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Introduction

0.1 Introduction

Leonhard Euler (1707-1783) was a Swiss mathematician who made numerous contribu-

tions to mathematics, physics, and engineering. He is considered one of the greatest

mathematicians of all time, and his work has had a profound impact on many areas of

science and technology.

Throughout his life, Euler made important contributions to many areas of mathematics,

including calculus, geometry, number theory, and mechanics. In the field of fluid dynam-

ics, he is best known for his work on the Euler equations, which he derived as a set of

differential equations that govern the motion of an inviscid fluid. The equations are based

on the principles of mass conservation, momentum conservation, and energy conservation

and describe the motion of a fluid in terms of its velocity, pressure, and density.

The Euler equations consist of a fundamental set of equations in fluid dynamics that

describe their motion. Despite the fact that the Euler equations describe the motion of

an inviscid fluid, they have important applications in many areas of physics, including

aerodynamics, hydrodynamics, and astrophysics. Because of their complexity, the Euler

equations are notoriously difficult to solve analytically and many numerical methods have

been developed to approximate their solutions.

Over the centuries, the Euler equations have been the subject of extensive research, and

many researchers have made important contributions to the field of fluid dynamics by

working on the equations. Today, the Euler equations remain an active area of study
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Introduction 2

in modern mathematics and physics, and they continue to play a central role in our

understanding of fluid dynamics.

One of the most common applications of the Euler’s equations is the calculation of the

velocity and pressure of a flow at different points along a duct. The Euler’s equations

allow us to describe how the pressure and velocity of this change as air moves through the

duct. This is especially important in situations where it is necessary to control the speed

and pressure of the flow, such as in heating, ventilation, and air conditioning systems.

Another important aspect of using the Euler’s equations of motion for describe the gas and

air flows through ducts is the ability to predict the occurrence of turbulence. Turbulence

can cause a decrease in flow velocity and pressure loss, which can negatively impact

system performance. With the Euler’s equations, it is possible to calculate the probability

of turbulence occurring in different parts of the duct and take measures to minimize its

impact. It is also possible to use the Euler’s equations of motion to model the behavior

of gas and air flow in extreme situations, such as in ventilation systems in fire conditions.

In these cases, it is important to understand how the airflow affects the spread of fire and

how ducts can be used to minimize its impact.

The use of numerical methods for solving the Euler equations has had a profound impact

on the field of fluid dynamics. Numerical simulations have enabled researchers to study

fluid flow problems that were previously intractable, such as the formation of shock waves

and turbulent flow. They have also been used to design and optimize engineering systems

such as aircraft and automobiles. The earliest numerical methods for solving differential

equations were finite difference methods, which involved discretizing the equations on a

grid and approximating the derivatives using finite differences. In the 1960s, finite element

methods were developed, which allowed for more flexible discretization of the equations.

In the 1970s, spectral methods were developed, which used a basis of orthogonal functions

to approximate the solution. Some of the most important numerical methods used for

approximating solutions to the Euler equations also include finite volume, spectral, and

discontinuous Galerkin methods. These methods have been used in a wide range of

applications, from simulating the flow of blood in arteries to predicting the behavior of

atmospheric winds.
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Despite the tremendous advances in numerical methods for solving the Euler equations,

challenges still remain. The complexity and computational cost of these methods can

be high, and researchers continue to develop new techniques to improve their accuracy

and efficiency. Nevertheless, the development of numerical methods for solving the Euler

equations has revolutionized the study of fluid dynamics and has led to many important

discoveries and technological advancements.

The present work is focused in develop a model for Gas-liquid flow in pipes, starting from

Euler equations and making a generalization for the pipe; usually for this kind of models

it is usually assumed that the pipe is completely horizontal with a circular cross section,

for simplicity. In contrasts with that, here we are going to work with a non-circular pipe

with some α(s) inclination, giving us a more realistic model but certain more complicated,

mathematically speaking.

The model that was derived in this thesis falls within the category of hyperbolic balance

laws. Such class has been studied extensively over the last few decades. See for instance

[1–4] and references therein. The theory behind hyperbolic balance laws has grown a lot

recently. We know for instance that the information travels through characteristic curves

at finite speed. Shockwaves can arise in finite time, even if the initial conditions are

smooth. This has important implications as discontinuities require the development of a

theory for weak solutions. From the numerical point of view, special care must be taken

in the presence of jump discontinuities. Otherwise, strong spurious oscillations can arise

near shockwaves. This is because monotone numerical methods are at most first order

accurate. See theorem 15.6 in [3]. A standard technique is the construction of numerical

schemes that are high order accurate in smooth regions, while reducing to a first order

accuracy near jump discontinuities. This is done in practice with the use of flux or slope

limiters. Such constructions are known as high resolution numerical schemes. In this

thesis, we do not focus on the details of hyperbolic conservation laws in general. Instead,

the reader is directed to the aforementioned references. We focus on the derivation of the

model for the gas-liquid flow in pipes, and use a central-upwind numerical scheme that

is known to be robust for this type of PDEs. Although we explain the central-upwind

scheme in Section 3.4, more details can be found in [5].
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In the Chapter 1, we describe all the pipe’s geometry, the operators and coordinates to

use and the develop of the model starting off the Euler equations and using cylindrical

coordinates. In Chapter 2 we obtain the quasi lineal form of the model with the hyper-

bolic properties. Finally in Chapter 3 we present a central-upwind numerical scheme to

approximate the solutions, showing the discretization of the domain and corresponding

approximations, and analyze a variety of numerical examples to exhibit the merits of the

model and numerical scheme.



Chapter 1

The Model

We start this chapter by proving details of the model for the two-layer fluid, consisting

of liquid in the bottom layer and gas in the top part of the pipe. The derivation of the

model is based on the work [6], extending it to general cross sections. That is, the pipe can

have any shape, not just circular (axi-symmetric) or having constant width (rectangular).

Furthermore, we also assume the pipe be tilted, having gravity playing an important role.

1.1 Parametrization of the pipe’s geometry

Our goal in this thesis is to model the fluid’s evolution within a pipe, where a liquid

phase is transported below gas. Two-layer or multi-layer shallow water systems have

been extensively analyzed. See for instance [7] and references therein. However, such

flows involve liquid phases with distinct densities only, having heavier fluid sitting at the

bottom. Here, our goal is to assume that the top layer’s phase is gas. As a result, one

can assume ideal gas laws on the top layer, and a hydrostatic pressure assumption at

the bottom one. Furthermore, the two-layer fluid is transported in a closed pipe which a

general geometry (arbitrary cross section). This way, the top layer can be expanded or

compressed according to such laws, exchanging momentum with the bottom liquid phase.

See Figure 1.1 for an schematic.

5
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Figure 1.1: Pipe’s geometry. The axial position is denoted by s. The angle formed
with the horizontal axis is denoted by α(s).

The fluid’s domain consists of a pipe that extends along a curve in the x− z plane. That

is, a curve passes through the center of the pipe and determines the pipe’s axial direction.

We assume that such curve is known, and can be parametrized by arclength, given by

r(s) = (xo(s), y = 0, zo(s)),

with s being the arclength position. That means that the parametrization satisfies

∥ d

ds
r(s)∥= ∥ d

ds
(x0(s), 0, z0(s)) ∥=

√
x′
0(s)

2 + z′0(s)
2 = 1.

Let α = α(s) be the angle between the pipe’s center and the horizontal axis. Therefore:

(x′
0(s), z

′
0(s)) = (cos (α(s)) , sin (α(s))) .

On the other hand, let us denote by Cs the cross section, which passes through the center

(x0(s), 0, z0(s)) and is perpendicular to the tangential direction (cos (α(s)) , sin (α(s))).

Let also (x, y, z) be any point in the cross section Cs.
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We would like to derive a parametrization of the cross section in polar-like coordinates.

We denote by θ the angle between the displacement (x, y, z) − (xo(s), 0, zo(s)) and the

reference vector (− sin(α(s), 0, cos(α(s)), which is perpendicular to the axial direction.

Since the displacement (x, y, z)− (xo(s), 0, zo(s)) is perpendicular to the axial direction,

it satisfies:

(x− x0, y, z − z0) = (−Z sin(α(s)), Y, Z cos(α(s))) .

for some scalars Y and Z. Let us denote by r the radius (displacement’s norm). The

vector (Y, Z) can be obtained by rotating the vertical position by θ degree:

r

0

1

 7 −→ r

cos(θ) − sin(θ)

sin(θ) cos(θ)

0

1

 =

− sin(θ)r

cos(θ)r

 =

Y

Z

 .

Substituting the above relations, one obtains the cylindrical coordinates in terms of

(r, θ; s):

x = x(r, θ; s) = −r sin(α(s)) cos(θ) + x0(s),

y = y(r, θ; s) = −r sin(θ), (1.1)

z = z(r, θ; s) = r cos(α(s)) cos(θ) + z0(s),

with 0 ≤ θ ≤ 2π and 0 < r ≤ R(θ; s), where r = R(θ; s) describes the pipe’s wall.
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The Jacobian of this transformation must have no null determinant. For that, we need

|J | =

∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂r

∂x

∂θ

∂x

∂s
∂y

∂r

∂y

∂θ

∂y

∂s
∂z

∂r

∂z

∂θ

∂z

∂s

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

− sin(α) cos θ r sinα sin θ −r cos(α)α′(s) cos θ + x′
0

− sin θ −r cos θ 0

cosα cos θ −r cosα sin θ −r sin(α)α′(s) cos θ + z′0

∣∣∣∣∣∣∣∣∣∣∣
= − sinα cos θ(−r cos θ) (−r sin(α)α′(s) cos θ + z′0(s))

+r sin(α) sin(θ) sin(θ) (−r sin(α)α′ cos(θ) + z′0(s))

+ (−r cos(α)α′(s) cos θ + x′
0(s))

(
r cos(α) sin2 θ + r cos(α)cos2(θ)

)
= r sin (α) [−r sin(α)α′ cos(θ) + z′0(s)] + r cos(α) [−r cos(α)α′ cos(θ)x′

0(s)]

= r − r2α′(s) cos(θ) = r (1− rα′(s) cos θ) ̸= 0.

That is, for the parametrization be 1−1 we need that 1−rα′(s)cos(θ) be strictly positive,

which is satisfied if:

1−R|α′(s)|> 0 ⇔ R(θ; s) <
1

|α′(s)|
= R(s)

where R(s) is the radius of curvature of the pipe’s axis.

Let us now define the vector rp(r, θ; s) that parameterized our pipe’s cross sections (for a

fixed arclength position s):

rp(r, θ; s) = (−r sinα cos θ + x0(s),−r sin θ, r cosα cos θ + z0(s)) .

One could compute normal vectors, which it will be relevant later on when we derive our

reduced model. For that end, it is easy see that:

∂rrp = (− sinα cos θ,− sin θ, cosα cos θ) ,

∂θrp = (r sinα sin θ,−r cos θ,−r cosα sin θ) , (1.2)
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with cross product given by

∂rrp × ∂θrp =


i j k

− sinα cos θ − sin θ cosα cos θ

r sinα sin θ −r cos θ −r cosα sin θ

 ,

= i
(
r cosα sin2 θ + r cosα cos2 θ

)
−j (r sinα cosα cos θ sin θ − r sinα cosα cos θ sin θ)

+k
(
r sinα cos2 θ + r sinα sin2 θ

)
,

= (r cosα, 0, r sinα) .

We can conclude that:

∴ ||∂rrp × ∂θrp||= r. (1.3)

This results will be relevant for “The Reynold’s transport theorem”, which will seen on

the next section.

1.2 The Reynold’s transport theorem

Theorem 1.1. The Reynold’s transport theorem (named after Osborne Reynolds) is a

three-dimensional generalization of the Leibniz integral rule for time and space; it estip-

ulates that:

∂t

(∫
Ωk

f dA

)
=

∫
Ωk

∂tf dA+

∫
∂Ωk

(
f |r=RI

∂trp|r=RI

)
· nk dl,

(1.4)

∂s

(∫
Ωk

f dA

)
=

∫
Ωk

∂sf dA+

∫
∂Ωk

(
f |r=RI

∂srp|r=RI

)
· nk dl,
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Furthermore, for both time and space and taking k = 1, 2 for liquid and gas on Ωk, the

last term can be written as follows:

∫
∂Ωk

(
f |r=RI

∂trp|r=RI

)
· nk dl =

∫ π

−π

f |r=RI
RI∂tRI dθ

(1.5)∫
∂Ωk

(
f |r=RI

∂srp|r=RI

)
· nk dl =

∫ π

−π

f |r=RI
RI∂sRI dθ

Proof. First, we recall that a generalization of the fundamental theorem of calculus says

that

d

dx

(∫ b(x)

a(x)

f(x, y) dy

)
=

∫ b(x)

a(x)

∂f(x, y)

∂x
dy + f |y=b(x)

db

dx
− f |y=a(x)

da

dx
,

(1.6)

d

dt

(∫ b(t)

a(t)

f(t, y) dy

)
=

∫ b(t)

a(t)

∂f(t, y)

∂t
dy + f |y=b(t)

db

dt
− f |y=a(t)

da

dt
,

and we define the radius for the gas phase (k = 2):

RI =


R(θ; s), if − θI ≤ θ ≤ θI

ηI − x0(s) sinα(s) + z0(s) cosα(s)

cos θ
, if |θ|> θI

and for the liquid phase (k = 1):

RI =


ηI − x0(s) sinα(s) + z0(s) cosα(s)

cos θ
, if − θI ≤ θ ≤ θI ,

R(θ; s)− ηI − x0(s) sinα(s) + z0(s) cosα(s)

cos θ
, if |θ|> θI .
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Without loss of generality, we take ∂t

(∫
Ωk

f dA
)
and using (1.6) and (1.3) with polar

coordinates, we get:

∂t

(∫
Ωk

f dA

)
= ∂t

(∫ π

−π

∫ RI(θ,t;s)

0

f r dr dθ

)
,

=

∫ π

−π

∂t

(∫ RI(θ,t;s)

0

f r dr

)
dθ,

=

∫ π

−π

∫ RI(θ,t;s)

0

∂tf r drdθ +

∫ π

−π

[
(f r)|r=RI

∂tRI − f r|r=0 ∂t0
]
dθ,

=

∫
Ωk

∂tf dA+

∫ π

−π

f |r=RI
RI∂tRI dθ.

On the other hand, we are now going to compute the normal vector nk. For that end, we

need to find a vector Γ perpendicular to the pipe’s axis and to ∂t rp|r=RI ,s=s,θ=θ. Taking

the parametrization over the boundary as

rp|r=RI ,s=s,θ=θ = (−RI sinα cos θ + x0(s),−RI sin θ, RI cosα cos θ + z0(s)) ,

(1.7)

=⇒ ∂θ rp|r=RI ,s=s,θ=θ = (− sinα∂θ (RI cos θ) , ∂θ (−RI sin θ) , cosα∂θ (RI cos θ + z0(s))) .

(1.8)

Assuming that Γ = (a, b, c), it must be satisfied that

Γ · (cosα(s), 0, sinα(s)) = 0, =⇒ a = −β sinα(s), c = β cosα(s), with β ∈ R.

For the sake of simplicity, we take β = 1. Now we just need to obtain an expression for

b. So, notice that

Γ · ∂θ rp|r=RI ,s=s,θ=θ = 0,

⇐⇒ sin2 α(s)∂θ (RI cos θ) + b∂θ (−RI sin θ) + cos2 α(s)∂θ (RI cos θ) = 0,

⇐⇒ b =
∂θ (RI cos θ)

∂θ (RI sin θ)
.
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Finally, we can write Γ as:

Γ =

(
− sinα(s),

∂θ (RI cos θ)

∂θ (RI sin θ)
, cosα(s)

)
,

or:

Γ = (− sinα(s)∂θ (RI sin θ) , ∂θ (RI cos θ) , cosα(s)∂θ (RI sin θ)) ,

and

||Γ|| =
√
∂θ (cos θRI)

2 + ∂θ (sin θRI)
2

=

√
R2

I + (∂θRI)
2.

After normalizing, we get the following expression for nk:

nk =
Γ

||Γ||
=

−sinα(s)∂θ (RI sin θ)√
R2

I + (∂θRI)
2

,
∂θ (RI cos θ)√
R2

I + (∂θRI)
2
,
cosα(s)∂θ (RI sin θ)√

R2
I + (∂θRI)

2

 . (1.9)

Using (1.2), we see that:

∂t

(
rp|r=RI

)
= (− sinα cos θ∂tRI ,− sin θ∂tRI , cosα cos θ∂tRI) ,

||∂θ rp|r=RI
|| =

√
(∂θ (cos θRI))

2 + (∂θ (sin θRI))
2

=

√
R2

I + (∂θRI)
2,
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and then:

∂t

(
rp|r=RI

)
· nk =

cos θ∂tRI∂θ (RI sin θ)− sin θ∂tRI∂θ (RI cos θ)√
R2

I + (∂θRI)
2

=
∂tRI (cos θ (cos θRI + sin θ∂θRI)− sin θ (− sin θRI + cos θ∂θRI))√

R2
I + (∂θRI)

2

=
RI∂tRI√

R2
I + (∂θRI)

2
.

Finally:

∫
∂Ωk

(
f |r=RI

∂trp|r=RI

)
· nk dl =

∫ π

−π

f |r=RI

RI∂tRI√
R2

I + (∂θRI)
2
||∂θ rp|r=RI

|| dθ

=

∫ π

−π

f |r=RI
RI∂tRI dθ,

as desired.

1.2.1 Cylindrical coordinates

The first step in the model’s derivation is to write the system in cylindrical coordinates

(r, θ; s). Using the transformation in (1.1), we define

f(x, y, z; t) = f (−r sin(α) cos(θ) + x0(s),−r sin(θ), r cos(α) cos(θ) + z0(s), t) =: f̃(r, θ, s; t),

where f̃ denotes the function expressed in the new coordinates. The gradient after the

change of coordinates is expressed in the following proposition.



The Model 14

Proposition 1.2. The gradient operators both in Cartesian and cylindrical coordinates

satisfy the following relations

∂r = − sin(α)cos(θ)∂x − sin(θ)∂y + cos(α)cos(θ)∂z,

∂θ = r sin(α)sin(θ)∂x − r cos(θ)∂y − r cos(α)sin(θ)∂z, (1.10)

∂s = cos(α) [1− rα′(s)cos(θ)] ∂x + sin(α) [1− rα′(s)cos(θ)] ∂z.

Proof. Applying the chain rule to f̃ , we get:

∂rf̃ = ∂r [f(r, θ, s; t)] = −∂xfsin(α)cosθ − ∂yfsin(θ) + ∂zfcos(α)cos(θ),

∂θf̃ = ∂xfr sin(α)sin(θ)− ∂yfr cos(θ)− ∂zfr cos(α)sin(θ),

∂sf̃ = ∂xf [−r cos(α)α′(s)cos(θ) + cos(α)] + ∂zf [−r sin(α)α′(s)cos(θ) + sin(α)] ,

which concludes the proof.

Proposition 1.3. The inverted relations are computed as

∂x = − cos(θ)sin(α)∂r + sin(θ) sin(α)
1

r
∂θ +

cos(α)

1− rα′(s)cos(θ)
∂s,

∂y = − sin(θ)− cos(θ)
1

r
∂θ, (1.11)

∂z = cos(θ)cos(α)∂r − sin(θ)cos(α)
1

r
∂θ +

sin(α

1− rα′(s)cos(θ)
∂s.

Proof. We are goint to invert the operators to get ∇(x,y,z) in terms of ∇(r,θ,s); we can note:

r sin θ∂r + cos θ∂θ = −r sinα sin θ cos θ∂x + r sinα cos θ sin θ∂x + 0− r sin2 θ∂y − r cos2 θ∂y

= −r∂y,

giving

∂y = − sin θ∂r − cos θ
1

r
∂θ.
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On the other hand,

r cos θ∂r − sin θ∂θ = −r sinα cos2 θ∂x − r cos θ sin θ∂y + r cosα cos2 θ∂z

− r sinα sin2 θ∂x + r cos θ sin θ∂y + r cosα sin2 θ∂z

= −r sinα∂x + r cosα∂z.

⇒ r cos θ∂r − sin θ∂θ = −r sinα∂x + r cosα∂z, (1.12)

However,

∂s = cos(α)(1− rα′(s) cos θ)∂x + sin(α)(1− rα′(s) cos θ)∂z, (1.13)

and taking

eq.(1.12) [sin(α)(1− rα′(s) cos θ)]− eq.(1.13) [r cos(α)] ,

we obtain

r cos θ sin(α)(1− rα′(s) cos θ)∂r − sin θ sinα(1− rα′(s) cos θ)∂θ − r cosα∂s

=− r sin2(α)(1− rα′(s) cos θ)∂x − r cos2(α)(1− rα′(s) cos θ)∂x.

Therefore

−r(1−rα′(s) cos θ)∂x = r cos θ sinα(1−α′(s) cos θ)∂r−sin θ sinα(1−rα′(s) cos θ)∂θ−r cosα∂s.

As a result,

∂x = − cos θ sinα∂r + sin θ sinα
1

r
∂θ +

cosα

1− rα′(s) cos θ
∂s.

Now, taking:

r cosα∂z = r cos θ∂r − sin θ∂θ + r sinα∂x

= r cos θ∂r − sin θ∂θ − r cos θ sin2 α ∂r + sin θ sin2 α ∂θ +
r cosα sinα

1− rα′(s) cos θ
∂s

= r cos θ cos2 α ∂r − sin θ cos2 α∂θ +
r cosα sinα

1− rα′(s) cos θ
∂s,
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we get

∂z = cos θ cosα ∂r − sin θ cosα
1

r
∂θ +

sinα

1− rα′(s) cos θ
∂s.

Finally, we get

∂x = − cos θ sinα ∂r + sin θ sinα
1

r
∂θ +

cosα

1− rα′(s) cos θ
∂s

∂y = − sin θ∂r − cos θ
1

r
∂θ (1.14)

∂z = cos θ cosα∂r − sin θ cosα
1

r
∂θ +

sinα

1− rα′(s) cos θ
∂s,

which concludes the proof.

Remark: We note that, if α = 0 then

∂s = ∂x, ∂y = − sin θ∂r − cos θ
1

r
∂θ, ∂z = cos θ∂r − sin θ

1

r
∂θ,

corresponding to the case of a horizontal pipe.

In the new coordinate system it is necessary to write the radial, angular and axial veloci-

ties instead of the usual zonal, meridional and vertical ones. Furthermore, one also needs

to derive the relations between the velocities in each coordinate system. For that end,

we consider Lagrangian coordinates where a fluid particle moves around the domain with

position described by a curves (x(t), y(t), z(t)) as a function of time, or equivalently, as

(r(t), θ(t); s(t)) in the cylindrical coordinates.

Definition 1.4. In Lagrangian coordinates, we define:

u =
dx

dt
, v =

dy

dt
, w =

dz

dt
,

(1.15)

Vr =
dr

dt
, Vθ =

dθ

dt
, Vs =

ds

dt

as the velocities both in Cartesian and cylindrical coordinates.

The relation between velocities in each coordinate system is given in the following propo-

sition.
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Proposition 1.5. The fluid’s velocity can be transformed from Cartesian to cylindrical

coordinates via the following relations

Vr = − sin(α) cos(θ)u− sin(θ)v + cos(α) cos(θ)w,

Vθ =
1

r
sin(α) sin(θ)u− cos(θ)

r
v − 1

r
cos(α) sin(θ)w, (1.16)

Vs =
1

1− rα′(s) cos(θ)
[cos(α)u+ sin+(α)w] .

Proof. Substituting the parametrization (1.1) into the definition (1.15), we obtain:

u =
d

dt
(x) =

d

dt
[−r sin(α) cos(θ) + x0(s)] ,

= −dr

dt
sin(α) cos(θ)− r cos(α)α′(s)

ds

dt
cos(θ) + r sin(α) sin(θ)

dθ

dt
+ x′

0(s)
ds

dt
,

= − sin(α) cos(θ)Vr + r sin(α) sin(θ)Vθ + (1− rα′(s)cos(θ)) cos(α)Vs. (1.17)

Similarly,

v = − sin(θ)Vr − r cos(θ)Vθ, (1.18)

w = cos(α) cos(θ)Vr − r cos(α) sin(θ)Vθ + [1− rα′(s) cos(θ)] sin(α)Vs, (1.19)

and using equations (1.17), (1.18) & (1.19) we can solve for Vr, Vθ & Vs to get equation

(1.16).

1.3 Divergence

One also needs to transform important operators that we will need to rewrite the equations

in the new coordinate system. One such operator is the divergence, which is described in

the new coordinate system as follows.

Theorem 1.6. The divergence in cylindrical coordinates can be written as:

|J |∇(x,y,z) · (F1, F2, F3) = ∇(r,θ,s) ·
(
F̂1, F̂2, F̂3

)
,
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where

F̂1 = |J |
(
− cos θ sinα F̃1 − sin θ F̃2 + cos θ cosα F̃3

)
,

F̂2 =
1

r
|J |
(
sin θ sinα F̃1 − cos θ F̃2 − sin θ cosα F̃3

)
,

F̂3 = r
(
cosα(s) F̃1 + sinα(s) F̃3

)
.

Proof. We take a vector function:

F⃗ = (F1(x, y, z), F2(x, y, z), F3(x, y, z)) =
(
F̃1(r, θ; s), F̃2(r, θ; s), F̃3(r, θ; s)

)
.

Using the operators (1.10), we obtain the divergence as:

∇ · (F1, F2, F3) =∂xF1 + ∂yF2 + ∂zF3

=− cos θ sinα∂rF̃1 + sin θ sinα
1

r
∂θF̃1 +

cosα

1− rα′(s) cos θ
∂sF̃1

− sin θ∂rF̃2 − cos θ
1

r
∂θF̃2

+ cos θ cosα∂rF̃3 − sin θ cosα
1

r
∂θF̃3 +

sinα

1− rα′(s) cos θ
∂sF̃3,

and recalling that |J |= r(1− rα′(s) cos θ), we write

|J |∇ · (F1, F2, F3) =|J |∂xF1 + |J |∂yF2 + |J |∂zF3

=− |J |cos θ sinα∂rF̃1 + |J |sin θ sinα1
r
∂θF̃1 + r cosα∂sF̃1 (1.20)

− |J |sin θ∂rF̃2 − |J |cos θ1
r
∂θF̃2 (1.21)

+ |J |cos θ cosα∂rF̃3 − |J |sin θ cosα1
r
∂θF̃3 + r sinα∂sF̃3. (1.22)
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First we work on the terms in equation (1.20). Using the chain rule, we get

|J |∂xF1 =− |J |cos θ sinα∂rF̃1 + |J |sin θ sinα1
r
∂θF̃1 + r cosα∂sF̃1

=∂r

(
−|J |cos θ sinα(s)F̃1

)
+ (1− 2rα′(s) cos (θ)) sin (θ) sin (α (s))

1

r
∂tF̃1

+ ∂θ

(
|J |sin (θ) sin (α (s))

1

r
F̃1

)
− ∂θ [(1− rα′(s) cos (θ)) sin (θ) sin (α (s))] F̃1

+ ∂s

(
r cos (α (s)) F̃1

)
− r (− sin (α (s)))α′(s)F̃1

=∂r

(
−|J |cos θ sinα(s)F̃1

)
+ ∂θ

(
|J |sin (θ) sin (α (s)) F̃1

)
+ ∂s

(
r cos (α (s)) F̃1

)
+ (1− 2rα′(s) cos (θ)) sin (θ) sin (α (s))

1

r
∂tF̃1

− rα′(s) sin2 (α(s))F̃1 − (1− rα′(s) cos (θ)) cos (θ) sin (α (s)) F̃1

+ r sin (α (s))α′(s)F̃1

= ∂r

(
−|J |cos θ sinα(s)F̃1

)
+ ∂θ

(
|J |sin (θ) sin (α (s))

1

r
F̃1

)
+ ∂s

(
r cos (α (s)) F̃1

)
.

Now taking equation (1.21), we see that:

|J |∂yF2 = − r(1− rα′(s) cos θ) sin θ ∂rF̃2 − r(1− rα′(s) cos θ) cos θ
1

r
∂θF̃2

= ∂r(−r(1− rα′(s) cos θ) sin θF̃2) + (1− 2rα′(s) cos θ) sin θF̃2

∂θ(−|J |cos θ1
r
F̃2)− sin θF̃2 + 2rα′(s) sin θ cos θF̃2

= ∂r(−|J |sin F̃2) + ∂θ(−|J |cos θ1
r
F̃2),
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and finally equation (1.22) to get

|J |∂zF3 = ∂r(−|J |sin θ cosα1
r
F̃3) + (rα′(s) sin θ) sin θ cosα F̃3 − (1− rα′(s) cos θ) cos θ cosα F̃3

+ ∂s(r sinα F̃3)− r cosαα′(s)F̃3

= ∂r(|J |cos θ cosα F̃3) + ∂θ(−|J |sin θ cosα1
r
F̃3) + ∂s(r sinαF̃3)

− cos θ cosα F̃3 + 2rα′(s) cos2 θ cosα F̃3 + rα′(s) sin2 θ cosα F̃3

+ cos θ cosα F̃3 − rα′(s) cos2 θ cosα F̃3 − r cos(α)α′(s) F̃3

=∂r(−|J |cos θ cosα F̃3) + ∂θ(−|J |sin θ cosα1
r
F̃3) + ∂s(r sinα F̃3).

∴ |J | ∇ · (F1, F2, F3)

= ∂r(−|J |cos θ sinα F̃1) + ∂θ(|J |sin θ sinα
1

r
F̃1) + ∂s(r cosα(s) F̃1) + ∂r(−|J |sin θF̃2)

+ ∂θ(−|J |cos θ1
r
F̃2) + ∂r(−|J |cos θ cosα F̃3) + ∂θ(−|J |sin θ cosα1

r
F̃3) + ∂s(r sinα F̃3)

= ∂r

[
− |J |

(
cos θ sinα F̃1 + sin θ F̃2 − cos θ cosα F̃3

)]
+ ∂θ

[
− |J |1

r

(
− sin θ sinα F̃1 + cos θ F̃2 + sin θ cosα F̃3

)]
+ ∂s

[
r
(
cosα(s) F̃1 + sinα(s) F̃3

)]

=∇(r,θ,s)

(
F̂1, F̂2, F̂3

)
,

where

F̂1 = |J |
(
− cos θ sinα F̃1 − sin θ F̃2 + cos θ cosα F̃3

)
F̂2 =

1

r
|J |
(
sin θ sinα F̃1 − cos θ F̃2 − sin θ cosα F̃3

)
F̂3 = r

(
cosα(s) F̃1 + sinα(s) F̃3

)
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The following theorem will be useful in writing the equations of motion in conservation

form in the new coordintaes.

Theorem 1.7. Let u⃗ = (u, v, w) be the velocity field. Then

|J |∇ · (fu⃗) = ∇(r,θ,s) · (|J |f (Vr, Vθ, Vs)) .

Furthermore, the material derivative in conservation form can be written as

|J |(∂tf +∇ · (u⃗f)) = ∂t (|J |f) +∇ · (f (Vr, Vθ, Vs)) .

Proof. If we expand the term f |J | ∇ · (uf), we get

|J | ∇ · (uf) =∂r (|J |(− cos θ sinαuf + sin θvf + cos θ cosαwf))

+
1

r
∂θ (|J |(sin θ sinαuf + cos θvf − sin θ cosαwf))

+ ∂s (−r(cosαuf + sinαwf))

=∂r(|J |(− cos θ sinα f [− sinα cos θVk,r + r sinα sin θVk,θ −
|J |
r

cosαVk,s]

+ sin θf [sin θVk,r + r cos θVk,θ]

+ cos θ cosα f [cosα cos θVk,r − r cosα sin θVk,θ −
|J |
r

sinαVk,s]))

+
1

r
∂θ(|J |[sin θ sinα f [− sinα cos θVk,r + r sinα sin θVk,θ −

|J |
r

cosαVk,s]

+ cos θf [sin θVk,r + r cos θVk,θ]

− sin θ cosα f [cosα cos θVk,r − r cosα sin θVk,θ −
|J |
r

sinαVk,s]])

+ ∂s(−r cosα f [− sinα cos θVk,θ + r sinα sin θVk,θ −
|J |
r

cosαVk,s]

− r sinα f [cosα cos θVk,r − r cosα sin θVk,θ −
|J |
r

sinαVk,s])

=∂r(|J |Vk,r f) +
1

r
∂θ(|J |rVk,θ f) + ∂s(|J |Vk,sf).

∴ |J |∇ · (fu) = ∇(r,θ;s) · (|J |f(Vk,r, Vk,θ, Vk,s)).
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We know that:

|J |∇ · (fu) = |J |∂x(fu) + |J |∂y(fv) + |J |∂z(fw),

and

(|J |f(Vk,r, Vk,θ, Vk,s)) = ∂r(|J |fVk,r) + ∂θ(|J |fVk,θ) + ∂s(|J |fVk,s),

which implies

|J |(∂tf +∇ · (uf)) = ∂t(|J |f) +∇ · (f(Vk,r, Vk,θ, Vk,s)).

1.4 Euler isentropic equations

Definition 1.8. For a vector u = (uk, vk, wk) and a density ρ, the Euler isentropic

equations can be written as:

∂tρk +∇ · (uρ) = Mk

∂t (ρkuk) +∇ · (uρkuk) = −∂x (Pk(ρk)) +D1,k

∂t (ρkvk) +∇ · (uρkvk) = −∂y (Pk(ρk)) +D2,k

∂t (ρkwk) +∇ · (uρkwk) = −∂z (Pk(ρk))− ρg +D3,k,

or in extended form as

∂tρk + ∂x (ρkuk) + ∂y (ρkvk) + ∂z (ρkwk) = Mk

∂t (ρkuk) + ∂x
(
ρku

2
k

)
+ ∂y (ρkukvk) + ∂z (ρkukwk) = −∂x (Pk(ρk)) +D1,k

∂t (ρkvk) + ∂x (ρkukvk) + ∂y
(
ρkv

2
k

)
+ ∂z (ρkvkwk) = −∂y (Pk(ρk)) +D2,k

∂t (ρkwk) + ∂x (ρkukwk) + ∂y (ρkvkwk) + ∂z
(
ρkw

2
k

)
= −∂z (Pk(ρk))− ρg +D3,k,
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where Mk is the mass interchange term, g is the gravity and D1,K , D2,K and D3,k are

momentum exchange source terms.

1.4.1 Equations of motion in cylindrical coordinates

Now that we have the velocity in the new coordinates, the next step is to write the

equations for balance of momentum in the radial, angular and axial directions.

In our assumptions to derive the model, we assume that both the axial and angular

velocities are small. As a result, we do not write the equations of motion for those

variables. All the equations are described in the following proposition, where bottom

layer (liquid phase) is associated to k = 1 while the top (gas phase) corresponds to k = 2.

Proposition 1.9. The isentropic Euler equations in cylindrical coordinates imply the

following equations for conservation of mass and balance of momentum in the axial, radial

and angular directions.

∂t (|J |ρk) +∇c ·
(
|J |ρkV

)
= Mk,

∂t(ρkVk,r|J |) +∇c ·
(
|J |ρkVk,rV

)
= −|J |∂r(Pk(ρk)) + |J |ρkrV 2

k,θ

− |J |ρkVk,s cos θα
′(s)(1− rα′(s) cos θ)Vk,s + |J |Dr,k

∂t(ρkVk,θ|J |) +∇c · (|J |ρkVk,θV) = −2
|J |
r
ρkVk,rVk,θ +

|J |
r
ρkα

′(s) sin θ(1− rα′(s) cos θ)V 2
k,s

− |J |
r2

∂θPk +
|J |
r

cos (α (s)) sin (θ) ρkg + |J |Dk,θ

∂t(ρVk,s|J |) +∇c · (|J |ρVk,sV) = − r2

|J |
∂sP − r2

|J |
Ds + ρr2V 2

s α
′′(s) cos(θ)

+ 2rα′(s)ρVs (cos(θ)Vr − sin(θ)rVθ)− gρ sin (α (s)) ,

where V = (Vr,k, Vθ,k, Vs,k), ∇c = (∂r, ∂θ, ∂s), and Pk = Pk(ρk).
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Proof. Expanding the derivatives and using the theorem 1.7 and the definition 1.8, we

get:

∂t (|J |ρk) = |J |∂tρk = −|J |∇ · (ρkuk) = −∇c · (|J |ρk (Vr, Vθ, Vs)) +Mk.

∴ ∂t (|J |ρk) +∇c · (|J |ρk (Vr, Vθ, Vs)) = Mk

Now, for the angular, radial and axial momentum equation, we use the velocities from

1.16 to define

Vk,r = − sin(α) cos(θ)uk − sin(θ)vk + cos(α) cos(θ)wk,

Vk,θ =
1

r
sin(α) sin(θ)uk −

cos(θ)

r
vk −

1

r
cos(α) sin(θ)wk,

Vk,s =
1

1− rα′(s) cos(θ)
[cos(α)uk + sin(α)wk] .

Another expansion gives

∂t(ρkVk,r|J |) = − sinα cos θ∂t(ρuk|J |)− sin θ ∂t(ρvk|J |) + cosα cos θ∂t(ρwk|J |)

= − sinα cos θ|J |(−∇ · (ρkuku)− ∂xPk +D1,k)

− sin θ|J |(−∇ · (ρkvku)− ∂yPk +D2,k)

+ cosα cos θ|J |(−∇ · (ρkwku)− ∂zPk +D3,k)

= sinα cos θ∇c · (|J |ρkukV) + sin θ∇c · (|J |ρkvkV)− cosα cos θ∇c · (|J |ρkwkV)

+ sinα cos θ|J |
(
− cos θ sinα ∂rPk + sin θ sinα

1

r
∂θPk

+
cosα

1− rα′(s) cos θ
∂sPk

)
(1.23)

+ sin θ|J |
(
− sin θ∂rPk(ρk)− cos θ

1

r
∂θPk(ρk)

)
+ cosα cos θ|J |

(
− cos θ cosα ∂rPk(ρk) + sin θ cosα

1

r
∂θPk

− sinα

1− rα′(s) cos θ
∂sPk(ρk)

)
− sinα cos θ|J |D1,k − sin θ|J |D2,k + cosα cos θ|J |D3,k.
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Here

|J |Dk,r = − sinα cos θ|J |D1,k − sin θ|J |D2,k + cosα cos θ|J |D3,k,

Now, we reduce the expression for ∂t(ρkVk,r|J |) by making the next calculations

sinα cos θ∇c · (|J |ρkukV) = sinα cos θ
(
∂r(|J |ρkukVk,r) + ∂θ(|J |ρkukVk,θ) + ∂s(|J |ρkukVk,s)

)
= ∂r(|J |ρk sinα cos θukVk,r) + ∂θ(|J |sinα cos θukVk,θ)

+ ∂s(|J |ρk sinα cos θukVk,s)

+ sinα sin θ|J |ρkukVk,θ − cosαα′(s) cos θ|J |ρkukVk,s

= ∇c · (|J |ρkuk sinα cos θV) (1.24)

+ sinα sin θ|J |ρkukVk,θ − cosαα′(s) cos θ|J |ρkukVk,s.

Analogously:

sin (θ)∇c · (|J |ρkvkV) = ∇c · (|J |sin θρkvkV)− cos θ|J |ρkvkVk,θ, (1.25)

and finally:

− cosα cos θ · (|J |ρkwkV) = −∇c · (|J |cosα cos θρkwkV)

+ cosα(− sin θ)|J |ρkwkVk,θ (1.26)

+ (− sinα)α′(s) cos θ|J |ρkwkVk,s.
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Substituting the relations (1.24), (1.25) and (1.26) in (1.23) we obtain

∂t(ρVk,r|J |) = ∇c ·
(
|J |ρkuk sinα cos θV

)
+ sinα sin θ|J |ρkukVk,θ − cosαα′(s) cos θ|J |ρkukVk,s

∇c ·
(
sin θρk|J |vkV

)
− cos θ|J |ρkvkVk,θ

−∇c ·
(
cosα cos θ|J |ρkwkV

)
+ cosα(− sin θ)|J |ρkwkVk,θ

+ (− sinαα′(s))|J |cos θρkwkVk,s

− |J |∂rPk(ρk) + |J |Dr,k

= −∇c ·
(
|J |ρkVk,rV

)
+ ρkVk,θ|J |[ sinα sin θ − cos θvk − cosα sin θwk]

− ρkVk,s|J |cos θα′(s)(cosαuk + sinαwk)− ∂rPk(ρk) + |J |Dr,k.

So, we get

∂t(ρkVk,r|J |) +∇c ·
(
|J |ρkVk,rV

)
=− |J |∂r(Pk(ρk)) + |J |ρkrV 2

k,θ

− |J |ρkVk,s cos θα
′(s)(1− rα′(s) cos θ)Vk,s + |J |Dr,k.
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Expanding again we get

∂t(ρkVk,θ|J |) = |J |∂t
(
1

r
sinα sin θ ρkuk −

cos θ

r
ρkvk −

1

r
cosα sin θρkwk

)

=
|J |
r

sinα sin θ (−∇ · (ukρu)− ∂xPk +D1)

− |J |
r

cos θ (−∇ · (vkρu)− ∂yPk +D2)

− |J |
r

cosα sin θ (−∇ · (wkρu)− ∂zPk − ρg +D3)

= −1

r
sinα sin θ∇c(|J |ukρkV) +

cos θ

r
∇c · (|J |vkρkV)

+
1

r
cosα sin θ∇c · (|J |wkρkV)

− |J |
r2

∂θPk +
|J |
r

cos (α (s)) sin (θ) ρkg + |J |Dθ

= −∇c ·
(
|J |1

r
sinα sin θ ukρkV

)
−∇c ·

(
−|J |(cos θ

r
vk)ρkV

)
−∇c ·

(
−|J |1

r
cosα sin θ wkρkV

)
+ |J |ukρkVk,r

(
− 1

r2
sinα sin θ

)
− |J |vkρkVk,r

(
− 1

r2
cos θ

)
− |J |wkρkVk,r

(
− 1

r2
cosα sin θ

)
+ |J |ukρkVk,θ

(
1

r
sinα cos θ

)
− |J |vkρkVk,θ

(
−sin θ

r

)
− |J |wkρkVk,θ

(
1

r
cosα cos θ

)
+ |J |ukρkVk,s

(
1

r
cosα + α′(s) sin θ

)
− |J |wkρkVk,s

(
−1

r
sinαα′(s) sin θ

)
− |J |

r2
∂θPk +

|J |
r

cos (α (s)) sin (θ) ρkg + |J |Dθ

= −∇c · (|J |ρVk,θV)− 2
|J |
r
ρVk,rVk,θ +

|J |
r
ρkα

′(s) sin θ (1− rα′(s) cos θ)V 2
k,s

− |J |
r2

∂θPk +
|J |
r

cos (α (s)) sin (θ) ρkg + |J |Dk,θ.

Thus

∂t(ρkVk,θ|J |) +∇c · (|J |ρkVk,θV) = −2
|J |
r
ρkVk,rVk,θ +

|J |
r
ρkα

′(s) sin θ(1− rα′(s) cos θ)V 2
k,s

− |J |
r2

∂θPk +
|J |
r

cos (α (s)) sin (θ) ρkg + |J |Dk,θ,
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where:

|J |Dk,θ =
|J |
r

sinα sin θD1 −
|J |
r

cos θD2 −
|J |
r

cosα sin θD3.

Now we expand once more and obtain

∂t(ρVk,s|J |) =
−r cosα

|J |
∇c · (|J |ρuV)− r sinα

|J |
∇c · (|J |ρwV)

− r2

|J |
∂sP − r2

|J |
Ds − r sin (α (s)) ρg

= −∇c · (r cosα ρuV)−∇c · (r sinαρwV)

+ |J |ρuVk,r∂r

(
cosα

1− rα′(s) cos θ

)
+ |J |ρuVk,θ∂θ

(
cosα

1− rα′(s) cos θ

)
+ |J |ρuVk,s∂s

(
cosα

1− rα′(s) cos θ

)
|J |ρwVk,r∂r

(
sinα

1− rα′(s) cos θ

)
+ |J |ρwVk,θ∂θ

(
sinα

1− rα′(s) cos θ

)
+ |J |ρwVk,s∂s

(
sinα

1− rα′(s) cos θ

)
− r2

|J |
∂sP − r2

|J |
Ds

Furthermore, direct computations gives us

∂r

(
cosα

1−rα′(s) cos θ

)
= cosα

(1−rα′(s) cos θ)2
α′(s) cos θ,

∂θ

(
cosα

1−rα′(s) cos θ

)
= cosα

(1−rα′(s) cos θ)2
rα′(s) sin θ,

∂s

(
cosα

1−rα′(s) cos θ

)
= − sinαα′(s)

1−rα′(s) cos θ
+ cosα

(1−rα′(s) cos θ)2
rα′′(s) cos θ,

∂r

(
sinα

1−rα′(s) cos θ

)
= sinα

(1−rα′(s) cos θ)2
α′(s) cos θ,

∂θ

(
sinα

1−rα′(s) cos θ

)
= − sinα

(1−rα′(s) cos θ)2
rα′(s) sin θ,

∂s

(
sinα

1−rα′(s) cos θ

)
= cosαα′(s)

1−rα′(s) cos θ
+ sinα

(1−rα′(s) cos θ)2
rα′′(s) cos θ.
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So the equation of motion for the axial momentum is then computed as

∂t(ρVk,s|J |) = −∇c · (rρ(1− rα′(s) cos θ)Vk,sV)− r2

|J |
∂sP − r2

|J |
Ds

+ |J |ρVk,r
α′(s) cos θ

1− rα′(s) cos θ
Vk,s + |J |ρVk,θ

−rα′(s) sin θ

1− rα′(s) cos θ
Vk,s

+ |J |ρVk,s
α′(s)

1− rα′(s) cos θ
(− sinαu+ cos θw)

+ |J |ρVk,s
rα′′(s) cos θ

1− rα′(s) cos θ
Vk,s

= −∇c · (|J |ρVk,sV)− r2

|J |
∂sP − r2

|J |
Ds

+ rρVk,rα
′(s) cos θVk,s + rρVk,θ (−rα′(s) sin θ)Vk,s

+ rρVk,sα
′(s)(− sinαu+ cos θw) + rρVk,s (rα

′′(s) cos θ)Vk,s

= −∇c · (|J |ρVk,sV)− r2

|J |
∂sP − r2

|J |
Ds + ρr2V 2

s α
′′(s) cos(θ)

+ 2rα′(s)ρVs (cos(θ)Vr − sin(θ)rVθ)− gρ sin (α (s)) ,

giving us

∂t(ρVk,s|J |) +∇c · (|J |ρVk,sV) = − r2

|J |
∂sP − r2

|J |
Ds + ρr2V 2

s α
′′(s) cos(θ)

+ 2rα′(s)ρVs (cos(θ)Vr − sin(θ)rVθ)− gρ sin (α (s)) .

1.4.2 Euler Equations

The reduced model is obtained by cross averaging the isentropic Euler equations in each

cross section Cs, both in the angular and radial directions. Therefore, the angular and

radial velocities will not appear in the reduced model, as they are assumed to be small.

The relevant equations are then the equations for conservation of mass and balance of

momentum in the axial directions. In each layer, such equations are given respectively
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by

∂t (|J |ρk) +∇c · (|J |ρkV) = Mk,

∂t (|J |ρkVs,k) +∇c · (|J |ρkVsV) = − r2

|J |
∂sPk −

r2

|J |
Ds + ρr2V 2

s α
′′(s) cos(θ)

+2rα′(s)ρVs (cos(θ)Vr − sin(θ)rVθ)− gρ sin (α (s)) ,

(1.27)

for pipe’s layer k (1 for the liquid and 2 for the gas), ρk is the density, Pk is the pressure

and Ds,k is the momentum exchange.

For the derivation of the model, we assume that the radial and angular velocities are

much smaller compared to the axial velocity

Vθ, Vr ≪ Vs.

As a result, the leading order contributions from equations (1.27) satisfy

⇒


∂t(|J |ρk) + ∂s(|J |ρkVk,s) = Mk,

∂t(|J |ρkVs,k) + ∂s(|J |ρkV 2
k,s) = − r2

|J |∂sP − r2

|J |Ds + ρr2V 2
k,sα

′′(s) cos θ − gρ sin (α (s)) .

(1.28)

1.5 Cross section averages

Once the leading order terms are obtained, the next step in the derivation is the cross

sectional averaging process. For that end, we need to determine the cross-sectional average

of any quantity.

Definition 1.10. For the bottom layer, the cross-sectional integrated Jacobian is defined

as

A1 =

∫ 2π−θI,1

θI,1

∫ Re,1

R0,1

|J | dr dθ . (1.29)
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On the other hand, for any given a function f(r, θ; s, t), we defined the cross sectional

average as

f̄1(s, t) =
1

A1

∫ 2π−θI,1

θI,1

∫ Re,1

R0,1

f(r, θ; s, t)|J | dr dθ =
1

A1

∫
Ω1

f |J |
r

dA. (1.30)

Note: In the case of a straight pipe (α = constant, J/r = 1 and the cross-sectional

average is given in terms of the regular integral.

Analogously, for the top layer the integrated Jacobian is:

A2 =

∫ θI,2

−θI,2

∫ Re,2

R0,2

|J | dr dθ , (1.31)

and the average for the top layer (denoted with double over lines) are

¯̄f2(s, t) =
1

A2

∫ θI,2

−θI,2

∫ Re,2

R0,2

f(r, θ; s, t)|J | dr dθ =
1

A2

∫
Ω2

f |J |
r

dA. (1.32)

1.6 Mass conservation equation

Now, we are going to integrate the equations in each layer. For that, the Reynold’s

theorem 1.4 will be very useful. In this section, we state it and include some special cases

in its proof for illustration.
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For the mass conservation equation (1.28) (over the top layer), we have:

A2M̄2 =

∫ θI,2

−θI,2

∫ Re,2

R0,2

M2|J | dr dθ

=

∫ θI,2

−θI,2

∫ Re,2

R0,2

[∂t (|J |ρ1) + ∂s (|J |ρ1Vs,1)] dr dθ

=

∫ θI,2

−θI,2

[
∂t

(∫ Rl,2

R0,2

|J |ρ1 dr

)
− |J |ρ1|r=Re

dRe

dt
+ |J |ρ1|r=R0

dR0

dt

]
dθ

+

∫ θI,2

−θI,2

[
∂s

(∫ Rl,2

R0,2

|J |ρ1Vs dr

)
− |J |ρ1Vs|r=Re

dRe

ds
+ |J |ρ1Vs|r=R0

dR0

ds

]
dθ

= ∂t

(∫ θI

−θI

∫ Re

R0

|J |ρ1 drdθ
)
−
∫ Re

R0

|J |ρ1 dr
∣∣∣
θ=θI

dθI
dt

+

∫ Re

R0

|J |ρ1 dr
∣∣∣
θ=−θI

−dθI
dt

+

∫ θI,2

−θI,2

(
− |J |ρ1

∣∣∣
r=Re

dRe

dt
+ |J |ρ1

∣∣∣
r=R0

dR0

dt

)
dθ + ∂s

(∫ θI

−θI

∫ Re

R0

|J |ρ1Vsdrdθ
)

−
∫ Re

R0

|J |ρ1Vs dr
∣∣∣
θ=θI

dθ

ds
+

∫ Re

R0

|J |ρ1Vs dr
∣∣∣
θ=−θI

−dθ

ds

+

∫ θI

−θI

(
− |J |ρ1Vs

∣∣∣
r=Re

dRe

ds
+ |J |ρ1Vs

∣∣∣
r=R0

dR0

ds

)
dθ

= ∂t

(∫ θI

−θI

∫ Re

R0

|J |ρ1 drdθ
)
+ ∂s

(∫ θI

−θI

∫ Re

R0

|J |ρ1Vs drdθ
)

−
∫ Re

R0

(
|J |ρ1|θ=θI

(dθI
dt

+ Vs

∣∣∣
θ=θI

dθI
ds

))
dr +

∫ Re

R0

(
|J |ρ1|θ=−θI

(dθI
dt

+ Vs

∣∣∣
θ=θI

dθI
ds

))
dr

−
∫ θI

−θI

|J |ρ1
∣∣∣
r=Re

(dRe

dt
+ Vs

∣∣∣
r=Re

dRe

ds

)
dθ +

∫ θI

−θI

|J |ρ1
∣∣∣
r=R0

(dR0

dt
+ Vs

∣∣∣
r=R0

dR0

ds

)
dθ.

We can proceed in an analogous way for the bottom layer. Finally, we get the motion

equations for the top and bottom layers:

∂t(A1ρ̄1) + ∂s(A1ρ̄1 ¯Vs,1) = A1M̄1,

(1.33)

∂t(A2ρ̄2) + ∂s(A2ρ̄ ¯
2Vs,2) = A2M̄2,

where the total mass exchange A1M̄1 + A2M̄2 = 0 vanishes.
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1.7 Momentum conservation equation

As the Jacobian was integrated to obtain conservation of mass, we are also going to

integrate the left side from the momentum conservation equation (1.28):

∂t(|J |ρkVs,k) + ∂s(|J |ρkV 2
k,s) = − r2

|J |
∂sP − r2

|J |
Ds + ρr2V 2

k,sα
′′(s) cos θ − gρ sin (α (s)) ,

for the bottom and top layer. Without loss of generality, we will only proceed for the

bottom layer. The integration of the right side will be seen on next sections, and also

in the next chapters with the quasi-lineal and conservative form. So, integrating the left

side for k = 2 we get:

∫ θI,1

−θI,1

∫ Re,1

Re,1

[
∂t(|J |ρ1Vs,1) + ∂s(|J |ρ1V 2

s )
]
drdθ

=

∫ θI

−θI

[
∂t

∫ Re

R0

|J |ρ1Vk,sdr − |J |ρ1Vk,s

∣∣∣
r=Re

dRe

dt
+ |J |ρ1Vk,s

∣∣∣
r=R0

dR0

dt

]
dθ

+

∫ θI

−θI

[
∂s

∫ Re

R0

|J |ρ1V 2
k,sdr − |J |ρ1V 2

k,s

∣∣∣
r=Re

dRe

ds
+ |J |ρ1V 2

k,s

∣∣∣
r=R0

dR0

ds

]
dθ

=∂t

(∫ θI

−θI

∫ Re

R0

|J |ρ1Vk,s drdθ

)
−
∫ Re

R0

|J |ρ1Vk,sdr
∣∣∣
θ=θI

dθI
dt︸ ︷︷ ︸

(1)

+

∫ Re

R0

|J |ρ1Vk,sdr
∣∣∣
θ=−θI

−dθI
dt︸ ︷︷ ︸

(2)

∫ θI

−θI

[
−|J |ρ1Vk,s

∣∣∣
r=Re

dRe

dt︸ ︷︷ ︸
(3)

+ |J |ρ1Vk,s

∣∣∣
r=R0

dR0

dt︸ ︷︷ ︸
(4)

]
dθ

+ ∂s

(∫ θI

−θI

∫ Re

R0

|J |ρ1V 2
k,s dr

)
−
∫ Re

R0

|J |ρ1V 2
k,s dr

∣∣∣
θ=θI

dθI
ds︸ ︷︷ ︸

(1)

+

∫ Re

R0

|J |ρ1V 2
k,s dr

∣∣∣
θ=−θI

−dθI
ds︸ ︷︷ ︸

(1)

+

∫ θI

−θI

[
−|J |ρ1V 2

k,s

∣∣∣
r=Re

dRe

ds︸ ︷︷ ︸
(3)

+ |J |ρ1V 2
k,s

∣∣∣
r=R0

dR0

ds︸ ︷︷ ︸
(4)

]
dθ.
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If we factor out (1), (2), (3) y (4), we get the “streamline condition”, which is:

∫ Re

R0

|J |ρ1Vk,sdr
∣∣∣
θ=θI

dθI
dt

+

∫ Re

R0

|J |ρ1V 2
k,s dr

∣∣∣
θ=θI

dθI
ds

=

∫ Re

R0

|J |ρ1Vk,s

(
dθI
dt

+ Vk,s
dθI
ds

) ∣∣∣
θ=θI

dr = 0

so we finally get:

∫ θI,1

−θI,1

∫ Re,1

Re,1

[
∂t(|J |ρ1Vs,1) + ∂s(|J |ρ1V 2

s )
]
drdθ = ∂t(A1ρ̄1V̄s) + ∂s(A1ρ̄1V̄

2
s )

The above is after assuming that ρ1Vs ≈ ρ1V s and ρ1V 2
s ≈ ρ1V

2
s . We left the integral of

the right side in its general expression (explicit expressions to be described in the next

chapter). So

∂t (ρ2A2Vs,2) + ∂s
(
ρ2A2V

2
s,2

)
= − r2

|J |
∂sP − r2

|J |
Ds + ρr2V 2

k,sα
′′(s) cos θ − gρ sin (α (s)).

(1.34)

Analogously for the bottom layer:

∂t (ρ1A1Vs,1) + ∂s
(
ρ1A1V

2
s,1

)
= − r2

|J |
∂sP − r2

|J |
Ds + ρr2V 2

k,sα
′′(s) cos θ − gρ sin (α (s)).

(1.35)

1.7.1 Integration of gravity term

Proposition 1.11. For the integration of the gravity term on the momentum equation,

one gets:

gρ sin (α (s)) ≈ sin (α (s)) gAkρk

(
r

|J |

)
.
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Proof. Expanding out the expressions we get

gρ sin (α (s)) =

∫
Ωk

r sin (α (s)) ρkg dA

=

∫
Ωk

r

|J |
sin (α (s)) ρkg|J | dA

≈ sin (α (s)) gAkρk

(
r

|J |

)
. (1.36)

1.7.2 Hydrostatic Pressure

Definition 1.12. The hydrostatic pressure is defined as:

∇P = −gρẑ,

where ẑ is the canonical vector (0, 0, 1), g is the gravity, P is the pressure and ρ is the

density. For our model, we have two pressures, one for the liquid phase (k = 1) and the

other for the gas phase (k = 2). Each one is given by:

P̃2 = P2,ref

(
ρ2

ρ2,ref

)γ2

= PI = PI(ρ2),

P1 = PI − gρẑ.

We are going to project over the direction θ = π. So

(−r sin(α) cos θ + x0(s),−r sin θ, r cos(α) cos θ + z0(s))− (x0(s), 0, z0(s))

=(r sinα, 0,−r cosα) ∼ (sinα, 0,− cosα) ⊥ (cosα, 0, sinα).

We take the dot product and see that:

∇P · (sinα, 0,− cosα) = (PI − gρẑ) · (sinα, 0,− cosα) = PI + gρ cosα,
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Figure 1.2: Pressure’s projection

but also

∇P · (sinα, 0,− cosα) = sinα ∂x − cosα ∂zp =
∂P

∂n
,

where

n = (sinα, 0,− cosα).

Therefore, the hydrostatic pressure in the liquid phase depends only in the projection:

(−r sinα cos θ,−r sin θ, r cosα cos θ) · (sinα, 0,− cosα) = −r sin2 α cos θ − r cos2 α cos θ

= −r cos θ.

Therefore, the pressure over the projection is:

P = P̃ (r cos θ).

Now we remember from (1.14) that

∂x = − cos θ sinα ∂r + sin θ sinα
1

r
∂θ +

cosα

1− rα′(s) cos θ
∂s,

∂y = − sin θ ∂r − cos θ
1

r
∂θ,

∂z = cos θ cosα ∂r − sin θ cosα
1

r
∂θ +

sinα

1− rα′(s) cos θ
∂s.
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So

∂P

∂n
= sinα ∂x(P̃ (r cos θ))− cosα ∂z(P̃ (r cos θ))

= sinα(− cos θ sinα P̃ ′ cos θ + sin θ sinα
1

r
P̃ ′(−r sin θ))

− cosα(cos θ cosα P̃ ′ cos θ − sin θ cosα
1

r
P̃ ′(−r sin θ))

= sinα(− sinα P̃ ′)− cosα cosα P̃ ′

= −P̃ ′.

⇒ −P̃ ′ = gρ cosα.

Figure 1.3: Pipe’s geometry described in terms of displacement from the center (η)
and width (σ(η))

.

Most integrals can be better expressed in terms of the displacements from the center. On

the one hand, let η be the distance from the center line (xo(s), 0, zo(s)) and any point

under (or above) the interface line in layers 1 (or 2) at (x(r, θ; s), y(r, θ; s), z(r, θ; s)).

Geometrically, a constant η corresponds to a layer parallel to the pipe’s axis. On one

other hand, ηI is the distance between the center of the pipe to the interface. See Figure

1.3 for more details.



The Model 38

In absolute value, the distance from the axis to the point in the cross section is given by

√
(x0(s)− x)2 + (z0(s)− z)2 =

√
r2 sin2 α cos2 θ + r2 cos2 α cos2 θ = r|cos θ|,

and taking the sign into consideration, η is positive/negative above/below the axis. So,

we get

η = r cos(θ). (1.37)

Therefore, since

η = r cos θ ⇒ P̃ (η) = −gρ(η) cosα.

We assume that ρ ≈ ρ̄, which is the liquid phase average, so

P̃ = PI + ρ̄g(ηI − η) cosα

∴ P̃1 = PI + g cosαρ̄(ηI − η).

1.7.2.1 Pressure integration for the conservation form

For the Pressure integration we need to proove the next proposition.

Proposition 1.13. The Pressure term of the momentum equation can be expressed as

− r2

|J |
∂sP̃k =

∫
∂Ωk

r

|J |
P̃k

∣∣∣
r=R

∂s
(
r⃗P |r=R

)
· nk +

∫
Ωk

∂s

(
r

|J |

)
P̃k dAk − ∂s

(
AkPk

)
Proof. It’s easy to see that:

r2

|J |
∂sPk =

∫
Ωk

r

|J |
∂sP̃k dAk =

∫
Ωk

[
∂s

(
r

|J |
P̃k

)
− ∂s

(
r

|J |

)
P̃k

]
dAk

=

∫
Ωk

∂s

(
r

|J |
P̃k

)
dAk −

∫
Ωk

∂s

(
r

|J |

)
P̃k dAk. (1.38)

Using the Reynold’s Theorem 1.4 we note:

∂s

(∫
Ωk

r

|J |
P̃k dAk

)
=

∫
Ωk

∂s

(
r

|J |
P̃k

)
dAk +

∫
∂Ωk

r

|J |
P̃k

∣∣∣
r=R

∂s
(
rP |r=R

)
· nk,
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so

∫
Ωk

∂s

(
r

|J |
P̃k

)
dAk = ∂s

(∫
Ωk

r

|J |
P̃k dAk

)
−
∫
∂Ω1

r

|J |
P̃k

∣∣∣
r=R

∂s
(
rP |r=R

)
· nk,

= ∂s
(
AkPk

)
−
∫
∂Ωk

r

|J |
P̃k

∣∣∣
r=R

∂s
(
rP |r=R

)
· nk, (1.39)

substituting (1.39) in (1.38)

r2

|J |
∂sP̃k = ∂s

(
AkPk

)
−
∫
∂Ωk

r

|J |
P̃k

∣∣∣
r=R

∂s
(
r⃗P |r=R

)
· nk −

∫
Ωk

∂s

(
r

|J |

)
P̃k dAk,

therefore

− r2

|J |
∂sP̃k =

∫
∂Ωk

r

|J |
P̃k

∣∣∣
r=R

∂s
(
rP |r=R

)
· nk +

∫
Ωk

∂s

(
r

|J |

)
P̃k dAk − ∂s

(
AkPk

)

If we substituted this last relation with the gravity term integration in the momentum

conservation equations (1.35), (1.34) we obtain the final expression for the momentum

conservation equations

∂t (ρkAkVs,k) + ∂s

(
ρkAkV

2
s,k + AkP̃k

)
=

∫
∂Ωk

r

|J |
P̃k

∣∣∣
r=R

∂s
(
rP |r=R

)
· nk −

r2

|J |
Dk,s

+

∫
Ωk

∂s

(
r

|J |

)
P̃k dAk + ρr2V 2

k,sα
′′(s) cos θ

− sin (α (s)) gAkρk

(
r

|J |

)
. (1.40)

1.7.2.2 Pressure integration for the quasi-lineal form

We now proceed to compute the pressure integration coming from the momentum equa-

tion. For this end, we first need to prove the next proposition.
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Proposition 1.14. The area of each layer can be re-written as:

A1 =

∫ ηI

ηmin

(1− α′(s)η)σ(η), dη

A2 =

∫ ηmax

ηI

(1− α′(s)η)σ(η) dη.

Moreover, the function average can be re-written as

f̄1 =

∫ ηI

ηmin

σ(η)f1 (η; s, t) , dη

f̄2 =

∫ ηmax

ηI

σ(η)f2 (η; s, t) dη.

Proof. Without loss of generality, we prove the result for phase 1. Recalling definition

1.10, we get

A1 =

∫ 2π−θI,1

θI,1

∫ Re,1

R0,1

|J | dr dθ.

We also note that

|J |= r (1− rα′(s) cos (θ)) ⇒ |J |
r

= 1− rα′(s) cos (θ) = 1− α′(s)η.

So

∫ 2π−θI,1

θI,1

∫ Re,1

R0,1

|J | dr dθ =

∫ ∫
Ω1

|J |
r
r dr dθ

=

∫
Ω1

(1− α′(s)η) r dA

=

∫ ηmax

ηI

(1− α′(s)η)σ(η) dη.
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On the other hand:

f̄1(s, t) =
1

A1

∫
Ω1

f |J |
r

dA

=
1

A1

∫
Ω1

f (r, θ; s, t) (1− α′(s)η) dA

=
1

A1

∫ ηI

ηmin

(1− α′(s)η)σ(η) dη.

This is an important result. We have not only changed the limits of integration but

we have also proved that the integration depends only in the depth of the layer. In

other words, it only depends on η. Now we can integrate the pressure term of the

momentum equation. This is, for phase 1 we obtain

∫ 2π−θI,1

θI,1

∫ Rs

0

r2

|J |
∂sP̃1 drdθ =

∫
Ω1

r

|J |
∂sP̃1 dA

=

∫ ηI

ηm

1

(1− α′(s)η)
∂sP̃1 σ(η) dη

=

∫ ηI

ηm

σ(η)

1− α′(s)η

[
∂PI

ρ2
∂sρ̃2 + g∂sρ̃1(ηI − η) cos(α(s))

+ gρ̃1∂sηI cos(α(s))− gρ̃1(ηI − η) sin(α(s))α′(s)

]
dη

=

∫ ηI

ηm

σ(η)

1− α′(s)η
dη

[
∂PI

∂ρ2
∂sρ̃2 + gρ̃1 cos(α(s))∂sηI

]

+ g cos(α(s))

∫ ηI

ηm

σ(η)

1− α′(s)η
(ηI − η) dη ∂sρ̃1 (1.41)

− g sin(α(s))α′(s)ρ̃1

∫ ηI

ηm

σ(η)

1− α′(s)η
(ηI − η) dη.

We can calculate the deviating density for the liquid phase as

∂sρ1 = ∂s

(
A1ρ1
A1

)
=

∂s(A1, ρ1)A1 − A1ρ1 ∂sA1

A2
1

=
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1

A1

∂s(A1ρ1)−
ρ1
A1

[
(1−α′(s)ηI)σ(ηI)∂sηI+

∫ ηI

ηm

−α′′(s)ησ(η) dη−(1−α′(s)ηmin)σ(ηmin)∂sηmin

]
.

(1.42)

Analogously, we get

∂sρ2 =
1

A2

∂s(A2ρ2)−
ρ2
A2

∂sA2 =

1

A2

∂s(A2ρ2)−
ρ2
A2

[
−(1−α′(s)ηI)σ(ηI)∂sηI−

∫ ηmax

ηI

α′′(s)η σ(η) dη+(1−α′(s)ηmax)σ(ηmax)∂sηmax

]
.

(1.43)

Substituting this last expression (1.42) and (1.43) in (1.41), we obtain:

∫ 2π−θI,1

θI,1

∫ Re,1

R0,1

r2

|J |
∂sp̃1 drdθ

=

∫ ηI

ηmin

σ(η)

(1− α′(s)η)
dη

∂PI

∂ρ2

[
1

A2

∂s(A2ρ2)−
ρ2
A2

(
− (1− α′(s)ηI)σ(ηI)∂sηI

−
∫ ηmax

ηI

α′′(s) η σ(σ) dη + (1− α′(s)ηmax)σ(ηmax) ∂sηmax

)]

+ gρ̃1 cos(α(s))

∫ ηI

ηmin

σ(η)

(1− α′(s)η)
dη ∂sηI

+ g cos(α(s))

∫ ηI

ηmin

σ(η)

(1− α′(s)η)
(ηI − η)dη

[
1

A1

∂s(A1ρ1)

−

(
ρ1
A1

(1− α′(s)ηI)σ(ηI)∂sηI −
∫ ηI

ηmin

α′′(s)ησ(η)dη − (1− α′(s)ηmin)σ(ηmin)∂sηmin

)]

− g sin(α(s))α′(s)ρ̃1

∫ ηI

ηmin

σ(η)

1− α′(s)η
(ηI − η)dη,

and finally:

∫ ηI

ηmin

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

1

A2

∂s(A2ρ2) g cos(α(s))

∫ ηI

ηmin

σ(η)

1− α′(s)η
(ηI − η) dη

1

A1

∂s(A1ρ1)

+

[∫ ηI

ηmin

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(1− α′(s)ηI)σ(ηI)

+ gρ̃1 cos(α(s))

∫ ηI

ηmin

σ(η)

1− α′(s)η
dη

]
∂sηI + Sρ1 ,
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where Sρ1 are the source terms:

+

∫ ηI

ηmin

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(
−
∫ ηI

ηmin

α′′(s)ησ(σ)dη + (1− α′(s)ηmaxσ(ηmax∂s)ηmax)

)

+ g cos(α(s))

∫ ηI

ηmin

σ(η)

(1− α′(s)η)
(ηI − η)dη +

(
α′′(s)ησ(η) dη + (1− α′(s)ηmin)σ(ηmin)∂sηmin

)

− g sin(α(s))α′(s)ρ̃1

∫ ηI

ηmin

σ(η)

1− α′(s)η
(ηI − η)dη.

Now for the phase 2, we have

∫ θI,2

−θI,2

∫ Re,2

R0,2

r2

|J |
∂sP̃2 dr dθ =

∫
Ω2

r

|J |
∂sP̃1 dA =

∫ ηmax

ηI

σ(η)

1− α′(s)η
∂sP̃2σ(η)dη,

and then

=

∫ ηmax

ηI

σ(η)

1− α′(s)η

[
∂PI

∂ρ2
∂sρ̄

]
dη =

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

[
∂PI

∂ρ2
∂sρ̄

]

=

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

[
1

A2

∂s(A2ρ2)−
ρ2
A2

(
− (1− α′(s)ηI)σ(ηI)∂sηI

−
∫ ηmax

ηI

α′′(s)ησ(η)dη + (1− α′(s)ηmax)σ(ηmax)∂sηmax

)]
.

Substituting the partial derivatives in (1.42) and (1.43) we see that

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

[
1

A2

∂s(A2ρ2)−
ρ2
A2

(
− (1− α′(s)ηI)σ(ηI)∂sηI

−
∫ ηmax

ηI

α′′(s)ησ(η)dη + (1− α′(s)ηmax)σ(ηmax)∂sηmax

)]

=

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

1

A2

∂s(A2ρ2)

+

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(1− α′(s)ηI)σ(ηI)∂sηI

+

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(∫ ηmax

ηI

α′′(s)ησ(η)dη − (1− α′(s)ηmax)σ(ηmax)∂sηmax

)
.
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1.7.2.3 Interface evolution

We must now derive the time evolution equation for the interface. In fact, it appears as a

boundary condition. For that end, let us parametrize the interface in the new coordinates

as

(s, η(s, t)).

The normal vector is proportional to

(−∂sη, 1).

The interface propagates with time velocity (0, ∂tη). The boundary condition requires

that the velocity (UI ,WI − ∂tη) is tangent to the interface. That is, the surface is a

streamline that offers no resistance to its surroundings. That is, we have

0 = (UI ,WI − ∂tη) · (−∂sη, 1),

which reduces to

∂tη + UI∂sη = WI . (1.44)

Furthermore, we assume that the axial velocity of the interface is dominated by the liquid

phase, so

UI = Vs,1.

On the other hand, we also require that η always satisfies

ηmin ≤ η ≤ ηmax.

The above inequalities hold when both η− ηmin and ηmax− η are positive. One can easily

see that such quantities satisfy the equations

∂t(η − ηmin) + UI∂s(η − ηmin) = WI − UI∂sηmin(s),

∂t(ηmax − η) + UI∂s(ηmax − η) = UI∂sηmax(s)− η.
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So, the next expression satisfy the above equations:

WI =

 ∂sηVs,1 if Vs,1∂sηmin ≤ Vs,1∂sη ≤ Vs,1∂sηmax

0 otherwise.

1.7.3 The final model

Putting all of the identities from the previous sections, and adding a relaxation term to

the interface evolution, the model in its final form is summarized as

∂t(A1ρ̄1) + ∂s(A1ρ̄1 ¯Vs,1) = A1M̄1, (1.45)

∂t (ρ1A1Vs,1) + ∂s

(
ρ1A1V

2
s,1 + A1P̃1

)
=

∫
∂Ω1

r

|J |
P̃1

∣∣∣
r=R

∂s
(
rP |r=R

)
· n1 −

r2

|J |
D1,s

+

∫
Ω1

∂s

(
r

|J |

)
P̃1 dA1 + ρr2V 2

1,sα
′′(s) cos θ

− sin (α (s)) gA1ρ1

(
r

|J |

)
, (1.46)

∂t(A2ρ̄2) + ∂s(A2ρ̄2 ¯Vs,2) = A2M̄2, (1.47)

∂t (ρ2A2Vs,2) + ∂s

(
ρ2A2V

2
s,2 + A2P̃2

)
=

∫
∂Ω1

r

|J |
P̃2

∣∣∣
r=R

∂s
(
rP |r=R

)
· n2 −

r2

|J |
D2,s

+

∫
Ω2

∂s

(
r

|J |

)
P̃2 dA2 + ρr2V 2

2,sα
′′(s) cos θ

− sin (α (s)) gA1ρ1

(
r

|J |

)
, (1.48)

∂tη + UI∂sη = WI + µ(ρ1 − ρ1,ref)/ρ1,ref, (1.49)
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where:

A1M1 + A2M2 = 0

A1 + A2 = Total pipe′s area

P̃2 = P2,ref

(
ρ2

ρ2,ref

)γ2

= PI = PI(ρ2)

P̃1 = PI + ρ̄1g (ηI(s, t)− η) cos (α(s))

UI = Vs,1

WI =

 ∂sηVs,1 if Vs,1∂sηmin ≤ Vs,1∂sη ≤ Vs,1∂sηmax

0 otherwise.

Here, ρ1,ref and ρ2,ref are densities reference values, and P2,ref is a pressure reference value,

for this work, one can use the perfect gas law.



Chapter 2

Model properties

The model that we present here falls within the class of hyperbolic balance laws. For

Partial Differential Equations in that class, there are several theoretical and numerical

challenges. One of them is the presence of shockwaves, even when the initial conditions

are smooth. Such waves propagate at a finite speed. A theory of weak solutions has

been developed in the last decades. See for instance [3] and references therein. Weak

solutions admit discontinuities and entropy inequalities have been helpful in choosing

physically relevant solutions, achieving uniqueness. Correctly approximating solutions in

the presence of shockwaves require a careful analysis of the PDEs’ discretizations. There

exists a variety of numerical schemes that are robust and precise when approximating

such solutions. In particular, here we implement central-upwind schemes, which have

several desirable properties, as it will be discussed below. As a first step, in this chapter

we show the hyperbolic properties of the model by writing the equations in quasi-linear

form and analyzing the coefficient matrix.

47
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2.1 Quasi-linear formulation

Definition 2.1. We define the vector W as:

W = (W1,W2,W3,W4,W5)
T ,

where

W1 = A1ρ1,

W2 = A1ρ1Vs,1,

W3 = A2ρ2,

W4 = A2ρ2Vs,2,

W5 = η.

The following theorem rewrites the conservation law in quasi-linear form. The resulting

coefficient matrix must have real eigenvalues and a complete set of eigenvectors in order

to show that the model is of hyperbolic type.

Theorem 2.2. The final model can be written in quasi lineal form as:

Wt +M(W )Ws = S,

where

M =



0 1 0 0 0

c21 − v2s,1 2vs,1 M2,3 0 0

0 0 0 1 0

0 0 c22 − v2s,2 2vs,2 M4,5

0 0 0 0 UI


, S =



A1M1

S2

A2M2

S4

WI


,
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and

S2 =

∫ ηI

ηmin

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(
−
∫ ηmax

ηI

α′′(s)ησ(η)dη + (1− α′(s)ηmax)σ(ηmax)∂sηmax

)

+ g cos(α(s))

∫ ηI

ηmin

σ(η)

1− α′(s)η
(ηI − η)dη

+

∫ ηI

ηmin

α′′(s)ησ(η)dη + (1− α′(s)ηmin)σ(ηmin)∂sηmin

− g sin(α(s))α′(s)ρ̄

∫ ηI

ηmin

σ(η)

1− α′(s)η
(ηI − η)dη.

+ A1
r2

|J |2
Ds,1 + A1ρ1

r2

|J |
V 2
s,1α

′′(s) cos θ − sin(α(s))gA1ρ1

(
r

|J |

)
,

S4 =

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(∫ ηmax

ηI

α′′(s)ησ(η)dη − (1− α′(s)ηmax)σ(ηmax)∂sηmax

)
+ A2

r2

|J |2
Ds,2 + A1ρ2

r2

|J |
V 2
s,2α

′′(s) cos θ − sin(α(s))gA2ρ2

(
r

|J |

)
.

Proof. We have already defined the vectorW for the conserved variables. Let us construct

the matrix M . We define the M matrix as:

M =



M1,1 M1,2 M1,3 M1,4 M1,5

M2,1 M2,2 M2,3 M2,4 M2,5

M3,1 M3,2 M3,3 M3,4 M3,5

M4,1 M4,2 M4,3 M4,4 M4,5

M5,1 M5,2 M5,3 M5,4 M5,5


=



M1

M2

M3

M4

M5


, (2.1)

where Mi,j and Mk are the entries and rows of the matrix M respectively, for i, j, k =

1, 2, . . . , 5 . Now we are going to construct row by row the matrix.

First row M1: We need a row (M1,1,M1,2,M1,3,M1,4,M1,5) that satisfy:

(M1,1,M1,2,M1,3,M1,4,M1,5)



A1ρ1

A1ρ1Vs,1

A2ρ2

A2ρ2Vs,2

η


∂s

= ∂s(A1ρ1Vs,1).
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In order for that to happen, the M1,i entries (with i = 1, 2, . . . , 5) must be

M1,1 = 0,M1,2 = 1,M1,3 = M1,4 = M1,5 = 0.

So, the first row is M1 = (0, 1, 0, 0, 0).

Second row M2: We need a row (M2,1,M2,2,M2,3,M2,4,M2,5) to satisfy

M2



A1ρ1

A1ρ1Vs,1

A2ρ2

A2ρ2Vs,2

η


∂s

= ∂s(A1ρ1V
2
s,1) + c21∂s(A1ρ1) +

(∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

1

A2

)
∂s(A2ρ2),

where

c21 =
g cos(α(s))

A1

∫ ηmax

ηI

σ(η)

1− α′(s)η
(ηI − η)dη, (2.2)

and c1 is the speed of sound. Here we note that we need to express V 2
s,1 in terms of the

conservative variables. For that end, notice that

∂s(A1ρ1V
2
s,1) = ∂s

(
(A1ρ1Vs,1)

2

A1ρ1

)
= −V 2

s,1∂s(A1ρ1) + 2Vs,1∂s(A1ρ2Vs,1).

So, we can see now that the entries for the second row must be

M2,1 =
g cos(α(s))

A1

∫ ηmax

ηI

σ(η)

1− α′(s)η
(ηI − η)dη − V 2

s,1 = C2
1 − V 2

s,1

M2,2 = 2Vs,1

M2,3 =

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

1

A2

M2,4 = M2,5 = 0,

giving us

M2 = (C2
1 − V 2

s,1, 2Vs,1,M2,3, 0, 0).
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Third row M3: We need a row (M3,1,M3,2,M3,3,M3,4,M3,5) that satisfy:

(M3,1,M3,2,M3,3,M3,4,M3,5)



A1ρ1

A1ρ1Vs,1

A2ρ2

A2ρ2Vs,2

η


∂s

= ∂s(A2ρ1Vs,2).

In order for that to happen, the M3,i entries (with i = 1, 2, . . . 5) must be

M3,1 = M3,2 = M3,3 = 0,M3,4 = 1,M3,5 = 0.

So, the third row is M3 = (0, 0, 0, 1, 0).

Fourth row M4: We need a row (M4,1,M4,2,M4,3,M4,4,M4,5) that satisfy:

M4



A1ρ1

A1ρ1Vs,1

A2ρ2

A2ρ2Vs,2

η


∂s

=∂s(A2ρ2V
2
s,2) + c22∂s(A2ρ2)

+

(∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(1− α′(s)ηI)σ(ηI)

)
∂s(ηI),

where

c22 =

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

1

A2
, (2.3)

and c2 is the speed of sound for the top layer. Once again, we need to express V 2
s,2 in

terms of the conservative variables. We note that

∂s(A2ρ2V
2
s,2) = ∂s

(
(A2ρ2Vs,2)

2

A2ρ2

)
= −V 2

s,2∂s(A2ρ2) + 2Vs,2∂s(A2ρ2Vs,2).
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So, we can see now that the entries must be

M4,1 = M4,2 = 0

M4,3 =

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

1

A2
− V 2

s,2 = c22 − V 2
s,2

M4,4 = 2Vs,2

M4,5 =

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(1− α′(s)ηI)σ(ηI).

The fourth row is then

M4 = (0, 0, C2
2 − V 2

s,2, 2Vs,2,M4,5).

Fifth row M5: For the last row, we need that (M5,1,M5,2,M5,3,M5,4,M5,5) satisfy:

(M5,1,M5,2,M5,3,M5,4,M5,5)



A1ρ1

A1ρ1Vs,1

A2ρ2

A2ρ2Vs,2

η


∂s

= UI∂sη.

In order for that to happen, it is easy to see that the M1,i entries (with i = 1, 2, . . . , 5)

must be:

M5,1 = M5,2 = M5,3 = M5,4 = 0,M5,5 = UI .

So, the fifth and last row is M5 = (0, 0, 0, 0, UI). Therefore, the quasilineal system reads

Wt +M(W )Ws = S,

where

W =



A1ρ1

A1ρ1Vs,1

A2ρ2

A2ρ2Vs,2

η


, Wt =



∂t (A1ρ1)

∂t (A1ρ1Vs,1)

∂t (A2ρ2)

∂t (A2ρ2Vs,2)

∂t (η)


, Ws =



∂s (A1ρ1)

∂s (A1ρ1Vs,1)

∂s (A2ρ2)

∂s (A2ρ2Vs,2)

∂s (η)


,
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M =



0 1 0 0 0

c21 − v2s,1 2vs,1 M2,3 0 0

0 0 0 1 0

0 0 c22 − v2s,2 2vs,2 M4,5

0 0 0 0 UI


, S =



S1

S2

S3

S4

S5


.

Here, S is the vector of source terms, and each entry is

S1 = A1M1.

S2 =

∫ ηI

ηmin

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(
−
∫ ηmax

ηI

α′′(s)ησ(η)dη + (1− α′(s)ηmax)σ(ηmax)∂sηmax

)

+ g cos(α(s))

∫ ηI

ηmin

σ(η)

1− α′(s)η
(ηI − η)dη

+

∫ ηI

ηmin

α′′(s)ησ(η)dη + (1− α′(s)ηmin)σ(ηmin)∂sηmin

− g sin(α(s))α′(s)ρ̄

∫ ηI

ηmin

σ(η)

1− α′(s)η
(ηI − η)dη.

+ A1
r2

|J |2
Ds,1 + A1ρ1

r2

|J |
V 2
s,1α

′′(s) cos θ − sin(α(s))gA1ρ1

(
r

|J |

)
.

S3 = A2M2.

S4 =

∫ ηmax

ηI

σ(η)

1− α′(s)η
dη

∂PI

∂ρ2

ρ2
A2

(∫ ηmax

ηI

α′′(s)ησ(η)dη − (1− α′(s)ηmax)σ(ηmax)∂sηmax

)
+ A2

r2

|J |2
Ds,2 + A1ρ2

r2

|J |
V 2
s,2α

′′(s) cos θ − sin(α(s))gA2ρ2

(
r

|J |

)
.

S5 = WI
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2.2 Hyperbolic properties

Once we have the quasi-linear form of the PDE, one can analyze the eigensystem to show

the hyperbolic properties of the model, as described in the following theorem.

Theorem 2.3. The coefficient matrix M associate to the quasi-lineal form has real eigen-

values and a complete set of eigenvectors provided that

c1 ̸= 0, Vs,2 − Vs,1 ̸= ±(c2 ± c1), Vs,1 − UI ̸= ±c1, Vs,2 − UI ̸= ±c2. (2.4)

As a result, the model (1.45)-(1.49) is conditionally hyperbolic.

We note that condition (2.4) guarantees that the eigenvalues are different, which implies

that the eigenvectors form a basis. The (very) special cases where the eigenvalues coincide

could still lead to hyperbolicity. A deeper analysis including those special cases will be

treated in a future work.
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Proof. Let us calculate the characteristic polynomial, as follows.

det(λI −M) =



λ −1 0 0 0

−c21 + V 2
s,1 λ− 2Vs,1 −M2,3 0 0

0 0 λ −1 0

0 0 −c22 + V 2
s,2 λ− 2Vs,2 −M4,5

0 0 0 0 λ− UI



=



λ −1 0 0 0

0 λ− 2Vs,1 +
−c21 + V 2

s,1

λ
−M2,3 0 0

0 0 λ −1 0

0 0 0 λ− 2Vs,2 −
c22 − V 2

s,2

λ
−M4,5

0 0 0 0 λ− UI



= (λ)

(
λ− 2Vs,1 +

−c21 + V 2
s,1

λ

)
(λ)

(
λ− 2Vs,2 −

c22 − V 2
s,2

λ

)
(λ− UI)

=
(
λ2 − 2Vs,1λ+−c21 + V 2

s,1

) (
λ2 − 2Vs,2λ− c22 − V 2

s,2

)
(λ− UI)

= (λ− c1 − Vs,1) (λ− c1 + Vs,1) (λ− c2 − Vs,2) (λ− c2 + Vs,2) (λ− UI).

So the eigenvalues are

λ1 = Vs,1 − c1, λ2 = Vs,1 + c1, λ3 = Vs,2 − c2, λ4 = Vs,2 + c2, λ5 = UI . (2.5)
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Numerical results

We recall that the model can be written in conservation form as

∂t(A1ρ1) + ∂s(A1ρ1Vs,1) = A1M1

∂t(A1ρ1Vs,1) + ∂s(A1ρ1V
2
s,1 + A1p1) =

∫
∂Ω1

r
J
p̄1,r=R∂s (rp|r=R) · n1dℓ

+
∫
Ω1

∂s
(
r
J

)
p1dA+ A1

r2

J2Ds,1

+A1ρ1
r2

J2V
2
s,1α

′′(s) cos θ − sin(α(s))gA1ρ1
r
J

∂t(A2ρ2) + ∂s(A2ρ2Vs,2) = A1M2

∂t(A2ρ2Vs,2) + ∂s(A2ρ2V
2
s,2 + A2p̄2) =

∫
∂Ω2

r
J
p2,r=R∂s (rp|r=R) · n2dℓ

+
∫
Ω2

∂s
(
r
J

)
p2dA+ A2

r2

J2Ds,2

+A2ρ2
r2

J2V
2
s,2α

′′(s) cos θ − sin(α(s))gA2ρ2
r
J

∂tηI + ∂s(UIη) = −η∂sUI +WI + µ(ρ1 − ρ1,ref)/ρ1,ref.

(3.1)

Here A1, A2 are the Jacobian integrated in each cross section, which coincides with the

cross sectional area in horizontal pipes where Jacobian reduces to the identity. Further-

more, Vs,1, Vs,2 are the corresponding velocities in the axial directions, η is the interface

57
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displacement, UI and WI are the axial and vertical velocities at the interface, and p1, p2

are the corresponding pressures in each layer. The term µ(ρ1 − ρ1,ref)/ρ1,ref determines

the interface displacement due to density deviations from reference values.

We note that the total integral A1 + A2 = A = A(s) is known and depends only on the

pipe’s geometry, that does not change in time. On the other hand, the pressures in each

layer are given by

p̃1 = PI + ρ1g(ηI − η) cos(α(s)),

p1 = p̃1,

p1 = P2,ref

(
ρ2

ρ2,ref

)γ2
= pI ,

p2 = p̃2.

(3.2)

The vertical velocity at the interface is computed as

WI =


Vs,1∂sηI if Vs,1∂sηmin ≤ Vs,1∂sηI ≤ Vs,1∂sηmax

0 otherwise.

(3.3)

3.1 Convenient cross sections’ descriptions and

corresponding averages

We recall that any function f is averaged in each cross section as

f̄ = 1
A1

∫
Ω1

J
r
f dA,

f = 1
A2

∫
Ω2

J
r
f dA,

which in cylindrical-type or polar coordinates (for a fixed cross section) can also be written

as

f̄ = 1
A1

∫
Ω1

J
r
f rdrdθ,

f = 1
A2

∫
Ω2

J
r
f rdrdθ,
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with the limits in r and θ as specified in previous chapters. This is not always the most

practical way of computing averages. A more convenient description of each cross section

is through the variables

η = r cos(θ), η⊥ = r sin(θ), (3.4)

where η is the displacement from the point in the cross section to the equator line pass-

ing through the center at constant angle θ = π/2, and η⊥ is the displacement from the

point in the cross section to the line passing through the center from the center at con-

stant angle θ = π. This way, η is negative/positive below/above the center, and η⊥ is

negative/positive to the left/right of the pipe’s center.

The pipe’s geometry determines a minimum and maximum displacements ηmin(s), ηmax(s)

that can vary in the axial direction. At each depth η, one can assume the pipe has a

with given by σ(η). In the case where the pipe is symmetric across the vertical line, the

variables η, η⊥ have the following limits

ηmin(s) ≤ η ≤ ηmax(s), −
σ(η)

2
≤ η⊥ ≤ σ(η)

2
.

Using Fubini’s theorem, the averages are computed in each layer as

f̄ = 1
A1

∫ ηI
ηmin(s)

∫ −σ(η)
2

−σ(η)
2

J
r
f dη⊥dη,

f = 1
A2

∫ ηmax(s)

ηI

∫ −σ(η)
2

−σ(η)
2

J
r
f dη⊥dη.

As we will see below, all of the flux and source terms are functions independent of η⊥. In

that case, the cross section averages are conveniently computed as

f̄ = 1
A1

∫ ηI
ηmin(s)

σ(η)J
r
f dη,

f = 1
A2

∫ ηmax(s)

ηI
σ(η)J

r
f dη.

(3.5)
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3.2 Explicit expressions of flux and source terms

The areas A1 and A2 are given by

A1 =
∫
Ω1

J
r
dA =

∫ ηI
ηmin(s)

(1− α′(s)η)σ(η)dη, and

A2 =
∫
Ω2

J
r
dA =

∫ ηmax(s)

ηJ
(1− α′(s)η)σ(η)dη.

We recall that the pressures in the two layers before being averaged are given by

p̃2 = P2,ref

(
ρ2

ρ2,ref

)γ2
= PI

P̃1 = PI + ρ1g(ηI(s, t)− η) cos(α(s)),

(3.6)

where we are assuming the two densities ρ1 and ρ2 are constant. The average pressure in

the top layer is written as

A2p̄2 =

∫
Ω2

r

J
p2dA = P2,ref

(
ρ2

ρ2,ref

)γ2 ∫ ηmax(s)

ηI

1

1− α′(s)η
σ(η)dη.

The averaged pressure on the bottom layer is given by

A1p̄1 =
∫
Ω1

r
J
p1dA = P2,ref

(
ρ2

ρ2,ref

)γ2 ∫ ηI
ηmin(s)

1
1−α′(s)η

σ(η)dη

+ρ1g cos(α(s))
∫ ηI
ηmin(s)

ηI(s,t)−η
1−α′(s)η

σ(η)dη.

One of the first source terms is the line integral over the layer’s boundaries

∫
∂Ω1

r

J
p̃1|r=R∂s(rp|r=R) · n1dℓ.

Here r is the parametrization given by equation (1.7) and n1 is the normal vector given

by (1.9).
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As it was shown in the previous chapter, we have

∂s(r1|r=R) · n1 =
1

R2 + (∂θR)2
R∂sR.

Figure 3.1: Schematic of a pipe’s cross section and boundary of the bottom layer.

The boundary of each layer consists of the interface plus the section of the wall containing

the corresponding layer. See Figure 3.1 for an schematic showing the boundary of the

bottom layer. One can compute the line integral both on the wall instead of interface.

For that, we notice that

dℓ = ||∂θrp|r=R||dθ.

We also note that

||∂θrp||2 = ||(−Rθ sin(α) cos(θ)− sin θR sin(α), Rθ sin θ +R cos θ, Rθ cos(α) cos θ −R cos(α) sin θ)||2

= R2 +R2
θ

Therefore,

∂s(r1|r=R) · n1dℓ = R∂sRdθ.

If we parametrize the wall by θ → rp(R(θ, s), θ; s), the line integral over the wall is

computed as ∫ 2π−θI

θI

1

1− α′(s)R(θ, s) cos θ
p̃1|r=R R∂sRdθ.
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Now, over the interface, the parametrization is given by

rp|η=ηI
= (− sin(α)ηI + xo(s), ηI tan θ, cos(α)ηI + zo(s)),

which gives

∂θrp|η=ηI
= (0, ηI sec

2 θ.0),

and the normal vector is therefore

n1 = (− sinα, 0, cosα).

Furthermore,

||∂θrp||dθ = |ηI |sec2 θdθ = −ηI
d

dθ
(tan θ)dθ = d(−ηI tan θ) = dy.

On the other hand,

∂srp|η=ηI
= (− cosαα′(s)ηI−sinα∂sηI+cosα, tan θ∂sηI ,− sinαα′(s)ηI+cosα∂sηI+sinα),

which implies

∂srp|η=ηI
· n1 = − cosα sinαα′(s)ηI + sin2 α∂sηI

− sinα cosαα′(s)ηI + cos2 α∂sηI + sinα cosα

= ∂sηI .

The corresponding integral over the interface is then computed as

1

1− α′(s)ηI
pI∂sηIσI ,

where

σI = σ(ηI) (3.7)

is the pipe’s width at the interface.
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The line integral over the boundary is then computed as

∫
∂Ω1

r

J
p̃1|r=R∂s(rp|r=R)·n1dℓ =

∫ 2π−θI

θI

1

1− α′(s)R(θ, s) cos θ
p̃1|r=R R∂sRdθ+

1

1− α′(s)ηI
pI∂sηIσI .

(3.8)

Similarly, the source term associated to the upper layer is given by

∫
∂Ω2

r

J
p̃2|r=R∂s(rp|r=R)·n2dℓ =

∫ θI

−θI

1

1− α′(s)R(θ, s) cos θ
p̃2|r=R R∂sRdθ− 1

1− α′(s)ηI
pI∂sηIσI .

(3.9)

The source terms associated to the momentum exchange are given by

A1
r2

J2Ds,1 =
∫
Ω1

r2

J2
J
r
dADs,1 =

∫ ηI
ηmin(s)

σ(η)
1−α′(s)η

dη Ds,1,

A2
r2

J2Ds,2 =
∫
Ω2

r2

J2
J
r
dADs,2 =

∫ ηmax(s)

ηI

σ(η)
1−α′(s)η

dη Ds,2.

The source term associated to gravity effects are given by

sinαgρ1A1
r
J

= g sinαρ1
∫
Ω1

r
J
J
r
dA = g sinαρ1

∫ ηI
ηmin(s)

σ(η)dη,

sinαgρ2A2
r
J

= g sinαρ2
∫
Ω2

r
J
J
r
dA = g sinαρ2

∫ ηmax(s)

ηI
σ(η)dη.

The last source terms are given by

A1ρ1u
2
1α

′′(s)cos θ r2

J
= ρ1α

′′(s)u2
1

∫
Ω1

cos θ r2

J
J
r
dA = ρ1α

′′(s)u2
1

∫ ηI
ηmin(s)

ησ(η)dη, and

A2ρ2u
2
2α

′′(s)cos θ r2

J
= ρ2α

′′(s)u2
2

∫
Ω2

cos θ r2

J
J
r
dA = ρ2α

′′(s)u2
2

∫ ηmax(s)

ηI
ησ(η)dη.

It is important to note that all flux and source terms were independent of η⊥, i.e., are

constant on each fixed depth. It allows us to write the cross sectional averages as integrals

in the η directions, with weights involving the pipe’s width σ(η). In the next section, we

show how we can discretize the cross sections to make it as general as possible, approxi-

mated by piecewise trapezoidal reconstructions.
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3.3 Pipe’s discretization

One of the contributions in this thesis is the generalization of the model found in [6]

to pipes with general cross sections. In the cited work, rectangular and circular cross

sections are considered. Here, one can handle any cross section with arbitrary shape,

as long as they can be well described in cylindrical coordinates, as specified in previous

sections.

Figure 3.2: Pipe’s discretization

Let us assume that each cross section consists of M trapezoids with edges at depths and

angles

ηk, θk, k = 1, . . . ,M.

Even though one can consider arbitrary cross sections, we still need to either compute

the involved integrals in an exact form when the geometry of the pipe is given by explicit

expressions, or one could discretize it. In any case, in real life applications one usually

does not have explicit expressions but only measurements. Having that in mind, we

discretize our cross section by assuming that it is piecewise trapezoidal. See Figure 3.2

for a schematic of it.
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All the flux and source terms that are written in terms of integrals with respect to η,

except for the line integral. When the cross section is piecewise trapezoidal, the integrals

with respect to η are replaced by Riemann sums.

Regarding the line integrals, they are approximated by

∫
∂Ω1

r
J
p̃1|r=R∂s(rp|r=R) · n1dℓ ≈

∑
ηk≤ηI

1
1−ηkα′(s)

p̃1|η=ηk
R(θk, s)∂sR(θk, s)(θk+1 − θk)

+ 1
1−α′(s)ηI

pI∂sηIσI ,

∫
∂Ω2

r
J
p̃2|r=R∂s(rp|r=R) · n2dℓ ≈

∑
ηk≥ηI

1
1−ηkα′(s)

p̃2|η=ηk
R(θk, s)∂sR(θk, s)(θk+1 − θk)

− 1
1−α′(s)ηI

pI∂sηIσI .

3.4 Numerical scheme

In this section, we describe the central-upwind numerical scheme implemented for solving

equation (3.1) and the scheme’s properties. Let us consider a hyperbolic balance law of

the form

Wt + (F(W))s = S(W, s), (3.10)

where both the flux and source may have terms that depend on the spatial variable s.

We partition the spatial domain into grid cells Ij := [sj− 1
2
, sj+ 1

2
], where ∆s is the spatial

scale, sj± 1
2
= sj ± ∆s

2
, and sj is the center of the grid cell. Let us denote by Wj(t) the

computed cell average of W(s, t) over the cell Ij, which is defined as

Wj(t) =
1

∆s

∫ s
j+1

2

s
j− 1

2

W(s, t) ds. (3.11)

Furthermore, let us consider a semi-discrete formulation of equation (3.10) given by

d

dt
Wj = −

Fj+ 1
2
− Fj− 1

2

∆s
+ Sj. (3.12)

Following [8], we provide the following definition to be used below.
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Our model (3.1) has conservative variables and a flux function given by

W =



A1ρ1

A1ρ1Vs,1

A2ρ2

A2ρ2Vs,2

ηI


, F(W) =



A1ρ1Vs,1

A1ρ1V
2
s,1 + A1p1

A2ρ2Vs,2

A2ρ2V
2
s,2 + A2p2

UIηI


(3.13)

on the left hand side, and the source term is given by

S =



A1M1

∫
∂Ω1

r
J
p1,r=R∂s (rp|r=R) · n1dℓ−

∫
Ω1

∂s
(
r
J

)
p1dA+ A1

r2

J2Ds,1

+A1ρ1
r2

J2u
2
1α

′′(s) cos θ − sin(α(s))gA1ρ1
r
J

A1M2

∫
∂Ω2

r
J
p2,r=R∂s (rp|r=R) · n2dℓ−

∫
Ω2

∂s
(
r
J

)
p2dA+ A2

r2

J2Ds,2

+A2ρ2
r2

J2u
2
2α

′′(s) cos θ − sin(α(s))gA2ρ2
r
J

WI − ∂sUIηI



. (3.14)

3.4.1 Semi-discrete central-upwind scheme

The semi-discrete formulation for the cell averages as in (3.11) is obtained after integrating

equation (3.10) over each cell Ij, obtaining equation (3.12). The semi-discrete formulation

is approximated by

d

dt
Wj(t) = −

Hj+ 1
2
−Hj− 1

2

∆s
+

1

∆s

∫ s
j+1

2

s
j− 1

2

S(W, s) ds, (3.15)

where Hj± 1
2
is the numerical flux at the cell interface sj± 1

2
. Typical semi-discrete central-

upwind schemes consider flux values at the interfaces obtained by non-oscillatory polyno-

mial reconstructions. Non-oscillatory behavior is usually achieved by the use of nonlinear
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limiters, as described in [9].

The flux at the cell interfaces, F(W(sj± 1
2
), t), is approximated by the numerical flux

Hj± 1
2
(t) given by

Hj± 1
2
(t) =

a+
j± 1

2

F
(
W−

j± 1
2

(t)
)
− a−

j± 1
2

F
(
W+

j± 1
2

(t)
)

a+
j± 1

2

− a−
j± 1

2

+
a+
j± 1

2

a−
j± 1

2

a+
j± 1

2

− a−
j± 1

2

(
W+

j± 1
2

(t)−W−
j± 1

2

(t)
)
.

(3.16)

The numerical flux is of HLL type, as described in [10]. The interface point-values

W±
j± 1

2

(t) are recovered from the cell averages via a non-oscillatory piecewise polynomial

reconstruction that is described in the next section. The one-sided local speeds in this

scheme are approximated using the eigenvalues of the Jacobian:

a−
j± 1

2

= min
{
V +
1,j± 1

2

− c+
1,j± 1

2

, V −
1,j± 1

2

− c−
1,j± 1

2

, V +
2,j± 1

2

− c+
2,j± 1

2

, V −
2,j± 1

2

− c−
2,j± 1

2

0
}
,

a+
j± 1

2

= max
{
V +
1,j± 1

2

+ c+
1,j± 1

2

, V −
1,j± 1

2

+ c−
1,j± 1

2

, V +
2,j± 1

2

+ c+
2,j± 1

2

, V −
2,j± 1

2

+ c−
2,j± 1

2

, 0
}
.

(3.17)

In some cases, we have increased the viscosity to maintain stability. We note that a+
j± 1

2

−

a−
j± 1

2

> 0 is always positive unless c±
k,j± 1

2

and u±
k,j± 1

2

, k = 1, 2 all vanish in a collapsed

state with “no fluid motion”.

3.4.2 Non-oscillatory reconstruction

The construction of a numerical scheme that is second-order accurate in smooth regions

is one of the goals in this work. The numerical scheme becomes first-order accurate

near shock waves to achieve stability. The interface point values Wj± 1
2
(t) are calculated

from the cell averages Wj(t) via piecewise polynomial reconstruction. For that end,

the reconstruction implemented here conserves cell averages, is second-order accurate in

smooth regions, has a non-oscillatory behaviour, recognizes steady states at rest, and

preserves the positivity of the cross-sectional area A. See references [11–14] for details.

A second-order reconstruction of any quantity q(s, t) is chosen from its cell average q̄j as

q+
j− 1

2

= q̄j −
∆s

2
q′j, q−

j+ 1
2

= q̄j +
∆s

2
q′j. (3.18)
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The limited slopes q′j are calculated according to reference [15] as

q′j =
1

∆s
minmod

(
θ
(
qj − qj−1

)
,
1

2

(
qj+1 − qj−1

)
, θ
(
qj+1 − qj

))
, (3.19)

where 1 ≤ θ < 2, and

minmod(r1, r2, r3, . . . , rk) =


minj(rj) if rj > 0 ∀j

maxj(rj) if rj < 0 ∀j

0 otherwise

.

Unless otherwise specified, θ = 1.5, thus for simplicity. We note that this minmod limiter

is commonly used in central-upwind schemes. It guarantees the local maximum principle

with respect to the cell averages [9].

3.4.3 Steady state at rest

System 3.1 admits steady state solutions when there is a balance between flux gradients

and source terms. Such balance can be in complicated conditions when the cross section

is complex and gravity and other geometrical effects come into play. From all possibilities,

it is easier to identify those steady state that are at rest. We require that the velocity

vanishes (Vs,1 = Vs,2 = 0), the pipe is placed horizontally (α = constant), no mass

exchange (M1 = M2 = 0), and no momentum exchange (Ds,1 = Ds,2 = 0). The balance

between flux gradients and source terms require

0 = ∂s(Akp̄k)−
∫
∂Ω1

r

J
p̄1,r=R∂s (rp|r=R) · n1dℓ =

∫
Ωk

∂s

( r
J
pk

)
dA,

where the Reynold’s transport theorem has been used in the last equality. Since the pipe

is horizontal, J = 1. Now, we require for the solution to be steady that pk is constant.

For the top layer where ideal gas laws are used, we need the top density to be constant

ρ2 = const. For the bottom layer, the interface pressure coincides with the top one, which
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is already constant. A hydrostatic pressure component is considered, which is given by

−gρ1(η − ηI(s, t)),

provided that ρ1 is constant. The hydrostatic pressure component is constant provided

that ηI is constant along the axial direction. We have then proved the following proposi-

tion.

Proposition 3.1. Let us consider a horizontal pipe (α = constant), and assume that the

fluid has no mass exchange (M1 = M2 = 0), and no momentum exchange (Ds,1 = Ds,2 =

0). System 3.1 admits steady state solutions at rest, satisfying the following conditions

Vs,1 = Vs,2 = 0, ρ1, ρ2 and ηI are independent of s. (3.20)

Knowing that steady state solutions at rest exists, our goal is to construct a numerical

scheme that preserves such states. That is, when a solution satisfies the conditions in

equation (3.20) at time t and the pipe meets the description in Proposition 3.1, we expect

the numerical solution to remain the same in the next time step t + ∆t. We say that

the numerical scheme satisfies the well-balanced property when it respects those states

in the above sense. This is important because flows in many situations can consist of

small perturbations to steady states, except for situations like hydraulic jumps. The

next section explains the correct way for the data reconstruction and the discretization

of source terms in order to achieve the well balance property.

3.4.4 Well-balanced property: Flux and source terms discretiza-

tions

An important step in achieving the well balance property is in the data reconstruction.

We apply the same non-oscillatory reconstruction as in equation (3.18). However, we

have different ways of doing it. For instance, one could reconstruct ηI and integrate

in the corresponding layers to obtain A1 and A2. However, we could also reconstruct

A1 directly. One could also reconstruct directly the variable A1ρ1 and divide by the
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reconstruction of A1 to obtain an approximation of ρ1. At the continuous limit, the order

in which we do it does not matter. However, at the discrete level some ways could inherit

more advantages in comparison to others, specially in the well balance property.

Since Vs,1 = Vs,2 = 0, ρ1, ρ2 and ηI are constant in a steady state of rest, we propose to

reconstruct those variables first. Applying the non-oscillatory reconstruction in (3.18),

we get

V ±
1,j± 1

2

= V ±
2,j± 1

2

, ρ±
1,j± 1

2

, ρ±
2,j± 1

2

and η±
I,j± 1

2

,

which are unchanged in steady states of rest.

Once the above variables at reconstructed at the interfaces, we proceed to reconstruct

the flux and source terms as follows.

The integrated Jacobians are reconstructed as

A±
1,j± 1

2

=
∑

ηk≤η±
I,j± 1

2

(1− α′(sj± 1
2
)ηk)σ(ηk)∆ηk, and

A2,j± 1
2

=
∑

η±
I,j± 1

2

≤ηk
(1− α′(sj± 1

2
)ηk)σ(ηk)∆ηk.

The integrated pressures are given by

A±
2,j± 1

2

p̄±
2,j± 1

2

= P2,ref

(
ρ±
2,j± 1

2

ρ2,ref

)γ2 ∑
η±
I,j± 1

2

≤ηk

σ(ηk)

1− α′(sj± 1
2
)ηk

∆ηk,

and

A±
1,j± 1

2

p̄±
1,j± 1

2

= P2,ref

(
ρ±
2,j± 1

2

ρ2,ref

)γ2∑
ηk≤η±

I,j± 1
2

σ(ηk)
1−α′(s

j± 1
2
)ηk

∆ηk

+ρ±
1,j± 1

2

g cos(α(sj± 1
2
))
∑

ηk≤η±
I,j± 1

2

η±
I,j± 1

2

−ηk

1−α′(s
j± 1

2
)ηk

σ(ηk)∆ηk.

The above expressions give us the reconstructions of all flux terms. We now proceed to

handle the source terms. The first term is the line integrals in equations (3.8) and (3.9).

Assuming symmetry across the vertical line (θ = 0), those line integrals are approximated
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as

∫
∂Ω1

r
J
p̃1|r=R∂s(rp|r=R) · n1dℓ ≈ 2

∑
ηk ≤ η±

I,j± 1
2

p̃1|
r=R(θk,sj)

R(θk,sj)∂sR(θk,sj)∆θk

1−α′(sj)R(θk,sj) cos θk

+ 2
1−α′(sj)ηI,j

pI,j
∆ηI
∆s

σI,j, and

∫
∂Ω2

r
J
p̃2|r=R∂s(rp|r=R) · n2dℓ ≈ 2

∑
ηI,j≤ηk

p̃2|
r=R(θk,sj)

R(θk,sj)∂sR(θk,sj)∆θk

1−α′(sj)R(θk,sj) cos θk

− 2
1−α′(sj)ηI,j

pI,j
∆ηI
∆s

σI,j.

(3.21)

Here ∆ηI is a central difference in the axial direction, computed with the minmod tech-

nique from the previous section, and σI,j is the pipe’s width at the interface, located at

axial position s = sj.

The other source terms are computed as

A1,j
r2

J2Ds,1 ≈
∑

ηk≤ηI,j

σ(ηk)
1−α′(sj)ηk

∆ηk Ds,1,

A2,j
r2

J2Ds,2 ≈
∑

ηI,j≤ηk

σ(ηk)
1−α′(sj)ηk

∆ηk Ds,2,

sin(α(sj))gρ1,jA1,j
r
J

≈ g sin(α(sj))ρ1,j
∑

ηk≤ηI,j
σ(ηk)∆ηk,

sin(α(sj))gρ2,jA2,j
r
J

≈ g sin(α(sj))ρ2,j
∑

ηI,j≤ηk
σ(ηk)∆ηk,

A1,jρ1,jV
2
1,jα

′′(sj)cos(θ)
r2

J
= ρ1,jα

′′(sj)u
2
1,j

∑
ηk≤ηI,j

ηkσ(ηk)∆ηk, and

A2,jρ2,jV
2
2,jα

′′(sj)cos θ
r2

J
= ρ2,jα

′′(sj)u
2
2,j

∑
ηI,j≤ηk

ηkσ(ηk)∆ηk.

(3.22)

The above discretizations are appropriate in the sense that they are consistent with the

Partial Differential Equation, it results in a robust central-upwind scheme, and they can

recognize certain steady state at rest as we will see below.
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3.4.5 Evolution in time

The time integration of the ODE system (3.15) is done using the second-order strong

stability preserving Runge-Kutta scheme [16]

W(1) =W(0) +∆tC[W(0)] (3.23a)

W(2) =
1

2
W(0) +

1

2

(
W(1) +∆tC[W(1)]

)
(3.23b)

W(t+∆t) := W(2), (3.23c)

with

C[W(t)] = −
Hj+ 1

2
(W(t))−Hj− 1

2
(W(t))

∆s
+ Sj(t), (3.24)

Hj+ 1
2
(W(t)) is the vector of flux term (3.14) discretized according to equation (3.16),

reconstructions as in equation (3.18), in the way described in Section 3.4.4. Furthermore,

Sj(t) is the vector of source terms (3.14) discretized according to equation (3.21) and

(3.22).

The CFL condition that determines the time step ∆t is given bt

a∆t

∆s
≤ 1

2
, (3.25)

where a = maxj max(a+
j± 1

2

,−a−
j± 1

2

).

The numerical scheme presented here is based on the central-upwind approximation.

This class of numerical scheme has shown to be very robust in many applications where

the PDE-based model is hyperbolic. In particular, it has desirable properties as in the

following proposition.

Proposition 3.2. Let us consider a horizontal pipe (α = 0) with general cross section

but independent of s (uniform in the axial direction). Let us assume that there is no mass

or momentum exchange (Ds,1 = Ds,2 = 0, M1 = M2 = 0). Furthermore, suppose that the

initial conditions consists of a steady state at rest at time tn. That is, the velocities u1

and u2 are zero, ρ1 and ρ2, and η are constant. Then, the solution at time tn+1 = tn+∆t

computed with the numerical scheme described in Sections 3.4.1, 3.4.2, and 3.4.3 coincides
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with the solution at time tn. That is, the numerical scheme recognizes the steady states

at rest.

Proof. One needs to show a balance between flux gradients and source terms at a discrete

level. Most of the terms vanish because the velocities are zero and the densities in

each layer are constant. The only terms that are not trivial are those associated to the

pressures. The balance occurs thanks to the Reynold’s transport theorem and the fact

that the pressures (before being integrated in each cross sections) are independent of s for

steady states. That always occurs at the continuous limit. In the case where the geometry

of the pipe is independent of time, both Akpk and the corresponding line integral in the

source terms are independent of time. The reconstructions at the interfaces are also

independent of s.

One still need to make it sure the viscosity terms
a+
j± 1

2

a−
j± 1

2

a+
j± 1

2

−a−
j± 1

2

(
W+

j± 1
2

(t)−W−
j± 1

2

(t)
)
vanish.

This happens because each of the terms in the solution vector and the corresponding

discretizations are independent of time, so W+
j± 1

2

(t)−W−
j± 1

2

(t) = 0.

3.5 Numerical results

In this section, we present a variety of numerical tests aimed at showing the merits of the

scheme in different aspects of the fluid’s dynamics. Throughout the numerical tests in

this work, we take zero mass and momentum exchange Ds,1 = Ds,2 = 0, M1 = M2 = 0.

The ratio of gas constants at the top layer will be taken to be γ2 = 1.4. The domain is

[0, 5] ∋ s. In all numerical tests, we will use zero Neumann boundary conditions.

In all cases, 200 grid points are used in the axial direction and 100 levels are taken in

the vertical direction in each cross section. A CFL number of 0.45 is used in order to

guarantee stability.
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Figure 3.3: Solution at time t = 0.5 for initial conditions given by equation (3.26).
Top panel: 3D view of the pipe, showing the interface in blue. Bottom left: densities
of lower (solid line) and upper (dashed lines) layers. Bottom middle: Corresponding

velocities. Bottom right: interface.

3.5.1 Steady state at rest

In this numerical test, we consider a steady state at rest in a horizontal pipe (α = 0) with

circular cross section with constant radius R(θ, s) = 1. The gravity constant is set to

g = 9.81 ms−2. The reference densities and pressures are ρ1,ref = ρ2,ref = 1 and P2,ref = 1.

The vertical velocity at the interface is WI = 0 with no interface displacement (µ = 0).
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The initial conditions are given by

ρ1 = ρ2 = 1, Vs,1 = Vs,2 = 0, ηI = 0. (3.26)

This state corresponds to a steady solution in the absence of mass and momentum ex-

change and interface displacements. According to Proposition 3.2, the proposed numerical

scheme recognizes those states, and the numerical solution remains independent of time.

This is confirmed by the numerical solution shown in Figure 3.3. The 3D view of the pipe

is displayed in the top panel. As we can see, the interface remains flat with no numerical

errors. The steady solution is then recognized exactly. This is corroborated in the bottom

panels. The densities and velocities are plotted in the bottom left and bottom middle

panels. The quantities associated to the first layer is identified with solid lines, while the

ones associated with the second layer uses dashed lines.

3.5.2 Perturbation to a steady state at rest

In this numerical test, we now introduce a perturbation to a steady state for a horizontal

pipe (α = 0) with circular cross sections with radius that grow linearly with respect to

the axial position

R(θ, s) = 1 + 0.1s.

A coefficient µ = 10 generates an interface displacement when density variations occur.

The initial conditions are given by

ρ1 = ρ2 = 1, Vs,1 = Vs,2 = 0, ηI =


ϵ if 3 ≤ s ≤ 3.5

0 otherwise,

(3.27)

with ϵ = 10−2.

The top panel shows the 3D view of the pipe at time T = 0.5. The rest of the panels

show the profiles at times t = 0, 0.25, 0.5 in descending order. The densities, velocities

and interface are shown from left to right. As in the previous test, the bottom layer is
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Figure 3.4: Top panel: 3D view of the pipe, showing the interface in blue at time
t = 0.5 for the initial conditions (3.27). Left panels: densities of lower (solid line) and
upper (dashed lines) layers. Middle panels: Corresponding velocities. Right panels:

interface. The solutions are plotted at times t = 0, 0.25, 0.5 in descending order.

denoted with solid lines while the top one for gas is denoted with a dashed line. The

changes in density are clearly identified. Due to the perturbation in the interface and the

geometry of the pipe, a fluid displacement to the right is observed.
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Figure 3.5: Top panel: 3D view of the pipe, showing the interface in blue at time
t = 0.5 for the initial conditions (3.28). Left panels: densities of lower (solid line) and
upper (dashed lines) layers. Middle panels: Corresponding velocities. Right panels:
interface. The solutions are plotted at times t = 0, 0.1, 0.25, 0.5 in descending order.
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3.5.3 Hydraulic jump 1

This numerical test considers a hydraulic jump. The pipe has radius

R(θ, s) = 1 + 0.1 s,

so it opens up in the axial direction. Furthermore, it turns down with angle

α(s) = −0.1 s
π

2
.

In this numerical test, the pressure of the upper layer associated with gas has a lower pres-

sure reference P2,ref = 0.1, with density reference values ρ1,ref = ρ2,ref = 1. A momentum

exchange is given by Ds,1 = 1, Ds,2 = −1, and µ = 10.

The initial conditions are given by

ρ1 = ρ2 = 1, Vs,1 = Vs,2 = 0, ηI =


0.3 if s ≤ 3.5

0 otherwise.

(3.28)

The time evolution is shown in Figure 3.5. As one can see, the interface has an initial

jump, like in a Riemann problem. In its initial evolution, a rarefaction wave seems to

show up. However, an intermediate state develops later on. Of course, here we have a

varying geometry and other parameters involved, which makes this numerical test more

complicated than a regular Riemann problem. The velocity of the liquid phase in the

lower layer is greater than that of the top one. This indicates that the flow is dominated

by the liquid layer.

3.5.4 Hydraulic jump 2

In this last numerical test, we have now increased the complexity of the flow. Initially,

the left side of the pipe is filled mostly with liquid, while the opposite occurs on the right

side. We use the same parameters as in the previous test. The initial conditions are given
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Figure 3.6: Top panel: 3D view of the pipe, showing the interface in blue at time
t = 0.5 for the initial conditions (3.29). Left panels: densities of lower (solid line) and
upper (dashed lines) layers. Middle panels: Corresponding velocities. Right panels:

interface. The solutions are plotted at times t = 0, 0.25, 0.5 in descending order.

by

ρ1 = ρ2 = 1, Vs,1 = Vs,2 = 0, ηI =


−0.9 if s ≤ 3.5

0.9 otherwise.

(3.29)
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The time evolution is shown in Figure 3.6. Due to gravity, the flow starts moving to the

right. A shockwave forms and starts propagating towards the right boundary. In this

case, the velocity of the liquid phase is much stronger than that of the previous test,

which could be caused by the higher jump and the higher pressure inside the pipe.



Chapter 4

Conclusions

4.1 Conclusions

As we mentioned at the beginning of this thesis, the Euler Equations are a valuable tool

that can be adapted for understanding and modeling gas and air flow through ducts.

The cylindrical coordinates played an important role for the description of the geometry

of the pipe and the variables involved. Thanks to this, we were able to transform the

Cartesian system of equations into a cylindrical-type system. In the new coordinates,

the variables are described by the pipe’s axial position, the distance from the wall to

the cylindrical center in the corresponding cross section, and the angle of a point at the

wall with a reference vector. The resulting equations may seem complicated, but can

be greatly simplified by making the assumption that Vr, Vθ ≪ Vs, obtaining a reduced

model.

Reynold’s Theorem 1.4 had an important role in this work. Thanks to this theorem, the

integration of the model was able to be developed and lead to the final expressions. Here,

the cross sectional averaging process was crucial. The resulting integrals were not trivial

or easily to solve analytically, so the analysis of the numerical approach to them is an

important result of this work as well as the numerical method that we implemented.

81
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Despite the complexity of the final model, the numerical approach had some interesting

results. The central-upwind numerical scheme implemented for solving the final model al-

lowed us to apply the model to different scenarios. For instance, we studied perturbations

to steady state at rest. We observed the variations on the densities ρ1, ρ2, the pressures

P1(ρ1), P (ρ2) and how the velocities and interface evolve in time. It is important to recall

that we studied water and gas flow interacions through pipes, like it occurs in home and

city pipes that are used to supply water to citizens. However, the applications of this

model are not just limited to that. The model was described for general cross sections,

which can be applied to many realistic problems.
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