral component is required. As

modeled in this work, this VHE emission can be synchrotron self-Compton (SSC)

that arises naturally; (2) it is found that to have a detectable SSC component it is

necessary to have a Compton-Y parameter greater than unity, with the condition that

the fraction of the shock internal energy deposited in magnetic fields is much smaller

than that deposited in electrons, i.e, ϵB ≪ ϵe. The shock microphysical parameters

obtained here are consistent with those obtained for other GRBs that are not TeV-
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bright in the literature, which suggests that it does not require special conditions to

produce TeV emission; (3) the problem of parameter space degeneracy is evident when

comparing with other works, this is because different assumptions and the inclusion

of different physical processes lead to varied model parameters, thus it is necessary

to fit a sample of TeV-bright GRBs using a single model to obtain consistent results.



Resumen

Los brotes de rayos gamma (BRG) son los fenómenos más energéticos y luminosos

observados en galaxias distantes del Universo. Los BRG son propulsados por chorros

ultra-relativistas y se espera que sean fuentes de señales no electromagnéticas como

los rayos cósmicos, los neutrinos y las ondas gravitacionales. Los BRG tienen dos

fases principales de emisión y están basadas en la ubicación física donde se emiten

los fotones de rayos-γ. La primera fase es la llamada "prompt emission", la cual está

relacionada con la emisión del chorro desde un sitio "interno" a éste. La segunda

fase, llamada "afterglow", es la que se estudia en esta tesis. Esta fase relacionada

con la emisión de un sitio "externo" que resulta del medio externo chocado y barrido

por la expulsión relativista. Por lo general, el afterglow ocurre al final de la “prompt

emission”, pero puede superponerse con ella. El afterglow ocurre en escalas de tiempo

relativamente largas, con una duración de días, meses e incluso años y su emisión es

de banda ancha, cubriendo ampliamente el espectro desde radio hasta los rayos-γ.

El origen de las emisiones del “afterglow” de muy alta energía (rango de energía de

0.1-1 TeV) en los brotes de rayos gamma no se entiende completamente. Debido a la

larga duración de esta emisión, estudiar el modelado espectral de banda ancha (radio

a TeV) en los BRG brillantes (TeV) puede mejorar la comprensión de la microfísica

en los choques relativistas sin colisión, y revelar la verdadera estimación de energía

de los chorros de los BRG. El modelado espectral sirve para estudiar los diferentes

procesos radiativos, por ejemplo, leptónicos y hadrónicos, que son capaces de pro-

ducir la emisión del “afterglow” de muy alta energía en los BRG. También impone

importantes restricciones a la física de los BRG que no se pueden obtener solo de

la emisión de sub-MeV. Naturalmente, esto nos hace preguntarnos por qué algunos
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de los BRG más energéticos no se han observado en las energías TeV, y también

lo que hace que otros TeV sean brillantes. Se cree ampliamente que la emisión del

“afterglow” de TeV proviene de la emisión de sincrotrón auto-Compton. No se en-

tiende por qué en los “afterglows” de muy alta energía se detectan fotones ≥ 10 GeV

en varios BRG a tiempos tardíos (t ∼ 102-103 s). Estos a menudo son difíciles de

explicar con el modelo canónico de emisión de sincrotrón de un solo componente.

Por lo tanto, se requiere de una componente espectral adicional de alta energía que

puede ser explicada por el proceso sincrotrón auto-Compton o por modelos hadróni-

cos. En ese sentido, se utilizó un modelo leptónico para explicar esta componente

de alta energía del "afterglow". Principalmente, se presenta una metodología para

ajustar las observaciones de banda ancha del "afterglow" del GRB 190114C, que es

el primer BRG brillante en TeV reportado por la literatura. Para simular la emisión

del "afterglow" de un choque externo hacia adelante, se utiliza un código numérico

cinético que resuelve las ecuaciones integro-diferenciales acopladas para electrones (y

pares e±) y fotones en el marco de referencia del fluido. Las cantidades en el marco

del observador son obtenidas en un post-proceso integrando sobre la superficie de

igual tiempo de llegada. Para evaluar la importancia de los diferentes procesos de

alta energía se llevaron a cabo principalmente tres simulaciones, donde (i) se incluyen

diferentes procesos físicos como la radiación sincrotrón, sincrotrón auto-Compton, la

producción y aniquilación de pares, así como la dispersión de Coulomb, (ii) se de-

sactivan los efectos de la producción de pares y (iii) se desactivó la interacción de

Coulomb entre electrones (y positrones). Las principales conclusiones de este tra-

bajo de tesis son: (1) la emisión del "afterglow" de TeV no se puede producir solo

por la emisión de sincrotrón, también se requiere una componente espectral adicional

de alta energía. Como se modela en este trabajo, esta emisión de muy alta energía

puede ser el proceso de sincrotrón auto-Compton que surge de forma natural; (2)

se encuentra que para tener un componente sincrotrón auto-Compton detectable es

necesario tener un parámetro Y-Compton mayor que la unidad, con la condición de

que la fracción de la energía interna de choque depositada en los campos magnéticos

sea mucho más pequeña que la depositada en los electrones, es decir, ϵB ≪ ϵe. Los
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parámetros microfísicos de choque obtenidos aquí son consistentes con los obtenidos

para otros BRG que no son TeV brillantes en la literatura, lo que sugiere que no se

requiere condiciones especiales para producir la emisión de TeV; (3) el problema de

la degeneración del espacio de parámetros es evidente cuando se compara con otros

trabajos, debido a que las diferentes suposiciones y la inclusión de diferentes procesos

físicos conducen a parámetros de modelo variados, por lo que es necesario ajustar una

muestra de BRG brillantes de TeV utilizando un solo modelo para obtener resultados

consistentes.
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1 Introduction

Gamma-ray bursts (GRBs) are electromagnetically the most luminous phenomena in

the universe, where they outshine the entire γ-ray sky during the most intense phase

of their emission (e.g., Vedrenne and Atteia, 2009). They are powered by ultra-

relativistic jets (Nakar, 2015), and theoretical arguments and observational evidence

suggest that GRBs must have bulk Lorentz factors larger than ∼ 100 and even up

to ∼ 3000 (e.g., Fishman and Meegan, 1995; Piran, 2005). The isotropic-equivalent

γ-ray luminosity of the initial most intense phase is on the order of 1051 − 1054 erg

s−1 (e.g., Paczyński, 1998) making it possible to observe GRBs to cosmological

distances (redshifts z ≥ 8),(e.g., Lamb and Reichart, 2000). GRBs are also expected

to be sources of non-electromagnetic signals, including cosmic rays, neutrinos, and

gravitational waves (e.g., Mészáros et al., 2003). Gravitational waves were finally

detected in coincidence with the GRB itself in the binary merger of two neutron stars

in the source GW170817 (e.g., Abbott et al., 2017a,b). No high-energy neutrinos have

been observed from GRBs yet.

The cosmological principle tells us that the Universe is homogeneous and isotropic

on a large scale (e.g., Liddle, 1998), therefore, as GRBs are cosmological sources,

their distribution is also expected and observed to be isotropic and homogeneous

(e.g., Horváth et al., 2014; Andrade et al., 2019). Due to the extreme physical con-

ditions in which they originate, GRBs provide us with a cosmological laboratory,

directly related to various branches of astrophysics. Their high-velocity, high-energy

environment, strong gravity, and strong electromagnetic fields make them some of the

most interesting and complex phenomena today. After decades of observational and

theoretical studies, we have managed to arrive at a physical picture of the origin of

1
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GRBs. Due to the complexity of these phenomena, many details remain unclear, but

a general theoretical framework has been established that is considered successful in

interpreting multi-wavelength data.

GRBs have two main phases of emission based on the physical location where

the γ-ray photons are emitted (e.g., Nakar, 2007). The first phase is the so-called

"prompt emission", and this phase is related to jet emission from a site "internal"

to the jet, such as in internal shocks (e.g., Mészáros and Rees, 1994; Sari and Piran,

1997). During this short-lived phase, with duration ranging from milliseconds to

hundreds of seconds (Zhang and Meszaros, 2004; Zhang, 2018), most of the γ-ray

photons are emitted in the keV–MeV bands (γ-rays/hard X-rays) with a mean energy

of ∼ (200 − 500) keV (e.g., Goldstein et al., 2012; Gruber et al., 2014). Based on

the duration distribution, GRBs are classified in two ways (e.g., Kouveliotou et al.,

1993): short-duration GRBs (lasting less than two seconds) and long-duration GRBs

(lasting more than two seconds). Long GRBs are thought to be associated with the

core-collapse of massive stars with masses between 20 and 30 M⊙(e.g., Woosley, 1993),

as also inferred from the Type Ic spectra of the associated supernovae (e.g. Stanek

et al., 2003). Short GRBs are believed to be generated by mergers of compact objects

(e.g., Belczynski et al., 2006), i.e. black holes and neutron stars, and after GW170817

one now knows that at least some are produced by the mergers of neutron stars and

neutron stars as predicted (e.g., Narayan et al., 1992; Eichler et al., 1989). In both

types of GRBs, the remnant is either a hyperaccreting stellar-mass black hole or a

rapidly rotating highly magnetized neutron star, known as a millisecond magnetar

(e.g., Thompson and Duncan, 1993), serving as the engine to drive the collimated

outflow (jet) up to relativistic velocities.

The second phase is the so-called "afterglow" (e.g., Mészáros, 2001), and is related

to emission from an "external" site, such as the shocked external medium swept up by

the relativistic ejecta (e.g., Zhang et al., 2006; Nava et al., 2013). It generally occurs

at the end of the prompt emission but it can also overlap with it. It is long-lasting

with duration from days, months, to years (e.g., Zhang, 2018), and its emission is

broad-band, covering from radio, millimeter (mm), infrared (IR), optical, ultraviolet
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Figure 1.1: Canonical GRB fireball model. Figure of NASA’s Goddard Space Flight
Center (2023).

(UV), X-rays, and even gamma rays (e.g., Zafar, 2011; Zhang, 2018). This emission

can come from the forward shock propagating ahead of the relativistic ejecta and

into the external medium and/or the reverse shock propagating into the jet itself

(see Figure 1.1). In these two shocks, small-scale magnetic fields are generated, and

electrons and protons are accelerated This results in bright broad-band non-thermal

emission produced by synchrotron radiation and synchrotron self-Compton emission

in the high-energy band (e.g., Ghisellini et al., 1998; Arimoto et al., 2016).

Over the last few years, research in GRB physics has become more active and

interesting with the detection of Very-High-Energy (VHE) afterglow emission in the

0.1-1 TeV energy range with ground-based atmospheric Cherenkov telescopes that

are effective instruments for very high-energy γ-radiation observations of physical

phenomena. (e.g., Ferenc et al., 2005; Konopelko and Plyasheshnikov, 2000). Before

that, all GRBs had been detected up to a few MeV, and many with energies up to

several tens of GeV with the help of the Fermi Large Area Telescope (LAT) (e.g., Ajello

et al., 2019). Due to the long duration of the afterglow emission, long-term multi-

waveband data are available to study the different radiative processes, e.g. leptonic

and hadronic, that are capable of producing VHE afterglow emission in GRBs. Its
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study is important because it provides crucial information about the global energy

budget of these bursts. It also imposes important constraints on the physics of GRBs

that cannot be obtained from sub-MeV emission alone. There are MeV-bright GRBs

that have not been observed at TeV energies after the ground-based TeV detectors

became operational. Naturally, this raises the question why some of the most energetic

GRBs have not been observed at TeV energies (e.g., GRB 130427A), and what makes

others TeV-bright. The TeV afterglow emission is widely believed to be synchrotron

self-Compton (e.g., Chiang and Dermer, 1999). Several works have modeled this

emission using analytical models (e.g., Sari and Esin, 2001; Yamasaki and Piran,

2022), but they remain incomplete as they ignore the effects of electron-positron

pair cascades and Klein-Nishina suppression (e.g., Asano and Mészáros, 2012; Vurm

et al., 2011), that are important for understanding the multi-wavelength spectral and

temporal evolution, and can shed more light on the properties of the emission region.

Another important open question related to the high-energy afterglow emission seen

by Fermi-LAT is the detection of ≥ 10 GeV photons in several GRBs at late times

(t ∼ 102 − 103 s). These are often difficult to explain with the canonical single-

component synchrotron emission model. Therefore, either an additional high-energy

spectral component is required or the origin of these photons must be different, e.g.,

hadronic (Böttcher and Dermer, 1998).

In this work I study the afterglow emission through numerical simulations with

the numerical code developed by Gill and Thompson (2014), assuming that there is

an external shock between the ejecta and the circumburst medium, where I assume

that several processes take place such as the synchrotron, synchrotron self-Compton,

production and annihilation of pairs, among others. In addition, to calculate the

observed flux density, an integration is implemented on the equal arrival time surface.

This thesis consists of seven chapters, where chapter two presents a brief explanation

of all the observational properties of GRBs that we know of. Chapter three presents

the hydrodynamic equations that describe relativistic jets. In chapter four, I will

present some radiative processes that are present in GRBs. Chapter five contains the

coupling of the dynamics with the radiative processes for the afterglow emission, I
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also present the numerical code that I use to carry out the simulations. In chapter

six I will present the results of the numerical simulations, and finally in chapter seven

I will give the conclusions.



2 Phenomenology of Gamma-Ray Bursts

This chapter will provide a summary of all the observational clues that we know about

GRBs, since, in order to apply known physical laws and logical reasoning, it is vital

to collect as much observational data as possible. This first step is essential to be

able to understand what physical processes are those that produce gamma-ray bursts.

The type of GRB data that we know of are, for example, the observational properties

of prompt emission and afterglow, the association of a supernova (kilonova) with a

long (or short) GRB (e.g., Kumar and Zhang, 2015; Zhang, 2018). This chapter will

mainly show the observational properties of prompt emission and afterglow, as it is

a very extensive topic.

2.1 Prompt Emission

The phase called prompt emission is mainly observed in the gamma-ray energy range

0.1-2 MeV. In the following points I will highlight the main characteristics of this

phase.

Temporal properties:

• Duration: As mentioned above, the GRBs show a bimodal distribution. GRBs

that are longer than 2 seconds are classified as "long GRBs", and GRBs that

are shorter than 2 seconds are referred to as "short GRBs". The burst duration

is defined by the time interval called T90 between the epochs when 5% and 95%

of a total fluence is registered by a detector (see Figure 2.1). (see for details

Zhang and Meszaros, 2004; Zhang and Choi, 2008; Kumar and Zhang, 2015).

6
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• The lightcurves: GRB lightcurves are very variable and irregular in general,

comprising single or multiple overlapping pulses. Some lightcurves are extremely

variable while others can be very smooth (e.g., Fishman and Meegan, 1995). For

an example see the Figure 2.2.

• Null Periodicity: The Power Density Spectrum (PDS, (e.g., Beloborodov et al.,

2000; Maral, 2004)) study revealed that the lightcurves of GRBs display null

periodicity, suggesting that the central engine of GRBs does not display appar-

ent periodic behavior. It may also be that the central engine has a periodic

behavior but is lost during the time the ejecta travels and generates the emis-

sion (e.g., Beskin et al., 2010; Zhang et al., 2016). Individual PDSs can be very

noisy. However, averaging the PDS of several bright GRBs display a power law

exponent of approximately −5/3 (e.g., Beloborodov, 2000).

• Precursor emission: Some GRBs have a softer and weaker "precursor" emission,

that is well separated from the main burst by 10 to 100 seconds (e.g., Lazzati,

2005; Burlon et al., 2009).

• Pulse widths: The widths of individual pulses can vary in a wide range. For

example, for pulses that have a smaller peak, the widths (i.e. δt) are millisec-

onds or even less than milliseconds, basically, this measure gives the variability

timescale of the prompt emission. In general, the pulses tend to be wider in the

softer energy bands and narrower in the harder energy bands (e.g., Zhang and

Meszaros, 2004; Zhang, 2018).

• Asymmetries: The shape of many individual pulses is often asymmetric in their

lightcurves, with a steep rising phase and a shallower downward phase. Al-

though several functional ways have been proposed to fit the pulses shapes,

the most widely used for some bright and isolated pulses is modeled by a fast-

rise-exponential-decay (FRED) function (e.g., Kumar and Zhang, 2015; Zhang,

2018).

Spectral Properties
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Figure 2.1: The GRBs bimodal distribution are divided into two classes at T90 = 2
s (vertical line): LGRBs (dotted line) and SGRBs (dashed line). Figure 1 of Zhang
and Choi (2008).

Figure 2.2: Examples of lightcurves. Figure 6 of Fishman et al. (1994).
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• Non-thermal spectrum: The continuum spectrum is non-thermal and features a

smoothly broken power law, often modelled using an empirical relation known

as the "Band-function" (e.g., Band et al., 1993) (see Figure 2.3). The photon

number spectrum

N(E) =



A
(

E
100keV

)α
exp− E

E0
for E < (α− β)E0,

A
(

(α−β)E0

100keV

)α−β

exp (β − α)
(

E
100keV

)β for E ≥ (α− β)E0,

(2.1)

where N(E)dE is the number of photons in the energy bin dE, A is the nor-

malization of the spectrum, E0 is the break energy in the spectrum and, α and

β are the photon spectral indexes below and above the break energy E0. The

peak energy in the E2N(E) spectrum is called the E peak (Ep), which is related

to E0 through Ep = (2 + α)E0.

• Classification: From hard to soft, the bursts can sometimes also be classified as

gamma-ray bursts (Ep > 50 keV), X-ray rich GRBs (XRGRB, 30 keV < Ep <

50 keV), and X-ray flashes (XRFs, Ep < 30 keV), without a clear boundary

in between (e.g., Sakamoto et al., 2008). The bimodality is also confirmed

spectrally, because short GRBs are predominantly harder, and long GRBs tend

to be softer in their spectral peak energies (e.g., Kouveliotou et al., 1993).

• Thermal component: For the vast majority of bursts, a thermal spectrum (like

Planck’s) is not expected. Most are better modeled with the classic Band-

function. A small fraction of GRBs display a (quasi-) thermal component su-

perposed on top of a non-thermal component (e.g., Zhang et al., 2011; Zhang,

2018).

• High-energy component: For some GRBs, in addition to having thermal and

band components, it is necessary to include another high-energy spectral com-

ponent to accommodate the broad-band spectra(e.g., Abdo et al., 2009; Acker-
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mann et al., 2010; González et al., 2003). One of the main characteristics of this

component is that it follows a power law that extends to the Fermi LAT band at

high energies (above 100 MeV), but sometimes also extends to low energies (in

the X-ray Band). The slope is almost always positive in the νFν spectrum and

to avoid an energy divergence there must be a spectral break at high energies

which is not seen.

In general, the prompt emission spectrum of GRBs may include three elementary

spectral components (e.g., Zhang et al., 2011): (I) a non-thermal Band component;

(II) a quasi-thermal component; and (III) another non-thermal component that ex-

tends to high energies (see Figure 2.4). Which component will dominate the spectrum

can vary between GRBs. It is possible that all three components exist in at least some

GRBs (e.g., Guiriec et al., 2015). It is not clear what is the physical origin of the

three spectral components, but the thermal component is thought to be due to pho-

tospheric emission (e.g., Pe’er et al., 2006), i.e when the ejecta becomes optically

thin, while the Band component is due to non-thermal synchrotron radiation in the

optically thin region (e.g., Zhang et al., 2012). The high energy component is the

one we know least about.

2.2 Afterglow

After the prompt emission, the afterglow emission phase follows, which was even pre-

dicted before its discovery (e.g., Paczynski and Rhoads, 1993; Katz, 1992; Mészáros

and Rees, 1997). Regardless of what the GRB’s central engine is (black hole or a

millisecond magnetar (e.g., Lü et al., 2015), it produces a huge amount of energy

in a small region of space, that turns into a fireball expanding at relativistic speeds

(e.g., Meszaros and Rees, 1993). Due to a small amount baryons in the fireball (that

assumes a weakly magnetized outflow) (e.g., Meszaros and Rees, 1993; Lazzati and

Begelman, 2010), its internal energy is transformed into the kinetic energy of the

ejected matter when the fireball is optically thick. One knows that there must be

interstellar gas in the host galaxy, which gradually slows down the ultra-relativistic
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Figure 2.3: Example for the GRB 990123 prompt emission spectrum. Figure 1 of
Briggs et al. (1999).

Figure 2.4: Example of three spectral components. Where (I) is a Band-function
component, (II) is a quasi-thermal component, and (III) is an extra power-law com-
ponent. Figure 23 of Zhang et al. (2011)
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ejecta as it sweeps up the circumburst medium, generally due to a forward shock

and also a reverse shock that penetrates the ejecta (e.g., Zhang and Kobayashi,

2005). What happens in the shocks is that the electrons (and protons) would be

accelerated, producing bright broad-band non-thermal emission via synchrotron (in

the shock-generated small scale magnetic field) and synchrotron Self-Compton (SSC).

As expected, as the fireball slows down, the force of the impact is reduced, so the

emission softens and fades over time, i.e. the GRB fades. So, we can define afterglow

emission as a broadband emission released during the interaction between the fireball

ejection and the circumburst medium (e.g., Zhang, 2018). Although the emission

is believed to come from external shocks, Swift’s observations suggested that not all

subsequent emission can be attributed to emission from external shocks. For exam-

ple X-ray flares (see the Swift/BAT lightcurve in Figure 2.5 around T − T0 ∼ 20 s)

are likely emission from an "internal" site in the jet, due to their short variability

timescale with ∆T/T ≪ 1. In Mészáros and Rees (1997), they provide detailed and

self-consistent predictions for the broad-band emission based on the external shock

model. Currently, one has extensive afterglow data, where the main observational

properties of afterglow radiation are (e.g., Kumar and Zhang, 2015):

Global properties:

• Optical afterglow follows a power law in which the flux decays as Fν ∝ t−α, with

decay rate α ∼ 1 (e.g., Wijers et al., 1997; Harrison et al., 1999), consistent

with the prediction of the standard external shock afterglow model, for example

see Figure 2.5 (e.g., Mészáros and Rees, 1997; Sari et al., 1998).

• A temporal break in the optical afterglow light curve is most often detected

for bright GRBs, where the break time is about one day, so there is a steeper

decline with slope α ∼ 2 (e.g., Harrison et al., 1999). This is consistent with

the achromatic phenomenon called "jet break" which is caused by a geometric

effect, i.e., when an on-axis observer "sees" the edge of the jet. (e.g., Piran

et al., 1999; Rhoads, 1999; Zhang, 2018).

• The radio afterglow light curve initially increases to a maximum around 10 days,
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then decays (e.g., Frail et al., 2000). The maximum peak normally corresponds

to the passage of the synchrotron injection frequency νm, or the synchrotron

self-absorption frequency νa, through the radio band.

• From radio to X-rays wavelengths, one can also fit the broad-band afterglow

spectrum with a broken power law, at a fixed observer time (e.g., Harrison

et al., 1999; Wijers and Galama, 1999), as expected for the synchrotron afterglow

model.

• With high-quality data, bursts can be observed whose optical light curves show

greater detail, such as bumps and ripples that deviate from the simple afterglow

model predictions (e.g., Lipkin et al., 2004). The soft bumps in the afterglow

light curves can be interpreted as being due to density bumps in the external

medium (e.g., Lazzati et al., 2002; Dai and Wu, 2003; Nakar and Granot, 2007)

while the sharper features in the light curves can be due to energy injection from

the central engine(e.g., Kumar and Piran, 2000; Zhang and Mészáros, 2002),

angular energy fluctuations per solid angle unit (e.g., Yamazaki et al., 2004;

Kumar and Piran, 2000), or the existence of two-component jets (e.g., Berger

et al., 2003; Racusin et al., 2008).

Basically, one can summarize the data with a canonical light curve, which usually

includes 5 components, nevertheless not all GRBs display all 5 components. (e.g.

Zhang et al., 2006; Nousek et al., 2006) (see Figure 2.6).

Characteristics of the components:

• I. Steep decay phase: it has a temporal decay d lnFν/d ln t < −2. This phase

may be simply the high latitude emission associated with the prompt gamma-

ray source at R ≥ 1015 cm (distance from central engine to emission region)

when the central engine is turned off faster than the decay of the X-ray light

curve (e.g. Zhang et al., 2006; Nousek et al., 2006; Kumar and Panaitescu,

2000; Liang et al., 2006). If the emission region has a much smaller radius,

the rapidly decaying X-ray light curve reflects the time dependence of central

engine activity (e.g. Duran and Kumar, 2009; Fan and Wei, 2005).
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Figure 2.5: Example of multi-wavelength light curves (from radio to gamma rays)
of GRB 190114C. The dashed vertical line roughly marks the end of the prompt
emission phase and the beginning of the afterglow. Energy flux versus time after the
BAT trigger (at T0 = 20 : 57 : 03.19 universal time). Figure 1 of Veres et al. (2019).

• II. Shallow Decay Phase (or Plateau Phase): the temporary decay of the flux is

shallow with a temporal slope of -0.5 or greater, sometimes flat or even slightly

rising at first. In most GRBs, it is followed by a "normal" decay with flux

decreasing with time as ∼ t−1.

• III. Normal decay phase: This is the typical decay (∼ t−1) expected in the

standard external-forward shock model (e.g., Wang et al., 2015).

• IV. Late steep decay phase (∼ t−2 or steeper). Expected in the forward shock

model (e.g., Panaitescu, 2007) after the jet break.

• V. X-ray flares: One or more X-ray flares can be found in about half of GRB

X-ray afterglows. These flares share many properties with the prompt emitting

pulses. It is widely accepted that they are driven by late central engine activity

(e.g. Ioka et al., 2005; Burrows et al., 2005; Zhang et al., 2006; Fan and Wei,

2005; Chincarini et al., 2007; Lazzati and Perna, 2007; Liang et al., 2006).
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Figure 2.6: A canonical X-ray afterglow lightcurve showing five distinct temporal
components: I. steep decay phase; II. shallow decay phase (or plateau if the decay
slope is close to 0); III. normal decay phase; IV. post-jet-break phase; V. flares. The
segment “0” denotes the prompt emission phase. Figure adapted from Zhang et al.
(2006).



3 Relativistic fluids

In this chapter I present a brief review of relativistic fluid dynamics, because GRBs

are produced by relativistic jets. In addition, the fluid equations help us to see another

topic that will be described in this chapter, which is relativistic collisions. The GRB

prompt and afterglow emission is interpreted as occurring in shocks.

3.1 Relativistic Hydrodynamics

Relativistic fluid equations are based on three conservation principles: conservation of

energy and momentum in the energy-momentum tensor and conservation of number

density. One defines the four-vector of position as xµ = (ct,x), where t is the time

in the lab-frame, x is the spatial coordinates vector, the proper time as dτ = dt/γ,

the four-velocity as uµ = dxµ/(cdτ) = γ(1,v/c), where v is the 3-velocity, and the

relative Lorentz factor between the two frames is γ = 1/
√

1− (v/c)2 , where c is the

speed of light. Also one can define the four mass density as jµ and energy-momentum

tensor (T µν) as (e.g., Zhang, 2018):

jµ = (j0, j) = ρuµ, (3.1)

T µν = (ρc2 + ϵ+ p)uµuν + pηµν = huµuν + pηµν , (3.2)

where h = ρc2 + ϵ+ p is the enthalpy density of the gas, ηµν is the Minkowski metric,

ρ, p and ϵ are the mass density, pressure and internal energy density, respectively.

With these definitions we can write the equation of conservation of mass ∇µj
µ = 0

and the conservation of energy-momentum as ∇µT
µν = 0, which are explicitly written

16
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as:

∂(γρ)

∂t
+∇ · (γρv) = 0, (3.3)

∂v

∂t
+ (v · ∇)v = − 1

γ2h

(
c2∇p+ v

∂p

∂t

)
, (3.4)

∂(γ2h)

∂t
− ∂p

∂t
+∇ · (γ2hv) = 0, (3.5)

These equations are known as the equations of conservation of mass, momentum, and

energy, respectively.

3.2 Equation of State

Since we only have 5 differential equations (3.3)-(3.5), and six unknown variables (ρ,

p, ϵ and three velocity components) we need to add another equation, which is called

the equation of state. This equation tells how the pressure of the gas is related to

other thermodynamic properties, as well as connecting the macroscopic world with

the microscopic one. For a perfect fluid like an ideal gas we can write this relationship

as

p = κϵ, (3.6)

where κ ≈ γ̄+1
3γ̄

, γ̄ is the average Lorentz factor of the particle gas (e.g., Uhm, 2011).

We can introduce the adiabatic index (e.g., Kumar and Granot, 2003; Uhm, 2011)

γ̂ =
cp
cv

=
ϵ+ p

ϵ
= κ+ 1 ≈ 4γ̄ + 1

3γ̄
, (3.7)

where cp and cv are the specific heats. Introducing this adiabatic index is important

since for perfect fluids, the system is adiabatic, that is, we can express the equation

of state as

p ∝ ργ̂, (3.8)
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Figure 3.1: Scheme of upstream flow (region I) and downstream flow (region II) shown
in a frame in which the shock is at rest.

3.3 Shock Jump Conditions

The equations that describe a discontinuity surface in the relativistic ideal gas are

called Taub Adiabats equations or jump conditions (e.g., Zhang, 2018). The simplest

case is when one has two regions, i.e. upstream and downstream across the shock

where their properties are labeled 1 and 2, respectively (see figure 3.1). The properties

of the downstream fluid can be linked to the properties of the upstream fluid using

the shock jump conditions. To find these jump equations we use the principles of

conservation of energy, mass and momentum assuming that the fluid is adiabatic.

The definition of the specific enthalpy density per particle is:

µ =
h

n
=

nmpc
2 + ϵ+ p

n
= mpc

2 +
γ̂

γ̂ − 1

p

n
, (3.9)

where n is the number density of the particles, p is the pressure, c is the light speed,

h is the relativistic enthalpy density of the gas, ϵ is the internal energy density, γ̂ is
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the adiabatic index and mp is the proton mass. Using the conservation equations,

the three Taub Adiabats conditions for a relativistic shock can be written in the rest

frame of the shock as (e.g., Zhang, 2018)

n1u1s = n2u2s, (3.10)

γ1sµ1 = γ2sµ2, (3.11)

µ1u1s +
p1

n1u1s

= µ2u2s +
p2

n2u2s

, (3.12)

where u1s stands for the relative component dimensionless 4-speed between the up-

stream and the shock front, u2s stands for the relative component dimensionless 4-

speed between the downstream and the shock front, γ1s stands for the relative Lorentz

factor between the upstream and the shock front, γ2s stands for the relative Lorentz

factor between the downstream and the shock front, and γ21 stands for the rela-

tive Lorentz factor between the upstream and downstream. These quantities can be

defined using the relativistic addition of velocities (e.g., Zhang, 2018):

u1s = γ2sγ21(β2s + β21), (3.13)

u2s = γ1sγ21(β1s − β21), (3.14)

γ2s = γ1sγ21(1− β1sβ21), (3.15)

γ1s = γ2sγ21(1 + β2sβ21), (3.16)

γ21 = γ1sγ2s(1− β1sβ2s), (3.17)

β2s =
β1s − β21

1− β1sβ21

, (3.18)

β1s =
β2s + β21

1 + β2sβ21

, (3.19)

β21 =
β1s − β2s

1− β1sβ2s

. (3.20)

3.4 Cold Upstream Fluid

To describe the dynamics of GRBs, the cold upstream fluid assumption is widely used

(e.g., Blandford and McKee, 1976). One can use the Taub Adiabats jump equations
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(eqs. 3.10-3.12) to find the jump conditions for a cold upstream fluid. It is assumed

that ϵ1 = p1 = 0, µ1 = mpc
2. One can use this solution in the afterglow problem,

because the assumed conditions imply that the unshocked upstream is cold. These

assumptions lead us to the equations:

u2
2s =

(γ21 − 1)(γ̂ − 1)2

γ̂(2− γ̂)(γ21 − 1) + 2
, (3.21)

u2
1s =

(γ21 − 1)(γ̂γ21 + 1)2

γ̂(2− γ̂)(γ21 − 1) + 2
, (3.22)

ϵ2
n2

= (γ21 − 1)mpc
2, (3.23)

n2

n1

=
γ̂γ21 + 1

γ̂ − 1
, (3.24)

γ2
1s =

(γ21 + 1)[γ̂(γ21 − 1) + 1]2

γ̂(2− γ̂)(γ21 − 1) + 2
. (3.25)

In particular, assuming the Lorentz factor is γ21 ≫ 1, the shocks are strong. Applying

this assumption to the equations 3.7 and 3.21-3.25, one has

γ̂ =
4γ21 + 1

3γ21
, (3.26)

ϵ2
n2

= (γ21 − 1)mpc
2 ≈ γ21mpc

2, (3.27)

n2

n1

= 4γ21, (3.28)

u1s ≈ γ1s ≈
√
2γ21, β1s ≈ 1, (3.29)

u2s ≈
√
2

4
, β2s ≈

1

3
, γ2s ≈

3

4

√
2, (3.30)

one can conclude that a relativistic shock is much stronger than a non-relativistic

shock, because the compression ratio for a strong non-relativistic shock is 4 and

as one can be seen in the equation 3.28 the compression factor is 4γ21 and, the

downstream fluid has a temperature (in the equation 3.27) of the order of γ21mpc
2,

for a more detailed explanation see Zhang (2018). We can obtain an expression for

the downstream internal energy density by combining equations 3.27 and 3.28

ϵ2 = 4γ21(γ21 − 1)n1mpc
2 ≈ 4γ2

21n1mpc
2. (3.31)
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Thus, the internal energy density is approximately 4γ2
21 times the upstream rest mass

energy density.

3.5 Shock parameterization

The afterglow shocks are well explained by the acceleration of the electrons in the col-

lisionless relativistic shock waves propelled through the explosion in the circumburts

medium (e.g., Waxman, 2006; Zhang, 2018; Gill and Granot, 2022). There are three

main processes that occur in collisionless relativistic shocks, as understood using the

diffusive shock acceleration theory (e.g., Drury, 1983):

(1) Particle acceleration: Particles are accelerated to a power-law energy distribu-

tion beyond a certain minimum energy.

(2) Amplification of the magnetic field: Small seed B-fields in the upstream fluid

are amplified by microscopic (e.g., Medvedev and Loeb, 1999) and macroscopic MHD

instabilities (e.g., Sironi and Goodman, 2007) in the downstream fluid.

(3) Photon radiation: Shock accelerated particles radiate a part of their energy over

the dynamical time mainly via synchrotron and, possibly, inverse-Compton radiative

processes.

For a full understanding of the physics of relativistic shocks, very detailed large-

scale numerical simulations are required, but as one can imagine, these simulations

are very computationally expensive. The simplest solution to this computational

problem is to parameterize the shocks with some empirical parameters. The use of

these parameters reflects the poor understanding that one has of detailed microscopic

physics at the plasma level, but fortunately they make a direct connection to the ob-

servational properties. Using these parameters one can greatly reduce the complexity

of the phenomenon being studied, in addition to giving a connection between the

macroscopic and microscopic worlds. The various shock microphysics parameters are

• p: the power-law index of the non-thermal electrons, defined by N(E)dE ∝

E−pdE, or N(γ)dγ ∝ γ−pdγ. Similarly, an index for the non-thermal protons,

pp, may also be defined.
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• ϵB: the fraction of the shock internal energy that is deposited in the magnetic

fields.

• ϵe: the fraction of the shock internal energy that is deposited in the electrons.

• ϵp: the fraction of the shock internal energy that is deposited in the protons.

• ξe: the fraction of the shocked electrons that are accelerated to a non-thermal

distribution.

• ξp: the fraction of the shocked protons that are accelerated to a non-thermal

distribution.

By energy conservation one has

ϵp + ϵe + ϵB = 1. (3.32)

For the GRB afterglow problem, usually ξe = ξp = 1 is assumed to model the for-

ward shock (e.g., Zhang, 2018). However, Eichler and Waxman (2005) found that

the afterglow model is degenerate due to the freedom in the value of the param-

eter me/mp ≤ ξe ≤ 1. They showed that the model parameters (E, n, ϵe, ϵB) =

(E∗ξ−1
e , n∗ξ−1

e , ϵ∗eξe, ϵ
∗
Bξe), where (E∗, n∗, ϵ∗e, ϵ

∗
B) are the parameters when ξe = 1, pro-

duce exactly the same afterglow solution.



4 Radiative processes

In this chapter I am going to present a brief description of some radiative processes

that occur in GRBs. It is known that there are many physical processes involved

and I do not seek to exhaustively cover all physical processes in this chapter, these

are explained in detail in the following books Rybicki and Lightman (1991); Zhang

(2018). In this chapter I will describe some processes that are important to this work

like, synchrotron radiation and synchrotron self-Compton (SSC).

4.1 Synchrotron Radiation

Synchrotron radiation is produced by relativistic particles accelerated by a magnetic

field. When the speed is not relativistic, this physical process is called cyclotron

radiation. This process is important in GRB physics, as it is believed to produce

the afterglow and is the leading radiation mechanism candidate for GRB prompt

emission. In the following subtopics I will add only the physical results needed to

calculate the observed synchrotron spectrum.

4.1.1 Emission in a Magnetic Field

The simplest case is when a charged particle is rotating in a uniform magnetic field

with an angle of incidence α (the pitch angle) with respect to the field line emits a

synchrotron spectrum in the form of (e.g., Rybicki and Lightman, 1991)

P (ν, γ) =

√
3q3B sinα

mc2
F

(
ν

νch

)
, (4.1)

23
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where q is the charge of the particle, m is the mass of the particle, B is a magnetic field,

c is the speed of light, γ is the Lorentz factor, ν is frequency, P (ν, γ) = dE/(dtdν) is

the emitted power per unit frequency, and νch is the characteristic emission frequency

νch =
3

4π
γ2 qB⊥

mc
, (4.2)

where B⊥ = B sinα. The function F is defined by

F (x) = x

∫ ∞

x

K5/3(ξ)dξ, (4.3)

where x = ν/νch, and this function reaches its maximum at Fmax(0.29) ≈ 0.92, K5/3

is a modified Bessel function, and has the asymptotic behavior

F (x) ∼



4π√
3Γ(1/3)

(
x
2

)1/3 ∼ 2.15x1/3 for x ≪ 1,

(
π
2

)1/2
e−x ∼ 1.25x1/2e−x for x ≫ 1,

(4.4)

where Γ(1/3) is the gamma function. So the synchrotron spectrum for individual

particles, P , has a ∝ ν1/3 behavior at low energies and an exponential cutoff at high

energies. The total emission power of the particle is

P (γ) = 2σT cγ
2β2

⊥UB, (4.5)

where β⊥ = v sinα/c is the dimensionless perpendicular velocity of the particle, UB =

B2/8π is the magnetic field energy density in the emission region, and σT ≈ 6.65 ×

10−25 cm2 is the electron Thomson cross section. Nevertheless, in practice there is not

emission of a single particle, so it is necessary to know the equation for a collection

of particles in a uniform magnetic field.

The observed emission from astrophysical sources comes from a population of particles

emitting in a magnetic field whose configuration is unknown. Therefore, the observed
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spectrum depends on the energy distribution of the particles and the configuration

of the magnetic field. As mentioned above, the energy distribution of particles is

assumed to follow a power-law, i.e.

N(γ)dγ = Cγγ
−pdγ, γm < γ < γM , (4.6)

this is a power-law distribution of the particle energy with an energy spectral index

p in terms of the Lorentz factor of relativistic particles. Here γM and γm are the

maximum and minimum Lorentz factors of the electron energy distribution, respec-

tively and Cγ = CE(mec
2)1−p. Where Cγ and CE are normalization constants related

to particle distributions in terms of energy (N(E)) or in terms of the Lorentz factor

(N(γ)). If one integrates the synchrotron spectra of individual particles over the en-

ergy distribution of the particles in the range νm < ν < νM , one gets the observed

spectrum of a set of particles with a power-law distribution

Fν =

∫ γM

γm

P (ν, γ)Cγγ
−pdγ ∝ ν− p−1

2 , (4.7)

this is the simplest case, with a uniform magnetic field and a constant pitch angle for

all the electrons. After some intermediate steps one has as a result, for a population

of electrons with a power-law distribution defined by their minimum and maximum

Lorentz factors γm and γM , the synchrotron radiation spectrum has three segments

Fν ∝



ν1/3 for ν < νm = 3
4π
γ2
m

eB⊥
mec

,

ν−(p−1)/2 for νm < ν < νM = 3
4π
γ2
M

eB⊥
mec

,

ν1/2e−(ν/νM ) for ν > νM .

(4.8)
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In collisionless relativistic shocks (e.g., Moiseev and Sagdeev, 1963; Benz, 2012),

that give rise to the afterglow, and may even produce the prompt emission, the

magnetic field is produced on small scales (e.g., Medvedev and Loeb, 1999; Sironi

and Spitkovsky, 2009) with angular coherence length θB ≪ 1/Γ, where 1/Γ is the

angular size of the observable part of the jet in GRBs and, Γ is the bulk Lorentz

factor. In addition, this magnetic field is not ordered but instead it is tangled up

and randomly oriented. So now one needs to know the equations averaged over the

directions of the random magnetic field, which effectively is an average over the pitch

angles of the particles. The synchrotron emission power of a single particle with the

pitch angle of Eq. 4.5 averaged over the angles ⟨β2
⊥⟩ = 2β2/3 is

P (γ) =
4

3
σT cγ

2β2UB. (4.9)

In a random B field the trajectory of the charged particle does not keep a constant

angle α with respect to the magnetic field as in the uniform B case. An important

condition for the synchrotron emission is if the particle gyrates enough to cause its

relativistic beam to sweep an angle much greater than 1/γ. The relevant parameter

(e.g., Medvedev, 2000) is the ratio between the “particle deflection angle” and the

angular size of the emission beam 1/γ, i.e.

δ = γ
λB

rB
, (4.10)

where λB is the relationship between the typical correlation scale of random magnetic

fields, and rB = γmec
2/eB⊥ is the Larmor radius. When δ ≫ 1, the spectrum of an

ensemble of particles with a power-law distribution is given by equation 4.8, but B⊥

replaced by the averaged magnetic field, i.e., one has to replace B⊥ by B.
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4.1.2 Synchrotron Cooling

During the propagation of a relativistic shock new energetic particles are constantly

accelerated at the shock front and these particles lose energy (or cool) through var-

ious radiation mechanisms. To calculate the time-dependent synchrotron emission

spectrum from the system, the electron energy distribution as a function of time has

to be solved self-consistent by properly considering injection of new particles, cooling,

and heating of old ones.

The synchrotron cooling time of a relativistic particle with energy γmc2 and a syn-

chrotron power given by eq. 4.9 with a magnetic energy density UB = B2/8π can be

written as (e.g., Zhang, 2018)

τ(γ) =
6πmec

γσTβ2B2
. (4.11)

After the acceleration of a set of particles with a power law distribution, the cooling

energy or cooling Lorentz factor of the particles above which the particles have lost

most of their energies is defined by t = τ(γc), where γc is

γc(t) ≈
6πmec

σTB2t
, (4.12)

where β ∼ 1, because the particles that produce synchrotron radiation are relativistic

with γ ≫ 1. Since electrons are continuously being injected into the system while

also being cooled, the system at any given time will have electrons with different

“ages”, adding a new part to the power-law of the synchrotron spectrum, defined by

the cooling frequency νc.

If we neglect the spatial distributions of the particles, the temporal evolution of the

particles in energy space for an open system of particles (that is, a system where

there is an exchange of information, energy or mass between the system and its

environment) takes the form of the Fokker-Planck equation (e.g., Chandrasekhar,
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1943), where, the equation of continuity in the energy space simplifies to

∂N(γ, t)

∂t
= − ∂

∂γ
[γ̇(γ)N(γ, t)] +Q(γ, t), (4.13)

where, N(γ, t) is the particle number within the energy interval (γ, γ+ dγ) at time t,

γ̇(γ) is the energy gain rate of the particles with energy γ, and Q(γ, t) is the source

term, denoting the energy-dependent injection rate of particles into the system.

In a system with continuous cooling and injection of fresh particles assuming Q(γ) ∝

γ−p for γm < γ < γM , its particle energy distribution at any epoch t scales as:

N(γ, t) ∝



γ−p for γm < γ < γc < γM ,

γ−(p+1) for γm < γc < γ < γM ,

(4.14)

The cooled distribution is steeper by one power compared to the uncooled distribution.

For the slow cooling regime (γm < γc), and

N(γ, t) ∝



γ−2 for γc < γ < γm < γM ,

γ−(p+1) for γc < γm < γ < γM ,

(4.15)

for the fast cooling regime (γc < γm), where γm, γc and γM are instantaneous values

of the minimum injection, cooling and maximum injection energies of the electrons

at time t. This applies to any cooling mechanism that has γ̇ ∝ γ2 , which is the case

for synchrotron radiation and also for inverse Compton scattering. Since the emitted

spectrum takes the form Fν ∝ ν−(p−1)/2 when the radiating electron distribution is

N(γ) ∝ γ−p, d lnFν/d ln ν changes as the power-law index d lnN(γ)/d ln γ changes in
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a given power-law segment of the particle distribution.

Fν ∝



ν1/3 for ν < νm,

ν−(p−1)/2 for νm < ν < νc < νM ,

ν−p/2 for νm < νc < ν < νM ,

(4.16)

for slow cooling, and

Fν ∝



ν1/3 for ν < νc,

ν−1/2 for νc < ν < νm < νM ,

ν−p/2 for νc < νm < ν < νM ,

(4.17)

for fast cooling, where νm, νc and νM are the corresponding characteristic synchrotron

emission frequencies for the electrons with Lorentz factors γm, γc and γM , respectively.
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4.1.3 Synchrotron Self-Absorption

The synchrotron emission is also accompanied by absorption, that is, when a photon

interacts with a charge in a magnetic field and is absorbed, giving up its energy to

the charge. This happen in the optically thick region at low frequencies and produces

a low-frequency cutoff of the spectrum (e.g., Rybicki and Lightman, 1991). For

an optically thick medium, with optical depth to absorption τν ≫ 1, the radiation

transfer equation takes the form

Fν ∝ Sν =
jν
αν

, (4.18)

where αν is the absorption coefficient and jν is the emission coefficient, and Sν the

source function (e.g., Rybicki and Lightman, 1991). First, the absorption coeffi-

cient for a power-law distribution of electrons (Eq.4.6) and for standard synchrotron

radiation (Eq.4.1) is defined by

αν =
(p+ 2)

8πme

Cγν
−2

∫ γM

γm

√
3e3B⊥

mec2
F (x)γ−(p+1)dγ, (4.19)

The emission coefficient is defined by (Rybicki and Lightman, 1991)

jν =

(
1

4π

)∫ γM

γm

P (γ, ν)N(γ)dγ. (4.20)

Finally, if one integrates the Eq.4.19 and Eq.4.20, one can find the spectral indices in

the synchrotron self-absorbed regime

Fν ∝ Sν ∝



ν−(p−1)/2

ν−(p+4)/2 ∝ ν5/2 for γm ≪ γ(ν) ≪ γM ,

ν1/3

ν−5/3 ∝ ν2 for γ(ν) ≪ γm < γM .

(4.21)
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The frequency below which the synchrotron flux self-absorbs is called the self-absorption

frequency νa, and there are two main methods to calculate it: (1) the optical depth

method: this method assumes that all the electrons are associated with protons and

that all electrons are accelerated, (see in detail Zhang, 2018); (2) the Blackbody

method: this method consists of equating the Rayleigh-Jeans spectrum to the syn-

chrotron spectrum. The latter method is the most widely used in the literature (e.g.

Piran et al., 1999). The advantages of this method are that, in most cases, some

parameters can be derived directly from observations, so the result does not depend

on unknown details.

4.1.4 Broken Power-Law Spectra

To model the spectrum of synchrotron radiation under the effects of cooling and self-

absorption, one can use a broken power-law spectrum. Using the eq.4.1 one can find

the average of the maximum specific emission power of an individual electron in the

observer’s frame of reference (e.g., Wijers and Galama, 1999):

Pν,max =

√
3ϕe3

mec2
BΓ, (4.22)

where ϕ is the maximum flux in equation 4.3, and Γ is the bulk Lorentz factor.

Analyzing the equation 4.22, one notices that it does not depend on the γ of the

electrons, because this is the maximum power per unit frequency that can be emitted

for a given magnetic field. The maximum flux density is:

Fν,max = (1 + z)
NtotPν,max

4πD2
L

, (4.23)

where Ntot is the total number of electrons, z is the cosmological redshift of the burst

and DL is the luminosity distance of the burst. In total one has three characteristic

frequencies νa, νm and νc for the synchrotron spectrum. There are two ways to classify

the regime of each case. When νa < νc is for weak absorption and νa > νc is for strong

absorption, but this form is not widely used for GRB phenomena because νa is not
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large enough to enter a strong absorption regime. The equations for these cases can

be written as :

In the case of slow cooling, weak absorption (see Figure 4.1):

Fν = Fν,max



(
νa
νm

)1/3 (
ν
νa

)2

for ν < νa,

(
ν
νm

)1/3

for νa < ν < νm,

(
ν
νm

)− p−1
2 for νm < ν < νc,

(
νc
νm

)− p−1
2

(
ν
νc

)−p/2

for νc < ν < νM .

(4.24)

In the case of fast cooling, weak absorption (see Figure 4.2):

Fν = Fν,max



(
νa
νc

)1/3 (
ν
νa

)2

for ν < νa,

(
ν
νc

)1/3

for νm < ν < νc,

(
ν
νc

)− 1
2 for νc < ν < νm,

(
νm
νc

)− 1
2
(

ν
νm

)−p/2

for νm < ν < νM .

(4.25)

These spectra were published by Sari et al. (1998) and for illustration, see Figure 4.1

for slow cooling and Figure 4.2 for fast cooling.
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The expressions for the break frequencies and the peak flux of the synchrotron spec-

trum are (for p = 2.2):

νslow
a = 3.6GHz(1 + z)−1ϵ−1

e,0.5ϵ
1/5
B,−2E

1/5
52 n

3/5
1 , (4.26)

νfast
a = 0.15GHz(1 + z)−1/2ϵ

6/5
B,−2E

7/10
52 n

11/10
1 t

−1/2
day (1 + Y ), (4.27)

νm = 5× 1012Hz(1 + z)1/2ϵ
1/2
B,−2ϵ

2
e,0.5E

1/2
52 t

−3/2
day , (4.28)

νc = 2.7× 1015Hz(1 + z)−1/2ϵ
−3/2
B,−2E

−1/2
52 n−1

1 t
−1/2
day (1 + Y )−2, (4.29)

Fν,max = 2.6mJy(1 + z)ϵ
1/2
B,−2E52n

1/2
1 D−2

L,28, (4.30)

where n = n1×1 cm−3 is the density of the external medium, E = E52×1052 ergs s−1

is the total energy of the explosion, DL = DL,28 × 1028 cm is the luminosity distance

and, ϵB = ϵB,−2 × 10−2 and ϵe = ϵe,0.5 × 0.5 are the fractions of the internal energy of

the shock deposited in magnetic fields and electrons, respectively.

Figure 4.1: Synchrotron spectrum in slow cooling regime for a power-law electron
distribution (Figure 1b of Sari et al. (1998))
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Figure 4.2: Synchrotron spectrum in fast cooling regime for a power-law electron
distribution (Figure 1a of Sari et al. (1998))

4.2 Synchrotron Self-Compton (SSC)

Another important radiation process in GRBs is inverse Compton scattering. Comp-

ton scattering and inverse Compton scattering will be explained briefly for more

details, see (e.g., Rybicki and Lightman, 1991; Zhang, 2018). The easiest way to

understand Compton scattering is to imagine that a free electron and an incident

photon (incident on the free electron), after the photon interacts with the electron it

is scattered in a certain direction with a loss of energy when the scattering is incoher-

ent or inelastic. In inverse Compton scattering (IC) the process is the same except

that the photon is scattered incoherently from a moving electron, and the scattered

photon gains more energy, this energy is subtracted from the energy of the electron.

There are two important regimes in Compton scattering, these are determined by the

energy of the incident photon with respect to the rest mass energy of the electron.

The Compton scattering cross section is (e.g., Rybicki and Lightman, 1991)

σ =
3

4
σT

[
1 + x

x3

(
2x(1 + x)

1 + 2x
− ln(1 + 2x)

)
+

1

2x
ln(1 + 2x)− 1 + 3x

(1 + 2x)2

]
, (4.31)
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and this cross section can be simplified for Thomson (x ≪ 1) and Klein-Nishina

(x ≫ 1) regimes as:

σ =



σT (1− 2x+ 26
5
x2 + ...) for x ≪ 1,

3
8
σTx

−1(ln 2x+ 1
2
) for x ≫ 1,

(4.32)

where

x =
hν

mec2
. (4.33)

For x ≪ 1, one has the Thomson regime, where the cross section is ∼ σT . For x ≫ 1,

one has the Klein-Nishina (KN) regime. The cross section σ in the KN regime is

suppressed, that is, if the equation 4.32 is observed, there is a σT/x term that makes

the scattering cross section smaller, so scattering will be less effective.

In the Thomson regime, the equation for the IC emission power of a single electron

is almost the same that the synchrotron power of a single particle. The difference is

only the energy density, i.e.

PIC ≈ 4

3
σT c(γβ)

2Uph, (4.34)

where Uph is the energy density of the target photons. Thus, combining the equation

4.9 with the equation 4.34 one has the Y parameter

Y =
PIC

Psyn

≈ Uph

UB

. (4.35)

The energy density determines which mechanism is the one that dominates the cool-

ing of the electrons.

When the synchrotron photons radiated by the electrons suffer inverse Compton scat-

tering by the same distribution of electrons is called synchrotron self-Compton (SSC),
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in addition to presenting a higher efficiency for the loss of energy of the electrons than

synchrotron alone. Since this process can be repeated several times, one can write

the total power emitted by the electrons as

Ptot = Psyn + PSSC,1 + PSSC,2 + ...+, (4.36)

where PSSC,1 = (4/3)γ2σT cβ
2UBY1, PSSC,2 = (4/3)γ2σT cβ

2UBY1Y2 (e.g., Zhang,

2018), rewriting equation 4.36

Ptot = Psyn(1 + Y1 + Y1Y2 + ...). (4.37)

The introduction of SSC results in an enhanced cooling. When the Klein-Nishina

correction is not important, we have Y1 = Y2 = ... = Y (e.g., Barniol Duran et al.,

2012; Zhang, 2018), because a first-order SSC power that is Y times the synchrotron

power is going to produce a SSC power energy density that also Y times that of the

synchrotron.

Usually for GRBs the second-order SSC term is not important (e.g., Resmi and

Zhang, 2012; Nakar et al., 2009) and, one can write the total emission power as

Ptot = Psyn(1 + Y ). (4.38)

The Y parameter will connect the microphysical parameters of the shock with the

SSC processes. In particular, Sari and Esin (2001) give a simple way to write this

parameter:

Y =
Usyn

UB

=
ηeϵe

ϵB(1 + Y )
, (4.39)
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where

ηe =



1 for fast cooling,

(
γc
γm

)2−p

for slow cooling,

(4.40)

is the electron radiation efficiency. Solving the eq. 4.39 for Y , we will get

Y =



ηeϵe
ϵB

for ηeϵe
ϵB

≪ 1,

(
ηeϵe
ϵB

)1/2

for ηeϵe
ϵB

≫ 1.

(4.41)

The IC flux is strongly related to the synchrotron flux. The observed IC flux is defined

as (e.g., Sari and Esin, 2001):

F IC
ν = ∆′σT

∫ ∞

γm

dγN(γ)

∫ x0

0

dxFν(x), (4.42)

where ∆′ is the comoving size of the emission region, x0 is a value introduced to ensure

energy conservation, and Fν(x) is the specific synchrotron flux. We can write the

analytical approximations of the IC flux as the equations 4.25-4.24, and the spectrum

looks like Figure 4.3. The shape of the approximate analytical SSC spectra is similar

to the shape of the synchrotron spectra because the SSC spectra are the convolution of

the electron distribution times the synchrotron flux. The critical frequencies observed

in the Figure 4.3 are (e.g., Sari and Esin, 2001) :

νIC
a = 2γ2

mνa, (4.43)

νIC
c = 2γ2

cνc, (4.44)

νIC
m = 2γ2

mνm. (4.45)
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Figure 4.3: Example of synchrotron (left) and SSC (right) spectrum. The regime is
fast cooling.

If one wants a more accurate SSC spectra, the numerical simulations are necessary

to take a more general treatment of the IC flux.

4.3 Pair Production

When photons have high enough energy (≥ 2mec
2), pair production can occur. The

main idea of the pair production is that when one has a high energy neutral boson, this

boson will create a subatomic particle and its antiparticle, and generally this process

is followed by the reverse process (pair annihilation) (e.g., Zhang, 2018). The main

process in GRBs are the so-called two-photon pair production (γγ −→ e+e−) process

see Figure 4.4. As one knows from the theory of relativity that quantity:

E2 − |p|2c2 = m2
ec

4γ2(1− β2) = m2
ec

4 = const, (4.46)

is an invariant. So if one takes two photons (i.e. γ1γ2 −→ e+e− ), we have:

(Eγ,1 + Eγ,2)
2 − (pγ,1 + pγ,2)

2c2 = (Ee+ + Ee−)
2 − (pe+ + pe−)

2c2. (4.47)
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Figure 4.4: Two-photons pair production.

When Ee+ = Ee− = E, pe+ = pe− = p, Eγ,1 = hν1, and Eγ,2 = hν2, the left hand

side of the equation 4.47 then becomes

2Eγ,1Eγ,2 − 2pγ,1 · pγ,2c
2 = 2hν1hν2(1− cos θ) (4.48)

where θ is the incident angle (see figure 4.4). When one has cos θ = −1, i.e. a

head-on collision, the equation 4.48 gives the threshold condition for two-photon pair

production:

hν1 · hν2 ≥ (mec
2)2. (4.49)



5 Afterglow model

In this chapter we will look at the dynamics of the blastwave that produces the

afterglow emission. The physics of the afterglow phase is better understood than

the prompt emission phase, because blastwaves are also found in other astrophysical

sources, like AGN jets and supernovae. In fact, the afterglow emission generally does

not need a complete understanding of what is the mechanism by which the relativistic

jet is created, that is, if the origin is a merger of compact objects or the collapse of

a massive star. In addition to explaining the dynamics, this chapter will summarize

the equations of the radiative processes seen in the previous section, particularly the

synchrotron process.

5.1 Dynamics in the Self-Similar Regime

The physics of the reverse shock will not be taken into account in this analysis.

Consider a blastwave that begins to decelerate. The deceleration is due to mass

accumulating as the jet moves through the external medium. When this occurs, the

blastwave is said to enter a self-similar regime (e.g., van Eerten, 2014). This regime

of self-similarity matters because one only has to pay attention to the energy of the

blastwave and the density of the medium. The simplest case is when one does not

have loss or injection of energy and the medium is the "ISM" medium, that is, one has

a constant energy in the blastwave and a constant density of the external medium.

One can know how the blastwave evolves in time, how it decelerates and how it grows

40
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(e.g., Mészáros and Rees, 1997; Sari et al., 1998; Zhang, 2018):

Γ ∝ r−3/2 ∝ t−3/8, r ∝ t1/4, (5.1)

where Γ is the Lorentz factor of the blastwave, r is the blastwave distance from central

engine, and t is the observer time. Now, if one wants to introduce a density profile

that is not constant for the medium, one can use (e.g., Zhang, 2018)

n = n0

(
r

r0

)−k

, (5.2)

where k is called stratification parameter. With this profile, The scalings 5.1 change

to (for more details see Zhang (2018); Dermer and Menon (2009))

Γ ∝ r
k−3
2 ∝ t

k−3
8−2k , r ∝ t

1
4−k . (5.3)

5.2 Blandford-Mckee Self-Similar Solution

There already exists a self-similar solution that describes the internal structure of

a blastwave. This solution was found by Blandford and McKee (1976) and gives

a simple functional form of the density, the Lorentz factor and the internal energy

density as a function of a spatial coordinate. For an afterglow model, it is more

convenient to pay attention to how the shock front radius (R) and the Lorentz factor

of the blastwave evolve over time. The energy of the blastwave for this model with

a external medium profile ρ = AR−k (k = 0 for ISM and, k = 2 for stellar wind) is

(e.g., Blandford and McKee, 1976; Granot and Sari, 2002):

E =
8π

(17− 4k)
AR−2(ct̂)3[Γsh(t̂)]

2, (5.4)

where A is a constant of a external medium density profile, and t̂ is the lab-frame

time. The shock front Lorentz factor and the shock front radius in terms of the
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observer time t = tz(1 + z) are (e.g., Blandford and McKee, 1976; Zhang, 2018)

R(tz) =

(
(17− 4k)(4− k)Etz

4πAc

)1/(4−k)

, (5.5)

Γsh(tz) =

(
(17− 4k)E

45−k(4− k)3−kπAc5−kt3−k
z

) 1
2(4−k)

. (5.6)

5.3 Dynamics of a thin shell

Undoubtedly, it is important to consider the radial structure of the downstream flow,

as found by Blandford and McKee (1976), and the emission arising from it in the

slow cooling regime. Some simplifying assumptions can be made, as done here for

simplicity and computational convenience, such as considering only the dynamical

evolution of an infinitely thin shell. Here the thin shell approach is used to model

the interaction of the shock with the external medium. The lab-frame width of the

thin shell is taken to be ∆ ≪ R/Γ2, where R/Γ2 is the lab-frame width of the

shocked region. The Lorentz factor of the shock is Γsh =
√
2Γ for an ultra-relativistic

blast wave (see equation 3.29), where Γ is the the Lorentz factor of the shocked region

immediately downstream of the shock. The slight distinction between the two Lorentz

factors is usually made since Γsh is used to calculate the dynamics and Γ is used to

determine the Lorentz transformation between the comoving and the observer frame

quantities. However, in the thin-shell approach the assumption of Γsh = Γ is made.

Next, we calculate the dynamical evolution of this thin shell which is implemented in

the numerical code (see Section 6.1) used in this work.

The shell sweeps away the external medium, and the outflow slows down when

the collected mass (mdec) is comparable to (e.g., Zhang, 2018)

mdec ∼
M0

Γ0

, (5.7)

where Γ0 and M0 are the initial Lorentz factor and mass of the ejecta. We define

the deceleration radius with the isotropic equivalent kinetic energy of the blast wave
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(e.g., Gill and Granot, 2018a)

Ek,iso = m(Rdec)u
2
0c

2, (5.8)

where m(R) = (4πA/(3− k))R3−k is the swept-up mass up to radius R, and solving

eq. 5.8 for Rdec (e.g., Zhang, 2018; Gill and Granot, 2018a) we get

Rdec =

[
(3− k)Ek,iso

4πAc2u2
0

]1/(3−k)

, (5.9)

where u0 = Γ0β0 is the initial dimensionless proper 4-speed. When Γ0 ≫ 1 the

4-speed is u0 ≈ Γ0 since β0 ∼ 1, so the equation 5.9 can be rewritten as

Rdec =

[
(3− k)Ek,iso

4πAc2Γ2
0

]1/(3−k)

. (5.10)

For the evolution of the bulk Lorentz factor, we will assume an adiabatic flow, to

be able to write the conservation of energy of the original shell of rest mass M0 and

initial kinetic energy E0 = (Γ0−1)M0c
2 equals to the kinetic energy of the blast wave

after it has swept up and shocked mass m(R), E= Γ(M0c
2 + hV ) = M0c

2(Γ − 1) +

m(R)c2(Γ2 − 1) where h is the enthalpy density in the shocked region (see equation

3.9), and V is the volume of the shell. By defining the dimensionless radius χ =

R/Rdec, one obtains that m/M0 = χ3−k/(Γ0 +1), and energy conservation gives (e.g.

Panaitescu and Kumar, 2000; Gill and Granot, 2018a):

χ3−k

Γ0 + 1
(Γ2 − 1) + Γ− Γ0 = 0 . (5.11)

Solving for Γ yields

Γ =
Γ0 + 1

2
χk−3

√1 +
4Γ0

Γ0 + 1
χk−3 +

(
2χ3−k

Γ0 + 1

)2

− 1

 . (5.12)

This expression is very general and can be applied to non-relativistic and relativistic

regimes. Now to find the number density of electrons injected into the shock per unit
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time in the comoving frame we write

ṅ′
e =

1

V ′
dN ′

dt′
, (5.13)

where dN ′/dt′ is the rate of injection of electrons where N ′ is the number of electrons,

V ′ = 4πR2∆′ is the comoving volume of the shell, ∆′ = R/(4(3−k)Γ) is the comoving

radial width, then the volume of the shell is

V ′ =
πR3

(3− k)Γ
. (5.14)

The differential number of electrons entering the shock as it moves an infinitesimal

radial distance is

dN = dN ′ = 4πR2ndR, (5.15)

where we have made use of the invariance of the number of electrons, and where

n ∝ R−k is the density of the upstream medium, and dR = βcdt = βcΓdt′, rewriting

eq. (5.15):

dN = dN ′ = 4πR2nβcΓdt′. (5.16)

Substituting eq. (5.14) and eq. (5.16) into eq. (5.13)

ṅ′
e =

4(3− k)nΓ2βc

R
, (5.17)

is the number of injected electrons per unit time and volume.

5.4 Afterglow Emission

Now that we have the blastwave dynamics, we can use our favorite radiation mecha-

nism, i.e. synchrotron radiation, for the afterglow and try to couple it to the shock

dynamics. To do this, let us remember that the spectrum follows a power law char-
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acterized by the frequencies νm, νc and νa (see Chapter 4 for further details). So in

this section we will give the necessary forms to do this. The first step is to know

the relation of the observed synchrotron frequency with the parameters of the shock

dynamics:

ν ≈ 3

4π
Γγ2 eB

′

mec
, (5.18)

where γ is the comoving Lorentz factor of an electron in the shocked region, Γ is

the bulk Lorentz factor of the shocked material just behind the shock, and B′ is the

comoving magnetic field strength.

When we have a shock that somehow only accelerates a fraction ξe of the to-

tal shocked electrons into a power-law energy distribution, the minimum injection

Lorentz factor γm of this distribution is defined as:

γm = g(p)
ϵe
ξe
(Γ− 1)

mp

me

np

ne

, (5.19)

where g(p) is

g(p) ≈



p−2
p−1

for p > 2,

ln−1(γM/γm′) for p = 2,

(5.20)

where γm = g(p)γ̄ is the general form to write γm, where γ̄ is the average Lorentz

factor of the electrons, and for equation 5.19 the average Lorentz factor of the electrons

with np = ne (unless the upstream is enriched with e± pairs) is (e.g., Zhang, 2018)

γ̄ =
ϵe
ξe
(Γ− 1)

mp

me

np

ne

, (5.21)

and γM is the maximum electron Lorentz factor, it is derived by balancing the rate

of acceleration with the rate of radiative cooling at the shock, and it defined as (e.g.,
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Zhang, 2018)

γM =

[
6πe

σTB′κ(1 + Y )

]1/2
, (5.22)

where κ ≥ 1 is a parameter that describes the efficiency of acceleration (Zhang, 2018).

Electrons cool on a comoving cooling time:

t′cool(γ) =
6πmec

γσTB′2(1 + Y )
. (5.23)

The electrons that cool over the dynamical time

t′cool = t′dyn ≈ R

Γβc
≈ ct̂

Γc
=

t̂

Γ
, (5.24)

have Lorentz factor

γc =
6πmec

σTB′2(1 + Y )

(
Γ

t̂

)
. (5.25)

Rewriting equation 5.25 with the observer time tz ≈ t̂/Γ2

γc =
6πmec

σTΓtzB′2(1 + Y )
. (5.26)

The comoving magnetic field, B′, is calculated by assuming that a fraction ϵB of

the internal energy density of the shocked material goes towards the magnetic field

energy density, and then it can be written as:

B′2

8π
= ϵB(Γ− 1)n2mpc

2 ≈ ϵB(Γ− 1)(4Γn1)mpc
2 ≈ ϵB4Γ

2n1mpc
2, (5.27)

B′ = Γc
√

32πmpϵBn, (5.28)

where n2 = 4Γn1 = 4Γn, and n = n1 is the upstream medium density. Now sub-

stituting equation 5.28 into equation 5.22 one finds the maximum electron Lorentz
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factor:

γM =

[
6πe

σT (Γc
√

32πmpϵBn)κ(1 + Y )

]1/2

,

γM =

(
π

2ϵBnmp

)1/4(
3e

2κΓσT c(1 + Y )

)1/2

. (5.29)

Once one has these explicit relationships of the different Lorentz factors that charac-

terize the regime of each part of the afterglow emission, one can use the equation 5.18

and find the characteristic break frequencies νm, νc and νa. One also has to realize

that (as seen in the previous chapter) by having the functional form of synchrotron

radiation one can automatically obtain the SSC part in the Thomson regime.



6 Numerical Simulations

In this chapter, I will present the numerical code developed by Gill and Thompson

(2014) that helps calculate the afterglow emission. The integration with the equal

arrival time surface is presented to calculate the observed flux density. Furthermore,

the results of the numerical simulations of the afterglow emission of GRB 190114C are

presented. Several emission processes are taken into account in the numerical code,

and in this chapter I intend to compare different simulations that include different

physical processes that generate the emission in the afterglow.

6.1 Numerical Method

In this work a numerical code is used, specifically a kinetic code that simulates the af-

terglow emission of gamma-ray bursts for an external forward shock developed by Gill

and Thompson (2014). This numerical code has been used to study prompt emission

in several published works, e.g., Gill and Thompson (2014); Gill and Granot (2018b);

Vianello et al. (2018); Gill et al. (2020). The numerical code basically calculates the

time evolution of the distributions of electrons and photons in an astrophysical plasma

in the emission region (comoving frame). To do this, we must solve the relativistic

kinetic equations for each type of particle species. These equations can be composed

of differential and integral terms depending on the radiative process that is taken into

account and, the equations found in the Sections 5.3-5.4. The rate of change of the

photon spectrum and particle distribution due to different radiative process can be

expressed as (e.g. Blumenthal and Gould, 1970; Pennanen et al., 2014; Fukushima

48
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et al., 2017; Petropoulou and Mastichiadis, 2009; Belmont, 2009)

∂N ′
±

∂t′
= Ṅ ′

±,coul + Ṅ ′
±,cs + Ṅ ′

±,pp + Ṅ ′
±,pa + Ṅ ′

±,exp + Ṅ ′
±,syn, (6.1)

∂N ′
γ

∂t′
= Ṅ ′

γ,cs + Ṅ ′
γ,pp + Ṅ ′

γ,pa + Ṅ ′
γ,exp + Ṅ ′

γ,syn + Ṅ ′
γ,esc, (6.2)

where N ′
γ(x) is the photons number density distribution in the shocked region per

unit dimensionless energy x = h̄ω/mec
2, and N ′

±(p) is the particles number density

distribution in the shocked region per unit dimensionless momentum p (in units of

mec). Ṅ ′
coul correspond to the Coulomb scattering density distribution rate, Ṅ ′

cs is

the Compton scattering density distribution rate, Ṅ ′
pp is the pair production den-

sity distribution rate, Ṅexp is a term that takes into account adiabatic cooling and

density dilution, Ṅ ′
syn is the synchrotron density distribution rate that also includes

synchrotron self-absorption, Ṅ ′
esc = N ′/tesc is a term that accounts for the escape of

photons from the emission region expansion, where tesc = R/(Γc), and Ṅ ′
pa is the

pair annihilation density distribution rate (for details, Blumenthal and Gould, 1970;

Vurm and Poutanen, 2009; Gill and Thompson, 2014). Details of the terms of the

different radiative processes are shown in appendix A.

It should be noted that at each time step, the code recalculates the value for the

bulk Lorentz factor Γ and for the radius r. We divide the evolution of photon-pair

plasma into two regimes, the small energy exchange and the large energy exchange.

In the regime of small energy exchange, the so-called Fokker-Planck (F-P) equations

are used, which for isotropic and homogeneous distributions can be written as (e.g.

Nayakshin and Melia, 1998)

∂N ′
±
F−P

∂t′
=

∂

∂p

[
γe
p
A±N

′
±

]
+

1

2

∂

∂p

[
γe
p

∂

∂p

(
γe
p
D±N

′
±

)]
, (6.3)

∂N ′
γ
F−P

∂t′
=

∂

∂x
(AγN

′
γ) +

1

2

∂2

∂x2
(DγN

′
γ), (6.4)

where the advection coefficient A is the average rate of change of particle momenta and

photon energy, and the diffusion coefficient D is the diffusivity of particle and photons

in momentum and energy space. Both coefficients have contributions from Coulomb,
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synchrotron self-absorption (SSA), and Compton scattering, and the advection terms

from expansion:

[A,D]± = [A,D]±,cs + [A,D]±,coul + [A,D]±,SSA + A±,exp, (6.5)

[A,D]γ = [A,D]γ,cs + [A,D]γ,SSA + Aγ,exp. (6.6)

The use of the F-P approximation is essential to deal with Coulomb collisions between

thermal pairs, and the Compton scattering when the energy exchange between the

electron and photon is small (see for details Gill and Thompson, 2014). For the reso-

lution of equations 6.3 and 6.4, the fully implicit finite difference scheme of Chang and

Cooper (1970) was chosen. This scheme was chosen for its robustness and guarantee

of producing positive spectra. Although its precision is of the first order, its stability

is more reliable even than higher order schemes. For the distribution of particles,

logarithmic grids were used that cover eleven orders of magnitude (p = 10−3 − 108)

in momentum and fifteen orders (x = 10−8 − 107) in energy, with a grid size of 320

points for both distributions. The boundary conditions that are imposed are those

of vanishing particle and photon flux, since the number of particles and photons is

conserved. With the Chang-Cooper scheme (e.g., Chang and Cooper, 1970), one

has the advantage that one doesn’t have to use the Courant condition, which de-

pends on the size of the smallest energy/momentum bin for logarithmic grids. The

timestep must be smaller than the smallest cooling timescale in the problem, i.e.,

synchrotron/Compton cooling, to ensure an accurate time-evolution of the particle

distribution. The computational time of the simulations depends on the amount of

observation data available, in the case of GRB 190114C there are data of up to 2454

seconds (see Section 6.4) this means that the simulation needs a computational time

of two hours.
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6.2 The observed radiation

To calculate the spectral flux density Fν(ν, t), where t is the observer time, we first

need to know the relation of the shell’s isotropic equivalent comoving spectral luminos-

ity L′
ν′,iso with the comoving synchrotron emissivity j′ν′,iso (power per unit frequency

per unit volume), because, the emissivity (j′ν′,iso) can be obtained from the numerical

code presented in the previous section. This relationship is given through the volume

of the emitting region

L′
ν′,iso

j′ν′,iso
= V ′ = 4πR2∆′ =

πR3

(3− k)Γ
. (6.7)

Furthermore, the effect of the equal-arrival-time surface (EATS, see Figure 6.1) must

be taken into account (e.g., Zhang, 2018). The equal arrival time surface is a physical

surface where photons emitted at different angles to the line-of-sight, with different

radii, and at different lab-frame times, arrive at the distant observer at the same

time (see Figure 6.1). This is an important effect that is due to the geometry of

the problem, which is not taken into account in many works (e.g., Derishev and

Piran, 2021, 2019; Veres et al., 2019; Joshi and Razzaque, 2021; Joshi et al., 2023).

The arrival time t to a distant observer of a photon emitted at radius R and angle

θ̄ = cos−1(R̂ · n̂) from the line-of-sight (LOS), where n̂ is the unit vector pointing

towards direction of the observer, from a source located at redshift z corresponding

to a luminosity distance DL(z) is given by

t =
tz

(1 + z)
= t̂− Rµ̄

c
, (6.8)

where µ̄ = cos θ̄ = R̂ · n̂. For the thin-shell approximation, it is taken that the thin-

shell is located at a normalized radial distance χ = R/Rdec from the central source

at the lab-frame time (e.g., Gill and Granot, 2018a)

t̂ =
Rdec

c

∫ χ

0

dχ′

β(χ′)
, (6.9)
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Figure 6.1: A 2D cross-section of a 3D equal-arrival-time surface (EATS) for a rel-
ativistic spherical shell (e.g., Zhang, 2018). Photons emitted along the EATS at
different angles away from the line-of-sight, and correspondingly from different radii
and at different lab-frame times, arrive at the distant observer at the same time.

where β =
√
1− Γ−2.

Finally, the spectral flux can be expressed using the isotropic comoving spectral

luminosity L′
ν′ as (e.g., Gill and Granot, 2018a; Zhang, 2018)

Fν(ν, t) =
(1 + z)

16π2D2
L

∫
δ̄3DL

′
ν′,isodΩ̄, (6.10)

where dΩ̄ = dµ̄dφ̄ is the differential solid-angle subtended by emitting region relative

to the central source, and

δ̄D =
1

Γ(1− β⃗ · n̂)
=

1

Γ(1− βµ̄)
, (6.11)

is the Doppler factor, where in the second expression it is assumed that the flow

expands radially, so that β̂ = R̂. The relation of νz = ν(1 + z) and ν ′ is νz = δ̄Dν
′.
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PARAMETERS FOR ANALYTIC AND NUMERICAL MODELS

Eiso

[erg]
×1053

Γ0 n
[cm−3]

p ϵe ϵB
×10−5

ξe

8.0 500 0.77 2.2 0.1 370 1

Table 6.1: Parameters

6.3 Analytic vs. Numerical

The first step was to implement an analytical model which helps to know how sensitive

are the different parameters that are used to configure the spectrum of a GRB (Eiso,

Γ0, n, p, ϵe, ϵB, ξe), knowing this helped me to calibrate the numerical code. I used the

analytical model of Sari and Esin (2001), which is a piece-wise power law model for

the flux. This model only takes into account synchrotron emission and synchrotron

self-Compton emission. It is characterized by the frequencies discussed in the previous

chapter, that is, νm, νc, and νa (eqs. (4.26)-(4.30)) for the synchrotron part and νIC
m ,

νIC
c , and νIC

a for the synchrotron self-Compton part (eqs. 4.43-4.45). It takes in a

set of model parameters to produce the afterglow emission, namely Eiso, Γ0, n, p, ϵe,

ϵB, and ξe. I used a fiducial set of parameters, as shown in Table 6.1, to compare the

analytical and numerical models. What I compare of both models are the spectra

that they generate with the same parameters and at the same time. For the numerical

simulation, all the physical processes that are not included in the analytical model of

(Sari and Esin, 2001) were disabled, i.e., the physical processes used in the numerical

simulations are the synchrotron and the synchrotron self-Compton.

Figure 6.2 shows the comparison between the spectrum generated by the numerical

and analytical model. The black curve is the spectrum of the numerical model and

the blue light lines are the spectrum of the analytical model. Both models are set to

90 seconds, and the set of parameters used to generate these spectra in both models

is the same, that is, both use the parameters in Table 6.1. The reason why I chose

90 seconds to fix both spectra (numerical and analytical) is because the computation



54 CHAPTER 6. NUMERICAL SIMULATIONS

1000 1001 1002 1003 1004 1005 1006 1007 1008 1009 1010 1011 1012 1013 1014

10-9

10-8

10-7

Energy [eV]

ν
 F

ν
 [

e
rg

 c
m

-2
 s

-1
]

N UM ERICAL vs AN ALYTIC (90 seconds)

NUMERICAL

ANALYTIC

Figure 6.2: Comparison of spectra obtained with numerical and analytical models.
The parameters are shown in Table 6.1.

time is shorter, since to do the numerical simulation it only takes about 15 minutes.

One can notice the fits are somewhat different because the analytic and the numerical

model have different assumptions. To start setting parameters for a GRB, the analytic

model is useful to get the approximate values of the parameters, while the numerical

model is better because it takes into account more processes. One important thing to

note though is that the synchrotron and SSC peaks differ in both models. The shape

of the slopes of the synchrotron part (left in Figure 6.2) is the same as in the numerical

simulation, only that the peak has a lower energy. The SSC peaks (right in Figure

6.2) from the analytical and numerical model have the same energies but differ in flux.

This is because in the analytical model to calculate the SSC part many simplifying

approximations are made (for example, see Section 4.2) while in the numerical code

the exact equations are taken. But, the main difference is probably due to the fact

that in the analytical model the total number of electrons is conserved, while in the

numerical model fresh electrons are continuously injected at the shock front.
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6.4 GRB 190114C

The main purpose of this thesis work is to give a methodology, using exact equations in

the numerical code (see Section 6.1) and the implementation of the equal arrival time

surface (see Section 6.2), that is then used to explain the afterglow of GRBs that show

a very high energy component. Here we investigate the afterglow of GRB 190114C

that has a redshift of z = 0.4245 which corresponds to a luminosity distance of 2.3

Gpc. It was the first GRB for which detection of tera-electronvolt (TeV) photons

was reported in the literature by the MAGIC telescope in the 0.2 − 1 TeV energy

range between 62 s and 2454 s after trigger (e.g., Veres et al., 2019). The detection

of TeV bright GRBs is important, because it provides further insight into the shock

microphysics at relativistic collisionless shocks as well as the global energy budget of

the burst. Since the softer emission is purely synchrotron, the interpretation of the

VHE emission being synchrotron self-Compton (SSC) follows naturally (e.g., Fraija

et al., 2019a,c; Sari and Esin, 2001; Asano et al., 2020; Joshi and Razzaque, 2021;

Derishev and Piran, 2019).

The afterglow of this GRB has been modeled in a number of works, e.g., Joshi

et al. (2023) could explain VHE gamma-ray observations using the synchrotron and

SSC models and that a refreshed shock is required. They also concluded that the ab-

sorption of VHE photons for pair production in the blast wave is negligible. Derishev

and Piran (2021) include exact KN corrections, pair production via self-absorption of

the high-energy photons, and the corresponding emission of these pairs. Asano et al.

(2020) found that the circumburst medium is likely an ISM, rather than a stratified

stellar wind, and that the IC component of the afterglow emission is as strong as the

synchrotron emission. They also found that detection at late times also implies that

KN suppression and γγ absorption to VHE emission does not increase with time.

Being able to detect the SSC component in these types of GRBs is important for

the study of the shock energy distributions in electrons and magnetic fields, and the

environment surrounding the GRBs (e.g., Joshi and Razzaque, 2021).

The parameters of the model are obtained at the earliest time interval (see Table
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6.2). In the panels of Figure 6.3 the black curve is the spectrum with the theoretically

highest value of γM (equation 5.29), i. e., with κ = 1.0, the blue-light curve is the

same spectrum with κ = 10.0, and the red curve is the same with κ = 20.0. It can be

noticed that the value of the energy flux located between the two peak fluxes is lower

when κ is higher. This is because when κ is higher, γM is lower, and therefore the

exponential decay of the flux for ν > νM occurs at smaller frequencies compared to

when κ = 1.0. As suggested by panels (a) and (b), the ideal κ value for this spectrum

would have to be between the values 1.0 < κ < 10.0, since in this range the model

spectrum passes through the 1-σ error regions at around 0.1GeV . Panel (a) needs a

higher κ value, while panel (b) needs a value closer to the theoretically lowest value

of κ (i.e. κ = 1.0), so a value between 1.0 < κ < 10.0 would be the best choice.

Values higher than κ = 20.0 can be discarded because, as observed in panel (b) (red

curve), for this value of κ the spectrum moves away from the central observational

data. The model is evolved to the later time intervals available in the observational

data. When comparing the model with the observations of GRB 190114C, it is not

intended to derive the best-fit model parameters using advanced fitting methods, but

only to obtain a reasonably good match between the model and observational data

for sensible model parameters, although in Section 6.5 an analysis is performed to

compare how good the fit is at 75 seconds.

As one can see in Figure 6.3, the afterglow spectrum produced by the numerical model

matches the data well at all times. In particular, if one looks at panels (a) and (b) of

the Figure 6.3, one can notice that the numerical model matches the SSC part with

the observational data well. The observations at intermediate energies are those that

show the worst match with the numerical simulation. The fact that the temporal

evolution of the afterglow emission is well match by the numerical model, shows that

the afterglow is produced mainly by synchrotron and SSC radiation, with injection of

electrons at the shock front, as assumed in the model (e.g. Derishev and Piran, 2019;

Fraija et al., 2019a; Wang et al., 2019; Zhang et al., 2020). Another thing is that one

can see in Figure 6.3, that the peak flux of synchrotron emission at longer times is

smaller than the peak flux of the SSC part (e.g., see panel (e)), this is due to the fact
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that the Compton-Y parameter changes with time.

In Figure 6.4 one can see the afterglow spectrum divided into its two different

components, the blue dashed line is the synchrotron emission part, the red dashed

line is the SSC emission part, and the black line is the total spectrum. This spec-

trum is at 75 seconds where we have observations from both components (see Figure

6.3). Dividing the spectrum into its two parts one can notice that the synchrotron

component is dominant in the energy range of 0.01 keV to 10 GeV, while the SSC

part is dominant in the energy range of 1 GeV to 10 TeV. This is consistent with the

observational data and with what has been shown by works such as, Sahu and Fortín

(2020); Wang et al. (2019); Asano and Mészáros (2012); Veres et al. (2019).

To test the importance of the other radiative processes. I first performed simu-

lations without the scattering due to Coulomb effects and in this case the result did

not change, this implies that the Coulomb effects are not important at least for GRB

190114C. Then I proceeded to do a simulation without the production and annihila-

tion of pairs, the results of this simulation are shown in Figure 6.5. In this figure, I

show the afterglow spectrum at time 75 seconds (panel a) and at time of 140 seconds

(panel b). Without pair production, the SSC part at 75 and 140 seconds moves a

bit to higher energies, this shows that for the afterglow emission of GRB 190114C,

pair production is not a physical process that significantly influences the results. Al-

though the pair production is not significantly important, there are differences in the

spectra that are shown in the Figure 6.5. Therefore, this process must be taken into

account if higher precision is desired in numerical simulations. In particular, doing

these simulations without pair production and Coulomb scattering makes it clear that

depending on which high-energy physical processes are added to the model, the phys-

ical processes that are really important in fixing the set of parameters (Table 6.2)

are synchrotron and SSC. These simulations demonstrate that the afterglow emission

from GRB 190114C cannot be explained with the synchrotron component alone and

the SSC process is required to explain the very high energy component in the after-

glow emission, but note that it is required the condition ϵB ≪ ϵe (4 × 10−3 ≪ 0.21,

my parameters in Table 6.2) to raise the value of the Compton-Y parameter high
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Figure 6.3: GRB 190114C spectrum for different times (after correction for extinction
due to the extragalactic background light). The black lines are the simulations and the
green regions are the 1σ error regions of the data in different energy bands collected
by different detectors of MAGIC (2019). The red curves are the case with κ = 20.0
and the blue-light curves are the case with κ = 10.0.
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Figure 6.4: GRB 190114C spectrum at 75 seconds. Only the synchrotron part (blue
dashed line). Only synchrotron self-Compton part (red dashed line), and total spec-
trum (black line).

enough above unity to make the SSC component detectable (e.g., Wang et al., 2001;

Zhang and Mészáros, 2001; Zhang et al., 2021; Sari et al., 1998).

In Figure 6.6 I show the observed light curve of GRB 190114C integrated over the

energy range 0.3-1 TeV (green points). The black curve is the light curve generated

by the integrated numerical code over 0.3-1 TeV in a time range of 68 to 2400 seconds.

There seems to be a break at approximately 900 seconds, where the slope of the light

curve is steeper. This break does not have a clear origin. It cannot be the standard

achromatic jet break, which is a geometric effect and affects all wavelengths, since

we do not see a similar break in the X-ray data. Therefore, its origin must be either

spectral or numerical and needs to be investigated further. In the energy range 0.3 to

1 TeV (MAGIC observations), the light curve produced by the numerical simulation

(black line) matches the data well.
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Figure 6.5: The black curves are GRB 190114C spectrum at 75 seconds (a) and 140
seconds (b), but with pair production and pair annihilation processes disabled in the
numerical simulation. The red dashed curves are the original spectra of figure 6.3.
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Figure 6.6: Light curve of GRB 190114C. Green points enclose the 1σ error region of
the MAGIC data (0.3-1 TeV) and the black line is the lightcurve from the numerical
simulation for E = 0.3− 1TeV.
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6.5 Comparison with Other Works

Table 6.2 contains a compilation of the microscopic parameters that were used in

various works for the GRB 190114C. For comparison, I took the spectrum data from

different authors’ models and plotted them together with my results (see Figure 6.8).

The last column of Table 6.2 indicates the color of each curve in Figure 6.8.

To quantify how well the spectra shown in Figure 6.8 agree with the observational

data, a simple analysis is made taking into account only the energy flux in the range

of 68-110 seconds since It is in this range that there are more spectra from different

authors (e.g. Joshi and Razzaque, 2021; Asano et al., 2020; Derishev and Piran, 2021;

Veres et al., 2019). The main objective of this analysis is to see how close the spectra

of the different authors are to the observational data with their respective error. For

this I use a simple distance formula between two points and make it dimensionless

by dividing it by the model, that is, I calculate the relative error (e.g., Abramowitz

and Stegun, 1964; Weisstein, Eric W., 2023):

ϵrelative =
Observed − Model

Model
± Error

Model
(6.12)

where the observed points are the calculated energy flux at the center of the energy

bin (erg cm−2 s−1) with their respective error ("Error" in equation (6.12)) and, the

model points are the spectra of each author shown in the figure 6.8. Figure 6.7 shows

graphs of relative error ( eq. (6.12)) vs. energy (eV), these plots show more clearly

how close the spectra are to the observation data. There are 19 points because, as

can be seen in the Figure 6.7, the observational data are 19 (magenta points). The

worst case is clearly that of Joshi and Razzaque (2021) that corresponds to panel

(c) of the Figure 6.7, in fact there are two points that are not shown that exceed

100 units on the "ϵrelative" axis. These points correspond to the SSC part, as can

be seen in Figure 6.8c, where it is also the part that matches the observational data

the worst. In the case of Derishev and Piran (2021) one can observe in panel (d) of

the Figure 6.7 two points (∼ 1012 eV) that are further away from the observational
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data compared to panels (a), (b) and, (e). The error bar of one of these points even

reaches 5 units on the "ϵrelative" axis while in the cases (a), (b) and, (c) the 3 units

are not exceeded, these points correspond to the SSC part of the Figure 6.8d. The

cases (a), (b) and, (e) of Figure 6.7 are really similar, although noting that in panel

(a) that corresponds to the case of Asano et al. (2020), the observation data of the

synchrotron part ( i.e. approximately in the range of 1 × 103 to 1 × 10−5 eV on the

"energy" axis) deviate more from the observational data than the others panels. This

is reflected in the Figure 6.8a in the synchrotron part. The only significant difference

between panels (a), (b) and (e) is the observed point at -1 on the "ϵrelative" axis in

panels (a) and (b). Panel (e) which is the case of this thesis does not show this point

that corresponds in the Figure 6.8 to the synchrotron part of the spectra of Asano

et al. (2020) and Veres et al. (2019).

Now paying attention to the Figure 6.8, in panel (a) it can be seen that the syn-

chrotron emission component is lower and thinner than my numerical model, while

the SSC component has a similar peak flux, but this component reaches higher ener-

gies, but as shown in the analysis above, the SSC components match up quite well.

The assumptions that Asano et al. (2020) have are the same as in this thesis, the

main difference may be due to their numerical implementation of the inverse Comp-

ton scattering process, as this can be problematic in certain regimes (e.g., Belmont,

2009) and require more careful treatment, as is done in the code used for this thesis

work. In panel (b), it can be seen that it is the case that most resembles my nu-

merical model, as can be seen in panels (b) and (e) of Figure 6.7, in particular, SSC

components match well. The synchrotron emission component is also a good match,

although the blue curve is a bit less wide. The Veres et al. (2019) model assumes

synchrotron and SSC losses, adiabatic losses, γγ absorption, emission from pairs, and

synchrotron self-absorption. The main difference with my numerical model is that

they do not integrate over the equal-arrival-time surface. In panel (c) it can be seen

that this model has the worst match with my numerical model, as well as being the

worst match to the observational data as seen above. The synchrotron component

is discrete and the peak flux in the SSC component is quite smaller than shown in
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other models. This is because the model presented by Joshi and Razzaque (2021) is

an analytical model, but this analytical model, in addition to taking into account the

synchrotron and self-Compton processes, uses the Blandford & Mckee dynamics, and

to model the KN suppression it uses a cut-off SSC photon energy in the Thomson

regime, and takes into account the internal absorption in the blastwave. In panel (d),

it can be seen that the match between the two models is not too bad, although the

biggest differences are that the synchrotron component is thinner in the red curve

and the SSC component peak has higher energy flux but lower energy compared to

my spectrum (see Figure 6.8d). In fact, the peak in the SSC part of the spectrum

presented by Derishev and Piran (2019) is larger than all other models, as can be seen

in Figure 6.7, the points of the SSC component for the Derishev and Piran (2019)

model are worse than those of Asano et al. (2020), Veres et al. (2019), and this thesis.

In particular, the main difference with my numerical model would be that in Derishev

and Piran (2019) use a steady state model and do not evolve the bulk Lorentz factor

at all.

GRB 190114C has also been modeled with a stratified stellar wind medium (e.g.,

Fraija et al., 2019a,c; Yamasaki and Piran, 2022; Ravasio et al., 2019; Acciari et al.,

2020; Asano et al., 2020) because this GRB is associated with a core collapse of a

Wolf-Rayet star (LGRB). Weaver et al. (1977) studied the structure of the interac-

tion of a stellar wind and the ISM, where they found a phase transition between the

stratified stellar wind to ISM approximately at distances greater than 10−2 pc. It has

been studied that the transition from stellar wind to ISM is present in GRBs (e.g.,

Fraija et al., 2019a,b; Li et al., 2020).

We have compared with the models of GRB 190114C by different authors. In particu-

lar the model that has the most assumptions in common with my numerical model is

the Asano et al. (2020) model. In Figure 6.9 I show spectra for the Asano et al. (2020)

parameters (Table 6.2). The light-blue curve is the curve that Asano et al. (2020)

show in their work. The black curve is the spectrum generated by the numerical code

used in this thesis, with the Asano et al. (2020) parameters. Comparing the spectra

in Figure 6.9, it can be seen that both Asano et al. (2020)’s numerical model and
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Figure 6.7: Relative errors vs. energy for the different models, for data in the range
68-110 seconds).
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GRB 190114C

Eiso

[erg]
×1053

Γ0 n
[cm−3]

p ϵe ϵB
×10−5

ξe Ref. Fig.6.8

4.2 400 1.5 2.2 0.21 400 1 This
the-
sis

(black)

8 300-
700

0.5 2.6 0.07 8 1 [Veres
et al.
(2019)]

(blue)

10.0 600 1.0 2.3 0.06 90 0.3 [Asano
et al.
(2020)]

(blue
light)

40.0 300 0.02 2.18 0.033 1200 1 [Joshi
and
Raz-
zaque
(2021)]

(green)

3 109 2.0 2.5 0.13 620 1 [Derishev
and
Piran
(2021)]

(red)

Table 6.2: Parameters
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Figure 6.8: GRB 190114C model spectra from different works. The black curve shows
the spectrum obtained from the numerical model in this thesis for parameters different
from that in the works compared here (see Table 6.2). Panel (a) shows the spectrum
from Asano et al. (2020) (blue light line). Panel (b) shows the spectrum from Veres
et al. (2019) (blue line). Panel (c) shows the spectrum from Joshi and Razzaque
(2021) (green line). Panel (d) shows the spectrum from Derishev and Piran (2021)
(red line).
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Figure 6.9: GRB 190114C spectrum. The light-blue curve is the spectrum from Asano
et al. (2020) for an ISM external medium (method I in their paper). The black curve
is the spectrum obtained by the numerical model used in this thesis for the same
parameters as Asano et al. (2020).

mine can explain the GRB 190114C. As mentioned above, the main difference is how

the Compton scattering cross section is implemented. In this thesis work an exact

form is taken to calculate the cross section (see equations 27-39 of Belmont (2009))

while in Asano et al. (2020) an approximate form is taken (see equation 8 of Asano

and Mészáros (2011)). The most sensitive parameter to adjust the peak of the SSC

component is ϵB, it is important to note that in the Figure 6.9 the peak of the SSC

component of the black curve is lower than that shown by Asano et al. (2020) in their

results but, since the black curve takes exact equations to calculate the Compton

scattering cross section, a larger value of ϵB is suggested than shown by Asano et al.

(2020), i.e., ϵB > 9× 10−4.



7 Conclusions

In this thesis work, I have modeled the very high energy emission of GRB 190114C.

First, I used a simple analytic model of synchrotron and synchrotron self-Compton

emission to estimate the physical parameters of the relativistic jet and the surrounding

medium. Then, I used a numerical code that produces more accurate and realistic

GRB spectra in the jet’s comoving frame by including important radiative processes,

namely synchrotron and synchrotron self-Compton emission, electron injection at the

shock front, pair production and annihilation, and Coulomb scattering. The results

of this code were then post-processed where I integrated the comoving emission over

the equal-arrival-time surface to compute the observed flux.

I found that:

• The afterglow emission from TeV-bright GRBs cannot be explained by the syn-

chrotron component alone, at least in the leptonic model explored here. Its

origin requires an additional spectral component, which is modeled here as

synchrotron self-Compton. This component occurs quite naturally, but requires

ϵB ≪ ϵe to raise the Compton-Y parameter enough above unity to be detectable.

• The set of model parameters that I found is consistent with the typical param-

eters found for a larger sample of GRBs. The ISM density is typical for long

GRBs (which are found in star-forming regions), and to produce VHE emission

from long GRBs, no special conditions are needed. The parameter that deter-

mines the radiative efficiency of the afterglow is ϵe and in various works it was

found that its mean value is ∼ 0.2 which is very close to 0.21 (my parameter)

(e.g. , Sironi and Spitkovsky, 2010; Santana et al., 2014). The value of ϵB can

68



7.1. FUTURE WORK 69

vary greatly in different GRBs in the range 10−8 ≤ ϵB ≤ 10−3 with a mean

value of ϵB ∼ 10−5 (e.g., Santana et al., 2014)

• The set of parameters I found is not unique, that is, the parameter space of the

model is degenerate. This is a common problem with afterglow model fitting,

as the problem is always less constrained than the model parameters. To find

the statistical uncertainty in the parameters of the derived model, many works

use Markov Chain Monte Carlo (MCMC) methods that were not used here due

to high computational cost and time investment (e.g., Cardone et al., 2010;

Hajela et al., 2019).

• Table 6.2 shows the models from other works, evidencing the problem of pa-

rameter space degeneracy. The underlying issue is that different assumptions

are made in numerical or analytical treatments. Therefore, it is necessary to

use a single method to fit a sample of GRBs with VHE emission in order to

obtain consistent solutions and reveal important trends that could lead to the

production of VHE emissions.

• The numerical model employed in this thesis gives a reasonably good fit to the

observed high energy emission of GRB 190114C at different times as shown in

the Figure 6.3.

• By cancelling different processes in the numerical code, one can see that Coulomb

scattering is negligible for this source. Instead, it is important to take into ac-

count the high energy photons spent in the process of pair production and

annihilation to produce the observed level of IC peak.

7.1 Future Work

I plan to extend the work presented in this thesis to include the study of other GRBs

and other physical processes of high energy emission including the following points:
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1. Extend the current model to a general radial density profile (ρ ∝ R−k) for

0 ≤ k ≤ 2 and investigate the stellar wind scenario (k = 2) in particular which

is more relevant for long GRBs.

2. Make a detailed comparison with other published works that employ a similar

numerical code to calculate the broadband spectrum.

3. Do a parameter space study for several GRBs with VHE emission to see which

part of the parameter space is conducive to producing high energy emission in

GRBs.

4. Make spectral and lightcurve fits to other GRBs that show VHE emission like

GRB 180720B (e.g., Fraija et al., 2019b, 2021; Wang et al., 2019) and GRB

190829A (e.g., Salafia et al., 2022; Dichiara et al., 2022; Zhang et al., 2021).

5. Investigate the role of pre-accelerated pair loaded medium in front of the blast

wave that can produce GeV and TeV emission, e.g., in Beloborodov (2005);

Thompson and Madau (2000); Beloborodov (2000).

6. Investigation of hadronic models that can produce VHE emission in GRBs (e.g.,

Fraija, 2014; Sahu et al., 2022; Asano and Mészáros, 2012; Razzaque, 2010;

Crumley and Kumar, 2012; Murase et al., 2012).



A Numeric Code Details

A.1 Adiabatic cooling and density dilution

In the equations 6.1 and 6.2, one has the terms Ṅ ′
±,exp and Ṅ ′

γ,exp, which are the

terms that take into account the adiabatic cooling of particles and photons due to the

expansion of the emission region, also due to the expansion are the terms that account

for the dilution density of the particles/photons. Adiabatic expansion is given by the

equation (e.g., Gill and Thompson, 2014; Pennanen et al., 2014; Longair, 2010)

∂N ′(E ′, t′)

∂t′
=

∂

∂E ′

(
−dE ′

dt′
N ′(E ′, t′)

)
− d lnV ′

dt′
N ′(E ′, t′), (A.1)

where E ′ is a general energy and d lnV ′/dt′ = V ′−1dV ′/dt′. The first term is for

adiabatic cooling and the second term is for dilution. The particles confined into

expanding volume are subject to adiabatic losses. To find the expressions for the loss

rate one starts with the first law of thermodynamics

dU ′ = −PdV ′, (A.2)

where for a mono-energetic population of particles the loss of internal energy is U ′ =

1
γ̂−1

n′kBT
′V ′ and PV ′ = (γ̂ − 1)U ′ = n′kBT

′V ′ is the pressure of the gas, kB is

the Boltzmann’s constant, γ̂ is the general adiabatic index where γ̂ = 4/3 is for a

relativistic gas of particles/photons or γ̂ = 5/3 is for a non-relativistic gas of particles

only, V ′ is the expanding volume, n′ is the number density of particles and T ′ their

temperature. Substituting and remembering that the average energy per particle is
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1
γ̂−1

kBT
′

dU ′ = d(E ′n′V ′) = −(γ̂ − 1)n′E ′dV ′. (A.3)

The total number of particle N ′ = n′V ′, rewriting (A.3) and taking the rate:

dE ′

dt′
= −(γ̂ − 1)

V ′ E ′dV
′

dt′
,

1

E ′
dE ′

dt′
=

d lnE ′

dt′
= −(γ̂ − 1)

d lnV ′

dt′
. (A.4)

To find the rate d lnV ′/dt′, first one can use the equation (6.7) to find dV ′/dR,

dV ′

dR
=

3πR2

(3− k)Γ
− πR3

(3− k)Γ2

dΓ

dR
=

3πR2

(3− k)Γ

(
1− 1

3

d ln Γ

d lnR

)
,

dV ′

dR
=

3V ′

R

(
1− 1

3

d ln Γ

d lnR

)
. (A.5)

Now one can compute,

dV ′

dt′
=

dV ′

dR

dR

dt′
=

dV ′

dR
Γβc =

3V ′Γβc

R

(
1− 1

3

d ln Γ

d lnR

)
,

1

V ′
dV ′

dt′
=

d lnV ′

dt′
=

3Γβc

R

(
1− 1

3

d ln Γ

d lnR

)
, (A.6)

where dR = βcdt̂ = Γβcdt′ and the adiabatic time scale is defined as t′ad = V ′/(dV ′/dt′) =

(d lnV ′/dt′)−1. Substituting (A.6) in equation (A.4):

d lnE ′

dt′
= −(γ̂ − 1)

3Γβc

R

(
1− 1

3

d ln Γ

d lnR

)
. (A.7)

With the last two expressions (i.e., equations (A.6) and (A.7)), one can find the form

of the equation (A.1).
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A.2 Compton scattering

For the Compton scattering density distribution rate, the treatment of Belmont (2009)

is followed, where the Compton scattering cross section dσ/dx (equations (27)-(39)

of Belmont (2009)) is calculated exactly. Compton scattering is a collision process,

so a treatment that describes a collision is followed (e.g., Belmont, 2009; Gill and

Thompson, 2014)

Ṅ ′
±,cs(p) =

∫
dp0N

′
±(p0)

∫ ∞

xc(po)

dx0N
′
γ(x0)c

dσ

dp
(p0, x0 → x(p)) (A.8)

−N ′
±(p)

∫ ∞

xc(p)

dx0N
′
γ(x0)cσ(p, x0),

Ṅ ′
γ,cs(x) =

∫
dx0N

′
γ(x0)

∫ ∞

pc(xo)

dp0N
′
e(p0)c

dσ

dx
(p0, x0 → x) (A.9)

−N ′
γ(x)

∫ ∞

pc(x)

dp0N
′
e(p0)cσ(p0, x),

where the term x(p) = x0 + γ0(p0)− γ(p) comes from energy conservation.

A.3 Pair production and annihilation

The processes of pair production and annihilation are collision processes. The equa-

tions to describe them are not limited by the grid resolution, these expressions are

given by (e.g., Svensson, 1982; Böttcher and Schlickeiser, 1997; Gill and Thompson,

2014)

Ṅ ′
±,pp(p) =

∫
dxN ′

γ(x)

∫
dx′N ′

γ(x
′)Rγγ(x, x

′ → p), (A.10)

Ṅ ′
±,pa(p) =−N ′

±(p)

∫
dp′N ′

±(p
′)R±(p, p

′), (A.11)

Ṅ ′
γ,pa(x) =

∫
dp+N

′
+(p+)

∫
dp−N

′
−(p−)R±(p+, p− → x), (A.12)

Ṅ ′
γ,pp(x) =−N ′

γ(x)

∫
dx′Nγ(x

′)Rγγ(x, x
′), (A.13)
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where

Rγγ(x, x
′) =2

∫
dpRγγ(x, x

′ → p), (A.14)

R±(p, p
′) =

1

2

∫
dxR±(p, p

′ → x), (A.15)

where Rγγ(x, x
′ → p) is the rate of producing a lepton with momentum p upon the

annihilation of two photons and, R±(p, p
′ → x) is the rate of producing a photon with

energy x when two photons annihilate each other.

A.4 Coulomb Scattering

The term Ṅ ′
±,coul in equation 6.1 is the density distribution rate. Analytic expressions

describing the energy exchange and scattering of electrons undergoing Coulomb scat-

tering are (Nayakshin and Melia, 1998; Vurm and Poutanen, 2009; Gill and Thomp-

son, 2014):

A±,coul(p) =

∫
dp′N ′

±(p
′)acoul(p, p

′), (A.16)

D±,coul(p) =

∫
dp′N ′

±(p
′)dcoul(p, p

′). (A.17)
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