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Introduction - Motivations

A mathematical model is a description of a system using mathematical concepts and
language. The process of developing a mathematical model is termed mathematical
modeling. Mathematical modeling has proven to be a key tool in many areas of science.
It has helped us understanding a big variety of phenomena in our world. Mathematical
models are used in the natural sciences (such as physics, biology, earth science, chemistry)
and engineering disciplines (such as computer science, electrical engineering), as well

as in non-physical systems such as the social sciences (such as economics, psychology,

geography).

Some models are based on rates of change due to physical laws. Mathematically, many
of them are written as partial differential equations (PDEs). In this thesis, we will derive
and analyze two new models in two different scenarios. Part I of this thesis is related to
the first model where we will analyze blood flows passing through arteries, and Part II
is devoted to deriving simplified model to understand certain physical processes involved

in the time evolution of atmospheric phenomena.

Although both circumstances can be analyzed with PDE-based models, their nature is
somewhat different. In this thesis, we describe the properties of the model and propose

robust and precise numerical schemes to approximate the solutions to such models.
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Part I: A new two-dimensional blood flow model with arbitrary cross-section

Cardiovascular diseases are a class of illness that involves the heart or blood vessels. The
underlying mechanisms vary depending on the disease. It is estimated that dietary risk
factors are associated with 53% of related deaths. It includes coronary artery diseases such
as angina and myocardial infarctions, strokes, heart failures, hypertensive heart diseases,
rheumatic heart diseases, cardiomyopathies, abnormal heart rhythms, congenital heart
diseases, valvular heart diseases, carditis, aortic aneurysms, peripheral artery diseases,

thromboembolic diseases, and venous thrombosis among others.

Coronary artery disease, stroke, and peripheral artery disease involve atherosclerosis.
This may be caused by high blood pressure, smoking, diabetes mellitus, lack of exercise,
obesity, high blood cholesterol, poor diet, excessive alcohol consumption, and poor sleep,
among other things. It is estimated that up to 90% of cardiovascular diseases may be
preventable. Prevention of such diseases involves improving risk factors through: healthy

eating, exercise, avoidance of tobacco smoke and limiting alcohol intake.

Cardiovascular diseases are the leading cause of death worldwide except Africa [1]. Their
impact in our lives has motivated the development of different models for blood flows. In
2], a review of recent contributions towards the modeling of vascular flows is provided.
A review of contributions regarding the mathematical modeling of the cardiovascular
system is presented in [3]. In particular, the challenges in the mathematical modeling
both for the arterial circulation and the hearth function are discussed. See also the notes
in [4] for more on mathematical modeling and numerical simulation of the cardiovascular
system. In [5], an open-source software framework for cardiovascular integrated modeling
and simulation (CRIMSON) is described, which is a tool to perform three-dimensional

and reduced-order computational haemodynamics studies for real world problems.

Three dimensional (3D) models provide very detailed information of the fluid’s evolution.
In [6], fluid velocities were measured by laser Doppler velocimetry under conditions of
pulsatile flow and such measurements were compared to those given by steady flow con-
ditions. In [7], anatomic and physiologic models are obtained with the aid of 3D imaging

techniques for patient-specific modeling. However, 3D simulations are computationally
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expensive and often not a practical tool for a timely evaluation before a surgical treat-
ment. This has motivated the development of 1D models which reasonably well describe
the propagation of pressure waves in arteries [8]. A 1D hyperbolic model for compliant
axi-symmetric idealized vessels is derived in [9] and the properties of the model are dis-
cussed. The analysis of the blood flow after an endovascular repair is studied in [10], in
which case the PDE based model has discontinuous coefficients. Furthermore, effects of
viscous dissipation, viscosity of the fluid and other two dimensional effects were incorpo-
rated in a ‘one-and-a-half dimensional’ model in [11], where it is not necessary to prescribe
an axial velocity profile a priori. In [12], a coupled model that describes the interaction
between a shell and a mesh-like structure is derived. The structure consists of 3D mesh-
like elastic objects and the model embodies a 2D shell model and a 1D network model.
Well-balanced high-order numerical schemes for one-dimensional (1D) blood flow models
are constructed in [13] using the Generalized Hydrostatic Reconstruction technique. Ar-
bitrary Accuracy Derivative (ADER) finite volume methods for hyperbolic balance laws
with stiff terms are extended to solve one-dimensional blood flows for viscoelastic vessels
in [14], and such technique is applied to analyze the treatment of viscoelastic effects at
junctions in [15]. The effects of variations of the mechanical properties of arteries due to
diseases such as stenosis or aneurysms have also being studied using 1D models [16-18].
It has also been noted in [19] that 1D models are able to describe the fluid’s evolution
after arteriovenous fistula (AVF) surgeries in 6 out of 10 patients and selected the same
AVF location as an experienced surgeon in 9 out of 10 patients. Although 1D models have
shown to be a reasonably good approximation in many situations, there exist limitations
due in part to simplifications such as axial symmetry. The cross section is assumed to be

a circle, which impacts the results.

The contributions listed above consider the two extreme cases where the models are either
3D or 1D, and some interactions between them. In this thesis, we derive an intermediate
two-dimensional (2D) model where any shape of the cross section can be considered
while maintaining a still much lower computational cost compared to 3D simulations.
The 2D models are a good balance that provides more realistic results compared to its
1D counterparts and it has the advantage of a low computational cost when compared to

the 3D models. The derivation and implementation of a model in two dimensions is one
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of our main contributions. The model is derived using asymptotic analysis that follows
certain physical considerations. The velocity and vessel’s radius here depend on the cross
section’s angle and axial position, while the 1D counterpart considers a uniform radius
that varies only in the axial direction. Our model can handle perturbations and variations
in the wall’s elasticity affecting any specific area of the vessel while 1D simulations can only
consider perturbations affecting entire cross sections. This is relevant in simulations of
diseases such as aneurysms and stenosis that involve vessels with walls that have damaged
areas, not necessarily entire cross sections. Furthermore, we present the properties of the
model, construct a well-balanced central-upwind scheme and include numerical tests that

show its merits.
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Part II: Generalized Quasi-Geostrophy for Moist Spatially Anisotropic
Atmospheric Flows with Phase Changes

Atmospheric science studies the Earth’s atmosphere and its various inner-working physi-
cal processes. Atmospheric science has been extended to the field of planetary science and
the study of the atmospheres of the planets and natural satellites of the Solar System.
On the other hand, atmospheric dynamics studies the motion systems of meteorologi-
cal importance. It does it by integrating observations at different locations and times
and with the aid of complex theories. Common topics studied include a big variety of
phenomena which includes thunderstorms, tornadoes, gravity waves, tropical cyclones,
extratropical cyclones, jet streams, and global-scale circulations. The goal of dynamical
studies is to explain the observed circulations on the basis of fundamental principles from
physics, using mathematical modeling in some cases to understand it. The objectives of
such studies incorporate improving weather forecasting, developing methods for predict-
ing seasonal and interannual climate fluctuations, and understanding the implications of
human-induced perturbations (e.g., increased carbon dioxide concentrations or depletion

of the ozone layer) on the global climate [20].

Weather forecasting is the application of science and technology to predict the conditions
of the atmosphere for a given location and time. People have attempted to predict the
weather informally for millennia and formally since the 19th century. Weather forecasts
are made by collecting quantitative data about the current state of the atmosphere, land,
and ocean and using meteorology to project how the atmosphere will change at a given

place.

Once calculated manually based mainly upon changes in barometric pressure, current
weather conditions, and sky condition or cloud cover, weather forecasting now relies
on computer-based models that take many atmospheric factors into account [21]. Hu-
man input is still required to pick the best possible forecast model to base the forecast
upon, which involves pattern recognition skills, teleconnections, knowledge of model per-
formance, and knowledge of model biases. The inaccuracy of forecasting is due to the
chaotic nature of the atmosphere, the massive computational power required to solve the

equations that describe the atmosphere, the land, and the ocean, the error involved in
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measuring the initial conditions, and an incomplete understanding of atmospheric and
related processes. Hence, forecasts become less accurate as the difference between cur-
rent time and the time for which the forecast is being made (the range of the forecast)
increases. The use of ensembles and model consensus help narrow the error and provide

confidence level in the forecast.

It was not until the 20th century that advances in the understanding of atmospheric
physics led to the foundation of modern numerical weather prediction. In 1922, English
scientist Lewis Fry Richardson published ”Weather Prediction By Numerical Process”
[22] after finding notes and derivations he worked on as an ambulance driver in World
War 1. He described therein how small terms in the prognostic fluid dynamics equations
governing atmospheric flow could be neglected, and a finite differencing scheme in time

and space could be devised, to allow numerical prediction solutions to be found.

Despite the progress in predicting atmospheric flows, there are still many physical pro-
cesses involved that are not understood. For instance, in one fluid’s evolution there can be
several waves interacting among them and influencing the formation of coherent structures
and the corresponding trajectories. In that direction, the celebrated quasi-geostrophic
equations have shown to be very useful. This system considers a balance between pres-
sure gradients and Coriolis forces [23]. It has lead a decomposition of balanced (low
frequency) and unbalanced (high frequency) components. Slow balanced components are
associated, for instance, to the vortices observed in the ocean and in the atmosphere.
They evolve on a slow timescale and persist over time (months) as a coherent structure.
On the other hand, the fast unbalanced components are associated to intertia-gravity
waves and move much faster. The study of such decomposition of the flow have received
a lot of attention and a vast amount of literature exists out there regarding this phe-
nomenon, including the spontaneous generation of inertia-gravity waves and the study of
slow manifolds where flows evolve in time near balance. See [24] for a review. It has also
been of interest the study of the effect of both slow and fast modes in the formation and
evolution of coherent structure. In that direction, interactions between vortical and wave

components in the Boussinesq and shallow water equations have been studied in [25-27].
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The slow and fast modes have been mainly studied in the Boussinesq and rotating shallow
water equations. In the case of the atmosphere, that corresponds to the dry case where no
moist is considered at all. Very recently, a huge effort has been dedicated to developing
the concept of low and high frequency components in the presence of moist. In [28],[29],
the precipitating Quasi-geostrophic equations (PQG) are derived and implemented. In
[29], the PQG model was analyzed in both scenarios: with saturated and unsaturated
atmosphere. Although this work has been very successful, the implementation of the
model is very challenging because the moist potential vorticity involves stiff terms and

the PV-inversion is very complicated.

In [30], quasi-geostrophy was generalized for anisotropic rotating flows in the dry case.
The model was derived using asymptotic analysis in terms of the Rossby number and
assuming certain assumptions to be discussed in this thesis. In this work, we extend that
approach by taking moist into consideration. Our contribution here is the derivation of
a new model that encompasses a concept of balanced and unbalanced components in the
moist case. We generalize quasi-geostrophy to the moist case in a different way compared
to the one described above. Our limiting equations are in the opposite side since we
assume a large vertical scale with non-vanishing leading vertical velocity. One advantage
here is that no PV-inversion is required. The resulting model is multi-scale where the
averaged moist and equivalent potential temperature evolve over a slow timescale and the
fluctuations evolving on a fast timescale. The setting here allows us to analyze cyclogen-

esis and heat transport when vortical towers interact before forming a pre-hurricane.
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Chapter 1

Introduction to Hyperbolic

Conservation Laws

The impact of cardiovascular diseases in our lives has motivated the development of differ-
ent models for blood flows. See for instance [2] and [3] for a review of recent contributions
towards the modeling of vascular flows and the cardiovascular system. Also, in [4], a dis-
cussion about mathematical modeling and numerical simulation of the cardiovascular

system is provided.

A variety of physical phenomena can be analyzed by PDE-based models. For instance,
models associated to the evolution of flows in gas or geophysical fluid dynamics fall within
the class of Hyperbolic Balance Laws. Such systems have specific theoretical challenges
that have been analyzed and reported in an extensive literature. See [31] for an extensive
discussion on the main aspect of such type of PDEs. On the other hand, there has
been an increased interest in the community to construct stable and efficient numerical
schemes. Among the desirable properties, the numerical scheme must have a high order
of approximation in smooth regions while computing jump discontinuities properly near

shock waves.

Blood flows can be considered a Newtonian fluid in the case of large arteries in the large
circulation system. Models can be derived by taking the Navier-Stokes equations and ap-

ply an averaging process in each cross section at a given axial position. Surprisingly, the

11
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resulting models usually form hyperbolic systems of conservation laws. See for instance,
the models considered in [9, 13]. The advantage of interpreting the models with their
hyperbolic properties is the knowledge available in the literature about such systems. A
lot is known about the behavior of hyperbolic systems both theoretically in terms of exis-
tence of weak solutions as well as the construction of a variety of high resolution numerical
schemes that are robust and efficient in approximating solutions to the aforementioned
PDEs. In this chapter, we present a brief introduction to the topic of hyperbolic conser-
vation laws. We will discuss the main theoretical and numerical challenges we may found
when solving such systems, either when defining exact weak (discontinuous) solutions or

when approximating them numerically. More details can be found in [31] and [32].

1.1 Classification of equations

This section is based on the material found in [32].

Physical problems can be classified in general as: equilibrium, eigenvalue and transport
problems. Those physical problems can be described by the structure the equations may
have and the qualitative behavior its solutions may describe. In particular, one can use

the concept of characteristics to derive one such classification.

Although the following analysis can be carried out for a linear system of PDEs that
depend on two independent variables, we focus here on the specific case of interest to us.

Let us consider the following second-order quasi-linear equation given by
AUgy + DUgy + Cliyy = f.

The above system is sufficiently general to represent a variety of scientific problems in

physics and engineering, where the mathematical models are second-order.

Suppose the solution is known from the initial state at some curve I' (and below it). For
some P on the boundary JI', we know the derivatives of v and its directional derivatives
in the direction of this curve. We require that knowing u, u, and u, at I' are sufficient to

determine the unique value of u,,, gy, and w,,. If the directional derivatives of u, and
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u, are known, we have

duy, = Upedx + Ugydy,

duy, = Upyds + uy,dy.

Then, we get
a b ¢ Uy f
dr dy 0 Uy | = | dug
0 dx dy Uy du,

A unique solution for ., U, and u,, exists and is unique unless the determinant of the

3 X 3 - matrix is zero. That is,

dy 2 dy B
a<%) — %—FC—O. (1.1)

In the case the determinant is zero, multiple solutions may exist. As a result, the partial
derivatives are not unique and thus, discontinuities in the partial derivatives are expected

at I

The curves given by the solutions to equation (1.1) are known as characteristics. The

direction of the characteristic curves are related to the solutions of the equation ax? —

br + ¢ = 0, and them can be real and different, coincide or be complex, depending on
wheter the value of the discriminant b — 4ac is positive, zero or negative, respectively.

We then say that the equation
AUgg + DUgy + ClUyy = f
1s:

e hyperbolic if b* — 4ac > 0.
e parabollic if b* — 4ac = 0.

e elliptic if v> — 4ac < 0.
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Specifically, in the case hyperbolic case, real-valued characteristic curves in phase space

and discontinuities might propagate through those curves.

1.2 The wave equation

Let consider the wave equation

2 _
Upy — A Uyy = 0,

where a is constant. Then, the characteristic curves y(x) satisfy
dy ’ 2
— | —a” =0,

y=p=+ax,

with closed-expression given by

for a constant f3.

As we can see, the wave equation is hyperbolic. For the rest of this chapter, we will focus

on hyperbolic problems and extend the concept to non-linear systems.

The conservation laws to be analyzed later in this chapter fall in the class of hyperbolic
PDEs. This kind of equations arise in transport problems such as gas dynamics and
wave mechanics among many other areas. In order to explain the main properties of such

equations, let us consider the wave equation:

Ut — AUy = 0.

with initial conditions

u(z,0) = F(x),
w(z,0) = G(x),
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The solution of this equation can be directly calculated by the D’Alambert method.
Skipping the details, the solution is computed as

u(zx,t) = +—

2a 2a

Flx+at)+ F(x —at) 1 /”at G (n) dn

—at

We note that the solution is decomposed into the sum of two solutions to the transport
equation propagating at speeds £a. Below, we will take the transport equation as a base

to extend the notion of hyperbolic balance laws in the non linear limit.

1.3 Hyperbolic conservation laws

The rest of the chapter will be focused in hyperbolic conservation laws. This type of
equations arise in transport problems in areas such as wave mechanics, gas and fluid
dynamics among many others. Our purpose here is to present the basic aspects of hyper-
bolic conservation laws. The information presented in this chapter is not comprehensive
and it is not intended to present all the interesting details behind. The interested reader
may find a detailed analysis in [31, 33, 34, 34-37] and references therein. We explain the
main aspects of the above equations and the corresponding solutions by considering first

scalar conservation laws but we will later on extend such concepts to systems.

1.3.1 The scalar conservation law

A scalar conservation law in one spatial-dimension is a first-order partial differential

equation (PDE) of the form
u + (f(w)), = 0.

When solved in the entire real line, the associated initial value problem is written as
u + (f(u)), =0, —00 < x < 00,
u(x,t=0)=1u,

(@, =0) = up ().
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If the problem is solved in a bounded domain, associated boundary conditions (Neumann,
Dirichlet, etc) must be included in order to properly solve the initial boundary value

problem (IBVP).

Equations of this type often describe transport phenomena. Here, u (z,t) is known as the
conserved quantity (as density, linear momentum, mass, etc) and f(u) is known as the
flux function. As one will see later, the flux must be a convex function of the conserved
quantity u. This is motivated by the fact that after integrating over the interval [z,, 1],

we get

0= / wdz+ fu(zy, 8) = Fulzg 1)) = O </ udm) ey, ) — Flulzg 1), (12)

which implies

0, ( / udx) = P, 1)) — Flular, ).

It means that the ratio of change of the total amount u contained inside any given interval
[z,, 1] is given by the flux at the boundary points. For instance, when the flux vanishes

or balances at the boundary, the total amount remains constant.

1.3.2 Weak solutions

Conservation laws are distinguished by the propagation of information across character-
istic curves. It is well-known that solutions to hyperbolic problems may develop shock
waves in finite time even if the initial conditions are smooth. Weak solutions are to be
defined in such cases. For that end, one needs to find the integral formulation of the
conservation law as follows. We will not repeat the information that can be found in
many textbooks. Instead, we summarize the basic aspects of the hyperbolic conservation

laws in the next few sections.

Consider the scalar conservation law

ug + (f(u)), = 0.
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A simple integration over an arbitrary rectangle [x,, x1]| X [t,, t1] gives us the integral form

of the conservation law:

0 = [ [t () Janas

o o

Tl t1
= / W@JO—UWJJM$+/EUW@hﬂ%ﬂﬂM%JDMt
To to
An integrable function wu is considered a weak solution provided it satisfies the above

equation for all xg,x1,t,,t; in the domain. We now present an alternative condition to

determine weak solutions.

Let us assume that a solution exists with a discontinuity along a given curve (zgnock (%), )
in phase space. So, the solution which is piece-wise smooth may be split into two smooth
solutions w,(z,t) and wu,(z,t) which are defined and smooth on the left and right sides
of the shockwave respectively. Integrating over a rectangle close to the shockwave curve
and using the integral form of the conservation law, one arrives at the so-called Rankine-
Hugoniot jump conditions

Af = sAu,

where Au = U (Tshoek (1), 1) — we(Tsnock (1), 1), Af = f(Ur(Zsnoek(t), 1)) — f(we(Zsnoek(t), 1))

are the jumps in the solution and the flux across the shockwave, and

5 — dxschok
dt

is the shockwave’s speed of propagation.

It is well-known that a weak solution is said to satisfy the entropy condition if

[ (ue) 2 s = f (ur)

Weak solutions satisfying the Rankine-Hugoniot jump conditions are not unique. How-
ever, the entropy condition is helpful in finding the physically relevant weak solutions.
The next section explains the Riemann problem and its relation to the entropy condition

must become clear.
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1.3.3 The Riemann problem

The Riemann problem is often taken into consideration when developing numerical schemes
because exact solutions for the non-linear problem can be found in this case. We include it
in this chapter because it is also useful in understanding the entropy conditions discussed

in the previous section.

The Riemann problem is an initial-valued problem where the PDE is a conservation law
and the initial condition consists of a piecewise constant initial data which has a jump in

the domain of interest. It may be written as

uy + (f(u)), =0

up if <0
u(z,0) =
u, if O0<z

f(ur> — f(uﬂ)

Uyr — Uy
that a Riemann problem has at least one weak solution given by a shockwave, not all of

The jump condition in the scalar case is simply s = . Although this shows
them are physically relevant and we must discard them. For that end, notice that the

characteristic curves are straight lines given by

o+ flug)t if z,<0,
To+ f(u)t if 0<x,
df

with f/(u) = @(u)

Let us first suppose that f'(uy) > f'(u,). In this case, the characteristic curves merge
into the shockwave. We obtain a jump discontinuity. Furthermore, we notice that in this

case the entropy condition is automatically satisfied

f’(W) > f(ur) — f(uﬁ) > f/(ur)

Up — Uy

provided that f(u) is a convex function of w.
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The shockwave solution is simply

u i x<st
u(z,t) =
u, if st<zx

Let us now assume the opposite case where f'(u,) > f’(ug). One can easily show by
smoothing out the initial condition (so perturbing it) that a small change on it will create
a very different solution where the characteristics expand in a rarefaction fan. This means
that the shockwave proposed in the previous case is unstable to small perturbations in the
initial condition. As a result, we consider it not to be a physically relevant weak solution.
In addition to it, it does not satisfy the entropy condition. The discontinuous solution
in this case would have characteristic curves emanating from the shockwave instead of
being originated from the initial condition at ¢t = 0. The physically relevant solution in
this case is a rarefaction wave. It has a smooth transition from the left to the right

state, and it is given by

Up if ; < f(w)
w(z,t) =4 v (%) it f(u) < % < f'(uy)
Uy if fu,) < %

where v (1) is the solution of f’(v(n)) = n. The above solution requires f’(u) to be an
invertible function of u. One then needs the flux to be a convex function of u, which is

gain needed to fulfill the entropy conditions.

1.3.4 System of conservation laws

Let U(x,t) : R* x R — R™ be a m-dimensional vector and F; (U) : R — R™ i =

1,2,...,n a vector-valued function that satisfies

Z axz =S (U). (1.3)
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for a specific source term vector S (U). In many applications all the independent variables
x; have the same units (length in shallow water flows for instance). We include appli-
cations where one direction refers to length (axial) while a second variable describes the
angular direction (radians). One then needs to non-dimensionalize the system in order to
define its hyperbolic properties. For that end, let «; be the characteristic scale of U;, T
be the timescale, and L; the characteristic scale in the x;-direction. Then, system (1.3)
may be rewritten as

o0 & OF (U)

1=

S <U> . (1.4)

where (-) denotes the non-dimensional quantities and satisfy, &; = x;/L;,

Ui/aq (FZ)1 /(a1 Li/T)
- UQ(O-/Q 7 ]t:‘vl _ (Fi), /(wai/T)
Up /0t (Fi),, /(unLi/T)

We now define the non-dimensional Jacobian simply by Jﬁ(ﬁ-) — OF,;/0U. The PDE
(1.3) is said to be a hyperbolic system of conservation laws provided that for any unitary

vector (1 —1,...,mm), the linear combination of the dimensionless Jacobians Jg(F;)
md (Br) +md (B2) 4+, (B)

has real eigenvalues and a complete set of m linear independent eigenvectors.

Changing the characteristic scales would result in a rescaling of the 7 coefficients. There-
fore, the above definition of hyperbolicity is independent of the non-dimensionalization.
The vector-valued functions F; with j-th component (F;); are called the flux function in

the x;-direction for the conserved quantity U;.

Some examples of physical phenomena that can be modeled by hyperbolic conservation
laws are the Euler equations, the shallow water equations over an arbitrary topography

and the (1D) axisymmetric blood flow model [9)].
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1.4 Finite volume methods for hyperbolic conserva-

tion laws.

In one space dimension, a finite volume method is based on subdividing the spatial domain
into intervals, so-called finite volumes or grid cells, and keeping track of an approximation
to the integral of the conserved quantity u in each cell. In each time step, we update

these values using approximations to the flux through the cells’” interfaces.

Denote the j-th grid cell by [; = [:c 1 ijr%} as shown. Let us denote by UJ(") the

J—3)

approximation to the average value over the j-th cell at time ¢(™:

(o, L Q)
U; AIj/fju(x,t )dx,

— 1 is the length of the cell. For simplicity, we assume an uniform

grid, that is, x; = (j — 1) Az for a fixed Ax.

where Az; = Ty

=

When deriving a numerical scheme, we would like to achieve desirable properties that can
make the numerical approximation robust and accurate. In particular, conservation at

a discrete level is crucial when calculating flows near shockwaves. The Riemann sum

Z U J(n)Ax

Jj=1

approximates the integral of u over the entire interval [a,b]. Conservative numerical
schemes can preserve that quantity constant over time at a discrete level in the absence

of source terms.

At a continuous level, conservation reads

% Iju(m,t)dm =f (u (:cj+%,t>> —f (u <xj7%,t)> :



Introduction to Hyperbolic Conservation Laws 22

By the second fundamental theorem of calculus, the integration of the above expression

over the time-step [t ¢ )] yields
t(n+1) t(n+1)

/Iu(:ctnﬂ)dx /I.u(x,t(n))dx:/tw f(u< ﬁl,t))dt /(n) f(u(xjfé,t))dt.

J J

Rearranging the last expression and dividing by Ax gives

1 (D)) gy — L/ (n)
Ax/lju(a:t )da: = A Iju(:c,t )dx

1 t(n+1) t(n+1)

s / f<“ <$j+;,t))dt—/t(n) f(u (:Lg_;,t))dt].

This explains to us how exactly the cell average of u should be updated in one time step.

However, we cannot evaluate the time integrals on the right-hand side of the equation
exactly. This suggests the use of numerical methods of the form

At[

U(n+1) U(n
Az

F(n)1 _ F(”) :|

ity i3
where Fj (f)l is an appropriate approximation of the average flux across the interface x =
2

t(n+1)

1
F.(n)l ~ — ( < .1 t)) dt.
i—a At /t<n> Ful®i-y

It sounds reasonable to suppose the value of F 1 only depends of the cell averages U
2

and U™ ; ) of this interfaces, because the information propagates at finite time in hyperbohc

problems. We might need to extrapolate that information to approximate the data at

the interface. So, we may use a formula of the form

g — g 2—; F(u o) - F (v, o))
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Although this specific type of numerical method depends of the particular choice of F,
the above method is well-known as a explicit three-point stencil method. Some of

this particular choices are:

e One-sided left scheme:

tot1 X X X
ty X X X
Tj_1 :Bj ZIB]‘+1

FIGURE 1.1: One-sided left scheme.

e One-sided right scheme:

tn+1 X X X
tn X X X
Li—1 T Tj+1

FIGURE 1.2: One-sided right scheme.

e Forward Euler scheme:
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pi — o) _ 22_1 [f (U](K)J —f (Ug(ﬁ)lﬂ .

t‘n+1 X X X
tn X X X
xi-1 Zj Tjt1

FiGURE 1.3: Forward Euler scheme.

e Lax-Friedrich scheme:

thy1 X X X
tn X X X
Zj—1 Zj Tjt1

FIGURE 1.4: Lax-Friedrich scheme

1.4.1 The Central-Upwind method

The central-upwind method is based on the idea of taking the difference between each
cell-volume average. The procedure of this method is done by a reconstruction of the

cell-volume average at the interfaces of the grid cells C;.
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The solution U is approximated by a piecewise polynomial reconstruction p; (z). This

reconstruction must be conservative, second-order accurate and non-oscillatory,

- 1l z, <z <244,
Ulx,t) = ij (z,t) ¢, (v), where I¢, (z) = = 7
c; 0  otherwise.

The second-order accurate needs a piecewise linear reconstruction, as

Ulx,t)= U;n) + (Uz); (x — z5)

where x; is the center of each grid-cell. The non-oscillatory property must be obtained

via a nonlinear limiter, for example, the minmod limiter

v v vt -ur ol o
A , 0ell,2]
T

— mi J j—1 J= J+
(Uz); = minmod (9 TToAD .0 N

where
min;{z;} if z; >0 Vj,
minmod (a,b,¢) = ¢ max;{z;} if z <0 Vj,

0 otherwise.

After this step, we reconstruct U at the interface z = z; 11 as

_ o (n) Ax
Uy = U+ 5 (Ua);
. (n) Az
U;jr% = Uji— > (UI)jH.

The discontinuities that appears at the reconstruction step in the interfaces propagates

at finite speed, estimated by
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In the case of higher dimensions, with U a vector of N dimensions and F also a vector

of N dimensions,

= i () (01)) (000 (01,)) o)
o = o (500 (024)) 0 (00 (11, )

where \; < Ay < -+ < Ay are the eigenvalues of the Jacobian J (F) at U. Then, the

numerical flux is calculated by

+ - - + + -
a’ U —a; U, ) a;, . a;
n> _ J+%f( J+%> J+%f< its ity Jts
- + - - +3 +3
a1 —a, a’' 1 —a, I3 I3
ity its itz its




Chapter 2

Derivation of the blood flow model

2.1 The geometry of the vessel

We consider the dynamics of a blood flow passing through an artery, which is mathemat-
ically interpreted as a cylindrical-shape domain with a flow moving mainly in its axial
direction. Considering the 3D flow given by the Navier-Stokes equations can give impor-
tant details of the flow but it can be computationally very expensive. As an alternative,
reduced models can provide enough details to analyze specific features in the vessel, such
as pressure waves. Following that idea, 1D models have been derived in the past few
years by taking the Navier-Stokes equations in cylindrical coordinates and averaging over
each cross section. Such models need to assume axi-symmetry, which is an important
restriction. In this thesis, we consider a 2D model that falls between the two extremes.
That is, we only take a radial average in each cross section, allowing for variations in
the angular direction. As a result, we obtain a model that has a better balance between

computational cost and complexity.

Although it can be easily generalized, let us assume for simplicity that the vessel is
aligned in the x — z plane and that it extends along a curve that passes through each
cross section. The parametrization of such curve is assumed to be known and its location
is then represented by its arclength’s position s and coordinates (x,(s),y, = 0, z,(s)).

Each cross section is identified with the arclength position s of the curve intersecting

27
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it. Any position in each cross section is located with the angle 6 formed between the
displacement from the intersection and a reference vector. The variables and parameters
are functions of the axial position s and angle 6. As a result, the model allows for arbitrary

cross sections and variations in each angle 6, resulting in a 2D model.

The above parametrization is done such that s = 0 corresponds to the left end of the
vessel, while s = sy, is related to the right end. For each s, the cross-section denoted by
C(s) is contained in a plane passing through (z,(s), o = 0, z,(s)) and perpendicular to the
unit tangent vector T(s) = (cos (a (s)),0,sin (a(s))). Here a(s) is the angle of the curve
with respect to the horizontal axis x. Furthermore, for a point (x,y, ) in the cross-section
C(s), let 0 be the angle between the normal vector (—sin (« (s)),0,cos(a(s))) and the

displacement (z,y, z) — (2,(s),0, z,(s)). This gives the following change of variables:

x(r,s,0) =x,(s) — rsin(a(s))sin(0),
y(r,s,0) =rcos(6), (2.1)

2(r,$,0) = z,(s) + rcos(a(s))sin(0),

where 7 is the norm of the displacement. A sufficient condition for the change of variables
to be valid is that the radius r for any point in the cross section does not exceed the radius

of curvature of the parametrization. That is,

TS%(S):@,

where k(s) = |a/(s)| is the vessel’s curvature and R is the radius of curvature.

Figure 2.1 shows the schematic of the model to be derived below. The vessel’s radius may
vary as a function of angle, axial position and time, R = R(0, s,t). As a result, the vessel
may have any cross-sectional shape. On the contrary, one-dimensional models assume a
uniform radius, independent of #, restricting the cross section to be axi-symmetric. The

derivation of the model requires rewriting the Navier-Stokes equations [38] combined with
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w(6,s,t)

’ lGravity

FIGURE 2.1: Schematic of model for blood flows passing through a compliant vessel.
Here, R, u and w are the vessel’s cross-sectional radius, the radially-averaged axial
velocity and the radially-averaged angular velocity, respectively. See section 2.2.

the incompressibility condition given by

np =0

L (pVe) = =0, P+vAV,,

5i (V) = =0, P+vAYV, (2.2)
D (pV,) = —0.P+vAV, —pg,

V-V = 0.

in cylindrical coordinates (2.1) (subsection 2.1.1) and carry out an asymptotic analysis
to determine the leading order contribution under the following assumptions (subsection

2.1.2).

2.1.1 The equations in cylindrical coordinates

The derivation of the model requires the description of equations (2.2) in the coordinate

system (s, r,0). These equations, in compact form with e; = (0,0, 1)T, are

%(pv) = -V (P)+vA(V)—pges

V-V = 0.
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We describe here the material derivative 2, the gradient V and the Laplacian A in the

Dt

variables (s, 7, §)-coordinate system. Let us note that the gradient in cartesian coordinates

V = (0,,0,,0,) and the gradient in (s, r,6)-coordinates V. = (0s, 0, 0g) are related by

s = Ii{cos(a(s))&ﬂ—l—sin(a(s))@z}

|
0, = —sin(a(s))sin(0)0, + cos(8) 9, + cos (a (s))sin (0) 0, (2.3)
Oy = 7"{ — sin (a (s)) cos (8) 0, — sin (0) 9, + cos (a (s)) cos (9) 8Z}.

Also, the velocity field in cartesian coordinates V = (V,,V,, V) and the velocity field in
the (s,r,0)-coordinates V. = (V;,V,, V) are related by

Vi = gif{cos(a(s) Vi +sina(s) V.
V, = —sin(a(s))sin(0)V, + cos () V, + cos (a (s)) sin (0) V., (2.4)
Vo = %{ —sin (a (s)) cos (8) V, —sin (8) V,, + cos (a (s)) cos (0) VZ}.

Equations (2.3) and (2.4) can be reformulated by
V.=J7'V, V.=J'V,

where

(I —rsin(8)a’ (s))cos(a(s)) —sin(f)sin(a(s)) —rcos(f)sin(a(s))

J = 0 cos (6) —rsin (0) (2.5)

(1—rsin(f)a’ (s))sin(a(s)) sin(f)cos(a(s))  rcos(f)cos(a(s))

is the jacobian of the change of variable (2.1). The corresponding determinant of the

Jacobian is given by

|J|=7 (1 —rsin(0)a (s)).

J=<%Js J, rJ9>

The jacobian can be rewrite as
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with
cos (a(s)) — sin (0) sin (a ()
Js = 0 N cos (0) , and
sin (a (s)) sin (0) cos (a (s))
—cos (0) sin (a (s))
Jo = — sin (6) : (2.6)
cos () cos (a (s))

The above vectors are orthonormal, and also satisfies
(353, =sin(0), (I Js = cos(9)

Moreover, the expresion for J=! is

mds
JTrh= TN = | g |,
5
('f'>2 0 0 (l—j;|>2 0 0
I =1 o 10 |, U"N7= o 10
0 0 0 0 %

The divergence operator, in the (s,r,#)-coordinates is

1
V- (F, By, F) = mvc- [|J]J~1 (Fy, Fy, F3)] . (2.7)
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In the case of (Fy, Fy, F3) =V, we get that

1

V-V=—V.-(J|V.),
/]
and for any function f,
1
V- (fV)= |7|Vc-(|J|fVc)-

The above expression helps us to rewrite the material derivative in the (s, r, §)-coordinates

as

%{ = 0, (f)+V-V(f)
= 0 (f)+V-(fV)—fV-V 2.8
= O (f)+ ,f,| (|J]fVe) = |§‘ (171Ve) Y
1
N I_Jl{f?t(lJlfHVc-(IJlfVc)— I (1) }.

In the case of incompressible fluids, the last term vanishes and we obtain

L |J|{at<u\f>+v <urfv>}

(2.9)

Furthermore, the Laplacian can be expressed as

1, 1 u\

The Lapacian, by definition, is

A=V -V(f).
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In (s,7,0)-coordinates, we have

A = Ve (1077 V0)
B i i 1 Bl
= ’J|as(|ﬂas(f)) i O (1710, (f)) + |J| ( 990”))
r 2 1 T2 1
— <m> ass(f)+mas (m) 3s(f)+8w(f)+m@(lﬂ)@r(f)

Fsom (0 on (25

/1]

N (G R AR AT

57V (1Wldiag (7)) ) - ¥ (1)

One important property of our laplacian is

A(fg) =

fA(g) +2V (f)-V(g) +gA(f)

for any functions f,g. In (s,r, #)-coordinates,

A(fg) = FAg)+2((J71) 7 VL) () Velg) +9A ().
Now, we have
D D .
Dt (pVe) = Dt (/)J V)
= IV T V)
= % (J71) JpVe+ T [ =V (P)+vA(V) pgeg]
= ()T T () V(P) g ey v TA(Y)
— % (J71) JpV.— (JTJ)_1 V. (P) — pgJ 'es
T JA (VL) E]L;as (J) 8, (V.) + 20, (J) 9, (V.)
2 1 r? 1
#2003 (V) + 0. (D) 0 Vet 220 ()0, () Vs
|—;|ae <|TJ2|) 09 (J) Ve + #ass (J) Vet 0y (J) Ve + Tlgaee (J)V
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In order to summarize the calculations, we present the following list.

« 5 (I

(i) (% () v o) v

5 = 0, (4) VIT + 3%
0y () V.aT — Lodt - Lv,ah
Ve () Ve o (1) Ve —man (1) v

5T = | e () 0 a

L g, (12) , iy .
o J'O,(J).

o) = | =y, (M) 0 0
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o J10, (J).
o.(J) = | o (%)JS 0 J9>
0, (U) 0 0
J1o,.(J) = 0 0 0
0 0!
.« J710,(J).
9 (J) = (ag (M) 3, I, —rJr>
B0 (1) 0 0
J 0 (J) = 0 0 —r
0 10
o J 10 (J).
Dss (J)

/N
L |
L
2
w
@ N
ﬂ‘g
%‘ ~—
—
s}
—
N
()
=
| I
—
JF
— Q&

o ()34 0w () 3+ )

‘()0 ()3t o ()0 (1) 3t
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o J10, (J).
O (J) = 00 0)
000
J 9 (J) = | 000
000
o J 10 (J).
9o (J) = | o (M> J, —J, —7"Jg>

Fiow () 0 0

J 105 (J) = 0 -1 0
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Now, let expand the matrix

D (pVe) =
—rVe () Ve —mo- (F) v —ggow (B) v (7)o o
[ o, (1) v. 0 Ve pVe— o 1 o0 |VeP
LU, () v, —1y, ~1y, o 0 %
mds fror () 0 o oo () 0 o
—pg| a7 ]esw{A(vC)w 0 0 0 [or(Vo+ 3 0 0 —r |9(Ve)
5 0 0o ! 0 1
mo- () e () e () mo- () o o
+2 o, (121 0 0 95 (Ve) + o (1)) 0 0 o |V
_ 3 2, (12 0 0 0 0 1
() 0 o ao.(2) () Fe ()
+ 00 (1) 0 0 —r | Vet o (f7) o (1) 0 0 v
0 19 f%uae(%> 0 0
7 [0 (H1) = (o ()* K] Froer () o ()

Broee () 0 o
+% 0 ~1 0 VC}
0 0 -1

Straightforward but long calculations gives the Navier-Stokes equations combined with

the incompressibility conditions (2.2) in cylindrical coordinates (2.1). The new system is
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given by

= (p) = 0,
D
Dt

(o[4)° V) = ~au Mo () pv2  sinfa(s)

)
v {A (V) — Qﬁar (M) 0, (Vi) — 284 (Vp)
(5] o (20 () o
[ %)2+ (%—1)2] v, - %v}

Blorva) = =0, <P2>+¥ae (%) oV

120, (V;) — ﬁar (171rVs) -

T

|
s (2) - g ()] )

VC'<U|VC) = 0,

where P, = P 4 rcos(a(s)) sin(f)pg is the transmural pressure.

2.1.2 The dimensionless equations

We carry out an asymptotic analysis to remove small terms in the equations that do
not add a significant contribution in the budget and allows us to simplify the model.
Following [9], we define V;, V; 0, and Vj o be the characteristic radial, axial and angular
velocities. Let also A and Ry be the characteristic axial and radial lengthscales. Each
quantity is non-dimensionalized as r = Ry7, s = A5, t = Viof, Vi = V;,Of/s, V., = Vryoffr,
Vy = VooV, P = pViP.
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The dimensionless version of (2.10) is given by

D

57 (D) =0
D (5 @217 = —ﬂélﬁ—ﬂsin(a(s))~+u~ 1 57,7
Di\P| 7| Vs poVZ, Y5 12 T Vg PT 70\ 7 ) PVs

(2.11)

i (27~ [0 ()] 0

V.- (\jm) — 0.
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The small parameter in this expansion is the ratio between radial and axial lengthscales

€= 2" =2, (2.12)

Typical values in the aorta between the renal and the iliac arteries gives € &~ 1072 [9].
Furthermore, we assume that the gravity g, the scales of pressure ([P]), radius (R,), time

(T), axial and linear angular velocities (V;,, Vp,,) satisfy

[P]

Vso
" = 0(1), —0(1). (2.13)

RVoo

= 0O(1),

Under these assumptions, the acceleration of gravity is comparable to the characteristic
acceleration of the system in the axial direction. This is reasonable for typical velocities of
order O(1 ms™') and a timescale of ' = 0.1 s. On the other hand, the change of variables
is valid provided r|a/(s)|< 1. As a stronger assumption, we assume that ra/(s) is small,
which implies that the artery’s radius of curvature is large compared to its cross-sectional
radius. On the other hand, an approximate value for blood viscosity in arteries can be

taken as a constant v =4 cP =4 x 1072 g (s cm)f1 [18]. Using p, = 1050 kg m™*, and

R, =0.82 cm, it gives us ngg = (.56 x 1072. Based on this estimation, we assume
Rja/(s) = O(e), and L —0(0) (2.14)
%) — 5 poRg = . .

There is just one leading order term in the momentum equation in the radial direction

that is found as follows. The first term in the right-hand side has a factor of

[Pl [P Vi
po‘/r?o N povzo V;"?o

=0O(e?).

The second term has a factor of order O(¢~2). However, we ignore that term because

o.(|J|/r) = —sin(#)a’(s) R, = O(e).
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The viscosity terms are all order O(e€) or higher, and the left-hand side is O(1). Thus,

taking the leading order term, we obtain

which implies that P, is independent of 7. In the equation of balance for the angular
momentum, we will exclude only terms that are order O(e) or higher to keep the contri-

bution of the artery’s curvature on the flow. The first term in the right-hand side has a

factor )
v
PP VA
po(Ro‘/G,o)2 po‘/s?o (RO%,0)2

and we keep it. As discussed above, the non-dimensional parameter involving the viscosity
term is order O(e). For the terms inside the brackets, we assume that rVp, V, and |J|/r
depend all weakly on #, which is consistent with the fact that the blood flow moves mainly
in the axial direction. As a result, only two terms in front of the viscosity coefficient have

a leading contribution, as specified below in equation (2.15).

Similarly, we only exclude terms in the momentum equation that are order O(e) or higher.
All the terms before the viscosity coefficient are order O(1) or O(e). Only one viscosity
term inside the brackets has a leading contribution. The other terms have either a factor

of order O(e), or can be neglected due to the weak dependance on 6.
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The averaged leading order equations

After removing terms of order O(e?) in the dimensionaless equations (2.11), we obtain

=
N~ —
Il
il
I
ﬁz‘hz
N——
SO
/N

171
7

) ’5‘7‘92 o /)(E]‘Z]QO |j|<§e (152)
2

_5; sin (o (s)) | J]p + p’;]%ér (|f]|a} ( )) ., (2.15b)

* sz? (1712 (V) — 2] ) (2.15¢)

(p) = 0, (2.15a)
32 (5677 = ('f') ('i') oV 1710, (1)
@C~(|f]|\70) _— (2.15d)

Going back with units, we have that

T () =
|J\§<p['%'rvs> _ [

+v

as( ) — 17104 (P2) — |J]sin e (5)) pg

|
(121

iy (o) = v 2] 39(|J|>PV2 17135 ()
(171[0- (r*Va) —2rV4])

IS5

+

VO,

Although our system has 5 variables (V, V., Vi, P, and p) and 4 equations, we will provide
a closed-form of the pressure in terms of the radially-integrated Jacobian, as presented in
the next section. This closed-forms brings us a way to get a system of 3 equations with

3 variables which are conservation laws without non-conservative terms.
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2.2 The main system

Let R(s,0,t) denote the vessel’s cross-sectional radius at each position s, angle 6 and
time t. Using (2.9), the incompressibility equation (2.15d) and the Leibniz integral rule,

we have

‘/|ﬂ——w - @(LRﬂﬂm)+e%(LRﬂqu)+e%([Rﬂ@ﬂm)

I W = 0 (B) = W], 01 (R) = Vi, 00 () |

After an integration in the radial direction of (2.15a)-(2.15¢) assuming a streamline con-
dition
Vilier = 0 (R) + Vil Os (R) + [Vol,_5 9 (R)

at the artery’s wall and a slowly varying density, which is approximated by a constant

value respect to r, we obtain

0 (fy"11dr) + 0, (JyValJlar) + 0 (Jy Vallar) — 0
) (fo"" [irVSI.ﬂdr) + o, (fOR [ifvfuw) + o ([F [irwvguur)
= Jr {'i'} o (1) var ) P)fo |7 |dr
~sin(a () g [1dr v 2o ([4)'v)]
o0 (Jy*r2valJlar) + o, (i 2vv9u|dr) + 0 (J VgL

- [ ()

+; [T1(0r (V) —2rVe) ], _p

( R
ag( )fo \J|dr

Let us define

R 1 R 1 R
Am@&ﬂ:/LMnu@ﬁﬂzz/X%an@&ﬂzz/ﬁwanM)
0 0 o

where

2 3
A= A(R,s,0) = % - R? sin(6)a/(s)

is the radially integrated Jacobian. On the other hand, u and w are the radially-averaged
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axial velocity and angular velocity, respectively. The radially-averaged angular momen-

tum L is defined as "
fo r2Vp|J|dr

L= Ayw, Ay= .
T R dr
Under the new variables, the model is
O (A) 4+ 05 (Au) + 0p (Aw) = 0,
O (Vs o Au) + 05 (Vs 1 AU?) + g (s pAuw) = —AD; (%) — gAsin(a(s))
/]

O (AL) + s (¢9,1ALU) + 0p (¢9,2ALW> = —A0, (%)
J

+2 (171[0: (V) — 2rVg]) |

o )

where ¥ 5, V5.1, Vs.2, 19,1 and g2 are Coriolis terms satisfying

12

Veodu = [PL71[2] vidr,

M2
o Au® = [FID V2, e A2uw = [TV Vidr, (2.18)

/]

r

2
beoduw = [F]J] ViVidr, p2A%? = [F|J1r2Vidr.

The integral of the Jacobian in the radial direction A is one of our conserved variables.
This variable A satisfies that fs ‘11 0277 AdfOds is the volume in the corresponding artery’s
region. In the case of a circular cross section, the integral with respect to 6 gives us the
cross-sectional area. The balance of axial and angular momenta determines the other two

conserved quantities, given by

Ql = ws,oAua QZ = AL; (219)
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where 1, , takes into account the effect of curvature in the artery, and s, = 1 for
horizontal vessels. One still needs to determine a profile for the axial and angular velocities
Vi and Vj as functions of r to close the system. For a given profile, the non-dimensional
Coriolis terms s o, V5.1, V¥s.2, Vo1 and 1o are all explicit functions of A, s and 6. In fact,
those parameters are explicit functions of Rsin(f)c/(s) for the profiles considered in this
work, and are therefore constant parameters for vessels with zero curvature. See section

3.2 for more details.
Transmural pressure

The transmural pressure, which is the pressure difference between the two sides of the
artery’s wall is denoted by P,. The elasticity properties of the vessel are determined by a
relationship between P,, the area A and possibly the variables s and 6 due to non-uniform
properties in the artery (explicit dependence on parameters). That is, we assume that

the transmural pressure is an explicit function
Pg = PQ(A,S,H).

Furthermore, we assume that the transmural pressure vanishes at a given state at rest

A, = A(s,0) = %g - %g sin(f)c/(s) with R, = R,(s,0) such that

Py(A,(s,0),s,0)=0.

Some properties such as the hyperbolicity of the system are shown independently of the
profiles, and we take equation (2.17) as the most general form of the system. This closes
the system since everything is given in terms of the conserved quantities A, QQ; and Qs

and s, 6 due to the presence of varying parameters.
Conservation form

The model can be written in conservation form. For that end, we need to introduce the
following notation. The transmural pressure and other parameters such as the Coriolis
terms are explicit functions ¢ = ¢(A4,s,0) of A;s and . On the other hand, model
parameters such as R, and A, depend explicitly on (s,6). We will denote by 0y, 02, 05
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the derivatives with respect to A, s and 6, keeping the other terms fixed. Thus
as(P2<A(3a 6)’ t)) S, 9)) - 81P2 asA + 62P27

Op(Py(A(s,0,t),5,0)) = 01 P OgA + 05 Ps.

We distinguish them from 0y and 0y, which take into account the variations of the con-

served variables with respect to s and 6 over time.

In order to get the conservation form, we define the splitting of the transmural pressure

as
P2:ﬁ+]_?7

where

A
5(A5,0) = %/A Ady (P, (A 5,0)) dA,

which satisfy
A@S (P2> = 85 (Aﬁ) + Aaﬂ_ﬂ, and

Ay (P2) = 0p(Ap) + ADsD.

The 2D model for blood flows in arteries with arbitrary cross sections is written as a

hyperbolic system of balance as

U+ 0;F(U)+ 0, G(U) = 5(U), (2.20)
A Au
U= ws,oAu ) F (U) = ws,lAUQ + %Aﬁ ) and
AL AulL
por v (2.21)
Aw
G(U) = s 2 Auw

Yo ALw + S AP
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are the vectors of conserved variables and the fluxes in the axial and angular directions,

respectively. The vector of source terms is

0
~49,p — Asin (a(s) g+ [ 2o, %) V2|J|dr
_ v 17117
S (U) = +2 [|J|ar [—] v)}R

~dop+ [ oy () v2lslar

7 T

2 (1710, (12Vs) — 2r[ |Vl _p

(2.22)

We note that none of the source terms are non-conservative products. The source terms

only involve derivatives of the model parameters with respect to the explicit dependance

on (s,6) and no derivates of the solution itself are present. This prevents both theoretical

and numerical complications when shockwaves arise. Below we show explicit expressions

of the source and Coriolis terms for a particular choice of profiles for the transmural

pressure, axial and angular velocities. As we will see, the expressions are very simple in

the case of horizontal arteries (o (s) = 0).






Chapter 3

Properties of the model

3.1 Hiperbolicity of the model

The conservation form in equation (2.20) is crucial because it allows us to formulate the
Rankine-Hugoniot conditions for weak solutions in the presence of shock-waves. We can
apply the theory of weak solutions provided the model is hyperbolic. The hyperbolic

properties of system (2.20) can be studied through its quasilinear formulation.

In equation (2.19), we present the conserved variables of the model, as A, Q1 = 5 ,Au
and @) = AL. The flux in the axial and angular direction, in term of the conserved

quantities, are given by

1 @
¢s,o AG
B Vs 1Q7 1 B s201Q2
FO=1 e at,40 | ¢U=1 a4,
Y9 1Q1Q2 VeoQ3 1
T v ve _A
ws,oA AA0 +p b

The quasilinear formulation, which is given by

9, U + M, (U)9,U + M, (U) 9,U = S (U), (3.1)
49
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where the coefficient matrix are

1
(ws O> Ql ¢S o 0
M, (U) = | & ( )+81 (j’ﬁ)@? wglgl o |,
o1 o102 e1C
(ws o ) Q1Q2 % 0A9 ¢S,OA9
and . .
(@De OA) QQ 0 A_9
- ws 2 ¢s 2@2 ¢572Q1
Me (V) = (% OAAG) D@2y A4, b,
1 2
() a(ze

The vector of source terms of the quasi-linear formulation is

Oy (1/110) Q1 + 03 (%@) Q2
. 1 s, s
S(U)=S(U) - | & <;Ap) + 0, (f 1 ) Q7 + 05 (¢SfjA9) Q1G>
o (16) o ()0 ()
In terms of A, u, w and L, the matrices are
1
a S,0
ws o ! (w ) 9 A wS o 0
1 ¢s 1 s,0 q/js 1
M, (U) = | -0, (Ap) — 0 ’ 2 0
=1 p)wQ(ws,o) i( o ) AT
o () e

(3.2)

(3.3)

(3.5)
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and 4 .
—A—31 (Ag) w 0 a,
77st OAA9> 'QZJS 2 ¢s 2
My (U) = — 01 : 3.6
9( ) 1 ¢S,OA9 < ws,QAA e wso AG N ( )
S0 (4D - gd (S) 0 20
P Vg2
The vector of source terms of the quasi-linear formulation is
A A
1/18 082 ('Lﬁs 0) u 4+ A—eag (Ag) w
~ 1 1/13 1 ¢ 1/}5 OAAH
5(U)=5(U)+ | Loy (4 ( ) ( )2+ a( >
( ) ( ) P 2< p) wsow wsl ! wsoAH ¢52 w
AA
__a A 918 <77Z)5,0 ) L+ P ( 9> 9
s AP0 gy ) vt g )
(3.7)

The matrices M, and My have two null entries in one column and their eigenvalues have

explicit expressions given by

_ 10, (Ap
)\5 ¢0 1 )\5 2%,1 Aal (¢s,o)u :l: \/p 1 ( p) + T1U2, (38)

¢ w@ o 277Z)s,o 77Z}s,o

for M,, and

. Ny o Ag — AD; (A 10, (Ap.
)\gZZZ’Zw, M = e 92A9 1 e)w:t\/—p 1;9 )+T2w2 (3.9)

for My, respectively. Here,

Tl = ﬁ’o [¢s,1 - %Aal (ws,o)}Q + 1/’%,0 [Aal (wsal) - 77Z}571] ’ and
(3.10)

T, = ALg [W’?A@ - %Aal (A0>]2 + ALQ [AO1 (v9,2A0) — 1p.2A0]

are all non-dimensional quantities.

Below we specify the profiles for the axial and angular velocities. For those specific
profiles, we show that T; = T1(I') and Ty = To(I") are explicit rational functions of I,
where

[' = Rsin(0)d/(s). (3.11)
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Such functions satisfy T1(I' = 0) =

2
Zs’l (% — ) and To(I' = 0) = <¢9,2 - %) . The

special case I' = 0 corresponds to a horizontal vessel.

Proposition 3.1. Let us assume that p is strictly increasing with respect A, with positive

partial derivative, except possibly at A = 0 where the vessel collapses. The coefficient

matrices My and My given by (3.5) and (3.6) have real eigenvalues and a complete set of
1

eigenvectors, subject to the conditions 0 < R < T and T1,To > 0.

The condition 0 < R < ‘a,l(sﬂ indicates that the artery’s radius must not exceed the
artery’s radius of curvature and it is required for the change of variables to cylindrical
coordinates to be valid. This implies that the non-dimensional parameter I' satisfies
IT'|< 1. For specific profiles used in this paper for the axial and angular velocities, T4

and Y, are in fact non-negative for I' € [—1, 1].
Proof. Under the above hypothesis, and the fact that
o (Ap) = Adip > 0,

the expressions inside the square roots in equations (3.8) and (3.9) are non-negative. As
a result, all the eigenvalues are real. The expressions inside the square roots could only
vanish if A = 0 (or equivalently R = 0). It would also require that « = 0 or w = 0
if T1 = 0 or Ty = 0 respectively. This could happen for certain parameter choices,
specially in horizontal vessels. In any case, the condition R > 0 is sufficient to guarantee
that A% # A% and )\1 # N’ . However, the eigenvalue A3 may still have multiplicity 2 if it

coincides with A% or A*. And the same applies for the matrix M.

In the case when the eigenvalues for M, are different and writing My = (a;;), the eigen-

vectors form a basis and are given by

0 a1

s __ s __ S
Vo=1 0], Vi= AL —an
(a11—/\ft)a32—a12a31
a33—)\ft
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If A = A%, the eigenvectors are given by

0 12 a2

s __ s __ s __
vo=10 1|, vi=| X —a; |, Vi= AL —an

(au—)\i)a32—a12a31

a9 —\S
azz—A%

Since A% # A%, one can easily check that the eigenvectors form a complete basis because

a1 = ﬁ > 0. The case A\] = A% and the analysis for My are analogous. O

The hyperbolicity of the model requires that n,M, + ngR,My has real eigenvalues and
a complete set of eigenvectors for all ny,ny € R such that n? + nZ = 1. Here R, is a
constant in units of length that appears due to the fact that s and 8 have different units.
For the general case, the matrix nysM, + ngR, My has not a simple form. However, one
can easily analyze the special case of a horizontal vessel (¢/(s) = 0) and w = 0. In such

case, Vs 0, Vs 1, Vs,2, Y1 are all constant, and the characteristic polynomial is
P(\) = =2 + A2 + e\ + ¢,

where
co = (251 + o 1) uns,

a = %31 (Ap) (ng + %7@) + (—s1 — 2h51%0,1) u® 0,
Co = [—%31 (Ap) + ws,l'uQ] o1 3 u
~ R2
+%81 (Ap) %(_2,¢)8,1 + 7/)572) ng U MNg.
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Using Cardano’s approach, we know the characteristic polynomial has three distinct real

eigenvalues if

0 < =27c¢2 —18cycic, + 4ct — 4csc, + c3c3

= 4 (181(1413) + ¢s 1<¢s,1 - 1)u2> [%81(14]3) + (2¢s,1w9,1 — ¢871 _ w;l)uQ] 2 ng
1 GoO)'R

0
a1 (A
+4% (200921 + o1 (90 + 50g.1) — Y1 (6 + 9y o + 199.1)) mgmg
Ap)Riu
+4¢ [16103,1 - %,2103,1 - 4@031(5 + 202 + dibp)

+1hs 10,1 [Bs 2(=3 4+ g1) + (=5 4 g.1)0,1]

+¢§71(3 + w971(19 + 21#9,1) + %,2(9 + 6¢971)) ]nﬁng

( 31(1429)) ° §n4

124 ;

3
L01(Ap)) R}

+41ps 1 (=3 4+ 18t 2 + 410p 1) }n?né
+4—(%al(ﬁf))3Rg ng.

0
A sufficient condition for hyperbolicity is then

s > 1,
200071 + Vo1 (952 + 500.1) — s1(6 4+ 9s 2 + 199p,1) > 0,
16903, — s o0f — 402 1 (5 + 20 + 41y 1)
+s 10,1 [3Ys2(=3 4+ Po1) + (=5 + Vo,1)0,1]
+02 (34 o1 (19 + 20g,1) + Ys2(9+ 6y1)) > 0,
=322} — 2702, — 18ths ot 1 + U1 + 4bs1 (=3 + 182 + d1hg1) > 0.

We have verified that such condition is met when we use the specific profiles and parameter
values in Section 3.2. Although the hyperbolicity has been proved for the special case of
horizontal vessels with vanishing angular velocity, we believe this property is satisfied in
a much more general context because Proposition 3.1 shows that each coefficient matrix

can be diagonalized.
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3.2 Specific profiles of pressure, axial and radial ve-

locities

We present specific profiles for axial and angular velocity, which are linear functions of
the radially-axial velocity u and angular velocity w, respectively. Also, these profiles must
catch information about the curvature of the vessel, which is represented by coefficients
es and ey, respectively. Following [9], a Hagen-Poiseuille profile is assumed for the axial

velocity:

V, = e,Viu, V= [1 - (—)%] , (3.12)

where

A

es (A, s,0) = )
A0 [Fve (r, R)|J|dr

This profile vanishes at the artery’s wall and it is strongest at the center. The exponent
vs controls the transition from the center to the walls. Taking v, = 9, we get the effect of

a Newtonian fluid [39]. On the other hand, we use a similar profile for the angular velocity,

o N R A A e
Vs = egViw, Ve—[l %HR] (%) (3.13)
where
A
69(A7579):

SV (r B |]dr
In the numerical simulations we take vy = 2. It satisfies that the linear velocity rVj

vanishes at the center and 0,(rVp) = 0 at r = R. In terms of the above profiles

Voo = S P [AT VE,

A o s
2 2
€5 R « €s€9 (R *T 7%
or = SUTE e e = S5 vV, (3.14)
€s€0 (R 2 *Y/* e R *
Voo = S VeVl wes = S [ () I lar,
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where it can be found that each one of the above terms are functions of I', and, in the

case of o’ (s) = 0, these terms are constants. These gives:

4 (v, +2 49
3(’)/3+3) 2(78+4)
) 9 2 (27, 4+ 2) (7, + 2
Lk PR P (7+)(7+)F,
¥s + 1 3 3(27s+3) (vs +3)
’ _%+2[1_ (3 +2) (270 + 7 +2) } Lt LAY
2T, 2(y9+7s +1) (Y9 +7s +2)] 1 — 23T

2(v9+3)
{1 200 s +1) B + 2907 + 1176 + 3% +9)
(Yo +3) (79 + s +3) (379 + 27, +4)
(Yo +2) (Yo + s + 1) (70 + s + 2) (372 + 27570 + 157 + 4, + 16)F2]
(o +3) (o +4) (o + s +3) (Y6 + 75 +4) (37 + 275 +4) ’

+

w91=%+2[ (e +3) (e +4) 2%+ +4) } —5r
Vs (o +2) (Yo + s +3) (o + s +4) | 1 — Jetieear
2(573+147+10)
1-21] 1= (W*—F
b o489 Gure) 5] - ] ;
92 — , all
' 16 +2)(2v + 3 _ 2743 _ (78+3)(276+5)
(% ) ( R ) [1 2(72+3) F} [1 2(v9+2)(v0+5) F]
2 (19 +3)(2v9+5)
Ay = (Vo +2) 200+2)(015) | p2
= 27913 :
(o +3) (o +4) | 1- 72255

Transmural pressure

The elasticity properties of the vessel can be described by the dependence of the trans-
mural pressure on the radius A, and it must be an increasing function of A in order to
maintain hyperbolicity. As discussed in [40], the elastic properties of the vessel’s wall may
be impacted by the contraction of surrounding muscles or pathologies such as aneurysms,
among others. Although deriving an explicit dependence p = p(A, s,0) is complicated,
valid expressions can be found in [4, 13, 40]. Following [9], the numerical tests use the

following expression of the transmural pressure,

B/2
p(A,s,0) =G, (s,0) ((ﬁ) - 1) , (3.15)

where A, as defined above. This includes the effect of the wall’s thickness and the stress-

strain response. Here, GG, is the elasticity coefficient. Shear stress is ignored, and it is
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assumed that the transmural pressure of the fluid is the only force exerted on the vessel’s
wall. The parameter > 1 corresponds to a non-linear stress-strain response. The value
B = 2 provides a good approximation for experimental data [9]. The dependence of G,
and R, on s and f allows us to explore the change in elasticity properties of the vessel’s
wall, or to explore the influence of vessel tapering on shock formation [8, 10]. Here we
adopt the parametrization of the elasticity parameter in terms of the Young’s modulus

and wall’s thickness given by [41]
Go(s,0) = = Ey—, (3.16)

where Ey is the Young’s modulus, r4 (s, 6) is the radius at diastolic pressure and hy (s, 6)

is the wall’s thickness. In this thesis, we take that r; = R, and hg will keep constant.

The explicit expressions of the transmural pressure decomposition that appears in model

(2.20) that correspond to the transmural pressure relation (3.15) are

B 6 AO_A 2 B AO—A

~4 _ B 4 _
P(A,s,0) 5+2p a0 A P(A,s,0) 5+2P+B+QGO )

The transmural pressure terms in the source can be written in terms of the derivative of

the parameters as

-~

0op = Gﬁoazao - Aﬂoang, 05 = Gﬁoagao — Aﬁoang. (3.17)

-~

Furthermore, the needed expressions to compute the source terms are given by

2

[ g (3 ranrr
[ ()] - 3 e
[|J|3r (['i'zv> = TP
- dr=R

[|J|6T <7~2V'9) _ 2‘J|T%]T:R _ _ ('YG + 1)4(2/39—:32))(’)/9 + 4)

2A
ﬁL'

1-T
Ol PR
2(v0+2) (70 +5)
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3.3 Steady-States

Although transient flows provide a more complete description of pulsatile blood flows, it
has been shown that under certain circumstances, steady states (i.e., those independent
of time) provide enough information for clinical assessment. In [42], a 5% difference was
found in the time-averaged wall shear stress between transient and steady states. There
are, however, other clinical situations where transient flows are necessary for an accurate
description of the pulsatile blood flow. In any case, our numerical scheme is constructed

to accurately compute transient flows, including those near steady states.

The 2D model (2.20) admits a large class of steady states that arise when a delicate
balance between flux gradients and source terms occurs. Here, we characterize those
steady states for vessels with zero curvature (o’ (s) = 0, or @ = «, constant), zero
viscosity (v = 0) for fluids moving in the axial direction (w = 0). In those cases, equation

(2.17) becomes

0s (A u) = 0,
Oy (o1 Au?) = —A0, (1) — gAsin(ay),
0 = —A0, (1),

which implies Au = ()1(0) is independent of s. The parameter v, is constant in vessels
with zero curvature with the profiles in Section 3.2. The second equation for the balance

of momentum can be re-written as

u? p
Aas <¢5,1? + ; + gZO(S)> - O)

where

2o(8) = sin(a,) s

is the artery’s elevation above a reference height. As a result, smooth steady states for
vessels with zero curvature, zero viscosity and vanishing angular velocity satisfy that the
discharge (1 = Au and the energy E = ws,lu—; + "—Z + gz,(s) are independent of s, whereas

the transmural pressure p is independent of #. In particular, one could have constant
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discharge and energy. The steady states at rest correspond to the special case

u=0,w=0,R=R,(s,0),a(s) =0. (3.18)

Below we construct a numerical scheme that respects those steady states at rest for

arteries with arbitrary cross sections.






Chapter 4

Central-upwind Numerical Scheme

In this work, we use a central-upwind scheme, whose semi-discrete formulation is obtained

after integrating equation (2.20) over each cell C;; = [sjfl, SJ%} X [6,{7%,0,6%], with

2

center at (s;,0), Sjel = ;£ As/2 and Oper = O £ AB/2. The cell averages U, (t)

— 1
U..(t) = U (s,0.t) dsdf
],k() ASA@/C]-JC/ (87 7) S
are approximated by solving the semi-discrete formulation

d ﬁ . Hf—i—%,k (t) o Hf—%,k (t) H]G,IH-% (t) o ka_% (t) S
ar k) =~ As B Ad S (8),

with numerical fluxes HY and HY given by [43],

+ - - +
a’ F (U —a. F (U
F J+3.k ( J+%J€) J+3ik ( j+ik
‘]+§’ a, 1 - a/A 1
Jjts3.k Jt+3.k
a’ a,
J+3.k itk n _
a: 1, —@. It3 Itz
+ - - +
¢ 016 (Uny) = 95036 (Ul
H, 1 (t) - —
Jk+3 bt —b
G+t T Uikl
bjmlb;k#
ey —eaul LU VY
b+ 1 — b 1 j7k+§ ]7k+§
.77k+§ ]7k+§

61

(4.1)

(4.2)
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For any quantity of interest ¢ = ¢(U), the corresponding interface values are obtained

via the following piece-wise linear reconstruction

Q;L;,k = (jr T % (Qs)j,k; )

+ = As
Giy = ik S (4s)p s

=gk 7 :9 Ih (4.3)
qj7k+% = i T+ (%)M )
Q;’rk_% = % (Qﬂ)j,k )

where the slopes (g;);, and (gp);, are calculated using the generalized minmod limiter

. Tk — Dj—1k Gtk — -1k Dj+1.6 — Gk
(QS>‘j’k - mland (¢ AS I 2AS 7¢ AS > ) (44)
L Tk = Dk—1 Lg+1 — Die—1  Dikr1 — Gk
where
minj{zj} if Zj >0 VJ,
minmod (z1, 29, ++) = max;{z;} if z; <0 Vj,

0 otherwise.

Here, the parameter ¢ is used to control the amount of numerical viscosity present in the

resulting scheme.

The discretization of the averaged source terms

Sk (t) = ASAQ/ /S ) (s,0,t)dsdf

is carried out so as to satisfy the well-balanced property. This is explained in more detail

in Section 4.1.

" kandb L1

i are obtained
27 2

The one-sided local speeds in the s— and #—directions, a*
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. : 9F(U) 8G(U)
from the largest and the smallest eigenvalues of the Jacobians =57~ and aU , Tespec-

tively. Using (3.8) and (3.9), it follows that:

a;%’k, = max{ ()\i)jjr%’k : ()‘i)ﬁ%,w ey ()‘S)ﬁ o ()\s) ik 7uf+%’k,0}, (4.6a)
Cors = min{ YA Y 00 RPN A P 050 b k,utr;k,(]}, (4.6b)
b;rk+1 = max{ ()\G)JkJrl , ()\9 )J kel j_k+l= ()\e)j kil (/\9 )] pil ,w;tk+%,0}, (4.6¢)
-

s =mind (0 0w () () et 0 (46d)

The time integration of the ODE system (4.1) is done using the second-order strong

stability preserving Runge-Kutta scheme [44]

U =U(t) + At C[U(t)], (4.7a)
u® = %ﬁ + % (UW + AtCc[uy), (4.7b)
U(t + At) := U?, (4.7¢)
with
HY , (t)-H, (1) HY ,(@)-HS () _
CU(r)]; = — 2 2 2 1S (t)

The Courant-Friedrichs-Lewy (CFL) condition that determines the time step At is

1 As Af
< i .
At 4mm{a, b}’ (4.8)

where

+ - + -
a = max < max | a’ —a’ and b = max ¢ max (b b )
; { ( J+3.k ]+%7k>} ’ ik { ( Jkt+5T Tikts

Jik Js
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4.1 Steady states at rest and positivity of the cross-

sectional radius

The quantities of interest to compute the numerical flux in equation (4.2) are recon-
structed at the interfaces via equation (4.3) using the minmod limiter given by equation
(4.4). However, the reconstructed values need to be implemented carefully in order to
guarantee the well-balance property. For that end, we assume that the radius at rest
R, (s,0) is defined at the interfaces (sj, 91&%) and at <5ji%, 9k>, and we define it at the

center of each cell as

|
Rojii= 7 [Ro <sj_%,9k> +R, (sﬂ%,ek) +R, (sj,ek_%) +R, (sj,ek%)} . (4.9)

On the other hand, the angle a(s) is defined at each interface point s, 1. The deriva-
tives both at the center of each cell and at the interfaces are approximated via centered

differences as

O/(Sj> ~ As ) a(3j> ~ 2 )
(4.10)
a/(sﬂ_%) ~ a(SHlA)s_a(sj)’

which gives
R2 1 R3 1
_ 0j+3.k 0,j+35.k . /
Ay ji1g = —52 — —H2=sin(b)a <sj+;> ;
k2 27 2 3 2

i 1 R 1
Ao’j’k_i_% _ o,J,2k+7 . o,J:,skng Sln(0k+%)a, (8]) .

In order to reconstruct A at the interfaces, we define A = A/A, and reconstruct the

values A+ and AT
7,k+

Tk , at the cell interfaces using equation (4.3). The cross-sectional
3

2

area at the cell interfaces are then given by

A* Af A AF = AF A (4.11)

K ey .1 | = . 1.
]—l—%,k j+%,k,‘ 0.j+3.k? ],k—i—% ],k-‘,—% 0,J,k+35

This way, if R = R, or equivalently A = A, at the center of each cell (as it occurs for

steady states at rest), the same equality holds at the cell interfaces. Once the variable A
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is reconstructed, this gives the reconstruction for R by inverting it in terms of A. One
also obtains the reconstruction for the parameter I' via the relation

'+ R*

= ]+%7ksin(0k)ia’(sj+%), It | =R* 1sin(0k+%)o/(sj). (4.12)

This immediately defines all the parameter functions s ., %51, V52, Vo1, %e2 and Ay at
the interfaces. The conserved variables (); = 95,Au and ()2 = AL are reconstructed
directly via equation (4.3), from which we can recover the reconstructed values for u =

Q1 _ Q2 _ L
¢5,0A7L_ A,andw—Ae.

The source terms in equation (2.22) do not involve derivatives of the solution itself and
one can use the cell averages to discretize them. The partial derivatives 0;p and Osp are
with respect to the explicit dependance of the fixed parameters involved in the definition
of the transmural pressure. For instance, the transmural pressure p given by equation
(3.15) involves the radius at rest R,(s,f) and the parameter G,(s,f). The parameter
G, (s,0) is defined at the interfaces <sj,8ki%> and (33‘1%7916)7 and we define it at the

center of each cell as

Gogr = i 1Go (5,03.0) + Go (53000 00) +Go (5.0 ) + Go (s55,6001) |- (413)

The terms Oyp and Osp are given explicitly by equation (3.17). In that case, one only
needs partial derivatives of G, and A, which are approximated as

Gols; 1 1) =Gols;_14)
As ’

82Go(5j79k) ~

(4.14)
Go(s,, , 1)—Go(s., 1)
03G0(3j, Qk) ~ jiktd — k=% ’
Ao(s., 1 . )—Ao(s, 1)
aQAo(Sj,ek;) ~ J+%,kAS J l,k 7
(4.15)

A
ang(Sj, Qk) ~

In a steady state at rest given by equation (3.18), the reconstructed values of v and w

are zero, and the equality R = R, holds at the interfaces. As a result, all the numerical
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fluxes Hf L1 k,ka 1 and the source terms S;; vanish. We have proved the following
27 L)

proposition.
Proposition 4.1. Consider system (2.20), (2.21) and (2.22) with transmural pressure

given by (3.15). Then, the numerical scheme (4.2)-(4.8) with the discretizations given by
(4.9)-(4.15) is well-balanced, i.e., U(t + At) = U(t) for steady states at rest.

The following proposition shows that the CFL condition (4.8) guarantees the positivity of
A when the solution is computed with the Runge-Kutta method (4.7) and a slight mod-
ification is applied to the reconstruction at the interfaces. This is particularly important
in situations where the cross section is small. This is not a relevant case from the medical
point of view. However, we present it here for the sake of completeness and it would be

useful for applications involving collapsed tubes.

Since we have reconstructed A = A/ A, at the interfaces,

1
_ - - -
Aip =7 AL AT A

+
et T Am—é (4.16)

does not necessarily hold unless A, is constant. In the cases where one decides to im-
plement the positivity-preserving property, a modification in the reconstruction must be

implemented. Namely,

As

A7,y = min (maX{A;+%’kAo7j+%,k, A, 2Aj,k) (4.17b)

with the analogous procedure for A* Here Ay, is a threshold value needed to maintain

gkt
positivity in the reconstruction of the iilterface values. The threshold value can be chosen
empirically. This has been done in different contexts and it has shown to be useful in
achieving the positivity-preserving property. See for instance [45], where a scheme with
this property was derived for the shallow water equations. The threshold will be used

only when the corresponding variable (cross sectional area in our case) is small and there

is a risk of getting negative unphysical values. Despite the fact that the threshold is
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obtained empirically, it does not affect the performance of the numerical scheme and the
alternative of not using it could result in unphysical situations. In this work, we did not

include numerical tests where a threshold is needed but it could be used in a future work.

Proposition 4.2. Consider the scheme with the reconstruction algorithm described in

section 4.1. If the cell averages A,y (t) are such that
A (t) 20 ¥ 3k,

then the cell averages Ay, (t + At) computed with the Runge-Kutta method (4.7) for all
J, k, under the CFL limitation (4.8), will yield

A (t+ A >0 Y 4k,

Proof. Since our Runge-Kutta numerical scheme can be written as a convex combination
of Euler steps, one only needs to prove it for just one forward Euler step. The first

component in equation (4.1) can be written as

o o (1) 1)
Aj,k (t + At) = Aj,k (t) - % |:<Hf‘+é7k) - (Hf—%,k> :|
(1) (1)
At G €
a8 [(HM+§> a <Hj7k—%> ] '

Using (4.2), we can rewrite it as

U, —a. a’ —ut
Aat+A) = |2 gat_l JEas Sl A% £ A, 1y ﬂa,—_l e S = L i
4 As it3: aj—i—%,k_aj—&-%,k Jt+3, 4 As 73 aj—%,k_aj—%,k' J=3
1A Yars by A- 4| Ly At T A+
4 A6 jxk+%b;k+% — b dkts L4 AQ k3 b;fki% —b s k=3
T Y - S TRl ST ye
As j+%’k%++%,k—a;+%,k itk T As j_%’k“f_%,k—a;_%k J=3k
At N e AL Yy Thiey
A DR R U D

— 1
L= +
—|—A]7k 1 Aj_z
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The first four terms in the above equation will be non negative under the CFL restriction

> 0 and b7, > 0, the following four

. - - +
(4.8). Also, since aH%’k <0, bj,k:+1 <0, a ke

1
2 J=gk

terms in the above equation are also non negative, which concludes the proof.



Chapter 5

Numerical Experiments

Different numerical experiments are presented to show the merits of the numerical scheme
and the dynamics of the flow given by the model derived in this work. One can analyze
situations where vessels exhibit non-uniform elasticity properties and the corresponding

effect on the dynamics of the flow.

The velocity field in 3D views of the artery is computed as follows. First, we need to

compute the curvature radius, which is given by

3

. Ro\2) 2

(R4 RY): R(1+ (%))
C‘R?+2R3—RR%_1+2(%)2_%’

and we also define

Ry = 8.9R, Rgp = 0929]%

The total velocity at each point

(x(3>9)>y(3,9),z(s,9)) -

( — Rsin (a (s))sin (0) + x, (s) , Rcos(f) , Rcos(a(s))sin(0) + z, (s))

is given by
R, R
V(S,e) :UJS‘F\/WUTMW <J9+E‘9Jr) ) (51)
0

69
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where
1 R 69 R %
UTang = Z i 7"/9|J‘d7“ = Z ] T% ]J\d?‘ w. (52)

For convenience and easy of notation, we define the strain R = R/R, at the center of

each cell.

In all cases, we apply periodic boundary conditions in #. The boundary conditions in the
axial directions are specified in each numerical test. Also, the parameters used for these
numerical experiments are: blood density p = 1050 kg m >, blood viscosity v = 4 ¢P,
B=2v=29, v = 2, Young modulus Fy = 400 kPa and hy; = 0.5 mm. Finally, we take
rq = R,.

5.1 Horizontal vessel with tapering: evolution of per-

turbation

In this first numerical test, we consider the simple case of a horizontal vessel (« (s) = 0)

with tapering. That is, A, is given by

A, (5,0) =A5(1—5T,), R,(s,0)=1+/24,(s,0),

where T, = 0.005 cm™ is the tapering factor and A% = (0.82 cm)Q. The initial vessel’s
radius consist of a perturbation from a steady state. The perturbation is located in the
middle of the artery. Specifically, the center is at s* = 25 cm and 6* = 7 rad. The initial

radius is then given by
R(0,s,0) =R (0,s,0) R, (s,0), where

. d(s,0)
1 lf RO(S*,G*) > ]'7

R (0,s,0) =

L dsin ([1- 558095 5) i gy <1



Chapter 5. Numerical Fxperiments 71

and

d (S’ ‘9) = \/% [.T (8*7 0*) - (‘97 0)]2 + [y (S*’ ‘9*) -y (87 8)]2 + [Z (8*’ ‘9*) -z (87 9)]2

Neumann boundary conditions are imposed at both ends (s = 0, sy) with s, = 50 cm.

b
2 (a) (b)
e =2
N N -2
2 15 ¢
40 20 05 2
30 y (cm)
20 ' (c)
x (cm 10 —>
o o7z o 2 Bl
y(cm) * _215 o2
| . —— oy 25 -2
0.9 0.95 1 1.05 1.1 y (cm)
(d) (e) )
—~ 2 2 2
N -2 2 -2 2 2 B 2
15 0 15 0
20 25 -2 20 25 -2 o 20 25 -g
X (cm) X (cm) x (cm) y (cm)

FI1GURE 5.1: A 3D view of the vessel. The arrows near the wall indicate the velocity

field given by equation (5.1). The color bar indicates the strain at time ¢ (R(t ;s,0)).

The initial conditions, which consists of a radius perturbation near s* = 25 cm and

0* = m/4 rad is shown in (a), where the entire artery is visualized. The rest of the

panels show a section 15 cm < s < 35 cm where the perturbation evolves at times

t =0.0005 s (b), t =0.001 s (c), t =0.0045 s (d), t = 0.005 s (e) and t = 0.1 s (f). The
arrows indicate the 3D velocity field given by equation (5.1).

In this first numerical test, the initial conditions consist of a radius perturbation from a
steady state. That is, the transmural pressure is zero everywhere in the artery, except in
an area near (s*,6*) where the radius is above the steady state one and the transmural
pressure becomes positive. Figure 5.1 shows a 3D view of the artery with the above initial
conditions in panel (a). This generates a displacement that consist of a radial expansion
at early times, and it can be observed in panels (b) and (c¢). The color bar indicates the
ratio of the vessel radius at time ¢ and its initial value (R(t ;s,6)/R,(s,6)), which can
help us identify the evolution of the perturbation. The initial perturbation covers only a
partial side of the artery’s wall and the displacement goes in both the axial and angular

directions. At later times in panels (d) and (e), the displacement has already reached the
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Segment |Length |[Left radius [Right radius
cm cm cm
I 7.0357 |1.52 1.39
I1 0.8 1.39 1.37
I1I 0.9 1.37 1.35
v 6.4737 |1.35 1.23
\Y 15.2 1.23 0.99
VI 1.8 0.99 0.97
VII 0.7 0.97 0.962
VIII 0.7 0.962 0.955
IX 4.3 0.955 0.907
X 4.3 0.907 0.86

TABLE 5.1: Description of aorta’s geometry and dimensions. The segments, their
lengths, left and right radii are shown in the first four columns. Such values were
obtained from [41, Table IV].

opposite side of the wall and it has come back to the initial location by periodicity in
the angular direction. The last panel (f) shows the solution at time ¢ = 0.1 s where the
displacement has already propagated in the axial direction outside the visualized region.

As a result, the artery has recovered its initial unperturbed steady state.

5.2 Aorta vessel with discharge

The previous case showed that the model and the numerical scheme produces good results
for perturbations to steady states in horizontal vessels. For the rest of the numerical tests,

we will consider geometries similar to an idealized aorta without branches.

Let R} (s) be the piecewise linear function of s obtained according to the radius at diastolic
pressure shown in [41, Table IV], which we present in table 5.1 for the convenience of
the reader. The initial conditions for the artery’s geometry is described by cross sections
given by

R, (s,0) = I; (s) h(0),

where h(6) is a function that determines the type of cross section that we may have.
We note that we obtain circular cross sections when h () is constant. As it is reported

in [46], however, we may observe cross sections that have an elliptical-like shape in the
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Vessel

Velocity at left
boundary (m/s)

_20\
70
e
-25. Q60
UO
/{)/H_\, & 50 -
0 ] 4 5 10 15 20 25 30 35 40
0~y (cm) Arc-length (cm)

FIGURE 5.2: Blood flow simulation passing through the full aorta. Left panel: 3D

view of the aorta. Top right: Velocity at the left boundary in a cardiac cycle as a

function of time. Middle right: Profile of R, as a function of arc-length s for different
angles. Bottom right: Profile of G, as function of arc-length s.

aorta. We then choose
1 — &2sin (A)?

hO) =\

where £ is the eccentricity and & € [0,1). Graphs of R, as a function of axial position s

for different values of 8 are displayed in the middle right panel of Figure 5.2 .

The parameter G% (s) is given by equation (3.16). A graph of G, is displayed in the

bottom right panel of Figure 5.2. As an approximation to the aorta’s curvature, the
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angle « (s) is given by

1 - s&em) 5 if 0<s<1263cm,

if s> 12.63 cm.

|
IR

That is, the vessel is straight up at the upstream boundary «(0 cm) = 7/2 and points
down at s = 12.63 cm, where «(12.63 cm) = —7n/2. Figure 5.2 (left panel) shows a 3D
view of the tapered vessel at time ¢ = 0 s. Here, we use 200 grid points in the axial
direction and 180 grid points in the angular direction. The initial condition is given by
A=A, u=0and L =0 in a tilted vessel with elliptical geometric shape ({ = 0.4),

which would have corresponded to a steady state if the vessel was horizontal.

At the left boundary (s = 0), we impose a velocity that corresponds to a cardiac cycle
(to be specified below) and Dirichlet boundary conditions for the radius R = R, and
w = 0. The discharge at the left boundary breaks the balance and induces a moving
state. Neumann boundary conditions are imposed at the right boundary. The time series
for the velocity at the left boundary was obtained from [10], and it was approximated
using the first 15 elements of its Fourier decomposition. Initially, the velocity at the left
boundary increases up to speeds above 1 ms™!. A graph of the inlet velocity as a function

of time can be found in the top right panel of Figure 5.2 .

In Figure 5.3, we show the evolution of four variables, radius R, axial velocity u, pressure
p and tangential velocity Upgng, over 2 seconds at s = 21.10 cm. Here, the vessel’s radius
R is increased due to the influence of the inlet velocity given by the cardiac cycle. On
the hand, the transmural pressure reaches its maximum of approximately 7.1 kPa near
t = 0.2 seconds, followed by a decay. Here, the transmural pressure profile is similar for
each #. In the top right panel we observe the evolution of the axial velocity. Since the
initial condition is u = 0, the profile starts with an increment to 0.61 ms™—!, followed by
a decay to —0.1 ms~!, and by an increment to 0.44 ms~! reached at 0.52 s. After this
time, the profiles given by different 6 values diverge from each other. At § = 7 /2 rad the

velocity reached a maximum of approximately 0.69 ms™! at ¢ = 0.70 seconds, while the
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FIGURE 5.3: Profiles as a function of time at s = 21.10 cm. Top left: Radius R at
different angles. Top right: Axial velocity u. Bottom left: Pressure p. Bottom right:
Tangential velocity Urang-

other profiles show a decay to 0.31 ms™! at the same time. After that, the profiles evolve

in a quasi-periodic way.

Finally, the tangential velocity profiles are shown in the bottom right panel of Figure 5.3.
Here, we observe that the value is much lower than the axial velocity. One can observe
that the tangential velocities are much weaker at angles §# = 7/2 and 0 = 37 /2 rad, while

the other two (0 = 0 and # = 7 rad) are approximately opposite in sign.

5.3 Idealized aorta vessel with a bulge

Non-uniform elasticity properties in a vessel may be caused by diseases such as stenosis
and aneurysms. In this numerical test, we analyze possible changes in the flow dynamics
when the parameters GG, and R, are non-uniform in a localized regions in the artery’s
wall. In particular, G, is reduced at (s = s* = 21 cm, § = 0* = 37/2) and R, is increased

near that point, when compared to the previous case. Such changes in the parameters



Chapter 5. Numerical Fxperiments 76

(a) () R (CT)6 (d) G, (kF;z)
=1 [—No stiff —- Stiff| 5 - 5
2 r\ 60
e 0- 1.4 0-
w ol 55
-5- 5 -
10 20 30 40 __ 1.2 "
g-10- -10 -
(b) S .
F 60 —No stiff = - Stiff] N -15 - , 1 -15 -
53 -20- -20 - 40
o 40 . |
© "2 “25- 35
2 O ‘ I : ' (‘.4’/ P
10 20 30 40 VLI L
Arc-lenath (cm) o O : 0 X (craJ

FIGURE 5.4: Parameters for an artery with a bulge in a localized region where the

wall is less rigid. In black solid line, profiles of G, (panel (a)) and R, (panel (b)) at

0 = 37/2 rad are shown, while the red dotted lines correspond to the base case with no

bulging. The profiles are given by equations (5.3) and (5.4). Panel (c): 3D visualization

of an idealized aorta where the color bar denotes G, values. Panel (d): same a in middle
panel with R, values in the color bar.

are aimed at simulating an artery with a bulge in a localized region where the artery is

also less rigid.

The parameters G, and R, are given by

G3 (s) if d(s,0)>h(0)R;(s),

o

G, (s,0) = (5.3)
[1_%sin([1_h(g§;§>(s)] g)]G; (s) if d(s,0)<h(0)R(s),
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and
h(6) R? (s) it d(s,0)>h(0)R(s),
R, (s,0) =
{1 + Lsin ([1 - %} g)} h(O) R (s) if d(s,0) <h(0) R (s),
‘ (5.4)
where

d(s,0) = \/i [ (5%,60%) — @ (5,0)]" + [y (s%,6%) —y (s.0)]" + [z (57, 6%) — 2 (5,0)]".

A graph of the parameters at § = 37/2 rad as a function of s is shown in panels (a) and
(b) in Figure 5.4 . A 3D visualization of the aorta using R, (c¢) and G, (d) in the color

bar are displayed to localize the region where the elasticity properties of the artery vary.

/
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FIGURE 5.5: Panels (a) and (b): 3D view of the artery with color bar computed based
on R = R/R, at times t = 0.2 s and ¢t = 0.3 s respectively. Panels (¢) and (d): Same
as in (a) and (b) with a color bar computed based on w.

As initial conditions, we set

R(0,s,0) = R,(s,0), u(0,s,0)=0 and L(0,s,0)=0.
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Figure 5.5 shows the effect of the bulge with non-uniform elasticity parameters in the
flow dynamics. For instance, panels (a) and (b) shows a 3D view of the artery near
the bulge where the color bar indicates the ratio R/ R, at times t = 0.2 s and ¢t = 0.3 s
respectively. Such ratio indicates how much the artery’s radius has been deformed from
the initial conditions. One can observe a stronger deviation from the initial conditions
(about 10%) near the bulge at ¢ = 0.2 s, when compared to the rest of the artery. Such
deviation is reduced at t = 0.3 s. On the other hand, a color bar computed based on the
axial velocity is displayed in panels (c) and (d). We observe a negative displacement in
the upper side of the bulge and a positive displacement in the lower side of the bulge at
t = 0.3 s. However, the axial velocity becomes positive everywhere at later times (not

shown) due to gravity and the fluid discharge in the upstream boundary.

] (a) n/2 rad , (b) 3w/2 rad {c) Differences
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FIGURE 5.6: Axial velocity profiles as a function of time at s = 21 cm. Panel (a):
Profiles at # = 7/2 rad. Panel (b): Profiles at § = 37/2 rad. Panel (c): Profile
differences for § = 7/2 rad (ocher dashed line) and # = 37 /2 rad (purple dotted line).

Figure 5.6 exhibits a quantification of the observations discussed in Figure 5.5. Specif-
ically, the axial velocity as a function of time at s = s*, § = 7/2 and 6 = 37 /2 rad
are displayed in panels (a) and (b) respectively. For comparison, we include a graph
corresponding to the base case in Section 5.2 . The bulge is at § = 37/2 rad (panel (b)),
where the velocity is decreasing near it. The differences could be up to about 1 ms™!, as
we see it in panel (c¢). Panel (a) shows the axial velocities experienced by the fluid on the

opposite side of the wall, where the impact of the bulge does not seem to be significant

in the time window considered here.
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5.4 Vortex-like structure in aorta vessel with a bulge
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FIGURE 5.7: Parameters R, and G, given by equations (5.5) and (5.6) as a function

of s at # = 7 rad are shown in panels (a) and (b) respectively (red dotted lines). The

black solid lines correspond to the base case in Section 5.2. Panel (c): 3D view with
color bar denoting R,. Panel (d): same as in (c¢) with G, values in the color bar.

In this numerical example, we consider a situation where the GG, parameter has a negative
perturbation in a localized lateral section of the artery near the upstream boundary and
R, is also increased in the same sector, as specified below (see Figure 5.7). This situation
is associated with an idealized thoracic aortic aneurysm [47], where the artery’s wall is

less rigid in a localized zone. The two parameters GG, and R, are given by

G (s) it d(s,0) > h(0) R (s),

[1_§sin([1_h(g§;§>(s)] g)]G; (s) if d(s,0)<h(0)R(s),
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FIGURE 5.8: Circulation pattern in an idealized aorta vessel with a bulge. Three

dimensional views of the artery with the velocity field at ¢ = 0.2's (a) and ¢t = 0.4 s

(b) are shown where the parameters G, and R, are given by equations (5.5) and (5.6).
The arrows indicate the 3D velocity field given by equation (5.1).

and
h(0) R (s) it d(s,0) > h(0) R (s),
R, (s,0) =
[1+§sin([1-$;§>@} g)} h(0) R (s) if d(s,0) <h(0) R (s),
\ (5.6)
where

d(S, 9) = \/[27 (5*7 6*) -z (87 0)]2 + [y (8*7 9*) -y (57 ‘9)]2 + [z (5*7 9*) -z (87 9)]27
s* =5 cm, 0 = 7 rad.

A 3D view of the artery at time ¢ = 0.4 s can be found in panels (a) and (b) of Figure
5.8, respectively. In each panel, the velocity field is shown to analyze the change in the
dynamic. The color bar shows the axial velocity contours. Panel (a) shows a section
of the artery near the perturbation. The bulge induces a vortex-like structure at time
t = 0.4 s in the lower region of the bulge but the flow moves in the downstream direction

after it passes that region where the artery is less rigid, that is shown at panel (b).
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The circulation pattern has been extended to a larger region, where the axial velocity is
negative in the right side of the artery (7/2 < 6 < 37/2) near the bulge and positive
on the opposite side. Circulation patterns can be found on other simulations. See for

instance [48].

5.5 A discussion about parameter regimes and the

numerical results

The numerical tests presented above focused on evaluating different aspects of the model
and the scheme. Regarding the model, the main purpose is to show the higher level of
details that it can provide when angular variations are allowed in a non-uniform general
cross section. One-dimensional models with axi-symmetry have shown to be in good
agreement with 3D models and with experimental data, as explained for instance in [19].
The 2D model derived in this work reduces to the 1D counterpart when the vessel’s cross
sections are axi-symmetric. Even in that case, they can be in good agreement with exper-
imental data. The interested reader can see more details about such comparisons in [19].
Despite the fact that in our setting we are only focusing in idealized aorta simulations,
the profiles for the pressure as a function of time is similar to the profiles obtained in this
work. The additional attributes in this model that accounts for variations in the angular
directions were obtained by assuming very reasonable assumptions. It allows us to obtain
more detailed features of the vessel when the cross sections are irregular. It can provide

useful information in situations where experimental data could not be available.

Finding detailed experimental data is not an easy task. When available, one can use such

data to estimate the model’s parameters. For instance, a relation between stress and

strain in a dog’s artery is shown in [49]. In this context, the strain R is the ratio between
R+ R; R

the midwall radius R = — and the non-stressed midwall radius R,, R = —. The

outer (Rp) and inner (R;) vessel’s radii be defined as Rg = R + %hd, Rr =R - %hd,
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FIGURE 5.9: Relation between strain and stress in dog’s arteries. Experimental data

from [49] (bottom panel of Figure 1) in star symbols and the corresponding curves for

different midwall radii R, and fixing the wall thickness hy = 0.5 mm and the p, = 9

kPa. Furthemore, the pressure p was calculated using f = 2 and G, is as (3.16), with
FEy = 250 kPa.

where hy is the wall’s thickness. The stress o is given by

_ 2[2po+p} N
(#) - (&)

where p is transmural pressure (3.15),(3.16). The relation Strain-Stress relates how much

an object is deformed respects its initial state and the force that is required to deform
it. Figure 5.9 shows the experimental data in [49] for the strain-stress relation together
with different midwall radii R, and fixing the wall thickness h; = 0.5 mm and the p, = 9
kPa. Furthermore, the pressure p was calculated using § = 2 and G, is as (3.16), with
Ey = 250 kPa. As we can see, the model’s parameters can satisfactorily approximate
experimental data when chosen properly. Of course, the parameter values used in our
numerical tests are different because they are meant for idealized aorta simulations in

humans.



Conclusions

Three dimensional blood flow models provide detailed information of the fluid’s evolution,
giving accurate and realistic results. However, they involve a high computational cost
and are not always a practical tool. As an alternative, one dimensional models have been
derived in the literature. Those models consist of limiting equations that assume the
cross sections to be circular with a small radius when compared to the artery’s length.
Of course, those models involve a low computational cost but they are limited by the
conditions used to derive them. Although they have shown to be useful to simulate

pressure waves, one loses detailed information of the artery’s evolution.

In the fisrt part of the thesis, we have presented a new intermediate two-dimensional
model that allows for arbitrary cross sections. The limiting model is valid for small
cross-sectional ratios and other reasonable assumptions. We present this model as an
alternative with a better balance between realism and computational cost. The resulting
system is conditionally hyperbolic and the spectral properties are described. We have also
provided a well-balanced positivity-resulting central-upwind scheme to obtain numerical

results. We tested it in idealized aorta models with damaged areas among other scenarios.

In [13], a different expression for the transmural pressure given in (3.15) is offered in order
to consider blood flows in veins. It is also possible to do it in this context as long as the
fluid is Newtonian. Furthermore, in such situations one could also consider veins with
twists. In the present model, the axis passing through the center of the vessel is assumed
to be aligned in the (z, z) plane for simplicity. However, it can be easily generalized to
any curve as along as the radius curvature does not exceed the vessel radius. The above

research directions will be considered in a future work.
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Chapter 6

Introduction: Generalized

Quasi-Geostrophy

A great variety of geophysical phenomena both occurring in the ocean and the atmosphere
have a direct impact in the society. Mathematical models based on Partial Differential
Equations (PDEs) have demonstrated to be very useful in predicting their evolution. Such
models play an important role in the area of atmospheric sciences. Due to the complexity
of the phenomena under consideration, it is desirable to have at our disposal simplified
models that disentangle some of the processes involved in the formation of coherent

structures and their evolution as well as the triggering of atmospheric instabilities.

Among the simplified models referred to above, one of the most successful models is the
celebrated quasi-geostrophic (QG) equations, which considers a balance between pressure
gradients and Coriolis forces [23]. The success of the QG equations is due in part due to its
practical simplicity. Only one equation of motion is necessary for the potential vorticity
(PV) and the velocity and density can be diagnosed from it. From the theoretical point of
view, the QG equations lead a decomposition of balance (low frequency) and unbalanced
(high frequency) components. Slow balanced components are associated, for instance,
to the vortices observed in the ocean and in the atmosphere. They evolve on a slow
timescale and persist over time (months) as a coherent structure. On the other hand,

the fast unbalanced components are associated to intertia-gravity waves and move much
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faster. The study of such decomposition of the flow have received a lot of attention and
a vast amount of literature exists out there regarding this phenomenon, including the
spontaneous generation of inertia-gravity waves and the study of slow manifolds where
flows evolve in time near balance. See [24] for a review. It has also been of interest the
study of the effect of both slow and fast modes in the formation and evolution of coherent
structure. In that direction, interactions between vortical and wave components in the

Boussinesq and shallow water equations have been studied in [25-27].

The slow and fast modes have been mainly studied in the Boussinesq and rotating shallow
water equations. In the case of the atmosphere, that corresponds to the dry case where no
moist is considered at all. Very recently, a huge effort has been dedicated to developing
the concept of low and high frequency components in the presence of moist. In [28],[29],
the precipitating Quasi-geostrophic equations (PQG) are derived and implemented. In
[29], the PQG model was analyzed in both scenarios: with saturated and unsaturated
atmosphere. Although this work has been very successful, the implementation of the
model is very challenging because the moist potential vorticity involves stiff terms and

the the PV-inversion is very complicated.

In [30], quasi-geostrophy was generalized for anisotropic rotating flows in the dry case.
The model was derived using asymptotic analysis in terms of the Rossby number and
assuming certain assumptions for the characteristical scales. One notes that the asymp-
totic limit in this setting is different than the regular QG assumptions described above.
In particular, in [30] the vertical extend is considered large compared to the horizontal
lengthscale. The leading vertical velocity does not vanish, as opposed to the regular QG
equations. In this work, we extend that approach taking moist into consideration. One
contribution in this thesis is the derivation of a new model that encompasses a concept of
balance and unbalance components in the moist case. We generalize quasi-geostrophy to
the moist case in a parameter regime typical of those considered in [30]. One aside advan-
tage here is that no PV-inversion is required. The resulting model is multi-scale where
the averaged moist and equivalent potential temperature evolve over a slow timescale and

the fluctuations evolving on a fast timescale.
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6.1 The Boussinesq approximation for a minimal model
with moisture, phase changes, turbulence and

precipitation

The starting point to derive our model is the system of Boussinesq equations valid for
flows in which the depth of fluid motions is small compared to the density scale height [50].
Such system can be derived from the Navier-Stokes equations [51], and are particularly
helpful in this context because it filters acoustic waves and nicely decomposes inertia-
gravity waves from vortex solutions. In this section we provide more details about this

system.

We follow [52] for the derivation of the virtual- and equivalent- potential temperature
variables in the description below. The arguments for conservation of mass and balance

of momentum can be found in [38].
Conservation of mass

We begin by considering the equation for conservation of mass, which states that the
mass rate of change of a parcel in a volume V is equal to the rate at which mass crosses
through the boundary of the volume per unit are per unit of time. Letting m be the mass

and p the density, the rate of change of the mass in the volume V' is given by

d d 0
Em(V,t):%/Vp(x,t)d‘/—/vap(x,t)dv.

Let u(x,t) denote the velocity field and n the outer normal vector at the boundary OV'.
The mass passing through the boundary can be computed by projecting the velocity field
in the normal direction and taking the overall contribution over the boundary. The above

statement together with the divergence’s theorem we get

— [ p(x,t)dV = —/ pv - ndA = —/ V- (pu)dV.
dt v ov \%
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Since the above relations holds for an arbitrary volume, conservation of mass is finally
stated as
dp

a +V. (,011) = 0. (61)

An incompressible fluid further satisfies that the velocity is divergence free:
Opu + Oyv + O,w = 0.

See [38] for more details.
Balance of momentum

Lagrangian coordinates help us find the equations of motion of the velocity field by
describing the movement of a parcel with trajectories influenced by the internal and
external forces acting on the fluid. Let x(¢) denote the particle’s position at time t. The

acceleration of the particle is then given by the so called material invariant

d D
Julx(t). 1)) = du +u- Vu = Fltl
Let us first consider surface forces acting on the fluid. In this work we first consider

normal forces given by the pressure p(x,t) exerted per unit area over the surface OV.

The overall contribution over the boundary is

Soy = —/ pndA = —/ VpdV.
v v

On the other hand, letting b denote the body forces per unit of mass, the balance of
momentum reads
u
— = —Vp+pb.
Py ptp
In the Boussinesq approximation, the body forces represent the effects of gravity in the

density fluctuations, and are taken to be
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where the density is decomposed into background density plus density fluctuation p =
po+b(2) + o', and k = (0,0,1) is the direction of gravity. One can rewrite the ideal gas

law in terms of this decomposition, giving

,0/ P T

p P, T,
where 7' is the temperature, T, a reference value and the primes represent deviations from
the average value. A scaling analysis for ideal gases shows that the contributions from
pressure towards buoyancy is small when u?/c* << T"/T,. See [52] for details. Here u,
is a velocity scale and c is the isentropic speed of sound. One can then approximate the

buoyancy of a parcel in terms of temperature fluctuations

T/

o
The previous approximation is a good approximation but we need one more appropriate
one for a parcel that is composed of different phases such as a moist fluid. In [52], the
virtual liquid potential temperature 6,, is proposed to measure the temperature of an

ideal gas in a hetereogenus system composed of dry air, water vapour and liquid water.

It is given by

x—1 - _
0= 6, (1 __& ) <1 _ ) (1 _ &) exp {ﬁ} L 62)
1 + qr €+ qi qt (de + thpv)T

and it is the temperature a parcel would have when experiencing volume changes during
adiabatic processes but also phase changes between water vapour and liquid water due

to saturation. In (6.2), the virtual potential temperature 6, is given by

P X
—7 (e
0’1) 'U<P) 9

where T, is the virtual temperature
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and

RU Qth Rd + Qth

€= p Y= ———— X = .
Rd Cpd + qiC—pu Cpd + qtCpu

Furthermore, ¢ is the mixing ratio in g kg™ for water vapor (g,), rainwater (¢,) and

the total contribution ¢; = ¢, + ¢.. The gas constants for water vapor and dry air are

respectively R, and R;. The environmental and water vapor pressure are given by p

and e respectively. Finally, the latent heat release is given by £ and the specific heat at

constant pressure for water vapor and dry air are ¢,, and c,q respectively.

The thermodynamic variables are derived so that they are preserved under adiabatic
processes, and in the presence of moisture it involves complicated relations. However, such
variables can be simplified under a reasonable assumption: Z—I << 1 in which the amount
of rain formed is considerably much smaller than the total moisture in the atmosphere as
it typically happens in reality. It implies 1 4 ¢. =~ 1, and the rainwater virtual potential

temperature is reduced to

Oro = 0,(1 — q,) exp (_'C”q’“> .

deT
After taking a linearization 6, around the static state of rest, we get

e ee(l —€)
~ —(1—¢)~ —_—
0, 0+8P( €)~0+0 P

€e 1—c¢
—, €, = .
P’ €

Gv =

Substituting the above relations, we get

0, ~ 0 + 0q,cq.

Our goal is to linearize the buoyancy term with the leading order terms. In that regard,
the exponential term will be ignored due to the fact that g, is assumed to be small. The

linearized rain-water potential temperature is then given by

erv ~ 91)(1 - QT) ~ ‘9 + 00@060 - QOQT'
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We must take into account that the variables associated to potential temperature and
water vapor can be decomposed intro background and fluctuation. Following the Boussi-
nesq assumptions, we assume here that the background states are explicit functions of
height. As a result, the background states in the buoyancy can be absorbed into the
pressure gradient. The background state for rain is zero in the absence of it. So, the
buoyancy term can be expressed as

b — kg <6_9—‘9(2) T (g — (2))eo — qr) | (6.3)

where (z) and §,(z) are the background states for potential temperature and water vapor

respectively.

Balance of momentum is then expressed as

Du
0 _ k
Di - Votky

0 —0(z)
90

+ (QU - (_?U(Z))Eo - QT] ) (64)

where ¢ = p/p, is the effective pressure.
Time evolution of potential temperature

The potential temperature (6) is the temperature that an ideal gas would have if it is
expanded or compressed adiabatically between two pressure levels. It is a very convenient
quantity to consider because it is invariant under dry adiabatic processes. A parcel rising
in the atmosphere is assumed to be under an adiabatic process when it does not exchange
heat with its environment while its internal energy changes due to the work done by

expansion or compression. Mathematically, the potential temperature is given by

Ry
ezT(&)P,
p

where p, is a reference pressure (at sea surface), p is the pressure, 7" the dry air pressure,
R, is the gas constant for dry air and ¢, the specific heat capacity at constant pressure

for dry air. It follows after differentiation that

cpdInf = c,dInT — RydInp.
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In reversible processes, changes in the specific entropy are given by

dr dp
ds = o Rq—,
which gives
dS = c,dInf.

As a result, the specific entropy is given by the logarithmic term of the potential temper-

ature, which is conserved under adiabatic processes.

Based on the above calculations, the potential temperature satisfies

pe, DO G

0 Dt T’
where () is the heat production per unit of volume. In this model, this quantity is given in
terms of the latent heat release that arises during phase changes but also on condensation

(C') and evaporation (E) processes:

which leads to the approximation

Dy LO(z) .,
Dt i) (C —E). (6.5)

The above equation indicates that changes in potential temperature in a moist parcel
are due to the latent heat release that happens during phase changes from water vapor
to liquid water (condensation) and viceversa (evaporation). During condensation, the
potential temperature increases and can direct energy the parcel in order to be transported
to higher altitudes where condensation and precipitation are enhanced. On the opposite
case, the potential temperature decreases during evaporation and the system requires

heat while possibly inhibiting the parcel’s vertical ascent.
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Time evolution of moisture

In this model, one is assuming that moisture in the atmosphere can only exist in gas
phase (water vapor) or in liquid phase that is obtained after condensation when the
atmosphere is saturated. Any excess of water from saturation levels is considered rain
and falls at a constant rainfall velocity Vi (for simplicity). That is, one assumes that the
auto-conversion process where the small droplets collide and form bigger ones is fast as
compared to the other processes. As a result, no cloud water suspended in air is present
and the only two components of moisture are water vapor and rainwater. Under the

above considerations, moisture obeys the conservation law

Dqv —
s = —C+FE
DTq;_VTaZQT = C—E,

which indicates that condensation (C') converts water vapor into liquid water while evap-
oration acts in the opposite way. One still needs to parametrize the condensation and
evaporation processes. See for instance [53], where the parametrizations involve timescales
in which such phase changes occur. Following [54], one also assumes that the timescales
associated both to condensation and evaporation are fast. As a consequence, any rain-
water that falls into an unsaturated region is instantaneously evaporated until either all
rainwater is transformed into water vapor or saturation is reached. Under those assump-
tions, condensation and evaporation must be whatever it has to be to ensure instantaneous
condensation and evaporation in the fast timescale limit. However, we note that one can
rewrite the equations in the above limit where the condensation and evaporation terms
do not appear explicitly. For instance, adding potential temperature and a water vapor

term we get

Do,
Dt

=0,

where 6, = 0+ Céqv is the equivalent potential temperature. Analogously, the total water
P

q: = q — v + q, satisfies

Dg, -
Ft - V,0q, = 0.
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Under the fast auto-conversion and evaporation assumptions, water vapor and rainwater

can be obtained diagnostically from total water by

Gy = min((lm qu(z))7 qr = maX(Qt - QUS(Z)a O)a

where g,s(z) is the water vapor at saturation.

Together with the incompressibility condition, the inviscid version of the FARE model

described in [54] is given by

B = ~Votkg |5+ (0 - ale —a.
Do
e f— O7
> (6.6)
tht - V;faQT = O’

The model in (6.6) is taken as the starting point. It is a simplified model that has
shown to qualitatively capture observations made in nature in atmospheric flows with
phase changes, precipitation and turbulence. For instance, in the presence or absence
of wind shear at low altitudes, the model was shown to be able to form squall lines.
This model has filtered acoustic waves but allow for slow (vortical) modes but allows for
fast inertia-gravity waves. The purpose of this work is to derive new models that filter
fast inertia-gravity waves in the limit when the vertical extend is large compared to the
horizontal lengthscale. Such scenario is relevant in the presence of vortical hot towers,

which are present in the formation of hurricanes among other phenomena.



Chapter 7

The model

As we will see below, the model that we derive here is obtained with a multi-scale ap-
proach. Each quantity is decomposed into a background state that depends only on
a large vertical scale (Z) and a low time scale (T') and a fluctuation that depends on
(z,y,7Z) and a fast timescale (t). Both the background states and the fluctuations form
a coupled system where certain inertia-gravity waves are filtered out and the fluctuations

obey a QG-type evolution.

Our multi-scale model is described by equations involving small timescale for vertical
vorticity and fluctuations of the vertical velocity, equivalent potential temperature, and
total water. On the long timescale, the background states evolve according to turbulent
fluxes given by the fluctuations while the fluctuations are linearly advected by the vertical

derivatives of the background states, providing a two-way feedback. The model is given
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by
([ av2e) + Jw. V2] - fo = wVEC,
o’ + J[, ] + foz = U +vViuw,
9,0, + J, 0] + w'dz0, = Kk V20,
(7.1)
L 8tqé + JW’,CIQ] + w,aZ@_VTaZ%C = qui%
orl. + 0700w = K0%,0,
L @+ Ozq’ = K054

Here, ¢’ is a stream function that defines the horizontal velocity field u, = (v/,v") =
(—0y¢', 0,¢"). The Jacobian is given by J(A, B) = —0,A 0,B+0,A 0,B. The horizontal
Laplacian gives the vertical vorticity ¢ = 9,v — d,u = V3¢'. Furthermore, w' is the
vertical velocity, ¢/ is the fluctuating equivalent potential temperature, and ¢, q. the
fluctuating total water and rain water mixing ratio. The rainfall speed is V; and it
is assumed to be constant for simplicity. The horizontally averaged equivalent potential
temperature and total water mixing ratios are given by 8, and g, respectively. The vertical
coordinate is written in capital letter Z to denote that it is in long scale. The buoyancy

fluctuation is given by

0 L L
I Ye N / - 1 an
v=alii = (g - )i (g - mam1) o]

In the above equation, all the horizontally averaged quantities are denoted with bars

m, while the fluctuations are identified with primes. The validation of the model is
constrained to the condition Ro = € << 1, where Ro = f% is the Rossby number, f, U
and L are the Coriolis coefficient, characteristic velocity and lengthscale. All the averaged
quantities f,, ¢ but also the velocity fluctuation (u/,v’,w’) are O(1) quantities. On the

other hand, fluctuations 6., q;, ¢. are O(Ro).
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As opposed to the standard quasi-geostrophic equations, the leading order vertical velocity
does not vanish. The incompressibility of the fluid is reflected in a solvability equation
where the balance occurs between the leading order vertical velocity and the order O(Ro)
horizontal component of the velocity. This gives the vertical vorticity equation. The
streamfunction and the pressure fluctuation are related by ¢/ = p'/ f. The vertical velocity
equation involves a horizontal material derivative in balance with the pressure gradient.
The equations for & involves a horizontal material derivative with stratification given
by the brackground averaged profile. A similar expression can be observed for the g¢}-
equation, where precipitation is also included with rainfall speed V. The background

quantities 6, and g, evolve according to the turbulent fluxes & w’ and ¢juw’ respectively.

7.1 Derivation of the multi-scale reduced model

7.1.1 The starting point: a minimal CRM model

This section is devoted to the derivation of the multi-scale reduced system. We first
consider the FARE model [54], which is a minimal model for precipitating turbulent
convection. It uses a Boussinesq approximation for the momentum and equivalent po-
tential temperature equations. The derivation of the model assumes no supersaturation.
That is, any excess of water from the water vapor at saturation is considered rain water.
Furthermore, any rainwater that falls in unsaturated regions will immediately evaporate
until the region saturates or all rain is transformed into water vapor in that region. The
resulting model consists of the simplest conservation laws that includes both precipitation

and turbulence, and are given by

D+ fzxu = —Vp+b(b.,q,2)z+vViu,
Dtee = ﬁeVQQea
(7.2)
DtQt - vTaqu' - ’QqVZQta

V-u = 0.
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Here Dif = 0;f +u-Vf, u = (u,v,w) is the velocity, p the relative pressure (re-
sclaed by density), 6. the equivalent potential temperature, ¢; = ¢, + ¢. the total water,
¢y = min(qy, qys) the water vapor, ¢, = max(q; — qys, 0) the rain water, g, the water vapor
at saturation (a known function of height), Vi the rainfall velocity, and b the buoyancy
acceleration. Also, v represents the kinematic viscocity and k.,x, means the thermal
diffusivity of the equivalent potential temperature and the total mixing ratio water. See

Chapter 6 for a derivation of the model.

In general, the buoyancy b = b(6,, q,, ¢, z) is an explicit function of equivalent potential
temperature, moist and height. It takes into account the latent heat release across phase
changes and rain acts as a sink of energy. The dependance on height takes into account
background states of 6, and ¢, such that only the fluctuations can generate a change in

buoyancy.

0. L, L,
b(eeaqtvz) =g |:9_ + (Rvd - J) qt + (C 0 - Rvd - 1) QT:|
o pYo pYo

For the moment, we will not choose a specific form of the buoyancy and will assume a

general function b = b (0., q;, 2).

In order to derive our reduced model, we need to introduce the aspect ratio Az, which
here is assumed to be large (A7 > 1). This gives rise to a new large height scale Z
such that [Z] = Az [z]. The background states in FARE are here described by averaged
quantities varying on a slow time scale T such [T'] = Ar [t], with Ar > 1 to be determined

later.

As usual, the vertical and time derivatives are expanded as

Substitution

0, — 0, + 0z,
Oy — 0y + Or,

with a new extension of the material derivative D, given by

Dt + aT + w@z.
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The rescaled expanded equations are

D + [0 +wdzlu+ fZxu+Vpt = (b—0zp)Z+v(V+052)u,

Dy + [Or +wdz] 0. = ko (V4 042)° 6.,
(7.3)
Digp + [Or+wizlq—Vr[0.4+0z]¢ = Ke(V+ 322)2 qt,

V‘u+8z(w) = 0.

7.1.2 The non-dimensional equations

One of the main contributions of this work is the derivation of an asymptotically reduced
system assuming a large vertical scale compared to its horizontal counterpart. This is
relevant for vortical hot towers and tall plume structures. The model allows us to study
balanced components of the flow, heat and moist transport, and study phase changes in
Taylor columns. The dry case was already derived in [55]. Here we generalize it to the

moist case.

Let T7,,U,, W,, L,, H,, P,, B,, ©, and @), be the characteristic time, horizontal velocity,
vertical velocity, horizontal lenght, vertical lenght, re-scaled pressure, bouyancy force,

temperature and total mixing-ratio scales. Taking account that

we get the non-dimensional version of (7.3):

D + |05+ Loy = —BVj—taxia+ [Th— Loz

_ _ +A (@ + Laﬁ)g i,

;|0 = g (Vo aZz)Qe;, (7.4)
. =V [a + L0, } L (v+ (9Zz)2q},
Veut L0z @) = 0

3

Dtée + ﬁarf +

™

Dy + A%ﬂf + A—121D82

b=}l
|
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Here D,f = 9;f +0-Vf, i = (@, ,w). The parameters are known numbers: E = %

is the Euler number, R, fT is the Rossby number, I' = BV‘;/—? is the bouyancy scale,

V, = VfIT is the re-scaled rainfall velocity, Re = U° is the Reynolds number, Pe? LZU"
is the Peclet number of the equivalent potential temperature and Pe? = % is the Peclet
q

number of the total mixing ratio water.
We now proceed to derive a closed set of reduced equations. For that end, let us decom-
pose the variables v = (ﬁ,ﬁ, 9;, Qs q}) as
V(%,2,0T) =5 (2,7) +¥ (%, 2,1.T),
where the overbar denotes the averages over the small and fast scales

(2.7) = 1m L ) v (%.2.1.7) dxdi

V=00 T

<

T?
and Vv’ is its fluctuation from its average.
We take the average of equation (7.3) over small and fast scales to obtain equations for the

averaged quantities and fluctuations. In particular, the slow evolving averaged quantities

are given by

ﬁ@fﬁ—l—t((}m = —%Exﬁ%— Fb—%@z]g ReAQ (3;27,
1 7 .1 —h 2 4
Eajw 96 + A—Zaz w@e = P€9A2 8
(7.5)
308 4+ 1,07 00 = 32070+ pazz 0350

&
&
I

S
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The non-dimensional fluctuating equations are

D'+ [ALT8~+A—121D82 i

1 ~19. = e — NV ) — L2 Eo,0 )z
~ 2
++ <V+ N 0Z2> u’,
~ ~/ ~ ~ !
DA+ [hon+ wdy] 0,
A0y 0~ 0, 000 = gl (V+ 4058) 0.
Dt(jt/ + [ﬁa” + A_1Zw8~i| th/
_ 2
Ve + L0, 0 =0

(7.6)

We note that the above equations are non-dimensional with coefficients in terms of phys-
ically meaningful parameters. We will assume that some of those parameters are small
in certain situations in order to derive simplified models. The section is devoted to that

with the use of asymptotic expansions.

7.1.3 The asymptotic expansion

The multi-scale model can be derived from an asymptotic expansion with small parameter

€ := Ro. For the system’s closure, we also need the following assumptions

Az=cl Ap=e2 T=¢c'T*, T*=0(), V, = 'V*, V:=0(1),

(7.7)
Re = 0(1), Pe’ = 0(1), Pe? = O(1).

That is, the aspect ratio Az, the buoyancy force and the rainfall speed are large and

inversely proportional to the Rossby number, and A7 is one order or magnitude larger.
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Let us expand the dependent quantities v in terms of the small parameter as

V=vo+evi+eva+ O ().

Momentum equation relations

The relations obtained by the momentum equations are similar to those given in [55]
in the dry case but we recall it here for completeness. Our contribution relies on the

extension to the moist case done below.

In order to get hydrostatic balance at the leading order, we assume that F = e2, giving

Examination of the leading-order terms for the averaged horizontal velocities, we find
that
0o — O

1
(31|

0:

The averaged continuity equation implies that w = 0, deducing Ty = 0. On other hand,

at O (¢72), the fluctuating momentum equations yields

V py =0,

implying that p, = 0. At O (¢71), the same equation implies

v i = (T~ 5} (7.8)

and, at O (1),

D (i) = =V () — 2 x & + (T'% = 97 (%)) 2+

1

RQ@Q (ﬁg) :

where DY = 0; + @) - V.
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The fluctuating continuity at O (1) and O (¢€) are given by
V-t =0, and V-, +39;w)) =0, (7.9)

respectively. We recall that the divergence is done with respect to the small scales (x, y, 2)

and leaves out the large scale Z. Equation (7.8) immediately implies

Thermodynamic and moist dynamic relations

Since @ = 0, we get qw = ¢’ for any quantity §. The leading-order term in the mean

buoyancy equation is given by

0 (805) =0,

which implies that ! oWy = 0. We would take the sufficient condition 91’0 = 0. That is,

e

we assume that the equivalent potential temperature fluctuations are at least order O ().

Thus, at O (¢), the averaged and fluctuating buoyancy equations become

O (976,0> + 0 (5217176) = Piegaéz (97e,0> ;
DY (0,) + w05 (0.0) = %@2 (7).

Using the fact that V, = O(e™!), the leading order term in the equation for the averaged

moisture equation gives

We will assume that ¢, 5, which implies that the averaged rain is order O(e). This is a
reasonable assumption since rain is usually much smaller than water vapor. The leading-

order term of the averaging mixing ratio equation yields
0z (d@10W5) — V;9zdr1 = 0.

We will use the solvability condition ¢; , = 0, which implies that the total water fluctu-

ations are order O(¢), and consequently 5,1 = 0. This together with 570 = 0 implies
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that the only leading order moisture term is @,0- Finally, the terms of order O(e?) in
the averaged moisture equation, the solvability condition 572 = 0, and the terms of order

O(e) in the fluctuating moisture equations are given by

ai“(q )+a (Qt1w0) = 8; (q 0)7

Pet
~ ~ = 1 - ~
D (i) + 0z (@o) = Vi (0 (@) + 92 (dh) ) + 55 V2 (@)

The Taylor-Proudman constraints and a streamfunction formulation

Following [55], our next step is to find the Taylor-Proudman constraints. These relations
express that the forces leading-order motion on small spatial scales are invariant in the

direction of the rotation axis, e.g., f satisfies a Taylor-Proudman constraint if

The equation V (7,) = (176, — 1y, F*l;{)) shows that the leading-order flow is in geostrophic
balance. As 0. (i}) = 0 from the continuity equation at O (1) and assuming that b}, = 0,
we find that

Also, B, = 0 implies that (z - @) (#) = 0. Applying (z v) to DY (

(5-9) () =o.

These three relations show that uyf, p; and éél depend only on the large scale Z in

. 1> we obtain

height. We still need to define the solvability equations, that allows us to find the other

constraints and the reduced system of equations. These solvability equations are

0z (1) + 0 (V) + 0z (wp) = 0,

L - . 1~
DY () = T, = 0; () + V2 (54)
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and
N ~ _ . 3 1 -,
D} () + w07 (@r0) = V707 (010) + 55V (@) -

and each one provides a Taylor-Proudman constraint:

/N
N>
<

N——

—~
S]]
—~
S~—
I
“O

/N
N>
<

N——

—
St
~—
I
“O
/N

>

<

V) (@) = 0.

respectively. Finally, by the fluctuating horizontal momentum equation, the first equation

of the above system is transformed into

0 (F201) + s (V21 + b0y (V21) — 0 (ah) = -9 (9241).

To summarize, the reduced system of equations is given by

0 (VAR ) + s (V35 ) + 0605 (V3) = 0z () = £V2 (VARL).

0; (wp) + (05 (W) + 0405 (wy) + 05 (Ph) = T + LV (a),

0 (01) + g0 (01) + 5605 (010) + 07 (0e0) @) = #V2 (9;1)

0 (@11) + 05 (@11) + %605 (G1.1) + 0z (Geo) W = V70z (@) + 5 Vi (@)
O (0ro) + 07 (Ouaiy) = 7053 (9e0)

0z (41,0) + 0z (@ 115%) = pa%; (@) -

(7.10)

By [56], our reduced system of equations can be adapted at a streamfunction formulation

defined by

The above constraints helps us to find that

u, = ( 0500, Oz, V3 ¢0) ,
i, = (_agzéo, —8;Z$0,O>T + (—83;7;1,3937;1,@1&1)T
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If we choose as p| = Yo, W = ?ié and define J [f, g] = &gfa@g — Ggf&,;g, the reduced

system of equations is

O (61150) + j:lﬁmﬁi%]

0 (Vido) + J[d0, V3]

) A

9; (41.1) + j:%,fﬂg}
0 (1)
Or (deo)

The reduced system is closed, because

b=t (

e, 1’

+ o+ o+ o+ o+

q;

are linear functions of their corresponding inputs.

(7.11)

,1vZ> ) ‘14,1 - @/@1 <@/s,1a Z)

7.1.4 The final system in dimensional form

We recall that the scales are related by [Z] = e '[z], and [T] = ¢ 2[t]. In dimensional

form, we need to obtain the equations for ¥, w,, €0, ;, €q; 1, €q;. 1, €V}, 0c 0, and G, which

are the terms appearing in the asymptotic expansion. For simplicity, we will redefine

them by ¥, w, 0, q,,q.,b, 0., and § respectively.

€

In dimensional form, the following relations hold

W=y o =—

Oy’

U/ = axwla

T =00 — o
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Defining the vertical vorticity by ¢’ = 0,v" — 9,u/, and the Jacobian by J[A, B] =
—0,A0,B + 0,A0,B, we get

¢+ JW.CT - fozuw = vVi(,

ow' + JL W] + fozy = b +vViuw,

oo, + JW,6) + woz0. = KV,

(7.12)
Ogp + JW.ql + w0rG = Vidzg +rkVid,
orf. + 0700 = kK0%,0.,
Orqy + Oz qu’ = k075G
It can also be written in the more conventional form, given by
( (
D¢ — fozw = vV3(,
D' + foz4 = V+vViuw,
Do 4+ wiy0, = kN0,
(7.13)

Dlq, + wizq = Vidzd. + kK, V24,

\

4 _ - I
Or 0.+ 0z 0w = K.0%,0.,

L Or @ + 0z QQU}/ = angz@-

\

where D' = 0, + uj, - V,, is the horizontal material derivative, u) = (uv/,v') and V,;, =

/

(Ox, 0y). As one can see, the buoyancy fluctuation b’ can be any function of .

,q;, z. Here
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we take it as in [54], which is

0 L L
W=gl|e— — Ry d —Ru—1]d],
i[5~ (7o) i (g~ 1)

where L, = 2.5 x 106 J kg_1 is the latent heat factor, £ = R,; + 1 is a ratio of gas
Ry

constants for water vapor R, =462 J kg™' K™! and dry air Ry =287 J kg ' K™!, Ryy ~
0.6, ¢, = 10 J kg™' K™! is the specific heat at constant pressure, 6§, = 300 K is a
potential temperature reference at sea surface, and ¢ = 9.81 m s2 is the acceleration
due to gravity. We note that the fluctuating rain ¢ is obtained from the full moisture

variable, and it is given by

¢, = max(q + q; — ¢us(£),0).

That is, rain is any excess of water from the water vapor at saturation q,s(7), which is

assumed to be a given function of height.

The first set of equations corresponds to the variables evolving on a fast timescale ¢,
which are fluctuations from the averages. The background states given by the horizontal
averages evolve on the slow timescale T'. The first term involving Coriolis effects appears
there from the continuity and the Taylor-Proudman constraints. The other term with the
Coriolis parameter appears due to the balance of the material derivative of the vertical
velocity and the pressure gradient. The averaged quantities in the equations evolving
on a slow timescale affect the fluctuations by linear advection. On the other hand, the

fluctuations cause changes in the background states through turbulent fluxes.

We note that one needs to recover @', v’ from the relation V3¢’ = 9,0 — 9,4’. Assuming
horizontal periodic boundary conditions, the horizontal Laplacian can be inverted, except
for the wavenumber k;, = (k;,k,) = 0, which correspond to the horizontal average.
However, since @',v" are fluctuations and we are assuming they do not depend on the
small scale z, the horizontal averages are zero. As a result, the horizontal Laplacian can

be inverted, subject to the above conditions.
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Linear (in)stability of the model

The FARE model was proposed as a simplification of the moist dynamics, and it is that
simplicity that we want to exploit to provide a mathematical framework for convective in-
stabilities. In [57], a linearized FARE model was proposed and used to explore conditional

instabilities depending on the moisture and potential temperature profiles.

Here, we propose a linearized GQG FARE model to be analyzed. Due to the complexity
of phase changes, we analyze the linear model in two separate scenarios: unsaturated vs

saturad conditions. The buoyancy has two different expressions in both cases, which are

given by
Ty Lo Ra)g inth d
9— e 0 0 — Ryq | ¢ 1n the unsaturated case.
b, = o Cp o
59; - 9q; in the saturated case.

8.1 Unsaturated regime

In unsaturated regions of the atmosphere, ¢. = 0. The bouyancy force in this regime is

defined as

L,
b, = eieg_g (c : —Rvd> ¢
o pYo

111
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The linearized model of (7.13) may be written as

¢ — fozu' = 0,

o'+ fOzY = b,
(8.1)
060, + 07 (0)w = 0,

oq, + Oz (@)w = 0.

In order to make all variables to have te same units for purposes of eigenvector’s presen-

tation, we define
0
o [Te[1/2’

|

Q, = g—1

0, = -

>

where

g g L, _
r, = 9—002 (6c), Tu= 9—002 (0c) — g (Cpgo - Rvd) 9z (@) -

We note that I', — I'. is always positive but I'. may be negative in physically relevant

regimes we are interested in. In those variables, the linearized equations become
o¢  — fozu' = 0,
o'+ fon = [0, — (Tu ~ T QL
0,0, + sign(T,)|T|Y?w" = 0,
Q. — (Ty—T)"*w = 0.

Periodic boundary conditions allows for plane-wave solutions of the form

() (x,t:K) = () (k) exp {i [k - 2 — o (K) £]}

where x = (z,y, Z) is the position, k = (k,, ky, kz) is the wavevector and kj, = \/kZ + kZ
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is the horizontal wavenumber. As ¢’ = V24, then E’ = —k%@g’ . Then, the equations

become

(—io) (=k2) 9" = f(ikz)w,

(—io)w' = —f(ikz) ¥+ |Te|20, — (0, — )" QL
(—io)©, = —sign(T.) || ?w,

(—io) Q. = ([.—T)"?w.

If k;, # 0, the equation for k:hv:b\’ ,1;’ ,(/976 and @ can be written in matrix form as

0 Fhiy Yk 0 0 fen ) kni!

Fhi kg 0 iT V2 —i (T, —T.)"? w . w 53)
0 —isign(T) [T V2 0 0 o, o] '
0 i(Dy — To)Y? 0 0 Q. Q.

The characteristic polynomial of the above matrix is given by
2
o2 [02 — <fﬁ) — Fu] =0.
kn

The eigenvalue 0 = 0 has geometrical multiplicity 2, with eigemodes the following four-

dimensional vectors <khw’ ,w', 0L, Q;)

i (T, — To)'? 0
0
P = , and ¢" =
0 (T, — To)?
fhy ke T |/

The other eigenvalues are real, subject to the condition

2
T, + (&> > 0.
kn



Chapter 8. Linear (in)stability of the model 114

In this case, the other eigenvalues are:

£ _ flz\?
, _wﬁ(k_h),

and their respectively eigenmodes (k:hv,/b\’ , w' , é\’e, @) are

fk;jlkz
ot
—i sign (') |F6|1/2

—i (T, — To)'?

ot =

The above matrix is Hermitian provided that sign (I'.) = 1, in which case the eigenvalues

are real.

8.2 Saturated regime

In saturated regions of the atmosphere, ¢, = 0. The bouyancy force in this regime is
defined as

b, = 20— gq.

The linearized model of (7.13) may be written by

¢ — fozu' = 0,

o' + fopr = U,
(8.4)

00, + 9;0.)w = 0,

oq + Oz(@uw = V5ozq.
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In order to make all variables have te same units for purposes of eigenvector’s presentation,

we define
q;
(1—18 _ 1—\6)1/27

@/22 Qé

I
0, |T.|172° @ =9

where

Lo=207(0.), L= 0z (0.) - 992 (@)

We note that I'y — ', is always positive but I'c may be negative in physically relevant

regimes we are interested in. In those variables, the linearized equations become

¢ = fozu = 0,
o'+ foz = [0, — (I, -T)"?Q,,
(8.5)
0,0, + sign(T,)|T|?w = 0,
0Q, — (T,=T)w' = Vid,Q,.
Allowing again for plane-wave solutions, the equations become
(—io) (<ki) &' = f(ikz)w',
(mio)w' = —f (ikz) ¥/ + [0 — (T, = 1)@,
(—io)©, = —sign (T.) T2,
(—io) Q. = (Ty—To)Y?>w + Vi (iky) Q..
If k;, # 0, the equation for k:hv:b\’ ,1/1;/ ,éz and @75 can be written in matrix form as
0 ki ke 0 0 kn ! k!
fhi 0 iT? i (T, — o) A I (8.6)
0 —isign (T) |Te|'/? 0 0 e, e

0 i([y—To)'/? 0 ~Vrkz Q. o
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The characteristic polynomial is a fourth order polynomial of o,
kz\? kz\?
o dod t Vekgo? — (L2 4, LA B ) (8.7)
k)h kh

In the below subsections, we discuss the form of the eigenmodes associated to the eigen-

o — VTI{?Z

valores of the characteristic polynomial (8.7) for particular cases: kz = 0, Vp = 0 and

key Vi 0.

Case ky; = 0.

In this case, the characteristic polynomial is

and the respectively eigenvalues are

"0 =0, oF = j:\/F_S

The corresponding eigenmodes for each eigenvalue are (in the case where o* are both

real):
1 0 0
+
0_ 0 00 _ 0 + _ g
(0, —T.)"? (D, —T.)"? —i sign () |Te[1/2
|Fe|1/2 ’Fe‘lm —i (Fs - Fe>1/2
Case Vp = 0.

In the absence of rainfall, where Vi = 0, the characteristic polynomial is reduced to
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and the respectively eigenvalues are

The corresponding eigenmodes for each eigenvalue are (in the case where o* are both

real):
i(Ty —T)Y? 0 fkitky
+
¢O — 0 (bOO — 0 (bi — o
0 ’ r,—T)Y | i sign (T,) [T,|/2
( s 6) ZSlgn( 6)| 6’
fhi ks T, | /2 —i (T, — T2

The eigenmodes of this case are similar to the eigenmodes in the unsaturated case, swap-

ping ', by ['s.

Case kzVr # 0.

The characteristic polynomial (8.6) has a root o = 0. Its eigenmode is

[T, /2
0
—fky, 'k
0

The above matrix in equation (8.6) is Hermitian when sign (I'.) = 1, which implies all

2
(f2) o

the eigenvalues are real. Thus, the equation

2
0'3 + VT]{?20'2 — [(fﬁ) + FS

]{jh o — VT]{?Z

=0 (8.8)
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has three real roots, denoted by o1 23. The eigenmode for each eigenvalue is

[k kz (0123 + Vrkz)
523 — 0123 (0123 + Vrkz)
—isign (Te) [Te|Y?(01.23 + Viky)
i (Fs - Fe)l/z 01,2,3
If sign (I'.) = —1, the existence of one real root of the polynomial (8.8) is guaranteed.

However, the other roots could be complex, which would correspond to an instability.



Chapter 9

Numerical results

9.1 Introduction

This chapter is devoted to the derivation of a robust and accurate numerical scheme
for the derived model (7.1). As usual, periodic boundary conditions are assumed in the
horizontal directions and a pseudo-spectral approach with the use of horizontal Fourier
transforms is taken. In the vertical direction, the discretization is implemented with the
use of staggered grids. However, the stability of the model using the CFL condition could
lead to very small timesteps as pointed out in [55]. We follow the approach in [58] to
derive a robust and stable numerical scheme that is more appropriate for the present

model.

9.2 Decomposition of the numerical flux

We follow the approach in [58] to derive our numerical scheme. For that purpose, we
decompose the numerical fluxes of equation (7.1) (in the right-hand side) as its linear and

non-linear components, denoted by L [U’] and N [U’] respectively. That is,

8, U =F (U) = L[U] + N [U] (9.1)

119
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where U’ = (', w', 0., q}),

aea

foz (w') +vV7i (') —J [, (]
_ / 2 / _ / / /
LU = f0z (W) +oVi (W) and N [U'] = T wa
’fevi (0¢) —J [, 0,] — (06) w’
gV (a1) —J W'\ q] = 0z (@) w' + Vroz (q;)

In the horizontal direction, let assume periodic boundary conditions by a fourier transform
U = U (ky, ky, Z,t,T)
Based on the above, we obtain the equation

8,0 = [U’} +N [ﬁ/] ,

where
—vk2( + fO (@) —ikgw'(! — ik (!
(o] —Vk3@ ~ 0z (V') 15 [0 ik — ik, 4
= b an = —_— —_— J—
— k20! — ik w0, — ik, 0, — Oz (0c) @'
—kgk2q —ikpu'q, — ikyV'q, — Oy (@) @ + Vrdy (&)

The implicit scheme to advance from ﬁﬁl, at time t, to ﬁﬁl 1, at time ¢ + At(™ | has three

substeps:
_ OFEs
U;L+3 = H, + /AL [U;w%},
U, = Hyy + BACL [U;L% : (9.2)
U;H-l = Hn—&-% + ﬁ?)At(n)L |:U;7,+1:|7
where
H, =U, +a,At"L [ﬁ;] +y At N [ﬂ';} ,
Hoo =0, +aAtWL [ﬁ; ;] At ﬁ[ﬁ” T AL ﬁ[ﬁn],
3 3
Hyz =0, +asMWL [0 ] +3At0N U, | AN [T ]

The suggested values of o, 5, v and n are

29 3 1

041:%7042:——,%: =
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37 5 1
61_ﬁ762 247/63 67
8 5 3
"= 1—5,52 = 5763 = Z’
17 5
m = —@752 =1

For each substep k& = 1, 2,3, we rewrite the system as

[1+ VB AEDRE] O — Fa a0, (@75) = ).

ﬁ—%uﬂwﬁﬂmkﬁ]@m*g—kfﬂmﬁﬂm82<$m+§> _ fﬁﬁgé, o
[1+ KB ALME] 9Aeln+§ = Hﬁ)%7 o
[1+ kB AL™RZ] G5 = HY

+

Wl

We note that 0, ° and @/”Jrg can be obtained explicitly by the relations

~Intk 1 3
0. " = HY
(SN R
/ 1
@t n+§ — H(4)

1+ KB At k2 n+i5t

The solution for (™*5 and @™+5 are done through a decomposition of the vertical axis

Z intro a staggered grid, as it will be presented in the next section.

9.3 Staggered grid for vertical integration

The vertical-integration of the model will be done introducing a sttagered grid, in order
to discretizise better the derivatives in Z-direction. Let define the sttagered grid as

w . w 1
where Z}” = 0 and Z;»., = L. The variables u', v', (', 0, and ; are defined in the grid

Z}, while the variables w’, ¢; and 6, are defined at the grid Z’. Let us observe that the

grid Z! has ghost cells (Z§ = —2Z and 2%, = L + £Z). On the other hand, the grid
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Z}’ do not have ghost cells, except for the boundaries. See Figure 9.1 for a schematic of

the grid.
70 2 Az 32 (A (w2 Gl MlzZ=|
.imlz éAlz .;AIz ) |Az Zj: i Dz Z}': (J~I>Az (w-éiAZ (n-__fl)dz (.,.glmz m;lmz
Z, 2 z. z. ¢ e e 2o lze |z |z
z' z oz oz © e z., Z, z Zz
F1GURE 9.1: Schematic of the staggered grid for the model.
We have the following relations:
7y =52} +21), 7} =5 (77 + Z}%)
The discretization of dz (w') and dz <1Z’> are
N Zu) o Zw
aZ (@/) (Z]u) _ ( ]+1)AZ’LU ( )’
- b (Z) = (2
aZ( ,>(ij):1/f( )A;p ( J 1)
Equation (9.4) is rewritten as
[1+ B AtWE] {5 (2Y)
fﬁ At(n) A~ 2 w ~n+ 2 w u
_kA—Z [w +s (Z) - + (% )] - H,(Llj% (%)
(9.5)
[1+ vB AR @5 (ZY)
YA A S S VI S w
IR [P (2 —dm (2n)] = BPL (2).
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The above equations can be solved using a tridiagonal system for @t

b a 0 0 00 0 Wt (ZY) Coie (22)
a b a0 000 @ (ZY) o (Z2)
0 a b a 00 0 @ (22 i (Z2)
00 a b 00 0 a5 (ze) || enn(2Y) 9.4
0000 b a 0 ot (2, e (Z2_,)
0000 ab a WS (7)) g (Z2_1)
0000 0 a b D" (Z0) Cor (20)
with )
_ (Al
¢ = AZ )
2
fBrAt™ 2
b= (2= ) —k2)1 At 2
[ ( A7 i+ v g 9.7)
s (Z¥) = —k} [1 4+ vBAtIE]] Hfij (z¥)
FBA™ u (1) u
A7 [HH% (Zy) - Hn+% (Zj—l)} ;

and the boundaries condition w (Z{") = w (Z%,,) = 0. After that, we solve for S

using equation (9.5).

9.4 Numerical tests

9.4.1 Dipole coherent structure

In this section, we provide numerical tests to exhibit part of the dynamics that geophys-
ical flows follows under the assumptions (7.7) of the model (7.1). A first case is based
on a dipole coherent structure. In [59], dipole coherent structures are provided and an-
alyzed. For the standard (dry) quasi-geostrophic equations, dipoles represent solutions
that propagate as a coherent structure. Here we consider a dipole coherent structure in

the presence of moisture.
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FIGURE 9.2: Horizontal contours of water vapour and velocity field are shown at times

T = 0 (top left panel), 7' = 1 h (middle left), 7' = 2 h (bottom left), 7" = 3 h (top

right), T = 4 (middle right) and 7" = 5 h (bottom right). The arrows indicate the
velocity field.

The initial conditions are given by a streamfunction satisfying

(z — @0) + (y—a2)2+(z—h2)2) sexp (_(w—wo)2 +y—a)?+ (Z—hl)Q) 7

Ay = sexp (— 5 5

where s = 2 is the strength’s amplitude of the dipole, v = 0.05, x, = 64 km, a = 10 km,
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a; = 64 km — 2

29

solution is computed on a domain of size [0, 128 km]| x [0, 128 km]| x [0, 15 km].

The horizontal velocity field is initiated in terms of the streamfunction as

u=—0y0, v=04, w=0.

a2:64km+%, h1:5km—%, h2:5km—|—%,h:0.6km. The

Following the relations for balanced flows in the dry case, here we initiate the equivalent

potential temperature as

FIGURE 9.3: Left panel: Three dimensional slices of water vapor. Right panel: 3D
velocity field near the edge of the vapor bubble. The arrows indicate the velocity field.
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The time evolution is shown in Figure 9.2. Horizontal contours of what vapor fluctuations

are shown in Figure 9.2. As expected, one can see the dipole propagates eastward as a

coherent structure. Such dipoles structures have been studied in many different contexts

because of their importance. For instance, dipole-type coherent structures can appear in

atmospheric phenomena involving deep convection [60]. Although it is an idealized dipole,

the current reduced model derived in this thesis can capture such coherent structure,

which propagates in the correct direction.

One advantage of the reduced model presented here is the ability to include moist in

the dynamics of the fluid. This is particularly important for applications involving deep

convection. In this numerical test, the water vapor has a background state that decreases

exponentially with height. See [54] for more details. Furthermore, we perturbe this states
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by adding a vapor bubble given by

Q(z,y,2,t =0) =

re m km

km ) km )
0.2 g kg~ cos <7rT> (Z’ZCI’{l m) <Z’ZC+1 m> , it r<rg|z—z|< 1 km,

0 otherwise.

Here,

r=V(r—2)?+ (y — ye)?

is the distance from the center (z.,y.) = (64 km, 64 km), and z. = 5 km. The boundary
conditions implemented in this numerical test are as follows. In the horizontal direction,
we impose periodic boundary conditions. In the vertical direction, the vertical velocity
vanishes at the tropopause and at the surface, while the rest of the variables satisfy zero

Neumann boundary conditions.

Figure 9.3 shows a 3D plot of the moisture in the fluid at time ¢ = 5h. In particular,
the left panel shows 3D slices of water vapor. One can observe that the initial column is
dragged by the coherent structure. Rain forms initially but is stays weak before it disap-
pears. It may indicate to use that under the present parameter regime and conditions,
rain is suppressed by the lack of fast gravity waves. In order to identify the 3D structure
of the dipole, the right panel shows the velocity field near the edge of the cloud. It is
oriented differently to identify the field. Two vortices, one cyclonic and one anti-cyclonic

can be identified.

9.4.2 Random initial conditions

The present numerical test considers random fluctuations in the potential temperature.
In this context, the variables have been non-dimensionalized by dividing by characteristic
values. Here, the Reynold and Peclet numbers are Re = 20, PE’ = 7, PE? = 1 respec-
tively. The background states are as follows. A reference potential temperature of 6, = 1
is chosen at the surface. A reference value of 2 for the water vapor background is chosen

at the surface.
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FIGURE 9.4: Left panel: Horizontal contours of potential temperature at ¢t = 2 units,
z = L,/2. Right panel: the corresponding plot for the water vapor is shown. The
arrows indicate the velocity field.
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FiGure 9.5: Contours of potential temperature at the walls and at intermediate
heights are shown to help with the 3D visualization.

The initial potential temperature has fluctuations taken from a random uniform distribu-
tion where the maximum amplitudes is 0.5 . The left panel of Figure 9.4 shows horizontal

contours of this variable after 2 time units, at a height z = L,/2 (in the middle of the
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domain). One can observe the formation of coherent structures. The velocity field in-
dicated by the arrows shows the formation of vortices as well. The right panel exhibits

contours of water vapor. It shows again the formation of coherent structures.

On the other hand, Figure 9.5 shows contours of potential temperature at the walls and
at intermediate heights. This 3D visualization allows us to observe the formation of
coherent structures as well as its distribution. Following [55], we choose the horizontal
domain size as L, = 20 x 4.8154 and the vertical extent is L, = 1. We use 1282 grid
points in the horizontal direction with 100 levels in the vertical direction. The rainfall
velocity is V;* = 1. In a future investigation, we will explore different parameter regimes

and its response to a variety of Reynold and Peclet numbers.



Conclusions

In the second part of the thesis, we derived a reduced model that generalizes the concept
of quasi-geostrophy, including moisture dynamics. The limiting dynamics is valid for sit-
uations where the vertical extend is large when compared to the horizontal lengthscale.
This is typical for vortical hot towers, which are a coherent structure that appears in a

hurricane embryo.

A numerical scheme was presented to compute the approximated solutions. Furthermore,
two numerical tests were considered. The first one considered a dipole coherent structure
with water vapor in it. The structure propagates in the right direction. The lack of rain
in the dynamics might indicate that the exclusion of some gravity waves could suppress
the formation of rain. The second idealized test consists of random initial conditions in

the potential temperature. It also shows the formation of coherent structures.

In a future work, a deeper numerical investigation will be conducted to explore the qual-

itative behavior of the solutions under different parameter regimes.

129






References

1]

Shanthi Mendis, Pekka Puska, Bo Norrving, World Health Organization, et al. Global
atlas on cardiovascular disease prevention and control. World Health Organization,

2011.

Luca Formaggia, Fabio Nobile, ALFIO Quarteroni, Alessandro Veneziani, and Paolo
Zunino. Advances on numerical modelling of blood flow problems. In Furopean
Congress on Computational Methods in Applied Sciences and Engineering (ECCO-
MAS 2000), pages 11-14, 2000.

A. Quarteroni, A. Manzoni, and C. Vergara. The cardiovascular system: Mathemat-
ical modelling, numerical algorithms and clinical applications. Acta Numerica, 26:

365-590, 2017. doi: 10.1017/50962492917000046.

Alfio Quarteroni and Luca Formaggia. Mathematical modelling and numerical simu-

lation of the cardiovascular system. Handbook of numerical analysis, 12:3-127, 2004.

Christopher J Arthurs, Rostislav Khlebnikov, Alex Melville, Marija Marcan, Alberto
Gomez, Desmond Dillon-Murphy, Federica Cuomo, Miguel Silva Vieira, Jonas Schol-
lenberger, Sabrina R Lynch, et al. Crimson: An open-source software framework for

cardiovascular integrated modelling and simulation. PLOS Computational Biology,

17(5):e1008881, 2021.

David N Ku, Don P Giddens, Christopher K Zarins, and Seymour Glagov. Pulsatile
flow and atherosclerosis in the human carotid bifurcation. positive correlation be-
tween plaque location and low oscillating shear stress. Arteriosclerosis, thrombosis,

and vascular biology, 5(3):293-302, 1985.

131



References 132

[7]

[11]

[12]

[13]

C.A. Taylor and C.A. Figueroa. Patient-specific modeling of cardiovascular
mechanics.  Annual Review of Biomedical Engineering, 11(1):109-134, 2009.
doi: 10.1146/annurev.bioeng.10.061807.160521. URL https://doi.org/10.1146/
annurev.bioeng.10.061807.160521. PMID: 19400706.

Luca Formaggia, Daniele Lamponi, and Alfio Quarteroni. One-dimensional models
for blood flow in arteries. Journal of Engineering Mathematics, 47(3):251-276, Dec
2003. ISSN 1573-2703. doi: 10.1023/B:ENGI.0000007980.01347.29. URL https:
//doi.org/10.1023/B:ENGI.0000007980.01347.29.

Suncica Cani¢ and Eun Heui Kim. Mathematical analysis of the quasilinear effects
in a hyperbolic model blood flow through compliant axi-symmetric vessels. Mathe-

matical Methods in the Applied Sciences, 26(14):1161-1186, 2003.

Sunéica Cani¢. Blood flow through compliant vessels after endovascular repair: wall
deformations induced by the discontinuous wall properties. Computing and Visual-
ization in Science, 4(3):147-155, 2002. ISSN 1432-9360. doi: 10.1007/s007910100066.
URL https://doi.org/10.1007/s007910100066.

Sunéica Canié, Craig J Hartley, Doreen Rosenstrauch, Josip Tambaca, Giovanna
Guidoboni, and Andro Mikeli¢. Blood flow in compliant arteries: an effective vis-
coelastic reduced model, numerics, and experimental validation. Annals of Biomed-

ical Engineering, 34(4):575-592, 2006.

Suncica Canic, Matea Galovic, Matko Ljulj, and Josip Tambaca. A dimension-
reduction based coupled model of mesh-reinforced shells. SIAM Journal on Applied
Mathematics, 77(2):744-769, 2017.

Lucas O. Miiller, Carlos Parés, and Eleuterio F. Toro. Well-balanced high-order
numerical schemes for one-dimensional blood flow in vessels with varying mechanical
properties. Journal of Computational Physics, 242:53 — 85, 2013. ISSN 0021-9991.
doi: https://doi.org/10.1016/j.jcp.2013.01.050. URL http://www.sciencedirect.
com/science/article/pii/S0021999113001277.


https://doi.org/10.1146/annurev.bioeng.10.061807.160521
https://doi.org/10.1146/annurev.bioeng.10.061807.160521
https://doi.org/10.1023/B:ENGI.0000007980.01347.29
https://doi.org/10.1023/B:ENGI.0000007980.01347.29
https://doi.org/10.1007/s007910100066
http://www.sciencedirect.com/science/article/pii/S0021999113001277
http://www.sciencedirect.com/science/article/pii/S0021999113001277

References 133

[14]

[15]

[17]

[18]

[19]

[20]

[21]

[22]

Eleuterio F. Toro Gino I. Montecinos, Lucas O Miiller. Hyperbolic reformulation
of a 1d viscoelastic blood flow model and ader finite volume schemes. Journal of

Computational Physics, 266:101-123, 2014.

PJ Blanco LO Miiller, G Leugering. Consistent treatment of viscoelastic effects at
junctions in one-dimensional blood flow models. Journal of Computational Physics,

314:167-193, June 2016.

Marie Willemet and Jordi Alastruey. Arterial pressure and flow wave analysis using
time-domain 1-d hemodynamics. Annals of Biomedical Engineering, 43(1):190-206,
Jan 2015. ISSN 1573-9686. doi: 10.1007/s10439-014-1087-4. URL https://doi.
org/10.1007/s10439-014-1087-4.

Frans N. van de Vosse and Nikos Stergiopulos. Pulse wave propagation in
the arterial tree.  Annual Review of Fluid Mechanics, 43(1):467-499, 2011.
doi:  10.1146/annurev-fluid-122109-160730. ~ URL https://doi.org/10.1146/
annurev-f1luid-122109-160730.

David N. Ku. Blood flow in arteries. Annual Review of Fluid Mechanics, 29(1):399—
434, 1997. doi: 10.1146/annurev.fluid.29.1.399. URL https://doi.org/10.1146/
annurev.fluid.29.1.399.

Wouter Huberts, Koen Van Canneyt, Patrick Segers, Sunny Eloot, JHM Tordoir,
Pascal Verdonck, FN van De Vosse, and EMH Bosboom. Experimental validation of

a pulse wave propagation model for predicting hemodynamics after vascular access

surgery. Journal of biomechanics, 45(9):1684-1691, 2012.

John M Wallace and Peter V Hobbs. Atmospheric science: an introductory survey,

volume 92. Elsevier, 2006.

Paul A Dirmeyer, C Adam Schlosser, and Kaye L Brubaker. Precipitation, recycling,
and land memory: An integrated analysis. Journal of Hydrometeorology, 10(1):278~
288, 2009.

Lewis F Richardson. Weather prediction by numerical process. University Press,

1922.


https://doi.org/10.1007/s10439-014-1087-4
https://doi.org/10.1007/s10439-014-1087-4
https://doi.org/10.1146/annurev-fluid-122109-160730
https://doi.org/10.1146/annurev-fluid-122109-160730
https://doi.org/10.1146/annurev.fluid.29.1.399
https://doi.org/10.1146/annurev.fluid.29.1.399

References 134

[23]

[24]

[25]

[27]

28]

[29]

[30]

[31]

32]

[33]

Jule G Charney. On the scale of atmospheric motions. In The Atmosphere?A Chal-
lenge, pages 251-265. Springer, 1990.

Jacques Vanneste. Balance and spontaneous wave generation in geophysical flows.

Annual review of fluid mechanics, 45:147-172, 2013.

Mark Remmel, Jai Sukhatme, and Leslie M Smith. Nonlinear inertia-gravity wave-
mode interactions in three dimensional rotating stratified flows. arXiv preprint

arXi:0903.0693, 2009.

Jai Sukhatme and Leslie M Smith. Vortical and wave modes in 3d rotating stratified

flows: random large-scale forcing. Geophysical and Astrophysical Fluid Dynamics,

102(5):437-455, 2008.

Gerardo Hernandez-Duenas, Leslie M Smith, and Samuel N Stechmann. Investi-
gation of boussinesq dynamics using intermediate models based on wave-vortical

interactions. Journal of fluid mechanics, 747:247-287, 2014.

Leslie M Smith and Samuel N Stechmann. Precipitating quasigeostrophic equations

and potential vorticity inversion with phase changes. Journal of the Atmospheric

Sciences, 74(10):3285-3303, 2017.

Alfredo N Wetzel, Leslie M Smith, and Samuel N Stechmann. Moisture transport
due to baroclinic waves: Linear analysis of precipitating quasi-geostrophic dynamics.

Mathematics of Climate and Weather Forecasting, 3(1):28-50, 2017.

Keith Julien, Edgar Knobloch, Ralph Milliff, and Joseph Werne. Generalized quasi-
geostrophy for spatially anisotropic rotationally constrained flows. Journal of Fluid

Mechanics, 555:233-274, 2006.

Randall J LeVeque and Randall J Leveque. Numerical methods for conservation

laws, volume 214. Springer, 1992.

William F Ames. Numerical methods for partial differential equations. Academic

press, 2014.

Randall J LeVeque et al. Finite volume methods for hyperbolic problems, volume 31.

Cambridge university press, 2002.



References 135

[34]

[35]

[36]

[37]

[38]

[43]

Francois Bouchut. Nonlinear stability of finite Volume Methods for hyperbolic con-
servation laws: And Well-Balanced schemes for sources. Springer Science & Business

Media, 2004.
Gerald Warnecke. Analysis and numerics for conservation laws. Springer, 2005.

Edwige Godlewski and Pierre-Arnaud Raviart. Numerical approximation of hyper-
bolic systems of conservation laws, volume 118. Springer Science & Business Media,

2013.

Bruno Després. Numerical methods for Eulerian and Lagrangian conservation laws.

Birkh&user, 2017.

Alexandre Joel Chorin and Jerrold E Marsden. A mathematical introduction to fluid

mechanics, volume 3. Springer, 1990.

NP Smith, AJ Pullan, and Peter J Hunter. An anatomically based model of transient
coronary blood flow in the heart. STAM Journal on Applied mathematics, 62(3):990—
1018, 2002.

Nikolay Bessonov, Adélia Sequeira, Sergey Simakov, Yu Vassilevskii, and Vitaly
Volpert. Methods of blood flow modelling. Mathematical modelling of natural phe-
nomena, 11(1):1-25, 2016.

Nan Xiao, Jordi Alastruey, and C Alberto Figueroa. A systematic comparison be-
tween 1-d and 3-d hemodynamics in compliant arterial models. International journal

for numerical methods in biomedical engineering, 30(2):204-231, 2014.

AJ Geers, I Larrabide, HG Morales, and AF Frangi. Comparison of steady-state
and transient blood flow simulations of intracranial aneurysms. In 2010 Annual
International Conference of the IEEE Engineering in Medicine and Biology, pages
2622-2625. IEEE, 2010.

Alexander Kurganov, Sebastian Noelle, and Guergana Petrova. Semidiscrete central-

upwind schemes for hyperbolic conservation laws and hamilton—jacobi equations.

SIAM Journal on Scientific Computing, 23(3):707-740, 2001.



References 136

[44]

[46]

[47]

[48]

[49]

[52]

[53]

S. Gottlieb, C.-W. Shu, and E. Tadmor. Strong stability-preserving high-order
time discretization methods. SIAM Rewv., 43(1):89-112 (electronic), 2001. ISSN
0036-1445. doi: 10.1137/5003614450036757X. URL http://dx.doi.org/10.1137/
S003614450036757X.

Alexander Kurganov, Guergana Petrova, et al. A second-order well-balanced positiv-
ity preserving central-upwind scheme for the saint-venant system. Communications

in Mathematical Sciences, 5(1):133-160, 2007.

Faidon Kyriakou, William Dempster, and David Nash. Analysing the cross-section
of the abdominal aortic aneurysm neck and its effects on stent deployment. Scientific

reports, 10(1):1-12, 2020.

Daniel Ho, Andrew Squelch, and Zhonghua Sun. Modelling of aortic aneurysm and

aortic dissection through 3d printing. Journal of medical radiation sciences, 64(1):

10-17, 2017.

FPP Tan, A Borghi, RH Mohiaddin, NB Wood, S Thom, and XY Xu. Analysis
of flow patterns in a patient-specific thoracic aortic aneurysm model. Computers €

Structures, 87(11-12):680-690, 2009.

Ricardo Luis Armentano, Juan Gabriel Barra, Jaime Levenson, Alain Simon, and
Ricardo Horacio Pichel. Arterial wall mechanics in conscious dogs: assessment of

viscous, inertial, and elastic moduli to characterize aortic wall behavior. Circulation

research, 76(3):468-478, 1995.

Edward A Spiegel and G Veronis. On the boussinesq approximation for a compress-

ible fluid. The Astrophysical Journal, 131:442, 1960.

Benoit Cushman-Roisin and Jean-Marie Beckers. Introduction to geophysical fluid

dynamics: physical and numerical aspects. Academic press, 2011.

Kerry A Emanuel et al. Atmospheric convection. Oxford University Press on De-

mand, 1994.

Qiang Deng, Leslie Smith, and Andrew Majda. Tropical cyclogenesis and vertical
shear in a moist boussinesq model. Journal of fluid mechanics, 706:384-412, 2012.


http://dx.doi.org/10.1137/S003614450036757X
http://dx.doi.org/10.1137/S003614450036757X

References 137

[54]

[55]

[56]

[59]

[60]

Gerardo Hernandez-Duenas, Andrew J Majda, Leslie M Smith, and Samuel N Stech-
mann. Minimal models for precipitating turbulent convection. Journal of Fluid

Mechanics, 7T17:576-611, 2013.

Michael Sprague, Keith Julien, Edgar Knobloch, and Joseph Werne. Numerical sim-
ulation of an asymptotically reduced system for rotationally constrained convection.

Journal of Fluid Mechanics, 551:141-174, 2006.

Keith Julien, Edgar Knobloch, and Joseph Werne. A new class of equations for
rotationally constrained flows. Theoretical and computational flurd dynamics, 11

(3-4):251-261, 1998.

Gerardo Hernandez-Duenas, Leslie M Smith, and Samuel N Stechmann. Stability
and instability criteria for idealized precipitating hydrodynamics. Journal of the

Atmospheric Sciences, 72(6):2379-2393, 2015.

Philippe R Spalart, Robert D Moser, and Michael M Rogers. Spectral methods for
the navier-stokes equations with one infinite and two periodic directions. Journal of

Computational Physics, 96(2):297-324, 1991.

GR Flierl. Isolated eddy models in geophysics. Annual Review of Fluid Mechanics,
19(1):493-530, 1987.

Matthew H Hitchman and Shellie M Rowe. On the similarity of lower-stratospheric
potential vorticity dipoles above tropical and midlatitude deep convection. Journal

of the Atmospheric Sciences, 74(8):2593-2613, 2017.



	Portada 
	Contents
	Introduction - Motivations 
	Part I.  A New Two-Dimensional Blood Ow Model with Arbitrary Cross Sections 
	Chapter 1. Introduction to Hyperbolic Conservation Laws 
	Chapter 2. Derivation of the Blood  Flow Model 
	Chapter 3. Properties of the Model 
	Chapter 4. Central-Upwind Numerical Scheme 
	Chapter 5. Numerical Experiments 
	Conclusions 
	Part II. Generalized Quasi-Geostrophy for Moist Spatially Anisotropic Atmospheric Flows With Phase Changes 
	Chapter 6. Introduction: Generalized Quasi-Geostrophy 
	Chapter 7. The Model 
	Chapter 8. Linear (In)Stability of the Model 
	Chapter 9. Numerical Results 
	Conclusions 
	References 



