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INTRODUUCCION

Las vibraciones y rotaciones moleculares han sido objeto de estudio desde mediados del siglo XX debido a
que el analisis de los estados cuanticos de un espectro de rotacion-vibracién equivale a entender la dinamica
cuédntica de las moléculas [1, 2, 3, 4]. A inicios de 1945 ya se tenia una buena resolucién en espectros puramente
rotacionales con base en la tecnologia de microondas, sin embargo, en el rango del infrarrojo, la resolucién en
los espectros era sélo suficiente para moléculas muy simples [1, 5]. En décadas recientes ha existido un avance
sustancial en la espectroscopia IR y Raman alcanzando altas resoluciones atin en la regién cercana a la disocia-
cion; esto ha hecho que la obtencion del espectro de rotacién- vibraciéon de moléculas mas complejas sea posible
para el completo anélisis de la estructura fina rotacional-vibracional de estas.[6, 7].

De forma paralela a los desarrollos experimentales, ha habido gran progreso en el desarrollo de modelos tedricos
para la descripcion de moléculas en el marco de la mecanica cuantica; en ellos se requiere obtener valores y
funciones propias del sistema en estudio por lo que se debe construir una representaciéon adecuada del Hamilto-
niano molecular [8, 9].

El Hamiltoniano mecanico cuantico no relativista de una molécula puede escribirse en coordenadas cartesia-
nas, sin embargo la ecuacién de Schrodinger asociada resulta practicamente irresoluble , una forma de abordar
este problema es mediante la aproximacién de Born- Oppenheimer, que separa los grados de libertad de la
molécula en una parte electrénica y otra nuclear. Esta aproximacién es posible debido a la diferencia mésica
entre nucleos y electrones, asi, el movimiento nuclear es controlado por una superficie de energia potencial
(SEP) que representa la energfa electrénica [8, 9, 10]. La aproximacién de Born-Oppenheimer utiliza 2 cambios
de coordenadas; una a un sistema de referencia con origen en el centro de masa molecular para desacoplar los
grados de libertad traslacionales y otro para desacoplar los electronicos del resto en el centro de masa nuclear.
La idea central de esta aproximacién consiste en suponer una diferencia energética suficientemente grande entre
la energfa cinética electrénica y nuclear [11, 12].

El desarrollo de métodos tedricos que describan espectros vibracionales experimentales es fundamental, pues-
to que se necesitan datos espectroscopicos precisos para validar la SEP estimada a partir de modelos tedricos
electrénicos, por ello, dada la aproximacién de Born-Oppenheimer descrita, se desarrolla un Hamiltoniano vi-
bracional [9, 13, 14].

Los modelos algebraicos para la descripcion de vibraciones utilizan operadores de segunda cuantizacion; el
mas conocido se basa en el uso de operadores bosénicos de creacion y aniquilacién asociados al oscilador armoni-
co [15, 16]. En un esquema de osciladores arménicos interactuantes la contribucién diagonal del Hamiltoniano
contiene las contribuciones de los osciladores independientes y términos anarmdénicos proporcionales a potencias
de los nimeros cudnticos normales [17, 18]. Una gran ventaja de la representacién algebraica es que cualquier
elemento de matriz de un observable que dependa de las coordenadas y el momento, puede calcularse a través
de manipulacion algebraica que involucre las relaciones de conmutacién de los operadores correspondientes; la
accion de los operadores definidos sobre la base puede establecerse de manera exacta.

Una opcion adicional son los modelos algebraicos basados en grupos unitarios. Los grupos unitarios son rele-
vantes en la descripcién de sistemas de muchos cuerpos pues los productos bilineales de operadores bosénicos y
fermiénicos pueden ser identificados como generadores de grupos unitarios, los cuales se pueden identificar con
el grupo dindamico de varios sistemas que involucran distintas escalas de energia: grados de libertad vibracionales
[15, 19], electrdnicos en dtomos y moléculas [20, 21, 22], fisica nuclear [22, 23, 24, 25] y subnuclear [25, 26].
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Cuando las excitaciones vibracionales son descritas en términos de una base de osciladores arménicos, los
grupos unitarios aparecen de forma espontdanea. Los productos bilineales de operadores de creacién y aniqui-
lacién asociados con un conjunto de v osciladores n—dimensionales, constituyen los generadores del grupo de
simetria del grupo de Lie U(vn), mientras que el grupo simpléctico SP(2vn, R) es el correspondiente grupo
dindmico [21, 27]. El hecho de que éstos tiltimos grupos sean no-compactos representa una desventaja desde el
punto de vista préctico al tratar con estados ligados [28], pero es posible manejar grupos dindmicos compactos
si restringimos el espacio de osciladores armoénicos. Una forma de hacerlo es mediante la adicién de un bosén
escalar extra de manera que el nimero total de bosones del grupo unitario quede fijo [29, 30, 31, 32, 33].

Este nuevo enfoque es inspirado de trabajos anteriores [29]. En el ano 1975, Arima y Iachello propusieron el
llamado Modelo de Bosones Interactuantes (IBM) dentro del campo de la fisica nuclear para describir grados
de libertad nucleares para nicleos par-par [34]; este modelo se basa en la deformacién cuadrupolar en conexién
con la vibracién superficial de los nicleos [35]. El punto de partida consiste en la introduccién de un bosén
escalar extra al conjunto de bosones asociados a la deformacién cuadrupolar nuclear con la restriccién de tener
un numero fijo total de bosones. Aparte de que el grupo dindmico es compacto, el éxito de este modelo se
debi6 a que el grupo resultante dio lugar a 3 simetrias dindmicas con sentido fisico [24]. Afnos después Tachello
et al propusieron aplicar esta misma idea a la descripcién de grados de libertad ro-vibracionales de moléculas
diatémicas, dando como resultado el modelo vibrénico U(4) donde el momento dipolar es el ingrediente fisico
dominante [36, 37]. En este contexto, el nimero total de bosones es un pardmetro asociado a la profundidad
del potencial, un hecho que provee de una descripcién donde las anarmonicidades son tomadas en cuenta desde
el inicio, sin la necesidad de introducir potenciales anarménicos. El modelo fue extendido a moléculas poli-
atémicas con claro éxito en moléculas lineales [32, 38]. La adicién de un bosén escalar extra también fue usado
en el contexto de excitaciones vibracionales puras donde un conjunto de osciladores equivalentes dan lugar al
modelo propuesto por Michelot y Moret-Bailly, donde el grupo dindmico para un conjunto de v— osciladores
equivalentes se vuelve U(v + 1) [39, 40].

La relevancia del modelo U(v + 1) es doble [22]. Por un lado, aparecen subgrupos ortogonales, dando como
resultado variedad de simetrias dindmicas y por otro lado, las anarmonicidades del sistema pueden introducirse
desde el planteamiento del problema. Las simetrias dindmicas representan aproximaciones a orden cero del pro-
blema completo; en algunos casos, anadir operadores de Casimir de diferentes cadenas puede ser suficiente para
describir con la precisién deseada un sistema, sin embargo, cuando el nimero de osciladores aumenta, el ntimero
de interacciones se incrementa y los Casimires se vuelven insuficientes para proveer de una descripciéon completa.
En fisica molecular, esta situaciéon es muy comiun; las interacciones relevantes son en general numerosas y bien
conocidas en el espacio de configuracién. Como son conocidas, se puede plantear la realizacién algebraica de las
interacciones especificadas en el espacio de coordenadas y momentos.

1.1. Objetivos

En el presente trabajo se estudia la conexion entre el espacio de configuracién y el espacio algebraico en dos
sistemas, en general se busca:

1. Establecer la conexién matemdtica formal entre el espacio algebraico U(r+1) y el espacio de configuracién
para la descripciéon de modos locales equivalentes.

2. Establecer la conexién del grupo dindmico U(3) con el espacio de momentos y coordenadas para los grados
de flexion de moléculas lineales aplicando los resultados a la molécula de acetileno.

Los objetivos particulares de este trabajo son:



1 INTRODUCCION 3

1.1

1.2
1.3

2.1

2.2

2.3

Conectar el espacio de configuracién con el espacio algebraico en el caso de dos osciladores a través del
mapeo con oscilador armoénico.

Obtener los momentos y las coordenadas para cada oscilador como una realizacion del algebra dinamica.

Establecer la conexion entre espacios usando un mapeo con el producto directo de v osciladores de Morse
restringido al subespacio caracterizado por un nimero méximo de cuantos.

Probar que la aproximacion lineal previamente usada en el COs [41]. corresponde con la mejor aproxima-
cién cuando se propone un mapeo con oscilador armonico, obteniendo la representacion de las coordenadas
y momentos en el espacio algebraico U(3).

En el caso de dos osciladores acoplados, establecer una manera de obtener constantes de fuerza cuando el
sistema en estudio tiene un comportamiento normal.

Seguir la estrategia propuesta para estimar razonablemente las constantes de fuerza para acetileno.



MODELQ SU(v + 1)

2.1. Modelo algebraico su(v + 1)

2.1.1. v osciladores armdnicos
Consideremos un sistema de v osciladores arménicos no interactuantes. A cada oscilador i se le puede asociar
un operador de creacién dg y un operador de aniquilacién a;, lo que nos permite expresar el Hamiltoniano como

hw v
H = 7;(&%1‘4‘&1‘&1)’ (2.1)

con vectores propios

1 At
ni,na, ~~~7nu> = 71/1—[(0‘;[) ‘ O>a (22)
Hj nj! i
que estan asociados a la cadena candnica
Uwv)DUw—1)Du(v—2)D..U(1), (2.3)
donde n; es el valor propio del operador de ntimero n; = d}&i:
i1, N2y ey ) = Ny |N1, N2y ey 1), (2.4)

El grupo de simetria de este sistema es U(v) y sus generadores estdn dados por

Cz] = &Idjv (2 5)
con relaciones de conmutacién o A N
[C?, C’Zq,} = Cfép,j — Cgéq,i, (2.6)

que definen al grupo unitario.

2.1.2. Modelo U(v +1)

En el marco de trabajo del modelo U(v + 1) un bosén adicional 57(3) es afiadido al conjunto de operadores

bosénicos &I(di) con la restriccién de fijar el nimero total de bosones a N. En este caso, la nueva cadena

canodnica del sistema es

Uv+1)DU(w) Du(v—1)>D..U(1), (2.7)
con su correspondiente base

v

IN]; 0y 1, 1,y ) = ——— (5T T (@1)™ [0), (2.8)

v
,/ns!Hj ’I’L7' i

que esta caracterizada por el nimero total de cuantos N, cuyo operador es

con
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N

A= ala; . =3sts (2.10)
El nimero total de bosones fija la representacién totalmente simétrica [N] del grupo U(v + 1), y como
resultado de la ecuacién (2.9), los estados en (2.8) pueden también expresarse en la forma

|[N]an;n> = ‘[N}’n;nlvn% ~'~7nl/> = |[N];ns,n1,n2, ~~~7nl/>a (211)

donde n juega el papel del pseudo nimero cudntico que definimos como poliada para el conjunto de v oscilado-
res equivalentes [42]. Esta poliada resulta ser un buen nimero cudntico en moléculas con comportamiento local
[43, 44].

El enfoque tradicional para describir v osciladores interactuantes consiste en desarrollar el Hamiltoniano
en términos de los operadores de Casimir asociados con las diferentes cadenas del grupo dindmico U(v + 1).
Un aspecto importante de proponer una cadena es que provee una base que se obtiene de la diagonalizacion
simultdnea de operadores de Casimir.

La adicién de un bosén extra § junto con la restriccién de tener la representacion [N] fija, hace que el grupo
unitario U(v + 1) sea un grupo dindmico para el conjunto de v osciladores.
La accién de estos operadores sobre los estados (2.11) se obtiene de forma inmediata:

al8|[N], 75 e i, ) = /(s + 1)(N = n)|[N],n+1;0imi +1,..), (2.12a)
a;8Y|[N],n; om0y = V(N —n+ D|[N],n — 1;..,m; — 1,...). (2.12b)

Dentro de este modelo, cualquier variable dindmica incluido el Hamiltoniano, puede ser expresada en térmi-
nos de los generadores del grupo U(rv + 1) y los operadores dentro de (2.12) juegan un rol importante (en
especial cuando la variable dindmica es el Hamiltoniano) debido a su conexién con el momento y las coordena-

das [45, 46, 47, 48).

Con el propésito de obtener el limite arménico, es conveniente introducir operadores normalizados [45]

i - Ji
bl = \/% b = Nic (2.13)
que satisfacen las relaciones de conmutacién
A 1. . s A
[bi, b;] = (Sij — N[TLCSU + a}ai]; |:b;r, b;] = [bz, bj] =0. (214)
En particular
P 1 2 .
[bs, b =1- it =-SJi. (2.15)

La accién de estos nuevos operadores normalizados sobre los estados (2.11) resulta ser

BN, 75 o sy ) = \/(ni +1) (1 - %) IN], A+ 1 + 1,20, (2.16a)
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R n+1
bi|[N],n;.c.,niy ) = 4|y (1 -~ )HN],n —1;mn— 1,00, (2.16b)

Si se comparan estos elementos de matriz con aquellos dados por los operadores bosénicos ELI (a;) en la base
(2.2) se concluye que ambos operadores bosénicos coinciden en el limite arménico (N — oo). Por tanto, con base
en este andlisis, un Hamiltoniano puede ser traducido a una representacién algebraica en el espacio U(v + 1),

llevando a cabo la transformacion a! (a;) — IA)IT(IAJI) [45, 46, 47, 48]

i

A h . - - . hpw o -
Q=g Gl b0 Pi=iy[ 7560 - (2.17)

El siguiente paso de este trabajo, consiste en presentar una aproximacién que proporcione un fundamento
formal a los resultados que hemos descrito, asi como obtener la conexién entre el espacio de configuracién y el
espacio algebraico equivalente a (2.17).

2.1.3. Conexidén entre el espacio algebraico y el espacio de configuracién

En esta seccién se seguira el enfoque presentado en el capitulo para establecer la correspondencia formal
(2.17). Como primer paso estableceremos el mapeo entre los estados algebraicos (2.8) y los estados asociados al
producto directo de osciladores en el espacio de configuracién

Gin (@) = Vjinyooom, (15 00) = [ [ ®(@iliina), (2.18)
=1

donde j es un parametro relacionado con la profundidad del pozo de potencial de manera que se tome en cuenta
tanto osciladores arménico como anarménicos (Morse y Poschl-Teller). Estos osciladores no interactuantes tienen
asociado el Hamiltoniano H.,(q,p), cuyo sistema propio de ecuaciones es

Hcs (.7; q, p)wj;n (Q) = Ej;nwj;n (Q), (219)

En notacién de segunda cuantizacién

Hpock|j;n) = Ejnljn); Yin(q) = (d|j;n), (2.20)

Buscamos un Hamiltoniano algebraico equivalente ﬁjlug(uﬂ) en el espacio su(v + 1) que esté definido en

términos de sus correspondientes generadores, de tal manera que se satisfaga

IA{SU('H_I)HN};n;m = Ennl[N];n5m);  ¢¥jm(q) = (qlj;n). (2.21)

alg

En este caso los estados propios de (2.21) son los estados (2.20) y por tanto, el mapeo natural entre estados
es el siguiente

|[7;m) 2 |[N];n;n); n=0,1,...,N. (2.22)

De esta manera vemos que el mapeo no necesariamente es un isomorfismo. Para el caso de oscilador arméni-
co, por ejemplo, el espacio es infinito, mientras que en el espacio algebraico N es finita. La conexién entre j y
N es determinada de acuerdo con la base especifica en el espacio de configuracion.
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Para realizar el mapeo de operadores, introducimos el operador de densidad, en el espacio de configuracion
y en el espacio algebraico con la normalizacién ) pym = 1.

A d) = pal (@) ¥;a(q); p=>_pnul[Nl;n;n)((N];n;ml. (2.23)

El siguiente paso consiste en considerar la realizacién algebraica de un operador general en el espacio de
configuracién Fis [49].

Falg ~ Zagm)( CS)Ysta (2.24)
s,m

donde Y, es el s-ésimo generador del grupo U(v + 1) y los operadores de proyeccién P, pertenecen a la base
algebraica P,, = [N];n;n)([N];n;n|, los coeficientes al™ (F.,) son determinados bajo el criterio de optimizar
el desarrollo (2.24). Para alcanzar esta meta, introducimos el operador A que corresponde a la diferencia entre

el operador exacto y el operador algebraico aproximado A = Fig — F4:

A=F =Y al™(F.0)Y. Py (2.25)

El error de la aproximacién, €, se estima calculando el promedio de AAT, introduciendo el operador de
densidad que nos proporciona pesos especificos.

e = Tr(pAAY). (2.26)
Los coeficientes a se obtienen minimizando el error, esto es, derivando el error respecto a las «,
0
_% __0, Vs,m, (2.27)
aa:(m)
lo que conduce al conjunto de ecuaciones
> Mmalm(EL) = D). (2.28)

En esta base, la matriz Ms(ff’m/) y ng/), definidos por (2.28), toman la forma

D™ = (m|YIpE, |m), (2.29)

MY = (m|YIpYy|m), (2.30)

donde el estado [m) designa el estado general |[N];n;n). Dado el mapeo (2.22), para determinar la accién del
operador F,4 es necesario hacer la sustitucién |[N];n;n) — |7;n).

Si consideramos un mapeo a través de funciones de oscilador arménico, tomando en cuenta la base (2.2),
la forma de proceder es la siguiente. Como primer paso se establece un isomorfismo con el producto directo de
los v estados del oscilador en el espacio de configuracién C y el espacio algebraico A. Para hacer mas sencillo el
tratamiento, en lugar de considerar v grande, la consideraremos en adelante como 2, es decir, considerando séla-
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mente dos osciladores arménicos, por lo que el modelo a considerar para hacer la manipulacién necesaria es U (3).

El dlgebra su(3) tiene cuatro cadenas relevantes en fisica molecular

a) su(3) D su(2) D su(l), (2.31a)
b) su(3) D su(2) D so(2), (2.31b)
¢) su(3) D so(3) D so(2), (2.31c)
d) su(3) D so(3) D so(2). (2.31d)

La cadena candnica a) se usa en la descripcién de 2 modos vibracionales equivalentes como el caso aqui
descrito. La segunda cadena b) se usa para describir modos de flexién en moléculas lineales como se verd en otro
capitulo [50]. La cadena c¢) proporciona una simetria dindmica para describir un oscilador desplazado (moléculas
no lineales). La cadena d) es equivalente a la cadena ¢) en principio pues se aplican a los mismos sistemas, sin
embargo en este trabajo se demostrard que tanto la cadena a), como la ¢) y la d) tienen una interpretacién
fisica diferente para el caso de osciladores equivalentes [50, 51].

Comencemos considerando los dos osciladores de estiramiento de una molécula triatémica. Estos osciladores
tienen asociados operadores bosénicos de creacién y aniquilacion que a partir de ahora designaremos como
{fJ{, t1, tz, t2}, en lugar de la notacién con af, a. Los productos bilineales de estos operadores son los que forman
el algebra u(2), como lo indica (2.5), con un total de 4 generadores. La adicién del bosén §7(3) nos lleva al
algebra u(3) que, al hacer los productos bilineales, tiene un total de 9 generadores;

Gy = {Hi1, E1ds, 14t T, 87, £ 5, 5115, 1138, 87 8). (2.32)

Los primeros 4 productos bilineales de (2.32) se identifican con la subdlgebra w(2) mientras que los 9 ge-
neradores en conjunto forman el algebra dinamica para dos osciladores equivalentes, donde hay que notar que
la proyeccion del momento angular no se preserva pero si lo hace el nimero total de bosones, como se habia
planteado anteriormente.

Los elementos de matriz de estos productos bilineales en la base canénica (2.11) se obtienen de la aplicacién
sucesiva de los operadores involucrados sobre la base.

([N],n;n1|3%8|[N], n;n1) = (N —n), (2.33a)

(IN], n; ma |E1:|[N], ms ) = m, (2.33b)

(IN],n + 1,01 + 1|E3|[N], nsn1) = V(N —n)(ng + 1), (2.33¢)
(IN],n + 1;n1|E53|[N], ny 1) = /(N = n)(n —ny + 1), (2.33d)
([N],n — 1;n1 — 1|86 |[N],n;n1) = /(N —n 4+ 1)(n1), (2.33¢)
(IN],n — 1;m |8 [N],nime) = /(N —n+ 1)(n — ny), (2.33f)
(IN],n;n1 + 1| [N], 7 n1) = /(0 — n1)(ny + 1), (2.33g)
(IN],n;n1 — 1|51 [[N], 25 m1) = /(0 — ny + 1) (ny), (2.33h)

donde se ha dejado implicito el niimero cuantico ns en la base y en la accién de los operadores sobre ella, pues
se satisface, no = n — ny. Para realizar la conexién entre el espacio algebraico y el de configuracién mediante
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un mapeo, consideremos a los dos osciladores arménicos como el producto directo entre ellos

(q192[n1n2) = {(q1|n1)(g2|n2) (2.34)
definidos en un subespacio que se caracteriza por el nimero de cuantos P:

n=ny+mny; n=01,., P, (2.35)
y la restriccién del espacio con la definicion de n es

(q1g2|n1n2) = (q1g2|n;n1); n=0,1,..., P. (2.36)

Asi pues, se propone el siguiente mapeo entre esta base y la algebraica

<Q1QQ|7’Z;7’11> ~ |[N],n,n1>, N:Pmam- (237)
La representacién del operador de densidad para este sistema es entonces

Z Prng [Ny na)([N];sna|;, n=mni+ne; n=0,1.P, (2.38)
ni,n
o de forma simplificada
= Pumlnim)(ninal. (2.39)
ni,n—nl

Con las consideraciones hechas, debemos preguntarnos por la mejor representacién algebraica posible de
un operador en el espacio de configuracién C; de forma particular nuestro interés recae en los operadores de
coordenadas y momentos para cada oscilador.

Como primer paso para esta descripcion algebraica, proponemos un desarrollo hasta términos lineales para
un operador en el espacio de configuracion F.q, como en (2.24):

Fuy ~ ZZa(m) (FLo)Ys P, (2.40)

con las siguientes identificaciones

Vi =18 Yo=3; Yi=1Hs v, =35, (2.41)

Siguiendo el procedimiento descrito de (2.11) a (2.12), considerando los elementos de matriz (2.33) y la

accion de los momentos y las coordenadas de casa oscilador en el espacio de configuracion en la base de oscilador

armoénico se propone para las coordenadas del oscilador 1 y 2, la realizacion lineal siguiente en términos de los
generadores 2.41:

0, ~ alth + oty 8T + ag,th + auta st 1=1,2, (2.42)

dando como resultado de esta realizacién

R [ n (s ist N A T
Q1 = 2/M<\/N+\/N> Qy = o <\ﬁ+\ﬁ> (2.43)
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Pasemos ahora a la representacién algebraica para los operadores de momento. Para los osciladores 1 y 2
proponemos el desarrollo lineal

P~ Bl 8+ Bof18T + Batls + Batast;  i=1,2. (2.44)

Y siguiendo el procedimiento descrito en (2.11) a (2.12) [49], se llega a

b, — /2 LERNT 5, — /2 B8 _ b8
Py = (\/» \/>> Py = (\/» \/»> (2.45)

Pudiendo generalizar con base en los resultados obtenidos en (2.43) y (2.45)la conexién del espacio de
configuracién de 2 osciladores a uno de v osciladores, es decir, bajo el modelo algebraico u(v+1). De esta forma
definimos los siguientes operadores:

i B8 s

i \/N7 i:\/ﬁv

que al usarse en la definicién de coordenada Q; y momento P;

5 _ | 5 g Y it
Q=g 0l +b)  Pi=iy/ 2o - b, (2.47)

Como una consecuencia de la aproximacion lineal (2.47), los desarrollos no cumplen las relaciones de con-
mutacién para el momento y coordenada [g, p] = ihi. En el espacio algebraico se tiene

(2.46)

[Qi, Pj] = ihdy; (1 - %) - ﬁ(ﬁt + tT ti). (2.48)

Las relaciones de conmutacién candnicas sélo se recuperan en el limite armoénico, N — oo, cuando nos
suscribimos a un subespacio fijo n. Otra caracteristica de este enfoque es que las coordenadas y momentos de
osciladores distintos no conmutan.

A i o i
s oA b [l - o oo huw [EE -1
[QZa Q]] - % {N} 9 [PMPJ] - 2 N . (249)

Este resultado tiene consecuencias a nivel practico. Se debe asumir la no conmutatividad o se debe aplicar
algin procedimiento de proyeccién de simetria cuando se traslada un Hamiltoniano a su representacién alge-
braica. Estos resultados justifican de manera formal de [45, 46, 47, 48], donde se calcula la fuerza de transiciones
dipolares.

Interpretacion fisica de las cadenas de grupos involucradas
La cadena de subgrupo usada en todo este andlisis corresponde con (2.31a); esta cadena tiene una inter-

pretacién fisica. Para convencernos de esto, el primer paso es escribir el Hamiltoniano de dos osciladores no
interactuantes.

2
Acs:%zAz‘i’ kzqw (250)

el cual tiene su correspondiente Hamiltoniano algebraico. Al sustituir la definicién (2.47) de momentos y coor-
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denadas se obtiene

N hw PN A
_ T7. 7T
Hapg = = ; (B1: + bid}) , (2.51)
con valores propios
. 1 n nn;
E(N,n1,n2) = ([N];n,n1|Haig|[N];n,n1) MZ{[(l—i—) +2} “5N TN }7 (2.52)

de donde es posible identificar una correcciéon anarménica en el término nn; que involucra la poliada n y otro
factor que depende de forma lineal con la poliada En el limite N — oo, con n finita se recuperan las
expresiones del caso arménico.

’2N

Cadenas asociadas a dos osciladores equivalentes bajo el modelo U(3)

Dado que (2.52) es diagonal en la base de U(2), se dice entonces que la cadena (2.31a) estd asociada
con la representacion energética. Las demds cadenas, correspondientes a otras simetrias dindmicas, (2.31c) y
(2.31d) estdn asociadas a las representaciones de coordenadas y momento, respectivamente, como veremos a
continuacién. Primero, se identifican los conjuntos

Goo(3) = {J} = (AI§+§Ta1), J, = ( b5+ sta ) J. =i (a;al —aiaz)} (2.53)
Gso(3) = {J’z =i (d{é - g*al) L, = (agg - g*ag) g =i (a;al - a{az)} : (2.54)

como las relaciones de conmutacién de los sendos grupos SO(3) y SO(3). Los correspondientes operadores
invariantes son:

W2=J24 2402 W= = J2 J' +J7 Jz=J’ (2.55)

e introduciendo las realizaciones de momentos y coordenadas (2.47) se tiene
22: 6 =" (W2 - j2> 22:75-2 __h (VT/2 - jz) (2.56)
p 2w N 2)7 P ! 2wuN 2]

de donde concluimos que las cadenas ¢)U(3) D SO(3) D SO(2) y ¢)U(3) D SO(3) D SO(2) estdn asociadas

con las representacién de la suma de los cuadrados de las coordenadas y los momentos, respectivamente. En la
tabla 2.1 se resume el significado de las diferentes cadenas.

Tabla 2.1: Identificacién de las simetrias dindmicas de acuerdo a las representaciones energética, de coordenadas y de momentos.

Cadena Base Representacién
UB)DU((2) DSO(2) [[N];nl) | Energia

U(3) D SO(3) > SO(2) || |[N];wl) | Coordenadas
U(3) > SO(3) D SO(2) || |[N];@l) | Momentos




MODELO U(3)

3.1. El enfoque algebraico U(3) para un oscilador 2D

3.1.1. Modelo algebraico U(3)

Consideremos los modos de flexién de una molécula lineal triatéomica del tipo XY5 descrita en términos de
coordenadas locales. Lo primero que se necesita hacer es escribir el Hamiltoniano en términos de las coordena-
das de simetria internas y trasladarlo a segunda cuantizacién como funcién de operadores locales de creacién y
aniquilacién por medio de la transformacion candnica entre los bosones simetrizados y los locales. Este proce-
dimiento es necesario para establecer la conexién con el modelo Uy (2) x U(3) x Ux(2).

En términos de coordenadas internas, qx, el Hamiltoniano en el espacio de configuraciéon que describe las
excitaciones vibracionales de una molécula tiene la forma

H= %f)G(q)p +V(a), (3.1)

donde q y p son vectores columna correspondientes al desplazamiento interno de coordenadas y su momento

conjugado, respectivamente; los términos del potencial dependientes de la masa se omiten. La matriz de Wil-

son, G(q), conecta la expresiéon de la energia cinética del sistema en términos de las coordenadas internas y

cartesianas; en el caso de las moléculas triatémicas se necesitan 2 conjuntos de coordenadas, el primero de ellos

para las vibraciones de estiramiento y el segundo conjunto para las flexiones con las siguientes definiciones [52].
rypy XIg . ry XIg

Ga = Teey 5 Qp = TTe€p ————, (32)
r1ir2 T1r2

donde r; y ro son vectores que van desde el atomo central X a cada uno de los atomos Y. Los vectores unitarios
e, vy e, estan en las direcciones de los ejes X y Y del sistema de laboratorio con origen en el centro de masa
molecular. Las coordenadas ¢, y ¢ estan asociadas entonces a las coordenadas cartesianas y en consecuencia se
tienen sus correspondientes momentos conjugados p, y Pp-

Como en las moléculas lineales la proyeccién de momento angular [ se preserva, es conveniente introducir
las coordenadas circulares

1 1
= ———=(¢qq =+ Z ; _ = —F=(qq — Z ; 33
con sus momentos lineales conjugados definidos a través de P, = aaQ.T :
P — (Pa —ipp); P — (Pa + ips) (3.4)
= — e — 1 ) _ = a 1 . .
+ /2 p Py NG b Db

El Hamiltoniano en el espacio de configuracién hasta orden dos puede expresarse en términos de las coorde-
nadas cartesianas desarrollando la matriz G y V(q) hasta orden cuadrético, entonces éste toma la forma

1 o] 1 o
Hes = 590003 +13) + 5 Faalda + ab); (3.5)

donde g,q = i es la constante de estructura del oscilador, siendo p la masa reducida y f,, la constante de
fuerza del oscilador. Si tomamos en cuenta (3.3) y (3.4) en el Hamiltoniano del espacio de configuracién en
coordenadas cartesianas (3.5), obtenemos el Hamiltoniano en términos de coordenadas circulares.

Hey=—g3 PyP_— f,_QiQ_,donde g5 =g%, vy fie = faa- (3.6)

12
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La estrategia para resolver la ecuacién de Schrodinger consiste en transformar el Hamiltoniano (3.6) a la
representacién algebraica, por lo que introducimos las definiciones de los siguientes operadores bosénicos

121{ Wi oy P ] (3.7)
V2 LV R Vhwp |’

con sus respectivos operadores adjuntos. En este punto se ha introducido la frecuencia w = \/ faa93, de los dos
osciladores degenerados. Esta correspondencia de operadores bosonicos en coordenadas circulares proviene de la
transformacién canénica a operadores bosénicos +/— que vienen de los correspondientes operadores de ascenso
y descenso en coordenadas cartesianas:

>

Ai = ——(a;) +ial); = (az —ial). (3.8)

1 1
V2 V2
En este nuevo espacio, el Hamiltoniano (3.6) adquiere la forma
hw

Hroor = = (Lt +#47] 4717+ 741, (3.9)

que es diagonal en la base

In'y = Ny (75)29 (7)2 0 0), (3.10)

que es la base ocupada para describir las vibraciones (flexiones) del dtomo central. Las definiciones que se usaron
para construir esta base son

Ak (3.11)

cuya constante de normalizacién es

—_

Npy=——o . (3.12)
(=) (=)!

La accién de los operadores bosénicos de flexién se obtiene por su accién sobre la base (3.10), dando lugar a

. n+l R n+l
ity = [ U Y, ) = - ), (313)
Los operadores
s _ata 7 o_ata o5 _1p
J+ =TT, Jo =71 +5 J, = il ) (314)

satisfacen las relaciones de conmutacién del momento angular, y en consecuencia son generadores del grupo
SU(2). El conjunto en (3.14) preserva el ntimero total de cuantos, lo que implica a su vez que U(2) es el grupo
de simetria de un oscilador arménico en 2D.

La expresién (3.9) y la definicién de momentos y coordenadas provenientes de (3.7),

- |
Qs = % L= o= - VRan(] - 7). (3.15)
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son la representacién en el espacio de Fock del Hamiltoniano y de coordenadas y momentos, respectivamente.
Los elementos de matriz de esta representacién reproducen de forma exacta los elementos de matriz del espacio
de configuracién.

El modelo SU(3) consiste en afiadir un bosén escalar 67(o) al espacio del oscilador 2D considerando todos
los productos bilineales {gjgj; 1,7 =1,2, 3} con &y =0,y &,& = 74, 7—. Esto nos da un total de 9 productos,

que son los generadores del grupo U(3) [50]:

he =616, (3.16a)
Qs =V2il7_, (3.16D)
Q_ =v2i7, (3.16¢)
D, =V2(il6 — 617, (3.16d)
D_=V2(-l6 +617y), (3.16¢)
Ry =V2(il6 + 617, (3.16f)
R_=V2(ile+at7y), (3.16g)

ademds de las expresiones dadas en (3.11). Este modelo introduce la restriccién de mantener fijo el nimero total
de bosones,

N =7+ g, (3.17)
por lo que U(3) es el grupo dindmico de un oscilador 2D al conectar todos los estados del sistema. Adicionalmente,
el dlgebra U(3) hace posible la existencia de 3 cadenas, como se mencionaba en la subseccién 2.1.3, ecuacion
(2.31):

U@3) D U(?2) D 0(2), (3.184)
U(3) 2 0(3) D 0(2), (3.18b)
U(3) > 0(3) D 0(2), (3.18¢)

cada una de las cuales proporciona una simetria dindmica distinta. La cadena (3.18a) contiene a la cadena fisica
SU(2) D SO(2). La cadena (3.18b) contiene el nuevo grupo O(3), cuyos generadores son Go(z) = {15+, D_, [},

y la cadena de (3.18¢) contiene al grupo O(3), con generadores G 3) = {R+, R_, i}

La cadena que proporciona la base mds simple para llevar a cabo cédlculos es la U(3) D U(2) D O(2) ya que
contiene a la cadena SU(2) D SO(2) del grupo de simetria, que involucra el nimero total de cuantos fisicos. La
forma explicita de los estados asociados a esta cadena se construye en términos de 3 osciladores armonicos de
forma andloga a (3.10).

[N];n') = Ny, (eHY (3] 20 (7)) o), (3.19)
con reglas de ramificacion n = NN —1,N —2,...0y l=+n,+(n—-2),...£1 0 0.

En el marco de este espacio algebraico, el Hamiltoniano, como cualquier variable dindmica puede desarrollarse



3 MODELO U(3) 15

en potencias y productos de los generadores (3.16), de forma similar a como se realizé en el capitulo pasado.
La tarea consiste en conectar los Hamiltonianos en el espacio de configuracién dados por (3.5) y (3.6) con el
espacio algebraico; esto se consigue obteniendo la representacién algebraica de los momentos y las coordenadas
en el espacio U(3), que representa la clave para escribir cualquier operador dindmico en términos del espacio
algebraico, permitiendo la obtencion de los pardmetros o y 8 en términos de las las constantes de fuerza y
estructura, (faa, Gaa)-

3.1.2. Conexidén entre el espacio algebraico y el espacio de configuracion

La correspondencia entre el espacio de configuracion y el algebraico se consigue mediante el enfoque que
presentamos en el capitulo pasado [49]. Primero se realiza el mapeo entre la simetria dindmica (3.18a) y un
oscilador arménico en 2D. Siguiendo el método de las expresiones (2.11) a (2.12), con el uso de las definiciones

V=26, Ya=6lr Va=+ls; Vi=oTry, (3.20)

los elementos de matriz

((Nl;n + 1,1+ 1rLo|[N];n,1) = \/(N - n)(; iy (3.21a)
(N = L1 = g [N,y = o/ L= DD, (3:211)
([INl;n+1,1— 1|7'10|[N]; n,l) = \/(N — n)(; —i 2), (3.21c¢)
(Nlin— 1,0+ 1ot r_|[N]:n,0) = \/(N on *21)(” mU} (3.21d)
y los asociados al oscilador arménico 2D, se llega a realizaciones de los momentos y coordenadas:
Q. = % M%% {b:ﬁ:} . Pi= *%\/@7% {R% . (3.22)

Puesto que ya tenemos los operadores de momento y coordenada en el espacio algebraico, ahora podemos
construir cualquier operador en el espacio algebraico que contenga a los momentos y coordenadas aqui descritos.

Si regresamos a las cadenas (3.18) asociadas al grupo dindmico U(3) y caracterizadas, cada una, por el
subgrupo central, notamos que la cadena de (3.18a) estd caracterizada por el subgrupo U(2); este grupo tie-
ne un operador de Casimir asociado C’SU(Q) = n. En el Hamiltoniano algebraico que se obtiene, salta a la
vista la presencia del operador de numero n, por tanto podemos decir que esta cadena provee una base en
la representacién energética. El operador de Casimir asociado al subgrupo O(3) en (3.18b) estd dado por
Csom) = W? = (1/2)(D+D_ + D_Dy) + 12, que puede escribirse en términos de la coordenada:

4w
h

y por tanto esta cadena nos da una base en la representacion de coordenadas. Para el operador de Casimir

asociado al subgrupo O(3) en la tercera cadena en (3.18c) se tiene CA'S@(:;) =W?2=(1/2)(RyR_+R_R,)+1?
de donde se deduce que

W?=-N-—2Q%+ 2, (3.23)
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- 4
W?=_N—P? 42 (3.24)
hpw

déndonos una base en la representacién de momentos. En la tabla 3.1 se resume el significado de las diferentes
cadenas.

Tabla 3.1: Identificacién de las simetrias dindmicas de acuerdo a las representaciones energética, de coordenadas y de momentos.

Cadena Base Representacién
U3) D U(2) DSO(2) [[N];nl) | Energia

U(3) D SO(3) D SO(2) || |[N];wl) | Coordenadas
U(3) > SO(3) D SO(2) || |[N];@l) | Momentos

Hasta este momento nos hemos limitado a describir el modelo U(3) para un sélo oscilador en 2D, centrando-
nos en las representaciones de coordenadas, momentos y cémo llegar a ellas tanto en el espacio de configuracién
como en el algebraico asi como en las consecuencias inmediatas de asociar este modelo con el espacio fisico al
referirnos a las cadenas. En la siguiente secciéon nos centraremos en como extender este modelo a mas de un
oscilador.

3.2. Enfoque algebraico U(3). Dos osciladores en 2D.

El modelo U(3) planteado es local; esto significa que puede aplicarse de manera directa sélo en moléculas
que tengan un comportamiento local si se quiere tener una buena estimacion de las constantes de fuerza. Para
moléculas con comportamiento normal, se debe aplicar una transformacién candnica al aplicar el modelo.

3.2.1. Esquema local

Empecemos introduciendo las coordenadas para describir dos osciladores en 2D circunscribiendonos a los
grados de flexién de una molécula en particular: acetileno. De acuerdo con la notacién introducida en la figura
3.1, tenemos las coordenadas

H-C=C-H
o a2
rs Xrsg rs Xrsg
1 r3 ra dla = m €y - ; q1b = —/TelTe3 €y -
G &) mrs s
(3.25a)
(i a2 ( ) ( )
—r3) X Is —I3) XT3
. . 420 = m €y - 5 q2b = —\/Te2Te3 € —— .
Figura 3.1: Coordenadas para describir los r2T3 rar3
modos de flexién del acetileno (3.25b)

Dadas estas coordenadas y sus momentos asociados, el Hamiltoniano para dos osciladores equivalentes (aso-
ciados a los carbonos del acetileno) toma la forma

2 2

1 1 1
Heo = 5900 ) (Dfa + 1) + 5 faa D (G0 + 0is) + 9uza(PraP2a + Propen) + 5 fro2a(@rad2a + quogen),  (3.26)
i=1 i=1
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donde la primera parte contiene los términos de los osciladores individuales mientras que la segunda incluye
interacciones. Incluyendo ahora para cada oscilador (i = 1,2) las coordenadas circulares definidas en (3.3) y
(3.4), tenemos

1 1 1 1
i+ = == (Qia +1Gip); i- = 7= (Ga =), Py = ——7=Pia—1pin);  Pic = —=(dia +ipiv), (3.27
Qi = =G Fiqn)i  Qi- = —5(dia—in) += =75 Pia—ipa) 5 Gia Fipw), (3.27)

y sustituyendo (3.27) en (3.26) a la vez de simpificar términos obtenemos

2 2
Hes = —[g2, Z(Pi+Pi—) + faa Z(QHQi—)} — 9%02a(PiyPoc + Pi_Psy) — fra24(Q14+Q2— + Q1-Q24). (3.28)

=1 i=1

Este Hamiltoniano en el espacio de configuracion, tiene su representacion en el espacio de Fock, la cudl se
obtiene al introducir los operadores bosénicos como en (3.15)

h 1
Qix = \/ m(TLE — Tit), Py = —ﬁ\/ th(TiTjF + 7ix), (3.29)
dando como resultado

2
- hw hw hw
Hroer = 5 E (TlT+Ti++Ti+TlT++TzT_TZ-,—I—Ti,T.T )+7)\(Ti‘—+7-2++7_f77—27+H.C.)+72 )\/(TLT;L—FTLT;L%—H.C.),

‘ = 2
i=1
(3.30)
con
_ 5 _ ;o , ~ f1a2e 924
W =/f0a9%: A=xp+ x4, N =27+ x4 Ty = , o Ty = o (3.31)
faa gaa
Si se introduce el concepto de poliada
P =n1+ny; n;= TZT+771+ + TiT_Ti—7 (3.32)

y aproximamos el Hamiltoniano (3.30) despreciando el término que no conserva el nimero total de cuantos
obtenemos la simplificacion

hw
2

2
hw
Z(TLTH#—THTJ +TZ-T_7'1-, +Ti,T;r_)+—)\(TLT2+ —1—7117'2, +H.c)+

huw
5 —X(TLQH—}—TLTJ?#—H.C.).
i=1

TP,
HFgck = 2
(3.33)
Con este esquema se puede llevar a cabo un ajuste y obtener estimados de las constantes de fuerza mediante
w y A. Sin embargo hasta este paso no se sabe qué tan importante resulta haber despreciado el término de (3.30)
que no preserva la poliada, por lo que es importante cuestionarse la validez de las estimaciones de las constantes

de fuerza obtenidas mediante este método. Para responder este punto se considerard el esquema normal.
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3.2.2. Esquema normal

Debido a que el Hamiltoniano (3.30) s6lo contiene términos cuadréticos, puede diagonalizarse en términos
de 2 osciladores independientes. Para realizar esta diagonalizacién introduciremos coordenadas adaptadas por
simetria. El sistema en estudio tiene una simetria puntual Dyp. Con la introduccién de coordenadas circulares,
como se hizo en (3.27), se asegura que las coordenadas obtenidas tengan una buena proyeccién de momento
angular, por lo que sélo resta asegurar que sean invariantes ante la aplicacion de la inversién I. Esto es equivalente
a aplicar el plano oy, al sistema. Diagonalizando el operador I se obtienen los vectores propios

1 1 1 1
= = = ot o)s Pazi_Pa'i_Paa Puazi
V2 \/§(Q1 Q20) 7 \/5( ' 20) ’ V2

Con estas nuevas coordenadas adaptadas por simetria, el Hamiltoniano (3.28) toma la forma

Qg,o (_Q10+Q20); Qu,a = (Plg-i-ng). (334)

Hcs = _[g;g Pg,JrPg,* + fgg Qg,Jng’*] - [gZu PU«HFP’U”* + fgg QUFFQU’*]' (335)

Es posible obtener también el Hamiltoniano en el espacio de Fock, al introducir la transformacion de las
coordenadas y momentos con los operadores bosénicos

[ h )

_ + . _ i _ _

Qro= T o = Tr—c); P., = Vi (T, _p + o), T=¢U, 0 =4,—. 3.36
’ QWTMT( ’ ’ ) ’ \/§ a ( ’ l ) g ( )

Esta transformacién convierte a (3.35) en un Hamiltoniano que tiene la forma de dos osciladores indepen-
dientes:

Hrpoep = % Z(T;UTgﬁ + Tg,UTgTﬂ) + % Z(TJVUTW, + Tu,UTJﬂ). (3.37)
g (e
El Hamiltoniano (3.37) en el esquema normal y el Hamiltoniano (3.30) en el esquema local, son equivalentes
y generan el mismo espectro, sin embargo en el esquema local la poliada P;, debe romperse para recuperar
las mismas constantes de fuerza. Ahora procederemos a analizar en qué casos el Hamiltoniano que preserva la
poliada local, con sus pardmetros espectroscépicos, puede usarser para obtener constantes de fuerza razonables;
esto se lograra conectando el esquema local con el normal.

3.2.3. Transicion local-normal

Si invertimos las expresiones (3.36), sustituimos la conexién entre coordenadas (3.34) e introducimos adicio-
nalmente la definicién de operadores bosénicos (3.29), obtendremos la conexién entre los operadores bosénicos
en el esquema normal y en el esquema local.

1 1
= ﬁ{flguh +13 ) fog(rm )}, T = E{flu@+ — 75 )+ faulri— —722)}. (3.38)

Esta conexion se conoce como conexion del tipo Bogoliuvov entre operadores bosénicos locales y normales.
Dentro del esquema normal, también es posible introducir el concepto de poliada, como un pseudontimero
cuantico que abarca el conjunto de estados conectados con las interacciones principales. En nuestro caso la
poliada Py en el esquema normal toma la forma

Py =ng+ny; ne = T;)+Tg’+ + TT’ng’,, o=g,u. (3.39)
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En general, no hay coincidencia entre las poliadas (3.32) y (3.39), como puede verse si sustituimos la conexién
de los operadores bosénicos normales (3.38) en (3.39):

Py=Co+ 6o P+ 5 (T1T7+T2,+ + 7’1,—7'2T,_ + T57+Tl,+ + T2,—7'1T7_)
+ 71(71T,+T1T,7 + 72T,+Tg,f F T 4T1— +To4To )+ 72(TI,+T2T,7 + Tf,szT,Jr + T 4T+ 71 _T21), (3.40)

donde se han factorizado términos que contienen operadores bosonicos semejantes.Como puede observarse, Py
contiene a la poliada local Pr,, pues recordemos que para obtener esta tltima se despreciaron algunos términos
que no conservaban el nimero total de cuantos, por tanto, en general Py # Pp.

Si introducimos la siguiente transformacién unitaria:

1 1
T;Hr = 72(01,+ + C;,+)7 TJ,+ = 72(017_5_ - C;.,.), (3.41)
en (3.37), el Hamiltoniano es
Rr hA
HEE = % Z(CL_CH + chL_ +el e e )+ 2"“ (CI+CQ+ +cl ey +He). (3.42)

i=1
Los operadores locales 02 i(ci’i) no son los operadores fisicos 7'; i(Ti)i>, pero es posible elegir una base
isomorfa local en la que la accién de estos operadores sea la misma.Dado este isomorfismo, los Hamiltonianos
(3.33) v (3.42) son equivalentes en el sentido de que proporcionan el mismo espectro en la base local y sin
embargo son distintos puesto que la conexién entre pardametros espectroscopicos con las constantes de fuerza es
diferente.

La validez del Hamiltoniano (3.33) deberfa ser cuestionada dado el término que se habia despreciado; se
espera que haya coincidencia en los coeficientes espectroscopicos en moléculas con comportamiento local. Para
elucidar las condiciones que se deben satisfacer, se lleva a cabo un desarrollo en series de Taylor de los parametros
espectroscopicos en (3.42) Wnor ¥ Anor como funcién de las variables ¢ y x4 alrededor de cero y quedandonos
tnicamente hasta 2do orden. De aqui notamos que el término cuadratico, que es idéntico para ambos pardmetros
espectroscopicos, debe ser mucho menor a uno para que los pardmetros normales se aproximen a los que se
obtuvieron en el esquema local,

1 w
v = g(mg—xf)2<<l, Wnor = 5 A=w(zr+z4). (3.43)
Esta ultima condicién debe ser consistente con el limite obvio |z ;| — 0; |zy4| — 0, por lo que una manera
de lograrlo es
lzy| < 1; |zg| < 1. (3.44)

Mediante estas condiciones, recuperamos los parametros del esquema local de dos osciladores interactuantes.
Las condiciones planteadas tienen ingerencia en la definicién de poliada; si las aplicamos,los términos en (3.40)
quedan de la siguiente forma:

Por=1, (o=p=7=0; i=1,2. (3.45)



3 MODELO U(3) 20

Por tanto, después de aplicar el limite local Py ~ P,. De forma simultédnea la transformacién (3.38), se
reduce a la transformacién candnica (3.41).

La respuesta a la pregunta sobre la pertinencia de este modelo al estimar las constantes de fuerza a orden
cero, estd relacionada con las condiciones mencionadas. Es posible estimar las constantes de fuerza tanto en el
esquema local como en el esquema normal en términos de las energfas fundamentales E, y E, (acotdandonos al
andlisis de los modos de flexién de la molécula de acetileno); en general, es de esperarse que los valores sean
distintos. Las constantes de fuerza dado un esquema local son

1 (Ey+E,\" E, — Eg @b)
aa = —_— ; a2a = Jaa — aza )| 3.46
foa = Fge ( 2 ) fraza = § ((Eu B2 et (3.46)

Para recalcar que estas son las constantes de fuerza del esquema local, se tomard f,, — Fua, f1a2a — Fla2a-
Por otro lado, dado el Hamiltoniano (3.37) en el esquema normal y las frecuencias asociadas, se obtienen las
constantes de fuerza siguientes:

(1+¢) E2 e—1 BN\’ (1-z,
— . — _— N = R . .4
faa 2(1 — -Tg) hggaa f1u2a faa e+ 1 ) € Eg 1+ g (3 7)

Las expresiones de las constantes de fuerza son diferentes, estas diferencias pueden ser medidas introduciendo

el pardmetro
2 E,— F
¢ = ’ arctan (gu) ‘, (3.48)
- (B — B.)/2)

que provee una medida del grado de localidad [44]. Este andlisis demuestra que empezando con un comporta-
miento local, debe existir una region de transicion donde la igualdad entre poliadas Py =Py deje de ser véalida,
asi como la estimacion de constantes de fuerza mediante el esquema local a orden cero. Necesitamos entonces
los estados fundamentales para estimar el grado de localidad de la molécula y proceder entonces de acuerdo al
esquema que mas se adecue para el calculo de las constantes de fuerza.

3.3. Modos de flexién para la molécula de acetileno

La geometria de equilibrio del acetileno es lineal y presenta distancias entre sus atomos reCH =1.064 Ay
reCC =1.206 A. Su grupo puntual de simetria es Do como se mencionaba en la seccién anterior. El acetileno
cuenta con 7 grados de libertad vibracionales, 2 de ellos asociados al estiramiento CH, con simetrias E;, Yy
notacién estdndar v; y v3; uno asociado al modo de estiramiento CC, 23‘ con notacién o, y 2 modos degenerados
de flexién H;E y Hf, con notacién vy y vy, respectivamente [1]. Los estados vibracionales de esta molécula toman
la forma usual

V) = [vivausrkivle). (3.49)

Las frecuencias fundamentales son (en unidades de em~1) [53]:

wy = 3372.87;  wy =1974.32; w3 = 3288.68; w4 =612.098; ws = 726.835. (3.50)

Las resonancias principales que se identifican con los modos de flexién son 2w; =~ 2ws, donde debe tomarse
en cuenta que sélo modos con la misma simetria tienen resonancias asociadas. Estas son resonancias asociadas
a interacciones efectivas, identificadas previamente [53]. El desarrollo que se muestra a continuacién tiene el
objetivo de ejemplificar el procedimiento mediante el cual es posible llegar a un estimado de las constantes de
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fuerza dentro del modelo algebraico U(3). Dado este esquema y las subsecciones desarrolladas anteriormente,
sélo se consideran los grados de flexién de la molécula de acetileno, asociados a la resonancia 2w, ~ 2ws. La
poliada vinculada con esta resonancia es [54],

Py =vy + vs. (3.51)

Hasta este punto del desarrollo no conocemos la forma adecuada de estimar las constantes de fuerza del
acetileno dentro del modelo U(3), es decir, debemos elegir entre el esquema normal o local. Para ello se debe
hacer una estimaciéon del grado de localidad de la molécula. Si se usa el pardmetro (3.48), este valor es de
¢ = 0.11. Al comparar este ntiimero con el obtenido para otros sistemas, se encuentra que éste es similar al de
la molécula SO, que presenta un comportamiento normal en el marco del analisis tradicional de la transicién
local-normal. Para obtener una comparacién clara de qué tan grande o pequeno es este valor de (, el calculo para
los modos de estiramiento del acetileno, arroja un valor de 0.016, que indica un comportamiento fuertemente
local. Este breve andlisis nos permite elegir como esquema para tratar al acetileno aquel de modos normales
para continuar con la descripcién local y finalmente llevar a cabo el proceso de anarmonizacion que nos situara
en el modelo U(3).

3.3.1. Hamiltoniano del acetileno en el esquema de modos normales

Dentro de un esquema de coordenadas generalizadas sin considerar términos que no contengan operadores
de momento en la energia cinética, el Hamiltoniano mecano-cuantico que describe las excitaciones vibracionales
es, como en (3.1) [55]:

i = p'Gla)p + V(a) (352)

Los elementos de esta matriz asi como los de la funcién que describe el potencial, pueden desarrollarse en
términos de las variables a considerar, en este caso, las coordenadas normales [55]. En general, la forma explicita
del desarrollo depende de la poliada a tomar en cuenta y para ser congruentes con la notacién entre secciones
se empleard Qg — Qi0; Quo — 5,0, como indica la notacién usual para los modos de flexién. Tomando en
cuenta la poliada (3.51), los operadores de ntimero v, estdn definidos por

Dy =TT T T, =TT 4T T (3.53)

Este trabajo no pretende la estimacién con alta precisién del espectro energético del acetileno, trabajo que ya
estéd descrito por Jacobson [54]. En contraparte se enfoca tinicamente en la conexién entre los espacios algebraico
y de configuracion, por esta razon sélo se toman en consideracion términos hasta orden cuartico que conserven
la poliada (3.51). En este caso el Hamiltoniano se escribe como

F (2 r(4

H., = HZ + g, (3.54)
donde las interacciones de orden non son nulas porque no preservan los operadores de nimero; H*! toma en
cuenta interacciones de orden cudrtico, y H? son los términos de interaccién cuadréticos, descritos con detalle

en la seccion anterior

HZ = (g9, Py s Py + fia Qu+Qa—] — 925 Ps+Ps— + f55 Q5+ Q5] (3.55)

2 .
Recordando que f,,. = (ﬁ) mientras que gy, corresponde a las constantes de estructura evaluadas
+0Qr— )

en el equilibrio dadas por la matriz de Wilson.
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Debido a la complejidad del estudio de los términos cudrticos es conveniente dividirlos en un término de
energia cinética y otro de energia potencial. Asi pues el potencial a orden cuartico toma la forma explicita

6 6
Vil o farara-as Qi Qf + a1 To+sts—5- Q3. Q3
4! 6
+ 5f4+475+57Q4+Q47Q5+Q57 + Ef4+4+5757 (Qu1Q41Qs5-Qs_ + H.c.), (3.56)

la cual considera todas las posibles combinaciones de coordenadas al momento de derivar.

Los términos cudrticos de la energia cinética se deben construir mediante el desarrollo en series de potencias
de la matriz de Wilson y al tomar en cuenta términos de segundas derivadas. Dada la enorme cantidad de
términos involucrados, se calculé explicitamente con ayuda del programa Mathematica la matriz de Wilson
G(q) asi como sus primeras y segundas derivadas; muchos de los elementos son cero, y los que sobreviven son
los siguientes:

T = i(%)O(P‘HQLP‘H +H.c)+ i(%)O(PHQaPH + H.c.)
i ((92(3%;2)?)0(P4+Q§+P4+ +H.c.)+ % (%)JPHQLPM + H.c)
% (%)O(P4+Q4+Q5P5 + P Quay Qs Pay) + % (m)O(P4+Q4+Q5+P5+ + P54 Qa1 Q51 Puy)
;(%)O(P‘”Q“Q“P‘“ + P Qa-Qs1 Py ). (3.57a)

El siguiente paso consiste en obtener la representacion en el espacio de Fock introduciendo la transformacion
a operadores bosénicos (3.36), con lo que llegamos a

- hQy hQ2s
Hpock = —5= (T4 Tas +Ta—T] )+ - (rd o5t +75-70 )
+ @aq U3 + @55 D2 + 345 Dals + gaal + gsslE + gasly - Is + Kyiyss Daayss + Laayss A44/55 +ra5 By,
(3.58)
con los operadores de momento angular definidos como
Iy = TI7+T47+ - 7'17_7'4,_, Is = Tg7+T57+ - Tg7_7’5)_, (3.59)
y las contribuciones no diagonales
1344/55 = T17+TIV_T5,+T5,_+H.C., A44/55 = TZ?+T527++T272_T527_—|—H.C., Rl = 7';(7_,'_7'47_Tg’_T57++TI,_T47+T;[7+7'57_.
(3.60)

La primera interaccién no diagonal Dy4/55 es la resonancia de Darling Dennison de flexion Iy Agy /55 es la

resonancia de Darling Dennison de flexién II. R; corresponde a la resonancia vibracional 1. Sus elementos de
matriz pueden encontrarse en la referencia [54]. Los pardmetros espectroscépicos estdn dados en términos de la



3 MODELO U(3) 23

estructura y las constantes de fuerza.

3.3.2. Hamiltoniano en el modelo U;(3) @ Ux(3)

El Hamiltoniano (3.58) en el espacio de Fock estd dado en el esquema normal mientras que el modelo
U(3) estd definido en un esquema local; por tanto debemos de realizar una transformacién candnica del tipo
(3.41) como primer paso para introducir operadores locales. Aplicando esta transformacién canénica en (3.58)
se consigue la forma funcional

I:IFock = ﬁFOCk(C;)o'7 Cj,o); J=1, 2; o==. (361)

Los Hamiltonianos (3.58) y (3.61) son equivalentes pues proveen el mismo espectro de acuerdo con el iso-

morfismo c;r L & Tl-T +. Nuestro sistema consta de 2 osciladores, por tanto el espacio algebraico asociado es

su1(3) ® suz(3). El Hamiltoniano correspondiente Hgllg(?’)®su2(3)

senta la anarmonizacion en el nivel local.
De esta forma el Hamiltoniano algebraico se construye, primero, transformando de bosones normales a locales
para después llevar a cabo la anarmonizacién a operadores dentro del modelo U(3).

At A
. . o T,L0
se obtiene considerando bl, = ﬁ, que repre-

Hroek(7] 51 750) = Hpoo(ch ,¢5.0) = H OO ). (3.62)
Tj.o =Cj,0 Cj,o—bj0

El enfoque tratado lleva a un formalismo tensorial donde el Hamiltoniano algebraico esta dado en términos

de acoplamientos sucesivos de tensores; en nuestro caso simplemente hicimos las sustituciones de (3.41) en
(3.58). La expansion resultante de las interacciones se usa después para hacer el cémputo de los elementos de
matriz del Hamiltoniano; esto puede hacerse mediante un cédigo, sin tener que escribir de forma explicita las
interacciones locales. La conexién con las constantes de fuerza y estructura se dan bajo el andlisis de modos
locales y se usa la conexion con los pardmetros espectroscépicos para la estimacién de las constantes de fuerza.



CONCLESIONES

Se realiz6 el mapeo del espacio de configuracién con el algebraico dados dos osciladores 2D mediante un ma-
peo de oscilador arménico y el espacio U(3) y se logré hacer una generalizacién para v-osciladores equivalentes
en 2D en el marco del modelo U(v + 1) para la descripcién de excitaciones vibracionales, usando con éxito el
método de minimizacién planteado [49].

Con el mapeo entre espacios, y en la base de oscilador arménico, se encontré que en el limite cuando N es
muy grande, la realizacion algebraica del momento y la coordenada se reduce a tener coeficientes para estados
independientes equivalentes a las expresiones obtenidas heuristicamente en otros trabajos [45, 46, 47, 48].

Se probé que el enfoque con el modelo U(v + 1) toma en cuenta efectos anarménicos desde el inicio con la
peculiaridad de que la poliada estd involucrada en esta anarmonicidad

Se presento la realizacién de momentos y coordenadas para osciladores 2D en términos de un espacio algebrai-
co dindmico U(3) encontrando varias ventajas; el grupo dindmico es compacto, emergen 3 simetrias dindmicas
y se encuentra una anarmonizacién desde el inicio del enfoque dado el bosén N.

Se usé con éxito el método de minimizacién planteado [49], expresando a los momentos y coordenadas como
una expansién lineal de los generadores del algebra. La realizacién del Hamiltoniano involucra contribuciones
anarménicas (1/N)n? que reflejan un efecto anarménico en el modelo U(3).

Se encontré que los estados asociados con las simetrias dindmicas corresponden a la representacién algebrai-
ca de distintos observables; la cadena en 3.18a se asocia a la representaciéon energética; la cadena 3.18b a la
representacién de coordenadas y la cadena 3.18c a la representacién de momentos.

Se analizé con detalle el caso de 2 osciladores 2D para conocer las condiciones en que se podian obtener
constantes de fuerza confiables a orden cero dado que estas pueden estimarse mediante diferentes esquemas:
local y normal, obteniendo distintos resultados para cada una.

Para el caso del acetileno, con un parametro ¢ = 0.11, los 2 osciladores planteados tienen un comportamiento
normal, por lo que se comenz6 mediante el esquema normal y se conecté con el modelo local U;(3) ® Us(3);
una transformacién canoénica de operadores bosénicos normales a operadores bosonicos locales y una posterior
anarmonizacién a nivel local que permite obtener las ventajas del modelo U(3).

Se aplicé de forma explicita el método planteado para los modos de flexién del acetileno, y se obtuvieron

parametros espectroscopicos que conectan con la estructura y las constantes de fuerza para después aplicar los
pasos de transformacion candnica y anarmonizacién.
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modes of linear molecules
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ABSTRACT

An approach to connect the su(3) dynamical group — used to describe the bending modes of linear
molecules — with configuration space is discussed. The SU(3) group may be seen as a consequence
of adding a scalar boson to the SU(2) space of two degenerate harmonic oscillators. The resulting
SU(3) group becomes the dynamical group for 2D systems The connection of the model with con-
figuration space however is not obvious. Our approach is based on establishing a mapping between
the algebraic and configuration states. The identification in the algebraic space of coordinates and
momenta leads to a new identification of the group chains: they are associated with energy, coor-
dinate and momentum representations. In addition an analysis of local-to-normal mode transition
is presented. This provides a criterion to decide between a local or normal mode descriptions in an
spectroscopic description. As an example we consider the situation of the bending modes of acety-
lene taking a Hamiltonian up to quartic order. The different results for the force constants obtained
from the local and normal mode treatments leads to the conclusions that previous applications of
the bending modes of acetylene dealing with a local mode treatment is on the verge of applicability.
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1. Introduction

Algebraic techniques practically emerge simultaneously
with second quantisation formalism which allows the
matrix elements in configuration space to be reproduced
in Fock space [1]. Both spaces have advantages and
disadvantages and consequently one usually considers
the appropriate space for a given problem. May be the
one dimensional harmonic oscillator represents the sim-
plest system where we can deal with its description in
both spaces at pedagogical level and see clearly the dif-
ferences in the treatments [2]. The advantages of the
algebraic representation manifest in the fact that every
matrix element of any observable depending on coordi-
nates and momentum can be calculated through alge-
braic manipulation involving the commutation relation

of the corresponding bosonic ladder operators. This sit-
uation is also the case when a set of interacting harmonic
oscillators are considered for the vibrational descrip-
tion of polyatomic molecules. It is hardly overestimate
the influence of the algebraic representation in dealing
with the vibrational problem [3-5]. Indeed, it repre-
sents a straightforward approach for pattern recogni-
tion in vibrational spectroscopy since as a first approx-
imation the Hamiltonian can be expanded in terms of
powers of diagonal number operators with non-diagonal
interactions easily constructed in accordance with the
present resonances [6]. In fact, the polyad pseudo quan-
tum number, crucial in establishing the relevant set of
interacting states, can be established in a straightforward
way [7].
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At the middle of the 70%, inspired from earlier works
[8, 9] the algebraic model known as the U(6) Interact-
ing Boson Model (IBM) was proposed by Arima and
Elachello to describe the nuclear degrees of freedom
for eve-even nuclei [10]. This model was based on the
quadrupole deformation in connection with the surface
vibration of the nucleus [11]. The starting point was the
introduction of a scalar boson to the set of bosons asso-
ciated with the nuclear quadrupole deformation with the
constraint of a fixed total number of bosons. Besides the
fact that the resulting dynamical group turns out to be
compact, the success of this model was that the result-
ing group U(6) provides three dynamical symmetries
with a specific physical insight [12]. Later on F Iachello
et al. proposed to apply the same idea to describe the
ro-vibrational degrees of freedom of diatomic molecules
where the dipole moment is the dominant physical ingre-
dient, leading to the U(4) vibron model [13, 14]. Inthis
context, the total number of bosons plays the role of
a parameter connected with the depth of the potential,
a fact that provides a description where -anharmonici-
ties are taken into account from the outset. In the same
venue the vibron model provides two dynamical sym-
metries, recognised as O(4) and U(3), associated with
rigid and non-rigid molecules respectively, a fact that
allows a mapping to be established between the kets
associated with the O(4) chain and the Morse poten-
tial [15, 16]. The model was extended to polyatomic
molecules with definite success in linear molecules [17,
18].

When an additional scalar boson is incorporated to
the space of two degenerate harmonic oscillators, the
U(3) model emerges as a dynamical group of two-
dimensional systems with good angular momentum pro-
jection I [19]. In this case also two dynamical sym-
metries are given: the U(2) and the O(3), identified
with the bending modes of a linear and non linear,
respectively. On the other hand, the one dimensional
version of the vibron model corresponds to the U(2)
dynamical group [20], allowing the one dimensional
oscillator to be treated as a Morse oscillator [21]. The
generalisation to this algebraic treatment was immedi-
ate: for each one dimensional variable a U(2) group is
added, while a U(3) for each two-dimensional mode
giving rise to a complete dynamical group expressed as
the direct product for the full set of dynamical groups.
In this context the Hamiltonian may be expanded in
terms of powers and products of the generators of the
groups, with the possibility of identifying the interactions
associated with the energy resonances. The parameters
involved in the Hamiltonian are then fitted to obtain
the best description of the spectrum. This approach is
phenomenological in the sense that the Hamiltonian is

not clearly related to a Hamiltonian in configuration
space, and consequently, the straightforward connec-
tion between matrix elements of operators in algebraic
and configuration spaces given in second quantisation
is not present. However, based on the mapping between
the dynamical symmetries and the eigenstates in con-
figuration space it is possible to investigate the physi-
cal meaning of the potential involved in a vibrational
Hamiltonian through the use of coherent states [15,
22]. Unfortunately this approach can be used only for
molecules with local mode behaviour and does not pro-
vide tools to predict spectroscopic properties of isotopo-
logue. species due to the fact that the kinetic energy
is. erased from the description, avoiding the possi-
bility to estimate the potential energy surface (PES)
[23].

The need to establish a connection between unitary
groups U(n + 1) and the standard molecular vibrational
description enhances because it is possible to devise more
than one Lie algebraic models based on unitary algebras
providing the same description with the same level of
accuracy,, for example, two oscillators may be described
either with a su(3) algebra or through the direct sum
su1(2) @ suz(2) of algebras. This task was initiated in the
one dimensional version of the vibron model by estab-
lishing the isomorphism between the su(2) model and
the Morse and Poschl-Teller potentials [24, 25]. This con-
nection was based on the comparison of matrix elements,
following the same idea of second , quantisation. Later
on the U(3) model associated with the description of the
bending modes in linear molecules was connected with
configuration space in the framework of a linear approx-
imation [26]. In similar way the connection between the
spaces was carried out in the U(#n + 1) model to describe
correlated purely vibrational excitations [27]. This con-
nections allowed PES’s to be estimated [28]. In particular,
this formalism permitted to describe the Raman spec-
trum of CO; beyond the linear approximation in the
expansion of the internal coordinates [29].

In both cases, the U(n+ 1) model for correlated
bosons and the U(3) model for bending modes, the
algebraic coordinates and momenta realizations were lin-
ear and carried out using criteria connected with the
harmonic limit. This represents a limitation for many
problems where anharmonic effects are preponderant.
Recently an approach to establish the expansion of any
dynamical variable in terms of generators of a given
dynamical algebra in situations beyond the linear approx-
imation was proposed [30]. Our approach is based on
the minimisation method proposed in the description
of molecular collisions [31, 32]. The basic idea consists
in establishing a mapping between the eigenstates of the
Hamiltonian in configuration space with the eigenstates
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of the Hamiltonian in the algebraic space. The dynamic
variables are then expanded in the algebraic space with
coeflicients determined through a minimisation method.
The coeflicients turn out to be given in terms of matrix
elements of the dynamical operators in configuration
space. This approach provides the best algebraic descrip-
tion of the operators. Examples of this method were pre-
sented for Morse and double Morse potentials as well as
for the U(v + 1) model for correlated oscillators [33].
One of our goals of this contribution consists in apply-
ing this approach to the case of the U(3) dynamical group
for linear molecules and prove that the linear approxima-
tion previously used in the CO, molecule corresponds
to the best approximation when a mapping to the har-
monic oscillator is proposed, but also to analyse the con-
sequences of the identification of the coordinates and
momenta in the algebraic space.

In linear triatomic molecules only one two-dimen-
sional oscillator appears, and locality and normality con-
cepts turn out to be relevant only for the stretching
degrees of freedom. However when two_oscillators are
involved the arising new question is concerned about the
locality degree of the coupled systems. This situation is
present in acetylene for instance, where two 2D oscilla-
tors are coupled. The U(3) -model for'bends, however,
is local and consequently we are expected to obtain the
force constants as long as a local behaviour is present.
In this work, we shall show that this is not necessarily
the case and in order to estimate correctly the PES it
is appropriate-to-start with a normal mode scheme. In
a recent’paper, ja local-to-normal mode transition has
studied from the polyad breaking point of view, provid-
ing criteria to establish the locality degree of two 1D
interacting oscillators [34, 35]. We shall follow the same
line to establish the strategy to obtain a reasonable esti-
mation of the force constants for two interacting 2D
oscillators.

This article is organised as follows. In Section 2 the
main ingredients of the U(3) model to describe the bend-
ing modes of a triatomic molecule are presented, as well
as the connection with coordinates and momenta fol-
lowing the approach presented in Ref. [30]. Section 3 is
devoted to analyse two interacting oscillators, establish-
ing the locality criterion. In Section 4 the Hamiltonian
up to quartic order for two bending degrees of freedom
is proposed, first in a local mode scheme and thereafter
in the framework of a normal mode scheme. The con-
nection between both schemes are considered through
a canonical transformation. The U(3) model is applied
after an anharmonization process. In Section 5 the the-
oretical framework is applied to the bending degrees of
freedom of acetylene. Finally, in Section 6 the summary
and our conclusions are presented.
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2. The U(3) algebraic approach

In this section we present the main ingredients of the
U(3) model to describe the bending degrees of free-
dom of a triatomic molecule. The goal is to establish the
expansion of the coordinates and momenta in terms of
generators of the group, and provide the physical insight
associated with the different subgroup chains. Although
simple we need to start with the 2D-harmonic oscillator.

2.1. 2D-harmonic oscillator

Let us-consider the bending modes of a linear triatomic
molecule of type XY, described in terms of the local
coordinates [37]

r X1 . I X1

Qa = Te €y - 5 b = —Tte€x - > (1)
rr rr

where r; and r, are vectors from the central X-atom to
each one of the Y-atoms. The unit vectors e, and e, lie on
the direction of the X- and Y-axis of the laboratory axis
system, with its origin in the molecular’s centre of mass.
The coordinates g, and gy, are then associated with Carte-
sian coordinates with corresponding conjugate momenta
pa and py, respectively. Since in linear molecules the angu-
lar momentum projection [ is preserved, it is convenient
to introduce the circular coordinates Q4+ with corre-
sponding conjugate momenta defined by P, = 3T/ Qq:

1 1
=F—(qa tiqp); Pr=F—{paFipp). (2
Q+ ﬂFﬂ(q iqp) + ¥ﬁ(P Fipp). (2)

The Hamiltonian up to quadratic order may be expressed
in terms of the Cartesian coordinates

N 1 1
HCS = Egga(pg +pi) + Efau(qi + qi) (3)
where g,, = 1/, or in terms of the circular coordinates

I:Ics = _gi— P+P— _f+— Q+Q—, (4)

with the identification g§ = g7, and f1 — = fa4. We can
translate the Hamiltonian into Fock space by introducing
the bosonic operators

A 1 L . P+
TL=—7 |7 Q+i , (5)
V2 [ h ,/hw,u]

with their corresponding adjoint conjugates. Here we

have introduced the frequency w = |/f;,42, of the two

degenerate oscillators. In this space the Hamiltonian

takes thus the form

N hw ; '
Hrode = —- ) (4J1o +107)); 0 =% (6)
o

which is diagonal in the basis

) = Nat ()2 1) =02 0);
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Np=—— %
(O]
where
n= IL:JF +rir; 1= 'ciur — . (8)
The operators
n n ¥ .

(9)
satisfy the angular momentum commutation relations,
and consequently are generators of the SU(2) group. The
set (9) preserves the total number of quanta: [H,7] =0,
which means that U(2) is the symmetry group for a 2D-
harmonic oscillator. The states (7) are Jabelled according
to the group chain

SU(2) D SO(2), (10)

where 1 is generator of the rotation subgroup SO(2). The
expression (6) together with coordinates and momenta

_L i(T_ );
Qi_ﬁ a)/,LT:t Tx);

i >
Py = —E\/ hop(ts + ), (11)
are the representation in Fock space of the Hamiltonian,
coordinates and momenta respectively. Their matrix ele-
ments given in Appendix 1 reproduce in exact form the
matrix elements calculated in configuration space.

2.2. U(3) algebraic space

The U(3) space is constructed by adding a scalar boson
o T(o) to the 2D oscillator space by considering the nine
possible bilinear products {Sjéj; i,j = 1,3} with & =
o and &, & = 1, 7_. It is customary to write the gener-
ators of the U(3) group in the following form [19]:

QL = ﬁtlr:p (12)
iy =00, (13)
Dy = «/E(j:tio F aTer), (14)
ﬁi = \/E(Tla + UT‘L’;) (15)
besides (8). The model introduces the constraint
N = fl + ﬁa) (16)

which makes the U(3) group the dynamical group for the
system of a 2D oscillator. On the other hand the algebra

U(3) contains the three angular momentum preserving
chains

U(3) D U(2) D SO(2), (17)
U(3) D SO3) D SO(2), (18)
U@3) D SO(3) D SO(2), (19)

each of them providing with a dynamical symmetry.
Chain (17) contains the physical chain (10). Chains (18)
contains the new group SO(3) with generators

Gso@) = {Dy,D_, 1}, (20)

while for the group characterising the chain (19) we have

Gsos) = (R R, I} (1)

It is worth mentioning that a Hamiltonian involving
chains (17) and (18) has been used to describe the linear-
to-bent transition in triatomic molecules based on the
transition between the dynamical symmetries [38]. As a
consequence of our work, the linear-to-bent transition
may be analysed starting from configuration space [39].

The simplest basis to carry out the calculations is the
one associated with chain (17) because of its simplicity
and nearness with the physical chain (10). In fact, the
explicit form is constructed in terms of three harmonic
oscillators

|[NJ; 1l) = Nt (0 YN (@) @D/ (1) =D/,
(22)
with normalisation constant

1
Nan = >

JOV = mih sy

and branching rulesn = NN —1,N —2,...,0 and [ =
+n,+£(n —2),...,=£1 or 0. The matrix elements of the
generators (12) in the basis (22) are straightforward to
calculate and are given in Appendix 2.

In the framework of this approach the Hamiltonian as
well as any dynamical variable is expanded in terms of
powers and products of the generators (8) and (12). On
the other hand the algebraic representation of the Hamil-
tonian associated with a given system may be chosen as
an expansion in terms of Casimir operators of groups
associated with only one chain. In this case a dynami-
cal symmetry is present and the eigenstates are Jabelled
with the eigenvalues of the Casimir operators. For exam-

(23)

ple the Casimir operators for chain (17) are {N, ?z,iz}
and consequently the simplest dynamical symmetry up
to quadratic order is

AP = By + af + gia® + y 2.

alg (24)

From this point of view this dynamical symmetry may
be broken by introducing additional Casimir operators
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belonging to another chain in case we want to improve
the description of a given system. It is known that
chain (17) with its corresponding dynamical symme-
try (24) is associated with the bending mode of linear
molecules, a fact that that is reinforced because it contains
the chain (10) as remarked before. A reasonable question
which arises is concerned with the connection between
the Hamiltonians in configuration space (3) or (4) with
(24). The answer to this question is basically equivalent
to obtain the algebraic representation of coordinates and
momenta in the U(3) algebraic space A, which represents
the the key to translate any dynamical operator into A,
opening the possibility to obtain the parameters {«, f} in
terms of the structure and force constant {f,;, gas}. This
problem is addressed in next subsection.

2.3. Connection between algebraic and
configuration space

The main problem we are concerned about is how to
establish the correspondence between configuration and
algebraic spaces. In this subsection we shall follow the
approach presented in Ref. [30]. We-achieve this goal we
should first establish the mapping between the dynami-
cal symmetry (17) and the 2D-harmonic oscillator, which
is defined in configuration space by the Hamiltonian
H,s(g, p) with eigensystem

Hcs(q’ P)Wnl(q) = Enl”n,l(q)’ (25)

where q;p-denote the corresponding coordinates and
momenta, respectively, with H given by (3). The same
problem can be formulated in a second quantised form
(Fock space) as

Hroaln') = Eyln')  where () = (q|n), (26)

where |n') is given by (7). We thus look for an equivalent

FrU3)
Halg

terms of the corresponding algebra generators such that

algebraic Hamiltonian in the U(3) space written in

Ay |IN; nl) = Ey|[N)s ), (27)
Comparing (26) with (27) the natural mapping (not
necessarily an isomorphism) between the eigenstates in
configuration and algebraic spaces can be proposed to be
In) Z|[N];nl); n=0,1,...,N. (28)
The importance of establishing this mapping stems from
the fact that the matrix elements of any operator can be
calculated indistinctly either in the algebraic A or in the
physical (configuration) C space.

MOLECULAR PHYSICS 5

Given the mapping (28), we start our approach by
introducing the density operator

N
A= puln)(n'|=>">" pu lINnl)([N];nll,
nl n=0 |

(29)
with normalisation Y- 5™/ p,; = 1. This density oper-
ator is general, with the only restriction that it is diagonal
in the eigenstates of the Hamiltonian. The weights p,;
may represent a thermal distribution according to the
Boltzmann distribution, but also may be used as a mathe-
matical tool. We now address the problem of establishing
an algebraic realisation of a general operator Fes in con-
figuration space. Since we have established the mapping
involving the harmonic oscillator functions, it is enough
to propose the linear expansion

ﬁalg ~ Z(Xs(m) (Fes) ?sj)rm (30)
s,m

where ¥; are generators of the U(3) group, P,,, are projec-
tion operators on the algebraic basis P,,=|[N]nl)([N]nl|,
while the coeflicients as(m) (Fes) are determined with the
criterion that they are to be the best given the proposed
expansion (30). Here we are interested in ﬁcs identified
with coordinates and momenta, but a more general sit-
uation may be considered [30]. The best selection of the

coefficients ozs(m) (Fes) leads to solve the set of equations
(30]

> " (Fo) (I pTm) = (mI ¥ pFulm), (31)
N

where here the state |m) denotes a general state |[N]; nl).
Notice that because of the mapping (28) to determine
the action of the operator .7:}S we make the substitution
|[N]; nl) — |nl).

Let us now consider the coordinates Q+ and momenta
P, as the operator .7:}5 with a linear expansion in terms
of the generators

Y| = rlcr, Y, = oz . Ys = ria, Yy = orTrJr.

(32)
Taking into account the matrix elements given in
Appendix 2, the matrix elements involved in (31) turn out

to be diagonal
(ml V] pVelm) = pudrsl(@|Vlm) 2, (33)

If in addition we consider the matrix elements of Q4+ and
P in the harmonic oscillator basis given in Appendix 1,
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we have that

(MY pFslm) = polol Trim)* (| Felm),  (34)
and consequently
pim = Pol@lFalm) (17l (35)

polwl¥om) — (Nl V| Y| [N];nl)

We should notice that the weights of the density matrix
have been simplified. Substitution of the corresponding
matrix elements in (35) yields

h 1
e e

F

——— 0"t | Py, 36
N-—n+1 ;] " (36)

i 1 -

Pr=—F+Vho - <y

* V2 M;[«/N—n¥

1
¥

+————0"14 | Py 37
N-—n+1 :I:} m ( )

The matrix elements (of the operators (36) in the
U(2) basis coincides with the matrix elements given in
Appendix 1 for the 2D-harmonic oscillator. Hence fol-
lowing this approach-we have obtained a faithful rep-
resentation for the harmonic oscillator in the algebraic
space.

Let us now ask for a linear approximation with state-
independent coeflicients. To accomplish this end we have
to select a particular state through the weight factors in
the density matrix, for instance

p1,1=1; and pyy =0 otherwise, (38)
a condition that establishes the dominance in the thermal
distribution of the first excited state. Taking into account
this condition in (31) we obtain the state-independent
realizations

AT 1 I
O i et L
i 1 1
Pr=——Vhou| —=ti0 + ——o0' ]
o «/5 wu[ﬁtha N—la T+

(40)
If in addition we take into account that N is large com-
pared to unity (a fact that latter will be evident), we may
simplify the coeflicients in (39) to the form

h 1 [ i i ]
— —— | TpL0 — 0 T
2w N L T

R I U
T2 Vuo N T

Vo [o'ee +o]]

i\/TIﬁ
= \—— w—— 5
VOUNTE

Qi =

(41)

Pi=-—
(42)

where we have identified the generators of the U(3) given
in (14)and (15).

The results (41) can also be obtained considering a
state-independent expansion

ﬁalg ~ Zas(fcs) ?s> (43)
s

leading to the set of equations [33]

Zas(fcs) Tr(ﬁ?s?g) = Tr(/aﬁcsif;r)- (44)

We now consider the physical situation where in the dis-
tribution of states the ground state dominates, a fact that
it is taken into account by considering

poo=1—2€6 p11=pi—1=5¢ (45)

and taking the limit € — 0. The result is again (41),
identification that do not represent just a practical result
that allows manipulation of expressions, but is crucial
to apply the U(3) model keeping the connection with
configuration space.

The realizations (41) suggest the introduction of the
normalised operators

(46)

in such a way that the coordinates and momenta takes the

form
1 h +
Qe = — [ 0L —bo)

i
Pi = ——=/hou(bl + bs), (47)
V2
which can be obtained from (11) through the anharmo-
nization procedure

Q:|:|‘L'i—>hi e Q:l:; P:l:"[i—>bi - 7):I:- (48)

The difference between the bosonic ri(ri) and bl(bi)
operators manifests through the commutation relations
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661

666

671

676

681

686

Q8

691

696

701

Q9

706

711

(49)

and the corresponding matrix elements. Commutation
relations (49) reduces to the usual bosonic commutation
relation in the N large limit as reflected in the matrix
elements

([N ]ﬂ—I—llj:lIb [[N]; nl)

:\/(l—n/N)(nil-l—Z)’ (50)
2
(INlsn— L1 1 £ 1|b+|[N]; nl)
:\/(1—(n—12)/N)(nﬂ:l)) 61

calculated considering the results given in“Appendix 2:
Here we can appreciate an outstanding feature. Even
though the mapping was carried out using the harmonic
oscillator basis, the final result does not reproduces the
harmonic case. Indeed the matrix elements of the the
coordinate are modified by an anharmonic correction,
which vanishes in the limit-N — oo. The matrix ele-
ments(50) were used in previous works although using
phenomenological arguments {26, 29].

Let us now turn our-attention to the commutation
relations of the conjugate variables (39):

3n
R =ih{l——3}, 2
[Q+,Pi] =i i N} (52)
while for the coordinates and momenta
ol
[Q+a Q—] = _m {N} 5
howu 1
Pl=——r 53
[P+, P-] 5 {N} (53)

which means that only in the limit N — oo the cor-
rect results are recovered. This is a quite important
result that allows (39) to be identified with coordinates
and momenta without any association with a particular
potential. However from the practical point of view this
implies that symmetric expressions must be considered
in the Hamiltonian [33].

Given the relations (47) we may now obtain the alge-
braic representation of any operator depending on coor-
dinates and momenta. In particular, we are interested in
the algebraic representation of the Hamiltonian (4). The
anharmonization procedure provides the expression

MOLECULAR PHYSICS 7

Y —%g+_ (PoP_+P_Py)
1
— o (QQ-+0Q-Qu.  (59)

Substitution of (47) into the Hamiltonian (54), gives rise
to

U(3)

=h 1 P 1 ”
alg w _ﬁ n-+ _ﬁ .

The algebraic Hamiltonian presents an anharmonic cor-
rection that vanishes for fixed # in the harmonic limit:

(55)

lim HU( )

N—oo

HFock (56)

This means that the U(3) algebraic model take into
account anharmonicities from the outset, a significant
property from the practical point of view.

Let us come back to the chains associated to the
dynamical group U(3). Each chain is characterised by
the central subgroup. Hence chain (17) is characterised
by the subgroup U(2), whose fist order Casimir opera-
tor is Csu(Z) = #. Since the Hamiltonian (55) is given in
terms of the number operator, we may say that chain (17)
provides the basis in the energy representation. The
Casimir operator associated with the O(3) subgroup
characterising chain (18) is given by Cgo(3) W2 =
(1/2) (D D_+D_Dy) + 1,
terms of the coordinates

which can be written in

N 2

W2 = w“ mindae Ry ER (57)
and consequently, we may say that chain (18) provides
the basis in the coordinate representation. Finally the

Ca51m1r operator for the subgroup SO(3) is CSO(3) =
= (1/2)(RyR_ + R_Ry) + B, or

A2

W = N2 p? + 1,
hop

(58)
which means that chain (19) gives the basis in the
momentum representation. These results are summa-
rised in Table 1 with the following definition for the

Table 1. Identification of the dynamical symmetries according to
the energy, coordinates and momenta representation.

Chain Basis Representation
UQB) D U(2) D S0(2) |IN]; nl) Energy
U3) D 50(3) O 50(2) [IN]; ¢1) Coordinates
U(3) D SO(3) D SO(2) [IN]; ¢ 1) Momenta
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731

736

741

746

751

756

761

766
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eigenkets
7|[N]; nl) = n|[N];nl), (59)
WINE; ¢l = £(& + DIINE¢D,  (60)
22 - — _
W INT; ¢l = £(¢ + DIINI; ¢D), (61)
with common eigenvalues for the angular momentum
projection.

Here we should stress the importance of the identifi-
cation displayed in Table 1. The fact that the states (60)
define coordinate representation means for instance that
any function of the coordinate Q? (preserving the angular
momentum projection) is diagonal in such basis. Sup-
pose for instance that we have the general Hamiltonian
preserving the projection I:

h=1pivi/Q). (62)
o

The matrix elements of this Hamiltonian in the energy
representation may be written in the form

H = ~W A®W 1+ MA@ (63)
w

where AP and A@ are diagonal matrices in the
momentum and coordinates representations respectively,
and W and T correspond to the transformation brack-
ets connecting to the energy representation. This fact has
important practical consequences that deserves special
attention by itselfand will be considered in a forthcoming
contribution [39].

3. Two 2D oscillators

By construction the U(3) model is local. This means that
it can be applied in a straightforward way in molecules
presenting a local mode behaviour with a good estima-
tion of the force constants. For molecules with normal
mode behaviour it is still possible to apply the model but
through a canonical transformation. It is necessary how-
ever establish the validity of the transformation when the
force constants are expected to be well estimated. The
next to subsections are rather standard but we decided
to include them in order to introduce the notation to be
used throughout this work.

3.1. Local mode scheme

Let us start introducing the local coordinates to describe
two 2D oscillators associated with the bending modes of
acetylene for instance. Following the notation of Figure 1,
we have

ry Xr3 .

dla = ~/Telle3 €y -

rnrs

H-C=C-H

rs

r2 Q)
> )

@

q1b q2b

Figure 1. Coordinates chosen to describe the bending degrees of
freedom of the acetylene molecule.

ry Xrs
qib = —A/Telle3 € - (64)
(—13) X 12
Q2a = /Te2te3 €« ——;
rrs
(—1r3) X 12
Qb= —~/Terles €x - — ——— (65)
273

In terms of these coordinates and associated momenta
the Hamiltonian for two equivalent oscillators takes the
form

2 2

. 1 1

Hes = Egga Z(nga +pi2h) + Ef““ Z(q’z“ + q’;b)
i=1 i=1

+ gfaza(PlaPZa + plhpr) +f1a2a(q1aq2a +q1hq2h)>
(66)

while in terms of the circular coordinates
1 )
Qi+ = :Fﬁ(qm + igip);
1 . .
Py = :Fﬁ(Pia Fipp); i=12, (67)

we have

2 2
I:Ics = - |:g(aJa Z(Pi-i-Pi—) +fuu Z(Qi+Qi—)j|
i=1 i=1
— 8lu2a(P1+P2— + P2 Py )
— f122a(Q1+Q2— + Q1—Q24). (68)

The representation in Fock space is obtained by introduc-
ing the bosonic operators through (11), but now for the
two oscillators i =1,2:

h 4
Qi+ = m(fii - Ti:F)§

P¢==—;%¢ﬁwuﬁg—%n9, (69)
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881

886

891

896

901

906

911

916

921

926

931

leading to

2

A ha) - - +

Hpock = 5 § (T,'L_'fi-i- + Ti+1':+ + T _Ti- + Ti—f,'T_)
i=1

ho, + i
+ 7)\.(T1+T2+ +1,_T- +H.c)

he ¥ ¥
+ TA’(IITJH +1,1_ +Hc), (70)
where
A=xr+x5 AN =xg— x5 (71)
with definitions
_ f1a2a . _ gfaZa . (72)

Xf = 5 X =
/ Jaa g
For the sake of convenience we now introduce the local
polyad operator
D—h o h =TT g
Pp=m+ny n=t,tr++75 %, ((73)
which in this case corresponds to the total number of
quanta. The Hamiltonian (70) can be diagonalised using
the basis of the direct product (7)
I I 1 I
[ning) =1ny ® |ny), (74)
albeit with the problem of the non-preserving polyad.
However, neglecting the third term that does not pre-

serve the polyad Pr, the Hamiltonian may be approxi-
mated as

2
~p how - +
HFéck :7 E (TL_Ti-i- + ‘E,'_,_Ti:_ + ‘L’i'_‘L'i_ + ‘C,'_‘Ci'_)

i=1

heo i
+ TA(IHIH +71/_1-+Hc) (75)
with spectroscopic parameters given by
© = \/faa€lss I = Xf + Xg. (76)

We may thus carry out a fit of energy levels and esti-
mate the force constant through (76). The question which
arises is concerned with the validity of using (76) having
neglected the non-preserving polyad contribution. This
point is relevant since the standard treatment for a local-
to-normal mode analysis consists in assuming the polyad
preserving Hamiltonian (75). A detail analysis of this
question needs the equivalence with the normal mode
description.

MOLECULAR PHYSICS (&) 9

3.2. Normal mode scheme

The Hamiltonian (66) is quadratic and consequently it
can be transformed to diagonal form in terms of two
independent harmonic oscillators. To this end we intro-
duce the symmetry adapted coordinates

1 1
Qg,(f = E(_an + Q) Quo = E(an + Q)
(77)

1 1
Pg,a :%(_PIU +P20)§ Pu,cr ZE(PIJ +PZZ)))
78

where o= %" and gu as an abbreviation of E; , Z:[ ,
respectively. -Taking into account (77) the Hamilto-
nian (66) acquires the diagonal form

I:Ics = _[ggg Pg,+Pg,— +fgg Qg»+Qg»—]

- [g;;u Pu,-‘rpu,— +fuu Qu,—{—Qu,—L (79)

where
8¢¢ = 8aa — 8la2a>  8uu = 8aa t 8lazs  (80)
fgg :faa _f1a2a§ fuu :faa +f1a2a- (81)

We can obtain the Hamiltonian in the Fock space through
the bosonic operators

o = 1 %Q + ,‘Pr’—_" .
r,0o ﬁ A r,o ,;ha)rur 5
r=gu, o0=+4,—, (82)
which transform the Hamiltonian (79) into
N haw +
Hpock = Tg Z(T;,a oo + Tgo Tg,rr)
o
+ fr Z(‘L’T Tuo + 7T o ) (83)
2 - w,o Tu,o w0 Tu,o)>
where
hwg = ho, /(1 — xg) (1 — xf);
hwy = ho, /(1 + xg) (1 + x¢). (84)

Hamiltonians (70) and (83) are equivalent. They provide
the same spectrum. However in the former Hamilto-
nian (70) the polyad Py must be broken to recover the
same force constants. In the next subsection we shall
analyse the condition that allows the polyad preserving
Hamiltonian (75) to be used with (76) in order to obtain
reasonable force constants values [34, 35].
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3.3. Normal-to-local mode transition

Taking into account the connection between the local
and normal coordinates and momenta (69) and (82)
in configuration space, we obtain the Bogoliubov-type
transformation between the normal and local bosonic
operators

o1

Tg, + ﬁ

U=t + 1) + frg(—t1— + 1)),
(85)

+ 1
tu,+ = ﬁ

with coeflicients

V(s + 1) + fu(ti— +10)) (86)

_(r+ 1) _(1=n
fig = 27 fog = 2
(s+1) :(l—s)

flu = f2u

25 NG

where we have introduced the following definitions

1-— 14
r= xf, s= xf. (87)
l—xg 1+xg

The polyad concept, as a pseudo-quantum number
encompassing sets of states connected by the main inter-
actions, is defined in-the normal scheme. For acetylene
for example the polyad'for the bending modes is defined
as the total number of quanta

a = r£,+1a,+ + TT’_ta,,, o =g, U

(88)
In general there is no coincidence with the local polyad
(73), a fact that is reflected by their connection obtained

PN=ﬁg+;1u;

1026Q1 1, by the substitution of (85) into (88) yielding

1031

1036

1041

Pn =0+ o PL+ B (Ti+f2,+ + 1T,
+ t;’+t1,+ + ‘62,_1'17)
- VI(TIT)+TK, + sz,Mz',f + T4 T1— + T2+ T2—)

Pt b
+r( T T T4 -T2,

(89)
where

= —[sr—1D2+rs— D2 (90)

8rs
Bo = i[s(r2 +D+r+ 1), (91)

8rs
B = i[r(s2 + 1) —s(*+1)], (92)

8rs

y= S =) 4rA-)]  (93)
8rs
2 2 2

V2= oo [r(1 —s%) —s(1 —r%))]. (94)
rs

This shows that in general Py + Pr. The question which
arises is concerned with the condition under which P, ~
Py beyond the trivial condition

il > 0 Ixgl > 0, (95)
which implies.r=s=1. As a first step to answer this
question we‘introduce the unitary transformation:

1 1
T;»G = _(_CI,O‘ + C;,a)’ rljﬂ = _Z(Cl,d + C;,c)'

V2
(96)

When (96) is inserted into the Hamiltonian (83) one
obtains

2
~pp Nonor t v t
HFéck :T E (c; it +civcpy +¢;_cim +cimci)

i=1

h )"1'101’

+ P (CJ{+C2+ + CI—CZ— + H.c), ©7)

where
Wnor = % (\/(1 - xf) (1 - xg) +\/(1 —|-Xf) (1 +xg)>’
(98)
oo = 0 ((1439) (1 3) =1 =3) (1= %))
(99)

Notice that the local operators cZ 4 (ci+) do not corre-

spond to the physical local operators ‘L’Z 4 (7i+), but their
action on an isomorphic local basis may be chosen to be
the same. Indeed, we may establish the isomorphism
Cj,i <~ Ti:i’ Cit <> Tit. (100)
The Hamiltonians (70) and (97) are equivalent in the
sense that both provide the same spectrum in the local
basis (74). However the connection between the spectro-
scopic parameters and the force and structure constants is
different. Given the origin of the Hamiltonian (70) a coin-
cidence of the spectroscopic coefficients for molecules
with a local mode behaviour is expected. In order to elu-
cidate the conditions to be satisfied without falling to the
obvious case (95) a Taylor series expansion of the spec-
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troscopic parameters (98) is carried out as a function of Q12

the variables x; and x, around zero [35]. Keeping only the



1101
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1111

1116

quadratic terms in x; and x,, we obtain

Anor = @ (x5 + Xg), (101)

Wnor = 75

2
as long as the condition

1
= g(xf —x)? < 1 (102)

is satisfied. Since we know that (102) should be consistent
with the strict local limit (95), this condition should be
considered together with

ol <L Ixl < L (103)

Hence the conditions (102) and (103) assures the recov-
ery of the spectroscopic parameters associated with the
interacting local oscillators. This limit has consequences
in the polyad definition. The expansion of the functions
r and s in terms of the variables x; and x, are when

Q13 substituted into (90) reduces to

1121

Bo~ 1; lo=Bi~0;

after applying the local limit (102-103), and consequently

i=1,23 (104

Py~ Pr. (105)

Under this situation the Bogoliubov-type transforma-

Q14 tion (85) reduces to the canonical transformation (96),

1126

1131

1136

1141

1146

1151

widely applied in the analysis of the local-to-normal
mode transition leading to the x -K relations [40-48].
This analysis shows that thereis a local-to-normal mode
transition closely related with the preservation of the
local polyad. In Refs. [34; 35] this transition has been
studied for two equivalent stretching modes using tools
of quantum mechanics like probability densities, fidelity
and entropy, besides classical methods in the framework
of Poincaré sections. A remarkable result is the existence
of chaos in the region where the local polyad Py stops
being preserved.

The suitability to estimate the force constants at the
zeroth order is closely related to the condition (102). We
may estimate the force constants either using the local or
the normal mode descriptions in terms of the fundamen-
tal energies Eg and E,,. In general the obtained values are
expected to be different. In the framework of the local
description the one-quantum kets

) = (10 - 05, (10
WE) = (1,0 +10.1%), (107)

V2

are eigenkets of the Hamiltonian (75) with eigenvalues
By =ho(1—1/2); E,=ho(+1/2), (108)

where we have taken into account that the fundamentals
are measured with respect to the ground state. From these

MOLECULAR PHYSICS 1

Table 2. Force constants as a function of the spectroscopic
parameters for both local and normal mode schemes.

Local mode scheme Normal mode scheme

£ (EtE) oo gt &
aa hzggu 2 aa 2(1—xg) hzgga
_ Ev—Eg P02 - el
f1a211 = faa Eg+E)/2 - 9 f102(1 = faa e
2
. E, T—x,
faa = Faa;  fia2a = Fia2a €= (é) <1+XZ)

Notes: The definition of the parameter 5 in (109) involves the comparison
of the force constants obtained from both schemes. For sake of clarity we
map the force constants obtained from the local scheme to capital letters as
indicated in the last row of the left column and used in (109).

expressions and (76) we obtain the force constants given
at'the left column of Table 2. On the other hand from the
Hamiltonian(83) and the frequencies (84) we obtain the
force constants associated with the normal scheme and
displayed at the right column of the same Table 2. The
expressions for these force constants are different. This
discrepancy may be measured by the parameters [35]

fr fir
F rr’ ‘

(109)
where we have used the notation F,,, F,, for the constants
extracted from the local mode scheme to make the dis-
tinction from the constants f;, f,» obtained through the
normal mode description. The parameter 7 represents a
measure of confidence to calculate the force constants
from a local model. It vanishes in the local limit and
increases as the molecular system manifests a normal
mode behaviour. In the same venue it is also convenient
to introduce the parameter [34, 35]

_ate e =l1—
n= D) > 1=

> 62:'1_

= ‘Earctan (M)‘, (110)
i (Eg + Ey)/2

which provides a measure of locality degree. This is

explained by the fact that in the pure local limit the split-

ting of the interacting levels vanishes and increases as the

interaction becomes relevant [36].

This analysis shows that starting with a local mode
behaviour there should be a transition region where the
equality P = Py stop being valid as well as the estima-
tion of the correct force constants at zeroth order in a
local model. We thus need the fundamentals in order to
estimate the locality degree and proceed accordingly to
choose the appropriate scheme for the calculation of the
force constants [34, 35].

4. An example: bending modes of acetylene

In this section, we analyse the approach to follow for
two equivalent bending interacting oscillators in case we
were interested in obtaining the corresponding force con-
stants. As an example, we consider the bending modes
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of the acetylene molecule. The bending modes of this
molecule have been extensively studied from the spec-
troscopic point of view [49-51] but also from the point
of view of dynamics in the context of bifurcation the-
ory [52]. Among the most recent contributions the works
by R. Field et al. deserve special attention because of the
detection of improved dispersed fluorescence data set for
acetyleneAlAu — X! E; emission [53, 54]. In particular
detail studies of the bending modes has been presented
[55-57]. In this work, we do not intend to improve such
spectroscopic description, but rather to focus an the cri-
terion to estimate the force constants. Although our the-
oretical model involves interactions up to quartic order
and an optimum spectroscopic description require sixth
order [55, 56], to estimate the force constants of second
order is enough our approximation.

The equilibrium geometry of acetylene is linear with
structure parameters reCHz 1.064 and rg:c = 1206 A
[58]. The symmetry group is Doop. This molecule has-7
vibrational degrees of freedom, two of them associated
with the CH stretching modes with symmetries E; and
¥.F with standard notation v; and v3, one CC stretching
mode E; with notation v,, and two degenerate bending
modes 1T and Hf, with notation v4 Jand vs, respec-
tively. In this standard notation the harmonic basis is then

labelled by [59]

(V). = |v1v21J3vi4vé5). (111)
The fundamental frequencies are (in cm™1) [55]:
wy =3372.87; w, = 1974.32;
w3 = 3288.68; w4 = 612.098; w5 = 726.835.
(112)

The following resonances associated with the stretching
modes have been identified

5wy ~ 3wy; 2w ~ 2ws, (113)
while for the bending modes
2w4 X 2ws. (114)

Finally for the stretching-bending interactions the reso-
nances are

W3 R Wy + ws + w55 w1 X wy + 2wy

w1 X wy + 2ws; w1+ wg X w3 + ws. (115)

These resonances leads to the identification of the
polyads [7]

Nies = 5v1 +3v3 4 5v3 + vg + vs;

Ny=vy+vs; =N+ (116)

Polyad Ny involves the stretching-bending interactions
while Nj reflects the preservation of the total number of
bending quanta. The last condition in (116) stands for the
conservation of the quantum numbers associated with
the symmetry of the system. The interactions associated
with all these resonances have been identified in terms
of effective interactions [56]. The aim of our work is to
apply our analysis in the subspace of bending interactions
where the polyad

Py =v4+4vs (117)

is preserved. To accomplish this end we need to carry out
the vibrational analysis in both local and normal mode
schemes.

To start the spectroscopic description an estimation of
the locality degree must be done. Using the fundamental
bending frequencies (112) we obtain for the parameter
(110) the result ¢ = 0.11. This value is similar to the
parameter for SO,, which is characterised by presenting
a normal mode behaviour in the framework of the tra-
ditional analysis of local-normal transition models. This
fact suggests that a local model is in on the verge of
estimating the force constants. Just for comparison, the
stretching modes of acetylene yields ¢ = 0.016, which
reflects a strong local behaviour. From the fundamentals
and the matrix elements

CC CH CCH\2
oot L e e )T 1
“a Sy rCHCC me’
CH CC
gi’uzaz——z(r‘f Cﬁr‘f )L (118)
7€ me

we present in Table 3 the force constants estimated from
the expressions given in Table 2. The parameters intro-
duced in the previous section as a locality criterion are
also displayed. These results indicate that a local mode
description for the bending modes of acetylene induces
an error in the calculation of the forces at the level of har-
monic approximation. We shall proceed to carry out the
analysis using a spectroscopic fit to prove the consistency
of our conclusion.

We proceed with a local mode description and then
move to the normal mode description to calculate the
force constants in both schemes in the full context of a
spectroscopic analysis. In this way we shall be in position
to see whether our conclusion is still valid.

4.1. Hamiltonian in the local mode scheme

In the framework of generalised coordinates, omit-
ting terms not involving momentum operators in the
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Table 3. Force constants (units J/mz) estimated in accordance with Table 2 and the parameters (109) as well as the parameters providing

the locality criterion.

Mode faa Faa fla2a Fla2a 14 n ¢
Bends 19.6912 18.0007 7.2927 6.9314 0.043 0.073 0.11
Stretches 603.83 603.92 —15.2627 —15.2627 0.079(—3) 0.079(—3) 0.016

Notes: For comparison both bending and stretching modes are considered. Parenthesis means power of 10: x(—n) = x~".

kinetic energy, the quantum mechanical Hamiltonian
that describes the vibrational excitations takes the form
(60]

A 1 .

H= Ep'G(t)p + V(v, (119)
where t and p are column vectors corresponding to the
generalised coordinates and their conjugate momenta
Pr = —ih(d/dty), respectively, while G(t) is matrix con-
necting the general coordinates t and Cartesian coordi-
nates x;; of the N atoms [61]:

1 0ty 0ty
&a® =) Z s i Do
4 1
{ =x%)7 i=1N, (120)
where G is intended to be calculated as-a function of the
local coordinates.

In our description; the matrixelements of the Wilson
matrix, as well as‘the potential function, are calculated
in terms of the local coordinates [62]. In general, the
explicit form-of the expansion depends on the polyad to
be considered. The polyad however is strictly defined in
the normal mode scheme as Py = D4 + Ds, which have
the translation

Py =fy + iy = Py, (121)
as long as the approximations (102-103) are valid. One
of the goals of our work consists in deriving the conse-
quences of considering (105) in a local mode treatment
in systems where the parameter { does not manifest a
clear local mode behaviour. In other words, is it valid to
assume polyad preserving Hamiltonians in a local mode
scheme? This has been the case in previous works where
it is considered the approximation (121). This has been
the case by Lehmann [43] and M. Jacobson et al. [57] for
instance.

Since in our contribution we focus on showing the
approach to connect the algebraic description with con-
figuration space, we shall consider the simple case of
taking up to quartic order in the Hamiltonian. We shall
assume harmonic limit. Latter on in Section 4.3 the appli-
cation of the algebraic model will be discussed. In this

case, the Hamiltonian may be written as

AL = A2 4 (122)

where A2 involves the quadratic order interactions,
while_the contribution A4l carries the quartic order
interactions in the local mode scheme. Because (121)
is_ expected-to be preserved, cubic terms do not appear.
Henece, considering the discussion of the previous section
we have for quadratic order

2 2
[ [gga S PP + o 2<Q,+o,-_>}
i=1

i=1
— §0a(Pi4+Pr + Pry Pi)

— f1a2a(Q14Qa— + Q1-Q24). (123)

On the other hand for quartic order it is convenient to
split the contributions in kinetic and potential energies:

A = Tl Pl (124)

For the kinetic energy we have

1 (0%g14.1
THA = n (% (P11 Qi Pry + P2y Q3 Poy
1+ 0

82gl+,1—

1
H.c. - —
" C)+2(3Q1+3Q1—

) (P1+ Q14+ Q1P
0

1 %140
+ P4 Q2+ Q2-P— +He) + = (—)
e 2\0Q1+0Q21/

X (P14 Q14+ Q24 Poy + P24 Q4 Q1P + Hoc)
1 ( %G1
2 \0Q14+0Qx—

+P1-Q1-Q+ P>y +H.c)

l( 2G40
2\0Q1-0Q2¢

) (P1+Q1+ Q2P
0

) (P14+Q1-Q21 P>
0

i\ oy,
X (P14Q} Pay + P_Q{_P,_ + H.c)

1( %G1y
2 \0Q14+0Q:-

1(0%g14 24
+P1-Q1+Q2-Py + Hc) + -
0

) (P1+Q1+Q1-P>—
0
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+P1Q1-QiyPry + P11 Qo QP

+ P- Q- Q24 P14+ + Hoc) (125)

while for the potential energy
6
Vil = i@ + &)
6
+ Zf1+1+2727 (Q%J,—Q%_ + Q%J,_Q%—)
4!
+ Zf1+172+27Q1+Q17Q2+Q27

12 X
+ Zﬁ+1+1—2—(Q1+Q1—Q2—

+ Q§+Q2—Q1_ + H.c). (126)

We now proceed to obtain the algebraic representation
of the Hamiltonian (122) by introducing the algebraic
realizations (67). Proceeding in this manner we obtain

N 15) £
ngock = E Z(tijra Tic T Tig TiJ,ra) + AN
i,o

+ x11 (73 + 73) + X107y = X, AA
+g11(?% + 2%) +g12?1 b +gi (h+1L)A_
+ Ku/zzf)u/zz + L11/22311/22 + 12 1}112,

(127)
where we have introduced the definition
AL = i il
L=T 40+ *+7_©-+Hec, (128)
with the resonance operators
7 [ B |
Dyypn =1,,7_T47- +Hec, (129)

A . 2 + 4
A11/22 = T1[+T11+T2+T2+ + 1,'1_1'1]_1’2_‘[2_ + H.c.,
(130)

R = rLtl,f;_ter + H.c. (131)

The spectroscopic parameters involved in (127) are given
in terms of the force and structure constants as shown in
Appendix 3.

4.2. Hamiltonian in the normal mode scheme

The description of two interacting oscillators may also be
described in a normal mode scheme. We also start from
Hamiltonian (119) but now the matrix G will be consid-
ered as a function of normal coordinates, which in turn
are given in terms of local coordinates. Calling G g the
matrix elements in the normal scheme and gj, ; the matrix

elements in the local coordinates, and considering S as
the matrix connecting both schemes:

Qu=) Spatps tp= h,Qus (132)
P o
we have that
Gop = ZSP’“ 8p.q 5q.8> (133)
pq
with the relation
Qa4 Q4> Q545 Q5-) = (q1a> 916> G20, 26)S  (134)
and explicit form for the S matrix:
1 -1 -1 1
S — l i i —i  —i (135)

Our description consists in expanding the matrix ele-
ments of the Wilson matrix as well as the potential func-
tion in terms of the normal coordinates [62]. In general,
the explicit form of the expansion depends on the polyad
to be considered. For convenience in this section, we shall
introduce the following notation for the coordinates and
momenta

Quo — QS,J > (136)

Qg,o — Quq;

in accordance with the standard notation for the bend-
ing modes. As noticed before in our case the polyad to be
considered is

ﬁ’N = Dy + Vs, (137)
where the number operators v, are define by
Nt i
Dy =Ty Taq + Ty T4, (138)
_ .t f
Vs =T5  T54 + T5_ T5-. (139)

We again consider the simple case of taking up to quartic
order in the Hamiltonian. In this case, the Hamiltonian
may be written as

aY = ANB o gV, (140)
where N2 involves the quadratic order interactions,
while the contribution AN carries the quartic order
interactions. Again because the polyad (137) is expected
to be preserved, cubic terms do not appear. Hence, con-
sidering the discussion of the previous section we have
for quadratic order

ANR = (g9, Py Py + fia Q44 Qq_]
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1541

1546

1551

1556

1561

1566

1571

1576

1581

1586

1591

— [g95 P5+-P5s— +f55 Q54+ Qs —].  (141)

On the other hand for quartic order it is convenient to
split the contributions in kinetic and potential energies:

N — N V) (142)

For the kinetic energy we have

0°Gyy 4
TN — (#) (Pa+ Q3 Pyt + Hoc)
4 8Q4+ 0

1 {9%°G
- [ =225 ) (PsyQ2 Psy + Hec)
4 8Q5+ 0

1 {9%G
o [ ) (P Q2 Pas + Hee)
4\ 0 ),

1 (02Gsy 54 2
+ = (P5+Qyy Ps+ + H.c)
4 ( Q% o

( 02Gat 54
0Q440Qs5-
+ P54 Q54+ Q4+ Psy/+ Hoc)

( 9*Gap 5
0Q440Q5~

+ P5_Q5-Q4+Psy A+ H.c)
02Gyy 5
(3Q5+3Q4

4 Ps_Q5+Q4—Pyy + H.c),

0

) (P4+Qa4Qs554 Psy
0

) (P4+ Q4+ Qs-_Ps_
0

) (P41 Q4 Q54 P5—

0

(143)
while for the potential energy

6
vl = a farara—a- QG Qi

6
+ Zf5+5+5—5— Q3 Q3
4!
+ Zf4+4_5+5_Q4+Q4_ Q5+ Qs-

6
+ s —s— (Q44 Q41+ Q5-Qs_ + H.c.).
(144)

The derivatives are calculated using the chain rules, giv-
ing rise to the expression

azGaﬁ x 82gp,q
<8Qst>o_ 2 s iy 5, ) -

pg>uv
(145)
Here the derivatives in the local scheme are calcu-
lated using the approach followed for linear triatomic
molecules in Ref. [63]. In contrasts to the sums involved
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in (133), the sums over u,v involves both bending and
stretching coordinates given by
q1 =115 (146)

q> =125 43 =13;

with the corresponding symmetry adapted coordinates

1 1
Q= E(m +q); Q=g Q= ﬁ(fh - q2)
(147)

in accordance with Hertzberg’s notation and Figure 1.
The new transformation matrix S is defined through the
equation

(Q15Q2,Q3, Q445 Q4 —, Qs54,Qs-)

= (41>92>93> 910> 91b> 92a> 92b)S (148)
with
Lo L 0o 0o o0 o0
V2 V2
1 1
S0 % 0o 0o o o0
oo 00 0o
— 1 1 1 1
T I A R A
0 0 0 ;71 T3 —3
1 1 1 1
00 0 = 2 =3 2
00 0 -3 -3 -3 —3
(149)

The explicit form of the derivatives (145) were calculated
in order to be able to simplify the kinetic energy.

The next step to establish the Hamiltonian in the alge-
braic space consists in obtaining the representation in
Fock space by introducing in (140) the transformation to
bosonic operators (82). The result is

y hQ

Fock — B Z(TZ’U T40 + T4 Tlg)

e

ﬁQ5
Z(ngTSU + 7507;0)

A2 A2 A A )
+ X44U4 + XS5V5 + X45V4V5 +g44l4

+ gssié + g45i4 s+ K44/55b44/55

+ LaasssAaasss + rasRy, (150)
with the angular momentum operators
24 = Tl+‘l,’4,+ — rl_u;,_, (151)
25 = r;+15,+ — rg’_fs,,, (152)
while for the non-diagonal contributions
D44/55 = t£+TZ_T5’+‘E5,_ + H.c., (153)
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A 2 2
Agyyss5 = T£+r_r,2)+ + ri_r_r,z), + H.c., (154)
Ri=7 1t v, +He (155)

The spectroscopic parameters involved in (150) are func-
tions of the structure and force constants, with explicit
expressions given in Appendix 4. The first interaction
1544/55 is known as the Darling Dennison Bend Res-
onance I, while (154) is the Darling Dennison Bend
Resonance II. Finally the (155) corresponds to the
Vibrational-1-Resonance. Their corresponding matrix
elements in the harmonic basis (111) can be found in
[56]. The Hamiltonians (127)) and (150) are equivalent
from the practical point of view: both reproduce the same
energy spectroscopic description. Indeed the normal and
local interactions are related as shown in Appendix 5,
from which the x-K relations are obtained and given
in the same appendix. Both Hamiltonians are equiva-
lent, the difference stands in the identification with the
structure and force constants.

4.3. Hamiltonian in the U, (3) ® U3(3) model

In order to apply the U(3)-model we first introduce the
correct degrees of freedom by introducing the direct
product U;(3) ® U, (3) as the dynamical symmetry of
the two bending oscillators. A remarked before the
algebraic model is-local, which means that the natural
scheme to applythe model is given through the Hamilto-
nian (127). In this case we proceed to apply the transfor-

mation
¥ .
_ Gio® Tjos'

T T
— bj,G = 'L'j’a — bj,a = W,

Yo

:7?5;

in the Hamiltonian to obtain

(156)

H]lgock(rj-,ra’ Tj’g) Tao—>Go = [:I;‘é (3)®suz(3) (bj-{o’ bj,o)~
(157)
In this procedure we should remark that errors due
to (52) and (53) are carried, which we shall neglect due
to the fact that N is assumed to be large.

When bending modes present a normal mode beha-
viour this approach leads to ill force constants. In this case
we should proceed to carry out a canonical transforma-
tion of type (96) as a first step to introduce local operators.
Applying (96) in (150) we obtain a Hamiltonian of the
form

AN AN .
Hpooo = HFock(Cj,U’Cj»U); j=12 o==(158)

Hamiltonians (150) and (158) are equivalent in the sense
that they give rise to the same energy spectrum in accor-
dance with the isomorphism (100). Because two oscilla-
tors are involved in our description, the algebraic space

is the direct sum su;(3) @ suz(3). The corresponding

. . su1(3)Psuz(3)
Hamiltonian Halg

the substitution

is obtained when we consider

_ TGS Yo'

T T
Cj,a —> bj,a = ﬁ) C],o’ _\/IT] N

representing the anharmonization at the local level. This
means that in practice the operators involved in the alge-
braic Hamiltonian (150) takes the form of an expansion
in terms of local operators given in Appendix 5. Hence
the algebraic Hamiltonian is constructed through the fol-
lowing steps: the transformation from normal-to-local
bosons andthen the anharmonization to U(3) operators.
Schematically these steps are

—> bj,a = (159)

AN + NN T .
HFock(Ta,U > TO‘:U) Ta,0 > Cjo HFock(Cj,o > C]aU) Go—>bjo

7 3 3
— H;lgl( )Dsua ( )(b;:a’ bj,(T)-
(160)

This approach leads to a tensorial formalism where the
algebraic Hamiltonian is given in terms of successive cou-
pling of tensors as explicitly shown in Appendix 6. The
resulting expansion of the interactions are then used to
compute the matrix elements of the Hamiltonian. A prac-
tical point to remark is that a symmetric representation
of the operators must be constructed in (150) since the
normal operators do not commute anymore.

A code follows internally this procedure without the
need to write down the explicit form of the interactions in
the local mode scheme. However they may be extracted
from Appendix 5, since the connection between both
schemes is given by all the interactions. Because of
the normal mode behaviour manifested by acetylene its
is expected that the predicted force constants will not
equal than the obtained through the Hamiltonian (127)
in the normal scheme. This will be shown in next
section.

5. Results

We now proceed to carry out the spectroscopic descrip-
tion of the bending modes of acetylene. To accomplish
this goal we consider the first 70 experimental ener-
gies embracing states up to polyad Py = 14. We have
carried out the energy fit using the Hamiltonian (150)
with N =400, obtaining a root mean square deviation
of rms = 4.7 cm~!. The spectroscopic parameters asso-
ciated with the local Hamiltonian (127) are obtained
with help of the x-K relation provided in Appendix
5. The deviation obtained is basically the same, as
expected since both Hamiltonians are equivalent. The
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1761

1766

1771
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Q5
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1801
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1811

Table 4. Spectroscopic parameters in cm™" obtained in the fit of
involving the first 70 bending energy levels of acetylene.

Local mode scheme Normal mode scheme

MOLECULAR PHYSICS 17

Table 6. Comparison between theoretical and experimental
energy levels in cm~'obtained with the parameters displayed in

@ 668.95 W4 608.23

A 62.03 @s 732.298
X11 —1.092 Xaq 3.339
X12 —2.214 Xs5 —2916
Xn). —3.128 X45 —3.508
an 4.839 a4 1.442
g12 —0.113 gss 3.004
g 0.781 as 6.433
K11/22 5.567 K44/55 —2.272
L11/22 2.285 L44/55 3.598
ra 0.349 I'45 —7.490

Note: The deviation obtained was rms = 4.7 cm~" with a total number of

bosons N = 400.

Table 5. Comparison between theoretical and experimental
energy levels in cm~'obtained with the parameters displayed in

Table 4.

Poly Nor. Comp. Exp Theo. A
Tg

1 1.000 612.9 613.039 —0.139
3 0.999 1855.7 1855.92 —0.220
3 11 2, 0.513 2049.1 2047.97 1.125
3 11 2, 0.513 2067. 2069.17 —2.171
IMu

1 24 1.000 730.3 732.379 —2.079
3 1, 24 0.670 1941.2 1940.35 0.852
3 1224 0.670 1960.9 1962.49 —1.590
3 23 0.999 21703 2173.81 —3.513
Ag

2 1, 0.999 12335 1235.38 —1.876
2 2; 0.999 1463. 1465.33 —2.328
4 1, 2 0.551 2666.1 2662.34 3.759
4 24 0.997 2894.1 2895.42 —1.321
6 16 0.985 37703 3772.73 —2.435
6 14 2, 0.558 3949.5 3947.67 1.832
8 18 0.931 5068.8 5078.48 —9.680
8 16 22 0.395 5221. 5226.11 —5.107
10 18 23 0.447 6386.1 6390.78 —4.679
10 T1o 0.684 6423. 6420.21 2.792
10 le 24 0.452 6511. 6503.45 7.550
10 16 24 0.456 6664.5 6661.35 3.155
12 110 22 0.274 7733.6 7728.34 5.264
12 18 24 0.284 7753.9 7750.15 3.751
12 112 0.686 77733 7772.43 0.870
12 18 24 0.425 7814. 7816.14 —2.141
12 16 26 0.302 7843. 7838.61 4.393
14 112 22 0.242 9046. 9054.34 —8.335
14 112 22 0.172 9073.4 9069.13 4.270
14 18 2 0.254 9090.3 9083.88 6.417
14 16 28 0.131 9102.6 9105.23 —2.626
14 T1a 0.302 91435 9140.69 2814
14 18 26 0.226 9162.5 9154.56 7.942
14 16 28 0.372 9238. 9235.89 2.112
Au

2 11 24 1.000 1347.5 1348.46 —0.958
4 13 24 0.748 2561.5 2561.91 —0.409
4 13 29 0.746 2589.7 2591.11 —1.405
4 17 23 0.915 2773.2 2769.47 3.729
4 1 23 0.913 2795.5 2795.73 —0.225

Notes: Here A = Eexp — Etneor. The labelling of the normal states corresponds
to 1,,2,, where 1 and 2 stand for the T4 and IT, oscillators, respectively.
The component corresponds to the square of the maximum component of
the given state.

Table 4.

Poly Nor. Comp. Exp Theo. A
»tg

2 1 1.00 1230.4 1229.84 0.559
2 2; 1.00 1449.1 1452:8 —3.704
4 1, 2, 0.592 2648. 2643.22 4,778
4 24 0.997 2880.2 2882.9 —2.698
6 16 0.986 37703 3767.2 3.096
6 14 2, 0.859 3942.5 3941.76 0.735
8 18 0.928 5068.8 5072.86 —4.057
8 16 2 0.894 5216. 5220.71 —4.713
10 18 22 0.428 6386.1 6384.39 1.710
10 T1o 0.696 6423, 6415.01 7.991
10 16 24 0.478 6462.1 6463.91 —1.808
10 16 24 0.519 66585 6654.15 4.351
12 110 22 0.322 7733.6 7722.78 10.817
12 T2 0.705 77733 7767.85 5.454
12 18 24 0414 7808.5 7812.85 —4.346
12 le 26 0.192 7836. 7841.97 —5.972
12 18" 24 0.180 7951.5 7952.77 —1.271
14 112.2> 0.437 9041 9055.79 —14.792
14 18 2 0.495 9073.4 9082.4 —9.003
14 18 26 0.209 9090.3 9093.46 —3.164
14 114 0.396 9136.2 9136. 0.197
14 16 28 0.657 9162.5 9164.31 —1.809
g

4 1, 2, 1.000 2661.2 2660.51 0.688
>tu

2 11 2y 1.000 1328.1 1327.94 0.158
4 13 29 1.00 2560.6 2556.61 3.991
4 19 23 1.00 2757.8 2754.73 3.075
Xu

2 T 2 1.000 1340.5 1342.8 —2.297
4 13 24 0.997 2583.8 2585.76 —1.961
4 11 23 0.997 2783.6 2785. —1.395

Notes: Here A = Eeyp — Etpeor- The labelling of the normal states corresponds
to 1,,2,,, where 1 and 2 stand for the I, and I1, oscillators, respectively.
The component corresponds to the square of the maximum component of
the given state.

difference stands in the identification of the spectro-
scopic parameters. In Table 4 the spectroscopic param-
eters are displayed. As expected the parameters in the
normal mode scheme are similar to the ones obtained in
Ref. [55].

In Table 6 the comparison between of the experimen-
tal and theoretical energy levels is presented. Using the

spectroscopic parameters given in Table 4, the deriva-
tives of the Wilson matrix given in Table 7 and the rela-
tion between the force constants and the spectroscopic
parameters presented in Appendices C and D, we obtain
Table 8, where the estimation of the force constants are
given for both schemes. Since at zeroth order, the same
force constant may be involved in more than one spec-
troscopic parameter the table includes several effective
force constants indicating in parenthesis the origin from
the spectroscopic parameter.

From Table 8 we confirm the difference between the
local and normal mode treatments concerning the cal-
culation of the force constants of second order. This
manifested difference implies that we are in the verge
of considering valid the canonical transformation (96)
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Table 7. Second order derivatives of the G matrix involved in the
Hamiltonian (124) associated with the local mode description.

Local mode scheme Normal mode scheme

(a;‘gg’:* )O —1.3393(47) (3 o >0 —7.8577(46)
(;;i‘gg; )0 —8.5434(46) (3255;” >0 —5.7581(46)
(;ij;g; )0 —2.2291(45) (*’zfgg:” )0 —7.3212(46)
(s s —22679(44) (" o ) —5.4030(46)
(aaozfﬁi;; )0 —2.4559(45) (fjfjgg; )Z —6.8079(46)
(a f&?f )0 —1.0044(46) ( ;’szjgg; )O —43501(46)
(aaoﬂa*é;(, )0 —1.3595(46) (3355‘1“55; )0 —4.0818(46)

-1

Note: Units are in Kg~' m~2. The parenthesis indicates power of 10.

Table 8. Zeroth order force constants extracted from the fits.

Local mode scheme Normal mode scheme
faa 0.17087 faa 0.2022
fia2a 0.07211 fra2a 0.0778
fiprpr-1— (1) —04491"  faiaia-4- (X44) 0.04471
(g11) 1.1174 (Gas)~. —0.01234
firi—242- (x12)  —0.047* fots45-5— (xs5)”  —0.0223
(912) 0.0305 (gss)  —0.03137
(K12)  +0.0777
fisrpi-a- (n)  —0.0664"  fayslsis— (xg5)  —0.05312
(Gny) —0.0039 (kagss)  —0.3324
firiez—2- (Liy22) 0.1445%—fa 445 5= /lagss)  —0.4226
(r2) 0.0222 (ras) 0.1811

Notes: Particular attention must be paid to the second order derivatives wich
are different because of the normal mode‘character of the bending modes of
acetylene. Units are in‘a) A-?\and aJ A=*for second and quartic derivatives
respectively. The asterisk indicates the force constants used in the calculation
of the second order constants.

with the identification (100), a result assumed by previous
analysis [51;.57].

Although in Appendix 7 the relation between the force
constants of quartic order are given, it is not possible
to establish the relation between both schemes since a
a one-to-one correspondence does not exist at zeroth
order.

6. Summary and conclusions

In this manuscript we have presented a linear realisation
of the coordinates and momenta for the 2D-oscillator
system in terms of the dynamic U(3) algebraic space.
To accomplish this goal we have used the minimisation
method previously presented in [30], using a map-
ping between the 2D-harmonic oscillator and the U(2)
dynamical symmetry (17). The realisation obtained coin-
cide with the algebraic representation previously used in
the description of linear molecules [28, 29]. Since the
U(3) algebraic realisation of the 2D-harmonic oscillator
turns out to be diagonal in the U(2) basis, the chain (17)
has been identified with the energy representation. In

addition the coordinates and momenta have been asso-
ciated to chains (18) and (19), respectively. This is a
remarkable results which is translated into a powerful
method to obtain the solutions of 2D Hamiltonians asso-
ciated with any potential as sketched in (63) [39]. The
advantages of the U(3) model may be summarised in
the following aspects: a) the dynamical group is compact,
(b) three dynamical symmetries emerge and (c) the total
number of bosons N provides a measure of the dimension
of the harmonic oscillator basis, although may be used as
a parameter expected to be large.

In order to establish the procedure to apply the the
U(3)-model, two interacting 2D oscillators have been
analysed in-detail. The goal is to establish the conditions
to-be satisfied in order to obtain reliable force constants
at zeroth order. This study consisted in connecting the
normal and local mode descriptions of the 2D oscillators,
leading to the condition under which both local and nor-
mal polyads coincides. A relevant result of our analysis
corresponds to the fact that depending on the interaction
strength the appropriate approach used to describe the
system may be either the normal or the local scheme. The
appropriate selection of the scheme leads to the correct
estimation of the force constants. The scheme to follow
may be chosen following the criterion (110) based on
the splitting of the fundamentals as well as the parame-
ter n concerned with the difference of the force constants
calculated with both schemes.

As an example of our analysis, we have considered
the bending modes of the acetylene molecule. From the
fundamentals and the structure constants the obtained
dimensionless parameters are { = 0.11 and n = 0.004,
the former of which indicates that we are in the verge of
the local limit treatment. We thus proceeded to check if
indeed this was the case through an spectroscopic anal-
ysis by fitting the first 70 levels including up to polyad
Py = 14. We obtained a deviation of rms=4.7 using a
parameter N =400. This high value for N is consistent
with the fact that only in the limit N — oo the algebraic
realisation of the coordinates and momenta are identified
with the physical coordinates.

The vibrational problem was thus set up in both local
and normal mode schemes. In the local mode scheme
the procedure is straightforward and given by (157). The
application of the U; (3) ® U(3) model for systems with
normal mode behaviour was carried out through two
extra steps as indicated in (160). First a canonical trans-
formation (96) going from bosonic normal mode opera-
tors to local bosonic operators was applied and thereafter
the anharmonization (159) at the local level was con-
sidered. The latter step is crucial to take advantage of
the U(3)-model. This approach does not have analogue
in configuration space and it may be taken as the main
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1981  feature of the algebraic model from the practical point of
view.

The spectroscopic analysis for the acetylene molecule
confirms the preliminary results displayed in Table 3. The
bending modes in acetylene present an enough strong
interaction to induce a difference in the estimation of the
force constants. This difference, however, is not consid-
ered to be large in analysis where the force constants do
not play a preponderant role, like in predictions of spec-
tra for isotopologue species. This fact justifies the use of
the canonical transformation (96) as an approximation
Q16,to the Bogoliubov transformation (85). This approxima-
tion is implicit but not justified in previous works [51,
52, 55-57]. This approximation is explained by the local-
ity of the stretching modes. The energy transfer from the
CH stretches to the bends is not so important to induce a
strong coupling between the CC bonds.

We have developed the application to acetylene, but
the present theoretical framework can be applied to any
linear molecule involving interacting bending oscilla-
tors.
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Appendices
Appendix 1

Here we list the matrix’ elements of the coordinates and
momenta operators (11) in the basis (7):

((n + D" Qunhy = i,/w, (A1)
2w 2

((n~ DHQuIn!y = — ! (A2)
2w 2

((n+ 1)Qjnt) = zl\/";l”, (A3)
now 2

<<n—1)l*1|<2_|n’>=—‘/2i ntl (A4)
nw 2

(n+DFYPyn!) = —TWWJ ”%”2 (A5)

((n— 1Pyl = — lzw/huw ”:l, (A6)

((n+DHP_|nly = — ,/h,w‘/%m, (A7)

NS N n—1I
((n— D P_|Hly = ﬂ\/fww 5 (A8)

Appendix 2

The basic matrix elements in the U(3) model associated with
the basis (17) given by (22), are the following

(IN+ 15nllo"|[Nnl) = VN —n+1, (A9)

. Ti+2
(IN+ sn+ 1,14 1e] [N]; nl) = ,/%, (A10)

from which we obtain

([N]n+ll+1|‘[+o'|N] nl) = \/(N n)(n+l-|-2)

(All)
(INl;n—1,1= 1|0 ¢4 |[N];nl) = \/(N "+1)(n+l)
(A12)
(INJ; e+ 1,7 1|7 o |[N]; ml) = \/(N n)(n—l+2)
(A13)
(IN;n =11+ 1+ 1o _|[N;nl) = \/(N ”+1)(n—l)
(A14)
Appendix 3

Relation between the spectroscopic parameters and the struc-
ture and force constants involved in the Hamiltonian (127)
given in the local representation.
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Appendix 4

Relation between the spectroscopic parameters.and the struc-
ture and force constants. Here we haveintroduced the following
definitions

(A15)
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with corresponding frequencies given'in (84). The relations are:
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Appendix 5. x-K relations

The interactions involved in the Hamiltonian in the normal
mode scheme can be expressed in the local scheme in the
following form. For linear terms

1
Vg = E[h — ALl (Al6)
1. .
Vs = E[" + Ayl (A17)
while for quadratic interactions
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Appendix 6

Explicit expressions for the operators involved in the Hamilto-
nian (150).
We start defining the basic tensor operators
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The number operators are then given by
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while for the angular momenta
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Finally for the resonances
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In practice, the explicit substitution of the tensor opera-
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tors (A.31) is carried out in the code to compute the matrix Q25

elements in such a way that the matrix elements are computed
at the local level.

Appendix 7

Explicit expressions for the operators involved in the Hamilto-
nian (150).

Relation between force constants given in the normal and
the local schemes.
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ABSTRACT

A realisation of coordinates and momenta in the su(v + 1) algebraic space to describe vibra-
tional excitations of v-equivalent oscillators is obtained. The connection between algebraic and
configuration spaces is carried out using the approach recently proposed [Mol. Phys. (2017),
doi:10.1080/00268976.2017.1358829]. The realisation consists in an expansion in terms of the
dynamical algebra generators with coefficients determined through a minimisation procedure and
given in terms of matrix elements defined in configuration space. Two realisations are presented: one
through an isomorphism with a harmonic oscillators basis and the second one using a mapping to
Morse oscillators. In the case of the harmonic oscillator mapping, two chains associated with coordi-
nate and momentum representation have been identified. Our approach allows us to establish the
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algebraic representation of any interaction and, consequently, of the Hamiltonian associated with
v-interacting oscillators, providing a formal approach to estimate the potential energy surface.

1. Introduction

Unitary groups are relevant in the description of many
body systems since bilinear products of fermionic or
bosonic operators can be identified as generators of uni-
tary groups, which in turn may correspond to the dynam-
ical group of a great variety of systems involving different
energy scales: vibrational degrees of freedom [1,2], elec-
tronic degrees of freedom in atoms and molecules [3-7],
nuclear physics [7-11] and subnuclear physics [11,12]. In
this work, we are interested in the vibrational degrees of
freedom.!

When molecular vibrational excitations are described
in terms of a basis of harmonic oscillators, bilinear prod-
ucts of creation and annihilation operators associated
with a set of vun-dimensional oscillators constitute the
generators of the symmetry group of the system U(vn),
while Sp(2v#n, R) is the corresponding dynamical group
[6,13]. The non-compactness of the groups represents a
disadvantage from the practical point of view when deal-
ing with bound states [14]. It is possible, however, to deal
with compact dynamical groups if the space of harmonic
oscillators is constrained. A convenient way to achieve

CONTACT R.Lemus @ renato@nucleares.unam.mx @ Instituto de Ciencias Nucleares, Universidad Nacional Auténoma de México, A. P. 04510, Ciudad de

México, Mexico
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this task is through the addition of an extra boson in such
a way that the totally symmetric representation (total
number of bosons) of the unitary group is fixed. This
approach was for the first time proposed in the context
of the collective states in nuclei [15,16] and subsequently
applied by Iachello et al. in the field of molecular physics
to describe the ro-vibration excitations in molecular sys-
tems [1,17-21]. The addition of the scalar boson was
also used in the context of purely vibrational excitations
where a set of equivalent oscillators leads to the model
proposed by Michelot and Moret-Bailly, where for a set
of v-equivalent oscillators the dynamical group becomes
U(v + 1)[22,23].

In general, the relevance of the U(v + 1) approach
is twofold. On one hand, the mathematical formalism
is enriched by the appearance of orthogonal subgroups,
providing a variety of dynamical symmetries [7], and
upon the other hand, anharmonicities are allowed to be
introduced from the outset. Dynamical symmetries may
represent zeroth-order approximations to the complete
problem. In some cases, the addition of Casimir opera-
tors of different chains may be enough to describe the
system with the desired level of accuracy. However, as
the number of oscillators increases the number of inter-
actions becomes so large that the Casimir operators are
not enough to provide a complete set of interactions.
This situation is present in molecular physics where the
relevant interactions are numerous and well known in
configuration space. Consequently, an approach to estab-
lish the algebraic realisation of the interactions in the
space of coordinates and momenta is welcome.

The one-dimensional version of the U(v +1)
approach consists in treating one oscillator in terms of
an su(2) algebra, a description which turns out to be
equivalent to the algebraic treatment of either Morse
[24-27] or Poschl-Teller oscillators [27]. This connec-
tion allows the potential energy surface (PES) to be
calculated [28-34]. The two-dimensional version corre-
sponding to the dynamical algebra su(2 + 1) turns out
to be particularly relevant in the description of the local
degenerate bending modes of linear molecules, where
degenerate local oscillators (preserving the projection of
the angular momentum) are involved [1,20]. In this case
the connection with configuration space was established
from a heuristic point of view through the harmonic
limit [35]. Recently, an alternative point of view for the
U(v + 1) approach for vibrational excitations was pro-
posed in such a way that every interaction can be trans-
lated into the U(v + 1) algebraic space [36-39]. The cor-
respondence was based on the criterion that the matrix
elements in the algebraic models reduce to the corre-
sponding harmonic limit. This means that the expansion
of coordinates and momenta was established up to linear

terms in the ladder operators. Although this step was
quite important to calculate force constants useful to pre-
dict spectra of isotopologue species, the connection was
restricted to linear terms without any clue to extend the
connection to include higher order terms or even justify
in a formal way the approximation. Although the relative
success of these efforts permitted to estimate potential
energy surfaces, the proposed connection was criticised
because of its heuristic approach to establish the connec-
tion. The aim of this work is to establish formally this
connection.

In a recent contribution [40], a general approach to
establish the connection between configuration and alge-
braic spaces was proposed. The method is a generalisa-
tion of the approach presented in the field of molecular
collisions, where it was needed to obtain an algebraic
representation of the interaction potential [41-43]. The
approach consists in establishing a mapping between the
eigenstates of the system in configuration space and states
associated with the algebraic space — not necessarily cor-
responding to a dynamicalsymmetry. The dynamic vari-
able is expanded in the algebraic space with coefficients
determined through a minimisation method. The coef-
ficients turn out to be given in terms of matrix elements
of the dynamical operators. A fundamental ingredient of
the approach is the calculation of the matrix elements
through the density operator, which involves parame-
ters that may be used as a mathematical tool. In this
work, the expansion of the coordinates and momenta
in the su(v + 1) space is obtained for each oscilla-
tor. The application to 2D and 3D potentials involv-
ing angular momentum conservation will be presented
elsewhere.

This article is organised as follows. In Section 2, a
summary of the algebraic su(v 4 1) approach to describe
vibrational excitation is presented. Section 3 is devoted
to present a summary of our general approach to estab-
lish the connection between algebraic and configuration
spaces. In Section 4, the case of two oscillators is used
to present the connection between algebraic and con-
figuration spaces through a mapping to harmonic oscil-
lators. Both momenta and coordinates are obtained for
each oscillator as a realisation of the dynamical alge-
bra. Keeping in mind an improvement going beyond
linear terms in the expansion of the coordinates and
momenta, in Section 5 the connection is established
using a mapping with the direct product of v-Morse
oscillators restricted to the subspace characterised by a
maximum total number of quanta. In Section 6, a com-
parison between the U(3) model and the U; (2) ® U,(2)
model representing two Morse oscillators is presented.
Finally in Section 7 the summary and conclusions are
given.



2. Thesu(v + 1)-algebraic model

In this section, we shall present a summary of the
U(v 4+ 1) approach applied to vibrational excitations
[22,23], albeit from a different viewpoint [36-39]. To
achieve this goal, we shall start analysing a set of v
harmonic oscillators, described by a U(v) approach,
and compare it with: (i) a set of v independent anhar-
monic oscillators, described by a (SU(2))" = SU1(2) ®
SU,(2) ® --- ® SU,(2), and (ii) a set of v correlated
anharmonic oscillators, described by the U(v + 1)
approach.

2.1. v-Harmonic oscillators

Let us start considering a system of v equivalent non-
interacting harmonic oscillators of mass 1 and frequency
®, whose Hamiltonian in configuration space reads

Hc(q,p) = Z (% +Spo q,) (1)
i=1

One can go to an algebraic space by associating to each

ith oscillator creation &;r

defined by

and annihilation a; operators,

).

such that the commutation relations for coordinates and
momenta [g;, f)j] = ihd;; are substituted by the equiva-
lent [a;, &;] = 4;j. With Equations (2), it is simple to write

the algebraic image of He (1)
. B =~ n o n
A= Z(“jai +aa)). 3)
i=1

The v? bilinear products (carets are displaced to the left)
ACJI: = &j&j (1,j =1,...,v) fulfil the commutation rela-
="Cldp; —
AC‘][.,éq,,- and are the generators of the U(v) group, that is
called the symmetry group of the system.

It is known that Hy4 eigenkets are written as

1"[(”)”%0 (4)

\/H il =1

where n; is the eigenvalue of the number operator

tions (crets are displaced to the left) ["C],:,ACZ]

ni = a;ai:

Nilns .. 5 fiy o my) = n0ilng, .. . n). (5)
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The eigenkets (4) are associated with the U(v) canonical
chain decomposition [5,7]

Uw)DUw—-1)DUWw—-2)D---U). (6)

2.2. (SU(2))":v uncorrelated anharmonic
oscillators

Let us consider now a system of v equivalent non-
interacting anharmonic oscillators. One-dimensional
anharmonic oscillators, for instance Morse or (it should
be Poschl-Teller) Poeschl- Teller oscillators, can be stud-
ied in an algebraic scheme by using the su(2) algebra. The
system is characterised by an angular momentum J (that
is linked to the depth of the potential) and the eigenstates
are labelled by |J,M). The su(2) generators are J,J_
and Jy that fulfil the angular momentum commutation
relations. Thus, for v equivalent non-interacting anhar-
monic oscillators, one associates with the ith oscillator a
su;i(2) algebra, with operators J; 1, Ji —, Jip, which satisfy
the usual angular momentum commutation relations.
Notice that operators associated with different oscilla-
tors i,j commute with each other. These operators act
on a basis with dimension kv, where k=2J+1 that is
the dimension of the irreducible representation of each
su(2) algebra. The states of this basis can be characterised
by the eigenstates of the v operators Jig, i=1---v,
corresponding to eigenvalues M; = —J---]. Alterna-
tively, they can be labelled by eigenvalues of the oper-
ator that gives the number of anharmonic quanta, #; =
J — Jio- It is convenient to define anharmonic operators

lAle =Ji_/Vk; bi = Ji+//k, that fulfil the commutation

relation
A oag 2n; + 1
(b bj]_au( . ) @)

These operators act on the basis according to

bj|[Vk];ﬂ1,-..,ni,...,n,,)

=\/(n,-+1)(1—”":1)

[[vk]; n1,...,n+1,...,1,), (8)
?Jil[vk];nl,...,ni,...,nv)
) (1-7)
|[Uk], nl;---;”i_l)---,”v>- (9)

In terms of these operators, the Hamiltonian of a set
of independent anharmonic oscillators, such as Morse
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oscillators, takes the form:
H=— Z(ZA?,TI;, + I;IZ;,T) (10)

The states |[vk]; n1,...,n),...,n,) are eigenstates of the
Hamiltonian, corresponding to the eigenvalues

E([vkl;ny,...,n5...,1))

- 1 (ni+1/2)% haw
oY (- )t
— 2 k 4k

which are the eigenvalues of an anharmonic Hamiltonian
except for an energy shift for each oscillator given by the
last factor.

2.3. U(v + 1) model: v correlated anharmonic
oscillators

In the U(v + 1) approach for v equivalent oscillators, an
additional 57 (5) boson is added to the set of bosonic oper-
ators &j (a;) with the constraint of a fixed total number of
bosons N. The new canonical chain is

Uv+1)DUW)DUW—-1)D---U(), (12)
with the corresponding kets

|[N1; 15, 11, 25 . . ., 1)

1 v
= ————GH[]@)Hm),  a3)

v
/! Hj n;! ;

which are characterised by the total number of quanta N:

A

v

N=h+n, withi=) ala; # =55 (14)
i=1

The total number of bosons fixes the totally symmetric

representation [N] of the group U(v + 1), and because
of the relation (14) we can recast the kets (13) in the form

|[N],n;n) - [N],I’l; nl)n23'~-:nl)>

= |[N]’ n5>n13n2>--'>nv>> (15)

where here 7 plays the role of the polyad pseudo quantum
number for the set of v-equivalent oscillators [44]. This
polyad number turns out to be a good quantum num-
ber in molecules with local mode behaviour [45,46]. The
generators of the group U(v + 1) are given by

C=tlty G=a, i=1..,05 &u=5 (16)
with commutation relations([@{:, @g] = é’?ép J— CéSQ,i)
including the extra boson 5 (5). The addition of the s-
boson together with the fact that the representation [N]

is fixed makes the unitary group U(v + 1) a dynami-
cal group for the set of v-oscillators. From the genera-
tors (16), we can identify v-su(2) subalgebras

Jiv = 8], (17a)
Jio =5"a;, (17b)
Jio = 1G5 - afay), (17¢)

with the usual angular momentum commutation rela-
tions [47,48]. The action of these operators over the
kets (15) are obtained in a straightforward way

) =vni+DHIN —n)

&T§|[N],n; e My

X |[N,n+1; ...,n;+1,...), (18a)
aisTIINLm .. niy .. ) =/ni(N—n+1)
X [[N,n—1; ...,n; — 1,...). (18b)

In the context of this model, any dynamical variable,
including the Hamiltonian, can be expressed in terms
of the generators (16), although the operators (17a) and
(17b) turn out to play a preponderant role due to their
connection with coordinates and momenta [36-39].
As in the preceding subsection, it is convenient to
introduce the normalised operators [36]
lA):L = ]i’—+, Zli Ji-
N VN

which satisfy the commutation relations

withi=1,...,v, (19)

A A 1r. A
(b1 51 = 85— < |18+ ] (20)

The action of these normalised operators over the
kets (15) turns out to be

BINL ) = o) (1= 2)

X |[[INL,n+1; ny,...,n+ 1,...,n,), (21a)

A n—1
bi|[N],l’l; I’ll,...,ni,...l’lv>= ni(l_ N )

X |[N],n — 1; ny,... (21b)

,ni—1,...,n,).

Comparing these matrix elements with the ones given by
the bosonic operators &: (a;) in the basis (4)

&j|n1,...,ni,...,nv)

=vmi+1|n,....,ni+1,... (22a)

b nv>)



ailny, ... np...ny) = J/ni|ng,..oni—1,.0.00,m),
(22b)
we conclude that
ot T P - crh. f .
Jm B = Jim b= fim (b B =8
(23)

Hence, on the basis of this analysis, a Hamiltonian may
be translated into an algebraic representation by carry-
ing out the transformation &j (a;)) — I;j (l;l-)[36—39]. In
all these works, this transformation has been used with
good results but without a theoretical support. The aim
of this work is to present an approach that provides the
required theoretical support to the cited studies and, in
addition, to establish a connection between algebraic and
configuration spaces beyond the linear approximation.

Here, we are treating a set of v equivalent oscillators.
We would like to note, as a final point in this section, that
the generalisation of this approach consists in consider-
ing the situation of several sets of equivalent oscillators.
Following the convention that algebras are denoted in
lower case while groups in upper case, for « sets of v
equivalent oscillators a su;(v + 1) algebra is introduced
for each equivalent set i, so that the dynamical algebra is
given by the direct sum

sut(v + D) @ sup(y + 1) @ -+ - D sug(vy +1). (24)

In this case, a total number of bosons N; are associ-
ated with each ith space, which in turn is related to the
dissociation limit of the corresponding internal coordi-
nates [23].

3. Connection between algebraic and
configuration spaces

Let us consider a configuration space Hamiltonian for a
set of v oscillators, ﬁcs (D; q, p), where q, p denote the cor-
responding coordinates and momenta, respectively. The
Schrodinger equation provides eigenvalues and eigen-
states

Ae(D; ¢, P)¥Din(Q)

where here D is a parameter related to the depth of the
potential in order to take into account both harmonic and
anharmonic oscillators like Morse or Poschl-Teller oscil-
lators. The same problem can be formulated in a second
quantised form (Fock space) as

= Epn¥Din(Q), (25)

Hrock| D) = Epn|Ds m) (q|D; ).
(26)
Following the approach presented in Ref. [40], the ini-

tial point is to look for an equivalent algebraic SU(v + 1)

where ¥p(q) =
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Hamiltonian such that it provides the same eigenvalues

Hoig|N;n) = Enyn|N;n). (27)
For anharmonic oscillators, the quantum number N is
related to the depth D of the potential. The eigenstates
in Equation (27) are just (4) for harmonic oscillators
or Equation (13) for anharmonic oscillators. Next point
is to establish a mapping between the Hpoex and Halg
eigenstates
|D;n) = |N;n); n;=0,1,...,N
v
Vi but keeping n; + Z n; = N. (28)
i=1

The importance of establishing this mapping stems from
the fact that the matrix elements of any operator can be
calculated indistinctly either in the algebraic A or in the
physical (configuration) C space. Once the state mapping
is performed, one can introduce the density operator, that
in the algebraic space is,

p=7) palN;n

n

Z paPu (29

with normalisation Y, pn = 1.2P, are the projection
operators. This density operator is general, with the only
restriction that it is diagonal in the eigenstates of the
Hamiltonian.

Now, we have the ingredients needed to establish
the algebraic realisation, ﬁulg’ of a general configuration

space operator ﬁcs[40]. We are interested in establishing
the mapping involving the harmonic oscillator functions
where a linear expansion in terms of the group genera-
tors, g, is used and then a mapping involving anharmonic
functions for which an expansion beyond linear terms
(gsy ) is needed. Because of that, we formulate the prob-
lem in general using f/s(y), which includes for y =1 the
sth generator of the U(v + 1) group or for other y -values
general operators that include the possibility of products
or power expansion of generators going beyond the linear
approximation. An operator in the algebraic space takes
the form

alg Z Za(y)(ﬁcs) Ys(y)» (30)

where the coeflicients ocS (.7:CS) are determined with the
criterion that they are to be the best given the proposed
expansion (30). To achieve this goal, we introduce the
operator A corresponding to the difference between the
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exact operator F.s and the algebraic approximation:
DD I S ) CANN )Y
y s

The error of the approximation, €, is estimated by calcu-
lating the average of AAT:

e = Tr(pAAT). (32)

The coefficients o’s are obtained by minimising the error

de

——=0; Vny/, (33)
E)aﬁy )

which leads to the set of equations

Y MM (F =D, (34)

)/ S
where

Dﬁy’) MS()J;,V’) _ Tr(ﬁffs(y)?:(w)).
(35)
and consequently the set (34) reduces to the equations

system
. &t ASY .
SN @ FD Y Goml T 5T | m)
y s m

= > Goml ¥ pFosljm). (36)
m

A o
= Tr(pFesY; (V’));

The states |j, m) (j is directly related to N) are algebraic
basis states and we denote [j,i) the eigenstates of the
algebraic Hamiltonian (27). With the state mapping pro-
posed, the matrix elements of F.s on the right-hand side
can be translated into the configuration space (28) as

Fm’,m = (j’ m,|ﬁCS|j’ m) — ZA(])*A(]) 3 (] i/|ﬁcs|j, l>
= ZA(’)*A(’) (N, | F=IN, i)

ZA(’)*A(’) FE, (37)

where Agn)’i = (j, i|j, m) are the expansion coeflicients of
the Hamiltonian eigenstates in the selected algebraic

basis, and Fi(,cf) is to be evaluated in the configuration

Space as

F = (N, | FIN, i) = f dqvi 1 (@ Fes(@ ) Un,i(@).

(38)
Thus, Equation (36) is written as
SN o (Fe) D Goml T 587, m)
y s m
_ . ST Are
= Gml ¥ Blism') Fw (39)

m,m’

with Fy 1, defined by Equation (37) with F;, (CS) to be eval-
uated in configuration space as Equation (38) All the rest
of matrix elements are evaluated in the algebraic space.

The solution of the set (39) provides us with the coeffi-
cients ozs(y) (Fcs) that produce the best algebraic image of
a given configuration space operator .7:“,;5. The as(y)(}"cs)
coeflicients will be functions of both the matrix elements
of the operator in the configuration space (F; (es )) and the
algebraic matrix elements m;; = ||[M]|. We stress the fact
that the matrix M depends only on the algebraic struc-
ture, but not on the operator F.s involved. This may sug-
gest that the matrix M is computed once and for all given
an algebraic structure, but this is not completely true.
The expansion (30) strongly depends on the physical sit-
uation, which determines the dynamical symmetry and
consequently the basis of the Lie algebra to be considered.

The solution of the set (39) depends obviously on the
selected form for the operators 7. A particular and
relevant situation arises when these operators may be
identified with ladder operators that connect an algebraic
basis state |j, m) to another |j,m + y)

1 ljm) = CGmy)lim +y),  (40)
where Ci(j, m,y) are characteristic coefficients defined
from Cs(j,m,y) = (j,m + y|f/5(3’) lj, m). Notice that the
label m corresponds to all the algebraic quantum num-
bers (but j) required to specify the states in the algebraic
basis |j, m), and s characterises the effect of the operator
f’s(y) on all these quantum numbers. So, a ladder opera-
tor 1750/) is an operator that changes all the m quantum
numbers of the state |j, m), characterised by a vector m,
in quantities given by a vector y, to produce a state |j, m’)
characterised by a vector m'. In this case, and supposing
a dynamical symmetry, which means that the Hamilto-
nian eigenstates are the basis states, Equation (39) can be
simplified as

> o (F) Y Clomy)CrGom )
y s m

(om+yr1plism+y) (41)



= Z(],m+1//|,5|ﬂ m/)Cf(j,m, )”)Fm’,m, (42)

m,m’

and since the density operator is diagonal, y = y/ on
the lhs and m + y/ = m’ on the rhs. In addition, the
subindexes s and r stand for different independent group
generators, consequently, on the left-hand side only s=r
gives Cs(j, m, y)C(j, m, y) # 0. Then, we get

o0 (Fe) D 1C G )1 Oy
m
=Y pmtyEmtymCiGimy),  (43)
m

where F,y ,,, in this particular case of dynamical symme-
try, is just F,(;,S)m which is to be evaluated in configuration
space as Equation (38) and C,(j, m, y) are the coefficients
defining the ladder operators in the considered algebra.

Now, considering the situation of low temperature, the
expression above will be dominated, in both sides, by the
state labelled by m + y with the lowest possible energy.
If y is positive (the ladder operator increases the vibra-
tional quantum number, and hence the energy), this state
will be the one with m=0, m + y = y. If y is negative,
the state will be the one withm = —y,m + y = 0.Inany
case, only one contribution of the density matrix domi-
nates the sum in both sides, so the value of the density
matrix does not appear, and we get

@ (Fe) = Fy0/Cr (0, y), (44)

if y is positive, and

o (Fes) = Fo_y /ColGs =7 1), (45)

if y is negative.

4. Connection between the su(v + 1)-algebraic
and configuration spaces using a mapping
through harmonic oscillator functions

In the preceding section, we have presented a summary
of the proposed method to connect configuration and
algebraic spaces for a general dynamical generating alge-
bra [40]. Here, we present the situation where the map-
ping (28) is established through the set (4) corresponding
to the harmonic oscillator basis, while in the next section
it will be worked out when the mapping is established
through the Morse anharmonic oscillator basis (15).

We then proceed to establish an isomorphism between
the direct product of v-oscillator states in configuration
space C and the u(v + 1) algebraic space .A. For conve-
nience, we shall first restrict ourselves to the case of two
oscillators: U(3) model. The generalisation is obtained in
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a straightforward way as it will be shown in due course.
The U(3) group presents four relevant chains in molecu-
lar physics

(@) U@B3) D UQ) D U), (46)
(b) U(3) D UQR) D SOQ), (47)
(c) U(3) D SO(3) D SOQ), (48)
(d) U@B3) D SO(3) D SOQ). (49)

In accordance with the standard point of view, the canon-
ical chain (a) is used in the description of two equivalent
vibrational modes like in the model we are concerned to.
The second chain (b) is suitable to describe the bend-
ing modes of a linear molecule [20]. In this case, the
associated kets are isomorphic to the 2D harmonic oscil-
lator basis with good angular momentum projection. The
corresponding dynamical symmetry corresponds to the
description of the vibrational excitations of a 2D oscil-
lator. Chain (c) provides a dynamical symmetry for a
displaced oscillator ( non-linear molecules). While the
chain (d) is in principle equivalent to (c) in the frame-
work of the same applications [20,49]. In this section, we
show that the first and the last two chains become rel-
evant in the physics of two equivalent oscillators. The
chains associated with linear and non-linear triatomic
molecules will be considered in a forthcoming work.

We start considering the stretching oscillators of a tri-
atomic molecule. Associated with these oscillators we
have the creation and annihilation bosonic operators
{&I, ar, &; ,a>}. Bilinear products of these bosonic oper-
ators form the u(2) algebra. The addition of the boson
§7(5) leads to the algebra u(3) with 9 generators given by

Gu) = {al a1, 8]0, ayay, a)a, 301,85, 810,, 405,573).

(50)
This is the dynamical algebra for two equivalent oscilla-
tors where the projection of the angular momentum is

not preserved. The matrix elements of these operators in
the canonical basis are:

#g|N, n;ny,ny) = (N — n) [N, n; ny, np)

withn = n; + ny (51a)
1IN, n;n1, ny) = n; [N, n;ny, na), (51b)
aj$IN, sy, ma) = /(N = n)(ni + 1)
X |N,n;...,n;i+1,...), (51c)
SN, mny, my) = /(N — n+ D
x [N,n;...,ni—1,...), (51d)
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=+ 4+ Dny |[N,myny + 1,1y — 1),

aI&Z|N> n;ni, n2>

(51e)
&;&HN, mny,np) =~/ (N —ny+ Dm
X [N,n;ny — 1,np + 1), (51f)

Let us now proceed to establish the mapping between
the algebraic and configuration space bases. We shall
consider the direct product of two harmonic oscillators

(q1ln1){(q21n2), (52)

defined in a subspace characterised by the total number
of quanta P:

(q1921n1,n2) =

n=mn +ny n=0,1,...,P. (53)

In this way, we define the constraint space of harmonic
oscillators as

n=20,1,...,P.
(54)

(q1921n1, n2) = (q1921m; ny, n2);

We now propose the mapping
(192|m5n1,m2) ~ |[N],msni,n2); N = Prax. (55)

The density operator takes thus the form

ny+ny="P
Z Pnl,nz|[N]>n§”1>n2><[N]a n;ny, 1’12|;
ni,n2
n=mn;+mny; n=0,1,...,P. (56)

For convenience, we shall simplify this expression as

p= anl,nzlﬂl,nz)(m,ﬂﬂ- (57)
ni,nz

With this consideration, we wonder about the best alge-
braic description of an operator given in configuration
space C. In particular, we shall be interested in the coor-
dinate and momenta of the individual oscillators. To this
end, we may start proposing the following expansion up
to linear order for operators .735(51) (a superindex (1) is
included so as to remind that here the case of linear
approximation is treated) associated with the first oscil-
lator (30), with y = 1 (we are not stating the y-value for
simplicity in this section):

Fi = Zas(f@) v, (58)

with the following identification:

Ni=als 7, =5a. (59)
We have not included operators involving quanta changes
in both oscillators, since they cannot be expected to con-
tribute in expansions associated with operators corre-

sponding to individual oscillators, e.g. coordinates and

momenta of a given oscillator. Diagonal operators were
not included either because the diagonal harmonic oscil-
lators matrix elements vanish.

Based on the matrix elements (51), we notice that the
operators (59) are ladder operators and consequently it
is straightforward the result of Equation (44). We next
proceed to identify the operators with the coordinate
and momentum. For coordinates and momenta in phase
space, we are using the notation (g, p), while in the alge-
braic space the notation (Q 73) is used for the same
observables.

Coordinate Q;

The non-vanishing matrix elements of g; in configu-
ration space are (u and w are the reduced mass and the
frequency of the oscillator, respectively)

. h
(n + L,malqi|ny, np) = Voo Vmt L (60a)
2w
. h
(ny — Lima|q1|n1, na) = | ——/n1, (60b)
2w

which together with Equation (51) provide explicit values
for as. This means that we must take {n; = 0, n, = 0} for
o and {n; = 1, ny = 0} for ;. This substitution, using
Equations (44) and (45), leads to

h 1 h 1 (61)
o= |——; = ]——,
! 2uw /N 2 2uw /N

which have the same magnitude and are state indepen-
dent. This is not just a practical result that allows manipu-
lation of expressions, but is crucial to connect the config-
uration space with the U(3) realisation. The coordinate
q1 takes now the simple algebraic realisation

A | h a5 stay
Q) = Z;L_a)(\/_ \/_> (62)

with matrix elements

(N1, m5 11 + 1,72 Q1| [N], 15 11, 1)

| h n

(INT, 511 — 1,12| Q1| [N], 15 11, 1)

W=

Here, we can appreciate the advantage of our approach.
Even though the mapping was carried out to the har-
monic oscillator basis, the final result does reproduce

(63b)




the harmonic case only in the limit N — ooc. Indeed,
the matrix elements of the coordinate are modified
by an anharmonic correction, which vanishes in that
limit. This fact represents the key to apply the U
(v 4 1) model keeping the connection with configura-
tion space.

Momentum P

The only non-vanishing matrix elements for the
momentum p; in configuration space are

A i
(n1 + Linz|p1lny, np) = 7V 2hpw/ny +1,  (64a)

. i
(n — Lmz|p1lny, ny) = 5V 2hpw/ny.  (64b)
Using Equations (44) and (45) again and using for the

coeflicients notation now f instead of «, it is obtained

j 1
By = —% 2hpuw———. (65)

VN

i 1
B = 5V 2o —;

ik

and consequently

with matrix elements

(IN1,m5m1 4 1, n3|P1|[N], 5311, 1)

i n
=E¢EWmey+D(L—N) (67a)
(IN],m5n, — 1,n3|P1|[N], 3 11, 1)
j —1

As in the case of the coordinate, anharmonic corrections
appear characterizing the su(3) approach.
Generalization
On the basis of these results, we can generalize the
connection with configuration space for the u(v + 1)
algebraic model for v-oscillators. Defining the operators

bl =", h=22 (68)

Qi = [——bf + b, (69a)
2w
A~ i ~ A
Pi= Eszw(bj —by. (69b)

The matrix elements of these operators coincide with
Equations (63) and (67) and are obtained from
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Equation (21). The harmonic limit is recovered in the
limit N — o0, as expected.

As a consequence of our approximation, the expan-
sions (69) do not satisfy the commutation relations
[, p] = ih. In fact, we have

A A ) n ) ajaj + aja,-

Q) = ihsyy (1 - <) = ih——F—=,  (70)
from which we see that the canonical commutation rela-
tions are recovered only in the limit N — co. Another
feature of this approach is that the coordinates and
momenta associated with different oscillators do not
commute:

Ta  ata

N K| a;a —a;a
[Qi) Q]] - 2(,()/.,L : N ! > (713)

ata AT

A A hw a. dj — a;aj
[P Pj] = 2“ - (71b)

This fact implies significant practical consequences.
Either a symmetry projection procedure should be
required when translating a general Hamiltonian into
the corresponding algebraic representation or non-
commutativity has to be assumed.

The results in this section formally justify the pro-
posal presented in Ref. [36-39], where the PES was esti-
mated and dipole transition strengths were calculated
using Equation (69).

The advantage of counting on the algebraic realization
of coordinates and momenta is that any ambiguity con-
cerning the representation of an interaction disappears.
The Darling-Dennison (DD) interaction, for instance,
may appear either in the kinetic or in the potential energy
contributions. The lowest order in the potential where the
DD interaction appears is given by

‘A/cs = g‘ﬁQ% (72)

Because of Equation (71a), in order to translate this
expression into the algebraic approach we have to recast
the potential without assuming the commutation relation

(g, ;] = O:
Ves = 1010 + D 920192 + 2919201

+ 19591 + 929192 + G397)- (73)

Applying
Gi— Qs pi— P, (74)

we obtain

Vag = HQ1 Q3 + 912210 + 2,21

+ Q19301 + ©,020, + Q30)H (75)
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and introducing Equation (69) we identify the DD con-
tribution Dy in the following form:
1 7

71272 Tp2p1 Tr2p1
alg = 4_14//,_0)(2b1 by + by byby + bybyb,

o

+blbyblby + biblbi b + He).  (76)

For comparison, the same interaction in terms of Morse
oscillators in the framework of the SU;(2) ® SU,(2)
model takes the simple form [50]

Dsu(Z)

e = -—(b”bz +He), (77)

since the variables for different oscillators commute.

In order to end this section, we shall identify now the
physical insight contained in chain (46). We start writ-
ing the Hamiltonian of two non-interacting oscillators.
In configuration space, we have

1 o 1 <
H.=— - ~2
cs—2 Z: zkzqi' (78)
The algebraic Hamiltonian is obtained by the identifi-
cation (74), and the substitution of Equation (69) into
Equation (78). The result provides the algebraic Hamil-
tonian

2
alg = Ta) Z (I;ji?l + ZJII;D , (79)
with eigenvalues
E(N,ny,nz)
= ([NJ; 13 1, ny| Hogg | [N 15 11, 1)

2
=7m2{[<1+§>m+1/2]—%{—%},
i=1
(80)

from which we identify the peculiar anharmonic contri-
bution nn; involving the polyad number n with anhar-
monicity hw/N and the linear polyad dependent factor
= —n/2N. When N — oo the harmonic limit is recov-
ered. Notice the difference with respect to the individual
Morse oscillators, where the anharmonicity has the form
n? (see Equation (11)). Since Equation (80) is diagonal in
the U(2) basis we say that chain (46) is associated with the
energy representation. In the Appendix, we will show that
the dynamical symmetries based on chains (48) and (49)
provide basis states that are associated with coordinate
and momenta representations, respectively.

Here, we have developed the U(v 4 1) model assum-
ing a mapping with a harmonic oscillator basis. We next
discuss how to apply this model in order to reproduce the
matrix elements of Morse oscillators.

5. Connection between the su(v + 1)-algebraic
and configuration spaces using a mapping with
Morse functions

In this section, we start considering a mapping of the
U(3) algebraic model with two non-interacting Morse
oscillators [51]. We intend to improve beyond the linear
approximation the algebraic description of the coordi-
nates and momenta obtained in the preceding section.

The Schrodinger equation associated with the 1D
Morse potential

Vi(q) = D(1 — e~F1)? (81)
has the following solutions:
(zljv) = N}, e #22°125(2), (82)

where L% (z) are the associated Laguerre functions, the
argument is related to the physical coordinate q by z =

2j+1) e P4 N/ is the normalization constant

, (83)

N _ [Bk=20 DI+ 1)
v 'k—v)

and the variables j and s are related to the depth of the
potential and the energy, respectively, through

. | 8uD | —2uE
K=2_]+1= W) S = W, (84)

with the constraint condition s=j—v leading to the
energy

Em(iv) = ho |:(v +1/2) — %(v + 1/2)2} ,  (85)

hw = 2hp /%. (86)

The matrix elements of the momentum p are [52]

. ih
v+ v Ipliv) = (1 — aw)%(—l)”lc(v,y), (87)

with

while for the coordinate y = 1 — e P4 we have [53]

—1Y

(o + ylyljv) = 8y0 — (Tav,y), (88)

with y =0,1,...,j—v —1 and the function ¢(v,y)
defined by
;(U’V) =
k—2v—1Dk—=-2v-2y —-D+pPk—v—y —1)!
vk —v —1)! '

(89)



Let us now consider the space C’ of the direct product of
two equivalent Morse oscillators characterized by jbound
states

(@255 v2);
J— 1 (90)

(q1 q21js v1,v2) = (q1ljsv1) ®
Vi = 0, 1, P

A subspace C C C' consists in considering the states up to
polyad Ppax = v1 + vy = j — 1. This means that in this
subspace all the states with v; 4+ v, > j — 1 are ignored.
This is a reasonable physical situation since most of such
states belong to the continuum [54].

We may thus establish the mapping between the U(3)
algebraic states and the configuration space C in the
following form:

|[N]’ n;ny, nZ);

(q1> q2lj; v1, v2) & N=j-1

n~v=01,...

With this consideration, we proceed to realize the coor-
dinates and momenta for each oscillator in the algebraic
space.

Momentum P;

We intend to obtain the algebraic expansion of the
momentum going beyond the linear approximation,
using the form

CZEDIDIN MDY (92)
sy
Taking into account that the operators 7 involved are

ladder operators with the following action:

(INn+ys..oni+v,... @) [INsns...,m...)
_ /(N— Wi+ ) 03
(N—n—1y)n;!

the coefficients S ) take the form (44) and (45)

B (bi) = ihT'B(_l)yH
k—y —1DIN —y)!
: \/( ()l/<— 1;!EN)! P k= Dk —2y — 1),

(94)
where we have taken into account Equation (87) and the

identification v; — ;. In addition, taking into account
that

;/zhwu = éhﬁﬁ, (95)
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we recast the expression in a more suitable form for our
purposes

Mpy_ b (="
Br (pz)—2\/2ha) N

o (N=p)lk—y =D!
(\N)!(k — 1! '

/(k—zy —D(k—1)

(96)

We now proceed to introduce a function that in the
harmonic limit goes to unit. The following limit

. \/(N —Plk—y = 1)
k.N—>00 (N)!(k —1)!
=ViZrN (97)
suggests the definition
(_1)y+1
N

» (N=p)lk—y—-1)!
(N)!(k — 1)!

(k—2y — Dk —1)

Ay, =

(k =2y = D(k—1),

(98)

in such a way that the expansion of the momentum takes,
in terms of the bj defined in Equation (19), the final form

N=j‘1< 1 )V—l AT )

—= [Ay (b)) — A} (b)]

y=1 \/E ’ ’
(99)

The coefficient associated with the annihilation operators
,3;()/) (pi) has been found through the relation

B (Bi) = B (b

The remarkable property of the coeflicients is that the
following limit is satisfied:

(100)

lim Ay = (=17 L

i (101)

This result implies that Equation (99) is indeed a power
expansion in (1/ \/E). In the large N limit, but finite, we
may take the approximation

(102)
when only linear terms are kept. In this case, the expan-
sion (99) reduces to

i afs &
Pjgl\/ﬁ(ﬂ.? sa,)

- 103
ve\w W)

which is the result previously obtained using the mapping
with harmonic oscillators.
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Coordinate Y;

Similarly to the momentum, we intend here to obtain
the algebraic expansion of the coordinate going beyond
the linear approximation. For that purpose, we use the
form (30)

VimagG)+y Y. o ¥, (104)
sy

taking into account that the coordinate y; = 1 — e #4i
does have a diagonal contribution given by

. . 14+ 2v;
(uilyiljo) = — 3

(105)

We thus have for the coefficient ¢y a simple expres-
sion (44)

1

oy = —.

p (106)

Let us now turn our attention to the non diagonal contri-
butions. Taking into account Equations (88) and (44), we
obtain

G _ o
r k

/m>wﬂw—y—m

Mik—nr k=2 =Dk-D.

(107)

Now, we consider the limit (97), which makes convenient
to introduce the definition (98), in terms of which we
obtain the final expression for the expansion of };:

N:j—l 1
Vi h 1 1\
i Y _
Vo |0 & (ﬁc)

(4, (b)) +A5(B)71 (108)

where Equation (95) was taken into account. By con-
struction the expressions (99) and (108) reproduce the
matrix elements for the Morse oscillators.

In a form similar to the approach followed for the
momentum, we can obtain the linear approximation for
the coordinate

Vig [ no (a3 S
B N2ou\VN N/’

which is identical to the result previously obtained.

(109)

7 .' '.

6 . p
5 P=6 ¢
E5F . ;
T4t N
z : N
& 3 ] . A
>
%D 2 1 L) .
2t A

3
0 E : A A A A A e
0 1 2 3 4 5 6 7
Quantum Number

15 .
5 P=16 .
— A
3ok . N .
810 L s A
é . . e & A

A
55 A
= . A
m L) A 4
o A
Fy
0b_2 -
0 5 10 15

Quantum Number

Figure 1. Energy per oscillator, in units of fiw, provided by the
U(3) model, Equation (80) symbol A, by the SU;(2) x SU>(2)
model, Equation (85) symbol &, and by the harmonic oscillator
approximation -. The parameter fixing the dynamical space was
taken to be j = 20, with a subspace corresponding to P = 6 (upper
panel) and P =16 (lower panel).

6. Comparison between the U(3) and the
U1(2) ® U2(2) model

In the preceding sections, we have found the algebraic
images of the coordinates and momenta with a mapping
that uses either harmonic or anharmonic wavefunctions.
We have seen that within the U(3) model anharmonic
terms appear naturally. An alternative way of treating two
equivalent anharmonic oscillators is to use an SU; (2) ®
SU»(2) model, for example using Morse wavefunctions,
that generates anharmonicity too. The natural question
then is, when studying the stretching modes in two equiv-
alent oscillators one can use either U(3) or SU2) ®
SU(2) models, How to compare the anharmonicities that
arose from these two models? In this section, we anal-
yse the differences between the U(3) model for two
equivalent oscillators and the vibrational description in
terms of two Morse oscillators considering the linear
approximation.

The basic difference between the models is manifested
in the energy and the matrix elements for the ladder oper-
ators. The energy expressions (80) and (85) establish the
difference between the models in the anharmonicity cor-
rection. On the other hand for the matrix elements for
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e
»
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»
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05F
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Quantum Number
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N

Quantum Number

Figure 2. Dimensionless matrix elements provided by the U(3)
model, Equation (110), symbol A, by the SU;(2) x SU,(2) model,
Equation (111), symbol &, and by the harmonic oscillator approx-
imation . The parameter fixing the dynamical space was taken to
be j =20, with a subspace corresponding to P =6 (upper panel)
and P =16 (lower panel).

the U(3) we have (21)
(INL,n+1;n + 1, nzll;,-Tl[N], n;ny, ny)
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while in the U;(2) ® U,(2) model [34], the equivalent
ladder operator b, is (8)

. At ni+1
(s n1 + l,ﬂzlbjU;ﬂl,nz) = \/(”i +1) (1 — 2;.+ 1)-
(111)

The difference, as noticed before, relies on the anhar-
monic correction. The U(3) model involves the polyad
n, while the Morse oscillator is given in terms of
the individual quantum numbers n;. The relation
between the parameters is N=2j+1. We expect that
as the polyad increases, the difference becomes more
significant.

In Figure 1, the energy as a function of the quan-
tum number for polyad P=6 is displayed in the upper
panel while in Figure 2, upper panel, the matrix ele-
ments for the same polyad are given for both the U(3)
and the SU;(2) ® SU,(2) model, as well as for the har-
monic oscillator limit. In order to see the polyad number
effect, inFigures 1 and 2 (lower panels) the energy and
matrix elements are displayed but for polyad 16, in both
cases taken j=20. As noticed, as the quantum number
increases, the difference between the models becomes
more significant, providing the U(3) model a much sig-
nificant anharmonicity. In Figure 3, the total energy for
the two oscillators in different polyads (from P=1 to
P=7) is presented.

The application of the U(v + 1) approach starting
with configuration space and invoking the transfor-
mations (74) leads to the peculiar expression (80) for

n the zeroth-order energy whose behaviour introduces
=y mi+D <1 N N)’ (110) polyad energy leaps. This anomalous behaviour has been
7 :— L] L ] .—-
; o4
6 I~ e o o o o A A 6_
o 62802, ]
%‘0 5 -— L] L] L] . 1
=R P 3
E 4 B e o o o : -
S i R
3r lgae ]
2ts o ]
. 1 2 3 4 - - 5. . . .6
Polyad

Figure 3. Polyad total energy, in units of /iw, from P = 1to P = 7 for the two oscillators provided by the U(3) model, Equation (80) symbol
A, by the SU1(2) x SU,(2) model, Equation (85) symbol 6, and by the harmonic oscillator approximation «.
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avoided from the applications where Equation (74) was
used [38,39] but also in the original applications of the
model [55-57], by taking the harmonic limit. In this way,
the correspondence (74) is used in a selected way with
preference to the resonances. Following the U(v + 1)
algebraic approach with this consideration has not shown
differences in the model of interacting Morse oscillators
since the polyads involved are moderate. For instance, the
pyramidal molecules stibine and arsine have been stud-
ied with both schemes without showing different results
in the energy description [30,36-39].

7. Summary and conclusions

In this paper, we have presented a realization of the
dynamical variables in the framework of the U(v + 1)
model to describe the vibrational excitations of v equiv-
alent oscillators. To accomplish this goal, we have fol-
lowed the approach recently proposed where the alge-
braic realization is obtained through a minimization pro-
cedure [40].

A fundamental ingredient of our method consists in
establishing a mapping between the algebraic and con-
figuration spaces. Two mappings were proposed, to a
harmonic oscillator basis and to a direct product of Morse
oscillators. When the mapping with harmonic oscilla-
tors is considered with specific values for the weights
involved in the density operator, the algebraic realization
of coordinate and momenta reduces to state-independent
coeflicients, providing the scheme to apply the U(v + 1)
model keeping the connection with configuration space,
in a similar way to the previous applications based on
heuristic arguments [36-39].

We have also shown the reliability of our approach
to deal with a description of Morse oscillators for the
realization of momenta and coordinates in the U(v + 1)
algebraic approach. In this case, an expansion involving
state-independent coefficients can be obtained too.

We have proved that the U(v + 1) approach takes into
account anharmonicities from the outset with the pecu-
liar feature that the polyad is involved in the anharmonic
correction. This fact is a manifestation of the entangle-
ment of the states belonging to the same polyad within
this approximation.

In addition to the canonical chain associated with the
states used in the mapping between configuration and
algebraic spaces, two additional chains with physical sig-
nificance emerge for the case of two oscillators containing
the orthogonal groups (see Appendix). We have shown
(Section 4 and Appendix) that the states associated with
the dynamical symmetries correspond to representation
of different observable operators. Hence, chain (46) is
associated with the energy representation, chain (48)

to the coordinate representation and chain (49) to the
momentum representation. This is indeed the case only
for our approximation (69).

The application of this approach in the linear approxi-
mation has already been presented for the case of pyrami-
dal molecules although in a hybrid manner: the zeroth-
order interactions are considered in the harmonic limit,
while higher order interactions and resonances are con-
sidered using the correspondence (74). The resulting
spectroscopic parameters are connected to the structure
and force constants. This approach allowed the force
constants to be estimated.

The advantages of the U(3) model in the linear
approximation may be summarized in the following
aspects: (a) the dynamical group is compact, (b) three
dynamical symmetries with physical meaning emerge
and (c) the total number of bosons N provides a mea-
sure of the anharmonicity. In addition, counting on the
connection with coordinates and momenta allows one to
deal with the calculation of transition intensities follow-
ing equivalent descriptions to those used in configuration
space.

Notes

1. Along this work, the usual convention of using upper-
case roman letters for a Lie group and lower-case
roman letters for the corresponding Lie algebra is used.
In addition, it should be noted that special unitary
and orthogonal groups/algebras appear when a scalar
quantity in conserved due to the isomorphism U(n) ~
SU(n) ® U(1). Thus, since this is our case, the use
of U(n)/u(n), O(n)/o(n) or SU(n)/su(n), SO(n)/so(n) is
equivalent.

2. Notice that to describe a system in equilibrium with a ther-
mal bath of temperature T, we can use p, = e ENo/KsT /7
withZ=3%", e Eny /KeT,
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Appendix. Meaning of the different U(3) chain
reductions

In Section 4, we have identified that chain (46) provides basis
states that diagonalize the Hamiltonian (79) and we say that
this chain is associated with the energy representation of the
problem. In this appendix, we shall identify the physical insight
contained in chains (48) and (49). We start identifying the
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following two sets:
— (G o= afrastan t — (ate sty
Gso(3) ={k= (1115 +s (ll),]y = (CLZS +s'ay),
J.=i@a —ala), (A1)
Ga = U, = i3 — §'ay), J, = i(as — §'an),
T =i@la —ala)), (A2)

as the commutation relations for the SO(3) and SO(3) groups,
respectively. The corresponding invariant operators are

W2=T 4T +72, (A3)
W2=J2+Ip 05 I2 =02 (A4)

and introducing the coordinate and momenta realization (69)
we have

2
ORGSR E
22273.2 _ o e gy (A5b)
Py ! 2N z
from which we conclude that the chains
(¢) U@3) DSOB) D SOQ2), (A6)
(d UB) D SO0B) D S0), (A7)

are associated with the representation of the sum of squares
of the coordinates and momenta, respectively. Thus, the basis

Table A1. Identification of the dynamical symmetries according
to energy, coordinates and momenta representation.

Chain Basis Representation
U@3) D U(2) D S02) |[N; nl) Energy

U@3) D 50(3) D S0(2) [IN]; wl) Coordinates
U@3) D SO(3) D S0(2) [[N]; ol) Momenta

Note: The labels w and @ are associated with the irrep of SO(3) and SO(3),
respectively.

states linked to the dynamical symmetries (c) and (d) are the
eigenstates of the Hamiltonians

H<c>_lkigz_h£l(wz_72)
a2 P72 N 2
1=
2
A(d) 1 A2 1 22 )
HY = — = ——(W?—J%,
alg 2 — i 2 N( ]z)

respectively. And consequently, provide representations in
terms of coordinates (chain ¢) and momenta (chain d).

In terms of Casimir operators the algebraic Hamiltonian can
be recasted in the form

1 < 1< ho 1 2

R 5 ) as A, s

Hgg = E E P; +£k E Qi = T*ZI(W + W7 —2J7).
i=1 i=1

(A8)

which reduces to Equation (80). In Table A1, we summarize the
meaning of the different chains.
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