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Resumen

El presente trabajo puede dividirse en dos partes principales. En la primera vamos a desarrollar
las herramientas matemadticas necesarias para establecer la correspondencia de McKay, la cual
fue observada por primera vez por John McKay en [23]. Para ello es necesario introducir las
singularidades de tipo ADE (que son singularidades aisladas de superficies complejas), dar su
resolucién minimal y la grafica dual asociada a dicha resolucion.

Luego veremos un resultado cldsico demostrado por Klein en [20], el cual nos dice que las
singularidades de tipo ADE son homeomorfas a espacios cociente de la forma C2/T", donde T es un
subgrupo finito de SL(2,C).

Posteriormente estudiaremos la teoria de representaciones de los subgrupos I', lo cual nos
permitird definir la grafica de McKay de cada uno de ellos.

Hecho esto haremos la observacién de McKay, la cual nos dice que la gréfica dual de la resolucién
minimal de C2/T" coincide con la grafica de McKay asociada a la teorfa de representaciones de I'.

Terminamos la primera parte del trabajo mencionando que la aureola de las singularidades
C?/T son difeomorfas a espacios de érbitas de la forma S3/T, con S3 la 3-esfera.

En lo que resta de la tesis vamos desarrollar la teoria necesaria para calcular el invariante n
del operador de Dirac de las aureolas S3/T, torcido por una representacién. Para ello debemos
estudiar geometria spin, la cual nos va a permitir definir explicitamente el operador de Dirac y cal-
cularlo para S® y S3/T". Luego consideramos una representacién irreducible del grupo fundamental
71(83/T) y la usamos para “torcer” el operador de Dirac de S3/T.

A continuacion definimos el invariante espectral 7. Para calcularlo vamos a utilizar los eigen-
valores del operador de Dirac torcido, asi como sus multiplicidades.

Concluimos este trabajo con el calculo del invariante 1 y plantedndonos la pregunta de si este
invariante tiene alguna interpretacién en el contexto de la resoluciéon minimal de las singularidades

de tipo ADE.






Introduction

There is an almost philosophical question that has bothered mathematicians (and other interested
people) for a long time: are mathematics invented or discovered?

I personally believe that mathematics are a human construct, however every once in a while
one can encounter some intriguing coincidences between different areas that make us understand
why there is still no consensus on that matter.

The present work deals with one of such cases and ends up asking a (possibly) interesting
question. Given the extension of the material reviewed, there will be many results cited without
proof.

The thesis is divided in two parts. The first one contains three chapters which have the following
outline:

The first chapter of this thesis requires an algebraic geometry background. We will introduce
a special kind of isolated singularities of complex surfaces which were studied by Du Val [9], Klein
[20], Artin [I] and many others. We will refer to them as ADFE singularities and present them by
its defining equations, although they receive various names and have several characterizations (see
for example [10]).

Heisuke Hironaka proved in [14] that every algebraic variety over a field of characteristic zero
admits a resolution or desingularization. In general a resolution is not unique, but we will see that
for singularities of complex surfaces there is, up to isomorphism, a unique minimal resolution.

In order to find the minimal resolutions of our singularities, we will describe the fundamental
transformation of blow up and learn how to use it repeatedly to find the desired results. As an
example, we compute explicitly the minimal resolution of one of them, called FEjs.

It is possible to encode the information of the minimal resolution on a graph called the dual
graph of the resolution. In the case of ADE singularities the graphs obtained are known Dynkin
diagrams of type ADE.

In Chapter 2 we give a result of Klein proved in [20], which characterizes the ADE singularities

as quotient singularities. This means that they are homeomorphic to a quotient space of the form



C2/T with T a finite subgroup of SL(2,C). To do so, it is necessary to find the finite subgroups of
SL(2,C).

It happens that every finite subgroup of SL(2,C) is conjugated to one of SU(2) and at the
same time, those of SU(2) my be found using the classification of the finite subgroups of SO(3)
(the group of rotations of R?). This groups are the cyclic groups or order n > 2, the groups of

symmetries of regular n-gons and the rotation groups of the platonic solids.

The subgroups I', being matrices groups, act naturally on the space of complex polynomials
on two variables C[z1, 23] and the T'-invariant polynomials are generated by three homogeneous
invariant polynomials f1, f2, f3. Using these polynomials we give explicitly a map C? — C3

which induces an homeomorphism between C?/T" and a singular variety ADE.

Then we will see that the link of a quotient singularity C2 /T is diffeomorphic to the orbit space
S3 /T, with S? the 3-sphere.

Chapter 3 has the objective of studying the representation theory of the finite subgroups I'.
This analysis allow us to define a graph known as the McKay graph, which is constructed taking a
vertex for each complex irreducible representation and drawing a line between two vertices if some

condition regarding characters is satisfied.

Here happens an astonishing thing: for the case where T' is a finite subgroup of SU(2), this
graph is exactly the same as the dual graph of the resolution we found in Chapter 1 for the ADE
singularity C2/T. This interesting coincidence was first noticed by John McKay in [23], and that

is why it is known as the McKay correspondence.

In summary, we have the scheme:

10
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Here starts the second part of the thesis, containing two chapters that will focus on the study
of the links of the ADE singularities from a differential geometry view point.

We have stated that such links are spaces of the form S3/I". In chapter 4 we will see that
they are spin manifolds and therefore one can define its Dirac operator, which is a differential,
self-adjoint elliptic operator denoted by D.

We compute the Dirac operator of the sphere D(S%). Then we use it to obtain the Dirac
operator of quotients spaces D(S3/T).

Since S is the universal covering of S3/T", the fundamental group 71 (S3/T) is just T.

Considering a representation of 71(S3/T') = I' we define the “twisted Dirac operator” and
compute it for the spaces S3/T, together with their eigenvalues and multiplicities.

In Chapter 5 we introduce the n and &-invariants, which are spectral invariants defined for self
adjoint elliptic operators as D. We want to compute them for the twisted Dirac operator. In order
to do so we need to use the eigenvalues of the operator, together with their multiplicities. We
finish this work with the computation of the invariants for the twisted case.

Of course, it is not very clear how the results from the second part are related to those of the
first. We naturally wonder if the computed invariants have an interpretation in the context of

minimal resolutions. This question remains open for future research.

11
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Part 1

The McKay correspondence
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Chapter 1

Resolutions of ADE singularities

and the dual graphs

In this chapter, we present a special kind of isolated singularities of complex surfaces, called ADE
singularities.

Then we introduce the concept of resolution of singularities and review the technique of blowing
up singular points to get what is called a minimal resolution.

As an example, we give the explicit calculations for resolving the singularity of type Es.

After finding the minimal resolution of a singular variety of type ADE, we end up with a series
of curves, called the components of the exceptional divisor of the blow up, intersecting transversally
at each point they meet. The arrangement of those curves can be represented in a graph, called
the dual graph of the resolution.

At the end of the chapter we will give the dual graphs of the resolutions of all the ADE

singularities.

1.1 ADE singularities
The affine space of dimension n over C is the set
A" :={(a1,--- ,an)|a; € C}.
If S is any subset of the polynomial ring C[zy, - ,z,] we define the zero set of S
V(S):={P = (a1, - ,a,) € A"|f(P) =0, forall f € S}.
We observe that if I =< .S > is the ideal generated by S, then V(I) = V(S).

15



The Hilbert’s basis theorem says that if K is a Noetherian ring then the polynomial ring
K[z1,- - ,zy] is also Noetherian ([2, Theorem 5.18, p.469]), that is, any ideal has a finite set of

generators. Thus V(I) can be expressed as the common zeros of this set of generators.

Definition 1. A subset Y of A™ is an algebraic set if there exist a subset X C C[z1,- -, x,] such
that ¥ = V(X).

Proposition 2. The union of two algebraic sets, the intersection of any family of algebraic sets,

the empty set and the whole affine space are algebraic sets.
Proof. The proof can be found in [T}, Proposition 1.1]. O

Remark 3. The previous proposition shows that the algebraic sets, considered as closed sets,

define a topology on A™ called the Zariski topology.

Definition 4. A subset Z # () of a topological space is said to be irreducible if cannot be expressed

as the union of two closed proper subsets.
Definition 5. An irreducible algebraic set ¥V C A™ is called an algebraic variety.

In the following we will be dealing with varieties defined by only one polynomial h : C"* — C.

Such varieties are known as hypersurfaces and its gradient V(h) has rank either 1 or 0.

Definition 6. A point p € V is called regular if

rank( Oh Oh ) =1.

87331(1))7.” v@(p)

Otherwise, the point is singular.
A variety with singular points is called singular and a variety without singular points is called

smooth.

Remark 7. The set of singular points, denoted by Sing(V) is an algebraic subset of V (this is
shown in [24, Lemma 2.2 p.10]).

Theorem 8. The set V \ Sing(V) of regular points of V is a non empty smooth manifold. In fact

it is complex analytic of dimension n — 1.
Proof. See [24] Theorem 2.3 p.10]. O

Definition 9. The ADE singularities are the isolated singularities of the following complex sur-

faces:
e A2 +y2+2"=0, (n>1)

16



e D2 +y*2+2"1 =0, (n>4)
o Eg:2?+y3+21=0

o Er:x?+y3+yz3=0

o Bg:x?+y3+25=0.

The ADE singularities are also known as rational double point singularities, Kleinian singu-
larities or Du Val singularities. There are several characterizations for them, see for example

[10].

1.2 Resolution of singularities

Definition 10. Given an algebraic set ¥V C A", we define Z(V) to be the ideal of all polynomial

functions vanishing in V:
IV)={feClzy--- ,z,]| f(x) =0forall z € V}.

Definition 11. A function between two algebraic varieties f : )V — W with V C C*, W C C™

is regular if it has the form

f:(flv"' ,fm)v

where f; € Clzy, -+ ,2,]/Z(V) for all i and f(x) € W for all x € V.
Regular maps are the morphisms in the category of algebraic varieties.

A regular map whose inverse is also regular is an isomorphism of algebraic varieties.

Definition 12. The field of rational functions over V is the set of functions of the form f/g, with
f, g classes of functions in Clzy, - -, x,]/Z(V) such that g is not the in the class of the function 0.

Definition 13. A function f : V — W between algebraic varieties ¥V C C™ and W C C™ is called

rational if it has the form

f:(flv"' 7fm)a

where each f; belongs to the field of rational functions of V and f;(z) € W for all © € ¥ and for
all 1.

An invertible rational function whose inverse is also rational is called birational function.

Definition 14. A resolution of a singular variety V is a smooth variety VY and a birational proper

function ¢ : V — V such that ¢ is an isomorphism over V' \ Sing()).
Definition 15. The ezceptional divisor of a resolution ¢ : V — V is the set 11 (Sing(V)).

17



Remark 16. In 1964 Heisuke Hironaka proved that every algebraic variety over a field of charac-
teristic zero has a resolution. This result appears in [I4] and awarded Hironaka the Fields medal

in 1970.

Definition 17. Let V be a curve or surface with an isolated singularity. A resolution V is called
good if its exceptional divisor is the union of smooth curves E; intersecting transversely (that is,
the direct sum of their tangent spaces is the tangent space of V) wherever they intersect and such

that no three of them meet in one point.

Remark 18. In general a good resolution v : VY — V with exceptional divisor E is not unique.

To avoid this ambiguity, let us introduce the following concept:

Definition 19. A resolution ¢ : ¥V — V is called minimal if given any other resolution ¢ : V; —

V there is a rational function p : Vi — V such that ¢ =t o p.

Theorem 20. Let V be a complex surface with an isolated singular point. Then, up to isomor-

phism, there exist a unique minimal resolution of V.

Proof. Please see [29, Theorem 5.7, p. 112] O

1.3 Blow up of singular points

In this section we introduce the technique of blowing up, used to resolve some singular varieties.
Specifically for the ADE singularities, it is shown in [19] that we can perform a series of blow

ups until we obtain a resolution.

Definition 21. The n-dimensional complex projective space denoted by CP" or simply by P" is

the quotient space
C"tt —(0)/ ~,
where the equivalence relation is given by
(t1, - stng1) ~ (M1, - s A1 ); A € C, A #£0.
The equivalence classes are usually denoted by [t1 : -+ : tyq1].

Remark 22. The complex projective space P™ is a complex manifold: It is covered by the charts
Ui =A{[ty: -t tna]lts # 0}

18



with homeomorphisms

p; U — C"
131 tic1 tit1 tnat
My et =(2,..., , e, 2L
901[ 1 n+1} <t1 ti ti tz‘

The transition maps between charts are given by
Tij iU NU;) — ¢;(U; N U;)

_ -1
Tij =$Pi°¥Pi -

Definition 23. Let P be the complex projective space and S C C[zy,- - x,] a subset of homo-

geneous polynomials. The zero set of S is
V(S) ={z € P"|f(z) =0forall f € S}.

A subset Y of P" is called a projective algebraic set if Y = V() for some subset of homogeneous
polynomials S.

An irreducible projective algebraic set is called a projective algebraic variety.
Definition 24. The blow up at the origin in C™ is the following algebraic variety in C* x P"~1:
B={((z1,-+ ), [tr s -+ 1 ta]) € C" X P" Mgty = xjti}.
Together with the projection
m:B—C"
m((z1, - xn), [t i t]) = (@1, , 2n).

Definition 25. Let ¥V C C" be an affine algebraic variety containing the origin O. Let B be the
blow up at O in C" and 7 : B — C" the previous function. The blow up of O at V is given by:

V=r1V-0)CB.

Proposition 26. The restriction of the function 7 : V — V defines an isomorphism of algebraic

varieties between V — O and V — = 1(0).
Proof. We define the inverse of 7 as follows:
p:C"—O0 — C" x P!

P($17"' ’xn) = (($17... ,l'n)a[xl . xn])

19



Definition 27. Let V C C™ be an affine algebraic variety, B the blow up at the origin in C™ and
V the blow up at the origin in V. The exceptional divisor of the blow up is the set E = 77_1(0) nv.

When computing a resolution, with each blow up we get a new component of the exceptional

divisor which may consist of several irreducible components, called exceptional curves.

The union of all the exceptional curves is the exceptional divisor of the resolution and is denoted

by E.

Definition 28. The information of a resolution of a singularity after a series of blow ups can
be encoded in a graph as follows: for each irreducible component of the exceptional divisor we
consider a vertex and two vertices are joined by a line if and only if the two corresponding curves

intersect.

This is called the dual graph of the resolution.

Later we will give the dual graphs of the resolutions of ADE singularities and resolve explicitly

one of them.

1.4 Charts of the blow up

At this point, our approach has been very theoretical. We are looking forward to give an example,

but before that we need to give explicit charts for the blow up B.

Let us consider the case n + 1 = 3. The charts U; of the complex projective plane P? given in

remark [22] induce charts C? x U; for C3? x P2, which we can identify with C®.

Moreover, we take the intersections with the blow up at the origin

B ={((z,y,2),[t1 : t2 : t3]) € C* x P? | tgx = t1y, tsx = t12,t3y = t22} (1.1)

and the relations tox = t1y, t32 = t12z and t3y = toz allow us to identify the set (C* x U;) N B,

called the strict transform of the i-th chart, with C3, via the following maps:

20



(C3*xU))NB C® cs3 (1.2)

((w7yaz)7 [tl : t2 : t3D P (x7yuz7 %7 %) P (.T, %7 %)7
(C3 x Us) N B cs c?

((xvyaz)v [tl O t3D S (xayaza %a %) = <%’y7 %) ,

(C3x Us)N B (& c3

((xvyaz)v [tl O t3D S (x,y,Z, %a %) = (%7 %72) .

Which induce the following transition maps:

1.5 Resolving Fjg

Now we are ready to give a resolution of a singularity using a sequence of blow ups. We choose
the surface V C C? corresponding to the equation x2 4 y> + 2° = 0, which is smooth everywhere
except at the origin. To simplify notation we identify the strict transform (C® x U;) N V with its
image in C? under the composition given by .

21



Blow up 1
First chart. Here t; # 0. By (1.1]) we have y = i—lx and z = %x Substituting in the equation:

t3 2 t3 2
%+ %xB + —§m5 = 22 (1 + %x + gx?’) =0

t t t t

1 1 1 1

The equality holds when x = 0 or 1+ %x—i— %x?’ = 0. The equation 1+ %x + %x?’ = 0 corresponds
to the strict transform. We notice that the intersection of the exceptional divisor with the strict
transform is empty in this chart.

Let us compute the gradient of the strict transform in this chart, using a variable change to

simplify notation:
V(1 +ydz + 2523) = (y3 + 32522, 3232, 4232*) # (0,0,0)

at every point of the strict transform. Therefore, it is smooth.
Second chart. Here t5 # 0. By (1.1) we have z = %y and z = i—zy Substituting:
t3 t3 t3 t3
PR A (té ty+ 2yt =0
2 2 2 2
2 5
Now the equality holds when y = 0 or i—é +y+ i—g’y?’ = 0. Thus, on the intersection of the exceptional
2 2
divisor with the strict transform, we have i = 0 and §* is free. Therefore the exceptional curve
in this chart has the form {(0, 0, %)}
To see if the surface still has any singularity in this chart, we take the gradient of the strict

transform. Again, variable change is made to simplify notation:
V(2? +y+ 2°y?) = (22,1 + 32°y%, 5y°2*) # (0,0,0)

at every point of the surface. We conclude it is smooth.

Third chart. Now ¢3 # 0. By (L.1) we have x = %z and y = 1—22 Substituting:

3

B2 Bs, 5 _ ofH B 3\ _
52+ 320+ =2 5+ 32+2° | =0. (1.3)
t3 t3 t3 13

2 3
The equality holds when z = 0 or 4 + i—%z + 23 = 0. Then in the intersection of the exceptional
3

N
t3
divisor with the strict transform we have % =0 and i—j is free. Therefore the exceptional curve in

¢
this chart has the form {(0, £2,0)}.

' tg)

Again we want to see if the strict transform is smooth:
V(2?4132 + 2%) = (22,322, 4° + 32%) = (0,0,0)

22



at the origin, so we need to blow up again.
Apparently in this blow up we obtained two components of the exceptional divisor, but applying

a transition map from second to third chart we see that:

{(0,0, )} 2= {(0, 2, 0)}

) 13

so {(0,0, %)} and {(0, %, 0)} are in fact the same component of the exceptional divisor. We will
call this component F;.

For simplicity, in the following blow ups we will not compute the gradient of the strict transform
when the intersection of the exceptional divisor with the strict transform is empty. In all those

cases the surface is smooth.
Blow up 2
Now we resolve the singularity that appeared in the strict transform of (1.3]), namely 2% +y32+2% =

0. On each chart, we will make the same substitutions as above.

First chart. t; # 0. We have:

13 .t t3 3t 3
2 2,.3%3 3..3 2 243 2 3
T+ 2’ —r+sx=x1+ =2+ S ) =0.
ot ( ti t} )

3ty

3
The equality holds when x =0 or 1 + tTacQ + i—%x = 0. Then the intersection of the exceptional
1 1

divisor with the strict transform in the first chart is empty.

Second chart. 5 # 0. We have:

BpayplysBp_p(Gibe ) (1.4)
t2 ty” 3 2ty t3 ' '
If y = 0 then the strict transform is zero when i—; = 0 and i—; is free, so the intersection of the

exceptional divisor with the strict transform has the form {(0,0, i—;)}

We investigate if the strict transform still has any singularity:
V(z? + 292 + 23y) = (22, 22y + 22,9 + 3y2?) = (0,0,0)
at the origin. We will blow up again this curve.

Third chart. t3# 0. We have:

t2 t3 . 2 t3
A2 28, 43 =224+2242)=0
t2 t3 2 3
3 3 3 3

23



In the intersection of the exceptional divisor with the strict transform we have % =0 and % is

free, then the exceptional curve in this chart has the form {(0, i—;, 0)}.

Again, we take the gradient:
V(z® +4°2% + 2) = (22,32%y°,20°2 + 1)

which is different from (0,0,0) at every point. We conclude that the curve is smooth.
As in the first blow up, we got two exceptional curves, and applying the same transition map

we see that they actually correspond to the same component, which we call Fs.

Blow up 3

We proceed to blow up the strict transform of (1.4): 22 + 2y% + 23y = 0.

First chart. Taking ¢; # 0 and substituting:

ty 12 3 .t tat2 3
2 3 12 2 3,302 2 3l o
T+ —zrsxt+Ssx—r=x‘(1+ =2+ 5—x° ) =0.
t1 t% t:f t1 < t‘;’ t:f t >

We notice that the intersection of the exceptional divisor with the strict transform is empty in this

chart.

Second chart. When t3 # 0 we have:
1 t3 t3 oty 3
TP+ 2y + By =2 (S Sy 2yt =0 (1.5)
t5 to t 2 2

In the intersection of the exceptional divisor with the strict transform we have i—; =0 and E—Z is
free, so the exceptional curve in this chart has the form {(0, 0, %)}

We calculate the gradient:
V(2? + 2y + 2°y°) = (22,2 + 22%y,y + 3y*2%) = (0,0,0)

at the origin. We will blow up again this curve.

Third chart. When t3 # 0 we have:

t3 t3 t 2 3t

—522—1—2—322—1—5’—22:22 —;—}——524——222 =0. (1.6)
27127 i

In the intersection of the exceptional divisor with the strict transform we have %’ =0 and % is
free. This implies that the exceptional curve in this chart has the form {(0, i—i, 0)}.

Let us see if there is any other singularity:

V(@® + 42z +y2°) = (22, 22y + 2°,y° + 2y2) = (0,0,0)
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at the origin. To resolve the curve we will perform another blow up.
Just as in the previous two blow ups, the exceptional curves obtained are the same under a

transition map. We call it Fs.

Blow up 4

Now we resolve the strict transform of (1.5): z2 + zy + 23y? = 0.

First chart. ¢; # 0 = the equation becomes

ts t t t3t t3t

2 3 12 3,302 2 2 302 302 3

+ —r—x+ 3 T° = +——+33 =0

ti ( tity 583 >

In the intersection of the exceptional divisor with the strict transform we have i—f = —%. The
exceptional curve in this chart has the form {( ,—%, %)}

Taking the gradient:
V(1 + 2y + 22y%23) = (3239%2%, 2 4+ 22323y, y + 3y2232%) = (0,0,0)

at the origin. We may think that another blow up is necessary to resolve this curve, but in fact

the origin does not satisfy the equation 1+ zy + 23y?z3 = 0, so the strict transform is smooth.

Second chart. t5 # 0 = substituting we get

t%2t32t§32 2 % t3 t§3
DY Tyt Yy =y ot -+ 3y ) =0
to 2ty t3

E 3
In the intersection of the exceptional divisor with the strict transform we have i—z = —%. The
exceptional curve in this chart has the form {(%, 0, f%)}

Now we check smoothness:

V(z? + 2+ 2%y3) = (22, 32%y%, 1 4+ 3y32%) # (0,0,0)
at every point. No further blow up is required.
Third chart. ¢3 # 0= the equation becomes:

gzz + ZZZ+Z3§)22 =22 <g + % + gz3> =0

In the intersection of the exceptional divisor with the strict transform we have%i = f%. Hence
the exceptional curve in this chart is {(%, —%, 0)}.

Checking smoothness:

V(a® +y+y°2%) = (20,1 + 2%, 3y°2%) # (0,0,0)
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at every point of the curve, so it is smooth.

The exceptional curves obtained were:

1. First chart: {( ,—%7%)}

2. Second chart: {(tlvo’ _ﬁ)}

ta t3
3. Third chart: {(tl —g,O)}.
3

ga

We apply the following transition maps:

bt e [t 8
{(7 t37t1)} t0 ) t%
b 4 728 [t
{(t2703 t%)} t1? tf70

and we conclude that all of them are the same component of the exceptional divisor, Fy.

Blow up 5

Now we resolve the strict transform of (1.6): 22 + y%2 + y2% = 0.

First chart. ¢; # 0, then

t3 ot ty t3 3t ts 13
x? + %x2—3x + —zx—;xQ = 22 <1 + —;—SCE + —2—;96 =0.
27ty 2ttt

The intersection of the exceptional divisor with the strict transform is empty in this chart.

Second chart. t; #0 =

t% 2 213 t:% 2 2 t% t3 t%
Rty ytysy =y gt oyt ) =0 (1.7)
2 2 2 2 2 2

In the intersection of the exceptional divisor with the strict transform we have % =0 and i—z is

free. Thus, the exceptional curve in this chart has the form {(0,0, %)}

Let us see the gradient:
V(z? + 2y + 2°y) = (22,2 + 2%,y + 2y2) = (0,0,0)

at the origin and at (0,0, —1). Both points lay in the curve.
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Third chart. t3#0=

£

t2 t t2 t2 t
—222+—223+23222 d,2.02) 0. (1.8)
t3 t3

—z
t2 ts 2 t2
Then in the intersection of the exceptional divisor with the strict transform we have % =0 and
£ js free. Hence, the exceptional curve in this chart has the form {(0, £2,0)}.

3 3

Now we check smoothness:
V(2 +y?z 4+ yz) = 22,22y + 2,92 +y) = (0,0,0)

at the origin and at the point (0, —1,0), which are in the curve.
This blow up gave us four singular points. Applying a transition map from second to third

chart:

(0,0,—1) —2~ (0, —1,0) (1.9)

therefore, there are only three of them.
Furthermore, just as in the first blow up, performing the same transition map from second to
third chart we see that only one additional component of the exceptional divisor appeared in this

blow up. We call it Es.

Blow up 6

Now we resolve the singularity that appeared at the origin of the second chart of the previous blow
up. The strict transform is given by (1.7): 22 + zy + 2%y = 0.

First chart. If¢; # 0 we have:

ts t 2t tsto 12t
2 3022 30220 =42 1—1——3—2 —g—zx =0
tity 2t

Then in the intersection of the exceptional divisor with the strict transform we have % = —%.
The exceptional curve in this chart has the form {(0, -, {*)}.

We check the gradient:
V(1 + 2y + 22yx) = (2%y, 2 + 222,y + 2yaz) = (0,0,0)

at the origin, which does not satisfy the equation. We conclude that the curve is smooth in this

chart.
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Second chart. t; #0=

t%Q t3 o t§3 2 t% t3 t:%,
— — - = — — —_ = 0
tgy +t2y +t§y Y t2 +t2 +t§y
2
In the intersection of the exceptional divisor with the strict transform we have % = —i—é. Then
2

2
the exceptional curve in this chart has the form { (%, 0, —i—;)}
2

V(a? + 2+ 2%y) = (22,2, 1+ 22y) # (0,0,0)

Then our curve is smooth in this chart too.

Third chart. t¢3#0=

2, t o to o (13 ta o
2"tz 42 z=2" |5+ -+ =z ]| =0 1.10
t2 t3 ts 2tz t3 (1.10)
2
In the intersection of the exceptional divisor with the strict transform we have i—i = f%. The
3

2
exceptional curve in this chart has the form {(%, —%7 0)}.

V(z? +y+yz) = (22,1 + 2z,9) = (0,0,0)
at (0,0,—1), which is the same singular point found in the second chart of blow up 5. We will
resolve this point in the next blow up.

As in the fourth blow up, all the exceptional curves obtained are the same under a transition

map. We name this one component of the exceptional divisor Eg.

Blow up 7

To resolve the singularity of (1.10)), given by the equation 2? + y + yz = 0, at the point (0,0, —1)
we perform the variable change z = z — 1, that moves the singular point to the origin and later we

proceed to blow up as usual. The polynomial becomes:

22+ y+yz=0—=224+yz=0.

First chart. ¢; #0=

ts t tst
2 3 Y2 2 312
By 1+==]=0.
x +t1xt1m x ( t1t1>

to

Thus, the exceptional curve in this chart has the form {(0, {2, —%)} Besides, the curve is smooth

in this chart, since
V(1 +zy) = (0,2y) = (0,0,0)
at the origin, which is not in the curve.
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Second chart. t; #0=

t7 2 t3 2 t7 3
- +-=]=0
Y T3 =y 2t
Therefore the exceptional curve in this chart has the form {(Tl , —;)} Now we compute the

gradient
V(z? 4 2) = (22,0,1) # (0,0,0).
Third chart. ¢3#0=

B2, e o (88 b
27+ == 5+--]=0
t% t3 t% t3

K

>y

H‘&
ol
(e
=
—

Then the exceptional curve in this chart has the form {(
V(@® +y) = (22,1,0) #(0,0,0)

at every point. Then the curve is smooth in every chart.

Blow up 8

There is only one singularity left to resolve: the origin of the third chart of the fifth blow up, given
by (1.8). The polynomial corresponding to this singularity is 2% + y?z + yz = 0.

First chart. t; #0=

t2 .t tot t2 ¢ tot
x2+—§m2—3x+—2—3m2:x2 1+ 23,4223 ) =0
27t t1 £

In this chart the exceptional curve has the form {(0, i—f, -2}
V(1 +y%zx +yz) = (y%2, 222y + z,y%x +y) # (0,0,0)

at every point.

Second chart. t; #0 =
. . . t t?
Therefore the exceptional curve in this chart has the form {(,0,—3)}.
2
V(z? 4 zy + 2) = 22,2,y + 1) = (0,0,0)

at (0,—1,0). This is the same singular point we observed and resolved on the previous blow up.
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Third chart. t3#0=

t% 2 t% 3,02 2 t% t% t2
=2 =2 2=zl 5+ 52+-)=0
t2 +t§ +t3 t§+t§ +t3

2
And the exceptional curve in this chart has the form {(%, —i—é, 0)}.
3

V(2? +y*2 +y) = (22,2zy + 1,4°) # (0,0,0)

at every point. All the exceptional curves are smooth and correspond to the same component of

the exceptional divisor under a transition map. We call this component FEg.

1.6 Drawing the graph of the resolution of FEjy

To draw the dual graph of the resolution we need to keep track of the intersections between
the components of the exceptional divisor. We use the relations given by to identify the
components that appeared on the same chart as each singularity and check with which other
components of the next blow up they meet. Such information is arranged in the following table,

where the * symbol indicates that a singularity appeared there.
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Blow up | E component | First chart | Second chart | Third chart
1 B 0 {(0,0,2)} {(0,3,0)}x
) By 0 {(0,0,2)}x {(0,9,0)}

E, 0 {(0,y,0)} 0

B 0 {(0,0,2)1x | {(0,5,0)}%
3 E, 0 0 {(0,0,2)}

E, 0 {(0,5,0)} 0

E, {0, =32} | {(=,0,=2?)} | {(z,~2%0)}
4 Es 0 0 {(0,0,2)}

Ey 0 {(0,9,0)} 0

Es 0 {(0,0,2)}x | {(0,5,0)}x
5 E; 0 {(0,5,0)} 0

E, 0 0 {(0,0,2)}

Eg {0, =2, 2)} | {(z,0,—2%)} | {(z,—2%,0)}x
6 Es 0 0 {(0,0,2)}

B 0 {(0,9,0)} 0
- 2 {0y, =)} | {0, =)} | {(z,—2%0)}

Es 0 1] (0,0, 2)

Eg {0y, )} | {@,0,=2)} | {(z,—2%,0)}
8 Es 0 (0,y,0) 0

Ey 0 0 {(0,0,2)}

Schematically, the behaviour of the exceptional curves is as follows. The numbers above each
arrow indicate the number of the blow up and the bullets represent the singularities. The gray

bullet is the point we blow up on each step. For simplicity, the surface is not depicted.

v 1 2 3 4
E2 E3
El E1 El E2
E,
By | E | B | e B,
5 Ey 6
E3 E3 E3
E4 E2 E4 E5 E4 EG
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E E E E
e 7 2 e ‘ 7 B8 B,
E E

1 Es 1 ‘ Es

7 8
E3 ES
Ey Eg Ey Eg
The dual graph of the resolution is:

Es Eg Es E.G Es By Ey

Remark 29. Please notice that we did not prove that the resolution we gave is the minimal
resolution. There is a way to determine whether a resolution is minimal or not, known as the
Castelnuovo criterion. This method uses intersection numbers, which are not within the interests

of the present work. We invite the reader to check [4, p. 106] for more details.

1.7 Dual graphs of resolution for ADE singularities

In the following table, which was taken from [I0, Table 1, p. 158], we present the dual graphs of

the minimal resolution of ADE singularities:
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flx,y,2) Dual graph of resolution Name
z® +y? 42" . o..0 ° An
1‘2 + yQZ + Zn—l Dn
[} e...0
z® +y° + 2t ° . ° Eg
[ )
a? +y° +y2? ° ° ° . Er
[ ]
2?4y 4+ 2P ° ° ° Es
[ ]

The names of the graphs come from the ADE classification of Dynkin diagrams.

These graphs not only appear in the context of singularities, but as we will see in the third

chapter, they are also very important in the study of group representations (see, for instance, [13]).
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Chapter 2

ADE singularities as quotient

singularities

In this chapter we will see that the ADE singularities can be characterized as quotient singularities,
that is, they are homeomorphic to a quotient space C2/I", with T' a finite subgroup of SL(2,C).
This is a classic theorem first proved by Klein in [20].

The first thing we have to do is to prove that every finite subgroup of SL(2, C) is conjugated to
a subgroup of SU(2). Then we prove that the finite subgroups of SU(2) are the preimages of those
of SO(3) under an explicit homomorphism. After that, we classify the finite subgroups of SO(3)
to obtain the classification of finite subgroups of SL(2,C). Finally, we state that these groups act
on C? and its corresponding orbit space is homeomorphic to an ADE singularity.

We will also see that the link of the quotient singularity C2/T" is diffeomorphic to S3/T", with
S3 the 3-sphere.

Let us start defining the aforementioned groups.

2.1 The linear groups

Definition 30. Let K" be the n-dimensional vector space over the field K. The general linear
group of K", GL(n,K) is the group of linear automorphisms of K™ where the product is given by
composition.

If {v1, -+ ,v,} is a basis for K® and f is a linear automorphism, for every v = cjv1+---+¢pv, €

K™ we have
f(cl'Ul + -+ Cnvn) = le(vl) + -+ Cnf(vn)
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which implies that the function f is entirely determined by the vectors
fvj) = agjor + -+ + anjvn

and f can be represented by a matrix

an1 e anj “ee Qnn

Therefore, GL(n,K) can be seen as the group of n x n invertible matrices with entries in K and

matrix product.

Theorem 31. GL(n,R) has two connected components.

Proof. This is shown in [32] Theorem 3.68 p. 131]. O

Definition 32. The special linear group is the subgroup:
SL(n,K) :={Q € GL(n,K)|det @ = 1}.
Definition 33. Let V be a vector space over R. An inner product over V is a map
(—,—): VXV —R
satisfying the following axioms for u,v,w € V; A € R:
o (Au,v) = Au,v)
o (u+v,w) = (u,w) + (v, w)
o (u,u) >0
o (u,uy=0<u=0.
Inner product spaces have a naturally defined norm:
[lull = v/ (u, w)
which induces a metric or distance
d(u,v) = |Jv —ul|.
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Definition 34. The orthogonal group in dimension n is the group of distance preserving transfor-
mations of R™ that preserve a fixed point, where the group operation is composition. Equivalently,

is the subgroup of GL(n,R) given by
O(n,R) ={Q € GL(n,R) |QTQ = QQ" = I}.
Definition 35. The orthogonal special group is defined as:
SO(n,R) = O(n,R) N SL(n,R).
It is also called the rotation group of R™. In the following we denote it simply by SO(n).

Theorem 36. The Gram-Schmidt orthogonalization process applied to the columns of matrices

in GL(n,R) provides a retraction, that is, a continuous map
r: GL(n,R) — O(n,R)
such that r o ¢ = Idp(y, r), where i is the inclusion.
Proof. Please check [12] p.293]. O

Corollary 37. The group O(n,R) has two connected components. The component which contains

the identity is SO(n).

Definition 38. A Hermitian inner product over a complex vector space V is a map (—,—) :

V x V — C such that for u,v,w € V, A € C the following holds
1. (u+v,w) = (u,w) + (v, w),
2. (u,v + w) = (u,v) + (u, w),
3. (Au,v) = Mu,v),

4. (u, \v) = Xu,v),

5. (u,v) = (v,u),
6. (u,u) > 0 and the equality holds if and only if u = 0.

Definition 39. Let A € GL(n,C) be a n x n invertible matrix and A* its conjugate transpose.

The wunitary group of degree n is
Un)={AcGL(n,C)|A* = A™'}.
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Equivalently, it can be defined as the group of matrices A preserving the Hermitian inner product,

that is, if
(Au, Av) = (u,v).
Definition 40. The special unitary group of degree n is defined as

SU(n) =U(n)NSL(n,C).

2.2 Conjugacy classes of finite subgroups of SL(2,C)

Let us remember that the first purpose of the chapter is to classify the finite subgroups of SL(2, C).

In this section we reduce the problem to calculate the finite subgroups of SU(2).

Definition 41. Let G be a group. A vector space V over a field F' is called a G-module if there

is a function G x V. — V satisfying the following axioms: for all g1,92 € G; v,w € V and A € F.
L (914 g2)v = g1v + gov,
2. g1(v+w) =g1v + qrw,
3. g1(92v) = (9192)v,
4. lv =,
5. g1(\) = A(g1v) = (Ag1)v.

Definition 42. Let V be a real (resp. complex) G-module. An inner product (resp. Hermitian

inner product) is said to be G-invariant if
{gu, gv) = (u,v)
for all g € G and w,v € V. In this case we will denote the inner product by (—, —)q.

Lemma 43. Let G be a finite group and V a real (resp. complex) G-module. Then there is a

G-invariant (resp. Hermitian) inner product (—, —)g on V.

Proof. We will prove the complex case, the real one is analogous.
Let G be a finite group and let (—, —) : V' x V' — C be a Hermitian inner product on V. We
define

<—,—>G:V><V—>(C

me@m:ﬁme.

geG
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We now prove that (—, —)¢ is a G-invariant Hermitian inner product.
Let us consider u,v € V, g € G and X € C.

1. (u+v,w)g = |G|Z g(u +v), gw) |G|Zgu+gv guw)

geG geG

|G| Z gu, gw) + {gv, gw)) |G\ Z gu, gw) |G| Z gv, gw) = (u, w)g + (v, w)a

geG geG

o

(M, v)g = \G\ Z (gAu, gv) |G| Z Mgu, gv) = Mgu, gv) ¢
geaG

3. (v,u)g = |G|nggu |G‘nggu |G‘Zgugv , V)G

geG

Z gu, gu) > 0 and the equality holds if and only if 0 = gu = u.
geG

4. <U,U>G |G‘

5. On the other hand, for h € G, we see that

(hu, hv)g ‘G| Z ghu, ghv) = |G\ Z (g'u, g'v) = (u,v)q.

geG g’ €G

Proposition 44. Every finite subgroup of SL(2,C) is conjugated to a subgroup of SU(2).

Proof. Let T’ be a finite subgroup of SL(2,C), (—, —) be a Hermitian inner product on C? and

consider (—, —)r the T-invariant Hermitian inner product given by lemma
Given two bases, B = {ej, ea} orthonormal with respect to (—, —), and B’ = {e}, e} } orthonor-

mal with respect to (—, —)r; there exist a change of basis matrix T' € SL(2,C) from B’ to B, such

that for every i, j

(ef, el r = 0ij = (Te;, Tel)

Z’J

with §;; the Kronecker delta. By linear extension we have that (u,v)r = (Tu,Tv) for every

u,v € C2. Using this fact we have
(u,v) = (T u, T ) = (g7 tu, gT ") = (TgT u, TgT~v).

Since the previous equality does not depend on the element g, it follows that 7T 7! is unitary,

thus T' is conjugated to a subgroup of SU(2). O
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2.3 Some useful characterizations of SU(2)

Let us remember that by Proposition [44] the problem of computing the finite subgroups of SL(2, C)
is now reduced to compute those of SU(2). In this section we study some properties of SU(2) that,
together with the classification of finite subgroups of SO(3) (which will be given in the next section),

will help us to achieve our goal.

2.3.1 Quaternions
Definition 45. The quaternions are the algebra over R whose underlying set is:
H={q=a+bi+cj+dkla,b,c,deR}.
The sum of two quaternions is
(a1 + byi + c1j + dik) + (ag + bai + coj + dok) = (a1 + az) + (b1 + ba2)i + (c1 + c2)j + (di — do)k
and for a € R the scalar product is just
ala; + bii+ c1j + dik) = aay + abyi + ac1j + adi k.

The fundamental formula for quaternion multiplication is i = j? = k? = ijk = —1. Using it and

the distributive law we get the formula for the product of two quaternions.

(a1 + bii + c1j + dik)(az + bai 4 c2j + d2k) = arag — bibe — crcp — drda
+ (a1b2 + bias + c1do — dlcg)i
+ (a1ca — bidy + crag + diby)j

+ (aldg + b162 — Cle + dlag)k.

For a quaternion ¢ as above, a is called its real or scalar part and bi + c¢j + dk is its pure or
vector part. The conjugate of ¢ is the element § = a — bi — ¢j — dk and for two quaternions ¢ and
p, it holds that gp = pq.

The inner product of two quaternions is

T, 1,
{a.9) = 5(ap+pa) = 5(ap + pa)
or equivalently

<q,p> = <Cl1 + byi + c1j + dlk‘, as + bai + c2j + d2]€> =ajag + b1by + c1c9 + dids.
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The norm of ¢ = a + bi + ¢j + dk is then

gl = Vag = Va? + b2 + 2 + d2.
If |g| = 1 the quaternion is said to be unitary.

The inverse element of a nonzero quaternion ¢ is ¢=! = g/|q|?.

Observation 46. Notice that these are the usual inner product and norm in R*. Then H and R*

are isomorphic as real vector spaces with inner product.

Lemma 47. Let ¢ and p be two quaternions. Then |gp| = |q||p|-
Proof.

lap|> = qpap = qppq = alp|*7 = |a/*|p|*.

O

Remark 48. The previous lemma implies that the product of two unitary quaternions is an
unitary quaternion. Besides, 1 and the inverse of an unitary quaternion are unitary. Therefore
unitary quaternions form a group.

Moreover, the unit 3-sphere can be regarded as S® = {q € H||q| = 1}. This says that unitary
quaternions form a compact, connected Lie group, whose corresponding Lie algebra is generated

by the pure quaternions {i, j, k}.

2.3.2 The algebra M

Definition 49. Let us denote by M algebra over R given by 2 x 2 matrices of the form
a+bi c+di
—c+di a—Ub

with the usual sum and multiplication of matrices.

Observation 50. We notice that M is indeed closed under multiplication:
a1+ b1t e +dii as + byt o+ dai a+bi c+di
—c1 +dii a; —bid —cy +dat ag — bai —c+di a—b
with
a=ajaz — biby — crco — dids
b= asby + arby — cady + ¢c1ds
¢ = ascy + ajcg + bady — bids

d = —bycy + bica + asdy + aids.
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The algebra M can also be equipped with the following inner product
(A,B) = %Tr(AB*)
where Tr denotes the trace of a matrix.
Lemma 51. Let us consider A € M, then (A, A) = det(A).

Proof. If A € M then it has the form

a+tb c+di
—c+di a—W
and its square norm is
1 a+ib c+di a—1b —c—di
(A, Ay = —Tr
2 —c+di a—W c—di a+b
1 a?+ b2+ 2+ d? 0 1
= Tr :5(2a2+2b2+202+2d2)

0 a?+ 0>+ 2+ d?

=a® + b+ + d* = det(A)

Observation 52. If A and B are matrices in M, then
|AB|? = det(AB) = det(A)det(B) = |A|*|BJ>.

Remark 53. The elements of SU(2) are characterized by having determinant equal to 1 and its

conjugated transpose coincides with its inverse. Then a matrix

a f
6 v
has an inverse of the form
v B\ (a ¢
5 o) \B 7~
and thus the matrices of SU(2) have the form
a (B [« 153
o - -8 a

Using the previous observation, we have that SU(2) is the group of elements with norm 1 in M.
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Proposition 54. Quaternions are isomorphic to M as real algebras via an inner product preserv-

ing isomorphism.
Proof. Let us define the correspondence

L:H—M

a+bi c+di
a+bi+cj+dk—

—c+di a—"bi

The map L is a bijective vector space homomorphism:

L(g+p) = L((a1 + bii + c1j + dik) + (ag + bai + c2j + dak))

_ [ (ataz)+ (b + b2)i. (c1+c2) + (di + d2)l: — L(g)+ L(p).
—(Cl + 62) + (d1 + dg)l (a1 + ag) — (bl + bg)l

It preserves multiplication:

L(gp) = L((a1 + bii + c1j + dik)(az + bai + c2j + d2k))
= L(ajas — biby — c1co — dida + (ar1bs + bras + c1dy — dyca)i
+ (a1c2 — bida + cras + dib2)j + (a1de + bica — c1by + diaz)k)
a1 +bii ¢ +dit az + byt ca+dat
—c1 +dit ap — b —co +dai  as — bai

this last equality follows from observation

It preserves inner product:

. 1 a1 +bit ¢ +dit as — bot  —co — dot
{L(a), L(p)) = 5 Tx(L(@)L(p)") = 5 , _ , _
—c1 +dit a; — byt Cco — dai as + bai
1 &1 & 1
=5Tr = 5(51 +&4) = araz + biby + iz + dida = (g, p)

where

51 = ajas + b1b2 + c1c9 + d1d2 + i(a2b1 — a1b2 + 02d1 — Cldg)
& = ager — arce — bady + bide + i(bacr — bica + agdy — ards)
& = —ascy + arca + bady — bidy +i(bacy — bica + asdy — ards)

&y = ar1a9 + b1ba + c1co + dids + i(—a2b1 + a1by — cady + Cldg)
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Corollary 55. Unitary quaternions S® and SU(2) are isomorphic groups.

Proof. Since the map L preserves multiplication and inner product, we have L(S%) = SU(2). O

Remark 56. By Corollary SU(2) is a compact connected Lie group, whose associated Lie
algebra is denoted by su(2)([5, p. 62]) and generated by the images of pure quaternions 4, j, and k

under the map L, namely

E, = | B = By = | . (2.1)

By observation H is isomorphic to R* as real vector spaces. Then proposition has the

following consequence:

Corollary 57. su(2) and pure quaternions, seen as R? are isomorphic.

2.4 Classification of finite subgroups of SO(3)

Definition 58. In R3, the platonic solids are the regular, convex polyhedra. There are five of

them, namely:

Name | Tetrahedron Cube Octahedron | Dodecahedron | Icosahedron

e 06

Definition 59. Let P be a platonic solid inscribed in the unit sphere S? in R3. The rotation

Picture -

group of P consists of the elements of SO(3) which transform P into itself.

Every polyhedron has an associated dual polyhedron, which is constructed by putting a point
at the barycenter of each face an then taking the convex hull of such points.

The dual of a cube is an octahedron and the dual of a dodecahedron is an icosahedron, while
tetrahedron is self-dual.

Duality preserves symmetries of a polyhedron, which implies that the rotation group of a

platonic solid P is equal to the rotation group of its dual.

Definition 60. Let X be a set and G a group. We say that G acts on X (or X is a G-set) if there

is a function o : G x X — X (called an action), denoted by « : (g, x) — gz, such that:
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1. 1z =z for all x € X; and
2. g(hx) = (gh)x for all g,h € G and = € X.

Definition 61. Let G be a group acting on X. For each point x € X, we define the isotropy group

in z as follows
Gy ={9 € G|gz = z}.
The isotropy group is subgroup of G. We will use the notation G, < G.

Definition 62. Let G be a group acting continuously on a topological space X and x € X. The
orbit of x is the subset of X given by

O(x) = {gz|g € G}.

The set of all orbits of X under the action of G with the quotient topology is written as X/G

and is called the orbit space.
Observation 63. Every group G acts on the set of all its subgroups by conjugation.

Let G be a finite subgroup of SO(3), then G acts on the unit sphere S? in R?® by rotations.
This action is well defined since the elements of SO(3) act on R3 fixing the origin and preserving

distances. Such action can be used to prove the following:
Theorem 64. The finite subgroups of SO(3), up to conjugation, are:

1. Cyclic groups of order n, with 2 < n < co.
This is the group of rotations of a regular n-gon. It is denoted by C), and has the presentation:
(BlB™ = 1).

2. Dihedral groups of order 2n, with 2 < n < co.
This is the group of symmetries of a regular n-gon. It has order 2n, is denoted by D,, and
its presentation is: (3,7|8% =" = (8y)? = 1).

3. The rotation group of the tetrahedron.
The presentation of this group is: (v,3|8% = +3 = (87)? = 1) and is isomorphic to the
alternating group Ajy.

4. The rotation group of the octahedron, whose presentation is:

(v, B|B% = v* = (B7y)? = 1) and is isomorphic to the permutation group Sj.
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5. The rotation group of the icosahedron, with presentation:

(v, B|B% = +v®> = (B7)? = 1) and is isomorphic to the alternating group As.

Proof. It can be found in [21], §6 p.20]. O

2.5 Finite subgroups of SL(2,C)

In this section the results previously obtained are used to give a classification of the finite subgroups
of SL(2,C).

Let us define the following map:

v :SU(2) — SO(3)
Ar— p(4),

where the orthogonal transformation ¢(A) is defined for X € su(2) as
Y(A)(X) : su(2) — su(2)
X— AXAT.
Observation 65. ¢(A) has the following properties:

1. The product AXA~! is indeed in su(2), since the elements of su(2) are characterized by
having zero trace and Tr((AXA™!)) = Tr(X) = 0.

2. Let us remember that by Corollary 5u(2) =~ R3, 50 p(A) as it is defined gives us an actual

transformation of R3.
3. By Lemma [51] we have
|X]? = det(X) = det(AXA ) = [AX A2
that is, ¢p(A) is orthogonal.

Theorem 66. We have the following isomorphism:

SU(2)

= =500)

Sketch of the proof. By remark SU(2) is connected. The map ¢ is continuous, so p(SU(2))
is contained in the connected component of O(3) that contains the identity. This component is

clearly SO(3). Moreover, ¢ is surjective (for details please check [28] Lemma 2B p. 34]).
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Besides, its kernel is ker(p) = {A € SU(2)| AE; A~ = E;, fori = 1,2,3} = {£I}. (again, see
[28, Lemma 2B p. 34]).

From the last two observations and applying the first isomorphism theorem, we have the result.

O

As a consequence of the previous theorem, the finite subgroups of SU(2) are the preimages of
the ones of SO(3) (which were listed in Theorem [64] and have even order), and odd-order cyclic

groups.

Definition 67. If G < SO(3) is a finite subgroup, then the subgroup ¢~}(G) < SU(2) and any
I' < SL(2,C) conjugated to ¢~ 1(G) is called the binary subgroup corresponding to G.

Observation 68. These groups I' have twice as elements as G, since ¢ is 2 to 1. This is reflected

in the names of the groups in the following theorem.

Theorem 69. Let I' be a finite subgroup of SL(2,C), then I' is one of the following (up to

conjugacy):
Name Order | Notation | Generators Relation
Cyclic group n Cn b =1
Binary dihedral group 4n D, b, ¢ b2 =c" = (be)? = —1
Binary tetrahedral group 24 T b, ¢ b3 =c3 = (be)? = -1
Binary octahedral group 48 0 b, ¢ b =ct = (bc)? = -1
Binary icosahedral 120 I b, c b} =5 = (be)? = —1

where ¢(b) = 8 and ¢(c) = ~; with 8, v the generators in presentations given by Theorem

Proof. Tt can be found in [21] TI§I p.35]. O

2.6 Quotient singularities

In this section we want to use the classification of finite subgroups of SL(2,C) to give a relation
between the ADE singularities studied in Chapter 1 and quotient spaces C?/T", with I" one of such
subgroups.

Given T a finite subgroup of SL(2,C), we can define a right action of T' on Clz1, 22] as follows.

If 2 = (21,20) € C?, g €T, f € Clz1, 22], then
(f9)(2) == f(g(2)).
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Definition 70. A polynomial f € C[z, 29] is called T-invariant if

fg=1r
for every g € I. The set of I'-invariant polynomials is denoted by S' and is a subalgebra of
Clz1, 22]-

Lemma 71. Let f € C[z1, 22] be a homogeneous polynomial of degree n, then fg is homogeneous

of degree n for all g € T.

Proof. By definition, the polynomial f has the form
f= Z a,;jzizg.
1+j=n
If T is a subgroup of SL(2,C) then, up to conjugation, we can suppose its a subgroup of SU(2).
Then if g € I' it holds

a p
9= _
_ﬁ a
for a, 8 € C.
z1 z1 azy + Bz P L
(f9) = fly )=f( T )= D0 aglaz + Bz) (—Ba + az)
z2 Z2 —Bz1 + az i+j=n
(i i—k k (i B N\i—=l(~. )\
= > ayl CENCENLD (=Pz1) " (az)’)
i+j=n k=0 \ K =0 \!
L& (i J i—k k(A \i—l(~, \l
- aij Y Y (az1)" (B22)" (=Bz1)" " (@22)
itj=n  k=01=0 \K !
N J i—k(_ B, \i—l(,. Yi—k4i—l(avk (2N ([, \k+]
- aij Y Y (@)™ (=F21)" " (20) " (B) (@) (22)"
itj=n  k=01=0 \K !
This last expression has degree i —k+j—1l+k+1l=i4+7=mn. O

A polynomial can be decomposed in a sum of homogeneous polynomials. It happens that a
polynomial is I-invariant if and only if each one of its homogeneous components is I-invariant (see
[21 1186, p.54]).

Therefore, if we want to find the I'-invariant polynomials it is enough to know the homogeneous

I'-invariant ones.

Theorem 72. Let I be a finite subgroup of SU(2). Then ST is generated by three homogeneous

invariant polynomials fi, f2, f3 € Clz1, 22] which satisfy a polynomial equation

h(f1, f2, f3) = 0.
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Group

Equation h

Cyclic of order n

fE+fE+f=0

Binary dihedral

P4 f2fs+ =0

Binary tetrahedral

[P+ 3+ f3=0

Binary octahedral

B+ 13+ faf3 =0

Binary icosahedral

R+B+£=0

Proof. May be found in [20, 11§9-13, p.50]. O

Theorem 73. The algebra homomorphism

® : Clz,y,z] — Clz1, 29]
O(r) = f1,2(y) = f2, P(2) = f3

induces an isomorphism
Cle,y. z]/(h) = S"
where (h) is the ideal generated by h.

Proof. The polynomials f1, fa, f3 generate S*, then ® is surjective and its kernel is precisely (h).

Applying the first isomorphism theorem we have the result. O

We define the following affine variety
V= {(z,y,2) € C*|h(zx,y,2) = 0}.
Let us consider the map
F:C? —¢C
(21, 22) ¥ (f1(z1, 22), fa(21, 22), f3(21, 22)).

This map has the following properties.
Proposition 74. 1. F(C?) = V.
2. F(z) = F(w) if and only if w = gz for some g € T".
3. F is proper and closed.
4. The map F : C2 — V with image restricted to V is open.

5. F'is continuous.
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Proof. Please see |21 1189 p.66]. O
This proposition implies the following:

Theorem 75 (Klein). The polynomial map F induces an homeomorphism F : C2 /T — YV

between the orbit space C?/T" and the affine variety V.

From now, V will be called the affine orbit variety.

Proposition 76. Let I be a non trivial finite subgroup of SL(2, C) acting on C? by multiplication.
Then C?/T is isomorphic to h=1(0), where h is the corresponding polynomial in column 1 of the

following table:

h(z,y, 2) Subgroup of SU(2)

22+ y? + 2 Cyclic of order n

22 +y?2 + 2"~ | Binary dihedral of order 4(n — 2)

22 + 3+ 24 binary tetrahedral
2 + 3 + y2? binary octahedral
22+ 3+ 20 binary icosahedral

We observe that the polynomials h are the same polynomials defining the singularities of type

ADE in Chapter 1 (please see Definition @

2.7 The link of ADE singularities

We end up this chapter establishing a relationship between the ADE singularities seen as quotient

singularities and spaces of the form S3/I", with S3 the 3-sphere.

Theorem 77. Let V be a hypersurface with an isolated singular point at the origin. Then V
intersects transversally every sufficiently small sphere around 0 with radius € > 0, S:(0).

The intersection V N S.(0) is a smooth manifold.
Proof. May be found in [24] Theorem 5.11, p.53]. O

Definition 78. The manifold V N S.(0) is called the link of the singular point.

Proposition 79. The link of C?/T is a smooth compact 3-manifold diffeomorphic to S3/T.
Proof. Please see [29, p.50]. O

Observation 80. Since S? is simply connected and the action of T" in S? is free, S? is the universal

cover of the spaces S®/T" and therefore the fundamental group my(S3/T') is just T

We will return to the spaces S?/T" in Chapter 4.
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Chapter 3

The McKay correspondence

In this chapter we will study some theory of representations of groups to define a directed graph
encoding the structure of the representation theory of the group.

In the particular case where T is a finite subgroup of SU(2), this graph is undirected and it
happen to coincide with the dual graph of the minimal resolution of the quotient singularity C2/T"
studied in Chapter 2. This is the so called McKay correspondence, named after John McKay who

was the first one to study this phenomenon.

3.1 Group representations

Definition 81. Let us consider a group G, a vector space V over R or C and GL(V') the group
of automorphisms of V. A representation of G on V is a homomorphism p : G — GL(V). The
degree of p is deg(p) = dim(V).

A representation of G on V' gives rise to a linear action of G on V
GxV—V (3.1)
gv = p(g)v.

The action previously presented gives V' the structure of G-module.

Conversely, if V' is a G- module then we can define a representation of G on V:
p:G— GL(V)
pla)(v) = av.

Definition 82. Let p: G — GL(V) and 0 : G — GL(W) be two representations of G. A linear

morphism ¥ : V. — W is said to be G-equivariant is for every g € G and for every v € V the
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following equality holds:

Definition 83. Let p: G — GL(V) and 0 : G — GL(W) be two representations of G. We say

that p is equivalent to o if there exist a G-equivariant isomorphism ¢ : V. — W.

3.2 Irreducible representations

Definition 84. Let p : G — GL(V). A subspace W C V is said to be G-invariant if for all
g € G it holds that

p(g)(W) Cc W.

Definition 85. A representation of non-zero degree p : G — GL(V) is said to be irreducible if
the only invariant subspaces are {0} and V.

Otherwise, if there exist a non trivial invariant subspace, the representation is called reducible.

Definition 86. Let p: G — GL(V) be a representation, with V of finite dimension, and U C V'

a G-invariant subspace. U is said to be irreducible if the restriction
plv : G — GL(U)
plu(g)(u) = p(g)(u)

is an irreducible representation.

Definition 87. Given a family of representations p; : G — GL(V;) with i € {1,---,r} and
V=Ve eV, wetake v =01+ -+ v, € V with v; € V; and define the direct sum of

representations:

pL@® - ®py: G— GL(V)

(o1 @@ pr)(9)(v) = pr(g)(v1) + -+ + pr(g)(vr).

Example 88. Let p: G — GL(n,F) and 0 : G — GL(m,TF) be two representations of G. Then

it holds that p & o is equivalent to the representation

7:G — GL(n+ m,TF)



Observation 89. The direct sum of representations p; @ - - - @ p, is reducible due to the fact that

each V; is G-invariant.

Theorem 90 (Maschke). Let G be a finite group and p : G — GL(V') a representation, with V' a
vector space over R or C. If U C V is a G-invariant subspace then there exist W C V G-invariant

subspace such that
V=UsW.

Proof. Consider F = R or F = C. Let V be a vector space over F and n its dimension. Then V
and F" are isomorphic as vector spaces. Let (—, —) be an inner product on V. By Lemma [43| of
Chapter 2, there exist a p(G)-invariant inner product (—, —)¢.

Let W be the orthogonal complement of U with respect to (—,—)¢g, then V. = U @& W. By
hypothesis, U is G-invariant, which implies that for ¢ € G and u € U, p(g)(u) € U. We take
w € W, it holds that

0= (w,u)e = (p(g)(w), p(g)(u))c-

Therefore, p(g)(w) is orthogonal to U with respect to {(—, —)¢q, that is, p(g)(w) € W and W is a
G-invariant subspace such that V=U @ W. O

Observation 91. Under the assumptions of Maschke’s theorem, p is equivalent to the represen-

tation o @ 7, where 0 : G — GL(U) and 7 : G — GL(W) are given by

a(g) =p@)lv . 7(9):=p(g)lw.

Definition 92. A representation p : G — V is said to be completely reducible if it is equivalent

to a sum p; @ - - - D p, where each p; is an irreducible representation.

Theorem 93. Let G be a finite group and V' # {0}, then every representation p : G — GL(V)

is completely reducible.

Proof. We proceed by induction over the degree n of the representation. If deg(p) = V = 1 then
{0} and V are the only vector subspaces and hence p is irreducible.

Let us assume, by induction hypothesis, that the result holds for representations of degree
smaller than n. If the representation is irreducible, there is nothing to prove, so we suppose that

p is reducible. This implies that V' has a non trivial G-invariant subspace U and by theorem
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there exist a G-invariant subspace W such that V = U @ W and p is equivalent to the direct sum
of representations o @ 7, given by observation

Clearly deg(o) = dim(U) < dim(V'), and therefore o is equivalent to
o1B-- Doy

where each o; is irreducible.
Analogously, deg(7) = dim(W) < dim(V) and 7 is equivalent to a direct sum of irreducible

representations
LD DTs.
Therefore, p is equivalent to
o1D--- Do, D11 DTS
O

Proposition 94. If GG is a finite group then there exist a finite number of complex irreducible

representations, up to equivalence, and it is equal to the number of conjugacy classes in G.

Proof. Can be found in [I7, Corollary 10.7, p. 91]. O

3.3 Character of a representation

In this section we will consider every representation to be complex.

Definition 95. Let V be a vector space over C with basis B, G a group and p: G — GL(V) a

representation of G. The character of p, also called a character of G, is the function

x:G—C

x(g9) = Tr(M,(9))

where M,(g) is the matrix associated to the automorphism p(g) with respect to the basis B. If
p is an irreducible representation, its character is also said to be irreducible, otherwise x is called
reducible.

The conjugate of the character y is



Proposition 96. The character of a representation does not depend on the choice of B.

Proof. Let B be another basis and Mp(g) the matrix of p with respect to B. Then it holds that

M,(g) =T~ My(9)T
where T is the change of basis matrix. Therefore

Te(M,(9)) = Te(T ™ My(9)T) = Te(M,(g))-

Proposition 97. Equivalent representations have the same character.

Proof. Let p: G — GL(V) and 0 : G — GL(W) be two equivalent representations of G with
characters x, and x,, respectively. Then there is a G-equivariant isomorphism ¥ : V. — W,

which has an inverse ¥~! : W — V. For every g € G the following holds

0t oa(g)od = p(g).

Therefore, we have

Xp = Tr(M

p(g)) = Tr(Mﬁ—lMUMﬁ) = Tr(MﬂMﬁ—lMg) = TI‘(MU) = Xo-

O

Definition 98. Let x be the character of a representation p : G — GL(V'). The dimension of V'
is called the degree of x.

Proposition 99. Let x be the character of a representation p : G — GL(V). If g € G has order
m and e € G is the identity element of G then the following holds:

1. x(e) = dim(V)

2. x(g) is a sum of m-roots of unity

3. x(g™") = x(9)

1

4. x(g) is a real number if g and g~ are conjugated.

Proof. Please see [I7, Proposition 13.9, p.122]. O
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Proposition 100. Let p : G — GL(V) be a representation of G over C whose decomposition

into direct sum of irreducible representations is

pP=p1D:-Dpr
with p; : G — GL(U;). Then the character of p is equal to the sum of the characters of p1,- -, py..
Proof. Please see [17), Proposition 13.18, p.127]. O

Proposition 101. Let p: G — GL(V) be a representation of G on C written as a direct sum of

irreducible representations p; : G — GL(U;),
p=p1 @D py.
If U is any irreducible G-submodule on V', then U 2 U; for some i.

Proof. Please see [17), Proposition 10.2, p.90]. O

Example 102. Let G be a cyclic group of order n and g its generator. Then G has n irreducible

representations of the form

pi(9)(w)
with w € C an n-th root of unity. Therefore there are n irreducible characters x1,--- , x, of the
form
Xi(g) = ',

3.4 Inner product of characters

Let G be a finite group. The set C% := {¢ : G — C} is a vector space over C with the operations

(0 +4)(9) = 9(g9) +¥(9)
(M)(g) = A(¥(9))

where g € G, A € C.

It is also possible to equip C“ with an inner product given by
1 _
(0:9) = & > d(g)e(g).

geG
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Proposition 103. Let G be a finite group and x, ¥ characters of G. Then
bt = 00 = 1 3 Xl
geG
Proof. By proposition [99| we have that 1(g) = ¥(g~!) for all g € G, therefore
AT G| > xl(g
geG
Now, since {g~! : g € G} = G, we have

(x. ¥ |G| > xlg () = (@, x)-

geG

O

We observe that since (1, x) = (x, ), the previous proposition implies that (x,) is a real

number.

3.5 The McKay quiver

Definition 104. Let V and W be vector spaces over C with bases vy, , v, and wq,--- ,w,
respectively. The tensor product space V@ W is defined to be the mn-dimensional vector space
over C with basis given by {v; @ w; : 1 <i<m, 1< j <n}.

Thus, V ® W consists of all expressions of the form
Z )\ij(’l)i ® w]'), ()‘ZJ S (C)
Forv=33" Nv; € Vand w = 37| pjw; € W, with A;, pj; € C, we define

VRwW = Z it (v @ wy).
.3
Definition 105. If p: G — GL(V) and o : G — GL(W) are two representations of G over C,
the tensor product of the representations p ® 0 : G — GL(V @ W) is defined as

(p©0)(g)(v©w) = p(g)(v) © o(g)(w).

Proposition 106. Let p: G — GL(V) and 0 : G — GL(W) be two representations of G over
C with characters x and 1, respectively. Then the character of p ® o is the product character x,
where for all g € G



Proof. Please see [17), Proposition 19.6, p.192] O

Theorem 107. Let x1,---,xx be the characters corresponding to the irreducible complex repre-

sentations of a finite group G. If ¢ is any other character of G, then
Y =dix1+ -+ dixk
with d; = (¥, x;) for 1 <i <k.
Proof. Please see [17, Theorem 14.17, p. 142]. O

Observation 108. Let p : G — GL(V) be a representation of a finite group G over C with
character y. Let p1,---, pg be the irreducible, representations of G and x1,- - , xq its irreducible

characters. Then by the previous theorem we have
pP&p; = Z NijPj
J
where

1 _
ny = (P ® X0 X5) = 1 > x@)xil9)xi(g™h- (3:2)
geG
Definition 109. Let p : G — GL(V) be a representation of a finite group G over C with character
X- Let x1, -+, xq be its irreducible characters. We define the Mckay quiver of G with respect to

the representation p, denoted by G, as follows:
e To each irreducible representation of G' corresponds a vertex in G,,.

e There is an arrow from p; to p; if and only if n;; > 0 and n;; is called the weight of the

arrow.

e If n;; = n;; then we put an edge between p; and p; instead of a double arrow.

3.6 The McKay graph for finite subgroups of SL(2,C)

In this section we will prove that for the finite subgroups of SL(2,C) the McKay quivers are graphs
and we will draw them. In such graphs we will put a dotted line instead of an edge joining the
vertex corresponding to the trivial representation. The reason for this is the McKay correspondence,

which will be properly enounced in Theorem [115

Proposition 110. Let T be a finite subgroup of SL(2,C), po : I' — GL(2,C) be the representa-

tion of I' given by the inclusion and xg its character. If x; and yx; are irreducible characters of I,

then (xoxi, x;) = (XoX;, X4)-
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Proof. We saw in Remark |53 of the previous chapter that every element of SU(2) has the form

a f

_ﬂ@

therefore, its trace xg is a real number. This implies

(XoXi: X5) |F| Z Xo(9)xi(9)x;(9)
gel’

= sz 9)x0(9)x;(9)

gel
= (Xi> XoXj) = (XoXy: Xi)- (3.3)
The commutativity of the last equality was proven in proposition [L03 O

The following proposition shows that the McKay quiver of the finite subgroups of SU(2) is a
graph.

Proposition 111. Let T be a finite subgroup of SL(2,C) and py : I' — GL(2,C) be the repre-

sentation of I' given by the inclusion. Then for every pair of indices i, j it holds

Nij; = Nyj; S 1, and

Proof. By (3.3) of the previous proposition, n;; = nj;.
Since every finite subgroup of SL(2,C) is conjugated to a subgroup of SU(2) and the trace is
invariant under conjugation, we can suppose without loss of generality that xo(g) is the trace of a

unitary matrix with determinant equal to 1, which have the form

a+bi c+di
—c+di a—W

Moreover, since a? + b% + c¢ + d? = 1, the maximum value of a is 1 and therefore, x¢(g) = 2a < 2.

Using the Cauchy—Schwarz inequality and the previous observation we have:

nij = |F|ZXO )xi(9)x;(9) |F| > Ixo(@) i), [ Ixi(9)

ger gel ger

<|F|¢4sz D [ (@ = vyl o.)

gel gel’

= VIV =2
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Applying formula we have
mis = T LS @) = LS o@)lhilo) 2 (34)
ger ger
By the list given in theorem [69| of Chapter 2, if I' has even order, then it is binary and therefore
contains the element —I. Then for every g € I', —¢ is also in T".
We observe that xo(g) = —XO(—g), which implies

gel gel

Adding equations (3.4]) and . we have
2nii = LS w9l T LS w9l = LS o(9) () — i) ) = 0
ger ger ger
thus, n;; = 0, as we wanted.
Otherwise, if I' has odd order n, it is a cyclic group. Let A € T be its generator, where A # I
and A" = I. Then we have

(T+A+ A4 4 AH(T - A) =

and one factor of the product must be zero. Since we supposed A # I, then (I — A) # 0. We
conclude that (I + A+ A% +---+ A1) =0.

Let us remember that by example [I02] the characters of cyclic groups are powers of roots of
unity. Using this and the previous result we have:

= 7 22 0(0)hulg \r|Z><o (I A+ A2 4o AT =0,
gerl

3.7 Character table for finite subgroups of SU(2)

Proposition stands that the number of irreducible representations of a finite group I' is equal
to the number of conjugacy classes in I'. Therefore, it is convenient to display all the values of
irreducible characters of I' in a square matrix; whose entries are related to each other via some
orthogonality relations.

This matrix is called the character table and will be used to get the necessary information to

compute the McKay graph of the finite subgroups of SU(2).

Definition 112. Let x1,---xx be the irreducible characters of I and let ¢1,--- , g be represen-
tatives of the conjugacy classes of I'. The k x k matrix whose ij-entry is x;(g;), for all ¢, j with

1<i<k,1<j<k,is called the character table of T.
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As an example, we will show the character table of the binary icosahedral group I and some of
the calculations that lead to the McKay graph.

Each conjugacy class is denoted by the order of its elements. If there are more than one class
of element of a given order, they will be distinguished by subscripts. The “size” row shows the

number of elements on the conjugacy class.

Table 3.1: Character table of binary icosahedral group I. It may be found in [I'7, p. 445].

Class 1 2 4 6 3 101 51 52 102
size | 1 1 30 | 20 | 20 12 12 12 12

X0 21-210 1 | -1 p v | —pu | —v

X1 171 1 1 1 1 1 1 1

X2 21-210 1 |\ -1 —v | —p| v
X3 313 |—-1| 0 0| —-v| p | —v
X4 313 | -1 0 0 I —v | W —v
X5 41 4 0 1 1 | -1|-1|-1] -1
X6 41 =41 0 | -1 1 1 | -1 -1 1
X7 51 5 1 |-1|-1] 0 0 0 0
X8 6| —-61] 0 0 0| —-11]1 1 -1
Here p = \/52+17 V= ‘/?’2*1

In this case, we take the representation py : I — GL(2,C) induced by the inclusion of Iin
SU(2). The character of this representation is yg. We notice that all the characters take real
values.

In order to make the computations, let us observe the following:

Definition 113. A class function on G is a function ¢ : G — C such that ¢ (x) = ¢ (y) whenever

x and y are conjugate elements of G; that is, ¥ is constant on conjugacy classes.

Proposition 114. Suppose that g, h € G. Then g is conjugate to h if and only if x(g) = x(h)
for all characters x of G.

Proof. Please see [I7), Proposition 15.5, p.154]. O

Proposition [[14] says that characters are class functions. Therefore the formula [3.2] becomes

1

- 7 Z|Clk|X2(9k)Xi(gk)Xj(9k)

k=1

nij
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where « is the number of conjugacy classes of I, gr is a representative of the k-th conjugacy class

and Clj, is the size of the conjugacy class of gy.

We calculate explicitly, as an example, the value ny o:

1
m,z:m[1(2-1-2)+1(—2~1-—2)+30(0~1-0)—|—20(1~1~1)—|—20(—1~1~—1)

+12(p-1-—v)+ 12w -1 —p) +12(—p - 1-v) +12(—v - 1 - p)]

. 1
= o4+ 40420+ 20 +12(=1) +12(=1) + 12(~1) +12(~1)] = 75:[48 — 48] = 0.

Using this method we obtain the remaining n,;. We display the results in the following table:

.
—_

o N O Ot R W N = O
o O o o +H O o = o | o
o O O O o o o o =
o O O = O O O O O |
= O O O O O o O O |w
S O o O O = |
= o O O O O = O O | o
o B O O H O O O oo
= o = O O O O O O |
SO B O = O = O O O ®

Thus, the McKay graph of T is:

) P5 P8 pr Pe P4 £o pP1
@ L 4 L @ L 4 L ([ J

P3

As we mentioned before, the line joining the representation pgy with p; is dotted. The reason
for this is the McKay correspondence, which will be properly stated in Theorem [115

Now we show the character tables of all the remaining finite subgroups of SU(2), together with
their McKay graphs. As in the previous example, we consider pg the representation given by the
inclusion and p; the trivial representation. Again, a dotted line will appear joining the vertex

corresponding to the trivial representation pj.
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Table 3.2: Character table of cyclic group C,,. It may be found in [I7, Example 1, p. 82].

Class | 0 1 . n—1
size 1 1 1
X1 1 1 ... 1
x2 |[1] ¢ || ¢t
Yn |1t | ¢

Here ¢ = 2x¢,

n

Let us notice that the character yo does not appear in the table. The reason for this is because

the representation py given by the inclusion is not irreducible.

The correspondent McKay graph of the cyclic groups is the following:

Figure 3.1: McKay graph of C,,

P1
@
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Table 3.3: Character table of binary dihedral group D,,, with n odd. It may be found in 17, p.
183].

Class | 14 1_ c’ b | cb
(1<r<(n-1)/2)

size 1 1 2 n n
X1 1 1 1 1

X2 1 1 1 -1 -1
X3 1 -1 (=" 1 | -1
X4 1 -1 (-1)" -1 1
V; 2 | (—-1)2 wIT + wTIT 0|0

Here w is an 2n-th primitive root of unity.

Table 3.4: Character table of binary dihedral group D, with n = 2m. It may be found in 7 p.
183].

Class | 14 1_ c’ b | cb

size 1 1 2 n n
X1 1 1 1 1
X2 1 1 1 -11] -1
X3 1 -1 (-1 1 —1
X4 1 -1 (=" —1 i

oy 2 | (-1)72 wI™ 4 wIT 0] 0

Here w is an 2n-th root of unity and 1 < j <m — 1.

Again, we notice that x¢ does not appear in the tables [3.5] and This is due to the fact that
po is not irreducible. The McKay graph for the binary dihedral groups is the following;:
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Figure 3.2: McKay graph of D,

p1 P3
Py Py Ph
® ®--------
p 4

Table 3.5: Character table of binary tetrahedral group 7. It may be found in [I7, p. 440].

Class | 1 2 4 31 30 61 | 62
size | 1 1 6 4 4 4 4
X0 21 =210 -1 -1 1 1
X1 111 1 1 1 1 1
X2 1 1 1 w w? w | w?
X3 1 1 1 w? w W w
X4 31 3 | -1 0 0
X5 2| -2 0 | w?| —w || w
X6 21 -210 —w | —w? | w | W?

Here w = e27/3,

Figure 3.3: McKay graph of T

P1 Po P4 Pe P2
([ ] { L 4 @ L ]

. ot

o
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Table 3.6: Character table of binary octahedral group O. It may be found in [I7, p. 444].

Class | 1 2 81 4 89 6 3 45
size | 1| 1 6 6 6 8 | 8 | 12
Xo |[2]-2|-v2| 0| V2|1 |-1]0
x1 |[1] 1 1 1 1 1] 1|1
xe [1] 1| =1 | 1] —=11]1/|1]-1
xs | 2] 2 0 2 0 |-1|-1]0
xa [3] 3| -1 |—-1] =1 0] 0|1
xs | 3] 3 1 | -1] 1 0|0 |-1
xe |4]—-4] 0 0 0 [ -1 11]0
xr |21 -2 V2 | 0| —-v2|1|-1]0

Figure 3.4: McKay graph of O

P3

3.8 The McKay observation

In Chapter 1 we studied the resolutions of ADE singularities and the graphs (Dynkin diagrams)
that encode the information of the intersection of components of the exceptional divisors of the
blow up.

Later, in Chapter 2 we saw that such singularities can be thought as quotient singularities
C?/T, with T a finite subgroup of SL(2,C).

Now we have seen that the irreducible representations of the finite subgroups I' C SL(2,C) can
be displayed in the McKay graph. The reason why we studied all the previous material is to state
the following

Theorem 115. The McKay graph of the non trivial irreducible representations of I' coincide with

the dual graph of the resolution of the surface C2/T.
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This is the reason why we “removed” the line joining the trivial representation to the rest of
the graphs.

Theorem was first observed by John McKay in [23] and that is why the relationship among
this theories is now known as the McKay correspondence. This relationship is described in the

following scheme.

Dynkin diagrams

of type ADE

Finite subgroups ] McKay Graph
I ¢ SL(2,C) J‘

Y

A

WDI0dT} S, U]
ydeis rengg

Y

] Blow up [ Minimal reso-
ADE singularities C2/T" |« >
J [ lutions of C2/T"
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Part 11

The Dirac operator and its

n-invariant
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Chapter 4

Spin Geometry and the Dirac
Operator

At this point we have studied the ADE singularities as quotient singularities C2/I" and by Propo-
sition [79| we know that its link is is a smooth compact 3-manifold diffeomorphic to S/T", where I'
is a finite subgroup of S3.

Now we will study further the spaces S3/T', applying some results from representation theory
in the context of differential geometry.

The Dirac operator D is a differential self-adjoint elliptic operator that will be properly defined
in section [4.2} The main goal of this chapter is to develop the theory needed to compute the Dirac
operator of S, of the spaces S?/T" and finally consider a representation of the fundamental group
m1(S3/T) to “twist” the Dirac operator of S3/I'. That requires the study of spinor and Clifford
bundles (which will be done in section and then spin manifolds (reviewed in section [4.1.4).

In the next chapter we will define the n-invariant and compute it for the twisted Dirac operator.

4.1 Spin Geometry

4.1.1 Clifford Algebras

Definition 116. Let V' be a vector space over R. For any nonnegative integer k we define the

k-th tensor power of V' as the tensor product of V' with itself k times:
TV =V®* =VeVe---QV.

By convention V& = R.

71



The tensor algebra of V is constructed as the direct sum

T(V)=Prv=ReveVeV)o: -
k=0

Definition 117. Let V be a finite dimensional real vector space equipped with a nondegenerate

bilinear form ¢(v,w) € R, where v, w € V. The Clifford algebra of V is
C(V,q):=T(V)/1(q)
where I(q) is the ideal generated by elements of the form
v®v+q(v,v)l, veV.

An alternative construction of the Clifford algebra is as follows. We pick an orthonormal basis

(e1,- - ,en) for V, then a basis for C(V, q) is formed by the vectors
€iy€iy " €y (i1 <o < -+ <ig)

under the relations

e2=-1 ejej = —eje;.

(3

This means that C(V, q) has dimension 2".
If V = R™ and q is the standard inner product we denote the algebra C(V, q) by C,.

Theorem 118. 1. The first eight Clifford algebras are the following

n |0|1]2] 3 4 5 6 7 3

Cp, | R|C|H|HeH | Mat(2,H) | Mat(4,C) | Mat(8,R) | Mat(8,R) @ Mat(8,R) | Mat(16,R)

where Mat(n, K) denotes the algebra of n x n matrices over K, where K is R, C or H.
2. Clifford algebras satisfy an 8-fold periodicity given by
C(R""8) = C(R™) ® C(R®).
Proof. May be found in [31], p.96] O

The previous theorem tells us that we can know C,, for every n. Now we stand a property of
these algebras.
The algebra C,, can be divided into even and odd parts: C° and C} respectively. The part C?

is spanned by the elements of the form e;, - --e;, and C} is spanned by the elements of the form

€iy " Cigpyy-
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4.1.2 Spin groups and Spin representations

Observation 119. The following involution on a basis of R™

e:C, — C,

ey, --ei) = (—=Dke;, - ey,
allow us to identify R™ with the subspace of C,, spanned by the elements e;.
We define the group
P(n):={z € C! | zva~! € R", for allv € R"}

where C7 is the group of units of C,.

Now we consider the following subgroup of P(n):
Pin(n) := {z € P(n) | ze(z) = 1}.

The group Pin(n) is not connected, its components are Pin(n)NC? and Pin(n)NC}. We define

the spinor group to be the connected component of the identity, that is:
Spin(n) := Pin(n) N CL.

Observation 120. An alternative way of defining the spinor group is as a double covering space

of the special orthonormal group of dimension n:
w : Spin(n) — SO(n).

This double covering identifies the Lie algebra of Spin(n) with so(n).

It is shown in [6, Theorem 13.6, p.78] that m1(SO(n)) = Zo, for n > 2. Besides, the only
subgroups of Zy are the whole group and the trivial one. This implies that, up to isomorphism,
SO(n) has only two covers, the universal cover Spin(n) and SO(n) itself.

For the case n = 3, we already know that SU(2) is a double cover of SO(3), thus we conclude
that Spin(3) is isomorphic to SU(2).

Definition 121. The complezification of C,, is

ct.=0,2C

n
where the tensor product is taken over R.
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Proposition 122. We have the following algebra isomorphisms:
CS=RerC=C
CI2CerC=CaC
CS = C @r H = Mat(2,C).
Proof. Please see [18] Proposition 4.2, p. 26]. O

In fact, there is a periodicity isomorphism that classifies complexified Clifford algebras:

Theorem 123. There is an algebra isomorphism
Crya = Cp @c Cy
Proof. May be found in [I8, Theorem 4.3, p. 27]. O
Therefore, the complexifications are

CS, = Mat(2F,C)

C5iy1 =2 Mat(2¥,C) @ Mat (2%, C). (4.1)
Theorem 124. The following holds:

1. The natural representation p of Mat(n,C) on C" is, up to equivalence, the only irreducible

representation of Mat(n, C).

2. The algebra Mat(n,C) & Mat(n, C) has exactly two equivalence classes of irreducible repre-

sentations. They are given by

p1(p1,p2) = plp1) and  p2(p1,p2) = p(p2).

Proof. Please check [I8, Theorem 5.6, p.31]. O

Using the equivalences and Theorem we can know the complex representations of
Clifford algebras CS: if n = 2k, then the algebra CS; has only one irreducible representation of
dimension 2%; and if n = 2k + 1 then C§; . ; has two irreducible representations, both of dimension
2k,

Since Spin(n) is a subgroup of C, the restriction of the irreducible representations of C give
us the complex representations of Spin(n), called the spin representations (for details please see

[22, Appendix A, p. 84]):
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1. When n = 2k the corresponding complex representation of Spin(n), given by the restric-
tion and denoted S is not irreducible; it decomposes as the direct sum of two irreducible

representations, both of dimension 2%
S=8Tes.

2. If n = 2k + 1, the two irreducible representations of C’(chﬂ restricted to Spin(2k + 1) are
isomorphic. This unique representation of Spin(2k + 1) is denoted by S and has dimension

2k,

4.1.3 Fiber bundles
Vector bundles

Definition 125. An n-dimensional smooth vector bundle is a smooth map « : E — M, with
M and E connected smooth manifolds together with a vector space structure over the field K on
7~ Y(z) for each x € M, such that the following local triviality condition is satisfied: There is an
atlas of M by open sets U; for each of which there exists a diffeomorphism ¢, : 7= 1(U;) — U; xK®
taking 7= 1(x) to {x} x K" by a vector space isomorphism for each x € U;. Such ¢, is called a

local trivialization of the vector bundle, n is called its rank and m—!(z) is the fiber of x.

Sometimes we will denote a vector bundle by its total space E.
Given a vector bundle 7 : E — M of rank n and two open sets U and V' with their respective

local trivializations
oy Y U) — U x K”
oy 1 Y V) — V x K"
the composite function, called glueing map
ovop, :UNV XK —UNV xK"
pv ooy (z,0) = (z, guv ()v)
is well defined on the intersection, and uniquely determined by some function
guv : UNV — GL(n,K)

called the transition function from U to V. In this case, GL(n,K) is called the structure group of
the bundle.

The following is an important example of a vector bundle.
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Example 126. Let M be a smooth sub-manifold of RY. The tangent bundle of M is a vector
bundle whose total space is given by the collection of all the tangent spaces T,M at all points

peM
TM :={(p,v) € M xRY |pe M, v e T,M}
with the projection

T:TM — M

VP
where v € T, M.

Definition 127. Let # : E — M be a smooth real vector bundle over a manifold M. A
Riemannian metric on E is a positive definite inner product on each fiber p~!(x) that varies

smoothly with z € M.

Definition 128. Let M be a manifold equipped with an inner product (—,—), on the tangent
space T, M at each point, which varies smoothly with p. The collection of all these inner products

is called a Riemannian metric of M.

Definition 129. Let M be a manifold with an atlas {U;} such that each change of coordinates
is orientation preserving (that is, its Jacobian determinant is positive). Then M is said to be an

oriented manifold and {U;} is an oriented atlas.

Remark 130. If M is an n-dimensional oriented manifold, we have a reduction of the structure
group of the tangent bundle TM of M to SL(n,R). Moreover, if M is equipped with a Riemannian
metric, then the structure group of TM is reduced to SO(n) (please see [18, p. 5]).

Fiber bundles

Remark 131. One can also consider a fiber bundle, which is an object very similar to the vector
bundle, but without the vector space structure on the fibers. In this case each fiber is a differentiable
manifold, the local trivializations are diffeomorphisms and the structure group is a subgroup of

the group of self-diffeomorphisms of the fiber.

Definition 132. Let G be a Lie group. A principal G-bundle is a fiber bundle 7 : Po — M
together with a smooth right action « : P X G — Pg such that G preserves the fibers of Pg,
that is, if y € 771(x) then yg € 7~ () for all g € G.

Observation 133. The previous definition implies that each fiber of the bundle 7 is diffeomorphic
to G (please see [16], Proposition 2.6, p. 43]).
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Example 134. Let M be an oriented, n-dimensional, Riemannian manifold and T': TM — M its
tangent bundle. The orthonormal frame bundle is a principal SO(n)-bundle denoted by Pso(M).

It is constructed in the following way: Its total space is given by
Pso(M) ={(v1,-+ ,vp) € (TM)" | T(v1) =---=T(vy,) and {v1,- -+, v,} is an orthonormal basis}.
and we define the continuous function

p: Pso(M) — M

(v1,- ) — T(v1).

We notice that the vector (vy,--- ,v,), seen as a matrix, is orthogonal and any other orthogonal

matrix has the same form. Then the fibers are indeed diffeomorphic to SO(n).

Now we describe a very useful construction regarding principal bundles. Let 7 : P — M be

a principal G-bundle. Consider a vector space V, equipped with a linear left action of G:
B:GxV —V.
We can define a left action of G on Pg x V using the actions of G on each factor:
Gx(PegxV)— (PgxV)
(g0, f)r—g-(pv)=(@ g "9

We take the quotient of the action and denote it by Pg Xg V. The elements of Pg xg V are
equivalence classes satisfying [p, f] ~ [p- g™, g - v]. Then we have the vector bundle with fiber V

associated to the principal bundle Pg with projection given by:

P xgV — M

[p, ] — 7 (p).

4.1.4 Spin manifolds

Let us consider an oriented Riemannian manifold M of dimension n. Again, by Remark there
is a reduction of the structure group of its tangent bundle TM to SO(n).
The transition functions of the bundle T'M satisfy an important property, known as the cocycle

condition:
9ij9ik ki = Id.
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Let us remember that the group Spin(n) is the double covering of SO(n), then every transition

function has a lifting:

Spin(n)

guv

guv

UNV ——= SO(n).
If these liftings gy satisfy the cocycle condition
9ij9jkgri = Id

then they can be seen as the transition maps of some principal bundle Psy;y, (M) — M whose
structure group is Spin(n). In this case, the liftings are called a spin structure on M and Pspin (M)

is called the spin bundle on M.

Observation 135. Spin structures not always exists, there is a cohomological obstruction called

the second Stiefel-Whitney class
wa(TM) € H*(M, Zs)

which vanishes if and only if M has a spin structure. For details please check [I8, Theorem 2.1,

p.86].
Observation 136. The double covering w : Spin(n) — SO(n) induces a double cover
@ : Pspin(M) — Pso(M).

Definition 137. Let M be a manifold and consider the spin representation S defined in section

The vector bundle over M associated to Pgp, (M) with fiber S
S(M) := Pspin(M) X spin(n) S
is called the spinor bundle of M.

Definition 138. Let # : E — M be a fiber bundle. A section of E is a continuous map
0 : M — E such that 7w(o(z)) = = for all z € M. We denote the space of sections of the bundle
E by C*(M,E).

Definition 139. The sections of the spinor bundle, C*°(M,S(M)), are called spinor fields.

Proposition 140. Let V be a vector space over R and ¢ a quadratic form on V. Let f: V — A

be a linear map into an associative real algebra with unit, such that



for all v € V. Then f extends uniquely to a real algebra homomorphism f : Cc(V,q) — A

Furthermore, C(V, q) is the unique associative real algebra with this property.
Proof. May be found in [I8| Proposition 1.1, p.8]. O

Let us consider an orthogonal transformation f : R® — R™. By observation there is an
embedding ¢ : R™ — C,,, composing we get a map ¢o f : R — C,, and the previous proposition
implies that there is an induced automorphism f : C,, — C,,.

Hence we get a representation
cl: SO(n) — GL(Cy,).

In Chapter 3 we studied group representations, let us remember that every representation

p: G — GL(V) induces an action
GxV-—V
g-v=p(g
Therefore, from the representation ¢l we can induce the left action:
SO(n) x C,, — C,

g-xz=cl(g) - x.
Definition 141. The Clifford bundle of M is the vector bundle over M associated to the frame
bundle Pso (M) using the representation cl:

C(M) := Pso(M) xq Cp,

Since for p € M we have that R" = T7M. Thus, the fiber of p on the Clifford bundle can
be thought as the Clifford algebra of the cotangent space with the inner product given by the

Riemannian metric C(7, M).
Definition 142. There is a homomorphism, called the adjoint representation, given by
Ad, : C; — GL(Cy)
Ad, (z)(v) = zvz~!.
We restrict the adjoint representation to Spin(n). Since Ad,,(—1) is the identity, +1 € ker(Ady)

and therefore this representation descends to cl:

Ady

Spin(n) —= GL(Cn)
SO(n)
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and therefore the Clifford bundle is isomorphic to
C(M) = Pspm(M) X ad, Cn.

Since S is also a representation of C(7, M), S(M) is a bundle of left modules over C(M) and

there is a pairing called Clifford multiplication given by
C:C(M)eS(M) — S(M)
B, 0] - [B, ¥] = [P, ve)].
If we consider the inclusion T*M — C(T*M) then we get the pairing

T*M @ S(M) — S(M).

4.2 The Dirac operator

4.2.1 Connections

Definition 143. Let 7 : P — M be a smooth principal bundle over a manifold M of dimension
n with structural group G. A connection on P is a G-invariant field of tangent n-planes 7 on P

such that the linear map
T+ Tp — Trp) (M)

is an isomorphism for all p € P.
This is equivalent to define a 1-form on P with values on the Lie algebra associated with G

which satisfies some properties. For details please refer to [I8, Definition 4.1, p. 101].

If p: E — M is a Riemannian vector bundle we already know that there is a reduction
of the structure group of its orthonormal frame bundle Pgo(E) to SO(n). Therefore the 1-form
corresponding to the connection takes values on the Lie algebra so(n). For details please see [I8|

Example 4.2, p. 102].

Definition 144. A covariant derivative on a vector bundle 7 : E — M is a linear map
V:C®M,E) — C°(M, T*"M ® E)
such that
V(fe)=df ® e+ fVe
for all f € C°(M) and all e € C>*(M, E).
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Given a smooth vector field V on M we obtain a map Vy : C*°(M,E) — C*(M, E) called

the covariant derivative with respect to V.

Proposition 145. Let w be a connection 1-form on Pso(FE) as above. Then w determines a

unique covariant derivative on E by the rule

n
Ve; = Z@ji ® e (4.2)
=1
where €& = (eq,- -+ ,ey,) is a local family of pointwise orthonormal sections of F, i. e., a local section

of Pso(F) and where @ = £*w. This covariant derivative satisfies the rule
Ve, €'y = (Vye,e') + (e, Vye') (4.3)

forall V € T(M) and e, ¢’ € C*(M, E), where (-,-) denotes the inner product in E.
Conversely, any covariant derivative on E satisfying equation (4.3)) determines a unique con-

nection 1-form by equations (4.2)).
Proof. Please see [18| Proposition 4.4, p. 103]. O
A covariant derivative with property (4.3)) will be called Riemannian.

Definition 146. Let M be a smooth manifold and let C°°(M,TM) be the space of vector fields

on M. An affine connection on M is a bilinear map

C°(M,TM) x C*(M,TM) — C*°(M,TM)

(X,Y)— VxY
such that for all smooth functions f € C*°(M,R) and all vector fields X, Y on M it holds:
1. VixY = fVxY
2. Vx(fY) =df(X)Y + fVxY

Definition 147. An affine connection V is called the Levi-Civita connection if for any vector fields

X,Y,Z
1. X{Y,Z) =(VxY,Z)+ (Y,VxZ) (Riemannian)
2. VxY — Vy X = [X,Y] (Torsion free)
Where ( , ) is the Riemannian metric and [, | is the Lie bracket of vector fields, defined as
(X, Y)(f) = X(Y(f)) = Y(X(/)
for f € C>*(M,R).
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Theorem 148. Given a Riemannian manifold M, there exist a unique Levi-Civita connection.
Proof. May be found in [8, Theorem 3.6, p. 55]. O

By observation the Lie algebras of Spin(n) and SO(n) are isomorphic. Therefore, the
double covering @ : Pgpin(M) — Pso(M) given by the spin structure on M gives us a 1-form
@*(B) which defines a connection on Pgy;, (M), called the spin connection.

This connection induces a covariant derivative
VS C®(M,S(M)) — C®(M, T*M @ S(M))
on spinor fields.

Definition 149. The Dirac operator is the composite of V¢ with Clifford multiplication C' :
C®(M, T*M @ S§(M)) — C°(M,S(M)):

D : C®(M,S(M)) — C=(M,S(M)).

It is possible to define new operators from the Dirac operator in the following way. Let E be
a vector bundle over M equipped with a covariant derivative VF. We take the tensor product

S(M) ® E and endow it with a covariant derivative VS®¥ | defined by the formula
V(Y @ ¢) = V() @ ¢+ @ VE(9)
for every ¢p € C°(M,S(M)) and ¢ € C*°(M, E). Now we can give the following:
Definition 150. The twisted Dirac operator D is given by the composite
voer C®lp

C= (M, S(M) ® B) T2 0% (M, T*M © S(M) © E) S2E (M, S(M) ® E)

where 1 denotes the identity on FE.

4.2.2 Local expressions (Spin connection)
To compute the Dirac operator on S? first we have to know the spin connection.

Proposition 151. Let € = {e1, -+ ,e,} be a n-tuple of pointwise orthonormal sections of the tan-
gent bundle of M over a contractible open set U C M. With respect to this basis the Riemannian

connection is locally given by the connection matriz w;; of 1-forms on U defined by

n
Vel-: E Uinej
J=1

where n is the dimension of M.

82



Proof. This is a consequence of proposition [145 O

The basis € of the previous proposition can be seen as a section of the frame bundle Pgo (M)

over U. Using the spin structure we can lift it to a section & of Pgp;, (M) over U.

Observation 152. Since there is a double cover @ : Psp;n (M) — Pso(M), we have two possible

liftings which must satisfy the relation wo & = ¢.

The section € of Pgpin (M) determines an m-tuple {¥y,---,¥,,} of pointwise orthonormal
sections of the spin bundle S(M) over U, where m is the dimension of the spin representation S.

This is true in general, however for the purposes of this work we will only show it for the case
M = S3. In this case S = C? and Spin(3) C C§ = Mat(2,C) @ Mat(2,C).

Let us remember that the Clifford algebra CY has two irreducible representations

CExC? —?

(A, B), (21, 22)) — A j
(A, B), (21, 22)) — B j

However, these representations are isomorphic on Spin(3). Moreover, by observation m

Spin(3) 2 SU(2). Therefore we have the action (by standard matrix multiplication)
SU(2) x C? — C?
(U, (Zla 22)) — U(Zh 22)

and since unitary matrices preserve orthonormal bases, we can define a correspondence

SU(2) — {Orthonormal bases of S = C?}

ur— u(eq, ea)

where {ej, ez} is the standard basis of C2.
We call the orthonormal basis {U,} spinor basis of the spin bundle S(M) corresponding to the
local basis € of C°°(M,TM).

Theorem 153. Respect to the spinor basis the spin connection VS can be expressed locally by

the formula

1
VS\IIQ = 5 iji (24 eiej . \I/a

i<j
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Proof. Please see [I8, Theorem 4.14, p. 110]. O

Proposition 154. The Dirac operator may be expressed locally in the basis € by
D(¥) = Zn:ei VS
i=1
where - stands for Clifford multiplication.
Proof. May be found in [I8] p. 113]. O

Proposition 155. For any function a € ¢ (M) and any spinor field ¥ € C*°(M,S(M)) we have
that

n
D(a¥) = Z(el ~a)e; U + aDW

i=1
where e; - a = da(e;), that is, the differential of the function a evaluated in the vector field e; and

e; acts on ¥ by Clifford multiplication.

Proof. Again, please see [18, Lemma 5.5, p.116]. O

4.3 The Dirac operator on S

4.3.1 Important bundles over S*
The tangent bundle

We are ready to start applying the ideas of the previous sections of the chapter to the particular
case we are interested in, the unitary sphere S3.
First we will give explicitly a description of its tangent bundle.

Let us remember that S can be regarded as the subspace of unitary quaternions
S ={peH||p|=1}
and inherits the inner product from H

(p,q) = %(ﬁq +qp).

By differentiating we obtain its tangent bundle
T5° ={(p.q) € B | [p| =1, (p,q) = 0}
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and its Lie algebra (tangent space at the identity)
8% ={(1,9) e | ¢+ =0}.

Note that the last equation means that the quaternion g is pure, therefore by corollary [57]of chapter
two, we have 7153 = su(2) = R3.

Using this identification we find the following trivialization of T'S?:

S3 xR =T83 (4.4)
(p,v) — (p,pv)

(p,p ') «— (0,9)  (p,q) =0.
The first map is well defined since for p € S and v € R3 seen as pure quaternions we have:
1, o 1 __ 1 _
{p.pv) = 5 (Prv +pup) = (v +0pp) = 5 (v +7) = 0.
The frame bundle
The frame bundle Pso(S?) is isomorphic to the SO(3)-bundle
p:SO(4) — S* (4.5)

A>—>Af1

where f; = ( ) and the action of SO(3) on SO(4) is given by:

[=leleliy

SO(4) x SO(3) — SO(4)

(A, B) — Ai(B)

where ¢ is the inclusion

i1 50(3) — SO(4) (4.6)
1 0
i(B) =
0 B

Indeed, an element of SO(4) is an orthogonal matrix with column vectors
(7, 4,7, @)

then ? represents an element of S3 and 7, 7, W form an orthonormal frame of the tangent space

7,53,
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The spin structure bundle

Let us remember that observation [135| gave us a cohomological obstruction for a spin structure to
exist. Since H'(S3,Z,) = H?(S3,Z,) = 0, we conclude that S® has a unique spin structure and
hence a principal Spin(3)-bundle Psy;y, (S?), which must be the double cover of Pso(S%) = SO(4).

That is, Pspin(S®) 2 Spin(4) = S x S3. Hence we have the following commutative diagram:

53 A5 50(3)

|

53 % §% 2 50(4)

/| |+

53753

where the maps Ads and Ady are the adjoint representations given in definition [I42}

Ads : 8 — SO(3)
Ads(q)v = pvp™! v € R?® = pure quaternions
Ady - 8% — SO(4)

Ady(p,q)w =pwg™'  weH=RY,
the homomorphism d is the diagonal map
d: 8% — 5383
q— (q,9),

the map P is the projection

P:S83x8% — 83

(p.q) — pg~*

and p and ¢ are the maps given by and respectively.
Proposition 156. The following are equivalent for a principal G-bundle.
1. The bundle has a global section.
2. The bundle is trivial
Proof. Please see [16], Corollary 8.3, p. 49]. O
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Using the previous proposition and considering the global section of P

5:8% — 83 x93

s(p) = (p, 1)

we conclude that the bundle P is trivial.

The spinor bundle

We have already seen in chapter three that, as a Lie group, % is isomorphic to SU(2) = Spin(3).
There is a natural action of SU(2) on C2, by matrix multiplication, that is, the standard represen-
tation of Spin(3) on C2.

The spinor bundle S§(S3) is the vector bundle associated with Pg,;,(S?) using the standard
spin representation. Since the bundle Psy;, (S®) = P is trivial, the spin bundle §(S?) is also trivial,

with a trivialization given by

(8% x §%) xgs C2 = §3 x C? (4.7)

1

[(p.q), w] ~ [(pg~ ", 1), 0(q)w] — (pg~ ", o(q)w)

(P, 1), w] +— (p,w).

Hence, the space of spinor fields C°°(S3,S(5%)) is just the space of smooth functions C°°(S3, C?).

4.3.2 Computing the Dirac operator on S*

Now we will compute the Levi-Civita connection, then the spin connection and lastly the Dirac
operator on S3.

Let us remember that the Levi-Civita connection satisfies:
1. X{Y,Z) =(VxY,Z)+ (Y,VxZ) (Riemannian)
2. VxY — Vy X = [X,Y] (Torsion free).
Combining the previous two properties we get the formula
2Y,VxZ) + (X, 1Y, Z)) + (Z, [V, X]) — (¥, [Z, X)). (4.8)
Let us remember that the orthonormal basis of the Lie algebra su(2) is given by the matrices

1 0 0 1 0 -1
Ey =i By =1 E3 = )
0 -1 1 0 1 0
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Lemma 157. The orthonormal basis {E;, Eo, F3} satisfies the relations:

[E1, E2] = 2E;5 [Eq, E5) = 2F, [E5, E1] = 2E>
[Es, E1] = —2E5 [E5, Es] = —2F, [Eq, B3] = —2E,

Proof. We will compute the fist case, the others are analogous.

1 0 0 1 0 1\ (1 o0
[E17E2] = E1E2 — E2E1 =1 ) —1 (3
0 -1 1 0 1 0 0 -1
0 -1 0 -1 0 -2 0 -1
1 0 1 0 2 0 1 0

We can compute the Levi-Civita connection for the basis {Ey, Es, E3} as

VEiEj = OélEl + a2E2 + OZQEg

where the coefficients are given by

a; = (E1, Vg, E;) ay = (B3, Vg, Ej) az = (B3, Vg, Ej).
and can be obtained using the previous lemma and equation .
For example, let us calculate Vg, 1 = a1 By + agEs + axE3
201 = 2(E1, Vg, Ev1) = (E1, [Er, Er]) + (B4, [Br, Er)) + (Eq, [Er, Eq]) =0
20 = 2(E, Vg, E1) = (E1, [Es, B1]) + (Ey, [E2, E1]) + (B, [E1, E1])
= 2(E1, [Eq, E1]) = —4(E1,E3) =0
2a3 = 2(Es5,V g, Ev) = (Ey,[Es, Er]) + (E1, [Es, E1]) + (Es, [E1, E1])
= 2(E4, [Eq, E1]) = —4(E1,E3) =0
And therefore Vg, E1 = 0.

The Levi-Civita connection on the basis is

Ve, Er =0 Vi, By = Ej Vi, B3 = —Fs
Ve, B = —Fj Vi, Ey =0 Ve, B3 = By
Vi, E = By Vg, By = —F; Vi, B3 =0

Now we compute the connection matrix w using proposition[I5I]and the Levi-Civita connection:

Vxei = iji(X)ej.
j=1
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For example, we have

Vi, E1 = wi1(E1)E + wo1(E1)Ey + w31 (E1)Es

wi1(E1) = w1 (F1) = w31 (Er) =0

Vi, Es = wii(E2)Er + woi (E2)Ey + w31 (E2) B3

wi1(E2) = wa1(F2) = 0; wai(Fa) = 1.

Just as above, we get the values of the wj; evaluated in the basis:

wi1(E1) =0 wa1(E1) =0 w31(E1) =0
w11(F2) =0 wa1(E2) =0 w31 (Ba) = —1
wi1(F3) =0 wor(F3) =1 wa1(F3) =0
wi2(E1) =0 waa(Er) =0 w3z (Ep) =1
wi2(E2) =0 waz(Es) =0 ws2(E2) =0
wi2(FB3) = —1 waa(F3) =0 ws2(F3) =0
wi3(E1) =0 we3(Er) = —1 w33(E1) =0
wiz(Fa) =1 waz(E2) =0 wsz(E2) =0
w13(E3) =0 UJ23(E3) =0 w33(E3) =0.
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get:

1
VE, T, = 3 > wji(By) @ EiEj - U,

i<j

1
= §(w21(E1) ® BBy - Vo + w31 (E1) @ E1E3 - Uy + w3a(E1) @ E2E3 - U,,)

1
=—FE)E53- -V,
Pt

1
VYo = 2 > wji(B2) © BiE; - U,
i<j

1
= §(W21(E2) ® E1Ey - Vo + w31 (E2) @ E1E3 - Uy + wya(Es) @ E2E3 - U,,)

1
= ——EE;- 0,
2 143

(4.9)

1
Vi Vo =5 > wji(Bs) ® BB - Vo

i<j

1
= §(w21(E3) ® E1Ey - Vo + w31 (E3) @ E1E3 - Uy + wya(E3) @ E2E3 - U,,)

1
=—-FE1F -V,
2
Now we are ready to compute the Dirac operator of S3:

Theorem 158 (Hitchin). Let {E1, Eo, E3} be an orthonormal basis of the bi-invariant metric in
S3. Then relative to the corresponding spinor basis the Dirac operator D5’ may be written as
E,  Ey+iEs

D53 =4 _
By +iEs —F,

o w

Proof. From proposition [154] the Dirac operator is locally given by
, 3
S S
DU = Z E;- V3 ¥
i=1
substituting the values of the spin connection given by equations (4.9) we get

D% W

1 1 1
E;- (2E2E3\I/a> + Es - (— 2E1E3\I/a> + E3- (2E1E2‘I’a)

(E1E2E3V, — B3 E1E3V,, + E3E1Ey V)
(E1E2E3V, + E1EyE3V,, + B B>y E3V,,)

NN - DN =

(ElEQEg\IJa) o = 1, 2
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Now, if ¥ € C*°(93,C?) and a € C*(S3,C), by propositionwe have
DS’ (al) = i(Ei -a)E;U + D5’ ¥
i=1
=(E1-a)E1V + (Ey - a)EsV + (E3 - a)E3V + a(Z(ElEgEgllla)> a=1,2
= da(E1)E1Y + da(E2) B2V + da(Es) B3V + a<z(E1E2E3\I/a)) a=1,2
we write the spinor field in terms of the basis ¥ = a1V + a2V, and substitute:

DSS (0,1\111 + CLQ\I’Q) = l)s3 (alllfl) + l)s3 ((12\112)

3
= (Era1)E1 Yy + (Eza1)E2¥ + (Ezay) B3V, + a<2(E1E2E3‘1/1)

SN—
I
*

3
+ (Era2)E1Ys + (Esa2)E2 Vs + (Esag) EsVs + a<2(E1E2E3\Il2)

in order to finish the computations, let us calculate the following terms:

1 0 1 1 1 0 0 0
B0, =i = — iU, EUy =i = — i,
0 -1/ \0 0 0 1) \1 -1
0 1 0 1 0 -1 0 -1
ExVy =1 =1 =Wy, E3Vy = = = -0
1 0 1 0) 1 0 (1) 0

E1Ey B3V, =

0 -1} (1 (0 {0 1) (1 (o _
B30, = =1 =U,, Eov, =1 =1 =1y
1 0 0 1 10 0 1
0 4 0y (0 -1 0y (-1
i 0 1 1 0 1 0

E1EyE3¥y

we are ready to continue:

*

) ) 3 . . 3
i(Ey-a1)¥1 +i(Ey-a1)¥ + (B3 - a1)Vs — ial‘l’l —i(E1-a2)Us+i(E2 - a2)Uq + (B3 - az) ¥y + §a2‘1’2

= (Z(EQ '(11) + Z(EQ -(l2) + (E3 'ag) — g(J,l)\I/l + (Z(EQ -(ll) + (E3 -al) — Z(E1 -ag) — 2@2) U,

) ) 3 , , 3
= <(’LE1 . (ll) + ((ZEQ — Eg) s — 2(11)\111 + ((ZEQ + Eg) s — ZEl s ag + CLQ> \IJQ

2
B B a1 + (iEQ — Eg) s a9 + %Ch iF-a1 + (iEQ + Eg) - a9 %al
(ZE2 —+ Eg) s — ZEl sy — %ag (ZEQ —+ Eg) s — ZEl - a9 %ag
FEi{- a1+ (Eg + iE3) - a9 %Cbl ) F1 FEy + iFE3 ai 3 [ar
=1 — =1 —
(By —iE3) - a1 — By - az Sas Ey+iEs —E a2 2 \as

91



therefore we have

DS3 — El E2+ZE3 _%0
By —iEy  —E 2
O

The Dirac operator on S? was computed by Hitchin in [15, Proposition 3.1]. He also proved in

that same article [15, Proposition 3.2] the following:

Proposition 159. The eigenvalues of the Dirac operator on S* with respect to the standard

metric are
1
—5- (k+1) with multiplicity (k+2)(k + 1), k>0,
1
3 + (k4 1) with multiplicity k(k + 1), k>1.

In the next chapter we will give a result that generalizes proposition [I59] considering the Dirac

operator on S® "twisted” by a representation of its fundamental group.

4.4 The Dirac operator on S3/T

In this section we will learn how to compute the Dirac operator for quotient spaces S3/T.

4.4.1 G-bundles
Definition 160. Let M be a smooth manifold and let G be a Lie group.
1. We say that M is a G-manifold if it is equipped with a smooth right action pu: M xG — M.

2. Let p: E — M be a vector bundle; it is called a G-bundle if there is a right action of G on
the total space E' which carries fibers to fibers, that is, such that for every g € G and x € M
it holds E,g C Egg.

Example 161. The tangent bundle of a G-manifold can be seen as a G-bundle considering the

following diffeomorphism, called the right translation:
Ry M — M
Ry(z) = p(z, 9) = zg.

Then for each € M the differential dR,|, takes the tangent space at z into the tangent space at

xg inducing a right action of G on the tangent bundle as follows. Let v be a tangent vector at x,
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then
vg = dRg|gv.
This action projects to the action g making the tangent bundle a G-bundle.

Remark 162. We notice that the action of G on a G-bundle F induces a right action of G on the
sections of E defined by

C*(M,E)x G — C*(M,E)
(s(x),9) — (s~ 9)(z) = s(zg™')g
for every section ¢ € C°(M, E) and every g € G.

Definition 163. Let E and F' be G-bundles over M. A differential operator A : C*°(M, E) —
C>(M, F) is called a G-operator if A(ypg) = A(¢p)g for all g € G and all ¢p € C*°(M, E).

Proposition 164. The Dirac operator is a G-operator.
Proof. Please see [18, p.221]. O

Let M be a spin manifold with a given spin structure and let G be a Lie group acting on M by
orientation-preserving isometries. The action of G preserves the spin structure of M or is said to
be a spin action if the induced action of G on the frame bundle Pgo(M) of M lifts to an action

on the bundle Pgy;, (M) given by the spin structure.

4.4.2 The Dirac operator for homogeneous spaces

Let us consider a Lie group G together with a closed subgroup I'. The space of right I'-cosets
X = G/T" can be endowed with a differential structure such that the projection G — G/T" is C°
and it has local sections. In fact, it is a I'-principal bundle over X. This kind of manifolds are
called homogeneous spaces.

Suppose that G is equipped with a right invariant metric. Then I' acts on G by right multi-
plication preserving the metric. If I' is a finite subgroup then its action on G is free and properly
discontinuous; in this case the projection 7 : G — G/T" is a covering map and therefore a local
diffeomorphism.

For a fixed g € ', the action of " on G can be thought as a function

fo:G—G

T—x-g
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whose differential on a given point z € G
(dfg)e s ToG — Tig, )G = T gG
induces an action on the tangent space as follows:

T,GxT — T,,G

(v,9) = v g = (dfg)z(v)

which can be extended to the whole tangent bundle T'G.

Then we also have an induced action of I" on the frame bundle p : Pso(G) — G as follows

Pso(G) xI' — Pso(G)

(v, -+, vn),9) — (v1- g, o0 - 9)
The induced action of I' makes the frame bundle I'-equivariant:
p((vi, +vn) - g) = (v, vn) - g = T(v1) - g = p((dfg) (o) (V1),+ , (dfg)T(0,) (V)
therefore we have the isomorphism

Pso(G/T) =2 Pso(G)/T

('UlF, o ,'UnF) — (vla T 7vn)r
that is:
Pso(X) = Pso(G)/T
X = G/T.

Let us remember that in general S(X) is the vector bundle associated with the principal Spin(n)-
bundle Pgp;,(X) through the spin representation S, therefore its elements are equivalence classes
of the form [p, )] where p € Pgpin(X) and ¢ € S.

If the group G is spin, then the action of I is a spin action and it lifts to the principal spin

bundle Psy;y,(G) given by the spin structure and induces an action on the spinor bundle S(G).

S(G) x T — S(G)
([B: 4], 9) — B, Y] -9 = [P~ 9,
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Hence, the corresponding spinor bundle S(X) of X is given by the bundle S(G) modulo the action
of '

S(X) = S(@)/T b, 1T
| I
X = G/r m([p, ¥])T.

Lemma 165. The sections C(X,S(X)) of the bundle S(X) are the I'-equivariant sections of
the bundle S(G)

Proof. Let us consider a section s of the bundle 7 : S(G)/T' — G/I'. Then for 2" € G/TI" it holds
m(s(al)) = 2T’ = «([p, ¥IT") = =([p, ¥])T’

therefore ([, 1]) = , which implies that [p,v] € 7—1(x), that is, s is a [-invariant section of the
bundle §(G) — G. 0O

We denote by C*°(G,S(G))! the space of I'-equivariant sections of S(G).

Lemma 166. The space C°°(G,S(G))! is the subspace of sections which are invariant under the

action of T" on the space of sections C*°(G, S(G)) defined in remark
Proof. Let us remember the aforementioned action
C*(G,8(G)) xT — C*(G,S8(G))
(s(2), 9) = (s~ 9)(x) = s(zg™")g.
We have
(s-9)(x) = s(zg™")g = s(=)
s(x-g) =s(x)-g
which means that s is I'-equivariant. O

The previous lemma is telling us that the action of T' on C°(G,S(G)) preserves the subspace
C=(G,S(Q))'.

Lemma 167. The subspace C*(G,S(G)) is invariant under the Dirac operator.

Proof. Taking s a fixed point of the action and using the fact that by proposition the Dirac

operator is a ['-operator, we have:
D(s) =D(s-g) = D(s)- g
therefore D(s) is a fixed point too. O
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Hence, the Dirac operator on X (denoted by D) is the Dirac operator DY restricted to the

I'-equivariant sections of the spinor bundle S(G):
DX =D : 0=(G,8(G)F = C®(X,5(X)) — C(G,S(G)F = C=(X,5(X)).

Remark 168. From the discussion above, to compute the Dirac operator DX on the homogeneous
space X = G/T together with its eigenvalues, it is enough to compute the Dirac operator D¢ on
G and its eigenvalues and count their multiplicities in the subspace C°(G, S(G))F.

We are interested in applying the ideas of the previous sections to the homogeneous spaces of

the form S3/T'; regarding S* as the unitary quaternions and taking I' as a finite subgroup.

4.4.3 The Dirac operator on S*/T
The induced actions of S°

Since S? is a Lie group, it can be regarded as a group and as a manifold. In this subsection we

will denote the elements of the S® seen as a manifold by p or ¢ and the elements of S seen as a
group by g.
The sphere S2 acts on itself by isometries by right multiplication, denoted by pg. We will see
that this is a spin action and write explicitly the actions induced on the bundles T'S®, Pso(S?), Pspin(S?)
and S(53) described in subsection m
The action of S3 on T'S? is given by
TS® x 8% — TS?

(r,9)g = (pg,q9)

where g acts on p and ¢ by quaternionic multiplication. Using the trivialization of the tangent

bundle given by equation (4.4]), this action corresponds to
(S3 x R3) x 8% — §% x R3
(p,v)g = (pg, Ads(g~"v))

identifying R? with pure quaternions.

The induced action on the frame bundle Pso(S?) is
S0(4) x 8% — SO(4)
Ag = (pg,v19,v29,v39)
where A € SO(4) is given by the column vectors p, vy, va, v3.
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Lifting the action on the frame bundle we get the action on the spin structure bundle Psm-n(S?’ ),

namely

(83 x 83) x 8% — 53 x &3
(p.a)g = (p.g "q)

since Ady((p, q)g)w = Ad4(p, g~ q)w = pwg'g.
The action on the spinor bundle S(S?) is given by

((S? x %) xgs C*) x 8% — (S° x §%) xg, C? (4.10)
[(p, ), wlg = [(p, 97" ), w]
and by the trivialization given in equation this correspond to the action
(83 x C?%) x 8% — 83 x C?
(p.w)g = (pg, o(9) " w)

where o is the standard representation of S on C2.

The induced action on the space of spinor fields is
C™(83,C%) x 8% — C™(S*,C?) (4.11)
(Tg)(p) = o(g) " T(pg™").
Let T be a finite subgroup of S3. Since S® acts on itself by isometries, we can restrict the action
and conclude that T' also acts on S® by isometries. This action is also spin and we can consider
the induced actions in the bundles as in the previous subsection. In particular, the action in the
spinor bundle described in equation (4.10|) restricted to I is
(83 x C?) x 8% — 5% x C?

(p,w)g = (pg,o(g)"'w)  Vger.

Spinors on S3/T

As we saw in section the spin bundle for the homogeneous space S3/I' is given by the
quotient of the bundle S(S?) =2 S x C? by the action of I, which is the definition of the vector
bundle associated with the universal covering 7 : S — S3/I" using the standard representation

o restricted to I':
S3 x5, C?* — S3T.
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Thus, the spinor fields are just the I'- equivariant spinors on S%:
{U € C>(5%,C?) | U(pg) = o(g) " ¥(p), for every p € S3 and g € '} = C>(S3,C*)F

and can also be seen as the subspace of spinors on $2 which are invariant under the action given
by equation (4.11]). Since this action commutes with the Dirac operator D on S®, the subspace
C>(83,C?)! is mapped to itself under D and therefore we have the following result:

Theorem 169. The Dirac operator on the homogeneous space S2/T', DT is just the restriction

of D to the I'-equivariant spinors C>°(S3, C?)".

4.5 The twisted Dirac operator on S3/T

Since m : $3 — S3/T" is the universal cover, we have that 71(S3/I') = I'. Moreover, 7 can be
regarded as a m;(S3/T)-principal bundle. If we consider a unitary representation of m1(S3/I'),

a:T'— U(N) we can construct the associated principal bundle
Vv, =5%x,CN

As we saw in observation V, has a canonical flat connection and therefore we can ”twist”

the Dirac operator DT by this bundle. The twisted spinor bundle is
S(S3T) @V, 22 (8% x, C?) @ (8% xo CN) 2 83 X090 C20 CV

and the space of twisted spinors is isomorphic to the space of functions f : §3 — C? ® CV which
are I'-equivariant, where I acts on S® by right multiplication and in C?®C¥ via the representation
o ® a. From now on we denote this space by C> (83, C? @ CV)Ie,

Since 71(S?) is trivial, every irreducible representation is also trivial. Therefore we can only
twist the spinor bundle using trivial bundles of rank N.

Consider the Dirac operator D twisted by the trivial bundle S x CV — 3 with the standard

flat connection. We get the twisted Dirac operator
Dy :C>®(83%,C? @ CN) — 0>(83,C? o CV). (4.12)

Lemma 170. The Dirac operator Dy is given by the direct sum of the Dirac operator D with
itself IV times, that is:

Dy = N times.
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Proof. Please see [27], p. 76]. O

Proposition 171. The Dirac operator on S3/T" twisted by the representation « is the operator

Dy restricted to the subspace of twisted spinors C°°(S3, C? @ CV)Ie,
Proof. Please see [27], p. 76]. O

The twisted Dirac operator on S3/I" will be denoted by DY,.

4.5.1 The eigenvalues of the twisted Dirac operator D}

We start this section reviewing some facts about irreducible representations of SU(2) = S3.

Proposition 172. For each k = 0,1,---, there is an irreducible representation Ej of SU(2) of
dimension k4 1. They are described as follows. Firstly, £y = C is the trivial representation, F; is
the standard representation on C? given by matrix multiplication and for k& > 2 the representation
space of Fy, is the space of homogeneous polynomials of degree k in two variables  and y. Moreover,

every unitary irreducible representation of SU(2) is isomorphic to one of the Fj.
Proof. May be found in [5, Proposition 5.3, p. 86]. O

In order to compute the eigenvalues of the twisted Dirac operator DY it is enough to know
the eigenvalues of D (which we already know by proposition and count their multiplicities on
C>(83,C? @ CN)Ie,

To do so, we first identify the subspace C> (53, C? @ CV)I'® with something easier to work
with.

Let V be a finite dimensional complex representation of G and V* its dual representation. The

group G acts on V* by (gf)(v) = f(g7'v). Given v € V and f € V* we define

dwf:G—)(C

do,r(9) = fg™"v)

which allow us to obtain a linear map

Sy VeV — C™(G,C)

v f—> d%f'

The following result is in some sense, analogous to the regular representation studied in chapter
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Theorem 173 (Peter-Weyl). The map

Sv): P vev—c=(@G,C)
Velrr(G)
induces an isomorphism of representations of G x G on the Hilbert completions
P vev =r*a.o).
Velrr(G)

Proof. Please see [5, Theorem 3.1, p. 134]. O
The previous theorem gives the isomorphism

C>(5%,C) = P Ex ® E;;
k

after Hilbert completions, where the Ej, are the irreducible representations of S® = SU(2).

Since C>®(S3,C?2 @ CN) = C~(5%,C) ® C? ® CV, we have

C>(8%CoCN) 2 (PERE;eCaCY.
k

Lemma 174. The operator D restricted to £, ® E} © B, @ B}, = E, @ B} ® C? decomposes as

D =1dg, ® Dy
where
Dy, : E; ® C* — Fj ® C2.
Proof. Please see [27), Proof of proposition 4.2, p. 74]. O

By the lemma, the operator Dy decomposes as
Dy = @IdEk ® Dy, @ Idex.

The space C> (53, C? @ CN)I is the representation of S? induced by the representation o ® «

of I'. We want to simplify this space using the following theorem.

Theorem 175 (Frobenius reciprocity). Consider a compact Lie group G, T' a closed subgroup of

G and i : ' — @ the inclusion. Given two representations

a:I'xV —V

B:GxW — W
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of I' and G respectively, there is a canonical isomorphism

Homg (W, C* (G, V)) 2 Homp(i*W, V)

F—f
whete F(w)(g) = f(g~"w), i* = flr, and
Fr—eoF
where
e:C®(G,V)* —V
fr—=fQ).
Proof. Please see [5l, Proposition 6.2, p. 144]. O

Using Frobenius reciprocity we define the map
Ay W ® HOIIIF(’L.*I/V7 V) — COO(G, V)a
WwRAr— Ay (w® A)

where Ay (w® A)(g) = A(g~1w).

Thus, we have the following

Theorem 176. The map

(Aw): @ W@ Homp(i*W,V) — C™(G, V)"
Welrr(G)

induces an isomorphism of representations.
Proof. May be found in [5, Equation 6.4, p. 145]. O
Using Frobenius reciprocity we have the equivalence

(8%, C* @ CV)' = @ E), ® Homp (B, C* ® CV)
k

therefore, restricting the operator Dy to the subspace C*(S3, C?2 @ CN)!® is equivalent to restrict
the operator Dy ® Idcw to the subspace Homp(Ej, C2 @ CV). To know the dimension of this last

subspace we use the following result of character theory

Proposition 177. Let V and W be representations of G. Then

(xv, xw)r = dim Homg(V, W).
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By the proposition we have
dime Homp (B, C* @ CN) = (x£,, Xowa)T

where xg, and xsg are the characters of the respective representations and the notation ( , )r
is used to emphasize that we are taking the inner product of characters of representations of I" .
Now we have reduce the problem of counting the total number of eigenvalues in the subspace
Homr (B, C? ® CV) to computing (X, , Xooa)T-
By proposition of chapter four there are only two different eigenvalues in Homr(Ey, C?> @
CV): —% — (k+1) which is negative for any value of k and —3 + (k + 1) which is always positive.
Hence, what is left is to count how many of the (xg,, Xooa)r are negative and how many positive.

We have that the operator D restricts to the operator
Dy, : Hom(E},, C?) — Hom(Ey, C?).

We denote by Vk+ and V,~ the eigenspaces corresponding to the the positive and negative eigen-
values of Dy, respectively. Since the action of I' commutes with Dy, V,j' and V, are sub-
representations of Hom(Ey, C?).

We have that T" acts on Hom(Ey, C?) by (gL)(P) = gL(g~'P), for L € Hom(E},C?), g € T and
P € Ej. The set of fixed point of this action, denoted by Hom(E}y, C?)!" is equal to Homp(Ej, C?).
Therefore, the number of positive eigenvalues is given by the dimension of the set of fixed points
of V,j', denoted by dimc(Vk+)F; and the number of negative eigenvalues is given by the dimension
of V,, denoted by dime(V, )F.

The following proposition will be used to give two useful isomorphisms:

Proposition 178 (Glebsch-Gordan formula). The tensor product of two irreducible representa-

tions of SU(2) may be expressed as the direct sum of irreducible representations, as follows
q
E,®E, = @ Eryi o, with ¢ = min{k, }.
§=0
Proof. Please see [B, Proposition 5.5, p.87] O
Proposition 179. We have the isomorphisms
Vi = By, Vit =2 By

Proof. Let us remember that S3 acts on E} since I}, is an irreducible representation and also acts

on C? by multiplication. Then S* acts on Ej ® C? = Hom(Ey,C?) = V," @ V,~ and since D*
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commutes with this action, V,~ and V,:r are sub-representations of S2. By the Clebsch-Gordan

formula we have the decomposition
Hom(Ey, C?) 2 E; @ C? 2 E, @ By 2 Epp1 ©@ By 2V, @V,
and matching dimensions we get the desired isomorphisms. O

Theorem 180. Let o : I' — GLx(C) be a representation of I'. Then the eigenvalues of the

twisted Dirac operator D} on S3/T" are

1
5= (k+1) with multiplicity (xg,,,, Xa)r(k+1), k>0,

1
3 + (k+1) with multiplicity (xg,_,, Xe)r(k+1), k> 1.

Proof. First we decompose the space Hom(Ej, C?> @ CV) = Er® C? @ CVN as the direct sum of
eigenspaces of the twisted Dirac operator. Denote by kaa and V- the positive and negative
eigenspaces, respectively.

Since Dy is the direct sum of N copies of D we have that the eigenspaces of Dy are also
the sum of N copies of the eigenspaces of D, therefore V]j’a = V,j ® CN. We want to know the
dimension of the fixed point set of kaa.

For a finite group, every representation is equivalent to a unitary representation and therefore
Xa = Xa-

Using proposition and elemental character properties we have

XVk’a = XV,:@(CN = XE;H,1®CN = XE]H,l XOé = XE)HJXiOé

Hence it holds

dim(C(ija)F = <XE;C,1 ’ XO&>F'

The other case is analogous. O
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Chapter 5

The n invariant

In the previous chapter we computed the Dirac operator, both regular and twisted, for spaces
S3 /T, where T is a finite subgroup of S3.

Now we will define two spectral invariants n and £. In order to compute them, we will need
to find the eigenvalues and multiplicities of the Dirac operator on S3/T', twisted by a unitary
representation « of its fundamental group.

We start this chapter giving the definitions of the aforementioned invariants.

5.1 Definition of the n and ¢ invariants

Let us consider M a Riemannian odd-dimensional manifold and E a smooth vector bundle over

M.
Proposition 181. Let A: C°(M,E) — C>(M, E) be a self adjoint elliptic operator. Then A
has discrete spectrum with real eigenvalues {\}.

Proof. May be found in [I8, Theorem 5.8, p. 196]. O

Definition 182. Let A be an operator as above with eigenvalues {A}. The n-series of A is a
function of the complex variable s given by
n(s; A) =) (sign \)|A| ™
A#£0
where the sum is taken over the non-zero eigenvalues of A.
Observation 183. This series converges when the real part 2i(s) is sufficiently large; it extends
by analytic continuation to a meromorphic function on the whole s-plane and it is finite at s =0

(for more details please see [30]).
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The number 7(0; A) is called the n-invariant of A and denoted simply by 1(A).

Definition 184. Let h be the dimension of the kernel of A. We define the {-series of A by

o= )

We notice that £ is a refinement of the n-series which takes into account the zero eigenvalues
of A.

Let m : M — M be the universal covering of M. This covering is a principal 71 (M )-bundle
(for details please see [I8, Appendix A, p.370]). Taking a unitary representation of the fundamental
group of M: «a : m (M) — U(N) as an action of (M) on CV, we can construct the m (M)-

principal bundle associated with the universal covering:
Vi, =M x,CVN.

Observation 185. The bundle V,, has a canonical flat connection V* given by the exterior
derivative as follows.

As usual, we denote by C°°(M,CN)® the space of equivariant functions under the action of
71 (M) and by Q'(M,CN)* the space of equivariant 1-forms under the action of CV.

By the previous construction of the bundle V,, we have that C> (M, V,) = C>(M,CN)* and
QY (M, V,) = QY(M,CN)>,

Since the exterior derivative

d:C®(M,CN) — QY (M, CN)

maps equivariant functions to equivariant 1-forms, we have the connection on V,

Ve C®(M,V,) 2 C®(M,CN)™ & LM, CN)™ =~ QY (M, V,).

We can use this connection to ”couple” the operator A to V, to get an operator
Ay :C¥(M,E®V,) — C*(M,E®V,)
and define the functions
n(s;a, A) i=n(s; Aa),  E(sia, A) = E(s5 Aa)
and their reduced forms
i(s;c, A) = 1(s; 0, A) = Nu(s; 4),  E(s3, 4) = E(s30, A) — NE(s; A)

where N is the dimension of the representation a.
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Proposition 186. The functions 7(s;a, A) and f(s;a,A) are finite at s = 0 and if we reduce
modulo Z then

are homotopy invariants of A.
Proof. Please check [3, Proposition 2.14, p. 79]. O

Now we apply the previous construction to the case when M = 83 and A = D.

The hypotheses for the definition of the n and ¢ invariants require the operator to be elliptic
and self adjoint. We will not enter into the detail of those definitions but it is known that the
Dirac operator satisfy these conditions. It is shown in [I8, Lemma 5.1,p.113] that it is elliptic and
in [I8], Proposition 5.3, p.114] that it is self adjoint.

We want to compute the 1 and &-invariants for the twisted Dirac operator Dy given by .
In order to do so we need to compute its eigenvalues and multiplicities. That will be done in the

next section.

5.1.1 Multiplicities of eigenvalues of D}

To compute the multiplicities of the eigenvalues of DY twisted by a representation o : I' — U(N)
we need to know the characters xg, and then obtain the inner products (xg,, xa)r for every k.
In this section we will perform such computations. For that matter, we will start reviewing

some useful properties of matrices.

Ck dk
Mat(2,K) be the vector space of 2 x 2 matrices over a field K. Let A € Mat(2,K), then A acts

. : a b\ : k ar bk
Given a matrix A = with b # 0 and denote its k-th power by A® = . Let
c d

naturally on K? by matrix multiplication.
The k-symmetric power S¥K? is isomorphic to the space of homogeneous polynomials of degree

k in two variables z and y. The monomials
Pi(z,y) =27y, 0<j<k, (5.1)

give a basis for the space SFK2.

a

C

b
A matrix A = ( > gives us a linear map

K2 — K2

z = (z,y) — Az = (ax + by, cx + dy)
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which induces another linear map
S*K? — S*K?
P+—— (A-P)(z) = P(Az).

The k-th symmetric power of A is the matrix corresponding to the last transformation, respect

to the basis given by (5.1)) and is denoted by S*A.

Theorem 187 (Cisneros-Molina). Let b be the coordinate function on Mat(2,K) on the 2,1 entry
and by (A) = b(AF), then

byt (A)/b(A) = Te(S* A)
Proof. Please see [26], Proposition 2.2.2, p. 147] O

We will use the previous proposition to prove an important property regarding periodicity of

characters.

Definition 188. Let I' be a finite group. The least common multiple of the different orders of the

elements of I is called the exponent of the group and denoted by cr.

Proposition 189 (Periodicity property). Let g € I' C S% with g # 1 and g # —1. If k = Imod cr,

then xg, (9) = xr,(9)-

a b
Proof. Let g = € SU(2) of finite order |g| with g # +1.
c d

If g were diagonal, we conjugate it by a non-diagonal matrix and get another non-diagonal
matrix with the same character (this is possible since characters are invariant under conjugation).
Therefore, without loss of generality, we can suppose that g is not diagonal.

If ¥ = lmodcr, then k = lmod|g| which implies bi41 = b;+1. Therefore, by proposition

we have

Xk(9) = br41/b=bi+1/b= xi(g).
O

We have made a step forward towards computing the desired characters. Next we will use the

previous proposition and the following lemma to obtain such values.

Lemma 190. Let I be a finite subgroup of S3. Then
XBy+er (1) = XE, (1) + cr.
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If —1 €T, then

XE,(—1) +cr if kiseven,
XEk+CF(_1) =
Xg,(=1) —cr  ifkisodd.

Proof. May be found in [27, Lemma 4.17, p.85]. O

Proposition 191. Let I be a finite subgroup of S® and let o : ' — U(N) be an unitary

representation of dimension N. Then we have the following two cases

1. If —1 € T (this case corresponds to binary groups and cyclic groups of even order), then

EF(Xa(1) + xa(—1)) + (XE., Xa)r  ifkiseven,

F(Xa(1) = xa(=1)) + {xE,, Xa)r  ifkisodd.

<XEk+cr ) Xa>F =

2. If —1 ¢ T" (this case corresponds to cyclic groups of odd order) then
NCF
<XEk+cF>Xa>F = W + (XEBx> Xa)T

Proof. We will prove the case 1. for k even. The other cases are similar.
Let O be an arbitrary conjugacy class of T, |O| its order and go a representative of such class.

Since characters are class functions (remember proposition chapter three) we have

(XExs Xa)T = ﬁ > 10Ix 5, (90) xa(90)
(@]

= L (ve VX + x5 CDXC D) + Y 01, (90)xa(90)

g O#+1
_ %(kz +1) (Xa(l) +m) + ﬁ o;ﬂ 10|xE, (90)Xa(90)-

substituting in the last equation k by k + cr and applying proposition [L89| we get

1 _— — 1

<XEk+cF7XOt>F = m(k +ecr + 1)(Xo¢(1) + Xa(fl)) + m
_ 6

Tl

= %(X&(l) + Xa(=1)) + (XEys Xa)T

Z |O|XEk+cF (gO)Xa (g('))

O#+1
= (k) (X + X (D) + (e o)

(k+cr + 1)(Xa7(1)+ Xa(_1)> |

Applying the previous proposition recursively we finally get the desired result:
Theorem 192. Let k£ = cpl +m with 0 < m < ¢r.
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1. If =1 € T, then

%(Xa(l) + Xa(=1)) + {(XE,: Xa)T if k is even,

T (Xa (1) = Xa(=1) + (XE, Xa)r  ifkisodd.

(XEps Xa)T =

2. If =1 ¢ T then

NCpl
(XEx> Xa)T = W + (XEp» Xa)T

5.2 Computation of the n and ¢ invariants

Now that we know the eigenvalues of the twisted Dirac operator DY, together with their multiplic-
ities we can compute the n-invariant. From now on we shall denote the n-series 7(s; a, D) simply
by 7(s; a,T') and the n-invariant n(c, D) by just n(a, T).

We start with a theorem that will allow us to perform the computations.

Theorem 193. Let I be a finite subgroup of S®. Let o : ' — U(IN) be an unitary representation

of dimension N and let ¢ be the exponent of I'. Then

1. If —1 € T" we have the following two cases

(a) If Xa(]-) - Xa(f]-)

N P s
n(a,T) = 6|F|( —12cr +23) + > (XEayens Xa)r — — J(X B, Xa)T-
cr “—
7=0 7=0
(b) If Xa(]-) = _Xa(_l)
r_q cr
N 3 4
) T T Ezjioy Xa/T — 7 E3; 19 Xa/T'-
(e, T) = ——(cf + 6er +5) + (x Xa) J{x Xa)
6‘F| =0 CF —0
2. If —1¢T
N _ 2 Cr‘*l 2 Cr‘*l
F 3 2 [e% - » A .
n(a,T) = 6|F|(CF+ er+2) + =< . n;)<XEm,X oo n;mmm Xa)r
Proof. May be found in [25] Theorem 5.1, p. 217]. O

The following lemma allow us to write the characters xg, in terms of the character yc2 of the
standard representation.
Lemma 194.
dimixex(g¥) + 1 ifk = 2riseven,

XEj, (g) = )
>0 xez (g7 if k =2r + lisodd.
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Proof. Please see [27, Lemma 4.11, p. 81]. O

Before we continue, let us remember that in chapter two we found the classification of the
finite subgroups of S® = SU(2) (please see theorem . These are the cyclic groups C,,, the
binary dihedral groups ﬁn, the binary tetrahedral group T, the binary octahedral group O and
the binary icosahedral I.

Let (p,q,r) denote the group given by the presentation (z,y,z|zP = y? = z=xzyz. Using this
notation we write the binary dihedral groups as (2,2,7) with » > 2, the binary tetrahedral as
(2,3, 3), the binary octahedral as (2,3,4) and the binary icosahedral as (2,3, 5).

Observation 195. Let I' be a finite subgroup of S3 and let o : I' — U(N) be a representation
of T'.
If a+bi+cj+dk is an unitary quaternion, its image under the isomorphism given by proposition

of chapter two is the matrix

a+bi c+di
—c+di a—b
We compute its characteristic polynomial

a+bi— A c+di
det =(a+bi—N(a—bi— ) —(c+di)(—c+di)
—c+di a—bi—\

=a® — abi — aX + abi — (bi)? — biX + aX + Abi + X* — (= ¢® + edi — cdi + (di)?)
=a®+20A+ bV + XN+ P+ d* =N —20\+1=0

and its roots are the eigenvalues of the matrix. Therefore if two quaternions have the same real

part, their associated matrices have the same eigenvalues.

Since n(a ® B,T) = n(,T') +n(B,T) for any two representations of T', it is enough to compute
the invariants for the irreducible representations.

The computation of the invariants is made according to the following outline:

The fists step is to compute the character xc2 of the standard representation of S3 on C2
restricted to the subgroup T, using observation [I95]

Then it is necessary to use lemma to compute the characters x g, and their inner products
(XE.> Xa)r for 0 < k < cr, where x,, is the character of the representation « and cr is the exponent
of I'.

Next, by theorem [193|it is possible to obtain the value of n(a, I').

Finally one can get the reduced &-invariant by

(0T = 5(n(eT) ~ Ny(D),
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where N is the dimension of «.

For details about the steps previously mentioned, please refer to [27, Section 4.7].
In this work we will limit to list the values of the invariants n(c, T') and £(a, T) for the irreducible

representations of each of the finite subgroups of S3. Such representations will be denoted by o

and their respective character by x;.

1. Cyclic group C,,. Order n. Exponent n. It is generated by the quaternion

27 . 2wy .
Vp = COS— + (sm—)z.
n n

Let ¢, = e’%" be the standard primitive n-root of unity. The group C,, has n irreducible

representations of dimension 1 given by

() =)t 1<t<n

Here we show an example for n = 4:

Xo(1) = Xa(=1) | Xa(l) = —Xa(-1)
rep. %} Qg Qg Qg4
77(047F) % 7% % 7%
£(a,1) | 0 3 g :

2. Binary dihedral group D. Order 4r. Exponent 2r if r is even and 47 if r is odd. It has r + 3

conjugacy classes. Its character table was given in table [3.4] for even order and [3.3] for odd
order. Here is an example for r = 4:

Xa(1) = Xa(—1) Xa(l) = —Xa(-1)
rep. | a1 | az | az | as | Y2 |1 V3
neD) |5 | % |5 | % | i | 1 ~16
f(a,I‘) 0 % i % % 116 1%

3. Binary tetrahedral group (2,3,3). Order 24. Exponent 12. It has 7 conjugacy classes, its

character table was given in table of chapter three. The 7 and &-invariants are

Xa(1) = Xa(=1) Xa(1) = —xa(-1)
rep. (65} (%) Qs (64 Qg (0% (6733
167 25 25 3 29 19 19
D) | 1 |t | ~t | 36 | | . 72
D) | 0 | 3 3 | 5 |21 ]| 5% 51
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4. Binary octahedral group (2,3,4). Order 48. Exponent 24. It has 8 conjugacy classes, its
character table is table of chapter three. The 7 and &-invariants are

Xa(1) = Xa(-1) Xa(l) = —Xa(-1)

rep. (0751 (%) Q3 Qg (6%4 Qg A ag

383 49 25 11 5 101 43 19

(e l) | 555 | —3ss | ~1ma | ~32 | 3 |14 | i | m
& 1 7 5 1 1 25 5
{(a,T) | 0 1 1 6 | 12| 38 | 38 2

5. Binary icosahedral group (2,3,5). Order 120. Exponent 60. It has 9 conjugacy classes, its
character table is table of chapter three. The n and é—invariants are

Xa(1) = Xa(—=1) Xa(1l) = —xa(=1)
rep. (65) (7] (6% (673 asg (65 Q3 (0%4 Qg
n(e.T) | 50 | —%0 | 16 | ~1s0 | —71a | 72 | “360 | 180 | 40
D) | 0 | 5 || 3 s || 1 | 15|
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Conclusions and future work

Let us make a summary of what we have already done.

We started Chapter 1 introducing the ADFE singularities and learned to use the blow up tech-
nique to resolve them, as well as a way to encode the arrangement of the components of the minimal
resolution known as the dual graph of the resolution.

Later, in chapter two we listed the finite subgroups I' of SL(2,C) and proved that ADE singu-
larities can be characterized as quotient singularities of the form C?/T.

By the McKay correspondence studied in Chapter 3, each irreducible component of the ex-
ceptional divisor of the minimal resolution of an ADE singularity has a corresponding irreducible
representation of a finite subgroup T" of SL(2,C).

In Chapter 4 we developed the theory needed to define the Dirac operator and we computed it
for S3.

In Chapter 5 we introduced the 1 and &-invariants and computed them for the Dirac operator
of a quotient S3/T" twisted by a representation « of its fundamental group T'.

It is natural to wonder if this number has any interpretation in the context of the minimal
resolution of the singularity.

This interesting question is beyond the reach of this work and remains open for future research.
One possible way to answer it may be regarding the minimal resolution of a singularity as a manifold
with fibred corners and follow the techniques given in [7] to "lift” the twisted Dirac operator and

try to give an interpretation of the n-invariant.
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