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RESUMEN

El Céalculo fraccional ha ganado una atencién significativa en la ciencia y la ingenieria
y es un campo emergente en la ingenierfa de control. Esta rama de las mateméticas estudia
las derivadas e integrales de orden arbitrario y se ha demostrado que el uso de operadores
de orden fraccional en el disefio de controladores podria mejorar el desempefio, flexibilidad
y robustez de estos. El disefio de controladores basados en modelos de orden fraccional han
ganado un rapido desarrollo impulsado por el creciente nimero de investigaciones sobre la
estabilidad de los sistemas de orden fraccional. Entre esto, la investigacion de controladores
adaptables ha sido un tema activo de investigacién.

Este trabajo esta dedicado al disefio de controladores adaptables, especificamente, el en-
foque de control adaptable con modelo de referencia. En primer lugar, mejoramos resultados
previos sobre el esquema de control adaptatable con modelo de referencia de orden fraccional
al proponer una extension del Lema de Barbalat. Esta extensién nos permite realizar un anali-
sis de estabilidad completo del esquema adaptable basado en el método directo de Lyapunov
y concluir la convergencia del error a cero. Ademés, aplicamos este analisis para disenar un
esquema, de control adaptable con modelo de referencia en lazo cerrado de orden fraccional
y como resultados complementarios, ampliamos dos esquemas de identificacién para sistemas
de orden fraccional basados en el analisis de Lyapunov y presentamos un observador adapt-
able basado en un observador Luenberger para sistemas de orden fraccional y el esquema de
identificacion disenado.

Como caso de estudio, abordamos el problema de control de anestesia. Propusimos un
modelo simple de orden fraccional para representar la respuesta entrada-salida del modelo
PK/PD de un paciente. Este modelo propuesto supera muchas dificultades, por ejemplo,
parametros desconocidos, estados no accesibles para medicién, variabilidad inter e intrapa-
ciente, retardo variable y no negativitadad que se encuentran al disenar controladores basados
en el modelo PK/PD. En base a este modelo simple aplicamos los esquemas adaptables dis-
eniados. Los resultados se ilustran a través de simulaciones usando 30 pacientes virtuales, que
muestran que los esquemas adaptables de orden fraccional disenados son robustos contra la
variabilidad inter e intrapaciente, el retraso de tiempo variable, las perturbaciones y el ruido.
Por lo tanto, proponemos una solucién novedosa y simple para el control de la anestesia

utilizando un enfoque adaptable de orden fraccional.



ABSTRACT

Fractional Calculus has gained significant attention in science and engineering and is an
emergent field in control engineering. This branch of mathematics studies the derivatives and
integrals of arbitrary order and has been shown that the use of fractional-order operators
in dynamical systems and control design could improve the modeling and the flexibility and
robustness of the controllers. The controller designs based on fractional-order models have
gained a rapid development impulsed by the growing number of research on the stability of
fractional-order systems. Among this, the research of fractional-order adaptive controllers has
been an active topic of research.

This work is devoted to the design of adaptive controllers, specifically, the model reference
adaptive control approach. First, we improve previous results on the fractional-order model
reference adaptive control scheme by proposing an extension of the Barbalat’s Lemma. This
extension allows us to realize a full stability analysis of the adaptive scheme based on the
Lyapunov’s direct method and concluding the convergence of the error to zero. Moreover, we
apply this analysis to design a fractional-order closed-loop model reference adaptive control
scheme, fractional-order closed-loop model reference adaptive control (FOCMRAC) scheme,
and as a complementary result, we extend two identification schemes for fractional-order
systems based on Lyapunov’s analysis and present an adaptive observer based on a Luenberger
observer for fractional-order systems and the identification scheme designed.

As a study case, we deal with the problem of control of anesthesia. We proposed a simple
fractional-order model to represent the input-output behaviour of the PK/PD model of a
patient. This proposed model gets around many difficulties, for example, unknown param-
eters, lack of state measurement, inter and intra-patient variability, variable time-delay and
nonnegativity, encountered in controller designs based on the PK/PD model. Based on this
simple model we apply the adaptive schemes designed. The results are illustrated via simula-
tions using 30 virtual patients, showing that the fractional-order adaptive schemes designed
are robust against inter and intra-patient variability, variable time-delay, perturbations, and
noise. Therefore, proposing a novel and straightforward solution for the control of anesthesia

using a fractional-order adaptive approach.
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Chapter 1

Introduction

The introduction of fractional-order operators (integrals and derivatives of non-integer-
order) in the identification and control fields has gained considerable attention during the last
years. The nature of many complex systems can be more accurately modeled using fractional
differential equations (Freed and Diethelm 2007, Tejado et al. 2014). In that sense, the systems
to be controlled can now be described not only using integer-order differential equations but
using fractional differential equations as well.

Fractional calculus is the field of mathematical analysis which deals with the study and
application of integrals and derivatives of arbitrary order. Since the second half of the twen-
tieth century, many scientific studies have shown the importance of fractional derivatives,
fractional differential equations, and his applications in science and engineering (see e.g.,
(Podlubny 1999a, Kilbas et al. 2006) and the references therein). The related mathemati-
cal theory of fractional calculus is relatively well established (Kilbas et al. 2006, Miller and
Ross 1993, Ortigueira 2011, Petrag 2011, Podlubny 1999a, Padula and Visioli 2015).

In recent years fractional calculus has been a growing field of research in science and
engineering (Oldham and Spanier 2002, Podlubny 1999a, Ortigueira 2011). In fact, there
are many fields where the concepts of fractional calculus have been applied, among them
are: viscoelasticity and damping, diffusion and wave propagation, electromagnetism, chaos
and fractals, heat transfer, biology, electronics, signal processing, robotics, system identifi-
cation, traffic systems, genetic algorithms, modelling and identification, telecommunications,
chemistry, physics, control systems, economy and finance (Machado et al. 2010, Barbosa

and Machado 2011, Bassingthwaighte et al. 1994, Magin 2006, West et al. 2003, Ionescu
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et al. 2013, Mainardi 2010, Hartley et al. 1995, Vinagre et al. 2003, Lo 1991).

The use of fractional operators in systems modeling leads to fractional-order models
(FOMs), that are mathematical representations of physical systems using fractional-order
differential equations. Since fractional calculus is a generalization of the conventional calculus,
it is expected that fractional models will provide a more accurate description of the dynamics
of physical systems than those based on classical differential equations, especially on those
systems with memory, hereditary or fractal properties given that the fractional operators have
richer and diverse dynamics (Podlubny 1999a, Monje et al. 2010).

Control is an interdisciplinary branch of engineering and mathematics that deals with the
design, identification, and analysis of dynamical systems, and is aimed to modify the response
of those systems to achieve some desired behavior given in terms of a set of specifications or
a reference model. To achieve the desired behavior, a designed controller measure the system
variables and response, compares it to the desired behavior, computes corrective actions based
on the specifications or the reference model, and produce the control action to obtain the
desired changes.

To modify the dynamics of a system or a process, we need a model of the system, a tool
for its analysis, ways to specify the required behavior, methods to design the controller, and
techniques to implement them. The standard tools to model, and analyze dynamic systems
and control algorithms are mainly based on integrals and derivatives. Therefore, one could
think that extending the definition of integrals and derivatives to a non-integer order could
lead to more robust and flexible controllers, because of the richer dynamics of those operators
and the inclusion of a degree of freedom given by order of derivation.

Fractional calculus has been found especially useful in systems theory and automatic
control, where fractional differential equations are used to obtain more accurate models of
dynamic systems, develop new control strategies and enhance the characteristics of control
loops.

One more interesting applications of the fractional operators and fractional differential
equations is that of the study of the representation of an integer-order system by a fractional-
order system. The fractional systems make it possible to carry out an efficient reduction of
high order integer-order systems so that we could represent those systems by a fractional

system characterized by lower fractional order (compared with the high order of the integer
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system) and a more simple structure (Mansouri et al. 2010, Pan and Das 2013).

The controller designs based on FOMs have gained rapid development impulsed by
the growing number of research on the stability of fractional-order systems (Li et al. 2010,
Diethelm 2010, Li and Zhang 2011, Aguila-Camacho et al. 2014, Padula and Visioli 2015).

The integer-order control schemes can be extended to their non-integer counterparts. For
example, fractional sliding mode control with fractional-order sliding surface dynamics (Zhang
et al. 2012), model reference adaptive control using fractional-order adaptive laws (Vinagre
et al. 2002). The opportunities for extensions of existing integer-order controls are almost
endless.

Lyapunov’s theory has been a cornerstone in the study of the stability of nonlinear systems
and especially for adaptive systems. Since the publication of an extension of the Lyapunov “s
method for fractional-order systems (Li et al. 2010), the study and design of fractional adaptive
controllers has been grown (Duarte-Mermoud and Aguila-Camacho 2011, Aguila-Camacho
and Duarte-Mermoud 2013, Duarte-Mermoud et al. 2015, Chen et al. 2016, Navarro-Guerrero
and Tang 2017a).

In the results presented in (Duarte-Mermoud et al. 2015, Aguila-Camacho and Duarte-
Mermoud 2017, Fernandez-Anaya et al. 2017) the analysis proves stability in the Lyapunov
sense for fractional-order model reference adaptive control (FOMRAC) schemes. However,
no conclusion about the convergence of the error has made from this analysis for the lack
of a tool to prove the convergence in the fractional-order case. In the integer-order case, it
is used the Barbalat’s lemma and his corollaries to conclude the convergence to zero. This
lemma is not applicable (or is very difficult like it is shown in (Li and Chen 2014)) in the
fractional-order case because it required the knowledge that the integer-order integral of the
quadratic error is bounded, which is unknown in the fractional-order case.

Recently, a class of adaptive controller with a closed-loop reference model for integer-order
systems, named closed-loop model reference adaptive control (CMRAC) has been proposed
(Gibson et al. 2015). The main characteristic of this class of adaptive controllers is the inclu-
sion of a feedback gain in the reference model. Besides no state measurement is needed, this
scheme also gives an improved transient response. Moreover, an extension of this particular
adaptive scheme is presented in this work.

In medical practice, the application of general anesthesia plays a significant role in the
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patient’s well-being, through the administration of a combination of drugs that act to pro-
vide adequate hypnosis (unconsciousness and amnesia to avoid traumatic recalls), paralysis
or muscle relaxation (to attain immobility, an absence of reflexes, and proper operating con-
ditions), and analgesia (pain relief). This process is accomplished by an anesthesiologist who
must continuously observe and adjust the rates and overall amounts of anesthetic agents de-
livered to the patient, preserving the stability of the autonomic, cardiovascular, respiratory,
and thermoregulatory systems (Brown et al. 2010).

Even though it has been a subject of intense research in the last decades, the process of
anesthesia is a complicated process and is still not well understood, resulting in a challenging
control problem (Dumont et al. 2009, Tonescu et al. 2013, Nascu et al. 2015).

Moreover, in drug delivery systems, the controller has to tackle issues such as inter- and
intra-patient variability, multivariable characteristics, variable time delays, dynamics depen-
dent on the hypnotic agent, model variability, and stability issues (Absalom et al. 2011, Bailey
and Haddad 2005, Silva et al. 2015). The current state of the art in the understanding of
consciousness and the mechanisms of anesthetic-induced loss of consciousness is limited. Con-
sciousness is very subjective and ethereal that it is difficult to model. At present, the models
available, are such as the mean field models of drug action (Absalom et al. 2011), which de-
scribe the phenomena presented in the electroencephalogram (EEG) associated with different
brain states (Silva et al. 2015).

There have been many attempts to automatize this process, and the expectations of
the application of closed-loop control to drug delivery is that will assist anesthesiologists to
improve the safety of the patient by avoiding excessive over-dosages and under-dosages in their
patients, minimizing side effects and the risk of awareness and overdosing during anesthesia
(Lemos et al. 2014). Optimizing the delivery of anesthetics could lead the way for personalized
health care, where the individual patient characteristics are taken into account for optimal
and flexible drug administration. The first step towards an automated anesthesia process is
to derive a mathematical model that adequately describes the system (or the experimental
data), avoiding the very complex models that may contain too many parameters that cannot
be determined or estimated independently, mainly due to the lack of measurements and
adequate sensors.

Commonly, the mathematical model used to study the depth of anesthesia is a PK/PD
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(pharmacokinetic/pharmacodynamic) model, with a third-order linear PK model, and a PD
model consisting of a first-order linear transfer function (which represents the time-lag between
the drug infusion and the observed response) and a static nonlinearity (Wiener structure)
(Bailey and Haddad 2005). Despite its plausibility accepted by biomedical and control com-
munity, being a physiological based empirical model it presents many difficulties for controller
designs, namely, a large number of uncertain parameters due to significant variability among
different individuals, time delay, lack of state measurements and nonlinearity. The limited
amount of real-time data and the poor excitation properties of the input signals constitute
further challenges making the identification of an individualized model on-line very difficult.
Many attempts to simplify this model have been made: PK/PD model structures with some
fixed parameters (Coppens et al. 2011, Bibian et al. 2006), first-order plus time-delay models
with an output nonlinearity (Hahn et al. 2012, Wang et al. 2003), piece-wise linear models
(Lin et al. 2004), low-complexity control-oriented models (Hahn et al. 2012, Silva et al. 2010).

One notable different approach was the recent introduction of fractional PK models
(Dokoumetzidis and Macheras 2009, Copot et al. 2013). In reference (Copot et al. 2014), the
authors presented the relationship between the diffusion process and fractional-order models.
Also, fractional-order pharmacokinetic models (Dokoumetzidis and Macheras 2009, Verotta
2010, Popovié et al. 2011, Copot et al. 2013) that represent the experimental data in a more
precise way thanks to the ¢ decay of the fractional operators, were introduced, and with
this, a new line of investigation on the area of drug delivery systems has opened.

The control of anesthesia has been an active subject of research for the past decades
and many control schemes have been developed, such as PID (Heusden et al. 2013), robust
control (Dumont et al. 2009), predictive control (Ionescu et al. 2008), adaptive (Haddad
et al. 2003a, Nino et al. 2009) and intelligent (Haddad et al. 2011) among others.

The implementation of such controllers is based on the assumption that the states are
available from the system measurements and that we have a clear and measurable output with
not much noise influence. However, in reality, the measured output may be noisy, and the
system measurements do not produce this information directly. Instead, the state information
needs to be inferred from the available output measurements. All of these challenges bring
us the need of using estimation techniques that can estimate the states of each patient and

adjust them based on the dynamics of the patient and deal with the system constraints (Chang
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et al. 2015).

This work is devoted to the design of adaptive controllers, specifically, the model reference
adaptive control approach. First, we improve previous results on the FOMRAC scheme
by proposing an extension of the Barbalat’s lemma. This extension allows us to realize a
full stability analysis of the adaptive scheme based on the Lyapunov’s direct method and
conclude the convergence of the error to zero. Moreover, we apply this analysis to design a
fractional-order closed-loop model reference adaptive control (FOCMRAC) scheme, and as a
complementary result, we extend two identification schemes for fractional-order systems based
on Lyapunov’s analysis and present an adaptive observer based on a Luenberger observer for
fractional-order systems and the identification scheme designed.

As a study case, we deal with the problem of control of anesthesia. Based on the recent
paradigm of modeling in physiology, biology, and pharmacokinetics using fractional calculus
and knowing that the response of the PK/PD model of anesthesia has an S-shape response, we
proposed three simple fractional-order models to represent the input-output behavior of the
PK/PD model. These proposed models get around many difficulties, for example, unknown
parameters, lack of state measurement, inter and intra-patient variability, and variable time-
delay, encountered in controller designs based on the PK/PD model. Based on these simple
models we apply the adaptive schemes designed. The results are illustrated via simulations
using 30 virtual patients, showing that the fractional-order adaptive schemes designed are
robust against inter and intra-patient variability, variable time-delay, perturbations, and noise.
Therefore, proposing a novel and straightforward solution for the control of anesthesia using

a fractional-order adaptive approach.

1.1 State of the art

Fractional-order calculus was mainly restricted to the field of mathematics until the last
decade of the twentieth century when it became popular among physicists and engineers as a
powerful way to describe the dynamics of a variety of complex physical phenomena (Sokolov
et al. 2002).

Fractional calculus is considered as an emergent branch of applied mathematics with many
applications in the fields of physics and engineering using fractional differential equations

to model the dynamics of different processes, but also introduce more efficient modeling
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in fields as signal processing and control theory (Tenreiro Machado et al. 2011, Caponetto
et al. 2010, Klafter et al. 2011, Monje et al. 2009, Chen et al. 2013, Ortigueira 2011, Sabatier
et al. 2007, Machado 2002).

The fractional differential equations capture nonlocal relations in space and time with
power-law memory kernels, due to this fact, fractional differentials and integrals provide
more accurate models of systems with memory or anomalous behavior that are difficult to
grasp with integer-order operators. Few examples of how many authors have demonstrated
the application of fractional calculus can be seen in: electrochemistry (Ichise et al. 1971),
thermal systems and heat conduction (Battaglia et al. 2001), viscoelastic materials (Adolfsson
et al. 2005), fractal electrical networks (Petras 2002), neural dynamics (Lundstrom et al. 2008,
Kaslik and Sivasundaram 2012) and many others areas.

Many researchers have extensively studied the problem of fractional-order dynamical
systems, some relevant and interesting results were proposed in the existing literature (see
(Hadi et al. 2012, Sabatier et al. 2015, Zhang et al. 2015) and references therein).

The main reason for using the integer-order models was the absence of analytical meth-
ods to solve fractional differential equations. At present, there are many methods for ap-
proximation of fractional derivatives and integrals (Vinagre et al. 2000, Machado 2001, Chen
et al. 2009).

Stability theory plays a crucial role in the study of dynamical systems and is essential
for both scientists and engineers. The stability theory of fractional-order systems has been
investigated extensively in recent years, and numerous papers have been published for the case
of fractional-order linear system (Matignon 1996, Tavazoei and Haeri 2009, Li and Zhang
2011). However, the stability of fractional-order nonlinear systems has not been studied
intensively as the case of the linear systems.

The Lyapunov’s method for stability analysis for integer-order nonlinear systems has been
extended to fractional-order systems (Li et al. 2010). Also, has been constructed a quadratic
Lyapunov function that has been applied in many stability analysis of fractional-order systems
(Aguila-Camacho et al. 2014, Duarte-Mermoud et al. 2015). In (Li et al. 2009, Li et al. 2010),
Li and coworkers proposed the definition of Mittag-Leffler stability and analyzed the sta-
bility of fractional nonautonomous systems. By using a Lyapunov-like function, fractional

differential inequalities and comparison method, (Zhang et al. 2011) obtained some sufficient
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conditions on asymptotical stability for the nonlinear fractional differential system with Ca-
puto derivative. Other studies on the stability of nonlinear systems can be seen in (Wen
et al. 2008, Hadi et al. 2012).

In integer-order systems, Barbalat’s lemma has been a well-known and useful tool to
deduce asymptotic stability of nonlinear uncertain and time-varying systems (like adaptive
systems). Due to some different properties between fractional-order integral and integer-order
integral, it is not easy (but is possible) to use Barbalat’s lemma in fractional-order systems.
There has been some extension of this lemma proposed in the literature, including the one
proposed in this thesis (Gallegos et al. 2015, Navarro-Guerrero and Tang 2017b, Zhang and
Liu 2017).

Besides the Lyapunov’s method for the study of stability of adaptive systems, there is
another approach that uses a transformation of the error model of the adaptive system to a
continuous frequency distributed model. With this transformation, the system becomes an
integer-order model, and they use the well-known tools for analyzing the stability of those
systems (Shi et al. 2014, Wei et al. 2014, Chen et al. 2016).

Overall the stability of fractional-order nonlinear systems is still considered an open
problem, there exist many different results based on a specific class of systems, and there
is not a general theory or consensus on this topic. The overall results are extensions of the
well-known results for integer-order systems.

There is an increasing interest related in the applications of fractional dynamical systems
towards the area of control theory, and this can be observed in the growing number of papers
and books published every year on the topic.

One of the early attempts to apply fractional-order derivative to systems control can be
found in (Manabe 1961), where the author’s use the fractional-order operator for the control
of servos and systems with saturation.

The fractional-order PID (FOPID) controller was introduced by Podlubny in (Podlubny
et al. 1997, Podlubny 1999b) and some results suggest that FOPID controllers offer superior
performance compared to conventional PID controllers (éech and Schlegel 2006, Monje et al.
2008, Xue et al. 2006).

Many different control schemes have been designed using fractional-order operators, for

instance, CRONE control (Oustaloup et al. 1993), fractional lead-lag compensator (Raynaud
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2000), sliding mode control (Zhang and Yang 2012), and fractional optimal control (Djennoune
and Bettayeb 2013). In these applications, fractional differentiation is used to model or control
phenomena that exhibit nonstandard dynamical behavior, with long memory or hereditary
effects (Herrmann 2011, Sun et al. 2011).

Fractional adaptive control combines fractional-order operators and systems with various
adaptive control laws resulting in a variety of fractional-order adaptive control techniques.

Numerous adaptive control strategies have been generalized using fractional operators.
The paper (Vinagre et al. 2002) was the first proposing the inclusion of fractional oper-
ators in Model Reference Adaptive Control (MRAC) schemes but without analytical sup-
port. Many works have been published regarding the fractional-order MRAC schemes (see
for example (Ladaci et al. 2006, Suarez et al. 2008, Ladaci et al. 2008, Ma et al. 2009, YaLi
and RuiKun 2010, Sawai et al. 2012, Aguila-Camacho and Duarte-Mermoud 2013, Charef
et al. 2013). Some researchers have reported advantages of using fractional operators in MRAC
schemes such as better management of noise (Ladaci et al. 2008), better behavior under dis-
turbances (Ladaci et al. 2006, Suarez et al. 2008, Aguila-Camacho and Duarte-Mermoud 2013)
and improvements in transient responses (Vinagre et al. 2002, Aguila-Camacho and Duarte-
Mermoud 2013), among others. Indirect fractional-order direct model reference adaptive con-
trol has been reported in (Chen et al. 2016), and combined fractional-order direct model ref-
erence adaptive control also has been reported (Aguila-Camacho and Duarte-Mermoud 2017).

In (Hemmerling et al. 2010, Neckebroek et al. 2013) through clinical experiments the
authors show that the administration of anesthesia via a PID control has significant improve-
ments in comparison with the standard manual administration.

Many control schemes have been designed for anesthesia control like PID control (Kenny
and Mantzaridis 1999, Morley et al. 2000, Sakai et al. 2000, Absalom et al. 2002, Liu et al.
2006, Puri et al. 2007), adaptive controllers (Mortier et al. 1998, Haddad et al. 2003b, Haddad
et al. 2006), predictive controllers (Ionescu et al. 2008, Nino et al. 2009, Furutani et al. 2010),
sliding mode control (Castro et al. 2008), and neural networks (Haddad et al. 2007, Haddad
et al. 2011).

These proposed controllers mainly are based on the inversion of the nonlinearity of the
PD part of the PK/PD model, converting the Wiener model in a linear model and implement

a linear controller. The problem with this approach is that the parameters are unknown and
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the system states are not available for measurement, so using the inverse of the nonlinearity
they have to guess the initial values, adding more uncertainty in the most problematic phase
of the process, the induction phase. Moreover, the input of the process (the rate of infusion of
the drug) cannot be chosen freely making the online identification of the patient model very
difficult. To the best of the knowledge of the author, there has been only one attempted to
use a fractional-order controller for anesthesia using a CRONE controller (PID modification)
(Dumont et al. 2009).

Even though control of anesthesia has been an active subject of research, it remains
an open problem, because of the challenges that the process presents and motivated by the

benefits of an automated drug delivered systems for anesthesia.

1.2 Motivation

The main motivation for this work arises from work done in the master’s thesis. In this
work, the problem of control of anesthesia was addressed. Control of anesthesia is a challenging
problem because of the nature of the process where there is great uncertainty, like unknown
parameters, inter and intra-patient variability, lack of state measurement variable time-delay
and nonnegativity. All these uncertainties have to be addressed by the controller, making the
design problem very challenging. The common model used in control of anesthesia to model
a patient’s response is the PK/PD model with a Wiener structure. This nonlinear model is
composed by an LTT system in cascade with a static nonlinearity, and we only have access to
the input of the LTI system and the output of the nonlinearity, also the states of the system
are not measurable which makes difficult the identification of the unknown parameters of each
part only with the information available. To tackle this problem a reduced model based on
the cancelation of adjacent poles and zeros presented in the PK part of the patient’s model
was proposed. This reduced model is a first order nonlinear system with only two parameters.

Based on this proposed model an MRAC scheme was designed, the resulting adaptive
controller is robust against inter and inter-patient variability, and with overall good perfor-
mance. The disadvantage of this model is that the parameters lose there physical meaning,
also in order to reduce the order of the original model the lag present in the process it was
not taken into account. When the delay was taken into account, the adaptive controller

designed presented a poor performance with an oscillatory response. In order to solve this

10
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issue, it was reviewed different techniques and approaches (especially under the approach of
adaptive systems), one of those approaches was the use of fractional-order operators. As a
first step, the previous nonlinear model proposed was "fractionalized", that is, it was used
fractional-order derivatives instead of integer-order derivatives, this first approach led us to a
fractional-order adaptive controller which give us an overall improvement in the performance
of the controlled system, with less amplitude and frequency in the patient response. This
first results motivate us to follow this approach, the use of fractional calculus and pursue the
design of fractional-order adaptive controllers for control of anesthesia.

After reviewing the literature on the topic (fractional calculus and fractional-order adap-
tive controllers), we notice that there was one important tool missing. In fractional-order
MRAC controllers reported in the literature were implemented with the well-known MIT rule
and gradient approach to develop the adaptive laws but without analytic support. Moreover,
in the case were Lyapunov’s direct method were used to analyze the adaptive system they
only conclude the stability of the closed-loop system but not the convergence of the error to
zero, because of the lack of a mathematical tool to do it so, especially an extension of the
Barbalat’s lemma. Another motivation to pursue this approach was that the use of fractional
controllers in the problem of control of anesthesia was almost nonexistent, there was only one
attempt reported in the literature, a CRONE controller (a fractional-order PID modification).

All these points motivated us, and the results obtained are presented in this work.

1.3 Contributions
We can categorize the contributions of this thesis in general and specific contributions.

e The general contributions are in the area of fractional-order adaptive control.

The first contribution is an extension of the Barbalat’s lemma for fractional-order sys-
tems. With this proposed lemma we conclude the convergence of the tracking error to
zero in a fractional MRAC scheme with state feedback (which was a missing part of the

results previously published).

Furthermore, we extend the closed-loop model reference adaptive control scheme for
fractional-order systems, and as a complementary result, we extend two identification

schemes for fractional-order systems based on Lyapunov’s analysis and present an adap-

11
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tive observer based on a Luenberger observer for fractional-order systems and the iden-

tification scheme designed.

e The specific contribution is the application of the general contributions to the problem

control of anesthesia.

In control of anesthesia, there is a great variety of controller designed for this problem,

and we offer a simple and novel solution using a fractional adaptive approach.

First, we propose a fractional-order model to represent the input-output behavior of
the PK/PD model of anesthesia. Then based on this model a fractional-order MRAC

scheme is designed.

Parts of this thesis are published in (Navarro-Guerrero and Tang 2015, Navarro-Guerrero

and Tang 2017a, Navarro-Guerrero and Tang 2017b, Navarro-Guerrero and Tang 2018).

1.4 Outline

This thesis is organized as follows:

In Chapter 2 the reader is introduced to the basic concepts of fractional calculus used in
fractional-order systems and control.

Chapter 3 is devoted to fractional-order Lyapunov theory, introducing the basic concepts
and theorem for the application of the fractional-order Lyapunov direct method. An extension
of the Barbalat “s lemma for fractional-order systems also is introduced.

The topic of Chapter 4 is the fractional-order model reference adaptive control scheme.
Here we use the extension of the Barbalat’s lemma proposed to complement the previous
results reported in the literature of the FOMRAC scheme. Moreover, we extend the closed-
loop model reference adaptive control scheme for fractional-order systems. Also, we extend
two identification schemes for fractional-order systems, and an adaptive observer.

In Chapter 5, we present our case of study, control of anesthesia. It is present the
concepts of general anesthesia, and the modeling and control challenges. Moreover, is proposed
simple fractional-order models to represent the input-output behavior of the PK/PD model
of anesthesia.

Chapter 6 presents the simulation results of applying the result of Chapter 4 and the

models proposed in Chapter 5 to the control of anesthesia using 30 virtual patients models.

12
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In Chapter 7 we draw some conclusions on the results of this work, discussing the ad-
vantages and disadvantages of the use of fractional calculus concepts to modeling and control

physical phenomena and process. Also, we propose some lines of investigation for future work.

13
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Chapter 2

Fractional-Order Systems

Fractional-order systems are mathematical representations of physical systems repre-
sented by integro-differential equations involving fractional-order operators. Fractional calcu-
lus is the generalization of the classical operations of derivation and integration to non-integer
order.

In this chapter, the basic definitions of fractional calculus and fractional-order dynamic

systems are presented.

2.1 Fractional calculus

One of the very powerful mathematical tools for modeling and analysis techniques at
our disposition is calculus and differential equations. The underlying mathematical basis of
almost all science and engineering disciplines has essentially been integer-order calculus.

Fractional calculus is a mathematical branch that studies the derivatives and integrals
of non-integer order (also called differintegrals or integro-differential operators). The history
of fractional calculus started almost at the same time when classical calculus was estab-

lished. It was first mentioned in Leibniz’s letter to 'Hépital in 1695, where the idea of

qi/2
dtl/2

semi-derivatives ( ) was suggested. With the passing time, fractional calculus was built
on formal foundations by many renowned mathematicians, like Abel, Euler, Fourier, Griin-
wald, Heaviside, Liouville, Riemann, among others. A detailed history of the development of
fractional calculus and his contributors can be found in (Oldham and Spanier 2002, Machado

and Kiryakova 2017).
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Nowadays, fractional calculus has a wide range of applications, for instance bioengineering
(Magin 2006), physics (Hilfer 2000), chaos theory (Petras 2011), viscoelasticity (Mainardi
2010), and many others (see e.g. (Sabatier et al. 2007)).

In the next section, the definitions and properties of the fractional-order operators are

briefly summarized.

2.1.1 Definitions

The integro-differential operator is defined as

dOl
dtia, a > O,
WD =141 a=0, (2.1)
t
/(df)a a <0,
to

where £y and t are the bounds of the interval of operation and a € R

There are various definitions of the fractional derivatives. This problem emerges from
the lack of a unique concept explaining the geometrical and physical sense of the fractional
operations. So different definitions arise from specific physical phenomena or models consid-
ered in various scientific fields. For example, the more abstract mathematical studies usually
use the Riemann-Liouville definition, and the applied studies concerned with physics or con-
trol theory mostly use the definition of Caputo (arisen from the study of viscoelasticity), or
that of Griinwald-Letnikov which is more adequate in the numerical calculations (Butkovskii
et al. 2013). A review of the existing definitions of the fractional operator can be consulted
in (Capelas and Machado 2014).

The notion of fractional-order integral of order o > 0 € R is a natural consequence
of Cauchy’s formula for repeated integrals, which reduces the computation of the primitive
corresponding to the n-fold integral of a function f(¢) to a simple convolution (Podlubny
1999a).

Next, the most common definitions of the fractional integral and fractional derivative are

present (Kilbas et al. 2006).

Definition 2.1. The Riemann-Liouville integral (or, fractional integral) with fractional-order

15
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a € Ry of a function f(t) is defined by

WD FE) =0 10 = 575 [ AT (22)

where t = tg is the initial time and

is the Euler’s gamma function.

The Gamma function is a generalization of the factorial function for real and complex

numbers.

Definition 2.2. The Riemann-Liouville derivative with fractional-order o € Ry of a function

f(t) is defined by

&« ™ m—a 1 dm ! m—o—1
WD () = S i = T(m —a) /to (t—7) f(r)dr, (2.4)

where m—1<a<méeZy.

Definition 2.3. The Caputo derivative with fractional-order o € Ry of a function f(t) is
defined by

WDR ) =0 B i = F ) ). et (25)

wheren —1 < o <n € Zy.

One of the advantages of Caputo derivative, which is a modification of the Riemann—Liouville
definition, is that the initial conditions for fractional differential equations take the same form
as those for integer-order differentiation, which has a well-understood physical meaning.

It is important noticed that, unlike the integer-order differentiation, fractional-order dif-
ferentiation is a nonlocal operation (the past values of the function are needed) that is defined
over an interval [to, t].

As we can observe from the previous definitions, in the time domain, the fractional-order

derivative and integral are defined by a convolution operation. From (2.2]) we have

Wl = 2a0) 2 50 = [ Ba0)ft-)dr, aeRs, (2.6)

to

with
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tozfl

D(a)’

Therefore, we can view the fractional-order operators as a convolution between two func-

Do (t) = aeR,. (2.7)

tions.

The memory effect of these operators, shown by the convolution integral, reveal the
unlimited memory of these operators, ideal for modeling hereditary and memory properties
in physical systems and materials.

The exponential function is another essential tool in the theory of integer-order differential
equations, and the generalization of this function, so-called Mittag-Leffler function, plays an
essential role in the theory of fractional differential equations.

The Mittag-Leffler of one and two-parameters are given by

Mg

(2.8)
— I( k:a +1)’
Eop= i A (2.9)
@77 T (ka+ B)’ ‘

where a >0, > 0 and z € C. For = 11in (2.9), we have E,(2) = Eqn,1(2). Also E1; = €”.

The two-parameter Mittag-Leffler function for a matrix is defined by

A . 2.1
E,5(Az) Zfak+5 a>0, >0, z€C (2.10)

The main properties of fractional derivatives and integrals can be summarized as follows

(Petras 2011):

Property 2.1. If f(t) is an analytical function of t, then its fractional derivative oDy is an

analytical function of t, a.

Property 2.2. For o = n, where n is integer, the operation oDf gives the same result as

classical differentiation of integer-order n

Property 2.3. For a = 0 the operation oDf is the identity operator:

oD = f(t).

17
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Property 2.4. Fractional differentiation and fractional integration are linear operations:
to D (A (t) + pg(t)) = Ao D f(t) + o Di g (1)
Property 2.5. The additive index law (semigroup property)
0DfoD} f(t) =0 DD f(t) =0 D71 (8),

holds under some reasonable constraints on the function f(t). The fractional-order derivative

commutes with integer-order derivative

d"” d"
0P8 ) = DF (T ) = DE (),

under the condition t = to we have f¥)(tg) =0, with k = 0,1,2,...,n — 1). The relationship

mn
above says the operators jt—n and 1, Df* commute.

Property 2.6. The Leibniz’s rule for fractional differentiation is given as

WDEG@ () =3 : 68 (£)e DEF £ (1),

k=0

if ¢(t) and f(t) and all their derivatives are continuous in the interval [a,t].

Property 2.7. (Tarasov 2008) Newton-Leibniz formula generalization

toli 1o Di" f () = f(t) — f(to). (2.11)

where ¢, Df* is represented for the Caputo derivative and ,I{* for the Riemann-Liouville inte-

gral.

Some other important properties of the fractional derivatives and integrals can be found
in several works such as (Magin 2006, Monje et al. 2010, Oldham and Spanier 2002, Podlubny
1999a, Kilbas et al. 2006, Padula and Visioli 2015).

2.1.2 Laplace transform

The Laplace transform is a practical and useful technique used to solve differential equa-
tions which frequently arise in applied science and engineering problems. This technique

converts linear differential equations to linear algebraic equations which can be solved easily.

18
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The Laplace transform of a function of time f(¢) is defined by

£U@) =F) = [ e s (2.12)

with f(t) =0 for t < 0.
In the following, some important transformations for fractional-order operators are pre-

sented:

e Laplace transform of the Riemann-Liouville integral
L{ol{} =5 %F(s), a>0. (2.13)

e Laplace transform of the Riemann-Liouville derivative

3

L{oDf} = s*F(s) = ) s* o DF 1 f(t)]le=o, (2.14)
0

iy

where m — 1 < a<m, méeN, a>0and on‘_k_lf(()) is the initial value of order

a — k — 1 of the function f(t) for £k =0,1,2,...m — 1.

e Laplace transform of the Caputo derivative

L{oDf} = s"F(s) =y s* oD L f(8)] o, (2.15)
0

3

i

where m —1 < a <m, m € N, a > 0 and oD} f(0) is the initial value of order k of the

function f(t) for k =0,1,2,..m — 1.

It can be noticed that for null initial conditions the Laplace transform of the Riemann-
Liouville derivative and the Caputo derivative give the same result.

Despite the complexity of fractional operators in the time domain, in the frequency
domain, they have a straightforward form. Under null initial conditions, the Laplace transform

becomes,

L{oD2} = s%F(s), (2.16)

and it can be seen that this is a natural generalization for a non-integer order operators.
In the literature (Gorenflo and Minardi 1997, Herrmann 2011, Kilbas et al. 2006, Petras
2011) it can be found in more detail the facts and properties of this transformation applied

to the fractional operators.
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2.1.3 Numerical evaluation

Due to the complexity of analytic solutions, or even the numerical solutions of fractional
differential equations (which are a recursive process that, in theory, requires an infinite amount
of memory), the approximations based on the so-called short memory principle (Podlubny
1999a) are often used. A review of existing continuous and discrete time approximations of
fractional operators are given in (Vinagre et al. 2000). More recently, methods for analog
implementation of fractional-order systems and controllers were proposed in (Dorcék et al.
2012). Digital approximations of fractional operators usually rely on power series expansion
or continued fraction expansion of corresponding generating functions (Chen et al. 2009), and
other methods based on discretization have been proposed (Machado 2001).

For example, one common approach to implement the fractional operators in simulations
and practical applications is through the use of an integer-order transfer function whose
behavior approximates the fractional operator C'(s) = s®.

The Oustaloup’s method (Oustaloup 1991) is one of the available methods to implement
this approximation, which use a distribution of N poles y N zeros of the form

_ G H 1+ s/wzn

14 s/wpn’

r+N40.5(1—«)

wp, 2N+1
Wen = Wp | — )
Whp

r+N+0.5(1—a)

wh 2N+1
Wpn = Wh | — )
)

where r € R, the poles and zeros are distributed inside a frequency interval [wp, wp].
In (Petras (2011) and there references therein) we can find an explanation of the different
methods to approximate the fractional operator, in the time domain and frequency domain.
To perform the simulations, we will use the Matlab toolbox for fractional control NIN-
TEGER v.2.3 developed by D. Valério (Valério and Sa da Costa 2005). In this toolbox are
implemented various numerical approximations for the fractional-order operators that are

explained in detail in (Valério and Sa da Costa 2005).

20



CHAPTER 2. FRACTIONAL-ORDER SYSTEMS

The available approximations in this toolbox for the fractional-order operators in continuous-

time are briefly summarized next:

e Crone (First generation Crone with n zeros and n poles)

Carlson (Approximation with n zeros and n poles)

Matsuda (Approximation with n zeros and n poles)

Cfehigh (Approximation based on the expansion of continuous fractions of (1+ )%, with

n zeros and n poles)

Cfelow (Approximation based on the expansion of continuous fractions of (1 4 1/s)?,

with n zeros and n poles)

To implement these approximations, we need to choose four options, the approximation,
the associated expansion (MacLaurin, continuous fraction expansion), the order n of the
approximation and the bandwidth [wy, wp].

In Figure is show the step response of the sistem G(s) = using different

1
s1/241
approximations with n = 10 and [0.001 1000].

The quality of the simulations is related to the approximation used and his associated
parameters. In this work, we will use the Crone approximation with the MacLaurin expansion,
n=10 and a bandwidth [0.001 1000]. This approximation was chosen to make a trade-off

between the quality of the simulation and the computing time.

In Figure [2.2]is show the Crone approximation with different n and [wy, wp].

2.2 Fractional-order systems

The Caputo derivative provides an alternative to the Riemann-Liouville derivative. This
derivative, thanks to its properties, is a useful tool to describe physical phenomena (Ortigueira
2011). One of the main drawbacks of the Riemann-Liouville derivative is that they lead to
differential equations whose initial conditions are expressed in terms of fractional derivatives
as seen in . Fractional initial conditions have no clear physical interpretation.

Unlike the Riemann-Liouville derivative, the Caputo derivative leads to differential equa-

tions whose initial conditions are expressed as integer-order derivatives (thus having a clear

physical meaning) as seen in (2.15]).
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Numerical approximations
I I I

4.5 T |
—Crone i
——Carlson
——Matsuda| -
——Cfehigh
—— Cfelow .
0.5} i
O | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
t[s]
Figure 2.1: Comparison between nemerical approximations
5 Crone approximation
T I T I
4+
—n=1, [0.1,10]
3r ——n=10, [0.01, 100] ]

n=20, [0.001, 1000]
——n=30, [0.0001, 10000]
2 —n=40 [0.00001, 100000]| -

t[s]

Figure 2.2: Crone approximation with different parameters
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In general, when we work with dynamic systems, it is usual that we deal with causal
functions of ¢. Therefore throughout this work the initial time of the fractional operators ;, Df*
and 4, [{* it is assumed tp = 0, and all the fractional derivatives used 4, D{* are represented by

the Caputo derivative.

2.2.1 Fractional-order LTI systems: transfer function representation

The conventional input-output transfer function approach for integer-order systems can
be extended to the fractional-order case. For LTI systems defined by a fractional-order or-
dinary differential equation, the Laplace transform can be used to obtain a fractional-order
transfer function representation of the system.

Consider the following SISO fractional system described by the fractional-order differen-

tial equation:

> aro Dt y(t) = > broDJFu(t), (2.17)
k=0 k=0

where u(t) is the input, y(t) is the output, ax, Bk € Ry, ag, br € R.
Applying the Laplace transform and under null initial conditions, independently from

the adopted definition of the fractional operator, the transfer function of the fractional-order

differential equation ([2.17) is

Y(s) Do by, 55k B binsPm 4 bpy_18Pm=1 4o 4 by, 570
U(s) Y p_gars®™  aps® + ap_18%—1 + - - + as®

G(s) = (2.18)

In general, a fractional transfer function is the ratio of two fractional polynomials.

The characteristic polynomial of the fractional system (2.18)) has the form

P(s) = ans™™ + an—18°""" + - + ags™. (2.19)

The polynomial is a multivalued function whose domain is a Riemann surface. In
the general case, this surface has an infinite number of sheets, and the fractional polynomial
has an infinite number of roots. Only a finite number of these roots will be on the main
sheet of the Riemann surface and which determine the dynamic behavior (Monje et al. 2010).

The LTI systems can be classified as follows
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Rational
Commensurate

Non-integer Irrational
LTT Systems

Non-commensurate

Integer

taking this into account the fractional transfer function (2.18) is defined as (Monje et al. 2010):

e Commensurate order if

a; =ta, 1 =0,1,...,n,
(2.20)
,Bk :kOé, k= 0, 1,2, ey,

where a, 8 > 0 are real numbers.
e Rational order if it is a commensurate order and o = %, where ¢ is a positive integer.

e Non-commensurate order if (2.20) does not hold.

As we can see later, the systems of commensurate-order enable a straightforward gener-
alization of the well-known results for integer-order LTI systems.
The transfer function of a commensurate fractional-order system can be written as
bsma+b_8(m—1)a R
G(s) = 2m -l + 0, (2.21)

Ay S + an_ls(n—l)a +---4ap

Substituting A = s® in (2.21]), we obtain the associated natural order transfer function

b A™ 4 by AT by
A) = .
G ap A" + ap_ g A"+ 4 ag

The poles of the commensurate transfer function (2.22) are located on the first sheet of

(2.22)

the Riemann surface.

2.2.2 Fractional-order LTI systems: state space representation

A useful representation for systems of fractional-order differential equations is the state
space representation. This representation is a generalization of the state space equations of

the integer-order system theory.
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Consider the state-space representation of a fractional-order LTI system given by

oDf*z(t) =Ax + Bu,
(2.23)
y =Cu,
where o = [a1, g, -+, ap), u € R™ is the input vector, x € R™ is the state vector, y € RP is
the output vector, A € R™*" ig the state matrix, B € R™*™ is the input matrix, C' € RP*" ig
the output matrix.

Given the nonlocality and infinite dimension of the fractional operators, the description
of the state of such systems must take into consideration not only the values of the, generally
speaking, infinite set of the system variables at a particular time instant, but also the system
history. The initial condition of a fractional-order system is a time-varying function called
initialization term (Hartley and Lorenzo 2002), for the time being, this problem remains
open, and the states and dynamics of the fractional systems are analyzed mostly by their
approximation with the use of finite dynamic systems of integer-order (Butkovskii et al. 2013).
Therefore, the states of such systems are called "pseudo-states" (Trigeassou et al. 2012). For
simplicity in this work, we are going to use the term "states" instead of "pseudo-states"
throughout the remainder work, and we will assume null initial conditions.

The above fractional-order state space representation can be simplified in the
particular case when « = [a, v, - - -, ], which represents a commensurate-order system.

Next, it shows the solution of a commensurate LTI fractional-order system with constant
coefficients.

Consider the system

oDz (t) =Ax + Bu,
(2.24)
y =Cr,
where o = [, o, - - -, @], w € R™ is the input vector, z € R" is the state vector, y € RP is the
output vector, A € R™*" ig the state matrix, B € R™*™ ig the input matrix, C € RP*" is the
output matrix, and initial condition x(0) = xo.
This system, in general, can be solved using the inverse Laplace transform, just as in the

integer-order case. From system (2.24) we have
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x(t) = L7HX(s)} = L7H(s*T — A)7'BU(s) + (s*T — A)~'s* 12 (0)}. (2.25)
Defining
d =LY (sT— AL}, t>0. (2.26)
d=LY(sT - A) s> t>0. (2.27)
Then
z(t) = ®x(0) + & * [Bu(t)] = ®z(0) + / t &(t — 7)Bu(r)dr. (2.28)
0

As can be seen in (2.28), ®(t) is the matrix usually known as the state transition matrix.
Following a procedure similar to that used for integer-order linear systems, the form of the
state transition matrix can be determined. For that purpose the following expression will be
used: oDj'z(t) = Ax with 2(0) = 0. Taking into account the use of the Caputo derivative,

the solution can be expressed as

> Ak‘tak
x(t) = <Z W) 20 = Eqp(At*)z = B (2.29)
k=0

Is clear that the Mittag—Leffler function here performs the same role as that performed by
the exponential function for the integer-order systems. The well known exponential matrix,
e’ is just a particular case of the generalized exponential matrix, E,1(At™), which can be
called Mittag—Leffler matrix function (Monje et al. 2010).

As in the case of the state-space representation of integer-order, three canonical represen-

tations can be proposed, which are similar to the classical ones (controllable canonical form,

observable canonical form and modal canonical form) (Caponetto et al. 2010).

2.3  Stability

In this section, we briefly explain the fundamentals and previous considerations needed

to understand the stability of fractional-order systems.
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The known stability methods for integer-order systems differ from those that have been
proposed for fractional-order systems. The conditions under which linear time-invariant
fractional-order systems are stable were studied in (Matignon 1996).

To understand the dynamic behavior and stability properties of the system is
necessary to analyze the eigenvalues of the system matrix A. For integer-order linear system
theory (a = 1), the eigenvalues of the matrix A are studied in the complex Laplace s — plane.
The stability boundary in the s — plane is the imaginary axis, any poles lying to the left of
the imaginary axis represent a stable time response, while the poles lying to the right of the
imaginary axis represent an unstable time response.

For commensurate fractional-order systems, the eigenvalues of the matrix A it must
now be evaluated in the s* — plane. Rather than dealing with the fractional power of s, the
analysis is simplified if a change of variables is used. Defining w as w = s%, then the eigenvalue
analysis will be performed in the new complex w — plane, which is a mapping of the s — plane
(Podlubny 1999a, Li and Zhang 2011).

It is necessary to map the s — plane, along with the time-domain function properties
associated with each point, into the complex w — plane. To simplify the discussion, we will
limit the order of the fractional operator to a € (0, 1).

This section is based on Chapter 2 of (Monje et al. 2010) and the example to illustrate
the concepts is taken from there.

In general, the study of the stability of fractional-order systems can be carried out by
studying the solutions of the integrodifferential equations that characterize them. An alter-
native way is the study of the transfer function of the system .

The characteristic polynomial (also called pseudo-characteristic polynomial) of the trans-

fer function ([2.18))

P(s) = aps® + an—18°""t 4+ -+ ags™, (2.30)

is a multi-valued function of complex variable s, whose domain is a Riemann surface (Podlubny
1999a) of a number of sheets which is finite only in the case of Vi, ; € Q, being the principal
sheet defined by —m < arg(s) < m. This equation has an infinite number of roots, among
which only a finite number of roots will be on the main sheet of the Riemann surface. In the

case of a; € Q4, that is, a = é. where ¢ is a positive integer, the ¢ sheets of the Riemann
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surface are determined by

s=s|e’, 2k+ 1w < ¢ < (2k+3)w, k=—-1,0,---q—2. (2.31)

Where the case k = —1 corresponds to the main sheet. For the mapping w = s%, these

sheets become the region of the plane w defined by

w=|s]e??, a(2k 4+ 1)m < 0 < a2k + 3)7. (2.32)

All of the well-known control techniques concerning eigenvalues, or poles, can be used in
the w — plane (Hartley and Lorenzo 2002).

To illustrate the previous concepts an example for the case of w = s'/3 is presented. The
Riemann surface that represents the transformation w = s'/3 is shown in Figure and the
regions of stability on the complex plane w are presented in Figure [2.4]

The three sheets correspond to:

-1, —m < arg(s) < m, (the principal sheet)
k=<0, m < arg(s) < 3w, (sheet 2)
1, 3w < arg(s) < 5w, (sheet 3)

The roots laying in the secondary sheets of the Riemann surface are related to solutions
that are always monotonically decreasing functions (they go to zero without oscillations when
t — 00). Only the roots that are on the main sheet of the Riemann surface are responsible
for a different dynamics, for example, damped oscillations, oscillations of constant amplitude,
oscillations of increasing amplitude with monotonic growth. The roots which are in the
principal sheet are called structural roots or relevant roots (Matignon 1996, Podlubny 1999a).
A more elaborate description of this topic can be seen in (Podlubny 1999a, Kilbas et al. 2006,
Petras 2011, Sabatier et al. 2015).

2.3.1 Stability of fractional-order LTT systems

It is known from the stability theory that an LTI system is stable if the roots of the char-
acteristic polynomial are negative or have negative real parts if they are complex conjugate.

It means that they are located on the left half of the complex plane. In the fractional-order
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Figure 2.3: Riemann surface for s'/3.

O<a <1 a= l<a <2
'y 4 'y
unstable
stable unstable stable unstable
stable
an/2 R \ /2 R Y2
-amn/2 - / -1t/2 " -an/2
stable unstable stable unstable stabie
unstable
w - plane

Figure 2.4: Stability regions of the w — plain.
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LTT case, the stability is different from the integer one. An interesting notion is that a stable
fractional system may have roots in the right half of complex plane (see Figure . It has
been shown that system (£2.18)) is stable if the following condition is satisfied.

Theorem 2.1. (Matignon 1996) A commensurate-order system described by a rational trans-

fer function

G\ ==+ (2.33)
where A = 5%, a € Ry, 0 < a < 2, is stable if and only if

larg(Ai)| > ag, (2.34)

with Y\; € C being the i — th root of P(\) = 0.

For o = 1 this is the classical theorem of pole location in the complex plane, that is, P

has no pole in the closed half plane of the first Riemann sheet.

Theorem 2.2. (Matignon 1998) The commensurate system is stable if the following
condition is satisfied (also if the triplet A, B, C is minimal)
T

5 (2.35)

larg(eig(A))| > a
where 0 < a < 2 and eig(A) represent the eigenvalues of the matriz A.

The frequency response approach applies directly to fractional-order systems as long as
the primary roots are used in the evaluation of the individual fractional elements. Likewise,
the root locus approach, Nyquist and Bode plots can be applied directly to fractional-order

systems as long as they are performed in the w — plane.

2.3.2 Stability of fractional-order nonlinear systems

Stability of the fractional-order nonlinear system is very complex and is different from
the fractional-order linear systems. The main difference is that for a nonlinear system it is
necessary to investigate steady states having two types: equilibrium point and limit cycle.
Nonlinear systems may have several equilibrium points, and there are many definitions of
stability (asymptotic, global, orbital).

A nonlinear fractional-order system can be described as (Podlubny 1999b)
to Dy x(t) = f(z, 1), (2.36)
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with initial conditions x(ty), where D denotes the Caputo fractional operator, a € (0,1),
f QxR — R" is piecewise continuous in ¢ and locally Lipschitz in z on €2 x R, and
2 € R" is a domain that contains the origin x = 0.

When « € (0,1), the fractional-order system has the same equilibrium points as
the integer-order system & = f(¢,z) (Li et al. 2010).

Next, some important definitions for fractional-order nonlinear systems are presented.

Definition 2.4. (Li et al. 2009) The constant xq is an equilibrium point of Caputo fractional
dynamical system , if and only if f(t,z9) = 0.

Theorem 2.3. (Existence and uniqueness Theorem (Podlubny 1999b)) Let f(t,xz) be a real-
valued continuous function, defined in the domain G, satisfying the Lipschitz condition with

respect to x, i.e.
[f (& z)| = (it 22)| < l|zy — 22,

where | is a positive constant, such that
lf(t,x) < M < oo V(t,z) € G.

Let also
on—0o1+1
> MpeT
- I'l+o,

Then there exists in a region R(h, K) a unique and continuous solution y(t) of the following

initial-value problem,

o D{*x(t) = f(t, ), (2.37)
[ D*a ()] im0 = by, k=1,2,...,m, (2.38)

where

tngk =to Dtak tthakil---toD?Ia
tonk_l =to l)tak_1 toD?k_Q“'toD?17
k
oL = Zaj (k=1,2,..n),
j=1
O<a<l, (j=1,2,..n),

Then if f(t,x) is locally bounded and is locally Lipschitz in x implies the existence and
uniqueness of the solution to the Caputo fractional-order system ([2.36)).

31



CHAPTER 2. FRACTIONAL-ORDER SYSTEMS

Lemma 2.1. (Li et al. 2009) For the real-valued continuous f(t,z) in (2.36), we have ||,

DY f(x,t) ||<¢, Dy @ || fx,t) ||, where o> 0 and || - || denotes and arbitrary norm.

Theorem 2.4. (Li et al. 2010) If x = 0 is an equilibrium point of the system (2.36)), f is

Lipschitz on x with Lipschitz constant | and is piecewise continuous with respect to t, then the

solution of satisfies
I =(t) [|<]l z(to) [| Ea(l(t —t0)®), (2.39)
where o € (0,1).

Lemma 2.2. (Fractional comparison principle (Li et al. 2010)) Let +,D{'x(t) >, Dfy(t),
a € (0,1), and z(to) = y(to). Then z(t) > y(t).

As mentioned in (Matignon 1996), exponential stability cannot be used to characterize

the asymptotic stability of fractional-order systems. A new definition was introduced

Definition 2.5. (Oustaloup et al. 2008)(t™“ stability or power-law stability) The trajectory
x(t) = 0 of the system 15 t~Y asymptotically stable if there is a possible real o so that:
V| z(t) || with t <to, AN (z(t)), such that ¥t > to, || x(t) ||[< Nt~

The fact that the components of z(t) slowly decay towards zero following t~¢ leads
to fractional systems sometimes called long memory systems. Power law stability ¢ is a
particular case of the Mittag-Leffler stability (Li et al. 2008) which will be defined in the next
chapter.

The next Theorem can be seen as an extension of the Lyapunov’s indirect method.

Theorem 2.5. (Tavazoei and Haeri 2008) The equilibrium points x., of the fractional-order
commensurate system are asymptotically stable if all eigenvalues \; with 1 =1,2,..,n,
of the Jacobian matriz J = %, where f = [f1, f2, .., fn]T, evaluated at the equilibrium z.,,

satisfy the condition

larg(eig(J))| = |arg(\)| > ag, i=1,2,...,n. (2.40)

One of the most used tools to study the stability of nonlinear systems is the Lyapunov’s

direct method, whose extension for fractional-order systems will be treated in the next chapter.
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2.3.3 Controllability and observability

The study of the observability and controllability of the fractional dynamical systems
are two important issues for many applied problems. It is well known that the problem of
controllability and observability is widely used in the analysis and design of control system.
Any system is said to be controllable if every state corresponding to this process can be
affected or controlled in finite time by some controller. Observability is a measure of how well
internal states of a system can be inferred by knowledge of is external outputs.

There are few works reporting the study of observability and controllability of fractional
linear systems (see, for example, (Bettayeb and Djennoune 2008, Chen et al. 2006, Sabatier
et al. 2012)).

Next, the definitions and criterions of controllability and observability for fractional-order

systems are presented.

Definition 2.6. The system (m is controllable on [to,t1] if for every pair of vectors xq,
x1 € R", there is a control u(t) € L?([to,t1],R™) such that the solution z(t) of which
satisfies

z(to) = o,
x(t1) = x1.
We say that u(t) steers the system form xo to x1 during the interval [to,t1].

Lemma 2.3. The system is controllable on [ty, t1] if and only if for each vector z1 € R™

there is a control u(t) € L*([to,t1], R™) which steers xq to x1 during [to, t1].

Theorem 2.6. (Controllability criterion)(Monje et al. 2010) The system given by is
controllable if and only if the matriz C' defined by

C =[B,AB,A’B, ... /A" 1B], (2.41)
denoted as controllability matriz, is full-rank.

This controllability condition (2.41)) for a commensurate fractional-order system is the
same as the well-known for integer-order systems.
The controllability property also can be studied through the controllability Grammian

matrix.
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Theorem 2.7. (Balachandran et al. 2013) The linear control system is controllable on
[to, t1] if and only if the controllability Grammian matriz
t1
M= [ (1=7) " VEya(A(ts = 7)*)BBT x Eqa(A" (1 — 7)), (2.42)

to

s positive definite, for some t1 > tg.
Definition 2.7. The system (2.24)) is observable on an interval [to,t1] if
y(t) = Cx(t) =0 t€ [to,t1],

implies

:L‘(t) =0 te [to,tl].

Theorem 2.8. (Observability criterion)(Monje et al. 2010) The system given by is
observable if and only if the matriz O defined by

C
cA
o= caz |, (2.43)

C An—l
called the observability matriz, is full-rank.

The observability condition for commensurate fractional-order LTI systems coincides with
the well-known criterion for integer-order LTT systems.

The observability property can also be studied through the observability Grammian ma-

trix.

Theorem 2.9. (Balachandran et al. 2013) The observed linear system s observable
on [to,t1] if and only if the observability Grammian matriz
t1
W= [ Eo(AT(t —t0)*)CTCEL(AT (t — tg)*)dLt, (2.44)
to

is positive definite.
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Chapter 3

Lyapunov Theory for Fractional-order

Systems

For nonlinear systems, Lyapunov’s direct method provides a way to analyze the stability
of a system without explicitly solving the differential equations.

This method is one of the most useful tools to analyze the stability of adaptive systems,
given that allows us to design the adaptive laws based on the stability conditions arises in the
analysis.

In this Chapter, the basic concepts of the Lyapunov direct method for fractional-order

systems are presented.

3.1 Preliminaries

One of the classical analysis techniques, which is still widely used in the analysis of
stability and stabilization problems is the Lyapunov method. Many problems have been
approached by restricting the search of a candidate functions to quadratic polynomials of
the state variables, this makes the problem tractable and can often result in linear matrix
inequalities that can be solved easily. However, if the quadratic Lyapunov candidate cannot be
found, it is not possible to say that the system is unstable as there might be other nonlinear
function that proves the stability of the system. The choice of the Lyapunov candidate
function for such cases is very elusive and in general, depends on the intuition of the designer.

The Lyapunov candidate function in a sense gives the energy of a system qualitatively.
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If the first derivative of a Lyapunov function is less than zero, then it implies that the system
is a dissipative one and would lose energy in a finite time, hence proving that it is stable.
However, we can consider the fractional-order derivative of the Lyapunov function, and this
also would indicate the rate at which the dissipation of energy is occurring in the system.
Furthermore, the dissipation of the fractional-order systems is not constrained only to an
exponential decay also can follow a generalized power law curve (¢7¢). This type of slow
dissipation may be desirable in many applications, adding an extra degree of flexibility.

In this section, the basics definitions needed for the Lyapunov’s direct method (also called

Lyapunov’s first method) are presented (loannou and Sun 1996).

Definition 3.1. A continuos function ¢ : [0,r] = Ry (or a continuous funtion ¢ : [0, 00] —

B. ) is said to belong to class K if
1. ¢(0) = 0.
2. @ 1is strictly increasing on [0,7] (or on [0,00]).
Definition 3.2. A continuos function ¢ : [0,00] — Ry is said to belong to class KR if
1. ¢(0) =0.
2. @ 1is strictly increasing on [0, 00].
3. limy_00p(r) = 00.

Definition 3.3. A function V(t,z) : Ry x B(r) — R with V(t,0) = 0 Vt € Ry is positive
definite if there exist a continuous function ¢ € K such that V(t,xz) > o(|z|) Vt € Ry,
x € B(r) and some r > 0. V(t,x) is called negative definite if —V (t,x) is positive definite.

Definition 3.4. A function V(t,z) : Ry x B(r) — R with V(¢,0) = 0 Vt € Ry is said to be
positive (negative) semidefinite if V(t,x) >0 (V(t,x) <0) for all 7 € Ry and x € B(r)

for some r > 0.

Definition 3.5. A function V(t,z) : Ry x B(r) — R with V(¢,0) = 0 Vt € Ry is said to be
decrescent if there exist p € KC such that |V (t,x)| < o(|z|) ¥t > 0 and Yz € B(r) for some

r > 0.
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Definition 3.6. A function V(t,z) : Ry x R™ — R with V(¢,0) = 0 Vt € Ry is said to be
radially unbounded if there exist ¢ € KR such that V(t,z) > ¢(|z|) for all x € R™ and
teRy.

Other important concepts are the positive realness (PR) and strictly positive realness
(SPR). According to (Ladaci et al. 2007, Ladaci et al. 2009) this concepts for integer-order

systems are valid for fractional-order commensurate systems with o € (0, 1).

Definition 3.7. The mxm transfer function matriz G(s) is called strictly positive real (SPR)
if
1. All elements of G(s) are analytic in R > 0.

2. G(s) is real for real s.

3. G(s) + GT*(s) for R > 0 and finite s.

3.2 Mittag-Lefller stability

Mittag-Leffler stability is a more general type of stability, whose decay is represented by
a Mittag-Leffler function, which has as special cases the t“ stability and exponential stability

(Li et al. 2009, Yua et al. 2013).

Definition 3.8. (Mittag-Leffler stability (Li et al. 2009)) The solution of is said to be
Mittag-Leffier stable if

|l || < mla(to)]| Ea(=A(t - t0))", (3.1)

where to is the initial time, o € (0,1), A > 0, b >0, m(0) =0, m(x) > 0, and m(z) is locally

lipschitz on x € B € R™ with Lipschitz constant myg.

It is worth noticing that Mittag-Leffler stability implies asymptotic stability.

3.3 Extension of the Lyapunov direct method

The idea behind the Lyapunov direct method is to search for a Lyapunov candidate

function for a given nonlinear system, and if such function exists, the system is stable.
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The Lyapunov direct method is a sufficient condition, so if we cannot find a Lyapunov
candidate function to conclude the system stability, the system may still be stable, and it
cannot conclude that the system is unstable.

Next, an extension of the Lyapunov direct method for fractional-order systems is pre-

sented.

Theorem 3.1. (Fractional-order extension of Lyapunov direct method (Li et al. 2010)) Let
x =0 be an equilibrium point for the fractional-order system and D C R™ be a domain
containing the origin. Let V(t,z(t)) : [0,00) xD — R be a continuously differentiable function

and locally Lipschitz with respect to x© such that

b
Nz < V(E2(t) <yl =7 (3.2)
wDiV (8 2(t) < -yl @ ||, (3.3)
where t > 0, x € D, a € (0,1), 71, Y2, 73, @ and b are arbitrary positive constants. Then

x = 0 is Mittag-Leffler stable. If the assumptions hold globally on R™, then x = 0 is globally
Mittag-Leffler stable.

The idea of this fractional-order extension Lyapunov theorem is that the stability con-
dition is derived by constructing a positive definite function V' and calculating the fractional
derivative of the function V.

Next, a version of Theorem that is useful for the analysis of adaptive systems, espe-

cially when ;, D{'V (x,t) is negative semidefinite is present.

Theorem 3.2. (Duarte-Mermoud et al. 2015) Let x = 0 be an equilibrium point for the
non autonomous fractional-order system . Let us assume that there exists a continuous

function V(x,t) such that
o V(x,t) is positive definite.
o ,Df(x,t), with a € (0, 1], is negative semidefinite.

Then the origin of system is Lyapunov stable. Furthermore, if V(x(t),t) is decrescent,

then the origin of system 1s Lyapunov uniformly stable.
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One of the most used Lyapunov candidate functions to analyze the stability of integer-
order system are the quadratic functions. However, in the fractional case, the use of these
functions are not immediate, since evaluating the fractional derivative of the Lyapunov candi-
date function, in general, involves the evaluation of infinite sums, which include higher order
integrals and derivatives of the states of the fractional system (Aguila-Camacho et al. 2014).

Next, some inequalities that facilitate the use of quadratic Lyapunov candidate functions
in the analysis of stability of fractional-order system using Lyapunov’s direct method are

presented.

Lemma 3.1. (Duarte-Mermoud et al. 2015) Let x(t) € R™ be a vector of differentiable func-
tions. Then, for any time instant t > tg, the following relationship holds

5 DR ()P(t)) < 2 (1) Py Dia(t) (3.0

where P € R™" is a constant, square, symmetric and positive definite matriz.

Lemma 3.2. (Duarte-Mermoud et al. 2015) Let A(t) € R™ be a time varying differentiable

matriz. Then, for any time instant t > tg, the following relationship holds
1o DXtr (AT (1) PA(t))] < 2tr(AT (), PDYA(t)), Va € (0,1] (3.5)

A more extense review on fractional-order Lyapunov theory can be consulted in (Gallegos

and Duarte-Mermoud 2016b, Gallegos and Duarte-Mermoud 2016a).

3.4 Extension of the Barbalat’s lemma

The stability of fractional nonlinear systems and time-varying can be studied using the
extension of the Lyapunov direct method for fractional systems. Using this technique is usually
a difficult task, since finding a Lyapunov function for the fractional case is more complicated
than in the integer-order case. Also, when a candidate function of Lyapunov is found, in
some cases, especially in adaptive control, the derivative is only negative semi-definite, which
assures the stability of the system but not the convergence of the states of the system (or the
error of the system).

For the integer-order systems, the Barbalat lemma and some of its corollaries are used to

conclude the convergence of a function to zero based on some conditions of the integer-order
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integral of the function. However, in fractional systems, it is usually more complicated to
establish conditions on the integer-order integral of the function, and it can be challenging to
use these tools.

In the literature has been proposed some extensions of the Barbalat’s lemma, a pre-
liminary version of the extension proposed in this work was published in (Navarro-Guerrero
and Tang 2015), and a version with an improved proof was published in (Navarro-Guerrero
and Tang 2017b). This extension of the Barbalat’s lemma is very useful to conclude the
convergence of the error in fractional-order adaptive systems.

Next, this extension is presented.

Lemma 3.3. (Navarro-Guerrero and Tang 2017b)(Eztension of the Barbalat’s Lemma) Let
f R = Ry be a function uniformly continuous, and ,I* given by the Riemann-Liouville
integral with o € (0,1).

If tlggo to I f(t) exists and is finite, then f(t) — 0, as t — oco.

Proof. By contradiction, assume that f(¢) does not go to zero as t — oco. Then exist € > 0,
an increasing time sequence {t;}ien, , with t; > 0, t;41 =t; +7T; for some T; > 0anda T > 0
such that Vt; > T, f(t;) > e. As f(t) is uniformly continuous there exists 6 > 0 such that

f(t) >€/2, ¥Vt €[ty t; + 0]. Now consider the Riemann-Liouville fractional integral

renif) = [ L

L g L)
- / TR / i’

t—1
L[,
to (t_T) e
t—1
- / fl(—Toc) dr
to tz
N
€l 1
i=1 "
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where N = max{ilt; <t —1}. Define Sy = S —L_ then

=1 tl*a
7

Ny
SN = Ztlfa
i=1 i

1 1 1 1
t (L) (1 ) (1+ 2Ty
1

(3.7)

Let’s consider first the case T; < oo, Vi € N,. In this case, let T5,4, = max;en, {77} and

t1 > max{Taz, T}. Then

n T T,
1+Zﬂt—1]§1+n’:‘”<1+n, Vn € Ny. (38)
1 1
Therefore
no7. n T
(1+Z:Jt—19)1a < (1_|_23t_1]) <1l+mn, Vne N,. (3.9)
1 1
This implies that
1 1 1
1

This together with () implies that lim 4 ;" f(¢) is unbounded, which is a contradiction.
t—00
For the case T; — oo as @ — oo, it implies that f(¢;) — 0 as ¢ — oo, which is again a

contradiction. O
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Chapter 4

Fractional-order Model Reference

Adaptive Control

Adaptive control consists in adapting in real time the controller’s parameters in response
to the plant variations to ensure stability and constant performance. Since its apparition half
a century ago, adaptive control maintains interest in the control community with a significant
number of papers and many publications of specialized books every year.

In model reference adaptive control the desired performance of the closed-loop system is
expressed in terms of a reference model, that describe the desired input-output properties,
and the parameters of the controller are adjusted based on the error between the reference
model output and the output of the system.

In this chapter, the methodology based on the Lyapunov’s direct method for the design

of fractional-order model reference adaptive control (FOMRAC) schemes is presented.

4.1 Model reference adaptive control

The adaptive control techniques were developed during the 1960s (Whitaker 1959, Osborn
et al. 1961). These developments did not catch the attention because at the time there was
not very much knowledge on stability analysis of controllers with nonstationary parameters,
and modern methods of stability analysis that had been developed by Lyapunov at the start
of the 19th century were not broadly known. After the initial problems with adaptive control

techniques of the 1960s, stability analysis has become a center point in new developments
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related to adaptive control.

Reference Xm

> Model

hal

r T Co/trol Plant 'w

Adaptive Law

Figure 4.1: Direct MRAC scheme

New tools and techniques have been used or developed explicitly for rigorous stability
analysis and led to successful proofs of stability, mainly based on the Lyapunov approach.

The standard adaptive control methodology is the MRAC (Figure approach that,
as its name states, the plant follows the behavior of a reference model which represent the
desired performance.

Consider the LTI system

x(t) = Ax(t) + Bu(t), (4.1)
y(t) = Cx(t). (4.2)
and the reference model
Em(t) = Apam(t) + Bnr(t), (4.3)
Ym(t) = Cxm(t). (4.4)

The control signals that feed the plant is a linear combination of the state variables

u(t) =Y keiwi(t) + Y kuri(t) = Ko (t) + Kyr(t). (4.5)
If the plant parameters were fully known, one could compute the corresponding controller

gains that would force the plant to asymptotically behave exactly as the reference model, or
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x(t) = zp (), (4.6)

and

Y(t) = ym(t). (4.7)

When the plant parameters are not known, one could think of the use of adaptive gains.
The idea is that the plant is fed a control signal that is a linear combination of the model
states through some gains. If all gains are correct, the entire plant state vector will follow
the model reference exactly. However, if not all gains are correct, the plant does not exactly
behave such as the model reference, and its measured output differs from the output of the

model reference. The resulting tracking error is given by

(t) = wm(t) — (), (4.8)

and can be monitored and used to generate the adaptive gains. Then, the basic idea of
adaptation is the following: assume that one component of the control signal that is fed
to the plant is coming from the variable x; through the gain k,;. If the gain is not perfectly
correct, this component contributes to the tracking error, and therefore, the tracking error

and the component x; are correlated. This correlation is used to generate the adaptive gain

iﬁm' (t) = ’ym'e(t):vi, (4.9)
feui () = Yuse(t)rs, (4.10)

where ,; is the adaptation gain, a parameter that affects the rate of adaptation. The adapta-
tion continues until, under appropriate conditions, the correlation diminishes and ultimately
vanishes, and therefore, the gain derivative tends to zero, and the gain itself is supposed to

go to a constant value. In vectorial form,

Ko(t) =) aie(t)r; = Toe(t)a” (1), (4.11)
Ku(t) = yuelt)ri = Tue(®)r (t), (4.12)
u(t) = Kz (t)x(t) + Kyur(t). (4.13)
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This basic approach was able to generate the first rigorous proof of stability that showed
that not only the tracking error but even the entire state error asymptotically vanishes. This
result implied that the plant behavior would asymptotically reproduce the stable model behav-
ior and would ultimately achieve the desired performance represented by the ideal reference
model. In particular, the Lyapunov stability technique revealed the prior conditions that had
to be satisfied to guarantee stability and allowed getting rigorous proofs of stability of the
adaptive control system.

In practice only a nominal model of the real-world plant is usually available for the
control design and, furthermore, plant parameters may vary under various operational and
environmental conditions. Therefore, adaptive control methodologies seemed to be the natural

solution for these problems.

4.2 Fractional-order model reference adaptive control

In this section, the extension of MRAC for fractional-order systems is presented. Apply-
ing the extension of the Barbalat’s lemma (Lemma 3.5) proposed, we realize a full stability
analysis and conclude the converge of the tracking error to zero in the FOMRAC scheme, show-
ing the importance of this lemma by improving the stability analysis presented in (Duarte-
Mermoud et al. 2015) where the authors do not conclude the convergence of the error for the
lack of a mathematical tool to do it.

In the following Theorem, the FOMRAC scheme is presented.

Theorem 4.1. Consider the fractional-order system given by
oDfz(t) = Az + Bu, z€R", 0<a<l, (4.14)
where A € R™" B € R™4 gre unknown constant matrices, and the reference model

0Dfxm(t) = Az + B, (4.15)

where A, € R™" 4s Hurwitz, By, € R"™? are design matrices, and r € R? is a bounded

reference input vector, and the adaptive control law

u=—K(t)x+ L(t)r, (4.16)

45



CHAPTER 4. FRACTIONAL-ORDER MODEL REFERENCE ADAPTIVE CONTROL

where K (t) and L(t) are the estimates of the true parameters K* € R¥*", L* € R such thal
A— BK*=A,, and BL* = B,,. And the adaptive laws

0DFd(t) = —y U7 Pe, (4.17)

where P = PT > 0, and v > 0 is the adaptation gain. Then all signals in the closed-loop
system given by (4.14), (4.15), (4.16) and are bounded Yt < 0. Furthermore, the

tracking error e — 0 when t — co.

Proof. Consider the tracking error e = x — x,,, and the error dynamics given by
oD% = Ane+ o, (4.18)
where W7 = [z r], ® =0 - 0,,] =06, 07 = [A - BK(t) BL(t)], 8L =[A, Bn].

Consider the following Lyapunov candidate function

1 1
Ve, ®) = 57eTPe + §@T<I>. (4.19)

Applying the Caputo derivative and Lemma 3.3 and substituting the error dynamics we
have
0DV (e, ®) < vel [AL P + PA,)e + el PUT® 4 &l DY@,
since A,, is Hurwitz, and there exists a matrix Q@ = QT > 0 such that AT P 4+ PA,, = —Q,
then
0DV (e, ®) < —vel Qe + v PUT® 4+ ] D@, (4.20)

we choose the update laws such that

e PUT® 4+ ol De® =0, (4.21)

then we have

0DE® = —~AUT pPe. (4.22)

Using the adaptive laws given by (4.22)), then
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0DV (e, ®) < —vel Qe, (4.23)

where v > 0 is the adaptation gain. Since oDV is negative semidefinite, from Theorem 3.4
the stability of the closed-loop can be concluded. So all the signals in the closed-loop are
bounded.

Applying the fractional integral and Property 2.7 we have

oI%eT Qe < Vio)‘ (4.24)

Then the integral (4.24) exist, and by Lemma 3.5 it concludes that the tracking error converge
to zero when t — oo. O
4.2.1 Ilustrative example

In order to show the control scheme designed in Theorem 4.1 we carried out one simulation

with following model reference

o 0 1 0
D%z (t) = T + T,
—-10 -5 2 (4.25)
ym(t) =[1 OJzm(),
and the plant
0 1 0
D%5x(t) = x + u,
6 -7 8 (4.26)

y(t) =[1 0]=(t),
with the update laws given by with, v = 10.
Figure shown the output of the reference model, the output of the adaptive system,
the tracking error, and the controller parameters.
It can be observed that the scheme met the control objective and the tracking error e — 0

when ¢t — oo.

47



CHAPTER 4. FRACTIONAL-ORDER MODEL REFERENCE ADAPTIVE CONTROL

1 Output
——ym
0.5 — oy |
0 1 1 1 1
0 1 2 3 4 5
4 Control signal
27 ,
0 1 1 1 1
0 1 2 3 4 5
0.2 | Trackmg error |
0 W
_02 1 1 1 1
0 1 2 3 4 5
Controller parameters
04 1
0.2 .
0
_02 L L L L
0 1 2 3 4 5

t[s]

Figure 4.2: Simulations results of the FOMRAC scheme
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4.3 Fractional-order closed-loop model reference adaptive con-

trol

One recent approach of adaptive control that improves transient behavior by using a
closed-loop architecture for reference models, named closed-loop model reference adaptive
control (CMRAC) has been proposed (Gibson et al. 2015). In this approach, the focus is
adaptive systems with output-feedback where it is shown that such closed-loop reference
models can lead to a separation principle based adaptive controller which is simpler to imple-
ment compared to the classical ones based on observers or filtered signals. The simplification
comes with the use of the reference model states in the construction of the regressor and not

the classic approach where the regressor is constructed from filtered plant inputs and outputs.

Reference
Model Xm
«
| u S
r 1 Control }—v Plant 7%(\ R /)?
——
Adaptive Law <+——

Figure 4.3: FOCMRAC scheme.

Next, the generalization of this scheme (Figure, denoted, fractional-order closed-loop
model reference adaptive control (FOCMRAC) is presented. As far as the author’s knowledge,
this extension was not reported in literature until (Navarro-Guerrero and Tang 2017a).

Consider the fractional-order system given by

oD x(t) =Ax(t) — BAu(t),
' (4.27)
2(t) =CTx(t),
where x € R, u € R, z € R, and o € (0,1). A and A are unknown, B y C are known and

only z is available for measurement.
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The control objective is to design a control signal u such that x follow the state x,, of

the reference model given by

0Dfxm (t) =Amxm(t) — Br(t) — L(z — zp),
(4.28)
Zm/(t) :C’Tacm(t),

where r € R is the reference signal and L is a feedback gain to be designed.

The following assumptions are made:

e 1) The product CT B is full rank.

e 2) The pair A,,,C" is observable.

e 3) The system in is minimum phase.

e 4) There exist ©* € R™! such that A+ BAO*" = A,, and K* € R such that AK*" =T

(matching conditions).
e 5) A is diagonal with positive elements.

e 6) The uncertain matching parameter ©*, and the input uncertainty matrix A have a

priori a upper bounds.

0* 2 sup||©*|| and X2 sup|/Al| (4.29)

Next, some results needed for the design and analysis of the control scheme are presented.
The proofs can be found in (Gibson et al. 2015).
These lemmas show how to choose L in order to have a stable closed-loop system when

a closed-loop reference model is used.

Lemma 4.1. For the SISO case the system satisfying the suppositions 1-8, there exist
a Lg such that
a

CT(sI — A, — L,CT)™'B = : (4.30)
s+p

where p > 0 is an arbitrary parameter and a = CT B.
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Lemma 4.2. If L, is chosen as and M 2 CT B, the SISO transfer function MTCT (sI—
Ay — LsCT)™'B is SPR. Therefore, there evists P = PT > 0 and Qs = QL > 0 such that

(A + LCTYTP + P(A,, + L,CT) = - Q.,
(4.31)
PB =CM.

Lemma 4.3. Choosing L = Ly—pBM?" where L is defined by and is arbitrary, p > 0,
the transfer function MTCT(sI — A,, — LCT)™'B is SPR and satisfies

(A + LCT)TP + P(An + LCT) = - Q, (432)
4.32
Q2Q, +2pCMMTCT,

where P y Qs are defined in and M = CTB.

Assuming that L is choose using the above lemmas, in the following theorem the adaptive

scheme is formulated.

Theorem 4.2. (Navarro-Guerrero and Tang 2018) Consider the fractional-order system given

by satisfying assumptions 1-6 and the closed-loop model reference given by and

the control law

u(t) = 0T (), + KT (t)r(t), (4.33)
with adaptive lows
0DfO = —Tx,el

y )

(4.34)
oDf K = —Tre],

where e, = CTe, T > 0. Then all the signals in the closed-loop system given by , ,
(4.35) and (4.34) are bounded Wt > 0. Futhermore, the tracking error e — 0 when t — oo.

Proof. From (4.27) , (4.28)) and (4.33) the dynamic of the error e = x — x,, is given by

oDfe =(Apy, + LCT)e + BA(OT z,,, + KTr),
(4.35)
ey =C7e.
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Consider the Lyapunov candidate function

1 7 1. [(6eTpo 1. (KT'PK

taking the Caputo derivative and applying Lemmas 3.3 and 3.4

e PyDyO KTPyD¢K
oDV < eTPyDe + tr ({lt) +tr (ff) , (4.37)
substitute (4.35)), (4.31]) and (4.32)) we have
oDV < — eTQe — eTPB(:)T:Um —eTPBKTr+
67 DO KT PyDY K (4.38)
R e e B e L

using the properties of the operator tr(x) and the fact that e, = C"e and taking the adaptation
laws as (4.34) we have

0D2V < —eT'Qe. (4.39)

Given that v > 0 and ¢Df'V is negative semidefinite, from Theorem 3.4 it can be con-

cluded the stability of the closed-loop system. Applying the fractional integral and Property

2.7 to (4.39), we have

olef'Qe < V(0). (4.40)

Then the fractional integral (4.40) exits, and by Lemmas 3.5 it concludes that the tracking

error ¢ — 0 where t — oo.

4.3.1 Ilustrative example

In order to show the FOCMRAC scheme we carried out one simulation to illustrate the

scheme design in Theorem 4.2, with following model reference
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10 -5 2 —2 (4.41)

and the plant

-6 -7 8 (4.42)
y(t) =[1 0Olx(t),

with the adaptive laws given by with, v = 10.

Figure shown the output of the reference model, the output of the adaptive system,
the tracking error, and the controller parameters.

It can be observed that the scheme met the control objective and the tracking error e — 0

when ¢t — oo.

4.4 Fractional-order parameter identifier

Another important technique in adaptive systems is parameters estimation. In this sec-
tion, a parameter estimator for fractional-order systems is presented. The analysis is done
via the Lyapunov’s direct method and the extension of the Barbalat’s lemma proposed.

Consider the plant given by

oDfx = Apx + Byu, (4.43)

where x € R" and v € R" are available for measurement, 4, € R"*", B, € R"*" are unknown,
A, is stable, and v is bounded.

Consider the model

oD{& = A,d + Byu, (4.44)

where A,(t), B,(t) are the estimates of A,, B,, and &(t) is the estimate of the vextor z(t).
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Output
1 2 3
Control signal
1 2 3
Tracking error

1 2 3
Controller parameters
1 2 3

t[s]
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Figure 4.4: Simulations results of the FOCMRAC scheme
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Theorem 4.3. Consider the system ({.43), the model and the adaptive laws

OD,?‘A =vei?,
R (4.45)

0Df By =aeu”,
where 1, v2 > 0 are the adaptive gains, flp(t), Bp(t) are the estimates of the parameters of
and the identification error is given by €e = x — . Then the identification error ¢ — 0

as t — co. Futhermore if the vector [xT u”] is of persistent exitation, then /lp — Ay and

B, — B,.

Proof. From (4.43)) and (4.44) the identification error is given by

oDf'e = Ape — Az — Bpu, (4.46)

where flp — A, and Bp — B,.

Consider the Lyapunov candidate function

o 1 1 [(ATPA 1 (BTPB
V(E, Ap,Bp) = §€TP€ + itr <p’y1p> + itr <I7wz’> s (447)

where tr(x) denotes the trace operator, 1, 72 > 0 are constants and P = PT > 0 is chosen

as the solution of the Lyapunov equation

PA,+ Al = -Q. (4.48)

Taking the Caputo derivative (4.47) and applying the Lemmas 3.3 and 3.4 we have

(4.49)

AT It =T ~
oSV < TPoDpe + a | ApTOPEAY L, [ By PoDEDy
b ' 4! 2 Y2 )

substituting (4.46)) we have

) . ATPoDgA 1. (BYPyD}B
oDPV < —eT[PA, + AT Ple— " PAyi — T PByu+tr (po”’> +tr (po”’ :
ga!

using the tr(x) operator properties we known that
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Tpj A AT AT
¢ PA,z =tr(A, Pez" ),

v ? (4.51)
e PByu =tr(B] Peu”),

substituting (4.51)) in (4.50) we have

A AT'PyDgA . BI'PyD¢B
oDV < —eQe + tr (—AZPG&:T + pOtp) +tr (—BgPeuT + pOtp) , (4.52)
gt 72

from (4.52) we need that the last two right-hand terms equal to zero, then choosing

ODaA :()Dale = ’)/1€IIA7T,
e (4.53)
oD A, =0D§ By, = ypeu”

we have

0DV < —eQe. (4.54)

Since ({.54) is negative semidefinite from Theorem 3.4 the stability of the closed-loop
system can be concluded.
Applying the Riemann-Liouville integral on both sides of the inequality (4.54) and Prop-

erty 2.7 we have

oI%ef Qe < V(0). (4.55)

Then the integral (4.55)) exist and by Lemma 3.5 it concludes that the identification error

e — 0 when t — oco. Futhermore if the vector [z, u”]

and Bp — By,

is of persistent exitation, then /lp — A,

4.4.1 TIlustrative example

To illustrate the identification scheme of Theorem 4.3 we carried out one simulation.

Consider the plant given by
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0.8 —4 1 1
oD Cx(t) = x + u,
—6 0 3 (4.56)

y(t) =1 0Jz(t),
and the update laws given by with, 1 = 50,2 = 1, and u = 5sin(2.5t) + 6sin(5t).
Figure shown the states of the plant, the states estimated and the errors. Figure
shown the parameters estimated, we can observe that the estimated parameters converge to

the parameters of the plant.

4.5 Fractional-order parameter identifier with output feedback

The next identification scheme is an extension for fractional-order systems of the scheme
presented in (loannou and Sun 1996). This identification scheme does not need state mea-
surement and only used information of the input and output to construct the identifier. This
scheme will be used in our case of study in Chapter 6.

Consider the commensurate fractional-order SISO system

ODf‘:v =Ax + Bu,
(4.57)
z=CTg,

where x € R, and only y, u are available for measurement. The system (4.57)) can be written

as

B

=—"u=C"(\-A)'B 4.58
ST ( )" Bu, (4.58)
where A = s® and « is the commensurate order with 0 < o < 1, and A(\), B(\) are in the
form
AN) =N 4 an A"+ a )+ ao,
(4.59)
B(X) =bp A™ 4 byt AL by Abo,
where the constants a;, b; for ¢ = 0,1,2,...,n — 1 are the system parameters. Now consider

the linear parameterization of (4.58))
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—x1p
5 . . x1 . —Xxle
0 _ i ‘
_5 1 1 1 |
0 20 40 60 80 100
0 20 40 60 80 100
X2 T X2p
10 T T T T —x2e
80 100
80 100

t[s]

Figure 4.5: Identification scheme with state measurement, states and states error, where p

and e indicates plant and estimate, respectively.

58



CHAPTER 4. FRACTIONAL-ORDER MODEL REFERENCE ADAPTIVE CONTROL
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Figure 4.6: Identification scheme with state measurement, parameters estimates, where p and

e indicates plant and estimate, respectively.

59



CHAPTER 4. FRACTIONAL-ORDER MODEL REFERENCE ADAPTIVE CONTROL

2 =W\ T, (4.60)

where 0*T is the parameter vector, 1 is the regressor that contains the filtered measurable

signals u,y, and W(\) is a proper stable transfer function.

0 = [bm,bm—1,-.,b0,an-1,an2,...,a0]", (4.61)
1 A"
zZ = —

AN T A
T BT

(4.62)

n—1 n—1
= - 1.
AN = N 400 A AT (4.64)
= AN+ Bua(N). (4.65)

With the parameterization the signals z and v can be generated only with the
information of v and y.

Because 0* is a constant vector, we can write in the form z = W(\)L(\)0*T ¢,
where ¢ = L~1 ().

And L(s) is chosen so that L=!()) is a proper stable transfer function and W(A)L()\) is
a proper SPR transfer function.

A state-space representation of the parameterization (4.60)) is given by

oD p1 = Aegr + lu,
0D p2 = Aegpa + ly, (4.66)

z=y+ By 102 =070,

where

=1 —TMp—2 ... =10 1
1 0 .. 0 0

AC — ) . ) s l —= i s (467)
B 0]

because A(N) = det(A — A.) and A()) is stable, it follows that A, is a stable matrix.
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The state-space model (4.66)) has the same input-output response as (4.57) and (4.58)),

provided that all state initial condition are x¢g = 0, ¢1 = ¢ = 0.

Now the identification scheme is formulated by the following theorem.

Theorem 4.4. (Navarro-Guerrero and Tang 2018) Consider the system , the linear
parameterization and the matrices A., B. and C. associate with the state-space system
W(AN)L()\) = CT(M — A.)"'Be., and the adaptive law

0DY0 = Tegp (4.68)

where T' > 0 is the adaptation gain and 0 are the estimates 6* in and the identification

error is given by e = z — Z and € = Cee. Then the identification error € — 0 as t — 0.

Proof. The dynamics of the identification error is given by

oD = Ace — B, (4.69)

where the parameter error is defined as 6=0-—0"

Consider the following Lyapunov candidate function

1 1 ~
V(f,e) = 5eTPCe + 5aTrfle. (4.70)

where I' = T'T > 0 is a constant matrix and P. = P > 0 satisfies the algebraic equation

PcAc+AZPc = *Q’

(4.71)
P.B. =C..
and applying the Caputo derivative to (4.70)
0DV <eTPoDfe + 61T 1,D20,

<[P, A. + ATP)e — " P.B.6¢ + 67T~ D36, (4.72)

< —el'Qe— eTPCBcéqﬁ + GNTI‘AOD?GN.

From (4.72)) we need that

— e P.Blop + 67T 14D = 0, (4.73)
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from 1) we have P.B, = C, which implies that e” P.B, = €, then 1} can be written as

— 6T pe + 07Ty D20 = 0. (4.74)

which leads to (4.68)).
Using the adaptation law given by (4.68), then

0D2V < —eTQe. (4.75)

Since ({.75)) is negative semidefinite from Theorem 3.4 the stability of the closed-loop
system can be concluded.
Applying the Riemann-Liouville integral on both sides of the inequality (4.75)) and Prop-

erty 2.7 we have

I*eTQe < V(0). (4.76)

Then the integral (4.76]) exist and by Lemma 3.5 it concludes that the identification error

e — 0 when t — oo. Futhermore if the vector [x7, u”] is of persistent exitation, then ép — 0*.

O
4.5.1 Ilustrative example
To illustrate the identification scheme of Theorem 4.4 we carried out one simulation.
—4 1 1

D8 (t) = x + u,
6 0 3 (4.77)

y(t) =1 0]=(t),

5
with A, = and the update laws given by (4.68) with, ' = 10 and u = 5sin(2.5t) +

6sin(5t).

Figure [£.7] shown the output of the plant, the estimated output, and the identification
error. Figure shown the parameters estimated, we can observe that the estimated param-
eters converge to the parameters of the plant with small oscillations around the real values,

which is translated in a small identification error.
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Figure 4.7: Identification scheme without state measurement, output and output error using

the Crone approximation
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Figure 4.8: Identification scheme without state measurement, parameters estimates using the

Crone approximation
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This is an example of the how the numerical approximation used affects the results of
the simulations. This particular identification scheme is more demanding, computational-wise
because it uses the filtered input and output signals to construct the regressor. The simulation
use the crone approximation, with n = 10 and a bandwidth [0.01 100].

In the Figures [£.9]- [£.10]is shown the same simulation using the Matsuda approximation
with n = 50 and a bandwidth [0.0001 10000]. We can observe that the overall performance
improves, we obtain signals with fewer oscillations.

So we need to choose the numerical approximation that gives us the best result in the

particular case studied.
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Figure 4.9: Identification scheme without state measurement, parameters estimates using the

Matsuda approximation
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Figure 4.10: Identification scheme without state measurement, parameters estimates using

the Matsuda approximation
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4.6 Observer for fractional-order systems

The reconstruction of system states from its inputs and outputs has received a great deal
of attention recently. In (Hartley and Lorenzo 2002, Doye et al. 2009) studied the fractional-
order Luenberger observer and observer-based controller design, and in (Wei et al. 2015)
present the design for a fractional-order adaptive observer.

Just like in integer-order system theory, it is important to create observers, or state
estimators, for fractional-order systems. The Luenberger type observer for commensurate
fractional-order systems has been previously reported in (Hartley and Lorenzo 2002), for
completeness, we present this results because this observer can be used in conjunction with
the FOMRAC scheme when the states are not available for measurement.

The fractional-order state estimator (Luenberger type observer) has the form

oD (t) =A% + Bu(t) — L(y(t) — 9(1)),
§(t) =Ca(t).

The error e(t) is defined as the difference between the real system output z(t), and the

(4.78)

estimated observer output z(t).

e(t) = z(t) — z(t). (4.79)

The observer error gain L is determined to force the error between the two plant vectors
to go to zero. The dynamics of the error is obtained applying the fractional derivative to

@79),

0Dfe(t) =o Dfw(t) —o DYi(t). (4.80)

Substituting the system equations from Equations (4.14)) and (4.78) yields

oD%e(t) = [Az + Bu(t)] — [Az + Bu(t) — L(y(t) — §(t))]. (4.81)

Now replacing the measured system outputs, y(¢) and g(¢) with the vector variables using

(4.14) and (4.78]), yields

oD%e(t) = [Az + Bu(t)] — [Az + Bu(t) — L(Cx(t) — Ci(t))). (4.82)
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Replacing e(t) = x(t) — &(t), and combing terms, gives

oDe(t) = (A — LC)e(t). (4.83)
The matrix L is determined to force the observer error to zero by placing the eigenvalues

of A— LC in a stable region of the w — plane using standard methods.

4.6.1 Tlustrative example

To illustrate the fractional-order Luenberger observer (4.78) we carried out one simula-

tion.
Consider the plant
0 1 0
D%z (t) = x + u,
—-10 -5 2 (4.84)
y(t) =[1 0]z(),
5 1
with the matrix (A — LC) = and u = bsin(2t).
—-15 =5

Figure shows the states of the plant, the states estimates and the evolution of the

state’s error. We can observe that £ — = and e — 0.

4.7 Fractional-Order Adaptive Observer

An adaptive observer can be built using the fractional-order Luenberger observer and
a parameters identifier. In this case, the objective is to estimate both, the states and the
parameters of the system.

The structure of the adaptive observer is shown in Fig.

Using the fractional-order Luenberger observer and the parameter identifier given
by Theorem we construct an adaptive observer. To illustrate this observer, we carry a

simulation with the plant given by
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Figure 4.11: States estimates and identification error.
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Figure 4.12: Adaptive Observer.
a; 1 b
DYTy(t) = ' o+ | u,
az 0 by (4.85)

y(t) =[1 0]z(2),
where a1, ag, b1, by are the unknown parameters and u, y are the only signals available for

measurement.

From (4.78) the observer is given by

ar 1 b l
DOVt = " a4 | |w+]| | w-2)
iy 0 by ly (4.86)
y(t) =[1 0],

where a1, ao, b1, by are the parameters estimates, and z, ¢ are the states and output estimates

of (I55).

The parameter identifier can be built using the results of Theorem .4 and is given by

AN) = (s +5)(s +6) = s + 11s + 30, (4.87)
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and the vector ¢ = [, @] is generating by

D0.7¢1 — + u7 (488)

—11 =30 —1
D7y = i I (4.89)
1 0 $22 0
and the signals
z =y + 11¢21 + 30¢22, (4.90)
2 = b1z + bahra + G121 + Gacpa, (4.91)
e=z—2 (4.92)

and the adaptive laws are given by

Dby =vie¢,

) (4.93)
Dby =y1e612,
D*7Tay =y1ea1,
(4.94)
D%y =y1edas,
The real values of the plant parameters are a] = —4, a5 = —6, b] = 2, b5 = 3. The

simulation is carried out with [y =2, o =11, 74 =1, 72 = 0.5.
In Figure [4.13] shown the estimates of the states and in Figure [£.14]is shown the param-

eters estimates. We can observe that e — 0 as t — oo and & — a*, b — b*.
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Figure 4.13: States estimates and observation error.
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Chapter 5

Anesthesia Control

In medical practice, the application of general anesthesia plays a significant role in the
patient’s well-being, this is achieved through the administration of a combination of drugs
that act to provide adequate hypnosis (unconsciousness and amnesia to avoid traumatic re-
calls), paralysis or muscle relaxation (to attain immobility, an absence of reflexes, and proper
operating conditions), and analgesia (pain relief). This process is accomplished by an anesthe-
siologist who must continuously observe and adjust the rates and overall amounts of anesthetic
agents delivered to the patient, preserving the stability of the autonomic, cardiovascular, res-
piratory, and thermoregulatory systems.

The concepts of the general anesthesia, modeling, and the control challenges are presented
in this Chapter. Moreover, three fractional-order models with simple structures to represent

the input-output behavior of the PK/PD model of anesthesia are proposed.

5.1 General anesthesia

The effects of drugs on patients in the operating room vary with drug dosage, from pa-
tient to patient, and with time. Different doses of drugs result in different concentrations
in various tissues, producing a range of therapeutic and sometimes undesirable responses.
Responses depend on drug pharmacokinetics (time curse of drug concentration in the body)
and drug pharmacodynamics (the relationship between drug concentration and drug effect).
These processes may be influenced by factors including pre-existing disease, age, and genetic

variability. Patient responses to drugs may also dynamically altered by factors such as temper-
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ature, pH, circulating ion and protein concentration, levels of endogenous signaling molecules,
and coadministration of the drug in the operating room environment (Brown et al. 2010).
General anesthesia consists of providing the patient with a reversible state of loss of

consciousness (hypnosis), analgesia and muscle relaxation.

MUSCLE
RELAXATION

ANALGESIA HYPNOSIS

Figure 5.1: General anesthesia components

The purpose of general anesthesia is to allow the patient to be operated without pain, by
administering anesthetic drugs intravenously or inhaled, providing maximum safety, comfort
and vigilance during the surgical act. The description of the general process with its variables
is shown in Figure As can be seen, the variables that can be manipulated are the
anesthetics, relaxants, and serums, the disturbances in the system are signals that can occur
at any time, such as surgical stimulation, and blood loss. The output variables are divided
into measurable and non-measurable, and the main interest in the control of anesthesia is
focused on the non-measurable variables: hypnosis, analgesia, and muscle relaxation.

In practice, an anesthesiologist has to observe and control a large number of hemodynamic
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Manipulated variables

Intravenous Anesthetics

Volatile Anesthetics

Muscle Relaxants

Ventilation Parameters

Vasodilators

Disturbances

Surgical Stimulus

Blood Loss

Non-Measurable Outputs

Hypnosis
g N
‘{{'(/‘{1 Oy \\"‘ Analgesia
e

Muscle Relaxation

Measurable Outputs

EEG

Heart Rate

CO2 Concentration

Blood Pressure

Bispectral Index

Figure 5.2: Input-Output variables in anesthesia

and respiratory variables as well as clinical signs that indicate the state of hypnosis and
analgesia.

Most of the drugs used do not only operate on the desired effect but alter other aspects,
for example, the effects of the anesthetic drug propofol not only affect the level of hypnosis
but also increase the level of analgesia. The same behavior has the drug remifentanil whose
main objective is to increase the level of analgesia but as a side effect also increases the level
of hypnosis. Due to this cross effect between these drugs the anesthesiologist must adjust
the desired level of hypnosis and analgesia with different amounts of both drugs. From the
point of view of control engineering, this problem is a problem of multiple inputs and multiple
outputs.

In the daily work routine, the anesthesiologist calculates the amount of the necessary
drug with the help of dose regimes given by the supplier of the drug, which in most cases are
based on the patient’s body weight.

General anesthesia produces reversible behavioral and physiological phenomena (uncon-

sciousness, amnesia, analgesia) with the stability of the cardiovascular, respiratory and ther-
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moregulatory systems. Also generates distinct patterns in the electroencephalogram (EEG),
the most frequent being the progressive increase in the activity of low frequency and high
amplitude as the level of anesthesia deepens (Brown et al. 2010).

Recovery from general anesthesia is a passive process that depends on the number of drugs
administered, its places of action, potency, pharmacokinetics, the physiological characteristics
of the patient and the type and duration of the surgery (Brown et al. 2010).

General anesthesia is divided into three phases (Kellicker 2010):

e Induction phase: consists of administering drugs that cause the loss of consciousness.

Anesthetics are administered through an intravenous or gas within the lungs.

e Maintenance phase: drugs are administered continuously to maintain a stable thera-

peutic status.

e Emerging or recovery phase: this is the last phase. The drugs are stopped being ad-

ministered to slowly reverse the effects of the anesthesia and allow the patient to wake

up.

For a more detail description of the process of general anesthesia, the reader is referred

to (Bailey and Haddad 2005, Brown et al. 2010, V.V. 2011).

5.2 Pharmacokinetic/Pharmacodynamic model

The PK/PD models most frequently used for Propofol (hypnotic drug) are the fourth-
order compartmental model (Figure (Schnider et al. 1998, Marsh et al. 1991). These
models, developed, tested, and validated on a wide range of real patient data are often used
in the literature for control of anesthesia (Beck 2015).

In this paper we use the model presented in (Schnider et al. 1998) given by

—(a11 +ag1 +as1) a2 a3 1
33<t) = asy —ai2 0 x(t) + 0 u(t)a (5'1)
as1 0 —a13 0

where 1 represents the concentration of the drug in the central compartment (intravascular

blood), x3 y x3 represent the concentration of the drug in the peripheral compartments, a2,
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Figure 5.3: PK/PD model.

ais, as1, a3) are positive constants representing the flow between compartments, aq; is the
elimination rate of the drug through metabolism and u(t)[mg/min] is the rate of infusion of
anesthetic (propofol) in the central compartment, and a;; are in [min~!] and z; are in [mg].

An additional compartment, namely, the effect compartment, is introduced to represent
the time-delay between the observed effect and the plasma concentration. The effect com-
partment model links the plasma concentration (concentration in the central compartment)

to the effect concentration with a first order differential equation

§(t) = aep(xr(t) —y(t)), y(0) =z1(0), =0, (5.2)

where a.yy is the time constant, x1(¢) is the concentration in the central compartment defined
in (5.1) and y(t) is the concentration of the effect compartment.
The pharmacokinetic parameters can be obtained through the following equations (Schnider

et al. 1998):
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As we can observe in the previous equations, the PK parameters depend on the biomet-
rical characteristic of the patient.

The bispectral index (BIS) is a signal derived from the electroencephalogram (EEG) used
to assess the level of consciousness in anesthesia. A BIS value of 0 equals a flat line in the EEG
while a BIS value of 100 is the expected value of a fully conscious adult patient, 60 — 70 and
40— 60 range represent light and moderate hypnotic conditions (Figure , respectively. The
target value during surgery is 50, giving us a gap between 40 and 60 to guarantee adequate
sedation (Figure [5.9)).

The BIS can be related to the concentration of the effect compartment by the nonlinear

static function, termed Hill equation (Bailey and Haddad 2005):

2 = BIS(y) = By — Fpae— 0 (5.3)
0 maa:y,y(t)JrECgO, .

where Ej denotes the base value (awaken state) and by convention typically is given the value

of 100, Epqz is the maximum effect achieved by drug infusion, EC5 is the drug concentration
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to half maximal effect and represents the patient’s sensibility to the drug, and = determines

the degree of nonlinearity of the function.

Small amplitude,
fast frequency
Wwave

Awake

Moderate
sedation

General
anesthesia

Large amplitude,
slow frequency
= I

1DNVH X3dNI SId

Deep
anesthesia

Seconds

Figure 5.4: The BIS Index is scaled to correlate with important clinical end points during

administration of anesthetic agent (Kelley 2010).

The model of anesthesia, from physical considerations, describes a non-negative systemn,
that is, the state trajectories remain non-negative for non-negative initial conditions and a
non-negative control input, which must be taken into account for controller designs.

One of the significant challenges in the control of anesthesia is the variability among
patients. This variability can occur as a result of patient physiology (age, gender, disease),
variations in PK processes (rate of absorption, distribution, metabolism, and elimination), and
differences in PD (sensitivity of receptor) (Shafer et al. 2010). Also, in the medical practice,
no state of this model is available for measurement, only the output (BIS) is measurable for

feedback.
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Figure 5.5: BIS Index Range (Kelley 2010).
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5.3 Anesthesia control

The problem of control of drug administration in anesthesia has been studied since the
1950s (Bickford 1950). Since then it has been clear that the control of anesthesia has many
challenges, such as multivariate features (Petersen-Felix et al. 1995), different dynamics depen-
dent on the drug and place of administration (Curatolo et al. 1996, Struys et al. 2003), stability
problems (Asbury 1997) and performance of the control algorithm (Mainland et al. 2000, Ting
et al. 2004).

Given the complex nature and uncertainty of the process, it is not surprising that reliable
models for control of drug administration are not available.

Because the level of system uncertainty, fixed and robust gain controllers can unneces-
sarily sacrifice system performance, while adaptive controls can tolerate much higher levels of
uncertainty and improve performance (Ioannou and Sun 1996).

The interaction between a drug and the body is divided into two phases: pharmacokinetics
(PK) and pharmacodynamics (PD). Pharmacokinetics described what the body does the drug
while the pharmacodynamics described what drug does to the body (Schnider et al. 1998).
Regarding the level of anesthesia or hypnosis (loss of consciousness), the body’s response to
the administration of a hypnotic or anesthetic drug is commonly modeled as a Wiener model
of higher order, that is, a linear part corresponding to the pharmacokinetics, and a static
non-linearity corresponding to the pharmacodynamics (Bailey and Haddad 2005).

The concentration of the drug in the human body is not measurable online and also the
level of hypnosis is not measurable, so it is necessary to have a surrogate measurement as
variable to be controlled.

The bispectral index (BIS) has been tested and validated as a measurement of the hyp-
notic component of anesthesia and has been used in multiple studies as a variable to be
controlled.

In surgery, the level of hypnosis should be brought to a therapeutic value between 40 -
60 in a few minutes and kept there (Bailey and Haddad 2005). High values of the bispectral
index correspond to a low level of hypnosis, and the possibility of being aware during the
surgical procedure (Myles et al. 2004). Values below 40 are undesirable because they are
correlated with postoperative complications and with an increase in the mortality rate after

one year (Monk et al. 2005).
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Figure 5.6: Control of anesthesia implementation.

The application of a closed-loop system of drug administration is complex and require a

balance between all his basic components (O’Hara et al. 1992):

e A variable to be controlled representative of the desired therapeutic effect
e A clinically relevant reference value for this variable

e An actuator (in this case, an infusion pump)

e Omne system (the patient)

e An accurate, stable and robust control algorithm

In (Huang et al. 1999) and (Kenny and Mantzaridis 1999) it was proved that the anes-
thetic propofol has properties that make it appropriate for control of anesthesia. Many re-
search studies have been carried out using the anesthetic propofol as input to the system
and the bispectral index as a substitute measure of the level of hypnosis. In (Kenny and
Mantzaridis 1999, Morley et al. 2000, Sakai et al. 2000, Absalom et al. 2002, Liu et al. 2006,
Puri et al. 2007) were considered fixed-gain controllers, mostly PID. Adaptive controllers were
developed in (Mortier et al. 1998, Haddad et al. 2003b, Haddad et al. 2006). To deal with de-
lays in the system, predictive controllers were used in (Ionescu et al. 2008, Nino et al. 2009, Fu-
rutani et al. 2010). Also has been used sliding mode control in (Castro et al. 2008) and control
based on neural networks in (Haddad et al. 2007, Haddad et al. 2011). To the best of the
knowledge of the author, there has been only one attempted to use a fractional-order con-

troller for anesthesia using a CRONE controller (PID modification) (Dumont et al. 2009).
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Results using FOMRAC and FOCMRAC for the control of anesthesia are presented in
(Navarro-Guerrero and Tang 2015, Navarro-Guerrero and Tang 2017b, Navarro-Guerrero and

Tang 2017a, Navarro-Guerrero and Tang 2018).

5.4 Challenges

Achieving the appropriate drug effect at any time during surgery, and after surgery is
an essential objective in anesthesia. The main drugs used to induce general anesthesia are
the hypnotics, analgesics and muscle relaxants, which are given to ensure unconsciousness, to
provide analgesia and suppress the hemodynamic response, and to suppress reflex movements,
respectively. The dose of each drug is titrated against the individual patient’s response to
achieve the intraoperative therapeutic goals. The patient should lose consciousness rapidly
after induction, the level of analgesia should follow the level of surgical stimulation closely,
and at the end of the operation, the drug effect should dissipate so that the patient wakes up,
has no residual muscle relaxation, and is pain-free. Unfortunately, at the end of a surgical
procedure, the desired intraoperative drug effects are viewed as side effects, for example,
excessive sedation and respiratory depression.

From a pharmacology perspective, anesthesia is concerned with controlling the time
course of drug effect. The drug effect is dependent on the site and rate of input of the
drug, the distribution of the drug within the body, the elimination of the drug from the body,
and the sensitivity of the patient to the drug. Innumerable anatomic, physiologic, and chem-
ical factors influence these processes. If we knew quantitatively all of the factors affecting the
distribution, elimination, and sensitivity to a drug in an individual patient, we could predict
the time course of the drug effect exactly. However, we only know a few of all the aspects of
the dose-response relationship.

Drug responses in humans are the results of integrated effects, including signal amplifi-
cation and dampening mechanisms at a cellular, tissue, and physiological systems level, and
the pharmacodynamic responses can be therapeutic, toxic, or lethal.

In anesthesiology, it is easy to observe that the response to the same drug dose vary
widely among patients. Part of the process of delivering anesthesia is titrating drug dose to
provide optimal therapy for a specific patient, mainly when the drug has significant toxicities.

At the same time, the anesthesiologist must know dosing ranges that are appropriate for large
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populations of patients, to provide dosing guidelines.

The classical PK/PD models are coarse abstractions of a real distribution and elimina-
tion process. Still, these models describe the measured and observed concentrations. They
exist another more complex type of models called physiologically based models (Upton and
Ludbrook 2005), with these models it is possible to have more information available, for exam-
ple, the influence of changes in cardiac output and organ blood flow on the time course of the
concentration in the blood and various organs and tissues. Unfortunately, the development
of such accurate models is expensive and can only be performed in animals. Furthermore,
this accurate models, are complex and have too many variables and parameters to be useful
in the development of controllers.

All these difficulties make the process of control of anesthesia a very challenging problem.
The potential benefits of a closed-loop system for anesthesia are: more consistent drug ad-
ministration, less inter and intra-patient variability, less over and under-dosage, faster control
action to unexpected arousal (perturbation rejection), smaller quantities of drug usage, faster
recovery of the patient, better hemodynamic control and less hypotension during induction
of anesthesia, all this benefits are what keeps the interest in the control community to design

reliable control schemes. Moreover, this problem is still considered an open problem.

5.5 Models for control of anesthesia

The current state of the art understanding the unconsciousness and the mechanisms of
drug-induced unconsciousness is limited, therefore is very challenging translated these little-
known mechanisms into an accurate mathematical model. At present, the models available
and most used are the mean field models of drug action such as the PK/PD model, which
describe the different brain states associated with the electroencephalogram (EEG) (Absalom
et al. 2011).

The crucial step towards the control of anesthesia is to derive an adequate mathematical
model that describes the process. Is essential to find a good balance between the complex
models that may contain too many parameters that cannot be identified for the lack of
appropriate measurements and sensors, and the over-simplified model that might not capture
the system dynamics. In general, we should identify the objective of the model, be it prediction

or control, or both, and choose the structure of the model suitable for that objective.
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In this case is useful to remember the quote from George Box "All models are wrong, but
some are useful."

Another challenge is the identification of a model from clinical data, is has been shown
(Silva et al. 2014) that the information available in the operating room (infusion rate of
the drug and BIS index usually) is insufficient to identify a full-order PK/PD model. The
excitation in the input signal is not sufficiently frequency rich and is not able to excite all the
modes in the model because this input cannot be selected freely, additionally, this model has
a Wiener structure, which makes the task more difficult. Therefore the task of identifying an
individualized model online is very challenging.

Linear and nonlinear reduced-order models have been proposed to improve the identifia-
bility and the control synthesis of the anesthesia process.

One of the main characteristics of the models used for identification and control of anes-
thesia is that they are simplified models, for example, models with fixed parameters in the
PK or PD parts (linear or nonlinear), linearizations or order reduction.

In (Lin et al. 2004) the authors present a piece-wise linear model, with which they use
different LTT models to represent different phases of the process, for example, one model for
the induction phase and other for the maintenance phase. Then they synthesized a controller
for each phase, similar to gain scheduling schemes.

In (Sartori et al. 2005) is proposed a standard PK/PD model where the authors assume
that only the PD parameters are responsible for the inter-patient variability, and use an
extended PK model and linearized the model and identify the PD parameters and via a
Kalman filter.

A first-order plus time-delay is proposed in (Bibian et al. 2006), here the PK parameters
are fixed, the Hill curve is linearized around an operating point, and the PD parameters are
calculated using a standard least square estimation.

In (Alonso et al. 2009) is presented a reduced-order model obtained using model reduction
technics. This model is an affine model with only four parameters and takes advantage of the
redundancy shown in the PK model, that is, the adjacent poles and zeros.

In (Silva et al. 2010) is proposed a MISO Wiener model for the pharmacokinetics and
pharmacodynamics of propofol and remifentanil. This model uses a PK part with a reduced

number of parameters (with a combination of three fixed parameters and one unknown), for
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the hypnotic drug and other for the analgesic. Also, a combine Hill equation (with a reduced
number of parameters) that combine the effect of both drug in the level of unconsciousness.

In (Navarro-Guerrero 2013) based on the cancellation of adjacent poles and zeros pre-
sented in the PK part of the PK / PD model, a non-linear first-order model with a linear
parameterization of two parameters is proposed. This model has the advantage that repre-
sents the input-output behavior of the PK/PD model, and do not rely on linearization by
the inversion of the nonlinearity and state measurement, but this model does not take into
account the time-delay in the PD part.

Every proposed model has his particulars advantages and disadvantage (which can be seen
in detail in his respective reference), but all these papers show us the necessity to develop
a simple model for identification and control synthesis to circumvent the difficulties of using
the PK/PD model with a Wiener structure.

Moreover, the majority of the control schemes based on the proposed models relied on
the inversion of the non-linearity and supposed that the states are available for measurement,
However, in practice the parameters of the non-linearity are unknown, and the states are not

measurable online, thus adding more uncertainty in the control schemes presented.

5.6 New modeling paradigm: Fractional calculus

Some researchers had proposed the necessity for a fractal view of physiology that explicitly
takes into account the complexity of the living matter and its dynamics. Complexity in this
context incorporates the recent advances in physiology concerned with the applications of the
concepts from fractal geometry, fractal statistics, and nonlinear dynamics, to the formation
of a new kind of understanding within the life sciences.

The complexity of the human body and the characterization of that complexity through
fractal measures and their dynamics involve the use of fractional calculus. Not only anatomical
structures are fractal (Grizzi and Chiriva-Internati 2005), such as the convoluted surface of
the brain, the lining of the bowel, neural networks, and placenta, but the output of dynamical
physiologic networks are fractal as well (Bassingthwaighte et al. 1994).

The time series for the inter-beat intervals of the heart, inter-breath intervals, and inter-
stride intervals have all been shown to be fractal or multifractal statistical phenomena. Con-

sequently, the fractal dimension turns out to be a significantly better indicator of organismic
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functions in health and disease than the traditional average measures, such as heart rate,
breathing rate, and stride rate. The observation that human physiology is primarily fractal
was first made in the 1980s (Bassingthwaighte et al. 1994).

Control of physiologic variables is one of the goals of medicine, in particular, understand-
ing and controlling physiological networks to ensure their proper operation.

Therefore it seems reasonable that one novel strategy for modeling the dynamics and
control of complex physiologic phenomena is through the application of the fractional calculus
(West 2009).

The fractional calculus has been used to model the interdependence, organization, and
concinnity of complex phenomena ranging from the vestibule-oculomotor system, to the elec-
trical impedance of biological tissue to the biomechanical behavior of physiologic organs (see,
for example, Magin (2006) for a review of these applications).

In (West 2009) is suggested that from the point of view of fractal physiology the blood
flow and ventilation are delivered in a fractal manner in both space and time in a healthy
body.

A fundamental mechanism in the absorption of a drug in the human body is the process
of diffusion. In (Copot et al. 2014) the authors present the relation between the diffusion
process and fractional-order models. Also, the introduction of fractional-order pharmacoki-
netic models (Dokoumetzidis and Macheras 2009, Verotta 2010, Popovi¢ et al. 2011, Copot
et al. 2013) that represent the experimental data more precise way, thanks to the ¢t~ decay of
the fractional operators, and with this a new line of investigation on the area of drug delivery
systems is open.

In (Magin 2006, Dokoumetzidis and Macheras 2009, Copot et al. 2014) it is suggested
that biological systems (like in pharmacology and bioengineering) could be represented with
a fractional-order model with a more simple structure compared with his integer-order coun-
terpart, simplifying the control design by using a less complex model.

So we can see that fractional calculus can offer us a new point of view to understand
certain physical phenomena, especially those who from the point of view of integer-order

systems seems too complex.
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5.7 Proposed model

Under a process where exists a great uncertainty between individuals (inter-patient vari-
ability) and in the same individual (intra-patient variability), to have a deterministic model
valid is challenging (in practice almost impossible or too complex to be useful). So, if we could
have a model for a single patient, this model would only be valid for a period due to changes
in the physiological variables during surgery, which implies a change in the parameters of the
model, hence the need to update the online model. Therefore, it would be convenient to have
a generic model that has the ability of capture a wide range of dynamics (in this case the
range characterized for the inter-patient variability) and adapted online to individualize the
model for each patient.

Based on these facts a simple FOMs are considered. Three fractional commensurate order

models to represent the input-output behavior of the Wiener system ((5.145.3) are proposed:

bo
Gi(\) = 5.4
1(A) T (5.4)
bi) + bo
Go(\) = — 22 5.5
2( ) )\2—|-CL1)\-|-0L07 ( )
baX2 + b A+ b
G3()) = AR (5.6)

TN e+ amAtap
where \ = s%, s is the complex variable and « the commensurate order, with 0 < a < 1. as,
ai, ag and be, by, by are the model parameters.

These control-oriented models should be evaluated based on the performance in the
closed-loop, rather than from their prediction capabilities, because the latter is not the ob-
jective of the model, but ideally, a good prediction capability is also desired, as well as, not
instead of, a closed-loop performance.

The proposed fractional models have a generic structure, and it can be shown that the
input—output response of the patient models given by the PK/PD model can be captured by
the fractional models proposed, given that the S-shape response of the patient model is part
of all the possible responses of the proposed fractional models.

These models we can see them as phenomenological models (or some kind black-box

model), namely, models that can capture the input—output dynamics of the patient model,
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but with the disadvantage of the loss of physical meaning of the model parameters.

It was shown in reference(Gonzalez-Olvera et al. 2015) that a set of parameters exists
(depending on the respective structure) with which the fractional-order model can capture
the response of a particular patient’s model. However, with the use of adaptive control, we
aim to control a large set of patients with one controller, so that we do not need to identify a
specific set of parameters for the FOM for a given patient—we only need a model structure
capable of capture the overall response.

It is known that the particular response of a PK/PD model has an S-shape response,
and reference (Isaksson and Graebe 1999, Tavakoli-Kakhki et al. 2010) showed that simple
structures like those proposed can capture this type of response.

Also, it is worth noting that one interesting application of the fractional operators and
fractional differential equations is that of the study of the representation of an integer-order
system by a fractional-order system. Fractional systems make it possible to carry out an
efficient reduction of high-order integer-order systems, so we can represent those systems by
a fractional system characterized by lower fractional order (compared with the high-order of

the integer system) and a more simple structure (Mansouri et al. 2010, Pan and Das 2013).
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Chapter 6

Simulations

In this Chapter, the numerical simulations are presented, the FOMRAC and FOCMRAC
schemes designed are implemented in 30 virtual patients. The simulations test the robustness
of the control schemes against intra-patient variability, inter-patient variability, disturbance,

noise, and time-delay.

6.1 Identification

To assess the variability among patients, 30 patient models (taken from different studies,
patients 1-10 (Mendonca et al. 2012), patients 11-20 (Tonescu et al. 2008), patients 21-30
(Heusden et al. 2013)) are used to emphasize the variability among the population. Figure
shows the response of these models to a step input. Table 6.1 shows the pharmacodynamic
and the biometric characteristics of the 30 patients.

As can be observed in Table 6.1 the parameters of the PK/PD models have significant
variations, depending on age, weight, height, and gender making a considerable variation in
the step response.

To verify the ability of the proposed fractional-order models to capture the dynamics of
the PK/PD model, a simulation is carried out with the three models proposed.

We use a nominal patient to carry out this simulation, in Figure is shown the iden-
tification scheme. Figure [6.3] shows the output, and the identification error. We can observe
that the three fractional-order models proposed can capture the step response of the PK/PD

model. In Figure is shown the parameters evolution of the models .
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Tabla 6.1: Patient’s pharmacodynamic parameters and biometric features

Patient ‘ Age ‘ Height | Weight | Gender ‘ ECs5 ‘ vy ‘

1 o6 160 88 F 13.94 | 2.0321
2 48 158 92 F 13.88 | 1.0133
3 o1 165 25 F 20 2.0196
4 o6 160 65 F 20 1.8930
5 64 146 60 F 14.85 | 1.0702
6 99 159 110 F 20 2.6169
7 45 155 28 F 3.35 | 0.9172
8 o1 163 25 F 12.17 | 1.8645
9 32 172 26 F 16.91 | 1.4517
10 68 160 64 F 15.52 | 0.9334
11 40 163 o4 F 6.33 2.24
12 36 163 90 F 6.76 4.29
13 28 164 60 M 4.93 2.46
14 43 163 29 F 12.10 | 2.42
15 37 187 75 M 8.02 2.10
16 38 174 80 F 6.56 4.12
17 41 170 70 F 6.15 6.89
18 37 167 o8 F 13.70 | 1.65
19 42 179 78 M 4.82 1.85
20 34 172 o8 F 4.95 1.84
21 15 180.5 71 M 3.95 1.74
22 7 132 25.1 M 4.24 1.90
23 10 139 41.1 F 3.83 2.17
24 8 128 22 F 5.77 1.56
25 10 138 33.6 M 3.88 1.89
26 16 154.9 52.5 F 8.80 1.49
27 8 130 25.3 M 5.44 1.52
28 15 169 48 M 3.85 1.88
29 13 151 65 M 3.45 1.58
30 7 121 24 M 3.64 1.59
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Figure 6.1: Patient’s response to a step input.
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Figure 6.2: Identification scheme
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It can be seen that the input-output behavior of the PK/PD model is well captured by

the model structures proposed.

100 | | Output | |
— PK/PD model
—G1
7)) G2
= 50r _
o ——G3
0
0 1 2 3 4 5
3 ><1O'3 Identification error
2+ // 1
1+ ﬁ
0 = E— |
_1 | 1 | |
0 1 2 3 4 5

t [min]

Figure 6.3: Identification, BIS output of the PK/PD model and the proposed FOMs.

It is worth noting that the objective of this study is the design of an adaptive control
scheme, not to modeling a particular system, and for adaptive control, in general, only is
needed a model structure. So with the identification scheme and the simulation presented
is shown that the proposed models can capture the input-output behavior of the patient’s
model.

In the identification error graph in Figure [6.3| we can observe that there exists a small
persistent error. It can be noticed that we are representing an integer-order Wiener system
with eight unknown parameters with a fractional-order model with 2, 4, or 6 parameters
depending on the structure used. So we can see that there is some small dynamics that

cannot be captured with those models. Nevertheless, as will be shown in the next simulations
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Figure 6.4: Identification, model parameters.
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the adaptive schemes are robust against this unmodeled dynamics.

6.2 Control

In this section, it is illustrated via simulations the effectiveness of the adaptive schemes
designed in the previous Chapters (Figure [6.5)). It is worth noticing that in the simulations
the plants (patients) are represented by the Wiener model (PK/PD model), the fractional-
order models proposed only are used to design and analyze the control schemes. Taking into
account that the proposed models represent the input-output behavior of the PK/PD model.

In the case of the FOMRAC scheme we only implement the controller based on the
model , because the states are not measurable, and for the other two models are needed
for feedback. So to use this scheme with the models - we would need to implement
an adaptive observer, and this configuration is too complex and computational-wise very
demanding, thus defeating the premise of using a simple control scheme.

For the case of the FOCMRAC scheme is implemented with the three models proposed
and applied to the 30 virtual patients.

One important challenge presented in control of anesthesia is the nonnegativity of the
system. For any initial condition xg > 0, the states remain nonnegative as long as the input
u is nonnegative. This issue can be approached using the projection operator (Lavretsky and
Gibson 2011). We can use the information we have of the control laws designed in Theorem
and in Theorem and as we can see the control signal remains nonnegative as long the
parameters are nonnegative.

As discussed above in the case of the FOMRAC scheme we will use only the scheme based
on the model . So we are going to considere an scalar systems and apply the projection

operator with the constrain 0 > 0. The the following Theorem is presented.

Theorem 6.1. (Navarro-Guerrero and Tang 2017b) Consider the model

oDy = —ay — br, (6.1)

where oDf* is given by the Caputo derivative, o € (0,1), and a,b are positive constants whose
"true" values depend on the set of parameters of a patient (see Table 1), y is the output of the
system (BIS) and w is the control input (infusion rate).
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Figure 6.5: FOMRAC and FOCMRAC schemes implemented.
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And the reference model

OD?y = —QmZm — me, (62)

where ap,, by, > 0 are design parameters, r is the reference signal, o € (0,1), and the adaptive
control law

u = Oy + Oor, (6.3)
where 01 and 05 are the estimates of the "true” parameters with which the model matching of
the closed-loop system with the reference model would result. The update laws are given by

. Tey, if 61>0 or (9120 and ey > 0),
0D{01 = Proj(Tey) (6.4)

0 if 61 =0 and ez <0,

R Ter, if ég >0 or (ég =0 and er >0),
0Dy = Proj(Ter) (6.5)
0 if 62 =0 and er <0,

where I' > 0 is the adaptation gain. Then all signals in the closed-loop system given by ,

, , and are bounded and u > 0,Vt > 0. Futhermore, the tracking error

e=9Y—Ym — 0 fort — oo.

The proof is similar to the one presented in Chapter 4, the stability proof is show in
Appendix A.

For the FOCMRAC scheme, as we can see from the control law , the control signal
remains nonnegative as long ©,K, x,,, r > 0. The signal z,, and r are nonnegative by design,
so we are going to apply the projection operator with the constrain é, K > 0. The the

following Theorem is presented.

Theorem 6.2. Consider the fractional-order system given by satisfying assumptions
1-6 and the closed-loop model reference given by and the control law

u(t) = 0T (), + KT (t)r(t) (6.6)

with adaptive laws
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A T Pzpe,, of 6 >0or (=0 and :L'meg >0),
0D{O = Proj(Tzpey) (6.7)
0 if ©=0 and z,ey <0,
. Irel', if K>0o0r (K=0 and rel >0),
oDf K = Proj(Trel) Y Y (6.8)
0 if K=0 and T€§<0,

where e, = CTe, T > 0. Then all the signals in the closed-loop system given by , ,
and , and are bounded and w > 0,Vt > 0. Futhermore, the tracking error

e — 0 when t — oo.

The proof is similar to the one presented in Chapter 4, the stability proof is show in
Appendix B.

Table 6.2 shows the values of the design parameters of the control schemes implemented.
These values were chosen to make a trade-off between speed of convergence and transient
performance.

The simulations are done with the PK/PD model of anesthesia given by , the
objective is to take the patient to the level of BIS = 50.

6.2.1 Inter-patient robustness

The inter-patient variability denotes the variation of the mathematical models among the
individuals. Every patient has his specific model.

The simulations were done using the 30 virtual patients applied to four different control
schemes.

Figure shows the response of the 30 virtual patients with the four control schemes.
We can observe that all scheme meet the control objective, take all the patients to B1.S = 50.
It can be seen that the controllers based on the second and third-order models have better
performance in comparison with the controllers based on the first-order model.

Figure show the control input of the four controllers implemented and it can be seen
a similar control effort between the controllers.

In Figure is shown the tracking errors, the error of the FOMRAC scheme have more

oscillations in the induction phase and higher convergence time.
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Figure 6.6: BIS output of the 30 virtual patients with the FOMRAC and FOCMRAC schemes
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Figure 6.7: Control-input of the FOMRAC and FOCMRAC schemes with the 30 virtual

patients
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Figure 6.8: Tracking error of the FOMRAC and FOCMRAC schemes with the 30 virtual

patients
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1st order FOMRAC controller parameters
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Figure 6.9: Controller parameters of the FOMRAC scheme using the 1st order structure
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1st order FOCMRAC controller parameters
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Figure 6.10: Controller parameters of the FCOMRAC scheme using the 1st order structure
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2nd order FOCMRAC controller parameters
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Figure 6.11: Controller parameters of the FOCMRAC scheme using the 2nd order structure
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3rd order FOCMRAC controller parameters
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Figure 6.12: Controller parameters of the FOCMRAC scheme using the 3rd order structure
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Tabla 6.2: Tuning parameters.

Control with 30 Patients

1st order FOMRAC 1st order FOCMRAC 2nd order FOCMRAC 3rd order FOCMRAC
a = 0.005 a = 0.05 a = 0.005 a=0.1
~ = 0.0008 ~v = 0.005 v =0.05 v =0.05
L=-30 L =-10 Li=-10
Ly = -2 Ly =—-0.5
L3 =—1
Control with Perturbations
1st order FOMRAC 1st order FOCMRAC 2nd order FOCMRAC 3rd order FOCMRAC
a = 0.005 a = 0.05 a = 0.005 a = 0.005
~ = 0.0008 ~v = 0.0008 ~ = 0.001 ~ = 0.0008
L=-0.1 Li=-0.5 L1 =05
Lo =-0.1 Ly =—-0.5
L3 =—-0.05
Time-Delay Robustness
1st order FOMRAC 1st order FOCMRAC 2nd order FOCMRAC 3rd order FOCMRAC
a = 0.005 a = 0.05 a = 0.005 a=0.1
~ = 0.0008 ~ = 0.005 v =0.01 v =0.01
L=-25 Ly =-10 L1 =-10
Lo = -2 Lo =-0.5
Ly=—1

In Figures[6.9]- [6.12] are shown the evolution of the controller parameters.

To evaluate the controller performance, performance measures are calculated during the
maintenance phase of anesthesia according to (Liu et al. 2006).

Performance error (PE) was calculated as the difference between the actual and the target

values.

(6.9)

PE = 100 <BISmeasured - BIStarget) :

BIStarget
Bias or median performance error (MDPE) described whether the measured values were
either above or below the target values and thus represented the direction (undershot or

overshoot) of the PE.

MDPE = median(PFE), (6.10)

Inaccuracy or median absolute performance error (MDAPE) described the size of the
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errors.

MDAPE = median(|PE)|), (6.11)

The Wobble measured the intra-individual variability in the PE.

Wobble = median(|PE — M DPE]). (6.12)

The global score (GS) was calculated according to following equation:

B MDAPE + Wobble
% time BIS value between 40 and 60

Their overall control performance of the FOMRAC scheme and the FOCMRAC scheme

GS

(6.13)

proposed is shown in Table 6.3.

Tabla 6.3: Overall performance characteristics for the fractional-order adaptive controllers
applied to 30 virtual patients. The values are reported as mean values and the minimum and

maximum values within the 30 patients are presented.

Controller 1st Order FOMRAC 1st Order FOCMRAC 2nd Order FOCMRAC 3rd Order FOCMRAC
PE(%) |min, max]| 2.0702 [-3.99, 6.38] 0.0803 [—1.74, 0.40] 0.1826 [0.09, 0.26] 0.1456 [0.06, 0.25]
MDPE(%) |min, max| 2.2505 |—1.94, 7.39) 0.2282 [—0.33, 0.12] 0.0986 [0.05, 0.21] 0.0759 [0.04, 0.15|
MDAPE(%) [min, max] 2.8269 [0.82, 7.34] 0.3478 [0.03, 3.24] 0.0986 [0.05, 0.21] 0.0759 [0.04, 0.15]
Wobble(%) [min, max] — 0.5764 [-4x10716,4.92]  0.3196 [-6x107'6, 3.24]  0.0003 [-6x107'7, 0.005]  0.0028 [-6x 1078, 0.03]
Global score [min, max]| 3.4033 [0.82, 12.26] 0.6674 [0.03, 6.48] 0.0986 [0.05, 0.22] 0.0787 [0.04, 0.16]

From Table 6.3 we can observe that the three FOCMRAC controllers have an overall
improved performance than the FOMRAC scheme. Moreover, the performance also improve
depending on the model used, for example, the MDPE, MDAPE, Wobble, and GS indices

decrease with the increase of the order of the controller, thus improving the performance.

6.2.2 Perturbations and noise robustness

During the maintenance phase is essential that the controller be capable of rejecting
disturbances occurred during surgery.
The second simulation illustrates the robustness of the control scheme to perturbations

and noisy measurements, specifically, to those perturbations that affect the value of the BIS
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index in the patients. These perturbations occur because of, for example, intubation of the
patient, painful stimuli or blood loss. In Figure [6.13] shows the artificial disturbance signal.
Figure [6.14] shows the BIS response of the patient 1 with the four control schemes. Notice
that the controllers are capable of compensating these perturbations and noise, although the
undershoots in the responses are accentuated for the value of the adaptive gain and the lack

of negative control. In Figure [6.15]it is shown the tracking error.

Disturbance signal
I
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m
0
5+ -
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Figure 6.13: Artificial disturbance signal
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Figure 6.14: BIS response under disturbances and noisy measuremens
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Tracking error
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Figure 6.15: Tracking error of the adaptive schemes under disturbances and noisy measure-

mens

6.2.3 Time-delay robustness

The simulation illustrates the robustness of the control scheme to the time-delay, repre-
sented by the parameter a.s; in the effect compartment of the PD part of the PK/PD
model. In Figure @ it is shown the step response of patient 1 for different values of a.y.

Figures — shows the BIS output, control input and tracking error of patient 1
with different time-delays, from 0 - 8 minutes, approximately. It can be observed that despite
the change of the time-delay, the four adaptive controllers are capable of compensating the

delay variation, thanks to the memory effect of the fractional operators.

6.2.4 Comparison between fractional-order and integer-order MRAC schemes

In the last simulation, we make a comparison between the fractional-order MRAC schemes
and his counterpart of integer-order applied to patient 1.

In Figure[6.2I)and Figure[6.22]shown the adaptive schemes based on the first order model,
we can see that the controller of integer-order have an oscillatory response and in particular
the MRAC scheme become unstable.

Figure [6.23] show the schemes CMRAC schemes based on the second order model, we

can observe that the integer-order controller have a constant oscillatory response around the
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Figure 6.16: Patient’s response under different values of e.¢s in the PK/PD model

reference level.

In Figure is illustrated the response of the CMRAC schemes based in the third order
model, we can observe that the integer-order controller have a damped oscillatory response
around the reference level but with a much larger control input.

These simulations show that a complex process like control of anesthesia can be controlled
and meet the control objective using simple fractional-order models, which is not possible with
the same simple models and controllers of integer-order.

While the integer-order MRAC schemes may go unstable or present a poor performance
in the presence of small disturbances or unmodeled dynamics as shown in the last simulation,

the fractional-order MRAC schemes are more robust against this uncertainties.
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Figure 6.17: BIS response of patient 1 with different time-delays using the 1st order FOMRAC

scheme.
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Figure 6.18: BIS response of patient 1 with different time-delays using the 1st order FOCM-
RAC scheme.
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Figure 6.19: BIS response of patient 1 with different time-delays using the 2nd order FOCM-
RAC scheme.
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Figure 6.20: BIS response of patient 1 with different time-delays using the 3rd order FOCM-
RAC scheme.
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Figure 6.22: Comparison between 1st order FOCMRAC and CMRAC, BIS output, control
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Figure 6.23: Comparison between 2nd order FOCMRAC and CMRAC, BIS output, control
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Chapter 7

Conclusions

The application of fractional calculus can have a considerable impact on everyday life,
namely, in technology, social and health issues. Therefore, significant challenges are still posed
to the scientific community that motivates researchers to explore new features of fractional
systems.

In the current state of the art of fractional-order modeling, there is a significant gap
and disadvantages with respect to the integer-order modeling that prevents to become widely
used. Mainly is the lack of a clear physical interpretation, there exist a geometrical (Podlubny
2002, Tarasov 2016), and probabilistic (Machado 2009) interpretation. However, these inter-
pretation are not intuitive and are difficult to grasp, which make more controversial the use
of fractional calculus to model physical phenomena. Furthermore, these interpretations are
not widely accepted, therefore there is no consensus in the community on this essential topic.

For example, suppose that we have an integer-order differential equation that describes
the velocity of some object Z, this equation is well understood, and we know the physical
interpretations of the integral and derivative of that expression, namely, position and accel-
eration, respectively. Now assume that we find (empirically for example) a fractional-order
model that describe more accurate and precise the velocity of the object Z. Then, will arise
some question, for example: a variable of a fractional-order equation could represent the
velocity of that object?, Which fractional integral or derivative definition we need to apply
to obtain the position and acceleration of the object?, This mathematical representation is
equivalent to his integer-order counterpart?, and ultimately, Are mathematical models with

fractional differential equations consistent with the laws of physics?. This fundamental ques-
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tions and the lack of clear answers is what prevents the widespread use of fractional calculus
in the modeling of physical phenomena. However, this controversial concepts could lead to
new directions of research.

On the other hand, view this approach as a mathematical tool has shown in diverse areas
and fields an excellent improvement over his integer-order counterpart. In modeling (view
as an empirical or black-box model) showing the better fit of experimental data with a more
simple structure. Also, in control theory, showing more flexibility in the controller’s design
and improve performance, opening a vast opportunity for research in this areas.

The utility of the Lyapunov theory to study the stability in many areas of mathematics
and engineering is manifest. However, many issues remain controversial in fractional-order
systems, for example, What is the state of a fractional-order system? Can a Lyapunov function
be defined for variables which are not the state of the system? Are fractional-order systems
dynamic ones?, Do Lyapunov stability concepts apply?.

These questions are an indicator that state of the art of the Lyapunov theory for fractional-
order systems is not fully developed and there is much more work to be done.

In the case of control of anesthesia, we deal with a process that is not fully understand,
and with the current integer-order model paradigm, dominated for the PK/PD approach,
despite his plausibility and the acceptance of the biomedical and control community, present
a significant challenge not only by the nature of the processes (unknown parameters, unknown
time delay, states not available for measurement, positivity and poor excitation in the control
input) but also by the model structure (Wiener structure). The recent developments in
biology and physiology with a focus on fractal dynamics (Bassingthwaighte et al. 1994, Magin
2010, West 2010), pharmacology (Dokoumetzidis and Macheras 2009, Verotta 2010, Popovi¢
et al. 2011, Copot et al. 2014) and anesthesia (Chevalier et al. 2013, Copot et al. 2013),
using fractional calculus shown a new paradigm in the understanding and modeling of the
physical phenomena in this areas. This new paradigm suggests that the complex phenomena
(including anesthesia) can be modeled more precise, accurate and with a simple structure
with fractional-order tools.

In this thesis, we present some general and specific contributions. The general contribu-
tion is with regard to fractional-order adaptive control, an extension of the Barbalat’s lemma

was proposed for fractional-order systems, which helps us to conclude the convergence of a
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function to zero based on considerations of the fractional integral. This extension allows
us to make a full stability analysis of adaptive systems in conjunction with the Lyapunov’s
method and conclude the convergence of the tracking error to zero. We complete the results
on the stability proof of the FOMRAC scheme previously reported in the literature apply-
ing the extension of the Barbalat’s lemma. Moreover, we extended the CMRAC scheme for
fractional-order systems, and as a complementary result, two identification scheme and adap-
tive observer are presented. All these results based on the Lyapunov’s direct method and the
extension of the Barbalat’s lemma.

Concerning specific results, it was proposed fractional-order models to represent the
input-output behavior of the PK/PD model of anesthesia, showing his effectiveness through
the identification scheme designed. Moreover, it can be seen that a simple fractional-order
structure can capture the response of the patient, which is represented by a nonlinear model
(Wiener model) by his integer-order counterpart. The disadvantage is that the proposed
fractional models have no physical interpretation and only can be seen as an empirical (phe-
nomenological) models.

Based on this fractional models proposed it was designed a fractional-order MRAC to
control the PK/PD model of anesthesia, showing through simulations that these controllers
meet the control objectives. Moreover, these schemes are robust again inter and intra-patient
variability, time delay, parameter uncertainty, perturbation, and noise.

These results represent a different and novel approach to attack the problem of control

of anesthesia, which still is an open problem and an active topic of research.

Future Work

One possibility is reviewing all the results regarding the fractional-order model reference
adaptive control, namely, direct FOMRAC, indirect FOMRAC, adaptive observers and pa-
rameter identifiers, to identify the missing theory in this area and gather all this results in
one place and make contributions.

In control of anesthesia, it is also an active area of research because the challenges involved
and the possible benefits of the automatization of this process, and we could deepen the

research on this topic using fractional-order control.

122



123

Bibliography

Absalom, A., N. Sutcliffe and G. Kenny. 2002. Closed-loop control of anesthesia us-
ing bispectral index: performance assessment in patients undergoing major orthopedic

surgery under combined general and regional anesthesia. Anesthesiology 96. 67-73.

Absalom, A., R. De Keyser and M. Struys. 2011. Closed loop anesthesia: Are we getting
close to findind the holy grail. Anestesia & Analgesia 112. 1808-1813.

Adolfsson, K., M. Enelund and P. Olsson. 2005. On the fractional order model of vis-
coelasticity. Mechanics of Time-Dependent Materials 9(1). 15-34.

Aguila-Camacho, N., M. Duarte-Mermoud and J. Gallegos. 2014. Lyapunov func-
tions for fractional order systems. Communications in Nonlinear Science and Numerical

Simulation 19. 2951-2957.

Aguila-Camacho, N. and M. Duarte-Mermoud. 2013. Fractional adaptive control for an

automatic voltage regulator. ISA Transactions 52. 807-815.

Aguila-Camacho, N. and M. A. Duarte-Mermoud. 2017. Combined fractional adaptive
control. IFAC PapersOnLine. 8586-8591.

Alonso, H., T. Medonga, J. Lemos and T. Wigren. 2009. A simple model for identi-
fication of drug effect. IEEE International Symposium on Intelligent Signal Processing.
doi:10.1109/WISP.2009.5286552.

Asbury, A. 1997. Feedback control in anaesthesia. International journal of clinical monitor-

ing and computing 14(1). 1-10.

Bailey, J. and W. Haddad. 2005. Drug dosing control in clinical pharmacology. IEFEE
Control Systems Magazine 25(2). 35-51.



BIBLIOGRAPHY

Balachandran, K., V. Govindaraj, M. Ortigueira, M. Rivero and T. J.J.. 2013.
Observability and controlability of fractional linear dynamical systems. IFAC Proceedings

Volumes. 893—898.

Barbosa, R. and J. Machado. 2011. Dynamics, Games and Science. chapter Fractional
Control of Dynamic Systems. 155 — 159.

Bassingthwaighte, J., L. Liebovitch and B. West. 1994. Fractal Physiology. Springer-
Verlag New York.

Battaglia, J., L. Cois, O. Puigsegur and A. Qustaloup. 2001. Solving an inverse heat
conduction problem using a non-integer identified model. International Journal of Heat

and Mass Transfer 44(14). 2671-2680.

Beck, C. L. 2015. Modeling and control of pharmacodynamics. European Journal of Control
24. 33-49.

Bettayeb, M. and S. Djennoune. 2008. New results on the controllability and observability
of fractional dynamical systems. Journal of Vibration and Control 14. 1531-1541.

Bibian, S., G. Dumont, M. Huzmezan and C. R. Ries. 2006. Patient variability and
uncertainty quantification in clinical anesthesia:part i-pkpd modeling and identification.

IFAC Proceedings Volumes. 549-554.

Bickford, R. 1950. Automatic eeg control of general anesthesia. Flectroencephalography and
Clinical Neurophysiology 2(1). 93-96.

Brown, E., R. Lydic and N. Schiff. 2010. General anesthesia, sleep, and coma. The New
England Journal of Medicine 27. 2638-2650.

Butkovskii, A., S. Postnov and E. Postnova. 2013. Fractional integro-diferential calculus
and its control-theoretical applications. i. mathematical fundamentals and the problem

of interpretation. Automation and Remote Conitrol 74. 543-574.

Capelas, E. and J. T. Machado. 2014. Review of definitions for fractional derivatives and
integral. Mathematical Problems in Engineering doi:10.1155/2014/238459.

124



BIBLIOGRAPHY

Caponetto, R., G. Dongola and L. Fortuna. 2010. Fractional Order Systems: Modeling
and Control Applications. World Scientific Singapore.

Castro, A., C. Nunes, P. Amorim and F. Almeida. 2008. Hypnotic administra-
tion for anesthesia using sliding-mode control. In Conference proceedings Annual In-
ternational Conference of the IEEE Engineering in Medicine and Biology Society.
doi:10.1109/IEMBS.2008.4650535.

Chang, J., S. Syafiie, R. Kamil and T. Lim. 2015. Automation of anesthesia: a review

on multivariable control. Journal of Clinical Monitoring and Computing 29. 231-239.

Charef, A., S. Assabaa, M.and Ladaci and J. Loiseau. 2013. Fractional order adap-
tive controller for stabilised systems via high-gain feedback. IET Control Theory and
Applications 7. 822-828.

Chen, W., D. Baleanu and J. A. Tenreiro Machado. 2013. Fractional differentiation
and its applications. Computers & Mathematics with Applications 66(5). 575-916.

Chen, Y., H. Ahn and D. Xue. 2006. Robust controllability of interval fractional order

linear time invariant systems. Signal Processing 86(10). 2794-2802.

Chen, Y., Y. Wei, S. Liang and Y. Wang. 2016. Indirect model reference adaptive con-
trol for a class of fractional order systems. Communications in Nonlinear Science and

Numerical Simulation 39. 458-471.

Chen, Y., I. Petras and D. Xue. 2009. Fractional order control - a tutorial. American

control Conference. doi:10.1109/ACC.2009.5160719.

Chevalier, A., D. Copot, A. lonescu and R. D. Kayser. 2013. Fractional order
impedance models as rising tools for quantification of unconscious analgesia. 21st
Mediterranean Conference on Control & Automation. Platanias-Chania, Crete, Greece.

doi:10.1109/MED.2013.6608723.

Copot, D., A. Chevalier, C. Tonescu and R. De Keyser. 2013. A two-compartment
fractional derivative model for propofol diffusion in anesthesia. IEEE International Con-

ference on Control Applications. doi:10.1109/CCA.2013.6662769.

125



BIBLIOGRAPHY

Copot, D., C. Ionescu and R. De Keyser. 2014. Modelling drug interaction using a
fractional order pharmacokinetic model. International Conference on Fractional Differ-

entiation and Its Applications. doi:10.1109/ICFDA.2014.6967361.

Copot, D., C. Ionescu and R. D. Kayser. 2014. Relation between fractional order models
and diffusion in the body. 19th IFAC World Congress. Cape Town, South Africa. 9277-
9282.

Coppens, M., D. Eleveld, J. Proost, L. Marks, J. Van Bocxlaer, H. Vereecke,
A. Absalom and M. Struys. 2011. An evaluation of using population pharmacokinetic
models to estimate pharmacodynamics parameters for propofol and bispectral index in

children. Anesthesiology 115. 83-93.

Curatolo, M., M. Derighetti, S. Petersen-Felix, P. Feigenwinter, M. Fischer and
A. Zbinden. 1996. Fuzzy logic control of inspired isoflurane and oxygen concentrations

using minimal flow anaesthesia. British Journal of Anaesthesia 76(2). 245-250.

Diethelm, K. 2010. The Analysis of Fractional Differential Equations. Springer-Verlag Berlin
Heidelberg.

Djennoune, S. and M. Bettayeb. 2013. Optimal synergetic control for fractional-order
systems. Automatica 49(7). 2243-2249.

Dokoumetzidis, A. and P. Macheras. 2009. Fractional kinetics in drug absortion and

disposition processes. Journal of Pharmacokinetics and Pharmacodynamics 36. 165-178.

Dorcak, L., J.Valsa, J. Terpak and I. Petras. 2012. Comparison of the electronic realiza-
tion of the fractional-order system and its model. in Proceedings of the 18th International

Carpathian Control Conference (ICCC). 119-124.

Doye, I. N., M. Zasadzinski, M. Darouach and N. E. Radhy. 2009. Observer-based
control for fractional-order continuous-time systems. In Proceedings of the 48th IEEE
Conference on Decision and Control and 28th Chinese Control Conference. Shanghai,

China. 1932-1937.

Duarte-Mermoud, M. and N. Aguila-Camacho. 2011. Fractional order adaptive control

126



BIBLIOGRAPHY

of simple systems. Proceedings of the 15th Yale Workshop on Adaptive and Learning
Systems. H7-62.

Duarte-Mermoud, M., N. Aguila-Camacho and J. Gallegos. 2015. Using general
quadratic lyapunov functions to prove lyapunov uniform stability for fractional order

systems. Commun Nonlinear Sci Numer Simulat 22. 650-659.

Dumont, G., A. Martinez and J. Ansermino. 2009. Robust control of depth of anesthesia.

International journal of adaptive control and signal processing 23. 435-454.

Fernandez-Anaya, G., G. Nava-Antonio, J. Jamous-Galante, R. Munoz-Vega and
E. Hernandez-Martinez. 2017. Lyapunov functions for a class of nonlinear systems

using caputo derivative. Commun Nonlinear Sci Numer Simulat 43. 91-99.

Freed, A. and K. Diethelm. 2007. Caputo derivatives in viscoelasticity: a non-linear finite

deformation theory for tissue.. Fractional Calculus and Applied Analysis 10. 219-248.

Furutani, E., K. Tsurouka, S. Kusudo, G. Shirakami and K. Fukuda. 2010. A hypnosis
and analgesia control system using a model predictive controller in total intravenous
anesthesia during day-case surgery. Proceedings of SICE Annual Conference, Taipei. 223—
226.

Gallegos, J., M. Duarte-Mermoud, N. Aguila-Camacho and R. Castro-Linares.
2015. On fractional extensions of barbalat lemma. Systems & Control Letters 84. T-12.

Gallegos, J. and M. Duarte-Mermoud. 2016a. Boundedness and convergence on fractional

order systems. Journal of Computational and Applied Mathematics 296. 815-826.

Gallegos, J. and M. Duarte-Mermoud. 2016b. On the lyapunov theory for fractional
order systems. Applied Mathematics and Computation 161-170.

Gibson, T., Z. Qu, A. Annaswamy and E. Lavretsky. 2015. Adaptive output feed-
back based on closed-loop reference models. IEEE Transactions on Automatic Control

10. 2728-2733.

Gonzalez-Olvera, M., Y. Tang and G. Navarro-Guerrero. 2015. Fractional order system
identification by a genetic algorithm. Congreso Nacional de Control Automatico, AMCA.
304-308.

127



BIBLIOGRAPHY

Gorenflo, R. and F. Minardi. 1997. Fractional calculus: integral and differential equations

of fractional order. Springer Verlag New York.

Grizzi, F. and M. Chiriva-Internati. 2005. The complexity of anatomical systems. Theo-
reical Biology and Medical Modelling doi:10.1186/1742-4682—2-26.

Haddad, W., J. Bailey, T. Hayakawa and N. Hovakimyan. 2007. Neural network adap-
tive output feedback control for intensive care unit sedation and intraoperative anesthe-

sia. IEEE Transactions on Neural Networks 18(4). 1049 — 1066.

Haddad, W., T. Hayakawa and J. Bailey. 2003a. Adaptive control for non-negative and
compartmental dynamical systems with applications to general anesthesia. International

journal of adaptive control and signal processing 17. 209-235.

Haddad, W., T. Hayakawa and J. Bailey. 2003b. Adaptive control for non-negative and
compartmental dynamical systems with applications to general anesthesia. International

Journal of Adaptive Control and Signal Processing 17(3). 209-235.

Haddad, W., T. Hayakawa and J. Bailey. 2006. Adaptive control for nonlinear compart-
mental dynamical systems with applications to clinical pharmacology. System € Control

Letters 55(1). 62-70.

Haddad, W., K. Volyanskyy and J. Bailey. 2011. Neuroadaptive output feedback control
for automated anesthesia with noisy eeg measurements. American Control Conference.

doi:10.1109/ACC.2008.4586593.

Haddad, W., K. Volyanskyy, T. Hayakawa and J. Joon. 2011. Neuroadaptive output
feedback control for automated anesthesia with noisy eeg measurements. IEEE Transac-

tions on Control Systems Technology 19(2). 311 — 326.

Hadi, D., B. Dumitru and S. Jalil. 2012. Stability analysis of caputo fractional-order

nonlinear systems revisited. Nonlinear Dynamics 67. 2433-2439.

Hahn, J., G. Dumont and J. Ansermino. 2012. A direct dynamic dose-response model of
propofol for individualized anesthesia care. IEEE Transactions on Biomedical Engineer-

ing 59(2). 571-578.

128



BIBLIOGRAPHY

Hartley, T., C. Lorenzo and H. Qammer. 1995. Chaos in a fractional order chua’s system.
IEEE Transactions on Circuits and Systems I: Fundamental Theory and Applications
42(8). 485 — 490.

Hartley, T. and C. Lorenzo. 2002. Control of initializated fractional-order systems. Tech-
nical report. NASA /TM-2002-211377.

Hemmerling, T., S. Charabati, C. Zaouter, C. Minardi and P. Mathieu. 2010. A
randomized controlled trial demostrates that novel closed-loop propofol system performs
better hypnosis control that manual administration. Canadian Journal of Anesthesia

57. 725-735.

Herrmann, R. 2011. Fractional Calculus An Introduction for Physicists. Scientific Publish-
ing.
Heusden, K., J. Ansermino, K. Soltesz, S. Khosravi, N. West and G. Dumont. 2013.

Quantification of the variability in response to propofol administration in children. IEEE

Transactions on Biomedical Engineering 60. 2521-2529.
Hilfer, R. 2000. Applications of fractional calculus in physics. World Scientific Singapore.

Huang, J., Y. Lu, A. Nayak and R. Roy. 1999. Depth of anesthesia estimation and
control. IEEE Transactions on Biomedical Engieenering 46(1). 71-81.

Ichise, M., Y. Nagayanagi and T. Kojima. 1971. An analog simulation of non-integer
order transfer functions for analysis of electrode processes. Journal of Electroanalytical

Chemistry 33(2). 253-265.
Ioannou and Sun. 1996. Robust Adaptive Control. Prentice-Hall.

Ionescu, C., R. De Keyser, B. Torrico, T. De Smet, M. Struys and J. Normey-
Rico. 2008. Robust predictive control strategy applied for propofol dosing using bis as
a concontrol variable during anesthesia. IEEE Transactions on Biomedical Engineering

95. 2161-2170.

Ionescu, C. M., I. Nascu and R. D. Keyser. 2013. Lessons learned from closed loops in
engineering: towards a multivariable approach regulating depth of anaesthesia. Journal

of Clinical Monitoring and Computing 28(6). 537-546.

129



BIBLIOGRAPHY

Isaksson, A. and S. Graebe. 1999. Analytical pid parameter expressions for higher order

systems. Automatica 35. 1121-1130.

Kaslik, E. and S. Sivasundaram. 2012. Nonlinear dynamics and chaos in fractional-order

neural networks. Neural Networks 32. 245-256.

Kellicker, P. 2010. General anesthesia. Keck Medical Center of USC, awvailable in:

http://www.doctorsofusc.com/condition/document /102887.

Kenny, G. and H. Mantzaridis. 1999. Closed-loop control of propofol anesthesia. Brit. J.
Anesthesia 83. 223-230.

Kilbas, A., H. Skivastava and J. Trujillo. 2006. Theory and applications of fractional

differential equations. Elsevier Amsterdam.

Klafter, J., S. Lim and R. Metzler. 2011. Fractional Dynamics in Physics: Recent Ad-

vances. World Scientific Singapore.

Ladaci, S., A. Charef and J. Loiseau. 2009. Robust fractional adaptive control based on
the strictly positive realness condition. International Journal of Applied Mathematics

and Computer Science 19(1). 69-76.

Ladaci, S., J. Loiseau and A. Charef. 2006. Using fractional order filter in adaptive
control of noisy plants. In Third International Conference on Advances in Mechanical

Engineering and Mechanics.

Ladaci, S., J. Loiseau and A. Charef. 2008. Fractional order adaptive high-gain controllers
for a class of linear systems. Communications in Nonlinear Science and Numerical Sim-

ulation 13. 707-714.

Ladaci, S., J. Loiseau and A. Charef. 2007. Robust adaptive control using a fractional
feedforward based on spr condition. International Conference on Informatics in Control,
Automation and Robotics, Signal Processing, Systems Modeling and Control, Angers,

France. 414-420.

Lavretsky, E. and T. Gibson. 2011. Projection operator in adaptive systems. arXiv e-

Prints. arXiv:1112.4232.

130



BIBLIOGRAPHY

Lemos, J., D. Caiado, B. Costa, L. Paz, R. Mendonca, T.F. Rubico, S. Esteves and
S. M.. 2014. Robust control of maintenmain-phase anesthesia. IEEE Control Systems
Magazine December. 24-38.

Li, C. and F. Zhang. 2011. A survey on the stability of fractional differential equations. The
European Physical Journal Special Topics 193. 27-47.

Li, R. and W. Chen. 2014. Lyapunov-based fractional-order controller design to synchronize

a class of fractional-order chaotic system. Nonlinear Dynamics 76. 7T85-795.

Li, Y., Y. Chen and I. Podlubny. 2010. Stability of fractional-order nonlinear dynamic
systems: Lyapunov direct method and generalized mittag leffler stability. Computers &
Mathematics with Applications 59. 1810-1821.

Li, Y., Y. Chen and I. Podlubny. 2009. Mittag-leffler stability of fractional order nonlinear
dynamic systems. Automatica 45. 1965—-1969.

Lin, H., C. Beck and M. Bloom. 2004. On the use of multivariable piecewise-linear models
for predicting human response to anesthesia. IEEE Transactions on Biomedical Engi-

neering 59. 571-578.

Liu, N., T. Chazot and A. Genty. 2006. Titration of propofol for anesthetic induction
and maintenance guided by the bispectral index: closed-loop versus manual control: a

prospective, ramdomized, multicenter study. Anesthesiology 104(4). 686-695.
Lo, A. 1991. Long-term memory in stock market prices. Econometrica 59(5). 1279-1313.

Lundstrom, B. N., M. H. Higgs, W. J. Spain and A. L. Fairhall. 2008. Fractional

differentiation by neocortical pyramidal neurons. Nature Neuroscience 11(11). 1335-1342.

Ma, J., Y. Yao and D. Liu. 2009. Fractional order model reference adaptive control for
a hydraulic driven flight motion simulator. IEEE In 41st Southeastern Symposium on
System Theory. doi:10.1109/SSST.2009.4806843.

Machado, J. A. T. 2002. Fractional order systems. Nonlinear Dynamics.

131



BIBLIOGRAPHY

Machado, J. A. T., M. F. Silva, R. S. Barbosa, I. S. Jesus, C. M. Reis, M. G. Mar-
cos and A. F. Galhano. 2010. Some applications of fractional calculus in engineering.

Mathematical Problems in Engineering doi:10.1155/2010/639801.

Machado, J. T. and V. Kiryakova. 2017. The chronicles of fractional calculus. Fractional
Calculus and Applied Analysis 20(2). 307-336.

Machado, J. 2001. Discrete-time fractional-order controllers. Fractional Calculus and Applied

Analysis 4(1). 47-66.

Machado, J. 2009. Fractional derivatives: probability interpretation and frequency response
of rational approximations. Communications in Nonlinear Science and Numerical Simu-

lation 14. 3492-3497.
Magin, R. 2006. Fractional Calculus in Bioengineering. Begell House Inc.

Magin, R. L. 2010. Fractional calculus models of complex dynamics in biological tissues.

Computers & Mathematics with Applications 59(5). 1586-1593.

Mainardi, F. 2010. Fractional Calculus and Waves in Linear Viscoelasticity: An Introduction

to Mathematical Models. Imperial College Press Singapore.

Mainland, P., T. Lee, B. Short, A. Morley and J. Derrick. 2000. Closed loop control
of anesthesia: An assessment of the bispectral index as the target of control. Anesthesia

55(10). 953-959.

Manabe, S. 1961. The non-integer integral and its application to control systems. Elec-

trotechnical Journal of Japan 6(3). 83-87.

Mansouri, R., M. Bettayeb and S. Djennoune. 2010. Approximation of high order inte-
ger systems by fractional order reduced-parameter models. Mathematical and Computer

Modelling 51. 53—62.

Marsh, B., M. White, N. Morton and K. GN.. 1991. Pharmacokinetic model driven

infusion of propofol in children. British Journal of Anaesthesia 67. 41-48.

Matignon, D. 1996. Stability results for fractional differential equations with applications

to control processing. In Computational Engineering in Systems Applications. 963-968.

132



BIBLIOGRAPHY

Matignon, D. 1998. Stability properties for generalized fractional differential systems. Frac-
tional differential systems: Methods and Applications 5. 145-158.

Mendonga, T., H. Alonso, M. da Silva, S. Esteves and M. Seabra. 2012. Comparing
different identification approaches for the depth of anesthesia using bis measurements.

IFAC Proceedings Volumes. 781-785.

Miller, K. and B. Ross. 1993. An Introduction to the fractional calculus and fractional
differential equations. John Wiley & Sons New York.

Monje, C., Y. Chen, B. Vinagre, D. Xue and V. Fileu. 2009. Fractional Order Controls

- Fundamentals and Applications. Springer-Verlag London.

Monje, C., Y. Chen, B. Vinagre, D. Xue and V. Feliu. 2010. Fractional-Order Systems
and Controls: Fundamentals and Applications, Advances in Industrial Control. Springer-

Verlag London.

Monje, C., B. Vinagre, V. Feliu and C. Y.Q.. 2008. Tuning and auto-tuning of fractional
order controllers for industry applications. IFAC Journal of Control Engineering Practice

16(7). 798-812.

Monk, T., V. Saini and J. Weldon, B.and Sigl. 2005. Anesthetic management and one-

year mortality after noncardiac surgery. Anesthesia and Analgesia 100(1). 4-10.

Morley, A., J. Derrick, P. Mainland, B. Lee and T. Short. 2000. Closed loop control of
anaesthesia: an assessment of the bispectral index as the target of control. Anaesthesia

55(10). 953-959.

Mortier, E., M. Struys, T. De Smet, L. Versichelen and G. Rolly. 1998. Closed-loop
controlled administration of propofol using bispectral analysis. Anaesthesia 53(8). 749—

754.

Myles, P., K. Leslie, J. McNeil, A. Forbes and M. Chan. 2004. Bispectral index moni-
toring to prevent awareness during anaesthesia: the b-aware randomised controlled trial.

Lancet 363(9423). 1757-1763.

133



BIBLIOGRAPHY

Nascu, L., A. Krieger, C. Ionescu and E. Pistikopoulos. 2015. Advanced model-based
control studies for the induction and maintenance of intravenous anesthesia. IJEEE Trans-

actions on Biomedical Engineering 62. 832-841.

Navarro-Guerrero, G. and Y. Tang. 2015. Adaptive control for anesthesia based on
a simple fractional-order model. IEEE 5/th Conference on Decision and Control.

doi:10.1109/CDC.2015.7403101.

Navarro-Guerrero, G. and Y. Tang. 2017a. Closed-loop model reference fractional adap-
tive control for a class of wiener systems. [EEE 3rd International Conference on Control

Science and Systems Engineering. doi: 10.1109/CCSSE.2017.8087883.

Navarro-Guerrero, G. and Y. Tang. 2017b. Fractional order model reference adaptive

control for anesthesia. International Journal of Adaptive Control and Signal Processing

31(9). 1350-1360.

Navarro-Guerrero, G. and Y. Tang. 2018. Fractional-order closed-loop model reference

adaptive control for anesthesia. Algorithms (106). doi:10.3390,/a11070106.

Navarro-Guerrero, G. 2013. Control adaptable robusto de anestesia. Masther tesis, Uni-

versidad Nacional Auténoma de Mézico.

Neckebroek, M., T. De Smet and M. Struys. 2013. Automated drug delivery in anes-

thesia. Current Anesthesiology Reports 3. 18-26.

Nino, J., R. De Keyser, S. Syafiie and M. Ionescu, C.and Struys. 2009. Epsac-
controlled anesthesia with online gain adaptation. International journal of adaptive con-

trol and signal processing 23. 455—471.

O’Hara, D., D. Bogen and A. Noordergraaf. 1992. The use of computers for controlling
the delivery of anesthesia. Anesthesiology 77(3). 563-81.

Oldham, K. and J. Spanier. 2002. The fractional colculus: Theory and applications of

differentiation and integration to arbitrary order. Dover Publications, Mineola, New York.

Ortigueira, M. 2011. Fractional Calculus for Scientists and Engineers. Springer Netherlands.

134



BIBLIOGRAPHY

Osborn, P., H. Whitaker and A. Kezer. 1961. A new developments in the design of model

reference adaptive control systems. Inst. Aeronautical Sciences 61-139.

Oustaloup, A. 1991. La Commande CRONE: Commande Robuste d’Ordre Non Entier. Her-

mes.

Oustaloup, A., B. Mathieu and P. Lanusse. 1993. Second generation crone control. Inter-

national Conference on Systems, Man and Cybernetics. doi:10.1109/ICSMC.1993.384862.

Oustaloup, A., J. Sabatier, P. Lanusse, R. Malti, P. Melchior, X. Moreau and
M. Moze. 2008. An overview of the crone approach in system analysis, modeling and

identification, observation and control. IFAC Proceedings Volumes. 14254-14265.

Padula, F. and A. Visioli. 2015. Advances in Robust Fractional Control. Springer Interna-
tional Publishing.

Pan, 1. and S. Das. 2013. Intelligent Fractional Order Systems and Control. Springer Hei-
delberg New York.

Petersen-Felix, S., S. Hacisalihzade, A. M. Zbinden, and P. Feigenwinter. 1995.
Arterial pressure control with isoflurane using fuzzy logic. British Journal of Anaesthesia

74(1). 66-72.

Petras, 1. 2002. Control of fractional order chua’s system. Journal of Electrical Engineering

53(7). 219-222.

Petras, 1. 2011. Fractional-Order Nonlinear Systems: Modeling, Analysis and Simulation.
Springer-Verlag Berlin Heidelberg.

Podlubny, 1. 1999a. Fractional differential equations. Academic Press, San Diego.

Podlubny, I. 1999b. Fractional-order systems and pi*d* controllers. IEEE Transactions on
Automatic Control 44(1). 208-214.

Podlubny, I. 2002. Geometric and physical interpretation of fractional integration and frac-

tional differentiation. Fractional Calculus and Applied Analysis 5(4). 367-386.

135



BIBLIOGRAPHY

Podlubny, 1., L. Doréak and 1. Kostial. 1997. On fractional derivatives, fractional-order
dynamic systems and pi*d“-controllers. In Proceedings of the 36th IEEE Conference on
Decision and Control. 4985-4990.

Popovié, J., D. Doliéanin, M. Rapaié¢, S. Popovié, S. Pilipovié and T. Atanackovié.
2011. A nonlinear two compartmental fractional derivative model. Furopean Journal of

Drug Metabolism and Pharmacokinetics 36. 189-196.

Puri, G., B. Kumar and J. Aveek. 2007. Closed-loop anaesthesia delivery system (clads)
using bispectral index: a performance assessment study. Anaesthesia Intensive Care

35(3). 357-362.

Raynaud, H. 2000. State-space representation for fractional order controllers. Automatica

36(7). 1017-1021.

Sabatier, J., O. Agrawal and J. A. Tenreiro Machado. 2007. Advances in Fractional Cal-
culus: Theoretical Developments and Applications in Physics and Engineering. Springer,

Berlin.

Sabatier, J., C. Farges, M. Merveillaut and L. Feneteau. 2012. On observability and
pseudo state estimation of fractional order systems. Furopean Journal of Control 42. 260—

271.

Sabatier, J., P. Lanusse, P. Melchior and A. Oustaloup. 2015. Fractional Order Differ-

entiation and Robust Control Design. Springer Netherlands.

Sakai, T., A. Matsuki, P. White and A. Giesecke. 2000. Use of an eeg-bispectral closed-
loop delivery system for administering propofol. Acta Anaesthesiologica Scandinavica

44(8). 1007-1010.

Sartori, V., T. Schumacher, T. Bouillon, M. Luginbuehl and M. Morari. 2005. On-
line identification of propofol pharmacodynamic parameters. IEEE Conf. Eng. Med. Biol.
Soc.. 74-77.

Sawai, K., T. Takamatsu and H. Ohmori. 2012. Adaptive control law using fractional
calculus systems. IEEFE In SICE Annual Conference, Akita, Japan. 1502-1505.

136



BIBLIOGRAPHY

Schnider, T., C. Minto, P. Gambus, C. Andresen, D. Goodale and E. Youngs. 1998.
The influence of method of administration and covariates on the pharmacokinetics of

propofol in adults volunteers. Anesthesiology 88. 1170-1182.

Shafer, S., P. Flood and D. Schwin. 2010. Basic principles of pharmacodynamic. Academic

Press.

Shi, B., J. Yuan and C. Dong. 2014. On fractional model reference adaptive control. The
Scientific Wold Journal doi:10.1155/2014/521625.

Silva, M., J. Lemos, A. Coito, B. Costa, T. Wigren and T. Mendona. 2014. Local
identifiability and sensitivity analysis of neuromuscular blockade and depth of hypnosis

models. Computers Methods and Programs in Biomedicine 113(1). 23-36.

Silva, M., T. Medonca and T. Wigren. 2010. Online nonlinear identification of the effect
of drug in anesthesia using a minimal parameterization and bis measurements. IFEE

American Control Conference. doi:10.1109/ACC.2010.5530791.

Silva, M., A. Medvedev, T. Wigren and T. Mendonca. 2015. Modeling the effect of
intravenous anesthetics: A path toward individualization. IEEE Design & Test 15. 17-26.

Sokolov, 1. M., J. Klafter and A. Blumen. 2002. Fractional kinetics. Physics Today,
55(11). 48-54.

Struys, M., H. Vereecke, A. Moerman, E. Jensen, D. Verhaeghen, N. De Neve,
F. Dumortier and E. Mortier. 2003. Ability of the bispectral index, autoregressive
modelling with exogenous input-derived auditory evoked potentials, and predicted propo-
fol concentrations to measure patient responsiveness during anesthesia with propofol and

remifentanil. Anesthesiology 99(4). 802-812.

Suarez, J., B. Vinagre and Y. Chen. 2008. A fractional adaptation scheme for lateral
control of an agv. Journal of Vibration and Control 14. 1499-1511.

Sun, H., W. Chen, H. Wei and Y. Chen. 2011. A comparative study of constant-order
and variable-order fractional models in characterizing memory property of systems. The

European Physical Journal Special Topics 193. 185-192.

137



BIBLIOGRAPHY

Tarasov, V. E. 2016. Geometric interpretation of fractional-order derivative. Fractional Cal-

culus and Applied Analysis (5). doi:10.1515/fca—2016-0062.

Tarasov, V. E. 2008. Fractional vector calculus and fractional maxwell equations. Annals of

Physics 323. 2756-2778.

Tavakoli-Kakhki, M., M. Haeri and M. Tavozoei. 2010. Simple fractional order model
structures and their applications in control system design. Furopean Journal of Control

16. 680-694.

Tavazoei, M. S. and M. Haeri. 2008. Chaotic attractors in incommensurate fractional order

systems. Physica D: Nonlinear Phenomena 237. 2628-2637.

Tavazoei, M. and M. Haeri. 2009. A note on the stability of fractional order systems.
Mathematics and Computers in Simulation 79. 1566-1576.

Tejado, I., S. HosseinNia and B. Vinagre. 2014. Adaptive gain-order fractional control
for network-based applications. Fractional Calculus and Applied Analysis 17. 462-482.

Tenreiro Machado, J., V. Kiryakova and F. Mainardi. 2011. Recent history of fractional
calculus. Communications in Nonlinear Science and Numerical Simulation 16(3). 1140

1153.

Ting, C., R. Arnott, D. Linkens and A. Angel. 2004. Migrating from target-controlled
infusion to closed-loop control in general anesthesia. Computer Methods and Programs

in Biomedicine 75(2). 127-139.

Trigeassou, J., N. Maamri, J. Sabatier and A. Oustaloup. 2012. State variables and
transients of fractional order differential systems. Computers and Mathematics with Ap-

plications 64(10). 3117-3140.

Upton, R. and G. Ludbrook. 2005. A physiologically based, recirculatory model of the
kinetics and dynamics of propofol in man. American Society of Anesthesiologists 103. 344—

3952.

Valério, D. and J. S4 da Costa. 2005. Ninteger v. 2.3 fractional control toolbox for matlab

(manual).

138



BIBLIOGRAPHY

Cech, M. and M. Schlegel. 2006. The fractional-order pid controller outperforms the clas-

sical one. Process control 2006. Technical University. Pardubice. 1-6.

Verotta, D. 2010. Fractional dynamics pharmacokinetics-pharmacodynamic models. Journal

of Pharmacokinetics and Pharmacodynamics 37. 257-276.

Vinagre, B., Y. Chen and I. Petras. 2003. Two direct tustin discretization methods for frac-
tionalorder differentiator/integrator. Journal of The Franklin Institute 340(5). 349-362.

Vinagre, B., I. Petras, I. Podlubny and Y. Chen. 2002. Using fractional order adjustment

rules and fractional order reference models in mrac. Nonlinear Dynamics 29. 269 — 279.

Vinagre, B., I. Podlubny, A. Hernandez and V. Feliu. 2000. Some approximations of
fractional order operators used in control theory and applications. Fractional Calculus

and Applied Analysis 3. 945-950.
V.V. 2011. Anesthetic Pharmacology. Cambridge University Press.

Wang, L., G. Yin and H. Wang. 2003. Reliable nonlinear identification in medical appli-
cations. TFAC system Identification. 133—138.

Wei, Y., Z. Sun, Y. Hu and Y. Wang. 2015. On fractional order adaptive observer.
International Journal of Automation and Computing 12(6). 664—-670.

Wei, Y., Y. Hu, L. Song and Y. Wang. 2014. Tracking differentiator based fractional order
model reference adaptive control: The 1 < a < 2 case. IEEE conference in Desicion and

Control. doi:10.1109/CDC.2014.7040473.

Wen, X., Z. Wu and J. Lu. 2008. Stability analysis of a class of nonlinear fractional-order
systems. IEEFE Transactions on Biomedical Circuits and Systems 55. 1178-1182.

West, B. 2009. Control from an allometric perspective. Advances in FExperimental Medicine

and Biology 629. 57-82.

West, B. 2010. Fractal physiology and the fractional calculus: a perspective. Frontiers in
Physiology d0i:10.3389/fphys.2010.00012.

West, B., M. Bologna and P. Grigolini. 2003. Physics of Fractal Operators. Springer New
York.

139



BIBLIOGRAPHY

Whitaker, H. 1959. An adaptive performance of aircraft and spacecraft. Inst. Aeronautical

Sciences 59-100.

Xue, D., C. Zhao and Y. Chen. 2006. Fractional order pid control of a dc-motor with
elastic shaft: a case study. in Proceedings of the 2006 American Control Conference

(ACC). doi:10.1109/ACC.2006.1657207.

YaLi, H. and G. RuiKun. 2010. Application of fractional-order model reference adap-
tive control on industry boiler burning system. IEEE In International Conference on
Intelligent Computation Technology and Automation (ICICTA). Changsha, China. doi:
10.1109/ICICTA.2010.59.

Yua, J., H. Hu, S. Zhou and X. Lin. 2013. Generalized mittag-leffler stability of multi-

variables fractional order nonlinear systems. Automatica 49(6). 1798-1803.

Zhang, B., Y. P and Y. Luo. 2012. Fractional order sliding-mode control based on pa-
rameters auto-tuning for velocity control of permanent magnet synchronous motor. ISA

Transactions 51(5). 649-659.

Zhang, F., C. Li and Y. Chen. 2011. Asymptotical stability of nonlinear fractional differ-
ential system with caputo derivative. International Journal of Differential Equations doi:

10.1155/2011/635165.

Zhang, R. and Y. Liu. 2017. A new barbalat lemma and lyapunov stability theo-
rem for fractional order systems. 29th Chinese Control And Decision Conference. doi:

10.1109/CCDC.2017.7979143.

Zhang, R. and S. Yang. 2012. Robust synchonization of two different fractional-order chaotic
systems with unknown parameters using adaptive sliding mode approach. Nonlinear Dy-

namics T1(1). 269-278.

Zhang, R., G. Tian, S. Yang and H. Cao. 2015. Stability analysis of a class of fractional
order nonlinear systems with order lying in (0, 2). ISA Transactions 56. 102-110.

140



141

Appendix A

Proof Theorem 6.1

Proof. The error dynamics is given by
oD% = —ame — b(01y + Oor). (A.1)

Consider the Lyapunov function candidate

~ - 1 b ~2 b ~2
V(e,el,ez) = 582 + ﬁel + ﬁez . (AQ)

Applaying the Caputo derivative and the Lemma 3.3 it gets
« 2 ) 1 an ) 1 an
0DV < —ape” — bbfez — T 0D{01] 4 bls[er — T 0D{0s]. (A.3)

Notice that under the adaptation laws (6.446.5)), the last two right-hand terms are non-
positive. Therefore,
0DV < —ap,é’. (A4)
Since oDV < 0 is negative semi-definite, from Theorem 3.4 the stability of the closed-
loop system can be concluded. So, all the signals in the close-loop system are bounded.

Applying the fractional integral in both sides of the inequality
oI0 DYV < —If N> (A5)

By Property 2.7 it follows that

1 V(0)

o€ < —X[V(t) -V() < U (A.6)



APPENDIX A. PROOF THEOREM ??

Vt > 0. Letting t — oo and by Lemma 3.5 it concludes that the identification error converges
to zero when t — co.

The nonnegativity of the control input follows from the control law and the fact
that the controller parameters él, ég > 0 under the adaptation laws .
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Appendix B

Proof Theorem 6.2

Proof. From (4.27)) , (4.28) and (4.33) the dynamic of the error e = & — x, is given by

oDfe =(Ay + LCT)e + BA(OTx,, + K1),

(B.1)
ey =CTe.
Consider the Lyapunov candidate function
1 1. (6TP6 1. (KTPK
— —Ip hul Z B.2
Vv 5¢ e+2tr< T >—|—2tr< T ) (B.2)
taking the Caputo derivative and applying Lemmas 3.3 and 3.4
N T 0T PyD§O KTPyD{K
oDV <e” PoDyie +tr —T +tr —T | (B.3)
substitute (B.1]), (4.31) and (4.32)) we have
oDV < — 6TQ6 — eTPB(:)Txm —eTPBKTr+
67 PoDY® KT PoDYK (B.4)
S e e R e e R

using the properties of the operator tr(x) and the fact that e, = C”e and taking the adaptation

laws as (6.7)-(6.8) we have the follow cases:

The first case when (DK = meeg and (DOK = Freg we have

0D2V < —eTQe. (B.5)



APPENDIX B. PROOF THEOREM ??

Given that ¢Df*V is negative semidefinite, from Theorem 3.4 it can be concluded the

stability of the closed-loop system. Applying the fractional integral and Property 2.7 to

(B.5), we have

oI%eTQe < V(0). (B.6)

Then the fractional integral exits, and by Lemma 3.5 it concludes that the tracking
error e — 0 where ¢ — oo.

The nonnegativity of the control input follows from the control law and the fact
that the controller parameters O, K > 0 under the adaptation laws .

The second case when OD?R' =0 and OD?K = 0 we have

oDV < —eT'Qe — ' PBOT 2, — ' PBK ™y (B.7)

From (B.7)) we can observe that ¢Df'V is negative define and from Theorem 3.3 we can

conclude that the closed-loop system is asymptotically stable.
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