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Chapter 1

Introduction

Stable processes are ubiquitous in the theory of stochastic processes as they belong to the wider
classes of Lévy, Markov, and self-similar processes. Brownian motion is by far the most famous and
studied example of a stable process; furthermore, it is the only one with continuous paths. Other
well-known examples correspond to stable subordinators, the Cauchy process and symmetric stable
processes.

The objective of this thesis is to study stable processes whose infinitesimal generator can be re-
lated to some adequate fractional derivatives, in order to establish new results via fractional calculus.

Symmetric stable processes have been the main focus of the existing literature. Perhaps, this
could be due to the resemblance to the Brownian motion or the significant number of applications
they have in physics. Moreover, many properties get messier when we consider asymmetric stable
processes and the standard techniques seem to fail in many cases. Our approach, using fractional cal-
culus, considers the infinitesimal generator as a linear combination of fractional derivatives, which
allows us to generalize the fractional Laplacian (the infinitesimal generator of a symmetric stable
process) in such a way that it accounts for possible asymmetry of the associated stable process.

Even in the study of fractional calculus there has been a bias toward completely asymmetric and
symmetric combinations of fractional operators, so that the general asymmetric case has not been
sufficiently developed. We focus on this gap to prove some interesting results which later will be
useful in the study of stable processes.

Let us briefly explain the main contributions of this work in the following sections.

1.1 Fractional operators

Fractional operators have been studied through many points of view: operator theory, fractional cal-
culus or their relation to the infinitesimal generator of stable processes. In most of these approaches,
they only describe completely asymmetric (only left or right fractional operators) or symmetric frac-
tional operators (fractional Laplacian and Riez potential). The main reason for this is that general
linear combinations of right and left operators (cf. Definition 3.2.1) are more complicated to work
when we consider their compositions. Another reason, which is stressed throughout this work, is
that an adequate domain of definition for these operators is necessary in order to even define their
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compositions.

As we will see in Chapter 3, the natural domain of definition is the Schwartz space of rapidly
decreasing functions. However, this space is not invariant for fractional operators; this means that
once we apply a fractional operator to functions in this space, we can no longer assure the result
stays in the Schwartz space.

The way we address this problem is by considering a subspace of Schwartz which remains in-
variant under fractional operators action, namely the Lizorkin space (cf. Definition 3.3.1). In this
space we can consider the composition of two (or any finite number) fractional operators, since they
stay in Lizorkin space. This will lead us to our first problem:

Problem 1. How to compute a crossed (right/left with left/right) composition of fractional opera-
tors?

This problem arises when we try to compute the composition of linear combinations of fractional
operators. First, we can argue that the composition of the same side (left/right) fractional operators
of order & and B in an invariant space are well-defined and are the fractional operators of order
o + . Nevertheless, the compositions of left/right with right/left, at least well defined in Lizorkin
space, are not a common calculation in the standard literature. We compute this in full generality,
that is, for the case of fractional derivatives, integrals, or mixed compositions. This result is stated
in Proposition 4.2.2.

Given that we compute these kinds of compositions, it remains to compute the crossed composi-
tion of derivatives and integrals of the same order. The Definition 3.2.1 suggests that the composition
of fractional derivatives and integrals of the same side gives us the identity operator. However, the
crossed case is not well defined as it diverges when the sum of the orders is zero (cf. Proposition
4.2.2).

Problem 2. How to compute the crossed compositions of fractional derivatives and integrals of
the same order?

Through an adequate limit, we were able to compute the sum of compositions of crossed frac-
tional derivatives and integrals of the same order and found an interesting result, which is stated
in Lemma 4.2.1. This result gives us the key ingredient to compute the inverse operator of the
infinitesimal generator of a stable process.

Problem 3. What is the inverse operator of the infinitesimal generator of a stable process?

It is known that the infinitesimal generator of a stable process can be identified with a linear com-
bination of Riemann-Liouville fractional derivatives, with the same order as the stability index of the
underlying process. The solution for this question uses the solution of problem 2. As a consequence,
we were able to prove that the inverse corresponds to a linear combination of Riemann-Liouville
fractional integrals with the same index of stability (cf. Theorem 4.2.1). The constants that appear in
this linear combination of integrals are explicitly shown in terms of those appearing in the infinites-
imal generator.

These three problems constitute our contribution in terms of fractional calculus. They are in-
teresting not only for the stable processes study’s sake, but also in the realm of fractional calculus.
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These results can be stated for all non-integer orders o € R, not only the intervals a € (0,2)\ {1} as
the stable process requires. Moreover, with the adequate definition of multidimensional Riemann-
Liouville fractional operators (cf. [MS12]), n-dimensional results could be tackled having in mind
the methods used for the one-dimensional case in this work.

1.2 Stable processes via fractional calculus

The solutions to problems 1, 2 and 3 provide the right tools to state and solve the following problems
related to stable processes.

Problem 4. Which kind of functions are appropriate for an occupational Meyer-1to theorem for
stable processes?

In the case of Brownian motion, or even continuous semimartingales, the biggest class which
remains invariant through the Ito-Meyer theorem is the class of (differences of) convex functions.
This class can be obtained by noticing that the fundamental solution of the Laplacian is the absolute
value function. In a similar fashion, we find the fundamental solution of the infinitesimal generator
of a stable process by using the inverse operator of Problem 3.

This class is defined in Definition 4.3.1. Since stable processes have poorer integrability condi-
tions than Brownian motion, functions in this class have some additional constraints in order to be
well-defined.

Problem 5. How can we define an occupational Meyer-1to theorem?

Meyer-Itd theorem for stable processes was already stated, for example in [Pro04]. However, the
local time that appears in this formulation is the semimartingale local time, which is defined through
the quadratic variation, and since we are working with pure jump processes this local time is zero.

However, for the recurrent stable processes (o € (1,2)) there exists an occupational local time,
defined by the classic occupation formula. So this Problem refers to finding a Meyer-1td theorem
where an occupational local time appears. In Theorem 4.3.1 we provide some conditions on func-
tions belonging to the class of Problem 4 in order to have this occupational version of Meyer-Itd
theorem.

Finally, we provide some applications of this theorem. For instance, the Tanaka formula comes
as a particular case; and we are able to generalize a result from Engelbert and Kurenok [EK19]
regarding a submartingale decomposition of power functions of symmetric stable process. We find
that in the general, asymmetric, case this decomposition is not always a submartingale and we state
the conditions where you have it.

Problem 6. Is it possible to extend these results to solutions of a driftless stochastic differential
equation driven by stable processes?

Given the result by Rosinski and Woyczy [RW86], and Kallenberg [Kal92], we can identify the
solution to these kind of SDEs as a time-changed stable process, allowing us to extend the previous
results from the stable case to stochastic integrals with respect to a stable process.
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1.3 Summary of results

In Chapters 2 and 3 we give the preliminary definitions and some results concerning stable processes
and fractional calculus respectively, which allow us to prove the main results of this work in Chap-
ters 4 and 5. The results given in Chapters 2, 3 and 4 are part of the article “A Meyer-1t6 formula for
stable processes via fractional calculus” [SU23]. The results of Chapter 5 are part of a working paper.

The results obtained in this work can be summarized by:
* Crossed composition of fractional operators (cf. Proposition 4.2.2).

* Crossed composition of fractional derivatives and integrals of the same order (cf. Lemma
4.2.1).

* Inverse of the infinitesimal generator (cf. Theorem 4.2.1).

* Definition of Class €%~ ¢+ (cf. Definition 4.3.1).

* Meyer-It6 theorem with occupational local time (cf. Theorem 4.3.1).

* Semimartingale or Doob-Meyer decomposition of the process |X; — x| (cf. Theorem 4.4.1).

» Extension of the previous results from stable processes to solutions of stochastic differential
equations driven by stable processes via change of time (cf. Section 5.3).

The main idea is to use the natural relationship between fractional calculus and infinitesimal
generators of stable processes, prove new results on the fractional calculus domain and use them in
the stable processes realm.
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In the next diagram, we briefly show the path we have followed throughout this work.

Stable processes Fractional calculus
Infinitesimal Generator < » Fractional derivatives

| !

Inverse of Infinitesimal Generator «——— Fractional integrals

-

Class €%+

v

Occupational Meyer-1t6 theorem

Tanaka formula ———— SDEs driven by stable processes

-

Power decomposition of |X; — x|”



Chapter 2

Stable processes

In this chapter, we will state definitions and results concerning stable processes that we use to prove
the main results of this work. The main references are: Bertoin [Ber98], Sato [Sat99], Applebaum
[App09].

2.1 Definition and characterization of stable processes

There are many ways to define stable processes, since they belong to more general classes of stochas-
tic processes. We will take the Lévy process definition as our base and defer the other ones as prop-
erties for later on.

Lévy processes are characterized by the distribution of the processes at a given time, in fact, their
distributions belong to the class of infinitely divisible distributions. Let us start with the definition
of a strictly stable random variable as a member of the infinitely divisible distributions.

Definition 2.1.1 (Strictly stable random variable). We will say that a real valued random variable Y
is strictly stable with index of stability a € (0,2] if for any n > 1 we have:

Yi Y1+...+Yn,
nl/a
where Y1,...,Y, are i.i.d. copies of Y.

The strictly part means that we do not need to add an extra constant (or shift) to the RHS in order
to achieve the distribution equality. On the sequel, we omit the term strictly when we talk about
stable random variables or processes.

The cases where « is 1 and 2, which correspond to Cauchy and Gaussian random variables re-
spectively, are the most well-known examples of stable r.v. Nevertheless, the fractional calculus tech-
nique we will emphasize later, exclude both cases. So, hereafter we will assume that & € (0,2)\ {1}.

Before we define a stable process, let us recall the definition of a Lévy process.

Definition 2.1.2 (Lévy Process). Let {Xl}zzo be a continuous time stochastic process defined in a
probability space (Q, F ,P). We will say it is a Lévy process if the following conditions hold:

8
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* Xo =0P-a.s.
* X has independent and stationary increments.
* X has P-a.s. cadlag paths.

The fundamental examples of Lévy processes are the Compound Poisson process and the Brow-
nian motion. In fact, they play a central role in characterizing Lévy processes as we could see in
the following theorems. Following Applebaum [App09] (Theorem 1.2.14 and 2.4.16), we state the
Lévy-Khintchine formula and the Lévy-It6 decomposition for Lévy processes.

Theorem 2.1.1 (Lévy-Khintchine). Let b € R, 6 € R and v a measure concentrated in Ry :=R\ {0}
such that [ (1 AX?)V(dx) < oo. Given (b,0,V), for each u € R define

1 .
¢(u) :ibu+502u2—|— e (l—e”‘x—i—iux]l‘xkl)v(dx).
0

Then, there exists a probability space (Q,.F ,P), on which a Lévy process {X; },~, such that E (") =
e 1) is defined.

The function ¢ is called the characteristic exponent of X and the vector (b, 0, V) is its character-
istic triplet. Furthermore, the term b is called the drift component, ¢ the Gaussian component and v
is the measure of the jumps of X since for any A € B(Ry):

v(A) =E[#{r€[0,1]: X, — X,_ € A}].

Despite the fact that (b, 5, V) is unique for a given Lévy process, one may find in the literature
other representations (b,, 0, V) where they use a regularizing function g(x), and the characteristic
exponent takes the form:

1 .
O (u) = ibgu+ Eazuz + A (1—e" +iug(x)) v(dx),
0

the drift b, component depends on the function g(x).

These name conventions can be well understood in sight of the following theorem.

Theorem 2.1.2 (Lévy-Itd decomposition). Let {Xt}zzo a Lévy process with characteristic triplet
given by (b,0,V). Then, for each t > 0 we have the following decomposition:

1 1
X; = bt+ 0B, —I—/ / xN(ds, dx) -l—/ / xN(ds,dx),
0 Jix<1 0 Jx|>1

where B is a standard Brownian motion and N an independent Poisson random measure' defined in
R4 x Ry, whose intensity is dsv(dx), and N is the compensated Poisson random measure given by

N(ds,dx) := N(ds,dx) — dsv(dx).

!'See appendix C for its definition and main properties.
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We are ready to define a stable process as a Lévy process, state its characteristic triplet and its
Lévy-Itd decomposition. The form that the characteristic exponent takes, depends on & being in
(0,1) or (1,2). For the first case, since Vv is integrable near zero, we could take the regularizing

function g(k) = 0 and this implies that b = — / hv(dh). For the second case, since V integrates
h|<1

h? near zero, we could take g(4) = h and the drift becomes b = hv(dh).
|h|>1

Definition 2.1.3 (Strictly stable process). A Lévy process {X; },~q with characteristic triplet (bg,0, V),
is called a strictly stable process with index of stability a € (0,2) \ {1} if

—/ w(dh) ac(0,1),
lh|<1
by = and
/ wdh)  ae(1,2),
|h|>1
dh
v(dh) = (c Doy +ei Dpsoy) e
where c_,cy > 0 not both zero.

In fact, for each ¢ > 0 we have that X; = 1/ ®X;, and X; is an o-stable random variable. We will
write X ~ Sy (c_,c4+) when we refer to a strictly stable process with such parameters.

Let us give the Lévy-Khintchine formula and Lévy-It6 decomposition as a corollary from the
general Lévy case and considering the drift b that depends on & as mentioned above.

Corollary 2.1.1 (of Lévy-Khintchine). Let X ~ Sq (c—,c+), if a € (0,1), then the characteristic

exponent can be written as
0 (1) = / (1-¢) vian),
Ro

o (u) = / (1 e+ un) vidn).
Ro
Moreover, it can be proved (cf. Applebaum [App09] Theorem 1.2.21) that in the case o €
(0,2) \ {1} the characteristic exponent of a stable process X of index o is equal to:

o (u) = exp [—G|u|°‘ (1 —if sgn(u) tan (%)ﬂ : (2.1

Here we have another parametrization of a stable process in terms of the skewness 8 and scale .
In this case the stable process is denoted by X ~ S (8, 0). We can recover the (c_, ¢ ) parametriza-
tion solving:

and if o € (1,2),

ciL —C_ T

B = ot GZ—(C++C_)F(—(X)COS<7>.

There are many equivalent parametrizations for stable processes, as shown by Zolotarev in
[Z0186]. Besides the ones mentioned before, we can consider the positivity parameter, denoted
by p =P(X; > 0). It can be proved that

B if o € (0,1),

146
P B(%2) ifac(1,2).

— where 0 = {
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The values that 6 and p can take are in [—1,1] and [0, 1] when « € (0, 1). In the other case, where

o€ (1,2),wegetap <1,a(l—p)<1and 6 <2/a— 1. For instance, it is quite common to find

¢+ in terms of &, p and P := 1 — p in the following way:
INa+1)

c_ = — — and cy =
C(ap)T(1 - ap) i

IMNa+1)
I(ap)L(1—ap)

With this parametrization, we will say that a stable process X has parameters o and p and we denote
itby X ~ S(a,p).

Remark 2.1.1. The characteristic exponent of a stable process is intrinsically related to the Fourier
transform of the Riemann-Liouville fractional derivatives (cf. Remark 3.3.1).

Corollary 2.1.2 (of Levy-Itd6 decomposition). Let X ~ Sy (c—,c). If o € (0,1), there are no finite
moments, hence no martingale representation, but the Levy-Ito decomposition can be written as:

t
&:%+//hMﬁﬂﬁ
0 JRy
If o € (1,2), it has finite first moment, and the Lévy-It6 decomposition can be written as:
t
x:%+//hmwmu
0 JRy
Where N is a Poisson random measure with intensity dsv(dh) and N is the compensated Poisson

random measure. In fact, note that in the recurrent case, o, € (1,2), we get an integrable martingale.

Example 2.1.1 (Stable subordinator).
Let o =0.95 and B = 1. Consider the process X ~ S(a. =0.95,p = 1), then an example of a sample
path of X and the jumps associated to this path are:

Sample path of stable process, o.=0.95 Jumps of stable process, o =0.95

- 0.100

0.075
b3 £ 0.050

0.025
251

|

0 0.000

0.00 0.25 0.50 0.75 1.00
t

Figure 2.1: Stable subordinator and its associated jumps.
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2.2 Some properties of stable processes

The behavior and further properties of the process X differ substantially whether  is in (0,1) or
(1,2) as we have seen in the Lévy-Khintchine and Lévy-It6 theorems. For instance, we may consider
the transient/recurrent dichotomy, the polar/non-polar character of zero, or the bounded/unbounded
variation of the sample paths.

A useful characterization of transience and recurrence is given by the finiteness or divergence of
the so-called potential measures. Following [Ber98] we consider the family of linear operators U4
for g > 0 called the g-resolvents. These operators are given for every measurable positive function

f by .
U f(x) = E, ( /O o f(X,)dt) .

The family of finite measures (U9(x,dy)) for any x € R such that

UIf) = [ F0U ),
is known as the resolvent kernel.

The potential measures U (x, -) for any x € R correspond to the limit case of the g-resolvent kernel
as ¢ — 0. That is, for every x € R and A € #(R)

U(x,A) = E, ( / ]lXteAdt): / Po(X, € A)dr.
0 0

The definition of transience and recurrence in terms of the potential measures is as follows.

Definition 2.2.1. A Lévy process is transient if the potential measures satisfy that for any compact
set K, we have that U(x,K) < o for any x € R. On the contrary, we say that a Lévy process is
recurrent if U(0,B) = oo for every open ball B centered at the origin.

According to this definition, it can be proved that for a € (0, 1) a stable process is transient and
for o € (1,2) it is recurrent.

Another important property of a stable process is whether or not the process reaches single points.
According to [RY 13] we have the following definition.

Definition 2.2.2. Consider a Markov process {X;},~ with state space R, a set A € Z(R) is called

polar if
P, (X; € A for somet >0) =0, foranyxeR.

If the set A consists of a single point, say a, a polar process X does not reach the point a. Other-
wise, this probability is 1 and it is said that the process is non-polar.

In the case of stable processes, it can be proved that for o € (0,1) a stable process is polar, and
for o € (1,2) it is non-polar.
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In terms of the sample paths, there is also an important characterization. Since there is no Gaus-
sian component in the characteristic triplet of our stable processes, the bounded or unbounded vari-
ation of the sample paths is completely described by the finiteness or divergence of the sum of the
absolute value of the jumps.

We have that o< <, |AX;| converges for every ¢ > 0 a.s. if and only if [ (1 A[x])v(dx) < eo. In
this case, we say that X has bounded variation and unbounded variation otherwise.

Since Vv(dx) is of the order |x|~!~% we have that for & € (0, 1) a stable process has bounded
variation sample paths; whereas for & € (1,2) it has unbounded variation sample paths.

The following result concerns the finiteness of moments for stable processes. Since they have
poorer integrability conditions than Brownian motion, we will have to be careful when we consider
Itd6 formula, for each component to be integrable. For the first part, the proof can be consulted in
[Tsul9] and the second one in [Ber98].

Proposition 2.2.1. Let o € (0,2)\ {1}, c_,c;+ > 0, not both zero, and consider a strictly stable
process X ~ Sq (c_,c4). Then, the following bounds are satisfied:
I. Forallt >0, xc Rand 0 <y <1,

E [1X; —x|77] < S(a, )7,

where S(t,y) is a constant which depends on o and y. Note that this bound does not depend on x.
2. Forallt >0and 0 < y< «,
E[IX|"] <ee,

and if Yy > o it is infinite.

2.3 Some stochastic calculus results for stable processes

Stochastic calculus is a very useful set of techniques that allows us to study more properties of the
stochastic processes involved. Stochastic calculus for Brownian motion is by far the most used and
well-known, and it has been successfully extended to the case of continuous semimartingales and
even to Lévy processes. We are considering strictly stable processes, which are pure jump processes;
however, as they belong to the Lévy processes class we also have in hand a lot of results, which we
will use accordingly.

One of the most important results in stochastic calculus is the 1t6 formula, which gives us the
dynamics of the process f(X;) for any f € C? and X; a Lévy process, in terms of a stochastic differ-
ential equation (SDE). The main feature of this result is the fact that if X is a semimartingale, then
f(X) is also a semimartingale.

In order to define the infinitesimal generator of a stable process we state Itd’s formula for stable
processes. The following proposition is a version of Itd’s formula (termed predictable in [SYO05])
for stable processes. The statement, and the useful notation Cf b for the functional space of twice
continuously differentiable functions whose derivatives or order greater than 1 are bounded, are taken
from [Tsul9]. In contrast to the standard It6’s formula, the semimartingale decomposition of f(X)
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in this version clearly features the infinitesimal generator and big and small jumps are compensated.
Hence the need to restrict the class of C? functions to C]2 e

Proposition 2.3.1 (It6’s formula). Let X ~ Sq (c—,c4) with c—,c4 > 0, not both zero and f € C1 s
If a € (0,1), then for any t > 0, with probability 1 we have

FX) = f(X) +// F (X +h) — £ (X)) N(ds, dh)
4 /O A G B) = ()] vid)ds.

If a € (1,2), then for any t > 0, with probability 1 we have
FO6) = F o)+ [ IR = £ ()] ¥lds,dn)
+ / / Xy +h) — F(Xs_) — hf' (X,)] v(dh)ds.

The infinitesimal generator . for a Feller process X can be defined as the time derivative at zero
of the semigroup associated with the process. For instance, let f € ., the Schwartz space of rapidly
decreasing functions, then we have:

210 = TE ()|

t=0
in other words, the infinitesimal generator describes the change of X; in an infinitesimal period of
time.

Following the book of Sato [Sat99], we are going to use the following equivalent expression of
the infinitesimal generator associated with a stable process.

Definition 2.3.1 (Infinitesimal generator). Let X ~ Sy (c—,c4.), then its infinitesimal generator £ is
the operator defined by

| [ ts+m) = s @lv @), ifae (o)
[f (o) = £ () = hf (] v (@), iF e (1,2)

Ry

Lf(x) =

for f € Z(R), the Schwartz space of rapidly decreasing functions on R.

Considering the stable process X as a semimartingale, It6 theorem implies that the family of
functions C? is an invariant transformation in the class of semimartingales. In fact, there is a well-
known extension of this result, called the Meyer-It6 theorem. Following [Pro04](Theorem 70) we
have the following theorem.

Theorem 2.3.1. Let f be the difference of two convex functions, let f be its left derivative, and let
W be the signed measure (when restricted to compacts) which is the second derivative of f in the
generalized function sense. Then the following equation holds:

706 = F0) + [ 06X+ E [P0 = 06— F (K] +5 [ L 0u(da

0<s<t

where X is a semimartingale and L is its semimartingale local time at a up to time t.
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Brownian local time surface

Brownian motion
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Figure 2.2: Brownian motion sample path and its local time surface.

The semimartingale local time of X satisfies the following property (cf. [Pro04] Corollary 1).

Proposition 2.3.2. Let X be a semimartingale with semimartingale local time (L*(X)) ,cg. Let g be
a bounded Borel measurable function. Then a.s.

(o)

[ sxax xic= [~ glayni(xda
0

—o00

where [X,X|° denotes the path by path continuous part of the quadratic variation, with [X,X|§ = 0.

In the case of Brownian motion, since it is a continuous semimartingale, this local time is not
zero since d[B, B|S = ds. Unfortunately, our stable process has no continuous martingale part. Then,
for a stable process X we have that the semimartingale local time is identically equal to zero.

Local times can be defined in several ways, for example: semimartingle, Markov or occupational
local times. The latter is more convenient in our case. Recall that in the case of recurrent stable
processes, that is for o € (1,2), it is non-polar for every Borel set, in particular for any single point
set. The definition of an occupational local time is as follows.

Definition 2.3.2 (Occupational local time). Consider a family of random variables with two indices,
{LH(X) :a € R,t > 0}. We will call it an occupational local time of a process X if, the occupation
time formula is satisfied for any positive Borel measurable function f : R — [0,00):

/Ot fx)ds= [ f@LiXda as

The fact that this local time exists for recurrent stable processes, as well as being jointly contin-
uous in time and space, was studied by Boylan [Boy64] and Barlow [Bar88]. From now on, when
we talk about a local time for stable processes, we will refer to the occupational one.

'S

]
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Stable process local time surface
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Figure 2.3: Symmetric stable process sample path and its local time surface.

In the case of Brownian motion, the local time appears in the Doob-Meyer decomposition of the
process |B;| as the increasing process part. This decomposition is well known as the Tanaka formula
for Brownian motion; given any x € R we have that:

t
B, —x| = |Bo—x| + /0 sen(B; — x)dBy + L¥(B). 2.2)

Given that we can define a local time for stable processes, one natural question is if we can also
achieve its corresponding Tanaka formula. An affirmative answer was given by Tsukada in [Tsul9].

The following definition corresponds to the function that appears in [Tsul9], but within our
notation.

Definition 2.3.3. For every fixed o € (1,2), c_,c4 > 0, not both zero, we define the function:

- €+ —C- -1
F% (x) := K (at,c— 1- *

=K (e (1 (S5 s )
where

K(a,c_,cq) =

(2.3)

c_+cy
2I(—a)I(a) (¢ + ¢ +2c_cy cos(mar))

By means of Fourier and stochastic calculus arguments, Tsukada proved in [Tsu19] that F %+ (x)
satisfies the Tanaka formula for the stable process X ~ Sq (c—,c ). Given any a € R we have:

FO&C (X, —a) = FO <+ (Xo — a) + MY (X) + LA (X),

where L¢(X) is the occupational local time at a up to time ¢ of X and M{(X) is a martingale given by

MA(X) = /O t /]R P (Y —ant ) = (X =) (s ).

Finally, we will be interested in stochastic differential equations driven by stable processes; that
is, for any X ~ S¢ (c_,c4) and some measurable functions b and 6 we will consider the following
SDE:

dZt - b(Zt)dt + G(ZS_)dXt.
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The existence and uniqueness of solutions for this type of equation (considering asymmetric sta-
ble processes) have been studied by Fournier in [Foul3]. He provided some properties on b and o
such that the solution Z; is pathwise unique.

After defining an occupational local time for stochastic integrals with respect to stable processes,
we could follow the method Le Gall stated in [LG83] for the Brownian motion, to prove pathwise
uniqueness of driftless SDEs driven by stable processes. In a nutshell, Le Gall uses the Meyer-Itd
theorem for continuous semimartingales and give conditions to ensure the pathwise uniqueness of
solutions to the following SDE:

dZ, = b(Z,)dt + 6(Z,)dB;, (2.4)

where B is a Brownian motion and b, 6 some measurable functions. Given the Tanaka formula (2.2)
the classic Itd formula for continuous semimartingales can be extended from C? functions to the
family of the difference of convex functions. If f is the difference of convex functions then:

f(Z) = f(Zo) + / f(Zy)dZs+ / LY (Z)f"(da), (2.5)

and the local time L{(Z) satisfies the occupational time formula for any positive Borel measurable
function g : R — [0, 0):

t )
/ g(Xe)d < Z >¢— / ¢(a)[4(Z)da as.,
0 —o0
where < Z >; stands for the quadratic variation of Z at time ¢.

If we take b to be Lipschitz and ¢ such that there exists an increasing function p : [0,00) — [0, o)
such that

du

| S =+ and (000 = 0())* < pllr—yl) .
0+ P (u)

Then, if we consider two solutions, Z! and Z2, for the SDE (2.4) with the same initial value, we have

that:

vi>0, LY(z'-Z7%) =o.

Then by the Meyer-It6 formula (2.5) applied to Z! — Z? with the function f(x) = |x|, we have that:

t t
722 = [ sen(z~22) (b(Z}) - b(Z)) ds+ | sen(Z!~Z}) (0(2)) ~ 0(Z)) dBo+L)(Z' - 22).
0 0
Since LY(Z' — Z?) = 0 and b is Lipschitz, taking expectations in both sides, by Gronwall lemma we

have:
2( - 21) <& ([ 1oz - b2 as) < |12} -2 as.

where K is the Lipschitz constant for b. So we have that V¢t > 0, E (\Z | \) = 0 and we get path-
wise uniqueness of the solution to the SDE (2.4).

Note that the key property is that L?(Z! — Z?) = 0 for all # > 0. The work of Le Gall [LG83] gives
us the condition on ¢ in order to achieve this property, as well as the condition on b to conclude the
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pathwise uniqueness.

Following the same reasoning, we could prove pathwise uniqueness for driftless SDEs driven by
strictly stable processes; however, this problem is out of the scope of this work, because the local
time we will define in the last chapter does not consider the case where ¢ can take both signs.



Chapter 3

Fractional calculus

Fractional calculus has been studied almost since the invention of calculus. One of the most fa-
mous applications is the solution to the tautochrone problem by Abel (cf. [PMT17]). Even though
many mathematicians have contributed to the formalization of the field; it was Marcel Riesz who
systematized several results in terms of non-local operator theory. The book of Samko, Kilbas and
Marichev [SKM93] will be our main reference for the theory of fractional calculus in what follows.
We will focus on the results that will be useful to prove the inversion theorem 4.2.1; as we will see,
the connection between fractional calculus and stable processes will appear very natural by means
of their infinitesimal generator.

3.1 Brief introduction to fractional calculus

The simplest way to introduce fractional operators is through fractional integrals. First, recalling the
Cauchy formula for the n-fold integral (right and left) of an integrable function in the interval [a, b].
If feLl (a,b), then for any a < x < b we have:

o = [ [ /ax“f<xn>dxn---dxzdx1=ﬁ [ =0,
e A B L e o (0T

Given these representations, the generalization for any o > 0 is straightforward. Using the fact that
['(n) = (n—1)! we can write the left and right fractional integral as:

AW = o [ a0t
o 1 b o—1
B0 = g [ =0 sy,

The heuristic of how these operators can be considered as nice interpolations between the cor-
responding n-fold integration formulas is quite simple. However, this is not the case for fractional
derivatives. There are several properties of derivatives that their fractional counterparts will preserve
or lose, depending on the definition we adopt. Let us present the two most common definitions of
fractional derivatives, the Riemann-Liouville and the Caputo definitions.

19
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If n—1 < a < n, the Riemann-Liouville fractional derivatives are defined by:

D) = () e = oty () [0 oa
D ) = (=) B = ot (<) [ e oar

These definitions seem convenient, since for any @ =n € N we have that

Dh )= () s a0 gt = (-1 (35 ) 0,

so that, in other words, these fractional derivatives also nicely interpolate the standard derivatives.
To make our point, on where these definitions could cause troubles, let us calculate the fractional
derivative of a power function.

Example 3.1.1. Let p > 0 and consider the function f(x) = xP l,>o. Let us calculate the right
fractional derivative of f(x) of order 0 < ot < 1:

o B 1 d X _a
Dy = F(l—a)a[/o =) tpdt]
1 i{l—‘(p—Fl)F(l_a)xm—l—a]
[(l-a)dx| T(p+2-a)
I(p+1) ot
Ip+1—a) '

As p — 0 we have that f(x) — 1if x > 0, but the fractional derivative Df, x” — ( ) which

1s not zero as we would like it to be. In other words, the Riemann-Liouville fractlonal derivatives of
a constant are not necessarily zero, which is an important property of standard derivatives.

Riemann-Liouville fractional derivatives of x”
2.01

\ Power

154 | — p=0.25

\ p=0.5
— p=0.75
&
S H__XY

28 101 p=1
— p=1.25
p=15

— — p=1.75

—_— =2

0.0

0.00 0.25 0.50 0.75 1.00
X

Figure 3.1: Fractional derivatives of order a = 0.85 of the function f(x) = x”.
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If n—1 < a < n, the Caputo fractional derivatives are defined by:

DLW = 1 (5SW) = pormgs [ mor a
n b n
DE S0 = B (5 0) = g [0 s

It can be shown that these definitions also lead to the standard derivatives when o =n € N. The
main difference is that in the Caputo case, we have that the fractional derivative of a constant is zero.
From this property, is immediate that the operators j—; and I"~% do not commute. In fact, we can
express one in terms of the other; since we are focusing on the cases a € (0,1) and & € (1,2), let us
write the relationship between both definitions (c.f. [Kol15]).

Proposition 3.1.1. Let o € (0, 1), then for any a < x we have:

f(a)

Dgy.f(x) = Dg, (x)_F(l—a)(x—a)O"

Let o € (1,2), then for any a < x we have:

o e f(a) f'(a)
Daof ) = Dac ) = F gy e —aje T2 a)(x—a)@ 1

We can see that the difference between the fractional derivatives comes from the initial condi-
tions in the extreme point a. There is an analogous relation between Dy , and Dy .

3.2 Riemann-Liouville fractional operators

The fractional operators we will use are the Riemann-Liouville’s, with a = —co and b = oo, for the
left and right operators respectively.! These definitions and further properties can be consulted in
[SKMO93](Section 2.3). In the sequel we will denote by .’(R) the Schwartz space of real rapidly
decreasing functions (see Appendix B).

Definition 3.2.1 (Riemann-Liouville fractional operators). Let o > 0 and ¢ € .7 (R). Then, the left
and right Riemann-Liouville fractional operators of order o applied to ¢ are defined in three cases:

» For a = 0 we get the identity operator
W2 (x) =Wlg(x) == o (x).

» For o > 0, the Riemann-Liouville fractional integrals are given by

Woow = ror [ 6=0"p()ar
WEoW = o [ -9 o

In fact, in this case, the R-L derivatives coincide with the Caputo’s, since the initial conditions will be zero in the
extreme points.
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*» Forn—1 < a <n, withn € N, the Riemann-Liouville fractional derivatives are given by

W) = oo [ e
W) = potes [ e

Remark 3.2.1.

» Fractional operators can be defined for absolutely continuous functions with some differen-
tiability conditions, but we stick with the Schwartz space so that their Fourier transforms are
well-defined.

o If oo > 0, we will use the following notation for the fractional integrals and derivatives:
o .__ o
L= WI,
a . —Q
DT = W ™

o If @ € N, then the left fractional operators I* and D%, are the iterated integral and classical
differential operators of order Q.

* On an adequate domain (the so-called Lizorkin space, to be introduced), they satisfy the group
property for o, € R:

weowP — wotP

wrowlf = woP

* On Schwartz space of rapidly decreasing smooth functions, fractional derivatives satisfy the
semigroup property D% o D[i = Djzfﬁ fora,B > 0.
In the next proposition, we rewrite the definition of fractional derivative depending on the index

a, this representation is called the generator form. The fact that they are equivalent can be found in
the book of Meerschaert and Sikorskii [MS12] and the article of Kolokoltsov [Kol15].

Proposition 3.2.1 (Generator form). Let f € . (R) and o € (0,2) \ {1}. Then the generator form
of the left and right fractional derivatives are as follows:

a ) /f h1+a &) ifae(0,1)

D%f(x) = /fx h) — f()+hf/()dh ifoe (1,2)
hlta

o _ /fx+h}ll+a ()dh fae®l)

Df(x) = /fx+h) SOV =R ipge (12)
hlto

\

This generator form will be the key ingredient to state the fractional derivative weighted sum
representation for the infinitesimal generator of strictly stable processes. Now we will focus on the
further properties of the fractional operators that will lead us to the proof of the inversion theorem.
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3.3 Lizorkin space

The main problem working in the fractional calculus framework is the domain of definition of
these operators; Schwartz space is not invariant under fractional operators (cf. Samko, Kilbas and
Marichev [SKMO93], section 8.2). Since we are seeking for the inverse of the infinitesimal generator,
it would be useful to have a space that remains invariant under the action of the Riemann-Liouville
fractional operators. This kind of space has been thoroughly studied by Lizorkin [Liz68, Liz71],
Samko, Kilbas and Marichev [SKM93] and Rubin [Rub96, Rub15].

The Lizorkin space of test functions @ (which is a subspace of the Schwartz space of rapidly
decreasing functions), is a space that remains invariant with respect to fractional integration and
differentiation. The intuition behind this relies on the Fourier transform of these operators.

Proposition 3.3.1 (Fourier transform of fractional operators). Let f € ® and o0 > 0, then the Fourier
transforms of the Riemann-Liouville fractional operators of index o, considering the principal
branch of the logarithm, satisfy the following identities:

F D[] (u) (—iu)* F [f] (u),
F D[] (u) (iu)* Z [f] (u),
F 121 (u) (=iu)"*Z [f] (w),
F UL () = () F[f] ().

Where the Fourier transform of an element f € . is defined by:

Ff] () = /R F(x)e™dx.

The proof of this proposition can be found in the book of Samko, Kilbas and Marichev [SKM93]
Lemma 8.1.

Remark 3.3.1. If we take the principal branch of the logarithm, we have

(:l:iu)a _ |u|aeiisgn(u)ocn'/2

= |ul® <cos (%) +isgn(u)sin <%>> ;

for all u,a € R. These are precisely the characteristic functions of the one-sided stable processes,
see equation (2.1) with o = 1 and B = *1.

Thus, we have to consider functions in .¥, such that their Fourier transform is well-behaved in
the singularity of the multiplier.

Definition 3.3.1 (Lizorkin space). Consider the space of functions that vanish at zero together with
all their derivatives:

P {we&”(R)‘wm(O) —0,j€ {0,1,2,...}}.

Then, the space of functions whose Fourier transforms are in Y is called the Lizorkin space and is

defined by
P={¢pcSR)|7[9]e¥}.
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In the article [Liz71], Lizorkin defines the fractional derivatives of functions in L”(R), p > 1,
using functions in the Lizorkin space in the weak and strong sense. Considering the following
function

Rp(u) = FR) g,

it can be proved that kg € \P'. Since it is an odd function its Fourier transform can be written as

g (x) = L e*ﬁz<”2+f2)

= cos(ux)du.
V2T J -

So that kg € ®. Since kg — 1 as f — 0, we would expect that kg /V/ 27 converge to the Dirac delta
distribution in zero as § — 0 as well. The proofs of these properties of kg and its Fourier transform
can be consulted in [Liz71, Ch. 1I§3].

Given a function f € LP(R), p > 1, Lizorkin defines infinite differentiable approximations, called
completely balanced averages of f, by means of the kg so that as B — 0 we have:

L’(R

1 ° )
— Kp(x — d X).
Tn/m g(x=y)f()dy — f(x)
It allows us to characterize the fractional differentiation of f through its completely balanced aver-

ages in the limit and provide the required tools to prove Lemma 4.3.2.

K_beta_tilde K_beta

0.10-

0.10- 0.05- [beta=1]

K_beta

>
>

l6.05 - 0.00 —F oA

0.05-

(a) K (u) (b) K1 (x)
Figure 3.2

By definition of these spaces, we have that for any k € Nj:

= /w Xk 0% ¢ (x)dx.
u=0 -

So that the Lizorkin space can be characterized as the subspace of . whose elements are or-
thogonal to all polynomials, since:

dk
0=

= Wf[‘i’]

/w Fo(x)dx =0, ke N.
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This property implies that Lizorkin space does not contain any infinitely differentiable function of
compact support other than the zero function. In order to extend results from ® to more general
space functions such as L” or C’, we could not rely on the classic denseness of, for example, C in
. or L?; and here is where the completely balanced averages come in handy.

Another interesting property is that ® does not contain real valued functions everywhere different
from zero, since if ¢ € P, it must satisfy

/oo ¢ (x)dx=0.

Space ® may be considered as a topological vector space with the topology of the space .. The
latter is generated by the countable family of seminorms

0®(x)

sup (1+x%)2 ,
X
which are finite for any k € Ny. Moreover, the spaces ® and ¥ are closed in ..

One may define a topology in ¥ which embraces the behavior of functions y(x) not only at
infinity, but for x — 0 as well, namely by means of a countable number of seminorms

Y

sup (1-+2) ? x| 7|0 ®)(x

which are finite for any k € Nj. In fact, this topology coincides with that of . for functions y € ¥
(cf. [Rub96] Chapter 1.3).

The space of linear continuous functionals” on & will be denoted by @ as is usual. Let us
compare @ with ./ by comparing first ¥’ with .. Since ¥ is closed in ., we may identify ¥’
with the quotient space of the Schwartzian space ./ modulo the subspace P, of functionals in .7’
having ¥ as a null space, i.e.

Y =7/,
where ¥, = {f € ' |(f,¥) =0,y € ¥}.
This is a particular case of the following more general result: if M is a closed subspace in a linear

topological space E, then M’ = E'/M~, where M~ is the space of all functionals in E’, which are
orthogonal to M.

In our case, the space W consists of functions that vanish at zero together with all their derivatives,
so that ‘1‘6 consist of functions that are concentrated at the point x = 0, and these are the linear

combinations of delta distributions and their derivatives. Moreover, it is known that §*)(u) is the
Fourier transform of the power function, that is

F (=) (u) = 228 (u),
the Fourier transform is understood in the sense of generalized functions as:

(Z1fl,0) = (f,7[9]),

2See Appendix B for an elementary compilation of results on distribution theory.
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where ¢ € . or ¢ € ®. Consequently, we have the representation
' =7 /¥y,
where &) = {f € ./"|(f,¢) =0,¢ € @}, consisting of polynomials.

In other words, @’ can be obtained from .’ in a way such that whenever an element is of the
form f+ P € .’ with P a polynomial, we eliminate the P part, i.e., two functionals in .’ differing
by a polynomial are indistinguishable as elements of &'.

If we consider two locally integrable functions f and g which coincide in the @' sense, i.e.
(f,9) = (g,9) for all ¢ € ®. Then, we could ask ourselves, when does f(x) = g(x) pointwise for
almost all x € R. The following results are sufficient conditions to achieve the latter.

Consider the following function, which characterizes the “size” of | f(x)|:

Ap(y) =Leb({xeR:[f(x)[>7}), v>0.

Note that A¢(y) is a non-increasing function.

Lemma 3.3.1. Let f,g € L}, .N.%' which coincide in the ®' sense. If the corresponding As(y) and
Ag(7) are finite for all y > 0, then f(x) = g(x) a.e. in R.

Proof. Since f,g €. and f = g in @' sense, then f(x) = g(x) + P(x), where P(x) is a polynomial.
Then, we have Ap(2Y) < A#(Y) + A4(y) < oo for all y > 0, but this is possible only if P(x) =0. [

The fact that A7(y) < e means that the function f is bounded, but most examples of distribu-
tions in @ are (slowly) increasing. In order to conclude the a.e. equality of functions with these
characteristics, we have the following corollary.

Corollary 3.3.1. Let fe L', 1 <r<oo,and f €LP, 1 < p < oo If f = gin P sense, then f = g a.e.
in R.

Proof. For all ¥ > 0 we have that
1712 [ rrde =z v A ),
lf ()=

so that A¢(y) < || fIl; /7" < eo. Similarly for g, we have that A¢(y) < ||g||5, /¥” < c°. Then by lemma
331, f=gae.inR. O]

It will be useful to define the fractional operators for distributions in ®'. One way to do this is
by duality in ®. Let o € R, then

(WEF.9) = (£, W0), ¢€. 3.1)
Moreover, if we consider the following identity
(,WEe) = (Zf], 7 Wie]) = (Z [f]. (Fiu) *F [¢] (w))

and since .7 [¢] (u) € ¥ and multiplication by (Fiu)~ % is a continuous operation in ¥, we have that
(f,WZ¢) is a continuous functional on ®.
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Remark 3.3.2. Equation 3.1 may serve as a definition of the fractional integral for a function f(x) €
LP(R) with p > 1/a when integrals W f do not exist in the usual sense, being divergent at infinity.
In this case W f is a generalized function.

The same results can be obtained if we define fractional integrals and derivatives of distributions
f € @ not by duality, but by using the notion of convolution. The latter approach coincides with the
former, but on many occasions it is preferable.

Let o > 0, consider

o _ x4 a1 e x> O,.
0 if £x<0

The functions h% can be regarded as @’ distributions and if we take @ € ®, their convolution
coincides with the corresponding fractional integrals, that is

(hE+ ) (x) = IZ9(x).

In a similar way, fractional derivatives are defined for o < 0 by

(h * @) (x) = DX%@(x).

In the Lizorkin space, compositions of fractional operators are well-defined. In fact, we will
recall in the following section that in this space left (right) fractional derivative and left (right) frac-
tional integral are inverses of each other. But, there is one more issue, the case of a crossed compo-
sition is not immediate, in fact, it is not even mentioned in the literature. We defer this discussion to
the next chapter.



Chapter 4

Stable processes via fractional calculus

4.1 Introduction

The connection between fractional calculus and stable processes has not been completely developed,
even though it is common knowledge that fractional Laplacians are related to the infinitesimal gener-
ator of symmetric stable processes (cf. [MS12, LPGea20] with Remark 4.2.1). The oldest references
that relate fractional calculus and stable random variables, are the seminal work of Feller [Fel52],
which uses fractional calculus to compute a series for stable densities, and the articles of Gorenflo
and Mainardi (cf. [GM98, MPGO07]), which identify a correspondence between stable characteristic
function and the Fourier transform of fractional derivatives. More recent references are the book of
Meerschaert and Sikorskii [MS12] and the article of Kolokoltsov [Kol15], where they identify the
infinitesimal generator of a stable process with fractional derivatives.

This chapter contains new results concerning both fractional calculus and stable processes. The
main goal is to unveil new connections between both areas and to prove interesting results for the
less studied case of asymmetric stable processes.

Considering a space of functions that remains invariant under fractional operators’ action, we
identify fractional integrals as inverses of fractional derivatives. Nevertheless, for a general one-
dimensional strictly stable process, the generator corresponds to a linear combination of left and
right fractional derivatives, which requires a consideration of crossed compositions of left and right
fractional derivatives and integrals.

4.2 Infinitesimal generator of stable processes

After some algebraic manipulations, the infinitesimal generator of a strictly stable process can be
written in terms of the Riemann-Liouville fractional derivatives of order . For a detailed proof see
for example the article of Kolokoltsov [Kol15] or the book of Meerschaert and Sikorskii [MS12].

Proposition 4.2.1 (Infinitesimal generator). Let o € (0,2)\ {1}, c_,cq >0, not both zero. If X ~
Sa (c—,cq) and ¢ € 7 (R), then, its infinitesimal generator £ takes the following form

ZLo(x) = cI'(—a)D%@(x)+c I'(—o)DS ¢ (x)
M_D%¢ (x) + M D¢ (x),

28
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where My = c.T(—a).

Remark 4.2.1. This representation is consistent in the case o =2 and c_ = c., which corresponds
to the Brownian motion, and its infinitesimal generator is the Laplacian A. In the case a € (0,2)\
{1} and c_ = c4, corresponding to a symmetric strictly a.-stable process, the infinitesimal generator
is given by the fractional Laplacian —(—A)%/?.

In the Lizorkin space, left (right) fractional derivative and left (right) fractional integral are in-
verses of each other. However, the crossed compositions are not immediate.

Our first result concerns a characterization of crossed compositions as a linear combination of
right and left fractional operators. The result is stated without proof for fractional integrals in the
article of Feller [Fel52].

Proposition 4.2.2. Let A, u € R with A+ u ¢ Z and ¢ € ®, then the crossed composition of
Riemann-Liouville operators satisfy:

sin (A7)
sin (A + ) 7)

WAWH Y (1) = ST pyisag (4

A+
~sin((A+u)w) WeTho ). “.1)

Proof. Since the Fourier transform characterizes a function ¢ € ®, we will prove that the Fourier
transforms of both sides of the statement are the same. First, using the Fourier transform of fractional
operators with polar representation of the multipliers we have for the LHS:

FWEWEO) (1) = TR e 1T 7 ) )

= [ufFHEEWETZ (] (u).

For the RHS we have

sin(Um) [, A+u sin(Am) [, A+u
sn (4w W] )+ s (A7) W] W)
__ sin(un) At —iZ sgn(u)(A+1) o
sin (ATC) Atu i% sgn(u)(A+nu)
Sty F19](w).
After canceling out the common factors, it suffices to prove that:
ei% sgn(u)(A—p) _ sin (‘LLTL') efi% sgn(u)(A+u) sin (7L7L') iz sgn(u)(A+u)
sin (A +u) ) sin (A +u) )

This is equivalent to the real and imaginary parts agreeing. We refer to the lemma A.0.1 in
Appendix A, which gives us:

m\  cos((A+p)%) [sin(um)+sin(Ax)]

C°S<(’l_“)§> - cosz((l—f—,u)ﬂ) !
_ m\ osin((A4u)sgn(u)%) [sin(Ax) —sin(um)]
SI“(““‘)Sgn(”)E) - sin((/%-l—,u)n') ’

finishing the proof. O
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1% (x) 2 1% (x)
inverse ? < inverse
e dual e

D%¢ (x) < > DEo (x)

Figure 4.1: Relationships between Riemann-Liouville fractional operators.

Before the proof of the Inversion Theorem 4.2.1, we will prove one more lemma regarding the
composition of fractional derivatives and integrals. Since we are taking functions in the Lizorkin
space, these compositions are well-defined.

In figure 4.1 we show how the Riemann-Liouville integrals and derivatives relate to each other.
For any @1, ¢, € P the right/left and left/right integrals satisfy:

| @) eawdx= [ (012 (6a(0)dx,

that is, they are dual operators acting on @, seen as a Hilbert space with inner product given by

(91, 92) = [ $1(x)@2(x)dx for any ¢y, ¢, € P.

On the other hand, if we consider the right/left operators, we have that for any ¢ € ®:

IZD% (¢(x)) = ¢ (x),

that is, they are inverse operators.

Finally, it remains to see how the crossed compositions are defined. Note that we can’t just evalu-
ate A = —a and i = o in equation (4.1) since in that case A + 1 = 0 € Z and the crossed composition
becomes indeterminate. The next result gives us a way to understand the crossed compositions in a
useful manner.

Lemma 4.2.1 (Fractional compositions). Let ¢ € ® and a > 0 with o ¢ N, then the compositions
of fractional derivatives and integrals of order « satisfy:

D% (x) = ¢(x),
DU (x) = 9(x),
DYI% (x) + DYI% (x) = 2cos(am)d(x).
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Proof. The first two equations as well as the fact that all the compositions of fractional operators
commute follow from Proposition 3.3.1. For the last equation, we use Proposition 4.2.2 with A =
and U — —a, to get the result. This last limit can be taken since the semigroup associated is strongly
continuous in the parameter u ([SKMO93] Section 2.7).

Using equation (4.1) twice' to obtain both crosses we have:

wAwhe (x) + WiwFe (x)

- %W—“W@H%Wf%@
eI T e A

= [t s G o
Linzia(ﬁ‘)) ) Sinzi(i(iz)) n)} Wi (). 42)

Moreover, we have that the following limit is indeterminate, so using L"Hospital’s rule we have:
i (S (,un) +sin(am) —  lim mcos (um)
p——a \  sin((o+u)m) u——a \ mweos ((ot+ ) )
= cos(am).

Finally, with A = o and taking the limit 4 — —o in equation (4.2) we have:

D¢ (x) + DI%(x)
= Jlim_ WoEWE G (x) + WEWH o (x)

, sin (am) sin (um) a+i
=1
ue Lin«aw) R CE ) R
, sin (um) sin (am) a+u
1
R [sin((a—l—u) T e ()
=2cos(am) (x).
Where we used that WP is the identity operator as in Definition 3.2.1. ]

Working in the Lizorkin space and using the last result we can compute the inverse of the in-
finitesimal generator and prove our main theorem.

Theorem 4.2.1 (Inverse of the Infinitesimal Generator). Ler o« € (0,2)\ {1}, c_,c4+ > 0, not both
zero. Consider X ~ S (c—,c+) with infinitesimal generator £. Then, £ is invertible in ® and for
every ¢ € ®

L719(x) = K10 (1) + K 199 (x).

where
My

T M2+ M2 +2M_M, cos(nar)’
and the constants My as defined in Proposition 4.2.1.

K+

INote that W* Wf = Wf W since W, commute for functions in Lizorkin space.
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Proof. Define the operator ¢ as
G (x) = K_1%0 (x) + K199 (x),

we will prove that 4 (L ¢) = £ (99) = ¢, so that .Z is invertible and .#~! = ¥. By our definition
of ¢, we have:
G(L9(x) = 4 (M_D 6 (x)+M D% (x))
= KM I*(D%(x))+K-MI* (D¢ (x))
+ KyM_1Y (D% (x)) +K M I (DY ¢ (x))

Substituting the values of K_ and K, , and defining M = M? +Mi +2M_M cos(ar) to temporarily
ease notation, and using Lemma 4.2.1, we get

2 2
G(£6() = S0+ o 00+ D (1) +

M?* +M? +2M_M cos(or)

- = 6 ()
= 000,

We conclude that (¢ 0 Z)¢ = ¢ and analogous computations prove that (£ 0¥)¢ = ¢. O

MM

1$D% ¢ (x)

We will be interested in the distributions that are generated by the space of Lizorkin test func-
tions. For the definition of the action of Riemann-Liouville operators on distributions we refer to
[SKM93](Section 8.1).

Remark 4.2.2. We are going to define the fractional operators for distributions taken in the Li-
zorkin’s dual space ®' by duality, in the same way the Fourier transform are defined for distributions
using test functions in the Schwartz space.

For instance, let f € ® and consider the Riemann-Liouville operators W* and W, then for any
¢ € ® we define the distributions WE f and W f by means of:

(Wor.e) = (f,W9),
(Wff’(b) = (f?WEC(P)?

where the (-,-) is the inner product with Lebesgue measure.

Note that, if we consider the infinitesimal generator £ of X ~ Sq (c—,c4), then its dual 2L is
the infinitesimal generator of X ~ Sq(cy,c_), the dual process of X. This corresponds to the notion
that the left Riemann-Liouville operator is dual to the right one.

The main theorem 4.2.1 provides a stronger link between fractional calculus, stable processes and
potential theory. The following known results can be recovered as an application of this theorem:

1. For the case a € (0,1), the Lévy process X is transient. Therefore, its potential corresponds
to the inverse of the negative of the infinitesimal generator, (—.%)~!. The above theorem can
recover the expression given by Sato [Sat72].
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2. For the case a € (1,2), the Lévy process X is recurrent and its classical potential is infinite.
Nevertheless, Port [Por67] defined the recurrent potential for stable processes (by an appro-
priate compensated kernel) and computed it explicitly. As Sato [Sat72] notes, for a wide class
of Lévy processes, including the stable processes, (—.%)~! corresponds to a potential and
coincides with that defined by Port. Since we have explicitly this inverse, Port’s computation
can be recovered with the aid of the above theorem.

3. It provides an heuristic explanation of the function involved in the Tanaka formula for strictly
stable processes given by Tsukada in [Tsul9]: it corresponds to applying the inverse of the
infinitesimal generator to the Dirac 0 distribution. Note that the It6 formula for Lévy processes
tells us that for any Schwartz function f, writing g = .Z f, we have

flx+X,) :f(x)—i—M,f-l-/Olg(x-l-Xs)ds,

where M/ is a martingale whose explicit expression is only needed later. Formally, if g equals
the Dirac & distribution, the last term equals the time that X spends at x on [0,¢], which is
one guiding principle behind the construction of the local time of X at x. Hence, if ZF = 6
then the local time should equal F (x +X) — M. Our formula for .~ allows us to guess the
solution to . ZF = 0 in terms of K;xﬁfl, which can be combined to obtain Tsukada’s formula.
That K_ # K in general is a manifestation of the asymmetry in the jumps of X.

4.3 Class €%+ and the Meyer-Ité formula for stable processes

The objective of this section is to prove the occupational Meyer-Itd theorem, with a non-zero local
time component, for stable processes. The special class of functions which satisfy this theorem will
be defined through the inverse of the infinitesimal generator. The preliminary results we will prove
before, mainly concern how to pass from Lizorkin space to a more general space which allows us to
generalize the Tanaka formula given by Tsukada [Tsul9].

Recalling Definition 2.3.3, the function that appears in the Tanaka formula for a stable process
X ~Sq(co,cq), with o € (1,2), c_,c+ > 0, not both zero, given by Tsukada in [Tsul9] is:

FOC—Ct ()C) - K((X,C,,C+) (1 _ (C+ —C—> Sgn<x)) |x|o‘*1, 4.3)

cyt+c_

where
c_+cy

2I(—a)(a) (¢ + ¢ +2c_cy cos(mar))

K(a,c_,cq) =
As we have remarked and will prove in Lemma 4.3.1, F*“+¢- = & —1§ in the sense of distribu-

tions. This is useful to define a class of functions f such that .#~! f coincides with a Radon measure
(in the sense of distributions).

Definition 4.3.1. For every fixed o € (1,2), c_,c4 > 0, not both zero, we define the class of real
functions

GHCC = {f =F%““xpu ',u is a signed Radon measure such that / x| (dx) < 00} :
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The condition on the (& — 1)-moment is to ensure the convolution is well defined. In the sym-
metric case with o = 2 (i.e. Brownian motion), such class corresponds to the difference of convex
functions (cf. [RY 13] discussion before Theorem VI.1.5).

Considering the following generalized functions in the dual space @', we will prove an important
relationship between the Dirac delta distribution and the power functions, which are strongly related
to the strictly stable processes. Moreover, the following lemma could be regarded as the key result
to obtain Tanaka formula.

Lemma4.3.1. [fA > 0, then, the (generalized) functions f*(x) :=x* [ and f*(x) := |x|* I ooy
belong to @' and

fAx) = TA+DIAT8 (),
fAx) = TA+ DS ().

Therefore,
7 (8) = F&Cc+,

Proof. Since the Dirac delta distribution is a linear functional contained in @', and using the duality
that was pointed out in equation 3.1, we have:

(1&“5@) - (6,1jﬁ“¢>
= (#79)],
= ﬁ/omtld)(t)dt
- ()

We can proceed similarly to prove the second identity in the lemma.

Finally, it follows from equation (3.1), the Inversion Theorem 4.2.1 that:

L8 = K_I1%8(x) +K 1% (x)

- fal W

If we substitute the values of K_ and K in terms of o, c_ and ¢, we will get that .Z ! (8) =F%—c+
in the sense of @’ distributions. [

Thus, the Inverse Theorem 4.2.1 provides an insight to the function that satisfies the Tanaka for-
mula.

The class of convolutions f = F%“—¢+ x u in Definition 4.3.1, is defined in such a way that the
distribution induced by the measure u coincides with .Z f, in the sense of @’ distributions. As a
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consequence, [ can be considered as the extension of .Z f from the Lizorkin space to the class C, of
continuous functions with compact support. A precise version of this is contained in the following
lemma. It is here that the completely balanced averages of Lizorkin play a fundamental role: they
constitute a way to approximate 6 and other distributions from within Lizorkin space.

Lemma 4.3.2. Let f € €%+ be given by f = F*“—+ x u. Then, Zf = U in the &' sense; that
is, for every ¢ € ®:
(Z1,9) = (1. 9).

Finally, if W is a finite measure with compact support, then ¢ — (L f,9) extends by continuity to
O — (U, 9) from ® to C, with the topology of uniform convergence.

Proof. Let ¢ € ®. Since a — 1 € (0,1), then x — x*~! is subadditive on [0,0). Hence,

[1ro@ldx< [ 11"+ lal* 116 (x)] |l (da) dx
< Iul(R) [ 19 dx-+ ol [ lal®|ul(da) <

From equation (3.1) and Fubini’s theorem:

Z.0)= [ r02owax= [ [ Freo - au(da) Zo(xdx
_ /_ i /_ O;F“’C’C* (x— a). 2 (x)dxu(da) = / (2716, 20) u(da)

oo

= [ (8027120  nida) = | (8u9)ulda) = [ o(@n(da),

—00

where the operator .Z¢ is the dual operator of . (cf. Remark 4.2.2); yielding that Zf = u on @'.

Lizorkin, in [Liz71] (cf. after Definition 3.3.1), gives an approximation of § in @' by means
of a collection of functions g € ® with the following property. If ¢ € C, then ¢g := kg ¢ — ¢

uniformly on compact sets; note that (PB € ®. Indeed, Lizorkin writes Kg = Ké — Kl% where Ké s a

centered Gaussian density of variance 232. Hence K‘l * @ — ¢ uniformly if ¢ € C.. On the other

hand, the proof of Theorem 1 [Liz71, Ch. 1I§4] tells us that kz * ¢ — 0 uniformly on compact sets
since ¢ is integrable. Hence, ® is dense in C,. If u is finite andB of compact support then it also has a
finite moment of order o — 1 and so, by the previous paragraph, .Z(F * i) = i in ®'. The bounded
linear functional ¢ — (u, @) on C, coincides with ¢ — (Zf,¢) on .Z, so that, by denseness, the
latter extends uniquely by continuity to C,. ]

An important example of the result in Lemma 4.3.2, is the Brownian motion case, where .Z f(x) =
%A f(x), so that u is the second derivative of f in the sense of distributions and in fact, the class >
corresponds to the class of difference of convex functions.

Recall that the Meyer-Itd theorem for semimartingales, for example from [Pro0O4](Theorem 70),
gives a semimartingale decomposition for |X| which contains a semimartingale local time term.
However, the latter is zero for a strictly stable process. For functions in the class €%+ we prove
the following occupational Meyer-1to6 theorem, with a non-zero local time term.
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Theorem 4.3.1 (Occupational Meyer-1t6 formula). Let o € (1,2), c—,c4 > 0, not both zero, and
consider a strictly stable process X ~ Sq (c—,c4). Let f = F xu € €%+ and furthermore assume
that W is finite and compactly supported. Then,

100 = Xo)+ M+ [ LX) u (da), @4

where .
M= [ [ 1 ()~ f (X)) N (ds,ah),
0
is a martingale and L} (X) is the occupational local time at a up to time t of X.

Remark 4.3.1.

* In the limit case a =2, we can recover F(x) = %|x| and the corresponding class € can be
identified with the convex functions as in Revuz-Yor [RY13].

e For recurrent symmetric stable process, that is a € (1,2) and c— = c; = ¢ > 0, we have
F%C(x) = Ko o|x|*~! for some constant K . This particular case was obtained by Salminen
and Yor in [SY05].

* The Tanaka formula of Tsukada [Tsul9], corresponds to the case L = §.

» The compact support hypothesis of I is sufficient to ensure the integrability of all the terms
in (4.4). Since strictly stable processes have finite K-moments for k € (—1, @), we have to be
careful with the growth of f = F x L.

The novel part of this result is the representation of the semimartingale in terms of an occupa-
tional local time. Before we prove this theorem let us state some lemmas which will be useful in the
proof.

The following results are inspired by the work of Tsukada [Tsul9], which we will generalize
relying on a well-known procedure to construct approximations of a function, smoothing it with
mollifiers (cf. [KS91], Theorem 6.22), allowing us to use Itd formula (2.3.1).

A positive real function p € C°, with support in [—1, 1] and integral equal to one, is said to be a
mollifier. Then, if we consider a sequence of functions given by p,(x) = np(nx) for all n € N, this
sequence converges weakly to the Dirac delta distribution in the sense of Schwartz distributions, that
is

‘/an(x)¢(X)dx—¢(O) — 0, asn-—oo,

forall ¢ €.7.

Let C7’, , be the family of infinitely differentiable continuous functions with bounded derivatives
of any order greater than or equal to one. We are going to use some bounds for the function F %+
as well as of its increments, for a proof of the following results we refer to [Tsul9](Theorem 3.1
and Lemma 3.1). For fixed o,c_ and c, to ease the notation, we are going to write F instead of
F %% when there is no confusion with the parameters.
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Lemma 4.3.3. Let o € (1,2), c_,c+ > 0, not both zero, and consider a strictly stable process
X ~ 8¢ (c—,cy). Consider the function F = F*“~°+ in equation (2.3), then the following results are
satisfied.:

1. Let (pn)n>1 as above, then F, := F%“~“t xp, € v for all n € N and F, — F, uniformly in
compact sets as n — oo

2. Let |h|<1l,a€R s>0and & < (0t —1) A\ (2 — &), then we have:

E UF(XS_ —a+h)—F(X, —a)ﬂ < e1S(a,2+ gy — a)s@2-E) /@ ploten
where c1 = 20K(a,c_,c.)? and the constant S(-,-) as in Proposition 2.2.1, and the same bound

holds if we replace F by F,,.
Moreover, this bound satisfies:

/t/ s(afzfeo)/a|h’a+80v(dh>ds — C+Fe- o t(Zafeofz)/a < oo,
0 Jinl<1 & 200 —€y—2

3. Let |h| > 1, a € R and s > 0, then we have:

E[|F(X;—a+h)—F(X;—a)|] < ca|h|* !,

where ¢y = 4K (o, c_,c4.) and the same bound holds if we replace F by F,.
Moreover, this bound satisfies:

t
// A%y (dh)ds = (c1+c_ )t < oo,
0 Jh|>1

In the proof of Meyer-Ité6 we will need the same kind of bounds, but for f(x) = (F * u)(x). In
order to prove these bounds, we will rely on a result similar to Jensen’s inequality. In general finite
measure spaces this inequality does not hold; however, for the special case f(x) = x?, we are able to
get a similar result.

Lemma 4.3.4. Let 1 be a compactly supported Radon measure, with support in K and mass 1L(K) <
oo, and g : R — R. Then, the following inequality holds:

(/Kg(x)u(dx))2 . “(K)/ng(x)u(dx).

Proof. Define u,(dx) = u(dx)/u(K), so that u, is a probability measure, then by using Jensen

inequality we have:
([stoman) = ([ somtoter)’
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The following result is a corollary of Lemma 4.3.3 and it will be useful in several steps of the
Meyer-Itd theorem’s proof.

Corollary 4.3.1. Under the assumptions of Lemma 4.3.3, let f € €%+, such that f = F * L with
U a finite Radon measure and consider f,, = f * p, for n € N. Then we have:

E Uf(XL—i—h)—f(XL)H < (U(R))%e1S(ar, 2+ g9 — o) * 2780/ ot |y < 1,
E[|f (X +h) = f(X)]] < pR)ean*7", |1 > 1,

and the same bounds are satisfied if we replace f with f,.
These bounds are elements of L' ((0,1) x A, %((0,1) x A),A®@V)), with A = [-1,1]\ {0} and A =
[—1, 1]¢ respectively.

These results follow from the Lemma 4.3.3 and Lemma 4.3 4.

The proof of the Occupational Meyer-1t6 theorem essentially consists in smoothing the function
f using mollifiers, enabling the use of It6’s formula. Then, provided that all its terms are well defined
as elements of L' (P) we have to prove that they converge to the desired result.

Proof. (Occupational Meyer-1t6 4.3.1)

Without loss of generality, we assume that u is actually a positive measure, which was assumed to
be finite with compact support and, therefore, with moments of order a and 2(a — 1). Then, we
have the representation:

1@ = [ Fl-anda).

Consider the sequences F, = F x p, and f,, = f * p, = F * p, x W as the infinitely differentiable
approximations of F and f by the sequence {p, },>0, with n € N, and we have that f, — f uniformly
on compact sets ([EG15] Theorem 4.1: Properties of mollifiers).

Since f, € C7’_;, C C, using It6’s formula (Proposition 2.3.1) we have:
fn(Xt) :fn(X0)+Mtrl+‘/tn7 4.5)

where the last two terms are

M = [ [ U = £ 6 s ),

vo= [ Znxas

Moreover, since the behavior of M} is different depending on the size of the jumps, we will consider
M =M+ MP", where

M = [ ) — £ (6 )N s, ),
2n ! . NV (ds
MP = /O/h>1[fn(Xs_+h) o (XN (ds, dh).

In a similar fashion, we define M; = M + M?, by replacing f,, with f.

The proof consists in establishing the following steps:
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Step 1 f(X,) and f,(X;) are in L' (P) and f,(X,) — f(X;) in L'.

Step 2 M' and M'" are square integrable martingales and MtL" — M/ in L2,
Step 3 M? and M>" are integrable martingales and M,2 M M?in L.
Step4 V" — [L¢u(da)in L'

Let us begin with Step 1. First, we provide a bound for f(x) and f;,(x) in terms of x and which
does not depend on n. Using that & — 1 € (0, 1), we have that x — x*~! is subadditive on [0, ), so
that

0 < £l = [ fx-ypa0)dy
= [ [ Fa—a=ypa)dyutda)
Y
< 2R ) ()
< 2K [ (Wl ol 4 1)pa(da),
which is finite for any x € R by the assumptions on tt and does not depend on n.
By similar arguments, we have that
0<f(x) <2K / " (W [0 (da). (4.6)
For the squared difference, using a Jensen-like inequality for finite measures, we have,
[fa(0) = FEP <20 fu@) P +21£ ()
< 168 ([0 el D))

< 16K2U(R) [ (W 410l + 1)) p(da)

—o0

< 48KPU(R) [ (WP 40P 4 ) p(da) .7

Then, similar arguments give

H(X))P < 12K%u(R) / (1%** 2+ |a** >+ 1)u(da) and

PP < KR [ (XPO + laP P )(da),

and these bounds are independent of n and belong to L' (P) since 0 < 2a —2 < « and y is a finite
measure with a moment of order 2a — 2. We can conclude that f,(X;) and f(X;) are elements of
LZ(]P)). Moreover, by dominated convergence, we get

Tim E [|,,06) = ()] = E| lim | £u(X) — f(X)2] =0, (4.8)
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so that f,(X;) — f(X;) in L*>(PP), which implies Step 1’s assertions.

Let us move to Step 2. In this case, we are considering the jumps smaller than one, i.e. 2 < 1. To
prove that M'" is a square integrable martingale, according to Ikeda and Watanabe ([TW89] section
I1.3), we need to show that:

E U o U0 = (650 V(dh)ds] <o
Since the integrand is positive and (2", %(Z"))-measurable with 2" = (Q x [—1,1]\ {0} x

[0,7]), by the Fubini theorem (cf. [Kal02] Theorem 1.27), it suffices to prove the finiteness in any
order of integration. Then, using the bound in Corollary 4.3.1 for |2| < 1 and Lemma 4.3.3, we have:

t
m® = [ B[O+ b~ £ ()] viands
0 Jin<1
t
< / /h|<1(u(R))2c1S(a,2+eo—oc)s(“280)/“|h[°‘+"’0v(dh)ds
t
< (H(R)>261S(OC,2—|—60—OC)/O /h<1s(a—2—€o)/a|h|a+€ov(dh)ds

< oo,

The result for mt1 follows from Corollary 4.3.1 in a similar fashion. Hence, M s also a square
integrable martingale.

In order to prove the convergence of Mtl’” — M/ in L?(PP), first note that according to Corollary
4.3.1 we have

M) = B[ fa o) = fo (%) = (F (X4 ) 4+ (X))
28 [[fo (X5 +) = fu (X5 )P] +2B |If (% +8) = £ ()]
< 4(u(R))2c1S(0,2 + gy — )5\ *280)/ % || oten,

Thus, (#,)),>1 is dominated in L' ((0,¢) x [—1,1]\ {0}, 2((0,) x [~1,1]\ {0}),Leb®V)).

IN

We know that (M — M) is a square integrable martingale for any n € N, then using Ito’s
isometry ([App09] p. 223) and dominated convergence theorem for the sequence (.7,!),>1 we have:

|

= Jim [ /h|<1E ) = o (Xo) = (F (X +) = £ (%) ] v(dn)ds

H—>oo

lim E UM,l "_m!

n—oo

- / /h tim B[ (X5 1) = fo (%) = (f (X5 +B) = £ (X, )2] vidh)ds

|h|<1 e

The convergence to zero of the last equation is a consequence of equation (4.8) in Step 1. So that
MM M} in L?(PP), ending with Step 2.
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For Step 3, we are considering the jumps greater than one, i.e. & > 1. To prove that M;”" is a

martingale, following Ikeda and Watanabe ([IW89] section I1.3) we must show:

—E[/ [ 1 )= () Vit <=
[—1,1]° X [0,7]), by the

Since the integrand is positive and (2", Z(.2"))-measurable with 2~ = (Q x
Fubini theorem it suffices to prove the finiteness in any order of integration. Then, using the bound

in Corollary 4.3.1 for |h| > 1 and Lemma 4.3.3, we have:

mt = [ B )= (6l i
< u(R)/O/h>lc2|h|“1v(dh)ds
< oo

The result for m? follows by the same bounds in Corollary 4.3.1, so that M? is also a martingale. As
in the previous step, to prove the convergence of M>" — M? in L' (IP), first note that according to

Corollary 4.3.1 we have

%2

Elfa (Xs— 4+ 1) = fo (Xs-) = (f K5 +1) + f (X)) ]
Ellfa Xs— 1) = fo X+ E[f (X +1) = f (X )]

2u(R)ealn|* .

IA A

Thus, (.#?),>1 is dominated in L' ((0,1) x [—1,1]¢, 2((0,t) x [~1,1]),Leb®V)).

We know that (M,2 " — M?) is a stochastic integral with respect to a Poisson random measure
for any n € N, then using Campbell’s theorem ([Kin93] section 3.2) and dominated convergence

theorem for the sequence (.#?2),>1 we have:

i [ - <
/ /h|>135130E o Ko 1) = for (Xs) = (f (X 1) — f (X)) | V(dI)ds.

The convergence to zero of the last equation is a consequence of equation (4.8) in Step 1. So that
M} — M? in L'(P), ending with Step 3.

By Step 2 and Step 3 we conclude that M" and M in equation (4.5) are martingales and M;' — M;
inL!.

Finally, for Step 4, we have from equation (4.5) that:

n n L'®
Vi = fa(X0) = fa(Xo) =M — f(Xi) = f(Xo) — M,
as n — oo, 50 that the limit lim, .. V/"(X;) € L!(P). We just need to verify that this limit coincides

with the one stated in the theorem.
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We know that f,, = F * (p, * 1) € C7°,_, NC*“~“+ is positive and measurable and that p, * it is a
finite measure with compact support.

Then .Z'f, is well-defined, positive and measurable as well. So, by the occupation formula, we
have:

Ve — /0 " LX) ds = / iLf.z fu(a)da.

Since LY (w) € C, for almost all ® € Q, Lemma 4.3.2 tells us that
Ve = [ Li(uspn)(da),
and since p, — 6 weakly as n — oo, then (U % p,) — 1 weakly as n — oo as well. Hence,

— 0, asn—>oo.

[ rwepaao - [ tinia)

Steps 1-4 finish the proof of Theorem 4.3.1. ]
For the first application, we have the Tanaka formula for asymmetric strictly stable processes.

Corollary 4.3.2 (Tanaka formula). Let & € (1,2), c_,c4 > 0, not both zero, and consider a strictly
stable process X ~ S¢ (c—,c). Then, the Tanaka formula is satisfied:

F %=t (Xt — a) — F%Cc—C+ (X() - Cl) +Mta(X) ‘f’L?(X)a (49)

where LY (X) is the occupational local time at a up to time t of X and M{(X) is a square integrable
martingale given by

!
MO(X) = / / [F%C (X, —a+h) — F%+ (X,_ —a)| N(ds,dh).
0 JRy
Proof. Consider the unitary measure concentrated in a, that is §,(E) = 1 if a € E and zero otherwise,
with f(x) = (F%“ % §;) (x) = F%““+ (x—a), using the occupational Meyer-Itd theorem we have:
FO“ (X, —a) = F%“(Xp—a)
t
v / / [F&c0+ (X, —ath) — F% (X, —a)| N (ds,dh)
0 JRy

+ | L8 (@),
= FOC (Xy—a) + MO+ L8 (X).

]

Even though the subclass of functions & %<+ is enough to prove important results such as as the
Meyer-Itd and the Tanaka formula, we are limited to functions with a compactly supported measure
in their decomposition. However, in the next section we are going to combine these techniques
and the fact that we can find explicitly the infinitesimal generator of power functions to give a
decomposition of power functions of the type |X; — x|.
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4.4 Power decomposition of |X; — x|”

The objective of this section is to generalize the work of Salminen and Yor [SYO05] and of Engelbert
and Kurenok [EK19], regarding the Doob-Meyer decomposition of absolute powers of symmetric
stable processes to the asymmetric case.

Our first step will be to explicitly compute the infinitesimal generator of the power functions in
Lemma 4.3.1. Let @ € (1,2), c_,c+ > 0 not both zero and & — 1 < Y < o«. From Lemma 4.3.1 we
know that fl belong to @ and can be identified with the following fractional integrals:

fIx) = Ty+nIrs ),
1) = Ty+nMs ).

Consider the infinitesimal generator evaluated at fl (x): with the constants M as defined in Propo-
sition 4.2.1, we have

LfL(x) = M_D*f](x)+M,D%f(x)
= T(y+1)M_D*I"'§ (x) +T(y+ )M, D" 5 (x)

Using the fractional composition formulas in Lemma 4.2.1, we get

sin((y+1)7)

y—a+1 X
sin((y—oc-l—l)n)l o (x)

LT (x) = T(y+D)M 1" "8 (x)+T(y+1)M,

T+ M, — (S(i;faaﬂ)n) s (x)

T(y+1)M- 7y LT DMy sin((y+ D7) y-a

C(y—a+1)"" T(y—a+sin((y—a+1)x)" "
L DM sin(-am) g
C(y—o+1)sin((y—a+1)m)" '

(%)

For the function f7 (x), we can proceed similarly to get

s (x)

vy sin (—o)
Ll = T+ M-

sin((y+ 1))y g+1
_sin((}/—oc—{—l)n')ll ve

+I(y+1)M () +T(y+ DM 276 (x)

_ Ty+1)M_ sin (—o) ra(y
- T(y—a+1Dsin((y—a+Dr)” "
C(y+ DM sin((y+1)7) . a
Mot Den((y—atnm ©F

C(y+1)M,4
INy—a+1)

%),

Before we prove Theorem 4.4.1, we need to understand the constants k4 (@, 7y, c_,c, ) that are used
there. They play an important role in the bounded variation part of the power decomposition (4.10),
because in order to be an increasing process, both need to be positive. The following lemma states
the critical exponent y from which both k4 (@, y,c—,c) are positive. Recall the definition of ¢ in
Corollary 4.4.1.
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Lemma 4.4.1. Lera € (1,2), ye (a—1,a) and ki (@,y,c_,c+) as in Theorem 4.4.1. Define

1 (1 —a®) — (1+4ac)?
== c(ax—1,1
Blase)i= parecos (S =) -y ) € (@ 1,1),
where a = cos(am) and ¢ = % Then, if c— < c4 we have that k_ (Q,Y,c_,c) is posi-

tive forall y € (a— 1, ) while ky (a,y,c—,c) is negative if y € (a— 1, B(a, ¢)) and positive if y €
(B(a,c),1). The same conclusion follows for ¢, < c_ after switching the roles of the k+ (@, Y, c_,c).

Proof. Assume that c_ < c.. First, we prove k_ (o, Y,c_,cy) > 0 forall y € (o — 1, ). Note that:

~ I(y+1) sin (—om) sin((y+1)m)
k(@ remed) =m0 (M =t 0n) M sn(r—at D)m) M
L(y+1)M4

T T(y—o+ Dsin((y—a+ 1)) [sin (—am) +csin((y+ 1)) +sin ((y — o+ 1)7)]

_ L(y+ 1) I(—a)
INy—a+1)sin((y—a+1)x)

[sin (—o) —csin(ym) —sin((y— o) 7).
Since we have
F(Y‘i‘ 1)C+r(—a)
INy—a+1)sin((y—a+1)x)
forallx € (1,2) and y € (e — 1, @), then k_ (&, ¥,c_,cy) > 0 is equivalent to:

>0,

h_(y) :=sin(—an) —csin(yr) —sin ((y— a)m) >0,
forall y€ (¢ —1,a). Lemma A.0.2 tells us that h are 2-periodic. Moreover, we have that:

h_(0) = sin(—ar)—sin(—ar) =0,

h-(e—1) = sin(—ax)—csin((a—1)x)
sin(—oar) (1 —c¢)
> 0,

because ¢ < 1 and & € (1,2). This means that 4_(7y) has just one zero in (0,2) and it is before ot — 1,
so that 4(y) >0 forall ye (e —1,a), as well as k_ (¢, y,c—,cy) > 0 in the same interval.

We will prove in a similar way the change of signs of k. (,¥,c_,c;). Note that, as in the
previous case, we just need to analyze the change of signs of the function:
hi(y):=csin(—an)—sin(yr) —csin((y— a)x).
Since
h.(0) :=csin(—an) —csin(—axw) =0,

there must be just one zero in (0,27), this zero is precisely ¥ = B(a,c) ([Foul3] Lemma 9). But, by
definition B(a,c) € (a — 1, 1), this means that:

hi(y) < 0, ifye(a—1,B(ac))and

h(y) > 0, ifye(Bla,o),l).

Finally, when c; < c_, just note that since k1 (&, v,c_,c+) =k_(a,¥,c+,c—) we can use the same
proof. []
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We are ready to prove the power decomposition theorem. These results are a generalization
of the works of Salminen and Yor [SYO0S5] and of Engelbert and Kurenok [EK19]. The proof of
the decomposition uses the Tanaka formula for asymmetric stable processes (4.9) and relies on the
representation of the infinitesimal generator of a power function given in Lemma 4.3.1. Note that
in [SYO0S5] it was easy to find the measure which could recover the power decomposition in the
symmetric case and for the generalization we made direct use of fractional calculus to find the
relevant measure needed for the asymmetric case.

Theorem 4.4.1 (Power decomposition). Let o € (1,2) and c_,c+ > 0, not both zero, and consider
a strictly stable process X ~ S¢ (c_,c4). Then for allx € R and y € (ot — 1, &) we have the decom-
position

1
X —xf? = |X0—x]y+// [1X,— —x+ Al — |Xo_ —x|"] N(ds, dh)
0 JRr,

t
+ /O Xy — x| [k- Mgy o0y +hy Uiy o] ds, (4.10)
where ki :=ky (at,y,c_,c) are given by
_ I(y+1) sin (—or) sin((y+1)m)
k= = F(y—oH—l)[ tsn(r—at+)m) M sny—at g TMr| 9
X [(y+1) sin (—our) Iy sin((y+1)m) Iy
* T(y—a+1)| sin((y—a+Dn) = sin((y—oa+Dx) |

Note that the last integral in (4.10) could be written in terms of the local time as

/ ’Cl _x|7’*0‘ [k— ]l{a>x} +k+ ]l{a<x}] L?da‘

The main result of Engelbert and Kurenok [EK19] is that this decomposition corresponds to a sub-
martingale, thus providing the Doob-Meyer decomposition for |X; — x|, when X is a symmetric
stable process. However, if asymmetry in the jumps of the stable process is allowed, this decompo-
sition will not be in general a submartingale. By direct inspection, the last term of the decomposition
will correspond to an increasing process if and only if kL > 0.

The constants k+ have been found and used by Fournier [Foul3] by other means and in a differ-
ent context. Fournier proved pathwise uniqueness for SDEs driven by an asymmetric strictly stable
process and, in order to use the Gronwall inequality, he defined a constant 3 (a,c) € (¢ —1,1), where
a=cos(ma) and ¢ = c_/c;, assuming 0 < ¢_ < c4. Then, he proved that ky = 0 for y = B(a,c).

We will prove in Lemma 4.4.1 that, in fact, both k1 are nonnegative for all ¥ > B(a,c) and
otherwise one of them is negative.

Proof. (of Theorem 4.4.1) Recall that from Lemma 4.3.1 we know that for f(y) = |y|?, the infinites-
imal generator associated to f is given by:

u(dy) = (k- |y|" % Nyysoy +hy [y % Moy ) dy.

Taking the Tanaka formula (4.9) at the level a and integrating both sides by p*(da) (the measure
translated by x) we have:

/ZF(Xt—a)“x(da):/O;F(Xo—a)ux(da)+/ZM,“(X),,LX(da)+/°;L?(X)“x(da)'
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Note that the representation of f as a member of the Class ¢ %“~“+ is precisely F x . We will
now use a version of Fubini’s theorem for compensated Poisson random measures and apply it to
the small jumps of M?(X) above. See [MR15, Lemma A.1.2]. We need to verify some integrability
assumptions to apply it, which are (4.11) and (4.12) below. Applying the Fubini theorem, we get

t
1X; — x| = |Xo —xy“r/ / [1X;— —x+h|" — X, —x|"] N(ds,dh)
0 JRy
+ / ‘a _XP/?O{ [k* ]l{a>x} ko ]l{a<x}} L?da'

Using the occupational formula for the local time, the last integral is equivalent to

t
/0 1 =" [k Moy i iy o] ds.

This finishes the proof modulo showing that the first integral is a martingale and the applicability
of Fubini’s theorem. The proof of the martingale character will follow the ideas of [EK19, Section
3]. Incidentally, the same argument will justify the application of Fubini’s theorem above. We can
identify two cases depending on the size of the jump:

t
M/ = // [1Xs— —x+n|"—|X;— —x|"] N(ds,dh)
0 JRy
t
= // [[X;— —x+h|" — X, —x|"| N(ds,dh)
0 ‘I’l‘§|xsf_x|

t
+// (X, —x-+h|" — |X,_ — |7 N(ds, dh).
0 Jp> i~

In order to prove that M'7 is a square integrable martingale, according to Ikeda and Watanabe
([TW89] section 11.3) we need to show that:

t
m}”::EU/ \\X_—x+h|7—|X_—x|V\2v(dh)ds] < oo, (4.11)
0 J|h|<|X;— —x]

Take ¢ = c_ V ¢y, then the intensity measure Vz(dh) = ¢|h|~* dh is greater than the intensity
measure V(dh), corresponding to X;, and if we consider the change of variable & = (X;— — x)u we
have:

[ = _ _ Y _ _ 7?2
. eI Xeo —ar (X —x)ul’ — X —x
m < E // duds
’ 0 JjX—xpul <X —x X — x| *[u] #+1

c

r t
- E // X._ —x|? 1—|—u7/—12 duds]
o S P = (e = 1)

- .
= E / X_—xzy_ads}/ 1+ul—1 2% g
o | ul<1 (=) Juf @41

t
Since —1 < @x —2 <2y—a < «, the integral £ [/ | X5 —x\zyads} is finite for all # > 0. It remains
0

to check that the second integral is finite. Consider the auxiliary function g(u) = |1 + u|”, and note
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that for any u € (—1,1) we have that g(u) = (1 +u)”, which is differentiable. By the mean value
theorem we can choose u, € (—1,0) and u* € (0,1) such that:

(uu —1<u<0,

_)r
f)=10) = flwu O<u<l,

This corresponds to:
gt = {0l 1 <uso,
YA +u)"lu O<u<l.
We get the following bound for any u € (—1,1):
(1 +u)” =1 < yer (¥)lul,

where c1(y) = max((1+u,)""", (14 u*)?~1). Then, we have that

2 Cc _ _
/|u|<1 (|14 ul"—1) |M|T+1d” < }/zc%(}/)/ clu|' " %du

u|<1

2c
< Pei(r)5—
< oo

2—o

So that m,1 7 for any ¢ > 0 and M7 is a square integrable martingale.

Now, to prove that M?*7is a martingale, according to Ikeda and Watanabe ([IW89] section I1.3)
we need to show that:

t
m,”::]E[// ||X_—x+h|7'—|X_—x|7|v(dh)ds}<oo. 4.12)
0 Jn> %, —xf

Similarly, we have:

[ _ _ Y _ |7
2,y ¢ | X5 —x+ (Xs— —x)ul | X — x| ’
m < E / / duds
’ 01X, —0ul> (X, [ Xy — x| *Ju o

- .
= E // Xoo —x"|[1+ul"—1 duds}
Jo |u|>1| o a1+ ’IX——X|°‘|M|“+]

i .
= E / X_—xy_ads}/ l+ul"— 1| ——du
/o | | |u|>1‘| | |\M|°‘“

since Y — o € (—1,0) and this moment of X; is finite for any # > 0, the expectation is finite. To see
the last integral is finite, just note that ||1 + u|” — 1| behaves like |u|? as [u| — c. Then, we have that

mtz’y is finite for any 7 > 0 and we can conclude that M>? is a martingale. This allow us to conclude
that MY = MY + M??7 is a martingale. O

Finally, we state when this power decomposition is a submartingale or just a semimartingale.

Corollary 4.4.1. Let a = cos(net) and ¢ = (c— Ncy)/(c— V c4). Then the power decomposition
in Theorem 4.4.1 for the process |X; —x|" is a submartingale if v € [B(a,c),); whereas, for y €
(o —1,B(a,c)) it is a semimartingale, whose finite variation part is not monotone.
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Proof. From the Lemma 4.4.1 and Theorem 4.4.1 the last integral is a non decreasing process if and
only if y € [B(a,c),a), by Lemma 4.4.1, so that we get a Doob-Meyer decomposition for |X; — x|?.
In the other case, y € (¢ — 1, B(a,c)), this results in a semimartingale instead of a submartingale. [



Chapter 5

SDEs driven by stable processes

The results given for strictly stable processes can be extended to driftless stochastic differential
equations driven by strictly stable processes. This extension is more or less straightforward due to
a beautiful result of Kallenberg in [Kal92], which states conditions in order to identify a stochastic
integral with respect to a stable process as a time-changed stable process. In the case of symmetric
stable processes, this result is due to Rosinski and Woyczynski [RW86].

In this sense, by appropriately changing the time we will be able to prove the analogous results
for driftless SDEs driven by stable processes. In the case where the integrand is non-negative, we
provide a definition of an occupational local time for the corresponding stochastic integral with re-
spect to a stable process; moreover, we provide a proof for the Tanaka, Meyer-It6 and the power
decomposition for these integrals.

Finally, we provide some insights for the case where the integrand can take positive and negative
values; and how it could be helpful to prove pathwise uniqueness of solutions to driftless SDEs
driven by stable process.

5.1 Stochastic integrals with respect to stable processes

As we have pointed out before, the case of Brownian motion is the most studied stable process.
For instance, we have the Dambis-Dubins-Schwarz theorem, which asserts that a continuous lo-
cal martingale M can be written as a Brownian motion in a suitable random time change. In fact,
M = Bo [M] a.s., where [M] is the quadratic variation of M, with My = 0 and B a Brownian motion
possibly defined in some extension of the original probability space.

A similar result is proved in the case of Poisson processes. If {Xt}IZO is a non-homogeneous
Poisson process with parameter A (¢) and intensity function given by A(¢) = [§ A (s)ds. If we consider

the function
A7) = inf{u > O|A(u) =1}.

Then the process {X A71(t)} o is an homogeneous Poisson process with parameter A = 1.
1>

In a more general setting, Papangelou [Pap72] and Meyer [Mey71] proved that any simple and
quasi-left continuous point Process N becomes a Poisson point process after using the compensator

49
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of N as a time change. That is, considering N with compensator N, there exists a Poisson point
process 7 such that N =moN a.s.

Finally, in the case of stable processes, Kallenberg showed in [Kal92] that stochastic integration
followed by a suitable random time change transform the marked point process of jump times and
sizes for the original stable process into a Poisson point process on the new time scale with the same
distribution and concluding that time-changed integral processes are again stable processes.

Through all the following sections we are considering a strictly stable process X ~ Sy (c—,c)

with a € (1,2) and some c_,c4 > 0 not both zero. Moreover, taking a strictly positive bounded
measurable function o, then we can consider the process Z given by:

t
zt:/ 6(Z,_)dX;, 1>0.
0

Given these conditions, following Kallenberg [Kal92] (who works in the more general setting of

predictable integrands), there exists a X’ 2 X such that with the following random change of time

t
A= [ o%@)du
0
provided this integral is meaningful, i.e. o0 Z~ is locally L%-integrable, we have that a.s.
t
/O 0(Zs—)dX;=X,,, t>0. (5.1
This is a remarkable result, since through this random time change we will be able to extend our
principal results from strictly stable processes to stochastic integrals driven by them in a simple way.
Namely, we can state a Tanaka Formula, Occupational Meyer-1td and the power decomposition we
previously proved. Note that the integrability condition will be satisfied trivially if ¢ is bounded.
We can see this as an extension of the self-similarity property, if we consider X ~ Sy (c—,c4)

and ¢ > 0 then cX; 4 X a;.

5.2 Driftless SDEs driven by stable processes

We are going to consider the following SDE:
t
Zi=2+ /O o(Z,)dX,. (52)

A priori, the above equation makes sense whenever 6 o Z~ is locally in L*. However, a negative ¢
will change the signs of the jumps of Z requiring two stable processes in Kallenberg’s time-change
representation of stochastic integrals. It will therefore be more convenient to consider only non-
negative functions o. In the symmetric case, such considerations are unnecessary.

In the case of continuous martingales, i.e. when X is a Brownian motion, the notion of the lo-
cal time of Brownian stochastic integrals is well defined through their quadratic variation d(Z); =
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c? (Zs)ds. Nevertheless, since a stochastic integral with respect to a stable process has zero contin-
uous component, the semimartingale local time is zero. Instead, we will provide an occupational
local time for stochastic integrals of the form:

t
Z =+ /0 HydX,, (5.3)

where H; is a predictable strictly positive process, whose paths lie locally in L% a.s.

Definition 5.2.1. The family of random variables {L}(Z)} for a € R and t > 0 will be called the
occupational local time of (5.3) if for any bounded Borel measurable function f : R — [0,00) and
t > 0and zg € R, the following occupation formula is satisfied:

[/ szamsas= [ stars @i

As a matter of fact, due to Kallenberg’s identification of stochastic integrals driven by stable
processes as a time-changed stable process, we can prove this occupational local time for Z is well
defined and satisfies all the nice properties of the local time for X.

Proposition 5.2.1. Consider the process Z as in equation (5.3), where H is predictable, strictly
positive and with paths locally in L*. Then, Z admits a jointly continuous occupational local time.

Proof. First, let us consider the case zg = 0 and recall Kallenberg’s random time change is given by

A= fé H&ds, which gives us Z = X "o A, where X’ 4 X. We can consider the (right-continuous)
inverse (7)s>0 of A. Since H(u) > 0, then A7, = s and Ty, = t; moreover, we have dA, = H*dr.

Using the random time change equivalence between Z and X, and the occupational formula for
the local time of X’ we have:

[ rzmzas = [ roxijan,
= " roan
= | _f@t5,(x')da

—00

This means that L4 (X') satisfies the occupational formula for Z, so that defining L{'(Z) by means of
L}(Z)=L3 (X"), as.,

we obtain a jointly continuous version of the occupational local time of Z, since L¢(X) is jointly
continuous (cf. Boylan [Boy64] and Barlow [Bar88]). Moreover, its straightforward to check that
when zg # 0 we have that L% (Z) = Lg (X). O

Note that when o — 2, the definition of the local time L(Z) is consistent with the local time of a
stochastic integral with respect to a Brownian motion. Also, if we take H = o, a constant function,
we recover the definition of the local time of a stable process times this constant.
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5.3 Tanaka formula, power decomposition and Meyer-Ito for-
mula

In this section we will generalize Tanaka formula, the power decomposition and the Meyer-1to for-
mula from the stable case to the SDE driven by a stable process given by (5.2). We leave the precise
description of the local martingale component in such formulae to future work. The description we
are looking for would generalize that obtained for the stable process.

Theorem 5.3.1. Let o € (1,2), c_,c+ > 0, not both zero, consider X ~ Sq (c—,c+) and let F(x)
as in equation (4.3). Consider the process Z as equation (5.2) with o a strictly positive bounded
measurable function. Then

F(Z—a)=F(z0—a)+ M +LY(Z), (5.4)
where MF is a martingale and L% (Z) is the local time of Z at level a up to time t.

Proof. Consider X’ < x given in the stochastic integral representation of Z as in equation (5.1).
The proof relies on the Tanaka formula for X’ at level x = a — zq after an evaluation at time A; =
5 6%(Z,-)ds. First, by the Tanaka formula, we have:

F(X —(a—z)) = F(X)—(a—z0))
] TP~ @ 20) ) = PO = (0= 20))] W (dusw)
LX),

where N'(du,dw) = N'(du,dw) — v(dw)du is the compensated Poisson random measure associated
to X'.

Now, by evaluating at time A;:
F(Xy, —(a—2)) = F(X3,—(a—2))
+/A, /RO (a—z0)+w)—F(X,_— (a—z20))| N'(du,dw)
—i—L“ “xh.
Finally, using the equivalence between X’ and Z after the change of time we have:
F(Z—a)=F(zo—a)+ M +LY(Z),

where .
- /0 /RO [F(X;— — (a—2z0) +w) = F(X;_ — (a—20))| N'(du,dw)

In order to proof that M is a martingale, note that it is an integral with respect to a Poisson random
measure and by Ikeda and Watanabe [IW89] we just need to show that:

Ay
IE[/ /|| ‘F(X;+Zo—a+w)—F(X,;+Zo_a)|v(dw)du]<oo7 and
w|>1

Ay
E{/O /|| I‘F(X,i+zo—a+w)—F(X,:+zo—a)|2v(dw)du] < oo,
w|<
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Since o is bounded, we have that A, < ||o||.. 7 and from the bounds in Lemma 4.3.3 we get the result.
[

Following the same ideas we are going to state a power decomposition for the process Z given
by equation (5.2).

Theorem 5.3.2. Let o € (1,2), c—,c4 > 0, not both zero, consider X ~ Sq (c—,c4). Let the process Z
as equation (5.2) with ¢ a strictly positive bounded measurable function. Then forall y € (o — 1, )
and x € R we have the decomposition:

Z —x|" = |zo—x|"+M (5.5)

1
+ /0 |Zy — x| [k 7>y ko H{Zs<x}} 0%(Z;-)ds, (5.6)

where ky :=ky (&, Y,c_,cy) are given in Theorem 4.4.1. Note that the last integral can be expressed
in terms of the local time of Z as:

[ a2l e Mg s Ng] L (2)da

Proof. Consider X’ = X given in the stochastic integral representation of Z as in equation (5.1).
The proof uses the power decomposition of |X — (x —z9)|" at level x — zg after an evaluation at time
A; = [§ 6%(Z,_)ds. Then, by the power decomposition, we have:

X/ — (x=z20)" = |z0—xf

t

+/ / [‘X;‘_ —(x—z0) +w| — |X;_ ~ (X_ZO)V] N'(du,dw)
t g

+/(\) }XI,: - (-x— ZO)"Y o |:k— H{X;+ZO>X} +k+ H{X12+ZO<X}j| du,

where N'(du,dw) = N'(du,dw) — v(dw)du is the compensated Poisson random measure associated
to X'.

Now, by evaluating at time A;:
X4, +20—x" = [X} +20—x"

A[ -

+/0 /R [1X,_ 420 —x+w|"— |X,_ +z0—x|"] N'(du,dw)

0

A[ / y_a

[ 20— e By e Doz s

Using the equivalence between X’ and Z after the change of time we have:
Z—x|" = lzo—x|"

Ay ~
+/0 /R [1X)_ +2z0 —x+w|"— X, _ +z0 —x|"] N'(du,dw)
0

Ay -
+ /O 1%+ 20 = x| " [k gy gy ke iy gy ] ds.
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To get the same representation as in equation (5.6) in the theorem, let us consider the following
calculations. Let us define the double integral as

A[ -
M = /0 /R [1X,_ +20 —x+w|" = |X;_ + 20— x|"] N (du,dw).
0
As in Tanaka formula, to prove that M/ is a martingale, we just need to show that:
A
E [/ / |1X;, 420 —x+w|" — [X;_ +20 —x"] v(dw)du} < oo, and
0 Jiw|>1
Ar / / 2
E / / |1X,,_ 420 —x+w|" — [X)_ 420 —x|"|" v(dw)du| < es.
0 Jwl<l
Since o is bounded, we have that A, < ||c||.. ¢ and the result follows from the proof of Theorem 4.4.1.

For the last term, using the change of variable u = A and changing X, + zo by Z, we have:

At -
/0 [+ 20 =2 ke Doy ki D] du

t
= /0 |Zs — x| [k Wz oy +ky Uiz oy 0%(Z)ds

As it was noted at the end of the theorem, we can use the occupational formula for Z from Definition
5.2.1 to write this last integral as:

oo

[ Ja= sl e Mg e W] L (Z)

Finishing the proof. [

Given the proof techniques for the Tanaka and Power decomposition for the solutions of the SDE
(5.2) we can also provide a generalization of the Meyer-Itd formula in this context.

Theorem 5.3.3 (Occupational Meyer-1t6 formula). Let o € (1,2), c—,c4 > 0, not both zero, and
consider a strictly stable process X ~ Sq (c—,c4). Let the process Z as equation (5.2) with ¢ a
strictly positive bounded measurable function. Let f = F x U € €%+ and furthermore assume
that W is finite and compactly supported. Then,

1@) =2+l + [ L@ue, )

where M,f is a martingale and L} (Z) is the occupational local time at a up to time t of Z.

Proof. Consider X’ 4x given in the stochastic integral representation of Z as in equation (5.1). The
proof is an application of the Occupational Meyer-It6 theorem for X’ after an evaluation at time
A; = [§ 6%(Z,_)ds. By the Occupational Meyer-It6 theorem, we have:

fX+20) = f(Xo+)

+/0’ /RO [f(Xa—+z0+w) = f(Xi_ +20)] N'(du, dw)

+/°;L§' (X') u(da).
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Now, by evaluating at time A;:
f(Xa, +20) = f(X3,+20)

A, i
+/0 /]R [f(X,_ +z0+w)— F(X;_ +20)| N'(du,dw)
[T () da),

where N'(du,dw) = N'(du,dw) — v(dw)du is the compensated Poisson random measure associated
to X'.

Using the equivalence between X’ and Z after the change of time we have:
f(2) = f(z0) +M] + L (2),

where 3
Mtf::/0 /Ro [f(X,_ +z0+w)— f(X;_ +20)] N'(du,dw).

In order to proof that Mtf is a martingale, note that it is an integral with respect to a Poisson
random measure and by Ikeda and Watanabe [[W89] we just need to show that:

E {/At/ ‘f(X,if—i—Zo—a—i—w) —f(X,:+Zo—a)|v(dw)du} < oo, and
0 Jiw|>1
Ay

g {/0 /|w|§1 ‘f(X'if +z0—a+w)— f(X_ +Zo—a)|2v(dw)du} < oo,

Since o is bounded, we have that A; < ||o||..¢ and from the bounds in Lemma 4.3.3 together with
the proof of Theorem 4.3.1 we get the result.

[
5.4 Stochastic integral with changing signs integrand

The objective of this last section is to provide some ideas toward the definition of an occupational
local time when the integrand can change signs.

Consider a predictable process H with path locally in L% and X an «-stable process, then:
! !/ "
| Hax=x), -x;.
where X' £ x” £ X and t .
Al = / HfdX;, A = / H; dX;.
0 0

As Kallenberg noted in [Kal92], since the positive a negative part of H have disjoint supports,
we can consider X’ and X" to be independent.
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In-between sign changes of H, we can study the stochastic integral as in the previous sections.
However, these sort of excursions of H between sign changes seem somewhat difficult to tackle di-
rectly, and a definition of an occupational local time for this process appears to be complicated.

Given the appropriate way to deal with the sign changes and the local time, it should be easy
to extend the previous results in a similar fashion. Furthermore, this could be useful to emulate
the proof of pathwise uniqueness from Le Gall [LG83]: first by proving a Tanaka formula for the
solution of this general SDE, state conditions in order to have a zero local time for these stochastic
integrals and finally combining both of them.



Appendix A

Trigonometric results

The following trigonometric result is used in the proof of the composition of crossed fractional
operators.

Lemma A.0.1. Let A, u € R, then the following identity holds

cos ((l —u) g) sin <(/l +u) g) = sin (,u;) cos <ug> + sin <lg> cos <7Lg> :

Proof. Using the trigonometric identities for the sum of angles we start from the LHS:

s () s () (15 (42 o (5o (4) 05 (120 ()]

=cos (lg) sin (l cos? (Hg) +cos <“g> sin (Ng) cos’” <Ag>

sin’ (lg) + sin (Ag) cos (lg) sin’ (ug)

)
)
) o (33) #sin® (23]
)

The following lemma is used to analyze the constant (a,c) in Theorem 4.4.1.
Lemma A.0.2. The functions h. of Lemma 4.4.1 have minimum period 2.

Proof. Let f1(x) = hy(x/2m), so that we now wish to prove that the minimum period of fy is 27.
First, note that f is a solution to f” + f = 0. Second, all solutions to the above ODE are given by
acos—+bsin. Finally, we assert that the minimum period of the above linear combination is 27 as
long as a and b are not both zero. Let us assume that a # 0. If fi(x) = fi(x + p) for some p, by
equating initial conditions at zero, we obtain

a=acosp+bsinp and b= —asinp+bcosp.

By substituting the value for b obtained in the second equation in the first and cancelling a, since it
is non-zero, we get
1 —cos? p = sin?(p) = (1 —cos p)°.
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Expanding the square, we get
cos p = cos’ p

from which p = 2kzx. The case when b # 0 is handled similarly.
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Appendix B

Distribution theory

In this chapter we are going to give the relevant definitions which serve as preliminaries needed for
Lizorkin space, following [Rub96].

B.1 Distributions

Since most of this work relies on distribution theory and in particular with the Lizorkin space of test
functions, we are going to state the results which serve our purpose.

B.1.1 Schwartz space

We begin by considering the Schwartz space of test functions, . := .#(R), which consists of in-
finitely differentiable real valued functions ¢(x) such that the norms

[l = max (1 +[x])" Y- [0V (x)| (B.1)
J=0

are finite for all m € Ny. The space .7 is a locally convex topological vector space that is metrizable
and complete, equipped with its natural topology generated by the sequence of norms in (B.1).

This space has several properties which are important, for instance:

* For any j € N the map ¢ — (p(j) is continuous in the topology of ..

If a(x) € C* increases at infinity with all derivatives no faster than a polynomial,
0| < (1+l)™ Ve,

then a(x) is a multiplier in .#, i.e. that the mapping ¢(x) — @(x)a(x) is continuous in the
topology of . and such that @(x)a(x) € .7.

The following inclusions have a dense image: C C ., . C LP for 1 < p < e and . C (.

The Fourier transform .# is a topological isomorphism of .# onto itself.

If ¢,y € .7 then the convolution @ x y € .. Moreover, .7 [@ * y|(u) = Z[0](u).Z [y](u).
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B.1.2 Tempered distributions

Working with special spaces of test functions leads us inevitably to consider distributions, which are
continuous linear functionals on these spaces.

For now, let us stick with the Schwartz space of test functions .. Consider a functional f on .7,
we will write (f, @) for the value of f at a test function ¢ € .. We will say that f is a distribution
if it 1s:

* Linear: if for any @1, ¢, € . and a1, 0 € R,

(fso101+ @) =01 (f, 1)+ (f,¢).

* Continuous: if for any convergent sequence @,(x) — ¢@(x) in ., we have that (f, ¢,) — (f, @)
as n — oo,

The space of all distributions will be denoted by .7/ (R) := .. We say that a sequence f, € ./
is convergent to f € . if (f,, @) — (f, @) Vo € .7, and the space .’ is complete under such con-
vergence.

Let Q C R be an open domain and f € .#’. The distribution f is equal to zero, f = 0, in Q if
(f,9) =0 for any ¢ € C°(Q). The largest open set ,,,, on which f = 0 is said to be a zero set for
f, and is complement ¢, is called the support of f, denoted by supp f.

Let f(x) be a locally integrable function, which also satisfies

£
<=

for some m > 0, so that f(x) is a slowly increasing function. Then, a distribution f € .’ can be
identified with f(x) by the formula

(f.9) = /R Fx)o(x)dx.

Distributions that can be identified with locally integrable functions are called regular distributions.
In fact, there is a one to one correspondence between regular distributions and locally integrable
slowly increasing functions. For instance, we have that LP C ./ for 1 < p < oo,

Another class of distributions, that will be very useful in this work, which contains the regular
distributions is generated by Radon measures. We consider measures defined in Z(R) such that
1 (K) is finite for every compact set K. If the measure satisfies

for some m > 0, we say it is a tempered measure and we can consider a distribution in .’ defined
by

(1.9):= [ pWu@r), pe.
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The simplest example of a distribution defined by a tempered measure is the Dirac delta distribution.
As a measure is defined by 0 (E) = 1 if 0 € E and zero otherwise, and as a distribution, this leads to
(0,¢9) = ¢(0). This is also an example of a distribution that is not regular, in such case, we will say
they are singular distributions.

Derivatives of distributions are defined through the space of test functions. The derivative D/F,
J €N, of the distribution f € .#” is defined by the relation

(D'f,0) = (=1) (f,D9), ¢e.7.
In this sense, distributions have derivatives of all orders and the mapping f — D/F is continuous in
', with supp D’/ C supp f.

If f €. and a(x) is an infinitely differentiable slowly increasing function, then the product
a(x)f is a distribution defined by the relation (af, @) = (f,a@) V¢ € ., and the mapping f — af
is continuous in .’ A function a(x) as above, is called a multiplier in .”/. Moreover, translations
and scaling of distributions are defined by:

o If f €.9" and xg € R, then f(x —xo) is defined by

(f(x—x0),9(x)) = (f(x),a@(x+x0)) Vo€
e If f €. and A %0, then f(Ax) is defined by

(f(Ax), (x)) = [A|"(f(x), @(x/A)) VoeE.7.

Another useful definitions regards the convolution of a distribution f € ./ with a test function
¢ € ., which is defined by

(f*0)(x) = (f(v), p(x—y)),

where @(x —y) is a function of y, with x fixed. In this case, the function (f * @)(x) is infinitely
differentiable and slowly increasing with all its derivatives. Moreover, if f has compact support then
f*x@ e . and ¢ — fx @ is continuous in .77.

The convolution of two distributions is defined as follows. For any f € ./ and any compactly
supported distribution g € ./, the convolution g * f is defined by

(gxf.0)=(f.g1%0), ¢ec.7,

where g is a distribution such that (g;,¢) = (g, @(—x)) for every ¢ € .. For such f and g, the
Fourier transform of the convolution satisfies .7 g * f] = .7 [¢].Z [ f].

In fact, the definition of convolution can be extended to more general classes of functions. Let
@ := ®(R) be a closed linear subspace of .. The space ® can be regarded as a linear topological
space with the topology induced by that of .. If we consider its Fourier image ¥ = .7 [®], since
Z is a topological isomorphism of the space .7, the space ¥ is a linear topological space which
is isomorphic to @ under the action of .%. Denoting by @ and W’ the spaces of linear continuous
functionals on @ and W respectively, then .7/ C @ and .’ C ¥'.

In this context, we can consider ® and ¥ as test function spaces and @' and ¥’ as their corre-
sponding spaces of distributions. As before, if some operation is admissible and continuous in the
spaces @ and W, then a dual operation can be defined for their corresponding distributions as well.



Appendix C

Poisson random measures

Poisson random measures are an essential part of stable processes as its Levy-It6 decomposition
showed. In this chapter we are going to give the relevant definitions on this topic, following [Kyp14]
and [Kin93].

Definition C.0.1 (Poisson random measure). Let U be a G-finite measure on (S,.7) and (Q,.7 ,P)
a probability space. Let N : Q x S — NU{0,e} such that the family {N(-,A),A € ./} are random
variables defined on (Q, % ,P), and for convenience the dependence on ® is usually omitted. Then
N is called a Poisson random measure on S with intensity measure U if it satisfies that:

1. IfAy,..., A, € B(R) are mutually disjoint, the random variables N(A1),...,N(A,) are inde-
pendent.

2. ForeachA € (R), N(A) ~ Poi(u(A)).

3. N(-) is a measure P-a.s.

Note that when pt(A) = 0, then P[N(A) = 0] = 1 and when U (A) = oo, then P[N(A) = o] = 1.

We will be interested in integral with respect to Poisson random measures, as the Lévy-Ito de-
composition of stable processes makes clear. If we consider a Poisson random measure N(-) defined

on measure space (S,.7, L), since it is a measure P-a.s., by classical measure theory we can consider
the following kind of integrals

[ Fen @),

as a well-defined random variable, for any measurable function f, such that the integral with respect
to N of either f* or f~ is finite.

The main properties of this kind of random variable consist of integrability and moments. The
following theorem and its proof can be consulted in [Kyp14] Theorem 2.7.

Theorem C.0.1. Let N(-) be a Poisson random measure defined on measure space (S,.7, 1) and
f:S — R a measurable function. Then

X = /S F)N(dx),
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is a.s. absolutely convergent if and only if

LA ) <o

And regarding its first two moments, we have:

E(X) = [ fu@), i [If(lu(d) <=
and

0) = [ Peoutan + ([ romtan))

/sz(x),u(dx)<oo and /S|f(x)|;,t(dx)<oo.

In the context of this thesis, we will be interested in the case where the Poisson random measure
N is defined on ([0,00) x R, 2[0,00) x Z(R),dt x v(dh)), where Vv is the measure concentrated in
Ry associated to a stable process, that is

dh
v(dh) = (C— Nyp 01+ ]l{h>0}) WTH?

for some non negative constants ¢c_ and ¢, not both zero. So, in this case, we are interested in
stochastic processes with the following integral form:

t
X, = / / hN(ds, dh),
0 JB

with B € Z(R).

When 0 < v(B) < « we can identify X, with a compound Poisson process as the following
proposition states (cf. [Kyp14] Lemma 2.8).

Proposition C.0.1. Let N a Poisson random measure on ([0,00) x R, 2[0,00) x Z(R),dt x v(dh)),
and B € Z(R) such that 0 < v(B) < oo. Then

t
X,:/ /hN(ds,dh), t>0,
0 JB

is a compound Poisson process with arrival rate v(B) and jump distribution v(B)~! v(dh)|.

Moreover, if we consider {.7;},- the natural filtration associated with the process {X; },-,, we
have the following result (cf. [Kyp14] Lemma 2.9).

Proposition C.0.2. Let N as in the previous proposition and consider B € B(R) such that / |h|v(dh) <
B
oo, Then,

1
Mt:://hN(ds,dh)—t/hv(dh), 1> 0,
0 JB B

is a F-martingale. And, if we have / hzv(dh) < oo, then it is a square integrable martingale.
B
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The last propositions assume that / |h|v(dh) < eo; however, for our measure V this is not always
B
the case. For example, if we take the set B = (—¢,0) U (0,¢€), then /~|h|v(dh) = oo for any € >
B

0; nevertheless, we have that /~ hzv(a’h) < oo, Thus, we need to understand what happens to the
B

martingale in the last proposition, with B = (—1,—€) U (g, 1), in the limit as € | 0. The following
result can be consulted in [Kyp14] Theorem 2.10.

Theorem C.0.2. Let N as in the previous proposition and note that hzv(dh) < oo, For each
Be
€ € (0,1) define the following martingale

t
ME = / WN(ds,dh)—1 [ hv(dh), ¢>0.
0 JBg B¢

Then there exists a F-martingale M = {M; },~ such that:

1. For each T > 0, there exists a non random sequence (SnT )n ey With gl | 0 and such that

. el 2
lim sup (Ms” —Ms> =0 a.s.
nfee 0<s<T

2. itis cadlag a.s.
3. it has, at most a countable number of discontinuities on [0,T] a.s.
4. it has stationary and independent increments.

In other words, for any fixed T > 0, the sequence of martingales (MF) converges uniformly on [0,T|
with probability one along a subsequence in € which may depend on T.
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