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Summary

Taking axion electrodynamics and quantization of effects associated to dielectric media as a moti-
vation, we deal with the quantization of the scalar field in the presence of an interface, i. e., where
the space is divided in two regions characterized by a set of discontinuous parameters. Our goal
aims to establish the theoretical basis of a study of quantum processes related to the magneto-
electric effect in such spaces. For this, we build a toy-model that couples the scalar field with the
analogous of a magnetoelectric susceptibility ¢ that describes a planar boundary. We show that
the equation of motion is modified by the introduction of the interface, and that the normal modes
of such equation form a complete and orthogonal set. This allows us to quantize a scalar field
® in terms of that set, which we call the triplet wave basis, since it has contributions of incident,
reflected and transmitted waves. Such a procedure permits dealing with the effects of the interface
exactly, whereas with the usual quantization method (in free space) one can only treat the problem
by means of perturbation theory. We prove that the Hamiltonian in momentum space, as well as
the momentum on the direction parallel to the interface, defined in the triplet wave basis, have
an equivalent form to the corresponding objects in the vacuum. Throughout all of this work, we
discuss the non-conservation of momentum along the axis that crosses the interface, which is a
remarkable property arising from the violation of translation invariance along that direction. We
also solve the problem of defining a triplet wave basis for sinks in order to describe particle detec-
tors. With the developed tools, we discuss different physical phenomena such as the decay of a ®
mode into two usual Klein-Gordon (free) particles, the scattering of two free particles mediated by
a ® field, and the production of triplet wave modes by means of a classical source. We also contrast
this exact treatment with the one given by perturbation theory, showing consistency among both
approaches.



Resumen

Tomando como motivacién la electrodindmica axiénica y la cuantizacién de efectos asociados a
medios dieléctricos, tratamos la cuantizacién del campo escalar en presencia de una interfase, i.e.,
donde el espacio esta dividido en dos regiones caracterizadas por un conjunto de pardmetros dis-
continuos. Nuestro propdsito es establecer la base tedrica para el estudio de procesos cuanticos
relacionados con el efecto magnetoeléctrico en estos espacios. Para ello, construimos un modelo
que acopla el campo escalar con el andlogo de una susceptibilidad magnetoeléctrica 6 que describe
una frontera plana. Mostramos que la ecuacién de movimiento es modificada al introducir la in-
terfase, y que los modos normales de tal ecuacién forman un conjunto ortogonal y completo. Esto
nos permite cuantizar un campo escalar ¢ en términos de dicho conjunto, al cual denominamos
base de ondas triplete, ya que tiene contribuciones de una onda incidente, una reflejada y una
transmitida. Tal procedimiento permite analizar los efectos de la interfase de forma exacta, mien-
tras que con el método usual de cuantizacién (en espacio libre), sélo puede tratarse el problema
mediante teoria de perturbaciones. Probamos que el Hamiltoniano en espacio de momentos, asi
como el momento en la direcciéon paralela a la interfase, definidos en la base de ondas triplete,
tienen una forma equivalente a los objetos correspondientes en el vacio. A lo largo de todo este
trabajo, discutimos la no conservacién de momento a lo largo del eje que atraviesa la interfase, que
es una importante propiedad que surge de la violacién de invariancia traslacional a lo largo de esa
direccion. También resolvemos el problema de definir una base de ondas triplete para sumideros
con el fin de describir detectores de particulas. Con las herramientas desarrolladas, discutimos
diferentes fendmenos fisicos como el decaimiento de un modo ® en dos particulas Klein-Gordon
usuales (libres), la dispersién de dos particulas libres mediadas por un campo ®, y la producciéon
de modos de ondas triplete mediante una fuente cldsica. También contrastamos este tratamiento
exacto con el proporcionado por la teoria de perturbaciones, mostrando que hay consistencia entre
ambos acercamientos.



1 Introduction

The study of quantum field theories in the presence of interfaces gained first relevance in
1970, when Carniglia and Mandel [1] introduced a technique for quantizing evanescent
waves (which result when a beam of light travels from a medium with high refractive
index to a medium with low refractive index) in a system where the half-space z < 0 is
filled with a dielectric medium. Until then, the problem had not been dealt with from the
field theory point of view, one of the reasons being that plane waves (normal modes of
Maxwell’s equations in vacuum) are insufficient to describe sources and apertures. The
solution to this difficulty arose by finding the normal modes of the equations of motion
that include the contribution of the dielectric medium. The normal modes of the system
are triplet waves formed by an incident, a reflected and a transmitted wave, which result
from the presence of the planar dielectric interface at = = 0. Moreover, these modes form
a complete and orthogonal set. The field is expanded in terms of these modes, and not
in terms of plane waves as is usual in field theory. Since the plane wave basis and the
triplet wave basis differ significantly, the coefficients of the expansion in terms of the new
basis are in general different from the ones that do not account for the interface. In this
way, the quantization of the field in terms of the new basis results in a set of creation
and annihilation operators that differ from the usual ones (without interfaces). While this
might complicate some calculations, it is notable that in momentum space some objects
like commutators, the Hamiltonian, and the Feynman propagator, to name a few, have
a similar structure to their equivalents in vacuum. It was precisely this fact that made
significant the treatment introduced by Carniglia and Mandel, whose aim at the time was
to analyze the photoemission due to a bound charge under the influence of an evanescent
field, obtaining a result that not only coincides with the semiclassical calculation, but that
also outperforms it in the sense that the presence of the interface is dealt with exactly by
being included in the modes [1].

In 1990, Glauber and Lewenstein [2] studied a system with the same boundary con-
ditions (i.e. vacuum on one side and dielectric on the other side of a planar interface),
comparing the vacuum quantization scheme with that of the system containing the di-
electric. With this, they showed that there are changes in the spontaneous emission rates
for electric and magnetic dipole transitions of excited atoms within or near dielectric me-
dia. Furthermore, using scattering theory, they proved that the coefficients connecting
the creation and annihilation operators of both quantization schemes can be interpreted
as scattering amplitudes. Subsequently, Janowicz and Zakowicz [3] studied the radiation
of a harmonic oscillator in the presence of the same vacuum-dielectric planar interface of
Refs. [1,2]. The authors also used the triplet wave quantization scheme, which consid-
ers the boundary conditions at the vacuum-dielectric interface. In that research, radiative
frequency shifts were evaluated, which were then attributed to what the authors called
the Carniglia-Mandel photons. These objects are associated to the creation and annihila-
tion operators of the triplet wave basis. In 2001, Inoue and Hori [4] noted that although
the basis proposed by Carniglia and Mandel includes interface effects and can describe
sources, it was necessary to introduce a new basis (the detector basis) to be able to describe
sinks, and specifically particle detectors —just as the Carniglia-Mandel triplet mode basis
involves incident photons, the detector basis involves outgoing photons. These new de-
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tector modes are obtained in terms of time-reversal and spatial-rotation transforms of the
Carniglia-Mandel modes, and they allow to calculate the differential radiation probability
for atomic dipole radiation near a dielectric surface. A few years later, Claudia Eberlein
et al. used the mode triplet basis to conduct a series of investigations. In one of them, the
energy-level shift of a ground-state atom in front of a nondispersive dielectric half-space
was evaluated [5]. The Carniglia-Mandel basis allows condensing the contribution of
traveling waves and evanescent waves into a single expression that enables a very direct
analysis when the atom-surface separation is large. Likewise, Eberlein and Robaschik [6]
calculated the self-energy of a free electron in the presence of a flat dielectric surface at the
level of one loop, finding that the self-energy diagram has problems related to interface
dependency, which the authors remarkably resolved.

Nevertheless, permittivity and permeability are not the only parameters that character-
ize a dielectric. A huge class of important materials, called magnetoelectrics, incorporate
the magnetoelectric susceptibility § that modifies the constitutive relations as

1
D=¢E+60B, H=-B-0E, (1.1)
"

giving rise to the so called magnetoelectric effect. This effect produces a coupling between
the electrical and magnetic properties of a material. In particular, the linear magnetoelec-
tric effect allows magnetic fields to generate polarizations and electric fields to give rise to
magnetizations. The prediction of this property in antiferromagnetic materials is credited
to Landau and Lifshitz [7]. The effect was also predicted in 1959 by Dzyaloshinskii [8],
and in 1960 it was confirmed experimentally that it is manifested in Cr,O3, an example of
an antiferromagnetic material [9]. The first investigations of the magnetoelectric effect are
condensed in Ref. [10]. A recent update of this study, including new methods for design-
ing magnetoelectric materials, new experimental techniques, and theoretical concepts for
understanding magnetoelectric behavior is also reported in Ref. [11].

Ferroic materials are capable of adopting a spontaneous internal alignment of some
property. In particular, there are multiferroic materials, which have more than one ferroic
property in the same phase. One example of this are materials that are both ferroelec-
tric and ferromagnetic, in which there is spontaneous and simultaneous polarization and
magnetization. Some multiferroic materials have been found to possess extremely large
magnetoelectric couplings. Although they are an important example, ferroic phases are
not the only ones that give rise to magnetoelectric media. These can also arise in magnet-
ically and/or electrically polarizable media [12,13]. Unfortunately, the magnetoelectric
response is very much suppressed with the respect to the normal effects due to ¢ and y,
which motivates the search for large magnetoelectric couplings which continues mainly
in multiferroic compounds [14].

In addition to multiferroics, a type of material in which the magnetoelectric effect is
manifested is that of topological insulators (TIs) that are invariant under time reversal
transformations. Microscopically, these materials are insulators in the bulk and conduc-
tive at surfaces, giving rise to a peculiar band structure [15, 16]. Topological phenomena
in condensed matter goes back to Ref. [17], where the conductivity of the quantum Hall
effect [18] was identified with the first Chern number of the Berry curvature of the recip-
rocal space. Bernevig [19] predicted the existence of TIs in two-dimensional HgTe quan-
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tum wells. Some time later, Konig confirmed it by experimentally [20]. Subsequently,
the phenomenon was generalized to three-dimensional systems: theoretical predictions
can be consulted in Refs. [21-26], while an important experimental confirmation of three-
dimensional TIs is shown in Ref. [27].

By means of the magnetoelectric effect, the generation of magnetic fields by static elec-
trical sources is studied in Refs. [28,29], in which charges are located in front of a planar
magnetoelectric medium that occupies the half-space z > 0. Aiming to have more realistic
devices, in Ref. [30] the point charges were replaced by metallic spheres of finite radius.
Another system where this effect is manifested corresponds to a semispherical capacitor
(a dipolar source) surrounded by a spherical topologically insultating shell, which yields
measurable magnetic fields according to the precision of present-day magnetometers [31].
Recent advances in the manufacture of electrically manipulable magnetoelectric materi-
als [32,33] and new developments in coating techniques for conductors [34], could give
viability to new configurations that give rise to new investigations with an experimental
approach.

The properties of a conventional insulator are determined by its permittivity ¢ and
its permeability ;1. The equations that describe the behavior of such materials can be
derived from the Lagrangian L., = (1/87) (cE* — (1/u)B?) — p® + (1/¢)J - A once the
tields are expressed in terms of the electromagnetic potentials A, ®, where p and J are the
charge and current densities and c is the speed of light. To include the magnetoelectric
effect manifested in some materials, one must add the term £, = ;%:0(2)E - B, where
a is the fine structure constant and ¢ is the magnetoelectric susceptibility. The system
defined by L., + £y is commonly referred to as axion electrodynamics [35] or Carroll-
Field-Jackiw electrodynamics [36]. One can show that if ¢ is constant, the term £, is a
total derivative, so that it does not affect the equations of motion [31]. Nevertheless, it has
physical consequences in systems where ¢ [37] is a function of the space-time coordinates.
To detect the magnetoelectric effect it is necessary to place adjacent media with different
values 0, and 65, such that 06 # 0 in the interface.

It is important to bear in mind that the effective equations that emerge from the ex-
tra term £y can describe diverse physical phenomena according to the different choices
of §. For instance, the electromagnetic response of general magnetoelectrics (6 real and
arbitrary) together with TIs (¢ = 0, m) [24], the electrodynamics of metamaterials (6 € C)
[38,39] and the response of Weyl semi-metals (6(x, t) = 2b - x — 2bot) [38,40,41]. The term
Ly also describes the interaction of the hypothetic axionic field with the electromagnetic
field in elementary particle physics [26,42]. Axions remain as good candidates for the
particles that constitute dark matter [43].

The electromagnetic phenomena described above can be viewed as particular cases
of field theories where space in divided at least into two regions, characterized by a set
of discontinuous parameters across the interface. The necessity of a quantum version in
these cases has motivated us to review their construction in the simplest possible setting
in order to emphasize the main results without been obscured by complicated algebra
required by a more realistic field structure. Taking as inspiration the case of axion electro-
dynamics where the interface is crucial for its existence, we consider a system in which,
instead of a dielectric interface, we have only the analogous of a magnetoelectric interface,
i.e., such that on each side of the boundary there are media that have a different value of a
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constant parameter which we still call 6, in an abuse of notation. Our objective is to estab-
lish the theoretical bases for a further study of the magnetoelectric effect from the scope
of quantum electrodynamics. For this, we investigate the behavior of a scalar field in the
presence of a planar interface and study the consequences that this has on some physical
processes. An important property of our system is the non-conservation of momentum
along the z-axis due to the presence of the interface. This is manifested in various parts of
the present research.

The work is organized as follows. In Section 2 we start from the Lagrangian of a mas-
sive scalar field ® to which we add a contribution proportional to 69, ®?, which is a total
derivative when 6* is constant everywhere. This constitutes a simple toy-model that cou-
ples the scalar field with the analogous of a magnetoelectric susceptibility vector that is
particularized to describe the system with a planar interface at = = 0. In other words, we
define 0" = (0,0,0,0(z)), where 0(z) = 0, H(—z) + 62 H(z).

The equation that describes this system is called the Klein-Gordon-f equation, and is
given by

PO +m?d — 05(2)® = 0, (1.2)

where § = 6, — 6,. From this, we find the normal modes of the system, which we denote
as ®%’(z), with S € {L, R} indicating if the incident wave arrives from the left or from the
right side of the interface. In Sections 3 and 4 we show that the normal modes form an
orthogonal and complete set. This allows us to express the field ® in terms of such basis,
which in turn leads to a direct quantization of the scalar field in Section 5. When promoted
to operators, the coefficients of the expansion, namely ag(k) and al,(k), are identified as
the annihilation and creation operators of the triplet wave basis. The commutation rela-
tions of such operators are analogous to the ones in the vacuum.

In Section 6 we calculate the energy-momentum tensor of the system and show that,
although energy and momenta in the = and y direction are conserved, the third compo-
nent of linear momentum is not conserved. This is a consequence of the presence of the
interface. We then define the 4-momentum operator and find the Hamiltonian. By using
the triple wave basis, we see that the total energy of an n-mode state is the sum of the
energies of each of the modes. Since the third component of the momentum operator has
a complicated form, we define a pseudomomentum operator )* that allows to label the
functions of the triplet wave basis.

In Section 7 we introduce the detector basis, or basis of outgoing modes, which is re-
lated to the ingoing basis by means of the transformation k3 — —k3, and that allows to de-
scribe particle sinks such as detectors. Both bases are connected by a simple linear relation.
In Section 8 we calculate the decay of a field ¥ that is not affected by the presence of the in-
terface into two fields ®. We show that the total decay rate I' is larger than its equivalent in
vacuum I, due to additional decay channels that arise from the non-conservation of mo-
mentum. In Section 9 we define the Feynman propagator in coordinate space, which has
a relatively simple form. From this, we define a reduced Green’s function, that accounts
for the z dependence of the propagator, and arrive at the differential equation satisfied by
such function. We then compute the Feynman propagator in momentum space and show
that the non-homogeneity of the system implies that it cannot only depend on the 4-vector
k, but that it must also contain information of the third coordinate of the position vector.



Introduction 7

In Section 10 we study how a classical source may produce ® modes. This gives us
a modified Hamiltonian that includes the contribution of the source, and that provides
us with an expression for the energy due to the § interface. Our results are written as
probabilities of producing m modes, which turn out to be ruled by a Poisson distribution.
In Section 11 we treat the § term as a perturbation and show that this gives the same results
as the exact treatment if we consider all orders in perturbation theory. We also calculate the
amplitude of having a particle with initial momentum k and final momentum k’. Finally,
in Section 12 we study the scattering of two scalar particles that are not affected by the
interface, mediated by a ®. Although the calculation gets involved easily, we are able to
overcome several problems by defining an adimensional differential cross section.



2 Lagrangian and equation of motion

Consider the following Lagrangian:

2

L= %a“@a/@ - %@2 — 0°(2) D0, D, @.1)

where the argument of 6(z) indicates an arbitrary dependence on the space-time coor-
dinates: (z) — (2, 2!, 22, 2%). In some expressions, if context ensures no confusion, and
to avoid heavy notation, we may employ the variables (¢, z,y, z) or (¢, x) as equivalents
of (2% 2!, 22 23). In Eq. (2.1), as in the whole course of this work, we adopt the Einstein
summation convention, by which repeated (greek) indices are assumed to be summed:

atb, = a’by + a'b; + a®by + a’bs. (2.2)

Moreover, we define the metric tensor

1 0 0 O

0 -1 0 O
MY —

0 0 0 -1

by which we have

a’b, = a’by + a'by + a®by + a’by = a®noob” + a'nib' + a*nxb® + a’nssb’® (2.4)
a®t? — a'b! — a?v? — 3. (2.5)

The action is given by
— 4 a (1 m? o pa
S= [dzL= [ dx 5(1}1)8”(1) — 7@ — 0%(x)P0,P | . (2.6)

Note that if §*(z) is constant, then —0*(x)®0, P = 0, (—90‘(1;) %2> , 5o the last term is a total

derivative, and therefore does not play any role in the dynamics of the system. We want
to obtain the nontrivial equation of motion (i.e., where 6#%(x) is not merely a constant, but
a function of the space-time coordinates). To achieve this, we calculate the variation of the
action with respect to ®:

5S = / d*z (0,20"6® — m* 0P — 0°(2)6PIP — 6% (2)PDpID) 2.7)
_ / 'z (0" (9,5D) — B, (6% (x)B6®))
+ / d*z6® (—0*® — m*® — 0%(2)0,P + D, (0°(2)®)) . (2.8)

We have integrated by parts and grouped all terms proportional to @ in the last line.
Using the divergence theorem, the first two terms are expressed as surface integrals:

69 = / do 0P (0" — 0" (x)®) + / d*'z6® (—0*® — m*® — 0%(2)0,P + 0a (0%(x)®)) , (29)
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where do, parametrizes the surface that encloses the system. Expanding the last term we
get

5S = / o, 6P (9"D — 0" (2) D)
+ / d'26® (—0*® — m*® — 0*(2)0, P + 0u0* (2)® + 0%(2)0u D) (2.10)
= / do,6® (0'® — 0 (x)®) + / d'z0® (—*® — m*® + 0,0%(x)®) . (2.11)
Thus, the surface integral at the interface is
/ 40,50 (9D — 0V (2)) — / P r6Dn, [(0"B) — 0 (2)Dy) — ("D — B2(2)D3)],  (212)

where the subscripts denote each side of the boundary. Here, we have introduced the
vector with components n#, which is normal to the surface (so that d*z is the magnitude
of do). The null variation at the interface must give the boundary conditions:

(0D, — 0 (2)Dy) — (9 Dy — 04(x)Ds)]s, = 0. (2.13)

In turn, this gives rise to the equation of motion:

0*® 4+ m*® — 0,0%(z)® = 0. (2.14)

In particular, the appearance of the last term implies that the normal modes (solutions for
definite values of k) will differ from those of the usual Klein-Gordon equation. We will
study such solutions for a specific case: the planar interface.

2.1 Planar interface

We assume that the space is divided into two regions R; and R,, separated by an interface
Y. In particular, we define a system where only the z component of the vector 6°(z) is
non-zero. Such component is given by the function 6(z), which takes a constant value on
each side of the z — y plane:

ef(taxvya Z) = 91a eg(t,l',y, Z) = 927 (215)
0(z) = 01H(—z)+60,H(z), (2.16)
8ozea(ta LY, Z) = aze(z) = (62 - 91) 6(2) = éd(z)v (217)

where § = (65 — 61). In this sense, the = — y plane constitutes an interface 3, as shown in
Fig. 1. The equation of motion becomes

PO+ m?d — 05(2)® = 0, (2.18)

RP — 920 — 010 — 92D + m*® — 05(z)® = 0. (2.19)
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61 6,

Figure 1: Planar interface dividing two regions (z < 0 and z > 0) with different values of the ¢
parameter.

From the previous equations it is clear that only the direction perpendicular to the
interface is affected by the 6 term. Thus, we write the normal modes as separable solutions
of the form

o~ Bt pikLa+ky) <I>’§3 (2), (2.20)

where E? = (k)2 + (k?)? + (k*)? + m? and the subindex S implies the possibility of modes
incident from the left side (S = L) or from the right side (S = R) of the interface. For this
to be consistent, we restrict the domain £* to [0, o). In other words, for the incident mode,
the magnitude of the ingoing momentum is given by k = (k', k%, k*) € R? x R", whereas
its direction of incidence is specified by the subindex S.

In this way, the general solution is given by

3
d(t,x) = Z / &k (as(k)e_iEktei(klx+k2?J)@lgg (z) + C.C.) , (2.21)
k>0 (27)°
Se{L,R}

where the coefficients ag(k) are complex numbers, independent of the space-time coordi-
nates. We include the subindex £* > 0 to emphasize that the z component of the momen-
tum is restricted to positive values.

For further convenience, and in consistency with the previous notation, we define

() =0 (2 <0)  (Ry), PE(2) =D (2> 0) (Ra). (2.22)

The edges of regions 1 (z < 0) and 2 (¢ > 0) have normal vectors (n;,) = (0,0,0,1) and
(ng2u) = (0,0,0,—1), respectively”.

“Regardless of our choice of interfaces, the condition n;, = —no, = n,, is always satisfied.



Lagrangian and equation of motion 11

In this simple case, the boundary conditions at the interface are

<I>1 (taxaya Z) = (1)2 (t,.fE,y,Z) ) (223)
8<I>1 8CI)2
—= = 1 2 .
() - () e-on -
8(1)1 8(132 A

Such conditions arise from Eq. (2.13) for this particular system since the gradient vector is

o 0 0 0
H) — _——— —— =

2.2 Normal modes

For now, we will look only at the z dependence of the single mode solutions of Eq. (2.18),
which we will call the Klein-Gordon-6 equation. To avoid cumbersome notation, in the
following few sections the label k* will be denoted by ¢ or k. For waves incident from the
left (or L modes) we have the solution

(I)(:{L(Z) = ¥4 PLqe_iqzv q)gL(Z) = QLqeiqza (2.27)
7 (2) = H(—2)27,(z) + H(2)®3,(2), (2.28)

while for waves incident from the right (or R modes) we have the solution

DIp(2) = Qree ', Pop(z) = e ' 4 Pree'?, (2.29)
D%(2) = H(—2)®{g(2) + H(2)P3x(2), (2.30)

with coefficients Pg, and Qs, (S € {L, R}) to be determined by the boundary conditions.
Each of these modes includes contributions of incident, reflected, and transmitted plane
waves, as outlined in Fig. 2, with reflection and transmission amplitudes given by the P
and @ coefficients. It is important to bear in mind that the label k* does not correspond to the
linear momentum. This is because the function ®% (x*), as will be shown in a further Section, is
not an eigenstate of the momentum operator, since it is composed of three plane waves traveling in
different directions. However, in some contexts where clarity is not compromised, we may call it
linear momentum for simplicity.
The boundary conditions for the L modes are
095,(0)  991,(0) _ 5

®1,,(0) = @5,(0), 9 9~ = —09,(0). (2.31)

Respectively, from each of these it follows that

24 0 24
1+ Pry = Qry, Qqu—quLq @ Pu= g Qqumqi. (2.32)

™

Equivalently, the boundary conditions for the R modes are

0P5R(0) _ 0914(0)

q)({R(O) = (I)gR(O)7 az az

= —0Dx(0), (2.33)
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Figure 2: The ingoing left and right modes include contributions of incident, reflected, and trans-
mitted plane waves.

from where we obtain the following expressions:
2iq g 2iq

1+ Pry = Qryy, Qrq= _7PRq — Pry = —m> Qrq = 2ig 10 (2.34)

Since these coefficients are equal to those of the L modes, we will omit the subscripts L,
R.
The left modes are given by

D9 (2) = H(—2)(e"” + P,e %) + H(2)Q,e'"
= (1+ P,H(2))e"" + P,H(—z)e " (2.35)

=¥ + Pqezq‘zl.

In turn, the right modes are

®%(2) = H(—2)Que " + H(2)(e " + P,e'??)
= (1+ P,H(—2))e """ + P,H(2)e'" (2.36)

=e "+ Pqelq‘zl.

A property that can be directly verified is
Pr=P, Q,=0Q, — T (2) = .%(2). (2.37)

Observe that
P%(2) = @1 (—2), (2.38)
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which will simplify further calculations. Moreover,

P+ PQ = ( = ) y — ( 2 ) L @39)
2iqg — 0 21+ 6 2iq+ 6 2iqg — 0

P ,Q,+PQ_,=0. (2.40)

In addition, it is clear that
|P,)? + Q. = 1. (2.41)

This should be no surprise since, as stated before, the P and () coefficients correspond to
reflection and transmission amplitudes. Finally, as we will show in Section 7,

S (OsoPy+ (1= 85,)Qy) (500F) + (1 — 856) Q) = dss- (2.42)

ce{L,R}



3 Orthogonality

We want to verify the orthogonality of the Klein-Gordon-f modes. That is, we want to
compute

(D7|9%), (D%|PR). (PF[PF), 3.1)

where the inner product (-|) is defined as
(o = [ dsf @g(a) 62

For our purpose, the following relations will be useful. We define the quantity
agr = (2iq — 0)(2ik + 0), (3.3)
that allows us to write
. . 0% + 4k . 2i0(k +
—Q,Qr — PP, = 1, Pk—PqZ—M7 (3.4)
Qg Qg
) . 2i0(q — k) . 2i0(k+q)
—(QpP+ PjQi) = ——, Qpr— Q)= ———. (3.5)
Qg Qg

The following equations are proven in Appendix C:

/00 dzH(z)e*™* = +iP (é) + 7o (w), (3.6)
/OO dzH(—z2)e™™* = FiP <£> + 7 (w). (3.7)

where P denotes the Cauchy principal value.

3.1 Product of equal modes

We now calculate the inner product

(0f|0]) = / h dz®% (2) % (2) (3.8)
= [ a0+ HERE) (Heh + HEBE) 69
= / h dz [H(—2)®1; @7, + H(z)0%, @5 ] (3.10)
= /OO dzH(—2)e'"=9*  p, /OO dzH(—z)e tath)=
+Py /Oo dzH(—z)e""h* + prp, /00 dzH(—z)elah)=
+Q:Qx / h dzH (z)e'*=92, (3.11)
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For now, we ignore the = and y dependence because the respective integrals directly give
the Dirac delta. From Egs. (3.6) and (3.7) it follows that

(P1]0F) = [—z’P (%_q) + mo(k — q)] + Py {z‘P (q%&) + ok + Q)}
+ P {_Z-p (ﬁ) + 78 (k + q)} + PP, {—zP <(]_Lk) +mé(q — k)} (3.12)
+QiQy {ZP (%_q) + 76k — q)] :

Firstly, the terms that contain 6(k + ¢) vanish because ¢ and & are both positive by defini-
tion. Secondly, we know that P(z) = —P(—x). With this in mind, we now write

(01]®%) = (5(k — q) term) + (p.p.), (3.13)
where (p.p) denotes the principal part. Thus,

* x . 1 1 1
(p-p) = [1 — PP, — QqQk] 1P (q——k> + [Pk — Pq] 1P (q—i-—k) : (3.14)

On the other hand,
I q+k 1 qg—k

G-k ¢—k q+k ¢g—k

(3.15)

By virtue of Eq. (3.4),
) 1

T 1
+ [Py — Py iP <m (¢ — k)) (3.16)

( (1 ; ‘72;‘““1) (a+F) - (M) (a— k)]) (317)
— P (q% [(1 + s ;_ 4]“1) . (j}—9> (q— k)]) (3.18)

[aqk 402+ dkq — 2i0(q — k:)D (3.19)
[(Ziq — 0)(2ik + 0) + 6% + 4kq — 2i0(q — k)D =0. (320)

Thus,
<(I>%‘(I>’z> = (0(k — q) terms), (3.21)

which ensures the orthogonality of the left modes. More explicitly,

(0]07) = [1+ PrPy+ QiQu] mo(k — q) = [1+ | P> + |Qql*] m6(k — q). (3.22)
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However,

62 4q*
2 2 _ —
|Pyl* 4 |Qq|” = 7P + T 1. (3.23)

With this, we conclude that
(0%|®}) = 2m8(k — q). (3.24)

We still need to verify the orthogonality of the right modes. To do so, we recall that
% (z) = ®%(—=2), which leads us to

(04|@F) = /_ Zdwg(z)@g(z): /_ Zdzqf;*(—z)(b‘g(—z) (3.25)
= /OO dz0% ()@} (2) = (1|0} ) . (3.26)

3.2 Product of different modes

We proceed to compute the inner product

(Ph|}) = / N dz®% (2)®% (2) (3.27)
= / " s (H (=)0, + H(2)0%) (H(—2)®fp + H(2)®5,) (3.28)
= / PR [H(—2)0{p®}, + H(z)04,05, | (3.29)

= @ / T dsH (=) + QP / " dzH (—z)eita b
= Q; [—iP (ﬁ) +md(k + q)] + QP [—iP (rlk) 4 mdlg — k)]
1 1

Since g and k are both positive, (¢ + k) vanishes. We group in two terms as before:

(Pp|®r) = ([QuP:+ PjQi] mo(k — q))
+ ([Qk — QP (q%{;) — [QiPe+ PrQy] iP (q_%)) . (3.32)

From the expressions of Eq. (3.5), it follows that

(@%|9h) = ( M] ms<k—q)>

Qg
P( 1 )+[229(q—k)
q+/€ Qg

(|-

2i0(q + k) )

Oéqk
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The term proportional to (k — ¢)d(k — ¢) vanishes, so that

(Ph|}) = zlqi (—(q + k)iP (ﬁ%) +(q — k)iP (q_%)) (3.34)
- P (% 0+ K~ k) + g~ k><q+k>]> STOED

Thus, we conclude
(0% |@F) = 0. (3.36)

These products are condensed into a single expression:

<(I)q5‘(1)k/> = 27T5(l€ — q)ésgl, (3.37)

where S, 5" € {L, R}.

3.3 Other relevant products
With the previous results we can calculate the products

(of ), (P

1) (%

P} ). (3.38)

Since ®%'(z) = ®,;%(z), we can easily calculate the first inner product of Eq. (3.38) by
modifying ¢ — —¢ in Eq. (3.12):

) = {—z’P (ﬁ) + 7ok + q)] + Py {Z'P (

q

(o7

! k) +ro(k — q)]

L p, [z'p (%k) s — q)] + PP, {iP (q%{) d(—q— k:)] (3.39)

+ Q0 [z‘P (%—l—q) ok + q)} |

As argued above, the terms involving 6(k + ¢) are null. The principal part is

, 1 , 1
(pp) = [1 — Pqu — QqQk} 1P <_q — ]C) + [Pk - Pq] 1P <_q n ]{J) . (340)
This is equal to
iP (; [(—Qiq — 0)(2ik + ) + 62 — dkq — 2i6(—q — k)D —0. (341)
a_gr(—q—k)
We conclude that
(@7 |@L) = (Py+ Pu)md(k — q) = Py [2m0(k — )], (342)

and so
(oF

) = P, [276(k — q)] . (3.43)
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Equivalently, we calculate
1) =(@x"|2L)
1 , 1
=Q, {@P ( — k:) +mo(k — q)} + QP |:ZP (CJ—F—k‘) +7(q + k)} (3.44)

+ Q. {—iP (q_%) + mo(k — q)} + P,Qy [z’P (%ﬂ) + o (k + q)} :

(%

The terms involving §(k + ¢) vanish by definition, and the principal part is null, so that

(% [®F) = (Qq + Qu)T(k — q) = Qy[27(k — q)]. (3.45)

These products can be condensed into a single expression:

(2%

CI)Z;,> = [(Ssslpq + (1 - (555/)Qq]27r(5(k - q) = [Qq - 555!]27T(5(/€ — q). (3.46)

where S, S’ € {L, R}.

3.4 General expression

We include the z and y directions by defining the functions
v, k) = OF (%) (K@ +47e%), vr(x, k) = CIDIES (%)l W' e +h2?), (347)
and redefining the inner product as

(flg) = / " def (@)g(@) (3.49)

From this we have

(vslvs) = (2m)%6® (k — K')dss,

3.49
Welvs) = [Qu — S5 270K — K0P (ks + k) G4

where k is the 3D wave vector and k; = (k' k?) € R?.



4 Completeness

We will now see that, under the appropriate conditions, the left and right modes form a
complete basis. To do this, we calculate the integral

1 o0
o /. dk (@ ()@} () + @ (2) @5 (2)) . (4.1)

Using that ®%(z2) = &% (—2z), this is

1 o0
o . dk (@ ()@} () + @f (—2)@5* (7)) . 4.2)

From the definition of the left modes, namely
Dy(z) = H(—2) (™ + Pe ™) + H(z) (Que™), (4.3)

we have

D} ()@ (2) = [H(—=2) (eikz + Pke_““) + H(2) (lezkz)]

o . iy 4.4
w [H(_Z/) <6—zkz + P_kezkz> + H(Z,) (Q_ke—zkz >i| ’ ( )
where we have used Q; = @ and P} = P_;.
Expanding,
(I)E(Z)(I)IZ*(Z,) _ Z,) ( tk(z—2") + P ezk(z-i-z) + P, e—zk(z-i—z + |P |2 k(2 z))
H(2)H Z’)( == L P Qe ZJFZ/))
/ 4.5)
Z Z/)< 3 e’Lk(Z 2") +PkQ —ik(z+2 )>
Z Q zkz z )
and changing signs,
(I)]Z(—Z)(I)IE%—ZI) _ H(Z H(Z/) <€ik(z —2) + Pikefik(z%z’) + Pkeik(erz’) + ’Pk‘2€ik(zfz’))
(4.6)
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Adding term by term, we arrive at
P} (2)@(2') + DL (—2) DL (—=2)
— H(2)H(z )(ezk(z ) 4 PG+ | p k() || p2eike=) |0, 26tk z))
2)H(2) <leik(z’—z)+P_kae—ik(z+z’)+Q_ i) L pO_e z+z)>
2)H(— )(Q LEFE D) L PO e ) ek L p 0yt z+z’)>

Z) ( Z/) <‘Qk|2€ik(z’fz) + eikz(zfz’) + Pikeik(z%z’) + pkefik(z%z’) + ’Pk|2€ik(z’fz))'
4.7)

)
(=
H(
H(-

Using P_xQy + PQ_r = 0 and |Qx|* + |P:|* = 1, as stated in Egs. (2.40) and (2.41), the
expression reduces to

OF (2)@F (=) + B (—2) D5 (=2

= H(Z)H(Z’) <€ik(z’_z) + 6i/€(z—z’) + P_ke—ik(z+z’) + Pkeik(z+z/)>
( Z) ( )(Q ezk(z —2z) +Q- kezk(z z)> s)
H(z)H(— )(Q ke (2 —2) O k(== z))
H(—z)H(-2') (ez (#'=2) 4 oik(z=2) | p_ cik(z+2) | p, e_zk(zﬂ))

Integrating £ from 0 to oo, we note that

[e'e) 0 0
/ dkQ_pe*==%) = / dkQe™* =2, / dkP_je* G+ = / dkPee™™*E+2) - (4.9)
0 0

— 50 —00

00 0
/ dke*#'=2) = / dke* ===, (4.10)
0 —00
This allows us to write

/ "k (95 (2) B () + B (—2) B (—2)
— H(2)H(Y) / h

—00

+ H(Z)H(—Z,)/ dk <Qk€ik(2—z/)> + H(—Z)H(—Z/)/ dk (eik(z—z) + Pke_ik(z-i_zl))_

) (4.11)

and likewise,

dk( ik(2— z)+Pezk(z+z)> —i—H(—z)H(z')/_ di: (Q ik z))

On the other hand, note that we can summarize the second and third terms of Eq. (4.11)
in a single expression:

H(—2)H () / ok (lei’“@’—z)) VH(2)H(—2") / dk (lel - Z>>

e o (4.12)

= / G (H(=2)H () Que™ ™2 4 H (=) H(—2)Qpe™™ ).

—00
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Due to the Heaviside functions, in the first term only the cases 2 > 0 and z < 0 are
relevant, so 2’ — z = |2/ — z|. The second term survives only if z > 0 and 2’ < 0, so
z — 2/ = |2’ — z|. Thus, we can condense the previous equation as

H(—2)H() / Z dk (lei’f@'*z)) + H(2)H(~%) / "k (leik@%’))

= / "k (H(—2)H(Z') + H(2)H(—2")) Que™* (4.13)
_ /oo dkH(_ZZ/)leik\sz’\’ (4.14)

where we used that H(—2)H (%') + H(z)H(—2') = H(—z2') (that is, the expression is non-
zero only if z and 2’ have different signs). Similarly, by taking the expression proportional
to P in the first and fourth terms of Eq. (4.11), and using H(2)H(z') + H(—2z)H(—%') =
H(zZ'), we get

H(z)H (') / dk (Pke““(’“”“)) + H(—2)H(~2') / dk (Pke—ik<z+z’>)
o > (4.15)
:/ dkH (z2') Pyt >+,

[e.9]

[e.e]

which allows to abbreviate the integral in a convenient way as

| @0 + e -)

o0 0 o0 (4.16)
= / dkH (z2")e*==%) 4 / dkH (—22")Qpe™*=*1 4 / dkH(z2') Pe®+'],
From the first term we see that,
/ dkH (22")e* %) = H(22")210(z — 2') = 2n6(z — 2'), (4.17)

where we used that the Dirac delta function is non-zero only when z = 2/, in which case =z
and 2’ have the same sign and H(zz') = 1.
The remaining term, namely

/ dkH(—22")Qpe™ =1 + / dkH (22") Pe®? 41, (4.18)

[e.9] —00

requires a more careful treatment. First, let us recall that 1 + P, = @, from which we
obtain

/ dkH(—z2")Que™ 7 + / dkH (z2') Ppe™

:/ dkH (—z2")etl=== +/ dk (H(—zz’)eikk_z,' +H(zz')eik‘z+z/‘> Py (4.19)
= / dk (H(—zz')eik‘z_z/‘ + H(zz’)e"“”%') P. (4.20)
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The last equality is due to the fact that

/ dkH(—z2") e = H(—z2")2m8(|z — 2']), (4.21)
where H(—z2') is null whenever z and 2 have the same sign, particularly when z = 2. By

0

using the definition P, = —3-=,

this integral results in

/ i (H(—22)e™= 4 H(z2)e=1) P,

0 & ; ’ : / ]_
= —i dk (H — 22 L (22)) Mt |) —_— 4.22
é 00 eik|z—z’| 00 eik|z+z’|
= —i (H(—zz')/ dk——— + H(zz')/ dk—~> . (4.23)
2 e k—0i)2 o k—0i/2
Since |z + 2/| and |z — #/| are positive, to do the integral we must choose a semicircular

contour that encloses the upper half of the complex plane. This ensures that
ik|C| = i(Re(k) + i Tm(k))[C] = i Re(k)|¢| — Im(K)]C] (4.24)

becomes zero when the radius of the semicircle tends to infinity. Moreover, if § < 0 then
the chosen contour encloses no poles and the integral vanishes. Alternatively, if 6 > 0,

then
i o0 ik|z—2'| s ik|z+2'|
Qz‘ <H(—zz')/ A 4 H(zz')/ dke—~)
2 e kB2 k- 62

= —0n ([ﬂ—:zz’)e’glz’zl| + H(zz’)e*§|z+z/|) .

(4.25)

Notice that the first term can be analyzed by cases: (i) z > 0 and z' < 0,or (i) z < 0 and

z' > 0. In any of them, the exponent is —£(|z| + |2/|). Analogously, the second term is
non-zero when (i) z > 0 and 2’ > 0, or (ii) z < 0 and 2’ < 0. Once again, the exponent is

—g(|z| + |2']), so the whole expression reduces to

e 30D, (4.26)

From now on, we restrict ourselves to the case where

0 <0, (4.27)

since it ensures the completeness relation of the normal modes:

/000 dk (@ ()@ () + Ph(2) @ (2)) = 2m8(2 — 2). (4.28)

Notably, as we will see in a further section, the condition 0 < 0is necessary to obtain a
positive-definite Hamiltonian.
Recalling the definition given in Eq. (3.47), the completeness relation is read as

/ Prlvs(e, kv k)] = 2n)60 (@ — '), 0
k3>0

Se{L,R}




5 Quantization

We have found the functions
¥ (%) = (1+ PaH(2%) e + PaH(—a®)e ™, (5.1)
O (%) = (1+ PasH(—2%)) e ™% 4 P H(2%)e*® | (5.2)

that describe the z dependence of the single mode solutions to the Klein-Gordon-f equa-
tion. A consistency check is that in the limit § — 0 we have Pz — 0, so

3

K (%) — 0 N (4P) — e (5.3)
This modifies the modes accordingly:

limvg(x, k) = etik’a? gilk L) (5.4)

0—0
where the positive (negative) sign corresponds to L (R) modes. In this limit, the functions
become plane waves, which are solutions to the usual Klein-Gordon equation.
The most general solution to the Klein-Gordon-# equation is a linear combination of
normal modes:

3
O(t,x) = Z / d k 21E las(k)vs(z, k)e ™+ + af(k)vs(z, k)™ ']  (5.5)
Se{L,r} ' **> V2Ey
Bk 1
= Z /k RCTSENGTN las(k)vs(z, k)e ™ +cc]. (5.6)

Se{L,R}

We quantize by imposing the commutation relations

ak)a (k)] = @00k - k), 57)
an(R),ab(k)| = (@n) (ke ~ k), 58)
a(k), (k)] =0=|an(k),al ()], 59
las(k), as (k)] =0=[ak(k),al,(K)] (5.10)

More succinctly,

as(h).al ()] = (20590~ K)o,

(5.11)
as(k), ag: (k)] = 0 = [l (k). aly ()]

The canonical momentum of the field ® is I14 = = &. We will derive an equivalent

a<1>
form of the commutation relations that involves the operators ® and ®. Since the field

expansion in terms of normal modes is given by

&’k |yt
B(t, @) = /k - \/z%k(e% “ag (k) (@, k) + ap(k)vp(@, k)] +he),  (512)
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its canonical momentum is merely

3 1./
d(t,x') = —i/ d—kg Eiv (e7P [ar (K v (2’ k') + ap(K)vr(z', k)] —h.c). (5.13)
ko (27) 2

We want to compute the following commutator:

@242 =5 | e (loa0). ) ()l kv B

2 3,k3>0 (27T>6
- [QTL(’C% ar (KN (x, k) (', k/)ei(ErEk/)t
+ [CLR(k), az(kj/)]]/R(a% k)l/;%(m,, k/)e—i(Ek—Ek,)t
— [al(k), ar(K)vi(, k)vg(e, k/)ei(Ek—Ek/)t) ‘
(5.14)

From the relations of Eq. (5.11), we see that

) ; 31731/ ; .
@(t,m),«b(t,x')] S / M,/? <5(3)(kz—k’)[l/L(a:,k:)VZ(m’,k’)e‘z(Ek_E’v’)t+h.c.]
k k

2 S,k’3>0 (27T)3
+6O) (k — K [vr(z, k)vi(a', ke B E)t 4 h.c.]) (5.15)
i dgk * / * /
- Q/kg>ow([yL(x,k)yL(w k) + vr(m, k)vi(al, k)]
k(&) + V(e Bl )] ). (5.16)

Finally, by using the completeness relation of the normal modes we get

o(t, z), d(t, a:’)] = i6®)(z — ). (5.17)

Now we will find an expression for the creation and annihilation operators as inner
products involving the field operator ®(¢,x), its canonical momentum @(¢,x), and the
normal modes vg(x, k)e™ Pk, We see that

. d*k
iP(t,x) + Ep®(t,x) = /
.

2 V2Ej

( @—i— B )ag(k:)e_iEktus(m,k)
(5.18)
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Thus, by means of Eq. (3.49),

/ dBre Pty (z, k') (mb(u ) + Epd(, az))

3k E Eu o .
- Z /ks o (2m)3 <\/§+ \/;Tk> as(k)e' E’“)t/d3zxus/(m,k,)vs(w,k)
>

Se{L,R}
i <_ /%_’_ \/—i%) aJrS(k;)ei(Ek’JrEk)t/dSZ’V‘;/(w,k/)Vg(w7k)] (519)
= Y / Pk Ev | B ) (ko) el BBt () — )6
se{L,Rr} k>0 2 V2B
Ee | Bw \ 4 goi(But Bt BB k)@ (k, +K,)|5.2
+ 1 - 7—1_ \/E aS( )6 [Qk3—5ss/}5( - ) ( 1+ J_) (5 0)

Since the quantity (— R %) §(k* — k)@ (kL + k') vanishes, we are left with

/ Bre Pty (z, k) (sz(t, ) + Epd(t, m))

E Ey .
= ) / &k ( 7’“ + —’“) ag(k)e' B —EOtO) (e — Koge  (5.21)
SerL Ry k>0 2E,

= 2Ek/asl<k/). (522)

Consequently, the annihilation operator ag(k) can be computed as

as(k) = \/% <V5(az,k)e_iEkt

i (t, @) + B0t :v)> , (5.23)

with S € {L, R} (the analogous expression for the creation operator a;(k) corresponds to

the Hermitian conjugate of Eq. (5.23)). In the limit § — 0 we have

1 : .
&L(k) _ 2Ek <€Z(k3x3+kl'1:J_)6—’LEkt

1 , .
CLR(k) g <€Z(_k3$3+kL'$L)e—2Ekt

V2E

Allowing k3 to take negative values, we can express these two operators as one:
g g p p

id(t, ) + Eyd(t, a;)> , (5.24)

id(t, x) + Ep®(t, m)> : (5.25)

a(k) = \/%Tk <€fik-z

where k = (Ey, k) and 2 = (,x). Thus, in the limit § — 0 we recover the expression for
the usual Klein-Gordon field.

ib(t, ) + Eud(t, w)> , (5.26)



6 Energy-momentum tensor

By definition, the energy-momentum tensor has components

oL

T, = 0,0 — LY. (6.1)
0(9,)
In our case, the Lagrangian is given by
1 m? 3
from which we obtain
oc 0(0,9) 0(0°®) v . 0(05P)
20,8) {a(a 57"t 50,0 %% ~@55,.9) ©3)
= 6LOPD — O(2*)05 D = 0" — 0(a”) 05 D. (6.4)

Thus, we get

1 2
T, = (0"®9,® — 0(°)8, 9, D) — (§GPCI>8P<I> — m7<1>2 — G(x?’)(]ﬁ)@g(l)) o). (6.5)
Note that the term which breaks the symmetry of 7%” under the exchange of indices
(n <> v)is —0(x3)65 ®0” P, or equivalently 0(z3)n">P9d” @, since the metric tensor is (n**) =
diag(1,—-1,—1,—1).
We separate the energy-momentum tensor in two contributions T+, = (T°)*, + (T%)*,
where:

0 _ 1 m? 2
(T, = 0"PI, P — §8pq>8pq> — TCD o,

(6.6)
(T, = 0(2*)D(93D" — 0, DdY).
It is easily shown that
2
0T, = 0,(0"®3,P) — 0, (%@@@f’«b . %@2) 5t 6.7)
2
= (0%3)(9,®) + (9"®)(9,0,P) — O, (%apcpapcp - m?qﬂ) 6.8)
= (—m*+06(2))20,® + (0"®)(9,0,®) — [(0,0,8)(0°®) — m*®9, D] (6.9)
= 05(z*)9,P. (6.10)
In addition,

9 (T0), = H [0(2)®(053" — 0, @5“)} (6.11)
= 0, [0(2")P03P]| — 05 [0(2°)®0, D] (6.12)
= (0, [0(z")05 ] 95 [0(2*)0,®]) © (6.13)
= ([0,0(z")] 05@ — [850(2?)] 6,®) © (6.14)

= [0,0(2%)] 8P — 05(2*)®0,D. (6.15)
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Finally, we arrive at

0,T", = [0,6(z”)] 5. (6.16)

If v =0,1,2, then 9,7", = 0, which implies that energy and momenta in the z and y
directions are conserved quantities. Nonetheless, 9,T"; = 05(°)20;® = 25(2*)8;®?, s0
the third component of linear momentum is not conserved. This is a clear consequence of
the presence of the interface, which breaks homogeneity in the direction of the z axis.

6.1 Symmetrization

6.1.1 Belinfante-Rosenfeld tensor

We introduce the Belinfante-Rosenfeld tensor, which has components
1
T =T + 5@(5*“’A 4 SUHA . GAvI) (6.17)

where S satisfies
Ty — Ty = —00S™,,- (6.18)

From the previous equation it is clear that 5* ,, must be antisymmetric under the exchange
of indices (¢ <> v). The Belinfante-Rosenfeld tensor is a modification to the energy-
momentum tensor that is constructed to be symmetric and to obey the same conservation
law, i.e., 0,T%5" = 0,T". To verify the first of these assertions we calculate

1 1
Tg” . Tgu — T 58)\(5/“/)\ + Suu/\ o S)\Vu)} _ |:TVM + 58)\(5”“/\ =+ S;WA . S)\uu)
v v 1 Av Apv
= (T = T") = S(OhS™" — hS™) (6.19)
= —SM 4 9\ SM =, (6.20)

thus concluding that 75" = T;". To prove the second assertion, we see that
DuOr (S + SV — S = §,05 (S — S, (6.21)

since the derivatives 0, and 9, commute and S"** = —S"* 50 that 9,0,S"** = 0. We can
expand the expression and rename repeated indices

8#&(5““ — SA”“) = @ﬁAS‘“’A — @L&AS”’” (6.22)
= 9,00S"* — 040,58 = 0. (6.23)
In consecuence,
1
a#Tg” =0,T" + 5@@(5*‘” + QVHA SA"“) — @LTE” =0,T". (6.24)

Hence, we have proved both properties:

T =T  and  9,T" = 9,Th. (6.25)
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Let
S* = °0(2%) (6,99, — 6,90,P). (6.26)
Using that
03(2°0(2°)) = (952°) 0(x%) + 2°050(2”) = 6(2”) + 2°05(2%) = 6(z?), (6.27)
we have

hSt, = 0, [2%0(z%)] (6,99, — 6,90,P) + z°0(x*)0x [6, 90, P — 6,9, P| (6.28)

= 80(z%)(6,99,P — 6,90,P) + °0(2”) [0,(9D,P) — 0,,(PI,P)] (6.29)
= 0(2%)(6,90,P — 0,90, D)
+2°0(2*) [(0,9)(0,®) + ©0,0,® — (9,9)(0,®) — 9,0, ] (6.30)
= 0(2%)(6,90,P — 0,90, D) (6.31)
= 0(2*)(1,390,® — 1,390,P). (6.32)
On the other hand,
T — Ty = —0(2°) (1,390, — 1,300,P), (6.33)

so that S certainly satisfies Eq. (6.18): T}, — T,,, = —0,S5*,,. Moreover, it is straightfor-
ward to see that, in this particular case,

A G — QB (6.34)

giving rise to

1
5(SWA + SVEA — SV = GV (6.35)

This simplifies the expression for the symmetrized tensor to
TH = TH + 0,8, (6.36)
Therefore, the symmetrized tensor is

TH =T" + 0,8 where

6.37
S = 20(a”) (" OHD — 90 ) and T = (T°) 4 (T)", (637

along with the definitions of Eq. (6.6).
We will find an explicit expression for T};”, for which we calculate

NS = 9y [#%0(®)] (O D — B D) + 2°0(23) 0\ (A B ® — nHDOMD)  (6.38)
= 50(z®) ()PP — DI D) + 230(23) (0¥ [POF D] — 0 H Dy [P D)) (6.39)
= (@) { (20D — nF DO @) + 2° (0" [P D] — V' OP - O — " H DI D) }. (6.40)

From the equation of motion,

P POD) = o () m0? — 1 5(a?)0%) — 2y rme?, (641)
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because 235(23) = 0. Thus,

MS = 0(2*){(n 0D — D) + 2% (0" [N D] — " (0D)? + nFm D)} (6.42)
= (@) {n"™ (2*m*®* — 2°(09)? — ®I*®) + PP + 220" [®9"P] } (6.43)

2
= 9(1‘3) {nuu(xSmQ(I)Z _ 1'3(8(13)2 _ (1)83(1)) + mgaﬂay ((I;)}
+0(2>)n 3 DO+ D. (6.44)

The first line of Eq. (6.44) remains the same under the exchange of indices (1 <+ v), while
the term in the second line does not. Nonetheless, this last term adds to the quantity
0(z*) 39" P, that breaks the symmetry of T+, as stated right after Eq. (6.5), giving an
overall symmetric quantity.

We will see the explicit form of the tensors that add to give 7. The whole expression
for 9,57** is proportional to 6(z?), so it can only affect terms that correspond to (77)*;
also, the tensor T° already satisfies (7°)" = (T°)"*. We get

Ty = (TP + (T} + 0,8,
2
(TO = "D — (%apcpap@ . %y) "
2
(T7)" + 0aS" = 0(a?) {<I> (20" + n30") @ + {nW(quﬂ — (0D)?) + 010" (%)} } .
(6.45)

6.1.2 Equivalent Lagrangian

The relevant quantity to describe any physical system is the action: S = [ d*zL. Note the
following;:

/ d*20(2*) PO = / d*z [05(0(2%)®%) — ©05(0(2°) )] (6.46)
/ [—D05(0(2°)®)] (6.47)
= / Pz [ 2°))®@* — 0(2°) 25 D] (6.48)
/ d3x P? 9(:):3)@63@} : (6.49)

From this, it is clear that

/ d*20(2°) P03 ® = / d*x [—ga(x?’)cb?] : (6.50)
This means that we can redefine the Lagrangian as
1 2,0
L= 20,80'0 - %@2 + 30(a%) 2, 6.51)
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without affecting any important results. This subtle distinction becomes relevant when
calculating the energy-momentum tensor, since now we obtain a symmetric form without
much effort:

oL’
yn — _ ! S
™ 20,9) 0, — L'5" (6.52)
1 m? g
= (0"D0,®) — 500 P°® — 7<1>2 + 55(:(;3)@2 5. (6.53)

Once again, we can separate this expression as 7", = (T")*, + (T")* , where

2

(TP = 9"Pd,d — (%apqwﬂ@ - %@2) g = (T,

; (6.54)
(T = —55(1:3)@2(51‘,‘.
Let us recall that
O (TP, = 0,(T°)", = 05(2°) D, d = gé(xS)&,@Q. (6.55)
On the other hand,
0, (T, = —gé(a:S)aV(IDQ — g@Qayé(x?’), (6.56)
from which we get
/ é 2 3 é 2 3 é 3 2
0,T", = —§<I> 0,0(z°) =0, —§<I> z?) | + Eé(x )0, =, (6.57)

This is not the same result that we obtained before, namely 9, T"; = gé(af” )03®%. Nonethe-
less, the expressions differ merely by a total derivative.

6.2 4-momentum operator

The 4-momentum operator is defined as
P’ = / Pz (6.58)

It is clear that
/dgx(Tg” —TO”) = /d:”xékS”oA = /d%(?iS”Oi. (6.59)

The last equality is due to the antisymmetry of S*/*. By the divergence theorem, the
volume integral becomes a surface integral and vanishes at infinity. Thus, it is irrelevant
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which tensor is chosen to define the 4-momentum. For simplicity we take the canonical
tensor, from which we obtain

r 2
H=P" = /d% @%@@)—(%@@&@—f%@ﬂ—emﬂéaé)} (6.60)
3 : 1 1 m? s 3
3 :1 2 L o, My 3
= d’x 5(<I>) +§(V<I>) +7<I> +0(z”) P3P . (6.62)

Likewise, for i = 1,2, 3, we have

P:/ﬁﬂ“:/ﬁﬁﬁ@ (6.63)

6.2.1 Hamiltonian

We separate the kinetic term of the Lagrangian into spatial and temporal components:

Loy 1 m® 3

The canonical momentum conjugate to the field is defined as

T

== _ . 6.65
5% (6.65)

In this way, the Hamiltonian density acquires the form

H = 1Id—L (6.66)
L Llay 1 m? 3
Lo 1 2 m? 2 3
= §(<I>) +§(V(I>) +7© + 0(x°) P03 . (6.68)

This agrees with what was obtained in Eq. (6.62) by means of the energy-momentum
tensor.
We recall from Eq. (6.50) that

/d3x9(x3)<1>83<1> = /d3a: [—gé(xS)CI)z] . (6.69)

Due to the delta function, this value becomes very large for z* = 0, so if we want to obtain
a positive-definite Hamiltonian we should impose # < 0. This is consistent with what we
found when proving the completeness relation of the ingoing modes, where we restricted
ourselves to the case where § < 0.
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The term containing 1(V®)? can be integrated by parts, resulting in

/ o B(V(I))Q} _ / i E(V@) - (vq>)} 6.70)
= / d%% [V (@VD) — V3] (6.71)
_ / i H@vz@} | 672)
In this way, the Hamiltonian is
H = / P [%dﬂ — %VQ(I) + %mQ(I) — %éa(ﬁ)@] (6.73)
= /d% Bdﬂ + % (—V2 +m? — éd(x?’)) q)} . (6.74)

This equation allows us to express the Hamiltonian in terms of creation and annihilation
operators, as we will now show. First, note that Klein-Gordon- equation indicates that

(—V2 +m? — é5($3)> ® = —(0y)*®. Therefore,

1r.
H= / d'as [@2 - @(80)2@} . (6.75)
Notice that
3k —FE? A
(00)*® = / Y Tas(k)vs(x, k)e " +hel, (6.76)
° SE{EL;R} k>0 (27)% /2E), [ )
and so
Bk dBK E?
—®(9p)*® = / L
0 S,S;,R} k3.k/3>0 (27‘(’)3 (27’1’)3 QN/EkEk/ (677)
x [as(k)vs(z, k)e ™ + h.c] [as (K )vs (z, kK )e P + he].
On the other hand,
b2 — / Pk Bk (—iEy)(—iEy)
S,S’G{L,R} k3 k’3>0 (277')3 (271')3 2\/ EkEk/ (678)

X [as(k)ljg(m, k)e_iEkt — hC} [agl(k’)usz(a:, k/)e_iEk/t — hC} .

By normal ordering, we obtain

ISR X
S,5'e{L,r}y /K> k>0 (2m)3 (27)3 2/ BBy

X |:(E13 —EkEk/)as(k)asf(k:’)/dgajug(w,k)ys(m,k;’) (6.79)

+ (B + ExEp)al(k)ag (k) /d%ué(w, k)vs(x, k') +h.c.|.
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Given Eq. (3.49),

(E? — EyEy) / BPavg(x, k)vs(x, k') = (B2 — B Ew)[Qrs — 0ss/](2m)30 (k3 — k")6@ (kL + K)),

(6.80)
and since (E? — EkEk/)(S (k*— k)@ (k. + k') = 0, the first term vanishes. We are left with

/ d3k |
3 /
S,8'e{L,R} k3 k"3>0 27T) 2 EkEk’ (681)
X {(E,% + ExEy)al(k)ag (k) (2m)*0®) (k — K')dss + h.c.] :

By performing the sum over the primed variables we arrive at

3
H=1 % / @’k 2B [ { ()as (k) +h.c.} 6.82)
Se{L,R} E3>0 (2 ) 2E}
We conclude that the Hamiltonian is given by
Pk
H= 3 [ &S Ealkash) 659
keso (2m)°
Se{L,R}

Since a;(k)as(k) can be interpreted as a number operator which indicates the number of
{S, k} modes when applied to an element of the Fock space, we see that the total energy
of an n-mode state is the sum of the energies of each of the modes.

6.2.2 Momentum and pseudomomentum

The eigenstates of the usual Klein-Gordon equation are plane waves, which are also eigen-
states of the gradient operator: . '
0,e™ = ket (6.84)

In contrast, the eigenstates of the Klein-Gordon-f equation, given by e *F¥tyg(x, k), are
not eigenstates of d;. We define the functions %’ (%) as

930" (2%) = ik3N (2°), B30k (%) = —ik3 (47), (6.85)

i.e., o (2°) results from applying the differential operator 95 to the z-dependent factor of
the Klein-Gordon-f modes and factorizing the momentum in the z direction (this is done
to obtain an analogous expression to that of the usual Klein-Gordon modes). From this,
we have

O (2%) = ¥ 4 sgn(:z:3)Pkgeik3|$3|, 30]1‘%3 (%) = e~ **° _ sgn(:z:g)Pk:seik3|$3|. (6.86)
Note that these functions, as ®%’(z%), also have the property %’ (—2%) = % (2°). Using
14+ P = Qs and H(z) + H(—z) = 1, we can write

gpfs(x?’) = H(—x?’)(eika’”?) — Pkse*iksxg) + H(m3)kaeik3r3,

' ‘ » (6.87)
g0];%3(1‘3) = H(_:U3)Qk3€71k3;p3 + H<x3)(eizk3m3 . Pk361k3w3).
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These functions differ from the modes

% (2%) = H(—2®)(e*" + Pae ™) + H(2%)Quae™™™”,

@%S(I:a) _ H(_I:a)kae—ik%S + H<x3)(e—ik3:c3 + PkSGikg’z:‘), (6.88)
only by the sign of P;s. We define the states
ps(x, k) = gplgg (%)l W' e +h2?), (6.89)
which give rise to
Osvs(x, k) = (—1)%ik> ug(x, k), (6.90)
with (—=1)X = 1 and (—1)® = —1. Once again, the functions vs(z, k) are not eigenstates

of the differential operator 0s. This is a manifest consequence of the non-conservation of
linear momentum that comes from the non-homogeneity of the space in the 2 direction.
In the scope of quantum field theory, this implies that the states generated by the creation
operators cannot be labeled with the eigenvalues of P;. We will further see this implies
that the ~ component of the momentum operator cannot be diagonalized.

From the previous definition,

dSk,/ /{3’3 ) , , , »
83(13 = Z /k% ; (27‘(‘)3 \/m |:Z(lsl(k ) <<—1)S /LS/(ZB, k )) e Byt + hC:| y (691)
s'e{L,ry " F"> '

whereby the expression for the z component of the momentum operator becomes

Py = / Brdos® o
&k &K K [E, |
— d>r / - —\/:{ —iag(k)vs(x, k o iBxt i h.C.}
/ s,sxez{;,R} W waso (2m)3 (2m)3 2\ By s(k)vs(z, k)
X |:7;as/(k/> <(_1>S//,LS, (w7 k/)) e—iEk/t + h.C,:| . (6.93)

In normal order this is

&k BK k° By ,
P. :/dSSE / — (—1)°
’ SS,EZ{:L oy Do @1 @2r 2 By

x [as(k)aS’(k/)VS(iB, k)usx (:I:, k/)e_i(Ek"‘Ek')t

—al(k)ag (K )i(x, k) pg (x, k' )elFrEBelt 4 h.c.} (6.94)
ék &EK K | E, 5
- 3 3 o (=1)
k3 .k/3>0 (271') (27’(’) 2 Ek/

S,8’e{L,R}

x {as%)as'(k') / B v (i, k) s (i, K e~ (B Bt

—al(k)ag (k) /deyg(a:, k) g (x, k')e' Bt 4 h.c} : (6.95)
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We note that
/ Prvi(e, ks (x, k) = (27)20 (k. — K) / Az O (1)l (%)
o).

Given the observation that ¢f (2°) differs from ®% (2?) only by the sign of P;s in the ex-
pressions of Eq. (6.87), we use Eq. (3.12) to write

(0%]¢f) = { iP (%_q) +76(k — q)] — P, [iP (q%{;) + 76k + q)]
+ P {—iP (ﬁ) + o (k + q)} — P B, [—Z'P (ﬁ) + (g — k;)} (6.97)

(6.96)
— 21)26P(k, — k) <q>k3

Q% {m(kl q)+7r5(k: >].

The principal part is
x 1 1
(pp) = [1+ PP, — Q;Qx] 2P< k) [Pe + PP (q+k) (6.98)
490[(q — k) + 6]
P ( o ) . (6.99)

On the other hand, the term associated with the Dirac delta is

2

[1— PrPe+ QiQ| mo(k — q) = prp 76(k — q). (6.100)

Therefore,

8q> )+ 29]
q k

(0%]¢}) = ye é27r5 ( s ) : (6.101)

Likewise,
<(I> ‘¢L> = / dz®%" (= / dzP% (— o (—2) (6.102)
= / d20% (2)pp(2) = (%] k) - (6.103)

Now we calculate the product involving different modes by modifying the sign of P
in Eq. (3.31):

%t ) =Qp [—iP (q%{) +76(k + q)] — QP [—z’P (ﬁ) +76(q — k:)}
+ Qk [z’P <q%€) +mo(k + q)} + PrQy {zP (k i q) + 7o (k — q)] :

(6.104)
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We have
(@Rler) = ([PyQu—QqP:] mo(k —q))
. 1 . . . 1
+ ([Qk - Q:]iP (qu—k) + [QiPe — PrQy] iP (q_—k>) (6.105)

42(]@ 4qé
= - =m0k —q) =P | Z—~—|. 6.106
ol <<k—q>aqk> (6106
Similarly as before,
(P%ler) = / dZ@?(Z)@'Z(Z)Z/ dzT (—2)k (—2) (6.107)
= [ ) - (o). 6108)

We can write, by virtue of these results,

4 -
(D% k) = 1 i 73 (24055 —i0(1 = 35| md(k —q)

4q0 (q—k)+ib
+P<(k—9)aqk[ k+q 555’_(1_655')})

(6.109)

Now we will work the other inner product that appears in the expression of the z compo-
nent of the momentum operator. We note that

/ drvs(@, ks (@, k) = (27)26 (k. + k) / A3 (7)ol ()

(6.110)
k'3
SOS’ > .

= (2m)26 (k) + k) (@4

We start from Eq. (3.39), changing the sign of F:

oY = [_@'P (k%q) sk + q)} _p [@P (_q1+ k) ok — q)}
L p, [ip (q%) ik — q>] PP, [ip (q%k) (=g — k)] 6.111)

(o7

, 1
We divide this into a delta term and a principal part term:

(®¥|¢f) = [P+ Pmé(k —q)

+[1+ PP, — Q,QxiP (

1

k) — [P+ P} iP( ! ) (6.112)

—q+k

= [L+ PPy — Q,Qi]iP <_q1_ k) — [P+ P,iP (_q1+ k) (6.113)

4q0(k + q — i6)
= P . 6.114
( (k2 — ¢*)a—g > ( :




Energy-momentum tensor 37

In the case of the equivalent product for different modes we rely on Eq. (3.44), modifying
the sign of F:

(2% ]h) =Q, [iP (quk) + 7o (k — q)} — Qy P [z’P (q%ﬁ) + 7o(q + k)}
o {—ZP ( L k) + ok — q)] + PO {z’P (ﬁ) ok + q)} |
Thus,
(D% |eh) = [Qq+ Qulmd(k—q) (6.115)

+[Qq Qk]ZP( ! k) + [PQr — Qqu]zP( ik) (6.116)

B 4q§

We combine both results in a single expression:

<(I)%v* g0§,> :Qq271'5(/{3 — q)(l — 555!)
4q0 k+q—if (6.118)
+ P dssr + (1 — dgsr :
((l{:+q)oc_q,k k—q 058 ( ss)])
Now we define the function
430 (k3 — k") + 10
3 103\ —
Bs.s (K3 K3 =P ((W o { T s — (1— 555,)}) : (6.119)
From the property
s s = [(20k° — 0)(2ik" + 0)]" = (=2ik° — 0)(—2ik" +0) = a_ys _y» (6.120)

it follows that 35 & (k°, k%) = Bs s (—k®, k) .
We substitute what is obtained in the expression for Ps:

Py =
S,S'e{L,R}
X {as(k:)as,(k 16D (k) + K e ErtEit

X [Qu2md(k — K*)(1 — bss) + Bs.sr (— k%, k3]
— al(k)as ()0 (k. — K, )elBr e

4k3 3 0 3 /3 3 7/3
X {m [21{7 555” — 29(1 — 55’5")]71—5(]{7 —k )“—6575/(]{ ,k’ ):| +hC}

(—1)%(2n)”

/ Bk &K kP B,
k3.k/3>0 (271')3 (277')3 2 Ek’

(6.121)
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Let us take the term
d3k d?’k:’ K3 E ,
= Y / M B )8 (amy2
k3 1350 ( 2m)3 2V Ep
S,5'e{L,R} = (6.122)
X {as(k)asl(k:')(S (kJ_ -+ k/ ) —iBrt By )t [Qk32’ﬂ'(5(l€3 — ]{I/3>(1 — 555/)] }

We perform the integral on the primed variables:

3 3
- S [ SRR e s (481 - b
k3>0

27)3 2
S,S'e{L,R}
(6.123)
By expanding the sum over modes, we get
&k K :
1= [ sty Quan( B Bas (kI e

_/ Bk k3Q san (K 12, K Y an(— kY, — k2, k3)e 2B
o (2m)3 2 7 - |
Finally, by making the change of variables (k',k?) — (—k', —k?) in the second term, we
obtain

Bk Ok 9 13 2 1.3\ —2iExt
T = (273 2 = Qusar(k', kK2 K )ap (<K', =k k% )e ™5
k3>0 (4T (6.125)

P’k K 2 13 1 1.2 1.3\ ,—2iFt
- (271')3 9 Qk a'L( k a_k 7k )a’R(k: 7k 7k )6 :
k3>0

Since the annihilation operators commute, it follows that 77 = 0.
Now let us define

&k &EK k? | E, , '
= 1\ = (=1 S92 (ke — k' el Er—Ew)t
15 Z /k3,k’3>0 (27‘(‘)3 (271') 2 Eu ( ) ( 7T> ( 1 L)e

S,5'e{L,R} (6.126)

x { — al(k)as (K) [4(]{3% 2k 055 — i0(1 — 0ssr) | w6 (K — k’?’)] }

Performing the integral over the primed variables gives

Ty=— Y / d3k (—1)% aly(k)ag (k) {ﬁ 23655 — i0(1 — 555,)}} _
S,5'e{L,R} k>0 (2m)? ° 4(k3)? 4 62
(6.127)
Expanding the sum over modes results in
A3k (/{;3)2
T3 _ — 3 =
k>0 (2m)3 [4(k3)2 + 62 6128

X {sz [} (K)ar (k) — ak(k)ar(k)] — i0[al(k)ar (k) — af (k)ar(k)] }
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We observe that Tg = T3. So,

Ty +he = — /k - (;i:;?’ [4(1211”()]22 92}

X { K [al (k)ar (k) — al(k)ar(k)] — zg [a}(k)ar (k) — af (K)ag (k)] }
(6.129)

The z component of the momentum operator is

r=- (% Lé()kl 92}

" {k [ )as () — al)an(F)) = 15 [a ) () = o} (F)an(F) }
i Z /ks K350 d?’;ffk’ k: \/57,]:/( 7 (6.130)

S,8’e{L,R}

X {as(k;)as,(kz)a (ky + Kk e EtBt g o (|3 k)

— ajrg(k)aS/(1{31)5(2)(kL _ kl)ez‘(Ek—Ek/)t/BS’S/(k{ k:/3) + h.C.}.

From this point, no additional simplifications can be made, which means P; cannot be
diagonalized. Nonetheless, we can define the pseudomomentum operator as

@= ¥ [ SRRk 6131

2m)3
Se{L,R}

from where we deduce the relation

Q® = —lim P; = lim P°. (6.132)
6—0 6—0
A simple calculation shows
[P, ®(t,z)] = [ / Br'd(t, )0y D(t, ), D(t, x) (6.133)
= / B! [D(t, x )0y D(t, ), D(t, x)] (6.134)

d3a’ <<i>(t, x) [0y ®(t, '), B(t, )] + [(t, '), B(t, )]0 (¢, cc’)) (6.135)
d3a’ ((i)(t, x )0y [®(t, '), B(t, )] + [®(t, '), B(t, z)]03 (¢, a,-’)> (6.136)

B! [D(t, ), D(t, x)| 03 D(t, x') (6.137)

—— — —

d*s! [~i6®) (@ — a')| Oy D (t,2) = —is0(t, @) (6.138)
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or [P3,®(t,x)] = i0sD(t, x).
We will now compute the commutator [Q?, ®(¢, z)]. The following results will be use-
ful:

|k (k)as(k), by (k)] = a(k) [as(k), ay (k)] = k) (276 (ks — k)

(6.139)
[ag(k)as(k), agf(k’)} — as(k) [ag(k), aS,(k')] — —as(k)(27)%6) (k — K')dss.
Explicitly, we have
3 _ Pk K (-1)%k3
Q% ®(t,x)] = e /k37k,3>0 o) @) VB,
X [ag(k)as(k), (aS/(k/)VS/(m,k')e_iEk’t +al, (K ) (z, k) ZEW)] (6.140)

S / Bk BK (—1)5K3
- k3,k’3>0 (27T)3 (27T)3 \/2Ek/

S,8’e{L,R}

X ([ag(k)ag(k),ag/(k’)] v (z, k' )e " Ert 4 [ag(k)as(k:),ag,(k’)} vy (w,k’)eiEk’tb().léﬂ)

3 31./ S1.3
= > / d k D (2m)%6) (ke — k)b
k3 k’3>0

S.SC(L.R) 3(2m)3 2E)
X (—as(k)ys,(a;, K )e et 4+ ol (k)v (, k:’)e“fw) . (6.142)

Summing and integrating over the primed variables we obtain

» Ph (1)K
Q% ®(t, x)] = ZSG{ZL;R} /k 2 VA (ias(k)vs(z, k)e +h.e). (6.143)

We want to be able to express the right hand side of the previous equation as an oper-
ator applied to ®(¢, ). In the first place, by definition,

05D (%) = i(—1) Kk (), (6.144)
from where
agq)]zli(mg) — —(]{73)2 -(1 4 Pk:‘sH(IS)) €ik3$3 +Pk3H(_l_3)€—ik3$3_
+ik? Pad(2°) (ei’“S”S + e‘i’“gx‘“’) (6.145)
— —(*?|(1+ PsH (%) ¥ + PaH(—a®)e ]

+2ik3 Pad (2°) cos (k*2°). _ (6.146)
Note that (%) cos(k*2?) = 6(2?) cos(0) = 6(z*). Consequently,
agq)lzg(xg) — —(k3)2 [(1 + Pk3H(x3)) eikiiz:s + PkSH(_xs)eﬂ'ksﬂ

+2ik> Pyad(2°) (6.147)
= — (k)20 (2%) 4 2ik* Pad (2%), (6.148)
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and since ®%’ (—z3) = @4’ (2°), we have

RON (17) = —(k*)208 (—2%) — 2ikP Pad(2®) = (K°)20F (%) + 2ik* Pd(2%).  (6.149)

It is readily seen that
—05(z*) D (2%) = —06(z*)DE (0) = —0(1 + Pa)d(a®) = —0Qp30(2*) (6.150)
L §(x%) = 20k 6 §(x%) = 2ik> Pisd(2?),(6.151)
2ik3 + 0 2ik3 + 0 g "
which leads us to
D20 (%) = —(K%)20K (2%) — 05(2) @ (2°) = — [(zﬁ)? + éa(x?’)} O (2). (6.152)

(Although this looks like an eigenvalue equation, — [(k:?’)2 + 06 (x?’)] is not a scalar.) Thus,

O2vs(z, k) = — [(kS)? + 55@3)] vs(x, k). (6.153)
Observe this implies
- (ag + 55(9:3)> vs(@ k) = —02us(z, k) — 05(z)vs(x, k) (6.154)
- [(/5*)2 + éa(xi”)} vs(x, k) — 06(%)vs(z, k) (6.155)
= (K*)’vg(x, k). (6.156)
Let us define the differential operator
D2 = 02 4 05(x®). (6.157)

Since —(Dj3)? is an unbounded positive self-adjoint operator, according to Ref. [44] its
square root can be computed as

R B 1 1/2
iD= lim [(kgf — (82 + 95(;@3))} { [(k3>2 — (2 + 6’5(x3))] } . (6.158)
(k3)2—0
The following is satisfied:
det(—D3 — (k*)?) = det ([iDs + k*|[iD3 — k°]) = det(iDs + k%) det (iD3 — k*) =0, (6.159)

which in turn means k* and —&® are eigenvalues of D5 (both real, so D5 is Hermitian).
Let 5z, (z, k) and s»_(z, k) be their respective eigenfunctions. In consequence,

iD3(iDsss(x, k) = £k*(iD3ses(x, k) = (k)5 (2, k). (6.160)

This second order differential equation, more precisely written as

[(8§ + éd(af‘)) + (k3)2} si(x, k) =0 (6.161)
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admits two independent solutions. Since
[(ag + éa(x?’)) + (k3)2] vs(a, k) = 0, (6.162)
the modes vs(x, k) must be linear combinations of s, (x, k):

vs(x, k) = Zagq(k)%q(a:, k). (6.163)
q
Applying iDs gives
iDsvs(x, k) = k> " as,(k)qs (@, k). (6.164)

q

Now we define the following signed projectors in bra-ket notation

PE=Y qlg) (g,  PM= > —(=1)%|us) (vs]. (6.165)

Se{L,R}

Since the functions sz, (x, k) are orthogonal due to being eigenfunctions of the Hermitian
operator i D5 associated to different eigenvalues, then

Py (z, k) = Zq’%q/(m,k) (/ d*x' 55 (2 k) sy (2 k)) = Zq’%q/(m,k)éqq/ = qx,(z, k).

q q

!

(6.166)
Thus, given ¢* =1,
PEiDsvs(x, k) = k* Y~ asy(k)s (@, k) = Kvs(z, k). (6.167)
q
Finally,
PLEPEiDsvg(x, k) = —(—1)°K*vg(x, k). (6.168)
Clearly, all three operators P*f, P* and i D3 commute with each other. We define
iDy = PXEPEiD;. (6.169)

Let us recall the property ®%*(z%) = &3 (), from which we see
iDsvs(x, k) = —(—1) kK vg(x, k) — iDsvg(x, k) = (—1)%k3vi(x, k) (6.170)

Applying this operator to ®(¢, ), we obtain

=i 2 ko (2m)3 V2E; (ias(k)vs(x, k)e™™ +h.c.). (6.171)
S,e{L,R} >

We conclude

(Q°,@(t, )] = iD;®(t, ). (6.172)




7 Detector modes

So far, we have performed our calculations by using a basis of ingoing modes, parametrized
by the ingoing vector k. Such basis is adequate for describing particle sources (which in-
cide in the interface), but not particle sinks (e.g. detectors) associated with outgoing par-
ticles. We want to find a basis of outgoing or detector modes, which is obtained by means of
the substitution k* — —k? in the functions ®% (2*) which we already know. In the ingoing
basis we have three contributions to each mode: an incident, a reflected and a transmitted
wave. In the new basis, we have an outgoing, a pseudoreflected and a pseudotransmitted
wave, as outlined in Fig. (3). Since we have become very familiar with the ingoing modes,

A
Y

Figure 3: The outgoing left and right modes include contributions of outgoing, pseudoreflected
and pseudotransmitted plane waves.

it is important to find the relationship between both bases, which will turn out to be a
simple linear combination. Let us recall that

k3 3 'k.3 3 'k3 3 k,3 3 7‘k3 3 'k3 3
O (2%) = ' 4 Prae™ O (2%) = e 4 Pl

whesre P = 2“;19 Since ®%'*(2%) = @3 (23), the basis of outgoing modes is given by
{®%*(2?)}. To find the relationship with the ingoing basis, we start from the completeness

relation:

o [ a A
85 (09 = [ 4 5(a® - a0k @) = [ da? ( |5 = @’g?(ﬁ)@’;?*(ﬂ%) ().
S'e{L,R}
7.1)
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This is rewritten in terms of known products as

f > k3 y f y
L (1) = /0 > S ( / dx'?’qﬂgf*(x’?')@'g*(x'?’)) L (7). (7.2)

T S'e{L,R}
We know that
/dl'/S(DgIB (33/3)(13153 (x’3) = [(SSS/Pk:s + (1 — (555/)Qk3]27T(5<k3 — klg). (7.3)
Thus,
o (2%) = Z [0ss Pis + (1 — 055 Q1] @Y (2%). (7.4)
S'e{L,R}
That is,

DR (23) = PLok’ (28) + QoK (%),  oE*(2d) = PLON (23) + QLoE (28).| (7.5

We verify Eq. (7.5) directly by inserting the definitions of % (2):

A = PLROY (4%) + Q. ®k (%) (7.6)
= P <eik3$3 + PkaeikS‘x3‘> + Qrs (6‘““3503 + Pkseikg‘x3‘> ) (7.7)

If 22 > 0, then

A, = Pj (e““?’xg + Pksei’f3x3) + Qi (e*““gf‘ + Pkseik%g) (7.8)
(Pl + PP + Qs Pia) €% 4 Qo™ (7.9)
= (P]:;;[]_ -+ PkS] + stka) €ik3m3 —+ Qde_ikaS (710)
= (P5Qus + Qs Ps) €7 4 Qlye ™ (7.11)
_ ng’efik:‘ﬁ _ efik3x3 + P];kgefikg‘x:s. (7.12)

If 22 < 0, then
Ay = P (e 4 Boem ™) 4 Qp (77 4 P (7.13)
= P;:Beikng + (PisPres + Qs + Qs Pr3) e~ (7.14)
Pre™® 4 (Ph P 4+ Qla[l + Pys]) e~ (7.15)
Pljgeikgxs + ( ];kngS ‘l— QZngB) e—ik3x3 (716)
— P];kgeikgzv‘"’ + 6—ik3x3. (717)

The two possibilities are summarized by
e~ 4 pr el (7.18)

or A;, = ®%*(2?). In a similar fashion, using that ®%*(z%) = ®4™*(—z?), the homologous
relationship for R modes is obtained. With this, we verify Eq. (7.5), by which we can
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express one basis in terms of the other. The inverse relation is found by conjugating Eq.
(7.5):

O (1) = P @ (4%) + Q@5 (2®), ) (2%) = Pu®h* (2°) + Qu®h *(2%).| (7.19)

Since the detector basis functions correspond to the complex conjugate of the ingoing
functions, the completeness relation is automatically satisfied:

/000 dk (D5 ()@ (2) + @ (2) @5 (2))) = 278 (2 — 7). (7.20)

Similarly, the orthogonality of the detector modes is a direct consequence of the orthogo-
nality of the ingoing modes:

(9%

) = 210(k — q)dss, (PLP) = [QF — dss/]2m0(k — q).

Now we want to find an expression for the creation and annihilation operators of the
outgoing states. We start from the quantized field

ek 1 ,
O(t,x) = / as(k)vs(z, k)e ¥ + h.c. (7.21)
(i) SeL Ry k>0 (27)% V2B, [ )
Bk 1 3 o
= ag (k)P (z3)e tErttiki®L | | e (7.22)
SG%,:R} /k:3>0 (271')3 \/2Ek |: ( ) S ( ) i|
Bk 1 3 N
- ag(k)® (23) | emBritiki@s L he | | (7.23)
/ks>o (27)* V2B, (SE{ZL;R} i
We express this in terms of the detector basis:
> as(k)PE (1Y) = ap(k)®F (2%) + ar (k)P (2%) (7.24)
Se{L,R}

= CLL(’C) (PkSCI)IZB*(xS) + QkSq)];%S*(xg)>

tar(k) (Pk3<1>'§*(:p3) n kaqﬂf*(x?’)) (7.25)
= O(a?) (Pwar(k) + Quan(k))
+O8(27) (Psar(k) + Quar(k)) . (7.26)

This suggests defining annihilation operators of outgoing modes as

arp(k) = Pgaar(k) + Qrsar(k), ar(k) = Ppag(k) + Qrsar(k), (7.27)

with the corresponding Hermitian conjugates being the creation operators. We note that
in the limit 6 — 0,
ar(k) = ar(k), ar(k) = ar(k), (7.28)
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that is, an incoming L mode corresponds to an outgoing R mode, and vice versa. This is
the expected behavior.

Now we will calculate the commutators of the as(k) operators. For this, we reminisce
that

[as(k),ag,(k') = 2120 (k — K)oss,  as(k),as (k)] =0 = [ag(k),ag,(k') . (7.29)

We have, in more convenient notation,

ask) = Y (0ol + (1= 050)Qus) ag(K), (7.30)
ce{L,R}

ag(K) = Y (05 P+ (1= 650)Qu) aor (K'), (7.31)
o’'e{L,R}

from where we observe that

las(k),as(B)] = Y (550P + (1 = 050)Qp2) 57 P + (1 = 6570)Qp) [ (K), agr (K)] .

o,0'e{L,R}
(7.32)
This commutator vanishes by virtue of Eq. (7.29). Likewise,
las(R),al (k)] = D0 (Fso i + (1= d5)Qus) (Os70r Pin + (1= 05701 Qi)
o,0'e{L,R}
x [aa(kz), aj,,(k;')] (7.33)
= > (soPo+ (1= 050)Qu) (957 P + (1 = 0s161) Qi)
o,0'e{L,R}
X (27)36®) (k — k') gqr (7.34)
- Z (650'Pk3 + (1 - 550)Qk3> (5S,O'P]:(3 + (1 - 55’0’)@]:3)
ce{L,R}
x (2m)360) (k — k). (7.35)
We note that
Y (Ose P + (1= 850)Qi3) (B0 Ps + (1 = 0516) Qfs)
oce{L,R}
= ¥ (55055,0|Pk3|2 + (1 = 050)0510 Pl Qpa (7.36)
ce{L,R}
+6SU(1 - 6S’U)Pk:3QZ3 + (1 - 55/0)(1 - 630)|Qk3|2>
= Z <55065’G|Pk3 |2 + 6S’JP]:3 Q3 - 55055’0P]:3Qk3 (737)

oce{L,R}

+050 P Qs — 0500570 Pis Qs + |Qus|® — (0516 + 050)|Qas > + 5sa5s'a\Qk3\2>-
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Since |Qys|? + |Pys|* = 1 and P} Qs + PrsQfs = 0, we get

Z (650 P34+ (1 = 050)Qp3) (8570 Fys + (1 — 0516) Qies)
oce{L,R}

- ¥

6500510 + 06510 PpsQps + 630 Pra Qs + |Qpal? — (8570 + 550)Qk3|2> (7.38)
oce{L,R}

6500510 + 0570 (PraQps — |Qus|?) + 050 (Prs Qs — |Qps|?) + |Qus 2) (7.39)
oce{L,R}

Il
7N N N

(55’0—(5510. + 5S’UQI€3 (P]::; — st) + 55’0’@}23 (PkS — Qk3) + ‘Qk3’2> (74:0)

ce{L,R}
= 3 (Bsede — GiraQuo — bsoQs + Qi) 7.41)
oce{L,R}
= s + (~ Qi — Qs +2|Qus*) = dss1, (742)
considering that M = Re(Qy3) = |Qy3]?. Therefore,
> (s Poo + (1= 850)Qu0) (3570 s + (1 = G516)Qfs) = s, 7.43)
oce{L,R}

as declared in Eq. (2.42). With this,

as(R), b (k)| = (226 (k — K)oss,  [as(k), as (k)] = 0 = [al(k),al, (k)]
(7.44)
Furthermore, we calculate
[as(k>, ag,(k')] = Y (BsoPes + (1 65,)Qs) [ag(k:), ag,(k')] (7.45)
oce{L,R}
= 26Dk —K) D (0ssPi + (1= 050)Qus) bos (746
oce{L,R}
= (2m)368) (k — k') (055 Pis + (1 — 655 )Qps) - (7.47)

It is easy to see that
as(k)as (k)] =0, [ab(k),al (k)] =o0. (7.48)

The quantized field is written in terms of the detector modes as

Bk 1 3 : ,
d — (I)k *(,.3\ —iEpt+ik | x| cl.
to)= ¥ [ [asth)et e Fhe 749

Se{L,R}

As in the case of the ingoing modes, it is convenient to define a function

v(m, k) = &8 (23) W e+ (7.50)
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so that the field is expressed more succinctly as

&1 o
O(t,x) = Z /kg>0 on) V2B, [as(k)vs(m, k)e P + h.e]. (7.51)

Se{L,R}



8 A decay

We now consider a field U that is not affected by the presence of the interface and an
interaction that describes the decay of one ¥ into two ®’s:

2
L = %a@aw%& —0(2)®0.® + Ly + Lo 8.1)

1 2 1 M?
= 50,00"® — m?qﬂ — 0(2)@0.® + 50, WO"¥ — ——V* + WP, (8.2)
where M > 2m is a necessary condition for decay. Since we are interested in detecting the
outgoing ® particles, we will express everything in terms of the detector modes.
We write the field expansion for ¥,

d3 1 .
U(t,z) = / ﬁﬁ [b(p)e " +h.c], (8.3)

p

where we changed the label of the momenta to p = (E,, p) to avoid confusion with the
expansion of . Moreover, the set of creation and annihilation operators associated with
the U particles can be obtained from

)= (e

The commutation relations are the usual free-field ones,
[b(p), b'(P)] = 2r)*6® (p—p),  [b'(p),b' ()] = [b(p),b(P)] = O, (8.5)

giving rise to

iW(t,x) + E,V(t, :v)> . (8.4)

[\p(t, ), U(t, m')} — 6@ (x — a), (8.6)

(this can be seen directly or by taking the limit # — 0 in the expression of the relations
already obtained). We add the commutation relations

as(k),b(p)] = |ab(k),b(p)| = [as(k).b'(p)] = |ak(k).ti(P)| =0, (7)
from which it is easily deduced that
[D(t,2), U(t,z)] = [cb(t,m),xp(t,m’)} — [@(t,m),\i/(t,m’)] - [@(t,m),\p(t,m')] —0. 88)

The initial state is merely a particle of the kind ¥ with momentum p, while the final
state is composed of two modes with labels {kg, k% }. In terms of creation operators acting
on the vacuum of the Fock space this is

i) = 2E,b (p) = (8.9)

lf) = V2FE \/2Ek/as Yok, (K'Y [0) = |kg, ks) = |ks) @ |k . (8.10)

We want to compute the invariant amplitude that connects the initial state to the final
state. To first order, this is given by the quantity

T = M/d‘*x (fIT{U(x)®*(2)} i), (8.11)

where 7T is the time ordering operator.
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8.1 Decay rate and mean life

Our goal is to calculate the total decay rate and mean life of the ¥ particle that decays into
two ® modes. In contrast to the equivalent process in the vacuum (§ = 0), here we will
have additional decay channels that arise from the non-conservation of linear momentum
and that contribute positively to the decay rate. Decomposing the fields as

O(x) = 0 (x) + D (2), (8.12)
d3/€ e_ZEkt
Ot (x) = / ags(k)vs(z, k), (8.13)
D= 2 e B S
dsk eiEkt
O (x) = / ol (k)vi(z, k), (8.14)
( ) Se%ﬁf} 1350 (277')3\/2_Ek S( ) S( )
we see that applying the positive frequency term ®*(x) to a 1-mode state gives
N dgk efz'Ekt
O (x)|ky) = / —————ags(k)vs(x, k) |k (8.15)
( )| > Se%}g} 550 (QW)S\/E S( ) S( >| >
dgk‘ efiEkt , L ; k/
= 2 ST e LK) 629

dgk‘ efiEkt 3 ,
- ¥ / Wﬁys(m,k)«/2Ek/(2ﬂ') 5(k — K')dss [0) (8.17)
se{L,R} ” k*>0 k

= e Blvg(x,k')|0). (8.18)
In this sense, we define the contraction

O(x) [ks) = e”Pvs(, k), (8.19)
,
(ks| ®(x) = v, k), (8.20)
and likewise, for the W particle,

.
U(y) |p) = e 7Y, (8.21)

.
(p| ¥(y) = e?". (8.22)

The following is the only non-trivial contribution for such process:

T = z’2)\/d4x(<ks| ® <k’E,|)¢>(m)<I>(x)\I'(fE) )

(8.23)
= i2)\/d4xeiE’“tvg(az,k)eiEk’tvg,(m,k')e_im.

The factor of 2 indicates the possible ways of contracting fields that give the same result.



A decay 51

Going back to Eq. (8.23), and in the center of mass reference frame (p = 0), we have

T — i2)\ (/ dxoei(EkJrEk/M)mo) (/ dwj_ei(klk’l)'au_> (/ dl‘gq)?(xg)q)’g/g(x?’)) . (8.24)

where k, = (k',k?), k', = (K, k?)and =, = (2!, 2?). Thus,
1

T = i2\(21)*8(Ey, + B} — M)s® (k, + k) <<1>’;3*

cb’;’f> . (8.25)

Using the result of Eq. (3.46) we obtain

T = i2X(27m)* [ 655/ Pes + (1 — 035/) Qs | 6(M — Eyy — EL)OP (k. + k' )o(k® — K).|  (8.26)

Note that the delta function §(k* — k®) indicates that £* = k3. Nonetheless, this does not
correspond to momentum conservation, since the labels k* are always positive and hence
do not specify a given direction. Eq. (8.26) indicates that the initial particle can decay
in a left and a right outgoing mode, conserving linear momentum, or in two left/right
outgoing modes, going from a null initial momentum to a final momentum equal to 2&3.
This is possible since there is no invariance under translations in the direction of the z axis,
so linear momentum in that direction is not conserved.

From the definitions of Ps and Qj:, we see that the case without interfaces (6 = 0)
reduces to

T = i2X(27)*[1 — 055/ |0(M — By — Ep)6P (k1 + K, )o(k> — k), (8.27)

which means that the amplitude is different from zero only if the outgoing modes are
different, so that they have opposite linear momentum. One can also take the limit § — 0
before performing the integration:

T = 2\ / d*rePrivy(x, k)e IV, (z, ke P (8.28)
- 2)\ / d4xeiEkt€7ik-weiEk/tef’ik/-wef’iEpt (829)
= 222m)4O) (k + E)S(M — E), — Ey), (8.30)

from which the value of the amplitude M = 72 is factorized.
From Eq. (8.26) we extract

M =2\ |:5SS’PI<:3 -+ (1 — 555’)Qk3:| . (8.31)
Since dgs/(1 — dgs/) =0 VS, 5 and 625 = dsg, the amplitude is

IMP =402 dss Pl + (1 = dss) Qi 8:32)
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where | P,s|? = 6%/[4(k*)? + 62] and | Qs |* = 4(k?)?/[4(k*)? + 6?].
The differential decay rate is given by

1 &k 1 &K 1

dl'ss 20 (27 2E; (27)° 2Ep |M|2<27T)45(M — B, — E”g)(’)‘@)(kL + k/J_)(;(kZ‘g _ k/3)
1 dEkdE ) , /
= 32mM E, By IMPS(M — Ey — E)o® (ky + K)ok — k2. (8.33)

To obtain the total decay rate we integrate over d*kd*k’:

1
Igs = EPkd*k —— S(M — E, — EL6PD (ky + K )o(k> — k3
S8 32712 M K K350 Ek |M’ ( k ) ( 1L+ )( )
1 2
= d*k M §(M — 2Ey). (8.34)

32m2M Jyany B2

By using the property d[g(z)] = . 0(z — x;)/|¢'(x:)|, where g(x;) = 0, we get that

S(M —2E,) = M ! <k:3 \/M2 ) . (8.35)
k2

Integrating k® from 0 to oo and introducing cylindrical coordinates in the perpendicular
directions gives

1 2
lsg = —2/ |M| k3 — \/——m2 k% (8.36)
12877 ks3>0 E2\/M2 _ _

_ 2 IM\2
_ 327T2M2 / 2k, \/W - (8.37)
1 \/ T—mQ ‘M|2 21
= W/ dk k| \/M - / df (8.38)
L M
g VA —m2— R
Note that the amplitude is evaluated at k* = \/ MT2 —-m?— k2, ie,
92 2 M2
MP? = 4)? | =gy 4 — + (1 — bgy 1 (8.40)
R R e = A
We now define
M? 9 M? , 0
a=——-—m", b= —-—m°+ —, (8.41)
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from where we arrive at

4\2 Ve k b k2 —a
Lgsr ~ o012 J, dk——— — l(sss (k’Q b) + (1 — dsgr) (kg_b>:|

2 Vva Va _1.2\1/2
e lass,m_b) U ———Y dkml 42
0

4rM? o Va—kX(k2-b) b— k2
:47:‘;42 [555/\/mSin‘1 (\/%) +(1—6s) {\/_— Vb —asin™! ( %) H -

A new consistency check is thatif a = b (or 6 = 0) the result without interfaces is recovered.
There are three decay channels. One when the outgoing modes are different, which in
the limit # — 0 corresponds to that of the usual system without interfaces:

o - ()

r
LR = 4M2

. (8.43)

\/ 1+ M2 4m2

and two when the modes are the same, which arises due to the non-conservation of mo-
mentum in the direction of the z-axis:

ot = Tan = —— [Vi—asin (/2)] = =2 (] sin~ ! 8.4
LL — RR—W — SN E —W ||Sln —52 ( )

1+ M2 —4m?2

A ~
=S VM2 —4m?2 — || sin!
T

From Eq. (8.43), we see that the condition I';,z > 0 imposes a constraint on . Since the
argument of sin~" is less than 1 and positive, then

.1 1 s
sin —_— | < 5 (8.45)
2
]- + M2€4m2
and so vV M? — 4m? — |9~|§ > 0, or
92 2

M? > dm® + — (8.46)

If this condition is not met, a decay channel of the type LR is not possible.

The total decay rate is given by the sum of all decay channels:

r = FLL +Trr +Trn (8.47)

- A {2\/—asm 1 <\/%> +va— Vb= asin! ( %)} (8.48)
- [msinl (\/%) T ﬁ] | (8.49)
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/\2
ST M2

. _ 1

r= |6 sin~* = + VM2 —4m?| . (8.50)
2

1 + M2€4m2

This is consistent with the result without interfaces. In such a case, the amplitude is
IM|? = 4)?, giving

A2l A2 Am?\ /2
= 2 SVAPR—dm?| = 1 . 51
A M2 {2 " ] 8 ( M2) (®.51)

The mean life of the decaying particle is given by the inverse of the decay rate:

2 —1
Fo M [\/b ~asin~! ( 9) n ﬁ] , (8.52)

-1

8TM? | - 1
7= ) sint | e — | + VM —am?| . (8.53)

In the limit § — co we have

- 2)\2 -
Fé—ﬂ)o = W V M2 — 4m2 = 2F§:0 = QF, (854)

since

~ 1
lim |0|sin™! | —= | = VM2 — 4m2. (8.55)

f—00 1 _|_ 62

M?2—4m?2

In general I'; > I', since the additional channels due to non-conservation of momentum
contribute to the decay rate with the positive term

A2 1
———— |0 sin~* (8.56)
2 02
M 14 oy
We conclude that
<D <o, %<7~'§7’. (8.57)

Thus, the additional decay channels imply that the mean life of the ¥ particle will be
shorter than its analog in the usual free space system (without interfaces).



9 Propagator

9.1 Coordinate space propagator: Green’s function

We will obtain an expression for the Green’s function of the Klein-Gordon-f equation in
configuration space. For this purpose, we introduce the contraction between two fields as

ont) = (et b
= H("—y")[@"(2), 2 ()] + H(y" - 2")[2" (y), 2" (=)}, (9-2)
where we use the decomposition defined in the previous Section:
ot (z) = Se{gR} /k » (;l:; f/%as(k)vs(x, k), (9.3)
@) = Y / Ek e v k). 0.4)
seitmy K=o (27)° V2B,

The commutator [T (x), ~(y)] is obtained directly from the relations defining the op-
erators ag(k) and o, (k'):

(@7 (), " (y)] -
3 31 —iEpx® iE,,
- Sﬁg{;ﬂ} /k . (;17?/;3 (2:)3‘}% ‘;% vs(x, k)Vi(y, K )as(k), al, (k)]
—iELx® iE,y°
B S,S’EZ{:L,R} /’“’3>0Jf3>0 dz:;f/ e\/% f/%vs(m, k)Vs (y, k)0 (k — K)dss (9.5)
i (20— 0
B SE%;R} /’fS>o (;l:;g : E;;jk : )Vs(m’ k)vs(y, k)

Bk e B s (e
SE{L.R} E3>0 k

We now define D(z, y) = [®*(z), ~(y)]. We want to compute (9% +m?—05(x*)) D(z, y).
The spatial = and y derivatives and the time derivative are straightforward:

93 D(x,y) = o5 (29)0F () =YL (9.6)

Se{L,R}

/ R i
k>0 (27)° 2L,

—(02+02)D(x,y) = DL (2%) DK (3 etk @ v

Se{L,R}

/ Bk ((k1)2 + (kz)z)e—iEk(mO—yO)
ko (27)° 2E)
(9.7)
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The second derivative in the direction perpendicular to the interface has already been
calculated in Eq. (6.152). All of these results lead us to

(0* +m* — 65(z*)) D(x, y)
B [ag 92— 02— 02— 06(x%) + mﬂ
/k3>0 (

271')3 QEk
Se{L,R}
><e_iE’“(“cO_yo)<I>'§3*(m?’)@’g)(gf’)e“”'(”c_y)L (9.8)
/ B |ERH R+ (6 + 05(2%) - 86(2°) + m?]
B Se{r.Rr} /F>0 (2m)3 2By
><6_“5’“(“50_?’0)<I>'§3*(m?’)@’g’(gf’)e“”'(m_y)L 9.9)
Bk [—E2 + k2 + m?2] e~ Br(@"—y") 3, . P
- / (27?)3[ T ] L (%)Y ()™ =) (9.10)
se{L,R}” k*>0 k

The expression vanishes given the relation E7 = k* + m?, ensuring that

(8% +m? —05(z*))D(z,y) = 0. (9.11)
On the other hand,
9 [H(xl" —y")D,y)] = 8,0" [H(zla - ") D(x.y)] ©.12)
= [PH(*[" —y°))] D(x,y) + [0"H(*[2" = y°])] [0,D(x, y)]

[a“H(i[$ —y"D] [0, D(w,y)] + H(£[2" —¢’])0* D(x,y)
= [£060(z° — y°)] D(z,y) + 200H (£[2° — y°]) o D(, y)

+H(£[2° —4°))0*D(z,y) (9.13)
= Fo(z’ —y)é’o (x,y) £ 26(2° — )9 D(z,y)

+H(£[z° — y"])0*D(z, ) (9.14)
= +0(a” - ) D(z,y) + H(£[2" = y*))O*D(x,y).  (9.15)

The property %(f) fx) = —5(x) L2 () was applied. Note that

(‘30D(x, y) = ao[CI>+(a:), CI)_(y)] - [CI)+(:L‘)7 CI)_(y)], (916)
with
Or(a)=—i Y / @k E e_ZEkta (k)vs(z, k) (9.17)
s Jioso (27)? k 5L, s slx, k). .

By means of the commutator of Eq. (9.5) we can deduce that

Bk e~ 1Bk (x"—y°)

B ) = - > [ vs(w KViy k) 019)

Se{L.R}  F*>0 (2m) 2By
7: d3k —iEk(ZO—yO) *
= -3 g i —(2ﬂ)3e vs(xz, k)vs(y, k). (9.19)
>0
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In Eq. (9.15) this term multiplies 6(z° — y°):
0o_,0 L 0_ 0 &’k * )
(" =y ) D(x,y) = —50(2" —y") vs(@, k)vs(y, k) = =507 (2 —y),
2 woso (2)3 2
Se{L,R} ">
(9.20)
where we have used the completeness relation. Consequently
(0 +m* = () H(£[+° — ) D(x, y)
: _ (9.21)
= ;%5(‘“@ —y) + H(E[2" = y"))0*D(w,y) + (m* = 0(2*)) H (£[z" — ")) D(w,y).
By grouping the terms that affect D(z, y) and using Eq. (9.11) we arrive at
(0% +m? = 0(«*) H (£[z° — y°)) D(w,y)
i ~ i (9.22)
= :F§§(4)($ — ) + H(£[2" — y°) (0% + m?* — 05(2*))D(z,y) = :F§5(4)(x — ).
From Eq. (9.5) it is evident that
[@F(2), 27 (y)]" = [@¥ (). 2~ ()], (9.23)
or equivalently, D(z,y) = D(y, z)*. Therefore,
~ 1 ~
(0% +m* = 00("))2(2)0(y) = (9" +m” - 05(x*))H (" - y")D(w,y)
+(0* +m? — 05(=*)H(y° — 2°)D(y, x) (9.24)
l
= —55(4)(1' —y)
+ [(@ +m? = 08(*) H(y — 1) D(w, )| T 925)
— _isW(z —y). (9.26)
Now we define the Feynman propagator:
~ d*k ? 10 (2000
A _ —ikY (z0—y?) k)v k
=2 foow valz Byl k)
’ (9.27)

e—iko(mo—yo)ljg(w, k)i(y, k).

BN -
scipy Jwe>0 (2m)1 K2 —m? + e
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The last equality can be deduced from Egs. (7.4) and (7.43):

S @R () = Y | Y 050 P + (1 0s0) Qs OF ()

Se{L,R} Se{L,R} \o€{L,R}

X Z (0507 P + (1 — 550’)@14:3](1)5*(?/3)

o’'e{L,R}

= Z Z 50 Pl + (1 = 050)Q1a] 0500 P + (1 — 050)Qua] | @F (2%) 05 (4°)

o,0'e{L,R} \Se{L,R}
= D SO @) = Y b )Rk ().
o,0'e{L,R} oce{L,R}
This implies
> vs(m k)il k) = > vs(x, k)i(y, k). 9.28)

Se{L,R} Se{L,R}

The term +ie in Eq. (9.27) modifies the position of the poles in the complex plane. These
are found in

Bomiiie=0  — kO:j:W/E,f—ie::I:Equ%, (9.29)
k

where we only take the first order term in the Taylor expansion of the square root. Such a
situation is illustrated in Fig. 4.

Im k°

> @

+ie Re KO

Figure 4: in the Feynman propagator.

This is equivalent to modifying the trajectory on which we perform the integral

~ d4k Z kO (2040 *
M) = 3 [ it s kiR, 030
se{L,Rr}y k>0

as shown in Fig. 5. When 2° > ° (z° < ¢°), the contour closes at the lower (upper) half
of the complex plane where £ — —ico (k® — ic0), so e~*(**~¥°) — 0. This leads to the
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Im k°

ﬁ\ Re k¢

+Ek

J

Figure 5: Integration path of the Feynman propagator.

pole k% = E;, (k° = —E}) living inside said contour. By means of the residue theorem, this
implies that

Bl e Ex(="=1°) )
/k?>>0 (2m)%  2FE) vs(z, k)vs(y, k)

- 9.31)
FHE — o) (SE{EL;R} | kst k)) .
From Eq. (9.5), and since [0+ (z), @~ (y)]* = [&+(y), &~ (x)] we see that
Be(o) =H — 1) [0, 8] + B =) [ @0 0)

=H (2" —y°) [®*(2), @~ (y)] + H(y* — 2°) [ (), @ ()] .

Thus, we conclude that the Feynman propagator Ax(z,) corresponds to the contraction
between two fields :

Ap(e,) = B(2)B(y). 039

We can directly apply the operator (92 + m? — 65(z*) — i€) to the Feynman propagator
and see that, rewritten in this way, it is easier to prove that it corresponds to the Green’s
function:

(0% +m? — 05(2%) — ie)Ap(z, y)

d4k i(_kQ + m? — iE) ik0 (20 —q/0

) e k)vs(y, k 9.34

Se{L,R} /k3>0 (277)4 kZ —m? +ie € VS(w? )VS(% ) ( )

d*k ! [_Qik3pk3 B é(l + Pk3) 5(1-3)6—1'1@0(10_@/0) K3 3\ ik ( )
) ki (z—y)L
' Se{L,R} /’f‘"’>0 (2m)* k%2 —m? + ie s (y)e
, 'k a0y .
= —1 Z 3 (27.‘_)46 VS(Q?, k)VS(y’ k) (9.35)
k3>0

Se{L,R}
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_ dk° fzko(xofyo) / Bk .

= (/ o > oo (zw)gvs(wv k)vs(y, k) (9.36)
Se{L,R}

= —id(z° = y*)6 (@ — y) = —idW(z — ). 9.37)

We have used that 2i%” Ps +6(1+ Ps) = 0. The propagator Ay (z, y) is the Green’s function
of the Klein-Gordon-f equation:

(82 +m? — 05(2®)) Ap(z,y) = —idW(z —y). (9.38)

9.1.1 Reduced Green’s function

We have seen that the Feynman propagator is given by

~ d4]€ 7 —ikO (20 —y0) ik (x! — k2 (22— 3
AF(x’y>:/(27r)4k2—m2+iee . PR y)nk (w y)v (9-39)

where k3 € R and

= > O (a")eE ()

Se{L,R}
_ Zk3(33 _ ) + P 3€Zk3(|$3|+|y |) (9.40)
ik3 (|23 ]|+
— k(@) QZLW
2 k-

We introduce the reduced Green’s function

o dk3 nk3<x3 yS)
a3 % k0 z/— ! 9.41
A N () (o e 0 s
so that
X dk°d*k :
Apla) = [ Sgme MG 00 R k). ©0.42)
To simplify further computations we define
a=/(k9)2 — (k1)? —m2+ie~\/(k°)2 — (k)2 — m? + . (9.43)
We see that
(0% +m® — 05(2*))Ap(z,y) (9.44)
dkd*ky 24 2 2 2 _ gs(.3 ik0 (20 —y0)+ik (3 23,10
_/ (Kot (k)” = 05 4 m® = 08(a7))e™ SR (RN 7Y
dk°d*k, ; ~
B / Gy ¢TI (0] - = 03(at)ga’, 5 KO ) (9.45)
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where we have neglected the term -+ie in the numerator. Since (92 +m?—06(2%))Ap(z,y) =
—i6™(x — y), this must be equal to

) dKOd?k, 00,0 0 ik (o .
—26(4)(x —y) = / (27r)3L€ ik? (2 —y?)+ik L ( y)L[_Z(;(xS _ y?’)], (9.46)

and therefore, the differential equation satisfied by the reduced Green’s function is

(82 4+ +06(2®)g(®, > k0 kL) = i0(2® — ). (9.47)

We will obtain an explicit expression for (23, y3; k°, k, ). Note that

o gk3 oK@y § o gk etk (122 1+ |y )
a3 P k0 ke _ / v _'/ - _ . (948
g(l’ Y, ) L) . 97 (k3)2 — 042 + 2Z . o (k:3 _ gl)[(k?))Q _ &2] ( )
We will analyze term by term. First,
00 JL3 ik (2% —y?) 0 Jk3 eik? (2 —y?)
awe - T v . (9.49)
oo 2mi (K3)? — a2 oo 2mi [(K?) — o] [(K?) + o

The integrand has two poles, —a and «. It is necessary to evaluate by cases: 2* — y* > 0
and 22 — y? < 0. For the first one we choose a contour like the one in Fig. 6, which ensures
the convergence of the integral. Cauchy theorem implies

' ImKs

. Re 1(3

Figure 6: Contour for evaluating the first integral when x> — y* > 0.

= . (9.50)

dk3 eik3(x3—y3) eia($3—yg)
/ 2mi [(k3) — o[(k3) + af 200

Due to Jordan’s lemma, the integral along the arc vanishes when the radius tends to infin-
ity, and thus we are left with

= . (9.51)

o k3 eik3(az3—y3) eia(ac3—y3)
/_oo 2mi [(k?) — of[(K*) + o 2a
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62
If instead we have z° — y° < 0, then we must choose the contour of Fig. 7, which leads

; 3_ .3
to an equivalent calculation as that of the case 2* — ¢ > 0. The only difference is that the
contour is clockwise oriented, and therefore the result carries an extra minus sign
ik (@3 —y?) eia(@ ) gmia(ei—y?)
= — = . (952
] —2a 20 -52)

dk? e
roy< = / 2mi [(k3) — a][(k?) + o

TImks
Re k3

Figure 7: Contour for evaluating the first integral when x*> — y> < 0

]

Both cases can be summarized in a single expression
o Jk3 eikS(r3—y ) 6ia|m3—y3\ 953
A 059
Now we must calculate
i / A3 ()
~i - : (9.54)
2 2mi (k3 — 20)[(k3)2 — a?]

Considering |2%| + |y?| is positive, we must choose a contour as that of Fig. 6. Since § < 0
i lies outside the contour and hence does not contribute to the integral

the pole k% =
8 gia(|a® +1y%)
2 _ (9.55)

2
Similarly as before, by means of the Cauchy’s integral theorem we obtain

Sk (251 +1yP))
20(cv — £4) .

]

i, [
2 J oo 2mi (3 — gi>[(/€3)2

seialla® [ +y? )
. (9.56)
20(a — 4i)

0
2

Thus, we obtain the reduced Green’s function
eia‘xS—y3|
_I_

~r.3 3.10
kU k) =
Q(JU,ZU’ ) J_) 20
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We will see that this function indeed satisfies Eq. (9.47). First, we calculate

. piala® | a piola® 7|
Now, we see that
0 pia(|z®|+1y?)) b pia(|z®|+1y°))
225 ) = (2iad(a®) —a?) [ 22— ). (9.58)
3 0, 0.
2a(a — 51) 20(a — 51)
From this,
eia|a:3—y3\ éieia(|$3|+\y3|)
(03 + Mg, y* kO k) = —2iad(a® —y?) | —— | +2iad(2?) [ Zc—
2a 20(v — £4)
g
= i6(2® — ) — 0(a®)—2= eielv’l (9.59)
o — g'
On the other hand,
53\ 5 (03 3. 1.0 5 0 gz oy 3 g oy
06(xz?)g(x°,y°; k" k) = 6(z”)— | 1+ i | " = §(x7) —e' MY, (9.60)
200 a — g o — %
Inserting this in the previous equation gives
(05 + )3, 4% kO, ky) = id(a® — y*) = 06(2)g(a*, v K ke ). (9.61)
Thus, we conclude that the reduced Green’s function satisfies
(02 + 2 +05(2*)g(a®, % k0 ey ) = i6(a® — ). (9.62)

9.2 Momentum space propagator

We want to find an expression for the propagator in momentum space. Since the interface
breaks homogeneity, we expect that the propagator does not merely depend on the mo-
mentum, but also on the position relative to the interface. We start by factorizing, in the
Feynman propagator, the function that depends on the coordinate perpendicular to the
interface:

~ d4k /L -1.0 0 0
Ap(a,y) = / )y (k) (g, k)
SG%;R} wso (2m)4 k2 — m? + e o

d4k 'l —iko(mo— 0) *
= € Y sl k)vi(y k)
k3>0 (

432 _ 2 4 g
2m)4 k2 — m? + e ST R

d4]€ 7 10 (20 —10) s 3 3
= —ik®(z° —y°) ik -(x—y) L X (3 PR (3
—€ s (27)®g " (y”)

/kg>0 (2m)* k2 — m? + ie SE{EL;R}

(9.63)
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We define \ \ \
@ty = Y of ()0 (), (9.64)
Se{L,R}

so that the propagator takes the form

~ d*k 1 20000 _ 001 igl (ol o 1yL 122 02) L3
A _ —ik? (2 —y?)+ikt (2t —yt ) +ik* (x*—y?) K 3,3 ) 9.65
F(xay) /];3>0 (27‘(’)4 k2 — m2 + ’iEe n (l’ Y ) ( )

Writing explicitly the coefficients as functions of 0, Py = Pks(é) and Q3 = ka(é), an
useful property is

Pis(=0) = Pa(0) = Pois(6),  Qus(—0) = Qis(6) = Qs (0). (9.66)

Moreover, from the relation %’ (—z) = ®% () it follows that

0 (—2®, ) = OF (—a®)PE () + B (—a®) Bk (—y) (9.67)
= Ok (%) () + OF () 0L (y7) = 0" (22, ). (9.68)

Explicitly,
0 (2% y%) = OF (2 0F(a) + K ()K" (27) (9.69)
= (eik%3 + Pkseikg‘x3‘> (e_ik%3 + P,kse_ikslm?") (9.70)

+ (6_Z~k3$3 + Pk3€ik3|$3|) <€ikj3,7;3 + P_kge—ik;3|m3|>
= F @) L p W @) | p ekt (2= ’pk3’2eik3(lx3|—ly3l) 9.71)

Lo K@) P e ) P () | Py P ).
Notice that

[Pl = 1—[Qul* =1—[1+ Pl 9.72)
1— (14 Pw)(14 P_js) = =Py, — P_js — | Pis|?, (9.73)

or equivalently,
2|Pk3|2 = —(Ps + P_i3), (9.74)

by virtue of which we get

W (27,1%) = @) L P @D P ek B ) (P 4 Py ()

9.75
4+ e R @) 4 P e R @) Pt (127147 ©.79)
Grouping terms we arrive at
0¥ (23, %) = M@V 4 o)y py [eik3(\x3\—y3) + ek (221+%) _ ik (l2?|=1y®))
(9.76)

1 Ps |e W) 4 ok (WP Ha®) =ik (P = le?))
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Evaluating all possible cases
(°>0,4°>0), (*>0,4°<0), (2*<0,4*>0), and (2*<0,9°<0), (9.77)

we obtain
0 (2, %) = €@V L Pt () 4 e e, (9.78)

In Eq. (9.63) we integrate over k* > 0. The factor 55 is invariant under £* — —£?,
SO

ik
J = k 3,3
/kg>0 oy )
idk’ iz ) () . =ik ) ~ik9(Ja? | 1y
= m |:€ +Pk3€ +e +P,k3€
E3>0 -m
& deg 'k.3 3 3 - 1.3 3 3
_ @) | p k)
I —— + Pse .
/_Oo k? —m? + ie [
9.79)

In this form it is more transparent that the free propagator is recovered when § — 0, since
in such a case P,s — 0.
If we extend the domain of integration to k* € (—o0, 00) then

1 (23, 43) = @) | Pkt (2D, (9.80)

9.2.1 Propagation across the interface

Note that if z* and y® have opposite signs (i.e. if there is propagation across the interface),
then

3 3
(@ y?) = [ =), (9.81)
Explicitly, we have
7" (22, 1%) = (1 + P)e® 1Vl 4 e = Quae™ 1”41 4 cc.. (9.82)
As shown above, we can dispense with complex conjugation if we extend the domain of

integration of k3 to (—o0, 00).
This form is elegant but not convenient because from

o0 4
Ap(z) = / ﬁe—“f'”ﬂAF(k:) (9.83)

we want to be able to identify Ax (k).
We must find something of the form

nkg (2%, 9%) = AP @) 4 e (9.84)
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We write
1 (2%,9%) = (1 + P)e® ™ ce. = (1+ Pa)e® ™0 4 (14 Pl)e ™l
— <ezk3(:p - + c. C) + Pkgeik3|m3fy3\ + ngefik3|m3fy3\
= (est(I )+ e ) + P (0)e™ 17V 4 P (=) *1
) (9.85)
= <e”’“3(x V)t c> + <Pk,3 (sgn(z® — y*)0)e™’ @ =v*) 4 c.c.)
— (1 + Pws(sgn(z® — *)0)e™ ") L cc.
= Qps(sgn(z® — y*)0)e @) 4 cc..
Taking 4 € R and doing 2* — y* — 2® we arrive at
1" () = Qua(sgn(a?)f)e™ (9.86)
From this, the propagator of Eq. (9.65) is written as
< * dk i
A — v =tk " )
o) = [ e e Qusen(a)i) 057)
Comparing with Eq. (9.83) we identify
N i N N
Ap(k,2%) = E p—m— Z,ers(sgn(az:?’)e) = Qs (sgn(z®)0) Ap(k) (9.88)
Ap(k,y’) = Qua(—sgn(y’)0) Ap(k) = (1 + P (—sgn(y*)0)) Ap (k). (9.89)

Another reason to prefer this form over the one given in Eq. (9.82) is that the sign of § in
()rs makes physical sense: if there is propagation from z < 0 to z > 0 then A6 = 6. In
contrast, if the propagation is from z > 0 to z < 0 then A = —6.

9.2.2 Propagation in homogeneous region

The analysis becomes more complicated when we consider propagation in the same re-
gion:

(23 y?) = @) 4 Pt @) 4o (9.90)

(z° > 0,4° > 0) Ui
0¥ (2P, %) = e @) 4 Paem ) 4o (9.91)

(z® < 0,9° < 0)
We can also condense these two expressions

3
n* (2%, y°)

ik =y?) Pys (sgm(:zc3 + yg)é)eikg(ngryg)

(&
o : (9.92)
(1+ Pya(sgn(y®)0)e? v )t (= =v"),

The integration must be done over the extended domain £* € (—o0, o).
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We find that propagation in a homogeneous region gives rise to

Ap(k, %) = (14 Pes(sgn(y®)0)e* "V Ap(k). (9.93)

Egs. (9.89) and (9.93) can be put in a single expression as
Ap(k,y’) = (1+ Py (Esgn(y®)0)e™™ D) Ap(k), (9.94)

where the positive sign corresponds to propagation in a homogeneous region and the
negative sign to propagation through the interface.

The first term in Eq. (9.92) is just like that in a vacuum: it accounts for propagation
from 2? to y®. The second term, however, corresponds to the propagation from z* to —y?,
i.e., the presence of the interface involves, in addition to the normal propagation from x*
to y°, the propagation from 2% to the mirror image of y* with respect to the interface.



10 Classical source

We will now study how a classical source may produce ¢ modes. This will give us a
modified Hamiltonian that includes the contribution of the source, and will also provide
us with an expression for the energy due to the @ interface. Our results will be written
as probabilities of producing m modes, which will turn out to be governed by a Poisson
distribution.

We have seen that

~ d4k‘ 7 kO (20 —y0) ik (z! — k2 (22 —y? 3
AF(x7y>:/(2ﬂ.)4k2_m2+Z'ee . Ny R )77k( y) (10.1)

where
K3 9:3, 3y — (I)k3 23 (Dk3* y3 :eik3(a:3—y3) +Pk3eik3(\x3\+\y3\) (10.2)
Y S S
Se{L,R}

n

and the domain of integration is the extended one: ke (—00, 00). With this,

N d*k i ik
AF(m,y):/( _ e itk(z—y)

2m)4 k2 — m? + e

d'k L p k0@ =gk =y 4k (a2 —y?) ik (8 P )
(2m)4 k2 — m? + ie ke c
d'k G KO (20 =)k (o =y ik (a2 —y?) ik (12 )
=Ap(z —y)+ oL k:2—m2+z'epk3€ e :
(10.3)
We are interested in the retarded propagator
propag
Ag(z,y) = H(z" = y°)(D(z,y) — D(y, z)). (10.4)
Analogously,
A d'k i ik (@0~ )ik (1 —y ) +ik2 (a2 —y?) ik (o )
AR(.T, y) = AR<x - y) + (271')4 L2 _ Pk3€ ’
(10.5)

where the integration contour is carried out avoiding the two poles through the positive
region of the imaginary axis.
10.1 Field-source coupling
We consider a Klein-Gordon-f field coupled to an external classical source:
(8% +m? — 05(2%))® = j(x), (10.6)

where j(z) is a known function, not null only during a finite time interval. Before the
source is turned on, the field has the form

3

= ) / dk L [as(k)vs(a:,k)e—mkt+h.c.}. (10.7)
k3> V2E},

Se{L,R}
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We work with the detector basis since we care about the production and possible detection
of ® modes. We will show that the source affects the field in the following way:

B(z) = Do(x) +i / dyAn(z,y)i(y). 108)

To do this, we note that Ax(z, y) is the Green’s function of the Klein-Gordon-§ equation:

(0% +m? 95( NAR(z, )
= (0% +m? = 05(«*))H(2" — y*)(D(z,y) — D(y,)) (109)
= (0* +m® — 05(«*))H (" — y°) D(z, y)
((92 + m? 9(5(x3))H(ac —°)D(y, ) (10.10)
- ——5<4> )= [0+ m? = 05(s") H(z" - *) Dl y) ' (10.11)
- —25 N« - y)- (10.12)

In this way,
(8 +m? — 05(z°))D(z)
= (0% + m? — 06(2%))Do(x) + i / diy(0* + m? — 05(x*)Ar(z,y)ji(y)  (10.13)

=i / d'y [—i6W(z — )] i(y) = j(2). (10.14)

We will consider that the source only manifests itself at a time y° < 2% moreover, it is
located on the left side of the interface, so y* < 0. In such a case, the propagator of Eq.
(10.5) takes the form

4 .
~ d k? 1 ( —klml—k2x2—k3\m3\)€ik-y

Ag(z,y) = Ar(x —y) + 175 Pkse (10.15)
2m)4k

If we are interested in knowing the field on the right side of the interface then z* > 0, so
that

1 d*k i d*k i T
Ag(z,y) :AR(x—y)+/( YT, Pkae thwgiky — /W/@C—?k;n?e Feethy - (10.16)

given 1 + Ps = Q3. In such a way,

d*k iQgs ' .
(@) = ola) +i / @) ks ( / d‘*ye“f’yj(y)) (10.17)
d*k iQus '
= )+ Gy 0 019

Pk Qi Bk Qs Jika e
— cbo(x)+(/ 2ny 28, ¢ F J(k‘)—/(Q E Qé; k- J(kz)) (10.19)

Pk iQus _,
= ®o(x) + (/ (2ﬂ>3%elk'xJ(k) —i—h.c) : (10.20)
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If instead the source is on the right side and we look at the behavior of the field on the left
side, the value of |z*| + |y®| changes by a sign with respect to the case already analyzed.
This can be alleviated by making the change of variables £* — —&® in Eq. (10.5); using
P_;s = P}, we have

O(z) = Bo(z) + ( / (er];i%;:e—mj(k) +h.c.> : (10.21)

Now we consider that the source lives on the left side and we want to analyze the field in
this same region (i.e., #* < 0 and * < 0). In such a case,
Ap(z,y) (10.22)
d4k 7/ ikO (20 0 i1l (pl 1 2 (2 2 1.3 3 3
_ _ i —ik9 (2 —y°)+ik! (2! —yt)+ik? (22 —y?) Jik? (—x°—y?)
= Ag(x —y) +/ ) k2 = 2 Pse Y Y Ve ¥7(10.23)

d*k ' , 3.3y
= Ap(z —y) + / Wﬁ&ae’(’“%oklxlkQ’f“’“ff‘)el’“'y. (10.24)

Thus,

B(e) = Byla)+i / d'yAn(z,y)i(y) (10.25)

= Oy(z) + (/ (;Z:; %éke“mj(k) + h.c.>

d4k‘ ZPkS (k020 klpl — k222 4 k343 ik -
+/(27T)4]{72—m26 (k k kcx*+k )(/d4yeky](y)> (1026)

B,
d*k P

— (k20 —k gl —k222 4 k3x3)
+ / P e——li I (k). (10.27)

By making the change of variables k* — —k?* in the third term and defining the vector
k= (k% k', k* —k3) we obtain

() = Do) + < / %%&e—k T(k) + PaJ (k)] + h.c.) . (10.28)

If the source lives on the right side and we are interested in knowing the field in this
region, then

D (z) = Do(z) + ( / (;ljrl;?’QLé,CEikw [J(k) + PesJ (k)] + h.c.) : (10.29)
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10.2 O-transform

The above equations are simple but we prefer that the expression containing the source is
written in terms of vg(x, k). For this we write

A d*k i 000 )
AR(ZE,?}) = Z / (271')4 k2—m2€ KO(z0 yO)Vs(a:,k)vS(y’k> (10.30)
se{L,ry Y k>0
3
1
= ey { S [ e sl i k)
Se{L,R} k0 ( )* 2B,
Bk 1 o0, .
_ Z / (27T)3_2E e kO(yU O)Vs(yjk)ys(w,k)} (1031)
Se{L,r} Y k*>0 k

Bk 1
= H(" =" / P
SE%R} k3>0 (271')3 2Ek

X {e_iko(mo—yo)VS(ma k)V*S(yv k) - e_ikO(yO_xO)‘VS(yv k)Vg(CE, k) } : (1032)

Since " < 29,

. . Bk 1
d(z) = <D0($)+Z/dy > /k3>0 (27)3 2,

Se{L,R}

% {6—Zk0(x0—y0)vS(m’ k)'\/g(y7 k) _ e—’bko(yo_qjo)_\/s(y7 k)‘vg(m’ k)}j(y) (10.33)

a3 [ B e e (([ae v i)

Se{L,R}

—ie™ v (x, k) ( / d4ye—i’f°y°vs(y,k)j(y)) } (10.34)
Br 1

SE%R} k3>0 (27'(_) 2Ek-

x{@'e—“f%“vs(m,k) ( / d*ye™ Vv (y, k) j(y)) +h.c.} (10.35)

Bk i o0 .
= CI)()(ZE) + Z /k . (27‘(‘)3 Ee_m N Vg(w, k)]s(k) +h.c ) (1036)
Se{L,r} ’**>

where we have considered j(y) to be a real function and have defined

Js(k) = / d'ye™ " vi(y, k)i(y) = / dye! ™V TRVIRE (%) j(y). (10.37)
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We will call this transform, which differs from the Fourier transform by the presence of
@ (y3) in the kernel, the § transform. Thus,

B PBr 1 i - k00
@(x)_SE{XL:R} /k3>0 T AT Kas(k)+ m]g(k’))@ vg(x, k) +he.|. (10.38)

10.3 Modified Hamiltonian

We will now see how the presence of the source modifies the Hamiltonian. Note that the
Hamiltonian given in Eq. (6.83) can be rewritten in terms of outgoing operators as

B3k
H = / WEkoﬁs(lc)as(k), (10.39)
se{r.ry />0 (2T

since

Y akkastk) = > ( > [5sgP;:‘s+(1dsa)QZs}al(k))

Se{L,R} Se{L,R} \oe{L,R} (10.40)

X Z [550/Pk3 + (1 - 550/)Qk3]a0/(k) ,

o'e{L,R}
and due to Eq. (7.43) this turns out to be
> al(k)as(k) = > al(k)as(k). (10.41)
Se{L,R} Se{L,R}
We obtain the modified Hamiltonian by making the substitution
i~

k) — as(k s (k). 10.42
as(k) — as(k) + \/mjs( ) (10.42)

since all the space-time dependence is carried by the functions e~*"**v4(x, k), which are
the ones that are affected by the derivatives in the expression for the Hamiltonian

3, (1o 1 2 M, 3
H = /d T {5@) + §(V<I>) + 7@ +0(x )cbagq)} : (10.43)

Therefore, by normal ordering we have

7~

H= > /k . (Z;];?)Ek (ag(k) - \/?Ekjé(/fo (as(k) + Q—Ekjs(k)> 1 044

Se{L,R}
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10.4 Ground state energy

We will now calculate the vacuum expectation value of the Hamiltonian and compare it
with that of the usual system. Note that

Bk 1 -
OH0) = Y /k3>OWEkE|ys(k)\2 (10.45)

Se{L,R}

&k L - a3k 1 -
- By ik / Bys—lir(k)P, 10.46
/k3>0 (2m)? “2E, (B ko (2m)° "2F, (k)] ( )

where |0) is the ground state of the free theory. We identify |js(k)[?/2E} as the proba-
bility density of creating a mode with labels {5, k}. Thus, the average number of modes
produced by the source is

Ny = S [ 047
Se{L.Rr} 7 k>0 (2m)3 2B /s :
k1 Bk 1
- /kS>o amy 2, */ e ag, PRI = (No) + (Nr). (1048)

It is natural that we can differentiate between L and R modes, since all the results have
been expressed in terms of the basis {vs(x, k)}. It can be difficult to compute

js(k) = / diyeFV R YR (45 5(y) (10.49)

given the nature of the kernel. If we consider that the source is located on the right side of
the interface, i.e.,
iy) =0 ify’ <0, (10.50)

then we are only interested in knowing ®%’(3?) in the region y® > 0. Note that
O} (y° > 0) = Que™V’,  BR(y° > 0) =V 4 PtV (10.51)

So,

jr(k) = / A yQuoe’FV kYL 5y — Qs / dye™Vj(y) = QuJ(k), (1052)

L}R(k) _ /d4y€ik-yj(y)+/d4ypk3ei(koyo_kL'yL+k3y3)j<y) (1053)
= J(k) + Py / d*ye™¥j(y) (10.54)
= J(k)+ PwsJ(k), (10.55)

where k = (kY k', k*, —k3). On the other hand, if the source is located on the left side of
the interface, i.e.
jly)=0 ify* >0, (10.56)
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then we are only interested in knowing ®%’(3?) in the region y® < 0. Note that

5 (1P < 0) = * 4 Pae ™Y 0F () < 0) = Qae V. (10.57)
Thus,
) = [ dtyet ki) o [ dypaetiy) (1058)
= / d'ye™j(y) + / d*yPe™Vj(y) (10.59)
= J(k) + PJ(k), (10.60)
nlh) = [ dyQuei(y) = QI k) 1061)
Recalling that 1 + P;s = (Jys, in the first case we have
J(k) = r(k) = Qi J (k) — (J(k) + P J (k) = J(k) = J (k). (10.62)
while in the second case we have
(k) = jr(k) = (J(k) + P J (k) — Qs J (k) = J (k) — J (k). (10.63)

Regardless of where the source is, we find that

jr(k) = jr(k) = J(k) — J (), (10.64)

The left side of the equation corresponds to § transforms, while the right hand side corre-
sponds to Fourier transforms. When the source is on the right side,

D liskIP = k)P + a(k)P = [Qus J(K)]* + [ (5) + P (k)] (10.65)
S
= |QuPITE)? + [T (5)[* + 2| Ppal| T (k) (k)] + [ Pa [T (R)[* (10.66)
= R+ ()] + 2P [T (k)T ()], (10.67)
where we have used that |Qy3|? + |P4s|? = 1. If the source is on the left side, then
D s = i) + ia()P = |7(k) + P (5)]* + |Quo () (10.68)
S
= [J(&)]* + 2| P || (k) (5)] + [ Pa [T (1) * + |Qus]*| T () [ (10.69)
[ T(R)[? + [T (R)[* + 2| P [T (k) T (k) (10.70)
In any case,
D is®)F = [J(®) + ()] + 2| Py (k)T (k). (10.71)
S

This, on the one hand, facilitates the computation of the § transform by expressing it
in terms of Fourier transforms; on the other, it shows that there is interference on the
plane-wave basis (due to the term 2|F;s||J(k).J(k)|). The disadvantage of using Fourier
transforms is that, although we can know the total number of modes produced, it is not
possible to distinguish if they are outgoing L or R modes.
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10.4.1 Energy due to the interface

Now we compare the energy of the system after turning off the source for a usual Klein-
Gordon field and for a Klein-Gordon-4 field. From the previous results,

O[H0)= ) /MO Pk 1|5S (k)[2 :/kg>0 (%3%! > 35(@2]

Se{L,R} Se{L,R}

(10.72)

:/WO (%3; [[J(k)[2 + [T (5)[2 + 2| Pes || (k) J (5)]]

L T P )
=y TR O [ G OF ¢ [ el 606,

In the second term we make the change of variables £* — —k®, from which we obtain
J(k) — J(k). We also note that the third term is an even function of 3, so

o= [ SR r [ SRR+ [ Pl
- [ Gl 0+ 5 [l 70T

The integration is done from —oo to co. We identify the energy of the system after turning
off the source in a usual Klein-Gordon field

3k 1
/Wﬁ"](w?' (10.74)

The contribution to the energy due to the interface is

(10.73)

1 d3k
By =3 | Gl Pell I 1079

which vanishes when § = 0, as expected. The integrand is always greater than or equal
to zero, and strictly greater when § # 0; in other words, the presence of the interface
contributes positively to the energy.

On the other hand, from Eq. (10.64) we have that

(k) = Jr(k)[* = [J(k) = J (k)%
> sl = 20in(k)jr(k)| = [ (R) + [T (R) ] — 2| (k)T ()],
S

TR + 1)+ 2Pis |8 ()] = 2 (R)Fn(b)] = [T+ 1) = 21T) T o),
Pl ) T)| ~ (03 (8)] =~ (R)T ()],
F2(ak)] = (1 + P} ()T (8]
1P|\ - -
(2t ) a7l = 1P ll7 6506

(10.76)
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Therefore, in terms of 6 transforms,

. — 1 d?’k |Pk3| ~ ~
Eo = 5/ (27)? (1 n ‘pk3|) 7L (k)7R(F)] (10.77)

The Hamiltonian of Eq. (10.44) can be separated:

n= ¥ [ Shm (bt - o) (ast) + s

Se{L,R}
- ALY S o st — (a1 B
s o Ty B 810508) 5ol = Zpmastiist + 2555 )
d’k &k . [E .
:%%gf;@wwEwy“%%”ggiwéw@m“ B [ak)is(h) - as(R)750)
A% lis(R)®
+S§;ﬂégomm3 >
(10.78)

The first term is the free Hamiltonian H, and the third is equal to (0| H |0), that is, the
vacuum expectation value of the energy.

10.5 Time evolution operator

We will obtain an expression for the time evolution operator, which allows to calculate
the probability of going from an initial to a final state of the system, and that will further
let us compute the probability for producing a given number of modes. The Hamiltonian
can be written as

Hz%—/ﬁwwwwmn (10.79)

The field ®(x) in the Schrodinger picture is

3
Pg(x) =P Z / dk L [ s(k)vs(x, k) + ak(k)vi(z, k)| . (10.80)
Se{L,r} ’ > V2E

In the interaction picture,

P, = eHostpgeitost, (10.81)



Classical source 77

Using Eq. (6.139), it is easy to compute the following commutator:

&Er PR E
Ho,s, ®s| = /
Hos @ = 20 Js oy 2P P 28
x |al(k)as(k), o (K)ve (@, ) + ol (k) Vi (@, )] (10.82)

_ ¥ / Bk BK B,
N K paso (2m)% (2m)3 | 2B

S,8’e{L,R}

x ([ag(k)as(k), aS/(k:’)] v (z, k) + [ag(k)as(k), ag,(k')] Vi (, k:’)) (10.83)

Sk d*K  E
= > / = —(27)°6%) (k — k)35
k8 k350 (

2m)3 (2m)3 /2E!

S,S'e{L,R}

x (—as(k)VSI(w, k') + al(k)v (, k')) (10.84)
B Bk [E oo Iy
E Se%R} /k3>0 (2m)EV 2 (—as(k:)vs(a:, k) + as(k)vs(e, k>> = —ids. (1089

In general,

i [Hoﬁ, q>(5”>] = p0tD), (10.86)
where the superscript in (1359") denotes the n-th time derivative. By using the BCH formula
we get

. . +2
Or(t,x) = eHostpgeHost = og +ti[Hy g, g + 52’ [Ho.s,i[Ho.s, ®s]] + ... (10.87)

2 Sl AL
_ W, e, _N %5
= D5 +10y) + SOy +..._; St (10.88)
— O (t =0
-y Mt” = &, z). (10.89)
"0 n.
Thus,
O,(t,x) = / k1 [ag(k)e_iE’“tvs(:B k) + ol (k)e'Privi(x, k)| = O(x)
’ SCrL Ry k>0 (2m)3 \/2E, ’ s ’
(10.90)
which allows us to drop the subscript I.
The time evolution operator is defined as
t
Ut,ty=T {exp {—i / dt”H}’(t”)} } , (10.91)
t/

where H; is the interaction Hamiltonian in the interaction picture and 7 is the time order-
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ing operator. We take ¢’ = 0 as our reference time:
Hi(t) = etost (— / d3xj(w)<b5(a:)) e~ tHo.st (10.92)

= —/d%j(x) (eostPg(x)e™ Host) = —/d%j(a:)@(x). (10.93)

In this case,

U(t,0) = T{exp {z /Otdt’/d%j(x)cb(x)“ = T{exp {i/d‘lxj(x)(b(x)} } (10.94)

10.6 Mode creation

Our goal is to show that the source has a non-zero probability of producing a finite number
of modes. Moreover, we will see that such probability is governed by a Poisson distribu-
tion.

Probability of producing no modes.
To become familiar with the calculations, we first obtain the probability that the source
does not create modes. That is,

P0) = ‘ 0100 0)] = ‘ <O|T{exp [z / d4xj<x)<1><x)”|o> " 0s)

To order O(j5?),
P0) ~ ’(O|T{1+i/d4xj(x)@(x)—%</d4xj(:v)<1>(a:)>} ol aose
= [1-3 [ attvienn o T@@emo | (1037)

The linear term vanishes because it involves the vacuum expectation value of one annihi-
lation (creation) operator.

We will now prove that the quantity (0| 7{®(z)®(y)} |0) corresponds to the Feynman
propagator. For two fields, Wick’s theorem acquires the form (see Appendix A)

T {0(2)B(y)} = B(2)B(y) : +3(2)D(y), (10.98)

where : ®(z)®(y) : is the normal ordered product of the fields ®(x) and ®(y), and by which

every annihilation operator is placed to the right of every creation operator. This property

implies that (0| : ®(z)®(y) : |0) = 0, since the annihilation (creation) operators acting
[— —

on the vacuum on the right (left) side give zero. Moreover, (0| &(z)®(y) |0) = ®(x)P(y),
because the contraction between two fields is a scalar —it corresponds to the Feynman
propagator, as shown in Eq. (9.33). Thus,

1 5
O] T{2(z)®(y)} |0) = P(2)®(y) = Ap(z,y). (10.99)
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Hence, we write
1 4 4 . .
PO) ~ |1-5 [ dadyjz)j(y)
'k ‘ i
? —ikO(x0—y0) *
X —e vs(x, k)vi(y, k) (10.100)
|:S€§R} /k3>0 (2m)4 k2 — m? + ie o
_ 1 / d*k i
2 seiimy K0 (2m)* k2 —m? + ie
2
x ( / d4xe—ik°x°vs(a:,k)j(x)) ( / d4yeik°y°vg(y,k)j(y)> ‘ (10.101)
1 d'k ' i
17 ~
= [1-= / —|75(k)? (10.102)
2 SG{ZL;R} w0 (2m)4 k2 —m? + e
1 Bk [ Ak I
~ 7
- -3/ [ V(5] p—— (10.103)
2 Jisso (2m)3 ) (27) Se%R} k? —m?2 + e
2
1 d*k dk° ~ i
= |1- _/ / 175 (k)|? (10.104)
2 Jisso (2m)3 (2m) Se%;R} (k° — Ey)(k° + Ey)
The integral over the time component has a pole at £ = — E}, with residue
ZSE{L R} \53(/{)|2
—1 : . 10.105
v S8, ( )
Therefore,
~ i : .ZSe{L R} |75 (k)]
dk° 175 (K)[? = 2mi | —i : (10.106)
/ Legl%} (kO — Ex)(k° + Ey) 2F)
1 ~
= 2 > lis(k)P. (10.107)
* se{L.r}
Thus,
1 B 1 i
P0) ~ [1—= / — 175(k)|? (10.108)
2 k3>0 (27T)3 2Ek Se%;R}

~1— (N)+O((N)*) =1 — (N) — (Ng) + O(j*). (10.109)

This result is quite intuitive: to second order in j, the probability that the source does not
produce modes is 1 minus the expected value of modes generated in the vacuum. Now
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we will calculate P(0) exactly. The term O(j*") is

2n

%/Hd%ij(%) {0l T{H‘I’(%)} 10) . (10.110)

j=

By Wick’s theorem, the quantity (0| 7 {Hjil CD(xj)} |0) corresponds to the contraction of
all the fields ®(z,) by pairs:

2n 1 1 _ s
s {H ‘D(l’j)} 0) = > @i, )@ (w),) .. (2, )B(5,) = Y Ap(wiy, 2)).- Ap(wi,, x5,).
j=1 airs airs
! ’ ! (10.111)
This is why we are only interested in the terms of order 2n; odd orders cancel since there
will always be uncontracted fields that annihilate the vacuum to the right or to the left.
We can write

Z'2n

oG™") = @m/fpmnmmw{q®@ﬁm> (10112

= ﬁ/ [];!:d4xij($i)]

Since the integration is performed over all variables, i.e. they are dummy, this must be
equal to

pairs

ZAp(xil,le)...ﬁp(xin,xjn)]. (10.113)

OG™) = M2n)

where M (2n) is a multiplicity factor. To calculate it, we look at the quantity

/d4l’1...d4$2nj(x1)...j(l’gn)AF<I’1, xg)...AF(xanl, 33'2”), (10114)

X(l’l, ey x2n) = AF<LU1, $2>...AF<562”,1, ;Ugn). (10115)

We start from the set of 2n variables {1, ...,22,}. For the first pair of arguments of x

there are a total of (2")(+_1)

= n(2n — 1) possibilities, where the factor of 1/2 arises from
the symmetry of Ax(z,y) under the exchange = <> y. Similarly, for the second pair of
arguments there are w = (n —1)(2n — 3) possibilities. Repeating this logic for the
n pairs of arguments gives the quantity

n(2n — 1)][(n — D(2n — 3)]..[2G)][D)(M)] = 20 —1)2n —3)..3)(1) -n!  (10.116)

On the other hand, we can change the order of the n Green’s functions Ap (x;, x;41) without
affecting the result. This is equivalent to dividing the obtained factor by n!, that is, by the
total number of permutations of A functions. Thus, the possibilities of ordering the set
of 2n arguments of the function  in such a way that the same result is obtained after the
integration of the z; variables is equal to

M(2n) = (2n — 1)(2n — 3)...(3)(1) = (2n — 1)!1. (10.117)
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Therefore, we have

7 ~

2n _
O(an) :(2n — 1)” 2 /d4l’1...d4l’2nj(l'1)...j(l’Qn)AF(l'l,.Z'Q)...AF(Z'QH17.%2”)

= (2n)(2n _ 2)(2) /d4l’1...d4I2nj<fL’1)...j(CL’Qn)AF(ZEl, CCQ)...AF(CCQ”_h ZL’Qn> (10118)

—1)" . . X X
:(Q"n)' /d4x1...d4$2n](xl)...](xzn)AF(xl,xz)...AF(xzn_l,ajgn).
Note that
A A TRV ¢’k 1 K 2
d"x1d w2 (1) (22) Ap(21, 22) = oy (27)3 28 > stk =(N), (10.119)

k¥ se{L,R)

as already calculated by obtaining P(0) to second order in j. Ergo,

oy = S (yyr = ERL/2" (10.120)

21| n!
giving

2
=|e~M/212 (10.121)

= (= (N) /2)"
Z(()/)

n!

P(0) = 0% + O + ... + OG™) + .]* =

The probability that the source does not produce modes is

P(0) = exp(—<N>) = exp(—<NL>) exp(—<NR>). (10.122)

Probability of producing 1 mode.
Now we will calculate the probability that the source creates a mode S with momentum
k:

2
P(lgg) = ‘ (ks| ’T{exp [i/d%j@)@(x}] } |0) | . (10.123)
We know that
; 0
(ks| ®(z) = " vi(x, k), (10.124)

so0, in order to avoid uncontracted fields left to cancel the vacuum, only terms of the form
O(j?"1) are of interest. Taking advantage of the symmetry of the integrand, and noting
that the expression is very similar to the one obtained for P(0), we can write

Z'2n+1

—1>' /d4(L’1...d4$2n+1j(]}1>...j(I2n+1)

OG* ™ = M((2n+1) an T

X AF(iL'l, [L’Q)...AF(Z'QTL,M l‘gn)eiEkIg"+1Vg($2n+1, k)
(10.125)
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This can be integrated directly. First over d*x,1:

2n-+1
O = M(2 12—/d4 drond g (o
(7 ) (2n + >(2n+1)! I Ton(T1)...J(T2ns1) (10.126)
X AF(mla$2)-'-AF($2n—17an).}S(k)a
and then over the rest of the variables:
2n+1
2on41 ¢ n

= — (N k 10.127

The multiplicity is calculated analogously. Initially, we have the set of 2n + 1 variables
{z1,...,x9n41}. There are 2n + 1 possibilities for the factor eiEk"‘ng(a:, k), which leaves us
with a set of 2n variables for the arguments of x, as in the case of P(0). The multiplicity is

M@2n+1)=(2n+1)M(2n) = (2n + 1)!! (10.128)
(Also, M(2n) = M(2n — 1).) Thus,

(N)" 55 (k) (10.129)

O™ = (2n-+ D ()" Jslh) =

= i(z_nijn (N)" js(k) = i%is(/ﬂ). (10.130)
Therefore, ,
P(lgg) =iy %55(@ = exp(—(N))js(k)]*. (10.131)

n=0
To get the overall probability of producing a mode, we integrate over all momenta and
add over all modes:

P =e(-(V) [ Gge 3 st = (Men(-(V)] o

k k se{L,r}

Probability of producing m modes.
In the same way, the probability that the source produces m modes S; with momenta k;
is
2

P(Miyg,  ks,,) = . (10.133)

sy Ko, | T{exp [i/d%j(m)@(x)} } 10)

Let m be odd. Only the terms of order 2p + 1 > m with p € N are non-zero. If 2p + 1 < m,
then we can only contract some of the final state modes with these fields, which leaves free
annihilation operators that act on the vacuum. After pairing final state modes with fields,
we are left with 2p + 1 — m fields to contract with each other. This number must be even,
i.e., 2p+1—m = 2nforn € N. If itis not even, then there are free fields that annihilate the
vacuum. We have

. A . .
(9(]2P+1) = M(Qp —+ 1)@ /d4x1...d4x2nj(%1)...]<x2n+1)
m (10.134)

X Ap(zy, 22). . Ap(wan_1, 220) | [ Js, (ki)

=1
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where the new multiplicity M (2p + 1) must now consider the ways of contracting the m
free modes with m fields. We start from the set of variables {1, ..., 23,11 }. From this set,
m variables are contracted with fields, and the possible ways to do this are

2p+1)!  (2p+1)
2p+1-m)  (2n)!

—Since the modes are distinguishable, we do not divide (yet) by the possible ways of
contracting the fields with final states, namely m!—. This leaves a total of 2p +1 —m = 2n
variables within the initial set, which must be ordered as arguments of the y function.
This gives a factor of (2n — 1)!!, as we have already calculated. Therefore,

2p+ 1)!I(2n — 1) (2p+1)! (2p+1)!

M@p+1) = (2n)! T en@2n-2).2 2wl (10.136)

Cp+1)(2p+1-1)...2p+1—m) =

(10.135)

With this,
0+

Z'2p+1

~ ol

/d4$1...d4$2nj($1>...j($2n+1AF(JI1,[EQ) .Z‘Qn 1, Lon H]S 10 137

Z"n‘

- H Jsi M Hjsi(k@-), (10.138)

where we have used that ;! = 7*"*™ = " (—1)". The only difference from the calculation

of P(0) is the factor ™ [ [, js,(k;), which does not affect the addition over n to obtain the

exact result. From this,
P(Miy, . s, ) = exp(—(N)) H s, (ki) |- (10.139)

If we add over the two modes and integrate over the possible momenta, then we must
consider that there are m final identical modes, and m! ways of ordering them. We get

Py = (- TT [, rsas et aow

¢ S;e{L,R}
1 N)™
= exp(—(N)) —|H ) = exp(— N>)%. (10.141)

If m is even, we require terms of order 2p > m. The calculation is analogous, leading to

’ M ﬁjgi<ki), (10.142)

=1

2P —
O(] ) - n
where now 2p = 2n + m. After integrating over momenta and adding over modes, the
same result is obtained as for the odd case. We assert that the probability that the source
produces m modes is given by

P(m) = exp(~(N)) 7 (10.143)
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This is a Poisson distribution, satisfying

f:oP(m) = exp(—(N)) iojo m>‘m = exp(—(N)) exp((N)) =1,

(10.144)

such that the P(m) are properly normalized (the source always produces a finite number
of modes). On the other hand,

Z mP(m) =

exp(—<N>) ém%

oo

exp(—(N)) Zlm%

ol () (1) 3

m=1

7w,

WK

exp(—<N>) (N)

m=0

as expected. We now compute the mean square fluctuation, given by

(N = (N))?) =

(N* —2N (N)+ (N

This follows directly from (N?):

() -

We conclude that

(V) exp(=(N))

)7 = (N?) = 2(N)” + (N)” = (N?) -

207 esep(— (V) imég >_m1_>,
(N exp(—(N)) i; 141 (<m >_m1;
ENOY =
_mzl(m pRA +m21 (m— 1)!]
[ N m—1 o) N m
_m:2<m_1>(<m>_l>, +n§<m>' ]
o3 B ()|

(N) exp(—~(N)) [(N) exp((N)) + exp((N))] = (V)" + (W)

(N = (N)*) = (N).

(10.145)

(10.146)

(10.147)

(10.148)

N)?. (10.149)

(10.150)

(10.151)

(10.152)

(10.153)

(10.154)

(10.155)

(10.156)

(10.157)



11 AHtermasa perturbation

11.1 First order correction to the free propagator

Up to this point, we have worked with the exact Lagrangian

, _
L= %aucbaﬂcb — %@2 - gd(x3)<1>2 (11.1)

and have found, for instance, the Green’s function of the resulting equation of motion:

~ d*k 7 kO (29— 0) ik (2] )ik (22— k3 (23 —3 k3 (123 +]y3
AF(x,y):/(%)%LmQHEe O ) [0 ) 4 g7 1)
— AF(.’L‘ _ y) + 91/ d4]€ 7 _ e—iko(l‘o—yo)—i-iki~(w—y)Leik3(\x3\+|y3\).
2 ) (@2m)t (k2 —m2 + ie)(k® — %1)

(11.2)

One way to verify the consistency of what we have obtained is to consider the usual
Klein-Gordon Lagrangian, that is,

1 2
L= 0,00 — ¢, (11.3)
2 2
where ¢ is given by
$(x) = / Ao 1 (e 1 he) (114)
(2m)3 \/2E, Y '
and apply perturbation theory using an interaction Hamiltonian of the form
0 552
Hy = —50(°) ", (11.5)

To first order in 6, the Green’s function suffers the correction

0l T{¢<x>¢<y><—z‘> / d4z‘796<z3>¢2<z>} 0). (16

The only possible contraction that does not correspond to a vacuum diagram has a multi-
plicity of M (1) = 2, and is given by

0
g = M(1)z§/d425(z3)AF(x—z)AF(z—y). (11.7)
Explicitly, this is
B Ak Ak Z'eik’~(x—z) Z'eik-(z—y)
1 _ 4 3
= Ze/d 2 >/ (2m)* (2m)4 K2 — m? + i€ k2 — m? + ie (118)
5 d4l€/ d4k ) , eik’-ze—ikry

= —if [ d*z0(z? / i(k—k")-2 . (119
! / ) | i s —mirig Y
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Integrating z and then £°, k' and k?* gives

5 dAK drk etk x o —ik-y
W = —if S(K° — K)o (ky — K/

g ' /(QW) Ty 2 R R 5 e Y e e
6/ d4k‘/ dk3 e ik’ (20 —y0) 7ikl-(wfy)lefik’3:1:3€ik3y3 1110)

= i .

(2m) (k2 —m?+ie)((k3)? —a? —ie)
where we have defined o? = (k")? — (k/,)* — m?®. The expression is separated as

g 0 d*K e k"0 (20 —y )efik:’J_-(:zzfy)J_efik:"gz3 dk3 eik3y3 a111)

- (2m)* k2 —m? + ie (27) (k3)2 — a? — i€ ’

To solve the integral we note the poles are +(« + i€). If y* > 0, we must choose a semi-
circular contour that encloses the upper half of the complex plane. The opposite applies
when 3 < 0. In the first case, the direction of the contour is counter-clockwise and the
enclosed pole is « + i€, so

/ k'3 ezk“ 3 _ / k'3 ezk"‘ 3 (1112)
(2m) (k) — a? —ie (2m) [(K?) = (o +i€)][(K"?) + (o + ie)]

3

2mi ' el (11.13)
fry B — =1 . .
21 2« 2a

In the second case, the direction of the contour is clockwise and the enclosed pole is —a —
1€, which leads to

/ Ak’ ezk’S 3 _ / Ak ezk’S 3 (11.14)
(2m) (k)% — a? — e (2m) [(k?) — (o + i€)][(k?) + (o + i€)]

—omi ey’ gy’
= S =i (11.15)
Both cases can be summarized in a single expression:
/3 ik3y3 iay?|
/ ik ¢ _ & (11.16)
(2m) (k)% — a? — e 2

Therefore,

d4k1 ik'0 (20 —y0) —ikl(w—y)l —ikBx3 | . ialyd|
g — / G 1 . (11.17)
(2m)4 E? —m? 4+ e 2

We now isolate the function that depends on £, which gives a contribution equal to that
of Eq. (11.16):

37,/ 3 ik/3 23 - iy
g — _ij / CK ko (@0 —y0) —ik, (o). / ds ¢ , [wz yl] (11.18)

(2m)3 (2m) (k3)% — a? — e a

~ K, _ iz ;oo
_ _iQ/Wezko(xoyo)ezkg(wyh [ZGQQ 262(1 ) (11.19)
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To first order, the correction to the propagator is given by

N BE ., ., ia(|z®|+]y?))
G — ie/we”“ O(xOyO)ezkl-(wy)Le(T)Z' (11.20)

11.2 First order expansion of the exact § propagator

Let us define

Ar = Ap(z,y) — Ap(z,y) (11.21)
_ Y / d'k i a0y ik (omy) L () (17 20)
20 (2m)" (k2 — m?2 +de) (k3 — i)

The poles of the integrand are given by k* = a + i¢, k¥ = —a — ic and k* = iZ. Since

|2%| + |y?| is always positive, the semicircular contour is invariably closed along the upper
half of the complex plane. Such contour contains only the pole k* = « + i¢, since we are
restricted to 6 < 0. With this in mind, we calculate

~ é d4k Z —iko(mo— 0)+ik -(:1:— ) ikS(\xS\—H 3‘)
A = =i 1 —e Y LiETYle v (11.23)
27 (2m)" (k2 — m?2 +de) (k3 — i)
Y i 3 23 3
= Q/ &’k e~k (20 =y )+ik - (z—y) L / dk’ et =D _ (11.24)
2) (2m)? (27) ((k3)2 — a2 — ie)(k® — &)
n 3 ia(|z3 3
- QZ/ dl; e*iko(wofyo)ﬂkr(w*th (11.25)
2 ) (2m)? 20(a — 2i) .
2
We use the geometric series
0 - () S\
51 0
2 — = (11.26)
o — gz — \ 2a

to obtain 6 A to first order in 6:

_ _ Bk oo on eio(|z?|+1y?)
1 . —tk” (x” — ik | -(x—
SAW = Z9/ e KO(20—y°)+ik - (a an' (11.27)

This expression coincides with that obtained in Eq. (11.20).

11.3 Higher orders

To order 7 in 6, the connected diagram in

<0|T{¢<x>¢<y><—z> [T 5@ | d4zn‘795<z5;>¢2<zn>} 0

2 (11.28)

= 0| T{¢<m>¢<y> [0y [ d4zi5<z?>¢2<zi>} o)

i=1
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is of the form

g(n)

Il

=
RS
Ml =,

. ) /d421(5(zf)...d4zn5(zi)AF(:U —21) Ap(zi — zip1). . Ap(z, — y)

i\ Ak ek
= M(n) <5> /d4zl§(2§> A*208(z, )/(ZW)I 4 (k1)? —m? +ie

ki ek ETEe) dikpy  defrrGny)
. . 11.29
/ (2m)t (a2 —m? 4 ic / @)t (host)? —m? + i€ (11.29)
We match exponentials that share the same space-time dependence z;:
o\ n+1 4 .
) _ i 1 i i
g* = M(n)<2> /dZI(S(zl /H< )2 —m? +ie

Xelkl x 7’Lkn+1 y Z(kg kl) B Z(kl+1 k) ”e (kn+1 kn)zn (11.30)

n+1 .
B ze li[ d4k i e ik
a —m?2 + i€ € ¢

></d4215(zf’)...d4zn5(zi)ei(k2kl)'zl...ei(k”lki)'zi...ei(k"“k")Z". (11.31)

It is more convenient to write this as

g(n) M ('LQ) /H ( d l{? (4 . = > eikl'xe*ikwrl'y
—m 1€
A1(f e )

The presence of the delta function reduces the integration over 2z} to a factor of 1. In
addition, the integral over the remaining components of z; is readily calculated

oA n n+1 A .
(n) _ @ d kl ? ik1-x —iknt1-y
’ M<n)<2> /E((QW)‘*(&)?—WHE o

n

< [T @) ok, = k))6® (ki — ki 1)] -

(11.32)

(11.33)

The Dirac deltas imply &) = k!, and ki1 = k; for all i ,n. In particular,
k0, = kY and k11,1 = ki 1. Thus, changing k; — k and defmmg a? = (kzo) (k1)? —m?
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we get
0\ [ d% i
m — M v
g (TL) <2> /(27T)4k2_m2—{—i€
n+1 3 :
/ H (dk Z)2 - ) (@ —y") gk (@y) L o =ik ik 1711 34)
— ° — 1€

16 d*k ) 2.0(,.0_. 0 ; .33
- M had k0 (z¥—y0) —ik ) (z—y) 1 —ik’z
(n) ( 2 > / (2m)* k2 —m? + i ‘ ¢

dk? i) kS, (—i)e ®iny’
/H ( —a2—ze> (/ 2m (k)P —a?—ie )’ (11.35)

Once again, Eq. (11.16) gives the answer to the last integral. On the other hand, since

sarctanh(y) = 1=, by defining y = £ we have

d 1 d 1 1
/—:v — __/ Yy __ ——arctanh(y) + ¢ = ——arctanh <£> +c, (11.36)
2?2 —a? a) 1—1y? a a a

and so, when ¢ — 0,

/OO dk? (=) _ 1 li arctanh MY arctanh —MAL (11.37)
oo 2m) (BP)2—a? —ie  2ma M S o a 20 '

Therefore,

S\ A .
G =M(n) <§> /(d k ! _ k(@9 gtk (@—y) 1 -k,

2m)* k2 — m? + ie
1\t eials?l
X | — .
<2a) 200
Separating the integral over % results in
3 3 —ik3z3
g" = —iM(n) i / AR 0 a0—y0) =ik (a—y).s / dk> e |
2 (2m)3 (2m) (k3)? — a? — i€
1\ gialy’|
— 11.39
8 (204) 200 ( )

A T 1\ "L gialz®+y?)
— M J— [ ik (I -y ) 7lki_'(w7y)l . . 11.40
(n) (2) / (2m)3¢ c 20 (20)2 (11.40)

Since M (n) = 2" are all the possible contractions that give rise to the same diagram, we

arrive at
3 A\ ia(|x3|+|y3
G — / (d l;g (ﬁ) eiko(wo—yo)e—ikr(w—yuM. (11.41)
27 2a 2

(11.38)
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We now return to the exact correction of the Feynman propagator

~ 3 io(|z3|+|y3
5AF _ QZ/ d°k e—iko(xo—yo)—l—ikl'(it—y)LL'lyN') (11.42)
2 ) (2m)? 2a(a — §i)
o 3 2\ T ia(|z3|+|y3
_ Z/ d’k ﬁ efiko(xofy0)+ikj_'($*y)i_M_ (11.43)
£ (271')3 200 200
From this,
(mgz) —gm (11.44)

for all n. We conclude that the propagator obtained from perturbation theory and the
exact 0 propagator are consistent.

11.4 Propagation of a single particle

As stated and shown in Appendix B, the LSZ reduction formula is an expression that allows
to compute S-matrix elements in an interacting theory. By construction, the LSZ formula
excludes every case where there is direct propagation (without interaction) from one parti-
cle to another. Therefore, in the case of a single particle in the initial state with momentum
k and a single particle in the final state with momentum k’, the amplitude (k|k’) vanishes
in the free theory. We will calculate (k’|k) by considering the § contribution as an interac-
tion (using perturbation theory), and the corresponding modification to the propagator.
In principle, perturbation theory can be applied when 6 is sufficiently small, which gives
precise results even when considering few terms in the series expansion. Nonetheless, as
we have seen in Eq. (11.44), by taking all orders of the correction to the free propagator,
the exact propagator Ap(z,v) is recovered. In this sense, according to the L.SZ formula,
the expression for the amplitude (k'|k) is given by

(K'|k) = i* / d*ze ™ (92 + m?) / dye™ V(92 + m*) Ap(z,y). (11.45)
By definition, A r(z,y) is the Greeen’s function of the Klein-Gordon-6 equation, i.e.,
(& +m? — 00(2®))Ap(x,y) = —idW(z —y). (11.46)
From this,
K [k) = i / dze (D + m?) / aye s (050" Ar(e.y) — 60 —y)] . (L47)
Note that
/d%ei“(@i +m?) /d4yeik"y5(4) (x —y) = /d%eik'x(ag +m?)ett T =, (11.48)
since ¢’** is an eigenfunction of the free Klein-Gordon equation. Thus,

(K'|k) = —é/délxe_“”(ai +m?) /d4yeik"y5(y3)ﬁp(:z:,y). (11.49)
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The operator (92 + m?) only affects the function Ap(z, y), so that

<ym>——-ﬁ/ﬁ%e%w/ﬁ@a“%@%F%@%Aﬂ%yy4&@@—yﬂ (11.50)
_ ié/d4xe—z’k~m/d4y€z‘k’-y5(y3)5(4) (x _ y)
—6? / d*ze=hT / d*ye™ V5 (y*)o (23 Ap(x, y). (11.51)
The first term is easily calculated by integrating y and then z:
(K'\k), = if / dizemm e T 5 (43) = i (2m)30 (K" — k°) 0P (K, — k). (11.52)
To obtain the second term, we recall the explicit form of the § propagator,
A _ [ ’ —ig” (2 —y°)+ig' (' —y')+ig? (2% —y?) | pig® (+°—y?) iq* (|2°]+1y°|)
AF(-’IJ,Z/) _/ (271')4 q2—m2+ie€ [6 +Pq3€ :| .
(11.53)
It is clear that
~ dq 1 000 _00Y 15
3\ 8 (03 _ 3V8 (13 —ig’ (27 —y")+igL-(z—y) L
S Ar () = ) [ e 1+ Pyl
d4q 7 q3 0000 0N L _
— 3 3 iq”(z° —y")+ig L (z—y)L
500 [ Gt T -
Therefore,
(Klk), = —0° / Al / dye V8 (y*)o(2*) Ap (2, y) (11.54)
_ _é2/d4x€—ikz~x/d4y€ik’~y(5(x3)5(y3)
% / d'q ¢ ¢’ i1’ (@ =) tigL (@ —y) L (11.55)
(2m) q* —m? + e g3 — g

By grouping the terms that depend on z and y, and then integrating we obtain

5 d4q i q3
E'\k), = —62/ _ 11.56
(Klk), (2m)*q> —m? +iegs — §; (11.56)

X / d'z / A yS ()5 ()o@ RO+ kL)@ i@ RO i Ry
! i

E— / d ¢ (11.57)
B (2m)* qz_m2+ieq3_§i '
><(27r)3(5(q0 + ko)é(z)(qL + k:L)(27r)35(q0 + k’o)d(z)(qL +K)).
We can now integrate the variables ¢° and q,, which gives
5 dq3 i q3
K'|k)., = 6° — (2m)35 (k" — k9)6P (K, — k 11.58
(K |K), /(%)(qg)Q_QQ_%qg)_gi(w) (K0 K6, k). (159
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where o? = (k)? — (k. )?* — m? is a positive quantity, since it is evaluated on shell. This
results in”*

/oo " . ) _i(— _2&12—5)_@'(—2\/—_042—@_@(2@@—5)

oo 2m) 2?2 — % —de gy — b 402 + 62 402 + 62 402 + 62
(11.59)
such that
(K'|k), = 67 ~2a—i (27)26 (K — k°) 6P (K, — k) (11.60)
2 402 + 62 + - '
6 3 0 0\ 5(2)
= ——(2m)°0(K" — k°)0V(K| — k). 11.61
o 2T = RS, — ) (161
Thus,
B 02
(K'|k) = (K'|k), + (K'|k), = |i0 + 9— 2m)20(K° — kY0P (K|, —ky).  (11.62)
—2a + 10
Or else,
-/ 2
(K'|k) = i0 (2a fié) (27)35(K° — K96 (K| — k). (11.63)

We now use that

(2 (1 i\ = _if\" = [ if\"
if ) =i ) =20 [ 2 P} =504 P, ares
(2aj:i9> (11%) T <¢2a>;<¢2a> T ;(ﬂa) (11.64)

n

which implies

(K'|k) =20 <%> (2m)26 (K — k°) 6P (K — k). (11.65)
n=1

This expression does not depend explicitly on &* or £"3. However, the condition k', = k,
results in

k/() — kO N (kJ_)Q+ (k3)2_|_m2 — (kl)2+ (k’3)2+m2 _ (kJ_)Q‘i‘ (k’3)2+m2, (11.66)
from where we see that (k?)? = (k’*)2. That is,
S(K° — K)o (K| — k) — K3 = +£k3. (11.67)

Since « is on shell,

a=/(k%)2 — (k)2 —m2 = k3. (11.68)

“Note that the substitution o — —« also gives a valid solution.
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Hence, since

S(K° — K% =4 <\/(kL)2 + (K32 +m2 — (k)2 + (k3)2 + m2) (11.69)
and
3
FE?) = (k)2 + (k3)2 +m2 — \/ (k)2 + (K3)2 + m? — (k)] = VZ—O‘ (11.70)
we obtain
3 /3 3 173
ad(K° — k%) = |K?| (‘Wf k );l‘s(k k )> = k" (0(K® + k") + 6(K® — k")) . (11.71)
0
By substituting this,
!/ - Zé ! / !/
(K'|k) = 2|k ; <2’k3|> (27)26 (K — k"o (K, — k) (11.72)

= 2t°Y° (%) 2m)* (0(k® + k) + 0(k* — k")) 6P (K, — k1). (11.73)

n=1

This is valid when |§z‘ < |k?|. In a more general fashion,

(K'|k) = 2k° (W)‘g—ig) 2m)? (5(K* + k™) + 0(k® — k) 6@ (K| — k). (11.74)
Let us remember that the normalization of the free states is given by
(K'|k), = 2K°(2m)36 (K* — k)6 (K — k). (11.75)
In such a way,
g
(K'|k) = ‘k3|2_ 7 ( (K E?)|k), + (K, —K?)|k), ) (11.76)

By effect of the interface (as a perturbation), the amplitude of a state with initial momen-
tum k and final momentum k' has two contributions with the same statistical weight: one
in which £ = k3 (the particle crosses the interface) and one in which £ = —£? (the parti-
cle is reflected by the interface). This behavior is independent of . The total amplitude is
weighted by the factor
(4

k3] — 53

N D

(11.77)

which is small if || is large with respect to |§ | (in which case the interaction amplitude is
small, and consequently closer to that of the free case). On the other hand, if |k?| is small

, this factor can be written as

-> (2|@~ |> . (11.78)
16

n=0

with respect to |2




12 A scattering

We want to calculate the scattering of two particles that do not see the interface (which
we have denoted by V) mediated by a ®. We will label initial momenta as p; and final
momenta as p,. Thus, to second order in the interaction g we have

T=(p,p| T {(—ig) /d4x‘1“11<1>(—i9) /d“yqfﬁ@} 1, p2) - (12.1)
There are only two possible contractions, given by
T = (—ig)2/d4xd4yﬁp(x,y)eipé'xe_ip”eip/l'ye_ipl'y + (p} ¢ D). (12.2)

In the usual case the integration is trivial, since the space-time dependence of the propa-
gator is encoded in exponential functions that result in Dirac deltas. In this case,

~ d*k 7 —ik0 (20 —y0) ik (2 — gL )b ik? (22 —qy2 k3 (23 —3 k3 (123 +]y3
AF(;U,y):/(%)%Q_m“iEe O ) [0 ) 4 g7 1)

T ‘

=Ap(z—y)+ 62‘/ d k4 ! ik (@0 —y")Fik 1 (z—y) L ik (127 |+ 7))
2 @Y (k2 2 +ie) (k2 - §i)

(12.3)

We will focus on T; where T; = T'—1Tj, being Tj the result without interfaces. Explicitly,

0. [ dk / . . ,
T; = (—ig)’ / dlud'yi / 2V - — e Wik @y (D
(2m)* (k2 — m? + ie) (k3 — 51)
X eP2 T2 T oI Y o =ip1Y (P} < ph) (12.4)

0. d*k ?
= 5z(—zg) 5y _ =
(2m)* (k2 — m? + ie) (k3 — 51)
% /d4xd4yeik0(moyo)ﬂ'ku_'(my)J_eik?’(x‘?’er?’)ei(P/zP2)'9ﬁei(P'1Pl)-y + (p/l AN p;) .(12.5)

Integrating x, x1, x2, Yo, y1 and y, results in

_ ) |
7, =iig)y / d ""4 ? i / Q¥ dy P (D) =i =) it =D
2 (2t (k2 — m2 +ie) (k3 — &)

x (2m)58(pl — pY — K0)6@ ([pl, — pa] L — k)PP — 10 + )6 ([} — pu]L + k)
+ (py ¢ Ph) -
(12.6)

We now define ¢; = p; — p; to simplify the expression and integrate £°, k' and k*:
0. . dk? i
s = 51(_29)2/(2) 0)2 2 3)2 2 4 e\ (k3 — 05
(@) = (@1,0)? = (k)2 = m? +ie) (k* — 31)

x(2m)%6 (g7 + 9)0? (g, + q21) /dxi)’al?f’eikg(“”3Hyg)(3_""15’@"3e_iq%y3 + (p} ¢ p3).-
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95

We see that o = (¢

D)2 = (q1,1)* — m* = (¢3)® — (g2,1)* — m? has a fixed value:
é dk3 itk (23 +H))
15 =— ok (—ig) /dx Y /

— a? —ie) (k3 — %) (12.7)
x@m%@+%w“mu+quwwwaﬁf+@w+%»
Furthermore, the integral over £” has already been calculated in Eq. (11.25).
i il +y? ) L
T; = gi(=ig)?® / dedy3—9(27r)35(q1 +09)6@ (gL + qor)e B e Y
20(a — 51
+ (P} < ph) (12.8)
0 -
, 50
= (—ig)’ —=——(2m)°8(¢! + 49)6P (g1 + go.1)
20(a — 31
X (/ dx3eia|x3|e_iqu3> (/ dyPel’le “ﬁyg) + (p} < pl). (12.9)

To solve the integrals in parentheses, we recall the following representation of the Heavi-

side function shown in Eq. (C.20) of Appendix C

—iwa

* dwe

H(+2%) = +i / —

.
oo 2T w E €

where € > 0 In this way,

[(gS,Oé) = / dx367iq3ac‘3 ialz3]

[e.9]

00 0
;03,3 ;o3 ;3.3 ;o3
— / d.’E3€ 1q°x ezam _|_/ d$3€ 1q°T e 10T
0

—00

— /'OO dﬂ?gH( 3) i(a—q®)x3 + /'OO dx3H(_:C3)€7i(a+q3)x3

z —wta—q3)z3 efi(w+a+q3)x3
= / da® / . — . .
w + 1€ w — 1€

Integrating 2 first and then w results in

I(ga) = i/oodw (5<—w+@_—q3>_5<w+afq3>)

w + 1€ W — 1€

—0o0

. 1 1 ) o+ 1€
= 1 — + — | =2 .
(a—¢@) +ie  (a+q®) +ie (¢3 +i€)? — a?
o+ 1€

= 2 .
Z(q?’)2 — a2+ g€

Notice that

i€ B i€ (¢®)* — a® — ie
@7 -l +ie ‘(@V—M+u(@w—aLwJ
= ((¢")° =) ()2 — 22—

(12.10)

(12.11)

(12.12)

(12.13)

(12.14)

(12.15)

(12.16)

(12.17)

(12.18)

(12.19)
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We are neglecting ¢* in the numerator. In the limit ¢ — 0, the factor that multiplies

((¢*)? — a?) is proportional to §((¢*)? — a?). Thus, the term is null and we have

(0%

3 _ .
I, a) = 22(q3)2 i

(12.20)

Inserting the previous result in 15 gives
3¢/.0 L 0\s(2) 2 a’
— =<2 (27)°) 1) 21
a3y O BT e ) B e S G a7

+ (P} < py).-

1

N

T; = (—ig)?

[\

(12.21)

That is,

2

T:=—2" 94.2271)36(° 0\52 Q
" a1y (B 0tar + )07 s+ @) e @ — et v id | (222)

+ (py ¢ Ph).

12.1 The cross section quotient

In the case without interfaces, as stated in Appendix A, the differential cross section of
a process where there are two particles in the initial state and an arbitrary number of
particles in the final state is given by

1 dpy 1 26 \45(4)
1o = 2E42Ep|va — vp| (1;[ (2m)3 2Ef> (M@)o <kA + k- pr> (1223

where {v4 5, E4 5} are the velocities and energies of the particles in the initial state. The
properties associated with particles in the final state are denoted by a subindex f. This
expression relies heavily on momentum conservation. Nonetheless, we can write a more
general one, considering that

| GiT |f) 2 = VT(2r)'s® (kA tks— Y pf) M, (12.24)

since (6(z))? = 2=40(z). The differential cross section is proportional to | (| iT'| f) |*:

1 d’py 1\ | G[T ) ?
do = . 12.25
7 T SE.2ER|va — vg) (Ifl (2m)? 2Ef> VT (12.25)

In our case (a scattering 2 — 2), where momentum is not conserved in the direction of the
z-axis, the cross section (after integrating over all possible final momenta) is of the form

1 d3py 1 dphy 1 T i) |2
o o / 4 / Do | <f’ ¢ |Z> | , (12.26)
2E12E2|’01 - ’UQ‘ (271')3 2E1 (271')3 2Eé L2T
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where the factor of proportionality of the right hand side has units of length~* and is
constant. We will adopt the nomenclature we had before; that is, p; for initial momenta,
and p; for final momenta. We have seen from Eq. (12.22) that

Ty = (f1iT|i) = (27)*5(q) + ¢9)0 (qu,.1 + @2, )M + (P} <> D)) | (12.27)

where ¢; = p, — p;, as before. Since due to the exchange (p; <> p,) the Delta factors remain
the same, we can extract the value of the invariant matrix element:

- ~ « 1
M = ifg* - . — + (p] < D). 12.28
e L@ - @ —arvig TR (128
This implies 3
(T [i) P = (2m)°L*T5(q) + 49)0 (q1.1 + @2, )| M, (12.29)
From this, we arrive at
1 cpy 1 phy 1 N ~
2 5 0 0 5(2) 2‘
= s am [ e B0+ B+ it

(12.30)
It is not trivial to obtain the factor of proportionality. Nonetheless, we can make predic-
tions for an adimensional differential cross section:

3,0 43,/ Y
. ) %dEZQ 5(q? + qg)5(2)(ql,J_ + CI2,L)’M|2 (12.31)

d3p| - dp) -
7 ( E_IZI J E_ZQ> (g7 + 9)0® (g1, 1 + g2, )| M|?

There are two relevant Dirac delta factors. We will simplify the denominator of Eq.
(12.31) by choosing a center of mass reference frame for the initial momenta, ie.,, p =
p1 = —po. We must bear in mind that, due to the non-conservation of momentum, this
frame does not coincide with the center of mass reference frame for the final momenta.
We introduce the following variables that correspond to the total initial momentum and
energy:

P=p, +p=0, E = By + Ey = 2y/m? + p2. (12.32)
This way,

I = &Ppid®phs® (qu1 + @2,1)8(q) + @) = &\ d*phd™ (P | + ph  )0(E} + By — E). (12.33)

We can make a further simplification by defining the x axis as the projection of p; on the
x —y plane. We also define 6 as the angle between p; and the = axis, as seen in Fig. 8, such
that

p1 = (psinb, 0, pcosb), ps = (—psinb, 0, —pcosb). (12.34)

Conservation of momentum is still satisfied in both directions parallel to the interface, i.e.
P11 = —Ph . We parametrize the outgoing momenta in polar coordinates such that

py= (P cosd,p'sing, k1),  ph=(—p'cosg,—p'sing k). (12.35)



98 Quantum effects in media with interfaces

Figure 8: Coordinate system for the scattering of two particles mediated by a ®.

Here, we have p/ = ,/ pi . and k; = p} 5 to avoid cumbersome notation. Due to the non-

conservation of momentum in the z direction, the values of k; and ky are undetermined.
We see that, with this new notation,

-E=\ﬂmév+ﬁ+mﬂ:\m&+%+wﬂ (12.36)

for i € {1,2}. By integrating d”p} , in Eq. (12.33), we are left with

I = dkyd*py5(Ey + Ey — E). (12.37)

Furthermore, d*p, | = p'dp'd¢, so that

T = dhydigpdpdés (\/ P24 K m 4y K m? E) . (12.38)

We will now work the argument of the Dirac delta function. The value P for which the
function is not null is given by the solution of

\/P2+k%+m2+\/P2+k§+m2—E:0. (12.39)

\/P2+ki4+m?2=F—\/P?>+ki+m? (12.40)

Squaring both sides of the equation gives

P 4 ki+m? = E?>—2E\/P2+k3+m2+P?+ki+m? (12.41)
2E\/P2+ ki +m? = E*4+ k3 — ki (12.42)

Squaring once again allows to solve for P%:

This is rewritten as

E? + k3 — k{)?
AE?

p2_ | ~ (k2 1 m?). (12.43)



A scattering 99

This can be expressed in a symmetric form for k; and k; as

1

2 _ Lt
& 4F?

[(E2 — (2 +k3))* — 4 (E*m? + kgk%)] : (12.44)

This is a restriction for the possible non conserved momenta k; and ks, since P? is positive.
For the outgoing energies, this implies

E2 kQ _ k’2

B = Pk tm?o % (12.45)
E2 k2 _ ]{32

B = Pk tm?= % (12.46)

It is direct to verify that this solution satisfies energy conservation:

El+E;, = \/P2+k%+m2+\/7>2+k§+m2 (12.47)
FE?+k3—ki FE?*+ki—Fk F?

= =—=E. 12.48

2F 2F E (12.48)

Now, to perform the integration of the Dirac delta we define

F(p') = \/p’2 + kT +m? + \/p’2 + k3 +m?— E. (12.49)

We need to calculate the derivative of this function:

ar-_ v + v (12.50)
dp/ VIR R Am? PP+ +m? '
/ /2 2 2 /2 2 2
_ p<\/p +ki+m +\/p +k2+m>:p'(E{+E§) (1251
V2 R+ m?)(p? + k3 + m?) EiEy
so that we can write
E B}
2 2 2 2 2 2 _ - 12 /_
) (\/p’ + ki +m? + \/p’ + k35 +m E) =T Eé)5(p P). (12.52)
As we have seen, when p’ = P is equivalent to conservation of energy, so
BBy
) (\/p’2 + kI +m?+ \/p’2 + k2 +m? — E) = F (p' —P). (12.53)
Inserting this in the expression for I, we are left with
EE} E B}
I = dkydkyp'dp'dp—26(p' — P) = dkodkydp—2. (12.54)
p'E E
This results in - . .
d — M (12.55)

dkdkadd © 16(27)3Er Es|vr — va| E
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where the following relations are satisfied:

py = (Pcos¢p,Psing, k), py = (=P cos¢, —Psin ¢, ks), (12.56)
1
P o= opV (B2 (ki + k3))* — 4(F? + k2k), (12.57)
, E? + Kk — k2 . E?— k2 + K2
Bl = —gp—  B=——p (12.58)

Now, to be consistent, we need to express all quantities that depend on the final momenta
in terms of the variables k;, k; and ¢. It suffices to see that

k2 — k2
@ = <%> - (732 — 2Pp cos ¢sin f + p? sin? 9) — (k1 —pcos)?,  (12.59)

k‘2 . k)2 2
e < 12E 2> — (P? —2Ppcos ¢sinf + p*sin® ) — (ky + pcosb)?,  (12.60)

K2 — 2\
a? = (%) — (P* — 2Ppcos ¢sinf + p*sin®0) — m”?, (12.61)

where, as recalled, P is also a function of the final momenta:

1

P=3E

(B2 — (k2 + k2))* — 4 (E?m? + k2k2). (12.62)
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In 1970, Carniglia and Mandel [1] developed a novel quantization scheme for a system
with a planar dielectric-vacuum interface. For that purpose, they included the presence of
the dielectric in the equations of motion and then found the normal modes, which were
used to quantize the field, as they form an orthogonal and complete set. In this work, we
were able to perform the same quantization scheme for a system with a planar 6 interface.
This quantity is the analogous of the magnetoelectric susceptibility in electrodynamics,
and it is coupled to the field by means of the extra term £y = 0$9*® in the Lagrangian.
We emphasize that this term is not analyzed by means of perturbation theory; instead, it
is included in the modes so that our calculations give exact results.
The equation that describes our system is called the Klein-Gordon- equation:

PO+ m?d — 05(2)® = 0.

The L and R modes (incident from the left and from the right) are triplet waves formed
by an incident, a reflected and a transmitted wave, and are given by

O (o) = H(=a®)(e™**" + PG+ H(z*)Quae™",

’ : : (13.1)
@%3 (aj‘?’) = H(_x3)Qk3€—zk3x3 + H(I’S)(Q_Zkgms + PkseZka'g’)’
where )
0 2'/{23
Pks Y =) Qk3 = : ~ (13.2)
2ik? + 0 2ik3 + 0

are reflection and transmission coefficients, and therefore satisfy |Pys|* + |Qps|* = 1.
We showed that the functions ®%’(z), where S € {L, R}, form an orthogonal set. This
can be seen from the products

3

(2%

where the coefficients ;s and P;s are given by Eq. (13.2). Although the calculations are
cumbersome, we proved that the modes also form a complete set if § < 0:

oL’ ) = 2md(k* — K)oss, (@K

@’gﬂ3> — [ — ds5]2m8 (k> — k),

/OOO dk (D5 ()@ (2) + @ ()@ (2))) = 278 (2 — 7). (13.3)

(The condition § < 0 also makes the Hamiltonian positive-definite, as it should be.) This
allowed us to express the field ® in terms of such basis as

d3k3 1 ,

Z / [ag(k)ug(m, k)e " + cc.], (13.4)
k3> V2E),

Se{L,R}

where ag(k) (aTS(k:)) correspond to the annihilation (creation) operators associated to the
triplet wave basis after the quantization is performed. We also introduced the functions
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vs(x, k) = O (%) +*+5°2%) that account for the whole dependence on the position vec-
tor. The commutation relations of as(k) and ag(k) are

as(k),al, (k)| = 27)30®) (k — K)dss, [as(k), as (k)] =0= [ag(k),ag,(k') . (135)

An important property of our system is the non-conservation of momentum along the
z-axis due to the presence of the ¢ interface. This is manifested in various parts of this
work. For instance, since the modes are conformed by three waves traveling in differ-
ent directions, it is clear that the label £* of these functions does not correspond to the
z component of the linear momentum vector. Another instance where we encounter the
non-conservation of linear momentum is in the linear momentum operator P? = [ d*27%,
where T is the energy-momentum tensor of the field. The operator P? has a complicated
form that shows no signs of having a diagonal form. Due to this, we defined a pseudo-
momentum operator Q* to be able to characterize states of the triplet wave basis. Finally,
the non-conservation of momentum affects physical processes such as the decay involv-
ing triplet modes: since the final momentum must not necessarily be equal to the initial
momentum, the possible outcome has less constraints, and so additional decay channels
arise that make the total decay rate larger than its equivalent in the vacuum.

We calculated the energy-momentum tensor of the system and showed that energy
and momenta in the z and y direction are conserved. We then defined the 4-momentum
operator and obtained the Hamiltonian, which has a simple form given by

H=Y" /k gy Erab)as() (13.6)
Se{L,R} ">

Moreover, we introduced the detector basis, or basis of outgoing modes, which is re-
lated to the ingoing basis by means of the transformation k* — —k?, and that is essential to
describe particle sinks such as detectors. It is notable that the detector modes are simply
the complex conjugate of the Carniglia-Mandel modes, i.e., ®%*(z*), where S € {L, R}.
We have denoted the elements of the detector basis as vg(x, k). Both bases are related
linearly by means of the coefficients P;s and ()xs. For instance, the annihilation operators
as(k) of the outgoing basis are related to the operators of the ingoing basis by

OéL(ki> = PksaL(k) -+ QkBCLR(k), &R(k) = PksaR(ki> -+ QkBCLL(kZ). (13.7)

In order to apply our quantization technique to physical processes, we calculated the
decay of a field ¥ that is not affected by the presence of the interface into two fields ®. We
showed that the total decay rate is

T 1
I=—"_ |fsin! [ —xu—| + VM2 —4m?|, (13.8)
87TM2 62
L+ 3pgm

and that it is related to the total decay rate of the equivalent process in vacuum, denoted
asI', by 3
<D <?2l. (13.9)
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Since the mean life is simply the inverse of the decay rate, a similar relation can be ob-
tained for such quantity.

In addition, we calculated the Feynman’s propagator in coordinate space. It has a
relatively simple form:

~ d4k’ 1 kO (20 — 0V ik ! (2 — 1) ik2 (22 — 2 3
AF<m7y) = / (271‘)4 k,2 _ m2 +i€6 * ( Y )+ g ( Y )+ g ( Y )77k ($37y3), (1310)

where k* € Rand n** (23, 4%) = ¢ (LR} O (23)®%*(y?). From this, we defined a reduced

Green’s function g(z?,vy?; ko, k1), that accounts for the z dependence of the propagator,
such that

A _ / dkod?kl —ik0 (20 —yO) ik -(x—y)1 ~(..3 ,3.1.0
Flz,y) = | —s—5—¢ Gz % k0 k). (13.11)
(2m)?

We then computed the Feynman propagator in momentum space and demonstrated that
the non-homogeneity of the system implies that such function cannot depend only on the
4-vector k, but that it must also contain information of the third coordinate of the position
vector, i.e., the position relative to the interface in the perpendicular direction.

After this, we studied how a classical source may produce ® modes. We introduced
the f-transform as

) = [ty Ny k) = [ et el ). s

This resulted in a modified Hamiltonian that includes the contribution of the source,

=y %E (abth) = =350 ) (asth) + —=et) . a2

Se{L,R}

By comparing the vacuum expectation values of the Hamiltonian for 0 # 0 and 0 = 0, we
arrived at an expression for the energy due to the ¢ interface:

1 Bk (Pl \ s e

We then found the probability that the classical source produces m modes, which turns
out to be ruled by a Poisson distribution.

To check the consistency of our results, we treated the § term as a perturbation and
showed that this gives the same results as the exact treatment if we consider all orders in

perturbation theory. Explicitly, we have that 5&;?) = G, where § A%") is the n-th term of
the Taylor expansion of the exact Feynman propagator, and G is the correction to the
two-point correlation function when the § term is treated as a perturbation. We also com-
puted the amplitude of having a particle with initial momentum k and final momentum
k'. By effect of the interface (as a perturbation), the amplitude has two contributions with
the same statistical weight: one in which £ = k* (the particle crosses the interface) and
one in which £ = —k? (the particle is reflected by the interface).
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Finally, we studied the scattering of two scalar particles that are not affected by the
interface, mediated by a ®. Although the calculation gets involved easily, we were able to
overcome several problems by defining an adimensional differential cross section as

dS / d3 / ~

do Elzl Ezzé(q‘f + 0P (qr1 + o1 )|IM|?
- d3 / d3 / ~ )
T () 6+ )5 s+ )| M2

(13.15)

where M is the so called invariant matrix element, and ¢; = p; — p; is the transferred mo-
mentum. Quantities with apostrophe (E., p;) indicate outgoing particles, while quantities
without it (E;, p;) indicate ingoing particles.

In this way, we conclude that the quantization scheme proposed by Carniglia and Man-
del can be applied to our model, giving consistent results and establishing the theoretical
bases for further studies of quantization schemes in the presence of interfaces, and in
particular for investigating the magnetoelectric effect from the scope of quantum electro-
dynamics.



Appendix

A Basics of Quantum Field Theory

Quantum Field Theory (QFT)" is a conceptual framework for describing the world of par-
ticle physics. It is an extension of quantum mechanics, whose aim is to predict the dynamics
of microscopic systems where the so called observables (measurable quantities like energy
and momentum) are quantized. It also encompasses the principles of special relativity: (i)
the laws of physics are independent of the frame of reference and (ii) the speed of light in
the vacuum is the same for every observer. In QFT, particles are understood as excitations
of fundamental fields, which explains why every particle of certain type possesses exactly
the same basic properties as the others: because they arise from the same field.

In the scope of field theories, physicals systems are described by a Lagrangian £, which
is a function of all the fields ¢; involved and their first derivatives (higher derivatives com-
promise Lorentz invariance, which embodies the principles of special relativity). Thus,
L = L(¢i,0,¢;), where 0, are the components of the 4-gradient vector. As in classical
mechanics, the equations of motion arise from a principle of least action, that is, from
demanding 65 = 0, where S = [ d*zL is called the action. This condition leads to the

Euler-Lagrange equations:
oL oL
O ————) - == =0. (A.1)
g (a(aﬂ¢i)> O
The simplest Lagrangian for a single real scalar field, and whose basic properties we
shall present to understand the general scope of the theory, is given by

L= %n“yﬁﬂqb&,gzﬁ — %m2¢2. (A.2)

where we adopt the Einstein summation convention, by which repeated indices are assumed
to be summed, and the metric tensor is defined as

1 0 0 O

0O -1 0 0
[ —

0o 0 0 -1

The Euler-Lagrange equations that emerge from Eq. (A.2) give rise to the so called Klein-
Gordon equation:
9,0"¢ +m?*¢ = 0. (A.4)

Our goal is to find the most general solution of this equation. One approach to do this
is by means of a Fourier expansion; that is, we find particular solutions for given values
of the linear momentum (normal modes), such that any linear combination of the normal
modes is also a solution of the differential equation. For this objective, we propose the
ansatz a(p)e~"*+*", where (p*) = (E,,p) is the 4-momentum vector. We insert this in the
previous equation, obtaining

—p'pua(p)e” P 4 mPa(p)e” P =0 — EZ? =p® +m? (A.5)

*This Appendix is loosely based on Ref. [46].
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so that the functions a(p)e~"»*" are solutions of the Klein-Gordon equation when the con-
dition £ = p* 4+ m? is satisfied. The general solution is expressed as

d? 1 , ,
o(t,x) = /#TEP (a(p)e_lp'z + a*(p)e“"m) , (A.6)
where p - © = ptz,. Here, we include the complex conjugate a*(p)e’”” to ensure that
¢(t, z) is a real function, as required’. Note that the normal modes correspond to waves
oscillating harmonically with frequency E, = \/p? + m?. Thus, ¢(¢, ) is an infinite sum
of harmonic oscillators.

To quantize the dynamics, the coefficients of the normal modes are promoted to anni-
hilation and creation operators (a(p) — a(p) and a*(p) — a'(p)), in a fashion analogous to
that of ladder operators in quantum mechanics, with the distinction that in QFT there is
one set of such operators for each value of the momentum. Actually, the analogy is quite
complete, which can be seen in the commutation relations

[a(p),d' ()] = (20)*6@(p—p'),  [alp).alp)] = [a'(p),a’(P)] =0, (A7)
that are equivalent to that of the quantum harmonic oscilla’gor (QHO). Moreover, the
canonical momentum of the field, defined as 7(t,x) = g—g = ¢(t, x), is the analog of the

linear momentum operator of the QHO, whereas ¢ itself is analog to the position operator.
One can prove, from the commutation relations of the creation and annihilation operators,
that the field and its canonical momentum satisfy the following relations:

[(b(t? iB), ﬂ-(tv CB’)] = i5(3)(m - 513,)7 [¢(t’ iL‘), ¢(t’ iIZ/)] = [W(t’ iL'), ﬂ-(t7 m/)] =0, (A.8)

which, once again, are the field theory equivalents of the QHO relations.

Just as the ladder operators act on elements of the Hilbert space of the QHO, the cre-
ation and annihilation operators act on elements of the Fock space. The creation operator
is called that way because when acting on the vacuum it “creates” a 1-particle state, i.e.,
V2E,a'(p) |0) = |p). Extending this idea, one can generate a basis for the Fock space by
applying creation operators to the vacuum:

V2E,,..A/2E,, a'(p1)...a'(p,)|0) = |p1, ..., Pn) - (A.9)

Since the creation operators commute with one another for any value of the momentum,
the n-particle state is symmetric under exchange of any two particles’:

|p17p2’ "'7pn>:|p2’p17"'7p’R>‘ (A'lo)

The field ¢(¢, ) itself also acts on elements of the Fock space.

“These functions, that will further be quantized, may also be complex and possess various different
properties related to their spin or intrinsic angular momentum. Although there are various differential
equations governing distinct kinds of free fields, all of them are linear and thus allow a Fourier expansion.

"The field ¢ that we have quantized describes bosons, which explains the symmetric property of the Fock
space basis. In contrast, a field describing fermions produces antisymmetric states under the exchange of any
two particles.
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Up to this point, we have presented an appropriate mathematical framework for de-
scribing free particles. However, nature is overflowing of interacting particles, and it be-
comes important to introduce a structure that allows us to explore the consequences of
that simple fact. Perturbation theory provides us with such a tool. We will study the \¢*
interaction’, which gives a basic understanding of the general procedure. The Lagrangian
is now given by

L= % GO — %m2¢2 — %&. (A.11)
This is a system that involves a self-interaction (nonetheless, fields can also, and in general
do, interact with one another). The new term hinders our previous analysis, since now
the equation of motion is not linear and therefore does not accept a Fourier expansion.
Nonetheless, under the condition that ) is sufficiently small, we can assume that the field

remains unchanged even if the energy spectrum does not. As in quantum mechanics, we
write the Hamiltonian of the system as

H= /d3 7T¢ E) HO + /d?’xi‘ ( ,:13) = H() + Hint; (A].Z)

where H, is the free Klein-Gordon Hamiltonian. We introduce the interaction Hamilto-
nian in the interaction picture:

. . e A
H](Tf) = elHothteilHot = /‘dd$5¢4, (A13)

and define the time evolution operator

t
Ut t) ET{eXp [—i / dt" ;’(t")”, (A14)
t/

which satisfies the differential equation i2U(t,t') = H;(t)U(t,t') and, as its name sug-
gests, describes the evolution of a system g1ven an interaction Hamiltonian. 7 is the time
ordering operator. Specifically, the amplitude of an initial state |i) evolving into a final
state | f) by means of an interaction H,(¢) is given by

18T = lim {flU(Et-) 1), (A.15)

where we have introduced the S-matrix. Expanding the expression as a power series in ),
the S-matrix element describing the evolution of the system is

sty =17 {ig [ oo f1i + <f|T{ (-3) / d4xd4y¢4<x>¢4<y>} i+

(A.16)
To compute this braketed time ordered products, we need a couple more tools. First, we
enunciate Wick’s theorem: the time ordered product of n fields is equal to the normally

*Since in nature we only see causality-preserving interactions, no additional terms of the form ¢(z)¢(y)
will be considered.
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ordered product of such fields (denoted by : ¢;...¢,, :, and by which every annihilation
operator is placed to the right of every creation operator) plus every possible pairwise
contraction:

TA{¢1...0n} =t ¢1...¢,, : +(all possible contractions). (A.17)

The contraction is also called the time ordered or Feynman propagator Ap(z,y):

[cb*(x)»z_(y)]y 20 >y, (A.18)

1
= H(z"—y")[o*(x), ¢~ ()] + Hy’ — 2°)[6" (), ¢~ (z)]. (A.19)

For this particular field, the Feynman propagator is given by

d4p Z'e—ik:-(a:—y)
Ap(z —y) = / i i (A.20)

although in general it corresponds to the Green’s function of the differential equation
governing the dynamics of the field, which in this case is the Klein-Gordon equation.
Now, we separate the field in positive and negative energy contributions:

$(x) = ¢"(z) + ¢ (2),

d? ) 43 . .
¢+($) = / (271_2;3 ;E a(p)e—lp.x7 Qb_(l') _ / (271-2;3 ;E CLT(p>62p'm, (A 21)

p p

From this definition,
dp 1

¢+(CL’) |p1> = /(271’)3

d? 1 , ‘
- / (273;3 e P\ 2B, (21)%6®) (p — p1) |0) = e 7T (0) . (A23)

a(p)e”P*\/2E, a'(p1)|0) (A.22)

)
RS

ﬁ
=

If this is done for every single particle in the initial and final states then, as seen in Eq.
(A.23), we will end up with a quantity multiplied by the normalized product (0/0) = 1.
Thus, it is natural to define the contraction

— ,
o() [p1) = e, (A.24)

Previously, we stated that A is small (i.e., A < 1), so that we can consider only the
first few terms of Eq. (A.16). For example, let us consider the scattering of two particles
in the \¢* theory. The initial and final states in that case are given by |i) = |p;,p2) =

V2E, \/2E,d (py)al (p2) and |f) = |p,pb) = \/2Ey,\/2Eal (p))al (p)). It suffices to

take the linear term of the expansion (although this might not be true in other cases):

A
11510~ =iy @l T{ [ a6t o pa) (a25)



Appendix 109

There are numerous contractions that come out of this expression. Nonetheless, we actu-
ally care about processes where every particle is involved and does not merely propagate
without interacting. Thus, if we want to isolate the relevant part of the S-matrix, we define
another matrix (the T-matrix) as i7" = S — 1. This gives, after contracting the four ¢ fields
with the two initial and the two final particles,

(1T 10y & —(@)igy [ dtae ool — om0y + o= gt~ 1) (A20
The factor of 4! comes from all the possible contractions between initial and final states and
fields ¢(z). Notice that this particular process does not involve the Feynman propagator;
however, contractions between fields can, and usually do, appear in the matrix elements
of iT.

This formalism allows us to calculate amplitudes of several physical processes, such as
scattering, annihilation and creation of particles, not only for scalar fields experimenting
self-interactions, but any kinds of fields (fermionic and bosonic) interacting in the various
ways permitted by a given theory.

The matrix element of i7" in a process which involves two particles in the initial state
(A and B) and an arbitrary number of particles in the final state, is written as

GIT | f) = (2m)%6 @ (k;A NI pf) iM, (A27)

where {k4 p,ps} are the momenta of the initial and final particles, respectively. Defining
the quantity M allows to factorize the momentum conserving delta. From this, the cross
section can be calculated by means of

1 dgpf 1 2 4
= om)toW — A2
do 2EA2EB|UA — UB‘ (1;[ (271')3 2Ef) |M’ ( '/T) ) <k'A + kg pr> ) ( 8)

where {v4 p, E4 p} are the velocities and energies of the particles in the initial state. Once
again, the properties associated with particles in the final states are denoted by a subindex

f

B LSZ reduction formula

Based on Ref. [45], we will derive an expression for the LSZ reduction formula, that allows
to calculate S-matrix elements in an interacting theory. Although we will focus partic-
ularly on the Klein-Gordon-§ equation and its normal modes, the results deduced here
are valid for any scalar theory up to slight modifications. We start by recalling that, as is
shown in Section 4, the creation operator af (k) can be written as

1 ) .
al (k) = \/Q—Tk/dgxua(m, k)e P (—id(x,t) + E,®(x,t)). (B.1)
We define the bidirectional derivative:

FOrg= f(Dg) — (9f)g, (B2)
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which allows us to write

al(k) = dPrvs(z, k)e 1E"'t<(9—0><1>(a:,t). (B.3)

\/2Ek

According to the conventions we have adopted throughout the course of this work,

as(k)|0) =0 Vk,S,  (0]0) =1,

B4
(k, S|k, S"y = (0| /2Eras(k))(V/2Ewal, (k) [0)) = 2B, (27)36% (k — k')dssr, 5
i.e., the states are normalized in a covariant fashion.
We define a function f; (k) such that
T, = Prfi(k)al(k B5
a1 fi(k)ag(k) (B.5)
k3>0

is an operator that creates a wave packet in momentum space near k;, and which is local-
ized in configuration space near the origin. By evolving the state al |0), the initial wave
packet propagates and expands. In this way, for sufficiently large times, the particle has an
indefinite momentum and a specific position. If we consider a state of the form a] Sla; s, 10)
where k; # k., the two particles are separated in the distant past. This is what we want
since we care about asymptotic states. Let us define

\/2Ek1\/2Ek2 hm alS1 a252( )10), 1) = \/2Ek /2B llm al/S, (t)a 2/5,( )[0),
(B.6)

where |i) and |f) are both normalized. The probability amplitude of the system evolving
from [i) to |f) is given by (f]i). We have

als(+00) —ajg(—00) = /_ Z dtdoal (1)
_ —z‘/k$>0d3kf1(k) * g d3x80(ys(w’k)eiEktb—O)(I)(x,t))
= /kS>O ;’p d4xao<us(m,k)el’Ekt(—z’d)(:n,t)JrEk@(m,t)))
= /k 3>0d3k \f/l% d*zvs(z, ke Er!

X < — iEp®(x, t)(—id(x, t) + Ex®(x, 1)) + (—id(x, t) + Ekq)(zc,t))>

= i [ D [t ae (8.0 + Boen) )

, fl( ) 4 —iEt [ 92 | 1.2 2
= - d k k k ) .
z/]€3>0 N azvg(x, k)e Oy +k*+m” ) ®(x,t)

Now we can use that the normal modes satisfy the equation

—Vius(x, k) = (K* + 05(z®))vg(x, k) (B.7)



Appendix 111

to write

ol o(+00) — al (—o00) = —i /k o P / davs(m, k)eiEet <a? 2 - 65" + m ><1>(;c .

(B.8)
Note that the derivative is applied to the left side. Let us examine the term

T = / d*zvg(z, k)e ZEkt< $2> (B.9)

. / d42 (x, 1) V2vs (i, k)e (B.10)
= - / dtz {v- (@(ac,t)Vug(a:,k)e_iE’“t) - v<us(m,k)e—iEkt> : <V<I>(w,t)>] (B.11)
= / d*av <us(m,k;)e—iEkf> ~V<<I>(m,t)> (B.12)
= / diz {v. <ys(:c,k)e“5ktvq>(a;,t)> - Vg(w,k)eiEktV2<I>(a:,t)] (B.13)
= - / dzvs(z, k)e P2 D (2, t) (B.14)
= / d*zvs(, k)e—iEkt( - V2><I>(m,t). (B.15)

Thus,

ajs(+00) — als(~ /k  Fhoage [ dovs(@ kema (82 +m? - 95(x3)) (z,1).

(B.16)
In the free theory, (82 +m?—05 (:v3)> P(x,t) = 0, and so the resulting amplitude is always

null. We will study what happens in an interacting theory. We have

a{s(—oo) = a15(~|—oo) + z/k d%?& d*zvg(x, k)e Prt <02 +m? — 55(:703)) O(x,t),
3>0

_ dd d4 * k iEkt(a2 2_&5 5)(1) 1.
a15(+00) = ar5(— +z/ks>0 \/E xvg(x, k)e +m (%) | P(x, 1)

(B.17)
By definition,
7,> = 1/ 2Ek1 \/ 2Ek2w / 2Ek’1 \/ 2Ek/2 <0‘ T{CLySi (_'_OO)CLQ/Sé (+OO)GJ{31 (—OO)CL252( )} ‘O)
(B.18)

Inserting Eq. (B.17) in this expression, the presence of the time ordering operator 7 results
in the operator ajsi (400) acting on the vacuum on the left side, and the operators a;s,(—o0)
acting on the vacuum on the right side, such that none of these terms affect the expectation
value. On the other hand, we can impose f(k) = 6*(k — k1), since the wave packets no
longer play a role in the expression. From this, for an initial state of n particles and a final
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state of n’ particles,

(fli) = iand /d4£C1V51 (x4, kl)e’iE’“lt1 (8% +m?— éé(l’l’g))

d'z\vg (=), kz’l)eiE’“/ltl1 (81/ +m? — 05(z) 3)) (B.19)

X (O] T{ (21, 11)... (xh, 1)} [0) -

For a usual scalar field U(x, ) that is not affected by the interface, and thus satisfies the
usual Klein-Gordon equation, the LSZ reduction formula is simply

(fli) ="t / d4xle—ikm(a%+m2>...d4xgeiki-x’1<a%,+m2>...<0|7{\p(m1,t1) (2}, ).} |0).
(B.20)

C Heaviside function: integral representation and Fourier transform

We can express any complex number w in polar form as w = pe?, where p = |w| and
— — Im(w) ;
¢ = arg(w) = arctan (Re(w)>. In particular,

W+ i€ = |w 4 ie|etarsltio) (e >0), (C1)
where arg(w + ie) = arctan (%) We write Re(w + i€) = Re(pe™® + ic) = pcos(¢) and
Im(w + i€) = (pe’® + ie) = psin(¢) + ¢, from which we obtain

arg(w + i€) = arctan (ILQHG) : (C2)
P COS @

pis the module of w, and hence it is a positive quantity. Nonetheless, we extend its domain,
allowing it to be negative by modifying the argument as [47]

psing + €

arg(w + 7€) = arctan
g(w + ie) ( p—

) rH(—p), (€3)

To check the consistency of this redefinition, we take the limit ¢ — 0, which gives rise to

psin ¢p+e .
B eosg — tan 0:

w = lim(w + i€) = pe@H™HEP) — petimH(=p)gi¢, (C4)

e—0

If p is negative, then

w = lim(w + i€) = pete'® = —pe'® = |p|e™. (C5)

e—0

On the other hand, if p is positive

w = limw + ie = pe'® = |ple™. (C.6)
e—0
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The advantage of defining the argument as in Eq. (C.3) is that it becomes a continuous
function. Without the inclusion of the Heaviside function, the arctangent has a leap from
7/2 to —m /2 when p changes sign:

lim arctan psing ey /2 <= >0,
p—0+ P COS @ )
lim arctan (M) =-—7/2 <= €>0.
p—0~ P COS ¢
We have ‘ e
W+ ie = |w + de|elleran(Ppetst )t H R (C.8)
The logarithm of this function is
In(w+i€) =In|w+ €| +1i {arctan (psm—gzb—i—e) + WH(—p)] : (C9)
P Cos ¢
Now we can differentiate with respect to w:
L L tie] + i arg(w + ie) C10)
= —In|w + ie| +i— arg(w + i€ )
w+ie  dw dw &
Considering that w = pe'” implies ;5 = ¢~** L and taking the limit ¢ — 0, we get
1 1 d 1 1
= e - tine ™ —H(—p) = — —ind(p) = — + =6(p). C.11
prrr B L (=p) = ~ —imd(p) = —+ —4(p) (C.11)

There are two aspects to consider. We are treating distributions and not functions, so

actually 2 — P (1), where P denotes the Cauchy principal value. On the other hand,
d(p) = 0(w) sincew = 0 <= p = 0. The limit from the right is given by
1 1 T
w + 10 P(w)+i () (€12

The limit from the left can be obtained if we adhere to the convention € > 0 but change ie
into —ie. The argument is thus redefined as

arg(w — i€) = arctan <ZL¢_E> — mH(—p), (C.13)
since

lim arctan (ILM) =-—7/2 <= >0,

+
P P C(;; e (C.14)
sin ¢ —
lim arctan (M) =7/2 <= >0,
p—0~ P COS ¢

that is, to compensate the discontinuity of the arctangent funtion we must add —= (and

not ) whenever p is negative. This is still consistent since '™ = =™ = —1. Consequently,
1 1 o d 1 1 =«

— e W2 e H(—p) = = +ind(n) = = — =5(pn). C.15

o0 ¢ e ) = S imop) = 2= 2olp) (C.15)
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With this, we have
1 1 T
=P —| - =dw). 1
w—i0 (w) ) (C16)
Both results are condensed in the relation
1 1 T
=P(—)+£-=0 C.17
w =+ i€ (w) i (), ( )

where € — 0, and in most practical applications is kept to first order.
We will now introduce an integral representation of the Heaviside function:

H(z) =i / e e (C.18)

]
oo 2T w + 1€

where ¢ > 0. To prove this, note that if z > 0, then we choose a semicircular contour that
encloses the lower half of the complex plane, and thus includes the pole —ie, which results
in %(—27”') = 1, due to the integration being clockwise. On the other hand, if z < 0, the
appropriate contour encloses the upper half of the complex plane, which includes no poles
and hence gives zero. Analogously, by a mere change of variables, we have

H(—z) = —z'/oo dw e (C.19)

o 2T W — i€

.
wie”

In other words, H(=z) is the Fourier transform of +

® dw e~
H(+z) = i — . C.20
(+2) ! /OO 2T w =t e (€20
If this relation is inverted, we arrive at
o0 , 1 1
dzH(£z)e™* = + =+iP [ — O(w). C.21
/OO zH(*z2)e T i (w)—l—ﬁ(w) (C.21)

By applying the properties P (—1) = —P (1) and 6(w) = §(—w), we obtain

/_OO dzH (2)e5™* — +iP (l> + m(w), /_Oo d2H(—z)e*" — FiP <£)  rb(w).

[oe) w [o@)
(C.22)
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