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Resumen

La modelacion del comportamiento dindmico de comunidades ecoldgicas basada en datos es un gran
reto en la ecologia de sistemas y en la conservacion biologica. Ante el aumento de los disturbios por
distintos factores, la implementacion de estos modelos para predecir escenarios futuros potenciales es
clave para la toma de decisiones en las reservas ecoldgicas. Construimos una familia de modelos
(mediante el uso de sistemas de ecuaciones diferenciales ordinarias) para reconstruir sus interacciones
dindmicas a partir de datos demograficos y ecologicos de tres especies arborescentes de la Reserva
Ecolégica Pedregal de San Angel (REPSA; Ciudad de México, México). Los primeros dos modelos
consideraron dos especies nativas (Pittocaulon praecox y Buddleja cordata) y sus posibles
interacciones ecologicas antagonicas de competencia o de cooperacion. Estas especies son
consideradas ingenieros ecosistémicos ya que son capaces de determinar varios atributos de la
comunidad vegetal. Estos modelos predicen la transicién de un estado estacionario estable dominado
por P. praecox (como se informd en la década de 1950) a la comunidad actual, cuya estructura
aparentemente esta cambiando a un estado estable alternativo dominado por B. cordata. El segundo
par de modelos incorpora también al arbol exotico australiano Eucalyptus camaldulensis, el cual ejerce
efectos negativos en todas las especies de plantas nativas. Este modelo predice un estado dominado
por E. camaldulensis en el que las especies nativas de la reserva son desplazadas. Esta prediccion
supone que esta especie exdtica seguird las tendencias actuales de crecimiento poblacional sin
intervencion externa para controlar su crecimiento. El analisis de bifurcacion de este Gltimo modelo
nos permitié disefiar racionalmente estrategias de intervencion Optimas que potencialmente podrian
desviar la trayectoria de una configuracioén con solo E. camaldulensis hacia una donde sea posible la
coexistencia estable de las especies nativas. Al igual que con los modelos de dos especies, hicimos dos
versiones para los de tres especies, una solo incluyendo interacciones competitivas y otra que incluyo
una interaccion de facilitacion entre B. cordata y P. praecox. Nuestro andlisis muestra que la
facilitacién conduce a una coexistencia estable entre las dos especies nativas, incluso en presencia de
los eucaliptos. Los modelos construidos, los cuales integran numerosas fuentes de datos, ayudan a
esclarecer informacion empirica contradictoria sobre posibles mecanismos ecoldgicos. Ademas,
permiten hacer predicciones para fortalecer los futuros programas de manejo y control de eucaliptos
antes de que sus efectos negativos modifiquen irreversiblemente el funcionamiento y la biodiversidad

de la comunidad biotica protegida en la REPSA.

Palabras clave: Conservacion dindmica, Eco-modelacién, Manejo de reservas ecologicas, Control de
especies exoticas, Planificacion de la conservacion basada en modelos; Proteccion sostenible de la

naturaleza.



Abstract

Data-based modelling of the dynamic behavior of ecological communities is a big challenge in systems
ecology and conservation biology. Implementing these models to forecast potential future scenarios is
key for supporting decision-making in ecological reserves, given the ever-increasing disturbance
threatening their future. Using demographic and dynamic data for three tree (or tree-like) species from
the Pedregal de San Angel Ecological Reserve (PSAER; Mexico City, Mexico), we constructed a
family of dynamical models (using systems of ordinary differential equations) to reconstruct their
dynamic interactions. The first two models considered two native species (Pittocaulon praecox and
Buddleja cordata), with either antagonistic or cooperative ecological interactions between them. These
species are alleged ecosystem engineers playing different roles in the system and determining several
plant communities attributes. These models predict the transition from a stable steady state dominated
by P. praecox (as reported in the 1950s) to the current community whose structure is apparently shifting
to an alternative stable state dominated by B. cordata. The second pair of models additionally
incorporate the exotic Australian tree Eucalyptus camaldulensis, which exerts negative effects on all
native plant species. The prediction of this model is an E. camaldulensis-dominated state with the
exclusion of the native species from the reserve, provided this exotic species follows current population
growth trends, without external intervention to check this process. Bifurcation analysis of the latter
model allowed us to rationally design optimal intervention strategies that could potentially deviate the
trajectory from converging to an E. camaldulensis-only configuration into the stable coexistence of the
native species. For the two-species and three-species models we made two versions, one with only
competitive interactions and another one including a facilitation interaction between B. cordata and P.
praecox. Our analysis shows that facilitation leads to a stable coexistence between the two native
species, even in the presence of E. camaldulensis. The models constructed here, which integrate
multiple data sources, help clarify conflicting empirical information regarding potential ecological
mechanisms, and allow making predictions for strengthening the future management and E.
camaldulensis control programs before its effects irreversibly modify the functioning and biodiversity

of the biotic community protected in the PSAER.

Keywords: Dynamic conservation; Eco-modelling; Ecological reserve management; Exotic species

control; Modelling-based conservation planning; Sustainable nature protection



Introduccion

Cuando creamos un modelo intentamos generar una representacion que nos ayude a entender la
realidad. Aunque no son reales en si mismos, los modelos tienen una gran utilidad, tanto tedrica como
practica, e incluso son capaces de generar cambios de paradigmas que impactan a la realidad. Ejemplos
de algunos modelos relevantes han sido los de la Tierra y del Sistema Solar, el modelo del arbol
evolutivo de Charles Darwin, o el modelo logistico de Thomas Robert Malthus. De estos tres ejemplos,
el primero representa la escala de nuestro sistema planetario y es grafico. El segundo también es un
modelo gréfico sobre el tiempo y la evolucion de las especies. El tercero es un modelo representado
por una ecuacion matematica que dibuja una curva que muestra el cambio de una variable ecologica
en el tiempo. Los tres han cambiado la forma en la que vemos al mundo.

La modelaciéon de los procesos ecologicos y su formalizacion mediante el uso de las
matematicas ha sido uno de los grandes retos al que los ecologos nos hemos enfrentado. Aunque los
modelos estadisticos presentan una gran cantidad de cualidades descriptivas, siguen siendo limitados
en las predicciones que pueden generar. Por ello, el enfoque de los sistemas dindmicos con base en
modelos estadisticos podria generar predicciones mas robustas sobre procesos ecoldgicos. La
modelacion de las interacciones y el andlisis de su estabilidad en el tiempo y de sus implicaciones en
la estructuracion del sistema se han vuelto acciones urgentes en un mundo cada vez mas afectado por
el cambio climatico y por la actividad humana en general. Ante esta perspectiva, nos interesa saber si
las cualidades de un sistema se mantendrdn o si cambiaran. Conocer su trayectoria podria arrojar luz
sobre su posible futuro y a la vez esto nos permitiria tomar decisiones encaminadas a la sostenibilidad
y la conservacion.

Las bases tedricas para conocer las trayectorias de los sistemas se establecen de una forma mas
clara con el concepto de sucesion propuesto por Frederic Clements (1916):

“Succession is the universal process of formation development. It has occurred again and again in the
history of every climax formation and must recur whenever proper conditions arise”.

El concepto de la comunidad climax representaba una idea sumamente atractiva, sin embargo,
es unidireccional. Todas la comunidades sin limitantes ecoldgicas deberian llegar al mismo tipo de
ensamblaje de especies “climax”. Sin embargo, Sir Arthur Tansley no estaba satisfecho con esta idea;
por el contrario, ¢l consideraba que una misma comunidad presente en dos lugares con condiciones
similares podria llegar a estados completamente distintos (van der Valk, 2013). En los afios treinta del
siglo XX, Tansley pregunt6 a Arthur Roy Clapham por una palabra que definiera un concepto ecologico
que integrara a los organismos, a sus interacciones y al medio ambiente; y éste le sugirio el término

“ecosistema” (Willis, 1997). Después de muchas reflexiones, este concepto, junto con otros elementos
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teodricos como su interpretacion de la sucesion ecoldgica, fueron publicados en 1935 en un texto
medular para la ecologia moderna (Tansley, 1935). El autor sostiene que las ideas de climax de
Clements no eran del todo correctas. Sin embargo, usa y expande la analogia del desarrollo de un
organismo para hacer notar que una comunidad vegetal puede pasar por diferentes etapas hasta llegar
a una con mayor madurez, de la misma forma que un organismo puede llegar a una etapa adulta.
Aunque similar a las de Clements, sus ideas difieren en algo fundamental. Las regresiones que se
pueden presentar en las comunidades vegetales no son compatibles con el concepto de climax. Por
ejemplo, cuando un bosque pierde la cobertura de arboles por la accidon de un disturbio y se convierte
en un pastizal. Tansley resuelve esta situacion refiriéndose simplemente a ella como un cambio de
fases en el desarrollo del ecosistema. Un mismo sistema con las mismas condiciones puede presentar
composiciones ecologicas totalmente diferentes dependiendo de su dindmica.

Este acercamiento entre la ecologia y el estudio de los sistemas ha sido lento pero ha avanzado
con paso firme. En 1966, Bernard Patten vaticin6 la incorporacion de las herramientas matematicas de
andlisis de datos de los sistemas dindmicos a la ecologia. Aunque en los ultimos 50 afios la brecha
tecnoldgica se ha reducido y se han desarrollado enormemente la teoria de sistemas y el poder
computacional, los ecologos no han aprovechado estas herramientas lo suficiente para analizar la
complejidad de los sistemas biologicos no lineales. De manera general, persiste un rezago en la
construccion de modelos y su corroboracion con distribuciones de datos reales. Por ello, existe una
enorme necesidad de promover el uso de estas herramientas (Andersen et al., 2009).

Al usar el enfoque de la modelacion dindmica podemos encontrar y analizar propiedades
emergentes de las interacciones entre los componentes de un ecosistema, fundamentales para entender
sus estados transitorios y sus estados estables (Patten, 1966). Esto es de gran utilidad ante la dificultad
de separar individualmente los factores que afectan a la vegetacion debido a sus sinergismos (Meave y
Pérez-Garcia, 2013). El estudio de un sistema complejo con numerosos patrones requiere decidir qué
procesos y qué variables seran incluidos para explicarlo de la forma mas adecuada (Evans et al., 2013).
Una de las grandes interrogantes en la ecologia de sistemas complejos es saber si los ecosistemas son

estables y resilientes.

Estabilidad y resiliencia

Robert MacArthur (1955) fue uno de los primeros ec6logos en introducir los conceptos de comunidades
estables e inestables. Con ellos, ¢l se referia a las primeras como comunidades donde las abundancias
de las especies se mantienen constantes, mientras que en las comunidades inestables varian

enormemente. Sin embargo, su propuesta para cuantificar la estabilidad hace varios supuestos que
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dificilmente se cumplirian en la naturaleza. Por ejemplo, esta propuesta considera solo dos tipos de
ecosistemas que presupone como opuestos: por un lado, los ecosistemas tropicales conformados por
muchas especies representan la estabilidad; por el otro, los ecosistemas articos que albergan pocas
especies ejemplifican la inestabilidad.

Robert May, quien lamentablemente falleci6é cuando esta tesis estaba siendo escrita, fue un pilar
brillante en la ecologia de sistemas. En su libro Stability and Complexity in Model Ecosystems,
publicado en 1973, puso en perspectiva el andlisis ecologico a partir de las biomatematicas
desarrolladas hasta ese momento. May reviso los distintos modelos de crecimiento existentes en su
época, incluyendo los modelos de Lotka y Volterra. A partir de estos estudios, mostrd la relacion
existente entre la complejidad y la estabilidad por medio del uso de matematicas no lineales. Asi, ¢l
encontrd que la complejidad y la estabilidad van de la mano en los sistemas ecologicos. En ese texto
fundamental, menciona que los estados estables e inestables alternativos corresponden a puntos de
equilibrio donde la diferencial de la variable de interés vale cero. A partir de entonces, los modelos
analiticos se han analizado tradicionalmente buscando las soluciones que muestren los equilibrios
(Larsen et al., 2016). Hay que considerar que estos modelos comunitarios fueron construidos
unicamente a partir de supuestos de interacciones de competencia y de depredacion.

El mismo afio en que May publicaba su libro, Crawford Stanley Holling (1973) proponia el
concepto de estabilidad como la habilidad de un sistema para regresar a un estado de equilibrio anterior
después de haber sido perturbado temporalmente. Holling fue el primero en introducir el concepto de
resiliencia a la ecologia como una medida de la habilidad de un sistema para absorber cambios en las
variables controladoras de estado y en los parametros, manteniendo las relaciones entre sus elementos.
La resiliencia es una propiedad emergente de los ecosistemas y otros sistemas complejos y reconoce
que los mismos operan en multiples cuencas de atraccion (Angeler y Allen, 2016). La teoria de estados
alternativos considera que un sistema puede tener distintos estados estables en las mismas condiciones

ambientales (Scheffer y Carpenter, 2003), tal y como lo habia esbozado Tansley (1935) décadas atras.

Estados estables alternativos

Las ideas desarrolladas por Clements, Tansley, Holling y May, entre otros, desembocaron en la teoria
de estados estables alternativos. Estos modelos de transiciones organizan la complejidad y describen
la dindmica de la vegetacion en respuesta a distintos factores (Briske et al., 2005). Con ellos, se ha
propuesto que los grandes cambios en un ecosistema estan asociados a estados estables alternativos y
a puntos de inflexion criticos (Scheffer et al., 2001; Scheffer y Carpenter, 2003; Rietkerk et al., 2004;

van Nes y Scheffer, 2007). Los estados estables alternativos pueden definirse como las multiples

9



cuencas de atraccion de un sistema, cada una de ellas caracterizadas por distintos ensambles de especies
(Suding y Hobbs, 2009). Una acotacidon que mas adelante haria May (1977) es que, si un sistema solo
tiene un Unico estado estable, entonces los efectos historicos no tienen importancia, pero si hay varios
estados estables alternativos localmente, los accidentes histdricos pueden tener una enorme
significancia.

Se ha definido una cuenca de atraccion como la region donde todos los valores iniciales en la
variable de estado generan trayectorias que llevan al estado estable (Schrdder et al., 2005). Cuando la
resiliencia es baja, cerca del punto de inflexion, la vasija o cuenca de atraccion se aplana perdiendo
profundidad, lo que genera una reduccion en la tasa de recuperacion; de esta manera, un pequeflo
disturbio estocastico podria llevar al sistema a una cuenca de atraccion distinta (van Nes y Scheffer,

2007; Dakos et al., 2010; Nazarimehr, 2018).

;Cuencas de atraccion en la Reserva Ecologica del Pedregal de San Angel?

La historia natural y la intensidad con la que se ha estudiado el Pedregal de San Angel lo hacen un
sistema natural idoneo para intentar modelar sus estados alternativos. Este derrame de lava y el
ecosistema que alli se desarrolla existen a partir de una erupcidon volcanica que comenzd hace
aproximadamente 1690 afos en el sur del Valle de México (Siebe, 2009). Al enfriarse la lava, comenzo
un proceso sucesional que en la actualidad sostiene una comunidad con una diversidad Unica al
combinar especies adapatadas a climas frios con especies originadas y adaptadas a climas tropicales.
La sucesion primaria se define como el proceso de desarrollo mediante el cual una comunidad en un
nuevo habitat se modifica conforme pasa el tiempo hasta presentar una organizacioén estructural
generalmente mas compleja y estable (Cano-Santana y Meave, 1996). El proceso sucesional que ha
tenido lugar en el Pedregal de San Angel ha sido estudiado al menos desde 1954 con el trabajo pionero
de Jerzy Rzedowski. A principios de la década de 1980 se cre6 la Reserva Ecologica del Pedregal de
San Angel (REPSA) con la finalidad de proteger una parte remanente de este interesante ecosistema.
La REPSA se ubica en el area del Pedregal de San Angel que Rzedowski (1954) clasificé como la
comunidad Senecionetum praecosis, debido a la abundancia del palo loco [Senecio (=Pittocaulon)
praecox (Cav.) Rob. & Brettell]. Rzedowski observd una asociacion entre el palo loco y el pirul
(Schinus molle L.), un arbol originario de Sudamérica introducido a México hace siglos, en casi todo
el pedregal. En ese trabajo, hipotetizé que dicha comunidad se transformaria hacia una vegetacion del
tipo Schinetum molle, es decir, dominada por el pirul, para eventualmente seguirse desarrollando hacia

una comunidad de encinos sobre estrato baséltico y finalmente a una de encinos con suelo mas
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desarrollado, en una etapa sucesional mucho mas avanzada. Esta propuesta no representa otra cosa que
una teorizacion predictiva de los estados estables alternativos en la zona del pedregal.

Desde hace tres décadas, investigadores y académicos que han trabajado en este ecosistema
comenzaron a reportar un aumento considerable en el nimero de individuos de tepozan (Buddleja
cordata Kunth). Tomando en cuenta estos antecedentes relacionados con procesos ecologicos
observados y cuantificados en este ecosistema, el presente estudio se enfocé en la reconstruccion de la
dindmica y la trayectoria de la vegetacion a partir del incremento del fepozan y la aparente disminucion
del elemento dominante anterior, el palo loco. Se puede considerar que estas especies son clave en el
funcionamiento de la REPSA y pueden determinar la estructura y la composicion de la comunidad
vegetal. Ademas, en una fase posterior de la modelacion decidimos incluir al eucalipto (Eucalyptus
camaldulensis Dehnh.), ya que es el arbol exotico mas abundante con numerosos efectos negativos
sobre las plantas nativas (Segura-Burciaga y Meave, 2001 Segura-Burciaga, 2009).

A partir de esta propuesta planteamos tres hipotesis:

1) “Hipotesis de la dominancia del pirul” propuesta por Rzedowski (1954). Esta hipotesis fue
descartada de entrada ya que no encontramos datos en la literatura que la respaldaran, ni en
cuanto a su aporte de biomasa (Cano-Santana, al994) ni en cuanto su aporte de semillas
(Mendoza Hernandez, 2002; Martinez-Orea et al., 2010) u otras observaciones de campo.

i1) “Hipotesis de la dominancia del tepozan™. Se sustenta en numerosos estudios demograficos y
ecosistémicos.

iii) “Hipotesis de la dominancia del eucalipto”. Incorpora el posible efecto de este arbol exotico
invasor.

Debido a que los datos en la bibliografia si apoyan la posibilidad de la dominancia de tepozanes y de
eucaliptos, construimos cuatro modelos para ponerlas a prueba. Los primeros modelos fueron
construidos para dos especies nativas, el tepozan y el palo loco. Uno de los modelos s6lo presentaba
una interaccion de competencia entre estas especies, mientras que el otro se modificé, introduciendo
un efecto de facilitacion del tepozan sobre el palo loco.

A continuacion, construimos otros dos modelos donde incorporamos al eucalipto y la
regulacion negativa de las especies nativas. De igual forma que con los primeros modelos, en este caso
propusimos dos versiones, una solo con competencia y otra incorporando la facilitacion del fepozan
sobre el palo loco. Todas las propuestas de interacciones de los cuatro modelos se basan en datos
cualitativos y cuantitativos de la REPSA. El planteamiento del modelo parte de un andlisis exhaustivo
de la literatura que incluye informacion de las caracteristicas morfologicas y fisiologicas de las especies
focales, de su comportamiento demografico y de las interacciones entre ellas. Una vez construidos los

modelos graficos, se procedio a construir los sistemas de ecuaciones diferenciales ordinarias acopladas
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para realizar un analisis matematico que permitiera poner a prueba las hipdtesis. De esta manera, fue
posible determinar los posibles estados estables de cada sistema de manera analitica. Para este modelo
se hizo, de forma adicional, un analisis de bifurcaciones con la finalidad de proponer un método de
control del eucalipto que permitiera pasar de un estado estable caracterizado por la dominancia de este
arbol exotico a uno donde la coexistencia de las distintas especies focales sea posible. A partir de este
procedimiento, la intencion final fue generar una propuesta de control para el eucalipto invasor con el
fin de brindar una herramienta para la toma de decisiones en el plan de manejo de la REPSA. A
continuacion, presento el articulo que se contruyo a partir de esta investigacion y que fue enviado a

la revista Ecological Modelling.
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Abstract

Data-based modelling of the dynamic behavior of ecological communities is a big challenge in
systems ecology and conservation biology. Implementing these models to forecast potential future
scenarios is a key for supporting decision-making in ecological reserves, given the ever-increasing
disturbance threatening their future. Using demographic and dynamic data for three tree (or tree-like)
species from the Pedregal de San Angel Ecological Reserve (PSAER; Mexico City, Mexico), we
constructed a family of dynamical models (using systems of ordinary differential equations) to
reconstruct their dynamic interactions. The first two models considered two native species
(Pittocaulon praecox and Buddleja cordata), with either antagonistic or cooperative ecological
interactions between them. These species are alleged ecosystem engineers playing different roles in
the system and determining several plant communities attributes. These models predict the transition
from a stable steady state dominated by P. praecox (as reported in the 1950s) to the current
community whose structure is apparently shifting to an alternative stable state dominated by B.
cordata. The second pair of models additionally incorporate the exotic Australian tree E.
camaldulensis, which exerts negative effects on all native plant species. The prediction of this model
is an E. camaldulensis-dominated state with the exclusion of the native species from the reserve,
provided this exotic species follows current population growth trends, without external intervention
to check this process. Bifurcation analysis of this latter model allowed us to rationally design optimal
intervention strategies that could potentially deviate the trajectory from converging to an E.
camaldulensis-only configuration into the stable coexistence of the native species. For the two-
species and three-species models we made two versions, one with only competitive interactions and
another one including a facilitation interaction between B. cordata and P. praecox. Our analysis
shows that facilitation leads to a stable coexistence between the two native species, even in the
presence of eucalyptus. The models constructed here, which integrate multiple data sources, help

clarify conflicting empirical information regarding potential ecological mechanisms, and allow
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making predictions for strengthening the future management and E. camaldulensis control programs
before its effects irreversibly modify the functioning and biodiversity of the biotic community

protected in the PSAER.

Keywords:

Dynamic conservation; Eco-modelling; Ecological reserve management; Exotic species control;

Modelling-based conservation planning; Sustainable nature protection
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1. Introduction

As the human footprint on Earth deepens (Williams et al., 2020), good management of nature
reserves for biological conservation and ecosystem function maintenance becomes increasingly
important as an instrument to prevent losses in our planet’s biological legacy (Suding and Hobbs,
2009; Venter et al., 2016; Schuwirth et al., 2019). Uncertainty about the efficacy of nature protection
areas stems from the difficulty to ensure the continuity of the biota and the overall ecosystem health
they are supposed to safeguard (Cano-Santana et al., 2006; Shrestha et al., 2021). Integrating
information on the past, present, and future dynamics of protected areas allows assessing whether
such continuity is being achieved or else if the system is shifting towards unknown new states. Such
information would provide an important decision-making tool, allowing to adjust or to improve
current management of a protected area by ensuring that decisions are based on sound knowledge on
the dynamics of species occurring in the community (Schuwirth et al. 2019). Identifying the roles of
those species contributing the most to community structure and functioning should enable the
prediction of future scenarios for protected areas based on quantitative ecological relationships
(Suding and Hobbs 2009). To this purpose, mathematical modelling offers a very useful tool.
Computing (in silico) experiments are a cheaper and faster option vis-a-vis field experiments, as they
assist in searching for optimized solutions to ecological problems (Borenstein, 2012). For example,
the control of exotic species, a central topic in conservation biology, could strongly benefit from this
approach.

Exotic species invasions of nature reserves may gradually lead to communities that have little
in common with the original ones. To examine this possibility, the alternative stable states theory
offers an adequate theoretical framework. The notion of alternative stable states has its roots in
Tansley’s (1935) work, who suggested that ecosystems transit through different development stages

without ever reaching the “community climax”; these multiple stages were later recognized by May

16



(1973) as alternative attracting equilibrium points. These early ideas prompted a rapidly growing
field of research, in which the current debate largely focuses on the issue of ecosystem stability in the
event of disturbances. Central to this topic is the concept of ecological resilience, defined as the
measure of the magnitude of a disturbance required to trigger a transition into a qualitatively different
state (Holling, 1973; Peterson et al., 1998; Gunderson, 2000; Suding and Hobbs, 2009). Each of these
states is associated to a different basin of attraction (Scheffer and Carpenter, 2003; Suding and
Hobbs, 2009; Angeler and Allen, 2016). Often, big changes observed in ecosystems are associated to
transitions (Scheffer et al., 2001; Scheffer and Carpenter, 2003; Rietkerk et al., 2004; van Nes and
Scheffer, 2007). Crossing the boundaries between basins of attraction of alternative steady states is
possible when disturbances are strong enough to push the trajectories beyond the separatrix (Scheffer
et al., 2001; Scheffer and Carpenter, 2003; Guttal and Jayaprakash, 2008; Angeler and Allen, 2016).
The stability of stable steady states is roughly associated to feedback loops that maintain and sustain
the system’s functionality (Angeler and Allen, 2016). A bifurcation of a dynamical system has been
defined as a topological change in the phase space that results from smooth changes in a bifurcation
parameter (Andersen et al., 2009). Saddle node bifurcations, in which a stable steady state disappears
when it collapses with an unstable branch (Guttal and Jayaprakash, 2008; Dakos et al., 2012;
Nazarimehr et al., 2018) are amongst the most common ecologically relevant bifurcations (saddle
node bifurcations are also known as thresholds; Scheffer et al., 2009; Kéfi et al., 2014; Angeler and
Allen, 2016). The stability of an attractor decreases in the vicinity of a bifurcation point, a
phenomenon associated to a decrease in the size of the corresponding basin of attraction and a slower
recovery of the system from transient perturbations (referred to as “critical slowing down” in
dynamical systems theory) and thus to reduced resilience, increasing the system’s vulnerability and
therefore the likelihood of flickering between states (van Nes and Scheffer, 2007; Dakos et al., 2010;
Nazarimehr et al., 2018).

Forty years ago, a natural conservation area was created in southern Mexico City which offers
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an excellent system to test ideas related to alternative stable states theory. This nature protection area,
the Pedregal de San Angel Ecological Reserve (hereafter PSAER; we will use the colloquial name as
San Angel Reserve, SAR), is located within the main campus of the National Autonomous University
of Mexico (Universidad Nacional Auténoma de México; UNAM). As the natural vegetation in SAR
hosts a very rich flora and fauna, and due to its proximity to UNAM’s Faculty of Sciences, the
Institute of Biology and the Institute of Ecology, many students and scholars have been engaged in
numerous biological research programs, making SAR one of the most intensely studied protected
areas in Mexico (Carabias-Lillo and Meave del Castillo, 1987; Lot and Cano-Santana, 2009). The
natural ecosystem it protects is quite peculiar. For one, it its neither representative of the lacustrine
systems once widespread in the bottom of the Basin of Mexico prior to human occupation, nor of the
temperate forests occurring on the surrounding mountains. The reason for this apparent anomaly is
that this ecosystem develops on a lava field that formed some 1700 years ago with the eruptive event
of the Xitle, a monogenetic volcano typical of the Trans-Mexican Volcanic Belt. Primary succession
likely began in this area shortly after the eruption ceased, and this process is going on to this date
(Siebe, 2009). This successional condition, along with its location within the University’s main
campus and the concomitant large amount of information available, makes of SAR an ideal place to
study successional dynamics. In the mid-20th century, Rzedowski (1954) documented a very rich
flora (538 vascular plant species) for the entire area (ca. 80 km?) of this lava field (pedregal in
Spanish), occurring in a mosaic of nine plant community types spanning a 1,000 m elevational
gradient. Mexico City’s unchecked urban sprawl since the 1960s took a big toll on this ecosystem’s
size, so that currently only a small fraction remains, mostly protected in the SAR. Despite the benign
climate of this high-elevation location and its potential for temperate forest development, vegetation
in SAR is a xerophytic scrub, given its arid condition due to incipient soil development (Cano-
Santana and Meave, 1996). A recent account of SAR’s vascular flora comprises 373 vascular plant

species (Castillo-Argiiero et al., 2004, 2009), among which some 10 are trees and the remaining
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comprise an array of smaller growth forms. Among these trees, three exotic species are prominent,
two eucalypts (Eucalyptus camaldulensis and E. globulus; Myrtaceae), and the Peruvian peppertree
or Pirul (Schinus molle; Anacardiaceae). Despite its protection status, multiple threats compromise
the integrity of SAR and its biota. For one, SAR is situated amidst one of the world’s largest urban
areas, where the environmental effects of over 20 million people are difficult to overlook (Cano-
Santana and Meave, 1996; Cano-Santana et al., 2006). Main disturbances with continuous effects on
this ecosystem are landscape fragmentation, squatting, and illegal material dumping (Castellanos
Vargas et al., 2017), combined with high tropospheric ozone levels typical of Mexico City’s air
quality (de Bauer and Hernandez-Tejeda, 2007). Lastly, but not least, exotic species invasions
represent an additional threat.

The first detailed description of the plant community occurring in the lowest reaches of this
lava field, where SAR is located, was provided by Rzedowski (1954). This author classified this
community as a xerophytic scrub and, following the European phytosociological tradition, named it
Senecionetum praecocis, reflecting the high abundance and physiognomic contribution of the tree-
like, large shrub Pittocaulon (=Senecio) praecox (Asteraceae), a dominant species in the community
until the mid-20th century. Rzedowski also reported the presence of S. molle, a short tree native from
South America introduced centuries ago to the former New Spain (Ramirez-Albores and Badano,
2013). Based on the success of this species in the central Mexico highlands (Corkidi et al., 1991),
Rzedowski hypothesized that this community would eventually turn into a Schinetum mollis, i.e., a
community dominated by this exotic species. Rzedowski went further and hypothesized that given
enough time, this community could eventually become an oak forest, as this is the “climax”
vegetation type at this elevation in the Central Mexican highlands (Meave et al., 2016). However,
given the scarcity of oak trees in the xerophytic scrub (Castillo-Argiiero et al., 2007), this seems a
less plausible successional outcome. We discarded Rzedowski’s hypothesis predicting the future

dominance of S. molle (“‘S. molle dominance hypothesis”) due to its lack of empirical support.
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As the ecological knowledge on this community advanced, new potential successional
scenarios became apparent. First, based on the relentless urbanization around SAR and probably in
association with increased air pollution, some authors noted the increasing prevalence of a species
whose presence was not emphasized by Rzedowski (1954), namely the short tree Buddleja cordata
(Scrophulariaceae). Locally known as Tepozan, several authors reported an increasing abundance of
this species in SAR around the turn of the 21st century (e.g., Hernandez Islas, 1984; Cano-Santana,
1994; Flores Vazquez, 2004), to the degree that a “tepozanization” process was suggested (Soberon
et al., 1991). On this basis, we formulated the “B. cordata dominance hypothesis”, the first one to be
tested in our study, which states that the fate of this community would be a B. cordata-dominated
system.

A second hypothesis derived from conspicuous presence of eucalypts in SAR. The potential
ecological effects of the introduction of Eucalyptus camaldulensis to this area half a century ago have
been amply documented, including strong impacts on community structure and diversity, through
competitive effects to allelopathic interference (Segura-Burciaga, 2009; Espinosa-Garcia, 1996;
Segura-Burciaga and Meave, 2001). Thus, eucalypts are likely to trigger feedback loops potentially
leading to catastrophic, qualitative changes in this community’s successional trajectory. Hence, the
“E. camaldulensis dominance hypothesis” foresees a future scenario for this community
characterized by the dominance of this invasive species.

Based in this background, the following questions emerged: What is the stage of the
successional dynamics in this plant community? In which direction is it shifting? What are the effects
of the entry of new species to the community? To answer these questions, we analysed the
successional dynamics of the plant community present in SAR and tested the two aforementioned
hypotheses. We did this by modelling the successional dynamics of this plant community to predict
future scenarios for this natural protected area. Our mechanistic mathematical models are dynamical

representations of key ecological interactions between the focal species that drive the successional

20



process. To the extent that this was possible, we derived the ecological mechanisms from empirical
observations. To deal with conflicting or missing observations, we constructed a family of
mathematical models, representing either the B. cordata dominance (type I models) or the E.
camaldulensis dominance (type Il models) hypothesis, and assessed their plausibility (or explanatory
capacity) by measuring their ability to reproduce field observations (i.e. by, minimizing a cost
function). The rationale behind this modelling approach is that it allows assessing the most plausible
ecological interactions between the tree species given empirical data limitations (Schuwirth et al.
2019). We expect that this modelling exercise will prove useful in making informed decisions to
manage this ecological reserve, and eventually that this approach will become widespread to promote

a sounder management of natural protected areas.

2. Materials and methods
2.1 Selection of focal species

Pittocaulon praecox (Cav.) Rob. & Brettell (common name, Palo Loco). This species is a
large, dichotomously branched, succulent shrub, usually < 4 m tall but occasionally more, allowing
its classification as arborescent or tree-like. The thickened stems of this plant are related to water
storage, enabling them to grow under the limiting water conditions derived from the very shallow
soils in the ecosystem (Cano-Santana and Meave, 1996). The selection of this species was based on
its past dominance in the community (Rzedowski 1954). Despite evidence indicating that the
population of this species is still growing (Rodriguez de la Vega, 2003; Pérez Ishiwara, 2011), it
seems on its way to becoming a subordinate community component.

Buddleja cordata Kunth (common name, fepozan). This species is a very frequent, short tree
commonly growing in disturbed areas of temperate forests and xerophytic scrub vegetation in the
central highlands of Mexico (Mendoza Hernandez, 2003). Trees of this species are evergreen (Meave
et al., 1994), despite a continuous foliage turnover in their crowns, thus they cast a deep shade even

in the harsh dry springtime typical of Mexico City. This suggests that the concept of ecosystem
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engineer (Jones et al. 1994) is suitable for this species, as arguably it is a key modulator of resources
and of abiotic factors, impacting the plant community’ structure and function in its vicinity.
Eucalyptus camaldulensis Dehnh (common name, Eucalipto or eucalypt). The selection of
this species (incorrectly reported as Eucalyptus resinifera Sm. in previous studies in this area) was
based on its high abundance in certain areas of SAR, particularly bordering the inner roads of the
University campus and the main city roads that cross it, and because of the alleged impact it is having
on this ecosystem (Segura-Burciaga, 2009; Acosta-Arreola, 2015). The abundant information on this
species also warrants its recognition as an ecosystem engineer. Normally attaining a much larger
height than any other native tree species, eucalypts dominate the upper stratum, reducing light
intensity under their crowns (Segura-Burciaga, 2009). In SAR, the experimental remotion of
eucalypts resulted in higher species richness compared to control plots covered with eucalypt crowns
(Segura-Burciaga and Meave, 2001); this difference was interpreted as a result of volatile allelopathic
compounds released by eucalypts with negative effects on the growth and survival of native species
(Espinosa-Garcia, 1996). Moreover, the thick litter layer that often accumulates around eucalypt trees
decomposes very slowly, apparently deterring the germination of other species’ seeds (Segura-
Burciaga and Martinez-Ramos, 1994), and increasing fire risk in the dry season. Reports of death
bumblebees and bees on the ground of E. camaldulensis-dominated zones suggest the presence of
lethal secondary metabolites in its nectar (Segura-Burciaga, 2009), although this remains
unconfirmed. The rapid growth rates of eucalypts, combined with the lack of native predators and
competitors capable of playing a regulatory role of its population, render this species a threat for the
future functioning of the entire ecosystem. Three demographic studies covering the 1951-2009
period revealed a rapid growth of the E. camaldulensis population over this period, despite the
launching of a control program that operated from 1994 to 2001 which resulted in the downing of
several thousands of individuals (Segura-Burciaga and Martinez-Ramos, 1994; Segura-Burciaga,

2009; Acosta-Arreola, 2015).
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2.2 Sources of empirical data

The starting point for the construction of the models was a thorough review of published
sources, including grey literature, to search for morphological and ecological information on the focal
species. This search produced 23 studies with relevant information, including 13 academic theses and
dissertations, five book chapters, and five articles in specialized journals based on research conducted
in this community. These studies were conducted between 1954 and 2015.

Quantitative information sources were of two kinds. The first group comprised empirical
descriptions of the ecological interactions involving the model’s variables and was used for the
construction of the reaction network and hence the mathematical model (Rzedowski 1954;
Hernéndez Islas, 1984; Soberon-M. et al., 1991; Segura-Burciaga and Martinez-Ramos, 1994;
Segura-Burciaga, 1995; Cano-Santana and Meave, 1996; Olvera Carrillo, 2001; Segura-Burciaga and
Meave, 2001; Mendoza Hernandez, 2002, 2003; Rodriguez de la Vega, 2003; Flores Vazquez, 2004;
Camacho Altamirano, 2007; Antonio-Garcés et al., 2009; Castillo-Argiiero et al., 2009; Valverde and
Chavez, 2009; Martinez-Orea et al., 2012; Mendoza Hernandez et al., 2013; Santillan Carvantes,
2013). The second group included longitudinal demographic monitoring of the densities of the three
species and were used for parameterizing the mathematical model. Data for the calibration of the
kinetic relations between the two native species were retrieved from Cano-Santana (1994), who
reported demographic data (density) and ecosystem-level information, including biomass production
for B. cordata and P. praecox from 1990 to 1992. The increasing trend of B. cordata dominance in
the community is supported by much qualitative and quantitative evidence (Soberén-M. et al., 1991;
Cano-Santana, 1994; Cano-Santana and Meave, 1996; Mendoza Hernandez, 2003; Flores Vazquez,
2004; Camacho Altamirano, 2007; Antonio-Garcés et al., 2009; Cano-Santana et al., 2006; Castillo-

Argiiero et al., 2009; Valverde and Chavez, 2009; Martinez-Orea et al., 2010; Mendoza Hernandez,
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2002).

A further set of sources provided information on the Eucalypt’s ecology. Demographic
information derived mainly from Segura-Burciaga (2009, 1995), Segura-Burciaga and Martinez-
Ramos (1994), and Segura-Burciaga and Meave (2001), and was supplemented with a demographic
study of this species conducted by one of us in 2011 (Acosta-Arreola, 2015). Interestingly, only five
of these studies include demographic matrix modelling: Segura-Burciaga (1995) for the E.
camaldulensis, Mendoza Hernandez (2002) and Flores Vazquez (2004) for B. cordata, and
Rodriguez de la Vega (2003) and Pérez Ishiwara (2011) for P. praecox. All these studies confirmed
the growing populational trends for these species. In addition, we gathered information from seed
bank and post-fire colonization studies that confirmed the increasing dominance of B. cordata in
SAR (Hernandez Islas, 1984; Martinez Mateos, 2001; Mendoza Hernandez, 2002; Martinez-Orea et

al., 2010, 2012).

2.3 Construction of the mathematical models

In constructing a model, its assumptions need to be totally explicit to create realistic
expectations while avoiding making a black box that can neither be understood nor discussed
(Schuwirth et al., 2019). Hence, in these sections we explain in detail how the model was
constructed, calibrated and analyzed.

We constructed a family of four mechanistic mathematical models representing the dynamic
interactions between the two native species and the exotic species. These four systems of coupled
ordinary differential equations represent the positive (4) and negative (B) dynamic interplay between
the two alleged ecosystem engineers in SAR (namely B. cordata and P. praecox), both in the absence
() and presence (II) of the exotic E. camaldulensis.

First, we explored the dynamic consequences of both positive and negative interactions

between B. cordata and P. praecox to clarify contradicting empirical evidence regarding these two
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possible interactions: negative regulation by competition and positive regulation by cooperation
between them. We constructed spatially homogeneous and deterministic models based on ordinary
differential equations. These models assumed that resources and space are limited; therefore, we refer
to our model variables as “eco-dimers”, i.e., the integrated units of space inhabited by a given tree.
Given that our model variables are trees or tree-like plants, we posit that the eco-dimer is defined by
the area of the canopy projected onto the soil, and hence it has units of area/tree cover. Model
construction also assumed total space/resources on SAR to be constant (parameter 7) so that, using
conservation equations, the free space can always be represented as an algebraic function (i.e., the
constant total space minus the sum of the eco-dimers).

In each of our models, the dynamic variables are given by the 3 (or 2) species of trees, i.e.
X = [PS, BS, ES] with entries of X corresponding to the space in SAR occupied by Pittocaulon
praecox (PS), Buddleja cordata (BS), and Eucalyptus camaldulensis (ES), respectively. Our model
also implicitly includes the Free Space (FS) variable representing the area of SAR not occupied by
any of the tree species. The Total Space (TS) is given by the algebraic relation FS =
TS-(PS + BS + ES) or, equivalent, TS = FS + PS + BS + ES . For each species we assumed that
growth (or occupation of space) is a first order process linearly dependent on the free space, with
parameter @, . Death of individuals of any species is also a first order process that leads to the

liberation of space with parameter Sy, .

In models 4 (negative regulatory interactions, i.e. competition) we assumed that PS growth is
inhibited by BS, representing the asymmetric competition for resources where B. cordata is the
aggressive competitor. Support for this negative regulatory interaction derives from field
observations by Valverde and Chéavez (2009) suggesting the existence of regions of SAR strongly
dominated by B. cordata, where the canopy is relatively closed, and have a poorly lit lower stratum.
We assumed a competitive effect for nutrients, water, soil and light. Nonetheless, there is also

increasing evidence that facilitation is a key driver of community assembly in high-diversity systems
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(Callaway, 1995; Bruno et al., 2003; Valiente-Banuet and Verdud, 2007). Hence, we also included
positive interactions: in models B (positive regulatory interactions, i.e. cooperation) we assumed that
BS favours the growth of PS through facultative facilitation. Facilitation is a positive interaction from
which at least one species benefits without damaging the other. In facilitative interactions the mere
presence of one species modifies the environment, often resulting in a benefit for its neighbours
(Bruno et al., 2003; Valiente-Banuet and Verdu, 2007; but see Valladares et al., 2008 for a cautionary
view).

Based on a review of nearly 200 studies published between 1909 and 1995, Callaway (1995)
concluded that facilitation is a key plant community structuring process, particularly through the
nursery effect in deserts. In the case of B. cordata, facilitation could be inferred if individuals of
different species were recruited under a nursing B. cordata tree more frequently than expected at
random (Valiente-Banuet and Verdu, 2007). Olvera Carrillo (2001) hypothesized that B. cordata
could serve as the nurse of the cactus Opuntia tomentosa; although this author failed to demonstrate
specificity in the nursing relationship, she showed that shadier, more humid microsites are key to the
successful establishment of plant species in this community. Such conditions may be created by
stones, walls and even other plant species. In another sector in the same lava field but outside of
SAR, B. cordata fails to limit the establishment of new individuals (Ruiz Amaro, 1996), possibly due
to nursing effects or microclimatic modifications around B. cordata individuals that could lead to
increases in PS. Mendoza Hernandez (2002, 2003, 2013) suggested that B. cordata has facilitating
effects through the accumulation of soil and humidity around it, promoting seed germination of
native species, and highlights its facilitating role for late successional species like oaks. Rodriguez de
la Vega (2003) reported that in 1997, following a massive recruitment event of P. praecox that
started in 1992, 88 % of P. praecox seedlings were located under nurse plants in a B. cordata -
dominated area; in addition, this author showed that 44.4 % of plants growing under nurse plants

survived, which contrasts with a 3.8 % survival for seedlings growing under exposed conditions
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(Rodriguez de la Vega, 2003). Figueroa-Castro et al. (1998) reported a higher production of
reproductive structures for P. praecox in shadier, more humid microenvironments. This supports the
possibility of a positive, facilitating effect of B. cordata on P. praecox and probably some other
species.

In constructing the type II (three-species) models, we further assumed negative effects of ES
on the two native species, both by inhibiting their growth and inducing their death. These negative
effects are mainly related to competition for nutrients, water and light, and the release of allelopathic
compounds. In these models, | represents the negative effects on the reproduction of native species,
mainly related to the physio-chemical barrier represented by a litter layer containing allelopathic
compounds in E. camaldulensis -dominated areas, preventing seed germination of native species
(Segura-Burciaga, 1995), but also to the potential toxic effects of E. camaldulensis s on the
pollinators of native species (Segura-Burciaga, 1995, 2009). Figure 1 shows the conceptual diagrams
for the four models; Table 1 provides a description of model variables, and the equations are given in

Table 2.

Negative regulation between native species Positive regulation between native species

Two I-B)
native

species

Fs Pes BS ~ass

Two
native
species
and an
exotic
species

Figure 1. Mathematical models of the interplay between key ecological engineers in SAR. Type |
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and type Il models represent the positive (4) and negative (B) dynamic interplay between P. praecox
(PS) and Buddleja cordata (BS), either in the absence (I) or presence (II) of Eucalyptus
camaldulensis (ES). Circles represent the eco-dimers, the square represents free space (FS). Orange
arrows represent negative regulations; blunt end arrows represent inhibitory effects of eco-dimer
formation rates, whereas pointed arrows indicate induction of eco-dimer dissociation rates. Blue
arrows represent positive regulations (induction of eco-dimer formation). The weight of the

interactions is given by the parameter values (Greek letters) defined in Table 4.

Table 1. List of variables included in the models, along with their symbols, units of measurement and

explanatory comments.

Symbol Name Units Comments
t Time (independent variable) years
FS Free space ha Represented algebraically

(conservation equations)
PS Space occupied by Pittocaulon ~ ha
praecox (Palo Loco)
BS Space occupied by Buddleja ha
cordata (Tepozan)
ES Space occupied by Eucalyptus ha Models II-A and II-B only

camaldulensis (eucalypt)
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Table 2. Model equations. Parameters in colored font represent the effects of the ecological
interactions of one species on another. Parameters in orange font imply a negative effect, whereas

parameters in blue font represent the facilitation of B. cordata on P. praecox.

Model | System of equations

dPS(t)  aps- PS(t) - FS(t)

dt = 1+BS(0)- e 1S
dBS
IA dt(t) = aps - BS(t) - FS(t) — Bgs - BS(E)

FS(t) =TS(t) — (PS(t) + BS(1))

dpPs
dt(t) = aps - PS(t) - FS(t) - (1+1gp - BS()) — Bps - PS(E)
dBS
BB o B0 FS(O) ~ s BSE)
FS(t) =TS(t) — (PS(t) + BS(1))
dPS(t) aps - PS(t) - FS(t)
& CITBS Tt BS@ s~ PS5 (Bes + pgp - ES(D)

dBS(t) ags-BS(t) - FS(t)

A dt  ~ 1+ (ES(D)- ) — BS(¢) - (,BBS + 'E.S'(t))
dES
Edt(t) = ags - ES(t) - FS(t) — Pgs " ES(1)
FS(t) = TS(t) — (PS(t) + BS(t) + ES(D))
dPS(t) _ aps- PS(t)-FS(t)- (14 rgp - BS()) _ |
dt 1+ ES(t) - — PS(t) - (Bps + ES(t))
dBS(t) [ags'BS(t)-FS(t)
1IB ac ( 1+ ES() - ) — BS(t) - (Bps + 1 - ES(1))
dES
Edt(t) = agsES(t) - FS(t) — Pgs " ES(1)

FS(t) = TS(t) — (PS(t) + BS(t) + ES(1))
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2.4 Construction and standardization of a database with normalized field data of eco-dimer coverage

To model growth for the three species we defined the eco-dimer formation as the association
of individuals that use free space. Hence, we used units of area (ha) for the three species. Data
extracted from the literature were standardized.

The first decision was to consider the size (area) of SAR as constant from 1954 until 2011.
When this area was declared a nature protection area in 1983 it covered an area of 124.5 ha, but in
1990 its limits were modified to increase its area to 146.89 ha, which then remained the same until
1996 (Cano-Santana, 1994); we chose this period to represent its constant size because most records
come from this time period. Although more recently its area underwent further modification until
reaching its current size of 237 ha (Peralta Higuera and Prado Molina, 2009), this enlarged area was
not considered for the modelling because it includes several buffer zones with potentially very
different dynamics.

For the E. camaldulensis, the first cover data point is represented by the number of eucalypt
trees planted in the early 1950s. To obtain further dynamic datapoints we searched the literature for
distributional and density data and found data for three additional dates, namely 1990 (Segura-
Burciaga and Martinez-Ramos, 1994; Segura-Burciaga, 1995), 1998 (Segura-Burciaga, 2009) and
2011 (Acosta-Arreola, 2015). Based on the observation that in the area of occurrence of eucalypts 25
% of the soil is free from its influence (Segura-Burciaga, 1995), we adjusted its distribution area by

75 % to determine its net cover area (Table 3).
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Table 3. Total cover by species (ha) in different dates for the 1954 - 2011 period in the Pedregal de

San Angel Ecological Reserve, Mexico City.

Year B. cordata  P. praecox E. camaldulensis
1954 - - 1.105

1990 15.467 0.078 8.932

1991 16.954 0.086 -

1992 19.187 0.096 -

1998 - - 6.548

2011 - - 8.251

Information for P. praecox and B. cordata was retrieved from Cano-Santana (1994). This
author distinguished in the lava field two main terrain units, namely rugged sites (defined by a high
abundance of cracks and depressions), and flat sites. Then, for these two species he quantified
biomass storage by site type for the years 1990, 1991 and 1992. The author also recognized three
vegetation strata (tree, shrub and herb strata); interestingly, despite the arborescent condition of P.
praecox, this species was associated with the shrub stratum, which also includes a group of medium-
sized young B. cordata individuals. For these two species and for years 1990 and 1991, there are
density records for the two taller strata and for both site types. Data on total density and cover of the
tree stratum were also available for 1990, and there were total biomass records for the three years by
site type. Given the large substrate heterogeneity in this area (Santibanez-Andrade et al., 2009), we
transformed all records to express them in the same units (ha for area and kg for weight). Reference
year for inferring 1991 and 1992 cover was 1990 (Table 3). The resulting database for dynamic eco-

dimer values is given in Table 3.
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2.5 Optimization of parameter values (derivation of nominal values)
Parameters were estimated through global optimization, by minimizing the cost function that
measures the difference between empirical measurements of the eco-dimers and the simulated
trajectories of our model variables given a set of parameters, as:
n m 2
Cost(P) = Y 3" (xfeee(t) — el (1,)
_ i=1 k=1
Where P is the vector of parameters, i the index of the vector of model variables, k the time points,
x4 (¢, ) and x["°%¢!(t,) are the measured and simulated datapoints of variable i at time k. Global
optimization of the cost function was done with the GlobalSearch function in Matlab

R2020a. We did not assess parameter interactions due to the lack of controlled field or laboratory

experiments. Resulting nominal model parameters are described in Table 4.
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Table 4. Model parameters.

Symbol Description Units Nominal value
Qps PS reproductive rate halyear! 0.00110
(ha of PS)
ags BS reproductive rate halyear! 0.00137
(ha of BS)
Qgs ES reproductive rate halyear! 0.00100
(models II only) (ha of ES)
Bps PS death rate year! 0.29000
Bgs BS death rate year! 0.07000
Bes ES death rate year! 0.01000
(models II only)
Inhibition of growth ha’! 0.09950
of PS by BS
(models 4 only)
Inhibition of growth ha’! 0.01000
of PS by ES
(models II only)
Inhibition of growth ha’! 0.01000
of BS by ES
(models II only)
gp  Stimulation of growth ha’! 0.09950
of PS by BS
(models B only)
Stimulation of death halyear! 0.01000
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of PS by ES

(models II only)
Stimulation of death halyear! 0.01000
of BS by ES
(models II only)
TS Total size of SAR ha 146.9

2.5 Stability analysis of the mathematical models

The derivation of steady state values and their stability conditions were derived analytically
for the four models, as explained in Appendix A. Note that, since this is an analytical procedure, the
results do not depend on specific parameter choices, which is very robust (they depend on equation

structure only).

2.6 Constructing distributions of the stable community configurations of the two 3-species models
We used a Latin Hypercube method to randomly sample 100000 parameter sets from an 11-
dimensional uniform distribution spanning seven orders of magnitude ([10- -10?), analytically

computed the steady states and assessed their stability through linearization.

2.7 Estimation of the separatrix for model II-B with nominal parameter values

Model II B (three species interactions with positive regulation between the two native species)
(Figure 1), with nominal parameter values in Table 3, leads to a bistable dynamical behavior with one
stable steady state (p; )corresponding to long term extinction of the two native species with high SAR
E. camaldulensis cover, and a second one (p3) corresponding to the opposite scenario, with stable

coexistence of the two local species and the local extinction of the invasive tree. There are other
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equilibria (p3)which are all saddle points and are contained in one or more (invariant) coordinate
planes. The equilibrium point ps, which hereafter will be given special attention, is also a saddle
point because while some of its associated eigenvalues have a negative real part (characteristic of
stable steady states), one eigenvalue is positive (hence unstable). Thus, ps is also unstable because it
is not stable.

A key question emerges here as to how to decide on the asymptotic behaviour (t — o) ofa
solution if we only know the state of the system at present (¢ = 0). Will it converge towards p; or
p3? . In other words, how to tell which initial conditions lead to p; from those that go to p5 in the
general case? The key to this answer lies on a special set of solutions associated to the equilibrium
ps. The basins of attraction of p; and p5 are separated by the stable manifold W* of ps.The manifold
W=S(ps) is a smooth two-dimensional invariant object which consists of all solutions that tend to ps
in the long term. All the solutions starting on one side of W*(ps) converge to p;, while all solutions
on the other side of W*(ps) converge to p;. This means that W*(ps) represents the separatrix that
divides the phase space [Bs, Ps, Es] into the basin of attraction of the two stable steady states of the
system, p; and p5. In general, it is not possible to derive the global stable manifold W*(ps) in a
closed formula. Here, W*(ps) was computed numerically with the method proposed by Krauskopf
and Osinga (2007) as a family of orbit segments which can be obtained as solutions of a suitable
boundary value problem (BVP), implemented in the package Auto. The two-dimensional manifold
is obtained from the output data and the respective portion of the manifold is rendered as a surface

from the computed orbit segments with dedicated Mat 1ab routines.

2.8 Design of optimal control strategies for E. camaldulensis management
We assumed a current state at the point 90 = (0.0790; 15.4667;8.9326), which
corresponds to the state of the system as recorded from data in 1990. We first show that g90 lies

above the separatrix W*(ps) and in the basin of attraction of p1. In other words, the empirical data
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from 1990 are on the “wrong” side of the separatrix; in the absence of interventions, the native
species will go extinct locally. Hence, as t — oo the orbit starting at g90 converges to p1. The point
gm = (0.0785;16.0792; 4.2897) € W5(ps) is the nearest point in W*(ps) to q90. Such minimum
distance is approximately 4.7163, which is the minimal distance from the coordinate in 1990 to the
separatrix —a first measure of the strength of interventions required to avoid extinction of the local
species (i.e., a catastrophe)—. The usefulness of knowing point gm lies on the fact that it indicates a
possible way to establish actions aimed to eradicate the E. camaldulensis with minimum effort. In
this context, the effort is associated with the cost of moving down the state of the system from q90
beyond the separatrix W*(ps) and into the basin of attraction of p3. The shortest path to achieve this
is by crossing W*(ps) along a straight line from q90 through the threshold point gm. Since finding
an analytical expression for W*(ps) is not possible, it is also impossible to find a formula for the
point gm. Therefore, we carried out numerical continuation to obtain the coordinates of gm. As a
first step, we calculated an orbit segment as a solution of a two-point BVP implemented and solved
in Auto. One of these boundary conditions was defined in a fundamental domain lying on the stable
eigenspace of p5; this is a standard step in the procedure to obtain a global two-dimensional manifold
(Krauskopf and Osinga, 2007; Contreras-Julio et al., 2020). The second boundary condition is located
on a sphere centred at q90 of radius R. In this way, the computed orbit segment represents a solution
in W5 (ps) whose endpoint at t = 0 lies at distance R from g90. Once the desired orbit segment
W+ (ps) was obtained, we continued this solution in terms of R (which is now a dummy parameter)
until a fold is detected with respect to R, and the integration time T to trace out a locus of minima for
R. This iterative process revealed the global minimum at R =~ 4.7163 for the orbit segment in
Ws(p5) with initial conditions at gm.

For the second control strategy shown in figure 7, in which only E. camaldulensis is allowed
to decrease, to find the other endpoint two further boundary conditions are posed, namely, to force it
to lie on the planes Ps = 0.0790 + ¢, and Bs = 15.4667 + ¢,, where ¢, and ¢, are dummy
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parameters. Once an initial orbit segment of Ws(p5) is obtained, we continue this solution in terms
of ¢, and ¢, until both ¢, = ¢, = 0. This iterative process reveals
the coordinates of gm € W*(ps) as the initial point (t = 0) of the computed orbit

segment obtained as the solution of this BVP.

2.9 Code availability
The code is written in Matlab version R2020a and in Fortran and is stored in the GitHub

repository github.com/ElisaDominguezHuettinger/REPSA Model.

3. Results
3.1 Long-term stable coexistence between two native species is more likely to occur under a positive
interaction regime

The qualitative analysis of the two 2-native species models, one with positive and one with
negative interaction between the native species, shows that long term stable coexistence between two
native species is more likely to occur under a positive interaction regime. For both models, four
steady states and their stability can be derived analytically, as shown in Appendix A. The
construction of systems of equations starting from the integration of highly heterogeneous sources of
information and ecological data allowed us to detect the possible scenarios in the plant community.
Overall, for the two models we found analytically three possible stable states: (1) when all species
become extinct; (2) when only one species survives, and (3) when two survive and coexist. In
addition, in all the three models we found multi-stability under certain parameter conditions.

The extinction of two species occurs when the eco-dimer dissociation rate is higher that its

formation rate, for both species. That is, if certain conditions change and the value of £ increases or
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a decreases. This may be caused by changes in one or several environmental variables, because of
the arrival of a fulminating pathogen, a ravenous herbivore or an aggressive competitor.

In model 1-A (two competing native species), B. cordata is in an advantageous position due
to its ability to inhibit P. praecox’s growth. Therefore, parameter conditions allowing P. praecox to
survive while leading to B. cordata’s extinction are more limited (it occurs if and only if aggfpg <
apsPgs) than those necessary for the opposite to be true. This scenario is exemplified in Figure 2A.

In model I-B (two cooperating native species), P. praecox benefits from B. cordata’s growth.
Hence, Tepozan’s survival and displacement of P. praecox becomes true if and only if aggfps <
apsPgs. This shows that stable coexistence between these two native species is more likely to occur
under a positive interaction regime, since the parameter conditions for which coexistence is observed
are less stringent (i.e., stable coexistence regime is more robust to perturbations in parameters). Such
a scenario is exemplified in Figure 2B. This stable coexistence regime is a direct function of the
strength of the positive interaction, i.e., it occurs if parameter 7zs is strong enough, as shown in

Figure 2C Bi-stability between the two local extension regimes in model I-B is not possible.
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(A) Model I-A (negative interaction) (C) Bifurcation diagram (I-B)
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Figure 2. Qualitative analysis of the 2-native species models assuming negative or positive
interactions. Representative phase planes of model I-A (negative interaction) (A), and I-B (positive
interaction (B) showing stable local extinction of PS and stable coexistence, respectively. (C) shows
a bifurcation diagram of model IB with the strength of the positive interaction, zzp, as a bifurcation
parameter, with filled markers representing stable steady states. Strong enough positive regulatory
strengths lead to a stable coexistence of both species (green solid stars). Parameter values are (4)

aps = 1ha'lyear!; ags = 0.2 ha'lyear!; fpg = 0.2 year™!; fgs = 0.1 year™!
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0.1ha™1; TS = 1ha; and (B, C) aps = 1 ha''year!; agg = 1.1 ha'lyear!; Bpg =

0.2year™1; Bgs = 0.1year™%; tgp = 10ha™1; TS = 1 ha.

3.2 Robustness of the native community to the introduction of an invasive exotic species

The symbolic analysis of the two 3-species models in Appendix A shows that both models (i.e. either
with positive or negative interactions between the native species), following qualitatively different
dynamic regimes (i.e. stable community configurations), are possible in the long term under certain
parameter conditions (illustrated in Figure 3A): (1) all three tree species go extinct; (2-4) only one of
the three species survives; or (5) the stable coexistence of B. cordata and P. praecox (case 5 in
Appendix A). A stable configuration in which E. camaldulensis coexists with either of the other two
species is not possible.

The first steady state (all extinct) is stable if TS < min(fi/ai) for i = BS; PS,ES. A E.
camaldulensis-only point (0,0, ES* > 0, $3/a3) is stable if ES™ satisfies conditions over parameters
82-85 (II-A) / 60 (I1-B) as detailed in the Appendix. A PS-only state (0, PS* > 0,0, 82/a2) is stable
ifand only if 182 < a21 AND a352 < a2f33. A BS - only state (BS* > 0,0,0, 81/a1) is stable
for model 1I-A if 2381 < @13 and BS* > (@21 — a1B2)/al1B2y2, and for model II-B if
a2f1 < alf2 and BS* < (@12 — a21)/a2163 . Finally, the BS — PS stable coexistence point
((@2B1 — al1B2)/alB2y2,PS*,0,B1/al) is stable for conditions over parameters given in egs. (61)
for model II-A and (66) for model II-B detailed in Appendix 1.

To illustrate these conditions over parameters for the two 3-species models, we numerically
constructed the probability distributions of the possible community configurations under randomly
varied parameter conditions (see details in Methods). We found that bi-stability is very common for
both models (69.7% and 72.5% of the cases for models II-A and II-B, respectively), and that model
II-A can even display tri-stability for certain parameters (1%) (figure 3A, left).

For the mono-stable scenario occurring in 29.3 and 27.5% of parameter variants for model II-
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A and II-B, respectively, the proportions of parameter leading to extinction of all species is 2.7 and
2.6%; for a E. camaldulensis-only state, 46.8 and 45.3% (an example of this case shown in figure
3C); for a B. cordata -only state, 26.9 and 21.8%; for a P. praecox -only state, 23.6 and 26%, and,
finally, and most interestingly, stable coexistence between B. cordata and P. praecox can only take
place in model II-B for 4.2% of the parameter variations (Figure 3B, centre).

As shown in Figure 3B, right, for model II-A the only possible bi-stable combinations are a E.
camaldulensis-only with a B. cordata -only state for 90.2% of the cases, or a B. cordata -only state
with a P. praecox -only state in the remaining 9.8% of the bi-stable cases. In turn, while model 1I-B
can also result in bi-stability between a B. cordata -only and a E. camaldulensis-only state in 43.3%
of the cases, and between B. cordata and P. praecox in 50.2% of the bi-stable cases, interestingly, it
can also exhibit bi-stability between a E. camaldulensis-only stable state and a coexistence state
between B. cordata and P. praecox in the remaining 6.5% of the cases. It is this latter qualitative
scenario that we analyze further in terms of intervention strategies. In addition, tri-stability between
the three states in which only one of the species prevails can only be exhibited by model II-A (figure
3B down-left).

Together, these numerical results confirm the analytically derived community configurations,

specifically that E. camaldulensis cannot stably coexist with any of the two native tree species.
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3D Models (lIA and IIB)- interactions between two native and an exotic species

(A) Sketch of possible long term configurations of the community
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Figure 3. Possible stable long term community configurations of the two 3-species models (II-A and
II-B). (A) Configurations sketched in the 3-species phase space. (B) Distribution of number of
possible stable steady states and the corresponding possible community configurations for both

models. In the bi-stable case, bars correspond to the proportion of community configuration of the
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first steady state, with circles (pie-chart) below these denoting the corresponding configuration(s) of
the second steady state. The possible community configurations of the tri-stable case in model IIA
are shown by histograms of the three state variables. (C) Projection of the empirical data to an
example dynamic trajectory for model II-B under a E. camaldulensis-only monostable-regime
(parameters: apg = 0.021989 ha~lyear™!; ags = 0.038582 ha~lyear™1; ags =

0.0028517 ha~lyear™1; Bpg = 0.099878 year™1; Bgs = 4.5468 year™1; Brg = 0.3462 year™};

Tgp = 0.1273 ha™%; ygp = 3.3906 ha™%; ygg = 0.0001118 ha™?; s, = 0.026769 ha~lyear™?;

Hpp = 9.286e7%° ha~'year™'; TS = 146.9 ha)

3.3 Catastrophic shifts in the SAR: in the absence of interventions, E. camaldulensis will lead to the
local extinction of the native species

Global optimization for model IIB (tree species with positive interactions between the native
species) using the field data of Cano-Santana (1994), Segura-Burciaga (1995, 2009) and Acosta-
Arreola, (2015) resulted in the nominal parameter values given in Table 3 and a dynamic behaviour
shown in Figure 4A. This scenario corresponds to the bi-stability of two qualitatively different
regimes: in the long term, either the two native species, namely B. cordata and P. praecox, coexist
and eventually displace the invasive E. camaldulensis, or vice versa. Further, numerical integration of
our model II-B with optimal parameters shows that, without intervention, the trajectory starting at the
1990 datapoint (the only year for which we have data for all our variables) will eventually converge
to the E. camaldulensis-only steady state, i.e., it is within the basin of attraction of the E.

camaldulensis-only steady state (Figure 4B).
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Figure 4. Model with optimal parameters. Fit of model II-B to data in Table 3 leads to a bi-stable

scenario with either a E. camaldulensis-only regime (red) or a stable coexistence between B. cordata

and P. praecox in green. The datapoint of 1990 is within the basin of attraction of the E.

camaldulensis-only regime. Resulting optimal parameters are given in Table 4. (A) Dynamic

trajectories. (B) Phase space representation of the dynamic trajectories showing the separatrix in blue.

3.4 Mathematical design of optimal strategies for SAR management

Stability and bifurcation analysis suggest that, in the absence of interventions controlling E.

camaldulensis, the most likely long term future scenario of the ecological community is the local

extinction of the native communities. Thus, here, following a similar strategy as in Contreras-Julio et

al.(2020), we design two optimal intervention strategies for SAR through which the dynamical
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trajectories are re-channeled to converge towards a stable coexistence between Tepozan and P.
praecox. In the first strategy, we assume that the abundance of all the tree species can be modulated
(e.g., by planting or felling). While this first strategy retrieves a mathematically optimal solution, it
might not be realistic or plausible (in financial or practical terms) to execute. Thus, we also designed
a second strategy in which we assume that only the eucalypt death rate can be reduced (e.g., through
felling). In both cases, we assume that the current conditions correspond to the measured state
variables in 1990, because it is the only year for which we have complete data, and computed the
minimal intervention effort required to push the state trajectory from one basin of attraction
(corresponding to long term death of the native species) to an other (stable coexistence of native
species and local extinction of the invasive). In other words, we design an optimal control strategy
for SAR, based on the available empirical information and the plausible interventions.

Figure 5 shows the results of the first design strategy. Here, we found the optimal point gm =
(0.1;16.1; 4.3) € W5(ps)is the nearest point to g90 on the separatrix; it lies at a Euclidean distance
of approximately 4.7 (ha) and requires simultaneous decrease in eucalyptus from 8.9326 ha at q90 to
4.2897 ha and from 0.0790 at g90 to 0.0785 for P. praecox, and an increase from 15.4667 at q90 to
16.0792 for B. cordata. To illustrate the usefulness of this procedure, point gn lies directly below gm
in the basin of attraction of p3. The corresponding trajectory (cyan curve) in panels (b1)-(b3) of
Figure 5 shows that only a very small (but suitable) perturbation away from q90 is required to
achieve long term coexistence of Ps and Bs and the elimination of E's (compare the cyan and

magenta curves in Fig. 5).
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Figure 5. Optimal E. camaldulensis management strategies for a bistable regime, assuming the
abundance of the tree species can be modulated (e.g., by planting or felling). The left panels (A1-A3)
show different phase-space projections of the separatrix W*(ps) in blue, and the right panels (B1-
B3) show the dynamic evolution of our three model variables. Magenta: Trajectory from q90 (with

to=1990) towards a E. camaldulensis-only state (in the absence of interventions). The point gm =
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(0.1;16.1; 4.3) € W5(ps)is the nearest point to 90 at the separatrix. Trajectories starting on that
point (in blue) remain in W*(ps). Trajectories just below (cyan) converge towards the B. cordata - P.
praecox stable steady state; trajectories starting just above (orange) still converge towards the F.
camaldulensis-only state. The time variable t is rescaled from t € ] — oo; +oo[tot €]0; 1] for
computational purposes.

In Figure 6, we show a cross-section of the 3-species space into the 2-native species
projection with constant E. camaldulensis. Panels (a), (b) and (c) show a cross section of X
intersecting W3 (ps). Z corresponds to the plane in the (Ps; Bs; Es)-space where Es = 8.2513 is
fixed; this is the recorded value of Es from data in 2011, i.e., the most recent recording. We may not
know the exact value of the other two variables, Ps and Bs, in 2011. But we may still say something
about the possible long-term outcome of this ecological interaction even if (at least) we have a vague
idea of what were -or what were not- the possible covers of Ps and Bs back in 2011. Points on X can
be parameterized by their projection to the (Ps; Bs)-plane. Panel (d) shows such representation and
how the different intersections of invariant objects and orbits lic on X. The set ws = WS(ps) N X isa
one-dimensional curve rendered in light blue color. It is bounded on one end by the intersection of
the stable manifold of p4 with ¥ which corresponds to a point in the Ps = 0 plane (dark grey
square); the other end of ws lies outside of the plotted range. In panel (d), the region B(p3) above ws
corresponds to those points in £ lying in the basin of attraction of p3: any orbit starting in B(p3)
converges to p3 in forward time. Hence, region B(p3) is the set of all combinations of
(Ps; Bs) which, for the amount of E's present in 2011, would have allowed long term survival of both
indigenous species, and eradication of Es.

In turn, region B(p1) corresponds to those points in X lying in the basin of attraction of p1.
Hence, region B(p1) is the set of all pairs (Ps; Bs) which evolve towards the mutual extinction of
Ps and Bs and colonization by Es. Note that the unstable manifold W*(ps) of p5 (red curve in
panels (a), (b) and (¢)) intersects X at a point in B(p1), rendered as a red square in panel (d).
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Likewise, the two orbits on the plane Ps = 0 coming from p0 and p4, respectively, and converging
to p1 intersect X at points in B(p1) (light grey squares). Note that the long-term outcome of both
native species (i.e., survival or extinction) is highly sensitive to variations of Bs, but less so to
changes of Ps, provided Ps is large enough. Indeed, the curve ws (i.e., the boundary between B(p1)
and B(p3)) has a small slope for Ps > 20 ha, so small variations of Bs near ws -that is, 40 ha <
Bs < 50 ha approximately- may trigger the pair (Ps; Bs) move to the other basin of attraction
crossing ws up or down. On the other hand, if Ps is sufficiently small, say 0 < Ps < 5 ha, and
50 ha < Bs < 80 ha, it is the other way around: small variations of Ps may induce the point
(Ps; Bs) to cross the separatrix ws from one basin to the other. On other, more colloquial words: this
gives us an idea of the best strategy for interventions; planting a particular type of tree might be much
more efficient (cost-effective) than planting the other.

The results of the second control strategy (manipulating Eucalypt-only) are shown in Figure
7. In mathematical terms, this strategy corresponds to follow a straight path in the (Ps; Bs; Es)-space
keeping Ps and Bs constant (specifically, 0.08 ha and 15.5 ha, respectively) while only Es is
decreased. Once again, knowledge of W*(ps) is useful to design an optimal management campaign.
It is clear from the definition of the separatrix W*(ps) that the minimum number of felled trees is
achieved when the point (Ps; Bs; Es) effectively reaches W*(ps). This happens at the point gm =
(0.0790 ha; 15.4667 ha; 4.0302 ha) € W*(ps). The orbit starting at gm is the first in this strategy
that does not converge to p1 but to p5; see the blue orbit in panels (b1)-(b3). In simple words, in this
example this strategy corresponds to decreasing E's from 8.9 ha to (at least) 4.0302 ha. Any value of
Es just less than 4.0302 ha will suffice, but the closer to 4.0302, the more cost-effective will be. In
the special case that E's is lowered down to exactly 4.0302 ha, the system will evolve to the
coexistence equilibrium p5. However, this asymptotic state is unstable; any generic small

perturbation away from p5 drives the system into the basin of either p1 or p3; see the blue orbit in
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panels (b1)-(b3). Therefore, to ensure success in our strategy, one must take care that Es <

4:0302 ha, i.e., the system is driven down to just below gm.
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Figure 6 Cross-section of the 3-species space into the 2-native species projection with constant
eucalyptus. (a-c¢) show a cross section of ¥ intersecting W= (ps), where X corresponds to the plane in
the (Ps; Bs; Es)-space where E's is fixed to its most recent recording (from 2011). (d) shows the
projection of the points on X on the (Ps; Bs)-plane with ws = W5(ps) N X . The region B(p3) above
ws corresponds to the set of all combinations of (Ps; Bs) which, for the amount of E's present in
2011, would have allowed long term survival of both indigenous species, and eradication of E's and

vice versa for region B(p1).
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Figure 7. Optimal E. camaldulensis management strategies for a bistable regime, assuming that only
the eucalyptus coverage can be modulated (e.g., by felling). As in figure 5, the left panels (al-a3)
show different phase-space projections of the separatrix W*(ps) in blue and the right panels (b1-b3)
the dynamic evolution of our three model variables. Magenta: Trajectory from gq90 (with t¢=1990)
towards a E. camaldulensis-only state (in the absence of interventions). The point gm =

(0.0790; 15.4667; 4.0302) € W*(ps)is the nearest point to q90 at the separatrix. The trajectory

50



starting at that point (in blue) remains in W5 (ps). To illustrate the usefulness of this procedure, a
cyan orbit is shown in panels (B1)-(B3) whose initial point (not labeled) lies directly below gm in the
basin of attraction of p3. It serves the purpose to show that one might only need a very small (but
suitable) perturbation away from q90 to achieve long term coexistence of Ps and Bs and elimination

of Ps; compare the cyan and magenta curves.

4. Discussion

By using a set of mechanistic mathematical models constructed from, and calibrated with,
experimental data, we evaluated the most plausible successional scenario in the Pedregal de San
Angel Ecological Reserve (PSAER or SAR); in addition, we gained insight into the effect of
perturbation in the form of a invasive species (a structural perturbations) and of random parameter
variation (which could be affected, for example by pollutants and pathogens acting as bifurcation
parameters), in reshaping the future configuration of the tree community in this protected area. Our
modeling approach was intended to gain insights into the potential consequences of implementing
different management regimes with the best scientific tools currently available, as objectively as
possible and recognizing both advantages and shortcomings, to ultimately make management
recommendations (Schuwirth et al., 2019).

The claim that the use of mechanistic models constructed with ODEs is the most adequate
approach is warranted, given the large amount of information available on this system’s properties,
although quantitative information on cover was rather limited (Schuwirth et al., 2019). In the case of
SAR, the knowledge accumulated on the system during the last seven decades is largely derived from
the location of this protected area within UNAM’s main campus. Such wealth of information and
ancillary observations clearly point to a “tepozanization” process, i.e. an increase in B. cordata
dominance combined with the concomitant reduction of the physiognomic importance of P. praecox

over time, along with the generalized structural change in this ecosystem. However, the available
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information is insufficient to unambiguously determine whether the system has reached stability. To
achieve this goal, increasing information resolution would be needed, trying that the time coverage of
the records last longer than the lifespan of the organisms used for the modelling and considering
relevant natural cycles (Suding and Hobbs, 2009; Capon et al., 2015). Life expectancy for B. cordata
is about 25 years (CONABIO, 2022), and thus despite the adequacy of the time window covered by
the information, temporal resolution is clearly insufficient. One way to increase the temporal
coverage of the study, while increasing temporal resolution, is offered by remote sensing, as will be
discussed later.

Despite the limited temporal resolution of the data, the robustness of models I-B and I1-B
stems from their construction based on the integration of all available knowledge on this ecosystem.
It is important to note that our qualitative results are not dependent on specific parameter choices, but
rather on the structure of the models, derived in turn from the proposed ecosystem relationships. The
two models were analysed analytically. Moreover, model II-B presented bi-stability, which is
uncommon. These characteristics open several possibilities from a mathematical perspective; for
example, they allow designing optimal control strategies based on the description of separatrices
along with an exhaustive description of the system (independence on parameters choice or "no need
for cherry-picking parameters"). Analytical approaches of this kind to detect ecological thresholds
and regime shifts have become a matter of urgency because of the rapid increase of human pressure
on ecosystems (Andersen et al., 2009).

The possibility to predict future successional stages has great value. In SAR, the most
important limiting factor for the proper development of the plant community is soil depth
(Rzedowski 1954). Being a relatively recent lava field, soil shallowness translates into physiological
water deficit (Alvarez et al., 1994; Meave et al., 1994). Ecosystem engineers are organisms that
regulate resource availability and the environmental conditions for the establishment and growth of

other species directly or indirectly, and consequently they can trigger profound changes in the system
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by modifying species abundances and the overall interspecific interactions in the habitat (Jones et al.,
1994; Suding and Hobbs, 2009; Gaertner et al., 2012). In this regard, Mendoza Hernandez (2002,
2003, 2013) concluded that B. cordata modifies the microenvironment in its close vicinity and
facilitates the recruitment of late successional species by accumulating large amounts of organic
matter on the soil, ultimately resulting in increased soil fertility and the creation of safe sites for seed
accumulation and germination for other species, offering a larger rooting soil volume and better soil
retention. If “Rzedowski hypothesis”, stating an increase in the dominance of S. molle instead of B.
cordata, were correct, pedogenesis in this system would be likely slower and the probability of
developing a successionally more mature basin, lower.

Native species can develop a more stable coexistence if facilitation occurs in the community,
especially if the dominant element has positive effects on a group of plants that will form part of the
ensemble characterizing the new basin of attraction. Likewise, new microhabitats will be created for
the successful establishment of late successional species. By promoting coexistence, facilitation also
results in increased community resistance to exotic species compared to relationships based on
competition only.

The ecological notion of a world dominated by competition has been ingrained in ecologists
since Darwin’s times (Bruno et al., 2003). Therefore, the most widespread mathematical models in
ecology have attempted to explain community structuring and dynamics based on competition and
predation (Clements, 1916; Lotka, 1925; Volterra, 1928; Gause, 1932; Hutchinson, 1961; May and
Leonard, 1975; Whittaker and Levin, 1977; Mohd, 2019). Though not necessarily incorrect, this is
certainly incomplete (Bruno et al., 2003). Therefore, in model II-B we were interested in
incorporating these two contrasting types of interactions occurring in nature. Positive interactions are
extremely diverse and have been documented in all ecosystems of Earth (Bruno et al., 2003).
Although facilitation appears to be more frequent than normally accepted, its role in community

structuring has been largely neglected because it is difficult to detect (Lin et al., 2012) and due to
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competition’s historical influence. We believe that model II-B is more realistic and has a greater
power to capture and simplify the system’s complexity.

Although many coexistence models do not consider facilitation as a structuring interaction of
community dynamics, we found that in PAERS it can be a fundamental mechanism to explain its
high biodiversity. Facilitation intensity can vary depending on the life stage of the plants and
environmental changes (Callaway, 1995). Recognizing that both competition and facilitation operate
in dynamic environments can help us re-evaluate the importance of cooperation in maintaining the
resilience of natural systems and, therefore, of social systems. The theoretical framework of ecology
must incorporate all the research and experimentation that recognizes facilitation as a fundamental
driver of ecosystem dynamics by influencing spatial patterns, allowing coexistence and high
biodiversity, directing community dynamics in succession processes (Callaway, 1995; Bruno et al.,
2003).

In both the 2-native species and 3-species models, we found that coexistence is more likely
when a facilitative interaction occurs. The observed positive interaction between B. cordata and P.
praecox could also be true for many other species inhabiting SAR. If facilitation and coexistence
modify the structural and functional thresholds for changes in the basin, then their study becomes
imperative in order to thoroughly understand ecosystem dynamics. Our study invites to conduct field
experiments aimed at determining whether facilitative interactions occur and how they affect
threshold dynamics.

Although our models allowed us to calculate structural thresholds, performing experiments is
necessary to integrate the functional thresholds (Briske et al., 2005). For example, confirmation that
the increase and stabilization of B. cordata are modifying ecosystem dynamics can be achieved through
experiments to determine the effect of shade, soil and nutrient accumulation, and changes in soils
humidity in B. cordata’s neighborhoods (Callaway, 1995), to examine whether this is creating a

facilitative effect of some species of SAR. Experiments comparing species composition and abundance
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both in the seed bank and in the soil microbiome would be also welcomed (Callaway, 1995; Gaertner
et al., 2014) between sites with high and low B. cordata density, and with E. camaldulensiss. If the
significance of soil accumulation by B. cordata were experimentally verified, new experiments with
Quercus seedling could be conducted to assess the possibility of an oak-dominated future basin of
attraction, as also hypothesized by Rzedowski (1954). Likewise, it would be important to analyze the
interactions of B. cordata and E. camaldulensis with their pollinators, since this could shed light on the
effects on other species in SAR.

Evaluating coexistence and facilitation-derived resistance to native species invasions or
pathogen attacks would be also very important. Our model, which incorporates E. camaldulensis as
an exotic species, predicts that, based on its interactions with the other community components, it
would become dominant, displacing the native species. Our model, which is an abstract
representation of the interactions between native and exotic species, can be generalized through its
qualitative or quantitative adjustment, i.e., fine-tuning the regulatory loops between native and exotic
species, and adjusting the parametric values accordingly, to explicitly consider other exotic species.
One of them is the African grass Cenchrus clandestinus, which in 2009 covered 66 of the 237 ha
representing the current area of the reserve (Acosta-Arreola, 2015).

Incorporating other exotic species and their interactions into the model would require a
thorough literature review to identify the existence and prevalence of three common effects of exotic
species when they become established in a community (Gaertner et al., 2012): (1) reduced species
richness; (2) changes in seed bank composition, and (3) the modification of interaction networks,
mostly seen as decreasing interactions with pollinators or reducing the availability of beneficial soil
microorganisms. Also, this often facilitates the establishment of seedlings of some species, while
inhibiting other species, as is the case of E. camaldulensis. Changes in fire regime are also common
as a result of invasive plants (Gaertner et al., 2014), thus analysing whether fire regime differs

between areas with and without exotic species becomes highly relevant. The spatial structure of these
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species is essential to understand their dynamics. In the case of E. camaldulensis, tree density
decreases as one moves away from the edge (Segura-Burciaga and Martinez-Ramos, 1994), and
therefore, experiments in areas close to E. camaldulensis dominated stands are needed to properly
analyse these possible effects and their magnitude.

Based on our model, it became apparent that designing a E. camaldulensis removal plan for
SAR and the entire UNAM campus is very important. This is so because once the structural and
functional thresholds of a system have been crossed, multiple barriers to restoration emerge, making
this process very difficult, if not impossible (Gaertner et al., 2012, 2014). Invasive species capable of
inducing regime shifts through changes in their abundance and persistence, and suppressing native
species, should be given priority in implementing management interventions (Gaertner et al., 2014).

The fact that exotic plants are also susceptible to negative effects from other species must not
be overlooked. An important factor absent from our model due to lack of information on its role in
SAR is the psyllid Glycaspis brimblecombei. This insect of Australian origin, a specific parasite of
eucalyptus species, is now present in Mexico City, and there are reports of its strong effects on
eucalypt trees in the Bosque de Chapultepec, the largest park in the city (GODF, 2006). Although no
studies were found on its impact on SAR, its presence there has been recorded (Farfan Beltran,
2016). This species could have a regulatory role, potentially curbing the increasing E. camaldulensis
trajectory projected by our modelling.

All this modelling and the identification of non-linear effects of ecological interactions aims
at generating knowledge that is applicable to management plans of nature protection areas. Idealizing
ecosystem as they used to be in the past can result in biased decision-making, whereas explaining
ecosystem dynamics without complete knowledge can produce unrealistic scenarios (Suding and
Hobbs, 2009) and promote inefficient decision-making, hindering management plans for the reserve

(Bruno et al., 2003). Better and more complete knowledge on a system will lead to a deeper
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understanding and the possibility to interpret empirical data in a mechanistic way, ultimately leading
to more robust predictions (Schuwirth et al., 2019).

In this context, incorporating tools available from dynamic ecological systems for ecosystem
conservation and management becomes highly relevant. Keeping resilience as a central concept in
management plans does not require great precision in predicting the future, but it needs a description
of the qualitative capacity of the system to absorb and respond to future events, no matter how
unexpected they might be (Holling, 1973). Due to the increasing speed of environmental changes at
present, decision makers cannot afford to perform rigorous tests to determine thresholds, so many
models have been used in a heuristic fashion (Suding and Hobbs, 2009). Often, the impact of a
regime shift derived from a feedback involving an invasive species is identified only when it is
extremely difficult to manage or reverse it (Gaertner et al., 2014). Therefore, a balance is needed
between the knowledge that may be gained from modelling, on the one hand, and model accuracy on
the other, while being realistic for an effective decision-making in a context of accelerated
environmental change. Every model used for this purpose must be contrasted with the results of their
implementation in the management plan, so that it can be adjusted, modified or discarded to build
new ones.

Hence, it is crucial that our predictions and recommendations are heeded by SAR managers to
control the E. camaldulensis population most efficiently, even under the high uncertainty of our
predictions. Along with the theoretical developments, ecologists should strive to contribute
qualitative ecological evidence on thresholds if we will ever be capable of effectively influencing
environmental policies in the future (Andersen et al., 2009). Critical examination of these models and
their constant adjustment is fundamental. In our models, the main limitation is the lack of a measure
of quantifiable uncertainty of the data (Schuwirth et al., 2019). Despite this limitation, we envision

several options to fill this gap.
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To calibrate and validate our model, it would be necessary to make it spatially explicit by
using remote sensing imagery. We have retrieved eight aerial photographs from 1943 to 1986, and 64
satellite images (Spot 5, 6 and 7) from 1992 to 2019. Increasing the spatio-temporal scale of the input
variables would result in improved model robustness and increased prediction accuracy, allowing the
incorporation of error measures (Schuwirth et al., 2019). Proper identification of a regime shift
requires at least 100 time steps (Andersen et al., 2009); however, usually time series comprise
between 20 and 40 steps at the most. Using remote sensing imagery would result in 72 time steps,
which we deem sufficient to ascertain whether the “tepozanization” process became stable already.
Machine learning tools may also enable identifying the distributions and changes over time of trees
and shrubs over an 80-yr period.

Incorporating the spatial scale into the models enables the design of experiments that can help
calibrate the parameters, interpret the model more adequately, and make good decisions (Suding and
Hobbs, 2009). The spatial scale is relevant because the dispersal dynamics of species and their spatial
patterns are strongly influenced by competition and facilitation (Lin et al., 2012). The most likely
expansion mode of E. camaldulensis is the so called “advance-front” (Segura-Burciaga, 1995); this is
the case when the seeds that arrive at the edge of the distribution patch create a new fringe of
individuals, and the iteration of this process leads to the expansion of the patches of this species.
Having been sown at the borders of areas that became part of the ecological reserve years later,
modeling the expansion dynamics across space of E. camaldulensis is crucial.

Through remote sensing we could use early warning signals such as autocorrelation and
variance asymmetry to determine where a change occurred, or is about to occur, in the basin of
attraction, whether the current community has stabilized, or if what we observe is simply a transitory
state (Scheffer et al., 2009; Kéfi et al., 2013; Dakos, 2018). Models integrating autocorrelation
require more precise error estimations and measure of uncertainty (Schuwirth, 2019); thus, using a

much broader but at the same time more detailed time series would lead to more effective decision-
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making. A further step involves the incorporation of demographic stochasticity into the model after
calibrating it with the image data, for example, through including fire incidence, as fires could affect
the current course of the succession (Cano-Santana and Meave, 1996). Also relevant would be the
modelling of the behaviour and interaction with other species considered key to the cycles of matter
and energy fluxes in SAR, such as the grass Muhlenbergia robusta, the shrub Verbesina virgata, and
the grasshopper Sphenarum purpurascens (Cano-Santana, 1994). This approach would lead to a more

robust modelling and the analysis would evolve from community to ecosystem modelling.

5. Conclusions

Our modelling approach allowed integrating complex and heterogeneous information for a
plant community within an ecological reserve. By doing so, we were able to mathematize its dynamic
behaviour by focusing on the trees that drive its structure. In addition, we provided evidence for the
relevance of facilitation and coexistence as structuring factors of a species assemblage and made
specific recommendations for the future management of an exotic species in a reserve. In this way,
we opened a range of possibilities for new research that can become a methodological guideline for
other reserves and other human-influenced and managed ecosystems.

Mechanistic mathematical modelling is a powerful tool potentially useful for a variety of
purposes, ranging from the reconstruction of past trajectories of ecological communities to the
prediction of the effects of strongly competitive invasive species and of future successional stages in
the presence or absence of disturbances. Also, it may provide valuable support to decision making
through in silico experiments to examine alternative ecosystem interventions. Finally, but not less
importantly, all this may be achieved by integrating heterogeneous and scattered datasets describing

individual ecological processes.
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Appendix A: Symbolic stability analysis

To simplify the notation, in this section we assume x;(¢) = BS(¢), x2(t) = PS(?), x3(t) = SL(¢), a1 = azs,
ay = aps, f1 = Pes: o= Pps and y = ygp

Model I-A: negative interactions between native species

We start with the system of equations

, ‘%S = (aps(BS)(SL)) — BpsBS )
dPS _ aps(PS)(SL)
dt ~ 1+ ypp(BS) Prs(PS) 2
dsL _ _ ars(PS)(SL)
\ 7 <aBs(BS)(SL) + 15 }’BP(BS)> + Bas(BS) + Brs(PS)  (3)

where x(t) = BS(t), x2(t) = PS(t), x3(t) = SL(t), a1 = ags, a2 = aps, f1 = fs, fo = fps and y = ypp.
Vector (x1, x», x3) is an equilibrium of system (1)-(3) if and only if it satisfies:

[a1x3 = p1]x1 =0 )

[azxs — fo(1 + yx)]x2 =0 (6)

(I + yx)[Brx1 + foxa] — [ax1(1 + yx1) + ax2]x3 =0 (7)

This system has a trivial equilibrium at (0,0, 0), and three additional cases:

o If x; =0, then (0, x,, x3) is an equilibrium point of (1)-(3) if and only if following equations are
satisfied:

(B2 — ax3lxo =0  (8)
{ [2—ax3lxa=0  (9)

Noting that (8) and (9) are the same equation, thus, any point of the form (0, 0, x3) is an equilibrium point
of the system. Further, if x, > 0, then any point of the form (O, xz,&> is an equilibrium point of the

a2
system (1)-(3).

o If x; > 0, then (x1, x,, x3) is an equilibrium point of the system (1)-(3) if and only if the following
equations are satisfied:
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[a1xz = p1lx1 =0 (10)
[aox3 — fo(1 + yx1)]x2 =0 (11)
[Bix1 + poxa — arxias)(1 + yxy) —apxox3 =0 (12)

From (10) we obtain
X3 = b (13)
Substituting (13) in (11) and (12), we obtain a new system of equations:

[“—2ﬂ1 _ g +rln=0 14

[ﬂz(l +yx1) — ﬂ =0 (15

From (14) and (15) we get that any point of the form:

(n02)
aj

is an equilibrium point of (1)-(3). On the other hand, if x, = 221~ %P2 then (1)-(3) has an infinite
ai\pry

number of equilibrium points, of the form:

25

(azﬂl —aipa % ﬁ_)
afyy T

Summary of the equilibrium points of model 1-A

The dynamical system (1)-(3) has the following equilibrium solutions:

1. Equilibrium sets of the form (0,0, x3), x3 > 0.

2.Equilibrium sets of the form <O,x2, &> , X2 > 0.
az

3. Equilibrium sets of the form <x1,0, &> , x1 > 0.
ay
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4.Equilibrium sets of the form (M,xz, ﬂ—) , x> 0.

1
apy ai

Note that, in general, the equilibrium sets of cases 1, 2 and 3 are always non-negative, while case 4 is
negative if and only if a8, > a1/3,. Note also that case 1 corresponds to an "extinction" case, while case

4 corresponds to "coexistence", if condition a,f; > a1/, is satisfied. In case 2 only x, survives, while in
case 3 only x; survives. In the following section we will study the stability of these equilibrium points.

Stability of equilibrium points of model I-A

Given the conservation equations in (4), we showed that one of the equations (1)-(3) can always be
written as a function of the other two - in which case, however, the determinant of the Jacobian Matrix
would always be 0, and therefore we would not be able to use the typical stability criteria. However, note
that in each case we have a vector space of dimension 1 with equilibrium solutions. Thus, if the
equilibrium point is stable in the orthogonal coordinates to that line, then the close orbits will converge to
a point in this vector space. Thus, we do not have stable equilibria, but instead whole line segments that
can be either attracting or repelling. Therefore, instead of focusing on the equilibrium points, we will focus
on those segments.

For system (1)-(3) we have the Jacobian matrix

aix3 — pi 0 ax
__QayXoX3 ax3 b, arxs
J(x1, %2, x3) = (1 +yx)? 1 +yx 1 +yx
QoY X2X3 arx3 Xy
——stpi—ax3 pr— —( ax1 +

We will proceed now to a case-by-case analysis.
Case 1
We have:
aix3 — B 0 0
J(0,0,x3) = 0 ax3—f2 0

Pr—aixs Pr—ax3 0

This matrix has eigenvalues of the form 1; = ax3 — 1, 1o = apx3 — f and A3 = 0. The corresponding
eigenspaces are

E; = Span{(1,0,-1)), E, = Span{(0,1,-1)), E3 = Span{(0,0, 1))
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Note that 4, < 0 if and only if ayx3 < 1, while 1, < 0 if and only if ayx3 < ;. Thus, we have the
attracting object

W=W'= {(0,0,X3)20$X3 <Il’lel{é &}}

a’ o

and the repelling object

W = {(O,O,x3) : X3 > max {&,&}}
a) oy

Case 2

In this case we have:

aipr — ap 0 0o
an
J<0,x2,%) - 1B 0 am
2
ﬂz}’x2+w 0 —axx2
2

The eigenvalues of this matrix are 1; = M, A» =0 and A3 = —ayx,, with the corresponding
az

eigenspaces

2 2
5x + a1 ffa — o Xy + a1fr — aof
S E SETEE N

—yPr— az] ) >, E; = Span(0,1,0), E;3 = Span{(0,1,-1))

Note that A3 < 0 for any x, > 0. On the other hand, A, does not depend on x,, and therefore in this case

we have the attracting object:
W, = { <0,x2,&) 1 X2 > 0}
az

if and Only if alﬁz < azﬂl .

Case 3

Here we have:
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0 0 a1xXi
azﬂl
0 ————— 0
J<x1,0, ?) = ai(1 + yxi) A
1
ap
0 —_—— .
P ey T
. . . _ _ azﬂl _ .
This matrix has eigenvalues 1; =0, 1, = ———— — 1, 43 = —a1x1, With
ai(1 +yxi1)
ap ap
E| = 1,0,0 E, = — = f - —_—— E; = 1,0,—1
1 = Span{(1,0,0)), E» Span< <alx1,al(1 gy b oy e ﬁl) > 3 = Span((1,0,-1))
respectively. Note that A3 < 0 for any x; > 0. On the other hand, A, < 0 if and only if x; > LA Thus,
ayy

the object

W3 = {(xl,O,&) T X1 >max{0,u}}
aq ayy

is always an attractor.
Case 4

For this case we have:

0 0 ap — aip
Py
wp—aify P a1f3rx 0 a1prxz
J —_— X2, — - -
aipy aj ap B
B alﬂ%)’xz 0 — <a2ﬂ1 - alﬂz + a1ﬁ2x2>
ap Py )

Here, one of the eigenvalues is 4, = 0. Defining

apoxs axf — aif
A=2P% g _ 0P -/
h By

we obtain the other two eigenvalues as:
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—(B+A)¢\/(B+A)2—‘m:ﬂ
2

2

Az =
Note that in this case the eigenvalues can be complex whenever
(B + AY: < 2ABPw
a

Defining

c = @b B[l _ 2ﬁ27]
P2 a

is equivalent to

a2 2
l—f%cg —2Cx,+B><0 (16)

1

This is only possible if

2
ﬁ—§ +27 1 an
an

1
Thus, if (17) and (16) are satisfied then
25 2 ey 2
E_=|C- cz—al—fzw %<x2< C+ cz—l—sz2 %:a (18)
1 a1p2 1 aip;
Thus, if (18), Re(4;) < 0 and Re(43) < 0 simultaneously if and only if B > —A, i.e., if

x> (12 — C;Zﬂl)ﬂl 19)
a1 Py

Note that for the equilibrium points to be non-negative, we require that a8, < a,f; is satisfied, and
therefore, verification of (19) is trivial.

On the other hand, if A1, A3 are real values, i.e., (17) or x, < I__or x, > I, are not satisfied, then 1; < 0
and 1, < 0 simultaneously if and only if
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—(B+A)+\/(B+A)2—4Agﬂ<o
2

This implies that (B + A) > 0. Thus, algebraically re-arranging the expression above, we obtain the
equivalent expression

4ABpry >0
an

Given that A > 0, it follows that 4; < 0 and A; < 0 simultaneously if and only if B > 0, which is
equivalent to a,f, > a;,, which is not in conflict with the non-negativity of the equilibrium points.

Using a similar reasoning, it can be shown that both eigenvalues cannot be simultaneously positive.

Recall that these equilibrium points are non-negative if and only if a8, > a1/,, and therefore

M < 0. Thus, defining
alﬂzy

{ <a2ﬂ1 alﬂZ’xz,é> :max {0,E_} < x < E+} if (17) holds
alﬁz}’ (24}

%) otherwise

W =

and
{ (“Zﬂ‘ "“ﬂz,xz,ﬁ) ‘max {E;,0} <x» 0 0<x< E_} if (17) holds andasf > a3
aipy ai
W= { (“Zﬂl —ab ,ﬂ1> 0 < x2} if (17) is false andasf > a1
arpoy aj
| @ ifayfpr = aifa
then:

{(azﬁl—alﬁZ,x’ﬁ_>:x2>O y n#E. vy x2¢E+} if (17) holds

Wa = WU WS whr e
a=W,uW, =
{ <a2ﬂ1 a1ﬂ2,x ’ﬂ) Xy > 0} otherwise
alﬂz}’ ay

is an attractor if and only if a,f; > a;,, while there are no repelling objects.
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Summary of stability of model I-A

The conditions for stability can be summarized as follows:

ay a2

w" = {(0, 0,x3) : x3 > max {ﬁ&} } is a repeller.

ar @

1.In case 1, object W = {(0, 0,x3) : 0 < x3 < min {é&} } is always and attractor, while

2.In case 2, object W, = { (0, X2, &) TXp > 0} is an attractor if and only if a4, < ayf;. There
as

are no repelling objects.

3.In case 3, object W3 = { (xl,O,&) : X1 > max {O,M
ai

} } is always an attractor. There are
ayy

no repelling objects.

4.1n case 4, object Wy = W$ U W is an attractor, while there are no repelling objects. Furthermore,
W, is non-empty in most of the cases in which the equilibrium points are non-negative.

As we can see, there is always multi-stability in this model. In particular, W, and W5 are always
attractors. If population sizes of x; and x, are sufficiently small, at least one of them will converge
towards local extinction, but because W, and Wj are infinitely close to the origin, it is not possible to
know a priori which one(s) will go extinct, except perhaps studying x;. However, if a8, > a1/,, and
(x1,x2, x3) are sufficiently close to Wy, then there will be coexistence between both species.

Last, note that the fact that W, is an attractor implies that W, is non-empty, and thus, in this case we
have a tri-stable scenario.

In general, any behaviour (coexistence, survival of one of the species and extinction) is possible.

Model I-B

Now let us consider the 2-species model with positive interactions given by:

B — s (BSSL)  Pas(BS) 20)
) ‘% = aps(PS)(SL)(1 + 03p(BS)) — Bps(PS) D
‘%L = —(aps(BS)(SL) + aps(PS)(SL)(1 + Opp(BS))) + (Bss(BS) + fps(PS))  (22)
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We will introduce the same notation as with model I-A, and additionally, we denote 9 = 9gp. This model
can also be reduced to a 2D model, considering that also these the variables satisfy relation (4). Again,

we will omit this reduction to work with the 3-dimensional model. A point 1%2:%3) is an equilibrium point
of the system (20)-(22) if and only if:

[a1x3 — p1]x1 =0 (23)
[ax3(1 + Ox1) — falxa =0 (24)

Pixi + Poxo — [aixi + axo(1 + Ox)lx3 =0 (25)

which has a trivial solution (0, 0,0). Analogously to model I-A, we will consider two cases.

o If x; =0, then we get the system of equations

{[azx3 —palx2 =0

[f2— axx3]xa =0

which are, in fact, one single equation. Thus, if x, = 0, we obtain equilibrium points of the form (0, 0, x3),

o If x; > 0, then from equation (23) we obtain that x; = E Substituting this into equations (24) and
al

(25), we obtain

2P (1 4+ Oxy) — ﬂz] X =0

(23]

Thus, if x, = 0, then we obtain equilibrium points of the form (xl,o,é> , While if x, > 0, the equilibrium
ay

points are of the form (M , X2, &> .
a0 ai

Summary of equilibrium points of model I-B

In conclusion, the equilibrium points of system (16)-(18) can have following forms:

80



1. Extinction (0, 0, x3), x3 > 0.

2. Survival of Palo loco only <O, X2, @> , x> 0.
a

3. Survival of Tepozan only <x1,0, &> , x1 > 0.
241

4. Stable coexistence (M,xz, é) , x> 0.
a2ﬂ19 aq

In general, in cases 1, 2 and 3, the equilibrium points are always non-negative, while in case 4 the
equilibrium point is non-negative if and only if a5, > ayf; .

Stability analysis

As with model I-A, we have neither stable or unstable equilibrium points, but instead attracting or
repelling objects.

The Jacobian matrix of model I-A is given by
o x3 — pi 0 ajx]
J(x1,x2,x3) = a0x7x3 axx3(1 + 0x1) — p aoxp(1 + 0x7)
1= [a1 + a20x2]x3 o — aox3(1 + 0x1) —[a1x1 + axxao(1 + Ox1)]

Again, we will analyse the stability by cases.
Case 1
In this case we have:

ax3 — ﬁl 0 0

J(0,0,x3) = 0 axz—p2 0
Pr—axs Pr—axs O

This matrix has eigenvalues A, = ajx3 — ff1, 12 = axxs — f», A3 = 0, with eigenspaces

E; = Span{(1,0,-1)), E; = Span{(0,1,-1)), E;3= Span{(0,0, 1))
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respectively. Note that A, < 0 if and only if x3 < ﬂ_ while 4, < 0 if and only if x; < ﬂz . Analogously,
ai

A1 > 0 ifand only if x3 > & while 4, > 0 if and only if x3 < & This, we have an attracting object given
ay az

U =U'= {(0,0,x3) 0<x35< mm{&,&}}
a; op

by

and a repelling object

U* = {(O,O,x3) : X3 > max {&,&}}
a; ap

Case 2

We have:

aifpr — ap 0 o0
as
J <O,x2,&> = PB20x2 0 oy
ar
wpr—ap —Balxs 0 —aps
ar

With eigenvalues 1, = M, A =0, 13 = —apx,, and eigenspace
a2

E = Span< <a2x2 + Qb - b - =3B o, — azx:)_,M - ﬂ29x7_) > E> = Span{(0,1,0)), E3 = Span((0, 1, 1))
2

respectively. Note that A3 < 0 for all x, > 0. On the other hand, 4, < 0 if and only if a3, < a1, and
therefore as long as this condition holds, the object

U2 = { <0,x2,‘%> 1 Xy > 0}
2

is an attractor.
Case 3

For this case we have:
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0 O a1xX]

azﬂl
(o) <0 GO

b

0 po— azﬂl (I+6x1) —ax

With eigenvalues 1, =0, 1, = a_zﬁ1(1 + 0x1) — p», A3 = —aix1, and eigenspaces
ay

E; = Span{(1,0,0)), E,= Span< <—a1x1,a1x1 Pr+— azﬂl 1+ 6x1), P — 2'6 (1+6x )) >, E; = Span{(0,1,-1))

respectively. Note that 13 < 0 for all x; > 0, while 4, < 0 if and only if x; < 222 %271 @2 — apy , and therefore as
Oa,

long as the object

Us = {(xl,o,ﬂl> :0<x <M}
ai a6

exists, it is an attractor.
Case 4

We obtain:

ai(a1pr — axf)
I
apr—apy P a2$10x2 0 a1fpax2
J — X2, — -
a2ﬂ19 aq aq ﬂl
_wpibxy o ai(@fi — apy) _ aipoxs
ai ax$10 B

This matrix has an eigenvalue 1, = 0. Further, defining

F = @bx _ an(@f — aifo)
P ap10

The remaining eigenvalues are given by
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—-F + \/F2 — 4dxx(azfr — a1fp2)
2

M=

Where 4,3 are complex if and only if

F? < 4xy(opfpy — a1 o)

Denoting

2 2 _
G = (apr~ap) [2 b ] g = Ab - ap)

apio| %0
The latter is equivalent to

202
G2 226G+ H <0
A

This is possible if
o
G > ﬂﬁ 27 (26)

1

where (26) always holds. Thus, 1;,4; € R if and only if

2 2
ILL=|G-,|G*- ﬂzH bi <x< |G+4|G*- a%ﬂzH
B ap B

Note that, given that a4, — ay; > 0, then H < 0, and therefore I_ < 0, and thus x, > I_ is trivial.

i
—_ = I+ 27
]a%ﬁg en

In this case, Re(4;) < 0 and Re(43) < 0 simultaneously if and only if

af — a1p
T

Xy >

Given that our equilibrium points are non-negative if and only if a4, > a,f;, condition (28) is always true.
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On the other hand, if (26) is not held or x, > I, or x, < I_, then 11,43 € R. In this case, 1; < 0 and
A3<0
simultaneously if and only if

-F + \/F2 — 4xx(afr — a1f2) < 0

This is only possible if F > 0, or, equivalently, if

> af — a1p 29)

azﬂza

If (29) holds, then 4; < 0 and A3 < 0 simultaneously if and only if a;f; > a;,. However, note that in this
case the equilibrium points have negative components and therefore this condition is not possible.

Analogously, if (26) cannot be verified or x, > I, or x, < I_, then 1; > 0 and i3 > 0 simultaneously if
and only if

ap — a1

awpr>afy and x < ————= (30)

a2ﬂ29

which again is not valid in our case. Thus, the set

_ys=d (Wb | P .
U4—Uc—{< azﬂlg ,xZ,a1>.0<XQ<I+}

is an attractor, and this case cannot have repelling objects.

Summary of stability conditions for model I-B

1.In case 1, the object U; = {(O, 0,x3) : 0 < x3 < min {ﬁ&} } is an attractor, while the object

a; oz
U" = {(O, 0,x3) : x3 > max {ﬁ,&}} is repeller.

ay a2

2.In case 2, the object U, = { (0, xz,&> Txp > 0} is attractor if and only if a5, < ayf3;. There
a

are no repelling objects.
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1
ay ai

3.In case 3, the object U; = { (xl,O,ﬂ—> 0<x < mﬂz;aazﬂl} is always an attractor. Further,
this set is nonempty if and only if a1f2> 2P There are no repelling objects.

4.In case 4, the object U, is always attractor. There are no repelling sets.

Note that cases 2 and 3 cannot happen simultaneously. Nonetheless, there is multi-stability between the
attracting object of case 1 with any other of cases 2 or 3. For this, it suffices if a8, # ayf,. Given that, in

practice, the probability that two parameter combinations are exactly the same is 0, we conclude that this
stability is guaranteed.

On the other hand, a multi-stable scenario involving the object U, is also possible. In fact, for this to
happen it suffices if condition (26) is met and if 7, > 0. Condition I, > 0 holds if and only if G > 0 or

H < 0. In particular, if H < 0, condition (26) can be satisfied trivially. Furthermore, H < 0 is equivalent
to ayf < ayfy, i.e., H < 0 is equivalent to U, being an attractor.

From this, we can determine U, being an attractor implies (but is not necessarily equivalent to) 1, > 0,
and therefore, that U, is a non-empty attractor.

Last, note that in models I-A and I-B the component x; can be used to predict towards which object the
orbits will converge. In general, if x5 is sufficiently small, both species go locally extinct.

In general, any of the behaviours (coexistence, survival of one of the species and local extinction) is
possible.

Model II-A

Now let us consider the 3D model with negative interactions given by

((dBS _ aps(BS)(SL)

a1+ 7mES) (BS)(Bps + ues(ES)) (67)
dPS _ aps(PS)(SL) _
< It = T4 750BS) + 700 (ES) (PS)(Brs + uep(ES)) (68)
ddg = ags(ES)(SL) — Pes(ES) (69)
dsL _ B 3 aps(PS)(SL) _aps(BS)(SL)
\ e PEes(ES) + (PS)(Pps + uep(ES)) + (BS)(Bps + pep(ES)) — aps(ES)(SL) T+ 757(BS) + 7eES) ~ 1+ 72(ES) (70)

This system of equations, as in model 1I-B, can be reduced to a 3D system using the conservation
equations given by (35). Here we will denote BS(¢) = x1(¢), PS(?) = x2(t), ES(¢) = x3(¢), SL(?) = x4(2),

aBs = A1, aps = 02, Ags = a3, fs = P1, Pps = P2, Pes = P3, YEB = Y1, YBP = Y2, YEP = ¥3, UEB = K1,
UEP = U2-
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Equilibrium points of model II-A

Given the linear dependency of the system, a point of the form (x;, x,, x3, x4) will be an equilibrium of the
system (67)-(70) if and only if it is a solution of the system of equations

[a1xs — (B1 + p1x3)(1 + y1x3)]x1 = 0 (71)
[aoxs — (B2 + pox3)(L + yox1 + y3x3)Ixa =0 (72)
[asxs — B3]x3 =0 (73)

We will study this system case by case.

1.1f x; = 0, then solving system (71)-(73) is equivalent to solving

[aoxs — (B2 + px3)(1 + y3x3)la =0 (74)
{[053?64 = Bslx3 =0 (75)

1.1. If x, = 0, then we obtain equilibrium points of the form (0, 0, 0, x4), x4 > 0 and of the form
<0, O,X3,&>, x3> 0.
as

1.2. If x, > 0, then we have two subcases:

1.2.1. If x3 = 0, then we have equilibrium points of the form (O, X2,0, &>, x> 0.
an

1.2.2.If x3> 0, then x4 = b3 and x3 are solutions to the quadratic equation
as

Hay3xs + [po + Poyslxs + o — aa_z? =0 (76)

+ 1 da
X3 = X3 = —(u2+ Pays) £ \/ (U2 — Par3)* + Aarfrpars
2273 3

Note that the solutions of (76) are real. Further, note that x; < 0, and therefore we will only consider the
solution x3 = x3 . With this in mind, we obtain that x; > 0 if and only if a3f; < ayf3.Thus, we get
equilibrium points of the form
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4
<O,x % [—(ﬂz + poys) + \/(ﬂz — Bay3)? +M]&) x>0
H2Y3 a3 as

2. If x; > 0, then solving (71)-(73) is equivalent to solving

a1X4 — (ﬂ] +/l1)€3)(1 + }’1X3) =0 (77)
[aoxs — (B2 + pox3)(1 + yox1 + y3x3)]xa =0 (78)
[a3xs — B3lx3 =0 (79)

2.1. If x, = 0, then we distinguish between two cases.

2.1.1. If x3 =0, then we get equilibrium points of the form (xl,O, 0,?), x>0
1

21.2.If x3 >0, then x4 = ps and x; is a solution to the quadratic equation
a3

i + [ + Buyiles + i — af 0 (80)

[ (1 + pir) £ \/(#1 - Bir)* + 4061ﬂ3/4171

Again, these solutions are real. On the other hand, x; < 0, and thus we do not consider this case, and
keep only x3 = x3. Further, in this case x; > 0 if and only if a3f; < a;3. In this case, we determine the
existence of equilibrium points of the form

4
<x1,0,% [—(/41 + piy) + \/(/41 - Bin)? +M]&) x>0
H1Y1 as

a3

2.2. If x, > 0, we, again, distinguish between two cases.

2.2.1. If x; = 0, then we obtain equilibrium points of the form <a2ﬂl a1ﬂ2 x2, 0&) x> 0, if and only
ai

a1pay2
if axp1 > a1a-
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2.22.1If x3 > 0, then x4 = & x3 is solution to (80) and x; is solution to
a3

y2(B2 + pox3)xy = % — (B2 + p2x3)(1 +y3x3)  (81)

From this, (80) implies that

1

X3 = ——
2y

[_(ﬂl +pir) + \/(/‘1 - pin)*+ %Zﬂm =M,

which is true if and only if a3, < a1f3;. Further, the previous expression combined with (81) implies that

X = a3 — az(Pr + paM1)(1 + y3My)
aszy2(fr + pa2My)

where x; > 0 if and only if ayf3 > a3(f2 + u2My)(1 + y3M,). Thus, we get equilibrium points of the form

<02ﬂ3 — a3(f2 + puoM1)(1 + y3M))

1 2, daufaun ﬂ3)
, X2, - + + - +———,=], x>0
w72 + M) > [ (1 + pir)) \/(/41 Pir1) . w)

Summary of equilibrium points of model II-A

In total, model II-A can display at most eight sets of non-negative equilibrium points:

1. Points of the form (0,0, 0, x4), x4 > 0.

2. Points of the form (O, 0,x3,§>, x3>0.
3

3. Points of the form (O, X2, 0, %) x> 0.
2

4. Points of the form (0, - [—(;12 + Boys) + \/ (U2 — Pors)* + Wﬂ],@), x>0, ifand
2uays as as

onIy if ag,ﬂz < a2ﬂ3.
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5.Points of the form <x1,o, O,‘%), x1 > 0.
1

6. Points of the form <x1, 0,—— [—(yl + Birn) + \/(m — i) + W],&), x1 > 0, ifand
2uin a3 a3

onIy if a3ﬂ1 < a1ﬁ3.

7. Points of the form (M ,x2,0, b
aipay ai

8. Points of the form

), x> 0, ifand only if a8 > a15>.

afs — az(Pr + paMy)(1 + y3M))
azy2(pr + paMy)

if and only if a3ﬁ1 < alﬂ'j and azﬁ:; > a3(ﬂ2 +ﬂ2M1)(1 + y3My).

4
X2 5 1 [_(ﬂl'*'ﬂl}’l)'*'\/(/41_,3171)2+M],&), x>0
H1Y1 as as

Note that in principle all 8 equilibrium points can exist simultaneously. Specifically, the existence of points
of the form described in case 8 also implies the existence of points described in case 6.

Stability analysis of model II-A

The system has following Jacobian matrix:

a1x4
——— — fi — pix; 0
o Pr— mixs
Q2Y2X2X4 (17578
-—— ————fr— o3
J(x1, X2, %3, X4) = 1+ yox1 + }’3)(3)2 1+ yox1 + y3x3
0 0
Q2Y2X2X4 a1Xy QX4
1+ pix3 + - 2+ poX3 — —————  p3+pix + poxo +
Pru (471 +7363)F 1+71x3 Pt 1+ y2x1 + 73%3 Pstu K

We will examine this matrix case by case.

Case 1

Here we have:

90
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(1 +71x3)°

Q2Y3X2X4

-
(1 + 7221 + y3x3)°

asxs — f3
A1Y1X1X4 Q2Y3X2X4
(I+71x3)* (1 + 7221 + 73%3)°

—asxq

— |

eIy



axq — pi 0 0 0
0 axxs — 0 0

0 asxs—f3 0

Pr—oauxs Pr—axs Pz—azxg O

J(0,0,0,x4) =

This matrix has eigenvalues A; = axs — 1, A2 = aoxqs — P2, A3 = asxs — f3, A4 = 0.Thus, these points are
attractors if and only if

JC4<rnin{é & &}

2 b
ap a2 a3

and repellers if and only if

ar’a’ a3

é&&}

X4 > max {

Thus, the object

2 ’
ayp a2 a3

W =W]= {(0,0,0,x4) : X4 < min {& b @}}

is an attractor, while

Wi= {(O’O,O,M)ZM > max {é’& &}}

a;’ oy’ az
is a repeller.
Case 2

In this case we have:

aifs

AP g 0
a3(1 + y1x3) b= 00
a3
0 — = — By —uxx3 0 0
J (0, O,)q,%) = a3(1 + y3x3) Pr= s
3 0 0 0 s
aifs a3
iy — —P3 L |-
1+ pixs a + 70D P2+ pax3 L+ 7o) asx3
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aips ap3

—— — x , —
. a+rm M R )
that is always negative. In this case, if and only if

with eigenvalues 1; = — P2 — pox3, A3 =0, A4 = —asx3. Note

riuixs + [P + wilxs + pr — 1'33

which happens if and only if any of the following conditions are met:

afr > aips  (82)

wpr<afs y x3>M (83)

Analogously, we obtain that 1, < 0 if and only if any of the following conditions are met:

afr > axfps  (84)

wpr<mfs y x3>M (85)

where

M, =

2”2},3 [ (u2 + poys) + \/ (U2 — Pors)* + 4a2ﬂ3ﬂ2%]

In general, the object

3

is an attractor, with A, < 0 if and only (82) can be verified, while M, < 0 if and only if (84) holds. In this
case there are no repellers.

Case 3

For this case we have:
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py — wpr 0 0 0

a
—payax2 0 —[Bay3 — walx2 axx;
J (0, x2,0, ﬁ—z) = 0 0 azfr — axfi3 0

a2

af —a P — a
Payaxs + % 0 [Bars + p2lx2 — 3,32(1—2% —aox)

with eigenvalues 4, = 22— 9P ;o ) =02 = @l s Again, 4 < 0. Thus, the object
a ar

W3 = { <O,x2,0,&> 1Xp > 0}
(2]

is an attractor if and only if a1, < axff; and a3, < ayf33. There are no repelling objects.

Case 4

In this case we have the matrix:

aifs
—_— — 1 — M- 0 0 0
wd+ ity M
(P2 + poM)yaxs (B2 + poM>)ys arx;
B T 14 M S Iy y A R 1
J (0, X2, Mz, —> = + Y32 “+ y3M, + },3M2
as 0 0 0 asM>,
aiB3 (B2 + poMr)yaxs (B2 + p2M>)ys ax;
+ M — + o [|CetpMrs —asM, —
ﬂl K12 a3(1 + }'1M2) 1+ 73M2 1+ }'3M2 K21 %2 R 1+ }'3M2
ap3

with eigenvalues 1, = — p1 — uiM>, 1, = 0 and the other two eigenvalues corresponding to

a3(1 + y1Mo)
the roots of the quadratic polynomial

(052 %)

a3M2 + —] /1 -_— a3M2 M

)
p(A) =1"+ T+ 70, + p2| x2

1 + y3M>

2
1 ax; arx; (B2 + poMr)ys
A== =M+ —222 ) & My+—222 ) 44 2T P22
=3 [ (“3 2 1+y3M2) \/(0‘3 2 1+y3M2> “3M2(” 2 Ty, )7

Note that all eigenvalues are real. On the other hand, note that
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A3 =

N =

atst—22 ) _ a4 —22 Y 1 aaaty( g+ M |
1 +y3M, 1 +y3M; 1 +yM>

while

1 axxXy 1959 2 (ﬂz + /12M2)73
a==|—- M+ ——— | + Mo+ ———) +4 + — >0
4 2 [ <a3 2 1+ )/3M2> <a3 2 1+ 73M2) asM; (ll2 1+ }'3M2 )xz]

and therefore, in this case, there are neither attractors nor repellers.

Case 5

In this case, the Jacobian matrix is given by

0 0 —[piy1 + il aixy
ap
0O —— 0 0
P ai(1+ yax1)
1 — —
J <x1, 0, 0, a—]) = O 0 (13,51 alﬂ3 0
ay
Zﬂl a1p3 — asf
O —_
pr— oL+ 7200 [Bir1 + pdxs + ——— p aix
with eigenvalues 1, =0, 4, = __wh — P2, A3 = M, A4 = —ayx;- Note that 14 < 0. On the
ai(1 + yax1) aj
other hand, 4, < 0 if and only if
azﬂl —-ai1p
Capr

Finally, given that 15 < 0 if and only if a3, < a3, it follows that the object

Ws = {(xl,0,0,ﬁ> X1 >max{ aph — alﬂZ}}
a arparz

is an attractor if and only if a3f; < a1;. In this case there are no repellers.
Case 6

In this case we have:
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0 0 —ﬁ(ﬂl + M) y1x; — px %(ﬂl + mMi)xy
aips Ps
ap3
0 — By — upM 0 0
J <x1, 0, Ml,@) =| @l +yxi+7M) b=y
%/ o 0 0 M,
ap; a3 2 a3
0 M — —_— M -a3My — — M
pr+ paM, PG WX +a1ﬁ3 Br+ M) yix; —asM, % B1 + mMi)x

ap
az(1 + yox1 + y3My)
correspond to the roots of the second order polynomial

with eigenvalues 1, =0, 4, = — f» — uoM,, and the other two eigenvalues

My
D=2+ |ap + B Moxi| 2 — asM B+ pMin
p(4) + a3 1+ﬂ3(ﬂl+ll1 X1 asMy | + T+ o0 X1
ie.
2
1 a a + M
A3 = = —<a3M1+—3(ﬂ1+/£1M1)X1>i <a3M1+—3(ﬂ1+y1M1)x1> +4a3M1<;41+—(ﬂ1 H1 1)y1>x1
2 P B 1+ M,

Note that all eigenvalues are real. Additionally, note that

1 a a : (B1 + M)
M=z [—<G3M1+—z(ﬂ1+/t1M1)x1) - <a3M1+—j(ﬂ1+ﬂ1M1)x1> +403M1(ﬂ1+w)x1] <0

2 B p 1+ 1M,
while
2
i4=l - a3M1+%(ﬂ1+ﬂ1M1)x1 + a3M1+@(ﬂ1+u1M1)x1> +4a3M1</41+—('B1+”1M1)ﬁ)x1 >0
2 ﬂ3 ﬁ3 1+ y1M;

and therefore, in this case there are neither attractors nor repellers.

Case 7

For this case we have:
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0 0 —[Bin+ml———— @b~ abr—ap

aipay: Bora
P X
Boysts 0 1 Zﬂzlgz}’ 2 algzxz
g (@lL=ap2 xzoé _ @p1 1
Capy, a3(ofr — aip2)
0 0 s@br=ap) _ g 0

apay2

_ wmpi—aify @By — aifs) aifa—api s
Pz O Bs+ A+ ml—— Tra b, arfor 5orn 5

with eigenvalues 1, =0, 13 = M P, and the other two eigenvalues corresponding to the
a1p2y2

roots of the quadratic polynomial

p(l) = 22+ “lgfxz “2ﬂ1ﬂzyf‘/’2]x+<azﬂl —

_1|_(apxr | fi —aifr apry | aof1 — aifs 2_ B
/11/4_2[ ( 13 Pz ) \/( B Para > Hazp: a1ﬁ2)X2]

In this case, A4 ¢ R if and only if

a22
l_fzxg+

P By

— = 2] (a2f1 — a1fo)xz + (azﬂl a1ﬂ2)

This happens if and only if the following two conditions are met simultaneously

1 (86
ﬂ172< (86)

L P Z p S
A S T 2- 424 /1- 2l (@p - i) =Ky (87
. a3 ’ pir2 2 pirz @h-ap)<n<zg zﬂz pira pirz (@pr—aifp) =K, (87)

Under these conditions Re(414) < 0.

On the other hand, if 1,4 € R, i.e., if conditions (86) or (87) are not met, given that a,4, > a4,, then

A < 0. Thus, given that 13 < 0 if and only if a8, > a5, + %, then the object
a3

W7 = { <a2ﬂ1 alﬁz X2 ﬂl) 1 Xy > 0}
aipo, 7 )

is an attractor if and only if af; > a1, + M,while there are no repelling objects.
as
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Case 8

a3(Br + M1)Q
B3
a3(B2 + paM1)x2
B3
M,

Defining
0= af3 — a3(Br + pM)(A + y3M))
azy2(P2 + p2My)
We have
0 _ani(Br+ MO
0 aifs mQ

_asya(Ba + paMi)’x 0 _ays(Ba+ pMi)’xs Yo

J (Q, X2, M, @) = aps ps
* 0 0 0
asy2(Ba + paM1)’x 0 1O + paxa + asn(br+ mMIQ | asys(Ba + HaM1)x —asM — (B + MO az(Bo + paMi)xs
P a1 3

with eigenvalues A, = 0, and the other eigenvalues corresponding to the roots of the cubic polynomial

p(A) = 22 = Ju4d? — [N1ada1 + asM1J s3]0 — asMJ 13041
where

_ani(Br+ MO

Jiz = s w0
T = a3(f1 + uM1)Q
=T
Ty = asy2(B + poMy1)’x,
41 = s

aspi(Br + miM)Q | azys(Ba + uaMi)x
+

Jaz = 10 + poxs +
a a aifs a3

a3 + MO az(Pa + poMi)x,
Ps P3

Jags = —asM, —
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Summary of stability conditions for model II-A

ay az a3

Wi= {(0, 0,0,x4) : x4 > max {é,& &} } is a repeller.

a1’ o’ az

1.The object W, = Wi = {(0, 0,0,x4) : x4 < min {é&&} } is an attractor, while the object

2.The object W, = { (O, 0, x3,&> : x3 > max {0, MI,MZ}} is an attractor, where M; < 0 if and
a3
only if condition (82) is satisfied, while M, < 0 if and only if (84) is satisfied. There are no
repellers.
3.The object W5 = { (O, X2, 0&> 1Xp > 0} is an attractor if and only if a4, < ayf; and
(%)

asfl, < aff3. There are no repellers.

4. Points of the form <O,x2, M, &> are neither attractors nor repellers.
a3

5. Ws = { (xl,O, 0, &> : X1 > max {O,M} } is an attractor if and only if a38; < aifs.
a aifar2

There are no repellers.

6. Points of the form <x1,o, Ml,&> are neither attractors nor repellers.
a3

a1par2 a
There are no repellers.

7. Wy = { (M,xz,O, &> T Xy > 0} is an attractor if and only if a8 > a1, + M.
as

8. Deriving the stability conditions for points of the form (Q, X2, M1,&> requires solving a cubic
a3

polynomial.

Note that, in general, there is multi-stability. Specifically, for adequately chosen parameter values the
system can converge to a stable coexistence between species x; and x,, stably displacing species xs.

Note further that, in general, the stable coexistence between species x; with any of the native species is
not possible.

In general, the system can converge to the local extinction of all species (case 1), to the survival of one
of the species only (cases 2, 3 and 5) or to the coexistence between x; and x, (case 7).
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Model II-B: 3D with positive interactions between natives

[ dBS _ aps(BS)(SL)
Ak g (BS)(Bgs + pes(ES))

dPS _ aps(PS)(SL)(1 + 0pp(BS))
dr — 1 + y£p(ES)

% = ags(ES)(SL) — Pes(ES)

dSL _ _ _ aps(PS)(SL)(1 + 0gp(BS)) _ aps(BS)(SL)
\ e Pes(ES) + (PS)(Bps + pep(ES)) + (BS)(Bps + nes(ES)) — aps(ES)(SL) 1+ 72n(ES) T+ 725(ES)

— (PS)(Bps + uep(ES))

To simplify notations, we denote BS(¢) = x1(¢), PS(¢) = x2(¢), ES(t) = x3(¢), SL(t) = x4(t), ags = a1,

aps = @2, ags = a3, fs = 1, Pps = P2, Pes = P3» YEB = Y15 YEP = Y2, OBPp = 6, UEB = H1, UEP = U2-
Also, this model satisfies the conservation equations and can hence be reduced to 3D:

a'x1 dX2 dX3 dX4_
Zrtatata=0 63

Equilibrium points of the model

Given the linear dependency of equations (31)-(34), we may consider only 3 of them. Thus, a point of the
form (x1,x2, x3,x4) i an equilibrium point of the system (31)-(34) if and only if following system of

equations is satisfied:

[a1xs — (1 + y1x3)(B1 + p1x3))x; = 0 (36)
[aoxa(1 + Ox1) — (1 + y2x3)(B2 + p2x3)Ix2 =0 (37)
[a3xs — B3]x3 =0 (38)

We will consider the equilibrium points by cases:

1.1f x; = 0, then (0, x», x3, x4) is an equilibrium point of (31)-(34) if and only if it satisfies following
system of equations:

[aoxs — (1 + y2x3) (B2 + p2x3)lx2 =0 (39)
{[0!3?64 —Bslx3=0 (40)

1.1.1f x;, =0, then [asxs — B3]x3 = 0. We have two types of equilibrium points: Those with the form
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(0,0,0,x4), x4 > 0 and those with the form (O, 0, x3,%>, x3>0.
3
1.2. If x, > 0,then we can identify two new cases:

1.2.1. If x3 = 0, then the equilibrium points are of the form <O,x2, 0, &> » Xo > 0.
(29)

1.2.2.If x3> 0, then x4 = b and x; is solution to
a3

Y23 + [Baya + pwolxs + P — aa—z'? =0 4D

with which we obtain following solutions:

+ 1 4
X3 = l—(ﬁz}’z + po) + \/ (Bayz — w2)* + daobsran 42)
222 a3

Note that solution x5 is always real. However, x; is always negative, and thus we can discard this case
and consider only x3 = x. On the other hand, given that all the parameters are positive, x > 0 if and

only if ﬂ2a3 < ﬂ3a2.

2. If x; > 0, then solving (36)-(38) is equivalent to solving

axs — (1 +y1x3)(B1 + pix3) = 0 43)
[aoxa(1 + Ox1) — (1 + y2x3)(Ba + p2x3)lxo =0 (44)
[asxs — p3lx3 =0 45)

2.1. If x, = 0, then solving (43)-(45) is in turn equivalent to solving

axs — (1 +yx3)(fr+pix3) =0 (43)
{ [asxs — B3lx3 =0 (45)

21.1.1f x3 =0, then x4 = é through which we obtain equilibrium points of the form <x1,0, 0, é)
ay (23]

x1>0.
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2.1.2.1f x3 >0, then x4 = bs and x;3 solve
a3

afs _

nuxs + [Py + pilxs + pr — p

with which

4
x5 = ZL [—(ﬂm +p1) £ \/(ﬂl}'l — )+ dapan (46)
ViK1 a3

Asincase 1.2.2, x3 € R and x3 < 0, and therefore in this case we can discard the second solution,
keeping only x; = x7. Analogously to case 1.2.2, xJ > 0 if and only if a3 < 13-

2.2. If x, > 0, then solving (43)-(45) is equivalent to solving

axs — (1 +y1x3)(fr + p1x3) =0 47)
axs(1+0x1) = (L + yox3)(Pa+ pox3) =0 (48)
[asxs — B3lx3 =0 (49)

2.21.1f x3 =0, then x4 = P and
ay

DB (14 0x)~ =0 (50)
1

with which x; = alﬂzzﬁ ‘;Zﬂl where x; > 0 if and only if a4, > a,f, obtaining in this case equilibrium
a2p1
points of the form (alﬂz a2p , X2, Oﬂ—) , x3> 0.
a2ﬂ16' (241

22.2.1f x3> 0, then x4 = & and x;, x3 solve
a3

wfr—aifs _
p (5D
afr — Py afs0 =0 (52)
a3 a3

s + [Py + piles + ———

YopaXs + [Boya + palxs +

From (51) we obtain that
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1

.
=
T 2nm

[—(ﬂm +p1) \/(ﬂl}'l —m)*+ %33}’1#1 (53)

As with previous cases, x; € R and x; < 0, and therefore we only consider case x3 = x7. Further,
x3 > 0 ifand only if a3 < a1f3s-

Thus, writing

K = asfr — axfs + 4oy By +2(8

2.2 2
+
o w1t H)

4o B3y
as

M = Boys + pz = 2yp(Biyi + 1), N = By — w)* +
substituting x3 = xJ in (52), we obtain that
xi=K+M+/N (54)
where x; > 0 if and only if one of the following conditions is satisfied:
K>0>-M o K>0>-M (55)
K>0 y M<0 y K*>M?N (56)
K<0 y M>0 y K*<M?N (57)

Note that these conditions don't exclude each other.

Summary of equilibrium points of model II-B

Model II-B can display following equilibrium points:

1. Equilibrium points of the form (0, 0, 0, x4), x4 > 0.

2. Equilibrium points of the form (O, 0, x3,&> , x3 > 0.
as

3. Points of the form (0, X2, 0, &> , X2 > 0.
an
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ps

4.Points of the form (0, X2, 1 [—(ﬂzn + ) + \/ (Bors — wo)* + 402,53}'2#2]
2yop2 a

), x, > 0, as long
asfr < Pray as

as

5. Points of the form <x1,0, 0,%), x1 > 0.
1

6. Points of the form ()cl,O,L [—(ﬂm + 1) + \/(ﬂm — )’ + w] ,'&) , x; > 0, as long
271 as as

as azfi < aifis-

7. Points of the form (M,xz, 0&> , x> 0,aslong as a5, > axf;.
ap16 a

8. Points of the form (K +M+/N ,xz,L [—(ﬂm + 1) + \/(ﬂm )+ W]é> :
2y a3 a3

x> 0, aslong as a3f; < a3 and at least one of the conditions (55)-(57) are satisfied.

Note that it is possible to have the 8 types of equilibrium points simultaneously. Further, as with previous
models, instead of isolated equilibrium points, we have "equilibrium sets", corresponding to line segments
of infinite length.

Stability analysis of model II-B

As with previous models, given that there is a linear dependency between equations, our Jacobian
matrices have a 0 determinant. Therefore, we proceed our analysis as with the previous cases: we look
at the sign of the eigenvalues of the equilibrium objects. Additionally, we study the equilibrium points
case by case.

For this model we have the Jacobian matrix

aixy QA1y1X1X4 aixi

—— = B+ p1x3) 0 —px - ———— —_—
1+71x3 Grtp (1 +71x3)% L+ 71x3

1+6. 1+6.
ax0x2x4 axs(1 +6x1) B + o) o — agyaxpxa(l + le) axxy(1 + 60x
J(x1, X2, X3, X4) = L+ 72x3 L+ yx (1 +72%3) 1+ 72x3

0 0 asxq — 3 azx3
a1xy a20x2x4 axxs(1 + 0xy) a1yixixs | azyaxoxa(l + 6x) axxo(1 + 6x;
+ p1x3 — - +px3 ——/—m——— + poxy + pix — a3xg + + —Q3X3 — ——————

At pxs L+yxs L+yx Pat s 1+ y2x3 Ps i+ ¢ (1 + 71x3) (1 + y2x3)? 1+ y2x3
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Case 1

For the first type of equilibrium point we have:

a1 X4 — ﬂl 0 0 0
0 oX4 — ﬁz 0 0
0 axs—f3 0

Pr—awxs Pr—axs P3—azxy O

J(0,0,0,x4) =

this matrix has eigenvalues A, = aixs — B1, A2 = aoxs — B, A3 = asxq — B3, Ay = 0.Thus, A1, Ay, 13 are
simultaneously negative if and only if

2 b
o a2 a3

x4<min{& & &}

and they are simultaneously positive if and only if

X4 > mMax ,
ap oz 03

&&&}

Thus, we have the attracting object

Wi =Wi= {(O,O,O,x4) : 0 < x4 < min {& b &}}

2 b
ay oy o3

and the object repeller

Wi= {(0,0,0,x4) : X4 > max {é& &}}

a1’ o’ az
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Case 2

We have that:

aips
_—— + pix 0 0 0
o + ) (B1 + p1x3)
ap3
0 _ - +ux3) 0 0
_](0, Qx&é) - a3(1 + y2x3) B2+ poxs)
e 0 0 0 aws
a1 P
+pxs — ——— + popxy — ————— -a
Pt mxs az(1 + y1x3) Pat poxs a3(1 + yax3) 3

aips
a3(1 + y1x3)
the one hand, ; < 0 if and only if

af3

has eigenvalues 1, = S N
a3(1 + y2x3)

—(Pr+uix3), Ar = — (Pa+ p2x3), 43=0, 44 = —a3x3.0n

yinXs + [Py + mulxs + p1 — a;_,? >0 (58)

Condition (58) is equivalent to

4
x3 > [—(ﬂl}’l +p1) + \/(ﬂm — )+ alﬁWWI] 1 (59)
a3 27111

Specifically, defining for each i = 1, 2 the magnitudes

4a;Bayipi| 1
N; = [—(ﬁi}’i + pi) + \/(ﬂi}’i —w) + M] — (60)
a3 2yipi

we obtain that 1; < 0 and 1, < 0 simultaneously if and only if
x3 > max {Ny, N2}

because i, < 0 for all x3 > 0, we that an attracting object of the form:

W, = { (0’ 0,)@,‘%) : X3 > max {N1,N2}}
3

exists, while there no repellers in this case.
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Case 3

We have that

aps — ah 0 0 0
a
p P26x> 0 Payaxz axx;

2\ _ —_

J <O, X2, 09 a_2) - O 0 a3ﬂ2a a2ﬂ3 0
2

wh=absr_ goy, 0 PB4 s
(04) [25)

has eigenvalues 1, = M, =0, A= M, A4 = —apx,. Note that 14 is always negative.
a an

Thus, if a8, < apf; and aszf, < axf; simultaneously, we get that the object

W3 = { (0,.7(2,0,&) :0< xz}
(29)

is an attractor. There are no repelling objects.

Case 4

In this case, using that, per definition, N, is such that

aps
S R N VA
2L + 72N (B2 + paN2)

We get the Jacobian matrix

aifs
_—— + uN- 0 0 0
as(1 + y1N2) Pr i)
arf30x; 0 —_ @b ax)
-1(0, x2, N2, &> = as(1 +72N2) a3(1 + y2No)? 1 + 72N>
. 0 0 0 a:N>
a1f33 af330x; aof3yaxr axx;
+ N, — - —asN —
G B S R Er S S A R Y
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with eigenvalues 1 =a1—ﬂ3— Ny, 1, =0,
g o A B+ uiN2), 42

2
1 ax; ax; 4o p3y2Noxs
Mu==|—| N2+ + asN, + +
T2 [ ( N2 1+ 72N2> \/( T }'2N2> (1 4 72N,)?

Note that A3, € R. Further, note that

2
1 arxy arxy 4asf3y2N2x2
= |—| asN, + - azN, + + <0
2[ <3N2 1+}'2N2> \/( o 1+72N2> (1 +720N2)°

While

2
1 apx) apx; 4ayf3y2Nox,
= |—( asN> + + 3Ny + + >0
2[ (Wz 1+}’2N2> \/< o 1+er2> 1+ 72N’

Then, there are neither attractors nor repellers in this case.

Case 5

In this case we have that

0 0 —[p1 + Piyilx a1x
o %b— al,iz + @p16x) - 0
1
J<x1,0, Qi—i) =10 0 af — aif 0
aj
_ — B0 _
0 il azill 21611 (1 + Piy1 + polxr + alﬂza—lazm —aix

0, 2= ahr - apa + azﬂ19x1’ Az = @ — alﬂz. Ay = —a1x; - Note that 4, is
aj ay

always negative. On the other hand, 13 < 0 if and only if a8, < a3, Lastly, 1, < 0 if and only if

has eigenvalues 4; =

a -
i < 182 — axf

azﬂlo
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Thus, if ayf; < ai,, we get that the object

Ws = {(xl,0,0,'%) T X1 <%}

is and attractor. There are no repellers in this case.

Case 6

In this case, using that, per definition, N; is such that

aip3

m—(ﬂl +uN1) =0
We obtain the Jacobian matrix:
e s
J(x1,O,N1,&) = % =~ Got i) ~ham 0
a3 0 0 0 s
R e

with eigenvalues A; = 0. lts other 3 eigenvalues correspond to the roots of the cubic polynomial

P(A) = 2> = [Jon + Jugl A2 + [JoaJaa — asN1J43) A + asN1[JanJ a3 + poxiJaz]

where

a2ﬂ3(1 + Hxl)
=2 T U (B + N
as3(1 + y2N1) (B 2N
aix
Jas = —a3Ny — I +1y11N1

_ afp3(1 + Oxy)

Jp = N
42 = P+ palNi a1 72ND)
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aipsy
ay(1 + y1Ny)?

Jiz= |po+p1 +
Writing
b=—[Jn+Jul, c=Jnlu—aNiJy, d=aNi[JnJsz+ poxiJa]

we can write a polynomial p of the form

p(A) = +bA>+ci+d

Case 7

We have that:

_ aipr — ap ai(a1fr — ap)
0 0 [+ piri]l ———— @Bl —oht
ap10x; po(a1fa — aafr) a1faxz
BP10%2 _ _#aipz — a3p1) ap2xa
<a1ﬂ2 _ a2ﬂ1 &) _ ap ﬂ272x2 Zﬂla ﬂl
P a 0 0 azpr— aifs 0
ay
azﬂ19x2 a1pr — arp pafy = ) | aifis — aspr an(@af — aify) _ ooz
0 [m+pin]l———— P + Payaxa + wp0 o @pi0 b

asf — aif3 and
aq

has eigenvalues 1, =0, 13 =

Aua = % lal(aZﬂl —aiby) _ ol _\> Zﬁzxz 2 l 1Pa(apr = anfy) + 2(ap1 — a1ﬂ2)] X2+ —a%(azﬂl _ alﬁZ)Z]

a$0 A s xff; apr0°

Writing

_ pi aip2 aip
T [_<a2ﬂ%a +2 )b — a2y | Dt | b — )

we have that if

awpr <afy  (61)
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or alternatively, if

<1 (62)

2
aipa
wpr>afy y ——

Then A4 ¢ R if and only if
0<xx <Py (63)

In this case, Re(41/4) < 0 as long as condition (61) is met, while Re(41,4) > 0 whenever condition (62) is
met.

In case that 1,4 € R, i.e., if neither (61) nor (62) can be verified, or if
x> Py
then 1,4 < 0 if following conditions are met simultaneously:
wmpr < aify  (64)

ai(aifpr — axp)
0(a3Ba + ax330)

(65)

Xy >

while it is not possible that A; > 0 and A, > 0 simultaneously. Note that condition (64) is the same as
condition (61), which means that if (61) is satisfied, then for x, > 0 sufficiently large the system has
complex eigenvalues.

Finally, given that A; < 0 if and only if

a3ﬁ1 < alﬁg (66)

Defining the sets

{ <a1ﬂ2 - ap 12,0, p > 0<x < P+} if both(61)and(66)are satisfied
a0 ay

%] otherwise

and
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L—

r =

B — arff B\ aj(aifpr — ) - -
{ (al ;zﬂlt; L .0, a_1> * max { P., azél’(a%ﬁz " azﬁ%G) <X if both(61)and(66)are satisfied

(%) otherwise
we obtain that the object
W7 = W5, U W3,

is an attractor, while there are no repelling objects.

Case 8

Given that N, is such that

aips
————— = f1 + iV
a3(1 + y1Ny)
and K, M, N are such that
ap3(1 +0(K + M 4/N)) Ny + B
= polN1+ 2
a3(1 + y2N1)
We get the Jacobian matrix:
71(B1 + uN1) a
0 0 —[m+w](K+M\/N) ﬂ—B(ﬂ1+M1N1)(K+1|
af30x; _ _ (Ba+ paNu)yaxs an
J(K +M N,xz,Nl,&> =| a1l +7N1) 0 oK + M /) 1+ 7Ny Ga+ N} P
a3 0 0 0 asN
_apbx [ + 1 +MNI)] K +M AN + oK + M /Ny + LN 5 N 4 MN) - (8

T a(1+ 72N L+ 7N 1+ 7N bs

where this matrix anterior has an eigenvalue 4, = 0, while its other eigenvalues correspond to the roots
of the cubic polynomial

P(A) = > = Juad? — [asN1J — 43 — J14J21]A + asN1J13J;
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where

y1(B1 + uiN1)
1+ 1N,

(K + M +/N)

Jiz = lﬂ1+

Jia = %(ﬁl +mNDK + M /N)

Joi = a2ﬁ39x2
T w1+ )
71(B1 + piN1) (B2 + paN1)y2x2
Jiz = |y + PP BVD) g 0 /N + po(K + M /N + L2 F 207
43 [.“1 T+ 7, ( \/_) pa( \/_) T+ 7aN;

Jag = _%(ﬂl +mND)K + M \/ﬁ) - (ﬁ2+ﬂ2N1)%—03N1

Summary of stability for model 1I-B

1.The object W, = W = {(o, 0,0,x) : 0 < x4 < min {ﬁ 1 P ﬁ3} } is an attractor, while the

a) a as

object Wi = {(0, 0,0, x4) : x4 > max {&&&} } is a repeller.

ay ay as

2.The object W, = { (O, 0, x3,&> X3 > max {Nl,Nz}} is an attractor. In this case there are no
a3

repellers.

3.The object W3 = { (O X2, 0,5 > 0 < x,} is an attractor if and only if a4, < ayf; and
2

asf, < ayfi3. There are no repelling objects.

4.In this case, we have equilibrium points of the form (O, X2, N, é) , X2 > 0, There are neither
as

attractors nor repellers.

5.The object Ws = { (xl,o, 0é> cx1 < <ub- azﬂl} is an attractor if and only if a,8; < a8
aip

a2ﬂ16
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6.In this case, equilibria of the form <x1,0, N1,&> , x1 > 0 has undetermined general stability
as

conditions, however the eigenvalues can be obtained by solving a cubic function.

7.The object W; = W5, U W5, is an attractor if and only if ) < a1, and azf; < a1f;. In this

case, we have that W3_ = { (%,xz, 0‘ﬁ> 0<xn< P+} , while
[04)731 (241

s _ a1pr — arf AW ai(a1fz — ap)
Wa, = {( wpo 0’a1> - max {P+’ aze(a%ﬂ2+a2ﬁ%0)} < x2}'

8.In this case, equilibria of the form (K + M /N ,x3, Nl,&) , are like in case 6, i.e.it has
a3

undetermined general stability conditions; however, the eigenvalues can be obtained by solving a
cubic function.

Note that also this model has multi-stability in certain cases. Specifically, W, and W, are always
attractors. Nonetheless, W5 cannot be an attractor simultaneously neither with the object W5 nor with
W5 .

Specifically, from case 7 we obtain that it is possible that species x; and x, coexist, eventually expelling
the invasive species x3, as long as the model parameters are appropriately chosen.

In general, the system can converge to the local extinction of all species (case 1), to the survival of one
species only (cases 2, 3 and 5), or to the coexistence of species x; and x, (case 7). The coexistence of

species x;3 is, in general, not possible.

Qualitative long-term behaviour of model II-B with nominal parameters

We assume following nominal values for the parameters

a1 = 0.00137, p1=0.07, y1 =001, u =00l,
@ =0.0011, =029, =001, u =00l,
a3 =0.001, p3=0.1, 6=00995 ST =146.9

the conservation equation
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x4(t0) = ST — x1(t0) — x2(t0) — x3(t0)
and an initial time-point corresponding to the measurements for year 1990, i.e., 7, = 1990 as:
x1(t0) =~ 15.4666911395349, xx(ty) ~ 0.07896, x3(tv) =~ 8,9326

Variables xi, x,, x3 are in units of occupied area, normalized by the known parameter ST, due to the
relation

x1(t) + x2() + x3() + xa(t) = ST (88)

Equilibrium conditions

We will look case by case if the equilibrium points derived previously are stable for these parameter
values.

Case 1

We have that

min{&,&,&} = 51.095, min {ﬁ&&} = 263,64

ay a2 a3 ay a2 a3

Given relation (88), and that in this case x; = x, = x3 = 0, then

min {é&&} =51.095 < x4 = ST = 146.9 < 263.64 = max {&&&}
a; oy as ap a2 as
And therefore, equilibrium point (0,0, 0, ST) is neither an attractor nor a repeller.
Case 2

For this case we have

N1 =5.9327, N,=-15.9176

Given that, in this case, the equilibrium point corresponds to (0, 0, x3, &) , where, because of (88), x3
a3

satisfies
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x3=8T — '% = 146.9 — 100 = 46.9
3

we obtain that
x3 =46.9 > max {N,N,} = 5.9327

and therefore, the equilibrium point (0, 0,x3,’(%> =(0,0,46.9, 100) is stable.
Case 3
In this case we have

a1y =3.973-107% > 7.7-107° = ap
and therefore, the associated equilibrium point is not even nonnegative.
Case 4
Here we have

N, <0

and therefore, the associated equilibrium point is not even non negative.
Case 5

In this case we have

x1=8T — ? = 146.9 — 51.0949 = 95.8051
1

On the other hand,

alﬁZ aZﬂl
a2ﬂ19

Thus,
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aifr — a
S 1P — axfi

a2ﬂ16

X1

Therefore, the equilibrium point (xl,O, O&> =(95.8051,0,0,41.8064) is not stable.
ay
Case 6

Here we have
x1=8T —-N; — & = 40.9673
a3

Recall that in this case the eigenvalues of the Jacobian matrix are the roots of the polynomial
P(A) = A* — [ + JaalA* + [J22Jaa — asN1Ja3)A + asN1[JaaJas + pox1Jan)
where here,

J2 =0.0398, Jys=—-0.0550, Js =-0.0398, Js3=0.7458

p(A) = 2> +0.01514% — 0.01084 + 0.002
Thus, the roots are given by
A1 =-0.1189

A2 =0.0861
A3 =0.0177

Therefore, equilibrium point (xl,O,Nl,%> = (40.9673, 0, 5.9327, 100) is unstable.
3

Case 7

Here we have

xp= ST-P2— P _Pr 1469 510049 — 8.10243 = 87.70267
a0 aj
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Further, in this case we have

wfi=177-107<3.973-107* = a1,
afr=7-107°<1.37-107* = a3

therefore, the equilibrium point <%,xz, o,?) = (8.10243,87.70267, 0 51.0949) is stable.
1 1

Case 8

Last, in this case we have

x2=ST—(K+M\/JV)—N1—g—3~40.78685
3

Further, recall that in this case the eigenvalues of the Jacobian matrix are the roots of the polynomial
p() = 2% = Jasd* + [J1aJ21 — asN1Js3)A + asNiJ 131
where

Ji3=2.0248 - 1073, Jy14=233371-107%, Jo; =0.42141, Ju3=0.1317 Jas = —0.055297

p(A) = 23 +0.06114% — 0.00144 — 5.0622 - 10~

Therefore, the eigenvalues are

A1 =—0.0778
A2 =0.0217
A3 = —0.0050

Therefore, the equilibrium point (K + M /N ,x3, Nl,%> = (0.18045, 40.78685, 5.9327, 100) is not
3

stable.
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In summary, we found 6 equilibrium points, from which 2 are stable, namely point

(0, 0,)63,%) = (0,0,46.9, 100) (case 2), and point
3

abr—ab 0P 2 (810243, 8770267, 0, 51.0949) (case 7).
axp0 a
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Discusion general

La formalizacioén de conceptos ecoldgicos a partir de la teoria matematica no s6lo permite un punto de
partida formal para analizar a los ecosistemas, a sus dindmicas y a sus subsistemas, sino que también
abre un abanico de herramientas matematicas y computacionales cuyos resultados pueden ser
interpretados a la luz de la ecologia y la conservacion. Aunque sabemos que los modelos son
representaciones de la realidad, pueden generar conocimiento e intuicion que, al ser aplicados, generan
numerosos beneficios. En este sentido, los modelos permiten responder algunas preguntas que abren
el camino hacia nuevas incégnitas. Con ello, los tomadores de decisiones en el plan de manejo de la
REPSA, y de otras areas naturales protegidas y de otros ecosistemas importantes y amenazados,
tendran mas elementos para elegir cual es la mejor estrategia a seguir. Sabemos también que un modelo
es en si mismo un sistema en evolucion, por lo que si varias de las propuestas derivadas de ¢l son
implementadas, es necesario evaluar los resultados y, de ser el caso, proponer un modelo mas adecuado.

Entre mas modelacién ecologica se haga, habra més elementos para criticarla. Por ello, es
importante plantear diversas metodologias que permitan un didlogo entre la ecologia y la teoria de
sistemas dindmicos. Entre mas interacciones haya entre estas dos areas del conocimiento, surgirdn mas
herramientas y oportunidades para proponer estrategias que resuelvan los grandes problemas
ecoldgicos. Un ejemplode llos es la resiliencia, que ha sido un tema central en las agendas ambientales
en la actualidad. Sin embargo, ha sido un reto medirla, por lo que nuestro modelo es un aporte a la
modelacién de sistemas ecologicos donde se puede evaluar la resiliencia. Esperamos que este trabajo
ayude a implementar este concepto en el plan de manejo de la REPSA. También, esperamos que esto
estimule a mas ecologos a realizar modelacion con sistemas dindmicos.

Cualquier proceso bidtico puede ser modelado. Por ello, es muy importante que los ecologos
conozcan todos los tipos de modelos que permite usar la teoria de sistemas dindmicos para poder elegir
el mas adecuado (Schuwirth et al., 2019). Sin embargo, no basta con saber cudl es el tipo de modelo
mas adecuado para responder a nuestra pregunta ecologica. La modelacion requiere un andlisis
profundo y critico sobre la interpretacion de los procesos ecosistémicos a la luz no solo de la ciencia,
sino con frecuencia de los procesos histéricos de desarrollo de ideas. Un ejemplo de ello es la
dominacion de la interaccion competitiva en los modelos de ensamble de especies.

Por ello, después de hacer un analisis de la literatura de las tres especies focales de este estudio,
fue natural elegir dos versiones de los modelos que propusimos, dos en las que solo interviene la
competencia y dos en los que se considera una interaccion de facilitacion entre las plantas nativas. La

evidencia bibliografica y las observaciones en campo sugieren que los modelos que incorporan la
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facilitacion son los mas verosimiles. Esta vision es congruente con la importancia de la facilitacion en
las comunidades sefialada por Callaway (1995), Bruno et al. (2003) y Valiente-Banuet y Verdu (2007).
A diferencia de la competencia, no existe una base tan grande de datos cuantitativos que sustente la
relevancia de la faciliacion. Sin embargo, esto no se debe a su ausencia en la naturaleza. Su sesgo tiene
que ver con el desarrollo historico de los conceptos de competencia, de apoyo mutuo y de sucesion
ecologica.

Al proponer la inclusion de una interaccion mutualista en dos de los modelos pudimos encontrar
evidencia matematica de que la facilitacién estd directamente relacionada con el estado estable de
coexistencia de las especies. Por el contrario, cuando la competencia domina, es mucho mas probable
encontrar estados estables dominados por una sola especie. Probablemente el nimero de escenarios
donde pudiera ocurrir la coexistencia aumentaria si aumentaramos el numero de regulaciones positivas
dadas por otras interacciones ecologicas directas e indirectas, tales como cambios en el ambiente, en
la disponibilidad de recursos, en las interacciones con polinizadores, con herviboros y con patdgenos.
Seria interesante explorar la posibilidad de que el palo loco tenga también algun tipo de regulacion
positiva sobre el fepozdn. Sin embargo, estas posibilidades tendrdn que ser examinadas con
experimentos. Nuestros resultados pueden sentar las bases para la realizacion de estudios
experimentales en el futuro que pongan a prueba la existencia de interacciones de facilitacion en
comunidades ecologicas, asi como su papel como estructuradores del ensamble de especies. Sin
embargo, no basta con proponer exprimentos, sino que ademas hay que tener un amplio conocimiento
del sistema para poder determinar cuédles son las especies clave en las que se deben enfocar los
esfuerzos.

Con miras al fortalecimiento y el mejoramiento de los modelos construidos en esta tesis, otro
aspecto sumamente importante seria la incorporacion en futuros modelos de la REPSA de la dindmica
poblacional y las interacciones ecoldgicas de especies nativas clave, como el arbusto Verbesina
virgata, el pasto Muhlenbergia robusta y la hierba Dahlia coccinea. Estas especies hacen un gran
aporte de biomasa al ecosistema y pueden estar relacionadas intimamente con el funcionamiento actual
de la REPSA (Cano-Santana, 1994a). Por otro lado, también seria importante incorporar la influencia
y dindmica del pasto exético invasivo proveniente de Africa oriental, Cenchrus clandestinus. Pasando
al ambito del componente animal de este ecosistema, otra especie clave en la REPSA, por su
importancia en el flujo de materia y energia, es el chapulin Sphenarum purpurascens (Cano-Santana,
1994a). Por esta razon, incorporarlo como regulador del crecimiento de las plantas y como recurso para
muchas especies de animales nos daria una vision mucho mas realista de la dindmica ecosistémica de
la REPSA. Otra de las especies mas importantes por su efecto positivo sobre el funcionamiento de la

reserva es el conejo castellano Sylvilagus floridanus (Lagomorpha), el herviboro més grande de la
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REPSA (Dorantes, 2017). Algunas caracteristicas que lo hacen un candidato ideal para integrarlo a
modelos futuros son i) su aporte de materia organica por acumulacion heces en el suelo dirige los flujos
de materia y energia, ii) su dispersion de semillas através de las heces y iii) su aporte como alimento
a los depredadores de gran talla (Cano-Santana, 1994b; Dorantes, 2017; Glebskiy, 2019). Su consumo
de materia vegetal aérea en algunas zonas de las REPSA ronda entre el 12% y el 18 % (Dorantes,
2017), mientras que un toda la reserva consume entre 2.3 y 5.4 % de la PPNA (Glebskiy, 2016). Sin
embargo, una complicacion de aumentar la complejidad al incorporar a todas estas especies sugeridas
podria hacer que el sistema sea dificil de analizar y que produzca resultados poco verosimiles y con

baja aplicabilidad.

En cuanto a las recomendaciones sobre el manejo de esta reserva ecoldgica derivadas del
modelo de tres especies con facilitacion, es importante enfatizar que su aplicacion debe ser euristica y
no tratar de seguirlas como reglas rigidas. De hecho, una de las recomendaciones mas importantes es
la relacionada con el control del eucalipto. Para poder estar en la cuenca de coexistencia, proponemos
cortar una cierta area de eucaliptos hasta llegar a una cobertura donde se limite su expansion. En el
articulo se hizo la recomendacion de plantar tepozanes, sin embargo, éstos presentan altas tasas de
colonizaciéon en sitios sujetos a restauracion (Villeda-Hernadndez, 2010; Gonzalez-Rebeles, 2012;
Gonzalez-Jaramillo, 2018). Por ejemplo, en una area sujeta a restauracion de la reserva con remocion
de plantas exoticas su cobertura pasé del 21.5% en 2006 al 40.1% al siguiente afio (Villeda-Herndndez,
2010), Por ello, en vez que plantar tepozanes los esfuerzos deberian estar dirigidos en evaluar las
condiciones del suelo para determinar si es necesaria alguna intervencion ya que los tapetes de hojas y
las sustancias alelopaticas podrian permanecer en el sitio y afectar su crecimiento. De esta forma, por
un lado estariamos limitando el crecimiento de los eucaliptos al eliminarlos directamente y, por el otro,
aumentariamos la competencia con los tepozanes. Predecimos que el efecto de estas dos medidas seria
el mantenimiento de la cuenca de coexistencia con una mayor resiliencia. Sin embargo, una de las
mayores criticas que se le pueden hacer a nuestro modelo es el no haber considerado la estructura
espacial de las poblaciones de las especies focales, sobre todo considerando que los eucaliptos de la
REPSA en la zona nucleo tnicamente estan en los bordes y sumamente raro encontrarlos al interior de
la reserva. En revisiones posteriores del articulo modficaremos la recomendacion de planta eucaliptos
por la de revisar las condiciones edaficas de los sitios con eucaliptos removidos.

Una de las mayores criticas que se le pueden hacer a nuestro modelo es el no haber considerado
la estructura espacial de las poblaciones de las especies focales, sobre todo considerando que los
eucaliptos de la REPSA en la zona nucleo unicamente estdn en los bordes y sumamente raro

encontrarlos al interio. Estas imagenes pueden hacer evidente la dindmica en el borde que experimenta
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el eucalipto. Esto nos permitiria agregar un término de difusion o analizar a las areas de manera
diferenciada con dstintos modelos especificos.

Un elemento que podria jugar un papel determinante en la expansion del eucalipto es el psilido
Glycaspis brimblecombei que puede infestar al eucaluipto hasta llevarlo a la muerte (Romo et al.,
2007). Aunque podria considerarse para el control bioldgico del eucalipto en la REPSA, su alta
patogenedida podria salirse de control e infectar a eucaliptos que se quisieran conservar. El problema
de tener a muchos eucaliptos muertos en muy poco tiempo podria desencadenar otros problemas
ecoldgicas (Romo et al., 2007; Cantoral, 2015) si no fuera acompafiado de un plan de remocion con
una tasa similar a la de la muerte por el psilido. Ademads, existe un parasitoide especifico de G.
brimblecombei, Psyllaephagus bliteus (Romo et al., 2007; Cantoral, 2015). Por lo que seria interesante
generar experimentos controlados donde se use al psilido como control del eucalipto y al parasitoide
para modularlo. Una posible opcion de control bioldgico podria ser infestar a los eucaliptos de los
bordes de tal manera que en los bordes que colinden con areas fuera de la REPSA se coloque al
parasitoide para generar una frontera al psilido para que solo ataque a los eucaliptos de la reserva. Sin
embargo, esta propuesta se tendria que evaluar a profundidad con otros expertos de la REPSA.

Nuestro estudio, apoyado en una gran cantidad de observaciones realizadas en las calles de la
Ciudad de México, proporciona elementos para proponer al fepozdn como un arbol clave dentro de la
ecologia urbana. Esta especie podria permitir la regeneracion del suelo y modificar las condiciones
ambientales que podrian dar paso al establecimiento de plantas sucesionalmente mas maduras, como
los encinos, los chapulixtles o los palo dulces. Para dar sustento a esta afirmacion, seria importante
conocer la dindmica de los sitios donde se distribuyen los tepozanes y este tipo de arboles, para conocer
su interaccion y asi poder predecir si un rodal de fepozan en la REPSA podria eventualmente permitir
un estado estable encaminado a un bosque de encinos.

Finalmente, cabe hacer una breve disertacion filosofica usando algunos de los argumentos de
esta discusion. El neodarwinismo y la importancia desproporcionada de la competencia en la evolucion
permearon el desarrollo de las ideas ecologicas y de sus modelos matematicos. Pero no se limitaron a
la ciencia sino que impactaron profundamente la organizacion social y econémica de las sociedades
occidentales. En contraposicion, Piotr Kropotkin (1902) propone que el apoyo mutuo es una
interaccion clave, al menos igual de importante que la competencia en la evolucion de las especies y
de las sociedades. En este sentido, nuestro modelo es congruente con Kropotkin, sin negar las ideas
darwinistas. Por lo tanto, nuestro modelo, mas alla de la ciencia, es una propuesta dialéctica que plantea
cuestionar la dominancia de las explicaciones basadas en competencia dando también un lugar
preponderante a las interacciones de facilitacion. Incorporar ambas interacciones y entender su

dindmica y su influencia en los distintos ecosistemas nos permitira tener una comprension amplia y
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realista. Estas ideas nos permiten plantear hipotesis sobre las sociedades. Podemos proponer que las
organizaciones sociales con mayores interacciones positivas y de apoyo mutuo pueden construir
sociedades mas resilientes, en las que la coexistencia sea un estado estable. Esto tendria que ser
modelado y comprobado con datos reales en distintos tipos de sociedades. Si encontraramos evidencia
que sostenga esta idea, tendriamos que revalorizar las ideas del apoyo mutuo de Kropotkin para

construir un futuro habitable.

Conclusiones

En este trabajo se pudo reconstruir la historia ecoldgica de la comunidad vegetal presente en la Reserva
Ecolégica del Pedregal de San Angel de los tltimos 70 afios. Para ello, se integraron datos heterogéneos
cualitativos y cuantitativos. Los modelos simplificaron la complejidad del sistema al grado de poder
tratarlo analiticamente. Se identificaron los distintos estados de cada sistema y la probabilidad de que
estos se presenten. En conjunto, esta informacion permitio realizar experimentos in silico, lo que a su
vez hizo posible hacer predicciones sobre el efecto de los eucaliptos sobre las especies nativas. Este
procedimiento mostré la existencia de biestabilidad e incluso triestabilidad para varios estados.

A partir de un andlisis de bifurcaciones se pudo determinar que si no se realiza alguna
intervencion para controlar al eucalipto, esta especie invasiva se volvera dominante. Esto
probablemente traeria consecuencias catastroficas para la diversidad de esta comunidad. Sin embargo,
con la intensidad adecuada para eliminarlos es posible llevar al sistema a un estado estable donde la
coexistencia de esta especie con otras plantas nativas sea mas probable.

Para aumentar la solidez del modelo aqui presentado, hace falta integrar la estructura y la
dindmica espacial de las poblaciones de las especies focales, para asi ganar en realismo y poder de
explicacion. Esta investigacion generd una gran cantidad de preguntas acerca de las interacciones
ecoldgicas clave que estructuran el ensamble y la dinamica de la comunidad, que en Gtima instancia
aumentan la resiliencia ecosistémica. Transferir estos modelos a los tomadores de decisiones en los
planes de manejo de esta 4rea natural protegida y otras equivalentes podria permitirir la conservacion

de los ecosistemas y de su recursos de una manera mas eficaz y resiliente.
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