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Resumen

En la presente tesis aplicamos métodos de topologia algebraica a un problema de geometria
discreta. Para ser mas precisos, el problema en cuestion es un problema de particiones de
medidas, mientras que los métodos utilizados incluyen sucesiones espectrales y teoria de
indice cohomoldgica ideal-valuada.

En el capitulo |1 introducimos la terminologia necesaria y el problema clasico de parti-
ciones de medidas conocido como el problema de Grinbaum—Hadwiger—Ramos para masas.
Presentamos también algo de historia referente a dicho problema, asi como los resultados
mas relevantes obtenidos en los ultimos anos. Finalmente, motivados por el reciente tra-
bajo de Patrick Schnider [I], presentamos una extensién del problema cldsico a las llamadas
asignaciones de masa.

En los siguientes tres capitulos hablamos de las herramientas que vamos a utilizar para
probar la extensién propuesta del problema de Griinbaum—-Hadwiger-Ramos. En el capitulo
[2 describimos el método de la funcidn de prueba, el cual provee un puente entre la geometria
v la topologia. La idea principal de este método es reescribir nuestro problema geométrico en
términos topolégicos, para luego resolverlo usando técnicas de topologia algebraica. Lo que
sigue es introducir dichas técnicas. En el capitulo [3| presentamos una breve introduccién de
la sucesion espectral de Leray—Serre asociada a una fibracion. Esta sucesion espectral, entre
otras cosas, nos permite obtener informacién del anillo de cohomologia del espacio total de
la fibracién, asi como del correspondiente homomorfismo inducido en cohomologia. Luego,
en el capitulo {4l introducimos la teoria de indice de Fadell-Husseini y presentamos algunas
de sus propiedades més importantes. Es en esta parte donde el uso de la sucesion espectral
del Leray—Serre se vuelve esencial para los calculos. La teoria de indice que presentamos va
a ser el ingrediente clave para resolver nuestro problema topolégico.

Finalmente, usando los métodos y técnicas introducidas en los capitulos anteriores, en
el capitulo [5| probamos nuestro resultado principal, el problema de Grinbaum—Hadwiger—
Ramos para asignaciones de masa. Este es un trabajo en conjunto con Pavle V. M. Blago-
jevié, Michael C. Crabb and Aleksandra S. Dimitrijevi¢ Blagojevié.

Palabras clave: Particiones de medidas, funciones equivariantes, construccién de Borel,
sucesiones espectrales, indice de Fadell-Husseini.






Abstract

In this thesis we apply methods from algebraic topology to a problem in discrete geometry.
To be more precise, the question involves a mass partition problem, whereas the methods
include spectral sequences and a cohomological ideal-valued index theory.

In Chapter [1] we introduce some necessary terminology and the classical mass partition
problem known as the Grinbaum—Hadwiger—Ramos problem for masses. We provide some
history around said problem, as well as the most relevant results obteined in the last few
years. Finally, motivated by the recent work of Patrick Schnider [I], we present an extension
of this classical mass partition problem to the so-called mass assignments.

In the following three chapters we talk about the tools we use to prove the proposed
extension of the Griinbaum—-Hadwiger-Ramos mass partition problem. In Chapter [2] we
describe the configuration space/test map scheme, which provides a bridge between geom-
etry and topology. The idea is to rephrase the geometric problem in topological terms to
solve it using techniques from algebraic topology. What follows then is to introduce such
techniques. In Chapter [3| we present a brief introduction of the cohomological Leray—Serre
spectral sequence associated to a fibration. Particularly, this spectral sequence allows to
obtain information about and in some cases fully calculate the cohomology ring of the to-
tal space of the fibration, as well as the induced homomorphism in cohomology. Next, in
Chapter [4 we introduce the Fadell-Husseini index theory and some of its most important
properties. Here the Leray—Serre spectral sequence is essential for all the computations.
This ideal-valued index theory is the key ingredient to solve our topological problem.

Finally, using the methods and techniques introduced in the previous chapters, in Chap-
ter [5| we prove our main result, the Grinbaum—Hadwiger—Ramos problem for mass assign-
ments. This is a joint work with Pavle V. M. Blagojevié¢, Michael C. Crabb and Aleksandra
S. Dimitrijevi¢ Blagojevi¢.






Chapter 1

Introduction

In this chapter, besides providing some important terminology, we introduce the classical
Grinbaum—Hadwiger—Ramos hyperplane mass partition problem, pointing out the progress
that has been made on it. Also, at the end of the chapter, we present the main problem
of this thesis, a new version of the Grinbaum-Hadwiger—-Ramos problem using some new
objects called mass assignments.

1.1 Terminology

A massis a finite Borel measure on a Euclidean space that vanishes on each affine hyperplane.
Examples of masses in R? are: measures given by the d-dimensional volume of a proper
convex body, measures induced by lengths of interval on a moment curve in R%, and measures
given by a finite collection of pairwise disjoint balls.

Let X be a locally compact Hausdorff space, and let M, (X) denote the set of all finite
Borel measures on X. For a definition of the Borel measure on a topological space consult
for example [2] Def. 2.15]. The weak topology on M, (X) is defined to be the minimal
topology such that for every bounded and upper semi-continuous function f: X — R, the
induced function M, (X) — R, v — [ fdv, is upper semi-continuous. Here minimality
is considered with respect to the inclusion of families of (open) subsets of X. In the case
when X = R? we denote by M/ (R?) C M (R") the subspace of all masses on R¢. For more
details about spaces of measures and related notions consult [3].

Let GZ(Rd), 0 < /¢ < d, denotes the Grassmann manifold of all /-dimensional linear
subspaces of R?. Consider the following fiber bundle

M (R*) —— M/ (£,d) ——= G¢(R?), (1.1)
where the total space is given by
M (€,d) == {(L,v) | L € Go(R?) and v € M, (L)}
and the map 7 by (L,v) — L.

Definition 1.1.1. A mass assignment u on G¢(R?) is a cross-section of the fiber bundle
(1.1), which assigns to each subspace L € G¢(R?) a mass u” on L.
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Examples of mass assignments on G'(R?) are: projections of masses in R? to /-dimensional
linear subspaces and volumes of intersections of proper convex body in R¢ with /-dimensional
linear subspaces. Mass assignments have been recently studied by Schnider [I], and by
Soberén and Axelrod-Freed [4].

Let v € S% ! be a unit vector in R?, and let a € R. The oriented affine hyperplane
H(v;a) in RY, oriented by v at distance a from the origin (in direction v), determines the
associated affine hyperplane

Hy.o:= {2z € R (2,0) = a},
and, in addition, two closed half-spaces which are denoted by
Hg;a = {z e R (z,v) >a} and Hi;a = {z e R%: (z,v) < a}.

In particular, the following equalities hold: Hyo = H_y;—a, Hy)., = H',. , and H,, =
HY, ..

A k-arrangement H in R? is an ordered collection of k oriented affine hyperplanes H =
(Huszars- s Hupsar ). The orthant determined by the k-arrangement M and the element
a = (ai,...,ar) € ZE = {0,1}* of the abelian group Z5 is the following intersection of
closed half-spaces

ot =—g», n-..nH™

v1ia1 V30"
A k-arrangement H equiparts a collection of masses M = (pu1, . .., ;) if for every element
« € 75 and every r € {1,...,} holds:
1 (O1) = Jepn(RY). (1:2)

This can be achieved only in the case when k < d for the following reason: Let us denote
by O(d, k) the maximum number of non-empty orthants determined by a k-arrangement in
R?. First, we will prove that

0(d, k) = zd: (k> (1.3)

=0 M

We proceed by induction on the dimension d and the number of hyperplanes k. Considering
d =1 and k point in it, we get a division of a line into k£ + 1 pieces, so holds. Notice
that the formula is also correct for £k = 0 and all d > 1, which represent the whole space
with no hyperplanes

Suppose now that we are in dimension d, we have k — 1 hyperplanes, and we insert
another one. Since we are considering the maximum number of non-empty orthants, the
k — 1 previous hyperplanes divide the newly inserted hyperplane H into O(d — 1,k — 1)
pieces. Each such (d — 1)-dimensional orthant within H divides one of dimension d into
exactly two part. This means that the total increase in the number of orthants caused by
inserting H is thus O(d — 1,k — 1). We obtain then the following recurrence,

O(d,k) = O(d,k — 1)+ O(d — 1,k — 1). (1.4)

In this way, considering the initial conditions (d = 1 and k = 0), the recurrence (1.4))
determines all the values of O(-,). Let us now assume, as an induction hypothesis, that



O(d,k — 1) and O(d — 1,k — 1) satisfies the formula ((1.3)). It remains just to verify if the
recurrence (1.4)) also satisfies (1.3]). We have that

O(d,k) = O(dk-1)+0(d-1,k-1)
- ()2 ()

= (U)LY
- ()

Finally, for d < k,

<

G-

oun-£0)£0) -

=0 =0

This means that, assuming d < k, in an d-dimensional real vector space no k hyperplanes
can define 2* non-empty orthants. For that reason it is always silently assumed that the
number of hyperplanes we consider does not exceed the dimension of the ambient space.
For more details about the last argument see [5, Prop. 6.1.1].

1.2 The Griitnbaum—Hadwiger—Ramos problem for masses

The study of mass partition problems by affine hyperplanes started with a classical result,
the so called ham sandwich theorem, conjectured by Hugo Steinhaus [6, Problem 123], and
proved by Karol Borsuk in 1938; for details about the history see [7]. The ham sandwich
theorem states that for any collection of d masses living in a d-dimensional Euclidean space
there exists an affine hyperplane which equiparts the collection, that is, cuts each of the
masses into two equal parts.

A few decades later Branko Griinbaum in his paper [8] asked the following question: Is
it possible to equipart a single mass in R by a d-arrangment? He noted that, while the
answer in the case of a line is obviously positive, the positive answer for the case of the plane
follows directly from the ham sandwich theorem. The positive answer to the Griinbaum’s
question in the case d = 3 was given by Hugo Hadwiger [9] in 1966 as a consequence of his
result: For any collection of two masses in R? there exists a 2-arrangement which equiparts
the collection. In 1984 David Avis [10] showed that in every dimension d > 5 there is a mass
which cannot be equiparted by a d-arrangement. The case of dimension 4, to this very day,
is still open, meaning that we would like to know if it is possible to equipart one mass in
R* with a 4-arrangement.

In 1996 Edgar Ramos [I1] proposed the following extension of the Griinbaum hyperplane
mass partition problem.

The Griinbaum—Hadwiger—Ramos mass partition problem. Determine the minimal
dimension d = A(j, k) of a Euclidean space R? such that for every collection of j masses in
R? there exists a k-arrangement equiparting the collection of masses.



In particular, the ham sandwich theorem is equivalent to the equality A(d, 1) = d, while
the results of Griinbaum and Hadwiger imply that A(1,2) =2, A(2,2) = 3 and A(1,3) = 3.
Based on the ideas of Avis, Ramos derived the following lower bound for the function A(j, k):

o1 < A R).

The lower bound transformed into the following conjecture.

The Ramos conjecture. A(j, k) = [sz*lﬂ for every 7 > 1 and k > 1.
An upper bound for the function A(j, k) was obtained in 2006 by Peter Mani-Levitska,
Sini§a Vredica & Rade Zivaljevié in [12, Thm. 39]:

A(]7 k) < ] + (Qk_l — 1)2'.10g2jJ .

The only instance in which lower and upper bounds coincide is in the case when k& = 2 and
j=2 1> 1.

Over the years, using variety of methods from equivariant algebraic topology, different
groups of authors studied the conjecture of Ramos. Despite considerable effort the conjecture
has been confirmed rigorously only in a few special cases; for more details on the history
and discussion of solution methods consult a critical review [I3], and for the currently best
known results see [14].

1.3 An extension of the classical partition problem

The problem we consider in this thesis is the following extension of the Grinbaum—Hadwiger—
Ramos problem to the mass assignments.

A 4-tuple of natural numbers (d,4,j,k), where 1 < ¢ < d, is called mass assignment
admissible if for every collection of j mass assignments M = (p1,...,p;) on the Grass-
mann manifold G(R?) there exists a vector subspace L € G¢(R?) and a k-arrangement H*
in L which equiparts the collection of j masses (uf,... ,,uJL). Observe, that (d,?,j, k) is
mass assignment admissible only when & < ¢. The case ¢ = d coincides with the classical
Griinbaum—Hadwiger—Ramos problem.

Main Problem. Determine all mass assignment admissible 4-tuples.

Patrick Schnider, in his recent publication [I, Thm. 2], showed that any 4-tuple of the
form (d,¢,d,1) , with 1 < ¢ < d, is mass assignment admissible.

In this work we prove the following general algebraic criterion from the assignment
admissibility which further on yields multiple corollaries. For the statement of the theorem
we introduce the following truncated polynomial ring

Rd,[,k = Fg[xl, ey T, Wy e, Wy, W, . ,Wd_g]/fdj (15)

where deg(z1) = -+ - = deg(zy) = 1, deg(ws) = s, deg(w,) =rfor 1 <s </l 1<r<d-—{¢
and I, is the ideal generated by the following d polynomials

min{r,¢}
W * Wr—sg, ].S?"Sd,
s=max{0,r+£—d}



in variables wy, ..., we, W1, ..., W4—¢. Actually, the polynomials that generate the ideal 14,
are exactly the d relations which are derived from the equality

I+w+-4w)l 4w+ +Wa—e) = 1.

Note that the ring R4 is isomorphic with the cohomology ring H*(B(Z5) x G¢(R%);Fy),
and can also be seen as the polynomial ring over the ring H*(G¢(R%); Fy), that is

Rd,é,k = (FQ[U)l, LR 7'[1)[7E17 L 7Edfé]/-[d,f)[x17 .. 7xk}'

The main result of this work is the following theorem which we prove in Section [5.3.1
based on the configuration space/test map scheme developed in Chapter [2| and the compu-
tations done in Section 5.2l

Theorem 1.3.1. Letd > 1, k> 1, 7 > 1 and £ > 1 be integers. A 4-tuple of natural
numbers (d, ¢, j, k) where 1 <€ <d—1 is mass assignment admissible if the element

k
eng = [l II (arzy + - + )’
=1 (cv1,...,a) EFEN{(O,...,0),(1,...,0),...,(0,...,1)}

of the ring Rg e is not contained in the ideal

4
Layk = <in we—s + 1 <r< k>
s=0

where wg is assumed to be 1.

As the first consequence of Theorem [1.3.1] we recover the ham sandwich type result of
Schnider [T, Thm. 2].

Corollary 1.3.2. Let d > 2 be an integer. FEvery 4-tuple of the form (d,¢,d,1), where
1 <4< d, is mass assignment admissible.

Proof. In the case when ¢ = d the admissibility of (d,d,1,d) is just the classical ham
sandwich theorem. Thus, the proof which we present is novel when for 1 < /¢ <d — 1.

Since we are in the situation where k = 1 and j = d, then e; 4 = x{"* and the ideal
Zae.1,q is the principal ideal generated by the polynomial p := 22:0 x5 wy—s. According to
the Theorem the 4-tuple (d, ¢, d, 1) is mass assignment admissible if e1 4 & 41,4, OF
equivalently ptej 4. This means that

¢
Z x5 wp_g tad? (1.6)
s=0

in the ring Rg 1 := Fao[z1,w1,...,we, W1,...,Wa—r]/Iqe. Therefore, by verifying the claim
of the relation we complete the proof of the corollary.

The ambient ring R4, 1 can also be seen as a polynomial ring in one variable x; over
the ring Falwn, ..., we, Wy, ..., Wa—¢]/Ia.e, that is

Rd7g71 = (]F2 [wl, co, Wy, W, .. ,Ed_g]/fd,g)[xl].
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Here we are slightly abusing a notation: the ideal I, ¢ is always considered in the appropriate
ring. For this reason multiplication by x; is a monomorphism.
Let us assume that the relation ([1.6) does not hold, that is

£
= ()
s=0

for some coefficients uo, . .., ug—¢—1 € Fa[wn, ..., we, W1, ..., We—s]/Iqs, where ug = 1. Thus,
assuming that w; = u; = 0 for all ¢ < 0, we have that

d—0—1

E Ty udffflfs)

/—
s=0

_2+...+

4
(UoWd—p—1 + U Wa—p—2 + - - + Ug—p—1W0) T+

x‘li_l :(uowo)xf_l + (wowy + ulwg)x‘f

(wowa—¢ + wrWa—p—1 4 -+ ug_p_1wy )z -
Consequently, we get the following equalities:

upwo = 1,

UoW1 + U1 W = O7

UW—p—1 T ULWG—g—2 + -+ Ug_p_1wo = 0,
UWG—¢ + UTWg—p—1 + *++ + Ug—g—1w1 = 0,

in the ring of coefficients Fao[ws, ..., we, W1, ..., W4—¢]/I4e. From the first d — ¢ equations
we deduce that ug = W, ..., Uqd_¢_1 = Wq_¢_1, because
min{r,{}

Z Ws * Wr—s, 1S7“§d7
s=max{0,r+0—d}

are the generators of the ideal I;,. Then the last equality yields a contradiction:
0 = wowg—g + uwg—g—1 + -+ +ug_p— 1wy = Wq—_¢ # 0.

Indeed, the relation (1.6 holds. O

In order to state a consequence of Corollary we introduce a special type of a mass
assignment. Let s: G¢(R%) — E(7¢) be a section of the tautological vector bundle v¢ over
G¢(R%). For a positive real number € > 0 the section s defines a mass assignment ys given
by L — Br(s(L),e). Here Br(s(L),e) denotes the Euclidean closed ball in L with center
at s(L) and radius €, or in other words the mass induced by this ball. Since any closed
Euclidean ball is cut into halves of equal volume by an affine hyperplane if and only if this
hyperplane passes through the center of the ball, we get the following statement as a direct

consequence of Corollary

Corollary 1.3.3. Letd > 2 and 1 < ¢ < d—1 be integers. For every collection of d sections
81y, 84: Go(RY) — E(yd) of the tautological vector bundle v§ over G¢(R?), there exists a
subspace L € Go(R?) and an affine hyperplane H in L such that sy(L) € H,...,s4(L) € H.
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While Corollary is an easy consequence of Corollary and does not use much
information about the Grassmann manifold G;(R?), one can deduce more by using some
additional information about the Stiefel-Whitney classes of v¢. More precisely, the so called
intersection lemma [I5, Lem. 4.3] in combination with the fact that w,(y¢)?=¢ # 0 does not
vanish, see [I6] Lem. 1.2], yields the following fact: For every collection of d — ¢ section
81,...,84—¢ of ¢ there exists a subspace L € G(R?) with the property that si(L) = --- =
Sd—¢(L). In particular, the points s1(L), ..., Sq—¢(L), S4—¢+1(L), . .. s4(L) lie on a hyperplane
in L.

Like in the case of the classical Griinbaum—Hadwiger—-Ramos problem, it is clear that
no 4-tuple (d, ¥, j, k), where k > ¢ + 1, can be mass assignment admissible. Simply, as we
mentioned before, in an /-dimensional real vector space no k hyperplanes can define 2%
non-empty orthants. In particular, Theorem [I.3.] implies the following algebraic fact.

Corollary 1.3.4. Letd > 1, k> 1, 5> 1 and £ > 1 be integers with 1 < £ < d—1 and
k>/?¢+1. Then the element

k
eng = [l II (nzy + - + gy’
=1 (cu1,...,a) EFEN{(0,...,0),(1,...,0),...,(0,...,1)}

of the ring Rq g1 s contained in the ideal

¢
Lak,j = <Z$i we—s : 1<r< k>
s=0

Even though this fact is a direct consequence of the assumption k£ > ¢ + 1 and the proof of
Theorem [1.3.1} in Section [5.3.2| we give an independent and direct argument.

The major consequence of Theorem [I.3:1]is the following numerical criterion for a 4-tuple
(d, 2,4, k) to be mass assignment admissible. The proof of this result is given in Sectionm

Theorem 1.3.5. Letd > 2, k> 1,7 > 1,4 >1andt > 0, r > 0 be integers with
1<k<te<d Ifj=24+r with0<r <2 —1, and d > 27*=1 £ 1, then the 4-tuple
(d, 2,4, k) is mass assignment admissible.

An interesting observation is that the condition for the 4-tuple (d,?,j, k), 1 <k < { <
d—1, to be admissible given by Theorem does not depend on ¢ whatsoever. Is this an
artefact of the proof method or maybe an intrinsic property of the problem?

Finally, in Table we compare the result of Theorem with the corresponding

know results for the classical Griinbaum—Hadwiger—Ramos mass partition problem for some
concrete choices of parameters (d, ¢, j, k). For that we recall the known equalities

AP +1,2)=3-2"1 41 and AR —1,2) =32 — 1,

where ¢t > 2. For more details of these two results see for example [I3].
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Admissible 4-tuples
(A, k), A4, k), 7, k) ‘ (d,0,j=2"4+rk)

A(2,2) =3 = (3,3,2,2) (8,3,4,2) ( considering t = 2 and r = 0)
A(L 3) =3 = ( , 3,1 3) (9, , 3, 3) ( considering t = 1 and r = 1)
A(5,2) =38 = ( s ,5,2) (11, ,7,2) ( considering t = 2 and r = 3)
AO0,2) =14 =  (15,105,9,2) | (17, 11,15,2) (considering ¢ = 3 ama r = 7
A(?, 2) =11 = ( , 11,7, 2) (23, , 15, 2) ( considering ¢t = 3 and r = 7)
A(15, 2) =23 = ( , 23,15, 2) (47, ,31, 2) ( considering t = 4 and r = 15)

Table 1.1: Comparison between the classical Griinbaum—Hadwiger—Ramos mass partition
problem and Theorem [1.3.5]

As can be appreciated in Table the solutions of the Griinbaum-Hadwiger—-Ramos
problem for mass assignments may consider more masses than one can hope for in the
classical case. This means that, in the extension of the classical problem, we can equipart
more masses with the same number of hyperplanes in the appropriate Grassmann manifold.

What follows now is to introduce the methods and techniques we use to prove Theorem

C31



Chapter 2

The configuration space/test
map scheme.

The configuration cpace/test map scheme (CS/TM-scheme) is a very useful and general
method for proving combinatorial or geometric facts. It was developed in numerous research
papers over the years and formalized by R. Zivaljevi¢ in [I17, [I8]. Such method provides a
bridge between the problem itself and a topological question. The main idea is to reduce
the problem to the question about the non-existence of a particular equivariant map. Let
us describe briefly how it works in 3 easy steps.

Step 1:

Step 2:

Step 3:

Given a geometric or combinatorial problem P, an associated configuration space
Xp is the set of all possible candidates to be a solution of P. The space Xp, which
is actually a topological space, parametrizes configurations of geometric objects
(like arrangements of points, lines, flags, etc.) or combinatorial structures (like
trees, graphs, partitions, etc.) which represent each of the possible solutions. The
selection of an appropriate configuration space is very often the crucial point of the
application of the CS/TM-scheme. Its construction is often based on a variety of
combinatorial and geometrical ideas.

Having defined the space of all possible candidates to be a solution of P, we need
to determine when an element p € Xp is a solution to our problem. Let

f:Xp—)Vp

be a continuous map, called test map, from the configuration space Xp into the
test space Vp, which tests if the candidate p € Xp is a solution of P or not. This
can be done considering a subspace Zp C Vp, where p € Xp is a solution of P if
and only if f(p) € Zp. Usually Vp = R", while Zp is the origin {0} C Vp.

The last ingredient in the CS/TM-scheme is a group G of symmetries of P which
acts on Xp and Vp, keeping the subspace Zp G-invariant. Moreover, the test map
f is G-equivariant, i.e, f(g-p) =g - f(p) for every g € G and p € Xp.

Since the condition for an element p € Xp to be a solution of P is that f(p) € Zp,
proving that the induced map f: Xp — Vp \ Zp does not exist guarantee that our problem
P has a solution. This last part is where we usually use tools of algebraic topology. For a
more detailed introduction of CS/TM-scheme see [19].

13
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Examples 2.0.1. Let us present some well known examples in which we apply CS/TM-
scheme:

1. (Equilateral triangles in a compact subspace [19, Example 21.1.1]) Let d be a metric
on R? that induces the same topology as the usual Euclidean metric, and I' C R? be
a compact subspace. Consider the problem of finding equilateral triangles in T, i.e.,
triples (x,y, ) of distinct point in T' such that d(z,y) = d(y, 2) = d(z, ).

Figure 2.1: Equilateral triangles in a compact subspace.

Let us apply the CS/TM-scheme to this problem. Since we are looking for equilateral
triangles, there are some cases which we can exclude from the space of all possible solu-
tions, for example degenerated triangles (z,y, z) such that at least one of the numbers
d(x,y), d(y, z) or d(z,z) is zero (this illustrate the fact that there are several possibil-
ities for a configuration space associated to a problem). Our choice of configuration
space is X = T3\ A, where A = {(z,z,2) € I'* | x € '}, and our test map f: X — R3
is given by
flz,y,2) = (d(x, y),d(y, 2),d(z, :E))

The group of symmetries which acts on the configuration space X, the test space R?,
and make the test map equivariant, is the group of all permutations of 3 elements Gs.
Notice that a triangle (z,y, z) is equilateral if and only if (d(a:, y),d(y, z),d(z, a:)) € 7,
where Z = {(u,u,u) € R* | u € R}. Then our problem will have a solution if and only

if im(f) N Z # 0.

2. (Ham sandwich theorem for measures [20, Theorem 3.1.1]) The informal statement
that gave the ham sandwich its name is the following: For every sandwich made of
ham, cheese and bread, there is a planar cut that simultaneously bisects the ham, the
cheese, and the bread.

There is a formal version of the ham sandwich theorem, in terms of measures, which
we will work with. Let p1, ta, . . ., jtq be finite Borel measures on R? such that every
hyperplane has measure 0 for each p;. Then there exists a hyperplane H such that

1
pi(HT) = §,ui(Rd) for i=1,2,...,d,

where HT denotes one of the half-spaces defined by H. Here the value of each measure
represents the amount of one of the ingredients.
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The CS/TM-scheme here works as follows: For every point v = (v, vy, ..., vq) in S?
we assign the half-space

HP :={(x1,...,2q) € R | vizy 4+ ... +vgzg < vgl.
In the cases that v is of the form (£1,0,...,0) note that

+ . Td + N
Hio, =R and HT,, =0

Let us define now a continuous map f: S — R? given by

d d
)= () = 2G5ty - D),

which since antipodal points correspond to opposite half-spaces, f is Zs-equivariant.
Notice that the hyperplane that we are looking for is contained in f~!(0). Then,
using the CS/TM-scheme, we have to prove that the induced Zs-equivariant map
f: 8% — S9! does not exist. To finish the proof, the non-existence of the map f
comes from the famous Borsuk-Ulam theorem.

In Chapter [5| we will rephrase our main problem as a topological one using the CS/TM-
scheme just described.
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Chapter 3

The Leray—Serre spectral
sequence.

In this chapter we give some background of (cohomological) spectral sequences necessary
for understanding the computations of Fadell-Husseini index theory developed in Chapter
For more details about spectral sequences see [21], [22] and [23].

3.1 What is a spectral sequence?

Spectral sequences are a useful technique in algebraic topology traditionally applied to
compute (co)homology and homotopy groups of spaces. Intuitively, we can think of a
spectral sequence as a book consisting of a sequence of pages, each of which is a two-
dimensional array of Abelian groups. On each page there are maps between the groups, and
these maps form chain complexes. The (co)homology groups of these chain complexes are
precisely the groups that appear on the next page. The desired computation is codified on
the “last page”.

Generally speaking we define a spectral sequence as follows:

Definition 3.1.1. A (cohomological) spectral sequence is a collection of Abelian groups
and homomorphisms,
(Bp, dpts B — Py,

indexed by integers p, q, 7, satisfying the following conditions:

+rg—r+1 4 — Pd 4 /3 +rg—r+1
darrma odl?=0 and EMY = kerdl?/im dbT"1 .

The conditions mentioned before mean that the (r 4 1)-th sheet EXY, usually called
the E,i-term, is the cohomology of (EP'9,dP?). For an illustration of the E,-term see
Figure[3.1] We are interested in first quadrant spectra sequences, that is, spectral sequences
for which EP? =0 when p < 0 or ¢ < 0.

With this general definition, consider the Abelian group EP*? for r > max{p, g+1}. Here,
since ¢+ 1 —r < 0 and p — 7 < 0, the differential 29 becomes trivial. Thus Ef, = EP
and, continuing in the same way, £\, = EP9 for k > 1. We denote this common group by

17
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Figure 3.1: Hlustration of the E,-term.

EP2:4. A spectral sequence { EP9, dP»?} is said to converge to a graded Abelian group H* if
there is a ﬁltratiorﬂ by subgroups

OZFn-i-lHn anHn an—lHn g QFIH" QFOH" = H"
for each H™ C H* such that
EPd =~ FpHp+q/Fp+1Hp+q_ (3.1)

This means that H", or at least plenty of information about it, is codified in the diagonal
EP where p + ¢ = n. Moreover, by (3.1)), H™ can be achieved via a finite number of
extensions. In case there is only one pair (p,q) such that E2? # 0, then H" = E:1.

Even though “finding” H* inside E%;* is a not a piece of cake, in some cases the computa-
tion is an achievable task. The simplest case occurs when a finite number of steps complete
the computation. A spectral sequence is said to collapse at the n-th term if d?¢ = 0 for
all p,q > 0 and r > n. Of course the immediate consequence of collapse at the n-th term is
that

*ok AU *,k AU ~ * %k
Ey* 2Byl = 2B

so H* is now codified in E}*.

3.2 Leray—Serre spectral sequence of a fibration.
Before introducing the spectral sequence of a fibration, let us start by presenting the spectral
sequence of a filtered topological space. For that, let R be a commutative ring with unit,

and consider an increasing filtration of a topological space X,

0cXyCc---CX, 2CX,1CX,C---CX,

LA (decreasing) filtration F* of an Abelian group A is a family of subgroups {F*A};cz such that
o CFHYACFIACFTIAC... C A

In case we change the Abelian group A by a topological space, then the filtration will consist of topological
subspaces.
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for which we have information about the singular cohomology of the pairs (X,, X,_1).
Defining F"H*(X) as the kernel of the map H*(X;R) — H*(X,,—1; R) induced by the
inclusién, there is a first quadrant spectral sequence { EP>?, dP7} with

Ef’q = Hp+q(Xp7Xq§ R),
di? =6 H""9(X,, Xp—1; R) = HPTI7 Y (X, 14, X, R),

and converging to H*(X; R). Here the homomorphism ¢* belongs to the cohomology se-
quence of the triple (X1, Xp, Xp—1). Notice that the explicit formulas for Eq and d; allow
us to completely ignore the zeroth terms. A similar situation is going to happen when we
consider fibrations instead of filtered topological spaces.

The spectral sequence for a filtration can be used to derive an spectral sequence of a
fibration. We recall that a fibration is a continuous map p: F — B satisfying the homotopy
lifting property with respect to all space Y (see [24, Chapter 4]). It follows that if B is
path-connected, then all the fibers p~1(b), for b € B, are homotopy equivalent. Hence we
can speak of the fiber and denote it by F.

Let us consider a locally trivial fibration
¢= (B, B,ES B, F),

where B is a path-connected C'W-complex with skeletons B®). This implies that B is
equipped with a filtration by skeleta. We can induce then a filtration on E by letting
J® = pfl(B(s)), that is, the subspace of E that lies over the s-squeleton of B.

0 c J c--oc J c J o c---C

R

0 c BO c...c B6-1) <« BG) c...C

We can use now this filtration to obtain a spectral sequence. The spectral sequence associ-
ated to the filtration {J*} is called the Leray—Serre spectral sequence of the fibration

£

Let us begin with the calculation of the terms E; and Es. Consider first the simplest
case of a trivial fibration B x F — B. Here, since (J*, J5~1) = (B®), B6=D) x F, by the
Kiinneth theorem (see [25, Chapter 3]) we get that

EP® = HPT(JP JP~Y R)
= grti((B® BP~V) x F; R)
o Hp((B(p),B(”’l));Hq(F;R))
=CP(B; HY(F;R)).
In the case of an arbitrary fibration we need to consider a possibly non-trivial twisting of
the fiber and the base space inside the total space. This means that, for by, b; € B, the
isomorphism between H™(p~1(bg); R) and H"(p~1(b1); R) may depend on a path v: I — B
joining the points by and b;. For that we use coefficients in a bundle of groups given by a

collection of groups
H*(F;R) = {H"(p~"(b); R) | b€ B},
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together with a collection of isomorphisms
{JV : H*(p_l(bl); R) — H*(p_l(bo); R) | v e 7T1(B, bo, bl)},

where 71 (B, by, b1) is the set of homotopy classes of paths in B joining by and b;. We call
H*(F; R) a system of local coefficients on B induced by F. In the case that the
isomorphism between H™(p~!(bg); R) and H"(p~'(b1); R) does not depend on any path ~,
like the example of the trivial bundle, we call the system of local coefficients simple, or
simply that there are no local coefficients. The following result describes the initial terms
E; and Es of the spectral sequence associated to an arbitrary fibration.

Proposition 3.2.1. In the spectral sequences of a fibration F' — E 5 B,
1. EP? =CP(B;HI(F;R)).
2. dv? =6:CP(B; HI(F; R)) — CPT(B; HI(F; R)).
3. EY? = HP(B; HY(F; R)).

Here H?(B;H(F; R)) represent the cohomology of B with local coefficients in the co-
homology of F'. In case that the system of local coefficients is simple,

HP(B;HI(F; R)) = HP(B; HY(F; R))

and therefore we recover the usual cohomology in the Es-term. For an algebraic definition
of cohomology with local coefficients see [25] Chapter 3.H]. The Es-term can be pictured as
in Figure |3.2

q+3
q+2
2 a+1 ph=2atl
© a teprl
& 42 ppt2a-i
L HP(B; HI(F; R))
0

H*(B; R)

Figure 3.2: F>-term of a spectral sequence.

The following result summarizes the previous discussion about the spectral sequence
associated to a fibration:

Theorem 3.2.2 (The cohomology Leray—Serre spectral sequence). Let R be a commutative
ring with unit. Given a fibration F — E 25 B, where B is path connected CW -complez,
there is a first quadrant spectral sequence { EP1, dP>%} with

Ep = HP(B; H'(F; R)),

and converging to H*(E; R).
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Remark 3.2.3. Introducing some convenient hypothesis, the Leray—Serre spectral sequence
can be seen to take a manageable form. Suppose that F' < E % B is a fibration with B
path-connected and the system of local coefficients on B induced by F' simple. Assuming
coeflicient on a field F, by the Universal Coeflicient Theorem we get that the Es-term of the
associated spectral sequence looks as follows:

EP9 =~ HP(B;F) ® HI(F;F).
Also, since the spectral sequence converges to H*(F;F), and F is a field,
H"(E;F) = @ ER°.
pt+g=n
3.3 Additional properties of the Leray—Serre spectral
sequernce.

In order to compute differentials of a spectral sequence, as many as possible, we briefly
introduce two important properties that will help us with the challenge.

3.3.1 Multiplicative structure.

The Leray—Serre spectral sequence for cohomology becomes much more powerful when cup
products are brought into the picture. The way in which the cup products come into play
is by providing a multiplication for the spectral sequence. In other words, {EP?,} can be
furnished with bilinear products

EP9 x Ef/#l/ - Ef+p’7q+q”
for 1 <r < oo satisfying the following properties:
1. Each differential d, is a derivation, satisfying the Leibniz rule
dytr e (a) = di(@)f + (—1)PHady 7 (5),

for « € EP? and B € EP»¢. This implies that the multiplication EP4 x EP4 —

’ ’ / / .. RT .
Er+ratd induces a product EXY) x BV — Ef_tf 0T and this is the multiplication
for Fryq.

2. The multiplication in F5 coincides with the multiplication in the cohomology of B
with coefficients in the system of local coefficients induced by the cohomology of F'.

3. The multiplication in F, is adjoint to the multiplication in H*(E; R) in the following
sense: If a € FPH™(E; R) and b € FIH"(E; R), then ab € FPTIH™T"(E; R), and if
a € EL" P e BL" 9 and v € ELFO™Tn=P~4 are represented by a, b and ab, then

v = ab.
As we saw in Remark under some convenient conditions the computations on the
spectral sequence becomes more manageable. That is also the case with the multiplicative

structure. Suppose that the system of local coefficients is simple, and that B and F are
path-connected. Then the multiplicative structure on

EY° = HP(B; H(F; R)) = H?(B; R)
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and
Ey? =~ H(B; HY(F; R)) = HY(F; R)

correspond to the cup product on HP(B; R) and HY(F'; R) respectively. We will see later
that the structure in the zeroth row and zeroth column plays an important role in our
computations.

This multiplicative structure in favorable cases allows many more differentials to be
computed purely formally.

3.3.2 Homomorphism of spectral sequences.

Following with the idea of computing as many differentials as possible, constructing ho-
momorphisms between spectral sequences represent an important tool to make the work
easier.

Let (E, B, F,p) and (E', B’, F’,p’) be two locally trivial fibrations with connected CW
bases B and B’. Given a fiber-preserving continuous map f: E — FE’, there is a map
g: B — B’ such that

jopay
Pl
B—-p

is commutative. For every point x € B, the map f induces a map h of the fiber p~!(z) into
the fiber (p')~*(g(x)), which induces homomorphisms h*: HY(F; R) — HY(F’; R) possibly
depending on the choice of z. Also, by the cellular approximation theorem and the homotopy
lifting property, we can assume that f and g are compatible with the filtrations.

Now, let { EP9, dP7} and {' E??,'d2?} be the associated spectral sequences of (E, B, F, p)
and (E', B', F’,p’) respectively. Then there is a collection of homomorphisms

fr={(Pt: BR = B}
that commute with the differentials,
o (fRT = (FT o,
and satisfy the following conditions:

1. The homomorphism (f*)5? coincides with the cohomology homomorphism induced
by the maps g and h (considering possibly local coefficients).

2. The homomorphism (f*)?2¥; is the cohomology homomorphism induced by (f*)E-9.

3. Themap (f*)2: @, qem B2 = D,y g 'E is induced by the map f*: H™(E; R) —
H™(E'; R).

The collection f* = {(f*)?9} is called a homomorphism of spectral sequences.
Some times we use the notation

{E.(E,B,F)} L5 {E.(E', B, F)}
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Figure 3.3: Homomorphism between spectral sequences.

to refer to a homomorphism of spectral sequences. In a few words, the previous discussion
means that the spectral sequence described in Theorem [3.2.2]is natural with respect to fiber-
preserving maps of fibrations. For an illustration of a homomorphism of spectral sequences

see Figure 3.3

There is an obvious but important property of homomorphism of spectral sequences
that we cannot overlook. If for some r the homomorphism E, — 'E, belonging to a
homomorphism of spectral sequences is an isomorphism, then so are all the homomorphisms

E; — 'E; with s > r (including s = o0). Moreover, if two homomorphisms of spectral
sequences coincide on FE,. for some r, then they coincide on F; for all s > r.

Finally, we present the result that justify why we use spectral sequences in this thesis.

Proposition 3.3.1. Consider a locally trivial fibration F — E s B with B path-connected
and such that the system of local coefficients on B induced by F is simple. Then the com-
positions

HP(B;R) = EY° - E}° — ... — EP* — EPY = B’ C HP(E; R)

and

HY(E;R) —» ES' = E)Y, C -+ C Ey? = HY(F;R)
are the homomorphisms
7" : H?(B;R) — HP(E;R) and i*:HY(E;R) — HY(F;R)
respectively.

Proof. Consider the diagram of fibrations

FA>F4>pt
[l
F—s>E-—">B
N

tHBL>B

o]
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By the naturality of the Leray—Serre spectral sequence, we get induced homomorphisms of
spectral sequences

{E.(B, B,pt)} =5 {E.(E, B, F)} “= {E,(F,pt, F)}. (3.2)

Notice that Ey(F,pt, F) consists of the column Ey* = H*(F;R) and so collapse at the
Es-term. Also E»(B, B,pt) is a single row, E;’O = H*(B;R), and collapse at the same
term. Then the homomorphisms of spectral sequences in project H°(B; H*(F; R))
onto H*(F; R), and inject H*(B; R) into H*(B; H*(F; R)) at E,. Composing such maps
with the corresponding inclusions and projections given by the convergence of the spectral
sequence {E,.(E, B, F)} we get the following maps:

H*(B; R)

|

H*(B; H°(F;R)) = E3*° EP? EP° c HP(E;R)

and
HY(E;R) — E%iC --- C E9" = H(B; HY(F; R))

H*(F;R).
Finally, since the homomorphisms of spectral sequences in (3.2)) converge to 7*: H*(B; R) —

H*(E;R) and i*: H*(E; R) — H*(F; R) respectively at E, the proof is completed con-
sidering the following commutative diagrams

H*(f; R) H*(E;R) — E%1 C --. C EYY
Ey° — ... EPO C H?(E;R) H*(F;R).

Examples of how to use these two properties, as well as Proposition |3.3.1] are presented
in Chapters [4 and

3.4 A convenient trick to deduce differentials.
In [26] Albrecht Dold presented a very useful result to deduce some differentials of the
Leray—Serre spectral sequence associated to a particular kind of fiber bundles. We conclude

this chapter by introducing such result.

Let E S Band E/ i) B be vector bundles of rank n and m over the same paracompact
space B, and let f: S(F) — E’ an odd map, where S(F) is the total space of the sphere
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bundle associated to m, such a that

g
commutes. Let us define Z; = {z € S(E) | f(z) = 0}, where 0 stands for the zero section
of 7', and the projection maps

S(E) — S(E) = S(E)/Zs and Zy — Zy = Zys|Zo,
where we are considering the fibrewise antipodal action.

Cohomology H* is understood in the Cech sense [25 Sec. 3.3] and H*(B;Fq)[z] is the
polynomial ring over H*(B;F5) in one indeterminate x of degree 1. Since the antipodal
action is fixed point free in S(E) and Zy, the projection maps S(E) — S(E) and Z; — Zy
are 2-sheeted covering maps. Their characteristic classes, denoted by u and ug respectively,
can be replaced by the indeterminate x and obtain an homomorphism of H*(B;Fy)-algebras

o: HY(B;Fa)[e] — H(3(E);Fs) — H*(Z5;F)
given by x — u +—— ug. Dold proved the following result:
Theorem 3.4.1 (Dold’s argument). If g(z) € H*(B;F3)[x] is such that o(q(x)) =0, then
q(x)W(r';2) = W(m; z)q' ()

for some ¢'(z) € H*(B;F2)[x], where W (m;x) = Z?:o wj(m) ® 2" is the Stiefel-Whitney
polynomial associated to 7 (similarly W (n';x)).

The last theorem means that, under the last conditions, W (m;x) divides g(x)W (7'; x).
We show the effectiveness of this theorem in the following remark.

Remark 3.4.2. Under the same hypothesis, consider the Zs-equivariant fiber bundles

S C o S(E) (0} = B x {0}

where Zo acts antipodally on S(E) and trivially on B. Let f: S(E) — B x {0} be a
Zs-equivariant map given by f(e) = (n(e),0), such that the following diagram commutes:

4>BX{O}

\/

Notice that Zy = S(E) and W(proji,z) = 1. If we consider ¢(x) as the image of the
transgression map d>"~! of the Leray—Serre spectral sequence associated to the sphere
bundle

idEZ2 X Zo ST

Sl <y BEZo %z, S(E) EZy xz, B=DBZs x B,

21n case that the topological space is homotopy equivalent to a C'W-complex, then the Cech cohomology
is naturally isomorphic to the singular cohomology.
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then

ogoq(z)=00d%"1(2)
= (idEZ2 X 7o 87'(') o d%’”_l(z)

207

where H*(S"~1;Fy) = Fa[2]/(2?). Finally, by Theorem [3.4.1]

n

o) =4 () = Y wy(m) @,



Chapter 4

The Fadell-Husseini index

In this chapter we introduce the main tool of equivariant topology for this work, known as
the Fadell-Husseini inder. To define and study this particular ideal-valued index theory
we first recall some facts about the Borel construction of an arbitrary G-space. In addition
to important properties of the index, we present some preliminary calculations that are
essential for the upcoming results in the next chapters.

4.1 Definition and basic properties.

In 1988 Edward Fadell and Sufian Husseini, in their seminal paper [27], introduced a no-
tion of the ideal-value index theory, a covariant functor Indexq(-; R) from the category of
topological G-spaces into the partially ordered set, seen as a category, of all ideal in the
cohomology of ring H*(BG; R) ordered by inclusion. Here BG denotes the classifying space
of the group G, and R denotes a commutative ring with unit. This means in particular
that if X and Y are G-spaces, and there is a continuous G-equivariant map X — Y, then
Indexg(X; A) D Indexg(Y; A).

In this chapter we use a slight extension of the original notion of the ideal-valued index
theory to the category of all continuous G-equivariant maps from G-spaces to the fixed
space B equipped with the trivial G-action. More precisely, let G be a finite group and let
EG — BG be the universal G—bundle over the classifying space BG. For a G—space X we
define the Borel construction of X with respect to the action of G as the quotient space
EG x X/ «, where (e,x) «~ (eg™!, gx). Since the Borel construction is functorial, every G-
equivariant map p: X — Y induces a G—equivariant morphism between the corresponding
Borel constructions

pe :=id xgp: EG xg X = EG xgY,

given by pg(e,z) = (e, p(x)). This gives rise to the following definition:

Definition 4.1.1. Let G be a finite group, and let R be a commutative ring with unit. For
a fixed topological space B with trivial G-action, and a G-equivariant map p: X — B,
the Fadell-Husseini index of p with coefficients in R is defined to be the kernel ideal of the
induced map pg*,

Indexg (p; R) := ker (pg*: H*(EG x¢ B;R) — H*(EG x¢g X;R))
= ker (pg*: H{(B; R) — HE(X;R)).

27
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Here H () stands for the equivariant cohomology defined as the cohomology of the
Borel construction EG x g X associated to the G—space X. In the case when B is a point,
p: X — B is just the constant map and we recover the original definition of the ideal-valued
index of the G—space X. For that reason we simplify the notation and write

Indexg (,0; R) IndeX (X R) = Indexg (X R)
Let us present some of the essential properties of the index introduced and proved in [28] 27].

Lemma 4.1.2 (Monotonicity). If p: X — B and v: Y — B are G—equivariant maps,
and f: X — Y is a G—equivariant map such that p =v o f, then

Indexg (p;R) 2 Indexg (v; R).

Proof. Consider the following commutative diagrams

b ! Y EGxg X — % L EGxeY

S~ N A

EGXGB

and the diagram resulting from applying the cohomology functor

*

H*(BEG x¢ X; R) *(EG x¢ Y3 R)
*(EG x¢ B; R).
Since p§, = f& o v, then ker(pg) 2 ker(vE). O

Lemma 4.1.3 (Additivity). If (X7 U Xa, X1, X2) is an excisive triple of G-spaces and
p: X1 J X2 — B is a G—equivariant map, then

Index5 (p|x,; R) - IndexZ (p| x,; R) C Index5 (p; R).
Proof. Let us consider an element z; € Index3 (plx,; R), and let us define @ := p;(z1) €

HY(X; R) and the inclusion map i1: X; — X. By the uniqueness of pg up to homotopy,
we get the following commutative diagram:

HE(B; R)

HE (X5 R)

i
(olx1)5 i

where since (p|x,)&(21) = 0, then ¢f(z]) = 0. Now using the long exact sequence of the
pair (X, X1),

Hu(X1: R) <2 HA(X;R) 45 HL(X, X1; R),
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there is an element y; in HE(X; X1; R) such that jj(y1) = «}. In the same way, for an
element 25 € Index5 (plx,; R), there is a yo in HE (X ; Xo; R) such that j3(y2) = x5. Then,
by the cup product

U: H5(X, X1 R) ® Hi(X, Xoy R) — H(X, X1 U X9; R) = H5(X, X R) =0,

y1 Uy = 0 and therefore x} Uxh = j§(y1) Ujs(y2) = (J 0 J)* (y1 Uyz) = 0, where

(X, 0) = (X, Xi)
(X, X1 N Xy).
Finally, since pf (21 U xa) = p&(21) U pls(22) = 4 Uxh = 0, 21 U zg € IndexZ (p; R). O

Let p1: X1 — Bi and ps: X3 — Bs be equivariant maps over G; and G5 respectively,
and consider the G-equivariant map p := p; X p2: X1 X Xo = B; X By with G = G1 X Gbs.
The map p induces a homomorphism

PG (EGl X EGQ) Xa (Xl X XQ) — (EGl X EGQ) Xa (B1 X Bg)
which can be identified with
Pig, X P2G,: (EGl XGy Xl) X (EG2 X Go X2> — (EGl X Gy Bl) X (EG2 X Go Bg).

In the case that H¢ (B;;F) and HE (X;;F) are F-modules over some field F, pf; can be
identified with

P, ® pas,: He, (BiiF) @ Hy, (BoiF) — Hp, (Xi5F) © Hp, (Xa:F)
via the Kiinneth formula for field coefficients [29]. We obtain then the following result:
Proposition 4.1.4. The Fadell-Husseini index of the G-equivariant map
p=p1Xp2: X1 X Xo— By X By,
with G = G1 X G, is given by
Indexgi 502 (pF) = Indexgh (p1;F) ® Hy, (B2 F) + H, (By;F) ® Index? (p2; F).

Proof. To simplify the notation we omit the coefficients of the cohomology rings. First, by
the right exactness of — @ H¢, (Bz) we get that the sequence induced by p1¢;,,

* * * * p1C 1®id . * *
ker 1y, ® HE, (B) < HE, (By) ® HE, (By) ——— imp1 &, @ HE, (Ba), (4.1)

is exact. Meanwhile, by the same logic, using the right exactness of im p17; ® — we get that
the sequence induced by pag;,

. . . d®p2g, .
imp1g, ®ker pog, — imp1g, @ HE, (Bz) — 2 im p1G, ®impag, , (4.2)
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is also exact. Using now the maps in (4.1) and (4.2), we obtain the following commutative
diagram

impl*Gl X H62 (Bg)

Hg, (B1) @ H,, (Ba) mpyg, @impag,

" -
P1G, ®P2G,

from which we get that p1&, ® pag, = [[d®pag,] o [p1g, ®id]. Thus, the kernel of the map
P16, @ pag, restricted to its image is given by

ker(p1ts, ® p25,) = | Ker(prs, ©1d)| @ (o1, @ id) ™ (Ker(id 9pags,))|
= [kerplgl ®H2‘;2(B2)] ® [(plgl ®id) ! (im p1 g, ®kerp282)}

_ [ker i, ® Hp, (Bg)] ® [Hg,l (By) @ ker ngZ} .

Finally, since im p1¢;, and H¢, (X2) are free F-modules, in particular flat, there is an em-
bedding

imp1G, ®impag, = impig, @ He, (X2) — He, (X1) @ He, (Xa)

and therefore we have that the sequence

0— (kerp1fy, ® Hg, (B2))®(HE, (B1) @ ker pagy, ) <

P1G, ®P2G,

Hg, (B1) © He, (B2) Hg, (X1) @ Hg, (X2)

is exact. O
From Proposition [{.1.4] we get 2 important corollaries.
Corollary 4.1.5. Under the same hypothesis,
1. If we set Xo = By = pt in Proposition[{.1.4), then
Indexi, ¢, (p1:F) = Indexg} (p1;F) ® H*(BG; F),
where G1 X Go acts on X1 and By by (g1,92) - = g1 - x.

2. Consider By = By = pt in Proposition |{.1.4, If H*(BG1;F) = Flz1,...,z] and
H*(BG2;F) = Fly1,...,y) are polynomial rings over F, and let Indeng1 (Xl;IF) =

(f1y--s fm) and Indeng2 (XQ;F) ={g1,.--,9n), then

Index’();tlxa2 (X1 X XQ;]F) =(f1, s fmsG1s- s Gn)-
is the ideal generated by the polynomials f; and g;.

Corollary 2) provides a relation among the three indices Index]g1sz (X 1 X Xo; IF),
Index’c’f1 (Xl; F) and Indexgt2 (XQ; IF), under suitable conditions.

Examples 4.1.6. We present now some useful examples that we use in Chapter [5}
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H*(S™;Fq)
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Consider the antipodal Zs-action on the sphere S™. We are interested in the Fadell-
Husseini index of S™ with coefficients in the field of two elements F5. That is:
Tndext’ (S™;F) = ker (H*(BZQ; Fo) 2 H*(EZy x7, ™ IFQ)),
where H*(BZy;Fy) = Fa[z] is the polynomial ring with one generator in dimension 1.
In order to calculate the index Indexgz (S™;F3) we consider the fiber bundle
S™ — E74 X 74 S"— BZ,
induced, via the Borel construction, by the constant Zs-equivariant map S™ — pt.
The associated Leray—Serre spectral sequence has Es-term given by
Eg,q :HP(ZQ;Hq(Sn;FQ)). (43)
Since S™ is simply connected there are no local coefficients and the FEs-term of the
spectral sequence simplifies and becomes
Eg’q = HP(ZQ; Hq(sn’ FQ)) = HP(ZQ; ]FQ) X Hq(sn’ ]Fg)
In addition, all the differentials of the spectral sequence satisfy the Leibniz rule. Notice
first that, because the first differential appears in the FE,1-term, E ", = E5™. Also,
since S™ is a free Zo-space, EZg Xz, S™ ~ S™ /75 and then
H*(EZ2 XZz Sn,FQ) = H*(Sn/ZQ,IFQ)
In particular H'(EZgy X7, S™;Fs) = 0 for all i > n. All these properties, together
with the information exposed in Chapter [3| give us a very good idea of how the
corresponding spectral sequence looks like. For an illustration of the associated Serre
spectral sequence see Figure [4.1} Finally, by Proposition [3.3.1
Index?2 (S”;Fg) = (") C Fylx].
n+1
n+1
=
dp 41 1
1
0 jtn+1 0
0 1 2 o o n41n+2 0 1 2 oo m+ 1 n+2
H™*(BZgy;Fg) HE"+1(B2y;Fy)

Figure 4.1: Transition between the F, i-term and the F, o-term of the spectral sequence

E3
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2. The previous example can be extended via Corollary to the product action of
Z5 on 8™ x ... x S". As a result of this we get that the Fadell-Husseini index of
S™M x - x 8™ with coefficients in Fs is given by

Index% (8™ x -+ x ™ Fy) = (af T L ety € HY(BZE; Fa),

where H*(BZ5;Fy) = Falxy,. .., 7;] and deg(xy) = -+ - = deg(z,) = 1.
3. Let X and B be G—spaces, with the action of G on B trivial, and let
m: X XxXB—DB
be the projection onto the second factor. We are interested in the Fadell-Husseini
index of my with coefficients in the field with two elements Fy. That is:
Indexg (WQ;IF‘Q) := ker ((id xqme)*: H* (EG Xa B;Fg) —
H*(EG* x¢ (X x B);]Fg)).

Since 79 is a trivial fiber bundle and the G-action on B is trivial we see that induced
map
id xgme: EG x¢ (X x B) — EG x¢ B

can be transformed into the following product map
idxgm =uxid: (EG x¢ X x B— BG x B).

Here, the map u: EG xg X — BX is induced, via the Borel construction, by the
constant G-equivariant map X — pt. In particular,

Index? (X;F2) =ker (u*: H*(BG;F,) — H*(EG x¢ X;F2)).

Consequently, the induced map in cohomology (id Xgme)* = (u x id)*, after appli-
cation of the Kiinneth formula for field coefficients [29], becomes the tensor product
homomorphism

v ®id: H*(BG;Fy) @ H*(B;Fe) — H*(EG x¢ X;F2) @ H*(B;Fa).
Thus,
Index$ (m2;F2) = ker((id x ¢ma)*)
= ker(u* ® id)
= Indexty (X;F2) @ H*(B;F2).

4.2 The index of sphere representations

We would like to know how to compute the index of a sphere that is not equipped with the
antipodal Zsy-action. For that we have the following two propositions:

Proposition 4.2.1. Let U,V be two G-representations and let S(U), S(V') be the associated
G-spheres. Let R be a ring with unit and assume that H*(S(U); R) and H*(S(V); R) are
trivial G-modules. If

Index? (S(U);R) = (f) and Index? (S(V);R) = (g),

then
Index?y (S(U®V);R) = (f - g) C H*(BG; R).
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In the case of the group Z%, all the irreducible representations are 1-dimensional. Every
such representation is identified with a group homomorphism (character) x: Z§ — Zo,
where Zy = {0,1} is an additive group. This homomorphism is completely determined by
the values on generators {ey,...,ex} of Z&, that is, by the 0-1 vector (X(51)7 . ,x(sk)).

For the 0-1 vector a = (v, ..., 1) € Z§ let Vi, = (v,) C R2" denote the 1-dimensional real
Z%-representation defined by:

W Vg 1= 071)W1a1...(,1)wkakvw ::071)W1a1+“'+wkakva,

for w = (wy,...,wx) € Z5. Then there is an isomorphism of Z5-representations:
RZ: =~ P V..
a€EZk
Proposition 4.2.2. 1. LetV be the 1-dimensional Z5-representation with the associated

0-1 vector (ay,...ax) € ZE. Then

Index(y . (S(V);Fa) = (a1 + ...+ agag) C Folzy,..., x4

2. Let U be an n-dimensional 75 -representation with a decomposition U = Vi ®...®V,, in
1-dimensional Z’g -representations Vi,..., Vo If (014, ..., qp;) € Z’; is the associated
0-1 vector of V;, then by Proposition [{.2.]

Index’éz)k (S(U);F2) = < H(auxl +...+ ak,ixk)>.
i=1
Example 4.2.3. For k = 2, the coordinate index set for R* is (00,01, 10,11). Then

Voo = (0,0,0,0) Vo1 = (O7 1,0, 1)
vio = (0,0,1,1) w13 =(0,1,1,0).

Now, if Vig = (v10), Vo1 = (vo1) and Vi1 = (v11) are the 1-dimensional real Z3-representations
introduced before, then by Proposition [£.2.2]

Indexgtg (S(Vlo);Fg) = (x1), Index% (S’(Vm);Fg) = (x2) and Indexgtg (S(Vu);IFg) = (x14x2),

where H*(BZ2;Fy) = Fy[x1, 22] with deg(x;) = deg(x2) = 1.

4.3 The index of a sphere bundle.
Consider the tautological bundle over the Grassmann manifold G(R?),
£:=7( = (BE(v), Gu(R?), B(v{) = G¢(R?), R),
and the associated sphere bundle of ¢:
S€ = Sy = (B(S€), E(SE) = Gy(RY), $'71).

The antipodal action on S*~! induces a Zs-action on E (8¢) which makes S Zy-equivariant.
Having said that, we prove the Fadell-Husseini index of S7.
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Proposition 4.3.1. The Fadell-Husseini index of Sm with respect to the introduced Zo

action s given by
IndexG‘( S7r ]F2 = <Zx7 ® we—; ’)’g >

where H*(BZa;Fo) = Falx] with deg(x) = 1.
Proof. Recall that the Fadell-Husseini index of S is described as follows:

IndexGZ( (S7;Fy) := ker ((id X7, ST)* 1 H*(BZy x G¢(R%); Fs) —

H* (BZE x, E(Sf);IFQ)).

In order to calculate the index Indexgj(Rd) (Sﬂ'; IFQ) consider the Borel construction bundle
induce by ST,
id xz,87: EZg Xz, E(S€) — EZg xz, Gy(RY),

where since Z, acts trivially on G¢(R?), EZy xz, G¢(R?) ~ BZy x G¢(R?). The associated
Leray—Serre spectral sequence has Es-term given by

ES9 = H?(BZy x Go(R); HI(S"™ 1 Fs)),
where the local coefficient system is determined by the fundamental group of S¢~'. Since
71(S°~1) = 0, there are no local coefficients and the Ep-term simplifies to
ES9 = HP(BZy x G¢(R%); HI(S*™ 1, Fs))
= HP(BZq x G¢(RY);Fy) @ HI(S* ™1 Fy).
Also, because
H*(8"715F2) = Fa[g)/(5%), with deg(y) =€ -1,

then E3" = E,;"". This means that the first non-trivial differential appears on the Ejy-term
and by Theorem applied to the fiber bundle id xz, ST we have that

14

-
= ZQTJ@W (),
7=0

where wo(€), ..., w(€) are the Stiefel-Whitney classes of the tautological vector bundle ~¢.

Finally, since all the differentials satisfy the Leibniz rule, dg’hl determine all the differentials
of the associated spectral sequence and therefore the kernel of (id xz,S7)*. O

We can extend the idea of Proposition [£:3.1] in the following way: Let us start by
considering the inclusion i,: Zy — Z’g into the r-th summand. Then there is an action of
75 on S*=1 described as follows: all Z& acts trivial except the r-th summand which acts
antipodally on the sphere. Using the introduced Z5-action we get our last result of the
chapter.

Proposition 4.3.2. The Fadell-Husseini indezx of S’yg with respect to the 75 action de-
scribed in the previous paragraph is given by

¢
IndexG‘Z( (Sm;Fs) <Zm” ® wy_ J(W)>

7=0

where H*(BZ%;Fq) = Falxy, ..., xx], with deg(xy) = -+ = deg(xy) = 1.



35

Proof. Given the inclusion map 4., there is an induced map between the corresponding
classifying spaces

BZ, ), Bzk,

which induces a map between the Borel construction bundles
EZIQC ><Zl2c E(S’yg) <~ EZQ X 7o E(S")/g)

idXZQkSﬂ-i \LidXZQS’W

B(i,)xid
BZ’S X Gg(Rd) &

BZy x Gy(RY).

This morphism of bundles induces a morphism of the corresponding Serre spectral sequences
which on the zero column of the Es-term is an isomorphism. If we focus on the spectral
sequence associated to the bundle id Xz, Sw, by Proposition we get that the only
transgression map that appears is given by

4

Ay @) = D a7 @we (),
j=0

where

) = HENSS Ry 2 B 2 B 2y

— H*(BZy;Fs) = Falz], with deg(z) = 1, and

— wo(€),...,we(§) are Stiefel-Whitney classes of the tautological vector bundle v¢.

Then, by the commutativity of the differentials, we conclude that the differential dg,zq of
spectral sequences associated to id Xz, » ST is given by

¢
' y) = > al @wej(vf).
=0

The proof is complete since all the differentials of the spectral sequence satisfy the Leibniz
rule. O
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Chapter 5

The
Grunbaum—Hadwiger—Ramos
problem for mass assignments

In this chapter we consider an extension of the classical Griinbaum-Hadwiger-Ramos mass
partition problem to the so-called mass assignments.

Let d, ¢, k and j be natural numbers with 1 < ¢ < d—1. Consider a collection of j mass
assignments M = (u1,...,p;) on the Grassmann manifold G¢(R?). Our aim is to find a
linear subspace L € G¢(R?), and a k-arrangement HX = (HE, ..., HEF) in L, such that HF
equiparts the collection of masses M = (uf ... 7MJL). That is, we are looking for a mass
assignment admissible 4-tuple.

The proof of this new problem has two stages: First we rewrite the problem as a
parametrized Borsuk—Ulam type question to derive an appropriate configuration space/test
map scheme. As we mentioned in Chapter [2 this translate our partition problem to an
equivariant one. Second, we use the ideal-valued index theory and the computations of
Chapter [ to solve the equivariant problem.

5.1 Our problem as a parametrized Borsuk—Ulam type
question.

In order to derive an appropriate CS/TM scheme and make our topological methods work
correctly, we consider an additional assumption on the first mass assignment ;. We as-
sume that for every linear subspace L € G,(R?) the associated mass uf has compact and
connected support. This implies that for every direction in L there exists a unique oriented
affine hyperplane, orthogonal to the direction, equiparting the mass pf. Or in other words,

the space of all oriented affine hyperplanes in L which equiparts p! is homeomorphic to
gdim(L)—1

In the remainder of this section we describe all the ingredients to apply the CS/TM
scheme to our problem.

37
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5.1.1 The configuration space.

For the configuration space associated to our problem, or in other words the space of all
solution candidates, we take collections of k-arrangements in each of the linear space L €
G¢(R?) such that each of the k affine hyperplanes in L equiparts the mass uf (given by the
first mass assignment 7).

More precisely, let us first consider the tautological bundle on the Grassmann manifold
Go(R?):

¢:=7¢ = (E(), B(v{) = Ge(RY), E(y{) = B(+), F(v) =R").

The assumption on the mass assignment p1 allows us to see the associated sphere bundle of
&:
S _
S¢ = Svi = (B(S€), B(S¢) = Ge(R?), E(S§) = B(S¢), F(5¢) = 5",
as the space of all oriented affine hyperplanes of linear subspaces L € G¢(R?) which equipart

corresponding masses p¥. In this way we already obtained a configuration space for the case
k=1.

For k > 2, that is for arrangements with more than one hyperplane, we proceed as
follows. Consider the k-fold product bundle (S¢)¥:

(Sm)*

(S&F = (B(SE)*, Go(RY)F, B(SE)F L2200 Go(RYF, (S1)),

and take the pullback along the diagonal embedding Ay : G¢(RY) — G,(R9)¥:

E(A((S9)%)) E(S¢)"
Go(RY) A G (R4,

The space of all solution candidates, associated to the parameters (d, ¢, j, k), is the total
space of the pullback bundle:

C(d, 0 k) == B(AL(S)Y)
={(L;v1,...,08) | L € Ge(RY),v; € L, |Jog]| = -+ = |Jog]| = 1}.

This means that C(d, ¢, k) is the total space of the fiber bundle A} ((S¢)*):

(S*71)F ——C(d, . k) =" G(R), (5.1)
where the map py, is given by (L;vy,...,v) —> L. Recall that by our assumption for every
(L;v1,...,v;) € C(d, ¢, k) each of the vectors v; parametrizes the oriented affine hyperplane

in L orthogonal to v;, oriented by v;, which equiparts the mass uf.

The Weyl group Gf = 75 x &}, also called the group of signed permutations, acts
naturally, and fiberwise, on C(d, ¢, k) by

((ﬁl, ‘e ,Bk) X 7') . (L;Ul,. .. ,Uk) = (L; (—1)’81’[},,.71(1), ceay (—l)ﬁkv,rf%k)),

for ((B1,-..,Bk) x 1) € &F and (L;vy,...,v;) € C(d, £, k).
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5.1.2 The test space.

Consider the real vector space R%2 and its codimension 1 subspace:

Uk = {(ya)aczs €R%: Y ya =0},

aEZk

The structure of a real Gki—representation on the vectors space R% is induced by: the ele-
ment ((B1,...,0k)XT) € Gf acts on the vector (Y(a,,....ax)) ezt € RZ: by permuting

the indices as follows:

(a1,...,ak)

((ﬂl;---aﬂk) X 7') . (al,...,ak) = (61 +04771(1),...,[3k +OL.,.71(;€)).

Here the addition is assumed to be in Zs. With respect to this action, the subspaces Uy is
k
a Gki-subrepresentation of R%.

Let us first consider R% as an Zk-representation where Z5 C Zk x &, = Gf. For

w = (wi1,...,wy) € Z% we denote by V,, the 1-dimensional real Z5-representation defined
by:
a-v = (_1)0010(1 .. (_l)wkakv — (_1)W1a1+"'+wkakv
for a = (ag,...,a5) € Z’g and v € V,. Then there are isomorphisms of Z’;—representations:
RZ= PV, ad U= P V. (5.2)
wEZY weZ\{0}

Notice that, under the previous isomorphism, V,, corresponds to the subspace of RZ:
generated by the vector with ath coordinate (—1)w11+ Fwkak,

In order to obtain a decomposition of RZ’57 now as an ('Sf—representation, let us first
partition Zé, as a set, into the disjoint union Z5 = AgU A; U --- U Ay, where, for 0 < i < k,
we define

Ai = {(wiy . wp) €ZE cwy - Fwp =i}
Addition is assumed to be in Z. It is not hard to see that for every 0 < ¢ < k the direct
sum Wi == @, a4, Vo isa Gf-representation, and in addition there are isomorphisms of
Gf—representations:

RE W, oW, @---&W, and UyZW, @@ W,

We set U}, := Wy @ --- & Wy, and consequently U, = Wy @ Uj..
The test space, associated to the parameters (d, ¢, j, k), is the total space of the following
trivial vector bundle ms:

Ui & (Up)® ——= (U} & (Ux)®71) x Go(RT) —— Go(R?). (5:3)

The reason for such a choice of the test space becomes clear in the next section and in
Theorem The group & acts on the product (Uj @ (Ux)®~1) x G¢(R?) diagonally
where the action on the Grassmann manifold G¢(R?) is assumed to be trivial.
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5.1.3 The test map.

We recall that the parameters (d, ¢, j, k) are fixed and in addition we have fixed a collection
of j mass assignments M = (u1,...,u;) on the Grassmann manifold G;(R?). The test map
associated to the collection M is the bundle map

S C(d, L k) — (Up @ (Up)™71) x Ge(RY)

defined by

(Lo, oop) — (e (0 O HG) = i (D) e

((Nz‘L(H&l AN Hgkk) - %”iL(L))(al,...,ak)ezg)zgigj; L)‘

The fact that

L « «
(et (G 0 VS = 56) (0, agyeny € Uk

is a consequence of our assumption that for every (L;vy,...,vx) € C(d, ¢, k) each of the
vectors v; parametrizes the oriented affine hyperplane in L orthogonal to v;, oriented by v;,
which equiparts the mass pf. More precisely, let us consider w® = (wi,. .. W) € 7% such
that w;j = 1 and wj = 0 for every i # j. By the isomorphism of Z%-representations (5.2)), V,,:

corresponds to the subspace of RZ: generated by the vector with ath coordinate (—1)¥i%i,
which means that the ath coordinate is positive only when «; = 0. To simplify the notation,
let us denote by O?jl,...,ak the intersection H¥t M --- N HJk. Since each affine hyperplane
H,, in L equiparts the mass u{', the inner product between (uf (HS M-+ NHZ*) — 3¢ )aezk
and the generator of V,; is given by

<( (OH ,ak) zlk)aezkv((_l)(a’w aezk> {Z#l as,.. ,o,.A.,ak,)+%u1L(L)}
[ )+ )]

Il
=

for every 1 <14 < k. Finally, we conclude that

(b N M) = b (D) ) oo € W

Q)

The test map ¢ is (fiberwise) 6 -equivariant map with respect to the already in-
troduced actions of 6% on the conﬁguratlon space C(d, ¢, k) and on the test space (U, &
(U)®771) x G4(R?). The key property of the construction we have made is that for the
giwen collection of mass assignments M there exists a k arrangement in the linear sub-
space L € Gy(RY) which equiparts the collection of masses ML if and only if (L;0,0) €
im(da) N (U,’C D U,iej*l X Gg(Rd)). Consequently we have proved the following theorem.

Theorem 5.1.1. Let d, £, k and j be natural numbers with 1 < £ < d — 1. Assume that
A% ((S€)*) and ma are already introduced bundles in and (5.3), and denote by Sy the
associated sphere bundle.
(a) If (d,¢,j,k) is not a mass assignment admissible, then there exists a Gf—equivam'ant
bundle map Aj((S€)F) — Sa.
(b) If there in no G -equivariant bundle map AL((SE)*) — Sma, then (d,¢,j,k) is a
mass assignment admissible.
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5.2 Fadell-Husseini index calculations.

From section we obtain the following commutative diagram:

c(d, 6, k) PN S(UL @ (Up)®I1) x Gy(RY) (5.4)

k Sra

G:(R%)

associated to the parameters (d,¢,j,k). Here py and Smy are the introduced fiber bun-
dles which define the configuration space and the test space respectively. Notice that, by
Theorem we are looking for the non-existence of the Gf—equivariant map ¢q in
However, it is enough to prove that the restriction of ¢ to the subgroup Z5 of the group
of signed permutations Gf does not exist. The non-existence of the Z5-equivariant map
¢m can be established by using the properties of the Fadell-Husseini index introduced in
Chapter [l For that purpose, in this section we compute the Fadell-Husseini indices of the
fiber bundles p; and Sy with respect to the action of the subgroup Z§ C Gf.

5.2.1 The Fadell-Husseini index of the test space.

Let us start computing the Fadell-Husseini index of the projection map
Sty S(UL @ (Up) P71 x Go(RY) — Gy(RY)

with respect to the action of the subgroup Z5 C Gki, and with coefficients in F5. This means
we are looking for:

Indexgg(Rd) (Sma;Fa) =
ker ((id Xpzema)" s H* (EZ§ x g5 Go(RY);Fy) —»

H*(EZ} x5 (S(UL @ (Uy) ™" % Gg(Rd));IFg)).

Since 7y is a trivial fiber bundle, and the Z5-action on G(R?) is trivial, by the example
3 in and Proposition we obtain the following result:

Theorem 5.2.1. The Fadell-Husseini index of the projection map
Sty S(UL @ (Ur) P71 x Go(RY) — Gy(RY)

with respect to the 75 action described in is given by

d
Indexg;;(R ) (S']TQ,]FQ) =

k
<sz_1' I (am+._.+akxk)j>@H*(Ge(Rd);FQ), (5.5)
=1 (al,-<~7ak)6F)2€\F

where T = {(0,...,0),(1,...,0),...,(0,...,1)} and H*(BZ;Fy) = Falxy,...,x1], with

| @1 ==l [= 1.
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For the cohomology of the real Grassmann manifold we recall the classical result of Borel
B0, p. 190], which gives a presentation of the cohomology with Fy coefficients in the form
of the truncated polynomial ring as follows:

H*(Go(RY); Fa) = Faolws, ..., we, Wi, ..., Wa—i]/Io.a,
where deg(w;) =i, deg(w;) =jfor 1 <i <, 1<j<d—{ and Iy 4 is the ideal generated
by the d graded components of the equality
AI+w+--+w)(l 4+ + - +Wg—y) = 1.
In other words, the ideal I, 4 is generated by the polynomials:

min{s,(}
Z Wy - Ws—j, 1<s<d.
j=max{0,s+£—d}

Here the generator w;, for 1 <14 < ¢, can be identify with the Stiefel-Whitney classes of the
canonical bundle ¢ while the remaining generators w;, for 1 < < d — ¢, can be identify
with the dual Stiefel-Whitney classes of 'yg.

5.2.2 The Fadell-Husseini index of the configuration space.

In Section we have defined the configuration space as the total space of the pull-back
bundle

C(d, L, k) = B(A((S&)")) E(S¢)*
Go(RY) =t Go(RY)E,

where Ay is the diagonal embedding. More precisely,
C(d, ¢, k) = E(AL((S€)Y))
={(Livr,. - ) | L€ Ge(RY), v € L, fJonl = -+ = [log|| = 1}
In this section we determine the Fadell-Husseini index of the map
pr: C(d, 6, k) — Go(R?)

with respect to the action of the subgroup Z& C 6% and with coefficients in the field with
two elements 5. In other words, we describe:

Index%f (R (pr;Fa) ==

ker ((id xgsp)" s H* (EZE % g5 Go(RY);F2) —»
H*(EZS xz C(M,k);]FQ)).
G (RY)

z§
two steps. First, we describe the index

The computation of the index Index (pk;FQ) C H* (EZ’QC Xk Gg(]Rd);]FQ) is done in

IndexG; ®)" (g3 F2) © H* (EZ x5 Go(RYYFy),
2
and then show that

Indexg,zf(Rd) (pr;Fa) = (Ak)*(lndexgg(w)k (qr; F2)).
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H*(BZE x Gk Fy)

Figure 5.1: The F,-term of the spectral sequence (5.6]).

Index of gy
The Fadell-Husseini index of the map qi: F(S¢)* — G¢(R?)* is, by definition, the kernel:

IndeXZ;;(Rd) (Qk§F2) =
ker ((id xzsar)": H* (EZE xz5 Ge(RY)S; Fy) —

H*(EZ} x4 E(Sg)k;IFQ)).
In oder to identify the index IndexgéZ (R) (qk; ]FQ) we consider the fiber bundle
(S — = EZ4 Xz E(S¢)F —=EZk Xz Go(RY)* = BZE x Gy(RY)F.
The associated Serre spectral sequence has FEs-term given by
Ey’ = H'(BZ x Go(RY)" HI (5 7)*; Fa)),

where the local coefficient system is determined by the action of the fundamental group of
the base space. Since we are considering coefficients in the field Fy, the fundamental group

71 (BZE x Gp(RNF) = 71 (BZE) x m1(Go(RY))F = 75 x 75"

acts trivially on the cohomology of the fiber H7((S*~1)*:F5), and consequently the E>-term
of the spectral sequence simplifies and becomes

Ey = HY(ZE x Go(RY)*;Fo) @ HI (S )% Fy). (5.6)
In addition, all the differentials of the spectral sequence satisfy the Leibniz rule.

Let us denote the cohomology of the fiber (S*~1)¥ as follows

H* (S Fa) = H* (S F2)®* 2 oy /(y7) © - @ Falyrl /(vi) =
Fg[yh T 7yk]/(y§7 e 7y13)
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where deg(y;) = -+ - = deg(yr) =€ — 1.

Now we determine the first possible non-trivial differentials d, by finding its values on
the generators of the cohomology ring of the fiber, these are z1 = d¢(y1), ..., 2k = de(yr)-
For that, consider the morphism of bundles

E(5¢)* E(S¢)
G (RY)* Ir G(R%)

induced by the projection g,: G¢(RY)* — G¢(R?) of the r-th factor, for 1 < r < k. This
morphism induces yet another morphism of the bundles

BZE x5 B(SE)* BZE x5 B(S¢)

l l

BZE x Go(R%) X, BZE x Gy(RY),

because it respects the action of Z5. The new morphism of now Borel Constructions, in
turn, induces a morphism of the corresponding Serre spectral sequences which on the level
of fibers, the zero column, is a monomorphism. Furthermore, it is also a monomorphism on
the zero row of the E5 and consequently Ejy-term. Thus,

zr = (id xg.)" (2),
and so we turn our attention to the Serre spectral sequence associated to the fiber bundle

ST —— EZ§ xz; E(S¢) — BZE x G¢(RY).

In particular, we want to determine z = dy(y), where y € H*(S*1;[F;) is the generator.
For an illustration of this morphism of spectral sequences see Figure |5.2

l Y4

— —\
£ — 1] Y1tk 271\ y

d, d

2 ‘ 2 ‘

1 Ga xgr)L

0 2140002k 0 \\z

0 1 2 -1 l {41 0 1 2 -1 4 {+1

H*(BZE x Gy®YF;Fy) H*(BZE x Gy(RY);Fy)

Figure 5.2: Morphism of spectral sequences induced by the projection g,.

Now consider the inclusion Zy = Z% into the r-th summand. Then there is an induced
map between corresponding classifying spaces

BZ, 2 B7E,
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which further on induces a map between corresponding Borel construction bundles

EZ5 %z B(S€) EZy x7, B(S€)

| l

BZ x Gy(RY) <M Bz Gu(®Y).

This morphism of bundles induces a morphism of the corresponding Serre spectral sequences
which on the zero column of the FEs-term is an isomorphism; for an illustration see Figure

¢ I = ¢
p \;
-1 Yy -1 7
2 de 2 de
1 LN
(Bl * 1 B
0 \z | 0 \\E
0 1 2 -1 4 L+1 0 1 2 (-1 4 {+1

H*(BZE x Gp(rY):Fy) H*(BZy x Gg(R%);Fy)

Figure 5.3: Morphism between spectral sequences induced by B(i,).

From the classical work of Albrecht Dold presented in Section [3.4] applied to the Serre
spectral sequence associated with fiber bundle

Sl > EZy xz, B(S¢) — BZy x G¢(RY) |

we have that

0
zi=do(y) = Y @) ©wey(6)
j=0
€ H*(BZy x G¢(RY);Fy) = H*(BZy; Fy) @ H*(G¢(RY); Fy),

where

—ge HYWS L Fy) =2 By 2 BYYT 2y s the generator,

~ z € H'Y(BZy x Go(RY); Fy) = @' _, H*(BZy; Fy) ® H9(Go(R); Fy),

— H*(BZs;Fg) = Fy[z], with deg(z) = 1, and

— wg(§),...,we(§) are Stiefel-Whitney classes of the tautological vector bundle 7?
Consequently,

zd @ we_;(€) € H*(BZE;Fo) @ H*(Go(R?); Fy).

z = T

4
Jj=0
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Recall that we have already fixed the notation H*(BZ5;Fy) = Fy[zy, - -, x3] where deg(z) =
-+~ =deg(zg) = 1. Furthermore, for 1 < r < k we get that

4
o= > B @A® - ®@w_ (€ e ®1) € H(BZ5F,) @ H(Go(RY); Fy)®".
=0

If we set for 0 <7< /¢ and 1 <r <k that
Wi, =10 - Qu(é)® -1,

we can rewrite

7=0
This, means that
¢
d\k .
Indexg,;(R ) (qk;IFg) =(z1,...,2) = <in Quwe—j,r  1<r< k:> (5.7)

Index of p;

In this part we finally retrieve the Fadell-Husseini index of the map py: C(d, £, k) — G¢(R%)
with respect to the action of Z& and with coefficients in Fo. In other words, we compute:

Indexg,; (R (pi; F2) =

ker ((id Xgsp)* s H* (BZE %5 Go(R?); Fa) —

H*(EZS xz C(d,e,k);wg)).

The pullback diagram

C(d, 0, k) = BE(AL((SO)M)) B(S¢)"
Go(RY) = Go(RY*,

after applying the Borel construction, yields the following the pullback diagram
EZ§ x g5 C(d, £, k) = EZ x5 E(A}((SE))) EZ x5 E(SE)*

id x id X,k
l 2k Pk J/ 2k 9k

BZ x G(R%) i BZ x Gy(RY)*.

Furthermore, this morphism between the fiber bundles

(S1)F —— EZ§ x5 C(d, €, k) — BZE x G¢(R)
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and
(S71)F —— EZ xzx E(SE)* —— BZ§ x Go(RY)

induces a morphism between their Serre spectral sequences. Since the fibers of the bundles
are homeomorphic, and the (non-trivial) fundamental groups of both base spaces act trivially
on the cohomology of the fibers, the Fs-terms of the spectral sequences are as follows:

By (id x5 pi) = H'(BZE x Go(R?);Fa) @ HI((S1)¥; Fa)
and
Ey? (id xgeqi) = H (BZ5 x Go(RY)*;Fy) @ HI((S71)%; Fy).

Having in mind that the induced morphism of spectral sequences is an isomorphism on the
0-column of the Es-term, and the differentials of both sequences satisfy Leibniz rule, we get

Go(R?) Go(R)*

Indeng (pk;]Fg) = (id xAk)*(IndexZ,g (qk;IFg))

¢

= <Z(id XAR) (2, @ wp—sy) : 1 <17 < k:>
s=0
¢

= < zi@Ak(w/_gT):1§r<k:>
s=0
¢

= < T @ we_s 1<r§kz>
s=0

In summary, we have obtained that

¢
Indexgg(Rd) (pk;]Fz) = <Zx;ﬁ RQup_s : 1 <r< k> (5.8)
s=0

5.3 Proofs of the main results.

Finally, in this section we present the proofs of all the remaining results introduced in
Chapter [I] At the beginning of each subsection we briefly recall the result that we prove.

5.3.1 Proof of Theorem [1.3.1]

Let (d, ¢, j,k) be a 4-tuple of natural numbers where 1 < £ < d — 1. As introduced in (1.5),
we denote by Rg ¢ the truncated polynomial ring

Folw1, ..., 25, wi,. .., we, Wy, ..., Wa—r]/Lae

where deg(x1) = --- = deg(zx) = 1, deg(w;) =14, deg(w;) =jfor 1 <i <, 1<j<d—¥¢,
and Iy, is the ideal generated by the polynomials

min{s,¢}
w]wﬁs_j, 1§S§d
j=max{0,s+{—d}
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In addition, assume that

ng_l- H (g + -+ o) <Z$ ®wp—s : 1S7“§k>7 (5.9)

i=1 (@1,0ens0) EFE\T

where " = {(0,...,0),(1,...,0),...,(0,...,1)}. Now, we will prove that the 4-tuple (d, ¢, j, k)
is mass assignment admissible.

Let us assume the opposite, that (d, ¢, k, j) is not mass assignment admissible. From the
configuration space/test map scheme, Theorem @D we get an Gi—equivariant bundle
map Af((S€)F) — Smy. Here the bundles A} ((S€)F) and 7o are defined in and (5.3)
respectively. Thus, according the the monotonicity property of the Fadell- Husselnl index,
the following inclusion must hold:

d d
Indexg,zf(]R ) (772;]F2) C Indexg,zf(]R ) (pk;]Fg).
On the other hand, from (5.5) and (5.8), we have that

Index_; Z( )(WQ;IFQ) =

k
(T TI (e + o)) @ B (GeRY); F),

=1 (()417...,()(]@)EF§\F
and
IndexGe( (pr; F2) = <Z$ Qwe—s s 17 k>
Consequently,
k .
<ngf1. H (army + - + agy)’ >®H*(G5( );FQ) <
=1 (041’~~~,04k)€]1ﬂ2€\r

¢
<in®wg,s : 1§r§k>.
s=0

In particular,

sz_l. H (Oé1$1+ -l—ozkxk <Zl‘ R Wwp_g 1§r§k>.

i=1 (@1,..,08) EFE\T
This is a contradiction with the assumption (5.9), and we can conclude that the 4-tuple
(d, 2, j, k) is mass assignment admissible.

5.3.2 Proof of Corollary

Let d>1,k>1,7>1and ¢ > 1 be integers with 1 < ¢ < d. Assume that k > ¢+ 1. We
will prove that
€k,j (S Id,e,k- (510)
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We prove (5.10) in two different ways, where the first proof is direct but more complicated,
while the second argument is elegant, but relies on an additional fact.

The ﬁrst proof of (5.10): For simplicity we denote the generators of the ideal Zy ) by
ﬁ, = ZS _o Ty we—s, where 1 < 7 < k. Therefore, Zj o1, = (f1,-..,0k). In order to show

we will prove that

+1
> B 11 (2o +x) | eny- (5.11)
i=1 1<a<b<t+1,a#i,b#i

For that we use the following technical claim.

Claim 5.3.1. let k > 2 be an integer. Then in the polynomial ring Folxy, ..., x] the
following equality holds

H (g + ) = Z xfr_ll)mfr_f) e :Eg_(k). (5.12)
1<a<b<k TEG)

Proof. The proof is by induction on k > 2. While the case k = 2 obvious, the case k = 3
follows by the following direct computation:

H (g + )

1<a<b<3

(x1 + 22) (21 + 23) (22 + 73)

2 2 2 2 2 2
=xjre + 2723 + 2521 + 25373 + T3T1 + 329

2 1 0
Z Tr1)Pr(2)Pn(3):

€G3

Assume now that the equality (5.12)) is true for £ = r — 1, that is

H (To + ) Z al 12) ;*2) cx) gy = A

1<a<b<r-—1 TES, 1

Then

r—1

H (rq +23) = H (g + xp) - (i + )

1<a<b<r 1<a<b<r—1 1

r—1
=A- H(ml + )
i=1

r—1
r—1 r—1l—s
=A- Ly +Z Z Ty Ley =" Tey |

s=1 c1,...,cs€[r—1],
cpeq for ptaq

.
Il

where [r — 1] := {1,...,r — 1}. Now, by the induction hypothesis, each summand of the
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previous expression can be written in the following way

r—1 __ r—1,_r—2_r—3 1 0
A- Ly - E : Ly Loy Loy, " Te Lo s
C1yenCr1€[r—1]
r—1
r—2 _ r—1_r—2_r—3 1 0
A- E Xyt = E N Al Y R >R
i=1 C1yeensCr_1 €[r—1]
r—3 _ r—1,_r—2_r—3 1 0
A- E Ly LegLey = E Loy Loy Ty e, o T s
c1,c2€[r—1] C1yeenyCro1 €[r—1]
o r—1_r—2_r—3 1 0
-/4 : § Loy * " Tepqg = § : ‘TC1 CCCQ :1703 T zCT—lzr’
C1y..yCr—1€E[r—1] c1yeeyCr—1€[r—1]
because we are working in Fa[xq,..., 2] and therefore all the remaining summands,

appearing in pairs, vanish. Here all the indices in all the sums are assumed to be pairwise
distinct, that is ¢, # ¢4 for 1 < p < ¢ < r — 1. Summing up these equalities together, we
conclude that

r—1
H (ma + xb) =A- (xz:l + Z Z xlilisxcl T xcs>

1<a<b<r s=1 c1,.,es€[r—1],
cp#cq for p£q

0
= Z L 1) w(z “Lr(r)

TES,

as claimed. This completes the induction. O

Using the claim we just proved, the equality (5.12]), we get that

i ( 1T (Ta + xb)) =

i=1 1<a<b<k,azibti

k
(X alral ) G13)
=1 Cl""wck—le[k]\{i}!

cpeq for pEa

Now looking at the right hand since of (5.13)) we observe that for each monomial

x§;2x§;3-~-xgk_l, c1y. - ck—1 € [K\{i},

in the i-th summand of the right hand side there is another identical monomial

2h2h 0 e enayi € R\ ek )

in the ¢g_1-st summand of the right hand side. Consequently, the right hand side of (5.13))
vanishes and we get that

Zk: ( 11 (Ta + xb)) =0. (5.14)

i=1 1<a<b<k,a#i,b#i
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Consider now an integer f such that 1 < f < /—1 < k— 2 and the following polynomial

k
Zm{( H (xq + xb)> =
i=1 1<a<b<k,aib#i
k
k—2, k—
fo( Z Te, 2%23'“953,9_1)' (5.15)
i=1 1recn_1 €M\,
cp#cq for p#q
Again we see that for each monomial
of (@b Pl al el ) e e € R\,

in the ¢-th summand of the right hand side of (5.15|) there exists identical monomial

af (2F=2ah8 el a0 ), C1y-- -5 ce—1 € [K\{i},

Cs C1 C2 T Cr—1

in the cs-th summand. Hence,

zk: xf( H (xa + xb)) =0. (5.16)

i=1 1<a<b<k,a#ibti

In the final step of the proof we transform the polynomial from the left hand side of the

relation (5.11]) as follows:

£+1 l+1 4
> B 1T (T +a3) = ) 11 (Ta + xb)( > xfwz_s)
i=1  1<a<b<t+1,a#i,bti i=1 1<a<b<(+1,a#i,b#i s=0

£+1

¢
= Z Wo—_g Z xf H (o + xp)
s=0

i=1  1<a<b<(+1,a#ib#ti

241
1) E19) '
== wo ) 7] 11

i=1  1<a<b<(+1,ai,b#i

ZE I ) T,

(Ia + xb)

1<a<b<f+1
Since, £ + 1 < k we have that
{+1
> B 11 (@atz) | ] (za+as)
i=1  1<a<b<(+1,a%i,b#i 1<a<b<k

On the other hand,
H (xg +xp) | €k, js

1<a<b<k

and so
41

> B 11 (o + ) | erj.

i=1  1<a<b<_t+1,a#i,b#i
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Thus, we have proved that e ; € Zg ¢k, as claimed.
The second proof of (5.10): For the proof we use the following fact:

Let f(T) € (Falwy,...,we,Wn,...,Wa—¢)/Lae)[T] be an arbitrary monic polynomial of
degree £ < k, and set g(T) = T*=1=*f(T). Then,

I (a+ae) € (fl),..., flan)). (5.17)

1<a<b<k

Indeed, let us consider the determinant modulo 2 of the Vandermonde matriz. Then, us-
ing the invariance of determinant with respect to the row operations and expansion of the
determinant with respect to a row, we have that

1 1 1 1
€1 Tk T T
H (To +xp) = det | . . = det
1<a<b<k k: ) D k: )

Ty 33;@_ g(xl) g(xk)

= Z D(z1,.. . Ty xk)g(Tr)

1<r<k
€ (9(1),-- - g9(zx)) S (f(@1),..., flaw))
where D(z1,...,T,,...,%) denotes an appropriate minor, which is a polynomial in all

variables but .

Now (5.10), the claim that ex; € Zgsr = {(B1,...,0Bk), follows from the observation
[Licacoer(@a +x0) | ek, and the relation (5.17) with f(T') = Zﬁ:o wy—s T*.

5.3.3 Proof of Theorem [1.3.5

The case (d,d,k,7) is due to Mani-Levitska, Vreéica and Zivaljevié [12, Thm. 89]. Thus,
let us assume that d > 2, k > 1, 57 > 1, £ > 1 andt > 0, r > 0 are integers with
1<k<t<d-—1. Setj=2+r with0<r <2 -1, and in addition assume that
d > ottk—1 4

In order to prove that the 4-tuple (d, £, j, k) is mass assignment admissible we show that
€k,j ¢ Id,é,k - Rd,g,k = (Fg[wl, e, W, Wy ,@d_g]/fd7g)[z1, . ,xk],
which, according to Theorem|1.3.1], suffices.

Since the element ey, ; is actually a polynomial with coefficients only in Fa, that is ey ; €
Folz1,...,2k] € Raek, we first analyse the intersection Falx1, ..., x| NLaek of the subring
Folai,...,zk] of the ring Raer and the ideal Zqyey. For simplicity, as in the previous
section, we denote the generators of the ideal Zq 1 by

£
ﬂr::: E $i1ﬂg_s
s=0

where 1 <r < k. Hence, Zgp . = {B1,---,0k)-

Lemma 5.3.2. ¢ ; ¢ (B1,...,8k) € Raox if and only ifey; & (x¢,...,2%) C Falzq,...,zx].
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Proof. First, we observe that (z¢,...,2%) C (B1,...,Bk). Indeed, for every 1 <i < k we
have that

d—¢ ¢ d—¢
zf = (fo wd7£7r> : (wa wffs) = (fo Wd%w) Bi € (B, -, Br)-
r=0 s=0 r=0
Consequently, by contraposition, we get that
erg & (Broe Br) = eny & (2f,... ).
To prove the opposite implication, it suffices to show that the inclusion

Fg[xl,...,xk] — (Fg[’wl,...,wg,ﬁl,...,@d_g]/ld7g)[l‘1,...,xk]

induces a monomorphism

Fg[xl,...,xﬂ/(:ci...,mﬁ) —
(Fg[wl, ce Wy, W, .. ,Ed,g]/ldx)[ml, R ,.’Ek]/<61, . 75k>~ (518)

Indeed, if ey ; ¢ (z,...,z¢), then its class ey ; + (x¢, ..., x{) # 0 is non-zero in the quotient
ring Fa[z1, ..., 2]/ (24, ..., 2). Hence, the injectivity of the map (5.18)) would imply that
the corresponding class ey ;j + (51, ..., Bk) is also non-zero, meaning that ey ; ¢ (61, ..., Bk)-

First, let us observe that in the ring R4 s the following identity holds

¢
81 = (wa wgfs) q+ (agflmffl + -+ a1m; + ag)
s=0

where ¢ € Rg1 is a polynomial of degree d —1 — ¢, and 1 < i < k. The coefficients
ag_1,- - ,aqg of the remainder in the previous equation can be explicitly computed, as shown
in [31], Proof of Prop.4.1 with n = 'yg and ¢ trivial]. In particular, for 0 <r < /¢ —1:

Op = Wd—r—1 + W1 Wi—p—2 +**+ + Wr—p_1Wq—¢-

Since ws = 0 for every s > d — £ + 1 we have that a, = wy_,_1W4_¢ and specially ay_1 =
Wq_¢ # 0. Thus,

N (B, Br) = Big F Wae(@t T dwnal TR 4 weox) +we1) + (Bay -, Br)

=Wa_o(xi 7 Fwrat 724 weaxt +we1) + (B, Br)

7& <ﬂ17' . 55k>
Now, we show the injectivity of the map (5.18]). Denote by I the kernel ideal of the map

Folzy, ..., xx] — IFQ[xl,...,:z:k]/<x‘1i,...,xﬁ> —
(Fo[w10, ... ,we, W, ..., Wa—e]/Lae)[w1,. .., 2]/{B1,. .., Br)-

In particular, (z¢,...,2¢) C I. Further on assume that

T
0#p= E Ary ey, T Tt €
(rtyoosrk ) EAC {0, d—1}E
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for some index set A C {0,...,d — 1}*. If
z=min{z : ap, . ro .. 70}

then the polynomial p - :cz_l_z has all monomials with the exponent in xj at least d — 1.

Considering the summands in p- mzflf’z with exponent in xj exactly d — 1, we obtain a new

polynomial also contained in I. Continuing in this way along the variables xy_1, xx_o, all

the way down to x1, we get that 3:‘11_1 e xz_l € I. In particular, this means that
(Br- oy B) =™ T+ (B, Br)

=wh_, [ (e +wial+ - +wea) + (Br, ., Br)
1<i<k

# </817"'7Bk>

because 1 < k < ¢ and wY5_, # 0 (see for example [I6]). We reached the contradiction with
the assumption of the existence of a polynomial p in the ideal I. Hence, the injectivity of
the map (5.18)) is confirmed and the proof of the lemma is completed. O

Using Lemmal[5.3.9 we complete the proof of Theorem|[I.3.5 by proving the following fact.

Lemma 5.3.3. €k.j §é Id,é,k-

Proof. According to Lemmal5.3.2|it suffices to show that ey ; & (z¢,...,2¢) C Fo[z1,..., 2]

First, we transform the polynomial ey ; in as follows:

k
erng=]J="" I1 (@1 + - + apay)’
i=1 (@1,ea) EFEN{(0,...,0),(1,...,0),...,(0,..., 1)}
1 )
=— 11 (zr + -+ + agay)’
Il .. .‘,Z:k: .
(al7"':ak)€F2\{(07"')0)}
1 J
= 7( H (Oql‘l +---+akxk)>
xl .. .l‘k .
(a1seemak ) EFEN{(O,...,0)}
1 )
- - Al
xl .. .xk: k’
where
A = H (g + -+ + agwy)

(al7"'»0”6)615‘5\{(0"“’0)}

is the Dickson polynomial of maximal degree. Further on, the Dickson polynomial Ay can
be presented as a polynomial in xj by:

Ay = 11 (a1 + - + o)
(Dtl ..... OL)C)GFIZC\{(O ..... 0)}
= A1z 11 (11 + -+ + ap—1Tp—1 + )
(a1,...,0)EFS~N\{(0,...,0)}
k—1

= Ak_1$k<ZDk_17ixii_l> (519)
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where Dy_1,...,Dy_1 -2 are Dickson polynomials in variables 1, ..., z;—1. In particular,
Dyi_1,0 = Ag—1 and Dj_1 -1 = 1. For more details on Dickson polynomials consult for
example [32].

Now, we start the proof of the claim ey ; ¢ (x¢,...,2¢) using induction on k. In the
case k = 1 we have that Ay = x; and d = 2¢ +7 = j. Then our claim reduces to the obvious

fact that e; ; = 2] " ¢ (2]). Let us assume, as an induction hypothesis, that

tHk—2 tHk—2
ep1y & (7 T an ) ). (5.20)

For the induction step we present the integer j in the binary form as:
j=2 422 ... 4 2t

where @ > 1 and t =¢; >ty > -+ > t, > 0. In particular, r = 2?2 4 ... + 2%, Now from

(5.19) follows that

a

k—1 . k—1
. . . i J . . + i 1yot
A=A o (Y Devaad ) = Al [T (S el ™). 2y
=0 b=1 =0

A typical monomial in the expansion of the left hand side of the (5.21) is of the form

Ad j ot1 (2i1 —1)2f1 ot2 (2i2_1)2t2 ota (zia_l)Qta
m= Ay @ - DiZyy, x “Dic 21, Ty o Di_y,
_AJ 2" 2t2 2ta E
= Aquk—Lz‘le—uz T Dk—l,iaxk
where 0 < iq1,...,17, <k —1, and

E = ] + (2i1+t1 _ 2t1) 4 (2i2+t2 _ 2t2) NS (2ia+ta _ 2ta) _ 2i1+t1 N Qiatha.
Observe that,
E = 2i1+t1 + 2i2+t2 N 2ia+ta _ 2t1+k*1 + ot2 N 9ta

if and only if 4 4 4 '
gt2 (212 _ 1) 128 (Qla —1) = oti+ii (276—1—21 _ 1)

if and only if

ilzk—l and igz---:ia:O,
because t; > tg > -+ > t, > 0. Thus, in the expansion of the polynomial Ai the (one
and only) monomial of degree 2011k~ 4 p = 2!+k=1 4 » in variable x;, is of the form
A?irl xztﬁkfl”. In other words, in the expansion of the polynomial ey ; the (one and
only) monomial of degree 20++F=1 4o — 1 = 2!+k=1 4 o 1 in variable z; is of the form
1 g 2t
T1Tp_1 Akfl L, .

In the final step of the proof, depending on j + r, we discuss three cases.
(1) If0 <r <2071 —1, then j +r =2’ + 2r with 0 < 2r < 2/ — 2. Then, from induction
hypothesis (5.20), we have that AJ* ¢ (29,..., 2} ) where

§=21TF"2 L op <otth=2 L ot _ 94 p < otthml 4y

- . o t+k—1 _
Consequently, ey ; = ﬁ - A}, has a (non-zero) monomial 2" -+ -z ¥z} +r-l

where a; <5 —1< 2tHr-1 4 1 foralll1 <i<k—1.
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(2) If r =271 then j+r = 2" + 2. 271 = 27! Now the induction hypothesis ([5.20))
implies that A7 ¢ (29,...,2) ) where

6 — 2t+k—1 < 2t+k—1 + r.

: . . t+k—1 _
Hence, e, j = —~— - AJ has a (non-zero) monomial x5 - -- 257 2 71 where
’ 5] T1-Tk k 1 k—1 "k

;i <6—1<2ttFLppr Jforall1 <i<k-—1.
(3) If 27141 <r < 2'—1, then j+r =20 +2r = 2071 4 (27 —2%) with 2 < 2r—2f < 2P —1.
In this case the induction hypothesis ([5.20) implies that Afﬂfl (ac{, . ,xz_1> where

6= 2Rl pp g (r—20) < 28R 4 g

; . _ t+k—1 _
Thus, ey; = ;== - A} has a (non-zero) monomial z{* ---z3* 'ay 7771 where
a; <§—1< 2kl _Tforalll <i<k-—1.
Therefore, ey ; ¢ (z¢,...,2¢), and induction step is completed.

This proof adds the missing argument in the proof of [12] Thm. 39] and corrects the final
steps of the proof of [13, Thm. 3.2]. O

The proof of Theorem [1.3.5 is now complete.
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