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Abstract

In this PhD thesis, the design of robust controllers for two Classes of Underactuated
Mechanical Systems of two DoF (Class-I and Class-III) is addressed. One of the con-
trollers is able to drive the states of both Classes to the origin locally in finite-time, and
the other controller stabilizes the origin globally asymptotically for the Class-I and lo-
cally asymptotically for the Class-III. The results were obtained despite the presence of
matched Lipschitz perturbations and bounded uncertain control coefficient. Furthermore,
the used sliding-modes algorithms have the discontinuity in an integral part, so the gener-
ated control signal is continuous and the chattering effect is attenuated. Simulations over
the Reaction Wheel Pendulum, the TORA and the Cart-Pendulum systems and exper-
imental validation over the Reaction Wheel Pendulum and the Cart-Pendulum systems
are presented to validate the results.

Keywords. Underactuated Systems, Continuous Higher-Order Sliding-Modes Control,
Finite-Time convergence, Robust Control.
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Chapter 1

Introduction

1.1 State of the Art and Motivation

Underactuated mechanical systems have less control inputs than degrees of freedom (DoF).
Control design is a challenging task for this class of systems, which are numerous and very
useful in practice. Some examples are given by aircraft and spacecraft vehicles, helicopters,
flexible-link and mobile robots, locomotive systems, snake-type and swimming robots,
acrobatic robots, satellites, surface vessels, and underwater vehicles. Many aspects are
discussed in the Survey paper [31], that also contains a vast literature.

Underactuation may appear due to several reasons:

1. The natural dynamics of the system, as e.g. in aircraft, spacecraft and underwater
vehicles, helicopters, and locomotive systems without wheels.

2. Due to the failure of an actuator in an otherwise full actuated system.

3. By design with the purpose of illustrating some features of this class of systems: the
Acrobot, the Pendubot, the Cart-Pendulum system (CP), the Furuta Pendulum, the
TORA system, the Reaction Wheel Pendulum (RWP).

The lasts underactuated mechanical systems from the previous lists, can be seen as
pendulum-like systems. The study of the pendulum has been one of the most studied topics
of the control theory, due to its nonlinear dynamics and unstable equilibrium points, for
example. The application of these systems can be found in the missile control, cranes
and transport vehicles (like the Segway) stability and in biomechanics (gait, balance and
human posture).

Since underactuated systems are not globally feedback linearizable (see e.g. [42]), the
control design for these pendulum-like systems, is usually separated in two tasks: First
swinging-up from the downward position to (a neighborhood of) the upright position
of the pendulum, and then switching to a (local) stabilizing controller. This includes
swing up control using energy-based methods for the RWP [57] and [3], the Acrobot [54],
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Sliding-Modes

1



1. Introduction

the Pendubot [56], the cart-pendulum system [8] and the Furuta pendulum [4]. With
respect to the stabilizing controller, some examples are partial linearization methods [52,
53], passivity-based methods [21] and Energy-Shaping Method [1, 69], using small nested
saturations [61], stabilization by output feedback [62], discontinuous stabilizing feedback
[46], adaptive control [17], PD control [44] and LQR [66] control, and sliding-mode control
techniques [68, 3, 60, 20, 18].

The local stabilizing controller in the previous approaches can be designed using a
local feedback linearization design. However, these controllers can be applied only locally,
since they posses singularities. A way to overcome this difficulty and to arrive at a Global
controller for a class of underactuated mechanical systems of two DoF is to find a partially
linearizing output that renders the zero dynamics asymptotically stable (see [16, 30] and
the references therein). In this case stabilizing the linearized subsystem results in a global
asymptotic stabilization. However, this approach is not useful when the zero dynamics
is not asymptotically stable. Olfati-Saber [40, 42, 43] has gone one step further and
has classified the underactuated mechanical systems (having some symmetries) in eight
classes, according to the properties of the normal form to which they can be globally
transformed. In particular, systems with two DoF belonging to the Class-I in Olfati-
Saber’s classificaction, can be globally transformed to a partially linearized system in
strict feedback form. In this case the zero dynamics can be globally stabilized using a
virtual control variable and a back-stepping design leads to global stabilization of the
equilibrium point [42, 43]. Moreover, in [42] the non-linearities are supposed to be fully
compensated so that the stabilization can be performed through a linear controller. For
other classes in Olfati-Saber’s taxonomy a global control design method has been also
proposed [42].

A major drawback of these global results [40, 42, 43] is that they do not consider
the action of external disturbances and/or the effect of model or parameter uncertainties.
They also rely on full compensation of the system’s non linearities, which is clearly hardly
achieved in a real set-up. Dealing with non constant uncertainties and/or disturbances
requires a Robust Control strategy, such as e.g. Sliding-Mode Control. Paper [70] proposes
a First-Order Sliding-Mode strategy for underactuated systems, that aim at dealing with
the uncertainties/perturbations. This approach has two main disadvantages: (i) Since the
control law is discontinuous, the chattering effect can be prohibitive for a real application.
(ii) The whole design is based on a form which is valid only locally, and so no global results
are obtained. The effect of chattering can be eventually attenuated by using Higher-Order
Sliding-Mode controllers. This has been studied in several works as e.g. [47, 10, 11, 23,
32]. However, these works only achieve local stabilization, and they are based on the
modification of a First-Order Sliding-Mode control strategy.

Continuous Higher-Order Sliding-Mode Algorithms (CHOSMA, see [7, 12, 24, 63, 38,
39]) are a class of homogeneous sliding mode controllers capable of compensating Lip-
schitz uncertainties and/or perturbations theoretically exactly, but using a continuous
control signal. When the actuator is fast (see [45]), the chattering effect caused by the
discontinuity and discretization is strongly attenuated.

2 Control of 2 Classes of Underactuated Mechanical Systems of 2 DoF via Continuous Higher-Order
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1.2. Problem Statement

These algorithms consist in a static homogeneous finite-time controller for the nominal
model of the system and a discontinuous integral action, aimed at estimating and com-
pensating the uncertainties and perturbations. They are an extension of the (classical)
Super-Twisting ([25, 26, 48, 49]), and are related to the Continuous Twisting Algorithm
(CTA) ([36, 35, 65]) and Discontinuous Integral Algorithm (DIA) ([38], [39]).

1.2 Problem Statement

Consider a mechanical system having as configuration vector q = [q1, q2]T , an inertia
matrix depending only on q2, i.e., M = M(q2). Its Lagrangian is

L(q, q̇) =
1
2
q̇T

[

m11(q2) m12(q2)
m21(q2) m22(q2)

]

q̇ − V (q), (1.1)

where V (q) is the potential energy of the system, and the Euler-Lagrange equations of
motion are

m11(q2)q̈1 +m12(q2)q̈2 + d11(q2)q̇1q̇2 + d12(q2)q̇2
2 − g1(q1, q2) = τ 1,

m21(q2)q̈1 +m22(q2)q̈2 −
1
2
d21(q2)q̇2

1 +
1
2
d22(q2)q̇2

2 − g2(q1, q2) = τ 2,
(1.2)

where gi(q1, q2) = −∂V (q)
∂qi

, i = 1, 2 and di(q2) = d
dq2

mi(q2).

Olfati-Saber [42, 43] has classified the underactuated mechanical systems in eight
classes, according to the properties of the normal form to which they can be transformed.
In the system (1.2), if τ 1 = 0, i.e., the actuated variable is q2, the system is named as
Class-I. On the contrary, if τ 2 = 0, i.e., the actuated variable is q1, m11(q2) is constant,
and V (q2), the system is named as Class-III. Due to the fact that these two classes have
only one input and two DoF, they are underactuated systems.

Although underactuated (mechanical) systems are not globally state feedback lineariz-
able, it is possible to obtain a partial feedback linearization [34, 40, 43, 16, 30] and trans-
form the system (1.2) (at least locally) in

ż1 = ρ1(z),

ż2 = ρ2(z),

ż3 = z4,

ż4 = u .

(1.3)

For the Class-I, in [42, 43] it is proposed a back-stepping approach to globally stabilize
the equilibrium point z = 0 using a continuous control u. The problem with this, is that
in presence of parameter or dynamics uncertainties as well as external perturbations, the
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1. Introduction

nominal model (1.3) is no longer valid. A more appropriate model can be given by the
equations

ż1 = ρ1(z),

ż2 = ρ2(z),

ż3 = z4,

ż4 = β(t, z) [u+ ϕ(t)] ,

(1.4)

where β(t, z) is an uncertain control coefficient and ϕ(t) is a perturbation term. Now, the
task to design a robust controller able to reject these new terms, is crucial to stabilize the
origin of the system.

For the Class-III, in [68] it is designed a robust controller to locally stabilize the origin
of the system when β(t, z) = 1 and |ϕ(t)| ≤ M . Now, the problem with this approach is
the use of a First Order Sliding-Mode control, meaning, a discontinuous control signal u.
The use of such controllers may cause damage on the actuators of a real plant with the
chattering effect.

1.3 General Objective

The objective of this work is to design robust controllers for the Class-I and Class-III
of underactuated mechanical systems of two DoF, presented in [42], using a continuous
HOSM strategy. Two kinds of controller designs are presented:

1. One based on a model of the systems valid only locally. The controller generates a
fifth-order sliding-mode and achieves Local Finite-Time Stability (LFTS).

2. The other uses the globally valid cascade normal form proposed in [40, 42, 43] for the
Class-I and the locally valid cascade normal form proposed in [68], to design a ro-
bust controller that provides Global Asymptotic Stability (GAS) for the Class-I and
Local Asymptotic Stability (LAS) for the Class-III. A third-order sliding manifold
is generated, that is reached in finite-time, but the convergence to the equilibrium
is asymptotic.

All these controllers are able to compensate matched Lipschitz disturbances and/or
uncertainties, coping with an uncertain control coefficient and generating a continuous
control signal, possibly reducing the chattering effect. The proposed strategy is valid for
the whole Class-I systems, but the cases of study presented in this thesis are the RWP
and the TORA systems for the Class-I, both as full fourth order systems. The Class-III
only contains the CP system and is contained as case of study. Finally, evidence of the
performance of the controllers is provided, in simulations for the RWP, the TORA and
CP systems, and through experiments carried on in laboratory setup of the real RWP and
CP systems.

4 Control of 2 Classes of Underactuated Mechanical Systems of 2 DoF via Continuous Higher-Order
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1.4. List of Contributions

1.4 List of Contributions

• Robust local finite-time stabilization of the Class-I origin.

• Design of the Fourth Order Discontinuous Integral Algorithm gains.

• Numerical estimation of the attraction domain of the Third Order Discontinuous
Integral Algorithm and the Reaction Wheel Pendulum.

• Robust global asymptotic stabilization of the Class-I origin.

• Robust local finite-time stabilization of the Class-III origin.

• Robust local asymptotic stabilization of the Class-III origin, valid when the pendu-
lum position lies in the interval (−π/2, π/2).

• Simulations end experimental validation of the presented control strategies.

1.5 Outline

Some useful Preliminaries for the reader are presented in Section 2. The presentation of
the Class-I, the systems belonging to such class considered in this work as the cases of
study (the RWP and the TORA systems), and the design of the robust controllers for this
Class, are given in Section 3. The presentation of the Class-III, the system belonging to
such class as the case of study (the CP system), and the design of the robust controllers
for this Class, are given in Section 4. Each Section presents simulations of the controller
and experimental validation on the RWP system and the CP system. Conclusions of this
thesis are presented in Section 5. The proofs of the Theorems presented throughout the
work are presented in the Appendices.

Notation: Define the function ⌈·⌋γ := | · |γsign(·), for any γ ∈ R≥0.
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Chapter 2

Preliminaries

2.1 Sliding-Modes Control

Control in the presence of uncertainties and perturbations is one of the main topics of
modern control theory. These dynamics mostly come from external disturbances, un-
known plant parameters, and parasitic dynamics. Designing control laws that provide the
desired closed-loop system performance in the presence of these disturbances/uncertainties
is a very challenging task for a control engineer. This has led to intense interest in the
development of the so-called robust control methods, which are supposed to solve this
problem [51]. One of these robust control is the so-called Sliding-Modes Control (SMC).

In the next sections, a brief history of the algorithms developed in the SMC theory is
presented (see [15] for more details).

2.1.1 First Generation

The classical theory of first order SMC (FOSM) was established by 1980 and later reported
in Prof. Utkin’s monograph in Russian, in 1981 (english version [67]). Consider a first
order uncertain system

σ̇ = β(t, σ) [u+ ϕ(t, σ)] . (2.1)

Here, and always below, the solution of all the systems will be understood in the sense
of A. Filippov [14].

In the FOSM control design, σ = 0 (sliding surface) is designed and the control u(σ)
takes the form of a discontinuous (relay or unit) controller ensuring the sliding-modes (σ
stays in zero despite the presence of bounded and positive β and bounded ϕ). Nevertheless,
the main disadvantage of the FOSM is discontinuous control and the chattering effect.
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2. Preliminaries

2.1.2 Second Generation

In order to compensate the chattering effect, in the early 80’s, the second order sliding
modes (SOSM) concept was introduced in the Ph.D. dissertation of A. Levant. Consider
a second order uncertain system

σ̈ = β(t, σ, σ̇) [u+ ϕ(t, σ, σ̇)] .

The objective of the SOSM is to design the control u(σ, σ̇) able to drive σ = σ̇ = 0 in
finite-time, despite the presence of bounded and positive β and bounded ϕ. Examples of
SOSM controls are the Twisting Algorithm [13] and the Terminal Algorithm [33]. However,
the main disadvantage of the SOSM is that the discontinuous control and the chattering
effect still persist in systems with relative degree two.

2.1.3 Third Generation

The Super-Twisting Algorithm (STA) [25]

u = −k1 ⌈σ⌋
1

2 + ζ,

ζ̇ = −k2 ⌈σ⌋0 ,

can drive σ = σ̇ = 0 in finite-time, despite the presence of bounded and positive β and
Lipschitz ϕ for the system (2.1).

The main advantages of the STA are the use of a continuous control signal u and that
it can be used to differentiate a signal [29]. Nevertheless, the main disadvantage of the
STA is that the design of a sliding surface is still needed in systems with relative degree
r ≥ 2.

2.1.4 Fourth Generation

Consider an uncertain system of order n

σ(n) = β(t, σ, σ̇, ..., σ(n−1))
[

u+ ϕ(t, σ, σ̇, ..., σ(n−1))
]

. (2.2)

The objective of the algorithms in this generation, is to design the control u(σ, σ̇, ..., σ(n−1))
able to drive σ = σ̇ = ... = σ(n−1) = 0 in finite-time, despite the presence of bounded and
positive β and bounded ϕ. An example of these controls are the Nested Arbitrary Order
Sliding-Mode Controllers [27].

The main advantage of these algorithms is that they don’t put a restriction over the
relative degree of the system. Nevertheless, they still use a discontinuous control signal.
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2.2. Homogeneity

2.1.5 Fifth Generation

Based on the STA, consider the Continuous Higher-Order Sliding-Mode (CHOSM) control
as

u = ρ1(σ, σ̇, ..., σ(n−1)) + ζ,

ζ̇ = ρ2(σ, σ̇, ..., σ(n−1)),

where ρ2(σ, σ̇, ..., σ
(n−1)) is a discontinuous signal. CHOSM are able to stabilize σ = σ̇ =

... = σ(n−1) = 0 in finite-time, despite the presence of bounded and positive β and Lipschitz
ϕ for the system (2.2). Note that CHOSM have a continuous control signal and this can
attenuate the chattering effect.

Examples of CHOSM are the Continuous Twisting Algorithm (CTA) ([36, 35, 65]) and
the Discontinuous Integral Algorithm (DIA) ([38], [39]).

2.2 Homogeneity

For a vector x = (x1, ..., xn) ∈ R
n the dilation operator is the family of linear transforma-

tions defined by ∆r

ǫx = (ǫr1x1, ..., ǫ
rnxn), ∀ǫ > 0. For i = 1, · · · , n, ri > 0 is the weight of

the component xi and r = (r1, ..., rn) is the vector of weights. A function V : Rn → R (re-
spectively, a vector field f : Rn → R

n, or vector-set F (x) ⊂ R
n) is called r-homogeneous

of degree m ∈ R if for all x ∈ R
n and all ǫ > 0 V (∆r

ǫx) = ǫmV (x) holds (respectively,
f(∆r

ǫx) = ǫm∆r

ǫf(x), F (∆r

ǫx) = ǫm∆r

ǫF (x)) [5, 38].

For a given vector r, the homogeneous norm is defined by ‖x‖
r, p :=

(

∑n
i=1 |xi|

p

ri

)
1

p

,

∀x ∈ R
n, for any p ≥ 1. The set S = {x ∈ R

n : ‖x‖
r, p = 1} is the homogeneous unit

sphere [5].

2.2.1 Some properties of homogeneous functions

Let V1 and V2 two continuously differentiable r-homogeneous functions (respectively, a
vector field f1) of degree m1, m2 (respectively, l1), then [5]:

(i) V1V2 is homogeneous of degree m1 +m2,

(ii) There exist a constant c1 > 0, such that V1 ≤ c1 ||x||m1

r,p , moreover if V1 is positive
definite, there exists c2 such that V1 ≥ c2 ||x||m1

r,p ,

(iii) ∂V1(x)/∂xi is homogeneous of degree m1 − ri,

(iv) LfV1(x), the Lie derivative of V1 along f , is homogeneous of degree m1 + l1.
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2. Preliminaries

The following property of continuous homogeneous functions is well-known.

Lemma 1 [2, 38] Let η : Rn → R and γ : Rn → R two homogeneous and continuous
functions, with the same weights r = (r1, ..., rn) and degree m. Let γ(x) ≥ 0 for all x ∈ R

n

and suppose that

{x ∈ R
n \ {0} | γ(x) = 0} ⊆ {x ∈ R

n \ {0} | η(x) > 0} .

Then, there exists a real number λ∗ so that, for all λ > λ∗, for all x ∈ R
n \ {0} and for

some c > 0, it is true that
η(x) + λγ(x) ≥ c‖x‖m

r,p .

The previous Lemma 1 requires the functions to be continuous. The following lemma,
proven in [9], extends this result to semi-continuous functions. This permits to handle
multivalued functions.

Lemma 2 [9] Let η : R
n → R and γ : R

n → R two homogeneous and lower semi-
continuous single-valued functions, with the same weights r = (r1, ..., rn) and degree m.
Let γ(x) ≥ 0 for all x ∈ R

n and suppose that

{x ∈ R
n \ {0} | γ(x) = 0} ⊆ {x ∈ R

n \ {0} | η(x) > 0} .

Then there exists a real number λ∗ so that, for all λ > λ∗, for all x ∈ R
n \ {0} and for

some c > 0, it is true that
η(x) + λγ(x) ≥ c ||x||mr,p .

We will make use of the following property of the "power-signed" function ⌈x⌋β , β >
0, which is a consequence of its monotonicity: For any real numbers x 6= y ∈ R,
(

⌈x+ y⌋β − ⌈x⌋β
)

x > 0. As a consequence

sign
(

⌈x+ y⌋β − ⌈y⌋β
)

= sign (x), β > 0. (2.3)
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Chapter 3

Control of Class-I of underactuated
mechanical systems with two DoF

3.1 Class-I Model

Class-I of underactuated mechanical system of two Degrees-of-Freedom (DoF), having
as configuration vector q = [q1, q2]T , have an inertia matrix depending only on q2, i.e.,
M = M(q2), and the variable q2 is actuated. The Lagrangian is

L(q, q̇) =
1
2
q̇T

[

m11(q2) m12(q2)
m21(q2) m22(q2)

]

q̇ − V (q), (3.1)

where V (q) is the potential energy of the system, and the Euler-Lagrange equations of
motion are

m11(q2)q̈1 +m12(q2)q̈2 + d11(q2)q̇1q̇2 + d12(q2)q̇2
2 − g1(q1, q2) = 0,

m21(q2)q̈1 +m22(q2)q̈2 −
1
2
d21(q2)q̇2

1 +
1
2
d22(q2)q̇2

2 − g2(q1, q2) = τ ,
(3.2)

where gi(q1, q2) = −∂V (q)
∂qi

, i = 1, 2 and di(q2) = d
dq2

mi(q2).

Using the global change of variables

x1 := q1,

x2 := q̇1,

x3 := q2,

x4 := q̇2,

(3.3)

Control of 2 Classes of Underactuated Mechanical Systems of 2 DoF via Continuous Higher-Order

Sliding-Modes

11



3. Control of Class-I of underactuated mechanical systems with two DoF

the system achieves the state space representation

ẋ1 =x2,

ẋ2 = −
m22(x3) [d11(x3)x2x4 + d12(x3)x2

4 − g1(x1, x3)]
η(x3)

−
m12(x3)

[

1
2
d21(x3)x2

2 − 1
2
d22(x3)x2

4 + g2(x1, x3) + τ
]

η(x3)
,

ẋ3 =x4,

ẋ4 =
m21(x3) [d11(x3)x2x4 + d12(x3)x2

4 − g1(x1, x3)]
η(x3)

+

m11(x3)
[

1
2
d21(x3)x2

2 − 1
2
d22(x3)x2

4 + g2(x1, x3) + τ
]

η(x3)

(3.4)

where η(x3) = m11(x3)m22(x3) −m12(x3)m21(x3) > 0.

System (3.4) can be transformed globally to a cascade normal form.

Proposition 3 [42, Proposition 3.9.1],[43, Theorem 1] Consider the Class-I underactu-
ated system with two DoF (3.4). Then the following global change of coordinates, obtained
from the Lagrangian of the system,

z1 = x1 + γ(x3),

z2 = m11(x3)x2 +m12(x3)x4,

z3 = x3,

z4 = x4,

(3.5)

transforms the dynamics of the system into a cascade nonlinear system in strict feedback
form

ż1 =
z2

m11(z3)
,

ż2 = g1(z1 − γ(z3), z3),

ż3 = z4,

ż4 = u ,

(3.6)

where

γ(x3) =
∫ x3

0

m12(θ)
m11(θ)

dθ , g1 (q1, q2) = −
∂V (q)
∂q1

, (3.7)

and u is the new control variable obtained from a collocated partial feedback linearization
(see [52, 55])

τ =
η(z3)u−m21(z3)

[

d11(z3)
[

z2−m12(z3)z4

m11(z3)

]

z4 + d12(z3)z2
4 − g1(z1 − γ(z3), z3)

]

m11(z3)

−
1
2
d21(z3)

[

z2 −m12(z3)z4

m11(z3)

]2

+
1
2
d22(z3)z2

4 − g2(z1 − γ(z3), z3).

(3.8)
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3.1. Class-I Model

System (3.6) is in the Byrnes-Isidori Normal Form, with the zero dynamics subsystem
(z1, z2). Although it is not assumed that the system is strictly minimum phase, since it
is in strict feedback form, the (global) stabilization of the whole system reduces to the
(global) stabilization of the zero dynamics. This characterizes this Class-I systems.

3.1.1 Uncertain Model

In presence of parameter or dynamics uncertainties as well as external perturbations, the
nominal model (3.6) is no longer valid. A more appropriate model can be given by the
equations

ż1 =
z2

m11(z3)
+ δ1(z),

ż2 = g1(z1 − γ(z3), z3) + δ2(z),

ż3 = z4 + δ3(z),

ż4 = β(t, z) [u+ ϕ(t)] + δ4(z),

where the terms δi(z) represent vanishing perturbations, i.e. δi(0) = 0, while the un-
certain control coefficient β(t, z) and the matching perturbation term ϕ(t) are assumed
to be bounded (without changing sign) and Lipschitz continuous as a function of time,
respectively, i.e.

0 < bm ≤ |β(t, z)| ≤ bM ,

∣

∣

∣

∣

∣

dϕ(t)
dt

∣

∣

∣

∣

∣

≤ L . (3.9)

In what follows it will be only considered the non-vanishing perturbation ϕ(t) and the
uncertain control coefficient β(t, z), that is, we use the uncertain model

ż1 =
z2

m11(z3)
,

ż2 = g1(z1 − γ(z3), z3),

ż3 = z4,

ż4 = β(t, z) [u+ ϕ(t)] ,

(3.10)

to design the controllers. It is well-known (see e.g. [22, Chapter 9] for smooth nonlinear
systems, or [6, Corollary 5.5] for homogeneous systems) that for sufficiently small and
vanishing perturbations with a triangular structure, i.e. |δi(z)| ≤ ǫ‖(z1, · · · , zi)‖, if the
origin of the system (3.10) is Asymptotically Stable (GAS) so is also the origin of the
perturbed system. Further details of these results are not provided here.

The presence of the non-vanishing perturbation ϕ(t) in (3.10) prevents a continuous
static state-feedback controller to achieve convergence to the origin z = 0. The objective in
this chapter is to design dynamic and homogeneous state-feedback controllers that are able
to stabilize the origin z = 0 despite of the presence of the Lipschitz perturbation term ϕ(t),

Control of 2 Classes of Underactuated Mechanical Systems of 2 DoF via Continuous Higher-Order

Sliding-Modes

13



3. Control of Class-I of underactuated mechanical systems with two DoF

and the uncertain control coefficient β(t, z), and using a continuous control signal u(t). It
is used a local homogeneous approximation of system (3.10) to design a locally finite-time
stabilizing dynamic controller in Section 3.2. In Section 3.3, a numerical estimation of the
Local Domain of Attraction for the third order Reaction Wheel Pendulum (3-RWP) with
the locally finite-time stabilizing dynamic controller is performed. This is neglecting the
wheel position, for practical purposes, and achieving the swing-up and stabilization of the
system in one step. For global (asymptotic) stabilization of the origin z = 0, it is used the
globally valid model (3.10) to design a dynamic and homogeneous feedback controller in
Section 3.4. This extends the results presented in [40, 42, 43]. In the next paragraphs it
is presented two examples of Class-I systems, that will be used to illustrate the results in
simulations and experiments.

3.1.2 Application Systems: RWP and TORA

The Acrobot, the Reaction Wheel Pendulum (RWP), and the Translational Oscillator
with Rotational Actuator (TORA) systems are all Class-I underactuated systems and can
be globally transformed into the form (3.6) using an explicit global change of coordinates
(3.5) [42, Corollary 3.9.1]. In this work the RWP and the TORA will be studied and
controlled, so their dynamics will be presented in the following sections.

Reaction Wheel Pendulum (RWP)

Consider the RWP shown in Fig. 3.1. This figure describes a pendulum rotating in a
vertical plane and its pivot pin is mounted in a stationary base. The pivot pin of the
wheel is attached to the pendulum. The axes of rotation of the pendulum and the wheel
are parallel to each other. The wheel is actuated by the torque τ [Nm]. The states vector
is x = [x1, x2, x3, x4]T , where x1 [rad] is the angle between the upward direction and the
pendulum, which is measured counter-clockwise (x1 = 0 for the upright position of the
pendulum), x2 [rad/s] is the pendulum angular velocity, x3 [rad] is the wheel angular
position, and x4 [rad/s] is the wheel angular velocity.

x1

x3

mass center

lc1

J2,m2

J1,m1

l1

Figure 3.1: Reaction wheel pendulum system.

The system dynamics was originally presented in [58] and can be described by the

14 Control of 2 Classes of Underactuated Mechanical Systems of 2 DoF via Continuous Higher-Order

Sliding-Modes



3.1. Class-I Model

following equations:

ẋ1 = x2,

ẋ2 =
d22W sin (x1) + d12b2x4 − d12τ

D
,

ẋ3 = x4,

ẋ4 =
−d21W sin (x1) − d11b2x4 + d11τ

D
,

(3.11)

where

d21 = d12 = d22 = J2 , d11 = m1l
2
c1 +m2l

2
1 + J1 + J2

D = d11d22 − d12d21 > 0 , m̄ = m1lc1 +m2l1, W = m̄g.

According to Proposition 3 the following global change of coordinates (similar to the
one used in [41])

z1 = d11x1 + d12x3,

z2 = d11x2 + d12x4,

z3 = x1,

z4 = x2,

(3.12)

brings the RWP system to the cascade form

ż1 = z2,

ż2 = W sin (z3),

ż3 = z4,

ż4 =
d22W sin (z3) + b2(z2 − d11z4) − d12τ

D
.

(3.13)

The feedback control transformation

τ =
d22W sin (z3) + b2(z2 − d11z4) −Du

d12
, (3.14)

partially linearizes the system, and we obtain the normal form (3.6)

ż1 = z2,

ż2 = W sin (z3),

ż3 = z4,

ż4 = β(t, z) [u+ ϕ(t)] .

(3.15)

The used system parameters were obtained with an off-line identification algorithm
and they are given in Table 3.1.
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3. Control of Class-I of underactuated mechanical systems with two DoF

Table 3.1: Parameters of the Reaction Wheel Pendulum system

Name Description Value
m̄ Equivalent mass of the system 0.191[kgm]
d11 Equivalent moment of inertia of the system 0.0543[kgm2]
J2 Moment of inertia of the wheel 0.0027[kgm2]
b2 Friction coefficient of the wheel 0.01[Ns/m2]
g Acceleration of the gravity 9.81[m/s2]

Translational Oscillator with Rotational Actuator (TORA)

Consider the TORA system shown in Fig. 3.2. This figure describes a pendulum rotating
in a vertical plane and its pivot pin is mounted in a mass m1. The actuation on the
pendulum by the torque τ [Nm] makes the mass to move in a translational manner. The
states vector is x = [x1, x2, x3, x4]T , where x1 [m] is the position of the mass m1, x2 [m/s]
is the velocity, x3 [rad] is the angle between the downward direction and the pendulum,
which is measured counter-clockwise (x3 = 0 for the downright position of the pendulum),
and x4 [rad/s] is the pendulum angular velocity.

k

m1

m2

I

r

x1

x3

Figure 3.2: TORA system.

The system’s dynamics can be described by the following equations:

ẋ1 =x2,

ẋ2 = −
η1(kx1 − η3x

2
4) + η2(τ − gη3)
η4

,

ẋ3 =x4,

ẋ4 =
η2(kx1 − η3x

2
4) + (m1 +m2)(τ − gη3)

η4

,

(3.16)

where

η1 = m2r
2 + I , η2 = m2r cos(x3) , η3 = m2r sin(x3) , η4 = (m1 +m2)η1 − η2

2 > 0 .
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3.2. Design of a Local Finite-Time Stabilizing (LFTS) Controller

The global change of coordinates

z1 = x1 +
η3

m1 +m2
,

z2 = (m1 +m2)x2 + η2x4,

z3 = x3,

z4 = x4,

(3.17)

together with the feedback transformation

τ =
η3u− η2(kx1 −m2rz

2
4 sin(z3))

m1 +m2

+m2gr sin(z3), (3.18)

bring the system to the normal form (3.6)

ż1 =
z2

m1 +m2

,

ż2 = −kz1 +
km2r sin(z3)
m1 +m2

,

ż3 = z4,

ż4 = β(t, z) [u+ ϕ(t)] .

(3.19)

The used system parameters are the same as in [42], and are given in Table 3.2.

Table 3.2: Parameters of the TORA system

Name Description Value
m1 Mass of the platform 10 [kg]
m2 Mass of the pendulum 1 [kg]
k Coefficient of the spring 5 [kg/s2]
r Length of the pendulum 1 [Ns/m2]
I Moment of inertia of the pendulum 1 [kgm2]
g Acceleration of the gravity 9.81 [m/s2]

3.2 Design of a Local Finite-Time Stabilizing (LFTS)
Controller

3.2.1 Problem Statement

In this section, it is performed the design of a controller to attain local finite-time stability
of the origin z = 0 of the uncertain system (3.10). Since it will be used for u homogeneous
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3. Control of Class-I of underactuated mechanical systems with two DoF

controllers, it is considered the following local homogeneous approximation of system (3.10)
for this purpose

ż1 = α1z2,

ż2 = α2z3,

ż3 = z4,

ż4 = β(t, z) [u+ ϕ(t)] ,

(3.20)

where α1, α2 ∈ R are given by

α1 =
1

m11(0)
, α2 =

∂g1(z1 − γ(z3), z3)
∂z3

∣

∣

∣

∣

∣

z=0

.

Local controllability of the system (3.10) assures that α1 6= 0, α2 6= 0.

Since the nominal system (3.20), i.e., with β(t, z) constant and ϕ(t) ≡ 0, is homoge-
neous of negative degree, system (3.10) can be seen as a "perturbation" of (3.20)

ż1 = α1z2 + δ1(z),

ż2 = α2z3 + δ2(z),

ż3 = z4,

ż4 = β(t, z) [u+ ϕ(t)] ,

where the perturbation terms δ1(z) and δ2(z) are assumed to be of higher homogeneity
degree.

Approximation models similar to (3.20) have been used in the literature to attain a
local exact feedback linearization for local stabilization of several underactuated systems,
as e.g. [57, 3, 54, 56, 8, 4, 21, 46, 17, 3, 60, 20, 18].

In this section, the design of a local finite-time stabilizing dynamic controller for the
equilibrium point z = 0 of system (3.20) is done, despite the presence of β(t, z) and ϕ(t),
using a continuous control signal. Due to Hermes’ Theorem for homogeneous systems [6,
Corollary 5.5], this controller will also locally stabilize in finite-time the origin of system
(3.10).

3.2.2 Controller Design

Since the approximation system (3.20) is an uncertain chain of integrators of order 4,
a Discontinuous Integral Algorithm (DIA) [38, 39, 18, 37] can be used to stabilize the
origin. These algorithms consist in a static homogeneous finite-time controller for the
nominal model of the system and a discontinuous integral action, aimed at estimating and
compensating the uncertainties and perturbations.
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3.2. Design of a Local Finite-Time Stabilizing (LFTS) Controller

For system (3.20), it is proposed here the Fourth Order Discontinuous Integral Algo-
rithm (4-DIA), given by

u = − k4

⌈

⌈z4⌋
5

2 + k
5

2

3 ⌈z3⌋
5

3 + k
5

2

3 k
5

3

2 ⌈z2⌋
5

4 + k
5

2

3 k
5

3

2 k
5

4

1 z1

⌋
1

5

+ ζ,

ζ̇ = − kI1

⌈

z1 + kI2 ⌈z2⌋
5

4 + kI3 ⌈z3⌋
5

3 + kI4 ⌈z4⌋
5

2

⌋0
.

(3.21)

The first term in (3.21) is a continuous and homogeneous static feedback controller,
providing finite-time convergence for the nominal system (without perturbations), and is
obtained using a back-stepping-like approach as in [9]. The second term in (3.21) is a
discontinuous integral term, that ensures theoretically exact compensation of Lipschitz
disturbances ϕ(t). This is in contrast to the classical integral controllers (see e.g. [22,
Chapter 14]), which are only able to fully compensate constant perturbations ϕ(t).

Note that due to the fact that the discontinuous function sign is integrated, the control
signal generated by (3.21) is continuous, so that the chattering effect can be strongly
attenuated (see [45]).

Introducing a new state variable, z5 = ζ + ϕ(t), which corresponds to the sum of the
integral variable ζ and the non-vanishing perturbation term ϕ(t), the dynamics of the
closed-loop system, formed by system (3.20) with the controller (3.21), is

ż1 = α1z2,

ż2 = α2z3,

ż3 = z4,

ż4 = β(t, z)

{

−k4

⌈

⌈z4⌋
5

2 + k
5

2

3 ⌈z3⌋
5

3 + k
5

2

3 k
5

3

2 ⌈z2⌋
5

4 + k
5

2

3 k
5

3

2 k
5

4

1 z1

⌋
1

5

+ z5

}

,

ż5 ∈ −kI1

[

⌈

z1 + kI2 ⌈z2⌋
5

4 + kI3 ⌈z3⌋
5

3 + kI4 ⌈z4⌋
5

2

⌋0
+
[

−L̄, L̄
]

]

,

(3.22)

where L̄ = L
kI1

. The following Theorem presents the stability analysis of the 4-DIA applied
to the uncertain Class-I system (3.10).

Theorem 1 The origin of the uncertain system (3.10) is finite-time locally stable, even
in presence of uncertainties fulfilling conditions (3.9), when the control τ is given by (3.8),
(3.5) and (3.21), and the set of gains ki and kIi, for i = 1, 2, 3, 4, are properly chosen.

Proof. The proof is presented in the Appendix .1.

It is shown in the proof, using a homogeneous Lyapunov function, that the origin of
system (3.22) is Globally Finite-Time stable for all uncertainties satisfying (3.9). Since
(3.20) is a local approximation of the plant (3.10), local finite-time stability follows for the
latter system, using the same Lyapunov function.
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3. Control of Class-I of underactuated mechanical systems with two DoF

Remark 1 Since the closed loop system with the controller of Theorem 1 is homogeneous
with homogeneity degree d = −1 and weights (r1, r2, r3, r4, r5) = (5, 4, 3, 2, 1), the point
z = 0 is a fifth-order sliding-mode. Due to homogeneity properties [28], the theoretical
precision of the states after the transient are |z1| < ∆1τ̄

5, |z2| < ∆2τ̄
4, |z3| < ∆3τ̄

3,
|z4| < ∆4τ̄

2 and |z5| < ∆5τ̄ , where ∆i > 0 with i = 1, ..., 5 and τ̄ as the sample time.

Homogeneous approximation of RWP and TORA Systems

The uncertain local approximation of the RWP system is

ż1 = z2 ,

ż2 = Wz3 ,

ż3 = z4 ,

ż4 = β(t, z) [u+ ϕ(t)] ,

and for the TORA system is:

ż1 =
1

m1 +m2

z2 ,

ż2 =
km2r

m1 +m2

z3 ,

ż3 = z4 ,

ż4 = β(t, z) [u+ ϕ(t)] .

3.2.3 Gain design and scaling

The calculation of appropriate values for the gains of the 4-DIA are provided in Appendix
.2, and they are given by the expressions (A.2)–(B.5). The gains kI2, kI3 and kI4 can take
any value. For the maximization of the functions in the design of k2, k3, k4 and kI1, it is
necessary to choose the value of k1, γ1, γ2, γ3 > 0 and m ≥ 9.

Some set of gains obtained with this procedure are shown in Table 3.3, using bm =
kI1 = 1, kI2 = kI3 = kI4 = 0 and L = 0.9.

Table 3.3: Set of gains for the 4-DIA

Set k1 k2 k3 k4

1 2 2 5 45
2 2 2 20 55
3 2 3 7 45

Gain Scaling
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3.2. Design of a Local Finite-Time Stabilizing (LFTS) Controller

As a consequence of homogeneity, it is possible to perform a useful gain scaling:

k = (k1, k2, k3, k4, kI1, kI2, kI3, kI4) →

kλ =
(

λ
1

5k1, λ
1

4k2, λ
1

3k3, λ
1

2k4, λkI1, λ
− 1

4kI2, λ
− 2

3kI3, λ
− 3

2kI4

)

. (3.23)

If the set of gains k stabilizes the origin for a perturbation of size L, then for every λ > 0
the set of gains kλ also stabilizes the origin for a perturbation of size λL. This can be
easily proved: Applying the linear transformation

ẑi = λzi, i = 1, ..., 5, 0 < λ ∈ R,

to system (3.22) with gains k leads to an equivalent system with gains kλ.

3.2.4 Simulation Results

RWP System

The Local Finite-Time Stabilizing (LFTS) controller given by the law (3.14), the transfor-
mation (3.12) and the 4-DIA described by (3.21) with gains k1 = k2 = 2, k3 = 5, k4 = 45,
kI1 = 8, kI2 = kI3 = kI4 = 0 and scaling λ = 0.2, was implemented in Matlab Simulink
with the Runge-Kutta’s integration method with fixed step and a sampling time equal to
1 × 10−4[s]. As perturbation, the unbounded signal ϕ(t) = 0.1 sin(t) + 0.1t+ 0.5 was used
and β(t, z) = 2.5 + sin(z1) + cos(z2) was taken as uncertain control coefficient.

Two initial conditions are presented: one "near" the upward equilibrium x0 = [−0.55, 0, 0, 0]T ,
and one "far" from it x0 = [π, 0, 0, 0]T , which corresponds to the downward position. Fig.
3.3 shows that for both initial conditions the controller is able to stabilize the origin, al-
though theoretically only local stability is guaranteed. This simulation illustrates that the
controller solves both, the swing-up and the stabilization problems despite the presence of
the unbounded disturbance and the uncertain control coefficient (shown in Fig 3.4), but
this does not follow from the stability analysis.

Fig. 3.4 presents the behaviour of the output signal ζ of the integrator. It identifies
exactly and in finite time the (unbounded) perturbation. Fig. 3.5 shows that the control
signal is continuous.

TORA system

For the TORA system, the control (3.18), the transformation (3.17) and the 4-DIA de-
scribed by (3.21) with k1 = k2 = 2, k3 = 5, k4 = 45, kI1 = 8, kI2 = kI3 = kI4 = 0
and scaling λ = 0.2, were implemented in Matlab Simulink with the Runge-Kutta’s in-
tegration method with fixed step and a sampling time equal to 1 × 10−4[s]. The sim-
ulations were made with an unbounded perturbation ϕ(t) = 0.1 sin(t) + 0.1t + 0.5 and
β(t, z) = 2.5 + sin(z1) + cos(z2) was taken as uncertain control coefficient.
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Figure 3.3: Simulated states for the LFTS of the RWP.
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Figure 3.4: Perturbation identification and uncertain control coefficient for the LFTS
of the RWP simulations.
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Figure 3.5: Continuous control signal for the LFTS of the RWP simulations.

In Figs. 3.6-3.8, the simulations results are shown. As in the LFTS simulations of the
RWP system, two initial conditions were tested to check the performance of the algorithm:
close to the origin x0 = [0, 0,−1, 0]T and far from the origin x0 = [0.5, 0, π, 0]T . The plots
show that for both initial conditions the four states reach the origin in finite-time with
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3.2. Design of a Local Finite-Time Stabilizing (LFTS) Controller

a continuous control signal shown in Fig. 3.8, despite the presence of the unbounded
disturbance and the uncertain control coefficient (shown in Fig 3.7). In Fig. 3.7 the inte-
grator ζ is shown and it is observed how it identifies the negative value of the unbounded
perturbation.
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Figure 3.6: Simulated states for the LFTS of the TORA.
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Figure 3.7: Perturbation identification and uncertain control coefficient for the LFTS
of the TORA simulations.

3.2.5 Experimental Validation: RWP System

The experimental setup for the RWP, illustrated in Fig. 3.1, was developed at the Institut
für Regelungs- und Automatisierungstechnik of TU Graz, Austria. The experiments are
performed in Matlab Simulink over a data-acquisition board connected to the RWP system.

Since the actual RWP system only measures positions, a second order robust exact
differentiator [29] was implemented in order to estimate the velocities x2, x4 required by
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Figure 3.8: Continuous control signal for the LFTS of the TORA simulations.

the controller. The control signal τ from the algorithm is converted to a voltage signal by
the expression V = −0.2778τ+3.6×10−5x4. This signal is saturated between [−0.9, 0.9][V]
and, after an amplification stage, is connected to a 12[V] DC motor.

The control (3.14) and the 4-DIA described by (3.21) with k1 = k2 = 2, k3 = 20,
k4 = 55, kI1 = 0.3 kI2 = kI3 = kI4 = 0 and scaling gain λ = 0.09, were implemented in
the real RWP system. This was done using the Runge-Kutta’s integration method with
fixed-step and a sampling time equal to 1 × 10−4[s].

The experiments were made with two initial conditions, x0 = [−0.55, 0, 0, 0]T and
x0 = [π, 0, 0, 0]T , to see if the same behaviour as in simulations is obtained. In the
experiment starting in the downward position the wheel position encoder was reset once
the pendulum reached a position near to the origin. This was made to avoid that the
wheel has to perform several rotations.

Fig. 3.9 shows how the four states reach the origin, even in presence of uncertainties
in the system parameters and non-modelled dynamics. Fig. 3.10 shows the continuous
control signal τ generated by the 4-DIA, while Fig 3.11 presents the voltage signal con-
trolling the DC motor. Note that during the swinging-up phase the control reaches the
saturation, and this explains why the 4-DIA controller produces some oscillations of the
pendulum until the upward position is reached. This phenomenon does not appear in the
simulations, where there is no saturation, and the pendulum goes to the upward position
in just one movement. These results show that the 4-DIA is capable of stabilizing the four
states even with saturation in the real control.

3.3 Estimation of the Local Domain of Attraction:
3-RWP Case

3.3.1 Problem Statement

In the previous section, both in simulations and experiments over the RWP system, the
LFTS was able to drive the states from the downward position of the pendulum to its
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Figure 3.9: Experimental values of the states for the LFTS of the RWP.
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Figure 3.10: Continuous control signal for the LFTS of the RWP experiments.
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Figure 3.11: Voltage control signal in the LFTS for the RWP experiments.

upright position, in one step. These simulations and experiments pushed the further
research on the properties of the DIA and the possibilities to enlarge the DIA’s attraction
domain allowing to cover both the upright and downward position.

For this purpose, to simplify the numerical calculations but without losing generality,
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3. Control of Class-I of underactuated mechanical systems with two DoF

in this section will be considered the Third Order of the RWP system (3-RWP), i.e.,
without taking into account the wheel position for the control. Then, it will be used a
global transformation of the 3-RWP model like the one used in 3.12, and then apply a
Third Order Discontinuous Integral Algorithm (3-DIA) to solve the problem. Selecting
appropriately the 3-DIA’s gains, it is possible to include the RWP’s downward position in
the attraction domain.

3.3.2 Controller Design

Neglecting the state x3 (wheel position) of the system (3.11) as a control objective and
defining the next global change of coordinates (similar to the one used in [41])

z1 :=d11x2 + d12x4,

z2 :=x1,

z3 :=x2,

(3.24)

the system can be rewriten as

ż1 =W sin (z2),

ż2 =z3,

ż3 =
d22W sin (z2) + b2(z1 − d11z3) − d12τ

D
.

(3.25)

Now, if the control τ becomes

τ =
d22W sin (z2) + b2(z1 − d11z3) −Dν

d12
, (3.26)

partially linearizes the system, and we obtain a similar system as the normal form (3.6)

ż1 =W sin (z2),

ż2 =z3,

ż3 =β(t, z) [u+ ϕ(t)] ,

(3.27)

where ϕ(t) and β(t, z) are assumed as (3.9).

Now, it is presented the Third Order Discontinuous Integral Algorithm (3-DIA), which
is a controller derived from (3.21)

ν = − k3

⌈

⌈z3⌋
4

2 + k
4

2

2 ⌈z2⌋
4

3 + k
4

2

2 k
4

3

1 z1

⌋
1

4

+ ζ

ζ̇ = − kI1

⌈

z1 + kI2 ⌈z2⌋
4

3 + kI3 ⌈z3⌋
4

2

⌋0
.

(3.28)
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3.3. Estimation of the Local Domain of Attraction: 3-RWP Case

Introducing a new state variable, z4 = ζ + ϕ(t), which corresponds to the sum of the
integral variable ζ and the non-vanishing perturbation term ϕ(t), the dynamics of the
closed-loop system, formed by system (3.27) with the controller (3.28)

ż1 =W sin(z2),

ż2 =z3,

ż3 =β(t, z)

{

−k3

⌈

⌈z3⌋
4

2 + k
4

2

2 ⌈z2⌋
4

3 + k
4

2

2 k
4

3

1 z1

⌋
1

4

+ z4

}

,

ż4 ∈ − kI1

[

⌈

z1 + kI2 ⌈z2⌋
4

3 + kI3 ⌈z3⌋
4

2

⌋0
+
[

−L̄, L̄
]

]

,

(3.29)

where L̄ = L
kI1

.

Remark 2 Close to the origin, the system (3.29) is homogeneous of degree d = −1 and
weights (r1, r2, r3, r4) = (4, 3, 2, 1). Due to homogeneity properties [28], the theoretical
precision of the states after the transient are |z1| < ∆1τ̄

4, |z2| < ∆2τ̄
3, |z3| < ∆3τ̄

2 and
|z4| < ∆4τ̄ , where ∆i > 0 with i = 1, ..., 5 and τ̄ as the sample time.

One of the reasons that started the study of how the DIA is able to perform the
swing-up and the stabilization in one step, is to clarify how this controller acts from an
equilibrium point x∗ of the original system (3.11) (the downward position of the pendu-
lum). This can be seen obtaining such equilibrium points

x∗ = [nπ, 0, p, 0]T , p ∈ ℜ, n ∈ Z. (3.30)

and comparing them with the equilibrium points z∗ of the closed loop system (3.29)
without taking into account the integral part z4

z∗ = [−k
− 4

3

1 ⌈nπ⌋
4

3 , nπ, 0]T , n ∈ Z, (3.31)

and the equilibrium points in the original coordinates x∗

x∗ = [nπ, 0, p,−d−1
12 k

− 4

3

1 ⌈nπ⌋
4

3 ]T , p ∈ ℜ, n ∈ Z. (3.32)

One can notice that the equilibrium points (3.32) of the RWP can be affected by the
value of the 3-DIA’s gain k1, this is showed in Fig. 3.12. In the RWP without control,
the downward position of the pendulum is an equilibrium point, but for the closed loop
system (3.29), this position is no longer an equilibrium point. Therefore, the presented
controller could start to act from the downward position of the pendulum.

The following Theorem presents the stability analysis of the 3-DIA applied to the
3-RWP.
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Figure 3.12: Equilibrium points of the RWP as function of 3-DIA’s k1.

Theorem 2 The origin of system (3.27) is finite-time locally stable, without taking into
account the wheel position, when the control τ takes the form of (3.26), (3.24) and (3.28),
and the set of gains ki, with i = 1, 2, 3, are chosen properly. The points x = [π, 0, 0, 0]T

and x = [−π, 0, 0, 0]T , belong to an estimated domain of attraction.

Proof. The proof is given in Appendix .3.

Remark 3 In the proof, it is possible to see that the origin of system (3.29) is locally
stable in finite-time. Therefore, the point (x1, x2, x4) = 0 in system (3.11) is locally stable
in finite-time as well and the integral action ζ converges to the negative of perturbation
ϕ(t). The not controlled state x3 tends to a constant value, due to the fact that x4 converges
to zero.

Now, to test the proposed algorithm and the estimated domain of attraction, some
simulations and experiments over the RWP system were made.

3.3.3 Simulation Results

The control (3.26), the transformation (3.24) and the 3-DIA described by (3.28) with
k1 = 0.55, k2 = 2.3, k3 = 13, kI1 = 0.15, kI2 = kI3 = 0, were implemented in Matlab
Simulink with the Runge-Kutta’s integration method of fixed step and a sampling time
equal to 1 × 10−4[s]. The simulations were made with an unbounded perturbation ϕ(t) =
0.1 sin(0.4t) + 0.1t + 0.5, β(t, z) = 1, and the initial conditions x0 = [π, 0, 0, 0]T and
x0 = [−π, 30, 0, 2000]T (this last one also belongs to the region of attraction, but is far
from the origin, in order to test the proposed algorithm).

Also, to compare the 3-DIA with another algorithm, it was designed a linear controller
ν = −Kz from the linearized approximation of the system (3.27) around the origin, with
K = [3.1623, 9.0792, 5.3064], the control (3.26) and the transformation (3.24). The simu-
lations were made with the same unbounded perturbation ϕ(t) and the initial condition
x0 = [0.5, 0, 0, 0]T , as this algorithm only can guarantee the stability close the origin.
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3.3. Estimation of the Local Domain of Attraction: 3-RWP Case

The results are shown in Figs. 3.13-3.15. It can be clearly seen that the 3-DIA can
compensate the unbounded perturbation and drive the states to the origin, starting far
from it, using a continuous control signal. The linear algorithm was not able fight the
perturbation and after a time, the states start to move off the origin.
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Figure 3.13: State trajectories in the 3-RWP simulations.
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Figure 3.14: Perturbation identification in the 3-RWP simulations.

3.3.4 Experimental Validation

The control (3.26), the transformation (3.24) and the 3-DIA described by (3.28) with
k1 = 0.55, k2 = 2.3, k3 = 13, kI1 = 0.15 and kI2 = kI3 = 0, were implemented in the
real RWP system. This, using the Runge-Kutta’s integration method of fixed-step and a
sampling time equal to 1 × 10−4[s] and the initial condition x0 = [π, 0, 0, 0]T .

Also, it was tested the same linear algorithm ν = −Kz with a gain
K = [3.1623, 9.0792, 5.3064], the control (3.26) and the transformation (3.24). The exper-
iments were made with the initial condition x0 = [0.5, 0, 0, 0]T .
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Figure 3.15: Control signal in the 3-RWP simulations.

The results are shown in Figs. 3.16-3.18. The 3-DIA can compensate some Lipschitz
uncertainties of non-modelled dynamics, and drive the states to the origin starting from
the downward position, using a continuous and saturated control signal (because of the
real control that is a Voltage, as seen in Fig. 3.11). The linear algorithm can only drive
the states to the origin starting really near from it but not hold them there, as it can be
seen in the wheel velocity.
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Figure 3.16: State trajectories in the 3-RWP experiment.
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1 2 3 4 5 6 7 8 9 10

-10

-5

0

5

10

26 28 30

-0.5

0

0.5

Figure 3.17: Control signal in the 3-RWP experiment.
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Figure 3.18: Voltage control signal in the 3-RWP experiment.

3.4 Design of a Globally Asymptotically Stabilizing
(GAS) Controller

3.4.1 Problem Statement

In this section, the objective is to design a controller to (robustly) attain global asymptotic
stability of the origin z = 0 of the uncertain system (3.10), in spite of the uncertainties
and/or perturbations satisfying (3.9).

To reach the objective it can be followed the main strategy used in [42, 40, 43] for the
Class-I of underactuated systems without uncertainties/perturbations. Since system (3.10)
is a cascade system in strict feedback form, the controller design can be divided in two
steps:

Step 1: For the virtual control variable z3 of the Slave subsystem (z1, z2) in (3.10) find
a smooth control law z3 = σ(z1, z2) that renders the origin (z1, z2) = 0 Globally
Asymptotically Stable (GAS).

Step 2: For the (nominal linear) Master subsystem (z3, z4) a Back-Stepping design leads
to the global stability of the state z = 0.

In this design, Step 1 is not modified but for Step 2 it is designed a discontinuous and ho-
mogeneous integral term, which is able to cope with the uncertainties and/or perturbations

Control of 2 Classes of Underactuated Mechanical Systems of 2 DoF via Continuous Higher-Order

Sliding-Modes

31



3. Control of Class-I of underactuated mechanical systems with two DoF

satisfying (3.9).

3.4.2 Controller Design

Virtual controller for the Slave subsystem

An interesting feature of the Slave subsystem for the Class-I systems is that the function
g1(z1 − γ(z3), z3) is usually periodic in z3. For example, for the RWP it is given by
g1(z1 − γ(z3), z3) = W sin(z3), while for the TORA system it is g1(z1 − γ(z3), z3) =
−k1z1 + km2r

m1+m2

sin(z3). This issue leads to a challenging global stabilization problem for
the Slave subsystem. A nice solution proposed in [42, 40, 43] is to use a saturated virtual
control law, z3 = σ(κ(z1, z2)), where σ(w) is a sigmoidal function, i.e. a smooth, saturated
and monotonic increasing function, as e.g. tanh(w) or arctan(w), and κ(z1, z2) is a smooth
scalar function of the states. Below it will be shown for the two application examples,
the RWP and the TORA systems, how GAS of the Slave subsystem can be attained.
Moreover, Input-to-State Stability (ISS) of the system with respect to z3 is also achieved.
This is important for the stability of the cascade system.

Robust Controller for the Master subsystem

Once the virtual GAS controller for the slave is obtained, the global stabilization of the
origin of the whole system is reduced to the global asymptotic stabilization of the trans-
formed system, which in the nominal case is given by

ż1 =
z2

m11(µ1 + σ(κ(z1, z2)))
,

ż2 = g1(z1 − γ(µ1 + σ(κ(z1, z2))), µ1 + σ(κ(z1, z2))),

µ̇1 = µ2,

µ̇2 = ν,

(3.33)

where the variables are defined as

µ1 :=z3 − σ(κ(z1, z2)),

µ2 :=µ̇1,

ν :=µ̇2 .

(3.34)

where
u = ν + σ̈(κ(z1, z2)). (3.35)

The origin of system (3.33) is globally asymptotically stable if the new control variable
ν is designed properly to globally stabilize the origin of the µ1, µ2 subsystem. This task,
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in principle, is rather simple, since it is a second order linear system. However, in presence
of uncertainties and perturbations, a more realistic model is

ż1 =
z2

m11(µ1 + σ(κ(z1, z2)))
,

ż2 = g1(z1 − γ(µ1 + σ(κ(z1, z2))), µ1 + σ(κ(z1, z2))),

µ̇1 = µ2,

µ̇2 = β(t, z)[ν + ϕ(t)],

(3.36)

where β(t, z) and ϕ(t) are assumed to satisfy the conditions (3.9). In this case, the design
of a robust control ν is vital to achieve the task of driving the states to the origin globally.
The objective in this section is the design of a robust and global stabilizing controller for
system (3.36), despite the presence of Lipschitz uncertainties/disturbances, i.e., |ϕ̇(t)| ≤ L,
and uncertain control coefficient β(t, z). In order to attenuate the chattering effect the
control signal will be continuous.

To solve this task, two Continuous Higher Order Sliding Modes Algorithms (CHOSMA)
will be proposed: the second order Continuous Twisting Algorithm (2-CTA) (introduced
in [64, 65]):

ν = − k1 ⌈µ1⌋
1

3 − k2 ⌈µ2⌋
1

2 + ζ,

ζ̇ = − k3 ⌈µ1⌋0 − k4 ⌈µ2⌋
0 ,

(3.37)

and the second order Discontinuous Integral Algorithm (2-DIA):

ν = − k2

⌈

⌈µ2⌋
3

2 + k
3

2

1 µ1

⌋
1

3

+ ζ

ζ̇ = − kI1

⌈

µ1 + kI2 ⌈µ2⌋
3

2

⌋0
.

(3.38)

which is an integral extension of the static controller presented in [9]. In both algorithms,
the static part ν drives the states µ1, µ2 to the origin in finite-time, while the integral part
ζ rejects the disturbance ϕ(t). Note that since the discontinuous function sign is in the
integrator, the generated control signal in both algorithms is continuous. The following
theorem is the main result of this section:

Theorem 3 The origin of µ1, µ2-system in (3.36) is globally finite-time stable, despite the
presence of the Lipschitz disturbances/uncertainties ϕ(t) and the uncertain coefficient β
satisfying (3.9). Moreover, z1, z2 will be driven to the origin globally and asymptotically,
when the control τ takes the form of (3.8) and (3.35), with the state transformations (3.5)
and (3.34), and ν takes the form of (3.37) or (3.38).

Proof. The proof is shown in Appendix .4.

Remark 4 As a consequence of the Theorem 3, the states of the original system (3.2),
are globally and asymptotically driven to the origin.
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Remark 5 The closed loop systems (D.2) and (D.3) (the µ subsystem with the 2-CTA
and the 2-DIA, respectively) are homogeneous of degree d = −1 and weights (r1, r2, r3) =
(3, 2, 1). Due to homogeneity properties [28], the theoretical precision of the states after
the transient are |µ1| < ∆1τ̄

3, |µ2| < ∆2τ̄
2 and |µ3| < ∆3τ̄ , where ∆i > 0 with i = 1, ..., 3

and τ̄ as the sample time.

In the following Sections, the control design able to globally stabilize the origin of the
RWP and the TORA systems will be presented.

3.4.3 RWP Controller Design

Defining the needed sigmoidal function σ(κ(z1, z2)) (for simplicity we just write σ(z1, z2))
as

σ(z1, z2) := −c0 tanh(c1z1 + c2z2), (3.39)

where 0 > c0 > π/2 and c1, c2 > 0. Using the variables (3.34) the dynamics of system
(3.15) becomes

ż1 = z2,

ż2 = W sin (σ(z1, z2) + µ1),

µ̇1 = µ2,

µ̇2 = β(t, z)[ν + ϕ(t)],

where

u =ν + σ̈,

σ̈ = − c0(1 − tanh2(c1z1 + c2z2)) [c1W sin(z3) + c2W cos(z3)z4

−2 tanh(c1z1 + c2z2) (c1z2 + c2W sin(z3))
2
]

,

(3.40)

and the ν control can take the form of (3.37) or (3.38) to achieve the global stabilization
of the RWP origin.

Remark 6 The sigmoidal function (3.39) is similar to the one used in the control of the
RWP in [42], with the difference that in this work we are controlling the RWP of fourth
order and in the other work the RWP of third order (neglecting the position of the wheel).
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3.4.4 TORA Controller Design

Defining the same sigmoidal function σ(z1, z2) as (3.39) and the same change of coordinates
as (3.34), transform the system (3.19) to

ż1 =
z2

m1 + m2
,

ż2 = −kz1 +
km2r sin(σ(z1, z2) + µ1)

m1 +m2
,

µ̇1 = µ2,

µ̇2 = β(t, z)[ν + ϕ(t)],

where

u =ν + σ̈,

σ̈ = − c0(1 − tanh2(c1z1 + c2z2))

[

c1k

m1 +m2

(

−z1 +
m2r sin(z3)
m1 +m2

)

+

c2k

m1 +m2

(−z2 + m2r cos(z3)z4) −

2 tanh(c1z1 + c2z2)

(

c1
z2

m1 +m2

− c2kz1 + c2
km2r sin(z3)
m1 +m2

)2


 ,

(3.41)

and the ν control can take the form of (3.37) or (3.38) to achieve the global stabilization
of the origin of the TORA.

3.4.5 Simulation results

RWP System

For the GAS, the control (3.14) and (3.40), the transformations (3.12) and (3.34), the
2-DIA described by (3.38) with k1 = 4.16, k2 = 28.5, kI1 = 6.3, kI2 = 0, the 2-CTA
described by (3.37) with k1 = 47.57, k2 = 19.84, k3 = 16.1, k4 = 7.7 were implemented in
Matlab Simulink with the Runge-Kutta’s integration method of fixed step and a sampling
time equal to 1 × 10−4[s]. Also, to perform a comparison with another kind of algorithm,
a linear algorithm (2-LA) was tested:

ν = −k1µ1 − k2µ2, (3.42)

with k1 = k2 = 10. The simulations were made with the same unbounded perturbation
ϕ(t) = 2 sin(2t) + 2t + 2, uncertain control coefficient β(t, z) = 2.5 + sin(z1) + cos(z2),
the same initial condition x0 = [100π,−50,−100π, 50]T and the same gains c0 = 1.5 and
c1 = 3, c2 = 5.
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The results are shown in Figs. 3.19-3.22. The sliding-modes algorithms drive the µ1, µ2

states to the origin in finite-time, making the original states of the RWP system to be
attracted to the origin asymptotically and maintained there despite the presence of the
unbounded disturbance (due to the fact that they are able to identify the disturbance
exactly as shown in Fig. 3.21). The 2-LA can drive the states near to the origin, but as
the disturbance grows, it is not able to compensate it and the states start to grow. With
respect to the control signal, the three algorithms present a continuous one, as shown in
Fig. 3.22.
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Figure 3.19: State trajectories in the GAS for the RWP simulations.
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Figure 3.20: Finite-time state trajectories in the GAS for the RWP simulations.

TORA System

For the GAS, the control (3.18) and (3.41), the transformations (3.17) and (3.34), the
2-DIA described by (3.38) with k1 = 4.16, k2 = 28.5, kI1 = 6.3, kI2 = 0, the 2-CTA
described by (3.37) with k1 = 47.57, k2 = 19.84, k3 = 16.1, k4 = 7.7, and the 2-LA
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Figure 3.21: Perturbation identification and uncertain control coefficient in the GAS
for the RWP simulations.
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Figure 3.22: Control signal in the GAS for the RWP simulations.

described by (3.42) with k1 = k2 = 10, were implemented in Matlab Simulink with the
Runge-Kutta’s integration method of fixed step and a sampling time equal to 1 × 10−4[s].
The simulations were made with the same unbounded perturbation ϕ(t) = 2 sin(2t)+2t+2,
uncertain control coefficient β(t, z) = 2.5 + sin(z1) + cos(z2), the same initial condition
x0 = [0,−1, 100π,−1]T and the same gains c0 = 1.5 and c1 = 3, c2 = 5.

The results are shown in Figs. 3.23-3.26. Again, the sliding modes can compensate the
matched unbounded disturbance and drive the µ1, µ2 states to the origin in finite-time.
Then the original states of the TORA are attracted to the origin asymptotically. The
2-LA behaves in the same way as the RWP system and drives the states near to the origin
until it can not compensate the disturbance. Also, the control signal is continuous in the
three algorithms.

3.4.6 Experimental Validation: RWP System

The experiments were made again in the real RWP system. The control (3.14) and (3.40),
the transformations (3.12) and (3.34), the 2-DIA described by (3.38) with k1 = 2.43,
k2 = 14.62, kI1 = 1.26, kI2 = 0, c0 = 1.5, c1 = 0.17 and c2 = 7.5, the 2-CTA described
by (3.37) with k1 = 36.3, k2 = 19.84, k3 = 4.02, k4 = 1.92, c0 = 1.5, c1 = 0.5 and c2 = 7,
and the 2-LA described by (3.42) with k1 = 16, k2 = 24, c0 = 1.5, c1 = 1.6 and c2 = 3.6
were implemented in the real RWP system with the Runge-Kutta’s integration method of
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Figure 3.23: State trajectories in the GAS for the TORA simulations.
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Figure 3.24: Finite-time state trajectories in the GAS for the TORA simulations.
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Figure 3.25: Perturbation identification and uncertain control coefficient in the GAS
for the TORA simulations.

fixed step and a sampling time equal to 1 × 10−4[s]. The experiments were made with the
same initial condition x0 = [π, 0, 0, 0]T .

The results are shown in Figs. 3.27-3.30. The continuous sliding modes algorithms
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Figure 3.26: Control signal in the GAS for the TORA simulations.

drive the states of the pendulum from the downward position close to the origin and stay
around it, although the 2-CTA make it slower and with a larger control signal. The 2-LA
can take the pendulum to the upright position, but due to the presence of uncertainties
that it can not compensate, the wheel position can only be maintained around the origin
and the pendulum falls in many times. Seeing the µ1 and µ2 plots, one can notice how
the 2-DIA and the 2-CTA can maintain them in the origin and the 2-LA does not. Again,
the chattering effect is diminished as seen in the continuous control signal of the sliding
modes algorithms.

In theory, the three algorithms can achieve global stabilization, but in practice, with
the saturation of the real control signal (voltage) is no longer possible. Despite this, the
sliding modes algorithms achieve the swing-up and stabilization in one step.
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Figure 3.27: State trajectories in the GAS for the RWP experiments.
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Figure 3.28: Finite-time state trajectories in the GAS for the RWP experiments.
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Figure 3.29: Control signal in the GAS for the RWP experiments.
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Figure 3.30: Voltage control signal in the GAS for the RWP experiments.

3.5 Conclusions

In this chapter, robust controllers were designed for the Class-I of underactuated mechan-
ical systems of two DoF, using a continuous Higher-Order Sliding-Modes strategy. Two
kinds of controller designs were presented: One generates a fifth-order sliding-mode and
achieves Local Finite-Time Stability (LFTS). For this controller, an estimation of the do-
main of attraction was made in the 3-RWP, showing that it can be inflated the attraction
domain of the upright position of the 3-RWP, enclosing the RWP’s downward position.
With this, it can be explained why the controller is able to perform the swing-up and
stabilization in one step, despite it is a local stabilizer.

The other is a robust controller that provides Global Asymptotic Stability (GAS).
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3.5. Conclusions

These controllers compensate matched Lipschitz disturbances and/or uncertainties, cope
with an uncertain control coefficient and generate a continuous control signal, possibly
reducing the chattering effect.

Evidence of the performance of the controllers is provided using simulations for the
RWP and the TORA systems, and by means of experiments on the RWP system.
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Chapter 4

Control of Class-III of underactuated
mechanical systems with two DoF

4.1 Class-III Model

Class-III of underactuated mechanical system of two DoF contains only the Cart-Pendulum
System (CP). Having as configuration vector q = [q1, q2]T , the inertia matrix depends only
on q2, i.e., M = M(q2), but the variable q1 is actuated, contrary to the Class-I. The
Lagrangian is

L(q, q̇) =
1
2
q̇T

[

m11(q2) m12(q2)
m21(q2) m22(q2)

]

q̇ − V (q2), (4.1)

where V (q2) is the potential energy of the system, and the Euler-Lagrange equations of
motion are

m11(q2)q̈1 +m12(q2)q̈2 + d11(q2)q̇1q̇2 + d12(q2)q̇2
2 − g1(q1, q2) = F,

m21(q2)q̈1 +m22(q2)q̈2 −
1
2
d21(q2)q̇2

1 +
1
2
d22(q2)q̇2

2 − g2(q1, q2) = 0,
(4.2)

where gi(q1, q2) = −∂V (q)
∂qi

, i = 1, 2 and di(q2) = d
dq2
mi(q2).

Using the global change of variables

x1 := q1,

x2 := q̇1,

x3 := q2,

x4 := q̇2,

(4.3)
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the system achieves the state space representation

ẋ1 =x2,

ẋ2 =
a1ω1(x, V ) + g sin(x3) cos(x3)

d(x)
,

ẋ3 =x4,

ẋ4 =
cos(x3)ω1(x, V ) + a2g sin(x3)

d(x)
,

(4.4)

where

ω1(x, V ) = k1V − x2
4 sin(x3) − k2x2, d(x) = b− cos2(x3),

a1 = Jp/(ml), a2 = 1/l, b = a1a2,

k1 = p1/(ml), k2 = (fc − p2)/(ml).

and u [V] is the signal of a DC motor.

The previous model system results from the CP shown in Fig. 4.1. This figure describes
a pendulum rotating in a vertical plane and its pivot pin is mounted in a cart. The cart
can move along a horizontal rail, lying in the plane of rotation. The states vector is
x = [x1, x2, x3, x4]T , where x1 [m] is cart position, x2 [m/s] is the cart velocity, x3 [rad] is
the pendulum position measured counter clockwise (x3 = 0 for the upright position of the
pendulum) and x4 [rad/s] is the pendulum angular velocity.

x
2

x
1

F

mass center

rail center

m
c

J,m
p

l

Figure 4.1: Cart-pendulum system.

The used system parameters were provided by Inteco [19] and they are given in Table
4.1.
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Table 4.1: Parameters of the Cart-Pendulum System

Name Description Units
m Cart and Pendulum mass 0.872[kg]
l Distance of the rotation axis to the mass center 0.011[m]
fc Dynamic friction coefficient 0.5[Ns/m]
p1 Force and PWM signal ratio 9.4[N]
p2 Force and cart velocity ratio -0.548[Ns/m]
Jp Pendulum moment of inertia 0.0034[kgm2]

The presence of the term cos(x3) in the x4 dynamics, results in a controllability prob-
lem. When the pendulum position is in the horizontal plane (cos(x3) = 0), the cart is not
able to affect the pendulum dynamics. As a result of this, the task to find a control that
globally stabilizes the system is in principle a difficult challenge. That is why most of the
papers that deal with this kind of systems, separate the problem in two: the swing-up and
stabilization ([4], [50], [59], [42], [68]).

The objective in this chapter is to design dynamic and homogeneous state-feedback
controllers that are able to locally stabilize the origin x = 0 despite the presence of
Lipschitz perturbation term ϕ(t), and the uncertain control coefficient β(t, z), and using
a continuous control signal u(t). It is used a local homogeneous approximation of system
(3.10) to design a locally finite-time stabilizing dynamic controller in Section 4.2. For
a bigger domain of attraction that the one presented in Section 4.2, local asymptotic
stabilization of the origin x = 0 is achieved, using a globally valid model to design a
dynamic and homogeneous feedback controller in Section 4.3. In every section presented,
the terms ϕ(t) and β(t, z) will be presented separately.

4.2 Design of a Local Finite-Time Stabilizing (LFTS)
Controller

4.2.1 Problem Statement

In this section it is performed the design of a controller to attain local finite-time stabil-
ity of the origin x = 0 of the CP system (4.4). For this purpose, a local homogeneous
approximation of system (4.4) will be considered, like the Class-I system.

It is well known that a controllable system can be transformed (at least locally) to its
controllability canonical form. This is the case of the CP system, which can be represented
in the form

ẋ = f(x) + g(x)u, (4.5)
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and can be obtained a local approximation around the origin

ẋ = Ax+Bu (4.6)

where A = ∂f(x)
∂x

∣

∣

∣

x=0
and B = ∂g(x)

∂x

∣

∣

∣

x=0
. This system can be transformed to

ż1 = z2,

ż2 = z3,

ż3 = z4,

ż4 = u,

(4.7)

with a transformation
z = Tx (4.8)

and u is the new control variable obtained from a feedback linearization.

In presence of parameter or dynamics uncertainties as well as external perturbations,
the nominal model (4.7) is no longer valid. A more appropriate model can be given by
the equations

ż1 = z2 + δ1(z),

ż2 = z3 + δ2(z),

ż3 = z4 + δ3(z),

ż4 = β(t, z) [u+ ϕ(t)] + δ4(z),

where the terms δi(z) represent vanishing perturbations, i.e. δi(0) = 0, while the un-
certain control coefficient β(t, z) and the matching perturbation term ϕ(t) are assumed
to be bounded (without changing sign) and Lipschitz continuous as a function of time,
respectively, i.e.

0 < bm ≤ |β(t, z)| ≤ bM ,

∣

∣

∣

∣

∣

dϕ(t)
dt

∣

∣

∣

∣

∣

≤ L . (4.9)

In what follows it will be only considered the non-vanishing perturbation ϕ(t) and the
uncertain control coefficient β(t, z), that is, we use the uncertain model

ż1 = z2,

ż2 = z3,

ż3 = z4,

ż4 = β(t, z) [u+ ϕ(t)] ,

(4.10)

to design the controller. As the Class-I, for sufficiently small and vanishing perturbations
with a triangular structure, i.e. δi(z) ≤ ǫ‖(z1, · · · , zi)‖, if the origin of the system (4.10)
is Asymptotically Stable (GAS) so is also the origin of the perturbed system.
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In this section the design of a local finite-time stabilizing dynamic controller for the
equilibrium point z = 0 of system (4.10) is done, despite of the presence of β(t, z) and ϕ(t),
using a continuous control signal. Due to Hermes’ Theorem for homogeneous systems [6,
Corollary 5.5], this controller will also locally stabilize in finite-time the origin of system
(4.4).

4.2.2 Controller Design

Since the approximation system (4.10) is an uncertain chain of integrators of order 4, the
4-DIA can be used again to stabilize the origin:

u = − k4

⌈

⌈z4⌋
5

2 + k
5

2

3 ⌈z3⌋
5

3 + k
5

2

3 k
5

3

2 ⌈z2⌋
5

4 + k
5

2

3 k
5

3

2 k
5

4

1 z1

⌋
1

5

+ ζ,

ζ̇ = − kI1

⌈

z1 + kI2 ⌈z2⌋
5

4 + kI3 ⌈z3⌋
5

3 + kI4 ⌈z4⌋
5

2

⌋0
.

(4.11)

Introducing a new state variable, z5 = ζ + ϕ(t), which corresponds to the sum of the
integral variable ζ and the non-vanishing perturbation term ϕ(t), the dynamics of the
closed-loop system, formed by system (4.10) with the controller (4.11), is

ż1 = z2,

ż2 = z3,

ż3 = z4,

ż4 = β(t, z)

{

−k4

⌈

⌈z4⌋
5

2 + k
5

2

3 ⌈z3⌋
5

3 + k
5

2

3 k
5

3

2 ⌈z2⌋
5

4 + k
5

2

3 k
5

3

2 k
5

4

1 z1

⌋
1

5

+ z5

}

,

ż5 ∈ −kI1

[

⌈

z1 + kI2 ⌈z2⌋
5

4 + kI3 ⌈z3⌋
5

3 + kI4 ⌈z4⌋
5

2

⌋0
+
[

−L̄, L̄
]

]

,

(4.12)

where L̄ = L
kI1

. The following Theorem presents the stability analysis of the 4-DIA applied
to the uncertain Class-III system (4.10).

Theorem 4 The origin of the system (4.4) is finite-time locally stable, even in presence of
uncertainties fulfilling conditions (4.9), when the control u is given by (4.11), the canonical
transformation is given by (4.8), and the set of gains ki and kIi, for i = 1, 2, 3, 4, are
properly chosen.

Proof. The proof is similar to the one presented in the Appendix .1, only with α1 = α2 =
1.

It is shown in the proof, using a homogeneous Lyapunov function, that the origin of
system (4.12) is Globally Finite-Time stable for all uncertainties satisfying (4.9). Since
(4.10) is a local approximation of the plant (4.4), local finite-time stability follows for the
latter system, using the same Lyapunov function.
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Remark 7 As the Class-I LFTS closed loop system, the closed loop system 4.12 is ho-
mogeneous and the theoretical precision of the states after the transient are |z1| < ∆1τ̄

5,
|z2| < ∆2τ̄

4, |z3| < ∆3τ̄
3, |z4| < ∆4τ̄

2 and |z5| < ∆5τ̄ , where ∆i > 0 with i = 1, ..., 5 and
τ̄ as the sample time.

4.2.3 Simulation Results

The Local Finite-Time Stabilizing (LFTS) controller given by the transformation

z = Tx =











−307.8943 0 11.1251 0
0 −307.8943 0 11.1251
0 0 31.3858 0
0 0 0 31.3858











−1

x

and the 4-DIA described by (4.11) with gains k1 = k2 = 2, k3 = 5, k4 = 45, kI1 = 8,
kI2 = kI3 = kI4 = 0 and scaling λ = 0.2, was implemented in Matlab Simulink with the
Runge-Kutta’s integration method with fixed step and a sampling time equal to 1×10−4[s].
As perturbation, the unbounded signal ϕ(t) = 0.1 sin(t)+0.1t+0.5 was used and β(t, z) =
2.5 + sin(z1) + cos(z2) was taken as uncertain control coefficient.

Two initial conditions are presented: one "near" the upward equilibrium x0 = [0, 0,−0.2, 0]T ,
and one "far" from it x0 = [0.5,−1, 0.7,−1]T , where the homogeneous approximation is
still valid. Fig. 4.2 shows that for both initial conditions the controller is able to stabilize
the origin despite of the presence of the unbounded disturbance and the uncertain control
coefficient (shown in Fig 4.3).

Fig. 4.3 presents the behaviour of the output signal ζ of the integrator. It identifies
exactly and in finite time the (unbounded) perturbation. Fig. 4.4 shows that the control
signal is continuous.

4.2.4 Experimental Validation

The experimental setup for the CP, illustrated in Fig. 4.1, was developed by INTECO.
The experiments are performed in Matlab Simulink over a data-acquisition board RT-
DAC4/PCIc connected to the CP system.

Since the actual CP system only measures positions, a second order robust exact
differentiator [29] was implemented in order to estimate the velocities x2, x4 required
by the controller. The control signal u is saturated between [−0.5, 0.5][V] and, after an
amplification stage, is connected to a 12[V] DC motor.

The Local Finite-Time Stabilizing (LFTS) controller given by the transformation
(4.2.3) and the 4-DIA described by (4.11) with k1 = k2 = 2, k3 = 20, k4 = 55, kI1 = 0.3
kI2 = kI3 = kI4 = 0 and scaling gain λ = 0.00035, were implemented in the real CP
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Figure 4.2: Simulated states for the LFTS of the CP.
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Figure 4.3: Perturbation identification and uncertain control coefficient for the LFTS
of the CP simulations.
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Figure 4.4: Continuous control signal for the LFTS of the CP simulations.

system. This was done using the Runge-Kutta’s integration method with fixed-step and
a sampling time equal to 1 × 10−3[s].

The experiments were made with two initial conditions, x0 = [0, 0, 0.2, 0]T and x0 =
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[−0.3, 0,−0.4, 0]T . Fig. 4.5 shows how the four states reach the origin, even in presence of
uncertainties in the system parameters and non-modelled dynamics. Fig. 4.6 shows the
continuous control signal V generated by the 4-DIA. The initial condition most far from
the origin reaches the saturation of the control, nevertheless, the local stabilization of the
origin is ensured.
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Figure 4.5: Experimental values of the states for the LFTS of the CP.
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Figure 4.6: Voltage control signal in the LFTS for the CP experiments.

4.3 Design of a Local Asymptotic Stabilizing (LAS)
Controller

4.3.1 Problem Statement

In the previous section, a finite-time controller was able to stabilize the origin of the CP
despite the presence of perturbations and uncertain control coefficient. Nevertheless, this
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result is conditioned to the local homogeneous approximation (really close to the origin)
as seen in the simulations.

In this section the objective is to design a controller to (robustly) attain local asymptotic
stability of the origin x = 0 of the CP system, but with a greater domain of attraction
than the obtained in the previous section.

To reach the objective it can be followed the same strategy used for the GAS controller
of Class-I 3.4 and the sliding surface design presented in [68] for the CP system using a
discontinuous controller. The controller design can be divided in three steps:

Step 1: Obtain a cascade system in strict feedback form z (similar to (3.10)) for the CP
system (so-called regular form in [68]).

Step 2: Design the virtual control variable z3 of the Slave subsystem (z1, z2) and find
a smooth control law z3 = k(z1, z2) that renders the origin (z1, z2) = 0 Locally
Asymptotically Stable (LAS).

Step 2: For the (nominal linear) Master subsystem (z3, z4) a Back-Stepping design leads
to the global stability of the state z = 0.

In this design, Step 1 and 2 are not modified but for Step 3 it is designed a discontin-
uous and homogeneous integral term, which is able to cope with the uncertainties and/or
perturbations satisfying (4.9).

4.3.2 Controller Design

Normal Form

Consider the Class-III underactuated system with two DoF (4.4). Then the following local
change of coordinates (see [68]),

z1 = x1 − a1 ln (tan(x3) + sec(x3)),

z2 = x2 − a1
x4

cos(x3)
,

z3 = x3,

z4 = x4,

(4.13)

transforms the dynamics of the system into the local normal form

ż1 = z2,

ż2 =
−a1 tan(z3)z2

4 − g sin(z3)
cos(z3)

,

ż3 = z4,

ż4 =
cos(z3)ω̂1(z, V ) + a2g sin(z3)

d̂(z)
,

(4.14)
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where

ω̂1(z, V ) = k1V − z2
4 sin(z3) − k2

[

z2 + a1
z4

cos(z3)

]

, d̂(z) = b− cos2(z3).

Remark 8 Note that system (4.14) is a local representation of the CP system, due to the
term cos(z3) in the z2 dynamics. This results in the system to be valid only in when the
pendulum is in its upward position or is in its downward position (avoiding the horizontal
plane). Due to the fact that this section deals with the stabilization of the CP origin, in
the next lines, the local normal form (4.14) will be used for the pendulum on its upward
position.

Virtual controller for the Slave subsystem

The dynamics of z2 can be seen as ż2 = G(z3, z4) tan(z3), where G(z3, z4) = −a1
z2

4

cos(z3)
−g <

0∀z3 ∈ (−π/2, π/2), z4 ∈ ℜ. The procedure presented in [68] was to design a sliding
surface of relative degree one, to apply a discontinuous control and achieve local asymptotic
stabilization of the CP origin. For this purpose, using a Lyapunov approach, the zero
dynamics of the system with respect to z3 is proven to be LAS, in the domain D =
{z ∈ ℜ4 | z3 ∈ (−π/2, π/2)}. This is important for the stability of the cascade system.

Robust Controller for the Master subsystem

Once the virtual LAS controller for the slave is obtained, the local stabilization of the origin
of the whole system is reduced to the local asymptotic stabilization of the transformed
system, which in the nominal case is given by

ż1 = z2,

ż2 = G(z3, z4)(µ1 + σ(z1, z2)),

µ̇1 = µ2,

µ̇2 = ν,

(4.15)

where the variables are defined as

µ1 := tan(z3) − σ(z1, z2),

µ2 :=µ̇1,

ν :=µ̇2 .

(4.16)
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where

σ(z1, z2) = c0 (c1z1 + c2z2) ,

V =
1
k1





d̂α
β

− a2g sin (z3)

cos (z3)
+ z2

4 sin (z3) + k2

[

z2 + a1
z4

cos (z3)

]



 ,

α = ν − 2z2
4sec (z3)2 tan (z3)

+ c0

[

c1G(z3, z4) tan (z3) −
c2a1z

3
4 sin (z3) tan (z3)

cos (z3)2 + c2G(z3, z4)z4sec (z3)
2

]

,

β = sec (z3)2 +
2c0c2a1z4

cos (z3)
.

(4.17)

The origin of system (4.15) is locally asymptotically stable if the new control variable
ν is designed properly to globally stabilize the origin of the µ1, µ2 subsystem. This task,
in principle, is rather simple, since it is a second order linear system. However, in presence
of uncertainties and perturbations, a more realistic model is

ż1 = z2,

ż2 = G(z3, z4)(µ1 + σ(z1, z2)),

µ̇1 = µ2,

µ̇2 = β(t, z)[ν + ϕ(t)],

(4.18)

where β(t, z) and ϕ(t) are assumed to satisfy the conditions (4.9). In this case, the design
of a robust control ν is vital to achieve the task of driving the states to the origin globally.
The objective in this section is the design of a robust and local stabilizing controller for
system (4.18), despite the presence of Lipschitz uncertainties/disturbances, i.e., |ϕ̇(t)| ≤ L,
and uncertain control coefficient β(t, z). In order to attenuate the chattering effect the
control signal will be continuous.

To solve this task, the 2-CTA:

ν = − k1 ⌈µ1⌋
1

3 − k2 ⌈µ2⌋
1

2 + ζ,

ζ̇ = − k3 ⌈µ1⌋0 − k4 ⌈µ2⌋
0 ,

(4.19)

and the 2-DIA:

ν = − k2

⌈

⌈µ2⌋
3

2 + k
3

2

1 µ1

⌋
1

3

+ ζ

ζ̇ = − kI1

⌈

µ1 + kI2 ⌈µ2⌋
3

2

⌋0
.

(4.20)

will be used as in Class-I. The following theorem is the main result of this section:

Theorem 5 The origin of µ1, µ2-system in (4.18) is globally finite-time stable, despite
the presence of the Lipschitz disturbances/uncertainties ϕ(t) and the uncertain coefficient
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β satisfying (4.9). Moreover, z1, z2 will be driven to the origin locally and asymptotically
(with domain of attraction D = {z ∈ ℜ4 | z3 ∈ (−π/2, π/2)}), when the control V takes
the form of (4.17), with the state transformations (4.13) and (4.16), and ν takes the form
of (4.19) or (4.20).

Proof. Due to the fact that the µ1, µ2 subsystem is globally stable in finite-time (proof
shown in Appendix .4) and the zero-dynamics z1, z2 is LAS with domain of attraction
D = {z ∈ ℜ4 | z3 ∈ (−π/2, π/2)} (proof shown in [68]), the origin of (4.18) is LAS
with same domain of attraction.

Remark 9 As a consequence of the Theorem 5, the states of the original system (4.4),
are locally and asymptotically driven to the origin.

Remark 10 As in the Class-I GAS, the closed loop systems of the µ subsystem with the 2-
CTA and the 2-DIA are homogeneous of degree d = −1 and weights (r1, r2, r3) = (3, 2, 1),
and the theoretical precision of the states after the transient are |µ1| < ∆1τ̄

3, |µ2| < ∆2τ̄
2

and |µ3| < ∆3τ̄ , where ∆i > 0 with i = 1, ..., 3 and τ̄ as the sample time.

4.3.3 Simulation results

For the LAS, the control (4.17), the transformations (4.13) and (4.16), the 2-DIA described
by (4.20) with k1 = 4.16, k2 = 28.5, kI1 = 6.3, kI2 = 0, the 2-CTA described by (4.19) with
k1 = 42.92, k2 = 18.37, k3 = 13.8, k4 = 6.6 were implemented in Matlab Simulink with the
Runge-Kutta’s integration method of fixed step and a sampling time equal to 1 × 10−4[s].
Also, to perform a comparison with another kind of algorithm, a linear algorithm (2-LA)
was tested:

ν = −k1µ1 − k2µ2, (4.21)

with k1 = k2 = 10. The simulations were made with the same unbounded perturbation
ϕ(t) = 2 sin(2t) + 2t+ 2, uncertain control coefficient β(t, z) = 2.5 + sin(z1) + cos(z2), the
same initial condition x0 = [−1,−0.2, 1.5,−0.2]T (inside the domain of attraction of the
LAS control) and the same gains c0 = 0.03 and c1 = c2 = 1.

The results are shown in Figs. 4.7-4.10. The sliding modes algorithm drive the µ1, µ2

states to the origin in finite-time, making the original states of the CP system to be
attracted to the origin asymptotically and maintained there despite the presence of the
unbounded disturbance (due to the fact that they are able to identify the disturbance
exactly as shown in Fig. 4.9). The 2-LA can drive the states near to the origin, but as
the disturbance grows, is not able to compensate it and the states start to grow. With
respect to the control signal, the three algorithms present a continuous one, as shown in
Fig. 4.4.
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Figure 4.7: State trajectories in the LAS for the CP simulations.
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Figure 4.8: Finite-time state trajectories in the LAS for the CP simulations.
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Figure 4.9: Perturbation identification and uncertain control coefficient in the LAS
for the CP simulations.

4.3.4 Experimental Validation

The control (4.17), the transformations (4.13) and (4.16), the 2-CTA described by (4.19)
with k1 = 36.3, k2 = 19.84, k3 = 4.02, k4 = 1.92, c0 = 1.5, c1 = c2 = 1, was implemented
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Figure 4.10: Control signal in the LAS for the CP simulations.

in the real CP system with the Runge-Kutta’s integration method of fixed step and a
sampling time equal to 1 × 10−3[s].

Due to the fact that the LAS works when x3 ∈ (−π/2, π/2), for the experiment, a
swing-up controller developed for INTECO was used. When the pendulum position was
x3 = 1 [rad], this swing-up controller changed to the LAS algorithm. This can be seen
around 1.73 [s] from the beginning of the experiment (a vertical line was drawn in the
Figs. in order to see were the LAS started to work).

The results are shown in Figs. 4.11-4.13. The continuous sliding-mode algorithm
drives the states of the pendulum from the initial condition to the origin and stay around
it. Seeing the µ1 and µ2 plots, one can notice how the 2-CTA can maintain them in
the origin despite the uncertainties and non-modelled dynamics. The chattering effect is
diminished as seen in the continuous control signal of the sliding-modes algorithm.
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Figure 4.11: State trajectories in the LAS for the CP experiments.
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Figure 4.12: Finite-time state trajectories in the LAS for the CP experiments.
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Figure 4.13: Voltage control signal in the LAS for the CP experiments.

4.4 Conclusions

In this chapter, robust controllers were designed for the Class-III of underactuated me-
chanical systems of two DoF, using a continuous Higher-Order Sliding-Modes strategy.
Two kinds of controller designs were presented: One generates a fifth-order sliding-mode
and achieves Local Finite-Time Stability (LFTS). The other is a robust controller that pro-
vides Local Asymptotic Stability (LAS), but with a greater domain of attraction than the
LFTS. These controllers compensate matched Lipschitz disturbances and/or uncertain-
ties, cope with an uncertain control coefficient and generate a continuous control signal,
possibly reducing the chattering effect.

Evidence of the performance of the controllers is provided using simulations and ex-
periments over the real CP system.
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Chapter 5

Conclusions

• Robust control strategies were designed for two Classes of Underactuated Mechanical
Systems of two DoF: Class-I and Class-III from the classification presented in [42].

• For the Class-I:

– Local Finite-Time Stabilization (LFTS) of the origin was obtained using a
homogeneous approximation of the system and a Fourth Order Discontinuous
Integral Sliding-Mode Algorithm.

– The numerical estimation of the attraction domain of the LFTS was obtained
for the Reaction Wheel Pendulum of third order (a system belonging to the
Class-I). This explains why the used algorithm is able to perform the swing-up
and the stabilization in one step.

– Global Asymptotic Stabilization of the origin was obtained using a backstepping-
like procedure and two Second Order Discontinuous Integral Sliding-Mode Al-
gorithms.

• For the Class-III:

– Local Finite-Time Stabilization of the origin was obtained using a homogeneous
approximation of the system and a Fourth Order Discontinuous Integral Sliding-
Mode Algorithm.

– Local Asymptotic Stabilization of the origin was obtained using a backstepping-
like procedure and two Second Order Discontinuous Integral Sliding-Mode Al-
gorithms, but with a greater domain of attraction than the LFTS.

• The results were obtained despite the presence of matched Lipschitz perturbations
and bounded uncertain control coefficient.

• Due to the fact that the used sliding-modes algorithms have the discontinuity in an
integral part, the generated control signal is continuous and the chattering effect is
attenuated.

Control of 2 Classes of Underactuated Mechanical Systems of 2 DoF via Continuous Higher-Order

Sliding-Modes

59



5. Conclusions

• The presented strategies were tested in simulations over the Reaction Wheel Pen-
dulum, the TORA and the Cart-Pendulum systems, and experiments over the real
Reaction Wheel Pendulum and the Cart-Pendulum systems.

• Disadvantages of the proposed controller strategies:

– The integral term adds a new state variable to be analysed in the stability
analysis of the systems.

– The integral term also induces more gains to be tuned as in comparison to the
linear algorithms presented.

– These CHOSM algorithms need a small sampling-time in the simulations/experiments
to present good results. If the sampling-time grows, the precision of the states
gets worse.

• Future work:

– System stability analysis adding a state dependant perturbation.

– Analysis of the controllers’ saturation.

– Comparison with other similar algorithms that are able to compensate pertur-
bations.
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.1. Appendix A: Proof of Theorem 1 and 4

.1 Appendix A: Proof of Theorem 1 and 4

Using the back-stepping-like procedure to obtain the state-feedback controller and its
Lyapunov Function used in [9], and introducing an additional term and a modification, it
is obtained the following homogeneous candidate Lyapunov function of degree m

V4(z) =γ3V3 +
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1 −
3
m

)

k
m
3

2

∣

∣

∣

∣

⌈z2⌋
5

4 + k
5

4

1 ξ1

∣

∣

∣

∣

m
5

,

V2 (ξ1, z2) =
5
m
γ1 |ξ1|

m
5 +

4
m

|z2|
m
4 + k

m−4

4

1 ⌈ξ1⌋
m−4

5 z2 +
(

1 −
4
m

)

k
m
4

1 |ξ1|
m
5 .

It can be shown that V (z) is positive definite for any positive constants γ1, γ2, γ3 > 0.
Note that it is required to have the degree m ≥ 9 for the powers in V (z) to be larger
than one, for making V (z) differentiable everywhere. Now we proceed to show that V (z)
is positive definite and radially unbounded for any γ1 > 0, γ2 > 0 and γ3 > 0.

• Note that γ1
5
m

|ξ1|
m
5 , which is the first term in V2 (ξ1, z2), is positive γ1

5
m

|ξ1|
m
5 ≥ 0

and it is zero only when ξ1 = 0. In this case we have that V2 (0, z2) = 4
m

|e2|
m
4 ≥ 0,

which is positive, except when z2 = 0. Since V2 (ξ1, z2) is continuous and homoge-
neous, Lemma 1 implies that selecting γ1 > 0 sufficiently large function V2 (ξ1, z2) is
positive definite (in its two variables). In fact, using Young’s inequality it is possible
to show that with γ1 = 0 V2 is positive semi-definite. This implies that V2 is positive
definite for any γ1 > 0.

• The first term in V3 (ξ1, z2, z3) is V2 (ξ1, z2), which is positive definite, and so it
vanishes only when (ξ1, z2) = 0. When this happens V3 (0, 0, z3) = 3

m
|z3|

m
3 ≥

0, which is positive, except for z3 = 0. Again, Lemma 1 implies that selecting
γ2 > 0 sufficiently large function V3 (ξ1, z2, z3) becomes positive definite (in its
three variables). Again, Young’s inequality shows that V3 ≥ 0 when γ2 = 0. Thus,
V3 is positive definite for any γ2 > 0.

• Finally, the first term in V4(z) is V3 (ξ1, z2, z3), which is positive definite, and so it
vanishes only when (ξ1, z2, z3) = 0. When this happens V4|(ξ

1
, z2, z3)=0 = 2

m
|z4|

m
2 +
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1
m

|z5|m ≥ 0, which is positive, except for z4 = z5 = 0. Again, Lemma 1 implies that
selecting γ3 > 0 sufficiently large function V4(z) becomes positive definite (in its five
variables). Once more, Young’s inequality shows that V4 ≥ 0 when γ3 = 0. Thus,
V4(z) is positive definite for any γ3 > 0

Moreover, V4(z) being homogeneous and positive definite is also radially unbounded.
And thus it is an appropriate LF candidate.

Its derivative along the trajectories of (3.22) is given by

V̇4 =γ3

[

γ2Fk2,3
+ Fk3,4

]

+ β(t, z)k4Gk4
+ Fk4

+ ⌈z5⌋
m−1 ż5, (A.1)

where

Gk4
= −

[

⌈z4⌋
m−2

2 + k
m−2

2

3

⌈

⌈z3⌋
5

3 + k
5

3

2 ⌈z2⌋
5

4 + k
5

3

2 k
5

4

1 ξ1

⌋
m−2

5

]

×



− k−1
4 z5 +

⌈

⌈z4⌋
5

2 + k
5

2

3 ⌈z3⌋
5

3 + k
5

2

3 k
5

3

2 ⌈z2⌋
5

4 + k
5

2

3 k
5

3

2 k
5

4

1 ξ1 + k−5
4 ⌈z5⌋

5
⌋

1

5



,

Fk4
=
(

m− 2
5

)

k
m−2

2

3

∣

∣

∣

∣

⌈z3⌋
5

3 + k
5

3

2 ⌈z2⌋
5

4 + k
5

3

2 k
5

4

1 ξ1

∣

∣

∣

∣

m−7

5

×
[5
3

|z3|
2

3 z4 +
5
4
k

5

3

2 α2 |z2|
1

4 z3 + k
5

3

2 k
5

4

1

[

α1z2 − 5kξ |z5|
4 ż5

]

]

×
[

z4 + k3

⌈

⌈z3⌋
5

3 + k
5

3

2 ⌈z2⌋
5

4 + k
5

3

2 k
5

4

1 ξ1

⌋
2

5

]

,

Fk3,4
=

[

⌈z3⌋
m−3

3 + k
m−3

3

2

⌈

⌈z2⌋
5

4 + k
5

4

1 ξ1

⌋
m−3

5

]

z4 +
(

m− 3
5

)

k
m−3

3

2

∣

∣

∣

∣

⌈z2⌋
5

4 + k
5

4

1 ξ1

∣

∣

∣

∣

m−8

5

×

[

z3 + k2

⌈

⌈z2⌋
5

4 + k
5

4

1 ξ1

⌋
3

5

]

[5
4
α2 |z2|

1

4 z3 + k
5

4

1

[

α1z2 − 5kξ |z5|4 ż5

]

]

,

Fk2,3
=γ1 ⌈ξ1⌋

m−5

5

[

α1z2 − 5kξ |z5|
4 ż5

]

+ α2

[

⌈z2⌋
m−4

4 + k
m−4

4

1 ⌈ξ1⌋
m−4

5

]

z3

+
(

m− 4
5

)

k
m−4

4

1 |ξ1|
m−9

5

[

z2 + k1 ⌈ξ1⌋
4

5

] [

α1z2 − 5kξ |z5|4 ż5

]

.

Using (2.3), the term Gk4
is negative semi-definite and it vanishes only on the set

S1 =

{

z4 = −k3

⌈

⌈z3⌋
5

3 + k
5

3

2 ⌈z2⌋
5

4 + k
5

3

2 k
5

4

1 ξ1

⌋
2

5

}

.

Evaluating V̇4 on this set, and noting that Fk4
|S1

= 0 and Fk3,4

∣

∣

∣

S1

= k3Gk3
+ Fk3

, it is
obtained

V̇4

∣

∣

∣

S1

= γ3

[

γ2Fk2,3
+ k3Gk3

+ Fk3

]

+ z5
m−1 ż5|S1

,
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where

Gk3
= −

[

⌈z3⌋
m−3

3 + k
m−3

3

2

⌈

⌈z2⌋
5

4 + k
5

4

1 ξ1

⌋
m−3

5

]

⌈

⌈z3⌋
5

3 + k
5

3

2 ⌈z2⌋
5

4 + k
5

3

2 k
5

4

1 ξ1

⌋
2

5

,

Fk3
=
(

m− 3
5

)

k
m−3

3

2

∣

∣

∣

∣

⌈z2⌋
5

4 + k
5

4

1 ξ1

∣

∣

∣

∣

m−8

5

[

z3 + k2

⌈

⌈z2⌋
5

4 + k
5

4

1 ξ1

⌋
3

5

]

×

[5
4
α2 |z2|

1

4 z3 + k
5

4

1

[

α1z2 − 5kξ |z5|4 ż5|S1

]

]

.

The term Gk3
is negative semi-definite and it is zero only on the set

S2 =

{

z3 = −k2

⌈

⌈z2⌋
5

4 + k
5

4

1 ξ1

⌋
3

5

}

.

Evaluating V̇4

∣

∣

∣

S1

on this set, and noting that Fk3
|S2

= 0 and Fk2,3

∣

∣

∣

S2

= Fk2
+ k2Gk2

,
we get

V̇4

∣

∣

∣

S1∩S2

= γ3γ2 [Fk2
+ k2Gk2

] + ⌈z5⌋m−1 ż5|S1∩S2
,

where

Gk2
= − α2

[

⌈z2⌋
m−4

4 + k
m−4

4

1 ⌈ξ1⌋
m−4

5

] ⌈

⌈z2⌋
5

4 + k
5

4

1 ξ1

⌋
3

5

,

Fk2
=γ1 ⌈ξ1⌋

m−5

5

[

α1z2 − 5kξ |z5|4 ż5|S1∩S2

]

+
(

m− 4
5

)

k
m−4

4

1 |ξ1|
m−9

5 ×
[

z2 + k1 ⌈ξ1⌋
4

5

] [

α1z2 − 5kξ |z5|4 ż5|S1∩S2

]

.

Now, Gk2
is negative semi-definite and it vanishes only on the set

S3 =
{

z2 = −k1 ⌈ξ1⌋
4

5

}

.

Evaluating V̇4

∣

∣

∣

S1∩S2

on this set it is obtained

V̇4

∣

∣

∣

S1∩S2∩S3

= γ2γ3 Fk2
|S3

+ ⌈z5⌋m−1 ż5

∣

∣

∣

S1∩S2∩S3

= − α1k1γ3γ2γ1 |ξ1|
m−1

5 − kI1

[

⌈z5⌋m−1 − 5kξγ3γ2γ1 ⌈ξ1⌋
m−5

5 |z5|4
]

×
[

⌈[

1 − kI2k
m
4

1

]

ξ1 + kξ ⌈z5⌋5
⌋0

+
[

−L̄, L̄
]

]

.

Since k1 > 0 the first term in the latter expression is non-positive and it is zero only
on the set

S4 = {ξ1 = 0} .
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Evaluating V̇4

∣

∣

∣

S1∩S2∩S3

on this set it is obtained

V̇4

∣

∣

∣

S1∩S2∩S3∩S4

∈ −kI1 ⌈z5⌋
m−1

[

⌈z5⌋0 +
[

−L̄, L̄
]]

.

The latter expression is negative if L̄ = L
kI1

< 1, that is, for

L < kI1 , (A.2)

since ⌈z5⌋0 is a multivalued function, defined as

⌈z5⌋0 =











+1 if z5 > 0 ,
[−1, +1] if z5 = 0 ,
−1 if z5 < 0 .

Lemma 2 implies that it is possible to render V̇4

∣

∣

∣

S1∩S2∩S3

< 0 selecting kI1 > 0 small.

Applying Lemma 2 once more, it can be concluded that V̇4

∣

∣

∣

S1∩S2

< 0 selecting k2 > 0

sufficiently large. Again, Lemma 2 shows that one can get V̇4

∣

∣

∣

S1

< 0 selecting k3 > 0

sufficiently large. Finally, Lemma 2 implies that V̇4

∣

∣

∣ < 0 if k4 > 0 is sufficiently large.

Since V̇4 is negative definite by appropriate selection of the gains (what is always
feasible), then the origin of system (3.22) is asymptotically stable. Moreover, since the
system is homogeneous of negative degree, the origin is finite-time stable (see e.g. [28]).
Since (3.22) is a local homogeneous approximation of system (3.11), one conclude that it
is locally finite-time stable.

.2 Appendix B: LFTS Gain Selection

From the previous proof conditions for the gains can be derived to render V̇4 < 0. The
following inequalities are obtained for the gain selection:

k1 > 0, (B.1)

k−1
I1 > max

z∈Ω1















−k
m
4

1 γ3γ2γ1 |ξ1|
m−1

5

[

⌈z5⌋m−1 − 5kξγ3γ2γ1 ⌈ξ1⌋
m−5

5 |z5|4
]

ż5|S1∩S2∩S3















, (B.2)

k2 > max
z∈Ω2











Fk2
+ γ−1

3 γ−1
2 ⌈z5⌋m−1 ż5

∣

∣

∣

S1∩S2

Gk2











, (B.3)

k3 > max
z∈Ω3











γ2Fk2,3
+ Fk3

+ γ−1
3 ⌈z5⌋m−1 ż5

∣

∣

∣

S1

Gk3











, (B.4)
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k4 >
1
bm

max
z∈Ω4







γ3

[

γ2Fk2,3
+ Fk3,4

]

+ Fk4
+ ⌈z5⌋m−1 ż5

Gk4







, (B.5)

where the homogeneous unit spheres Ωi are given by Ω1 =
{

|ξ1|
1

5 + |z5| = 1
}

, Ω2 =
{

|ξ1|
1

5 + |z2|
1

4 + |z5| = 1
}

, Ω3 =
{

|ξ1|
1

5 + |z2|
1

4 + |z3|
1

3 + |z5| = 1
}

, and

Ω4 =
{

|ξ1|
1

5 + |z2|
1

4 + |z3|
1

3 + |z4|
1

2 + |z5| = 1
}

.

Functions (B.2)-(B.5) are shown to have a maximum value. Since they are homo-
geneous of degree d = 0 the maximum can be found on the homogeneous unit sphere
Ωi.

.3 Appendix C: Proof of Theorem 2

Considering the homogeneous candidate Lyapunov function (with m ≥ 7 to make it dif-
ferentiable) as

V3 (ξ1, z2, z3) =γ2V2 +
2
m

|z3|
m
2 + k

m−2

2

2

⌈

⌈z2⌋
4

3 + k
4

3

1 ξ1

⌋
m−2

4

z3+
(

1 −
2
m

)

k
m
2

2

∣

∣

∣

∣

⌈z2⌋
4

3 + k
4

3

1 ξ1

∣

∣

∣

∣

m
4

+
1
m
γ3 |z4|m ,

where

ξ1 = z1 − kξ ⌈z4⌋4 , ξ̇1 = W sin (z2) − 4kξ |z4|
3 ż4, kξ = k−4

3 k
− 4

2

2 k
− 4

3

1 ,

V2 (ξ1, z2) =
4
m
γ1 |ξ1|

m
4 +

3
m

|z2|
m
3 + k

m−3

3

1 ⌈ξ1⌋
m−3

4 z2 +
(

1 −
3
m

)

k
m
3

1 |ξ1|
m
4 ,

it can be proved analytically with a similiar procedure as .1, that V3 (ξ1, z2, z3) is positive
definite and its derivative along the trajectories of the system (3.29) is negative definite
close to the origin. In consecuense, can be concluded that the origin of system (3.29) is
locally asymptotically stable. Furthermore, for homogeneous properties [28] the origin is
finite-time locally stable and by Eq. (3.24), the origin of system (3.11) is finite-time locally
stable.

As a result of this, an analytic estimated of the domain of attraction of the origin is
V3(z) ≤ C, with C > 0.

Numerical estimation of the domain of attraction

The main advantage of the coordinates transformation (3.24) is that a global repre-
sentation of the (3.11) is obtained. As a result of this, a region of attraction can be
estimated to show that the points of interrest of the state space are contained in that re-
gion. This cannot be done, using the coordinates transformation presented in [57] because
this transformation is only valid locally.
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On the other hand, to conclude local finite-time stability of the (3.27) origin, a ho-
mogeneous approximation of the 3-RWP system has to be made. This approximation, in
principle, restrict the analysis to be really close to the origin. But, as seen in the next
estimation of the attraction domain, the term W (z2) can be dominated close the origin
by the 3-DIA, making the approximation good enough to include the downward position
of the pendulum in such domain of attraction.

The problem of designing the 3-DIA’s gains ensuring the positive definiteness of the
Lyapunov function and negative definiteness of its derivative, stabilizing the origin of the
system (3.29) far from the origin, analytically, is a really difficult task. Therefore, the set
of gains can be obtained, using a numerical method in Matlab. Firstly the points over the
level surfaces of the Lyapunov function should be obtained, i.e.,

V3 =γ2V2 +
2
m

|z3|
m
2 + k

m−2

2

2

⌈

⌈z2⌋
4

3 + k
4

3

1 ξ1

⌋
m−2

4

z3+
(

1 −
2
m

)

k
m
2

2

∣

∣

∣

∣

⌈z2⌋
4

3 + k
4

3

1 ξ1

∣

∣

∣

∣

m
4

+
1
m
γ3 |z4|m = C,

(C.1)

where C ∈ ℜ.

This, in the practice, is not a simple task, but the fact that the Lyapunov function is
homogeneous is used. Therefore, values of z̄ in a unit sphere are chosen, i.e., ||z̄|| = 1 :

z̄ =











z̄1

z̄2

z̄3

z̄4











=











cos(θ) · sin(φ) · sin(ψ)
sin(θ) · sin(φ) · sin(ψ)

cos(φ) · sin(ψ)
cos(ψ)











, (C.2)

where θ ∈ [0, 2π], φ ∈ [0, π] , ψ ∈ [0, 2π]. Now, as the Lyapunov function satisfies the
property of homogeneity, it holds

V3(∆r

ǫ z̄) = ǫmV3(z̄) = C, (C.3)

so the points on the unit sphere can be translate to a level surface V3(z) = C as follows

ǫ =

(

C

V (z̄)

)
1

m

, (C.4)

z =











ǫ4z̄1

ǫ3z̄2

ǫ2z̄3

ǫz̄4











. (C.5)

Note that the points z are already over the level surfaces of the Lyapunov function,
and the sign of its derivative (A.1) has to be checked for a different kind of level surfaces.

In Figure 1, it is shown the level surfaces for gains γ1 = 0.6, γ2 = 20, γ3 = 0.0001,
m = 7, k1 = 0.55, k2 = 2.3, k3 = 13, kI1 = 0.15, kI2 = kI3 = 0, β(t, z) = 1 and L = 0

68 Control of 2 Classes of Underactuated Mechanical Systems of 2 DoF via Continuous Higher-Order

Sliding-Modes



.3. Appendix C: Proof of Theorem 2

(nominal case) in the plane z1 − z2. The blue level surfaces represent the ones whose
Lyapunov function derivative is negative. This implies that the trajectories which start
in these regions will be taken to the origin. Meanwhile, the red level surfaces represent
points whose Lyapunov function derivative is non-negative. This means that the Lyapunov
function can not ensure the stability if the trajectories start in this level surfaces. On the
other hand, it is presented three equilibrium points which correspond to the origin, which
is stable, and the nearest ones, which are unstable, and the points where the pendulum
is in the downward position with zero velocities, as it is wanted to see them inside of the
estimated region of attraction.

-10 -5 0 5 10 15
-5

0

5

-0.5 0 0.5
3

3.2

3.4

Figure 1: Level surfaces of the Lyapunov funtion.

Therefore, it is shown at which level surface of V3, its derivative V̇3 is negative definite,
and the origin of system (3.29) is locally asymptotically stable. This results in an estimate
of the region of attraction in which the points of interest are inside of it. Furthermore, due
to homogeneous properties [28] close of the origin, the origin is finite-time locally stable.
Finally, by Eq. (3.24), the origin of system (3.11) is finite-time locally stable.

Now, the case when the Lipschitz constant of the perturbation ϕ(t) is L 6= 0 is consid-
ered. The calculated constant for which the derivative of the Lyapunov function becomes
non-negative with the 3-DIA’s gains founded was L = 0.14. This agrees to the condition
kI1 > L for the finite-time local stability of the origin obtained in [18].

This procedure can be summarized as follows:

1. Obtain points z̄ over the unit sphere from the Eq. (C.2).

2. Evaluate the Lyapunov function V3(z̄), choosing the gains k1, k2, k3, kI1, kI2,
kI3, m, γ1, γ2, γ3, L = 0.

3. Choose a value of C small for the level surface.

4. Obtain the value of ǫ from Eq. (C.4).

5. Obtain points z over the level surface of the Lyapunov function from Eq. (C.5).
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6. Evaluate the Lyapunov function V3(z) and its derivative V̇3(z), checking the sign of
it.

7. If all the points negative derivative, choose a bigger value of C and repeat the process
from the step (4), until one point has non-negative derivative. If from the beginning
one point has non-negative derivative, or the estimation of the region of attraction
is not the one needed, repeat the process from the step (2).

8. Repeat the process from the step (3), but now with L 6= 0 to see at which constant,
the derivative of the Lyapunov functions becomes non-negative. That will give the
Lipschitz constant of the perturbation that the algorithm can reject.

9. V3(z) ≤ C (with the greater C) is an estimation of the region of attraction.

.4 Appendix D: Proof of Theorem 3 and 5

Since the Slave system is ISS with respect to µ1(t) [42, 40], it suffices to analyze the
stability of the Master subsystem

µ̇1 = µ2 ,

µ̇2 = β(t, z)[ν + ϕ(t)].
(D.1)

The closed-loop of (D.1), with controller (3.37) and the new variable µ3 = ζ + ϕ(t), is

µ̇1 =µ2,

µ̇2 =β(t, z)
[

−k1 ⌈µ1⌋
1

3 − k2 ⌈µ2⌋
1

2 + µ3

]

µ̇3 = − k3 ⌈µ1⌋0 − k4 ⌈µ2⌋
0 + ϕ̇(t) .

(D.2)

For the case with known coefficient β, the origin is proven to be global and finite-
time stable in [65], when the gains k1, k2, k3, k4 are properly designed, using the following
homogeneous Lyapunov function

V (µ) =α1 |µ1|
5

3 + α2µ1µ2 + α3 |µ2|
5

2 + α4µ1 ⌈µ3⌋
2 − α5µ2µ

3
3 + α6 |µ3|5 .

For the case with uncertain coefficient a similar proof can be obtained.

On the other hand, the closed-loop system of (D.1), with the controller (3.38) and the
new variable µ3 = ζ + ϕ(t), is given by

µ̇1 =µ2,

µ̇2 = − β(t, z)

[

k2

⌈

⌈µ2⌋
3

2 + k
3

2

1 µ1

⌋
1

3

− µ3

]

µ̇3 = − kI1

⌈

µ1 + kI2 ⌈µ2⌋
3

2

⌋0
+
dϕ(t)
dt

.

(D.3)
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.4. Appendix D: Proof of Theorem 3 and 5

Similar to the proof in [39], it can be proved that, designing properly the gains
k1, k2, kI1, kI2, the origin is globally and finite-time stable by using the following homoge-
neous and smooth Lyapunov function

V (µ) =
3
5
γ1 |ξ1|

5

3 + ξ1ξ2 +
2
5
k

− 3

2

1 |ξ2|
5

2 +
1
5

|ξ3|
5 ,

where ξ1 = µ1 − ⌈ξ3⌋3, ξ2 = µ2, ξ3 = k
− 1

2

1 k−1
2 µ3.

The derivative of V is given by

V̇ (µ) = −β (t, z) k2k
− 3

2

1

(

k
3

2

1 ξ1 + ⌈ξ2⌋
3

2

)

(

⌈

k
3

2

1 ξ1 + ⌈ξ2⌋
3

2 + k
3

2

1 ⌈ξ3⌋3
⌋

1

3

− k
1

2

1 ξ3

)

+

(

γ1 ⌈ξ1⌋
2

3 + ξ2

)

ξ2 − kI1k
− 1

2

1 k−1
2

[

−3
(

γ1 ⌈ξ1⌋
2

3 + ξ2

)

|ξ3|
2 + ⌈ξ3⌋

4
]

×
[

⌈

ξ1 + ⌈ξ3⌋3 + kI2 ⌈ξ2⌋
3

2

⌋0
−
[

−L̃, L̃
]

]

,

where L̃ = L
kI1

. Using (2.3) one can conclude that the first term is negative semi-definite

and it vanishes only on the set S1 =
{

k
3

2

1 ξ1 + ⌈ξ2⌋
3

2 = 0
}

. Evaluating V̇ on this set it is

obtained

V̇
∣

∣

∣

S1

= −
(

γ1k
−1
1 − 1

)

ξ2
2 − kI1k

−
1

2

1 k−1
2 |ξ3|2

[

3
(

γ1k
−1
1 − 1

)

ξ2 + ⌈ξ3⌋
2
]

×
[

⌈

⌈ξ3⌋
3 +

(

kI2 − k
− 3

2

1

)

⌈ξ2⌋
3

2

⌋0

−
[

−L̃, L̃
]

]

.

If γ1 > k1 the first term is negative semi-definite, and it is zero only on the set
S2 = {ξ2 = 0}. Evaluating V̇

∣

∣

∣

S1

on this set one can get

V̇
∣

∣

∣

S1∩S2

= −kI1k
− 1

2

1 k−1
2 ⌈ξ3⌋

4
[

⌈ξ3⌋0 −
[

−L̃, L̃
]]

.

This is negative if L̃ = L
kI1

< 1. By Lemma 2 one can render V̇
∣

∣

∣

S1

< 0 selecting

kI1 > 0 small. Using Lemma 2 again it can be concluded that it is possible to make V̇ < 0
selecting k2 > 0 sufficiently large.

Therefore, the controllers (3.37) or (3.38) globally stabilize in finite-time µ1 = µ2 = 0
for the µ-subsystem of (3.36). Then, the origin of the system (3.36) is globally asymp-
totically stable. Furthermore, by the change of coordinates (3.5) and (3.34), the original
states of the system (3.2) will be driven to the origin asymptotically and globally.
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