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XI

L Qué es la geometria no-conmutativa? Resolver esta pregunta no serd una
tarea sencilla y una prueba de ello es que tomaré la gran mayoria de este texto
proveer un bosquejo de la respuesta deseada.

Podemos pensar que es una generalizacion de la geometria diferencial usual.
Con el fin de reforzar esta idea pensemos en una variedad suave equipada con
coordenadas reales M; ademds, permitamonos considerar que las funciones
que actian sobre el son de clase C*°(M), las funciones infinito-diferenciables.
En algunas ocasiones elegimos ignorar el hecho de que éstas funciones consti-
tuyen una dlgebra conmutativa sobre los nimeros reales A, sus caracteristicas
de algebra se pueden ver un modo inmediato: la adicién y multiplicacién de
funciones estd bien definida punto a punto.

La alusion a dicha dlgebra no es gratuita, contiene un vinculo conceptural
profundo entre dlgebra y geometria. Consideremos por un instante que sélo
conocemos el algebra A sin saber como la obtuvimos, toda referencia a la
variedad, es decir a la geometria se ha desvanecido. Esta situacién puede
parecer desventajosa a primera instancia, sin embargo es posible reconstruir
la variedad M desde la informacién contenida en el dlgebra. De este modo se
puede plantear una equivalencia entre ambas estructuras. Esto es la esencia
del teorema de Gel’fand-Neimark.

La geometria no-conmutativa generaliza ésta notcién reemplazando el
aigebra conmutativa con una no-conmutativa, por ende, usando la verrsién
no-conmutativa del teorema de Gel'fand-Neimark, podemos encontrar una
geometria no-conmutativa asociada al dlgebra que estamos considerando. Es
importante mencionar que a este nivel la nocién de variedad desaparece, atin
asi, es conveniente ver esto como una ganancia, ya que permite generalizar
conceptos geométricos sin hacer referencia a una variedad.

Como apunte final a éste tema, permitdmonos detallar en que sentido se
pierde este concepto: dado que cualquier algebra C* conmutativa puede ser
vista como el dlgebra C* de algunas funciones aactuando sobre un espacio de
Hausdorff localmente compacto, un dlgebra C* no-conmutativa serd consider-
ada como el algebra de funciones continuas sobre un espacio no-conmutativo.
Esto implica que ahora podremos centrar nuestra atencién sobre el algebra de
las funciones en lugar de hacerlo sobre los espacios, y es por ello que decimos
que el concepto de variedad desaparece, pues ademas de ya no ser necesario, la
localidad que implica un punto puede llevar a varios problemas conceptuales.
Por qué queremos estudiar la geometria no-conmutativa? Una respuesta
inmediata es: en mecanica cuantica usualmente encontramos algebras no-
conmutativas estudian y describen la naturaleza microscépica del espacio-
tiempo. Permitdmonos elaborar mas éste punto, pensemos en el algebra de
Heisenberg [x,p] = ih, en ésta base para dicha &dlgebra es posible encon-
trar una geometria asociada, y tomar conceptos de ella para investigar la
dindmica cudntica de un sistema. Ademads, consideremos el dlgebra de mo-
mento angular [L;, L;] = ihe; 5Ly, la cual bajo la interpretacién usual es la
algebra de rotaciones de la esfera Ss. Desde el punto de vista de la geometria
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no-conmutativa, éstos operadores deben concebirse como coordenadas que de-
finen una nueva esfera: la esfera no-conmutativa, que exhibe un nuevo conjunto
de caracteristicas que emergen de la no-conmutatividad. Es una esfera en la
que el radio se identifica con el operador Casimir[Mad99] L? y por ende el
espacio se cuantiza, en el sentido de que si queremos mover en la direccién
radial, no podemos hacerlo de un modo continto; en lugar de esto, nos vemos
obligados a hacerlo en pasos discretos definidos por ¢(¢ + 1).

Esta cuantizacion radial revela que la geometria no-conmutativa puede dar
un modo natural y sencillo para cuantizar el espacio-tiempo, lo cual a su vez
es la segunda respuesta a la pregunta planteada anteriormente. No debemos
ver esto como una coincidencia afortunada, ya que hay evidencia que indica
que el espacio-tiempo no debe ser contintio en escalas pequenas, y una forma
de implementar esto es mediante una descripcion del mismo con geoemtria
no-conmutativa.

Dado que estamos lidiando con un campo que se encuentra en investigacion
activa, hay diferentes versiones de lo que es la geometria no-conmutativa, to-
das estan basas en las bases estipuladas anteriormente, pero se desarrollan a
través de conceptos y formalismos distintos.

La primera y més célebre es la aproximacién funciones de Connes [Khal3,
Con95], en la cual se desarrolla un nuevo célculo diferencial por medio de la
introduccién de una tripleta espectral (A, H,D,J), donde A es una &lgebra
no-conmutativa, H es un espacio de Hilbert donde la realizacién de A esta
dada por la algebra de operadores acotados B(.A), finalmente D es el operador
el cual codificard la gran mayoria de la informacién geométrica. Finalmente, la
isometria antilineal J induce la estructura real en la tripleta, no es fundamen-
tal para el formalismo pero se introduce para teer contacto con aplicaciones
en la fisica.

Con esto, Connes fue capaz de definir una cédlculo diferencial que gener-
aliza al usual y sirve para la geometria no-conmutativa, ademés, le permite
construir el andlogo no-conmutatico de la integral, la traza de Dizmier que
puede ser calculada usando el residuo de Wodzicki; con éstas herramientas
Connes pudo proponer una accién geométrica o espectral, la cual bajo ciertas
condiciones, es capaz de generar el Lagrangiano del modelo estanda acoplado
a la interaccién gravitacional de la teoria de Einstein. Este resultado es im-
portante en varios niveles pero nos gustaria senalar uno de ellos: la materia
ahora se puede pensar como una consecuencia de la no-conmutatividad del
espacio-tiempo.

El enfoque de Majid a la geometria no-conmutativa tiene mucho en comun
con el de Connes, sin embargo es un camino un poco mas directo. Es més es-
pecifico ya que se considera que la no-conmutatividad del espacio-tiempo es del
tipo dlgebra de Lie [z#,2"] = C"|2z*. Para definir un célculo diferencual es
necesario introducir uno-formas algebra-valuadas 2!(A), que obedecen una
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relacién heredada del conmutador del algebra de Lie [dz*,z"] = D" dz?,
donde D" son términos constantes proporcionales a las constantes de es-
tructura con un término simétrico adicional que se elige bajo consideraciones
fisicas.

Ademss, se pide que el elemento del linea g sea un elemento central del
algebra, esto garantiza la existencia de un inverso cuya accién en un elemento
del algebra siempre dé el mismo resultado. Esto ayuda a construir entidades
que se parecen a los tensores en éste marco de trabajo y por ende poder es-
tablecer una relacién directa con la teoria de Einstein.

Finalmente, haciendo uso de la teoria algebraica de las conexiones desar-
rollada por Koszul [Kos86], se encuentra una férmula para la conexién con
términos adicionales relacionados a correcciones cuanticas provenientes de la
no-conmutatividad del espacio-tiempo; en nuestro trabajo se eligié truncar
la expresién para sélo considerar términos de primer orden en el parametro
cuéntico (i.e. la longitud de Planck).

Con todas éstas consideraciones, Majid puede analizar espacios-tiempos en
particular [MR94], entre ellos el bicrossproduct model [BM14] y algunos
otros. Nuestra motivacién principal emerge de aqui, pues buscamos analizar
cualquier espacio-tiemopo del tipo dlgebra de Lie. Logramos esto emulando el
procedimiento de Majid con dos consideraciones mas: primero se debe comen-
zar desde un espacio-tiempo cldsico cuyas simetrias deben ser promovidas al
algebra del espacio-tiempo. En otras palabras, la dlgebra de los vectores de
Killing para un espacio-tiempo en particular se promueve al dlgebra no con-
mutativa que describe al espacio-tiempo considerada junto con la métrica.
Segundo, dado que ya tenemos un elemento de linea, la condiciéon de cen-
tralidad fija el término simétrico del conmutador entre un elemento de la
base de unno-formas y un generador del dlgebra. Esto proviene del hecho de
que la ambigiiedad en dicha eleccién debe ser eliminada por argumentos que
provengan de consideraciones fisicas. La diferencia en nuestro método es que
buscamos cuantizar un espacio-tiempo que posea simetrias en un nivel clasico.

En este texto presentamos un procedimiento general para estudiar un espacio-
tiempo del tipo algebra de Lie usando geometria no-conmmutativa. Para lo-
grar esto, empezamos con una breve revision de geometria diferencial clasica
con miras a cubrir conceptos de haces fibrados. Elegimos hacer esto porque un
paso intermedio hacia el teorema de Gel’fand-Neimark es el teorema de Serre-
swan que hace uso de varias nociones de haces fibrados, en particular, haces
vectoriales; después los relaciones con médulos proyectivos sobre dlgebras.

Posteriormente introducimos nociones basicas de geometria no-conmutativa,
donde presentamos aspectos clave tales como: algebras C*, el teorema de
Gel’fand-Neimark, una revisién de médulos, particularmente los proyectivos.
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Después explicamos como definir un calculo diferencial en ésta geometria sigu-
iendo el formalismo de Majid. Con todos éstos elementos podemos presentar
de un modo general una caracteristica fundamental de nuestra investigacién:
la condicién de centralidad. Haciendo uso de ésta condicién junto con el marco
de trabajo usual de la geometria no-conmutativa nos lleva a uno de los prin-
cipales alcances de nuestra investigacion.

Luego nos dedicamos a definir las bases y alcances de nuestro trabajo, cal-
culamos los andlogos no-conmutativos de los tensores de Riemann y de Ricci
junto con el escalar de Ricci; todas éstas entidades se usan para construir el
analogo al tensor de Einstein, el cual adquiere correciones cuanticas de primer
orden que emergen de la no-conmutatividad. Todo esto es hecho haciendo uso
de la aproximacion de Majid, donde el calculo diferencual universal asociado
a un algebra es usado para construir las andlogias mencionados anteriormente.

Para concluir, presentamos algunas aplicaiones. La primera es el bicrossprod-
uct model, la cual era una de las principales motivaciones de este trabajo.
También consideramos un élgebra de Lie bi-dimensional en el contexto de un
espacio-tiempo conformemente plano bi y cuatri-dimensional. Nuestro dltimo
ejemplo es el modelo Friedmann-Robertson-Walker, que después de ser anal-
izado con nuestro tratamiento da origen a una anomalia en el tensor de Ein-
stein, lo cual es un hallazgo relevante, ya que proviene de la no-conmutatividad
del espacio tiempo en lugar del lugar usual: la teoria cuantica de la materia.
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Preliminaries






1

Introduction

It seems proper to pose the question from the very beginning: What is non-
commutative geometry? We would like to point out the fact that finding the
answer it is indeed a bold and a stark task, and it is going to take the vast
majority of the following work to provide an sketch of such objective.

We may think of it as a generalization of ordinary differential geometry. In
order to endorse this idea, let us think of M a smooth manifold with real
coordinates; moreover, let us consider C°° (M), which is the family of smooth
real-valued functions acting upon the manifold. Sometimes we ignore the fact
that this functions constitute a commutative algebra over the real numbers A
in the following sense: we can add and multiply them.

The allusion of this algebra is not just a trivial statement, it endows a
deep link between algebra and geometry. Consider that we only know the
algebra A; we do not know how we obtained it, so every trace of the geometry
has vanished. This scenario might look perilous; however it is possible to
reconstruct the manifold M from the algebra A. Hence, this structures are
to be deemed equivalent. This is the essence of the commutative Gel’fand-
Neimark theorem.

Non-commutative geometry generalizes this notion by replacing the com-
mutative algebra with a non-commutative one; thus, by using the non-
commutative version of the Gel’fand-Neimark theorem, we are able to find
a non-commutative geometry for the algebra under consideration. It is im-
portant to mention that the notion of a manifold is lost, nevertheless, this
is a gain rather than a loss, because it allows us to generalize geometrical
concepts.

As a final remark on this subject, we will detail the sense in which it is
lost: since any commutative C*-algebra can be understood as the C*-algebra
of some functions over a locally compact Hausdorff space, a non-commutative
C*-algebra will be considered as the algebra of continuous functions over some
non-commutative space. This implies that now we shall fix our attention upon
the algebras of functions rather than the spaces, and this is why the concept
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of manifold disappears.

Why do we want to study non-commutative geometry? A preemptive reply
would be: in quantum mechanics we encounter non-commutative algebras
study the microscopic nature of space-time. Let us elaborate more on the
first answer: think of the Heisenberg algebra [z, p] = ik, on this basis for th
algebra it is possible to find a geometry, and use concepts borrowed from it
to study the quantum dynamics of a system. Moreover, consider the angular
momentum algebra [L;, L;] = ihe;j, Ly, which, according to the usual inter-
pretation, is the algebra of infinitesimal rotations of the sphere S;. From the
non-commutative geometry viewpoint, these operators are conceived as co-
ordinates and they define a new sphere: the non-commutative sphere, which
exhibits a new set of features that arise from non-commutativity. It is a sphere
in which the radius is identified with the Casimir operator[Mad99] L? and
hence the space is quantized in the sense that, if we want to move in radial
direction, we can not do it anymore in a continuous fashion; instead, we are
obliged to do it in discrete steps defined by ¢(¢ + 1).

This radial quantization reveals that non-commutative geometry might
provide a natural and straightforward path to quantize space-time, which is
our second reply to the posed question. Nonetheless this is not just a fortunate
coincidence, but it is to be expected, as there is evidence that indicates that
space-time must not be continuous at small scales, and a form to remove this
is to consider that it is described by non-commutative geometry.

Since we are dealing with a field which is being actively researched, there
are different versions of what is non-commutative geometry, all of them based
on the grounds above stated, but developing different formalisms and con-
cepts.

The first and most renowned is Connes’ functional analytic approach [Khal3,
Con95], in which he develops a new differential calculus by introducing an
spectral triple (A,H,D,J), where A is a non-commutative algebra, H is a
Hilbert space where A is realized as an algebra of bounded operators B(.A),
and D is the Dirac operator which shall encompass all of the geometrical
information. Finally, the antilinear isometry J introduces the real structure
on the triple, it is not fundamental in the formalism but it is introduced for
physical applications.

With this, Connes was able to define a differential calculus for the non-
commutative geometry, as well as to construct the non-commutative analogue
of the integral, the so-called Dizmier trace, which can be calculated by making
use of the Wodzicki residue; with these tools Connes was able to propose a
geometrical action, which, applied in an specific model, is able to yield the
Lagrangian of the Standard model coupled to the usual Einstein gravity; this
is remarkable in many layers, but we would like to highlight one: matter may
be thought as a consequence of a non-commutative space-time.



1 Introduction 5

Majid’s approach to non-commutative geometry shares many features with
Connes’ version; however it is a more straightforward path to non-commutative
geometry. This formalism is more specific, given that one considers the non-
commutativity of the space-time to be of the Lie-algebraic type [z/, 2] =
ct l;\m)‘. In order to define a differential calculus we need to introduce the
one-forms over the algebra §2'(A), which follow a relation inherited from the
Lie algebra commutator [dz*,z"] = D" da?*, where D", are some constants
that are proportional to the structure constants plus a symmetric term which
it is chosen on physical grounds.

Additionally, one demands that the line-element g is a central element of
the algebra; this guarantees the existence of an inverse and that, regardless
of how it acts on an element of the algebra it will give the same result. This
aids to build tensor-like entities on this framework and thus mimic Einstein’s
theory.

Finally, making use of the algebraic theory of connections developed by Koszul
[Kos86], a formula is found for the connection plus quantum corrections origi-
nated from non-commutativity; then it is chosen to truncate the expression so
that only terms that are of first order in the quantum parameter (i.e. Plank’s
length) are considered.

With all of these tools, Majid [MR94] is able to analyze particular space-times
such as the bicrossproduct model [BM14] and some other examples. Our main
motivation emerges from here, for we seek to study any Lie-algebraic space-
time. This is achieved by following Majid with two additional considerations:
we need to start from a classical space-time, and if it possesses symmetries,
then such symmetries must be promoted to be the non-commutative algebra.
In other words, the Killing vectors algebra for a particular space-time is taken
as the non-commutative algebra to be considered along with the metric. Sec-
ond, since we already have a line-element, then the centrality condition fixes
the symmetric term in the commutator between a one-form basis and an alge-
bra generator, this is inspired in Majid’s claim that it must come from physical
grounds, but now we are trying to introduce a way to promptly quantize any
classical space-time that has symmetries.

In this work, we present a general framework to study a quantum space-
time of the Lie-algebraic kind via non-commutative geometry. To achieve this
task, we start with a brief review of classical differential geometry aiming to-
wards the concept of fiber bundles. We do this because a middle step to the
Gel’'fand-Neimark theorem is the Serre-Swan theorem which relies on various
notions of fiber bundles, in particular, vector bundles; and then it links them
to projective modules over algebras.

So, we introduce some basic notions of non-commutative geometry where we
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present key aspects of it such as: C*-algebras, the Gel’fand-Naimark theorem,
and an overview on modules, mainly on those of projective kind for the rea-
sons afore-mentioned; then we take an overview on how to define a differential
calculus in this geometry following Majid’s formalism. With all these elements
we are ready to present in a general way a key feature of our research: that is
the centrality condition. Using it along the usual non-commutative geometry
framework is one of the main insights of this research.

After we define the outset of our framework, we compute the non-commutative
analogues of the Riemann and Ricci tensors along with the Ricci scalar, all
of these elements are put together to build an Einstein tensor that gets first
order quantum corrections from its non-commutativity. All of this is done on
Majid’s non-commutative approach where the universal differential calculus
associated to an algebra is used to build analogues of classical geometric en-
tities.

Finally, we present some applications. The first one is the bicrossproduct
model, which was one of the main motivations of this work, we consider a two
dimensional Lie algebra in two and four dimensional conformally flat space-
times. Our last example is the Friedmann-Robertson-Walker model, which,
after being analyzed through our treatment, gives origin to an anomaly, which
is a remarkable finding, since it arises from non-commutative grounds instead
of the usual way, in which it comes from a quantum theory of matter.
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Classical differential geometry

Throughout this section most of the content may be found in [Ble05, Nak05,
CBDDBS82|. We shall try to keep our exposition brief, for the main purpose of
this chapter is to provide a succinct review of the necessary concepts essential
to formulate non-commutative geometry.

2.1 Manifolds

Definition 2.1 (Topology). Consider a set M, furthermore let us regard it
as the arbitrary union of some subsets U; (i.e., M = U;c1U; for some index
set I). In addition, let

to be an injective function such that ¢;(U;) is an open set. We assume that
for alli,j € I the mapping

¢; 0 qﬁj_l : (JSj(U,‘ N Uj) — ¢L(Ul n UJ)

is a C*> mapping (i.e., every partial derivative is continuous regardless its
order)- We say that a subset V.C M is open if ¢;(U;NV) is open for alli € I.
Then the collection of such open sets is called the topology of M relative to

{¢ili € I}.

Definition 2.2 (Atlas). Assume that the topology of M is Hausdorff (i.e.,
it is always possible to find disjoint neighborhoods for different elements).
Provided that M is the finite union of the U; subsets, then {¢;|i € I} is called
an atlas of M and each mapping ¢; is a chart.

Definition 2.3 (Differential structure). If the union of two atlantes is an
atlas again, they are deemed as equivalent. An equivalence class of atlantes is
called a differential structure over M.
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Definition 2.4 (Manifold). M with a differentiable structure is called a
C*°-manifold.

Definition 2.5 (Diffeomorphism). Let f be a smooth map between mani-
folds

fM—=N
such that for all charts in the atlas,
¢ U —»R"in M and ¢;:V; > R" in N
we have that
vio¢; g (UiN fH(V;) = R € C™.

In other words, the smoothness of the function is independent of the atlantes
considered in both manifolds. If f has an inverse then it is called a diffeomor-
phism.

With this now we have set some terrain to study functions and their global
properties on manifolds. The vast majority of our analysis uses familiar con-
cepts from calculus, and at most generalizes them. If we want to study the
local behavior of functions then we must introduce a generalization of a direc-
tional derivative, the tangent vector; before that it is necessary to introduce
an special kind of function, a curve.

Definition 2.6 (Curve). A curve v through a point x € M is a map v :
(a,b) = M with a < 0 < b such that maps the origin to x (i.e., v(0) = x).

Definition 2.7 (Tangent vector). Two curves v, and v2 are said to be
equivalent if for any chart ¢

d
= %@0%)

d
%@071)

0 0

An equivalence class of curves through = is called a tangent vector, which is
associated to the base point, in this case x. The vector is denoted either by

~'(0) or

St

0
Definition 2.8 (Tangent space). The set of all tangent vectors at x is de-

noted as T, M and is referred to as the tangent space at x, and it possesses a
vector space structure.

We were able to create vectors as objects that stand on points whose direction
is given by an equivalence class of curves. In an heuristic sense, the vector joins
the point where it is standing to a point infinitesimally close in the direction
of the curve, that is why is a proper generalization for a directional derivative
on manifolds.
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Definition 2.9 (Derivative of a function). Let f € C* and+'(0) € T, M,
then the derivative of f along the curve v is

(f o) (0) =:~/(0).
Definition 2.10 (Vector field). Let TM := UzepmTo M. A vector field on
M is a function

V.M—=-TM

such that V, € TyM and the function x — Vi(f) is in C°(M) we shall
denote this function as V(f). The set of all vector fields on M is denoted by
rTm).

Definition 2.11 (Coordinate vector fields). Consider a chart ¢ : U — R”
then its coordinated vectors fields are given by

_d, .
Oile = dt(b (B(z) + te;) o

with e; € R™ is the canonical basis. With the coordinate vector fields we can
express any vector field V' locally as

V= Uiai,

If we take another chart ¢ : U — R™ then for a point in the overlap x € UNU
we have

v =0'0i( 0 ¢4 (2.1)

In this sense we can think of vector fields as an array of functions v* that lurk
on coordinated domains and transform obeying 2.1 as shown above, finally
there is a distinguished vector field related to any two we want to study, this
is the commutator and it is helpful to study symmetries of fields.

Definition 2.12 (Commutator). Consider two vector fieldsY,Z € I'(TM),
then its commutator [Y, Z| defines the following vector field

Y, Z].(f) == Ya(Z(f)) — Zo(Y(£)),

where we shall drop the subscript for the sake of simplicity. Additionally it
satisfies |Y, Z] = —[Z,Y] and the Jacobi identity

X Y, 2]+ [Z, [ X, Y]]+ [V, [Z2,X]] = 0

A generalization of vectors are tensors, which are entities that are valued on
both vector and dual vector spaces.
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Definition 2.13 (Tensors). Let E and F be vector spaces over the field R,
we denote the dual space of E as E*. The space of multilinear functions (F-
valued tensors) is TP1(E, F) each of its members is of the form
TPYE,F)> f:E*X - XE*"XE X - xE.
—~— —~

P q
Ifui,...,up € E* and v',... v € E then
U R Ru,®v' @ - @uvl € TPYE,R) :=TP(E),

if a basis is provided for both the space and the dual then we may write any
element as

f:fjll:::jzeil ®"'®61‘p®w71 Q-+ ®wla

where fjlljz €R, e;,...,¢e;, is a basis for E and w’*,... ,w’ is a basis for
E*

Differential forms are a core-concept needed to define calculus in manifolds,
integration relies on their use and they open the gate towards the study of
global properties through the means of the de Rham cohomology.

Definition 2.14 (One-form). Let TP9(M) = UpepmTP4UT,M). A one-
form is a function o : M — TY(M) with a, € T (T, M) and for any
Y € I'(TM) there is a function a(Y') that

a(Y)(z) = ax(Yy) € C™,

if we proceed in an analogue fashion to the vectors, we may also provide a
chart ¢, then we have a coordinated dual basis dx', ..., dz™ and are linear
functionals that act on the vector basis as dz'(9;) = 5} where 5;» is the Kro-
necker delta.

Definition 2.15 (Wedge product). Let us consider q one-forms, its wedge
product is a totally antisymmetric tensor product, the simplest case is

drt ANda? = da' @ da? — da? @ dxt,
in general we shall denote it by
dr' A A data

Definition 2.16 (¢-form). A differential form of order q is a totally anti-
symmetric tensor T*9(M).It may be locally expressed upon an open set U
with a chart ¢ as

1 , ,
n= —'nil...iqu“f A Adxt
q

, with 1.5, = n(0,,---0;,) € C*. This set is denoted as 29(M)
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Definition 2.17 (Exterior derivative). Let f € C*°(M), X € I'(TM) andn €
N9(M). The exterior derivative dn of 1 is a q + 1-form such that for any
Xi,...,Xq41 € I'(TM) we obtain

q+1
dn(Xy,..., Xgq1) = Z(—)lJrlXi(??(Xl, v Xic, X1, Xgg1))
i=1
+ Z (7>i+jn([Xian]aX17 oo aXi—17Xi+1a v 7Xj—17Xj+1a cee an+1)-

1<j<n
And it complies to the following properties

d :QUM) — QITH(M)
dlaNp)=danp+ (—)Pands
d>=dod =0,

where a € 2P(M). All of the above expressed with respect to a chart ¢ : U —
R™ is
1 i i
dn :ad(ml_“iq) Adz™ A Ada'e

1 i i
:a&'(ml,_iq)dm LA Adxte.

Definition 2.18 (Hodge star). The Hodge star operation which we shall
denote by *, is a linear map that in a manifold of dimension n is defined by

1 1(M) = Q"I(M)

V |g| e
*(dl’ﬂl VARERIVAN dz“q) = mg ! qu+1...yndzuq+l A ANdxh.

2.2 Fibre Bundles

Fibre bundles have been extensively used throughout physics, namely in gauge
theory where they provide an elegant formalism where interactions are seen
as consequences of an astonishing geometrical framework endowed at each
point of space-time. However, they also provide a good starting point if we
are ought to codify the geometry in an algebra, this is due to the fact that a
middle point before the Gel’fand-Neimark theorem is the Serre-Swan theorem,
and it establishes a link between a sections in particular kind of fibre bun-
dles, the vector bundles and a morphisms of projective module over an algebra.

Given that the Gel’fand-Neimark theorem is one of the key elements of the
non-commutative geometry program, we are going to study them from their
most abstract notion to their applications.
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Definition 2.19 (Fibre bundle). Let us denote a fibre bundle by (E, II, X, F, G),
where

1. A topological space E, which we are going to as the total space.

2. Another topological space X, the base space.

3. A surjection Il : E — X, the projection.

4. The fibre F' which is also a topological space. It may be thought to be
standing on a point of the base space. This becomes clearer if we make the
following association: F, ~ II~1(X).

5. A group G known as the structure group.

6. A covering {U,} of X equipped with homeomorphisms ¢q(x, f) such that
VUy 300 : Uy x F — I~Y(U,) and they are well defined in the following
sense: IT o ¢o(x, f) =x forx € Uy and f € F.

The main idea behind this definition is allowing the decomposition of the to-
tal space into a base whose each point possesses a fibre. Such association is
performed via a projection which needs to be properly defined, to achieve this
we introduce a covering of the base space, and additionally some functions
¢o which map the union of fibres above the neighborhood U, of some point
in the base space, to the product space U, x F; this is also known as a local
trivialization and it might be regarded as the untwisting of the fibre space.

As it should be expected, the definition of the fibre bundle is independent of
the the covering, i.e.: the coordinates. Nevertheless, when discussing physics
it is not rare to introduce coordinates to relate these concepts to observations.

Definition 2.20 (Transition functions). Allow us to consider two cover-
ings (Un, da), (U, dp) with Uy NUg # 0, then the transition functions may
be defined as follows:
tap =05t 0¢s: F — F,
fa :taﬁfﬁ-

They must comply the following consistency conditions:

o too(z)=1id (ze€U,).

o top(x) =tpa(x)™t  (z€U,NUpg).

o tas(@) ts (@) = tay(z) (x€UaNUZNT,).

We have used the - product which we have not defined yet, but this shall be
clarified promptly in definition 2.21, which is to be stated just ahead.

These functions tell us how fibres must be glued together in the overlap of two
neighborhoods and thus allow to explore the global structure of the bundle.

Definition 2.21 (Structure group). The set of all transition functions gen-
erates the structure group G = {tap}; this gives us a more refined idea on the
domain and the image of this functions, which is given by:

tap : Ua NUs = G.
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Remark 2.22 (Transition functions and local trivializations). The transition
functions naturally relate fibres, thus this can be extended to local trivializa-
tions in the following fashion

ba(z, f) = dp(z,tapf)

Ezample 2.23 (Trivial bundle). If we consider the case where all the transition
functions are the identity map, i.e.: {tog = id}; the fibre bundle is known as
a trivial bundle.

Ezample 2.24 (Mobius strip and cylinder). Consider the following scenario:
the circle S' is the base space, the fibre is F = [—1,1] and the transition
group G = Zs = id, g where g is a twist; we may choose as coverings U; and
Us such that U; N U = AU B. The transition functions in this case are

idifx € A

t =ide1 =1 t =
1(7) = idg 22(z), ti2(x) {gifxeB

Therefore, fo = to1(x)f1; so if x € A there is no twist at all, however for
x € B we need to twist and thus we obtain the Mébius strip. If we had chosen
G = {id} then the outcome would have been the cylinder, which is the trivial
bundle S x [—1,1].

It is quite evident that the possible set of transition functions for a bundle is
not unique at all, and actually this is the essence of gauge theory as we shall
appreciate immediately.

Definition 2.25 (Gauge degrees of freedom). Consider a covering {U,}
with two sets of local trivializations ¢o () and ¢, thus the transition functions
for such trivializations are:

tap(z) = ¢;1 ° ¢,
tap(x) = 95 © b5,

we define a map g (x) at each point of the base space X such that
ga(®) = 63" © Pa.

Furthermore, we require that this map is both an homeomorphism and an
element of the structure group G.

Remark 2.26 (Transition functions and gauge degrees of freedom). If we take
the definition given above, we reach the following result:

tap(z) = g5 ' o tas o ga(x).

In physics we usually refer to t,g as gauge transformations and they carry
the information required to merge local charts; the gauge degrees of freedom
are always to be taken within a local chart U,,.
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Definition 2.27 (Section). Allow us to consider a fibre bundle and an
smooth map s which abides to:

s: X - F,
HOSZidx.

Evidently, s(x) € F, = II7'(x). Let us denote the set of sections in the base
space as I'(X, F); if U C X then this is the set of local sections I'(U, F).

Definition 2.28 (Tangent bundle). A manifold X contains an additional
structure, its tangent bundle: T X which is defined as

™ = | T,X,
peX

where T, X is the tangent space at p.

Ezample 2.29 (Vector fields). Let X be a manifold and consider its fibre set
to be the tangent bundle TX. Now if we regard a vector field V € X(X) as a
map that at each point p € X it assigns a vector V|, € T, X, then we unveil
the use of a section; if set of all sections is denoted by I'(X,TX) we can do a
natural identification with the set of all vector fields on the manifold X (X).

2.3 Reconstruction of bundles

So far we have accomplished the following: we started with a manifold, asso-
ciated additional structures to it and then introduced a series of mappings to
establish a relation between them.

This leads us to the following question: what is the minimal informa-
tion needed to reconstruct the fibre bundle? The answer to this is rather
simple, provided that we know the base space, the fibre, the structure group,
the set of coverings and the transition functions (X, F,G,{Uqy},tqp) there is
enough data to find the projection, total space and the local trivialisations
(II, E, ¢,), as it may be seen below.

Definition 2.30 (Union of trivialisations). Given the set of coverings
{Ua} and the fibre manifold F we introduce the union of trivialisations:

5=Ume
«@

Definition 2.31 (Fibre equivalence). Allow us to consider (p, f) € Uy x F'
and (q, f') € Ugx F, they are said to be equivalent (p, f) ~ (¢, f') iff p = ¢ and
the elements of the fiber are related by a transition function, i.e.: f' = top(x)f.

With these tools we are set to recover a fibre bundle, thus now we are able to
study them without redundant data.
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Definition 2.32 (Fibre bundle (revisited)). The fibre bundle now is the
quotient set given by:

= E/ ~,
its elements shall be denoted as [(p, f)]-.

Definition 2.33 (Projection (revisited)). Let us take the before-mentioned
element and map it in this way

1T+ [(p, f)] = p.

Definition 2.34 (Local trivialisation (Revisited)). We continue with the
modus operandi that we have adopted lately,

b () f) = [, )]

2.4 Vector bundles

There is a case of special interest for us: what if the fibre is a vector space?
This is of relevance to our purposes because, as we stressed before, it will
allow us to relate algebraic entities to geometrical ones, in particular: sections
of vector bundles to morphisms of projective modules over an algebra.

Definition 2.35 (Real fibre). Let us consider a base manifold X with
dim(X) = d and a fibre F = R* with fibre dimension dim(F) = k; hence
the dimension of the bundle is dim(E) = d + k. In this case the transition
functions are elements of GL(k,R)

Ezample 2.36 (Tangent bundle (revisited)). If we consider the tangent bundle
TX associated to a manifold X we can think of it as a vector bundle with
fibre F = RY. Here dim(X) = d = dim(F') and consequently dim(E) = 2d.
Furthermore consider a point uw € T'X whose projection lies in the intersection
of at least two covers, i.e.: IT(u) = p € U,NUg. Next, we introduce coordinate
coordinate systems for U, and Ug respectively: z* = ¢, (p) and y* = ¢3(p).
Let us recall that in this bundle a point u gives us both a point p in the
base space and a vector V standing on said point, this vector is coordinate-
independent and we make this explicit with:

0 —. 0
V=ve =Ve
Oz oy’
we can do a coordinate transformation following the usual procedure

ox®| - _
Ve =——| V.= Gp)V?
b b ’

9’|,

where {G{(p)} € GL(d,R). With the sum of all of the above we can con-
clude that a tangent bundle is (E = TM, IT, X,R% GL(d,R)) and its sections
correspond to vector fields on X, i.e.: X = I'(X,TX).
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Ezample 2.37 (The tangent bundle of a 2-sphere). In this case it is customary
to use the south (s) and north (n) pole as references for the coverings,

Ug:=58%—5s Uy:=5%—n,

in this case we define their respective coordinates as the pairs: (U, V) and
(X,Y), which are nothing more than the stereographic mappings of the sphere;
they are related by

B X V= Y

COXZ24Y2 0 X247

Following the last example, u € T'S? with IT(u) = p € Us N Uy, the triviali-
sations are:

U

o5 (u) = (p, V&) oN (u) = (p, V),

we know that the transition function tgn(p) € GL(2,R) and that is in fact
the jacobian, so without further ado:

ou,Vv) 1 (— cos 260 — sin 29)

tsn(p) = A(X,Y) T 72\ sin20 —cos26

If we consider the vectors as elemetns of the fibre F, we see that non-trivial
elements of the structure group act on them by a rotation of an angle 26
followed by a rescaling.

Definition 2.38 (Line bundle). A line bundle is a vector bundle whose fibre
is one-dimensional (F = R or C), the structure group GL(1,C) = C — 0 is
Abelian.

Ezample 2.39 (Quantum mechanics). Let us consider 3-dimensional quantum
mechanics, in this case the base space is X = R? with fibre F = C and the
line bundle has the form E = R? x C. The wavefunction corresponds to a
section in this bundle.

2.4.1 Sections of vector bundles

Now it is clear that in the case of a vector bundle, a section associates a point
in the base space with itself plus a vector. Thus a section can be regarded as
vector standing on a point and therefore if we are determined to do algebra
with it, the natural path is to employ vector algebra.

Definition 2.40 (Section algebra). Let s, s’ be sections of a vector bundle;
their addition and multiplication emulate the ones from vector algebra but in
this case they are point-wise

(s+5")(p) = s(p) + 5'(p),
(fs)(p) = f(p)s(p),

where p € X and f € F(X) belongs to the space of functions over the base
space.
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Remark 2.41 (Triviality). A bundle is trivial iff its principal bundle has a
global section.

2.4.2 Frames

Allow ourselves to consider an a tangent bundle 7X, we know that if we
choose a chart U, on the base space X parametrized by coordinates x* there
shall be a natural basis {9/0x"} on the fibre. If we set dim(X) = d we know
that it is always possible to choose d linearly independent vector fields over
our open covering U,, but not necessarily this can be extended for the whole
manifold X.

Definition 2.42 (Local basis). Let us define the components for both the
natural and orthonormal basis vectors

7]
8?:(07...,071,07...,0)

"

éo =(0,...,0,1,0,...,0),
o
as it will be seen later, these vectors define a local frame over U, .

Definition 2.43 (Frame). Consider a vector bundle (F = RorC). If we
choose a chart U, we know that the mapping I1™1(U,) ~ U, x R¥ is trivial,
and furthermore, we may choose k independent sections that are said to define
a frame over the covering U, .

We can conceive extracting the components of a vector as the mapping
V =V%,,(p) = {V*} € F,
with the following trivialisation
oo (V) = (. {V*()}),
which by definition is

¢a(p,{0,...,0,1,0,...,0}) = ea(p)
«

2.5 Principal Bundles

As we have stated several times throughout this text, there is a wide variety
of particular cases within the fibre bundle structure. For instance, we can ask
ourselves what happens if the fibre F' turns out to be the structure group G,
this is defined as a principal bundle.
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Definition 2.44 (Principal Bundle). A principal bundle has a fibre iden-
tical to the structure group F = G. This is often denoted as P(X,G) and it
is called a G—budle over X. The transition function acts on the fibre on the
left as always, however now we can define a right action.

Definition 2.45 (Right action). Let ¢, : Uy, x G — II71(U,) be the trivi-
alization given by ¢ (u) = (p, go) with uw € =1 (Uy),p = I (u). With these
elements, we can say the the right action of G on II-1(U,) is defined by:
51 (ua) = (p, gaa) or equivalently

o —

ua = (ba(pv gaa)v

for any a € G. Most of the time this is denoted by P x G — P or (u,a) — ua;
it is important to note the II(ua) = II(u).

Remark 2.46 (Fibre construction). Let us take uy,us € IT~1(p), there exists
a € G such that u; = uga. Thus, if IT(u) = p we can construct the whole fibre
as 1171 (p) = {uala € G}.

Definition 2.47 (Canonical local trivialization). Consider a section sq
over Uy ; there is a preferred local trivialization ¢o : Uy X G — II7Y(U,) and
it is defined by: for uw € II-Y(p),p € U, there is a unique g, € G such that
u = sa(p)guz then:

o' (u) = (P, 9u)

w.r.t. this trivialization, the section now can be expressed as

5a(P) = ¢a(p;e€)

Definition 2.48 (Frame bundle). Consider the set of frames over a mani-
fold L, X, the union throughout all the points is defined as LX := UpeX L,X.

Remark 2.49 (Unveiling the bundle structure). Take a chart U, with coordi-
nates z*, then T, X has {0/0xz*} for basis. A frame u = {X;,...,Xq} at pis
expressed as

X, = X" 9 1<a<d

> Oh v - ’

where as it has been seen before {X*,} € GL(d,R), the trivialization is:
$a i Ua x GL(d,R) — I (Uy),
o' (u) = (p, (X",)),

the bundle structure becomes apparent if we consider the following points

1. Taking a frame u at p we define ITy, : LX — M by II;(u) = p.
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2. The action of g € GL(d,R) upon the frame U = {X1,..., X4} is simply
(u,a) — ua, where ua now defines a new frame at p, given by Y3 = Xoa%.
This also can be stated that given any two frames X and Y Ja € GL(d,R)
that can relate them. Therefore GL(d,R) acts on LX transitively.

3. Consider an overlap with two associated frames X and Y, the transition
function is:

n
= — L(d,R
tholv) = 5| € GLE.R)

Remark 2.50 (Frame bundle from the tangent bundle). Accordingly with the
past definition and remark, providing a tangent bundle T'X we can construct
the frame bundle LX which will have the same transition functions.

2.6 Connections

Here we aim to generalize the usual notion that are already familiar from the
usual Riemannian manifolds, here we will note that the connection needs a
more abstract description with geometrical meaning and the importance of
algebraic methods will start to play a role in some extent. The connection
contains a lot of physics, two of its applications that have defined major
milestones are in the context of gauge fields and Berry’s phases.

Definition 2.51 (Vertical subspace). Consider u to be an element of a
principal bundle P(X,G) and let G, be the fibre at IT(u) = p. We shall denote
the vertical subspace as VP and understand it as a subspace of T,, P which
is tangent to the fibre G, at u.

Remark 2.52 (T,X # T,P). The tangent space T,X of a base manifold X
does not coincides with the vertical subspace Ty, P of a principal bundle P.

Lemma 2.53 (Construction of the vertical subspace). Consider the
group G that acts both as the transition group and a fibre and take its tangent
space at the identity, i.e., the algebra g = T.G. If A € g its right action is
defined by

Rexpeayu := uexp(tA) := o(t,u),

which conversely defines a curve parametrized by t that passes through u. Such
an action does mot implies a translation on the base space, and therefore the
curve lurks entirely within G,; another way of stating this is by saying that

p=II(u) = II(uexp(tA)).

Define a vector A* € T, P by:
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A#f(u) - %f(u exp(tA))|t=o,

which by construction is tangent to P at u and therefore A% € V,P. If we
iterate this procedure at each point of P we may generate a vector field known
as the fundamental vector field.

Definition 2.54 (Fundamental vector field). Let A € g = T.G, there is
a natural isomorphisms between vector spaces that defines the vector A%, and
it is given by

#:g_>vuP7
A s AF,

Definition 2.55 (Horizontal subspace). The horizontal subspace which
shall be denoted by H, P is defined as the complement of V,, P in T, P.

Definition 2.56 (Connection (1:The Separator)). Allow us to consider
a principal bundle P(X,G), a connection on such bundle is a unequivocal
separation of the tangent space at T, P into its vertical VP and horizontal
subspaces H, P. It complies with the following:

o T,P=V,P®H,P.

e Consequently, a vector field X becomes uniquely separated as X = X +
XV with X" e H,P XV € V,P.!

o YuePgeG wehave HyyP = Ry«H, P; i.e.: behaves well under flow.

Definition 2.57 (Connection (2: As a one-form)). Consider a one-form
w € g @ T*P which obeys the following conditions?

o w(A¥)= A4,
o Riw=Ad,w,

speaking in other terms, given X € T, P,
Riwug(RyX) = g wu(X)g,

with this we can think of the horizontal subspace as the set that contains the
vectors that are not projected by the connection.

H,P :={X € T,P|lw(X) = 0}.

Remark 2.58 (The one-form as a projection). The one-form projects Ty, P onto
the vertical component V,,P ~ g

1 Ry~ Is the induced map Ry« : TG — ThgG.
? R; stands for the pullback of the right action
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Definition 2.59 (Connection (3:Local trivializations)). A connection
assigns to each local trivialization (choice of gauge) a Lie-algebra-valued one-
form w. In this sense we need to summon both a covering U, and a local
section . The connection one-form is

Ay i=0iw € g@ 24(U,).

Or we may think of this in the converse direction: if we have A, (which is Lie-
algebra valued) defined on U, we can rebuild an w such that under a pullback
by o} we get Ag.

It is necessary to address the issue of unicity of such form on P; in that
sense we must ask ourselves what is ought to be when we consider two open
coverings U, NUz # () and identify that uniqueness means that in such overlap
wq = wg. Locally this leads to the next compatibility condition:

Definition 2.60 (Compatibility condition for the one-form). Consider
two coverings Uy, Ug, a transitions function t,g defined among them and a
connection one-form, the compatibility condition is stated as follows,

As(p) = t35(p) Aatas(p) + t5(p)dtas(p).

Now if the principal bundle is non-trivial, then there might not be a globally
defined section; so the pullback of o*w, = A, only exists locally.

Ezample 2.61 (U(1) as a fibre). Envisage P(X,U(1)), consider overlapping
charts Uy, UB with their respective local connections Ay, Ag. Let the transi-
tion function that shall communicate this charts is

tap : UaNUz = U(1),
tag = AP A(p) e R,
therefore, the local connections are related in the following fashion:
As(p) =t g Aatas + tosdtag,
— e*iA(p)Aa (p)ei/l(p) + e*i/l(p)dei/l(p)’
= Aa(p) +idA(p)
Remark 2.62 (About w and A, ). w is defined globally over the principal bun-
dle; there might many connection one-forms but they share the same informa-
tion about this geometric entity. Nevertheless, a local connection such as A,

is only defined on the trivialization of the bundle and therefore they cannot
have any global information.

Proposition 2.63 (Equivalence of definitions). The definitions 2.56 and
2.57 are equivalent, to prove this we need to show that w separates T, P into
VP and HyP.Then it suffices to show that the horizontal subspace is carried
along under the right action, this is, emulating what we knew for the vertical
subspace:

Ry-H,P = H,,P
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Proof. Take X € H,P, construct R« X € TyqP and apply the connection
upon it
W(Re-X) = Ryw(X) =g w(X) g

N——
=0,X€H,P

=0.

Therefore Ry« X € HygP. Which can be thought as: any Y € H,4P may be
written as Y = Rg- X for some X € H,P.

We shall find out that definitions 2.57 and 2.59 are equivalent as well.

Proof. Let us define an algebra valued one-form as:

Wa = g0 ' IT* AnGo + 90 dPGas

where g; is the canonical local trivialization given by ¢, (u) = (p,ga) for
U =04(p)ga. Let A¥ € V,P;Ac g, i.c.: [I.LA* =0, hence
dga(uexp(tA
wa(A*) = g5 dpga(A®) = 9;%)%
t=0
_ dexp(tA
= 07 galw 2P|y

t=0

Furthermore, consider X € T,P, h € G, we develop:
Rywa(X) = wa(Rn+X) = goupAa(ILRis X)gaun + 9oundpgoun(Bi- X),

where we have Gouh = gauh and IRy = II, thus II,Ry~-X = I, X. Conse-
quently we have

Riwa(X) = h_lgo_tlAa(H*X)gauh + h_lg(;}dpgw(X)h

u

= h ™ wa (X)h.

Which readily demonstrates that this local connection satisfies the axioms of
the connection one-form.

2.6.1 Horizontal lift

The definition of vertical subspace instantly leads us to think that we are ba-
sically dealing with information that after being projection shall be vanished.
The horizontal lift actually seeks to avoid this situation: we want to keep some
information after projecting.

Definition 2.64 (Horizontal lift). Consider the base curve ¢ : [0,1] - X
and its horizontal lift ¢ : [0,1] — P. they obey these requirements:

o Jlc=c.

o The tangent vector of ¢ is horizontal.
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2.6.2 Holonomy

In some situations we can have a closed curve in the base space ¢(0) = ¢(1)
with a non-closed horizontal lift ¢(0 # é(1)), the holonomy measures this
non-closure of the lift under the action of the transition group between fibres.

Definition 2.65 (Holonomy group). Let uw € P, II(u) = p € X; addition-
ally consider the set of loops at p; Cp(X) = {c:1[0,1] = X|c(0) =p =c(1)},
then the holonomy group is defined as:

D, :={g € G|1.(u) =ug, ce Cp(X)}

where 7, : II™Y — IT™1 is a transformation compatible with the group action,
i.e.: Te(ug) = 7e(u)g

Example 2.66 (The heliz). Let the base manifold be U(1) ~ S* and consider
a projection given by

IR —U(1),
u -y e

By construction, the connection shall assign an horizontal subspace to each u

we choose, in this case it is the following tangent space T, R. Now, the base

loop is obeys ¢(0) = ¢(1), but the lift is under the action of the holonomy

group, which in this case is @ = Z, so the lift shall be

¢0)=0 ¢(l)=e-g

2.7 Curvature

The curvature has a direct physical interpretation in the sense that its local
expression is the force tensor of the corresponding theory, e.g.: in electromag-
netism it is the Faraday tensor.

Given that the fibres have a group structure, we need to generalize the
concept of differential form so we can differentiate a Lie algebra-valued form.

Definition 2.67 (Vector-valued r-form). Consider a vector space V of
dimension k and a principal bundle P a vector valued r—form is the following
multilinear map:

6:TPA---ATP >V,
—_—

r—times

which belongs to ¢ € 27(P) @ V. If we introduce a basis for the vector space
{ea} and consider ¢* € 27(P), ¢ may be written as:

¢ =0 ®eq
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Definition 2.68 (Covariant derivative). Let Xi,...,X,y1 € T, P, w the
connection one-form of the bundle and ¢ € 27 (P)®V, the covariant derivative

of ¢ is:
DH(X1,.. ., Xog1) = dp(X{T, .. X))

Definition 2.69 (Curvature). The curvature two-form 2 € Q*(P)® g is
defined as the covariant derivative of the connection one-form, thus:

= Duw,
which satisfies for a € G,
R:Q =a"'Qa.

Definition 2.70 (Commutator). Let £ = £ QT, € ?(P)®g, n =
n* T, € 29(P) ®g be g—valued forms where {T,} is a basis for g. Their
commutator is defined as
[Enl:=&An—(=D)Pnng
= [To, T @ €2 A1) = f,57 T, @ €% A

Theorem 2.71 (Curvature and Cartan’s structure equation). Con-
sider w, 2 and X, Y € T, P, then we have

Q(X,Y) = dpw(X,Y) + [w(X),w(Y)].

Theorem 2.72 (Ambrose-Singer). Consider a principal bundle over a con-
nected manifold. The holonomy group of a point ug is the same as the subal-
gebra of g spanned by

2.,(X,)Y) X, YeH,P,
where u € P has the same horizontal lift as ug.

Remark 2.73 (Physical interpretation). As the reader may recall, in a principal
bundle we may face the situation where the horizontal lift of a loop does not
closes. The holonomy is the quantity that measures such discrepancy, but so
does the curvature. That is why the Ambrose-Singer theorem shows us that
we can express the holonomy group in terms of the curvature.

Definition 2.74 (Curvature’s local form). Denote the local form of the
curvature £2 by F and consider a section o defined on a chart U; it is defined
as follows:

F :=0"12,

Remark 2.75 (Curvature in terms of gauge potential). Written using the gauge
potential we get

F=dA+ANA.
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Remark 2.76 (Component expression). If we parametrize our chart with coor-
dinates, we arrive to

A=A, dx*
F = %}'de“ A dz”
Fuv = App — Avp + [Auv A

Remark 2.77 (Compatibility conditions). Let U, and Ug be overlapping charts
with their respective field strengths F,, Fg, the compatibility condition is
stated as:

Fo = Ad1 Fp = t 5 Fstas
Definition 2.78 (Bianchi identity). Let {2 be the curvature and F its local
form, the Bianchi identity is
D=0,
or, locally

dF + A, F] =0.

2.8 Applications

Throughout this section we will review some basic applications, particularly
in gauge theory. but also give some notions of the connection’s role in the
Berry phase.

2.8.1 U(1) gauge theory

Since U(1) is one dimensional and Abelian, thus its structure constants vanish.
Furthermore, we shall consider this theory in a base space that resembles the
usual vacuum space-time, i.e.: 4-dimensional Minkowski, given that the base
space is contractible to a point, the bundle is trivial P = M* x U(1) and then
we need to provide a single local trivialization, consequently a single gauge
potential and strength:

A=A, dz"
F=dA
dF =d*A =0,

in components this is
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Fuw =0, A, — 0, A,
a,\]'-w, + 8,,}},1 + 8,J-‘VA =0.
The action for the theory is

1
SMachll[-A] - Z/ ./_'.ILV./_'./’LV.
M4

2.8.2 Dirac magnetic monopole

Allow us to consider U(1) again but in this case the base space is to be
topologically non-trivial: X = R3 — {0} ~ S2. This changes drastically the
scenario because now the bundle is not trivial and we are going to need at
least two charts, which are defined by

Us ={(6,0)|5 —c<0<7} Uy={(0,6)5<0<m+e},

we know that there is a global connection w, given that we have provided two
charts we shall obtain two local gauge potentials
Asg =osw An =oyw.
A monopole in the origin would be expressed by:
V- B = 4795*(0),

a solution is
r
B = gﬁa
whose vector potentials may be written as
1+ cosf 1—cosf .
As=—g——¢Ey An=g——éy,

g rsin @ rsin @

in terms of one-forms
Ag = —ig(l+cosf)dp An =ig(1l— cosf)de.
The transition function is
ton(p) = e #(®)
the gauge potentials are related by a gauge transformation
An = tys(As + d)tns = Ag + idep,
hence
do = %(AN — As) = 2gd¢,
where we want to avoid a multi-valued transition function for it must be
unique, thus

A
790:2962,
2r

therefore the magnetic charge is quantized.
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2.8.3 Yang-Mills theory

Let us consider the simplest gauge group SU(2) over the Minkowski space-
time M?, similarly to what we encountered in electromagnetism, since the
base space is contractible the bundle is trivial and a single gauge potential
will provide a full description

A=A, dat = AL T,da",
where T, are the generators of the algebra
[Taa Tb] = Zéabc,‘rw

hence, the field strength is

F=dA+ANA= %]—'de” A dz”
Fuw = 0, A, — 0, A, + [Au, Al
T, =0 A% — 0, A% + eapeALAS,
the Bianchi identity is
DF =dF +[A, F] =0,

and the action is

2.8.4 Instantons

Usually, when one encounters the task of calculating a functional integral, it
is necessary to find its minimum and then calculate the quantum fluctuations
around it. Additionally, said integral is only well defined in euclidean space.
The local minima are called instantons and we shall consider them in euclidean
space for an SU(2) Yang-Mills theory. The euclidean action for such a theory
is

SE A = —% /M tr(F A *F),

where the Hodge dual is w.r.t euclidean space. The equations of motion for
the theory are

DF=0 DxF=0,

the first equation is geometrical, it could be thought as an identity while the
second is a differential equation for the field strength, which may be solved
by
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F ==£F,

when we substitute this solution to the equations of motion into the action
we get

1
SPulAl =, /IE ir(F A F).

The field strength is given by
F=dA+ANA,

the field configurations that render finite actions are the only ones that shall
contribute to the functional integral, this means that at infinity we need the
field strength to vanish, this is obtained via a pure gauge

A(z) = g H(x)dg(z) as|z| — oo

= F —d(g'dg) + g tdg N g dg

= —g Ydgg™' Ndg + g7 dgg™ ANdg = 0.

To study this in terms of fibre bundles, let us compactify E* by adding the
infinity and then mapping to S*; allow ourselves to call this infinity south

pole and the origin north pole; this effectively separates E* into two pieces,
two hemispheres

Us={rcEBYjz|<R—¢c} Uy={xcBEz|]>R+e},

the pure gauge requirement implies that a gauge potential needs to vanish,
let us choose Ag = 0, then

An = tysdtns,

with this we identify the transition function with ¢ and regard it as a map ¢ :
S3 — SU(2), this is because S* = Uy NUs is the equator; before continuing,
let us note that the natural identification between SU(2) and S is provided
by

2y + t'o; € SU(2) < t% + (1) = 1.
This map may be classified according to m3(SU(2)) = Z; the classification is

given by the winding number

e Constant map: class 0.
go:x €83 ecSU(Q2).
e Identity map: class 1.

$4H2 + l‘iO'Z‘

: 2 _
g1:x € SU2) — X+ ()2
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e n—map: class n.

a1 ii n
gnzxeSU(2)0—><x 2—&-950)

x2 + (I4)2

If we recall electromagnetism, integrating the field strength, a two-form, over
the sphere yielded the magnetic charge of a monopole. It would be quite
appropriate to expect that integrating a four-form over S* leads to a physically
meaningful quantity. The action defines a natural four-form since

1 1
SE A = ¢§/M wFAF) =5 [ dm(FAF),

trF? is closed on the four-sphere since it is boundless.

dtr(FAF) =tr( dF, A\F+F AN dF) = —tr([A, FIF + F[A, F]) =0,
—[A,F] —[A,F]

which means that the closed form y locally exact and 3K such that trF? =
dK, such form is

2
K =tr(AdA + g,43),
furthermore upon integration we obtain
/ trf2:/ tr}'Q:/ dK:/ K=|[ K
54 Un Un aUN 53

since F = 0in $% and dA = F — A%? = — A2, the form becomes

2 1

K =tr(—A®+ ZA%) = —_ A%,

3 3

consequently we have

1 )
/ trF?=—= A3,
S4 3 SS

thus the entity t7F?2 or conversely tr.A3 contain topological information about
the bundle, and in fact this is encoded in the winding number defined by

1 iF? 1 ;
== (2—)= tr A3,
" 2/94T(2w> 2am2 Jg, 1A
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Non-commutative geometry

In this section we will outline how to encode geometrical data into a commu-

tative algebra, or more properly: how to think of fibre bundles as projective

modules over a commutative algebra. This leads us to an speculation; if we

choose a non-commutative algebra it will encode the information of what we

shall call a non-commutative geometry, where several notions of geometry

remain unchanged, others are generalized and some can not be used anymore.
Most of the content of this chapter was taken from [DB86, Dix82].

3.1 C*-algebras

The C*-algebras arise naturally in the algebraic formulation of Quantum Me-
chanics and Quantum Field Theory. In addition they are an essential tool to
prove one of the main results in this section: the Gel’fand-Neimark theorem.

Definition 3.1 (Associative linear algebra). Let A be a linear space over
a field F, we shall refer to it as an associative linear algebra if for x,y € A
we have the product map - such that Vr,y,z € A, )\ € F we have

T AX A=A
1.
z-(y-2)=(z-y) %
2.
x-(y+z)=z-y+z-2, (y+z2)-z=y-x+z-x
3.

Mz -y)=z) - y=2-(\y).
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If F = C(= R) it is said that we have a complex (real) associative linear
algebra.

For the sake of simplicity we shall omit the - from now on, also, we are going to
refer to an associative linear algebra just as an algebra unless some confusion
can arise.

Definition 3.2 (Commutative algebra). An algebra is said to be commu-
tative if Vx,y € A

TY = YT.

Definition 3.3 (Algebra with identity). If 3 e € A such that Yz € A we
have

er = = e,
then it is said that the algebra possesses an identity.

Definition 3.4 (Ideal). Consider a subspace I of an algebra A, such space
is said to be a left ideal if j€e I,z € A

jrel,
following a complementary path, the right ideal is defined as
xj € l.

Furthermore, a two-sided ideal is both a left and right. A proper ideal is an
ideal that does mot matches the algebra, i.e.: I # A. If an algebra has no
two-sided ideals besides {0} is called a simple algebra.

Remark 3.5 (ideals on commutative algebras). If an algebra A is commutative,
then there is no distinction bewteen left, right and two-sided ideals.

Definition 3.6 (x—algebra). An algebra over C equipped with an involution
which is the following mapping:

A— A

A

is a x—algebra if Vx,y € A, A € C we have

(z+y) =2"+y%

(\z)* = \x™;
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* *

(zy)" =y 'z
¥ = x.

Definition 3.7 (x—subalgebra). If we have a subalgebra B of A, then it is
a *—subalgebra if

xr € B=z"€B.
Definition 3.8 (x—ideal). An ideal I of an algebra A is a x—ideal if
zel=z"€l.

Definition 3.9 (*—homomorphism). Consider a mapping between x—algebras
A and B,

¢p: A— B
d(zy) = d(x)d(y)
P(x*) = ()",

if the mapping is bijective then it is a x—isomorphism of A onto B.

Definition 3.10 (Normed algebra). An algebra A is normed if it has map-
ping || || called norm that satisfies

[lzyll < {l=[[llyl]- (3.1)

Definition 3.11 (Banach algebra). If said normed algebra is complete, it
is a *x— Banach algebra.

Definition 3.12 (Isometries in x—algebras). Let an algebra A have an
involution * such that

2| = [l],

then the involution is isometric. Additionally, if the * morphism (x: A — B)
complies with

2| = [l], (3-2)

then the algebras A,B are said to be isometrically *—isomorphic. (3.2) is
known as the C* condition.

Definition 3.13 (C*-algebra). Let A be a x—Banach algebra, if it satisfies
the C* condtion then it is a C*—algebra, and it follows that

[l || = [|]|*.
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Ezample 3.14 (Algebra of bounded linear operators B(H)). In this case, the
involution is the adjoint map, the multiplication is is the compostion of oper-
ators and the norm of O € B(H) is given by

O[] = sup{[[O¢]| : [[€]] < 1,€ € H}.

Ezample 3.15 (Continuous functions on a Hausdorff space). Let C(M) be the
algebra of continuous functions on a Hausdorff space M, the product is point-
wise multiplication and the involution being the complex conjugation with
norm

[ flloc = sup | f(z)],
zeM

which defines a commutative C*—algebra.

Ezample .16 (M(C)). Consider the set of n x n matrices with complex argu-
ments, the product is matrix multiplication and the involution is the hermitian
conjugate, the norm is given by

7| = sup T35

Definition 3.17 (Representation). Let A be a C*—algebra, the pair (H,)
where H is a Hilbert space and 7 is a x—morphism is said to be a representa-
tion if 1 maps as follows

7 A— B(H).
Furthermore, the representation is faithful if ker(w) = {0}. In case of being
faithful, it can be proved that this happens iff ||m(z)|| = ||z|| or that w(x) >0

if x > 0.

Definition 3.18 (Irreducible representation). The representation is ir-
reducible if all of © € B(H) which commute with all y € w(A), are multiples
of the identity operator.

Definition 3.19 (Unitary equivalence). Consider a unitary operator U
and two representations (w,H) and (7', H'), they are unitary equivalent if

7'(z) = U'n(z)U

Definition 3.20 (x-automorphism). Consider two x—algebras Ay and As,

an invertible map o : Ay — As is said to be an automorphism if for all
a,be Ay

o oe)=ce.
e o(a)*=o(a

).
e o(ab) =o(a)o(b).

*
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It is important to stress the fact that the *-automorphisms from a C*-algebra
to itself (i.e. o : A — A) are themselves a group, which we shall denote by
Aut(A).

Since a x-automorphism preserves the algebraic structure, it is natural two
grasp two algebras as the same if they are to be related by an automorphism.

Definition 3.21 (Unitary group over an algebra). Let A be a C*-algebra
with u € A such that complies with uu* = e = u*u. These u form the unitary
group U(A).

These unitary elements provide a natural way to construct an special kind of
s-automorphisms.

Definition 3.22 (Inner automorphisms). An automorphism o € Aut(A)
is said to be an inner automorphism if o(a) = wau® for all a € A and
u € U(A), and it may be written as o = Ad,. Furthermore, the inner au-
tomorphisms Inn(A) C Aut(A) constitute a subgroup.

From the definition above it is clear that an inner automorphisms is not
uniquely determined by an element u € U(A). Actually one may consider
Ad, = Ad,, consequently uau* = vav* for all a € A and therefore v*uau*v =
a given that v € U(A). this implies that

v uau*v —a =0 (3.3)

v uau*v — v uutva =0 (3.4)
v u(au*v — u*va) =0 (3.5)
v*ula, u*v] =0, (3.6)

which leads us to conclude that u*v € Z(.A), this allows us to set v = uz with
z € Z(U(A)), this result is stated in the following lemma.

Lemma 3.23 (Link between the inner automorphism and the uni-
tary group of an algebra). As it was stated above, the inner automorphisms
comply to

Inn(A) ~U(A)/U(Z(A)). (3.7
The definition for the other automorphisms that are not inner is immediate.

Definition 3.24 (Outer automorphism). The outer automorphisms are
elements of the following equivalence class

Out(A) ~ Aut(A)/Aut(A). (3.8)
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If the algebra A under consideration is commutative, then the automorphism
group Aut(A) is the symmetry group of the topological space that naturally
arises from A. Additionally if A = C°°(M) for some manifold M then all
of the 0 € Aut(A) are diffeomorfisms; considering a commutative algebra
renders the group of inner transformations Inn(.A) into a trivial group, which
implies that all of the automorphisms are outer Out(.A) ~ Aut(.A) which tells
us that there is no commutative analogue of an inner automorphisms.

In the non-commutative realm Out(.A) is the symmetry group of the space-
time under consideration, on the other hand given that there was no commu-
tative equivalent of the inner automorphisms, the natural identification that
can be established is to interpret them as the group of gauge transformations.

3.2 Gel’fand-Naimark theorem

3.2.1 Commutative case

The Gel’fand-Naimark theorem may be stated in an heuristic level in the
following fashion: given any commutative C*-algebraC, there is a way to re-
construct a Hausdorff space M such that C is isometrically *-isomorphic to
the algebra of complex valued continuous functions C(M).

Definition 3.25 (Non-zero linear functionals). Consider A to be a com-
mutative Banach algebra (a generalisation of a C*-algebra) and definitionne
A as the set of non-zero multiplicative linear functionals, i.e.:

A={¢: A= Clo(zy) = d(2)9(y), with ¢(x) #=0, ¥z},
it can be proved that ¢ € A is continuous and that ||¢|| < 1.

Definition 3.26 (Gel’fand transform). For all © € A, we definitionne a
map that shall be the abstract analogue of a Fourier transform,

z:A—C
&(¢) = ¢(x),

such operation is called the Gel’fand transform

Definition 3.27 (Gel’fand topology). A topology on Aisa Gel’fand topol-
ogy if we take the weakest topology where all functions T are continuous.

Definition 3.28 (Structure space). The structure space is A equipped with
a Gel’fand topology, there is a bijection between the maximal ideals in A and
elements of A, because of this, the structure space is often called the mazimal
ideal space of A.
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Definition 3.29 (Gel’fand representation). Consider the algebra homo-
morphism

) A—>C0(.A)
T I,

this is the Gel’fand representation and it is neither injective, surjective nor
norm-preserving. However, if we are dealing with C*—algebras it is an isomet-

ric x—isomorphism of A onto Co(A). Additionaly, we know that Co(A) has the
[| |loo morm, and this holds

120 < ]|
which guarantees the continuity of the isomorphism.

If we have two representations denoted by p; and ps they are said to be
unitary equivalent if there is an u € B(#H) such that p; = u*pou. This defines
an equivalence relation, the structure space A is the set of these unitary
equivalence classes.

Definition 3.30 (Spectrum). Let ©: € A, its spectrum is
o4 ={X € Clz — Xe is not invertible in A}

Definition 3.31 (Spectral radius). Let x be an element of a Banach alge-
bra, its spectrum is compact subset of the complex plane and this holds

— nil/n <
2l = Tim [la"[|" < lz] (3.9)
where
|z|; = sup{|A| : A € o4(x)}
18 known as the spectral radius.

Remark 3.32. the folowing result can be proven if one considers that the mul-
tiplicative linear functionals on a commutative Banach algebra are relate to
the points in the spectra associated with the elements of A.

I2]loe = |2lo < []]]

Theorem 3.33 (Gel’fand-Naimark). Let A be a commutative C*—algebra.
Then the Gel’fand representation is an isometric x—isomorphism of A onto
Co(A). In particular, (z*) = Z for every x € A.

Proof. Let us recall a central idea, we know that x — T is a homorphism
that maps A onto C(.fl), to prove the isometry of the involution we follow the
original argumentation by Gel’fand and Neimark.
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Consider an algebra A, for every element h of such algebra that complies
with h = h* the C*—condition renders the following chain of consequences

[1R2]] = [|AlI?
12| = [Ihl]*",
which, may be stated as
[1R]]12" = ||n]]

which, if we fix our attention on (3.9) we arrive to the following:
1Al = 1hlo

In particular, we may choose h to be h = x*x, and thus ||z*z|| = |z*z|s;
since, we have the following

we observe that
|2*[o = |2]s,

and by summoning the submultiplicavity of the normed algebra (3.1) we get
two results that prove the equality of ||x*|| = ||z||

™|l [l = [le* 2l = " 2l, < |2*[o|2]o = [al5 < ||=]|*

[zl - fa* |l = llzz™]] = [ez*]o < |zlola*|o = 2™ 5 < |lz*]I%,

the first implies that ||z*|| < ||x|| while the second conversely renders ||z|| <
|[x*|[, which leads us to ||z|| = [[z*||. Now we need to prove that if h = h*, then
the mapping ¢(h) € A is real. Consider z = h+ite, definitionne ¢(h) := a+if

with t,a, f € R, thus

d(z) = p(h+ite) = ¢(h) +itd(e) = a+i(B8+1t),
e

additionally, we know that
2*z = h? + t%e,
so that

o+ (B+1)* =p(2)]* < ||2]]> = ||2°2|| < ||PP]] + ¢
o? + B2 + 2B < ||h?],

given that the last equation must hold ¥t € R, we conclude that B = 0 and
then it is real. With this we are ready and set to prove that ¢ is a *—map.
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Consider a generic x € A, it may be written as x = h + ik, the "real” and
“imaginary” parts are definitionned as

R(z) := x—;x S(x) := R ,
let us stress the fact that ®*(z) = R(x), S*(z) =S(z), 2= R(z)—iS(z),
we have V¢ € A

This promptly proves that the Gel’fand representation is a *—map.

Now that we have shown that the Gel’fand representation is a x—isomorphism
of A into C(,/i); let us study the B the range of © — Z; we know that it is a
normed subalgebra of C(/l), separates the points of A, never vanishes (in ,[l)
and it is closed under complex conjugation; with this elements and the Stone-

Weierstrass theorem we conclude that B = C(A), ahd thus B is uniformly
dense in said set and therefore the mapping x — T is onto.

3.3 Non-commutative case

Now we are ready to take all of the above into the non-commutative realm,
having an algebra A we need to reconstruct a Hilbert space H that repre-
sents such algebra as a norm-closed x—subalgebra. First of all, we need to
demonstrate that the involution in a general C*—algebra is continuous and
then introduce an equivalent C*—norm with isometric involution.

3.3.1 Continuity of the involution

Typically, one definitionnes a C*—algebra with the C*—norm condition,
i.e.:||z*z|| = ||=||* which promptly implies that ||z*|| = ||z|| and therefore
x — x* is continuous. However this last statement might not be obvious, in
that sense we must proceed to prove such continuity.

Proposition 3.34 (The involution of a C*—algebra is continuous). To
prove this we need closure and continuity

Proof. Let {hy,} be a convergent sequence in H(A) = {h € A|h* = h} with
limit h + ik where h,k € H(A); given that h, — h — ik then it converges and
also ||hy, — h|| < 1. We summon the spectral mapping for polynomials [? | and
arrive to

Ta(lhn =R = [hn — h]*) = {32 = N\ € oa(hn — D)},

furthermore, given that ||x|| = |z|, and that o4 € R we have
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[An — h]2 = [ — B)*|| = sup {A2 = X|A € oa([hn — h])}
<sup{\’|X € oa([hn — h])} = [|[ln — H]?|],

taking the limit to infinity we get || — k? — k*|| < ||k?|| and therefore
sup{A% + M|\ € o4(k)} < sup{N*|X € oa(k)}.

Let us choose p such that p*> = sup{\’|\ € oa(k)}. Hence, given that u* +
put < p? we conclude that p = 0; this readily implies that ||k|| = |k|, = 0,
consequently k = 0 which leads us to conclude that H(A) is closed. Suppose
that x,, — x and x}, — vy, then x,, + z}, — x4y and Nz, —23) /i = (x —y)/i
are explicitly hermitian expressions. Since we have proven that H(A) is closed,
we are allowed to equate and we have

r+y=z"+y" z-y=y -2’
=z =y,
we have shown that the graph of the x mapping is closed, then by means of
the closed graph theorem we conclude that * (the involution) is continuous.

Now we are about to show that there is an equivalent isometric C*-norm that
is equivalent to the original.

Proposition 3.35. Consider A to be a C*—algebra, then the following norm

l2]lo = llz*z]|*/?
is and equivalent C*—norm on A such that ||z*||, = ||z||o and therefore if h
is hermitian we have ||h||, = ||h||.

Proof. Given the closure and the continuity we know that IM > 1 such that
[[z*]| < M||z|| Vx € A, thus

Ml < (a2 |22 = lello < MY,

which implies that || ||, and || || are equivalent, and moreover, the o norm is
homogeneous and submultiplicative; let us prove the triangle inequality

e +yll5 = 1z + )" (@ + 9l < |zl + [ly Tyl + "y +yzll,

then we only need to show that ||x*y + y*x|| < 2||z||o||ylle; we can show this
if we begin with the following statement which is valid for any positive integer

@) + () |2 (3.10)
=l + ) + @y )+ ) @y? | (3.11)

* n * n * * n—1
<(@*y)*" + (') ||+ 2(]]«* ]| - [ly*yI)* (3.12)

2n71
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We know that for every € >0, 3In € Z such that

-1

1@ y)* [ < (l2*yl5 +)*
n n—1
I 2)* || < (ly*a)l5 + ),
the following can be proven
o(zy) U{0} = o(yz) U{0},
from this, it follows that
n n—1 n—1
@) || < (2*ylolyzle +€)* < (la™yll - [ly*z] +¢)?
n—1
< (llz*z|| - lly*yll +€)?
n n—1
and |[|(y*2)*" || < (llz"z|| - [ly*yl| +)*" ",
so that
* n * n * * n—1
1@ y)*" + (") || < 2(l|"z]] - [ly"yll +e)* (3.13)

taking (3.13) into a recursion with (3.12) arrive to
* k—1 * k—1 * k—1
@ y)* ~ + (o) P <Alllz"zl| - [ly*yll + )

this expression is valid for any finite k, in particular we may set it to be k = 2
and obtain

ey + vyl < Allz"2l| - ly*yll + &)

Hence ||z*y+y*z|| < 2||z|lo||y|lo which implies that || ||o is a C*-algebra equiv-
alent norm on A. Additionally we have that for all hermitian h € A, ||hl|o =
[[h*h||Y/2 = ||h]|, concluding that ||z*||, = ||z||, for all x € A.

3.3.2 The Gel’fand-Naimark-Segal construction

We aim to represent an algebra A as a norm-closed x—subalgebra of bounded
linear operatores on a Hilbert space, this is achieved by means of the GNS
construction.

Definition 3.36 (Positive linear functional (State)). Let ¢ be a linear
Sfunctional such that

p(z*z) >0 Vre A
(zly) =ply'z) z,yeA

This inner product is linear in x, conjugate-linear in y and as it would be
expected:
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(zlz) 20 (zly) = (ylz) |(zly)]* < (zlz)(yly),

in particular if we set y = e and adopt the ¢ notation we obtain

l6(2)]* < ¢(z*z)  @(z*) = (),

where we have used that ¢(e) = 1. This inner product might be degenerate,

i.e.: (zlx) =0 forxz #0.

These states form a set S(A) that happens to be a convex space, this can be
seen from the fact that for any ¢, ¢g € S(A) we can construct a convex hull
and such will be in the set of states, i.e.: Ao + (1 — N)gpg € S(A).

Definition 3.37 (Pure states). Let S(A) be the set of states of an algebra
A, an state ¥ is said to be pure if Y € 9S(A).

Proposition 3.38. Now, consider we have an state ¢ and definitionne the
following set

Ny = {z € Ajg(a*a) = 0},
then this set must be an ideal of A.

Proof. Consider x,y € A, then
o(a*yyz) < |ly|[o(a"z) = 0.

This ideal induces a pre-Hilbert space given by the equivalence class A/N
with the following inner product

.A/N¢ X A/N¢ —C
(@ + Noly + No) = o(y"),

the completion of this equivalence class is the space we shall be dealing with
in the representation.

Definition 3.39 (Representation in the Hilbert space of bounded op-
erators). Suppose you are given an element a € A, we can associate an
operator m(a) € B(H) such that

m(a)(b+ Ny) =: ab+ Ny,
furthermore, it has the following properties

m(a+0b) =7(a) + w(b) w(Aa) =Ar(a) w(ab) =n(a)m(b)
(m(a)(@ + No)ly + No) = (z + No|m(a)(y + Ns)),

it can be shown that ||m(a)|| < ||a|| and therefore w(a) € B(A/Ny). Addition-
ally, there is a unique extension of m(a) into my(a) € B(Hy) that obeys
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Ty(araz) =mg(a1)ms(az)
mg(a") =(my(a))”,
which is a *-morphism, or a representation for the algebra
7y A — B(Hy)
a— my(a).

Definition 3.40 (Cyclic vector). The state ¢ is called a vector state, this
implies that Va € A 3 &4 € Hy such that

(€glmp(a)éy) = o(a),

the vector is defined as
5(17 e +N¢

The cyclic vector generates the Hilbert space in the sense that the set

{my(a)ésla € A} is dense A/N.

Theorem 3.41 (Gel’Fand-Neimark). Let A be a C*-algebra. Then A is
isometrically *-isomorphic to a norm-closed x-subalgebra of B(H) for some

H.

Proof. First of all we need to show that the representation is bounded, which
is easily demonstrated if we consider an arbitrary element b+ Ny € A/N
and calculates its norm

[Im(a)(b+Np)|* = d(b"a*ab) < |lal*¢(b°b) = [al[*||b+ Ny, (3.14)
since this was done for an arbitrary element we conclude that

|Iw(a)[] < lall (3.15)

3.4 Modules

Definition 3.42 (Module). Let A be an algebra over C; moreover consider
a vector space € over C, it is said to be a tight module if it carries a right
representation of A.
EXxA>(n,a)—naeé
n(ab) = (na)b
n(a+b) =na-+nb
(n+&)a =na+¢&a,

foralla,be A n&e€é.
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Definition 3.43 (Opposite algebra). Let A be an algebra, its opposite A°
possess elements a® with a natural bijection towards a € A; multiplication is
given by

a’b’ = (ba)°.
If we embed the module structure within the opposition a new structure arises
Definition 3.44 (Enveloping algebra). If we consider a right (left) module

Er (&) over an algebra A it may be turned into a left (right) module of A° by
this following means:

a’n=mna (an=na’),

for n belonging to either of both modules and a € A. With this, we have the
necessary elements to definitionne the enveloping algebra as

A° = A®c A°.

With this, we may regard any A-bimodule &£ structure as a right (left) .A¢-
module by setting

n(a®b°) =bna ((a®b%)n = anb).

We may also analyse the role of the center of the algebra Z(A) of the algebra;
it is possible to definitionne modules by considering the center as a commuta-
tive algebra. In this sense if we have an A-module it is possible to produce an
analogous structure over the center Z(A) while the converse may not always
hold. Additionally, we should stress the fact that regardless of the commuta-
tivity of the center Z(.A) a right or left module structure over it should be
considered to be distinct.

Definition 3.45 (Generating family). Consider A to be any directed set,
then its generating family (ex)aca for the right module € renders any n € €

as
E EXAN

AeA

which is not unique and ay € A; moreover, only a finite amount of terms in
such sum may differ from zero.

A module is said to be free if it admits a basis. If a module is finitely
generated is labeled as a finite type module.

Ezample 3.46 (Complex module). Allow ourselves to consider the following
module: CV ®@¢ A =: AV, whose elements 1 can be written as

N
n= E ejaj,
Jj=1

and may be thought as an N-dimensional vector basis with entires in A as
long e; is the canonical basis of CV. This module is both free and finite.
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The module basis is deeply connected with the triviality of a bundle. For
instance, consider the algebra of smooth functions over the sphere C*(S?)
and the Lie- algebra of smooth vector fields over it X'(S2). In general it is
not possible to solve the constraints among the basis elements to get a free
basis, in this example this situation happens in the following way: we know
that &X' (S?) is finite module over C*°(S?), we may provide the three-element
basis

3 3
(Vi =Y cijpznti] Y _(:)* =1},
jik=1 i—1

please note that the basis is not free since we have a constraint

3
> xYi=0,
i=1

this tells us something we already knew, there are not two globally defini-
tionned vector fields over the sphere that may serve as a basis for it. In other
words, this tells us that the tangent bundle T'S? over S? is non-trivial.

3.4.1 Projective Modules

Definition 3.47 (Projective module). Let us definitionne a projective
right A-module as an entity that complies to any of the following

1. The lifting property; given surjective homomorphism p : M — N of right
A-modules, any homomorphism X\ : € — N may be lifted to another ho-
momorphism X : £ — M, and the following holds

poj\:)\
id M +— M
S
A E — N
1

0

2. Every surjective module morphism p : M — &£ splits, in the sense that
there shall always be a module morphism s : € — M such that pos = idg.

3. The module € may be regarded as a part of direct sum of a free module,
i.e.: if there exists a free module F and a module &' we have

F=Ea&

Definition 3.48 (Lift of a projective module). Consider a projective
module of finite type & with surjection p : AN = &, then a lift is a map-
ping A : £ — AN
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poS\Zidg
id AN —— AN
%
N:E — &
1
0

Definition 3.49 (Idempotent decomposition). With this, we are able to
construct an idempotent endomorphism p € Endg AN ~ My (A) rendered by

p=Aop,

this allows us to decompose any free module as the following direct sum of
submodules

AN = pAN @ (1 — p) AV,
which promptly states that p and X\ are inverse isomorphism, moreover they
map & isomorphically to p AN .

The module & is projective iff there exists an idempotent p € My (A) such
that £ = pAY: in this sense any element of the module may be thought as
the N-dimensional vectors £ with entries in A which are invariant under p,
such that p& = €.

Lemma 3.50 (Isomorphism between modules). Consider M to be an
compact manifold of finite dimension. Then The C°(M)-module £ is iso-
morphic to a module I'(E, M) of smooth sections of a bundle E — M iff it
s finite projective.

3.5 Differential calculus

Derivations are the non-commutative generalisations of vectors, which in the
commutative case are differential operators that shall act upon functions de-
fined throughout the manifold.

Definition 3.51 (Derivation). A derivation X is an operator X : A — A
where A is a C*-algebra

X(ab) = X(a)b+ aX (b), (3.16)

it forms a vector space Der(A) and it also forms a Lie algebra, where the Lie
bracket is defined

[, V](a) = X(V(a)) = Y(X(a)), (3.17)

the involution acts as X*(a) = (X(a*))*. A derivation is said to be hermitian
if Xt = X.
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In the case where we consider A = C°°(M) for some manifold M the deriva-
tions become the sections of the tangent bundle.

Definition 3.52 (Inner derivation). Let a,b € A, we define the following
operator

adq () = [a,b], (3.18)

which is a derivation that from this point on we shall call inner derivations
Int(A) which is a vectorial subspace of Der(A).

Definition 3.53 (Outer derivations). we define this derivations in direct
analogy to the definitions of the outer automorphisms

Ext(A) ~ Der(A)/Int(A) (3.19)

Lemma 3.54 (Involution on inner derivations). The involution acts on
inner dertvation as

ad), = ad_g«. (3.20)

Proof.
ad’ (b) =(ady(b*))* = [a,b*]" = (ab* — b*a)* = ba* — a*b = —[a*,b] = [—a*, D]
(3.21)
—ad_g-(b) (3:22)

Therefore a real inner derivation is provided by antihermitian elements of the
algebra.

Proposition 3.55 (The inner derivations are an ideal). Int(.A) consitute
an ideal in Der(A); given X € Der(A) and ad, € Int(A) then, under the
natural product that the Lie bracket provides we have

[X,ad,] € Int(A) (3.23)
Proof. Take any b € A
[, ada](b) =X (ada (b)) — ada(X (b)) = X([a,b]) — [, ()] (3.24)
=[a, X ()] + [X ( ), b] — [a, X(b)] = [X(a), ] (3.25)
=ady(a)(b), (3.26)

and therefore [X,ad,] = adx(q) which of course belongs to Int(A), in partic-
ular if we choose X = ad, then we have

[ada, adb} = adada(b) = ad[a,b] (3.27)
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3.6 Connections

Definition 3.56 (Connection). A connection is a mapping between the
derivations of an algebra Vy : Der(A) — Der(A) that is Z(A)-linear in
X € Der(A), ie.:

V.x (V) =2Vx(Y) with z € Z(A), (3.28)
where Y € Der(A). Moreover it obeys the Leibniz rule
Vx(2Y) = X(2)V + 2V (D), (3.29)
a final remark: a connection is said to be real if (VxY)* = V= Y*.

Lemma 3.57 (Connection on Int(A)). The connection Vaq, is Z(A)-

linear.
Proof.
Vad, (2Y) =ad(2)Y +2Vaq, (¥) = 2Vaaq, (I). (3.30)
=0

Definition 3.58 (Connection on 2}, (A)). Let a,b € A andw € 2}, (A),
then the connection over the algebra-valued one-forms satisfies the Leibniz rule

V%) () = X(a)wb + a (vgéeM)w) b+ awX (b). (3.31)

Proposition 3.59 (Link between connections). Given a connection VZbe(A)
on Qb (A) there exists a correspondent connection VP4 on Der(A) and
they are related in the following fashion

w (VD) + (VE0) () = X (@) (3:32)

Proof. For the sake of simplicity consider we are given VQIIDer(A), this means
that we need to prove that VP is a connection. Clearly VR is Z(A)-linear
in X for it must obey the Leibniz rule. Now, for w € 2, .(A), X,V €
Der(A), z € Z(A) we arrive to the following result
1
W(VRT2Y) = X(w(zD)) — (Vi Dw)(2Y),

since =w also is Z(A)-linear, we have
W(VRTY) = X(2) (@) + 22 (@) — (V32 Du)()
= X(2)(w(Y)) + 2(VETY)
= w(X(2)Y + 2VRTY).

. , 1 )
Therefore VP is a connection; the converse statement for V**per(A) is proven
in a analogous fashion.
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Curvature for a Lie-algebraic space-time

In 1994 Majid and Brueggs calculated the curvature for a metric that is a
central element of the Kappa-Minkowski space-time by using the generalized
braiding formalism [MR94]. In this text we generalize their program giving
explicit formulas to calculate the Riemann tensor and the Riemann scalar for
a non-commutative space-time of general Lie-algebraic type. The quest for a
full-fledged theory of quantum gravity has been a defying and extensive one.
It is considered to be the most intricate question posed since the formal es-
tablishment of modern theoretical physics [Ros30, Dir67]. Since the nature of
this theory has been eluding us for more than 80 years, different approaches
have been tried. Among them there is a particular interesting approach: non-
commutative geometry.

Besides being a generalization of the commutative framework, non-commutative
geometry is a novel approach that arises from a deep and meaningful concep-
tual juxtaposition amidst general relativity and quantum mechanics. Ventur-
ing into smaller scales brings us to the point where our description of space-
time as a continuum is neither physically nor mathematically well-defined, it
just stops making any sense at all. This is readily exposed in the geometrical
measurement problem [DFR95]. The argument tells us that imposing a con-
tinuum space-time is not possible at microscopic scales, dor this it takes into
consideration the uncertainty principle and the Schwarzschild radius which
in turn implies that the measurement of a space-time point with arbitrary
precision is not possible since the energy involved in this process would spawn
a black hole. Hence space-time around the Planck length does not have a con-
tinuous structure.

In other words, from a physical viewpoint, the introduction of a non-commutative
structure, so-called quantized space-time is strongly justified. We would like
to point out that the geometric problem and its solution are ontologically
equivalent to solving the motion of the electron in the atom by using a quan-
tized version of the phase space. When we deal we Quantum Mechanics we



52 4 Curvature for a Lie-algebraic space-time

promote the observables (namely the position and the momentum) to opera-
tors on a Hilbert space. An equivalent path is to deform the product of the
algebra of functions on phase space, [Lanl4]. However, in the approach to a
non-commutative space-time we take the path of choosing a non-commutative
algebra to obtain a generalized geometry.

In particular, we restrict our research to the case of a non-commutative space-
time of Lie algebraic type. This means that the classical coordinates are to be
considered generators of an algebra .4 whose commutator is of the form

[2#, 2" = C* 2.

We chose this case because there is evidence given in [BM14] where quantum
corrections up to first order (of Planck length) lead to meaningful physical re-
sults. Moreover, the real interest in studying simple models as the Lie-algebraic
type, is that of calculating corresponding non-commutative geometric entities
that are associated with Einstein field equations.

Our main motivation is to obtain a general formula for the quantum-corrected
connection for any Lie-algebra. This is achieved by enforcing a requirement
that arises in all the before-mentioned examples: the line element has to be
a central element of the algebra. Up to date, central bi-modules (see [Lanl4,
Chapter 6-9], [MP96], [MT88] and references therein) play a fundamental
role in formulating geometric quantities in the non-commutative geometry
approach. Moreover, the centrality of the metric tensor is closely related to
keeping some of its tensorial features in the classical sense, and also allows
us to invert it without any ambiguity, see [BM14]. Having an expression for
the connection in a non-commutative Lie-algebraic space-time we are able to
construct geometrical quantities of interest, mainly: the Riemann, Ricci and
Einstein tensors. They are defined in an analogue fashion to their classical
counterparts and allow us to give some physical predictions of our space-time
up to first order in Planck’s length.

Having established the geometrical sector we proceed to explore the dynamics
of matter in a non-commutative space-time. The interest w.r.t. matter comes
from the argument that the non-commutative geometry may give origin to
matter [CCI6].

Our framework can be synthesized in the following procedure: first of all we
need to choose a non-commutative algebra for our space-time, for now we shall
restrict ourselves to work with a Lie algebra type. In principle any algebra
stands on equal footing, however there is strong evidence that it must respect
the symmetries of the classical space-time we are quantizing, by doing this the
calculations are simplified greatly. After this we define a differential calculus
where an arbitrary quantity arises, this is due to the fact that a symmetric
factor may be added if we consider the sum of two commutators; however,
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we deal with this ambiguity by the end of our procedure. The third step is to
demand that our line element to be in the center of the algebra.

The centrality condition along with the symmetries play a prominent role
through our work, in this sense our procedure is analogous to some classi-
cal techniques where the metric is chosen a priori and then they analyze the
physical properties of the energy-momentum tensor, but in our formalism it
also takes care of the ambiguities that arose when the differential calculus was
defined.

The next step is to follow the algebraic formulation of connections made
by Koszul [Kos86] where we take advantage of the generalized braiding to
obtain quantum correction for the connection. This renders one of our main
results, which is a formula for the quantum-corrected Christoffel symbols up
to first order for any algebra, its associated differential calculus and any met-
ric; nevertheless the only way to make it operational is to fix the symmetric
quantities as it was stated before. From this point we follow the definitions
that are analogues of their counterparts in classical Riemannian geometry; we
obtain the Riemann, Ricci and Einstein tensors, with quantum corrections up
to first order.

4.1 Differential calculus

Definition 4.1 (Space-time). Consider a Lie-algebraic space-time, i.e. the
coordinates are generators of a non-commutative, associative and unital alge-
bra that fulfill the following commutation relations

[z#, 2] = O" 2. (4.1)

This definition serves as a starting point for defining differential calculus, but
it needs to be complemented with the notion of a universal differential algebra.

Definition 4.2 (Universal differential algebra). Consider an associative
algebra A with unit over C, we define the universal differential algebra of
forms (c.f. [Lan14, Chapter 7, Section 1] and [Con95, Chapter 3, Section 1])
which is denoted by 2(A) = @, 2P(A) as:

Forp =0 it is the algebra itself, i.e. 2°(A) = A. The space 2*(A) of one-
forms is generated, as a left A-module by a C-linear operator d : A — 2'(A),
called the universal differential, which satisfies the relations,

d?> =0, d(ab) = (da)b+ adb, Va,bec A. (4.2)
If QY(A) is a left (right) A-module we can induce a right (left) A-module

structure via the universal differential given in Equation (4.2), which makes
2 (A) a bimodule. With this notion we are ready to build the 2P (A)-space as
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OP(A) = QY(A) - Q2Y(A).

An immediate consequence of our definition is that the differential algebra of
forms is graded.

Proposition 4.3 (Deformation of the differential structure). Let the
non-commutative, associative and unital algebra A be defined by the Relations
(4.1). Then, the application of the universal differential (4.2) on the algebra
has the following solution,

1
[dxt, z¥] = <2C’W)\ + S‘“;\) dz* =: D" da*, (4.3)

where the constant tensor components S’“jA are symmetric in p, V.

Proof. We act with the universal differential on the commutator, the left hand
side renders commutators each of them contain a one-form basis and a gen-
erator, the right hand side is just the structure constants of the Lie-algebra
contracted with a one form-basis,

i, o) = [di¥, 2] 1 [2#, da”]
1 1
= (5o )t = (G5 ) ao

= C“’;\da,‘)‘.

4.2 Centrality condition

In the introduction we stated and explained that in addition to the differen-
tial calculus, the centrality (w.r.t. the algebra) of the metric is an important
requirement. In this section the implications of the centrality requirement are
investigated. We begin by defining the line element as a tensor product of two
one-forms.

Definition 4.4 (Line element). Let the metric g be defined as a two-form,
i.e. g € 2%(A). The expression for the metric in terms of the basis, that is a
tensor product of two one forms, is given by

g= gw,dx“ Q4 dx",

where we assume symmetry for the metric components g, = g,,,. For the rest
of this text we omit the subscript on the tensor product.

Proposition 4.5 (Centrality condition). Let the two-form g € 22(A) be
the line element. Then, the requirement of centrality for the metric tensor,
i.e. g € Z(A), has the following solution,

[m)\7gu1/] = Da),\tgaz/ + Da)l\/gau (44)
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Proof. Demanding centrality means that [z, g] = 0, thus

0 = [1‘)\’9] = [xkvg/wdxﬂ XA dxu]
= [;1:)‘, guvldx! @4 dz” + g, [z)‘, dzt @4 dz”)
= [:v)‘, guvldat ® 4 dz” — D"égwd:ca R dx” — D”ggwd:p” R dz®

where in the last lines we used the Leibnitz rule and the solution of the com-
mutator relation between the algebra and the differentials given in FEquation

(4-3)-

Remark 4.6. If we choose the metric and the algebra (choose structure con-
stants), then the symmetric term can be automatically found. Although it
is also possible to choose the structure constants and the symmetric term in
order to find the metric, this is a rather unusual path. This is due to the
fact that we intend to respect the classical space-time and its symmetries by
implementing those symmetries into the algebra.

4.3 Quantum connection

In this section we introduce the concept of the connection for non-commutative
algebras and use it to obtain first order corrections to the covariant derivative,
Christoffel symbols and the curvature quantities. In the end of this section we
write down, as well, the Einstein tensor plus the quantum corrections that we
obtain by using the concept of the bi-modular map.

As for the concept of the connection which has to be understood as the gen-
eralization of the Koszul formula [Kos86], see [MT88] and [MP96].

Definition 4.7 (Connection). The connection V is a linear map that acts
on one-forms in the following fashion

Vil = 2oy 0
V(aw) = da ® 4 w + aV (w)
V(wa) = (Vw)a + o(w ® 4 da)

where a € A and w € &, the module and the symbol o is a bi-modular map
known as generalized braiding.

Next, in order to induce quantum corrections, i.e. corrections in orders of
magnitude of the structure constants we use the definition of the covariant
derivatives and the bi-modular map.

Proposition 4.8 (Generalised braiding). The bi-modular map o is ob-
tained by using the expressions for the left and right covariant derivatives,
shown in the Introduction, from where it follows that
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o(w®4 da) = V(wa) — (Vw)a = V(jw,a]) — [(Vw),a] — V(aw) — aV(w)
=da®aw+ [a,(Vw)] + V([w,a]) (4.5)

Also, using the definition in [BM14] for the covariant derivative.

Definition 4.9 (Covariant derivative). The covariant derivative up to first
order in the structure constants is given by

V(dx*) = %(H + o) o Vo(dz*), (4.6)

where the zero order (in the structure constants) of the covariant derivative
has been denoted by V.

By using Equation (4.6) we calculate the explicit outcome of the covariant
derivative for our algebra (4.1).

Theorem 4.10. [General formula] The covariant derivative (see Equation
(4.6)) for the most general Lie-algebraic type of non-commutative space-time,
up to first-order in the structure constants, is given in terms of the zero-order
connection as follows,

1 a
Vo) == (Tt + JILDMTE, + DY = D)

+ Fgﬁ[xB,Fg‘UDdx” ® dz° (4.7)

where here I' denotes the connection of zero-order (in the structure constants).

Proof. See appendix.

Remark 4.11. In the rest of the paper we refer to Equation (4.7) as the general
formula.

This is the formula for the covariant derivative of the most general Lie-
algebraic type of a non-commutative space-time. If one sets the deformation
constants, i.e. the structure constants, equal to zero one obtains the classical
case. For the quantum terms being unequal to zero there is one term remain-
ing, the last term, that depends on the specific form of the connection I" that
depends on the algebra. However, in the following we give specific expressions
for the term in regards to special cases. In this spirit we highlight a result
that we obtained in the proof of the former proposition.

Proposition 4.12. The commutator of the generators of the algebra x* € A
and the covariant derivative of the differential of the algebra V(dx") € §2°(A)
s given by

[,V (da”)] =(DM, I, + DV I}y — o, I ) da? @ da”,  (4.8)
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and it holds to all orders in the structure constants. Therefore if [z, V (dx¥)] =
0 we have

[w#, ] = DM T, + DM T (4.9)
Moreover, let the connection be a central element, i.e. Vo(dx") € Z(A), then
the general formula reduces to

1 . -
V(dat) = — (I%, — 5D ALY de? @ d
Proof. The calculation is straight-forward and uses the specific form of the
covariant derivative and the solution of the Commutator (4.3)

[z",V(dz")] = —[z", [, dz" @ dx7]
= —[2", I}, |dz” @ dz® — [ [2", dz” @ dx7]

— (DMLY, + DV I — [a, I da? © da”,
where in the commutator we omitted terms that are of order one since the
commutator would generate a higher order in the structure constants. The
second part follows immediately from the former proposition.

Next, we give the definition of the Riemann tensor in the context of non-
commutative geometry. It is given as a combination of the exterior derivative
d, the wedge product A, which maps the tensor product of two elements of
the algebra of forms to the skew-symmetric product, and finally the covariant
derivative.

Definition 4.13 (Riemann tensor). Let w* € 2'(A) and V be the connec-
tion, then the Riemann tensor is given as

Rw") =(d®1— (A®T) o (I& V))V(wh). (4.10)

By using the former definition and the explicit formula for the covariant
derivative for a general Lie-algebraic non-commutative space-time we calcu-
late the Riemann tensor explicitly. Note that this formula, as well, holds in
general.

Proposition 4.14. [Curvature on a coordinated basis] If consider Equation
(4.10) acting on the coordinated basis up to first order in the structure con-
stants, it becomes the following expression

RMBO(A = ‘Z:‘)lfﬁa - ‘Z:‘(gﬁ)\ + fgaffﬁ - ‘Z:‘)lfafgﬁ + Fpuzr(ng)\ﬁa - EpaaﬁA)’ (411)

where we introduced the new symbols f,qu and X; the first is a decompo-
sition of the Christoffel symbol into its purely classical and purely quantum
parts. The second is this symbol differentiated and expanded into a one-form
basis while the third is the commutator of it with the one-form coordinated
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basis. It should be noted that since our calculation is up to first order, taking
the classical Christoffel symbol suffices.

e — . A
F/fg = F/ﬁ‘o + qF/ﬁ‘o, dFéﬁ, =: FpUAd:c
A leg 7} A o
delh, = oI}, dz”, 2o adat = [da, T (4.12)

In terms of the classical Riemann tensor plus corrections from the quantum
part of the Christoffel symbol, the new Riemann tensor reads,

D, A A A A
Ruaap = Rgap + qF/ﬁtaa - ngop + th)\ quO' + QFS/\F/JU - F/f)\ qFOtO' - qF;)\FOtO'
A A
+ F)}\LB(E io’a - %ap)'

Proof. The action of the curvature upon the coordinated basis of one-forms is
given in terms of its defining Equation (4.10)

R(dz") :=(d@I—-(A®I)o (I® V))V(dz"),

by inserting the equation V(dz*) = —f’f‘odxp ® dx? into the Riemann tensor
one has

=—(del-(A®I)o (I® V))(Ikds’ & dz°)

= —d(I'},dz") ® dz” + ([ ,dz” AV (dz7))

=—d(I%) Nda? @ dx® — Tl da? N Tpdae®™ ® da.
Since we want a 3-form, we have to take all elements of the algebra to the left,
c.f. [Lanl4, Chapter 7, Eq. (7.12)]. In order to do this we need to commute
a Christoffel symbol with an element of the basis of one-forms. Given that

our calculation is up to first order, we only consider the classical part of the
Christoffel symbol multiplying the commutator

~ —dl Nda” @ da” — T Tda? Ada® @ daP — Th [da?, T95) A da® © da”,

ag

rearranging indices and using the definition of the commutator of a 1-form
with a classical Christoffel symbol given in the third expression of Equations

(4.12) we get
R(da) = — (Tlyy + T I + Tl X774 )da A da® @ da”

Ao @ «

== (F(l;ﬁ)\ + )l\laFaB + Fgoz‘pafxﬁ)\ - F)l\lﬁa - Fgarfﬁ
— Ik 5 g )da? © da® @ da’.

Therefore, the components of the Riemann tensor are
R gon = Tiga — Thgy + ThoaISs — gL + Tho (X0 — 27050
Writing down the quantum corrected Christoffel symbol as its classical plus

quantum parts we arrive to our result

Ruaap:R# +QF# Iy +Fu

ocap poa a4t aop al g

+ I (2N — 2.

poa aop

A J70 aPN 1 A I3 2P
Fpo+ qFa)\Fpo_Fp)\qFao_ CIFp)\FaU
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In order to calculate the Einstein-tensor we need the non-commutative analogs
of the Ricci tensor and scalar. In order to avoid certain ambiguities encoun-
tered by the original authors, [BM14], we define these quantities as one does
in usual geometry. The motivation therein is two-fold. The first reason is, as
already pointed out, to avoid certain ambiguities. The second reason comes
from the core of the deformation quantization argument. Namely, up to zero
order in the deformation parameters, which in our case are represented by
the structure constants, the observables or quantities at hand are the clas-
sical ones. Hence, since we consider the obtained Christoffel symbols as the
classical ones plus quantum corrections, the Ricci tensor and scalar that are
obtained classically by the trace have to be in the quantum case up to first
order obtainable in the same manner. Moreover, the metric itself has no de-
formation parameter explicitly. Hence, the (left) inverse metric should obey
the same property. Therefore, we give in the following the definition of the
Ricci tensor and scalar.

Definition 4.15 (Left-inverse of the metric). Let g*” be the components
of the left inverse metric

Definition 4.16 (Ricci tensor and scalar). The Ricci tensor is the trace
of the Riemann tensor over the first and third indices and the Ricci scalar is
the trace over the two indices of the Ricci tensor, i.e.

Rﬁ)\ = Ru[_m)\, R = g”l’RMy.

Next, we give the explicit formulas for the Ricci tensor and scalar by using
the general formula for the covariant derivative and in particular by using the
result of the Riemann-tensor (see Proposition 4.14).

Proposition 4.17. [Ricci tensor and Ricci scalar] By using the explicit re-
sult of the Riemann-tensor (see Proposition 4.14) and the former definition
the Ricci tensor is given in terms of the Christoffel symbols I', ;1" and I as
follows,

RB)\ = F)lf,ﬁp - Fﬁﬁ)\ + Fﬁap)l\jﬁ - F)lfo]_‘gﬁ + Fﬁa(EPOABu - EPTLﬁA)'
If we decide to write down once more the quantum corrected Riemann symbol
as a classical part plus a purely quantum one, we obtain

A A A A
RUP:RUP+ QF;LU/J_ qF//fap—i_Fi)\qua—’— qFﬁ)\Fpa_F;ﬁ\qrua_ qF::)\F;Lo—

+ (2, =) (4.13)

pop wop

tracing once again leads us to the Ricci scalar that reads

R= R+ 9 (Tl = aTlirp + Tixalpo + aTinT e = Tl ol = aTiNT

pop — a4 pop pA 4" po

+F/<LB(E>\€)UH - EA?MP))
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By using the former results of the Ricci tensor and scalar we finally turn our
attention to the observable that is of real physical importance, i.e. the Einstein
tensor. Hence, in the following we give the explicit expression for the Einstein
tensor for a general Lie-algebraic space-time.

Theorem 4.18 (Einstein tensor in a coordinated bass). The Einstein
tensor is defined analogously to the classical by taking the classical and quan-
tum parts of the Ricci tensor and scalar (see former Proposition), i.e.

~ 1~
Ggp = Ro—p — iRgap.

Hence, the explicit Finstein tensor reads

Gop =Gop+ oIk, e +rrt

A wo 14 A 120 P
ou 4t pop /L)\quO'J’_qu,/\FPO'_Fp)\qFU_qu)\F/,LO'

©w

1
A A A A
+FfB(Z e)o,u - [,iap) - igaﬁ (QFS,BM - qF/iLﬂa +F5,\ olap + QF[:)\Faﬁ

A A AT AT
Il T = DI+ T (s = Z¥7050) ) 9o (4.14)
Proof. 1t is immediate from Proposition 4.17.

Here it is important to observe that this definition for the non-commutative
Einstein tensor arises from analogy. It is not a consequence of a non-commutative
equivalent of the Ricci identities nor is a consequence of the variation of an
action. Is a proposal that in the classical limit matches with Einstein’s theory,
in the next session we are going to explore its validity and usefulness in several
physical scenarios.
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Physical examples

In this section we study some examples. The Bicrossproduct model allows us
to check the validity of our formula since it can be compared with Majid’s
calculation. Then we study a two-dimensional conformal space-time, which
later is generalized to four dimensions in order to have results that can be
interpreted in the usual sense of gravity. Finally we show an application in a
cosmological context, mainly in the FRW model.

5.1 Bicrossproduct model

First, since we proved that we generalized the results in BM14, a nice consis-
tency check is to see if the general formula reproduces the results that were
obtained by the original authors. The algebra of the so called Bicrossproduct
model is defined in the following.

Definition 5.1 (Bicrossproduct model algebra). The Lie algebra for the
bicrossproduct model os space-time is

[z,t] = Az [z,dt] = Adx  [t,dt] = Adt.
Which readily implies that
DY’ = -\ DV = -\

Definition 5.2 (Classical Christoffel symbols in the bicrossproduct
model). The classical Christoffel symbols in this case are given by

— 142682 —2bx  2bt
OFBV = 1+§ll))tt2 T4be ol = ! 2 |
206 _opLibt p 20t —2bL

Next, we introduce the following central quantity
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v = xdt — tdzx,
this enables us to write the classical connections as
Vo(dz) = Q—bv ®@v Vo(v) = —gv ® dz,
x x
which are not expressed in a coordinated basis. we want to observe
Vo(v) = Vo(zdt — tdx) =dz @ dt — dt @ dz 4+ xVo(dt) — tVo(dz)

Lemma 5.3 (Classical connection on dt). The classical connection acting
on dt is

1
Vo(dt) =3 (—v®@dz + 2btv ® v — dx ® v)

Proof.
1
Vo(dt) == (Vo(v) +1Vo(dx) — dz @ di + dt @ dz)

1, 2 2bt

=—(—~v®@dr+ —v®v—dr®@dt+dt @ dx)
xZ x x
1

=— (~2v®dz + 2btv @ v —dr ® (v + tdw) + (v + tdr) ® dx)
1

= (-v@de+ 2t ®v —dr @ v —dr @ tde + tdz @ d)
1

Zﬁ(—v®dm+2btv®v—dﬂc®v)

It is of our interest to calculate
[t7 Vo (dt)] [xv Vo (dt)] [tv Vo (dx)] [557 VO(dx)]v

Proposition 5.4. [Commutators between coordinates and classical connec-
tions] The commutators between all the coordinates and the classical connec-
tions are

[t, Vo(dt))] :i—é (2btz?dt @ dt — z(1 + 2bt?)(dt @ dz + dz ® dt) + 2t(1 + bt*)dz ® dx)
=2\V(dt)
[z, Vo(dt)] :21)7)\11 ® v = AV (dz)
[t, Vo(dx)] :?U ® v = AV (dz)
[z, Vo(dx)] =0

The result clearly matches the general formula.
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5.2 2-dimensional Lie algebra

Consider the most general Lie algebra in 2-dimensions
[z,t] =ax + Bt, «,f€C/R
Lemma 5.5 (The A, A quantities). Let us define
A=ta+ Bzt A=:B+at 'z,
then the following equalities hold for every k € N
(x—B)A=AzF,  (t—a)fA = AtF (5.1)
Proof. First we have to calculate the following commutators
(A, 2] = Bt 2] = —BA,  [At] = ot a, t] = oA,

and now we proof by induction for the first equality, the procedure for the
second is analogous. The case k = 1 renders

(x = p)A = Az = B) + [z, A] = Az — B) + fA = Az,

we suppose for k =n and analyse when k =n + 1

(z—B)" A = (- B)Az" = A(z — B)a"™ + [z, A]z"™ = Ax" T — BAz" + BAx™ = Az

Lemma 5.6 (Commutator of the coordinates and their integer pow-
ers). The commutators between the generators of the algebra and any integer
power of them has a closed form and it is

el =5 (@ =B ") A [et"] = ~L((t-a) -~ A

Proof. Please note that
[2,t] = A =tA
Consider the commutator and expand it
[t,x"] =ta™ — 2"t = ta™ — 2" Mx — 2" A = ta" — 2" *tx? — 2" Az — 2" A
=tz" — 2" *tx? — 2" Hx — B)A — 2" A
=tz — 2" 3trd — 2" 2 Ax? — 2"z — B)A — 2" A

=tz — 2" 3t — 2" 2 (x — B)?A — 2"z — f)A— 2" A

=2z —B)" A2z - - —a" 2z - B)2A— "z - B)A
=- (Zm - B)”’“) A=—(z-p)" (Zw’%x - 6)’“) A
k=1 k=1
=—(z-pB)" <Z aF(x—B)7F - 1) A
k=0
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Now we make use of the closed form of the geometric series
[t.2"] == (= B)" (11— 2" (@ = )" V][ —a(@ - B —1) 4

=—@= )" (-2 @ =BV~ [l — @ - B)7]) 1 —2(e - B)7) 4,
note that

l-z@@=-p) ' =@-p-a)z-p)" =Bz H",

consequently we obtain

[t’xn] :6_1($ _ B)n (_xn+1($ _ 5)—(n+1) —I—CL'(Q’J _ 6)—1) (:E _ ﬁ)/l
:gu —B)" (—a™a—B) " +1) A
=% (z—B)" —a™) A

The procedure for the second commutator is the same.

5.3 2-dimensional conformally flat space-time

Let us consider the following non-commutative metric over a two-dimensional
Lie algebraic space-time

__ _aot _aix
Guv = €70 N

Lemma 5.7 (Commutator between the algebra and the exponen-
tials). We claim that

2
[t, e(llx} _ Beal(x—ﬁ/Q) sinh ((1126> (ax + ﬁt)

2
[z, e20!] == a0 (t=/2) ginh (%) (ax + St).

@
Proof. Consider the power series expansion for the exponential
Ak
AN A
N k!’
k=0

then we need to investigate the non-trivial commutators of both generators of
the algebra with powers of it

[t ealx] _%Z (a];')k (({E N B)k N :L'k) A= % (eal(aﬂ—ﬂ) — 1= (ea19€ _ 1)) A
k=1
:% a1 (e—alﬂ _ 1) A= _2Bea1(m B/2) smh( 15)

=— %e“l(“ﬁ/m sinh (a;ﬁ) (o + Bt)
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the other commutator is immediate to find.

Proposition 5.8 (Differential structure from centrality condition).
The centrality condition imposes some constraints that lead to

-DOO0 _ 0’ _DOO1 _ _Bv DOIO _ —/87 DlOO =0
D% =0, D' =a, DY =a, D' =0.
Also, in order to hold consistency we have

n

m
ag = a=—=m m,n €,

a
where o = i&, B =if.
Proof. See appendix.

Proposition 5.9 (Classical Christoffel symbols). The classical Christof-
fel symbols are

AK
n 1
0130 =5~ (untly + Moty = Mvt) = 5 (G, + 53a = mua’),

written in matriz form, this is

1 (aga 1 /a1 a
0o _ 1 (a0 a 1 _1faiao
0L = 2 (al ao) » ol 2 (ao a1> ’

Proof. Let us take the exterior derivative of the metric

dg;w anwd(eaotethm) — nuu(aoeaotdtemm + aleaotealzdx)

:m,jeaotea”(aodt + ardz) + nypao(dt, e,

to calculate the commutator we note that due to the consistency conditions of
proposition 5.8 we have

[t,e™*] =0, [x,e™'] =0,

if we differentiate the first commutator we get

[dt, e ™) = — [t,d(e™®)] = —aq[t, e®Pdx] = —aq [t, e "] dz — a1e™ " [t, dx]
—— ~——
=0 —adz

=ar0e™%dx,

which we substitute in the exterior derivative of the metric
dguy Znﬂueaotemm(aodt + aydx) + Wuaomaea“dx,

disregarding the quantum terms and defining hW,\dx)‘ = dg,,, we have
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aolt a1

huvx = nuvaxe®’e

The classical Christoffel symbols are defined as

\ g)\n
OF,UJ/ :7 (hufiu + hwﬂu - h;u/rc) )

in the present case we have

nAm

2

OF;;,\II = (Thmau + Mury — nyuan) ,

Or in matrixz form

1 (aga 1 /a;a
0 _ 1 (G0 a 1 _ L farao
OFNV - 2 <a1 ao) ) OF/U'V 2 <a0 a1>

Proposition 5.10. [Quantum Christoffel symbols for the conformally flat
space-time] The quantum-corrected Christoffel symbols are

ai

—_— aj
g, =1 (1) 4 2 w L)@ B\ w)? (cav2s
P72 \ar ap 4 1 CT? 8 /8%3;1_04 8 B o
ai
ai —
It _1 (a1 ag Jr(al)2 b a? +(‘10)2 204;—504 _ Bagay [ g, !
Pe 2 \ao a1 § \a2a——p 8 g 3 4 1 %o
aq ay

Proposition 5.11 (Riemann tensor). The Riemann tensor for the con-
formally flat metric is identically zero. Which means that up to O(D?) the
space-time is flat and is a vacuum solution.

Proof. Consider the formula for the Riemann tensor

Ruga,\ = Fgopfﬁ - Ffargﬁ’
where we have dropped three terms due to the fact that the Christoffel symbols
are constant, consider u, 3 fixed, we only have one component

R#Bm = F(#()Floﬁ *F{LOF(())B JrFéLlFllﬁ *Flﬁpolﬁv
which renders four cases, the first is
R%01 =Iood 10 — ITolo0 + Ton I o — I o0 = [T, 110] +on Iio — 11l oo
——
=0
:f(())lfllo - fflfolo

2 2 2 2
L ool g ) (g o o)

2 2 2 2
- i (ao PN I(al) - Ba°2a1) (al _pla) I(ao) + aa02a1)
:O7
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The second is

ROy, =I5 — TR I8, + T Iy — T Ty,

:i (ao +a(a0)2 + (a1)? _ﬁCLO(JH)2 1 <a1 NI _ﬁ(ao)2 + (a1)?

4 2 4 2 4

y

2
1 aoaq (CL())2 + (01)2 1 (a0)2 + (a1)2 aopaq
+4(a1+0‘ > P R — 5
=0
The third

R0y =Io Iy — Tho Loy + Ty Iy — T T

1 + «

_|_

e~ |

4 2
=0.

The fourth and last one is

RYyoy =Ioo I — THo I8, + Ty Ity — THIG, = Too Iy — I Iy + [Toy, T
———

=0
2 2 2 2
:i (a1 —5((11) Z(ao) +aa02a1> (ao—i—a(ao) Z(m) _5a02a1>
2 2 2 2
_ i (a0+a(ao) 1‘((11) _ﬁa(;al) (al _ﬁ(al) I(ao) +aa02a1)
=0.

This result was expected of course.

5.4 4-dimensional conformally flat space-time

Now let us take a look for the 4-dimensional case keeping the non-commutativity
just between time and one spatial coordinate and with the following metric

_ _agt _aix acw2
Guv = €77 e e,

where i = 23 labels the commutative coordinates.

Proposition 5.12 (Deformation of the differential structure for the
n-dimensional case). The centrality condition implies

1 (ao +a(ao)2 +(a)? a0a1)2 1 <a1 O] —B(GO)Q + (ar)?
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D" =0 ( for fized v)

i 0j ._ 0 _
DY = -DY.:=¢;; D' =

J

1”» 17 ’5‘5 . ) _ cl . “ A.Z _ ':lh. . ~
D Zé = _D J% - _D’”l - le Dl 1= _DZ Z = CEA D’L j = —D’”é = U_}ZM_.

J

00
Di

Bo1; =

. 03
DOZO DOlj- =_D .71 = 73

a = DnO Dlil _ 7D11% =¢

4]

However from now on we choose to make zero most of them, so the only
non-vanishing quantities are

00 _
D™, =

Proof. See appendix.

_651i = DOio

10 _  _ pll
D =a=D",.

Proposition 5.13 (Classical Christoffel symbols for the n-dimensional
case). For the n-dimensional case the Christoffel symbols are

1

0 _
ol =5
1

2 _
ol =5

apg a1 as ag - - -
ay agp 00 ---
a9 0 (e7)) 0o ---
as 0 0 ag -

a 0 agp
0 —ag aq
ap a1 a9
0 0 as

)

1
ol

Proof. It is immediate to check using

a1 ag O

ap ap az as

0 ag —aq

0

0

2 0as 0 —ay---

as 0
0 —as

agp ai

1 K
OFI/L\V 25(52% + 513\"# - Ny s )

0 ag---
0 al...

ol :1 0 0 —aszas---

as as ---

Remark 5.14 (Christoffel symbol for commutative generators). We want to
draw attention on a fact contained in the last proposition

01—‘01/ = a'z(SOV + aoéﬁu O‘1—111/ =

—a;01, + a16;, ol =0= ol

Proposition 5.15 (Quantum Christoffel symbols for the 4-dimensional
case). The quantum-corrected Christoffel symbols are

25%—@500

ap a1 az as
Jad _llaia 0 0] (ap)?
pPe 9 as 0 ag O 8
as 00 ap
0 8 0 0
(12 | B 20 Brom
- Bao—aa
O =
0 0 0 0

B

07
a00 B ((11)2 B
0a0 s |o
00a 0
0O B8 0 0
8 2a 0 Buw—an
o 0 0 0

Baog—aa
0 feoom g

0

o
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arag 0 O QQZ—;—/BaOO B o 0 0
1 _Llaoar az as +(a0)2 a pO00O (a1)? (@22 —5 0 0
e =9 0ay—a; 0 8 0 080 s o 0o —so0
0az 0 —a 0 008 0 0 0 -8
28 o fw—aa 28 0 fw—en 4100
2 a 2 as ag
 (a2) a 0 0 0| (as) a 00 0 | Paga |1 200
) /3'10(1—2(“11 0 0 0 8 0 00 0 4 0 000
0O 0 0 0 e LU 0000
as 0 Qo 0 1 0 %_%%O
1;2 1 0 —az a1 0 . ﬁalag 0 1*2%% 0 0
PT 2 lap a1 az as 8 %—%% 0 1 0
0 0 a3 —az 0 0 0 1
1-28a 0 0
a ag
Qapas 0 1 Saw_a
I 0 fSwm_a g g [
a as as
0 0 0 —1
a3 0 0 ag 1 0 08 -5
11,3 :1 0 —as 0 ay B 6&1&3 0 1—2%%0 0
P2 210 0 —azaz 8 0 0 1 0
ap a1 az as =G 0 0 1
1-28a 0 0
_ aapas 0 1 0 g%—%
8 0 0 -1 0
0 La_a g
@ as as

Proof. As in the last case, we consider the general formula
. 1
LYy = oLy + 5 ol is(DY) oI5, + DY oI = DN oI y).

And highlight once more that the last term is not present because in our case
due to the fact [z, OF,?U] = 0. Allow us to study the general case
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OFéLO A0 0 A0
(D pOF)\U +D o

ﬁ;:oq;+ 5

OFH‘* ]
+ 201 (D)\zp 0 F)?a‘
=0 =0
1%

I 5 .
0l- - ;
+TZO(D>\OpOF)’L\U+D)\OUOF;;)\

2
=0 =0
Ik

2

=0 =0

which ends up in

o
oo

Ly =0Tl + =5

(D, oIy, + DY,
AR
2
olfh
+ 2

+ (D)\Op Opklo' +D)\OU 0[‘pl/\

+ DN oIy

OF{L" A 1 N 1
+ l(D pOFAa+D O'OFp/\
S~~~ ~—

(D)\lpOFA10+D)\100F;)1A_

OF&
2

oIy, — D% oI),) + (DM, oI, + DM oIy — D% oI5,)
~— ~—

=-5 =-5

ol
2

_DO%k OFpgccr) +
~—~—

=0

(D/\Op o\, + D, o)y — D' oI),)

=

4 F"L
_ DlOk OFF];CU) + 0 211 (D)\lp 0]’1}%0_ + D)\lo_ OFpl)\ o Dllo OFpOg)
~—~ ~—~—
=0 =«
N I8
i 0%3
_p? \ OF;U) + 5 1
——

=0

(DM, oI}, + DY oI hy — D™y oI,)

=0

%% AN pa N i A
+ (D p0F>\0+D o 0 p)xiD /\OFpa)v
—~— ~—~— ~——

=0

ol 1
2

OF)(\)p+BOF;)10>+ (D)\lpopgo+D)\100F2/\—|—ﬁ0p/90)

OF”% A0 g A0
+ —(D pOF§U+D

_aOFplo') 2 UOFZA)
“w
FO OF:L'l D)\l F% DAl F'AL
Qo pa)+ 2 ( p0 )\O’+ o0 p)\)v

before proceeding we shall write down the form of the D’\’Z matrices with p

fized

0 000
~8a00
0 000
0000

A0 _
D™, =

—Ba00
0 000
0 000
0 000

A
DY, =

9

as in the last case we shall study each term of the sum. The first one being
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DA o9, + D oI + Bl

0 0 0 0 0 cay — Bag 00 atag 0 O
1| aay — Bag aag — Bay —PBas —Pas 110aap—pBa; 00 B |aoar as as
=5 0 0 o o0 |T3lo —Ba 00|72 0a-a 0

0 0 0 0 0 —Baz 00 0az 0 —aq

0 aay, — PBag 0 0 arag 0 O
_1 | aa1 — Bag 20ag — 28a1 —Baz —Bas Blaoar ax a3
b 0 —Bay 0 0 |72 0a—-a 0

0 *5&3 0 0 0 as 0 —ai

I5) « 0 0
o |« 2042—‘1’ - 0 0
“20l0 0 -—po |’
0 0 0 -8
while the second renders
DA oI, + DM oI + Bol 'y,
aay — Pag aag — Bay —Pas —Pas aay — Pag 000 ag a1 as as
1 0 0 0 0 1| aag—Ba; 000 Blaiag 0 0
) 0 0 0 o0 |T2| —Bar 000] T2 a0a 0
0 0 0 0 —Baz 000 az 0 0 ag
2aay — 2Bag aag — Ba; —Paz —Pas ap a1 a as
1| aap— Bay 0 0 0 Blaiag 0 0
=3 —Bas 0 0 0 | T2 a0a0

—ﬁagg 0 0 0 as 00 ao

2042—[1) —Bal0

_ @ 800
D) 0 080
0 0083

The third is quite similar
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D oIy, + D) oIy — ool

0 0 0 0 0 cag — Bay 00 arag O
1 | aag — far aay — Bag aas aas 1[0aa; —Bag00 a|lagar as
=3 0 0 0 0 |T2lo aw o0l 2|0a-a
0 0 0 0 0 «az 00 0ag O
0 aag—Pa; 0 0 atag 0 O
1| aag — Pa1 2aar — 2Pag aas aas a|agar as as
T2 0 aay 0 0| 2(0a—a 0
0 aag 0 0 0az 0 —aq

« I5) 0 0

ay ,BZﬂZ—‘i—on 0
210 0 —ao0 ]’

0 0 0 —«

the fourth is simpler, but it splits in two cases

0 0 0 0 0 —Baz 00
1 | =Bas —aas aar — Bag 0 110 —aaz 00
20 0 1 2 2 1 0 - 2
D OF/\G'+D OFP/\_Q 0 0 0 0 2 0aa; —Bag 00
0 0 0 0 0 0 00
0 B
ay | B 2« ﬁa” ot 0
= - ? 0 ﬂao—aal
0
0 0 0 0 —Baz 00
1| —-Basz —aa 0 aa Ba 0 —aaz 00
20 N e 3 3 11— pPdo 3
D OFM + DV, = 0 0 00
0 aa; — Bag 00

2a O 6“0 22

0
ﬂao aa) O

as

2 0 0
0 0 O

S
w
OOQO

For the fifth we proceed as usual
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DA oIy, + DN, oIy — ooy,

aag — Bay aay — Bag aas aas aag— PFar 000 ap a1 as as
1 0 0 0 O 1| aa; —Bag000 alaiag 0 0
=3 0 0 0 0 |T2| e 000 2 a 0a 0
0 0 0 0 aas 000 az 0 0 ag
2aag — 2Pa1 aay — Bag aas aas ag a1 as ag
1 aay — Bag 0 0 O alarag 0 0
T2 aas 0 0 0| 2]ax0a0
aas 0 0 0 a30 an
2 —af00
_ _ag B a00
T2 0 0a0
0 00«

The sizth and last also contains two possibilities

—Bas —aas aay — 6(10 0 —Bas 000
1 0 0 —aa 000
Al Al 1 2
D OF/\G'+D UFP/\_Q 0 0 aa; —PBag 000
0 0 0 000
28 o Bucon 0
) a O
- ? ﬁao aa) 0 0
O 0
—Bas —aag 0 aa — Bao —Baz 000
1 0 0 —aaq, 000
Al >\1 3 —= 3
DY, ol% +D ofox=5 o o 0 000
0 0 O aay — Pag 000
26 0 ,Bao aay
_ a3 o 0
2 0 0
Bag—ca 0 0 0

Now we may , for p =0 we have
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agp a1 as as 2042—(1] 20 00 o Jé] 0 0
o _1faiao 00 L 900 20 2022 00| (a1)’ | 8282 —a 0 0
Pe 2 1az 0 ag O 8 0 0 00 8 0 0 —a 0
az 0 0 ap 0 0 00 0 0 0 —a
0 B 0 0 0 I} 0 0
7(a2)2 8 2« 76“0;2"“1 0 7(a3)2 8 2« 07’6‘10;3““1
8§ |o0fwew o g8 |0 0o 0 0
0 0 0 0 0 fmae g
3
269 —a 50 0
(ap)? Jé] a00
-8 0 0ao0
0 00«

For yp =1 we have

agag 0 0 B8 «a 0 0 oz—fBOzOO
i _Llagar az ag +(a1)2 a2a -5 0 0 Jr(ao)2 a B00
21 0a—a 0 s (o 0o —po 8 0 080
0as; 0 —ay 0 0 0 -3 0 008

284 28 00 28 o fr-ou

Cagar | 28 28200| (a2)? a 0 0 0

8 0 0 00 8 Baoa;;wlo 0 0

0 0 00 0 0 0

26 a0 5”" a1
(a3)? a 00 0
8 0 00 0
,Bao aay 00 0

For pu = 2 we obtain

az

as 0 ap ( -8 0 _Bag=aar

F2 _1 0 —a2 a1 Cl1a2 0 20&%1) —ﬁ 0 0
7 "9 lag a1 as ﬁ“"aza‘“ 0 -y 0
0 0 az— 0 0 0 -

234 — 0 0

ag

agas 0 —« —6%&7;"“ 0

8 0 fwoew 4 g

0 0 0 o

And finally, for u = 3 we reach



as 0 0 ap
1:,3 :1 0 —as 0 ay
) 0 0 —asas
apg aq ag as
20 —a

apas 0

8 0

0

0 —
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IB —
~B 0 0 —Bfao—an
a,
0 QOcﬁ -5 0 0
0 0 —p 0
ﬁ —
—fmomam g 0 -8
0
Bag—aay
as
0
«

aias
8
0 0
—Q
0 «
_Bag—aa1

as

It is evident that any calculation involving these Christoffel symbols is very
difficult, that is why we consider the homogeneous case

Proposition 5.16 (Homogeneous case). Let ap = a; =i a, a =  =: O
and (az)? + (a3)? =: b2, then the 4-dimensional Christoffel symbols become

70
I';, 5

po

3
I,

a a as as
aa0 0
GQOGO
a3 0 0 a

a

0100
g 1200
8 10000
0000

2
a— 0% as as

a—H%a—H% 00

az

_ 3
= OFpo 5

a 0
0 a

2100
211000
0000
0000

0 0

az as

—a 0

0 —a

aa 0 a O

0 —as a 0

a a ag as

0 0 az —asg
as 0 0 a
0 —as 0 a
0 0 —asz ag
a a as as

Proof. First let us see what happens when ag = a1 =: a
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a aas as 286—a 00 a B 0 0
fo _Lllaa00 o a B a00| @ [B28-a 0 0
P79 lay0a 0 8 0 0«0 810 0 —-a 0
az3 0 0 a 0 00« 0 0 0 —«
0 g 0 0 0 B 0 0 1100
(@2)? [ B 20 aZ=20| (a3)® [B 20 0aZ2|  ad® (1100
"8 |oaZ= 0 o] s [0 0 0 0 |T7a {0000
0 0 0 0 Oaﬁa—jo 0 0000
a a ay as 1100 0 g ﬁO 0
1]laa00 a® 1100 (a2)? | B 2« a===0
“3|ao0a 0| T AT o000 s 0a=2 0 0
a3 00 a 0000 0 0 0 0
0 8 0 0
(a3)? | B 2« Oaﬂa;a
“8 o o 0 o
0al=20 0
as
aa 0 O 20— B a 00 8 « 0 0
];1021 a a ay as _’_aj a pB00 _’_f a2a—03 0 0
p 0ay —a 0 8 0 0A30 g0 0 -0
0az; 0 —a 0 008 0 0 0 -8
28 aafz20 28 o0 a2 1100
(@’ @ 0 0 0| (@)’ a 00 0 | Ba®|1100
8 aﬁ;j 0 0 8 0 00 O 4 (0000
00 0 0 a’=200 0 0000
aa 0 0 1100 23 aaﬁa—jo
1 faa a a3 a> {1100 (az)? a 0 0 0
"2 10ay—a 0 HO‘_B)Z 0000 8 aﬁ;j‘ 0 0
Oas 0 —a 0000 0O 0 0 0
28 a0al=2
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a 0 a O 1 0 %_%a%o
2 110 —-axa O _b’aag 0 1—2% 0 0
PP "9l a a ay as 8 i—%i 0 1 0
0 0 az—as 0 0 0 1
1-28 ¢ 0 0
B a a
70[@042 0 1 aas  as 0
8 0 LBa_a 3 o[
@ az a
0 0 0 -1
a3 0 0 a 1 0 0 —%5a
FS _]. 0 —az 0 a . Baag 0 1*2% 0 0
P 210 0 —azas 8 0 0 1 0
a a as as %_%i 0 0 1
1-28 0 0 0
_ oaag 0 1 0 ga%—a%
8 0 0 -1 0
0 Ba_a 1
@ as as
Now we shall set « = 3 =: 6
a aas as 0100
jo _Llfaa0 0]  (a2)’+(a)® 1200
P79 1lay0a 0 8 0000
a3 0 0 a 0000
aa 0 O 2100
fi_lfaa a a _9(a2)2—|—(a3)2 1000
P79 1 0ay —a 0 8 0000
Oag 0 —a 0000
aa 0 a O 1000 -100 O
~ 10 —az a O az |0-100 az | 010 O
2 _ - 2 _ hatc] _ pate)
oo =3l a a ay as W 1o0 10l s 0o0-10]
0 0 ag—as 0001 000 -1
az 0 0 a 1000 —-10 0 O
~ 110 —-aszs 0 a a3 |0-100 a3 | 010 O
3 _ - 3 _ o _ i
Too =510 0 —asas| ¥z 0010 %S| 00-10
a a as as 00O01 000 -1

Proposition 5.17 (Ricci tensor for the 4-dimensional case). The Ricci
tensor is
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1100

n?m2 (1100

Ry = g2 0000
0000

With 6 = if.

Proof. Recalling the first order expansion for the Ricci tensor we use it in our
case, where the first terms are missing due to the fact that the Christoffel
symbols are constant

Rop =Rop+ Ty ol + aliaTor = Tyl s = ol 3T
For the classical Ricct we have
Rop =0l OF,S\J — ol ofja
:i (Hax + 6Ka, — 1" nuran) (5)as + 53a, — 1 1pear)
— i (5f)‘a>\ + 8 a, — n' neaax) ((52% +dpa, — N Nusar)

(77)\77700“/\6‘7 —4da,a,) = i (po(—a® + a® +b%) — dapa, )

N N

(Nped® — da,a,) .

Which means that the classical Ricci scalar is zero, as can be seen below

1 1
R — gUpRap — Ze—agx e—awe—atnap (npabQ _ 4apag) — Ze—agm e—awe—at (4b2 _ 4(_a2 + a2 + b2))
=0

Since we don’t have quantum corrections for Christoffel symbols with upstairs
index p = 2,3 we have

5 3 Iz 0 iz 1 0 1 1 0 0 0 1 0

Rop =Rop+ ol gl e + oL gl pe + qlo10L o + L1001 56 — 0L 50 ¢L00 — 0L 0 ql76
0 1 1 1 0 0 0 1 1 0 1 1

- OFpquOO'— OFpquh;_ quOOFOO'_ quIOFOa'_ quOOFIU_ qu10F10'

b2
1 (77p0b2 - 4a0a0) +2a (qua + qula) - GE ((52 + 5,1))‘10 + (52 + 5;)%)
b2
+0ﬁ(@&rﬂb+nm@6ﬂ+(£a+ag+nm@5ﬂ)—%(@i—m@qF&+Qﬁ—nw)gﬁ)
b2
— % (60 4+ mp1) oLos + (89 +m01) oI0,) + 6176 ((0pa + ap — np1a) dos + (650 + ag — Ne1a) 6p0) -

Let us calculate all the components
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R :—1(b2—|—4a2) —(19g
00 4 8

- b2
R(n = — a2 — aﬁg
- b2
R()Q = — aa — aﬁﬁ
- b2
Rog = —aagz — a39ﬁ

Ay =L (12— 40?) — a0
R11—4(b 4a) a<98

R12 = — aa2
R13 = — aas
5 2
Ry = — (a2)
Ra3 = — azas
5 2
Rz = — (a3)”.
In matrix notation this is
2 2 2 2
—% (b2 + 4a2) - ae% —a? - a@% —aay — a29z1’—6 —aag — @,9’{—6
2 2
B —a? — aﬂ% % (b2 — 4a2) —af bg —aas —aas
py = b2 2
—aay — a20@ —aas —(a2) —asas
b 2
—aaz — a3l —aas —asas —(as)

If we require this tensor to be Hermitian, then it must be invariant under flip-
ping of the tensor factors and complex conjugation of each coefficient, which
leads us to the condition

afb* = af*b* = ahb* = 0. (5.2)

The discretization constraints are a@ = nw for some n € Z, this along the
hermiticity leads to either b> = 0 or n = 0, we discard the second option since
that is the commutative case or flat space and is of no interest to us. Since
b? = (a2)? + (a3)? where az,az € R we conclude that to fulfill this condition
both as and az have to be zero.

1100

_n27r2 1100
HY T h2 0000
0000

Where 6 = i0. This tensor is purely quantum mechanical and it is not a
vacuum solution since that would imply that n = 0.

Proposition 5.18 (Ricci Scalar). The Ricci scalar is

R=0
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Proof. By direct calculation, we find

o e~ e~ %(~1 4+ 1) =0
262
Proposition 5.19 (Einstein tensor). The Einstein tensor is

R :gMUR,JV = e_‘”'e_‘“(—Roo + Rll) =

Proof. By definition, the Finstein tensor is

1100
~ - 1~ n’m? (1100
GHV _RNV - iRgNV - éT 0000 (53)
0000
Proposition 5.20 (Stress-energy tensor). The stress-energy tensor is

1100
po_ T |1100
" ep2 10000
0000

Which makes a contribution to energy, momentum and pressure; we note that
it s traceless, which might indicate that it describes a field invariant under
conformal transformations.

5.5 FRW space-time

In this section we consider flat FRW space-time along the following algebra

[x,27] = yeTkah 2 = 2ia’

The metric is given by

i ; 2 ] xird 4zl

Proposition 5.21 (Centrality condition). The centrality condition fizes
the deformation of the differential structure as follows

DY =0, D" =0, D*y=0, DY =0, DFf =—qetl.
Proof. The centrality condition for time is
0 = [t,goo] = —2D"% = D", =0 (5.4)

0 = [t, gos) = Dg;i — D% = DY, =0 and D, =0

VR B W
] = D% g + D% g = DOa(1) (54 4+ K T
0= [t,gm] = D",g9¢; + D ;96 D™,a*(t) <5£J —|—K2(1 —Kr2)> (5.6)
Y 7.0
+x
D% a2t) (6, + gL TTL 57
+ i ( ) i+ 2(1 —KT‘2) ( )

= DOjZ- + DOij =0=0=D"% (xexj + a:jxe) + Doej (xexi + xixe) = D% =0
(5.8)
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Now let us consider an spatial generator with k =1,2,3,
0 = [2*, goo] = —2D"} = D*} =0
0= [zF, goi] = —Dkoi + ijogij = Dkoi =0 and ijo =0

0,5 YW Y w4
k ke 2 ) +a'x ke 9 rr +xx

il =D"a*(t) |0y + K—————— |+ D"a"(t) |0 + K———F— | ,
% 9is] Za()(e] 2(1—Kr2)) ]a()<g 2(1—Kr2))

but on the other hand, we have

2", gij] = [xkﬂQ(t) (5@- +K

a’(t)K
1—-Kr

xixj—i—:tjxi)} K

2(1— Kr?) 2= Ky [ ]

(ehitat 4 ehityd)gt,
FEquating both expressions we get

o o Ld J ot 0,0 il
@ttt = b (5, 4 kDT i (5,4 g TTETTY,

1—Kr? (1-Kr?) (1-Kr?)

we search for a solution demanding
D*5,; + D*.6, = 0= D, + DM, =0,
which takes us to
,y(skjfxi i Ekiézj)xl — (Dkzixj 4 Dk[jxi)
%xl(gkjémi +Eki£xj) + %(Ekjlxi +€ki€xj)x€ +(’)(72)

at ke g ke i ke g kéixe
—(D ) + D jac)Jr(D ) + D ]ac)?

kL
i

:>Dkf = —ne
Definition 5.22 (Classical Christoffel symbols for the FRW space-
time). The classical Christoffel symbols for the FRW metric are

0 . i a i i
OFij = aahij, OFOj = Eéij, OFjE = Khjﬂ?

Proposition 5.23 (Quantum Christoffel symbols). The components of
the connection quantum-corrected up to first order are identical to the classical
ones

Proof. Consider the formula for the quantum correction

I
OFag

fﬁg:ofpua—i— 5

((DAﬁp OF)?O’ + DA/HUO pa)\ - Daﬁ)\ OFpAo) - [x/67 OFpaa])7

We observe that
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(27, oI =0, [27, oI5y] = 0.
And proceed to calculate
= F 0o =0
Tt ) )
0ija (75]% _ 75@1‘) = oI
a
I 1 OF#k Lk m Lk m mk l k m
Fij :OFij + —nr K (’V (6 ihfjm +e -hig{L' — & Zhijx ) + [x ,hijl' ])
I B xlad + 9zt
_ F,u 0 ka Zk K m
R 96+ 2(1 — Kr2)
% Z

Eékj (M+ Kix(x j—; 2)> " — Eméfhijxe> + hyj [mk, ™ 4+ [a?k, hij]mm>

r# 2lad + 2zt 2lat + zixt
_ Fu 0 ka Zk:_ K m Zk_ K m
0fiy Ty T\ M amwey ) T Maa—wey )"

A/ ol
= 1o, =olp; —

—e™ P hijzt) + yhiepat + T2 Kr2( ehitat + €ij)$£l”m>

s vK
ofi t Ty (2(1 — Kr?)

(Ekjé z+€kz€xj) Exm>

(e%(aa? +ala’) + %, (a"a’ + 2'a’)) 2™

+2’7h”5k?$€ + K >

K
_ Fu K F hz k ¢ k:jl 7 sz ¥
=ol}; +7K ( e +72(1—K7"2) ((e + Fibad)g
+I€(5kjfxi + Ekiij)) ™ 4 0(72)) )

We dropped a term due to the contraction of symmetric quantity with an
antisymmetric one. We arrive to

- K2 o o o o
Il =ol}; + 2(17_7[02) oI" (Mt + ebitad)gl 4 ot (ehitai 4 ekitad)) gm
= ‘Z:‘zg = U'Z_‘i(}
fvn —- T 7K3 h n k]f ) kil G\ .L 4 k]f % kil .5 m
n 7K3 m,.n k]é i kil,.j kj[ % kil .5 2

we draw our attention to

$m$k+.’£k$m 2 2
hopx™ = e + K —— 1+ K 1+ K k
K < ket 2(1—K7~2)) (+ 1—K2> <+ 1—K2)x
xk

T1-Kr2



5.5 FRW space-time 83

putting this into previous calculation yields

- K3
=ory i

ot TRy 2R ((Ekjlwi kil \pl 4 gf(hilyi +€kw$j))

O(7)

Where we have exploited the fact that for any antisymmetric quantity Fi; we
reach

Fyatal = 5 (Fy + Fylatal = Ztatal = S fatal = Rat, '],

Definition 5.24 (Classical Ricci tensor). The classical Ricci tensor for
an FRW space-time is

Roo = 337 Rok =0, Ryn = —(2K + 262 + i) hynn

Proposition 5.25 (Quantum corrected Ricci tensor). The Ricci tensor
s given by

~ _ _ K in . K2 2
Roo = Roo, Ron = Ron, Rpn = Rpn + e <[12 ; )

(1-Kr?) 1—- Kr?
(5.9)
Proof. The definition Ricci tensor is

Rox = Rox + oL (Z" g, — Z751),

since ol = 4I'. We analyse the last term for 8 =0, A =0

OF;;(EWOOM _Eiauoo) = OF;; E”kOO =0,
—— S~——
=0 =0
therefore
Roo = Roo.
forB=n, A=0
OFi/;(EWOnu - EZJ;MLO) =0,

while for 8 =0, A\ =n we have the same result, thus
Roi = Rio = R

finally, for for B=n, A\=m
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OFiOU(EiJmnO - Eia ) + Opfo(zigmné - Eig )

onm Inm
we study several cases, first

Kaa

% 0 g 4 —
[dfl}' s Ormn] —aa[dl' 7hmn] = m

i.m,n n,m
)
[da*, z™az™ 4+ 2" 2™

—’YKCLC.L im n in ,.m in m im,.n
:m (5 pdxpx +ew da?P + ¢ pdxpx +ex dxp)
_ —yKaa
11— Kr?
; vKaa
= yi0 =
mnp 1— Kr2 (

(E’me + E”Z’}x") dxP + (9(72)

n ,.m im ,.n
€, —l—apx),

now

[da:i, oFﬂ;m] :K[dmi, hmn]xj + Khppn [dxi,xj]

’VKQ in ,_.m m,.n J P ij P

=~ e (€™ +eat) lda? — Kyhne'yda
. K?2 ) ) . .
Sy = = T (150 4 <) 18— K,

From these two last quantities we conclude that X%, o = 0. Finally we find

[dxia Oan] =0= EijOnu =0

Therefore

OFi(()J' (Eiomno - Eia()nm) + OI‘fJ(ZiUmnE - X, ) = OFfa(Eiang - X", )

Inm Inm

=0
= OF'L'ZO(EiOmnK - Eiolfnm) + OFilfj(Eijng - Eménm)

Ka? . . .
=- ﬁ%(e/m{fm/— en af 4 25T

— 7K2hijx€ (1—[(7“2 (E”me - s”fnme + 25"2%") z) + hmn)gﬂ/ 0 — hgn%>
where we have dropped the last two terms due to the fact that they will render a
commutator along with h;; and thus are second order contributions, we arrive
to
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OFi%'(EiUmnO - Z’m:,OnnL) + OFiZo’(Eiamné - ia@nm)

Ka2 . K3h..xl . ) X
= e e e Ty (i — a4 25 +0(7?)
")/Kd2 ) ) K3ty ) . ’ )
STget =g B e 2
K'Q . . KS 2 . .
ymna €”L xl_’_ Y T 261%1‘14-0(’)/2)

TI-Kr2 ™ (1-Kr?)

_’yKé‘i%Ii e K?r?
(1—Kr?) 1-Kr2 )~

Therefore, the spatial Ricci tensor is

~ yKe xt [, K22
Ryn = Rinn 1 7o T 1.9
" " +(1—Kr2)(a+1—Kr2

Proposition 5.26 (Inverse metric). The inverse metric is
hti
a?(t)’

Proof. The only thing we need to check is the spatial part

gOO = —]_7 gOZ = 0, g” = hY .= (Wk — 5 (l'jxk —+ l'kl'j) (510)

. . K, . . rizh 4 okt
k _ k k k _ K
=§; K - K =; 5.12
Ty 2(1 — kr?) i (5.12)

Proposition 5.27 (Ricci scalar). The Ricci scalar is

6
(K +a* + ad)

Proof. Taking the Ricci tensor we obtain the scalar

_ _ 1 .-
R =¢""R,, = —Roo + 200 h]kRjk

a hik 7Kgik_gci K22
=—32 4+ = [ —Q2K +2a®+ ad)hjy + —2— (a>+ ———
3a+a2(t)< (2K + 24" + adi) J’“+(1—K7«2)(“+1—K7«2

i 1
=—3— + —— (—3(2K +2a* + ad 2
3a+a2(t)( 3(2K + 24 + ad)) + O(y?)
6 ) .
:——QQ(K—l—aQ—G—aa):R.

Proposition 5.28 (Einstein tensor). The Einstein tensor is
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. 3 .
Goo = — an(K + @?)
Goi =0

- K ijk .k K2 2
Gij =(K + a2 + 2ai)h;; — === <a2 ! )

1— Kr2? 1— Kr?

Proof. We use the definition of the Finstein tensor
~ - 1~ ~ 1
G,u,l/ :R}U/ - iRg,uu = R;Lu - §Rguu

- - 1 i 3 . 3
G00:R00+2R:35—¥(K+a —i—aa):—?

Go; =0

(K + a*)

2

éij Zf{ij — %RI’L”

Keki gk 2,2
= — (2K + 24* + ad)hyj + % (a2 +— I’;ﬂ) +3(K + a® + aii)hy
I .2 . ,ngijkxk .2 K?r?
i(K+ a +2aa)h¢j — 1 K2 1 K2

Definition 5.29 (Energy-Stress tensor). We define the energy stress ten-
sor as

G

=

Proposition 5.30 (Energy-Stress tensor for non-commutative FRW).
The energy-stress tensor for the FRW space-time is the same as in the classical
case plus an additional term that is an anomaly.

Proof. We write explicitly the components

3 (K +a*) =: 8mp(t)

a?
yKeijkxk 22 4 K?r?
1—Kr2 \¢ 1— Kr?

GOO:7

Gij Z(K + d2 + QGG)hU — ) = SWGQ(t)p(t)hij + 87 A]’ij

Where ATij = fATj,;, thus we conclude that a Lorentz anomaly arises;
this anomaly occurs when general covariance is broken in the quantum the-
ory [Ber96, BZ, AGGS85, Mat85]. Furthermore this tells us that the Fried-

mann equations are still valid plus an additional term. If K = 1, we choose
r = sin(x) and the anomalous term becomes

’75ijk$k -2 sinz(x) ijk ko2 -2 2
"+ ———5— ) = =72 sec a” 4+ tan ,
1-— sinz(x) 1-— sin2(X) 7 () ( (X))

(5.13)
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which is never zero. Alternatively we may choose K = —1 and r = sinh(x),
which renders

gtk gk . sinh?
ne’e <a2 4 st (;c)
1 + sinh*(x) 1+ sinh*(x

>) — ek sech?(y) (a2 + tanh?(x))
(5.14)

this expression vanishes for both x = too.
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Conclusions and Outlook

The main purpose of our endeavor was to generalize Majid’s formalism to any
space-time of the lie-algebraic type. Since it relies extensively on the universal
differential calculus that is chosen along with the centrality condition on the
line element, we used the latter in addition with some symmetry considerations
to fix our differential structure.

This differs from the usual procedure, and in our opinion it offers a consis-
tent method that renders the differential calculus instead of choosing it. From
this we could generalize the Koszul formula for any Lie-algebra associated
to a microscopic space-time, expanded up to first order in Planck’s length,
that it is to be deemed as a deformation parameter that encodes the non-
commutativity features of our depiction.

The quantum-corrected connection is algebra-valued, this gives origin to sev-
eral paths towards building geometrical entities. However we choose the sim-
plest one that will allow us to recover a classical limit: perform an ontological
and mathematical analogy of each concept we want to generalize into the
non-commutative realm just by considering it to be algebra-valued; this is to
be taken as a definition that will always make contact with the classical limit.
Research upon clear and meaningful physical scenarios should shed some light
upon whether it is correct or not.

In this sense, we are claiming that most of the relevant data of our non-
commutative space-time has to be in the connection. Clearly this disregards
some aspects such as topological considerations or global properties. The study
of this features is an active research subject, and most of this efforts are being
driven through K-theory. However, the connection is not able to encode global
properties, and this should always be considered through our work; this was
to be expected of course given that non-commutative geometry is a general-
ization of a local description. It may be argued that it is non-local, this can de
readily seen from the commutators of coordinates. Although this is true, that
does not implies that the resulting theory is going to have global properties
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of the space.

The examples afore-mentioned serve several purposes. Although the confor-
mal cases do not take into account the symmetries of the classical space-time,
they contain a rather interesting result: discretization of the conformal fac-
tors of the exponential function within the metric (see Eq. ?77), which could
be interpreted as the introduction of a minimal length that depends on the
structure constants of the algebra, among other interpretations. However we
regard this case as a toy model because it is not sensitive to the symmetries
of the classical space-time.

To fulfill the symmetry requirements of our program we present the FRW
space-time along an SO(3) algebra for our space-time, since this algebra pre-
serves the rotational symmetry inherent to the model; furthermore its Casimir,
r is thoroughly used in all the calculations. One of the main results is the
appearance of an anomaly, namely of the Lorentz kind (c.f. [Ber96, p. 508-
509]) which is related to the antisymmetry of the stress-energy tensor in the
quantum treatment of general relativity. Such anomaly usually occurs in the
context of calculating the expectation value for a given stress-energy tensor,
via the path integral using a Liouville-measure; in other words, it is a phe-
nomena related to the quantum behavior of matter.

However, in Eq. (5.9) it can be seen that this anomaly comes from the non-
commutative effects, i.e. from the quantum behavior of geometry, which is a
new result. In this case it is mandatory that we get rid of the anomaly, which
demands that K = 0 as it is proven in both (5.13) and (5.14) by exploring
K = +. This matches well-known experimental results for the geometry of
the observable universe [Per99].

The emergence of the anomaly is crucial. without a doubt is a quantum
feature, however its origin is not clear. It may arise due to our definitions
regarding curvature, where we basically mimic the classical entities but con-
sidering that they are now algebra valued. From Eq. (4.11) it can be seen
that although the connection contains no quantum corrections, the Riemann
tensor will still carry quantum contributions that come directly from the uni-
versal differential calculus we are considering.

This might be related to an idea posed by Connes and Chamseddine in [CC12]
where they use non-commutative geometry also in the context of an FRW
space-time and the calculate the spectral action associated to the Dirac op-
erator. They recover the usual Einstein-Hilbert action plus some other terms:
a constant ag that is linked to dark energy, as the Einstein-Hilbert term and
additional contributions as, with n > 1 that account for non-commutative
effects. It is yet to be seen if we can produce such terms from the Riemann
and Ricci tensors we get in our FRW space-time treatment.
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This is what happens in our FRW space-time, where the anomaly comes
purely from the differential calculus in our non-commutative algebra. This
clearly matches the usual result in the classical limit, however it may be ar-
gued that another definition could be used for the curvature and Einstein
tensors.

For the moment we are dealing with other classical space-times with well
established symmetries, since applying our framework is an straightforward
procedure, a remarkable example among our research is the Schwarszchild
space-time. Also, we are working on the non-commutative sphere, where the
representations are known and we can make a direct comparison between our
method and calculating the expectation value from the metric and then doing
geometry with Kac’s quantum differential calculus [KC15].

However, if we want to proceed in the same philosophical track of General
Relativity, we need to define an action functional. Connes has achieved this,
however in our framework it is quite challenging to calculate the Dirac op-
erator spectra, which is essential to write down Connes’ spectral action for
gravity. We could also stop at a middle point proposing an alternative action,
however most of the evidence points to the fact that instead of using inte-
gration we would need to use the Dixmier trace, which relies extensively on
representation theory, which, for our differential forms is yet to be explored.
Or, if we do not want to build an action principle an proceed just by geometric
means, then we should find the non-commutative generalizations of Bianchi
identities, and find out if they imply the existence of a divergence-less entity;
this entity would be deemed as the non-commutative Einstein tensor that we
should use as one side of the quantum Einstein equations.

Furthermore, another interesting branch of research lies within direct exploita-
tion of Koszul’s formula to obtain higher-order corrections, and in some cases
an exact result. This would provide the full quantum theory of geometry and
thus a fundamental step towards quantum gravity.
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Appendix

All the lengthy proofs are enclosed within this section.

Proof of Proposition 4.10

Proof. The Koszul formula for the connection involves the classical connection
and a generalized braiding acting upon it

1 1 1 1
V(dz") =3 oV (dz") + §U(OV(dx“)) = —§F[f‘ada:p ® dx® — §J(F[§‘0d:17p ® dz7),
for the sake of simplicity we are going to focus on the second term, which is
precisely the generalized braiding 4.5

o(lh,dx’ @ dx?) =dz I, @ da” + [27, oV ([ hodz?)] + oV [, dx?, x7],

now we make use of the third expression in Equations (4.12) to pull I}
through dx”

=0l da” @ da? + L7 da* @ da? + [27, d(Th) © da? — Tl I pde® © da”]
+ oV(I%, D\ da? + T4, 2% da?)

=(I*, + M Vda? @ da” + [27,d(I) @ da?] — [27, Tl T0 yda® @ da”]

aAp po= af
+ D\ (d(Ih) @ da™ — T Togda® @ da) + d([Ih, 27]) ® da?
— [T, 2711, yda®™ ® da”,

where the last four terms come from applying the covariant derivative keeping
in mind the Leibniz rule and the difference between operating it on a zero-form
and a one-form. Our calculation of the generalized braiding becomes
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A o o o
=(It,+ X\ )da? @ de” — d(Ih,) D" da + [27,d(T),)] ® da”
—[27, T TE pda® @ da” — Tl 27, T pdz® © da”]
+ D™\ (d(T),) ® da — FA‘UF&\BdmO‘ ® dz?) + [d(I},), 7] @ dx”

+ [[h,, dz7] @ dx? —[Flﬁ‘o,x”]ﬂfﬂda:o‘ ® dzP,
—_—

=—Xx7"  dz

pox
after canceling out some terms we get the following expression
=(I¥, — Ity[2%, IS da? @ da®) — DAY, I da’ @ da®

p

the remaining commutator renders two terms, one of which results in [mB ,dxP®
dx®] = —(Dpﬂ)\dx’\ ® dx” + D"ﬁ)\dxf’ ® dz?), if we rearrange indices in such a
way the two form basis is a common factor for the whole expression we arrive
to the final result for the generalized braiding

o(Ilyda? @ da”) = (T, + Tliy(DM 5%, + DM Iy = DYAI)
~IVy[a”, F;;]) dz? ® dz°.
Therefore, the quantum-corrected connection is

1 1 L (0% (e}
S §F;dep @ dz’ — 5( Mo+ Th (DM TR + DM T — DUAIy)
— Ila?, T3 ) da? @ da”
1 1
V(dzt) = — 5(1}5, +TF)da? @ da” — i(rgﬁ(DAiFfU +DM e — DA

— Il2?, T3] da? @ da”,

Proof of Lemma 77?7
Proof. Please note that
[z,t] = A =tA

We consider the commutator and expand it, our goal is to commute n times
so we can cancel the tz™ term, the first step gives

[t,a"] =ta™ — "t
=tz" — 2"t — 2" A,
while the second yields the following,

=ta" — 2" %tx? — 2" Az — 2" A

=ta" — 2" %tz? — 2"z — B)A — 2" A,
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a pattern emerges when we analyze the third step, which leads us to

=tz — 2" txd — 2" 2 Ax? — 2" Nz — B)A — 2" A

=tz" — 2" tad — 2"z — B)?A — 2"z - f)A—2"A

_ .’E(:L’ o 5)7171/1 o 1'2((E o ﬁ)nflA . l,n72(1, o B)ZA . xnfl(x o ﬂ)A,

summarizing the line above leads us to

= (Z o (2 — 6)”’“) A=—(z-p)" <Z (@ — 5)’“) A
k=1 k=1
=—(z-pB)" (Z aF(z — B)7F - 1) A
k=0

Now we make use of the closed form of the geometric series and factorize to
the right a term

[t == (@ =B (=™ @ = B) 1 —a(w =5~ = 1) 4
——(@= 8y (I =" (@ = B~V = [l - (@ - B) 7)) [1 — 2(e - B) )4,
note that the term we isolated is
L—a(e— ) = (= B-a)w— )" =—Bla— )",

consequently we obtain

12" =87 (@ = B)" (=2 e~ B~ ta(e - 8)7!) (@ - B)A
(2= B)" (=a"(@=B) " +1) 4
((w=B)" —a™) A

@8 @R

The procedure for the second commutator is the same.

Proof of Proposition 5.8

Proof. The centrality conditions, given in Equation (4.4) for the generators
of the algebra are given by the following equations

nul’[t’emz] :ealm(DOKunnu + DOHynnu)
nl“/[x’eaot] :eaot(Dlmﬂnm, 4 Dlﬁynﬁﬂ)

it is more easy to perform the calculations in matrix form, which is
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ed1® _2DOOO DOIO - D001
DOlo _ l)OO1 2D011

2 _
=~ Zense=12 gl (‘“f) (az + Bt) < ) ‘f) (A1)
e“°t< £2D10010 DHO 11Dlol>
DU, — Do 2pl,
2 _
= Z et/ iy (%) (o + Bt) ( 01 (1)) . (A.2)

For the fist commutator A.1, we take into account that D% = D% we equal
both to their r.h.s, which promptly yields the following relation

1
D% = D% = — Be"“ﬁ/z sinh (Cl;ﬂ) (azx + Bt),
for DY, we know that C°Y), thus

5000 = %e““ﬂ/g sinh (a;ﬁ) (azx + Bt),

while for D%, the structure constant in it is C% /2 = —a/2, we pass it to the
r.h.s
1
SoL :% - 367“15/2 sinh <a;ﬁ> (o + ft),

proceeding analogously for A.2 we get similar results
D' = D'} :ée*a(’o‘/2 sinh (%) (ax + Bt)
Sty :l(f‘”’a/2 sinh (@) (ax + Bt)
o 2
S0 = — g + ée*‘l“a/Q sinh (%) (ax + Bt).

So far we have only considered the diagonal terms for both expressions, from
the non-diagonal part we realize that D% = D and D', = D', Given
that both C% = 0 and C'}) we get

_B
2

1
DY =D = §1 = % 51 = ST = a - Be—alﬁ/Q sinh (“126> (az + Bt).

1
D% = D% = —2 4 8% = 8% = % = =B+~ /2 sinh (%2 (az + B)
«

We need the S to be constant so it will satisfy the Jacobi identities cite the
stability stuff, this is easily fulfilled if we note that o, 8 € C/R so we can write
them as a = ia, B = if; due to this, the hyperbolic sine turns out to be a
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sine given the known relation sinh(iz) = isin(x). Then it is evident that the
following holds for n,m € Z

ag = ™ ap = —=T.

O 3

Therefore, the symmetric part of the deformation of the differential structure
is

S0 —0, S =-8 S = _g’ S0 = 27 S =, S' =o.

[\

‘Which leads us to

DOOO _ 0, DOO _ _ﬁ7 DOIO _ _ﬂ7 DlOO =0,
1)011 =0, Dlol =aq, Dllo =a, l)ll1 =0.

Proof of Proposition 5.12

Proof. The centrality condition splits into three cases, the first with the tem-
poral generator, the second with the spatial generator and the third with the
commutative generators

nuu[taealw] :ealw(DOnunml + DOK]/TIK/,U,)
nlw[x’eaot] :eaot(DlnﬂnK” 4 Dll{ynn,u)
0 :Dm;/]m/ 4 Dmy"]mﬂ

The first two equations in matrix notation are

_2D000 l)Ol0 _ DOO1 D020 _ 1)002 D030 _ 1)003
pare DOlo _ l)OO1 2D011 1)021 + 1)012 DO?I + 1)013
DOZO _ DOO2 DOl2 + D021 2D022 1)052 + 1)023
D030 _ D003 D031 +D013 D032 + D023 2D033
—-1000
— — %eal(z—ﬁ/Q) Sinh (G;ﬂ) (Oé.f + 6t> 8 é (1) 8 5
0001
72D100 Dllo _ l)lO1 D120 _ 1)102 D13O _ DlO3
eaot Dllo _ ‘DIO1 2D111 D121 +D112 D131 +D113
D12O _ D102 D121 +D112 2D122 D123 +D132
DlSO _ DlO3 1)131 +D113 1)123 +D132 2D133

-1000
2 _ ape 0100
= Z coo(t=a/2) g L)
o€ smh( 5 (azx + Bt) 0010l

0001
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which generalizes the two-dimensional case in the following fashion, for the

diagonal we have
00 01 02 03 1 a1(z—B/2) o a1
D0:D1:D2:D3:—Be sinh T (ax + Bt)
1
= 8% = 756a1(m7ﬁ/2) sinh (a;ﬁ) (ax + Bt)
=5 =2 le‘“(z*ﬁ/m sinh uf (ax + pt)
1792 8 2
02 L ai(z—8/2) a1
=S 2:—561 sinh - (ax + ft)
1
- 5033 = _Bem(aﬂ—ﬁ/Q) sinh (a125> (azx + Bt)

as in the last case, we require S to be a constant, we get the same conditions

for ag and ay and end up with

DOOOZD()l :D022:"':0
5% —0 S0 = % S% =0 (for fixed )

=D =0 D" =0 D% =0 (for fixed i)
=D'" =a=D".
For the second centrality condition we have
DIOO — Dlll — 1)122 — D133 =0
=g10 —g St =0 S’lé =0 (for fixed )
:>D100 =0 D' =0 Dﬁ% =0 (for fixed i)
=D% = _3=D",
and for the third
0=D", = 0= 8" (for fixed p)

For the off-diagonal terms we have for the first matrix in the mixed part
_ 1 . _
DOZO — DOOi = 50010 4 5010 — SO()l = _6512' — SOOZ = DOOi — _6511' — DOlO’

for the purely spatial part

0=D% + D% = D% =-D% and D", = -D%,.
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which gives us four cases
Do11 _ _Do11 -0 DOlj _ _DOJ‘1 =

and
01 _ _0i _ . 0 _ 0 . 4]
while for the second
DY =D = SY%=a and DY =D =i,
and its spatial part
14 1j 11 1j 12 15
0=D"+D", = D", =-D7 and D", =-DV,
analogously to the last case, four sub-cases arise
11 11 11 15
D, =-D"=0 D §:—D]1::§5
and

Dlil — _Dllg — é—[z Dl%j _ —DL}% — X’L]
for the third we have the following cases for the off-diagonal terms
0=D"~ D) = D = D'y =5;; and D", = DY, =0

also for the purely spatial part we have for £ # j

Proof of the first part of Proposition 77

Proof. As in the last case, we consider the general formula

1 «
Lty =olpy+ 5 o[l5(D oI5 + DY oI5 — DS o I7).

And highlight once more that the last term is not present because in our case
due to the fact [z, OFpﬁg} = 0. Allow us to study the general case
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- TH Jas
Tl = oIty + 500 (D), oI, + DX, oI, — DYy oI y,) + 50 (DN, oI, + DY, oIy — D oI'y,)
~—~— ~—

2 2

=5
ol
2

OFH‘* % 2 ~
+ Tm(D’\Zpo Iy, + DY, ol — D, of,fa) +
=0 =0 =0

"

I 5 . . T
0
+ TZO(D)\OpOF)’L\U +D)\Oa' OF;;)\ - Dlok OF;])CJ) + %(D)\lp OF)%G' +D>\10' OFpl)\

=0
T . 5 . rt . .
ol ;- N N . od~ . .
+TM(D>\lp OF/%O'_‘_D)\,LO' OFplx\_Dh)\ OF;?U)+T21(D)\1;)0F/<U+D)\10'OFZ)\
=0 =0 =0
Tt -
0 75 A - ~ o i
+TJ(D)\]p 0F>\U+D)\j00 pAiDj/\ 01—3{7)7
~—~— N~ ——
=0 =0 =0

which ends up in

(DAOpOF)]\-O‘ +DA00' OF;})\

=8

- Dlol OF;}U)

=

- DllO OFpOO')
~—

=«

- Dh)\ OFpAU)
—~—

=0

~ TH Jald
It =ort + 20D (1) + D oI+ Boll,) + L0 (DM oI, + DM oI'% + 8oI%,)

2 2

FH OFA,M 2 ~
+ H(D)\Opopkla_‘_l))\oaoppl/\ _aopplo)+ J(DA(LOF;\U +DA970F;)\)

2 2
“w
+ OFI'ul (D)\l Fl _|_D)\1 Fl _ FO )+ 01—%1 (D)\l F% + DAl F’AL )
2 p 0L X\o o 04 pX Qo po 2 p 0L X\o o 0L pX/s

before proceeding we shall write down the form of the D>‘“p matrices with p
fixed

0 000 —Ba00

A0 *50400 N 0 000
D”_ 0 0001’ Dp_ 0 000
0 000 0 000

as in the last case we shall study each term of the sum. The first one being
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DA o9, + D oI + Bl

0 0 0 0 0 cay — Bag 00 atag 0 O
1| aay — Bag aag — Bay —PBas —Pas 110aap—pBa; 00 B |aoar as as
=5 0 0 o o0 |T3lo —Ba 00|72 0a-a 0

0 0 0 0 0 —Baz 00 0az 0 —aq

0 aay, — PBag 0 0 arag 0 O
_1 | aa1 — Bag 20ag — 28a1 —Baz —Bas Blaoar ax a3
b 0 —Bay 0 0 |72 0a—-a 0

0 *5&3 0 0 0 as 0 —ai

I5) « 0 0
o |« 2042—‘1’ - 0 0
“20l0 0 -—po |’
0 0 0 -8
while the second renders
DA oI, + DM oI + Bol 'y,
aay — Pag aag — Bay —Pas —Pas aay — Pag 000 ag a1 as as
1 0 0 0 0 1| aag—Ba; 000 Blaiag 0 0
) 0 0 0 o0 |T2| —Bar 000] T2 a0a 0
0 0 0 0 —Baz 000 az 0 0 ag
2aay — 2Bag aag — Ba; —Paz —Pas ap a1 a as
1| aap— Bay 0 0 0 Blaiag 0 0
=3 —Bas 0 0 0 | T2 a0a0

—ﬁagg 0 0 0 as 00 ao

2042—[1) —Bal0

_ @ 800
D) 0 080
0 0083

The third is quite similar
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D oIy, + D) oIy — ool

0 0 0 0 0 cag — Bay 00 aiag 0 O
1 | aag — far aay — Bag aas aas 1[0aa; —Bag00 alagar az as
=3 0 0 0 0 |T2lo aw 00|l 2 0a—a 0
0 0 0 0 0 «az 00 0a3 0 —ag
0 aag—Pa; 0 0 atag 0 O
1| aag — Pa1 2aar — 2Pag aas aas a|agar as as
T2 0 aay 0 0| 2(0a—a 0
0 aag 0 0 0az 0 —aq

« I5) 0 0

ay ,BZﬂZ—‘i—on 0
210 0 —ao0 ]’

0 0 0 —«

the fourth is simpler, but it splits in two cases

0 0 0 0 0 —Baz 00
1 | =Bas —aas aar — Bag 0 10 —aaz 00
20 20 1 2 2 1 0 - 2
D OF/\G'+D OFP/\_Q 0 0 0 0 2 0aa; —Bag 00
0 0 0 0 0 0 00
0 B
ay | B 2« ﬁa” ot 0
= - ? 0 ﬂao—aal
0
0 0 0 0 —Bas 00
1| —-Basz —aa 0 aa Ba 0 —aaz 00
20 N e 3 3 11— pPdo 3
D OF)\U +D UOFp>\72 0 0 0 0 00
0 0 () 0 aa; —Bag 00
0
a8 2a o 5“0 a1
910 0
0 ,Bao aal O

For the fifth we proceed as usual
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DA oIy, + DN, oIy — ooy,

aag — Bay aay — Bag aas aas aag— PFar 000 ap a1 as as
1 0 0 0 O 1| aa; —Bag000 alaiag 0 0
=3 0 0 0 0 |T2| e 000 2 a 0a 0
0 0 0 0 aas 000 az 0 0 ag
2aag — 2Pa1 aay — Bag aas aas ag a1 as ag
1 aay — Bag 0 0 O alarag 0 0
T2 aas 0 0 0| 2]ax0a0
aas 0 0 0 a30 an
2 —af00
_ _ag B a00
T2 0 0a0
0 00«

The sixth and last also contains two possibilities

—Bas —aas aay — 6(10 0 —Bas 000
1 0 0 —aa 000
Al Al 1 2
D OF/\G'+D UFP/\_Q 0 0 aa; —PBag 000
0 0 0 000
28 o Bucon 0
) a O
- ? ﬁao aa) 0 0
O 0
—Bas —aag 0 aa — Bao —Baz 000
1 0 0 —aaq, 000
Al >\1 3 —= 3
DY, ol% +D ofox=5 o o 0 000
0 0 O aay — Pag 000
26 0 ,Bao aay
_ a3 o 0
2 0 0
ﬂao aa] 0 O O

Now we may , for 4 = 0 we have
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agp a1 as as 2042—(1] 20 00 o Jé] 0 0
o _1faiao 00 L 900 20 2022 00| (a1)’ | 8282 —a 0 0
Pe 2 1az 0 ag O 8 0 0 00 8 0 0 —a 0
az 0 0 ap 0 0 00 0 0 0 —a
0 B 0 0 0 I} 0 0
7(a2)2 8 2« 76“0;2"“1 0 7(a3)2 8 2« 07’6‘10;3““1
8§ |o0fwew o g8 |0 0o 0 0
0 0 0 0 0 fmae g
3
269 —a 50 0
(ap)? Jé] a00
-8 0 0ao0
0 00«

For ;o = 1 we have

agag 0 0 B8 «a 0 0 oz—fBOzOO
il _Llagar az ag +(CL1)2 a2a -5 0 0 Jr(610)2 e’ B00
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And finally, for 4 = 3 we reach
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Next, we investigate the special case ag = a1 =: a
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