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Introduction

The general theory of coalescent processes aims to provide a rigorous mathematical frame-
work that can be used to model natural phenomena where a collection of particles may fuse
together and form new particles as the system evolves over time. It has a variety of applica-
tions in distinct disciplines such as Physics and Biology. In the biological realm, particularly
in the field of Population Genetics, it is used to model the parental relationships of a given
population as we track the ancestry of individuals backwards in time, thus leading to the
construction of a genealogical tree. In this interpretation the fusion of particles occurs at the
time when a set of individuals meets a common ancestor in the past. Once we have a suitable
coalescent model describing the genealogy of a population, we can use it to study questions
of biological relevance such as determining the time needed to reach the last common an-
cestor of the population, the expected genetic diversity for neutral positions of the genome,
or whether natural selection has played an important role in the evolution of the popula-
tion. From a mathematical perspective, coalescent processes are Markov processes that take
values in the space of partitions of N. In Chapter [I] we follow Bertoin 2006/ to layout the
foundational concepts of the general theory of exchangeable coalescent processes, and also
present some of the main results thereof, including Kingman’s representation for random
exchangeable partitions, the Poissonian construction of exchangeable coalescent processes,
and the characterization of their coagulation rates. At the end of the chapter we leave the
general setting to focus on the particular case of simple coalescents (Pitman 1999; Sagitov
1999; Schweinsberg 2000b), and formally define the well known family of Beta coalescents
of which the Bolthausen-Sznitman coalescent (BSC) (Bolthausen and Sznitman [1998) is a
member. The Bolthausen-Sznitman coalescent is a well known example of a simple coales-
cent process where multiple particles may fuse in a single event; it was first introduced in the
study of spin glasses in physics (Bolthausen and Sznitman 1998) but was rapidly adopted for
the study of genealogical trees. It has been described as the limit process for the genealogies
of different population evolution models, including models where the reproductive success of
the individuals is determined by a fitness function (i.e. the population is under the pressure
of natural selection), both in discrete and continuous time (J. Berestycki, N. Berestycki, and
Schweinsberg 2013; Birkner, Blath, et al. |2005; Cortines and Mallein 2017; Freund [2020;
Huillet and Moéhle 2021; Schweinsberg 2003)).

In Chapter [2] we layout a general scenery of population evolution models with discrete
generations, and characterize their genealogies in terms of coalescent processes. We begin
with Cannings’ models (Cannings 1974, [1975) which presently are the most widely studied
constant-size neutral models due to their manageability and consequent applicability. The
defining characteristics of Cannings’ models are 1) that the collection of offspring sizes is

1



symmetric, and in particular that all the parents have the same number of children in distri-
bution; and 2) that the reproduction events are i.i.d over time. We then pass to multinomial
models (Cortines and Mallein 2017; Huillet and Mohle 2021) which share some of the basic
intuitions of Cannings’ models, along with their manageability, while at the same time allow
for “non-symmetrical” offspring distributions. We provide a new criterion for the weak con-
vergence of their genealogies to general =-coalescents, as the total population size N tends to
infinity; a criterion that reminisces the homologous criterion provided by Moéhle and Sagitov
2001 for the neutral Cannings’ models, and whose applicability we show with examples in
Sections [2.2.3] and where Beta coalescents and the Bolthausen-Sznitman coalescent ap-
pear in the limit. In Section we introduce the family of exponential models (Brunet and
Derrida 1997, 2012) which explicitly incorporate the effect of natural selection by assigning
fitness levels to its individuals, determining their reproductive success in the next generation.
Following Cortines and Mallein 2017, we prove that the genealogies of the exponential models
can be written in terms of Multinomial models, allowing us to describe their weak limit as
N — oco. We find that, under strong selection regimes, the genealogy of these models is once
again described by the Bolthausen-Sznitman coalescent, although we also find a novel weak
selection regime in which the limit genealogy is a discrete-time Poisson-Dirichlet coalescent.
Finally, by the end of the chapter, we briefly present a model in continuous time (Schweins-
berg |2017b)) in which the population is once again under the effect of mutation and natural
selection, and whose limit genealogy is given by the Bolthausen-Sznitman coalescent.

We note that the Bolthausen-Sznitman coalescent appears as the limit genealogy of the
three models described in this Chapter [2] Of particular importance is the case of the expo-
nential models and the continuous-time model of Schweinsberg |2017b, which give rigorous
examples of a population undergoing natural selection whose limiting genealogy is given by
this particular coalescent. This gives further evidence for the intuition that this coalescent
can serve as a new null model for the genealogy of rapidly adapting populations, an intuition
that has become somewhat widespread in later times (Brunet and Derrida 2012; Cortines
and Mallein 2017; Neher and Hallatschek |2013; Schweinsberg 2017h)).

Finally, in Chapter [3] we introduce the Site Frequency Spectrum (SFS) of a coalescent
process, and its biological interpretation as a measure of the genetic diversity present in a
population. The latter, being closely related to the structure of the underlying genealogical
tree, motivates the study of the SF'S for different coalescent processes, as well as its ubiquitous
use as a model selection tool to infer the genealogy of a population from present-day genetic
data (Eldon et al. 2015; Freund and Siri-Jégousse [2021; Koskela 2018). We then describe
the Random Recursive Tree (RRT) construction of the BSC (Goldschmidt and Martin 2005)).
This construction allows us to derive explicit (easy-to-compute) formulas for the first and
second moments of the SF'S for the BSC, leading to corresponding asymptotics as the initial
number of particles n tends to infinity, and also allows us to characterize the joint distribution
of the lengths of branches associated to families of size b for n/2 < b < n (Kersting, Siri-
Jégousse, and H. Wences [2021)).
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Chapter 1

Main Concepts in Coalescent Theory

In this chapter we mostly follow Bertoin 2000, filling in the proofs whenever necessary, to
layout the general theory of coalescent processes.

1.1 Random Exchangeable Partitions

1.1.1 Basic Definitions

In this section we will define the basic mathematical structures that will help us represent
and study coalescent processes.

Definition 1.1.1. Let A be a subset of N and w be a countable collection of nonempty subsets
of A. We call m a partition of A if

e BNB;j=0  forall B; and Bj in
® UiZIBz’ =A.

We call {B C N : B € 7w} the blocks of m, and denote by w(k) the block that contains the
element k.

Given a partition m of N we can define an equivalence relation in N by setting
PN j = (i) =7(j).

Conversely, given an equivalence relation in N we can define a partition m whose blocks are
the corresponding equivalence classes. Given a set A" C A we define the restriction of 7 to
A as

7w, ={BNA":Benr}.
Also, given a set A C N we will denote the collection of all partitions of A by &24. We will
typically work with the sets {1,...,n} so we will denote them by [n], and write &7, instead
of P}, P instead of Py, and w‘n instead of ﬂ[n}. Finally for any pair n < m and 7 € &,

we will denote by £, () the set of all partitions 7’ € &, such that 7T/|n =, ie.
(1.1) P(n) ={n € P, W/‘n:ﬂ'}, n < m,Vr € P,.
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6 CHAPTER 1. MAIN CONCEPTS IN COALESCENT THEORY

The following is a well known characterization of the space & in terms of sequences of
partitions of the form {7, € &,,n € N}.

Definition 1.1.2. A sequence of partitions (Wn)neN with m, € &, is compatible if 7Tn|]C =T
forall k <n, n e N.

Lemma 1.1.1. A sequence of partitions (), cy @5 compatible if and only if there exists a
partition To € P such that 71'00‘” =, for alln € N.

Let us now formalize the measurable space in which we will define random partitions. We
will consider the set #, and endow it with a distance function which will allow us to define
a Borel o-algebra.

Definition 1.1.3. We define a distance § in P, by
d(my, m) = 1/ max {n e N: Wl‘n = 7?2‘”}.
Theorem 1.1.2. (P, 0) is a compact metric space.

Proof. Let (m,),cy be a sequence of partitions in &, and let 7' := {1}. There exists a
partition 72 € &, such that 7rn| , = 7 for an infinite number of n € N; let £; be one of such
indexes. Then, recursively, for every k € N we can choose a partition 7% € &, such that
Wk}j =7 for all j <k and an index ¢;_; such that T, ‘k = 7. The sequence of partitions
(ﬂk)keN is compatible so there exists a partition 7°° € &, such that ﬂoo}k = 7% for every

k € N and, by construction, m, O 1% as k — oo. O

Definition 1.1.4. Let B(P) be the Borel o-algebra in P, induced by §. A random
partition 11 is a random element of (Poo, B(Ps))-

We will only be concerned with a particular type of random partitions, exchangeable
random partitions. This type of partitions has a nice representation reminiscent of de
Finetti’s theorem for exchangeable random sequences. Similar to the context of de Finetti’s
theorem in which permutations of random sequences are defined, let us first define permuta-
tions of partitions.

Definition 1.1.5. A finite permutation of N is a bijective function o : N — N with the
property that there exists an integer N such that o(j) = j for all j > N.

In the following when we refer to a “permutation” we mean a “finite permutation” unless
otherwise stated.

Definition 1.1.6. Let o be a permutation of N and w be a partition in P. We define o(m)
the permutation of m given by o to be the partition

o(r) ={o7"(B): Ben}.

Note that the blocks of o(m) are given by the inverse images of the blocks of 7 under o
and not by {o(B) : B € 7}; actually, one should not expect that if i <~ j then o(7) " a(7),
but rather that o~ (i) o) o 1(4).
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Proposition 1.1.3. Let o be a permutation of N, then the map m +— o(w) is continuous and,
thus, measurable.

Proof. By definition there is an N € N such that for all j > N we have o(j) = j. If
§(m,7') < 1/M with M > N we have that n| = W’}M and o(n|,,) = J(W’{M). Since
0'(7T|M) = O’(?T)‘M and O'(?T/’M) = O(W’)‘M we see that d(o(m),o(n’)) < 1/M. O

Definition 1.1.7. Let Il be a random partition. We say that 11 is an exchangeable random
partition if for every permutation o we have

g

IT = o(II).

Note that in particular for all A € Z(Z.,) we have
P(Il € A) = P(o(ll) € A) = P(Il € 0~ (A)).

When working with exchangeable random partitions it will be often the case that their
distribution will be specified in terms of their asymptotic frequencies (see Kingman’s repre-
sentation Theorem below), here we define what we mean by an asymptotic frequency.

Definition 1.1.8. Let B be any subset of N, and m be any partition of N.

o We say that a set B has an asymptotic frequency if the following limit exists

1 n
Bl = lim — ) "15(i)
=1

n—oo 1,

where 1p is the usual indicator function for B.

o We say that m has asymptotic frequencies if ™ is such that |B| exists for all B € .
In this case we define \ﬂi as the sequence of asymptotic frequencies of m written in
decreasing order, and write

[l = (mly,- )
Note that by definition we have ) |7r|f < 1.

Notice that if 7 has asymptotic frequencies then for every finite permutation o of N we
have |[* = |o(m)[* since for every block B of 7 the block o~'(B) of o(n) has the same
asymptotic frequency as B. Hence, Definition [1.1.7] of random exchangeable partitions can
intuitively be interpreted as saying that the distribution of II is determined by the distribution
of its block sizes |II|*, and not by their particular composition. In the following Section
we describe how an exchangeable random partition may be constructed from a set of
asymptotic frequencies.
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1.1.2 Paint-Box Construction

We begin by formalizing the space on which the asymptotic frequencies of a partition 7 € &
live.

Definition 1.1.9. Let p = (p1, p2,---) be a sequence of real numbers in [0, 1] such that
o 0> pj foralli < j

Such a sequence is called a mass partition. Let Pq ) be the space of all mass partitions and
endow it with the supremum norm in {1 and its corresponding Borel o-algebra A .

If p is a mass-partition we define p, as

po=1-— sz‘-
=1

We call pg the dust of p. We say that p is proper if po = 0 and improper otherwise. We
will interpret a mass partition as the sequence of strictly positive asymptotic frequencies of
a partition 7, and py as the asymptotic frequency of the set formed by the union of all the
blocks of m whose asymptotic frequency is equal to zero (thus justifying the term “dust”).

We now describe the paint-box construction for random exchangeable partitions.
Given a mass partition p = (p1,p2,---) we can construct a countable sequence of open
intervals (1;),. such that

o [;(\I;=0foralliz#j
o Leb(l;) =p; forall i eN
e po=Leb([0,1]\UL)

with Leb being the Lebesgue measure on [0,1]. We call such a collection of intervals an
interval representation of p. Conversely, given an open set U in [0, 1] we can find a countable
sequence of open intervals (I;),.y such that

[ ] UN Iz - Z/{
o > yLleb(l;) =Leb(Uh) <1
o Leb(I;) > Leb(Z;) for all i > j

so we can construct a mass partition p given by (Leb(Iy),Leb(13),---). We will now use an
interval representation (/;),.y of a mass partition p in order to construct an exchangeable
random partition II. Let Ay be

Ao =[0,1\ [T

Also, consider a sequence of numbers (u;),.y € [0,1]Y and construct = by defining the blocks

Bk:{jENIUjGIk},]{}EN
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and setting
m={Br: ke N} | J{{j}:u; € A}

In other words, all the indices j € N such that u; falls in Ay become singletons whereas all
the indices such that u; falls in [, constitute the block Bj. Clearly this procedure generates
a partition m € P, for each sequence (uy,us,---), that is, we have a map h: [0, 1]N — P,
which is easily seen to be measurable; thus, if (U;),oy is a sequence of independent uniformly
distributed random variables then II := h(U;, Us, - - - ) is a random partition. In order to see
that II is exchangeable we just need to note that for every permutation o we have

(Us, Uz, ) = (Usy, Uo, )
since (U;);cy are independent and identically distributed. Also, note that if
h(uy,ug,--+)=m
then
h(to(1)s to(2), - +) = o(m)

and thus IT < o(IT), which is the condition for being a random exchangeable partition.

In the next section we formally state Kingman’s representation theorem Kingman 1978
which says that any random exchangeable partition can be constructed from paint-box pro-
cedures if we randomize, and give an appropriate distribution to the mass-partition p.

1.1.3 Kingman’s Representation

Lemma 1.1.4. LetII be an exchangeable random partition, then I1 has asymptotic frequencies
almost surely.

Proof. Recall the notation 7(k) which gives the block of 7 that contains the element k
(Definition |1.1.1)). Fix an index j € N and for all ¢ # j define the random variable

1 if TI(i) = I1(j
51_[(7,) — 1 (Z) (])

0 otherwise,
then ((55[(2))1#
of IT ensures that for every permutation o of N with ¢(j) = 7, and any collection of zero-one
digits dy, - - - , dp we have

PO (i) = dy, - 60 (ix) = di) = P67 (i) = dy, -+, 67" (i) = di)

=P(6;'(o(in)) = di, -+, 05 (0 (in)) = di)

where the second equality holds since o(j) = j and, therefore, o(IT)(j) = o (II(j)), and
o(I)(7) = o(I1)(j) if and only if II(c(i)) = I1(j). By de Finetti’s theorem, the limit

_ H
) = i 130

= lm = 37 40

i€[n],i#j

is an exchangeable random sequence. Indeed, notice that the exchangeability
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exists almost surely. Since the choice of j was arbitrary we conclude that II has asymptotic
frequencies almost surely. O

Lemma 1.1.5. If Il is an exchangeable random partition then all the blocks of I are either
singletons, or have an infinite number of elements almost surely.

Proof. We will prove this by contradiction. Denote by #I1(j) the cardinality of the block
I1(j). Let j € N and assume that P(#I1(j) = m) > 0 for some m > 2. We will construct
a probability measure P’ on N™~! which will turn out to be “uniform”, thus leading to a

contradiction. For every (m — 1)-tuple of integers (nq,- -+ ,n,,_1) define
PI1(j) = {j.n1, - "
IP,(/n’h'" 7nm—1) = ( (j) {jjn.l’ 1 1})
P(#I1(j) = m)
P’ is easily checked to be a probability measure. Now, if (¢, -, £,,_1) is another collection of
integers and o is a permutation such that o (n;) = ¢; and o(k) = k forall k & {ny,- -+ , N1},

then, by the exchangeability of II, it follows that

]P/(nh e 7nm—1) =

P(#I1(j) = m)
_P(IG) = {6, nr})
P{#I() = m)
= ]P/(gh ce 7€m_1)'

Since this is true for any collection of integers (¢y,--- , ¢,,—1) it follows that all the elements
of N™~1 have the same probability under P’, which is impossible since IP’ is a probability
measure and N™~! is an infinite set. Since the choice of j and m was arbitrary, for all j and
m > 1 we have

P(#I1(j) = m) = 0.
[l

The preceding lemmas tell us a lot about the structure of exchangeable random partitions.
Almost surely, they take values in a set that is much smaller than all of &2, particularly we
may assume that they take values on the measurable set

{m€ P :VB em, |B|exists and (|B| =0 <= B is a singleton )}.

Moreover, using the same techniques as in the lemmas above, it is easy to show that, with
probability one, the set {i € N: |7(:)| = 0} has an asymptotic frequency and is either empty
or has an infinite number of elements. We now state without proof Kingman’s represen-
tation theorem which combines the above two lemmas in order to describe all the possible
distributions for random exchangeable partitions.
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Theorem 1.1.6 (Kingman’s Representation). Let I be an exchangeable random partition.
Then, there ewists a probability measure Q) on P|yq) such that

P(IT € A) = /} 0(4) Qdp) , VA€ B(Py),
[0,1]

where we use the notation o, for the probability measure on Py induced by the paint-box
construction directed by p introduced in Section[1.1.2]

Finally we give a simple condition for the weak convergence of exchangeable partitions in
terms of the weak convergence of their underlying mass-partitions.

Proposition 1.1.7. For each k € N let II*®) be a random exchangeable partition with random
asymptotic frequencies p*) = |Hk|¢. Then the following are equivalent

I. Ask — oo, p® converges weakly on Ppo to P>,
II. As k — oo, II™) converges weakly on P, to 11>,

Proof. I=1I. Since the space &) ) is metric and compact we may rather assume, by Skoro-
hod’s representation theorem, that

(1.2) pF) % (o),

For any k € NU {00} let
Jj—1 J
I](_k) — [Z pl(k)’ Z pgm)
i=0 i=0

be the natural interval representation of p*), and let (Uj);en be the shared iid. uniform
random variables in the paint-box construction of all the partitions II*). Then (T.2]) implies

a.s.

I[{UZ_E[;_JC)} — H{Uiel;-oo)}’ Vi,j c N,

which in turn implies
& (1), T1>)) 23 0.

IT= 1. The space &)y ) being compact ensures that any subsequence of (p(k)) ren Contains

a further subsequence (p(kf'))jeN that converges weakly to some random element p in &g ;
the implication I=1I then gives p < |1'[(°O)|i = p{>). Since the existence of the weakly con-
vergent sub-subsequence and the identification of the limit hold for any starting subsequence

(,0(’“)) reny We conclude I by an application of Theorem 2.6 in Billingsley (1999. O]

1.2 Exchangeable Coalescent Processes

1.2.1 Basic Definitions

Exchangeable coalescents are going to be defined as a family of stochastic processes in con-
tinuous time and taking values in &,,. The evolution of these processes will be determined
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by a binary operator defined in &, the coagulation operator, whose increments will be sta-
tionary over time. In order to define the coagulation operator Coag we first need to introduce
the ordering of the blocks of a partition 7 by increasing order of their smallest element. That
is, for a partition 7 we construct an ordered sequence of blocks (71, e, - -+ ) such that

o mjcmforall jeN

o m=UzZ{m}
e min{k: ke n,;} >min{k: k e} forall j>i.

From now on, when we refer to the kth block of m we mean the kth block under the order
just described. Also, we will sometimes use the notation [r]; instead of 7 to emphasize that
we are referring to the kth block of 7, specially when the notation for the partition within
the brackets is large. Finally, we recall the notation #A for the cardinality of a set A; in
particular, if 7 is a partition, #m gives the number of blocks of .

Definition 1.2.1 (Coagulation). Let 7' € &, with m € NU{oo}. If 1 € &, is such that
|| < 'm, then the pair (w,7") is called an admissible pair, and we define the coagulation of T
and 7@ as

Coag(m, ') = (71, 2, -+ ),

T “— LJ Ty

o /
JE™,

where Ty 18 given by

where m; is set to O if j > |x|.
The following properties of the operator Coag are easily proved.
Lemma 1.2.1. Let (m,7') and (7', 7") be admissible pairs.

I. The operator Coag is associative

Coag(m, Coag(n’, ")) = Coag(Coag(m,n'), 7").

II. The operator Coag commutes with the restriction operation

(1.3) Coag(m,7")| = Coag(m

n,ﬂ'/) = Coag(m n,w"n)

for any n € N.

II1. The operator Coag s Lipschitz-continuous.

The following theorem states that the operator Coag preserves the exchangeability prop-
erty of random partitions.

Theorem 1.2.2. Let IT and IT" be two independent exchangeable random partitions. Then
IT = Coag(II,II') is an exchangeable partition.
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Proof. Let o be any permutation, then the blocks of o (ﬁ) are given by (a‘l(ﬂk)> e where
€

= (Un) - Ut

Note that in general we should not expect that o~ *(II;) = [o(IT)]; so it is not true that
o(II) = Coag(o(1I),II'). However, we can define a map from 2, to the set of all finite
permutations of N, m — o, where o, is given by

o~ (mj) =[o(M]mw, VieEN

Since there exists an integer M such that o(k) = k for all k > M it follows that o~ (m;,) = m,
for all k > M, therefore o, (k) = k for all k > M which proves that o, is indeed a permutation.
Furthermore, since the latter is true for every partition 7, the map just described takes values
on the set of permutations of the first m — 1 integers, which is finite. Now let oy be its
composition with II. Then oy is independent of IT" since II is, and o; induces a discrete
probability measure on the set of all possible permutations. Moreover, for every k € N we
have

a_l(ﬂk) = U o 1 (IL)

sean (m)
For every k € N there is a unique ¢ € N such that [or(IT')], = of' (H;) and vice versa, thus
o(I1) = Coag(a(I1), oni(I1')).

Let A be the finite range of oy, then, by the independence of (II,07) and IT', and the
exchangeability of IT and II’, for any measurable sets A, B € £, we have

]P((I(H) € A, an(Il) e B) == IP(J(H) € Aan =o' 0 (I) € B)

a'eA

= Z P(a(H) € Aon= 0'>P<0’(H') € B)
a'eA

_ %P(a(ﬂ) € A, =o' )P(I € B)

- ]P(o(H) € A)]P(H’ e B)
- JP(H € A)]P(H’ € B)

:]P(HeA,H’eB)
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thus proving that (o(I1), 53(IT')) < (I1, 1I'). Finally, it follows that
o( Coag(IL,1I')) = Coag(o(I1), o (IT)) £ Coag(I1, IT).
O

Remark. If we replace I1 in the Theorem[1.2.9 by a partition , then Coag(m,I') is also an
exchangeable random partition.

Of course if (IT',...,II™) is a collection of independent exchangeable partitions then,
using the preceding theorem in an induction argument, we see that the sequential coagulation
COP™, IT° (defined by CO;_, II' = Coag (II', I1?) and CO}_, I = Coag (CO}Z} IT*, IT*) ) is also
an exchangeable partition. This gives our primary tool to construct exchangeable coalescent
processes.

Definition 1.2.2. Let II = (II}),5, be a Markov process in continuous time with values in
Py for some m € NU {oo}. II is an exchangeable coalescent if Ily is an exchangeable
partition, and the transition kernels of Il satisfy

P (I € A|Il, = 7) = P(Coag(n, II;,) € A)

where A is any measurable set in &, and ﬁ;z 1s an exchangeable random partition whose law
depends only on h. We call the collection (II)n>o the stationary increments of II. Also, if
IIy =0, = {{1},...,{m}} we call II a standard exchangeable coalescent.

Because the values of (IT;),., are determined by the stationary increments (II;)xer+ in
a way that resembles the definition of Lévy processes, coalescent processes may be loosely
interpreted as Lévy processes where the binary operation is Coag in the set &7, instead of
the usual sum operation in R.

Lemma 1.2.3. If I is a standard exchangeable coalescent then
M, £ 1, Yh>0.
Proof. Since Iy = ({1}, {2},---), for any measurable set A we have
P(IT, € A) = P(Coag(Iy,11,) € A) = P(II;, € A).
O

If II is an exchangeable coalescent with values in &2,  then
(Coag(Il, I1;))~, is also an exchangeable coalescent whenever II is an exchangeable partition.
In particular, if IT is standard then Coag(Il, I1y) = I1, so (Coag(IL, I1;),, is an exchangeable
coalescent that starts at II, and whose probability kernels are determined by the stationary
increments (/1;), g+ For this reason we will only consider standard coalescents from now
on.

Theorem 1.2.4. If II takes values on P, and is such that H|n s an exchangeable coalescent
for every n € N, then II is an exchangeable coalescent.
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Proof. To prove this theorem we just note that for every ¢ > 0 the collection of exchangeable
partitions {Ht‘n : n € N} is consistent and, therefore, II; is an exchangeable partition.
Indeed, let o be a permutation such that o(j) = j for all j > n, then the exchangeability of
Ht’m for m > n yields, for any 7 € #,,,

P(o(II,) € P(m)) =P (o(IL,] )=m) =P (1| =)
=P (II; € P(7)).

Also, for any A € #A(P), if A‘n = {7r|n . € A}, we have

{fonea}l N {m=r}=N{nlc+nea, N ulwm=x}

neN

and, similarly,

{Coag(w, II,) € A} = m {Coag(w,ﬂh)}n € A‘n}

neN

Therefore

Pl € AT, =) = lim P(11] (¢ + k) € Al | 1], () = ], )

n—o0

= lim P(Coag(ﬂn,ﬂ‘n(h)) € A}n)

n—o0

= Ji_)rgloP<Coag(7r,Hh)’n € A|n)
= P(Coag(m, II,) € A).

So II is an exchangeable coalescent with increments (I7),.

Theorem 1.2.5. The semigroup of an exchangeable coalescent is Feller.

Proof. 1t is sufficient to prove that, for every continuous function ¢ € C (£,,), the map
7 = B | ¢(Coag(m, 11,))|
is continuous for every t, and that

limE [qﬁ(Coag(W,ﬁt))] = ¢(m).

t—0

Both follow easily from the Lipschitz-continuity of the operator Coag (see Lemma|l.2.1)). [

1.2.2 Coagulation Rates and Poissonian Construction

Let IT be an exchangeable coalescent taking values in &.,. Since I1 ‘n takes values on the
finite set &7,, its trajectories are entirely determined by its jumping rates

QYY) =lim %113 (1], = ﬂ‘nyn(o) = ).

t—0
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If (7', 7) is a pair of admissible partitions in &, and 7 is distinct from 0,,, we have

(n) o1
Qg = I 1P (1] () = Cong(s’, )| 7], (0) = )
1
= 1]5)% ;IP ( Coag(ﬂ-/’ Ht) — COag(ﬂ_l, 7T)>
!
= lim ;]P(H|n(t) =)
— Q(()”) .

In other words, Qfﬁ)ﬂr is the jumping rate of I1 !n from 7’ to Coag(n’, ). On the other hand,
if 7 cannot be written in the form 7 = Coag(n’, ") for any 7" € &, then

P(ﬂ\n(t) — w’ﬂ|n(0) - w’) —0
SO Q,(:f?ﬂ = 0. The last two results combined tell us that the set

QY. :me 2,\0,,ncN}

completely determines the trajectories of I1 !m for every m € N, and, thus, the trajectories

of II. To ease notation from now on we will write ¢, instead of Q(()Z)m.

Theorem 1.2.6. Recall the notation for P () in (L.1). The set {q; : m € £, \0,,n € N}

determines a unique measure ji on P such that 1({0}) =0, and
(P so()) = Ga
for every m € 2, \ 0,,n € N. We call u the coagulation rate of I1.

Proof. The idea of the proof is to use Caratheodory’s extension theorem in order to construct
a measure on Z,, \ O and then define ;4(0,,) = 0. Towards this, note that the set

S ={P(n):me P, \0, necN}
is a semiring. Define a measure f in . by
(P oo(T)) = -

Note that if 7 € &2, and n > m, then

Po(m)= | ZPl).

'€ P ()

Hence, in order to prove that fi is finitely additive we need to verify that

i Po(m) = Y UPwl(n)).

7€ P (1)
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Observe that

(|, === J [, =%

'€ P ()

thus, the rate at which 0,, jumps to 7, equals the rate at which 0,, jumps to [ , egzn(w){]_[ ‘n =
7'}, Since the sets on the last union are pairwise disjoint, the rate at which the latter occurs

S = Y Pl

' € Py () ' € Pp (1)

so ji is finitely additive. To see that /i is infinitely additive note that for any partition 7 € &,,,
Po(m) is closed and, by Theorem [1.1.2] compact. Therefore, if there exists a collection of
partitions (m;),.y such that (P (m;)),cy are pairwise disjoint and P (7) = U2 Poo(m;),
then, since (Po(;));cy 1s an open cover of P (), it must be the case that P (m;) = 0
for all but finitely many ¢ € N. By the finite additivity of £ we then have the equality
M Po(m)) = > ) i(Poo(m;)). By Caratheodory’s theorem, /i can be uniquely extended to
a measure 1 on Py \ 04, and setting 11(0 ) := 0 finishes the proof of the theorem. O]

Remark. Note that Zwe@n\on (P (1)) < 00 for everyn € N and, therefore, ju is a o-finite
measure.

Proposition 1.2.7. The coagulation rate p of an exchangeable coalescent is invariant under
permutations.

Proof. Note that if © # 0,, then for every permutation o we have

1
Q _1%15]})(17‘71(75) )

0y,

—lim ~P(o(11] (1)) = 7)

t—0 t

_ lim %]P(H\n(t) — ()

t—0
_ O
- QOn,o—l (m)°

(n)

0,7

Starting with o(7) instead of m above, we see that Q(()Z)U(W) =Q
tion ¢ and any measurable set A, we have

Thus, for any permuta-

]

Theorem 1.2.8. A measure p on P is the coagulation rate of an exchangeable coalescent
if and only if it satisfies

® > reono, M(Pao(T)) <00 for alln €N,

o 1(c(A)) = p(A) for any measurable set A and permutation o, and

e 1(0s) =0.
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The proof of the forward implication is given by Theorem and Proposition [1.2.
above. The proof of the backward implication proceeds by giving a Poissonian construction
of an exchangeable coalescent I from such a measure u, which we provide next.

Let M be a Poisson random measure on R™ x &2_ with intensity Leb® p. For each n € N,
define a random measure M, on Rt x &2, by

Mo([0, 1] x 7) = M([0,] x Po(7))

and note that M, is a Poisson random measure on Rt x &2, with intensity Leb ® u,,, where
[, is the measure on &, given by

Since p, (2, \ 0,) < 00, M, has a finite number of atoms in [0, t] x &2, \ 0,, with probability
one. Also, if (t;,7') and (t2,7%) are two atoms of M, in [0,t] x £, \ 0,, then t; # t, with
probability one; that is, the atoms of M, in [0,t] x &2, \ 0,, occur at different times with
probability one. Therefore, for every n € N the atoms of M,, in [0,t] x £, \0,, can be ordered
according to their first (time) coordinate and we may define the sequence of random vectors
((73,11;) ),y given by this ordering. Using the latter, we consider the process /1™ with values
in &, such that for every t > 0, II™(t) is given by the ordered coagulation
(it = Co II,.
(1:0<T; <t}

From now on we will write COg<r,<; II; instead of CO .01, <4y I1;.

By standard Poisson random measure arguments, it is easily seen that the Poisson random
measure M, can be constructed in the following way: let 1, = p,(Z, \ 0,) and consider a
sequence of i.i.d. random partitions (II;),. with values in 22, \ 0,, and law yi,,(7) /f1,,. Let P

be an independent Poisson process in Rt with parameter 7i,,, and denote its jumping times
by (73);ey- Finally, define the atoms of M, in RT x &, \ 0, to be the points ((IL;, T3)),cy-

Lemma 1.2.9. The process II™ with values in &2, given by:

1(0) =0,
()= CO T,
0<T; <t
15 a standard exchangeable coalescent.
Proof. 1t is clear that if A is any measurable set and t;,--- ,t, € [0,¢] then

P(II"(t+ h) € A|II"(t)) = P(I"(t + h) € A|IT™(t), " (t1), -+, 1I"(t,))

so IT" is a Markov process. Now, consider the sequence of atoms ((7j,11;)),.y of M, in
R* x #,\ 0,. Since p is invariant under permutations, then p, is also invariant under per-
mutations. Thus, for every i € N and any permutation o we have P(Il; = 7) = P(II; = o(7)),
that is, II; is an exchangeable partition. Also, by the construction of the Poisson random
measure M, described above, we see that the random partitions (II;), . are independent and
identically distributed. We also have that

M ((0,h] X 2\ 0,) £ My ((t,t + h] x P2, \0,)



1.2. EXCHANGEABLE COALESCENT PROCESSES 19

since M,, is a Poisson random measure. Therefore

co ILZ co 1,

t<T;<t+h 0<T;<h

Now, since I1™(t + h) is given by

["(t + h) = Coag (H”(t), CO H)

t<T;<t+h

we only need to show that COg<r,<p II; is an exchangeable partition. The latter follows from
noting that for any finite collection of indices J C N, the partition

COTI;

e

is exchangeable since the partitions (II;),., are independent and exchangeable (Theorem
1.2.9). 0

Lemma 1.2.10. For any fived t > 0, the sequence of partitions (II"(t)), oy is consistent.

Proof. For any pair of integers n > m, let ((13,11;)),. be the atoms of M,, and ((T%,, I, )),cn
be the subsequence of ((73,11;)),.y such that Hi‘m # 0,. Then we note that the atoms of

M, are given by ((Tki, I, and:

m))ieN

0<T; <t

ﬂnym(t):( Co H)‘
= CO 1L )
0<T; <t

~ CO TI,

0<Tki <t

m

= I1™(1).

[]

Proof of Theorem [1.2.8, Lemmas[1.2.9and [I.2.10] combined with Lemma and Theorem
1.2.4 show that the sequence (II™), . determines a unique (in law) exchangeable coalescent
Il in Z,. Since 1™ is a Markov chain for every n, and since for every = € &, \ 0,, we have
PI™(Ty) =7) = i Poo(1))/ 1( P\ 0,,), it follows that

1

ay = %g% glP(H”(t) =) =p({r' € Pu: W"n =7}),
so Il has coagulation rate pu. O

We now provide a construction of coagulation rates reminiscent of Kingman’s representa-
tion for exchangeable partitions. Let us first describe the two types of coagulation rates that
will be the basis of our construction. For each pair of integers ¢, j consider the partition ;. ;
given by the block {i, j} and the singletons {{k} : k # i,k # j}. Kingman’s coagulation rate
px is the measure on &, given by atoms of size one at the points {m.; : 1 <7 < j < oo}
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Note that the coalescent process determined by this coagulation rate evolves through coag-
ulations of exactly two blocks at a time.

For the second type of coagulation rate consider any measure v on &g 3 such that v(0) =
0 and

(1.4) / pr v(dp) < 0.
P, i=1

Then, using the measures (g,, p € )p,1)) given by the paintbox construction introduced in
Section [1.1.2] define the measure p, on &, by:

w0 = [ g0) vidp)
2]

It follows that 1, is a coagulation rate. To see this, notice that g, is invariant under permu-
tations and, hence, p,, is also invariant under permutations. Also, 11, (04 ) = 0 since v(0) = 0.
Finally, note that f,(Z(Zn \ 0,)) < oo for every n € N, since for every 7 € &, \ 0,, there
exists 7, j such that i ~ j and

1 Poo(m)) < g (Poc ({7 10~ 5}))

Since px and p, are coagulation rates it is easily seen that for every ¢ > 0, the measure
1= cl + [, is again a coagulation rate. The following theorem states that all coagulation
rates can be constructed in this way.

Theorem 1.2.11. Let p be any coagulation rate. There exists a constant ¢ > 0 and a measure
v in P that satisfies v(0) = 0 and (1.4)) such that

M= Clig + [y
The proof of this theorem follows by a clever application of Kingman’s representation
theorem for exchangeable partitions, we refer the reader to Theorem 4.2 in Bertoin 2006|
The class of coalescents with multiple groups of coagulating blocks are also called coa-
lescents with simultaneous multiple collisions, or Z-coalescents (in this context the general

1 =

measure v is replaced by the finite measure = that satisfies v(dp) = = 2u(dp), see Sag-
E

itov 1999; Schweinsberg 2000b)); examples of this class include the Poissén—Dirichlet(a,Q)
coalescent (Bertoin 2008; Mohle 2010)), in which = is set to be the Poisson-Dirichlet(c, 6)
probability measure on 7, and whose genealogies are typically star-shaped (Méohle 2010);
the symmetric coalescent, in which the measure = is supported on the set

{(pbpza---)6y[o,l]iP1="'=Pk:1/k’,k21},

and describe the limiting genealogies of populations undergoing recurrent bottlenecks (Gonzélez
Casanova, Mir6 Pina, and Siri-Jégousse [2020); and the class of = coalescents with = = =0 ¢
where ¢ is the map ¢: Po1) — Po1) given by é(p1, p2,...) = (p1/2,p1/2,p2/2,p2/2,...),
which describe the genealogies of a wide class of diploid populations (Birkner, Liu, and Sturm
2018). In the following section we introduce the class of simple coalescents which, by reason
of their manageability and wide applicability, have been the most widely studied class of
coalescent processes.
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1.2.3 Simple Coalescents

The Poissonian construction given in Section tells us that we can intuitively think of
an exchangeable coalescent as a process where one selects a number of time points (7},),,cy
according to a Poisson process on Rt and then for each time point 7}, one picks an “incre-
ment” [T, according to some distribution p in &,. The coalescent process at time ¢ is then
constructed through the sequential coagulation prescribed by all the increments that occur
before time ¢. Until now we have considered the general case in which the increments (II;),, .
may prescribe the simultaneous coalescence of multiple groups of blocks. We now focus on
processes whose infinitesimal increments prescribe the coalescence of at most one group of
blocks at a time; we call these coalescent processes simple coalescents or A-coalescents (Pit-
man (1999; Sagitov 1999, also, see below for the appearance of the measure A). Due to their
simpler nature and wide applicability, these processes are the most widely studied coalescent
processes (see Section . The following definitions make this intuition precise.

Definition 1.2.3. Let m € &, be a partition, and I be an exchangeable coalescent.
o We say that 7 is a simple partition if all its blocks, except possibly one, are singletons.
o We say that I is simple if its coagulation rate is supported by simple partitions.

We note that if 1 is the coagulation rate of a simple coalescent then the image measure of
on 1) under the map 7 — |7T|¢ is supported on mass partitions of the form p = (p,0,0,---),
p € [0,1]. Therefore, if v is the measure on P ) such that pu = cpg + 1., then v is also
supported on mass partitions of this form. Furthermore, making a slight abuse of notation,
by equation the measure v satisfies

1
/ p’v(dp) < oo;
0

therefore, we can write v in terms of a finite measure A on [0, 1] through the equation

(1.5) V(A) = / A(‘ip), VA € 2()0,1)).
A D

The above discussion can also be read in reverse, that is, for any finite measure A in [0, 1]
such that A(0) =0 and f[O,l] p~% A(dp) < oo, we can construct a measure v on Py which
corresponds to a simple coalescent via equation (1.5)). For this reason, from now on we will
work with the measures A instead of v and, by a slight abuse of notation, we will say that the
coagulation rate p of a simple coalescent is given by p = cux + pa. Given the coagulation
rate of a simple coalescent © = cux + pa we interpret ¢ as the intensity with which pairs of
blocks coalesce (Kingman’s part), and pa as the intensity with which a proportion p of all
the blocks is coalesced instead. Also, if we consider the restriction of IT to &7, then, for any
simple partition 7 € £, \ 0, such that its non-singleton block has k elements ((2 < k < n)),
we have

o = Ly + / P21 ) Adp);
[0,1]
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so if we define A, == clj—o + f[o 1 p*2(1 — p)"* A(dp), then A\, gives the intensity with
which any particular collection of & blocks coalesce whenever there are n > k blocks. More-
over, the intensities A, ; satisfy the recursion

(1.6) Ak = Angih + Angikt1

since the rate at which a collection of k£ blocks coalesce when there are n blocks equals the
rate, when there are n + 1 blocks, at which they coalesce along with the (n + 1)th block
plus the rate at which they coalesce excluding the (n + 1)th block; more precisely, if B is
the non-singleton block of a simple partition = € &2, and ', ©” are the simple partitions in
P,,+1 with non-singleton blocks B and B U {n + 1} respectively, then, by the additivity of
the coagulation rate, we have

Qr = Qr' + Qo

so (|1.6]) follows.

Furthermore, if Ay is the set of all simple partitions in &, such that their non-singleton
element has k elements (2 < k < n), then ZWGAk ar = (#Ak) Ak = (Z))\nk gives the rate
at which a coalescence of exactly k blocks occurs whenever there are n > k blocks; and

)\n = Zn: (Z) /\n,k

k=1

gives the total coagulation rate.
In the following examples we introduce some of the most widely studied simple coalescents,
see Section for a brief summary of the literature on these and related coalescents.

Example 1 (Kingman’s coalescent). This is the primordial example first introduced by King-
man 1982 where A is the zero measure and ¢ > 0. This is the most widely studied coalescent
due to its simplicity and its ubiquitous appearance in applications, in particular as the ge-
nealogy of neutral populations.

Example 2 (Beta(a,b)-coalescent). In this two-parameter class of simple coalescents the
measure A is set to ,
(1 —p)!

B(a,b)

and c 1is set to zero. For instance, the coagulation rates A,y are given by

Aldp) =

\ B /1 pa+k—2—1(1 _p)n—k+b—ld B B((I +k— 27[) +n— k)
=, B(a,b) v B(a,b) |

In the next example we define the subclass of Beta(2 — «, ) coalescents which has gained
notable attention due to their ubiquitous appearance as the limit genealogies of various pop-
ulation evolution models; and to their adequacy in modelling applications, stemming from
their one-parameter definition and the wide variety of dynamics that they can model, rag-
ing from neutral evolution (Kingman’s coalescent) to strong selection (Bolthausen-Sznitman

coalescent), see Figure [1.2.3]
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Example 3 (Beta(2 — a,a)-coalescents). This is the particular case of the general Beta(a,b)-
coalescent in which a =2 —«a and b = «, 1.e.

p (1 —p)!
I —a)l(a)

A(dp) =

They were first introduced in Schweinsberg 2005 as the limiting genealogy of supercritical
Galton-Watson processes. In the following example we introduce an important example, the
Bolthausen-Sznitman coalescent.

Example 4 (Bolthausen-Sznitman coalescent (BSC)). The Bolthausen-Sznitman coalescent
(Bolthausen and Sznitman |1998) is the Beta(2 — a, ) coalescent of parameter o = 1. This
process has gained significant attention due to its apparent universality as the underlying
genealogy of populations undergoing natural selection (J. Berestycki, N. Berestycki, and
Schweinsberg |2015; Brunet and Derrida |2012; Cortines and Mallein |2017; Neher and Hal-
latschek 2013; Schweinsberg |2017b).

One can check that as the parameter a tends to 2 the coagulation rate of the Beta(2—a;, a)-
coalescent converges weakly to dp so that the extreme case a = 2 corresponds to Kingman’s
coalescent. In Figure below we observe how the topology of the corresponding trees in-
terpolates between that of the Bolthausen-Sznitman coalescent, with large external branches
(i.e. branches associated to blocks of size 1) and multiple collisions, and that of Kingman’s
coalescent, with small external branches and pair-wise collisions. As mentioned above, the
Bolthausen-Sznitman coalescent stands as the main model that describes the genealogies of
populations undergoing natural selection, while Kingman’s coalescent is of course the null
model for populations under neutral evolution. This, together with their manageability, are
some of the reasons that motivate the vast studies made on this subclass of simple coalescents.

F" [l .—rll

| #Mm (b o

Figure 1.1: Simulations of Beta coalescents where the parameter a has been interpolated
between 1 and 2; from left to right: « = 1 (BSC), a = 1.25, @ = 1.75, and « = 2 (Kingman).

1.3 Overview of Applications

The study of coalescent processes focuses on two main questions motivated by biology. On the
one hand, coalescent processes are the natural mathematical model to study the genealogy
of population models. In fact, a lot of effort is made to establish a parity between coalescent
processes and population models with varying biological assumptions, such as constant or
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varying population size, the presence of mutation and/or natural selection, genetic drift, spa-
tial constraints, dormancy/latency, etc. On the other hand, the theoretical characterization
of different functionals on coalescent processes, such as the tree height, tree length, the size
of external and internal branches or, more conveniently, the size of branches with exactly
b € N descendants, and the coming down from infinity, among others, typically inform the
design of new inference algorithms in population genetics. In the next subsections we pro-
vide an (incomplete) summary of the results obtained so far in these two directions. Further
ahead, in Chapter [2, we develop the general theory, and some applications, that connect
discrete-time and constant-size population models with coalescent processes via asymptotic
weak limits of their genealogies as the total population size N — oo. Later, in Chapter
, we introduce the Site Frequency Spectrum (SFS), a functional that models the expected
(neutral) genetic diversity present in a genealogy, and that is the standard model selection
tool to infer the genealogical past of a present-day population from genetic data. We then
provide complete first and second moment characterizations of the SFS for the Bolthausen-
Sznitman coalescent (Kersting, Siri-Jégousse, and H. Wences 2021)), along with other related
results. Such a characterization had only been accomplished for Kingman’s coalescent until
now (Fu|1995)), evincing the difficulty, often stemming from their deep combinatoric nature,
of studying coalescent processes and their functionals. As mentioned earlier in Example [4]
the Bolthausen-Sznitman coalescent is an important coalescent in the literature due to its
apparent universality as the underlying genealogy of populations undergoing natural selec-
tion.

1.3.1 Genealogies of Population Models (and foreword to Chapter
2)

Coalescent processes appear as the natural limiting processes describing the genealogy of
population evolution models forward in time; in fact, much of the research made on these
models focuses on establishing this connection, often as weak limits under appropriate time
scales and/or time changes. A primordial example of forwards-in-time models are Cannings’
models (Cannings |1974, [1975)), which are able to accommodate most biological premises
that fall under the assumption of neutral evolution, and are in fact the most general class
of models for discrete neutral populations of constant size. The key assumption of these
models is that the distribution of the number of descendants of the parents in any generation
should be invariant under permutations, i.e. under any labelling scheme of the parents; thus
formalizing the idea that parents are “indistinguishable” in distribution and, consequently,
all have the same fitness.

Due to their wide applicability and manageability, Cannings’ models are among the most
widely studied population evolution models. The genealogy of Cannings’ models was first
described in whole generality, and in terms of coalescent processes, in the foundational work
of Mohle and Sagitov [2001) which we describe in Section where we also use the theory de-
veloped in the present chapter in order to simplify the proofs whenever possible, allowing us
to recycle them in Section 2.2l where we develop, for the first time, a general theory for the ge-
nealogy of multinomial models. The coalescents that appear as the genealogies of the general
Cannings’ model include Kingman’s coalescent, the general A-coalescent, and both discrete-
time and continuous-time =-coalescents (see Theorem . Moreover, a natural example
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of Cannings’ models constructed from supercritical branching processes was introduced and
studied by Schweinsberg 2003 where Kingman’s coalescent, the class of Beta(2 — a, a) co-
alescents, and discrete-time Poisson-Dirichlet Z-coalescents appear (see Section . The
genealogies of diploid Cannings’ models has also been described in Birkner, Liu, and Sturm
2018/ where continuous-time =-coalescents appear. Cannings’ models with varying population
size have also been addressed in Kaj and Krone 2003 where time-changed Kingman’s coales-
cents appear in the limit, also in Freund 2020 leading to general A-coalescents in the limit,
and in Gonzalez Casanova, Miré Pina, and Siri-Jégousse 2020 where =-coalescents appear.

The class of discrete-time multinomial models (Cortines and Mallein 2017; Huillet and
Mohle 2021)), on the other hand, can be regarded as a simpler parametrization of Cannings’
models (and/or Wright-Fisher models), “inheriting” their manageability but, nonetheless,
allowing for the incorporation of more complex population dynamics, such as the occurrence
of asymmetric offspring distributions, expected to occur in the important case of popula-
tions undergoing natural selection. The techniques used to study the genealogy of Cannings’
models, in particular the work of Mohle and Sagitov 2001, can be easily adapted for the
multinomial model in its whole generality; we provide such a general adaptation for the first
time in Section [2.2] The latter, in turn, can be simplified, and specialized, to the case where
rare (but recurrent) large reproductive events occur in the population; the first results in
this direction can be found in Cortines and Mallein 2017 which we describe and expand in
Section [2.2.2l Models where large reproductive events occur include, on the one hand, the
neutral model of Huillet and Mchle 2021| which can be regarded as the multinomial analog
of Schweinsberg [2003 (finding also Kingman’s coalescent, the family of Beta(2 — «, a) coa-
lescents, and the Poisson-Dirichlet coalescents in the limit). On the other, the exponential
models of Brunet and Derrida [1997| that incorporate the effect of mutation and natural selec-
tion, and that were first generalized by Cortines and Mallein 2017}, and then further expanded
on in our joint (yet unpublished) work with Emmanuel Schertzer presented in Section [2.3]
In the exponential models it is particularly the Bolthausen-Sznitman coalescent that appears
as the limit genealogy, specially for populations under strong natural selection, but recently
we have proved that discrete-time Poisson-Dirichlet =-coalescents may also appear under
somewhat weaker selection (see Theorem . Finally, an example of a multinomial model
where the vector of family frequencies are constructed from Poisson-Dirichlet(a, #) random
mass partitions is studied in Cortines and Mallein 2017 where Beta( — g, 1+ g) and King-
man’s coalescents appear; in Section we provide a generalization of these results, and
note that the martingale techniques that we use can be adapted for more general examples
in future work.

On the other hand, coalescent processes of course also appear as the limit genealogy of
continuous-time population evolution models, including the primordial Moran models (e.g.
Bertoin and Le Gall 2003; Huillet and Méhle 2013), various types of branching processes
(Bertoin and Le Gall 2000, 2006; Birkner, Blath, et al. 2005; Foucart, Ma, and Mallein [2019;
Kersting, Schweinsberg, and Wakolbinger 2014)), and also models that incorporate the effect
of mutation and natural selection such as J. Berestycki, N. Berestycki, and Schweinsberg|2013};
Schweinsberg 2017b, where it is again the Bolthausen-Sznitman coalescent that appears in
the context of selection (see Section for a brief description of the model and the main
results in Schweinsberg [2017h).
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1.3.2 Functionals of Coalescent Processes (and foreword to Chap-
ter (3))

The study of functionals on coalescent processes is motivated by applications in biology, in
particular: 1) founding rigorous mathematical basis for the development of inference algo-
rithms for the genealogy of present-day populations, and 2) the inference of distinct aspects
of the evolutionary past of a population, such as the Time to the Most Recent Common
Ancestor (TMRCA), i.e. the absorption time of the coalescent, the coalescence time of two
randomly chosen individuals, the occurrence of important variations in the population size
in past generations, the strength of selection, the rate of mutation, the presence of sub-
clones/variants in cancer, virus, and/or bacterial populations, etc.

A key biological heuristic for the inference of the genealogy of a population is the presence
of neutral mutations that occur to distinct individuals as the population evolves over time.
These mutations, by reason of their assumed innocuity and inheritability, record information
on the shape of the underlying genealogy without shaping its structure; this information can
then be read in the genome of present-day individuals and used to infer their evolutionary
past. This heuristic is modelled in mathematical population genetics through Poisson point
processes (PPP) constructed on top of coalescent processes, the marks of the PPP signify
neutral mutations that occur in particular individuals/branches, independently from one-
another and from future and past generations. There are two main variations in the next
step of modelling, in the first, the infinite alleles model, mutations are assumed to fall on
the same genomic site but create a new allele every time, in this case, the external branches
only keep the information of the first mutation that they encounter as they traverse the tree
towards the root, masking all the other mutations that occurred above. In the second model,
the wnfinite sites model, mutations are assumed to fall in a new genomic site every time;
thus, being all inherited according to the shape of the coalescent tree, all their information is
kept in the external branches. In any case, information on the number of shared mutations
between external branches can be used to infer distinct characteristics of the topology of
the tree. This motivates the study of the lengths of internal and external branches for a
wide variety of coalescent process, and, more thoroughly, but also with increasing difficulty,
the study of the Site Frequency Spectrum (SFS), and the Allele Frequency Spectrum (AFS),
defined as the random vector (SFSy4), <., € N, (resp. (AFSn4),.,<,,) giving the number
of mutations shared by exactly b external branches in a coalescent processes started with n
particles.

Results have been obtained for particular coalescents and subclasses of coalescents, while
others are given in full generality. Goldschmidt and Martin 2005 give a new representation
of the Bolthausen-Sznitman coalescent in terms of pruning-merge procedures preformed on
random recursive trees; they use this construction to give asymptotics on the block sizes,
and the number of blocks, in the final coagulation event of this particular coalescent. Their
work motivates the results in Tksanov and Mohle 2007/ and Drmota et al. 2009 where the
number of cuts needed to isolate the root of a random recursive tree is studied, and also
is the basis for our joint work together with Gotz Kersting and Arno Siri-Jégousse on the
SE'S of the Bolthausen-Sznitman coalescent discussed further below. Kersting, Pardo, and
Siri-Jégousse 2014| provide asymptotics on the total internal and external branch lengths
of the Bothausen-Sznitman coalescent, extending some results in Dhersin and Mohle 2013
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for this particular coalescent, where, however, a recursion for the joint moments of external
branch lengths for general A-coalescents is provided. Moreover, Drmota et al. 2007| give
asymptotic results for the total branch length of the Bolthausen-Sznitman coalescent, whereas
Gnedin and Yakubovich |2007], Iksanov and Mchle 2008, Iksanov, Marynych, and Méhle 2009,
and Gnedin, Tksanov, Marynych, and Mohle 2014, provide asymptotics for the number of
collisions, and the total and external branch lengths for Beta(a, b)-coalescents of parameters
(a € (0,1),b > 0), (a € (0,2),b=1), (a =2,b>0), and (a = 1,b > 0), respectively. Also
J. Berestycki, N. Berestycki, and Schweinsberg 2008| establish an a.s. limit theorem for the
number of blocks at small times, and related results for the block sizes, in Beta(2 — «, a)-
coalescents; whereas Delmas, Dhersin, and Siri-Jégousse [2008 give asymptotic distributions
for their lengths. Beta(2 — a, a) coalescents are also studied in Dhersin, Freund, et al. 2013
who characterize the limit of the length of a randomly chosen external branch, and also in
Kersting 2012 where the asymptotic distribution of their total branch length is given. J.
Berestycki, N. Berestycki, and Limic 2014 give weak laws of large numbers for the total
number of segregating sites, for both the infinite sites model and the infinite alleles model, in
the general A-coalescent; they strengthen this result to strong laws whenever A is regularly
varying at zero of order a € (1,2) (i.e. A(dx) = f(z)dx where f(z) ~ Azx'~™® as x — 0 for
some 1 < a < 2 and A > 0). Recently, in Diehl and Kersting 2019, L!-laws of large numbers
for the total tree length and the total length of external branches for general A-coalescents,
including A-regularly varying at zero of order o = 1, were provided.

Asymptotic results have also been obtained in the more thorough direction of the SF'S
and the AFS, but only for small families, i.e. for fixed family sizes b as the total initial
number of particles n tends to oo. J. Berestycki, N. Berestycki, and Schweinsberg 2007
give in-probability asymptotic sampling formulae for the SFS and AFS in Beta(2 — o, a)-
coalescents, whereas Basdevant and Goldschmidt 2008/ provide weak laws of large numbers
for the AFS of the Bolthausen-Sznitman coalescent. J. Berestycki, N. Berestycki, and Limic
2014! give asymptotic a.s. sampling formulae for the SFS and the AFS of A-coalescents when
A is regularly varying at zero of order a € (1,2); while Diehl and Kersting 2019 give similar
in-probability asymptotics for A-coalescents that are regularly varying at zero of order a = 1,
covering the Bolthausen-Sznitman coalescent.

Exact results for the SF'S and AFS in the finite n case have also been derived, most of the
time in terms of computationally intensive algorithms, hindering their applicability for large
populations. Ewens 1972 gives the celebrated sampling formula for the AFS of Kingman’s
coalescent. Later, Fu 1995 provides the expected SFS in Kingman’s coalescent. Twenty
years later, Kukla and Pitters 2015/ study the spectral decomposition of the jump matrix
of the Kingman and Bolthausen-Sznitman coalescents; shortly afterwards, Spence, Kamm,
and Song [2016| also derive such decompositions for general A- and =-coalescents and, from
this, manage to obtain an expression for the expected SFS in this general setting. These
expressions are given in terms of matrix operations which in the case of the Bolthausen-
Sznitman coalescent result in an algorithm requiring on the order of n? computations. In
Hobolth, Siri-Jégousse, and Bladt 2019| another expression in terms of matrix operations is
given for the SFS and other functionals for general A-coalescents, both in expected value
(and higher moments) and in distribution. These expressions, however, are deduced from
the theory of phase-type distributions, in particular distributions of rewards constructed on
top of coalescent processes, and also require vast computations for large population sizes.
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In Section [3]we present our joint work together with Gotz Kersting and Arno Siri-Jégousse
(Kersting, Siri-Jégousse, and H. Wences 2021) in which we provide a complete, easy-to-
compute, first and second moment characterization of the SFS, both for finite and infinite
population sizes, in the Bolthausen-Sznitman coalescent. We remark that analog results, in
terms of exact easy-to-compute formulas, had only been obtained for Kingman’s coalescent
(Fu|1995) so far. Our formulas give corresponding L2-laws of large numbers for the SF'S which
generalize and strengthen those in Diehl and Kersting 2019 for this particular coalescent.
Notably, our results describe the complete SFS, including small, but also large family sizes,
i.e. families that take up a positive fraction of the population as n — oo; thus providing
new insights into the top of the genealogical tree. We believe that our results could serve as
a rigorous mathematical basis for the development of new inference algorithms for this type
of genealogy, which would suggest the presence of natural selection in biological populations
(Desai, Walczak, and Fisher 2013; Melissa et al. |2021; Neher and Hallatschek 2013).

Finally, other functionals and important theoretical questions on coalescent processes
have also been addressed. For example, in Schweinsberg [2000a) a general criterion for the A-
coalescent to come down from infinity is proved, whereas in J. Berestycki, N. Berestycki, and
Limic 2010| the speed of this coming down from infinity is described. Limic [2010 provides an
analog criterion for general =-coalescents. Moreover, Gnedin, Iksanov, and Marynych 2011
study A-coalescents with a positive dust component, for example covering the Beta(a,b), a >
1,b > 0, coalescents, and obtain limit distributions of the absorption time and the number
of collisions.



Chapter 2

Population Evolution Models With
Selection

In Chapter [I]we provided a general theory for coalescent processes, and motivated its study as
the processes describing the limit genealogy population models (Section . In the present
chapter we provide a general theory, with examples, on the limit genealogy for discrete-time
and constant-size population evolution models. In Section we introduce Cannings’ mod-
els and, following the primary work of Mohle and Sagitov 2001], provide sufficient conditions
for their genealogy to converge weakly to general A- and =-coalescents, both in continuous
and discrete time. In our exposition we use the theory developed in Chapter (1| in order to
simplify the proofs in Méhle and Sagitov [2001], specially for Theorem [2.1.2] below. This allows
us to recycle them in Section where we introduce and study the multinomial models and,
in Theorems [2.2.1] and [2.2.5, provide a new general criteria for the weak convergence their
genealogies. Multinomial models resemble Cannings’ models and in fact share their simplic-
ity and manageability; however, they are capable of describing a wider range of offspring
distributions, in particular non-symmetrical ones (see e.g. Section .

In Section 7?7 we briefly describe the Cannings’ model constructed from supercritical
Galton-Watson processes studied by Schweinsberg [2000b, and in Section we describe its
multinomial homologue introduced by Huillet and Mohle [2021. These two examples contain
regimes that conceptually fall into the class of models studied in Section [2.2.2] where we
specialize to the case of multinomial models whose genealogies are described by A-coalescents
by assuming the occurrence of rare but recurrent large reproductive events stemming from
single individuals along the generations; these large reproductive events may occur by mere
chance, or, as seen in Section [2.3] may be a consequence of the strength of selection. We
formalize this heuristic in our conditions for Theorem which generalize and ease
the applicability of those given in Cortines and Mallein 2017, Under such conditions we prove
the weak convergence of the genealogy to Kingman’s and general A-coalescents.

In Theorem of Section we generalize Theorem 3.3 in Cortines and Mallein
2017, where the family frequencies in the multinomial model are given as renormalized
Poisson-Dirichlet(«, #) N-size biased picks; we apply the results of Section and prove
that the genealogy converges either to the Beta(l — g, 1+ %) or to Kingman’s coalescent,
depending on whether 6 € (—a, a) or 6 > a.

In Section 2.3 we introduce the exponential models of Brunet and Derrida|1997in terms of

29
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discrete-time and constant-size populations undergoing mutation and natural section. In our
joint work together with Emmanuel Schertzer, and building on Cortines and Mallein [2017,
we use the theory developed in Section [2.2] including some examples of Section to
show that under strong selection regimes the limit genealogy of these models is given by the
Bolthausen-Sznitman coalescent, whereas under mild selection regimes the limit genealogy
is a discrete-time Poisson-Dirichlet coalescent (Theorem . We also provide asymptotics
on the speed of selection for these two regimes in Theorem [2.3.12]

Finally, we end this chapter with a brief introduction to the continuous-time and constant-
size model studied by Schweinsberg |2017al/b| where again the Botlhausen-Sznitman coalescent
appears in the context of natural selection.

2.1 Cannings’ (Neutral) Models

Consider a population of constant size N evolving in discrete time. For every ¢ € N and
N e N, let fj(\t,) = <§§t3\,, e ,51(\?]\,) be the offspring sizes of generation t, i.e. fz(t])v gives the
number of children of the ith individual in the next generation ¢ + 1. In particular, the
population size being fixed at /N, the random vector fj(\? must satisfy fﬁv 4+ 51(3]\, N,
To construct the parental relations between generations ¢t and ¢ + 1 we assume that parents
choose children in the following way: the first individual of generation ¢ chooses 59\, children
among {1,..., N} uniformly at random without replacement and, continuing in the same
way, the 7th parent chooses fftj)\, children among the remaining (unpicked) children uniformly

at random without replacement. Let ﬁm be the random partition of N given by

()
I
i ~'j <= iand j share the same parent in generation t

so that, for any T" € N, the genealogy of the population from generation 7" backwards in time
is identical in distribution to the inhomogeneous coalescent process

H(N) L 0, t = O
[ t )
CoO;_, 17, te{l,--- T}

At this point we impose Cannings’ (Cannings (1974, 1975|) conditions on the law of (5&?) ,
>0
which will allow for the characterisation of the weak limit of the underlying genalogy as

N — o0 in terms of exchangeable coalescent processes; these conditions are

1. Static environment: the sequence of offspring sizes (51(\?) is i.i.d.,
£>0

2. Neutrality: {1(\}) is an exchangeable random vector.

Remark. As we will see in Section the neutrality assumption is not necessary for the
study of their (exchangeable) genealogies, as long as the parental relationships are constructed
in an exchangeable way, i.e. if the partition that groups children according to their parents is
a random exchangeable partition.
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Note that under these assumptions the coagulation increments (ﬁﬁN)> are i.i.d. so that
>0

we may write (]L(N)) as
>0

1= oot q™
COh:l Hh ’ te {17 7T}

where the <1:[§LN)) are i.i.d. exchangeable random partitions. This in turn allows us
h>0

to construct the genealogy of the processes indefinitely backwards in time (very large T')
which simplifies the time-scaling needed in order to obtain a non trivial weak limit for the
genealogy as N — oo. This model, and variations of this model, including models with
varying population size, have been extensively studied in the literature (Freund 2020; Huillet
and Mohle 2013; Mohle and Sagitov [2001; Schweinsberg 2003)).

As demonstrated in Mohle and Sagitov 2001), the time scale needed to obtain a non-trivial

limit for the genealogy process (Ht(N)> is the quantity ¢y where
£>0

cy = P (two randomly chosen individuals have the same parent)

(V)
:P(sz)

Note that cy can be computed as

E [(§1,v)2]

CN —= —————

N -1
where we have used the notation (a), = a(a—1)---(a—b+1) fora > 0 and b € Z*UO0. The
quantity cj' is also equal to E [TQ(N) } where TQ(N) is the time needed (in generations) for two
randomly chosen individuals to meet their most recent common ancestor (MRCA), i.e.
(N)
7,V £ 1) = nt {z T~ j} . Yigje{l... N}

Indeed, the parental relations among any two consecutive generations being i.i.d. entails that
T. Q(N) is geometrically distributed with parameter cy.

In their Theorem 2.1 Mohle and Sagitov 2001 give the most general result for the weak
convergence of the genealogy of n € N randomly chosen individuals

(N,n) . (N)
<H[t/cN]>t>0 o <H[t/CN] n>t>0

to coalescents with multiple collisions; mainly
Theorem 2.1.1 (Theorem 2.1 in Mdhle and Sagitov [2001)). Let Q be the coagulation rate
matrix of the Z-coalescent with values in &2, given by
pz (Poo(T)) if w' = Coag(, %),
Qﬂ'ﬂr’ = _Zﬁ.ezjnHE (c@oo(ﬁ-)) Zfﬂ', =T,

0 otherwise,
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where p=( f«fo : 0,()Z(dp). Also let P be the transition matriz for the genealogy of n

mndomly chosen mdwzduals given by

P(N) . P (ﬁgN) = ﬁ) Zf — Coag (7'('7 ﬁ')
" 0 otherwise,
where we have made a slight abuse of notation by writing 1Y) = 7 instead of IN)| = 7.
Assume that "
(2.1) PM =T+ cyQ+o(cy).

I. If ey — ¢ > 0 then (]Yt(N’n)) converges weakly in the product topology for P to a
t>0

Markov chain with initial state 0 and transition matriz I + cQ.

II. If cy — O then (H[(tj/vcn)]> converges weakly in the Skorohod space C([0,00), &) to the

=-coalescent with mmal state 0,.

Proof. 1. Equation (2.1)) plus the condition ¢y — ¢ > 0 imply limy_,oo P®) = I + c¢Q which
in turn gives convergence of the finite dimensional distributions; the latter is equivalent
to weak convergence on 2 (see Example 2.6 in Billingsley [1999).

II. Given that both (H it/ )]> and the =-coalescent are Feller processes we need only prove

convergence of their semlgroups (Theorem 2.5 in Ethier and Kurtz|1986). By means of
the equality

k

(PY)" = (T4 v @) =7 (PY) 1 (M) — (14 6,Q) (T+en Q)"

i=1

(which follows by telescoping the sum on the right hand side), we compute, for every

t>0
H(P(N))[JN] ~ (14 eyl < ‘ [%} P — (14 ex @) (1 + [P™) = (14 ex@) )]
iN} [P — (14 exQ) Hexp{[ H (o<cN>+0(c§V))}
2300

?

where ||-|| refers to the usual operator norm, and we have used (2.1]). Therefore
t

tim (PO = i (14 ey = o0,

N—o0 N—oo

Moéhle and Sagitov [2001] also give conditions under which (2.1]) holds.
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Theorem 2.1.2 (Theorem 2.1 in Mohle and Sagitov [2001). Let PWY) and Q be as in the
previous Theorem m Then the equality (2.1) holds for some uz (corresponding to a =-
coalescent) if and only if the limits

_ E [(51,N)b1 T (fj,N)bj
(22) ¢j(b1, e ,bj) = lim

Noos  Nbit+bi—icy

exist for j € N and by > ...b; > 2.

Proof. Let 7 be a coagulation increment different from 04z, and denote by b = (b1, ..., byz)
its block sizes ordered decreasingly; in particular by + - - - + byz = |7|. We first compute

N

Z E |:(£i1,N>b1 T (&#fr’N)b#%]

17l a1 eiges
all distinct

Il

1 _w) 11

CN m,Coag(m,7) = CN (N)

E | (§,n)y, - (§a,n)y,.
— [ Nbljner#ﬁ‘#fchb# ] (1+0 (N 7))

where we have used Stirling’s approximation T'(m + ¢)/T'(m + d) = m*? (1 + O (1/m)) as
m — oo. Note that the last line above does not depend on 7 and that it is invariant under
permutations of the partition 7, i.e. for any finite permutation ¢ we have

L S _ 1oy
—P CNPW,Coag(ﬂ',a(Fr))'

Thus (2.1)) holds if and only if the limits in (2.2)) exist for any j € N, by > 2, and by, ..., b; €
{1,2,...}; in this case, by Theorem [1.2.8 the quantities ¢;(by,...,b;) define a coagulation
measure through the equality

gbj(bl?""bj) = M= (‘gzoo (Wb))7
where
Tb I:{{1,...,61},{1)1—I—l,...,bl—|—bg},...,{b1+"'+bj_1+1,...,TL}}.

Thus, it only remains to note that in fact it is enough to verify (2.2)) for by > by > --- > b; > 2.
Indeed, the result follows easily from the additivity of u= which gives the recursion

1z (Po (1b)) = 1z (Poo (mo U {{n + 1)) + Y 5= (P (7b))

where 7, is constructed from m, by adding the element n + 1 to the kth block of m, (i.e. to
the set {by + -+ +bg_1+1,...,b; + -+ bp_1 +bx}). This entails that if is verified for
by > by >--->b; > 2, j €N, then it is also verified for by > by > --- > b; > 1 = b;;;; and,
recursively, that it is also verified for by > by > --- > b; > 1 =bj41 = -+ - = bjjp. ]
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2.1.1 Genealogies of Supercritical Galton-Watson Processes

In this section we briefly describe (without proof) an application of Theorem for the
genealogy of supercritical Galton-Watson processes, a result obtained in Schweinsberg |2003|

In Schweinsberg’s model, each individual has an independent and identically distributed
number of children, say X;,1 < ¢ < N, so that the random variable X; + --- + Xy gives
the total size of the produced offspring. In order to fix the population size at N, first the
condition E [X;] > 1 is imposed which ensures that X; +-- -4+ Xy > N with sufficiently high
probability, and, second, the surplus of X;+---4+Xy—N children are uniformly chosen among
all the offspring produced and are killed so that the definitive offspring sizes ({1 n, ..., &N N)
of each parent are set. On the event that X; + --- + Xy < N, the condition E [X;] > 1
allows us to set (&1 n,...,&vn) to an arbitrary value without affecting the limit behaviour
of the genealogy as N — oo. Schweinsberg [2003 demonstrates the following description of
the genealogy depending on the tail of the distribution of X; expressed in the condition
(2.3) lim k°P (X; > k) > 0.

k—o0

Theorem 2.1.3 (Schweinsberg 2003). As N — oo:

[t/en]
coalescent in the Skorohod space D([0,00), Zy,).

I. IfE[X?] < oo or (2.3) holds with a = 2, then (H(N’n)) converges weakly to Kingman’s
>0

II. If (2.3) holds with 1 < o < 2, then (H(N’n)> converges weakly to the Beta coalescent
>0

[t/cn]
of parameter o in the Skorohod space D([0,00), Z,,).

III. If (2.3) holds with 0 < a < 1, then (ﬂt(an)> converges weakly to a discrete-time
>0

coalescent process. The coagulation increments (f[h> of the limit process are i.i.d.
h>0

and their asymptotic frequencies in Kingman’s representation (as in Section are
Poisson-Dirichlet(a,0) distributed.

2.2 Multinomial Populations

In this section we come back to the general scenario of a population with constant size N

evolving in discrete time, and let {’](é) = ( ﬁv’ e ,51(\? N> be the offspring sizes of generation

t. This time, however, instead of Cannings’ conditions on (55?) (Section , we impose
>0
the conditions

1. Static environment: the sequence of vectors of offspring sizes ( ](\t,)> is i.i.d.,
£>0

2. multinomial Offspring Law: The distribution of the vector fj(\}) is given by

5}(;)‘77(N> £ Multinomial(n™) and

P (™ e ) = ™),



2.2. MULTINOMIAL POPULATIONS 35

(N) is a probability measure supported on the set

{ne [0, 1)V Zm_1}

where of course v

That is, we have replaced Cannings’ neutrality condition by the multinomial offspring
law condition (see Cortines and Mallein 2017; Huillet and Mohle 2021)).

Multinomial models are surely reminiscent of Cannings’ models; however, an important
distinction is that the random vector of probabilities n¥) needs not be exchangeable, and
thus neither does § ~ ; in particular the offspring sizes (&1 w, - .., {n n) need not be identically
distributed. In general, every Cannings’ model has a multinomial approximation given by
setting n™) = ZNiSi ~ (&N, .-, €nn), in the same spirit as Huillet and Mdohle 2021| can be

regarded as the multinomial homologue of Schweinsberg [2003. Nonetheless, as explained in
Section Cannings’ and multinomial models do have different modelling assumptions,
such as the distinction between sampling with replacement and sampling without replace-
ment. On the other hand, multinomial models do not have in general a Cannings analogue,
unless 1) is itself exchangeable, or is made exchangeable by permuting its entries uniformly
at random, thus losing any information on the possible asymmetries of the offspring size
distribution. In fact, as seen further below in Sections [2.3] and [2.2.3] multinomial models
naturally arise in the context of asymmetric offspring dlstrlbutlons, such as those expected
in populations undergoing natural selection (although note that, since children choose par-
ents in an i.i.d manner, multinomial models cannot incorporate the inheritance of fitness
traits). Thus, multinomial models are more versatile for modelling applications than Can-
nings’ models which only cover symmetric offspring distributions.

At the same time, however, the exchangeability of Kingman’s paint-box procedure makes
the genealogy H (N) of n randomly chosen individuals in the multinomial model with random
probabilities n)| identical in distribution to the genealogy of the corresponding Cannings’
model where n) is made exchangeable by permuting its entries uniformly at random. Thus,
even when multinomial models may deal with asymmetric populations not covered by Can-
nings’ models, at the level of their genealogies, however, multinomial models can in fact be
regarded as special cases of Cannings’ models, inheriting their ease of management. Indeed,
in the same way as in Section [2.1] the static environment condition allows us to study the
genealogy of the multinomial population arbitrarily backwards in time through the coalescent
process

(24) H(N) 0N7 ~ = 07
Ccoi_, Y ¢t >0,

where the coagulation increments ﬂgN) are constructed through Kingman’s representation

(Theorem [1.1.6) from a sequence of i.i.d. random mass-partitions (ﬁEN)) with common
>0

distribution coinciding with that of (77(N ))i the vector n™¥) arranged in decreasing order. It
is easily seen that the parental relations between two consecutive generations, say ¢ and t+1,
can be constructed by allowing children in generation ¢ + 1 to independently choose parents
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)

according to an independent realization of ﬁEN . Grouping children with the same parent

gives in fact the paint-box construction of ﬁEN) from 5§N)
We are again interested in the weak limit as N — oo of <H§N’")> under a suitable
>0

time scale. Again the correct time scale is given by the probability ¢y which, in this case,
can be computed as

(25) CN = E

6]

The same proof as for Theorem allows us to restate it in the terminology of this section
without proof, giving, however, a new general criterion for the weak convergence of the
genealogy of multinomial models. The transition matrix PN is now given by

Pgr],vC)oag(w,fr) = /@ QP(‘@OO (ﬁ—))y(N) (dp)
<7[0,1]

Condition ([2.1) of Theorem [2.1.1 on the other hand, translates into

eniz(Pos(7)) + 0 (cx) it # € 2,\ {0,}

2.6 oy (N) gzoo T == - ep o~
(2.6) (Poo(T)) {1_01\/2%6@” (P (7)) +o(cy) if =0,
Theorem 2.2.1. Let PWY) and Q be as in Theorem (2.1.1, Assume that (2.6]) holds.

I. If cy — ¢ >0 then, as N — o0, (Ht(N’n)> converges weakly in the product topology for
>0

PN to a Markov chain with initial state 0,, and transition matriz I+ cQ.

[t/cN]
C(]0,00), Z,) to the Z-coalescent with initial state 0,,.

II. If c;y — O then, as N — oo, (H(N’")> converges weakly in the Skorohod space
>0

Corollary 2.2.2. If p'™) converges weakly on P to P> as N — oo, then (Ht(N’n))
>0

converges weakly in the product topology for (gzn)N to a Markov chain with initial state 0,
and transition matriz given by

Pgrcjc()i)oag(rr,fr) =E [Qﬁ(‘x’)(‘@w(ﬁ-))] :

Proof. Proposition readily gives I [0 (P (7))] = E [0500) (P(T))] + 0 (1), which
is the condition of Theorem for the case limy_,o, cy > 0 if we replace cy and ¢ by 1. [

Corollary 2.2.3. Assume that
3 3
2.7) B [(%N)) T (ngvm) ] =o(cy).

Then, as N — oo, <H[§f/\fc§)}> converges weakly in the Skorohod space C([0,00), &,) to
>0

Kingman’s coalescent with initial state 0,,.
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Proof. Observe that for any N > j and by > --- > b; > 1 we have

ZN (" (V)% ZN ()" (V) \ %! S ()%
(777,1 ) o < ZJ ) S (7721 > o (777,]_1) (772] )

11,82,.00505 01,02,0505 -1 ijg{il """ ijfl}

all distinct all distinct

N

b1 bj,1
< > @) ()

11,8205 —1
all distinct

(25) -y ()"

This upper bound together with

N
b1 bz
(N) _ (N) (V)7
Pw,Coag(ﬂ',fr) - ' Z E |:(7711 > T (ni‘ﬂ > :|
U1yl

all distinct

and (2.7)) give, for any 7 € &2, and coagulation increment 7© € &, with ordered block sizes
by > 2 b, 5 =7l

p(V) L o(ey) ifby >3 o0r by > 1,
m,Coag () CN otherwise,
so that the proof is finished by an application of Theorem [2.2.1] O

Corollary 2.2.4. Assume that the conditions

E [(néN))3 e (n%“)g] =o(en).

and

38>0: E [<n§N>)'B] — o (cw)

both hold, then <H(N’n)> converges weakly in the Skorohod topology for D([0,00), £,) to
>0

[t/en]
Kingman’s coalescent.

3
Proof. By Corollary[2.2.3|and the first hypothesis it is enough to prove E {(ngzv ) } =o(cn).

The result is trivial if 5 < 3, we thus assume > 3. Observe that for A € (0,2) we have,

using Holder’s inequality,
AN 7 (32
E [(nﬁ )> (775 )>

()]
E [(nim)g} g

IN
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so that, choosing A € (0,2) to ensure 2(%_/\’\) > (8 and using the second hypothesis, we obtain

a3 1M2
(N)) 22
()

CN = cjl\,_>‘/2
57\ L-M2
< (sx[])
Nz,

By essentially the same proof as in Theorem [2.1.2] we obtain the following general neces-
sary and sufficient condition for equation ({2.6)) to hold.

Theorem 2.2.5. Let P™Y) and Q be as in the previous Theorem [2.2.1. Then the equality
(2.6) holds for some =-coalescent if and only if the limits

. b;i—1 .
L)L (1 (o))

N—oo CN

exist for j € N and by > ...b; > 2, where <3§N), sgN), . ) is a size-biased reordering of nN) .

Proof. We compute, recalling the notation b = (by, ..., bgz) for the block sizes of the coag-

ulation increment 7 # 04, in < Ht(N,n)> ’
0

b1 byx
(N) _ (N) oY)
Pﬂ,Coag(me) - Z B {(771'1 ) (771'#,—,> ]
(SRR TR
all distinct

Now observe that if ni(N) = ( then the corresponding terms in the right hand side above are

zero, and also P (nEN) € (sgN), U 85\1{\/))) = (. Thus we may assume ngN) > 0 for all i € [N].
Observe that for distinct indexes i1, ..., 1, we have

N N N N N N N N
b (N)

k-1 (N
e e S 7712 :
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so that
N
by byx
N N
> w0 ()"
e
all distinct
N #7 (N)
i bet
- % B[l -2 ()
W1y k=1 _ZJ 177zJ

all distinct

N

=E| > P (S,QN) =MV 1<k < #fr|77(N)> E

H#7

j=1

L all distinct

TSy ()
=E|[T0 -3 (s7) ]

=1 =1

The proof is finished by following the same argument as in Theorem [2.1.2]

2.2.1 A Class of Generalized Wright-Fisher Models

In this section we briefly present the model introduced in Huillet and Mohle 2021. This model
can be seen as an adaptation of condition and Theorem [2.1.3] “ to the multinomial model
described in this section. In this adaptatlon the random probabilities ™) of the multinomial
model are constructed by normalizing a sequence (X;),.,., of 1.i.d positive random variables
which are assumed to satisfy o

(2.10) P(X >z)~a2 %), z— oo,

for some constant @ > 0, and a function ¢: (0,00) — (0,00) slowly varying at infinity
(c.f. condition (2.3)). This models differs from that in Schweinsberg 2003 in that X need
not be integer-valued; and also in that it does not require the “supercriticality” condition
E [X] > 1, although this condition can be imposed by considering aX which would yield the
same random vector of probabilities

NI G N ¢
Z?LIXZ" ’Z?LIXZ'

. Also, the new generation is constructed through a sample with replacement, as opposed to
the sample without replacement done in Schweinsberg 2003l In Huillet and Mohle 2021] the
asymptotic genealogy of this process is derived.

Theorem 2.2.6 (Theorem 1 in Huillet and Méhle 2021). As N — oo,

I. If E[X? < oo (in particular if (2.10) holds with o > 2), then <H[Ef]/vcz)]) converges
>0
weakly to Kingman’s coalescent in the Skorohod space D([0,00), 2,), and cn satisfies

2
CN %i]Q]N_

k—1 br—1
[I0 - 3s0) (s0)" o0, s,...
j=1
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II. If (2.10) holds with o = 2, then (H[(gcz)]) converges weakly to Kingman’s coalescent
>0
in the Skorohod space D([0,00), 2,), and cxn satisfies cy ~ w=%=l*(N)N~', where

0*(z) = [* s,

1 s

E[XP

III. If (2.10) holds with o € (1,2), then (H[Sf])[‘;ZDQO converges weakly to the Beta(2 —

a,a) coalescent in the Skorohod space D([0,00), 2,), and cn satisfies cxy ~ aB(2 —
a,a)E [X] “(N)N'—.

[t/cN]
coalescent in the Skorohod space D(|0, oo), D), and if (an)yey satisfies £*(ay) ~
an/N, then cy satisfies cy ~ l(ay)/C*(an) = Nl(ay)/an-

IV. If (2.10 - holds with o« = 1 then (H Nn)) converges weakly to the Bolthausen-Sznitman

V. If (2.10) holds with a € (0,1), then (H[(t]/\zz)]>t>0 converges weakly to the discrete-time

Poisson-Dirichlet(a, 0) coalescent, and cy — 1 — a.

VI. If - ) holds with o = 0, then (H[t]/vc")])po converges weakly to the star-shaped coales-

cent and cy — 1.

2.2.2 Single-Parent Offspring Bursts

In this section we provide a simpler sufficient condition for to hold which gives a A-
coalescent as the limit genealogy. There are two simple heuristics from distinct population
dynamics which motivate this section: 1) all the individuals in the population have the
same fitness but occasionally, by mere chance, there occur large reproductive events where a
single individual takes up a large fraction of the offspring in the next generation, and 2) the
population is under the effect of strong selection so that the famlly frequencies given by the
mass-partition p™) are dominated by the family frequency p1 ) of the fittest individual. In
both of these scenarios we expect that all the coagulations that remain observable in the limit
correspond to very large reproduction events of single individuals along the generations (see

Cortines and Mallein 2017; Huillet and Méhle 2021; Schweinsberg 2003); these coagulations
must then be driven by pg )7 the largest value of p(N ). In practice we would rather allow
more flexibility and consider any random (possibly unordered) vector of probabilities nW) =
{17 cl0,1N: N = 1} and prove that all the Coagulations that “survive” in the limit
are driven by the frequency 771 ThlS entails that 771 ) should approximate ﬁgN) as N — o0,

M may ease the study of the underlying genealogy of

the population (also note that our setup does include the case where 7]( ) = pZ ) for all

but working with 771 ) instead of ,01

1 < ¢ < N). Of particular interest is the case where <n§ ), e ,n( )> s a size-biased pick

from p™) for which the distribution is explicitly known depending on the distribution of ptV).
The first result, an easy consequence of Theorem [2.2.1] reads as follows.
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Proposition 2.2.7. Let \, = fol p°~2A(dp) for a coagulation measure A, and assume that

b
E {(n@) ] ~ CJK—A“’ Vb > 2.

2,2

Then (H[(t]/vcz)o converges weakly in the Skorohod space C([0,00), &,,) to the A-coalescent.
£>0

Remark. Given that n'™) need not have any particular order, the main hypothesis of the
above proposition can be replaced by the seemingly weaker condition

b
Ik eN: E {(n,@) } ~ Cf;Abvb, Vb > 2.

2,2

To simplify the writting we stick to the index 1.
Proof of Proposition[2.2.7. The equality (2.5) plus the hypothesis give

E [(néN))2 +ot (nEVN))Q] = o(cw).

Also, by the same type of estimate as in (2.8) we have, for b > 2,

- )\ N _ = ()2
(2.11) > (n ) <n ) SZ(% > :
k=2

122,011
all distinct

Combining this we have, for any 7 € &, and coagulation increment 7 € P4, \ 04, with
ordered block sizes by > --- > b;, j = #,

N

b1 b;
Pgrj,\goag(mfr) =E Z (T]z(fV)) T ( 7,(jN)> J +o (CN)

i1=1,i2,...,1;
L all distinct

M (V) "2 (V)"
=E (771 ) Z <7h‘2 ) “'(77ij > +o(cn)-

1222,12,..5
L all distinct

Again using (2.11)) we have

N o (c]_\,l) if by > 2,

b1 bj
S S S B A
iy i E Rqﬁm) (1—7;§N))#”b1] otherwise.

i1=1,i2,...,i;
all distinct

b -1
It thus remains to prove that E (nﬁN)> (1-— nEN))”_b] ~ %)\b,n for all n > b > 2. Given

the recursion formula Ay, = A\ppt1 + Apt10+1 and the equation

b1 b1 b1+1
B ()" | =B | () = e | () 1 e

we may assume n = b. The required asymptotic for this case is given by the hypothesis. [
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The remainder of this section is inspired and extends some of the results in Cortines and
Mallein 2017, with the purpose of easing their applicability. Formally, assume that there
exists a sequence Ly and a function f: (0,1) — R™ such that

(2.12) i) lim Ly =o00, i) lim LyP <17§N) > a:) = f(z), and
N—00

N—oo

=0.

2 2
iii) lim LyE {(n@) NS (n%v))

2 2
In light of the inequality (ném) +- 1+ ( §VN)) < (maX%iSN n,fN)) (néN) +- 4+ T)J(VN)> <
(maXQSZ'S N nz-(N)>, the third condition above may be replaced by the stronger condition
i1') lim LyE [max mm] = 0.
N—300 2<i<N

Theorem 2.2.8. Assume that all the conditions in (2.12)) hold and that

1
iv) / x (sup LyP (niN) > x)) dr < o0
0 NeN
also holds. Then, as N — 00, ¢y ~ L]V1 fol 2z f(z)dx and the time-scaled coalescent processes

(H{;)l%) converges weakly in the Skorohod space C([0,00), Z,) to the A-coalescent with
>0
A given by [, 55 = f(y).

Proof. For any b > 2, we have

b 1
E {(779[)) } = L]_Vl/ ba" Ly P (n%N) > x) dz.
0

Next, the integrability hypothesis on x supycy LnP <77§N) > x) allows us to apply dominated

convergence in the integral of the right hand side, obtaining

(2.13) E {(W))b} ~ L7 /0 b f(z)dr = L / lxb‘2A(dx).

0

Substituting b = 2 and using éii) gives the stated asymptotic for cy. The latter, together
with give the necessary hypothesis of Proposition for the convergence to the
A-coalescent

O

It is easy to see from the proof of Theorem that the conditions ii) and iv) can be
replaced by the weaker condition

N—o0

b 1
ii') lim LyE {(%N)) ] - / 22\ (da), Vb > 2.
0

In fact we have the following.
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Lemma 2.2.9. Under condition iv), conditions ii) and ii') are equivalent.

Proof. Proof of ii) = ii’): The proof of this implication is contained in the proof of Theorem
2.2.8

Proof of ii’) = ii): Let h*(z) = limsupy_,.. LyP(n\") > z) which is decreasing on (0, 1],
and note that by v) the functions xh™(z) and zf(x) are both integrable. Again using iv)
and the Dominated Convergence Theorem we write, for any b > 2,

b 1 1
limsup LyE [(n@) } = lim sup LN/ bxbfl]P(nEN) > x)dr = / ba" " ht (z)dx.
0 0

N—o0 N—oo

This, together with i), imply that for any polynomial P we have

/01 P(z)xf(x)dx = /01 P(x)xh™(z)dx.

Let ¢ > 0. By the Stone-Weierstrass theorem we can approximate uniformly the function
x — e~ by polynomials, obtaining

1 1
/ e " f(r)dr = / e xht(z)dx.
0 0
Since this holds for every ¢t > 0, this implies

J(2) ™ ().

Repeating the same argument but now with A~ (x) = liminfy_, LN]P(TAN) > x) we obtain

W) (@) 0 (@)

o

O

We now state and prove the conditions for the convergence of the genealogy to Kingman’s
coalescent.

Theorem 2.2.10. Assume that all the conditions in (2.12)) hold and that the conditions

1 1
v)/ xf(z)dr = 0o and vi)IM > 2: / oM (sup LyP (n%N) > 1;)) dr < o0
0 0

NeN

hold. Then,

(2.14) lim cyLy = o0

N—oo

[t/en]
coalescent.

and (H(N’n)> converges weakly in the Skorohod topology for D(]0,00), Z,) to Kingman’s
>0
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Proof. On the one hand observe that

Lycy > LyE [(77( )> } / 2¢ L nIP (n§N) > ac) dx

so that by Fatou’s lemma we obtain liminfy_,., Lycy = oo, thus proving (2.14). For the
. C Ly
stated convergence to Kingman’s coalescent, observe that (2.14) implies limy_, % =

limpy oo L LNo (L’ ) = 0. This, together with iii), give the first condition of Corollary
5.2.4, The second condition of Corollary [2.2.4] corresponds to iv). O

Again, it is easy to see from the above proof that the convergence to Kingman’s coalescent
still holds if we replace v) and vi) by the weaker conditions

v") lim Lycy >0
N—oo

and
vi') A8 > 0: E [(%N)) } =o(cy) as N — oo.

2.2.3 Example: Poisson-Dirichlet Size-Biased Pick

In this section we study the case in which the random mass partition p™N) can be constructed
from a size-biased pick (V;,Va,...) of a Poisson-Dirichlet (PD) random mass partition of
parameters (a,0), 0 < a < 1,0 > —a (Pitman and Yor [1997)), by setting

WV

(2.15) 7 1<i<N,

==~V o, IS
> VS

where k € R is a parameter of the model.

The case k = « of the following theorem was proved in Cortines and Mallein 2017
Here we extend their results by following their main heuristics but using different technical
arguments such as applying Theorems [2.2.8 and Corollary 2.2.3] instead of their Lemmas 3.1
and 3.2, and also by working directly w1th the expectations appearing in conditions ') and
iii).

Theorem 2.2.11. Assume a/2 < k < a. Then there exists a constant B = By, such that

(2.16) B (iz)z <cen=E {(nw)ﬂ +O ( 3 2)2

i=1

%]
N ._& 43
where

Furthermore, setting Ly = {q.x <Zi:1 1 o

oo I'(l—a)a [(e2(1-5)+1) TA+0)T(1-2)
R KT 4k —a)Fa Tl ((a+0)(1-%)+1) B(1—2,1+2)

we have, as N — oo,
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L if € (—a,a) then ey ~ (1 —£) /Ly and (]Y Nn)) converges weakly in the Skorohod
[t/ N] t>0

topology for D(]0,00), &) to the Beta(l — 57 1+ g)—coalescent;

I1. otherwise, limy_,o Cn log(N)Hz > 0 and (]Y[t]/vcn)]) converges weakly to Kingman’s

coalescent.

Remark. Observe that the choice of k does not affect the shape of the limit genealogy, but
only the correct time scale c,.

Before proving this theorem we first develop some general results on the PD(a, 6) dis-
tribution. We first provide an understanding of the asymptotic behavior of the normalizing

sum appearing in (2.15)), namely
N
-S>
i=1

For this we first recall the well-known stick-breaking construction of Poisson-Dirichlet(c, 0)
size-biased picks. Let (‘71, Va, ... ) be a size-biased pick from a random partition with Poisson-
Dirichlet(cv, #) distribution. The sequence (Vi, Vs, ...) may be constructed from a collection
(Y1,Y5,...) of independent random variables where Y; is Beta(l — «, 0 + i) distributed, by
setting

Vi=Y, and V;=(1-Y))...(1-Yi)Y

(see Proposition 2 in Pitman and Yor [1997).
We now write (y, in terms of the sequence (Y1,Y5,...). For this observe that

N
(2.17) [ =iy = emmmvensy
=1
where
N
(2.18) Sy = pn + Zlog 1— Z E [log(1 — Y;)]

i=1
define a martingale. We also define the martingale

N
MN,H - Z (in—ly;n _FE [Z'n—l}/i/i]) )

i=1
With this, we have

YiEe fHi-1 eﬁsifl
K3

CN,H

M-

@
Il
—

WE

(Mi,n — M, w T E [ k= 1Y"D —h g hfli—1 ok Si-1
1

<.
I

I
il

(2.19) v+ SN
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where MM,{ is the martingale

N
MNJ@ = Z(Miﬂf _ Mi—l,/@)il_ﬁe_ﬁuiil€ﬁsifl
i=1
and Xy, is the sum
N N .
e Z E [}/;K'] 6_5/%716537;—1 — Z B<1 + K — Of, 9 + 2a> e_n'u'iflensifl'

—~ B(l—-oa,0+ia)

We now study the product H (1=Y;)" with the help of the martingale Sy and equation
(2.17). First we provide a technical lemma concerning beta random variables. In the following
we let 1) = % log I'(2) be the digamma function, and ¢; the trigamma function < = > log ['(t).

Lemma 2.2.12. Let X be Beta(a,b) distributed. Then

(2.20) E [log(X)] = ¢(a) — ¥(a +b)
and
(2.21) Var (log(X)) = ¢1(b) — ¢1(a +b).

Proof. We only compute (2.20)), and refer the reader to Aryal and Nadarajah 2004/ for the
computation of E [log(X)?], from which (2.21)) easily follows. We have

xh—1

1 1 1
E log()] = [ log(a)a® (1 =) e = g [l Tt 1 -

where |2" — 1| < hlog(z) for all z € (0,1). Let 0 < € < a, then fol log(z)x (1 — z)b~tdx <

||z log(:zc)||Loo([0’1])fo1 (1 = 2)lde = Béa(:b’)b) < 00. Thus, Dominated Convergence
yields
1 0 0
E[l "y = —B(a,b) = =—log B(a,b
log(X ab/ — )Mo = g () = o loxB(ab)
= P(a+0).
[

Lemma 2.2.13. For a > —1 let Y, be the constant such that —log(N) + SN (a4 1)~ =
Y.+o(l), e.g. Y =Yg is the Euler-Mascheroni constant. Assume rk > —(0+«). Then there
exists a random variable Soo € L? such that

N K
. l-a v — R kS
. (N Hl(l Y,)) a K ge
a.s. and in L', where K, g = exp{t)(0 + 1) — 1Yy, }. Furthermore,

KSoo |l __ K F<9+1) F(%Tﬁ_‘_l)
Ele ]_Kaﬂr(6+5+1) r(¢+1) "
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Moreover, if 0 < k < 0 + «, then for some constant K’

N
(2.22) P (inf N=Tla-v) < y> < K'y"

N>0 !
=1

forall N >1 and y > 0.

Proof. Observe that the product e~ [T (1 — Y;)* converges a.s. to a strictly positive
random variable if and only if the martingale Sy converges a.s. Recall that ¢ satisfies
Uit +1) = ¢i(t) — 72 and limy_ 91 (t) = 0, then, since 1 —Y; is Beta(d + ia, 1 — «)
distributed, we have, using Lemma in the first line,

Z\/arr log (1 -, Zwl (0 +ia) =10+ (i —1a+1)
. ) 1
:;¢1(9+20z)—¢1(9+(2—1)a)+(9+(i_1)a)2
N—-1
=11(0 + Na) — +11 01 (- D)
N—>oo -
+; 9+ 1) ) < 0.

It follows that the martingale Sy is bounded in L? and converges a.s. and in L? to a random
variable S, so that e~ “% 5= for all k € R. We now prove that e~ € L' whenever
k > — (0 + a); then, the function e** being convex and the martingale (Sy )y being closable
at infinity, would imply that the submartingale (e“sN ) converges a.s. and in L! to e,
Observe that for all kK > —(0 + ),

NeN

N

[Ta-v)r

=1

NB(9+ia+/@1—a)
:H B(f+ia,1—a)
_TlO+atrm)TO+1)
ST +r+1) (9+a)

U bia ) (T4 4ot (T0+io
g(&—kiajt/@)( L0 +ia+ k) )(F(9+(i+1)@)>
T(O+1) T@O+Na+r) T (L+N) T (2 41)

&7

F@+r+1) T(O+Na) T(L£+1) T (224 N)

E

and, by Stirling’s approximation to the Gamma ratios above,

N

[Ta-vyr

=1

On the other hand, we have —E [log(1 —Y;)] = ¢(0 4+ (i — 1) + 1) — (0 + icr). Using the
well-known identity (¢ + 1) = ¥(¢) + t~*, the bounds log(t) — ¢! < ¢(t) < log(t +1) — ¢!

K P(Q + 1) r (HTTH + 1) Nﬂ(a—l)/a

E “TO+r+1) T(L+1) ’

K> —(0+a).
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for ¢ > 0 (see Corollary 2.3 in Muqattash and Yahdi [2006]), and the definition of Y/, , we
obtain, as N — oo,

1
0+ ic

N-1
(2.23) py = (0 +1) — (0 + Na) +
i=1
1 1
=90 +1)—log(N) — log(a) + o log(N) — aTg/a +o0(1).
Thus, we arrive at
(2.24) N~ KR NFIT/ s e R

Fatou’s lemma then yields

N

[Ty

=1

E [e“s""] < liminf e"*VE < 00,

N—oo

and the ensuing L! convergence gives

KSoo |l __ K F<9+1) F(HTTK_'_l)
Ele ]_Ka79F(9+n+1) r(¢+1) "

Finally, to prove (2.22)), observe that from Doob’s maximal inequality applied to the closable
submartingale (e_“SN ) ven Plus (2.24), we have

N
AK' >0: P (}\nglea H(l -Y)r < y) =P (sulezae_”SNJ”‘N > y‘”)

i=1 N20

< (sup Nlaaeﬂz\r) E |:€7K§Sooi| yn
N>0
S K/yn~
[]

We now study the asymptotic behaviour of the two terms, WN’,{ and Yy ,, that compose

(e in ([2.19).

Lemma 2.2.14. Assume k > «/2, then there ezists a r.v. Moo,n such that

lim My, =My, as. andin L2;
N—o0

i particular, if k < «, then

ﬁMN,H = 0, a.s. and in L2.
N=vood iy a
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Proof. We compute, for every x > 0,

E [(Mm - Miq,x)ﬂ = Var (z”“*li/;’f) -

a2\ T(l—a)  T(1-—a)?
as i — 00 so that, using (2.24)), Lemma [2.2.13} and the condition x >

T(1-a) T(1— a)?

i=1
oo

CE [625500} Zi—Qm/a < 00

=1

IN

for some C' > 0. This implies the a.s. and L? convergence of MN,K to some r.v. Mo .

Lemma 2.2.15. We have, for k <

. 1 P1+k—a) _, .
2.25 | — YNy = ————— K fefP
( ) N ZZ]\LI i~ i I'l—a) a.0®

almost surely and in L. On the other hand, if k > o, then

Iim Yy, = Yook
N—oo ’ ’

almost surely and in LP, p > 1, for some r.v. Yo .
Proof. Observe that, as N — oo

Bl+rx—a,8d+Na) o I'(l+k—a)

(2.26) = N"(1+0O(N)).

B(1—a,0+ Na) 'l —a)

Then equation (2.24)) together with Lemma [2.2.13 and the Stolz-Césaro theorem yield

lim XNk as. a"T(1+ Kk —«) - N—Fe—FHN-1RSN -1
Nooo S0 ima Fl—a)  No N-&

as.  "T(l4+K—a) ., o

T T(1-a) o0¢

i? <F(1 +2k—a) T(1+k—a)?

_ ii_ZgE (e g2 (m +28—a) T(+k- a)2) (1406

49

+0 (il))

O

Hence the desired a.s. convergence follows. Similarly, by the same equation ([2.24]) and

Lemma [2.2.13

. ]E[EN,H] F(l—Fli—Oé) K KSoo
lim N = 1= Kaﬂ]E [e }
N—o00 E i—1 e ( O()

so that Scheffe’s lemma gives the corresponding L! convergence.
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On the other hand, when k > a we have, using equation ([2.24]) plus the estimate for the
Beta ratio above, and Lemma [2.2.13

=1

[e] p
3C>0st. Vp>1: [Syall, < (Z i [l erS=|,, (1 + 0(1))) < 0.

In particular the increasing sequence (Eﬁ,’n) is a.s. bounded and thus convergent. The

N>1
convergence also holds in L? by dominated convergence which yields ||Xy.ll, = [|Zocll s-
[

Proposition 2.2.16. If o/2 < k < «, then

. I'(1 —
lim NCN7. _ (1+k—a) Korens
Novoo SN jr/a T(1—a) :

almost surely and in L. If, furthermore nx < 6 + o, then

-n _
. 't — K
e I )

almost surely and in L'. On the other hand, if k > «, then there exists a r.v. (s, Such that
]\};H;O CN,H - Coo,n

almost surely and in L2.

Proof. The first a.s. and L' convergences follow directly from (2.19) and Lemmas [2.2.14| and
2.2.15] The second convergences will follow once we prove

(zf& )
N 1rg
Zi:l‘/i

together with an application of dominated convergence and Scheffe’s lemma. To upper-bound
the expectations in ([2.27]) observe that, if Eq is the expectation operator on the probability

space (Q = {f(1),.. ., FIN} (Z i 5) T o, 5f(i>i_g>a f(i) = Ve mimterSiotia, then,

by Jensen’s inequality we have,

1 N N N
= exp {—nlog ((Z Q)T Y 3@”6“”1‘1@”51'1@’2@'3) }

~ n
N
(zi:1 V;H) =1 i=1 i=1
N .

— 1082(21;1 7

(2.27) limsup E

N>0

< 00

Q=

) exp {—nlog (Eq [2])}
< e os(S5 ) oxp {—nEq [log(x)]}

N - —ne 1 i log(Y;) — i1 + Si_1 + L log(i)
E « X —_ = .
i—1 b ! ZN "o ia

=1t * =1

olx
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Furthermore, by Lemma [2.2.13|and the condition nx < o+ 6 we have, for € > 0 small enough
and using that (e‘”"‘(HE)SN )  Is a submartingale,

=1t =1 NeN

N
1 .
exp {—UH(l + E)F Z Sili_a} < sup e MUIHISN ¢ | 1,

Thus, plugging these estimates and using Holders inequality (p = 1 + €),

N ._e\"
E % < Supe—ﬂ’f(1+€)5N %
Zi:l ‘/;;H NeN Lt
N 1 . 1%-5
1 1 log(Y;) — pi—1 + = log(z
(2.28) E |exp{ —nk e = KZ 8(¥) M‘; a 108(0) :
€ it e in te

We now compute, for N large enough to ensure nﬁ%%

i=1"%
consequence of the Mean Value Theorem on the function z — logI'(z),

1+e¢ 1 K
eXp{—nF» SV - log(Y7)i }

< 1 — a, and using an easy

K
@

E

€

=1t °

1 "
= exp {logF (1—04—77/1 i_EZ;\;li_z> —logF(l—a)}

1 " a
exp{logF(1+9+(i—1)Oé)—10gr <1+9+(i_1)04_77’<6 +€Z;/ : ~>}
€ =1t

l+e i a :
(2.29) gexp{nm - Zﬁvli_gw(l—l-@—i-(z—l)a)}.

Equation (2.23)) and the identity (1 4+ 60 + (i — 1)a) = (0 + (i — 1)a) +
7 — 00,

m yield, as

1

1
m—¢(9+1)+aya/a+0<l)

1
V(A 0+ (i —Da) — pio1 + alog(i) =
Thus we obtain, for all 7 < N,
1+ cia(log(Vi) — pia + £log(@) | | ™ e,
exp § —1K N = <exp{ni=y—=C ¢
€ Zi:lZ a i=1
Taking the product over i, and plugging in (2.28)), we conclude, for all N € N,

(zfil )
YL Vi

this entails (2.27). Finally, the stated convergence in the case k > « follows directly from
(2.19) and Lemmas [2.2.14] and [2.2.15] O

3C">0: E

1 «

E < exp{nxC'};
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We will now gather the results so far in order to prove Theorem 2.2.11] First, however,
we recall yet another well-known fact on the Poisson-Dirichlet(a, 0) distribution, mainly that
if we remove the element V; from (‘71, Va, .. .) and renormalize the resulting sequence then,
in distribution, we had simply changed the value of the parameter 6 by adding the value of
a; formally

Lemma 2.2.17 (Poisson-Dirichlet change of parameter). Let (Vi,Va,...) be a sized-biased

pick from a Poisson-Dirichlet(c, §) mass partition. Then the sequence | —2 Vs oo > 18 dis-

-V 1-v’
tributed as a size-biased pick from a PD(a, 0+ «) random mass partition, and is independent
from V.

Proof of Theorem [2.2.11. We first prove (2.16). On the one hand, by the reverse Holder’s
inequality we have, for any p > 1,

Z Ea,@

CN = ]Ea,@
(R (R

where E, ¢ refers to expectation with respect to the PD(«, #) distribution. Proposition [2.2.16
yields, on the one hand,

2 Pl
CN 2w QN’Q‘;‘] > [[Cv2all1/e FEae [ ]I\jf_/{1:| g

]_/p a.s. |_1 ]_/p a.s.
N2a — G >0

00,2

so that 0 < liminfy>1 ||[{w2all 1/» < 00. On the other hand, since %p/-@ <0 < a+0, the
same proposition yields

__2 p-1
(N o
O < hm 1nf ]Eaﬂ N—ﬁﬁ < 0Q.
Nzl Zz‘:l (A

Thus, putting all together,

N -2
CN Z B (Z 2_2>

i=1

for some B > 0. On the other hand, by Lemma we have

~ 2K ~
N > () -y
Eao [ > (0™) | = Bas | — PRTY
(e + 0= S ())

_ 1 (1 o y)2HCN—1,2H y—oz<1 _ y>0+a—1d
Tl (g + (1 — y)~ 2B(l—y,0+a)
o (¥ +(1—y)"Cn-14) y,0+a

- F Cv-t2x [ (1—y)™ y 1=yt
— Lg04a 9 o N2 B(1 — 0 Y
L CN—I,.% 0 (y /CN—LH + (1 - y) ) ( Yy, 0+ Oé)
S ]Ea’0+a g]\zf—LQh’/] )
L CN—I,H
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The condition k£ > «/2 and Proposition [2.2.16| give (y_12: € LP,p > 1, so that we may

use Holders inequality with p = (1 + €)(1 + €2),q = %(1 +6), and r = %7 for
2(0;—;%) < €1 < 355 and €; > 0 small enough, to obtain
(2.30)
14-£ 1—-9
N ._Ek a N ._& @ _9
CNfl,Zn (zi:lz a) (Zi:lz a) al Lk
Fao+a m < e —o 1126l - ZZ °
—Lk N-1x N-1x =1
Lp La

We now prove the stated convergence of the genealogy.
Proof of I: Given equation (2.16|), the condition § € (—a, «), and Theorem [2.2.8] it remains
to prove condition ii’) of the same theorem, i.e. that

b 1
(2.31) LxEay {(%M) } ~ ca,@,ﬂ/ " 2A(dp)

0

where A(dp) is the coagulation measure of the Beta(l + %, 1

2.2.17 we have

b 1 Kb d
Y — O0+a—1 Y
Ea,@ |: TI(N) :| = Ea,@ @ / Yy (1 - y)
(4") U Uy B(I—a,0+a)

where, making the change of variable u = (1 — y)"(y_1,, We obtain

0

— =)-coalescent. By Lemma

Y

-1

™m\°| _ K
E“"Km >]_B(1—a,0+a)x

ul/® \kb —o
1 (N—-1,x (1 - ]1\]/51 ) ul//@ 0
(232) Ea,@—i—a Te/a/o <( : 1— 1/k U /adu
wl/k

K b
N-1,x 1 — i +u N-1,x
CN—I,K,

The integral inside the expectation above can be bounded on the set {Cﬁ# < e} by

N-1,k

*° 1

/ —bue/adu < 00,
0 (1 — R 4 u)

yielding, by Proposition [2.2.16 and the conditions 6 € (—a,a) and § < x < a,

N 1+
(Z Z_Z> Ea,@

=1
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ul/k
1/k
N—-1,k

as N — 0o. On the other hand, on the set { > e} and using the condition 6 < «, the

integral can be bounded by

(N-1,r
]le<1(1 - E)QHQ/

9 _1
u@/andu S CC](\JI—LE

BCN -1,k
for some C' > 0. This yields, together with Holder’s inequality with p = 1 + € for —2(0;99) <
€< g
N 1+Q _ - N _ kK 1+g
. « )\ ul/s (Zz=1 ¢ ‘“)
ZZ @ Ea,g (771 ) ; 1/,‘6 > € S Ea,9+a 1+§+1_Q
=1 L N-1,k CN—DLH ¢
1+2 1-£ 0
N ._k @ N ._kK e =—1
<Zi:1 t °‘> (Zi:l t “) A
> 142 1_6 Z Lo )
CNlei CN*l K i=1
Lp La

By a second application of Proposition [2.2.16{and the conditions 6 € (—«, «) and k < a, the
last line above converges to 0 as N — oo. Thus, we may apply dominated convergence in

(2.32) which, together with Proposition [2.2.16] yields

N 1+ b
(2.33) lim ( zZ> Ea0 [(n§N)> }
N—00 1
E P(l + K= a) K& kS, _1_% Hil <
=E,. —_— e
o I'l—a) @ B(1—«a,a+0)
oo 1 b
/ ( ) u?’du.
0 1+u

By means of the change of variable p = (1 + u)~! we may rewrite the integral above as

o) b 1
/ ( ) uG/adu _ / pb—2p1—6/a—1
0 0

whereas by Lemma [2.2.13
)

Ea,a—l—@ [ <

1

1 — 1+9/a—1d

ﬁfl

B(1—«a,a+0)

MNl+k—a)
'l —a)

K*Iielisoo
,0

«

[e3

'l —a)

MNa+6+1)

I'(L(a+6—E(a+6))+1)

T(1+0)

_ .1
e (F

«

(1+rk—a

I'(l-—a)a

)"

(=201 %) + 1)

F(a+0—2%(a+0)+1)

I (e +1)

F1+6)r1-2)

KT(1+k—a) el ((a+0)(1-5)+1) B(1-£,1+2) "

T(1—a)l(a+0)
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Substituting in (2.33)) we obtain (2.31)).
Proof of II: By a similar computation as in (2.30) we have, using this time a/2 < k < «

and 0 > «, and setting p = (1 4+ €)(1 + €2),q¢ = 1+El(1 + €), and r = %, for

0—2a<n<0, goﬂ;’)’ < & < 7%, and € > 0 small enough; by Proposition [2.2.16}
N
3 ¢
N N3
Eag |3 (1) | = Bag | 25
i=1 N,k
N\ 1+ 5 L\ 2-2n
)] ) e
<P | o (3
CN*LH CNfl,n i=1
LP La

3
This, together with (2.16]) yield T {Efil (nEN)) } = o (cy) and the proof is finished by an
application of Corollary [2.2.3] m

2.3 Exponential models

We study a population evolution model of N particles positioned on the real line that evolve
through discrete generations ¢t € N. Every generation is of size NV and is constructed from the
previous generation through branching and selection steps. The positions of the particles,
say (XN (t),..., X¥(t)), give the fitness levels of the individuals; individuals with a higher
position have a greater probability of having more descendants in the next generation. During
the branching step an individual at position x will be replaced, independently from the
other particles and from the previous generations, by a countable number of children whose
positions are given by a Poisson point process of intensity e~ ds. For the selection step
we let 1 <~ < oo and # > 0 be two parameters of the model and work conditionally on the
positions of all the newly produced particles. Selection occurs in two substeps, first the fittest
[N7] children are selected and the rest are discarded; second, N of the surviving children
are sampled without replacement, with the probability of picking a child at position x being
proportional to e’*. Observe that if 7 = oo then the first selection step is innocuous. Also,
the second selection step is well defined only when g > 1; indeed, since for any x € R the

integral
/ (653 A 1) e~ 577 (s

—0o0

is finite only when 8 > 1. This entails that the sampling weight of all the descendants of a
particle at position x will be finite only in this case, so that the sampling probabilities are also
well defined only in this case. Hence the model is well defined whenever (0 < 5 < 1,7 < 00)
or (f>1,7<o0).
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We are primarily interested in the limit as N — oo of the genealogy (Ht(N’")) of
>0

n randomly chosen individuals; as well as in computing the speed of selection (defined in
Section below), for different regimes of the parameters v and 3. The case v = 1, in
which the strength of the first selection step is maximum and the N fittest children are always
chosen for the next generation, corresponds to the original exponential model of Brunet and
Derrida (1997, [2012. The case (7 = oo, 8 > 1), in which the first selection step is weakest,
but the second selection step is strongest, corresponds to the model studied by Cortines and
Mallein 2017. These two cases fall in the strong-selection regime of the exponential models
whose dynamics are mainly governed by the fittest individuals, in this regime the genealogy

(Ht(N’")) converges to the Bolthausen-Sznitman coalescent (see Theorem [2.3.2), and the
>0

speed of selection is of order loglog(N) (see Theorem [2.3.12)). In Theorems [2.3.2/and [2.3.12)
we also present our joint (yet unpublised) work together with Emmanuel Schertzer where we
study the case (1 <y < 00,0 < § < 1) and find that, for large v and small 3, both selection
steps become too weak in comparison to the force of mutation. In this setting the overall
population falls into a weak-selection regime in which the limit genealogy is a discrete-time
coalescent process, and the cloud of particles primarily explores the low-fitness landscape.
On the other hand, for small v and large 3, the population once again falls into the strong-
selection regime as before. Additionally, in this manuscript we provide a mild extensions on
the latter results by including the case (5 = 1,1 < v < 00), and also provide a complimentary
proof of the results first described in the physics literature (Brunet and Derrida 1997, 2012)
for regime v = 1.

&t

. A R Branching
¢ = w e g W e T
L LR AN g Seletion 1
- N e (ENITEREY WA S N
‘ ‘ ‘ ‘ ‘ Selection 2

t+1

Figure 2.1: Schematic representation of the passage from generation ¢ to generation ¢ + 1
with N = 5. The selection step has been divided into two selections steps, the first one
corresponds to the filter keeping the [N7| rightmost particles, and the second corresponds
to the sampling without replacement procedure described in the main text. The figure is a
realization of the branching + selection steps of a single generation in the a > 0 regime of
Theorems 2.3.2] and 2.3.12] below.

Finally, before stating and proving our main results, it is also worth mentioning another
interesting modification of the original exponential model in which v = 1 (the N fittest
individuals are always chosen) but, in the branching step, the offspring produced by a parent
at position z are centerted around az,0 < a < 1 (instead of ), leading to Beta(2—a™t,a™")-
coalescents in the limit Cortines and Mallein 2018
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2.3.1 Limit Genealogy

We first rewrite the exponential model in terms of the multinomial model of Section For
this let (£;),., be i.i.d. standard exponential random variables so that

(2.34) =&+ &), k>1,

are the points, in decreasing order, of a Poisson point process = on (0, 00) with intensity
measure 2z~ 2dz (see the Mapping Theorem in Kingman [1992); also let IV := (I}, ..., I{) be
a random sample without replacement from the set of indexes [N7] where index k is chosen
with initial probabilities

B
(2.35) P (1Y =k) = —t—, 1<k<[N].
Zj:l Ly

Theorem 2.3.1. The genealogy of the exponential model of parameters (N,~, ) is identical
i distribution to the genealogy of the multinomial model whose family frequencies are given

by

(2.36) g™ 4 (#) .
Zi:lxIaN 1<k<N

Proof. By superimposing independent Poisson point processes (Section 2.2 in Kingman [1992)
we see that an equivalent branching step to the one described above is to instead produce all
the offspring of all the individuals in generation ¢ through a single Poisson point process of

intensity e~¢~¥%®) ds where XJ(t) = log (Z;VZI Xf(t)) (see Proposition 1.3 in Cortines
and Mallein [2017)). One can also see that, under this setting, a child at position z is a
descendant of the kth individual in generation ¢ with probability

X ()
Ny . _ €F .
(2.37) N, = Z],VleXaN(t)’
]:

i.e. children choose parents independently of their own positions with probabilities given by
. Now, going one further generation backwards in time, and using the same superposi-
tion of Poisson point processes as before, we see that the offspring produced in the branching
step of generation ¢ — 1 is equal in distribution to the set of points (Xe4(t —1) + 24), o
where the x;’s are as in . Indeed, by the Mapping Theorem (Kingman [1992)) the points
of a Poisson point processes with intensity e~ (=X&(=1) ds are identical in distribution to
(Xeg(t = 1) + a1,y Performing the selection step on the latter we see that the positions
(XY (t),..., XN (t)) are identical in distribution to (X.q(t — 1) + log(@n), ..., Xeg(t — 1) +
log(x Iﬁ)) and thus, plugging in and considering the dependence on ¢,

n™(t) = (N—k> :
Zi:l Ty 1<k<N

It remains to observe that the distribution of the right hand side does not depend on ¢ and
that, the branching steps being independent, the sequence (n(N) (t))t>0 is 1.1.d. ]
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To ease notation we will omit the N superscript and write I instead of IV from now
on. In order to characterize the limit genealogy we start by studying the multinomial weight

X1 Lo 1, of the first chosen individual when 0 < 3 < 1. In particular we are interested
in its asymptotic behaviour as N — oo; letting ay be a sequence of (normalizing) positive
numbers converging to infinity we compute, for any z > 0,

Playe ™ > 2) = B[P (ayzp, > 2|71, 72, . ..)]

1
_ B
=k ( [N7] B) Z Ly

k=1 Tk /) p<[NV): 2y <ay/z
ay” s
(2.38) T LA

where we have used the law of large numbers in the form z;, ~ k~! and the Riemann-integral
approximation

1
S
k=r 1- B
as R — oo. This suggests that the correct normalizing sequence is ay = N® where
(2.39) !
. o=y —.
Y 1-3

We obtain the following theorem.

Theorem 2.3.2. Let (Ht(N’")) be the genealogy of n randomly chosen individuals in the
>0

exponential model with population size N. Then as N — 00:
I) Weak Selection Regime: If (5 < 1,a > 0), the process (Ht(N’”)) converges in the
t>0

product topology for (@n)N, to the discrete-time Poisson-Dirichlet (1—3,0) coalescent process
started with n individuals.

IT) Strong Selection Regime: If (8 < 1,a < 0),(8 = 1,7 < 00), or (8 > 1,7 = ),
letting

_1—y(1—-BA1)

(2.40) Ty ,

then, as N — oo, cy ~ (xlogN)™', and the time-scaled process (Ufgg&) converges
>0

weakly in the Skorohod space D([0,00), Z,,) to the Bolthausen-Sznitman coalescent.

Regime v = 1 (equivalently (v = oo, f = 00) or, trivially, (y = 1,8 = 1)) of the above
theorem corresponds to the original exponential model studied in Brunet and Derrida |1997),
2012; Brunet, Derrida, et al. [2007; while regime (5 > 1, = oo0) was proved in Cortines and
Mallein 2017. Here we describe our article together with Emmanuel Schertzer in which we
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2 Weak Selection (a < 0)

Strong Selection (a > 0)

Figure 2.2: Phase diagram for the expnential models.

deal with regimes (8 < 1, « # 0), and additionally complement the results by proving regime
(6=1,1 <7 < 00) using the same techniques.

There are two missing regimes in the above theorem. First, in regime (5 > 1,7 < c0), the
force of selection is stronger than in the regime (8 > 1,7 = 00) but weaker than in the regime
(v = 1); for this reason we conjecture that the asymptotics in this case should equal those
described in Cortines and Mallein 2017 and Brunet and Derrida (1997, 2012; Brunet, Derrida,
et al. 2007, and may even follow using similar techniques. The second missing regime, in
which the parameters 1 < v < oo and € (0, 1) satisfy v = ﬁ (i.e a = 0), still remains to
be studied.

The techniques used in the proofs of the different regimes in Theorem are different
enough to be put in different subsections. We first proof I), and then split the proof of IT)
into the case (0 < < 1,1 <7 < 00, <0), and the case (§ > 1,7 = 00).

Proof of Theorem [2.3.2/1)

For the case a > 0 it will be easier to work with the general setting of a deterministic positive
and decreasing sequence (ax)1<k<oo satisfying kay — 1 as k — oo which, by the law of large
numbers, the r.vs. (Tg)1<k<co satisfy almost surely. We wish to prove that if I is a sample
without replacement of size N from {1,...,[N"|} with initial probabilities

aB
(2.41) P, =k) = <Z[N—f1aﬁ) ,

then

N M/‘Z
alk 00,00
I =
Y W&ol
7j=1 Ij 1<k<N 00,00 1114
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in the 1; topology where (fk)lgng is the set [ ordered increasingly (so that ((ka)1<k<N is
ordered decreasingly), and o

WJ%,Z = (Zl,...,ZN/\g,O,...)

are the ranked atoms of an independent Poisson random measure Z on (0, co) with intensity
measure (1 — 3)2’~2dx (the reason for using a double subindex in the notation Wﬁg will
be made clear shortly). Recall from Pitman and Yor (1997 that the normalized sequence

Z
—||v1‘;VZOOOC|>| has Poisson-Dirichlet (1 — /3,0) distribution.

00,00 1

Independent Sampling in the Selection Step: Let (I,J) be the random coupling
where J is an i.i.d sample of size N from [N?] with probabilities given by (2.41)), and I is
constructed from J by replacing all its repeated coordinates R = {j: J; = J; for some 1 <
i < j} (so that only the first copy remains) with a new sample without replacement from

[N7]\ J with initial probabilities

a/D’
% e N\,
Zie[NW]\J a;

thus ensuring that the resulting set I is a sample without replacement with the original
probabilities (2.41)). Recall I (resp. J ) for the arrangement of I in non-decreasing order.
Our first objective is to prove the following results which ensure that the sampling without
replacement of the selection step can be replaced, in the limit as N — oo, by sampling with
replacement. We first introduce some notation. Let WJ{,’K (resp. WJ{,Z) be defined as

WZ{/,E = (afl, e ,afNM,O, .. ) .

Lemma 2.3.3. As N — oo,
(2.42) W oo = Wi ool 0.

Before proving Lemma [2.3.3| we will first motivate ourselves by characterizing the weak
limit of W5, in Pp 1 as N — oo.

Proposition 2.3.4. As N — oo,
Wioo = W o

i the 11 topology.

Proof. We follow the steps in the proofs of Lemmas 20 and 21 in Schweinsberg 2003, We
first prove the convergence of the finite dimensional distributions, i.e. for fixed ¢ € N,

(2.43) Wi, = WZ,

in the 1; topology. Indeed, following Schweinsberg 2003, for any collection of positive real
numbers oo = yo > Y1 > Yz > - -+ > y, we define the random variables L; := #{k € J : y; <
N%ay} where 1 < i < ¢, and note that

]P(N‘lajl Zyl,...,NaajZZyg):P(f/iZiforlgiSE)
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so that it is enough to prove
(Llﬁ s 7Lé) = (Z ([ylayo)) Yty Z ([yfvyf—l)))

where L; = #{k € J : y; < N%y < y;_1}. We compute, for any collection of non-negative
integers nq, ..., Ny,

]P(lenl,...,Lg:ng)

1 [N g\"™ [N7] g\ N-mi——mny
. (N)n1+~-+ne Hi:l < k: No/y;_1<ap, <N /y; ak) 1— Zkz: ar <N /yp a‘k
77,1! R ng! ( ]LZI-‘ ag)nﬁ-..--i-ne ’Ljiﬁ af
which, by means of the following asymptotics:
ni+--+n
(N>n1+-~-+ng ~ N™ ev
[NY] i o 1— o 1— n;
Z ag N ((N /yi>( 7 _ (v /%71)( B))
k: No/y,—1<ap<N</y; 1-6 1-6
ni+---+n
TN NS
a ~
=4 (1= gy
and
N N—nj——ng o
lim (1-— Z’E:G’ISNQ/W af =expq — lim (N—n;—---—n )—szl/yE a',f
N-—oo [N7T] B = exXp Neooo 1 ¢ [N 8
k=1 A k=1 A
= exp {— ]%1_13100 N—Nv(l—ﬁ)
_ e—yL?*l?
becomes

]P(lenl,...,Lg:n[>

¢ [} 1— o 1—
Nmttne Hi:l <(N /yl> B (N /yi_1> 5) 7yﬂ71
NY(A=B)(n1+-+ng) e Ye

~Y

ny! ... ng

¢ -1 —1\"
N7t Hizl <yzﬁ - (yi—l)ﬁ ) —y671
- N7+ +ng €

ni!...n,!
(Pt -1 -1\™
e D (7 — )™ )

1
1

¢

~
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This proves (2.43)). Given (2.43)) and by Theorem 3.2 in Billingsley 1999, it only remains to

prove
lim hmsup]E [HWNK VVJ‘QOOHI1 A 1} = 0.

l—o0 Ny
Let 0 < € < 1 and choose ¢ large enough to ensure E [> "7, 2] < €/2. Also (2.43)) allows us
to choose N; large enough to ensure P (Naajz > e) < € for every N > Njy; thus, using the
fact that a j, is decreasing in k,

N
<Z Na jk) Al
k={

:]P(N aj, >e +1E

<ZNQaJ ) A 1;N°‘aj£ < e]
N
Z NaajkﬂNaajk<€] .

k=N1

<e+ E

5 5
Finally observe that P (J; = k|lJi,..., Ji_1) = =2 < Z[;% 7, 1 <i <N,

2 k=1 ak_ah_"'_aJk 1

so that

(2.44)

N N
E Z NaajkﬂNaajkgel = Na Z a/kE Z 1,]1':]{]
k=M ke[NY]: ap<eN—« i=1

[N7] 148
k: a;1>5*1N0‘ k

[NY] 8
k=N A

a (6_1Na)_6 1- ﬁ
~ N1+ ( ) 5

< N1+a

B Nv(1-

()

Proof of Lemma[2.3.3. Let § > 0 and observe that, by a similar computation as in equation
([2.44) (replacing € by N=% and using that a; ~ k~!), both

]

Z N°E [ak]lkef] and Z NE [akﬂkg]

N—a=0<k<[N7] N—a=0<g<[N7]
are of order O (N’f%), and thus
(2.45) E [waVm Wil A 1] < E [(m#[ALAAD]) A1) + O (N7)

where #[ALAAJ] is the number of indices k, counting repetitions, such that k < N7 and
k € IAJ. Formally, if A (vesp. Al) is the multiset

A(;J = [Jk Jk N~ 5}
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then #[ALAA]] is the size of the multiset symmetrical difference [AJAAJ]. We now prove

that #[ALAA]] 5 0as N = oo for § small enough, which, when plugged in , gives
o

(2.42)). By construction of (,J) and using that P (I; = k|J) < W, we obtain, on the

N 75
one hand, for the indices & < N=79 such that k € {AI \ A‘q, "
E[# [Aj\A]]] <E[#{kel\J: k< NP}

[Nt

< Z P(kel\J)

LNa+§J N N

= Z Z E [1,=,P (15,=| )]

[Nﬂ 725 | NoFd) 8
( 5 >
N B
kNI] ag k=1 Z][:N-‘ a;

N1 (1= ﬁ+5<1 ) if 3>1/2,
=4 O (N'=20=AH0-Bog N) if B =1/2,
O (N1(=f+ >) if g <1/2.
The latter converge to zero as N — oo whenever 0 < 7=. On the other hand, by a similar

computation,
Na+§ _
NQZL ﬁ
( [N7] b’)
k=1
[Nets| 9
=0 N?—Z i
N2v(1-8)

which converges to zero whenever either > 1/2 or § < 7(1_15_)—5;% [

E [# [45\ 45]] <

We are now in position to gather results and prove I) of Theorem m
Proof of Theorem I. By Theorem and Corollary it is sufficient to prove that

”fz
( > . ) W3 oo
p H < H
1 LN
J=V ) ke L

in 1,. Proposition and Lemma [2.3.3], plus Theorem 3.1 in Billingsley [1999, give
(2.46) W]{,po = WZ .

The convergence of the normalized sequences follows from the Continuous Mapping Theorem
(Billingsley [1999) and the fact that P (HVVéOOH11 = O> = 0. ]
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Proof of Theorem [2.3.2/1IT), cases (0 < #<1,1 <7y < o0, <0)

In this section we assume that 0 < § < 1 and 1 < v < oo satisfy a < 0. We begin by
proving that the high fitness children positioned above level &~ N~X are all chosen during the
selection step with probability converging to 1 as N — oo (Lemma [2.3.8); whereas the total
fitness weight of the individuals in the new generation that are below level ~ N X becomes
negligible as N — oo (Lemma [2.3.9). We then use these two heuristics in order to “reduce”
the reproduction+selection steps of our model to those of the original exponential model of
Brunet and Derrida (1997, 2012 with population size equal to NX, for which conditions i7)
and 7i7) of Theorem with Ly = ylog(/N) can be proved by direct computations.

First we provide two large deviation estimates which will simplify the computations fur-
ther ahead. Recall the Poisson point process = with non-increasing atoms ; the following
two lemmas roughly say that if we wish to sum the terms xf over k then we may approximate
x;, by k=1, The first lemma gives high-probability lower bounds for the sum, while the second
gives high-probability upper bounds.

Lemma 2.3.5. If 3 < 1: Letc¢>1— (3 and 0 € [0,1). Define

N
Ey = {Z$iﬁgc—1]\[l—ﬂ}.
e

1=

Then for every n > 0, we have limy_,o, N"P (Ey) = 0.
If 6=1: Let ¢ >1 and § € [0,1). Define

En = {i r; <M1 —6) log(N)}.

=N
Then forn <1 —46, we have limy_,o. N"P(Ey) = 0.

Proof. Case [ <1 : By equation (2.34) and the Cramer large deviation estimate for the

sum of standard exponential random variables we have P <9c N > %) < e N(=elog(€) and

P (s < 32) < e N8O, thuus,

N1 N9
P(En) =P ( Ex;an < 7——,Tn0 > 4 e N(=e—log(e))
l—e 1+e
N—3
< 1-5
<P " SE’BE(d:B) < N + ¢~ N(=e=log(e)
N—1 C

so that it only remains to prove that for some appropriate choice of € > 0 we have
(2.47)

P / 1:6 xﬁE(de) < —c(l —id (N(1— e))l_ﬁ =0 (e’"Nl_ﬁ> , for some n > 0.
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Using Markov’s inequality and Campbell’s formula, for any a; < ay and b > 0 we have

a2 -~ a2
P (/ P2 (dr) < blaf1> <R {exp {/ xﬁE(dx)H
az 1 _ —zP
= exp {b_la’f_l — / x—idw} .
ay

Next, 1 — e~ = zPe? for z > 0 and some 6 € [—2#, 0] and thus
1—e > e_‘ﬁxﬁ

for all > aq; thus

ag az
(2.48) log (IP (/ 2P=2(dx) < baf_l)) <b~lalt - e_a?/ 27 2dx
al al

g (1M

1-p
Letting 0 < € < 1 be small enough to ensure that ¢(1—¢)'~? > 1 and setting a; = al = ];[761,
— N a (1
as = ay = 1—+6 and b = bV = ¢(1—¢€)'~#, we obtain m >land (1-"° (- ( e‘“l‘if)

0 for large enough N, so that substituting in (2.48]) we get (2.47)).
Case =1 : We may assume 9 > 0 since

{Zngc — 8) log( )}C{Zmigc_l(l—&log(N)}.

i=N?
By the same reasoning as in the previous case, we need to prove
N

(2.49) P [v PR (de) < Y1 - 8) log(N) | = o(N")

—1
1—e

for n <1 —4¢. Consider any a; < ay < 1 and b > 0 then, again by the same computations as
in the previous case, we have

(2.50) log (1? ( / " 5 (de) < blog(aZ/al))> < blog(as/ar) — e / L

al 1

= log(as/ar) (b — e~).

Setting b = 1/c, a; = al = %, and ay = a) = %f, we obtain bV — e~ < 0 for large
enough N thus proving ([2.49)). O

Lemma 2.3.6. If 3 < 1: Let 2c € (0,1 — ) and

N
_ {me > c—wu—m} .
i=1
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Then for some n > 0, we have limy_,oo N"P(Ex) = 0.

If 3=1: Lete >0 and
N
ENz{insz},

i=1

then P(Ey) = O (N “log N).

Proof. Case $ < 1: Asin the previous Lemma, we have P (xN < %) <exp{—N(e—log(l—¢))}
which for any choice of € > 0 is of order o (N~") for every n > 0; thus for every n > 0

N1 C
1+e

P (Ey) <P (/OO 2P (dr) > N(1_6)> Fo(NT).

It remains to prove that with an appropriate choice of € > 0 the first term in the right hand
side is of order o (N~") for some n > 0. We compute, for any a < b < oo and ¢ > 0,

b af-1 b Bt
P (/ 2P=(dx) > ) <E {exp {/ mBE(da:)H e e
a c a
{ /b 1— ¢’ al~1 }
=expq — —dx — .
“ z c
We have 1 — ¢*” > 2B for all x < b, then we have
b -1 b 81
log (]P (/ rPE(dx) > a4 )) < ebB/ 252y — 2
a c a (&
< 7 ebﬂ — 1-5
—1-3 c '

and by = a]l\,_‘s, then using the above estimate and

Now let 0 < 0 < 1 and write ay = %
Markov’s inequality

00 N(l—ﬂ) 00 N(l—ﬂ)
P </ +PE(dx) > ) <P (/ P2 (dx) > ) +
Nt Cc by 2c

by 5 aﬁ—l
P / r’2(dr) > —————
an 2¢(1 +¢e)t=5

B-1
ay Ja-o  1-f
eXp{l—ﬁ (e 20(14‘6)1_5)}.

Since E [be; xﬁE(dx)] = Jy 2" e = al’" P07 the first term above is of order O <a§\}_’6)5> :
whereas the second term vanishes exponentially fast whenever ¢ > 0 is chosen to ensure

1-8
2¢c(1+€)1=F > 1.
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Case [ = 1: Following the proof of the previous case we have

[e.e]

N—1

P(EN)§E>( fﬁaux)zAﬁ>+mwN‘@.

where now

P ([:: rE(dzr) > N€> <P(z; >N )+P (/xl r=(dx) > N€>

/“”“ 1 N1
—dx;x; >
-1z 1+4+e€

1+e

=N+ N"“O(log(N)).

<N “+ N E

[]

In the following, P= will denote the law of the N-sampled points conditional on a real-
ization of the process =.

Lemma 2.3.7. For every i € [N7]

(2.51) P

[1]
-
A
=
VAN
@
o
LS
—N—
|
£
2| &
e
——

Proof. Using that

B
_ N
P= [[j+1 #2’117 7[] = (1— ? ) ﬂig{h ,,,,, I'}+1i€{]1 ’’’’’ I}
S 7 = X 7, : J
:Lﬂ
<{1- S o2 Lig(n,...;;3 + Licqn,...1;1
[N7] 7

and

B
= . : . x€;
P= [Ij-‘rl %vaggzllk #Z‘[la"'ylj] S <1_ —ﬂ> -ﬂi&{h ..... I;}s

[NV] Ti

plus an inductive argument, we obtain

2’
PE(igé[)SeXp{Nln(l—m)}.

The bound in (2.51)) follows from plugging the inequality log(1 — z) < —x for z € (0,1). O

As promised, we now prove that the [ NX~¢] fittest individuals are always chosen in the
limit, formally,



68 CHAPTER 2. POPULATION EVOLUTION MODELS WITH SELECTION

Lemma 2.3.8. Let 0 < e <y, 0 < B <1, and define the event
Ave = {{1..... [N} e T},
then there exists ne > 0 such that P (AS) = O (N~"); in particular
lim log(N)P (A%) = 0.

N—oo
Proof. By (2.34) plus Cramer’s estimate, and Lemma [2.3.6, we may work on the set
[N7]
Eny ={z1 < N} {zpyr—q > Nﬂﬁ%} N Z a:f < NV S
j=1

so that, summing over ¢ in (2.51)) we obtain, for some 7. > 0,

P (A?V’e) <P (EJCV) + P (AN,e§ En)
[ [N
< N "+ E Z exp {—Nlﬂ(l_ﬁ)_’&/‘le} By

i=1

r rN
< N + & /N_ o exp {_Nl_'Y(l_ﬁ)_Bf/‘lx/B} E(dl'):|

where

N
E {/ exp {—NI_W(I_B)_'&/%B} E(dx)]

N—Xx+e/2
N
_ / exp {— N1-10-B)-8e/1,8) d_f;’
N—x+e/2 xXr
N
< exp {— 1109 -5e/4-Bx-/2)) / o2de
N—x+e/2

= exp {—Neﬁ/Q} O (NX_€/2> )
O

Now we prove that the total fitness weight of the chosen individuals below level N7X7¢ is
negligible in the limit.

Lemma 2.3.9. For every e > 0,

E <O (NP).

N
E IIk]]-zIkSN_(X+€)
k=1

In particular, letting

N
BN,€ = {fok ﬂmlk<N*(X+E) < N65/2} )

k=1
there exists n. > 0 such that

(2.52) Jim NP (Bg.) =0.
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Proof. When =1 we trivially have

N
1 < N
Tl Loy, <N-Octe) =
k=1

with probability one. For the case 0 < f < 1let ¢ > 1 — 3 and let Ey be the set

[N7]

Bx={ Y af > In0m
k=N

- P
then, using Lemma [2.3.5| and the fact that P=(k € I) < N (W) for every k,

k=N "k
N [N7]
E > o1, <y-oe0 | = E Y mPE(kel)
k=1 | k: xp <N—(x+e)
[N SN AR
. e k:zp<N—Xx—¢“k
| kot 2 <N -+ k=N
N—x—¢
< NP (ES) + O (NT08) / 2 dx
0
— 0 (N—ﬁe) +0 (Nl—v(l—ﬂ)—ﬁ(x+€))
=0 (N~%).
Finally, Markov’s inequality easily yields (2.52)). O

Proof of Theorem[2.3.4.11), case (0 < < 1,1 <~ < c0). The proof consists of checking the
conditions of Theorem with Ly = xlog N.
Proof of condition iii): Let € > 0 and recall the set Ay, of Lemma [2.3.8; observe that

under this set we have S rp > SV and B = s — so that < wa—q
k=17%f _ Ty
forall 2 <i¢< N. Let ¢ > 1 and let £y be the set ’ !
[Vxe]
Ey = Z wp > ¢ Hlog(N) 3
k=1

then, using Lemmas [2.3.5| and [2.3.8],

2 2 2442
8 [ S IS S

+E [W] + o0 (log(N)™)
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where for the second inequality we have also used that 22 < %4 whenever 0 < z < 1

and, for the latter equality, we have used that ]E[ o/ 4} =[x Vize*dzr < oo and
I(k—2)

St Blaf] = Y i = Tones gy < O -

Proof of conditions iv) and ii): Working on the sets Ay, and By, of Lemmas
and respectively, we have

L1 ~(N) L1
(2.53) - <p < a
Mgy N T oy,

Then, letting E'n be as above,

[T

]P(ﬁgN)>x>§1P T > Z Ty

k=1
<P (21 > 2z ' log(N)) + P (EY)

=1—exp {m} + 0 (log(N)™)
=0 (log(N)™)

which proves iv). In view of iv) we may prove ii’) instead of i7) by Lemma [2.2.9, In turn,
by 4ii) and (2.53)), #i") follows directly from Lemma [2.3.10| below. O

Lemma 2.3.10 (Equation (29) in Brunet and Derrida 2012 ). Let ay be any sequence of
positive numbers such that ay — 0. Then

b
1 ! 1—
lim log(N)E NL =1 E/ bt 12— L.
N—o0 Zk:lmk—i_a‘N —1 0 xr

Proof. We first provide an outline of the proof for the case ay =0, i.e. that

(2.54) log(N Z (Z xk) = b_% +0 <1Og1N> :

as N — oo, by repeating the steps in Section III of Brunet, Derrida, et al. [2007. We give yet
another construction of the random (this time unordered) set of points {zi,...,zx}. By the
Mapping Theorem (Kingman |1992)) the random vector (z1,...,xy) is equal in distribution to
(efl, o8N ) where (§;),, are the points of a Poisson point process with intensity measure
e *ds arranged in decreasing order. In turn, it can be seen using the properties of Poisson
point processes that, conditional on the value of &y, the unordered collection of points
{etr, ..., eV} is equal in distribution to a set {&,...,&n} of i.i.d. r.vs. with density

e %ds
1 e a— e~ (s=En+1) 1.
e f;;ﬂ e~*ds

$>EN+1
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The latter are in turn equal in distribution to {{ny1 + &1, -+, Eng1 + En} where the & ’s are

i.i.d. standard exponential random variables independent of £y, ;. Since ef¥+1 4 TN+l We
obtain, for every N,

N d s\ d e N
(2.55) {wr i, = {ei (k)}kzl = {J;Nﬂe k}kzl.
where xny1,&1, ..., EN are all independent. Thus the expectation in (2.54)) can be expressed
as

) ( - )b ) ( > )b
E S N R ) _
N N
=1 D k=1 Tk j=1 D1 €5

b
&1
= NE || =——
> ke €5
) oo by1
(2.56) :N/ dyl---/ dyNe—yl—m—yNe—‘
0 0

Using the identity

1 oo
(K)’b = W/ ds s*le™X K >0, b>0,
0

with K = Zgﬂ eVt and Tonelli’s theorem, the integrals in (2.56]) become

N oo o o
- / dS/ dy; - / dyNe—yl—“'—yNebylsb—l exp { — Z seYk
F(b) 0 0 0 k=1
N

(2.57) =0 /0 s s (s) (To(s)) VT

where, for p > 0, the function I,(s) is defined as

»(8) ::/ dy e(p_l)y_esy:sl_p/ du uP%e™".
0 s

Observe that, for any p, the function I,(s) is decreasing on s and, furthermore, lim;_,o, s°I,,(s) =
0,V5 € R. Now, for large N, the integral in (2.57)) is dominated by values of s near 0, ex-
panding I, correspondingly (see eq. (21) in Brunet and Derrida 2012)) we have, as s — 0,

I _ 2 N (p—2)! 2—p

o(s) =1+ s(log(s) + Y — 1)+ O (s*), and I»(s) = ?—FO(S ),

where we recall that Y is the Euler-Mascheroni constant. It follows that for values of s that
are of order 1/N log(N), and as N — oo, making the change of variable s = /N log(N), we
obtain

_ log(p) —loglog N +Y — 1 plog i1\ ?
Lis)N =e |1 :
os) ‘ ( T log N +0 log N
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Thus making s = /N log(N) in and plugging the above estimates in (2.56)), we obtain

’ N [ b1 N-1
Z(&ﬁ%) :@/O ds s (s) (Io(s))

B N (b=2) N B 1 1
" Nlog(V) T(b) <N10g2<N>> “ e "¢ <10g2<N)) ’
thus proving .

Finally, for the extended case ay > 0, observe that the condition ay > 0 and ([2.54)) easily

give
N b
lim log(ME |3 | —p— | | < b
& N b1

N—
oo j=1 an + Zk:l Lk

Now, for the reverse inequality, we first write

N b i . b N b
j=1 (aN + 2 ko1 T i Z,ﬁ’j o T 1 o\ ket T

Second, by Markov’s inequality followed by Jensen’s inequality,

1
P ﬁ—N >e| < —anyk
> k1 Tk €

o (log(N) ™) E

1] 1 an Tk
Zgzl TR € Z]kvzl k= Zszl Tkt
N 172 N -2
k kk
Zk:]ika - ] -0 (10g<N)—1) Zk;l -
D1 k™ D1 k™
where we have used (2.34)) to compute E [x;l} = k. Combining the two expressions together
with we obtain, for every € > 0,

) b N b
lim log(N)E ( ) Z( )
N—00 Zk 12% +1 = Zk 1z

N b
) 1 T . an
> lim log(N)E | —— E —— + lim log(N)P | ——— > ¢
N—oo €+ 1 =1 (Z]kvl T N—o0 Zszl Ty

1 1
“e+1b-1
The proof is finished by taking € — 0. O

I

Proof of Theorem I, case (0 > 1,7 = o)

By equation (|2 and Proposition 10 in Pitman and Yor [1997| the random mass partition
o
has Poisson-Dirichlet ( ,0) distribution. Thus,

B B
Ty Ty d

( ool B ooN 6):(81,...,8]\[)
k=1 Tk > e T,

e 1"’%
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where (s1,...,sy) is a Poisson-Dirichlet(+, 0) size-biased pick of size N. The result then
follows by an application of Theorem [2.2.11

2.3.2 Speed of Selection
Recall from the proof of Theorem that

(2.58) (XN(@), . XN (1) 2 (Xeg(t — 1) +1og(z), - -, Xeg(t — 1) + log(z1,))
where X1 (t) = log (Zf\il X (t)). This observation allows for an easy definition, and com-

putation, of the speed of selection vy = vy g as

XNt XN(¢
(2.59) vy = lim max —2 ) = lim min —Z ( )
t—o00 1<j<N t t—o0 1<j<N t

Indeed, we have the following.

Lemma 2.3.11 (Lemma 1.5 in Cortines and Mallein 2017). With probability one,
N N

X5 (#)
T : j

log (Zl )] = i iy, =

Thus vy s well defined and, furthermore, vy = E [log (ZZ]\LI x]lﬂ .

N

. 5t
lim max =F
t—oco 1<j<N t

II=

Proof. First, from (2.58) and the definition of X[J(t) we obtain X[ (t) — X[ (t — 1)
log (Zfil SL‘]) Thus, the branching steps being i.i.d., and by the law of large numbers,

we have
X&) -
. eq a.s.
(2.60) tliglo — = E |log (E_l x| |-

Second, note that |max,<j<y XN (t) — XX (t — 1)] is upperbounded by [log(z1)|+ [log(zn+1)|
which has finite expectation. Thus, by dominated convergence,

maxjcieny XN — XNt -1 E [|maxjcien XN() — XN(t -1
E limsup| 1<jen XN () — X2 (t = 1) ~ limsup [|max;<jon XN (1) — X2 (¢t —1)|] 0
t—o0 t t—o00 t
This, together with (2.60)), imply
. maxi<j<n XJN(t> . Xég(t — 1) maxi<j<n XJN(t) — Xé\q](t — 1)
lim = lim +
t—o0 t t—o00 t

=k

()

Repeating the argument but this time replacing max;<j<y X, () with miny<;<y X7 (t), we
conclude the proof of the lemma. O
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Computing vy = E [log (ZzN:1 m)} in the above Lemma [2.3.11| we obtain the following
theorem.

Theorem 2.3.12. For vy as above, and as N — 00,
I) Weak Selection Regime: If (8 < 1,a > 0), then

(2.61) vy = —alog(N) + E [log(Ys)] 4+ o(1)

where Yg is the positive (1—03)-stable law with Laplace transform E [e=7] = exp{—T'(8)0'~"}.
IT) Strong Selection Regime: If (5 < 1,a <0),(6=1,7 < 00), or (f > 1,7 < ), then

(2.62) vy =log (xlogN)+o0(1).

Proof of Theorem [2.3.12/1)
In this section we prove
(2.63) vy = —alog(N) + E[log (Ys)] + o (1)

as N — oo where, recalling the Poisson random measure Z with intensity measure (1 —
B)2#~2dz of Section the r.v.

Ys = /OOO 27(dz)

is the positive (1 — )-stable r.v. with Laplace transform E [e ?"%] = exp {-T'(3)0"?} (see
(12) in Pitman and Yor 1997)).

In the upcoming proof of Theorem [2.3.12]T) we will simplify the computations with the
help of the following lemma, whose proof we postpone until the end of the section.

Lemma 2.3.13. Let (En)n>1 be a sequence of events such that, for some § > 0,

lim N°P(Ey) = 0.

N—oo

N
log (Z x1k>
k=1

Assuming the above Lemma [2.3.13] we first give the main proof of this section.

Proof of Theorem [2.3.12.1). We first write
N
log (Z Naf[{j)] ,

Then, for every n > 0,
U
lim ]E[ ;EN} = 0.

N—oo

E

N
log (Z x1k>] = —alog(N)+E
k=1 k=1

then from equation ([2.46)) and the Continuous Mapping Theorem we have

N
log (Z No‘x[év) = log (Y3),

k=1
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so it only remains to prove that the collection of r.vs. (log (fozl Nz Iév> )n>1 is uniformly

integrable, which would imply the corresponding convergence in expectation (Theorem 3.5
in Billingsley 1999). The latter boils down to proving that, for some 1 > 1, we have

N 1 N
(2.64) li]r\?jotip E | |log (N“;xIIg) ;N“;QSUJ < 1] < 00
and

N 1 N
(2.65) li]{[njolipE log (N“;xfiv> ;N”‘;azlév > 1] < o0.

See e.g. (3.18) in Billingsley [1999.
Proof of (2.64): We begin by computing, for an arbitrary subset Ey to be specified
further ahead,

N
E ( log (N“fok> Iey, N%Ikgl?Ech)
k=1
7
< — @ e} < c
< ]E(( log (12}25\/]\[ xfk)) ’12}25\{]\[ xrr, < 1,EN)

/ ]P(—log ( max No‘:cfk) > u%, max N%j, < 1,Efv)du
0

1<k<N 1<k<N

n

e 1
< @ < —un <
_/0 P(11<nka<>§vN xyr, < exp( un),EN>du
§/0 P(@"ZVN%% < exp(—u’lv),E]C\,>du
r N
/oo zm>NL exp(—u%) Qj"zg
_ [ E|[|1- Ese ES | du
: Yinal 3
> i 1> exp(fu%) x/ZB
(2.66) < / E |exp | -N R yEN | du
0 2 i1 T

where for the second inequality we have used the coupling (I, J) for the selection step (con-
ditional on the z}’s) which satisfies

max N%; <

max N%zy,.
1<k<N 1<k<

k<N
Now to deal with the expectation appearing in (2.66) let 2¢ € (0,1 — 3) and set

[N7]
By = {3 af <09

=1
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By Lemma together with Lemma [2.3.13| we have

N n N
limsup E ||log (N“leév> ;Naszff < 1]
N—roo k=1 k=1
N n N
= limsup E ||log (Nale,fj> ;NaZx,év < 1;En
N=voo k=1 k=1

Further, using (2.66)), we have

N m N
E ||log (Na2x1k> ;Z Nz, <1, B,
k=1 k=1
< OO]E Nzi:x¢>1\,1aexp(u7l) ZB d
S = I

:/ E |exp | —cN¥? Z 27 || du.
0

1
iy > ﬁ exp(—u™)

Define ¢ = mingy —5(1 — exp(—cz”)). By Campbell’s formula, we have

o d
E |exp | —cNX? Z xf = exp (%Xp<_u%) e _ 1%)

1

i:xiZﬁ exp(—u")

Finally, since

it follows that

N—oo

m N
,Z Nax]kgl;En) < 00.

limsup E (
k=1

N
log (NO‘ Z $1k)
k=1

Proof of (2.65): Let 6 € (0,1 — /) and pick ¢ > 0 to ensure that log(b)" < cb® for
every b > 1. A direct application of the Mean Value Theorem and our choice of ¢ shows the
existence of ¢ > 0 such that

Ve >0,0>1, log"(b+z) < cb® + éx.
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Let K > 1 — ( and let Ex be the set
[N7]
Ex = Z xg > K-1N(1-8)
k=N

By the large deviation Lemma [2.3.5] we may apply Lemma [2.3.13] so that it is enough to
prove (2.65)) restricted on the set Ey. On the set {N® Zivzl xy, > 1}, we have

N n N N
log <N°‘Z.:Elk> =1 {lrg&%v]\faxjk > 1}log77 (N“fok]lxlk>]va ‘*’NalekﬂxszNa) +
k=1 ==

k=1 k=1
N

1 {1%%\/ Nrp, < 1} log” (Na ; Ty, 1x1k<N—a>

N J N
<c (Na lekﬂw1k>N—a> + (c+¢)N“ ZmlkﬂmIkSN_a’

k=1 k=1
It remains to control the expected value of the RHS of the latter inequality on the set Ey.
On the one hand,

N
E =N*> "E [y, < N~ Ey]

k=1

N
(0% .
N E xr, ﬂxfng*aa En
k=1

o Zk<[N“/]: zp<N—« xfﬂ
k=N Tk
S . s
SKENTTE N~v(1-8)

1
< K No+1-(1-8) / v _dw

o alh
=0(1).
On the other hand, by the 15-1 triangle inequality (recall § <1 — 3 < 1) we have

N o N
1)
xfk]lzcl >aN—¢ S Ty ]]‘Z'[ >aN—«
k k k
k=1 k=1

so that
N 4 N
E (NaZx[kﬂxlk>Na> En| S NYYE $§kﬂm1k>aN*a;EN]
k=1 k=1 )
N[ 20482
ad faN*O‘ z “_‘( ZL‘)
<N ZE [N°T .8 s En
k=1 L k=N Lk

< (1- 5)KN045N1—7(1—/3) /oO I5+ﬁd_$
o aN-—« x?
—0(1).
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H
Proof of Lemma|2.5.15. Let n > 0 be fixed. Since Nxjy-+ < Zszl xr, < Nz we have

N
log (Z $1k>
k=1

< E[log"(Nz,); Ny > 1, Ex] + E [1ogn(;c;;ﬂ IN)izrb /N > 1, EN} .

n

Ex| < E [(max{log(Nz1), —log(Nzx+),0})"; En]

On the one hand, for the first term above, by Holder’s inequality and using that Ve > 0, dc. >
0 such that log"(z) < c.z¢, & > 1, we obtain

E [log"(Nx,); Ny > 1, Ey] < P(Ey)"? |log”(Nxy); Ny > 1|
< P(En)"c N [lai]|p2 -

By the hypothesis, the latter converges to zero whenever 0 < € < (1/2) A (26) which ensures
|z$]| 2 < oo and € < 26. Similarly, for the second term,

E [bg”(xﬁéﬂ/fv)- iym/N > 1,Ex| <P (Ey)'?

log" (@[ +1 /N )i T1xm

—€

< P (EN>1/2 CEN—E |_N’Y_|

_ D(N7]+2¢) €
= W ~ N7€. ThUS,

if 0 < €~y — 1) < 2§, a second application of the hypothesis yields
limy 0o E [log"(xfj\lm/]\f) (Nﬂ /N > 1 EN} = 0, which finishes the proof of the lemma. [

2
where, by equation ([2.34]) plus Stirling’s approximation, Hxﬁfm L

Proof of Theorem [2.3.12,1T)

Proof of Theorem |2.3.124.11). Recall the sets An . and By, of Propositions2.3.8 and [2.3.9, so
that by these propositions together with Lemma|2.3.13|we have, for every ¢ > 0, [E [log <fo:1 T [kﬂ =

E [log (Zszl x1k> JAN, BME] +0(1) as N — oo and, hence,

(2.67)
(i)

for all e > 0. Observe that on the event Ay ., By we have

[NX7<] N [NX+e]
(2.68) log Z x| <log <Z xlk> < log Z T+ NP2

Also note that

g (Z )] ~1og (Z k) i

lim |loglog(N log log(N
N—o0

N
_ ]E lOg (Zl‘]k> ;AN,67BN,E
k=1

(2.69) E g
k=1

N
log (—Zk:l Tk )] =loglog N + o (1);
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indeed, on the one hand, by Jensen’s inequality

N N
log ( ZJI\;::I Tk )] S 10g <ZkN2 E [I’k]) N2>OO 07
dopr B D op—1 k7

where, for the last limit, we have used that

E

On the other hand, by a second and third applications of Jensen’s inequality,
N N -1 N -1
k k
log (—2]5:1 xk1>] =E [log <—Ek§1 )] < log (]E —Z’“;1 ])
drmr kT D k=1 Tk k=1 Tk
N -1 N —17.—2
k k
=log | E —ZN:’“:l <log | E —Zk:]%]% = log(1),
> k1 Tikk! Dok k7

where we have used E [x,;l} = k for the last equality. Thus, taking expectations in (2.68|)
and plugging in (2.69) we obtain, for every ¢ > 0,

-E

log(x —€) +loglog (N) +o0(1) <E

N
IOg (Z l’]k> ; AN,€7 BN,e
k=1

<log(x + ¢€) + loglog (N) + o0 (1);

()

The proof is finished by taking ¢ — 0. 0

which, together with (2.67)), imply

log(xy —¢€) < Nlim loglog(N) — E <log(x +€).
—00

2.4 A Model in Continuous Time

In this section we describe a type of Moran model with mutation and selection which, in
contrast to the exponential models of Section [2.3] evolves in continuous time, and the fitness
of its individuals is not given by positions in the R continuum but are instead a function of
the (discrete) number of mutations acquired by each individual. The model was rigorously
studied by Schweinsberg |2017aljb|for the first time, although the main heuristic arguments can
be traced back to at least Desai and Fisher 2007, Desai, Walczak, and Fisher 2013l Assuming
that the strength of selection is much larger than that of mutation, Schweinsberg 2017a,b
shows that the genealogy of this model is once again described by the Bolthausen-Sznitman
coalescent, as is the case for the strong-selection regime (Theorem of the exponential
models. For the speed of selection, however, the authors show that it is (approximately) of
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order o (1) as N — oo, which contrasts with the order O (loglog V) for the speed of selection
in the strong-selection regime of Theorem for the exponential models.

Formally, the model consists of a population of fixed size N evolving in continuous time
under the effect of mutation and natural selection. All mutations are beneficial and their
effect in fitness is measured by a parameter sy > 0. Every individual acquires mutations
according to an independent Poisson point process of intensity py, and the fitness of an
individual with 5 mutations is given by

max{0,1+ sy (7 — M(t))},

where M (t) is the empirical mean number of mutations at time t. Letting X;(t),j € N, be
the number of individuals at time ¢ that have exactly j mutations, we may write M(t) as

M) = 3 X0

Individuals die at rate one and are replaced by a copy of one individual in the population
chosen with probability proportional to its fitness.
Two important quantities for the study of this model are
log(sn/pn)

log N d
=——— and ay = ———2.
log(sn/pn) " SN

The quantity ky gives the natural scale for the number of mutations; it turns out that if

M*(t) = max{j € N: Xj(t) > 0}

kNi

is the maximum number of mutations present in any individual at time ¢, then the difference
Q(t) = M*(t) — M(2)

is typically a constant multiple of ky (Theorem . On the other hand, the quantity ay
is the right time scale to study the genealogy of the process, since the time to the most recent
common ancestor of two randomly chosen individuals is also typically a constant multiple of
ay. The value of ay is also the amount of time between the first appearance of an individual
with j mutations and the time when M (t) equals j.

The main assumptions needed for the results of this section are

Al. limy o lg(’jﬁ = o0,

kylog(kn) _
log(sn/kn) ’

A3. limN_mo SNk?N =0.

These assumptions have the following main implications concerning the asymptotic behaviour
of sy and pp:

(2.70) lim sy =0,
N—o0
: : . kn
. im ky =00 = lim ay, lim — =0, an
(2.71) lim k 1 , 1 0, and
N—o0 N—o0 N—oo apn
(2.72) Va > 0, lim MTN —0and lim 2Y =

N—oo SN N—oo N—@ o
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2.4.1 The Speed of Selection and the Genealogy

In this section we describe the main results for the speed of selection and the genealogy of
the process proven in Schweinsberg [2017a,b, and then give a brief summary of the heuristic
arguments which guide the corresponding proofs.

This first theorem says that, if we time-scale the population by ay, then the difference in
number of mutations between the fittest individual and the average individual is typically of
the order of ky.

Theorem 2.4.1. Assume that A1 - A3 hold. There is a unique bounded function q: [0, 00) —
[0, 00) such that
e if 0<t<l,
q(t) = t .
Ji_ a(s)ds ift>1.
This function satisfies
lim ¢(t) = 2,

t—o00

and, for every compact subset S C (0,00) \ {1},

sup —Q (CLNt)

(2.73) p

—q(t)‘ 50, as N = .
tes

The following theorem gives the asymptotic behaviour of the mean number of mutations
under the same time-scale ay of the population.

Theorem 2.4.2. Let m: [0,00) — R be the function

0 if 0 <t <1,
m(t) = 1 t—1 .
+ fo q(s)ds ift>1,

and also define
t

m*(t) =m((t) +q(t) =1 +/ q(s)ds.

0
Assume that A1-A3 hold. Then, for any compact subset S C [0,00) \ {1},

M(aNt)

N

(2.74) sup

teS

—m(t)‘ 50, as N = oo;

whereas for any compact S C (0, 00),

M* (CLNt)

(2.75) sup .

tes

—m*(t)‘ 50, as N = .

In Schweinsberg 2017a the authors go further and give a characterization of the fitness
distribution at time ¢; we refer the reader to this article for further details on the subject.
Note that by Theorem we have

i ™ _ o
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so that, combining with Theorem [2.4.2| we obtain the approximation for the speed of selection
given by, for large t,

M(ant) _ kym(t) Qk_N _ sylog(N) N—yo0

~ == O’
ant ant an  log*(sn/un)

where we have used (2.71)) for the convergence to zero.
On the other hand, for the description of the genealogy of the process we have the following
theorem.

Theorem 2.4.3. Assume A1-A3 hold. Fix positive real numbers ty and T such that to > 0
and T + ty > 2. Consider a sample of n individuals of the population at time anT and, for
0<u<ty+1, let ]L(LN’H) be the partition that describes their ancestry at time an(T — u).

Then
P (an"” — {1, .. .,{n}}) —1

H(N’n)

and the finite dimensional distributions of ( s converge as N — oo to those of

)ogugto
the Bolthausen-Sznitman coalescent.
Heuristics for the Genealogy

We first describe the dynamics of the population at the initial stage when M (t) ~ 0, and,
thus, Xo(f) ~ N. This means that the process can be approximated by a multitype branching

process where a type ¢ individual dies at rate (1 - = )&i%ifﬁ?—)M(t)))) ~ (1 — W) ~ 1,
il

gives birth to another type ¢ individual at rate 1 + sy (i — M(¢)) ~ 1 + syi, and mutates to

type i + 1 at rate X;1(¢) (1 + sn(i + 1 — M(t))) + py =~ pn. In particular, new type i + 1

individuals are created by mutation at rate X;(¢)uy, and, if one such mutation occurs at

time wu, then its type ¢ descendency at time t > u will be, on average, el tsn(i+1)=1=pn){t—u) —

. << .
el (i) —pn) (t—w) PG psnilt—u) Integrating over u we obtain the approximation

M(t)~0 ¢ 1 N snt _ 1
(2.76) E[X(t)] (,2, / unE [Xo(u)] ¥ dy ~ / fin Nesv =) — (e )’
0 0 SN
and, recursively,
M (t)~0 t 1 N i )
(2.77) E [ X1 (t)] 2 / pnE [X(w)] eV dy & / py Nesn v — —iu,];[(esm —1).
0 0 syl

Since these approximations are valid only when the total number of mutations is close to
zero, they will be valid for ¢ such that X;(t) << N. From (2.76) we see that this will
(approximately) hold whenever e*N* < X or

1
t < —log(sn/un) = an.
SN

It turns out that X;(t) =~ E[X;(t)] for i < ky, but for i > ky the expectation E [X;(t)] is
dominated by the rare events where a particle acquires ¢ mutations in an unusually short
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amount of time, leading X; to be unusually large. In this scenario, the evolution of X; has two
main stages, the first stochastic, and the second deterministic. Before before time 7;, where 7;
is the first time when there are at least sy/uy type i — 1 individuals, X; is approximately 0.
The stochastic stage occurs between times [7;, 7;41] , during this stage the type ¢ population
becomes established; during the second stage, after time 7,,1, the number of type ¢ individuals
evolves roughly deterministically. It can be shown that shortly after time 7;,, the increase
in X; that is driven by mutations from type ¢ — 1 individuals becomes negligible so that X;
grows deterministically at rate sy (i — M (t)), which is the selective advantage of type ¢ over
the average individual. That is, for times ¢ > 7;,1 such that X;(¢) is not yet near zero,

t .
(2.78) X@@) ~ S_NefTiH szv(z—M(u))du7 £t Ti+1,Xi(t) > 0.
KN
On the other hand, between times [7;, 7;11], type ¢ — 1 individuals will acquire a new mutation

&79)
at rate uy, so that the total growth rate of X; driven by mutations will be uyX; 1(u) =
,uNS—Nesz‘ =M)A. and if w — 75 > 0 is small enough so that the term i — 1 — M(n) ~

uN
i—1—M(7;) = Q(7;) inside the integral remains approximately constant in n € [7;, u], then
(2.79) pn X (u) ~ syeNUTI=M@)(u=7i) _ g sNQ(Ti)(u=Ti),

Since a new type ¢ individual produced by a mutation at time 7; < u < t will have on average
esN (@) +1)(-v) descendants at time ¢, then, putting both estimates together, for ¢t € (75, Ti1),

t
X;(t) ~ / N Q) s (@) () gy

t
_ s pesn QT / o (=) gy,
_ eSN(Q(Tz‘)H))(t—Tz‘)(l —eh
(2.80) ~ eV QUEDTNE=T) ¢ 55 1 /sy

Equating the above approximation to ﬁ we obtain an approximation for ;.1 — 7;, mainly

1 1 < SN ) an
Titl = Ti = — 7~~~ 108 | — | = ——.
sn(Q(7) +1) [N Q(7)
This gives the overall high probability behaviour of X;. Now, to study the unusual appearance
of large families, we approximate the evolving descendancy of a single mutation that occurs
at time u > 7; (producing a type i individual) by a supercritical branching process with birth
rate 1 + syQ(7;) and death rate 1. Such a branching process will survive with probability
approximately syQ(7;) and, conditional on survival, its population size at time ¢ > wu will
approximate
E_svam—u)
snQ(T:)

where F is standard exponentially distributed. Writing u = 7; —
the offspring size of such a mutation can be approximated by

log(snQ(7i))

NG~ T 1, we see that

) (2.80)

EesNQmi)n osnQ(mi) (t—7i E’e—SNQ(Ti)nXi(t)'
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Thus, the probability that a mutation that occurs at time 7; < u has an offspring of size at
least zX;(t), x € (0,1), at time ¢ > u, is approximately

sNQ(T)P (Ee NI X (1) > 2X,(t)) = syQ(r;)e ="

Integrating over the possible mutation times which occur at rate (2.79), the rate at which a
family of size at least x.X;(t) appears is approximately

S log(s nyQ(7;)) oo
SNQ(Ti)(* S P +77) oSN Q(T;) _ ) oSN Q(T;)
/ (sNe NQr:) snNQ()e N dy = sye SNQTnpmae NET gy
—00

1
Q(TZ)I

Here we recognize the term 27! = fxl y~2dy as the rate at which a y-merger with y > x

occurs in the Bolthausen-Sznitman coalescent. Finally, the heuristic argument, and the
accompanying formal proof given by Schweinsberg 2017b, end by proving that these are the
only type of large reproductive events that occur in the population, i.e., if a large fraction of
siblings with ¢ mutations coalesce, then their parent will have ¢ —1 mutations with probability
tending to 1 as N — oc.



Chapter 3

The Site Frequency Spectrum of the
Bolthausen-Sznitman Coalescent

Here we present our joint article together with Gétz Kersting and Arno Siri-Jégousse (Ker-
sting, Siri-Jégousse, and H. Wences [2021)).

A measure of the genetic diversity in a present day sample of a population is often used
in population genetics in order to infer its evolutionary past and the forces at play in its
dynamics. The Site Frequency Spectrum (SFS) is a well known theoretical model of the
genetic diversity present in a population, it assumes that neutral mutations arrive to the
population as a Poisson Process and that each arriving mutation falls in a different site of
the genome (infinite sites model), in contrast to the Allele Frequency Spectrum in which
mutations are assumed to fall on the same site but create a new allele every time (infinite
alleles model). Heuristically, the SFS is a random vector constructed from a coalescent process
(I}),», with values in &2, in the following way: first a genealogical tree is constructed in
the natural way according to the evolution of the blocks and the jump times of (II;),-, (i.e.
individuals find a common ancestor whenever blocks coalesce), and then a random set of
points is thrown upon the tree according to a Poisson point process with rate 6 (see Figure
. These points are interpreted as neutral mutations that occur to the individuals in the
population and that are inherited to the individuals in generation 0 according to the topology
of the tree given by (II;),-,- Each mutation is assumed to occur at a different place in the
genome so that each creates a new segregating site. Finally, for each integer 1 < b <n —1
the random variable SF'S,; is set to be the number of mutations (segregating sites) that
are shared by a exactly b individuals in generation 0 (see Figure , the SF'S is the random
vector SE'S = (SFS,1,...,5FS, ,—1). Given the close relation between the SF'S and the
whole structure of the underlying genealogical tree (topology + branch lengths), the SFS
can be used as a model selection tool for the evolutionary dynamics of a population from a
dataset of present-day genetic diversity (Eldon et al. 2015; Freund and Siri-Jégousse [2021}
Koskela 2018).

In this chapter we give explicit expressions of the first and second moments for the whole
Site Frequency Spectrum (SFS,)1<p<n Of the Bolthausen-Sznitman coalescent, which to
our knowledge were only known for Kingman’s coalescent until now (Fu [1995). For the
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Figure 3.1: Schematic representation of a Poisson point process over a genealogical tree. In
this example we have SF'S5, = 5,5F S50 =4,SFS53 =2, and SFS54 = 0.

expectation we obtain the formula

o [TT(=p)T(n—=b+p) dp
ESFSn)| = 9”/0 T+ )T(n—b+ )T —p)r(1+p)

where 6 denotes the mutation rate. This expression is easily evaluated using existing numeri-
cal routines that compute log I'(a), a > 0, and writing the gamma ratios % as e'ogl(a)—logI'(b)

This formula allows no insight into the shape of the expected site frequency spectrum.
For this purpose, and in order to characterize the asymptotic behaviour of the SFS, ap-
proximations are helpful. A simple approximation resting on Stirling’s formula reads for

2<b<n-1

0 b—1, (b—1
(3.1) E[SFSys] ~ ——=—— /) (n_1>

where f) is a convex, non-monotone function on (0, 1) defined by

(3.2 Al = [t a2 g

We remark that this integral may be reduced to the (complex) exponential integral Ei(-).
These formulas show that the shape of the Site Frequency Spectrum, restricted to the range
2 < b < n, is explained essentially by one function not depending on the population size
n. Also our approximations update those given in Neher and Hallatschek 2013/ for the case
of families with frequencies close to 0 and 1, since we have fi(u)~(ulogu)~ close to 0 and

fi(w)~((u—1)log(1 —u))~* close to 1, see equations (3.28) and ([3.29) below. The case
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Figure 3.2: Comparison of exact and approximated values of E[SF'S,, ], red circles present
the exact values for b = 2 to n — 1, and the black lines their refined approximations (3.4]).

b =1 is not covered by (3.1)), it has to be treated separately, which reflects the dominance of
external branches in the Bolthausen-Sznitman coalescent. In this case we have

logn

(3.3) E[SFS,1] ~ 6.

n

See Theorem for a rigorous and complete summary of the asymptotic behaviour of
E[SFS, ).

The above approximation is accurate also from a numerical point of view. Only for b = 2
we encounter an enlarged relative error which anyhow remains less than 10 percent for n > 8.

If a more precise result is desired then the following refined approximation may be applied
for 2 <b<n:

(3.4) E[SFS, ) %an; ! ((n—11)2f1 <z:11> - (n_11)3gl (2:1)) ,

with a positive function ¢g; on (0, 1) given by

1 72 +log® 1=t 4 2]og 1o

U

- 2u(1 — u)? (72 + log® 1_—“)2

u

(3.5) g1(u) :

With this formula we have a relative error remaining below 1 percent for b = 2 and n > 10,
below 0.5 percent for b = 2 and n > 150, and below 0.3 percent for b > 3 and n > 10.
Thus this approximation appears well-suited for practical purpose. Figure illustrates its
precision in the cases n = 5, 20, 35 and 6 = 1.
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For b = 1 the approximation formula corresponding to (3.1)) reads

B 'T(n—1+p) dp
E[SFS,] = 9”/0 I'(n) T(1+p)

1 dp
%Hn/ n—1pPt———,
0 ( ) I'(1+p)

which is an immediate consequence of Stirling’s approximation. It is precise for small n and
requires no further correction as in the case b > 2.

We also study the asymptotic behavior of the second moments which, together with the
above asymptotics for the first moment, leads to the following L? convergences:

logn

SES,, — 0,
n

and, whenever b > 2 and b = o (y/n/logn),
b(b — 1)log® (n/b)

n

SFSmb — 0.

These generalize and strengthen the results in Diehl and Kersting 2019 for the Bolthausen-
Sznitman coalescent.

Finally we provide the joint distribution function of the branch lengths of large families,
i.e families of size at least half the total population size, and their marginal distribution
function. These results are useful to obtain the marginal distribution function of the Site
Frequency Spectrum and a sampling formula for the half of the vector corresponding to large
family sizes, although we do not present such tedious computations here.

Asymptotic results for related functionals on the Bolthausen-Sznitman coalescent have
been derived by studying the block count chain of the coalescent through a coupling with a
random walk as in Tksanov and Mohle 2007 and Kersting, Pardo, and Siri-Jégousse 2014,
where asymptotics for the total number of jumps, and the total, internal, and external
branch lengths of the Bolthausen-Sznitman coalescent are described; these results give the
asymptotic behaviour of the total number of mutations present in the population, the number
of mutations present in a single individual, and the number of mutations present in at least
2 individuals. Also, a Markov chain approximation of the initial steps of the process was
developed in Diehl and Kersting 2019 where asymptotics for the total tree length and the
Site Frequency Spectrum of small families were derived for a class of A-coalescents containing
the Bolthausen-Sznitman coalescent.

Progress has also been made for the finite coalescent even for the general A— and =-
coalescents. The finite Bolthausen-Sznitman coalescent has been studied through the spectral
decomposition of its jump rate matrix described in Kukla and Pitters 2015. This lead the
authors to derive explicit expressions for the transition probabilities and the Green’s matrix
of this coalescent, and also of Kingman’s coalescent. The spectral decomposition of the jump
rate matrix of a general coalescent, including coalescents with multiple mergers, is also used in
Spence, Kamm, and Song|2016 where an expression for the expected Site Frequency Spectrum
is given in terms of matrix operations which in the case of the Bolthausen-Sznitman coalescent
result in an algorithm requiring on the order of n? computations. In Hobolth, Siri-Jégousse,



3.1. RANDOM RECURSIVE TREE CONSTRUCTION OF THE BSC 89

and Bladt 2019 another expression in terms of matrix operations is given for this and other
functionals of general coalescent processes, both in expected value (and higher moments)
and in distribution; these expressions however are deduced from the theory of phase-type
distributions, in particular distributions of rewards constructed on top of coalescent processes,
and also require vast computations for large population sizes.

Our method, mainly based on the Random Recursive Tree construction of the Bolthausen-
Sznitman coalescent given in Goldschmidt and Martin 2005, gives easy-to-compute expres-
sions for the first and second moments of the Site Frequency Spectrum of this particular
coalescent. This combinatorial construction not only allows us to study the bottom, but also
the top of the tree; thus providing an additional insight into the past of the population and
large families, both asymptotically and for any fixed population size.

In Section we layout the basic intuitions that compose the bulk of our method, in-
cluding the Random Recursive Tree construction of the Bolthausen-Sznitman coalescent and
the derivation of the first moment of the Site Frequency Spectrum for the infinite coalescent
as a first application (Corollary . In Section we present our results on the first
and second moments of the branch lengths (Theorem and of the Site Frequency Spec-
trum (Corollary for any fixed family size and initial population. We then use these
expressions to obtain asymptotic approximations of these moments as the initial population
goes to infinity (Theorems [3.2.4] and [3.2.5)) which lead to L? convergence results on the SFS
(Corollary [3.2.6). In Section we restrict ourselves to the case of large family sizes and
present the joint and marginal distribution functions of their branch lengths (Theorems

and , along with a limit in law result (Corollary [3.3.2)). Finally, in Sections and
we provide detailed proofs of our results.

3.1 Random Recursive Tree Construction of the BSC

Consider the Bolthausen-Sznitman coalescent (I1;);>o with values in Z, the space of parti-
tions of N, and the ranked coalescent (|II;]*);>0, with values in the space of mass partitions
Pp,1), made of the asymptotic frequencies of II; reordered in a non-increasing way. In
what follows we present the Random Recursive Tree (RRT) construction of the Bolthausen-
Sznitman coalescent given in Goldschmidt and Martin 2005; then we follow the argument
given in the same paper to establish that

(3.6) LY £ PD(e,0),

where PD(«, ) is the («, #)—Poisson-Dirichlet distribution.

Briefly, the construction of the Bolthausen-Sznitman coalescent in terms of Random Re-
cursive Trees proceeds as follows. We work on the set of recursive trees whose labeled nodes
form a partition 7 of [n] := {1,...,n}, where the ordering of the nodes that confers the
term “recursive” is given by ordering the blocks of 7 according to their smallest elements. A
cutting-merge procedure is defined on the set of recursive trees of this form with a marked
edge, this procedure consists of cutting the marked edge and merging all the labels in the sub-
tree below with the node above, thus creating a new recursive tree whose labels form a new
(coarser) partition of [n] (see Figure [3.3). With this operation in mind we consider a RRT
with labels {1}, .- ,{n}, say T, to which we also attach independent standard exponential
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Figure 3.3: On the left, an example of a recursive tree whose labels constitute a partition
of {1,---,10}. On the right, the resulting recursive tree after a cutting-merge procedure
performed on the marked edge (dashed line) of the first tree.

variables to each edge. Then, for each time t > 0 we retrieve the partition of [n] obtained by
performing a cutting-merge procedure on all the edges of T" whose exponential variable is less
than ¢. This gives a stochastic process (Ht(n))tzo with values on the set of partitions of [n]
that can be proven to be the n-Bolthausen-Sznitman coalescent (Goldschmidt and Martin
2005).

The fact that |IZ,[* < PD(e7%,0) now follows readily. To see this, consider the con-
struction of T" where nodes arrive sequentially and each arriving node attaches to any of the
previous nodes with equal probability. Considering also their exponential edges and having
in mind the cutting-merge procedure we see that for any fixed time ¢, and assuming that
b — 1 nodes have arrived and formed k blocks of sizes sq,..., s in Ht(bfl), the next arriving
node, node {b}, will form a new block in Z_[t(b) if and only if it attaches to any of the roots
of the sub-trees of T' that form the said k blocltis and if, furthermore, its exponential edge is

ke —. On the other hand, in order for {b} to join
the jth block of size s; it must either attach to the root of the sub-tree of T" that builds this

block and its exponential edge must be less than ¢, which happens with probability 1= - or

it must attach to any other node of the said sub-tree, which happens with probablhty bfl ;

thus, the probability of attaching to the jth block is sjb__ el_t. We recognize in these expressions
the probabilities that define the Chinese Restaurant Process with parameters a = et and
0 =0.
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Figure 3.4: Schematic representation of passing from Ht(”) to Ht(”H) for fixed ¢, by adding
a new node (blue) to a RRT. Solid lines and dotted lines represent edges whose exponential
variables are greater than t and less than or equal to t, respectively. In this case at time ¢ there
are four subtrees rooted at R;, Ry, R3, and Ry, which form the blocks that constitute Ht(");
these blocks are also the tables of a Chinese Restaurant Process. In case (i) the new node
will be included in the block formed by Ry at time ¢, irrespective of whether its exponential
edge is greater than ¢ or not. In case (ii) the new node forms part of the block rooted at R,
because its exponential edge is less than ¢. Finally, in case (iii) the new node is a new root of
a subtree that will form an additional block of Ht(n+1) (i.e. the new node opens a new table
in the Chinese Restaurant Process).
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We now provide two straightforward applications of the RRT construction described above
which nonetheless contain the essential intuitions underlying the forthcoming proofs.

3.1.1 Site Frequency Spectrum in the infinite coalescent

For the first application consider a subset I C (0,1) and define (C(t));>0 to be the process
of the number of blocks in II; with asymptotic frequencies in I. Then

(3.7) 0= / T o) dt

gives the total branch length of families with size frequencies in I in the infinite coalescent.
Our first theorem is a simple corollary of the equality in law (3.6]).

Theorem 3.1.1. For I C (0,1), we have

g] // —p— 1 P IM dpdu
mp

In particular, note that if in the infinite sites model with mutation rate 6 we define SF'S;
to be the number of mutations shared by a proportion u of individuals with v ranging in I,
then by conditioning on ¢; we get

Corollary 3.1.2. For I C (0,1), we have

(3.8) E[SFS;] =0 / / o1 (1 et SR

p
Proof of Theorem (3.1.1]. Since

Ef] = /0 TRy dt

it only remains to compute IE [C}(t)] and simplify the expressions, but this is a straightforward
consequence of Equation (6) in Pitman and Yor 1997 which states that if o = (ay,---) is
PD(a,#) distributed, and f : R — R is a function, then

= r@+1 ! 1 — )it
(39) ELZIJC (‘“)} T —i—(oz);(l)— ) /0 o S

Taking f(u) = 1;(u)we get

EIC)()] = = (et)r<11_et) /0 L(u)% du.

The proof is finished by using Euler’s reflection formula, making p = e™" on the above
expression, and integrating on [0, 00). ]
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3.1.2 Time to the absorption

In this section we prove a useful lemma for the upcoming proofs, but a first consequence of
this lemma gives the distribution function of the time to absorption, A,,, in the n-coalescent,
a result already proved in Mohle and Pitters 2014}

We recall B which stands for the Beta function

L(2)C(y)

B(z,y) = m,

and W for the digamma function

I'(x) = 1 1
g’ = ——— —’Y — —_—_— — —
() [(x) ; (z+n—1 n>
where Y stands for the Euler-Mascheroni constant.

Lemma 3.1.3. Let T be a RRT on a set of n labels and with independent exponential edges.
Define the two functionals m(T) and M(T) that give the minimum and the mazimum of the
exponential edges attached to the root of T'. Then

1
(3.10) P(m(T) > s) = (n—1)B(n —1, e—s)’
and
(3.11) P(M(T) < s) = :

- (n—1)B(n—1,1—e%)
Also, for independent trees T and Ty of respective size ny and no, we have
P(m(Tg) — M(Tl) > 8)
1 ! U(ny —p) — V(1 -
(ng —1)(ng —1) Jy B(ng—1,e7*p)B(ny — 1,1 —p)
The proof of (3.11)) follows the same lines as in Mdhle and Pitters 2014| where the law of

the time to absorption of the Bolthausen-Sznitman coalescent is derived, since this time is
the maximum of the exponential edges attached to the root of a RRT. That is,

1
(n—1)B(n—1,1—e¢%)’

dp.

(3.13) P(A, <s)=

and, as n — 00,
(3.14) A, —loglogn 4 log E

where FE is a standard exponential random variable. The latter convergence in distribution
was elegantly proved in Goldschmidt and Martin 2005 using a construction of random recur-
sive trees in continuous time, whereas in this case it follows from Stirling’s approximation to
the Gamma functions appearing in (3.13)).

On the other hand, the equality will be used in the computation of the distribution
function of branch lengths with large family sizes presented in Section [3.3]
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Proof of Lemma[B3.1.3] Let &,---,&, be the exponential edges associated to the nodes of
T. For the proof of we consider the event {m(T) > s}. This event occurs when, in
the recursive construction of 7" along with the exponential edges, the ith node (2 < i < n)
does not attach to {1} whenever & < s; this happens with probability 1 — +15 Thus,
considering the n nodes, we obtain

1

(n—1)B(n—1,e%)

For (3.11]) we instead build the tree such that the ith node does not attach to {1} whenever
&; > s; this happens with probability 1 — % Thus we obtain

P(M(T)gs)_(l_e_s)(Q—;s>m(u>

n—1
1

(n—1)B(n—1,1—e%)

Finally we compute

P(m(Ts) — M(T1) > s)

B 1 /°° 1 d 1 Y
T (i —D(ne—1) )y Bng—1,e60)dt \B(ny — 1,1 — )

and by changing the variable p = e™ we obtain (|3.12]). O]

3.2 Moments of the Site Frequency Spectrum

By a simple adaptation of our previous notation for branch lengths in the infinite coalescent
(Cy and £r), in the finite case we also define for 1 < b < n — 1 the process (C,4(t)):>0 and

the random variables (¢, ), where C,,;(t) is the number of blocks of size b in I_[t(n), and

(3.15) %M:/ Cooy(t) dt
0
We now provide explicit expressions for E [¢,, 3] and E [£,, 5, €, p,]; for this we define the func-

tions
~ ['T(b-p)T(n—b+p) dp
Fi(n,b) = /O Fo+1)T(n—b+1)T(1-p)T(1+p)

nr I'(by — by + p1 — p2)
b b
(n, b1, b2) // b1+1 T(by — by + 1)

L'(n — by + p2) dps dpy
X
I'(n—0by+1) piI'(1 = p)l'(pr — p2)I'(p2 + 1)
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T(by — pa)
b b
(. b1, ) // b1+1 (b2+)

['(n—by — by + p1 + p2) dpy dpy
(n—b—by+1) T'(1—p)T(1—p2)(p1Vp2)L(p1+p2)

Theorem 3.2.1. For any pair of integers n,b such that 1 < b <n — 1, we have

and

(3.16) E[(, ] = nFi(n,b)
Also, for any triple of integers n, by, by, with 1 < by < by < n — 1, we have
(3.17) E [l ps] = nF2(n, by, ba) + nF3(n, b1, b2) L, 1o<n}

As before, we may define SF'S,,; as the number of mutations shared by b individuals in
the n-coalescent. By conditioning on the value of the associated branch lengths we get

Corollary 3.2.2. For1<b<n-—1,
E[SFS, ] = 6nFi(n,b)
and, for 1 < by < by <n—1, we have,

(DCDW (SFSana SFSn,bQ) :QQHFQ (n, bl, bQ) =+ 927’LF3 (n, bl, bQ)]lbl+b2§n
- 6’2n2F1(n, bl)Fl (n, bg) + 6’nF1 (TL, b>1b1:b:b2-

We also characterize the asymptotic behavior of the functions F}, F5 and F3 as n — oo,
which in turn give asymptotic approximations for the first and second moments of the branch

lengths and of SF'S. For this we recall the function f; defined in (3.2)) and also define for
0<u <ug <1,

P TP u2 _ ul)m—pz—l (1 _ u2)P2—1
3.18 (ug,ug) = / / dps dpy,
(3.18) 1 Uz T — p)C(n —pa)l(pa + 1) P21

and, for uy,us > 0,uy + us < 1,

p1—1 wor 1 (1 oy — u2)p1+p2—1
319 (un, up) = / / 2 dps dpy .
( ) b 1 —p)I'(1 = p2)(p1 V p2)L(p1 + p2) P2 e

Lemma 3.2.3. We have as n — oo,

(3.20) max | oAb b1
L=
whereas for b =1,
2
(3.21) n Fi(n,1) > 1.

(logn) fi ()
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Similarly
n3F2(n,b1,bg) _ b1 —1
f(1.25) b

and if also by V (n — by) — oo then

(3.22) max
2<by <by<n—1

— 0,

3Fy(n, by, b by —1Y\ (by—1
(323) max n Z)l(_nla ;27_12) _ ( 1b ) ( 2b )‘ 0.
2<hi<h<n-1 | f3 (=5, 255) ! .

Remark. The above lemma does not cover the cases by =1 or by = by for Fy, nor the cases
by =1,by=1,n=0b+0by orb V(n—by) A oo for F3. However, using the same techniques
we also obtain asymptotics in these cases which are used in Theorem below.

The proof of the above lemma also gives asymptotic expressions for the functions fi, fo
and f3, leading to straightforward asymptotics for the expectation and covariance of SF'S.
The complete picture for the first moment is given in the next result.

Theorem 3.2.4. As n goes to infinity,
(1) The expected number of external mutations (b = 1) has the following asymptotics

logn

n
(it) If b> 2 and  — 0, then

b(b—1)

2 (1
log ( b) E[SFS, 4] — 0.
(iii) If £ — u € (0,1), then
! sin(7p)
NEISFS,) - 0i(w) = [ (1 up S g
0 Tp
(iv) If =2 — 0, then
(n — b) log (Lb) E[SFS,;] — 6.
n

(v) Let I = (x,y) with 0 < x <y < 1 and define

[ny]
SFSup:= Y SFSu,.

b=[nz]

Then
E [SFSnJ] — ]E[SFS[]

as it is defined in (3.8]).
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Figure 3.5: Exact and asymptotic approximations for [E[SF'S] in a population of size 1000:
The blue circles give the exact value as given in Corollary The gray line is the asymp-
totic approximation as given in Theorem [3.2.4] (iii). Red (resp. yellow) line is given by

Theorem (ii) (resp. (iv)).
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Case (i) and case (ii) for fixed b also follow from Theorem 4 in Diehl and Kersting |2019.
Cases (ii) and (iv) give an update to the approximation of the SF'S for small and large families
made in Neher and Hallatschek 2013.

In the same spirit and using the same techniques we now provide the complete picture
for the second moments. In what follows we recall the notation f(n) ~ g(n) to denote that

as n — o0.

Theorem 3.2.5. The covariance function has the following asymptotics as n goes to infinity,
in each of the following cases:

b by — by n— by Cov(SESyy,.SFSns)
62 n?
>1 >0 ~n bl(bl—l)bg(bg—l)o <10g5n>
62 1
~n >0 >0 (bgfbelg(%fbﬁ) log? n
+
~nNn 0 >0 n—>by logn
>1 ~MNn = bl 0?0 <log72n
> 1 ~n = by + const™t 02 Fi(n — by, b1) o
2 n?
1 0 ~n 00 log3 n
og®n
2 1
1 ~ N ~n(l—u) =0 logZn
1 ~n > 1 0°0 (%
og®n
2 n
1 ~n 1 60 log® n
> 1 0 ~n 0?0 lngbgn
62 1
~ nu >0 ~ n(l - U) (1—u)(b2—b1) nlog?n
~ NU 0 ~ n(l — U) GfZ(u)
> 1 ~ nu ~n(l—wu) 60 <log13n>
~nu ~n(l—u) >0 —eifféz) @
~ nu ~ NUy ~ n(l — Uy — U2) 92(fQ(ul7U1+“2)+f3(“17“1+“2)]12u1+“2517f1(“1)f1(u1+u2))
2
0 Jo Jo- 67y1j7y2 dyy dy>
~ Nu ~ n(l — QU) = bl —yluéz/;;? : nlogn
02 [ [ w dy1 dy
~nu ~n(l—2u) =b+ constt 0 Ou(17u)z’1117yb227b1) = n101g2n
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Also for I, IcC (0,1), and SFS,, |, SES, 7 as defined in Theorem |3.2.

B

(V), we have

(3.24) Cov (SFSM, spsnj) N

s /I/ff2(ul, Us) + f3(ur, u2) Luyyup<1 — fr(un) fi(u2) dug duy + 6 ’ ffl(u) du.
n

These approximations follow from the asymptotics for Fi, F5, and F3 substituted in the
covariance formula given in Corollary For the sake of simplicity we do not provide
the explicit computations. We only treat the case where the expected value E[SF'S,, ;] di-
verges, then an application of Chebyshev’s inequality allows us to prove the following weak
law of large numbers with L2-convergence, which generalizes and strengthens results on the
Bolthausen-Sznitman coalescent derived in Diehl and Kersting 2019|

Corollary 3.2.6. Suppose that b/n — 0 in such a way that E[SFS, ] — 00, or equivalently
that b= o (y/n/logn). Then we have the following L*-convergence

;SFf%b Ei@
E[SFES,.) ‘

In view of Theorem [3.2.4] this means that for b = 1

logn

L2
;SFE%J-%'a
n

and for b > 2, b=o0(y/n/logn)

b(b — 1)log? (n/b)

SFS,, 5 0.

3.2.1 Proofs of Section 3.2

As in the infinite coalescent case, the proof of Theorem begins with the definition (3.15)
and by noting that

E () =E [/Ooo Ch(t) dt} = /OOO E [Cys(t)] dt,

and similarly
E [l ns,] = / / E [Coy, (1) Cos (£2)] dty dt,
0 0

so it only remains to compute E [C), ,(¢)] and E [Cyp, (t)Cp,(t)] in each case and simplify
the expressions.

Proof of Theorem (first moment). Let B be the collection of all possible blocks of size
b in a partition of [n]. Then

E[Cns(t)] = E

Z ﬂBeU,f")] - Z P (B € Ht(n)> ’

BeB BeB
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and by exchangeability of 7",
n n
E [Cop(1)] = (b>]1> ({1,--. b} € I )) .

Thus, using (3.9), the fact that [IT,|* =: (4;, Ay, ...) Sl PD(e ",0), and writing I1™ as I1},,
we obtain

BICu(0)] = () ) B | AL~ 4

n 1 . n—buie_t(l _ u)e_tfl
() [ w0 ey
nl'(n) Blb—etn—b+e)
Tn—b1 )b +1) T — el te?)

Finally, by changing the variable p = ¢!, we obtain (3.16)). O

Now we use the random tree construction of the n-Bolthausen-Sznitman coalescent in
order to compute the second moments of /,, ;.

Proof of Theorem|3.2.1| (second moments). Let 1 < by < by < n — 1, and By, By be the
collection of all possible blocks of sizes b; and by respectively in a partition of [n]. Then

nb1 nbg / / nb1 tl nbz(tZ)] dt2 dtl

(3.25) / / S S P <Bleﬂtl),BQEHf ) dts di.

Bi1€B1 B2€Bs

We now compute P <Bl € Ht( ") , By € Ht ) by cases.
i) Suppose that B; N By = (). By exchangeability we have

P(Bie By ) =P({1,+ by} € I {by + 1, -+ by + b} € )

where this probability is of course 0 if by + by > n. Now suppose that t; < t5. In terms of
the RRT construction of the Bolthausen-Sznitman coalescent, the event

({1, by € I {by+1,-- by + by} € IV}

is characterized by a RRT with exponential edges, say &, --- , &, constructed as follows: for
i€ {l,---,b;y — 1} the node {i + 1} along with &, arrive to the tree but with the imposed
restriction that it may not attach to {1} and have &1 > ¢; at the same time, which occurs
with probability e~ /i; this ensures that {7 + 1} coalesces with {1} before time ¢; for all
i < by, thus creating the block {1,---,b;} up to time t;. After {1},---,{b1} have arrived,
the node {b; + 1} must attach to {1} and &, ;1 must be greater than t,, which occurs with
probability e~ /b;; the node {b; + 1} will be the root of a sub-tree formed with the nodes
{b1+2}, - ,{b1+bo} which will build the block {b;+1,--- ,b;+by} at time 5. Thus, for each
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i€ {l,--- by—1} the node {b; +i+1} must arrive and attach to any of {by+1},--- , {by+i},
which occurs with probability and, furthermore, conditional on this event, it may not

biti
attach to {b; + 1} and have &, ;11 > t2 at the same time, which occurs with probability e_itQ )
Finally, if n —b; —by > 0, for i € {0,--- ;n—b; —by — 1} the node {b; + by +i+ 1} must either
attach to any of {b; +ba+j}, 1 <j <4, or attach to {1} or {b; + 1} and have &y, yp,4it1 > t1
or &, 1py1it1 > to respectively; this occurs with probability elde 2o Putting all together

b1+b2+i
we obtain
(n) (n)
P (B €ll”, B, € 11,
R i by 5 i ) bi+i o b+ by + i
1 Thy—e™) ,To—e™)T(n—b —by+e ™ +e ™)
T (n—=D!I (1 —et) ['(1—et) [(ett 4 et2) ’

where the last product is set to 1 if n — by — by = 0. On the other hand, if t, < t;, by
exchangeability we may instead compute

P{1, bo} € I {by+ 1, by + i} € II0)
obtaining

P (B B e n)

1 T(by— e_t?)e_t1 L(by —e™)T(n—by— by +e 2+ e ™)
(n—1)! I'(1 —et2) ['(1—et) ['(e7tz +e7h) '

ii) Suppose that By C By. Of course if ¢; > ty we have P (Bl € Ht(ln), B, € Ht(zn)) —
whenever Bj is strictly contained in By. Assuming that ¢; < ¢ and using the same rationale
as before we obtain

P (B B en)
_ bﬁl i—eh bQﬁ_l i+e Tt — et n_lb—]_l ez 44
- il =0 b+ o b2t
1 Ty —e ™) T(by—by+e ™ —e )T (n—by+e ")
(= DIT(1—e ) ['(ewh —et2) [(et2) ’

where the product in the middle is set to 1 if By = Bs.
iii) If By N By # 0 and By ¢ Bs, we clearly have P <31 € Ht(ln), B € Ht(:)) =0.

From the previous computations, and summing over the corresponding cases, we see that
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if b; + by < n then, changing the variable p = e, the integral in (3.25]) is given by

n
E [lhp,lnp,] =
[ 7b1 1b2:| bl'bg ( )'
/ F<b1 pl) ['(by — pa) I'(n — by — by + p1 + pa) dpy dpy
o F(1—=p1) (1 —p2) L(p1 +p2) PV p
n
+
b2 — bl)'(n — bg)
/ /p1 ['(by [(by — by +p1 — p2) T'(n — by + p2) dpy dpy
I'(1—p1) I'(p1 — p2) [(p2+1) P
whereas if b; + by > n the first summand in the above expression is set to zero. Rearranging
terms we obtain (3.17]). O

Proof of Lemma (asymptotics for Fy). Again, we have from Stirling’s formula that I'(m+
c)/T(m +d) = m 41+ O(1/m)) for any real numbers ¢ and d, where the O (1/m) term
holds uniformly for 0 < ¢,d < 1. Letting m = b—1 and n — b leads to the following equality:

n I'n—b+p)I'(b—p)
b(n—b) T'(n—>5) TI(b)

- b(n”_ = 0ro= 1 (1+<9 (%) +0 <nib)>

Thus, using Euler’s reflection formula to write I'(1 —p)I'(1+p) as 7p/ sin (7p) in the definition
of Fi, we get

Fi(n,b) = (1+(9 (%) +0 (nib» b(nl_b) /01 Si“;;p) (::f)p dp
(o (i) o () st ()

Thus, for every € > 0 there is a by € N such that for large enough n € N we have

n’Fi(n,b) b—1
b—1)

fi () b

It remains to study the approximation as n — oo in the cases where n — b or b remain

constant. In the first case, when n — b = ¢, we have b — oo as n — oo and, by Stirling’s
approximation and dominated convergence and substituting p = y/logb on the one hand

(3.26)

< €.

max
bo<b<n—bg

1 .
Fy(n, b) ~ / sin (mp) 1 Lle 1),
0

™ T(c+1)
1 ["¢"sin(my/logb) _,L(c+y/logh) dy
“be ), my/logh © T(c)  logh

1 o0
~ v gy,
bclogb/o c
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and on the other hand because of b — oo

1 —1 1 ['si
1, b N_/ sin(mp) b dp
n? n—1 bc Jo

1 tog? sin (ﬂ-y/ log b) e—ycy/ log b dy

" be J, my/logb log b

1 o
~ v dy.
bclogb/o c W

Thus Fi(n,b) ~n=2f((b—1)/(n — 1)) which extends (3.26]) for b > n — by.
Similarly for the second case, if b > 2 is fixed, we have n —b — oo as n — oo. Thus, with
l—p=y/logn

Ysin(mp) T(b—p) 4
L

1 /log" sin (m — my/ logn) I (b_1+ 1o§n> _
log®(n) Jo (1—y/logn)ry/logn  T(b+1)
1

8

and

1 b—1 1 Lsinmp
— ~ b—1)1"Pprt 4
n2f1(n—1) <b—1>2/0 p TV

1 /log" sin (m — wy/logn)
(b—1)2log*n Sy, (1 —y/logn)mry/logn
1 (0.9]
3.27 ~—— Y dy.
(3:27) (b—1)2log*n /0 ve
Thus Fy(n,b) ~ (b—1)n"2f;((b—1)/(n—1))/b, which extends (3.26)) for b < by. This extends
(3.26)) for b < by. Thus we proved ([3.20)).

For the proof of (3.21]), we substitute b by 1 and perform similar computations:

[T =p)T(n—1+p) dp
Fi(n,1) = /0 () T(n) ['1—-pr(1+p)

N/l npfli
0 [(1+p)

/logn _y dy
= e
0 (logn)['(2 — y/logn)

1 o
~ / eV dy,
logn J,

and from (3.27)) with choosing b = 2

1 1 1
~  dy.
! (n—1> 10g2n/0 e

This proves ((3.21)). O

(b— 1)¥/18nye=v dy
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Proof of Lemma (asymptotics for Fy and F3) . The arguments here are similar to the
arguments in the proof of the asymptotics for F}, but we avoid repeating similar and tedious
computations. We only layout the first steps of the proof. By Stirling’s approximation
applied to the integrands appearing in F, and F3, we obtain, for by — by > 0,

['(by —p1) T'(ba — b1 +p1 — p2) I'(n — by + p2) _
F(bl + 1) F(bg - bl + 1) F(n — b2 + 1)

1 by — 1 —p1—1 by — by p1—p2—1 n — by p2—1 y
n—13\n—-1 n—1 n—1
1 1 1
1 il
(o (i) ro(in) rolis):

and, for n — by — by > 0,

(b1 — p1) T'(by — p2) I'(n — by — by + p1 + p2) _
F(bl + 1) F(bg + 1) F(?’L — b1 — bg + 1)

L (b= 1\ =1\ T b b\
1 — X
(n—23\n—-2 n—2 n—2
1 1 1
(o) o(n) o))
thus
1 by—1 by—1 1 1 1
pr— 1 e

and

1 by—1 by—1 1 1 1
et (amaima) (1o (a) 1o () roimsn))

Similar to the analysis in the proof of (3.20)), to obtain ([3.22) it remains to study the cases
where at least one of by, by — by, or n — by remains constant, whereas for (3.23)) the cases of
interest are where one of by, by, or n — by — by remain constant. O

F3(n7 bl; b2) -

Proof of Theorem |3.2.4. We first derive the asymptotic behavior of the function f;. We have

(3.28) fi(u) ~ :

—— asul0.
u?log®u 4

For the proof note that for u < 1/2 we have (1 —u)P~! < 2. Therefore dominated convergence
implies for u | 0

1 ! 1 dp

— “P(1 — )P

A = [ w0 =0

1/t dp

- —(p=Dlogurq _ ,\p=1(1 —
2 Jy ¢ 0w 0 DG =R+ )
1 —logu 1Y dy

E— -y 1 — y/loga .
u? J, e u) log% log %P(l — logu)T(2 + bgu)

1 (o)
~—_— e vd
u?log?u /0 Y Y
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implying (3.28)). Also

1

(3.29) fi(u) ~ A= w)Toa(1 =) asu 1,

which we obtain again by means of dominated convergence in the limit u T 1 as follows:

_ 1 1pO(*U) —p dp
fl(“)‘ua—u)/oelgl i)

B 1 /—bg(l—U) e~ Yq v/ log(1—u) dy
w(l—u) J, (—Tog(1 — W)T(1 + et )T(1 — )

1 oo
~ — Y dy.
(1 —u) log(l—u)/o € y

These asymptotics together with Lemma |3.2.3| imply our claims. Without loss of gener-
ality let # = 1. From ({3.21)) we obtain

E[SFS,1] =nFi(n,1) ~ %,ﬁ ( 1 ) N logn (n—1)?

n—1 n log*(n —1)

which yields claim (i).
Similary from (3.20) we get for b > 2 and b/n — 0

b—1, (b—1\ b—1 (n—1)
B [SFSns] = nFi(n,b) ~ —=fi (n—1>N nb (b—(l)Qlo;“_—l

n—1

which in view of b/n — 0 yields assertion (ii).
Claim (iii) is an immediate consequence of formula ([3.20), since here we have (b—1)/b — 1.

Next under the condition (n —b)/n — 0 we get from ([3.20]) and ({3.29))

b—1 [(b—1 b—1 n-1 1
E[SFS,] ~ ~ - -

which confirms assertion (iv).
Finally, we have from ([3.20))

1 b
E SFSn ~ — — ~ d ,
5751~ S0 (1) ~ [ nw an
which is claim (v). This finishes the proof. O

Proof of Theorem [3.2.5] The approximations follow from the asymptotics for Fy, F5, and Fj
substituted in the covariance formula given in Corollary O]

Proof of Corollary[3.2.6. We have to prove that

Var(SFS,,) = o(E[SFS,,)%).
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From the monotonicity properties of the gamma function we have for 1 <b<n —1

/ /pl (b— Pl n—b+p2) dpo dpy
(n,b,b)
L(n—=0b+1) p)I'(1 —p)T(p2 +1)

/ (b— pl) F(n—b+p1) 1 /pl L(1+p)
o T'(b+1) T(n=0b4+1)T(1—p1);m L(1 4 p)I(1 4+ po)

dpo dp:

< sup I'y) / I'(b—p1)L(n—b+p1) dp;
T 1<e<y<e I'(2) IF'b+1) T(n—0b+1) T'(1 — p)I'(p1 + 1)
(3.30) = sup L) Fi(n,b).

1<z<y<2 I'(x)

Concerning Fs(n,b,b) we have for b = o(n) by Stirling’s approximation uniformly in 0 <
p1,p2 <1

I'(n—2b+ py + po) NnF(n—b+p1)F(n—b+p2)
I'(n—2b+1) F'n—b+1) T'(n—0+1)"

hence, with 1 <n < 2

// L'(b—p1)T(b—p2) T'(n — 2b+ p1 + p2)
r'e+1) Ir'c+1)  I'(n—2b+1)

0<p1,p2<1

n<p1+p2<2
dp, dpy
X
I'(1—=p)l'(1 = p2)(p1 V p2)L(p1 + p2)
// Fb—p)T(b—p) T(n—b+p1)T(n—b+ps)
I'b+1) T'(b+1) T(n—5b+1) T(n—0b+1)
0<p1,p2<1
n<p1+p2<2
dp2 dp,
X
(1 - pl)r(l —p2)(p1 V p2)T(p1 + p2)
/ / LF(b—p1)T(b—p2) T(n—b+p1)
7’]—1,7<a;<21—‘ b+1 b+1) F(?’L—b+1)
F(n—b+pz dps dp
T(n—b+1) T(1 —p)I(1 —po)I(1 4 p))L(1 + py)
1
(3.31) - sup —— Fi(n,b)>.

1= 1yse<a I'(2)
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Also, by another application of Stirling’s approximation and for b = o(n)

// L(b—p1)T(b—ps) T(n — 20+ p1 + po)
r'o+1) 'v+1) TI'(n—20+1)

0<p1,p2<1
0<p1+p2<n
dpo dpy
I'(1—p)T(1 = p2)(p1 V p2)L'(p1 + p2)
_ O // pP1—p2— 2 _Qb)pﬁprl
0<p1,p2<1
0<p1+p2<n
dp, dpy )
X
L(1 = p)I(1 = pa2)(p1 V p2)T'(p1 + p2)
= O (b2 (n — 27" // dps dp, )
L(1—p)l'(1 = p2)(p1 V p2)L(p1 + p2)
0<p1p2<1
n
3.32 - ( )
(3:32) ¢ btlog*n

Combining (3.31) and (3.32) with Theorem [3.2.4] (i) and (ii) and letting 7 — 2 we obtain

Fs(n,b,b) = nFi(n,b)*(1+ o(1)) + o(n *E[SFS,]?).
Using this estimate together with (3.30) and with Theorem [3.2.1} Corollary yields
Var(SFS,p) = OE[SFS,.]) + o(E[SFS,,)*)

Because of our assumption E[SF'S,, ;| — oo our claim is proved. O

3.3 Distribution of the Family-Sized Branch Lengths

In this section we discuss the particular case of £, ; when b > n/2. In this case we are able
to provide an explicit formula for the distribution function of the length of the coalescent of
order b. This leads to convergence in law results, but also to the law of SF'S,, ;. Observe that
in this case, for all ¢ > 0, C,,4(t) € {0,1} and ¢,; is just the time during which the block
of size b survives before coalescing with other blocks (if it ever exists, otherwise obviously
(5 =0). We first find an expression for the distribution function of £, .

Theorem 3.3.1. Suppose that 5 < b <n. For any s > 0,

B n ! U(b—p)—¥(1-p)
(3.33) P(lny > s) = (n —b)b(b— 1) / B(n —b,esp)B(b—1,1—p) i

From the derived distribution of ¢,,; in Theorem we obtain that, conditioned on
lyp > 0, the variable (logn) ¢, has a limiting distribution.
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Corollary 3.3.2. Suppose that b/n — u € [1/2,1) as n — oo, then letting o = log(1 — u) —
logu, we have

G()
Pl,, >0 —
logn (bns )_>u(1—u)
where .
sin 7p 1+e”
G(zr) = P dp = )
(z) /0 ¢ T P w2 + 2
Furthermore,
G(a —s)

P((logn) lnp > sl > 0) — G

We now give the joint distribution of the branch lengths for large families, i.e. the joint
distribution of the vector ({,4)p>n/2. For this we introduce the following events: for any

collection of integers b = (by,- -+ ,b,,) such that n/2 < by < by < -+ < b,, < n, and any
collection of nonnegative numbers s = (s, - , S,,), define the event
Apg = (ﬂ{ebi > si}> N1 N{e=0}].
i=1 b>by
beb

that is, the event that a block of size by exists for a time larger than sy, that this block then
merges with some other blocks of total size exactly by — by, that this new block exists for
a time larger than sy, and so on, until the last merge of the growing block occurs with the
remaining blocks of total size exactly n — b,,.

Theorem 3.3.3. For b= (b, -+ ,b,) and s = (s1,--+ ,Sm) as above, we have
(3.34)
P (An.) = b n exp{—((m :1),s)} /1pm\11(bl —p)— V(1 —p)
1(bg —b1) -+ (n—by) m! " B(by — 1,1 —p)
and
(3.35)

P(Aps. (] {os=0}

n/2<b<b1

_ n exp{—((m : 1),s>}><

(bg—bl)(n—bm) m)!

/112‘11(61—19)—‘1/(1—19)_1?’”“ 3 1 W(b—p)—U(l—p)
o b Bbi—1,1-p)  m+1 b(by—b) Bb-Li-p )

n/2<b<by

where
(m:1)=(mm-—1,...,1).
and (-, -) is the usual inner product in Euclidean space.
By conditioning on (€, 3)p>n/2 and using equation (3.35) one can obtain a sampling formula

for the vector (SF'Sy)p>n/2, although the computations are rather convoluted and we do not
present them here.
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3.3.1 Proofs of Section 3.3

Proof of Theorem[3.3.1] Note that since b > n/2, and by the exchangeability of IT™, we
have:

P(lyy > 5) = <Z)1P (Leb({t {1, by e T > s) ,

where Leb is the Lebesgue measure, and Leb({¢ : {1,--- ,b} € Ht(n)}) gives the time that the
block {1,--- b} exists in the Bolthausen-Sznitman coalescent starting with n individuals.

We now describe the event {Leb({t : {1,---,b}} € "y > s} in terms of the RRT
construction of the Bolthausen-Sznitman coalescent. Let G be the event that the nodes
{1}.{2},--- ,{b} and {1},{b+ 1}, --- ,{n} form two sub-trees, say T; and T3 rooted at {1};
i.e.

G ={T: {j} does not attach to {i}, for all 2 <i <band b < j <n}.

Then
0 itT¢g

Leb({t : {1,---,b}} € I,") = {(m (T) =M (T1)) V0 ifTeg.

Indeed, observe that by the cutting-merge procedure T ¢ G if and only if any block of 7
that contains all of {1,--- b} also contains some j € {b+ 1,--- ,n}. On the other hand, on
the event {T" € G}, the random variable M (7}) is just the time at which the block {1,--- b}
appears in /10, while m(T5) is the time at which it coalesces with some other block in Tb.
Furthermore, observe that conditioned on {T" € G}, T; and Ty are two independent RRTs of
sizes b and n — b+ 1 respectively. Thus, by Lemma [3.1.3| we have

Pl > s)
::CgPUEQEWMB)—MUD>$
- @ H (2 : > (b- 1>1<n ~b) / B(n %S,;ZZ;)—BEI;Q 1?— Pk

=0

— " U -p)-Y(1-p)
 (n—=b)b(b—1) /0 B(n—b,e—p)B(b—1,1—p) dp.

Proof of Corollary[3.3.2] Observe that, uniformly for p € (0,1), we have

b—1

1
1

>
Il

thus, substituting in (3.33) and also using Stirling’s approximation and Euler’s reflection
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formula, we obtain

1 /1 —u\P sinmp 1
P ~N— 1 1
(o = 0) u(l—u)n/o( u ) m (1—p+°g”+0()> w

N logn /1 6pasinmo dp
u(l —u)n J, s

:—u(iof Z)nG(a).

On the other hand, for any s > 0 we have

P ((logn) £, > s) ! /1 b b)l’efs/k’g" ! +logb+0O(1) | d
BT T I = Jy T p)Tpe Mo \T=p T !
logn /1 » s/logn _ 1
N— P (n — b)Ple Ve _dp
u(l —u)n (n=1) I'(1—p)L'(p)
_ logn / s/ log 1
S/ logn dp
u(l—u)n Jo I'(1—p)l(p)
_ logn / opla—s) ysinmp dp
u(l —u)n J,
logn
~ul - u)nG(a —3).

]

Proof of Theorem|3.3.3 Letting ¢, = Leb (t iTE Ht(n)> for any subset m C [n], by ex-
changeability of 7\ we have

n!

P (Aos) = 45 it 1<Qm Abi,si,bgl Ay
beb
where
Aps = {5{1 ,,,,, b} > s}
and

.....

Recall that M (T |b1> is defined as the maximum of the exponential edges associated to the

root of T!bl. Letting b,,11 = n, and also letting &,, 1 < b < n, be the exponential variable
associated to b, we have

P ﬂ Ap,sss ﬂ Ab,o

1<i<m b>by
beb

m+1 . _ bz) m
<H b b + 1 -Ell)lgrl — 1) P €b1+1 - M (T‘ln) > 81, ﬂgbr‘rl - gbi71+1 > 51,

1=2



3.4. PROOF OF THE APPROXIMATIONS 111

where the product above is the probability that 7" is structured in such a way that {b; + 1}
attaches to {1} and is the root of a subtree formed with {b; + 1,...,by}, that {by + 1}
attaches to {1} and is the root of a subtree formed with {by+1,...,bs}, and so forth. Using
the independence of the exponential variables we obtain

P <Sb1+1 - M (T‘bl) > Sq, ﬂ{gbiJrl — EbFlJrl > 51})

=2

[ee) o0 oo d
:/ dtl/ dt2---/ Al (EIP <M(T]b1) < t1>) et emtm
0 t1+s1 tm+Sm 1
e8] o) o] d B 3 .
z/ dtl/ dtg---/ dt (E]P (M(T\bl) §t1>)e f2 g7 2mesm
0 t1+s1 tm—1+8m—1 1

B exp{_«;:!: 1),s>}/0°° emtlditl]p (M(T],) <t) dn.

From (3.11)) and making p = e~* in the above integral, and putting all together we obtain
(3.34). Finally (3.35|) follows from

P (Ab,sa gn,bl—l = O) =P (Ab,s) -P (Ab,57 ‘gn,bl—l > 0)

and, recursively,

b1—b—1
Pl Aps, [) {tas=0}] =P(Aps)— Y P(Ab,s,en,b>0, N {ﬁn,bﬂ-:()}).

n/2<b<by n/2<b<by i=1
Substituting (3.34]) in the above expression, we obtain (3.35]). O

3.4 Proof of the approximations

Here we derive the approximations given in the beginning of the chapter. From Stirling’s
approximation we have the well-known formula I'(m+-¢) /I'(m) = m¢. Its application requires
some care, since we shall apply this approximation also for small values of m down to m = 1.
It is known and easily confirmed by computer that the approximation is particularly accurate
within the range 0 < ¢ < 1. Thus we use for p € (0,1) and b > 2 the approximations

L(b—p) L To-1+0-p) 1 4 jpp_ (=17
T(b+1)  bb—1) r'(b—1) Tbb—1) )

and
F(n—b—l—p): 1 F(n_b+p)%(n_b)p—1
(n—=b+1) n—->b T(n-—>5) '
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Also by Euler’s reflection formula I'(1 — p)I'(1 + p) = 7p/sin(np). Inserting these formulas
into the expression (3.16)) for the expected SFS we obtain

_ 1 .
E[SFSn,b] ~ anTl/ (b _ 1)—p—1(n o b)p_l Sln(ﬂ'p) dp
0 ™
n b—1 b—1
:Q(n—l)2 b fl(n—1>'

It turns out that this approximation overestimates the expected SF'S, which can be somewhat
counterbalanced by replacing the scaling factor n/(n —1)? by 1/(n —1). This yields our first

approximation (13.1)).
For the second approximation (3.4)) we apply the expansion

see Erdélyi and Tricomi|1951. Again this approximation is particularly accurate for 0 < ¢ <1
leading for p € (0,1) and b > 2 to

I'b—p)T'(n—b+p) (b-1)7F pe1 (1—p)p p(1—p)
T+ 1)T(n—b+1) b (n=?) (1_2(b—1))<1_2(n—b)>

-1 p—1 p(1 —p)
S (1_(n_1)2(b—1)(n—b))'

Using this approximation in the expression for the expected SFS we get for b > 2

b—1( 1 b1
E[SFS, ] ~ On b ((n_1)2f1<n— 1)

e R e dp>

- (=t (=3) — e (=)

with the function g; as defined in (3.5)). This integral can be evaluated by elementary means
yielding formula ((3.4)).
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