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Introduction

The present work is a generalization of Ahlfors-Bers theory to the algebraic solenoid Cf,
defined as the following inverse limit: Consider the inverse system of coverings { ppm :
C* = C* }om>1,0)m Where ppm(2) = 2™/" and C* is the punctured plane. Then,

C: :=1limC*
O

with canonical projections 7,. Along the same lines we define the adelic Riemann sphere
(CQ as the inverse limit of branched coverings p;, ., : C — C where C is the Riemann
sphere and the adelic solenoid S{, as the inverse limit of coverings ppn : S' — S'.

The functoriality of the construction implies the inclusion S € Cg C Cg such that
Cq = Cy U {0, 00} where
0=1[(0,0,0...)]
00 = [(00, 00,00, ...)]
are cusps (cone over the adelic solenoid) and Cg is laminated by densely immersed leaves

Vg : C — C* where a € Z, the adelic completion of integers. The algebraic solenoid can
also be seen as a non trivial fiber bundle 7, : Cg — C* with fiber the adelic completion

of integers Z and also as a laminated Lie group with unit:
1=[(1,1,1,...)]

Definition 0.0.1. A homeomorphism h of @@ is leaf preserving quasiconformal if it fixes
0, 00 and h, is quasiconformal for every a € Z such that the following diagram commutes:

c—le.C

* h *
Co—Cq
Definition 0.0.2. We say that 1 € Loo(Cj) is horizontal if v;(p) € Loo(C) for every
a € 7. We denote the subspace horizontal elements by Loo,hor(%).

Definition 0.0.3. Consider y € Lo nor(Ch)1; 1. [|ut]loc < 1. A leaf preserving quasi-

conformal map h of @Q is a solution of the u-Beltrami equation if h, is a solution of the
(vo)*(p)-Beltrami equation:
Ozha = (Va)" (1) O:ha
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in the distributional sense for every a € 7 and the following diagram commutes for every
a € Z:

T hu T
Cy—~C

Remark 0.0.1. Consider p € Lm,hOT(Ca)l such that there is a leaf preserving quasiconfor-
mal solution to the u-Beltrami equation. Because the map a — h, is continuous and the
relation:

_ Ozhg

CARE

we have that the map a — (v,)*(p) is continuous. This is a necessary condition for
the existence of Beltrami solutions. Beltrami differentials satisfying this property will be
called wertical continuous and the space of them will be denoted by LY (Cg).

We look for vertical continuous Beltrami differentials 1 € L3, (Cg)1 such that there
is a leaf preserving quasiconformal solution to the p-Beltrami equation; i.e. Beltrami
differentials such that the Ahlfors-Bers theorem holds. There is an obvious set of Beltrami

differentials satisfying this property: Define the periodic adelic Beltrami differentials:
Per = U Per,

neN
such that Per, = 7 (Loo(C*)1). See that
Per; C Pery C Pers... C Per

If € Per then there is a natural n and a Beltrami differential p,, € Lo (C*); such that
p = 75 (). Consider the unique quasiconformal map f,, of the p,-Beltrami equation
such that f,, fixes 0,1, 00. There is a leaf preserving map f such that f(1lg) = 1 and the
following diagram commutes:

Co—~Cq
Then, f is the leaf preserving quasiconformal solution to the p-Beltrami equation such
that f fixes 0, 1, co.

Not every Beltrami differential € L5, (Ch)1 admits a leaf preserving quasiconfor-

mal solution to the p-Beltrami equation. In fact, there is a continuous complex function
2 Cg — C such that [|p||e < 1 and:

2
) .l
* — QLe TJLFS [COS(JC/n!) — 2;—? Sln(x/n')} 6277;2 dz
vo(p)(z) = _
a2

1+ % :3 [cos(w/n!) + % sin(x/n!)} 627:;
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where z = x + iy. However, there is no leaf preserving quasiconformal solution to the
pu-Beltrami equation.

It turns out that another condition is needed to assure the existence of Beltrami
solutions. We introduce the renormalization maps Z,:

Definition 0.0.4. Consider the normalized Haar measure 7 on Z and the induced measure
on the fibers 7 (z) ~ Z. We define the n-th renormalization map as the linear operator
T, : LZ(Ch) — LY (Cg) such that:

T, (u)(x) = n / dn 1
7 L (7 (2))

Lema 0.0.1. Consider pn € L3(Cy). Then, the sequence (I,(p))
formly to u respect to the divisibility net.

neN CONVETGES UNL-

By definition, for every natural n there is u,, € Loo(C*) such that Z,,(u) = 7} (i,). In
particular, we have that:
Interior Per™ = L'} (Coh

oo,hor

Because not every Beltrami differential p € LIy, (Cp)1 admits a leaf preserving qua-

siconformal solution to the u-Beltrami (example above), it is natural to ask for a finer
topology T such that:

Bel(Cg) = Interior Per’

is a set of Beltrami differentials admitting Beltrami solutions.

Definition 0.0.5. Consider a cofinal totally ordered divisibility subsystem S = (n;);en.
We define the renormalized metric:

||N||Ren,$ = ||In1(:u)||oo + an+1 ||Inj+1(ﬂ) _Inj (M)Hoo <00
j=1

Definition 0.0.6. We define the space of adelic Beltrami differentials Bels as follows:

Bels = Interior Per> ¢ LU (CoH)

oo,hor

where the closure is respect to metric topology induced by the metric || - || gen.s-

In particular, the adelic Beltrami differentials are the elements of LY}, .(Cg) with
finite renormalized metric. The following is the adelic Ahlfors-Bers Theorem and it is the

main result of the thesis:

Theorem 0.0.2. Consider a cofinal totally ordered divisibility subsystem S. For every
adelic Beltrami differential p € Bels there is a unique quasiconformal leaf preserving
solution f : Co — Cq to the p-Beltrami equation such that f fizes 0,1, co.



Consider the adelic hyperbolic space Hg = 7, (D(0,1)) with boundary the adelic
solenoid S, = 7,1 (SY). Define the space of Beltrami differentials Bels(Hg) as those
differentials y € Bels(Cf) such that:

u(2) = u(1/2) (2)

z

By the adelic Ahlfors-Bers Theorem, there is a unique leaf preserving quasiconformal
solution f* to the p-Beltrami equation such that f* fixes 0,1, co and:

1
fr(2)

In particular, the solenoid S(é and hence Hg are invariant under f*. Define the following
equivalence relation on Bels(Hg): pu ~ n if f*| sy = 1 sy The universal Teichmiiller

fr(1/z) =

space is defined as the quotient:
B : B@lg(HQ) — T3(1> = Belg(H@)/ ~
with the quotient topology induced by (Bels(Hg), || - ||s)-

Definition 0.0.7. A leaf preserving homeomorphism f : S@ — S(l@ is quasisymmetric if
for every leaf v, the map f, = v, ' o f oy, is quasisymmetric. Denote the space of these
quasisymmetric maps by QS(Sg) and by QS (S}@)l the subspace of those maps fixing 1.

We have an injective map ® : Ts(1) — QS(Sg)1 such that p — f#|s1. Denote by
QSs(Sg)1 the image of ®. See that Dif f™(S;) C QS(Sg) for every m = 1,2,... 00.
Define szfg"“(Sé)l = QSS(Sé)l N szfm(Sé) for every m =1,2, ... cc.

In particular we have the Nag-Verjovsky map:

v Dif fE(Sp) = Ts(1)

There is a complex structure on Ts(1) induced by the complex structure on Bels(Hg):
L= T

Consider the tangent space at the identity T;;Dif f OO(Sé)l of C'*°-vector fields v such
that: |

v (v)(z) = Z a,e'?”
q€Q
where a_, = @, and ap = 0. Define an (a priori) almost complex structure J such that:
v (Jv) = Z —i sg(q)a,e'"”
qeQ

and translate it by conjugation with the adjoint map Ad to the whole tangent bundle
T Dz‘ffoo(Sé)l.

Consider a prime number p and define the inverse system P = (p”)n N’ Consider the
p-adic solenoid S;. The following is the second major result of the thesis:
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Theorem 0.0.3. The p-adic Nag-Verjovsky map is differentiable analytic.

The present work was born in the spirit of connecting Teichmiiller theory with the
adelic world. Besides the intrinsic beauty of this idea, this connection seems promising in
future applications both in Mathematics and Theoretical Physics. In fact, S.Mochizuki
[Mo] claims having proved the ABC conjecture in his formidable theory of p-adic and
inter universal Teichmiiller theory. The p-adic Teichmiiller space proposed here is by far
a more humble and down to earth version.

Concerning Dynamical systems theory, D.Sullivan [Su] studies the linking between univer-
salities of Milnor-Thurston, Feigenbaum’s (quantitative) and Ahlfors-Bers. As he points
out, S3 x S' (his second example) is the basic solenoidal surface required in the dynamical
theory of Feigenbaum’s Universality [Fe]. Here S is the 2-adic solenoid. We hope that
the theory of adelic Beltrami differentials developed in this work shed some new light on
these universalities.

In theoretical physics, one of the main problems of string theory is the lack of an exact
theory. Actually, the theory is formulated as an asymptotic perturbative series from the
very beginning [Na3] [Ne|. As an attempt to solution, Bowick and Rajeev [BR1], [BR2]
propose a theory based on the Kéhler geometry of the homogeneous space Dif f(S1)/St.
This space was studied before by Kirillov [KY],[Ki]. At the end of that paper, they
comment: “...It is of interest to know the relation between the universal Teichmiiller space
with which they work and Dif f(S')/S'”. An important contribution in this direction
was given by S.Nag and A.Verjovsky in [NV] where they find an analytic isometric map:

v Dif f£(S")/Méb — Homeol,(S")/Mob ~ T(1)

where the left hand side is seen as a Virasoro coadjoint orbit. In accordance with R.Bowen
and his result on the quasicircles Hausdorff dimension [Bo], at the end of [NV] it is shown
that this map is transverse to any Teichmiiller space of genus g > 2 Riemann surfaces:
v th T, = T(G) where 3 = A/G is a Riemann surface of genus g > 2 and A is the
hyperbolic disk.

In this sense, our work generalizes the Nag-Verjovsky map taking the solenoid S! and
the hyperbolic punctured disk A¥ (in Sullivan’s notation, example four in [Su|) instead
of their classical non laminated analogs. In fact, this was the guiding star of this work.

We briefly comment on the structure of this thesis, chapter description and results
obtained: Chapter 1 introduces the adelic solenoid and the algebraic adelic solenoid. We
will see them in three different ways:

e The algebraic solenoid is a topological group that ﬁbefs over the punctured complex
plane with fiber the adelic completion of the integers Z. We have the following short
exact sequence in the category of groups:

This is Lemma 1.1.4.



e The algebraic solenoid is a topological space foliated by complex plane leaves. We
have the following short exact sequence in the category of groups:

erp

0—>7Z—%“7x (C—>Cf{2—>1
This is Lemma 1.1.7.

e The algebraic solenoid is the complex dynamical suspension of the shift 7" : 7 —7
such that T'(z) = x + 1.

As far as the author knows, the rest of the thesis is completely original. Given a continuous
map on the algebraic solenoid f : C, — Cf we develop the homotopic invariant deg(f) €
Q. This invariant is the extension of the classical degree in the following sense: For every
continuous map f : C* — C* there is a unique continuous baseleaf preserving map f such
that:

* f *
CQ (CQ
"o
c—Lsc
and deg(f) = deg(f).
This is corollary 1.4.2. Following these ideas in the analytic category, we prove the Picard
theorem for the adelic Riemann sphere Cg:

A

Pic(Ce) ~ (Q,+)
This is Proposition 1.4.5.

Chapter 2 develops the Renormalization technique to the adelic solenoid. This is
the main tool we are going to use later in the construction of structures and objects on
the solenoid. The first application of it gives Corollary 2.2.3: For every C'* function
f: Sé — C its Pontryagin series converges in the C'°°-topology.

Chapter 3 is the heart of the thesis. It begins with an introduction, the definition of
the adelic Riemann sphere and a series of preliminary technical Lemmas. Among these
we have:

Hol(Cq) ~ C
The next section is a careful discussion of adelic Beltrami differentials mentioned before.
The following section is devoted to the Ahlfors-Bers Theorem proof where the previous
Renormalization technique is strongly used. The chapter ends with the infinitesimal
counterpart.

Chapter 4 starts describing different equivalent Teichmiiller models. This is a straight-
forward generalization of the classical models. The relation with Sullivan’s work is de-
scribed in Proposition 4.1.1: There is a canonical continuous injective map

TS(1> — TSullivan(AZo)

where § is a cofinal totally ordered divisibility sequence. After that, we immediately
specialize in the p-adic case and prove the p-adic version of the Nag-Verjovsky map
mentioned before.



Chapter 1

Adelic solenoid

1.1 Adelic solenoid

In what follows we will identify the group U(1) with the unit circle S' = {z € C: |z| = 1}
and the finite cyclic group Z/nZ with the group of n'* roots of unity in S*.

By covering space theory, for any integer n > 1, it is defined the unbranched covering
space of degree n, p, : S1 — St given by 2z — 2. If n,m € Z* and n divides m, then
there exists a covering map py, ,, : S' — S! such that p, op, ., = p, where p, ,(2) = Zmin,
We also denote with the same letters the restriction of p, and p,,, to the nt" roots of
unity. In particular we have the relation:

Pnm © Pm,l = Pn,l

. . . 1 . . .
This defines an inverse system of covering spaces (S , p”vm)n,m21,n|m whose inverse limit

is the universal one—dimensional solenoid or adelic solenoid

SL .= 1im S!.
O

Thus S§ consists of sequences (2, )
if n divides m.

neN. zeg1 Which are compatible with py, i.e. ppm(2m) = 2,

The canonical projections of the inverse limit are the functions Sé ™ S' defined by
T, ((zj)j EN) = z,. Each 7, is an epimorphism. In particular each 7, is a character which
determines a locally trivial Z-bundle structure where the group
7. :=lim Z/mZ
&

is the profinite completion of Z, which is a compact, perfect and totally disconnected
Abelian topological group homeomorphic to the Cantor set. Being Z the profinite com-
pletion of Z, it admits a canonical inclusion of Z C Z whose image is dense. We have an

inclusion Z % Sg and a short exact sequence 0 — AR Sy St =1



The solenoid S}@ can also be realized as the orbit space of the Q-bundle structure
Q — A — A/Q, where A is the adele group of the rational numbers which is a locally
compact Abelian group, Q is a discrete subgroup of A and A/Q = S@ is a compact Abelian
group (see [RV]). From this perspective, A/Q can be seen as the inverse limit whose n—th
component corresponds to the unique covering of degree n > 1 of S@. The solenoid S@
is also called the algebraic universal covering space of the circle S'. The Grothendieck
Galois group of the covering is Z, the algebraic fundamental group of Sé.

By considering the properly discontinuously free action of Z on 7Z xR given by
n-(z,t)=@+nt—n), (neZ xzeZ teR)

The solenoid S@ is identified with the orbit space Z xz R. Here, Z is acting on R by

covering transformations and on Z by translations. The path—connected component of
the identity element 1 € S@ is called the baseleaf [Od] and will be denoted by Rpy.

Clearly, Rpy is the image of {0} x R under the canonical projection exp : Z x R — S§
defined below and it is a densely embedded copy of R.

Hence S&Q is a compact, connected, Abelian topological group and also a one-dimensional
lamination where each “leaf” is a simply connected one-dimensional manifold, homeomor-
phic to the universal covering space R of S!, and a typical “transversal” is isomorphic to
the Cantor group Z. The solenoid S(%J) also has a leafwise C*° Riemannian metric (i.e.,
C> along the leaves) which renders each leaf isometric to the real line with its standard
metric dz. So, it makes sense to speak of a rigid translation along the leaves. The leaves
also have a natural order equivalent to the order of the real line hence also an orientation.

Summarizing the above discussion we have the commutative diagram:

Sh =lim S ——— ... 51 " G LS

¢J v|l._)627ril/n v|l._)627ril/m JO,_)l

7 =NmZ/nZ — ... L/nL"""> 7./mZ — ... {0}

where Z is the adelic profinite completion of the integers and the image of the group
monomorphism ¢ : (Z,+) — (Sg,-) is the principal fiber. We notice that m,(z) = m,(y)
implies 7, (y ') = 1 and therefore y 'z = ¢(a) where a € nZ for some n € Z C Z.

Lema 1.1.1. The following is a short exact sequence:

and we have the commutative diagram:



—
ok
0—>nZ -8l . g
Q

Proof:

e By definition the following diagram commutes:

Sh > 51

§

z—{0}
In particular 7 0 ¢ = 1 and Im(¢) C Ker(m).

r=0(. Qpy. .y Qp,...1)=(... €

such that y = (..., by, ..., by, ...0). We have proved that Ker(m) C Im(¢). Be-
cause 7 is an epimorphism and ¢ is a monomorphism we have the first item.

e For the second item, the second exact sequence follows exactly from the same ar-

guments as the first. Because m; = 2" o m,, we
The left square is trivial (diagram chasing).

We define the principal baseleaf as the image of the monomorphism v : R — S@

defined as follows:

Sh=limS' —.. Gl S

JV Tti—wit/" ]ti—wit/m ]t et

—...R

R — ..R——R

In particular, the inmersion v is a group morphism such that v(2rz) = ¢(z) for every

integer x. Define:

Suppose that m(z) = 1. Then

2mibn /0
s

have the right commutative square.

exp : ZxR%S@

such that exp(a, ) = ¢(a).v(0).

Lema 1.1.2. We have the short exact sequence:

erp

0—>Z—>ZxR=> S ——1

such that 1(a) = (a, —27a).



Proof: exp is epimorphism: Consider z € Sé and a € R such that e = m(z).
Because 7 o v = € we have that m(v(a)) = ¢ = m(x); ie. m(v(a) o) =
Lemma 1.1.4 there is an adelic integer b € Z such that ¢(b) = v(a) 'z;ie. x = ¢(b)v(a) =
exp(b,a).

Ker(exp): Suppose that exp(a,d) = ¢(a)v(0) = 1. Then ¢(a) = v(—0) and composing
with m; we have 1 = ¢ and 0 = 2rk for some integer k. Then

1 = exp(a, 2rk) = ¢(a)v(21k) = ¢(a)p(k) = ¢(a + k)

Because ¢ is monomorphism we have that a + k = 0. We conclude that a is an integer
and 6 = —2ma 0

Corollary 1.1.3. e m : Sy — S'is a fiber bundle with fiber isomorphic to 7 and
monodromy the shift T'(x) =z + 1.

e cxp is a local homeomorphism.
e Restricted to a leaf, m1 is a local homeomorphism.
o S@ is the dynamical suspension of the shift T(x) = x + 1.

o S(é) is foliated by dense R-leaves.
Proof:

o If diam(U) < 2w then U is a trivializing neighborhood of S*.

e 7 acts as translations by +(Z) and because ((Z) is discrete in Z x R then Z acts
proper and discontinuously. We conclude that exp is a local homeomorphism.

e By definition 7 is an open continuous epimorphism. Restricted to a leaf and a
trivializing neighborhood 7; is one to one.

o (z,2m)+ (1) = (z+1,0) so (z,2m) ~ (z + 1,0).

e The foliation Z x R is invariant under translations by «(a) for every integer a hence
it induces a foliation in the solenoid. 7Z is dense in its profinite completion 7 and so
is every coset of 7 /Z. By the preceding item, we have that every R-leaf is dense in
the solenoid.

Geometrically, the structure of the fiber is the disjoint union:

mi(z) = | mtw)

yr=z

As an example, consider the subsystem n; = 2° and the diadic solenoid S3 with fiber
Zs, the diadic profinite completion of the integers. The diadic solenoid is illustrated in
Figure 1.1.

10



Figure 1.1: Diadic solenoid

Tensoring the adelic solenoid with the group C* we get the algebraic solenoid Cg;:

5 = limC* . . Ct

(ﬁ\T \Jl._)627ril/n Jl._)e2‘rril/m \/|0,_)1

7 =NimZ/nl — - L/nZ """ Z.JmZ — - - {0}

All the properties discussed before are shared by the algebraic solenoid with the natural
extensions and the proofs are verbatim. For clarity purposes we mention them once again
for the algebraic solenoid:

Lema 1.1.4. The following is a short exact sequence:

- ] « Tl %
0 Z, C@ C 1

and we have the commutative diagram:

> @ % T %
0 JZ Cy <c[ 1
0 ng, —2 CT* ™, C* 1
Q

We define the principal baseleaf v : C — Cg as follows:

Ch=lmC* —...C*""~C* —...C*

\JV ]eiz/n ]eiz/m ]eiz

C — .——C——...C

In particular, the inmersion v is a group morphism such that v(2rz) = ¢(z) for every
integer x. Define:
exp: Zx C — Cy

11



such that exp(a, z) = ¢(a).v(2).
Lema 1.1.5. We have the short exact sequence:

erp

0—=Z—5%ZxC=2=ChH—>1 (1.1)

such that 1(a) = (a, —27a).

Corollary 1.1.6. o m : Cy — C* is a fiber bundle with fiber isomorphic to 7 and
monodromy the shift T'(x) = x + 1.

e exp is a local homeomorphism.

Restricted to a leaf, w1 is a local homeomorphism.

CYh is the complex dynamical suspension of the shift T(z) =z + 1.

Cg s foliated by dense C-leaves.

Because v(2mx) = ¢(x) for every integer x, we have the equivalent descriptions:

0——=nZ—%nZ x C==Ch—-1

for every natural n. These are the appropriate descriptions to lift the homeomorphisms
2P/4.

Lema 1.1.7. We have the commutative diagram:

exp

Oﬁ-qZ—qu Xx C——CH——1

‘p/q jp/q lzp/q

erp

0—=pZ—5pZ x C="~Cl—1

such that 1(a) = (a, —27a).

Remark 1.1.1. Because Z" = 2" and the conjugation has a continuous extension to the
Riemann sphere z : C — C, there is a homeomorphism:

22@@%@@

such that 7, (z) = m,(z) for every z € Cg. Because z = z~' on S' this relation extends
to the solenoid S&Q and by continuity we have that the composition:

1/2:(@@—)@@

is a leaf preserving homeomorphism fixing 0, 1, co.

12



As defined by D. Sullivan [Su]: A two dimensional solenoid is hyperbolic if every leaf is
conformaly covered by the disk.

Corollary 1.1.8. Consider the solenoid Hg = 7y '(A*) where A* is the open unit circle

manus the origin. Then Hg is a hyperbolic solenoid.

Proof: By equation (1.1) we have the covering exp : Z x U — H, where U is the
hyperbolic upper half plane. O

1.2 Continuous maps and degree theory

The following lemmas and propositions tell us how continuity properties of solenoidal
maps are related to limit periodic properties of their restriction on the baseleaf. For
pedagogical reasons, we introduce the notion of limit periodic as a particular case of
almost periodic functions.

Definition 1.2.1. A subset A C R is relatively dense if there is a real number L > 0
such that [z,2 + L] N A # 0 for every z € R.

The following definition is due to Harald Bohr in 1924 [Bo]:

Definition 1.2.2. A function f : R — C is almost periodic if for every ¢ > 0 there is a
relatively dense subset A C R such that:

|f(x+2mt) — f(z)| <€
for every z € Rand t € A.
There is a beautiful discussion of almost periodic functions in the context of construc-

tive mathematics in [Br|. Restricting the reletively dense subsets to be of the form NZ
for some natural N we have:

Definition 1.2.3. A function f : R — C is limit periodic if for every ¢ > 0 there is a
natural number N such that:

|f(z+2mn) — f(z)] <€

for every x € R and n € NZ.

An interesting discussion relating limit periodic functions, solenoids and adding ma-
chines can be found in [Be]. The following generalization is the appropriate one needed
for our subsequent theory:

Definition 1.2.4. A function f : C — C is limit periodic respect to x if for every € > 0
and compact set K C R there is a natural number N such that:

|f(z+2mn) — f(2)] <€

for every z € R x iK and n € NZ.

13



Lema 1.2.1. e Consider a limit periodic function f : R — C. Then the map fo2m_:
Z — C s uniformly continuous respect to the relative adelic topology on Z. In
particular, the map extends uniquely to a continuous map on 7Z.

e (Consider a continuous limit periodic respect to x function f : C — C. Then the
map h : Zx C — C such that h(n,z) = f(z+2mn) extends uniquely to a continuous
map on Z x C.

Proof:

e Consider an € > 0. There is a natural N such that
|f(z+2mn) — f(z)] <€
for every x € R and n = N. In particular, if n — m € NZ then

|f(2mn) — f(2mm)| = |f(2mm + 2m(n —m)) — f(2mm)| < €

e Consider a compact set X C R and the map [ : Z — C(R x K,C) such that
[(n)(z) = h(n, z). Consider an € > 0. There is a natural N such that

[f(z+2mn) = f(z)] <e
for every z € R x K and n > N. In particular, if n — m € NZ then
|f(z+2mn) — f(z+2mm)| = |f(z + 2mm + 2n(n —m)) — f(z+2mm)| < €
for every z € R x K; i.e. [ is uniformly continuous
1i(n) = 1(m)[loc <€

hence there is a unique continuous extension Z 27— CA(R x K, C). Finally, we have
the unique continuous extension h such that h(a, z) = l(a)(z). Because the real line
is o-compact and continuity is a local property, we have the result.

The following Lemma justifies the name of limit periodic maps.

Lema 1.2.2. o For every limit periodic map f : R — C there is a sequence (f,)nen
such that f, is 2mn-periodic and (f,) converges pointwise to f respect to the divisi-
bility net.

e A map f : R — C is continuous limit periodic respect to x if and only if there
is a sequence (f,)nen of continuous maps such that f, is 2wn-periodic respect to x
and (f,) uniformly converges to f in bands R x K where K C R is a compact set,
respect to the divisibility net. Moreover, the sequence (f,)nen can be assumed to be
equicontInUoUSs.
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Proof:

e Consider F': ZxR — C such that F'(n,z) = f(z+2mn). Because f is limit periodic,
by Lemma 1.2.1 for every = € R the function F(_, z) is uniformly continuous hence
there is an extension F' : ZxR — C such that for every z € R the extension F (L, x)is
continuous on the compact Z. Consider the inverse limit morphisms 7, : Z— 7 /nZ

and define

A

fn(a:):n/K ( )da F(a,z)

where da denotes the normalized Haar measure on the compact abelian group Z.
See that that for every z € R the extension F'(_, ) is integrable for it is continuous.

Consider the shift T : Z — Z such that T(a) = a+ 1. Because the Haar measure
is invariant under the shift, 7" is an automorphism of Ker(m,) and F(T'(a),z) =
F(a+1,z) = F(a,z + 27) we have that f, is 2rn-periodic:

ful + 27n) = n/

Ker(mn)

da F(a,z + 2mn) = n/ da F(T™(a),z) = fu(x)

Ker(my)

Finally, for every e > 0 and every x € R there is a natural N, such that for every
n > N we have F(nZ,z) C U(F(0,z),¢). In particular,

@) — fula) Sn/K _ dalF(0.) ~ o)l <

for every n >~ N.

e Consider F': Z x C — C such that F(n,z) = f(z+27n). Because f is limit periodic
respect to z, by Lemma 1.2.1 there is a unique continuous extension F:7ZxC—C
of F. Consider the inverse limit morphisms m, : Z — Z/nZ and define

A

fn(z):n/K( )daF(a,z)

where da denotes the normalized Haar measure on the compact abelian group YA
Again, see that that for every z € C the extension F'(_,z) is integrable for it is
continuous.

Because F(n +1,2) = F(n,z +27) and F is the continuous extension, we have the
relation F'(a+1,z) = F(a,z+27) hence there is a continuous function f such that:




Consider the annulus D, p where r and R denote the inner and outer radius re-
spectively. Because the solenoid S, x [a,b] ~ ;' (D,,x) is compact, f is uniformly
continuous there hence F is uniformly continuous. Then,for every ¢ > 0 there is
a 6 > 0 and a natural N, such that F(NZ x U(z,68)) C U(F(0,z),¢€) for every
z € R X [a,b]. In particular,

) = h@ <0 [ dalF0.2) - Fla,2)] <
Ker(my)

for every n = N and every z € R X [a, b]; i.e. (fn)nen uniformly converges to f in
bands R x K where K C R is a compact set, respect to the divisibility net. By the
same argument as before, f, is 2mn-periodic.

Let’s see that the family on functions f,, is equicontinuous. Define the continuous
function ¢ : Z x C2 — R such that g(a, z,w) = |F(a, z) — F(a,w)|. Let ¢ > 0 and
z€R. Then Z x A C g1 (U(0;¢€)) where A C C? is the diagonal and because Z is
compact, there is a § > 0 such that Z x U((z,2);0) C g~} (U(0;¢)). In particular,
for every w € C such that |z —w| < § we have g(a, z,w) < € for every a € Z. Then,

|nw—ﬁmMSn/ da |F(a, 2) — Fla,w)| < e

Ker(myn)

if |z — w| < § for every natural n.

Conversely, consider a compact set K C R and let € > 0. There is a natural N such
that n > N implies ||f — fu||lco < €/2 on the band R x K. Define T': C — C such
that T'(z) = z + 2w. Because f, = f, o T™ we have:

f=FoT e = (f = fa) = (foT" = faoT")|l
< f = fallo + 1 0T = fr o T"loo = 2[[f = fulloo <€

for every n = N;i.e. f islimit periodic respect to x. Because every f,, is continuous
and the convergence is uniform on compact sets, we have that f is continuous.

O

The first item of the above Lemma is surprising for a non-continuous limit periodic
could be quite bizarre. However, it can always be approximated by periodic functions.

Definition 1.2.5. Define the baseleaf topology on C as the topology such that v : Cg;, —

is an embedding (instead of just an inmersion) and denote the this new topological

space as Cpr. The baseleaf topology on R is defined analogously and will be denoted as

Because of the relation 7, o v = ¢**/™ and the fact that, by definition, the topology of

Cg is the coarser topology such that every m,, is continuous, we have that the following

U=U +2mmZ
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where U’ C C is a usual open set and m is a natural number, constitute a basis for the
baseleaf topology. In particular, we have the homeomorphism:

Cpr ~Rpr xR (1'2)
Another form of the above homeomorphism is the following one:
Co =~ Sé x R

Remark 1.2.1. The space Cpy is not a topological vector space for the vector space
action of R or C with the usual topologies is not continuous. However, (Cpr,+) is a
topological group. Because (C*,-) is a complete topological group and the inverse limit
of such groups is again a complete topological group, the algebraic solenoid ( Y 1) is also
a complete topological group. Because v : Cp, — Cf is a dense embedding we conclude
that the topological completion of (Cpp, +) is the algebraic solenoid (Cg, -):

(CBLa +) = ((C(Bv )
as topological groups. A similar discussion holds for the solenoid and Rpgy. It is interesting
to see that formulating the problem backwards is much more difficult:

Question: Given the topological group (Rpy,+) with the explicit topology described before,
what is its completion?

Answer: The adelic solenoid.

Lema 1.2.3. Consider a continuous baseleaf preserving function f : Cy — Cg. Then,
there is a unique rational number q and a unique continuous limit periodic respect to x
function h such that fo(z) = qz + h(z) where fy is defined by the commutative diagram:

* f *
CQ (CQ

Proof: Endow C with the baseleaf topology. We have the commutative diagram:

* f *
CQ (CQ

J o)

Cpr —Cpy,

Let’s see that fy : Cg, — Cpgy, is continuous. Consider an open set U C Cpgy. There

is an open set U’ C Cf such that U = v~*(U’). Because fHU) = v (f~HU") and v is
continuous, we have that f; *(U) is open.

Remark 1.2.2. Because the baseleaf topology is coarser than the usual one, every con-
nected subset in the usual sense is also connected in the baseleaf sense.
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Consider an annulus D, r where r and R denote the inner and outer radius respectively.
Because S(é x [a,b] ~ 7 *(D,.g) is compact and f is continuous, the restrictions of f and
therefore fy are uniformly continuous; i.e for every ¢ > 0 and natural A there is a real
number .y > 0 and a natural number N, ) such that

fo(z+2aNZ +U(0,0)) C fo(2) + 20AZ 4+ U(0,€) (1.3)

for every z € R x [a, b].

Define g, such that ¢,,(2) = fo(z + 20Nm) — fo(z) for every integer m. Consider
e < 7/2. We will prove that there is an integer k. » such that g,,(R x [a,b]) C U(27km,€)
for every integer m. We will prove it in the following steps:

e Base case: Because g is continuous and Rpgy, X [a, b] is connected by remark 1.2.2,
there is an integer k such that g; (R X [a,b]) C U(27k,¢).

e Induction step: Suppose that g, (R X [a,b]) C U(2wkm, €) for every natural m < M.
Because grr41(2) = gu(z+27N)+ g1(2) and the inductive hypothesis, we have that
g1 (R X [a,b]) € U(27k(M + 1), 7). By equation (1.3) we have g,,(R x [a,b]) C
277 + U (0, €) for every integer m. Then,

gu+1(R x [a, b)) CUQ2mkE(M +1),7) N (271Z + U(0,¢)) = U(2nk(M + 1), ¢€)

o Trivial case: go(R x [a,b]) = {0} C U(0,¢).
e Negative integers: g_,m(R X [a,b]) = —gm(R X [a,b]) C —U(27km,€) = U(2mkm, €)

for every natural m.

We have proved a stronger version of equation (1.3): For every ¢ > 0 and natural
number A such that € < /2 there is a real number J., > 0, a natural number N, , and
an integer k. ) such that

fo(z +27Nm +U(0,6)) C fo(z) + 2mkm + U(0, €) (1.4)

for every z € R X [a, b] an every integer m.

Let’s see that the quotient k. /N is independent of the € and A chosen. Consider
another 0 < € < m/2 and X'. There is a real number 4/, ,, > 0 such that ¢’ < J, a natural
number N/, ,, and an integer k, ,, such that

fo(z+2nN'm’ + U(0,8") C fo(z) + 2mk'm’ + U(0, €') (1.5)

for every z € R X [a,b] an every integer m/. Choose m and m’ such that N'm’ = Nm.
Then,

0 # fo(2nN'm’ +U(0,8") C (fo(0) + 27k.m 4+ U(0,€)) N (fo(0) + 27k".m" + U(0, €))

and because €,¢ < 7/2 we have that k.m = k’.m’ hence k/N = k’/N’. Denote this
€, A-independent rational by ¢.
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In particular, because the compact [a, b] was arbitrary, we have proved that

fo(z) =qz + h(z)

where h is continuous limit periodic respect to x: Because fy is continuous we have that h
is continuous. It rest to show that it is limit periodic respect to x. Because we proved that
the rational ¢ was €, A-independent, equation (1.4) reads as follows: For every compact
set ' C R and real number € > 0 there is a real number dx, > 0 and a natural number
Nk e such that:

h(z+27Nm) — h(z) = fo(z +2nNm) — fo(z) —2mg Nm € U(0,¢)

for every z € R X [a, b] and every integer m. This proves the claim.

Moreover, this decomposition is unique for a linear limit periodic function must be
Zero. U

Corollary 1.2.4. For every uniformly continuous map f : Rgy, — Cpyp there is a unique
rational number q and a unique continuous limit periodic function h such that f(x) =
qr + h(x). In particular, f is continuous respect to the usual topologies; i.e. f: R — C
1S5 Continuous.

Proof: Because f is uniformly continuous it extends continuously to the completions
and by remark 1.2.1 we have the commutative diagram:

sy, —L~cy
RBL _f>CBL

By Lemma 1.2.3, we have the result. 0

Definition 1.2.6. The rational number ¢ of the above lemma will be called the degree
of f and will be denoted deg(f).

A continuous map f : Cz — Cg can be assumed to be baseleaf preserving just by
multiplying it by f(1)~'. The following proposition gives the converse of Lemma 1.2.3.

Proposition 1.2.5. There is a continuous (holomorphic) baseleaf preserving map f :
Ch — Cg if and only if there is a continuous (holomorphic) limit periodic respect to x
map g such that the following diagram commutes:

* f *
(CQ Q
\(CT: deg(f)z+g(2) J;

where deg(f) € Q is the degree of f.
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Proof: By Lemma 1.2.3 there is such g. If f is holomorphic then it is holomorphic
on every leaf. In particular it is holomorphic on the baseleaf and we have that g is
holomorphic.

For the converse, suppose that deg(f) = p/q such that p and ¢ are coprime natural
numbers. Define F': ¢Z x C — pZ x C such that F(qn,z) = (pn, f.(z)) where

Ful2) = foz + 2mqn) = 2mpm = Lz 4 g(z + 2mgm) (L.6)

for every integer n. Because g is continuous limit periodic respect to x, by Lemma 1.2.1
function A : ¢Z x C — C such that h(n,z) = g(z + 27n) admits a unique continuous
extension h : ¢Z x C — C such that h(a z 4 2mq) = h(a + ¢, z). Then, there is a unique
continuous extension F : qZ x C — pZ x C of F such that

F@m2%=@m§Z+EWm@)
and satisfies the same structural condition as F':

F(qa,z + 2mq) = F(q(a + 1), 2) + (—p, 27p)

By Lemma 1.1.7, there is a continuous map f such that the following diagram commutes:

* / *

Ca Ca
Temp TGIEP
qZ x C E pZ x C

C (p/q)z+9(2) C

Let a € ¢Z and consider a sequence of integers (n;);en such that (g.n;) converges to a. If f
is holomorphic then by equation (1.6) f,, is holomorphic for every natural i. By Lemma
1.2.1 the sequence of continuous maps (f,,) converges uniformly to F(a,-) on compact
sets hence F(a, _) is holomorphic for every f,, is holomorphic. Then f is holomorphic on
every leaf and by remark 1.3.1 we conclude that f is holomorphic.

O

We have proved that for every uniformly continuous map f : Rg;, — Rpy there is
a unique rational number ¢ and a continuous limit periodic map h such that f(z) =
gz + h(z). In particular, every uniformly continuous map f : Rg;, — R is limit periodic.
Because the baseleaf topology is coarser than the usual topology, we have the natural
inclusion
Cum’f (RBL, R) — Cum'f(RBL, RBL)

with cokernel the rational numbers. We have proved the following topological character-
ization of the rational numbers:

Cunif(Rpr,Rpr)/Cunif(Rpr, R) >~ Q
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Lema 1.2.6. Consider a pair of continuous (holomorphic) baseleaf preserving maps f, g :
Ch — C4. Then, f and g are homotopic (conformal isotopic) if and only if deg(f) =
deg(g)-

Proof: There is a continuous map H : [0,1] x Cg — Cg such that H(0, ) = f and
H(1,_) = g. By Lemma 1.2.5 there is a unique map H : [0,1] x Cp; — Cpy, such that:

[0,1] x C}, il Cy
Jidxy JV
[O, 1] X CBL a (CBL

where H(t,z) = q(t)z + h(t,z). Let’s see that H is continuous. Consider an open set
U C Cpp. There is an open set U’ C Cf such that U = v~ (U’). Because H'(U) =

(id x v)~"(H~'(U') and id x v is continuous, we have that H-Y(U) is open. We conclude
that H is continuous. In particular, the function ¢ : [0, 1] — @ is continuous and because Q
is totally disconnected we have that ¢ is constant hence ¢(0) = ¢(1); i.e. deg(f) = deg(g).

Conversely, there is a rational ¢ = deg(f) = deg(g) such that:

* f * * 9 *
Ca Ca Ca Ca
\J z+h(z) J J z+1(z) \J

BL ; (CBL BL ;’ BL

where h and [ are continuous (holomorphic) limit periodic respect to x. Because every
linear combination of continuous (holomorphic) limit periodic functions respect to x is
continuous (holomorphic) limit periodic respect to x, the map H : [0,1] x Cpr — Cpy
such that H(t, z) = qz+ (1 —t)h(z) +tl(2) is continuous (such that H(t,_) is holomorphic
for every t). An almost verbatim construction to the one given in Proposition 1.2.5 gives
a continuous map H such that:

[0,1] x C - Cy
:|id><y Ju
[07 1] X (CBL il (CBL

Then f and g are homotopic. If f and g are holomorphic, by Proposition 1.2.5 H(t, ) is
holomorphic for every t hence H is a conformal isotopic. 0

Corollary 1.2.7. For every baseleaf preserving continuous (holomorphic) map f : Cg —
Cg there is a unique rational number q such that f is homotopic (conformal isotopic) to
2%, In particular, every character of the group Cg is of the form 2% for some rational
number q.
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Proposition 1.2.8. There is a continuous (holomorphic) map f : Cg — C such that:

« [
A
C

if and only if g is continuous (holomorphic) limit periodic respect to x.

Proof: Almost verbatim to 1.2.5 with deg(f) = 0. O

The following Lemma shows that degree zero functions map all the solenoid to only
one leaf.

Lema 1.2.9. Consider a continuous (holomorphic) baseleaf preserving map f : Cf — Cg,.
There is a continuous (holomorphic) map g such that:

* f *

\ 5
ET:
if and only if deg(f) = 0.

Proof: By proposition 1.2.8 there is a limit periodic respect to = continuous (holo-
morphic) map h : C — C such that h = gov. Then forv =vogov =wvoh and by
Lemma 1.2.5 we have that deg(f) = 0.

Conversely, if deg(f) = 0 by proposition 1.2.5 there is a limit periodic respect to x
continuous (holomorphic) map h : C — C such that f o v = v o h. By proposition 1.2.8
there is a continuous (holomorphic) map ¢ such that h = gov:

* f *
Ca Ca
JV \JV
C h C

Then, forv =voh =rvogov. Because the maps are continuous and the image of v is
dense embedding, we have that f =vog. O

Corollary 1.2.10. Consider a continuous (holomorphic) baseleaf preserving map f :
Ch — C4- There is a continuous (holomorphic) map g : Cf — C such that f = z4e9(f) (vo
g) where v is the baseleaf.

1.3 Differentiable structure and derivatives

Now we discuss the differentiable structure and derivatives.
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Definition 1.3.1. Because restricted to a leaf m; is a local homeomorphism, we define the
complex and differentiable structure of every leaf of the algebraic solenoid as the pullback
of the respective structures of C* by m : Cf — C*.

Remark 1.3.1. Because m is a group morphism, for every a € Ker(m) =~ 7 we have
m(a.v(z)) = e”

iﬁ/l C*
C

hence the complex and differential structures induced by m; and a.v on the leaves coincide
for €%* is holomorphic. In particular, a function is holomorphic on Cg if and only if it is
holomorphic on every leaf.

Thinking the leaves a.v : C — Cf as coordinate charts, we have the following defini-
tion:

Definition 1.3.2. Consider a continuous map f : Cgy — Cg. There exist the derivative
9L0Lf : Cy — Cif it is continuous and

f . oioLf
Ca

Cy
a.u\J \Jb_y a.V\J\ -
7 0L0%fa
C - C C

for every a € Ker(m); i.e. for every leaf. We say that f is of class C"™ if there exist 828% f
for every 7,7 > 0 such that 7 +j < n. We say that f is of class C™ if there exist 9L f
for every 7,7 > 0.

C

Proposition 1.3.1. Consider a continuous baseleaf preserving map f : Cg — Cgy such
that:

* f *
CQ CQ
JC deg(f)z+g(z) J:

Then, the continuous derivative agﬁgf exists if and only if 8;829 exists and s continuous
limit periodic respect to x. In particular, f is C™ if and only if 0'0g exists and is
continuous limit periodic respect to x for every i,j > 0 such that i + 7 < n.

Proof: By definition, there are continuous maps 8;8% J: Cgy — Clor every 4,5 > 0
and ¢ + 7 < n such that:
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a9l
T ¢ Cx !

C - C C

for every a € Ker(m); i.e. for every leaf. In particular, it is verified for the baseleaf
(a = 0) and by Lemma 1.2.8 the functions 9'd%g : Cg — C are continuous limit periodic
respect to x for every i,7 >0 and i+ j < n

Conversely, suppose that 0, ¢ is continuous limit periodic respect to x and deg(f) = p/q
such that p and ¢ are coprime natural numbers. In the proof of proposition 1.2.5 we
constructed the commutative diagram:

Co Ca
Te;vp Tewp
qZ x C F pZ x C
C (p/a)z+9(2) C

Define F, : qZ x C — C such that
F.(qn, 2) = 0. fo(z + 2mqn) = § +0.9(= + 2mqn)

for every integer n. Because 0, fo is continuous limit periodic respect to x, by Lemma 1.2.1
there is a unique continuous extension F} : ¢Z x C — C of F, such that F,(a, z + 27q) =

F.(a+q, z). By Lemma 1.1.7, there is a continuous map f, such that the following diagram
commutes:

Cs ik C

Texp [
qZ x C e C

\J 8sz [

C

Q

Let a € qZ and consider a sequence of integers (n;);en such that (g.n;) converges to
a. Because F'(n;,-) converges uniformly to F(a,-) on compact sets and 0,F(n;,.) =
(0, F.(n;, -)) converges uniformly to (0, F.(a, _)) on compact sets we conclude that

d.F(a,.) = (0,F.(a,.))

and it is continuous limit periodic respect to z. We have proved that there exist the
partial derivative 0, f = f..
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In the case that fy is of class C"™ such that m = 1,2,...00, an analogous inductive
argument shows that there exist the all the other continuous partial derivatives of f; i.e.

f is of class C™. O

We have a completely analogous proposition for functions with almost verbatim proof:

Proposition 1.3.2. Consider a continuous function f : Cg — C such that:

* f
Ch C
V\T /
C
Then, the continuous derivative 8;8; f exists if and only if a;‘a;g exists and is continuous

limit periodic respect to x. In particular, f is C™ if and only if aié)gg exists and is
continuous limit periodic respect to x for every i,j > 0 such that i + 7 < n.

We have an improved version of Lemma 1.2.6:

Lema 1.3.3. Consider a pair of C" baseleaf preserving maps f,g : Co — Cg. Then, f
and g are C™-isotopic if and only if deg(f) = deg(g).

Proof: Almost verbatim to the proof of Lemma 1.2.6. U

1.4 Picard theorem

Proposition 1.4.1. There is a continuous (holomorphic) map f : Cf — C* such that:

Cs ! C*
C qz+g(z) C

if and only if g is continuous (holomorphic) limit periodic respect to x and q is a rational
number.

Proof: Almost verbatim to the proof in Lemma 1.2.5. U

Definition 1.4.1. We will call the above rational number the degree of f and denote it
by deg(f). The following corollary justifies this notation:

The following corollary justifies this notation:

Corollary 1.4.2. For every continuous (holomorphic) map f : Cq — C there is a unique
continuous (holomorphic) baseleaf preserving map f such that:
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and deg(f) = deg(f).

Proof: By proposition 1.4.1, there is a unique rational number ¢ = deg(f) and a
continuous (holomorphic) limit periodic respect to z map ¢ such that:

(CEED ?*
C qz+g(2) C

By proposition 1.2.5, there is a unique baseleaf preserving continuous (holomorphic) map
f of degree ¢ such that:

™

* f * 1 *
Cy Cy—-C
v
eiz

ET: qz+9(2) J: /

Then m o f ov = fov and because the image of v is dense and the maps are continuous
we have that 7 o f = f. U

The following corollary shows the relation of the degree introduced here with the
classical degree:

Corollary 1.4.3. For every continuous (holomorphg’c} map f : C* — C* there is a unique
continuous (holomorphic) baseleaf preserving map f such that:

* f *
Co——C

-,k

C——

and deg(f) = deg(f).

Proof: Because the map 7 is holomorphic and the degree is multiplicative under
composition we have that f o is a continuous (holomorphic) map with the same degree
as f; i.e.
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Ca m T T
JC . deg(f)z+g(2) C

where deg(f) is an integer and g is a continuous (holomorphic) map periodic respect to
z. Then deg(f) = deg(f o m). By the previous corollary there is a unique continuous
(holomorphic) baseleaf preserving map f such that:

* f *
Cy—~C4

!

C——
and deg(f) = deg(f om) = deg(f). O
Lema 1.4.4. Consider a pair of continuous (holomorphic) maps f,g : Co — C*. Then,
f and g are homotopic (conformal isotopic) if and only if deg(f) = deg(g).

Proof: Almost verbatim to the proof of Lemma 1.2.6. U
Proposition 1.4.5. Pic(Cq) ~ (Q, +)

Proof: Consider a complex holomorphic line bundle L over @Q. Claim: The open
sets U = Cg— {0} and V = Cg — {oo} constitute a trivializing cover: We only prove that
V = Cq is trivializing for the other case is completely similar. Consider a holomorphic
function f : Cq — C*. In particular, its restriction to C¢ is holomorphic and by Lemma
1.4.1 there is a map h such that:

f C*

Co

et?

C h(z)=deg(f)z+9(2) C

Restricted to the real line, h has the form:

h(z) = deg(f)x + Z a e

q€Q

and because h is holomorphic we have:

h(z) = deg(f)z + Z a.e'”
q€Q
In particular, its imaginary part is the following:

Im(h(z)) = deg(f)y + Z [Re(a,) sin(qx) + Im(a,) cos(qx)] e
q€Q
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Because f has a continuous extension at zero such that f(0) € C* and |f(v(2))| =
|eM@)| = e~ Im((=) | the limit of Im(h) when y tends to 400 must be finite for every .
We conclude that deg(f) = 0 and a, = 0 for every g < 0; i.e.

f(z) = et uzom!

Define the conformal isotopy:
fulz) = et zazote?”

We have proved that every holomorphic function f : Cg — C* is conformal isotopic to a
constant function and we have the claim.

Then, the bundle L is determined by its holomorphic clutching function f : Cg — C*
and by Lemma 1.4.4 there is a unique rational number ¢ such that f is conformal isotopic
to z9 hence L is isomorphic to the complex holomorphic line bundle O(q) with clutching
function the character z?. Because O(p) ® O(q) ~ O(p + q), the result follows. O

Remark 1.4.1. It is tempting to argue just that U and V' are contractible hence trvializing
but this is true in the continuous category and we ere in the holomorphic one.

Proposition 1.4.6. There is a natural group monomorphism 7} : Pic(@) — Pic(@Q).

Proof: For every complex line bundle 7 : L — C we have its pullback:

and because 7; is onto we have that 7] is a monomorphism: Take the trivializing cover
U=C—{oo} and V = C — {0} of the Riemann sphere C. For every clutching function
f : C* — C* the clutching function of the pullback of its associated bundle respect to the
trivializing cover U’ = Cg — {oo} and V' = Cg — {0} is f o m;. Then the pullback 7 is
injective for every pair of clutching functions such that f om = gom we have f = g.
Because the tensor product of bundles with clutching functions f and g has the clutching
function f.g, the pullback 7} is a group morphism for (f.g) om = (f om).(gom); i.e.

(L@ L) ~a)(L)®# (L)

By general theory, if L ~ L’ then #}(L) ~ 7}(L’). O
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Chapter 2

Renormalization

2.1 Renormalization

Definition 2.1.1. We say that p € LY (Cf) is vertical integrable if 4 € Lo(Cg) and

A

(Fy)*(p) € Loo(Z) for almost every fiber F, : Z — Cq (i.e. for almost every z € C*).

Definition 2.1.2. Consider the normalized Haar measure 1 on Z and the induced measure
on the fibers 7;*(z). We define the n-th renormalization map as the linear operator
T, : LE(Ch) — L (Cg) such that:

T (w)(x) = n / n 1

ng(ﬂn(af))

The n-th renormalization map is the average respect the n-th level m, : Cfy — C* of
the algebraic solenoid renormalized such that its operator norm be one; i.e. ||Z,|| = 1.
This is illustrated for the diadic solenoid in Figure 2.1.

Remark 2.1.1. See that, by definition, Z,(u) factors through m,; i.e. there is a fi, €
Lo (C*) such that:

* Tn(p)
' lﬂ—n /ln
/ C*
iz/n

In particular, Z,,(u)o = Z.(p) o v = fi,, 0 €*/™ is 2wn-periodic respect to .

Definition 2.1.3. Consider the left action m : Z — Aut(C) such that m(a)(z) = ¢(a)w.
We say that p € Loo(Cf) is uniformly vertical L-continuous if the map 7 — Loo(Cp)
such that (a — g om(a)) is continuous at zero.

Because m 0 ¢ = 1 we have m; o m, = id for every a € Z. This way m, : () —
7, () for every z € C* and a € Z; i.e. the fibers are invariant under the action m, for
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Figure 2.1: Van Dantzig-Vietoris solenoid

every a € Z. To get a feel of this notion of continuity, see that every uniform continuous
function is L.,-continuous. For a less trivial example, see that the Dirichlet function
(D(x) = 1 if x is rational and D(z) = 0 if z is irrational) is L.-continuous. On the
contrary, the Heaviside or step function (H(z) =1 if x > 1 and H(z) =0 if x < 0) is not
L.-continuous.

Lema 2.1.1. If u € LY (Cy) is uniformly vertical Loo-continuous then T, (1) converges
uniformly to u respect to the divisibility net.

Proof: Consider e > 0. There is a natural N such that n > N implies |[—pomg||e <
e for every a € nZ. Then, for every x where y is defined we have:

1(z) — Tu(p)(@)] < n / dy |u(x) — u(y)) < e

Tn - (Tn(x

because y € L (m,(2)) implies y Lz = ¢(a) such that a € nZ and then |u(x) — pu(y)| < €
for every y € m,, '(m,(x)). This implies || — Z,(11)||oo < € for every n = N. O

n

Corollary 2.1.2. Consider a uniformly vertical Ly -continuous p € ng”(@@). Then,
for almost every fiber F, : 7 — Cgy of the fiber bundle m : Cy — C* the pullback
Fx(p) - Z — C can be represented by a continuous function.

Proof: For every natural n and almost every fiber F, : Z — Ch the map F;(Z,(p)) is
locally constant (See remark 4.2.1). In particular they are continuous and by the previous
Lemma they converge uniformly to F(u) and we have the result. 0

The above corollary can be written in the following way:

Definition 2.1.4. We say u € Per(Cgp) if there is some natural n and p, € Lo (C) such
that p = 7, (1,).

Corollary 2.1.3. Per™ = L¥(Cy)

Lema 2.1.4. e If f: Cy — C is continuous then the family of functions L,(f) is
equicontinuous and the sequence (Z,(f))nen converges uniformly to f on compact
sets.
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o If f: Cy — Cis C™ then T,(f) is C™ and (Z.(f))nen converges to f in the

C™-topology on compact sets.
Proof:

e An analogous construction to the one given in the proof of Lemma 1.2.2 gives the
commutative diagram:

Cs ! C

Texp ]:
7 x C i C

\'T fo ]

C

such that F is continuous, F(n, 2) = fo(z +2mn) and F(a+1,2) = F(a, 2 + 27) for
every integer n, z € C and a € Z. Define the function Z,(F') such that:

Z,(F)(a, z) :n/ db F(b, z)
(1 (a))

Because of the relation:

I.,(F)(a,z+2m) = n/ an(b,z+27T):n/ dn F(b+1,2)
n ' (mn(a)) n ' (mn(a))

= n/ an(b,z):n/ dn F(b, z)
70 (mtn(a))+1 7 L (mn (a41))

= T,(F)(a+1,2)

there is a function conjugated to F' by the exp map. It is clear that this map is
Z,(f) and we have the commutative diagram:

« In(f)
CoH C
Teacp [
g7 x ¢ — 20 T
(C In(f)O (C

where Z,,(f)o = Z,(F)(0, -):

Z.(f)o(2) :n/ db F(b, z)

Ker(my)

See that these maps coincide with the maps defined in the proof of Lemma 1.2.2
and by the same proof we have that they are periodic respect to z and equicontin-
uous. By Proposition 1.2.8, the family of functions Z,(f) is equicontinuous and the
sequence (Z,(f))nen converges uniformly to f on compact sets.
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e Suppose that there is a continuous derivative 0, f such that:

Cy C Cy C
VJ / VJA /
C C

Claim: 0,(Z,(f)o) = Zn(0.f)o-

An analogous construction to the one given in the proof of Lemma 1.2.2 and Propo-
sition 1.3.1 gives the commutative diagrams:

C; ! C C 0:1 C
Tea:p T: Texp T:

7 % C r ? 7 % C 0-F ?
C fO C C 8z(f0):(8zf)0 C

such that F' and 9, F are continuous, F'(n, 2) = fo(2+2mn), F(a+1,2) = F(a, z+27)
and analogous relations for 0, F for every n € Z, z € C and a € Z. In the same way
as before, we have the commutative diagrams:

c;, C c C c
Texp T: Teazp T: Tea:p

7 x ¢ — =) ? 7 % C — %5 ? 7 % ¢ — ")
C Zn(f)o C C Zn (0= f)o C C 0:(Zn(f)o)

It only rest to show that 0.Z,(F) = Z,(0.F): Because 0,F is continuous we can
interchange the integral and the derivative:

0.T,(F)(a, ) = n 0. dn F(b,2) = n / iy 0.F (b, =) = T,(9.F)(a, =)
7 (7 (a)) T (T (a))
and this proves the claim.

Because 0,(Z,(f)o) = Z.(0.f)o by the above item these functions are periodic
respect to x and equicontinuous. By Proposition 1.3.2 and the above item, the
equicontinuous derivatives 0.Z,(f) exists and

azIn(f) = In(azf)

Finally, by the above item again and the last relation, the sequence (9.Z,(f))nen
converges uniformly to 0, f on compact sets.
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An inductive argument shows that the result holds for every derivative of order less
than or equal to m and we have the result.

2.2 Pontryagin series

To motivate the following discussion, recall the proof of uniform convergence of the Fourier
series of a C' function: Consider the Fourier series

£ = 3 0
€L

such that the series a priori converges in Ly. However, by the Cauchy-Schwarz inequality:

1/2 1/2
1 , s
Z |la;| < ao| + (22;) (Z |zai\2> = |ao| + %Hfll\g < oo

i€Z ieN i€Z
and by the Weierstrass M-test we have that the Fourier series actually converges uni-

formly.

When we try to reproduce the above argument to a C! function on the solenoid it

breaks down for: )

1 ) 1 . o
Z?:h,?lz ?:h%nngzoo
qeQt eiN

Definition 2.2.1. If m divides n (m|n), define the linear operator R,,, : C(S*,C) —
C(S',C) such that
Ruu(f)(x) =m/n Y f(y)

yn/m:x

If [|m|n then R;,, © Ry, = R, and R defines an inverse system of complex vector
spaces over the divisibility net with inverse limit the complex vector space <lim C(Sh,0), pn> .
«—

Consider the inverse limit morphisms m, : S = S'. By remark 2.1.1 the functions Z,(f)
factor through m,:

S(é In(f) C
V;/ﬁ/j
Sl

such that:

~

fory=n [ dosta
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/m

If m|n, by definition m,"™ = m,,, hence:

for every x € S'. Then,

Bl f)@) =mn 3w [ da gy =m [ da @)= fu@

yn/m:x

for every x € St ie. R0 fo = fm. We have a natural linear morphism Z : C(Sy,C) —
lim C(S", C) such that Z(f) = (fu)nen. Actually it a monomorphism:
—

Lema 2.2.1. e The linear morphism I s a monomorphism; i.e. I : C’(S@,C) —
lim C(S*, C).
—

o (9,) =Z(f) if and only if (gn © Tp)nen converges uniformly to f.
Proof:

e Consider a pair of functions fi, fo € C(Sg, C) such that Z(f1) = Z(f2) = (gn). By
definition Z,(f1) = Z,(f2) = gn © m, and because of Lemma 2.1.4 f; = f, for the
sequence (Z,(f;))nen uniformly converges to f; and the limit is unique.

e By definition Z,(f) = g, o m, and because of Lemma 2.1.4 (g, o T,)nen cOnverges
uniformly to f. For the converse, consider a natural n and let ¢ > 0. There is a
natural N > n such that ||f — gy 0 Ty ||eo < €. Because Zy(gy o mn) = gy o Tn and
|Zn||oo = 1 we have ||Z,(f) — gn © Tnlloo < € hence ||fy — gn||se < €. By the fact
that ||Rnn|lec = 1 we have ||fn — gnllso < € and because ¢ > 0 was arbitrary we
conclude that fn = Gn.

0

Proposition 2.2.2. For every C™" function f : S@ — C such that m > 0 its Pontryagin
series converges in the C™-topology.

Proof: Let’s see how the operator R,,,, acts on monomials:

Ry (2™ (2) = m/n Z y M —m/n Z = 2

y”/m:z yn/m:x

for every x € S! hence Rmyn(zm/m) = 2*. Consider a natural r such that 1 < r <

(n/m) — 1. Choose a solution 3’ of the equation y™/™ = z. The set of points y/y’ such
that y™/™ = z is the set of (n/m)-th roots of unity. If r|(n/m) then the set of points
(y/y')" such that y™™ = z is the set of (n/mr)-th roots of unity otherwise the set of
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points is the set of (n/m)-th roots of unity as before. Either way, because the sum of all
k-th roots of unity is zero for arbitrary k, we have that:

dDv=y" > W) =0
yn/m:x yn/m:z
Then, for every x € S* we have:
R An/m—+r — E An/m+r E A r_
w0 =TSy " S =0
yn/mzr y"/m:x
hence R, (2A/™F7) =0 forr =1,2,...(n/m) — 1.

By remark 2.1.1 and Lemma 2.1.4, Z,,(f)o is C™"! and 2wn-periodic hence its Fourier
series converges in the C™-topology; i.e. we have that:

L(f)(z) = ) af"=
qE%Z
and it converges in the C"-topology for every natural n.
Claim: The coeflicients ag") are independent of n.

In particular we have that:

fn(z) = Z az(;?zzi

i€Z
and it converges in the C"™-topology for every natural n and because the linear operator
Ry, is bounded (i.e. continuous, actually ||R,, || = 1) we have:
fin(2) = Rnn(J)(2) = Ron (Z aE;iizi) = Run(2) =D al))
i€Z i€z i€z

On the other hand: ) -~
fu(2) =) aij
i€Z
(j/?ﬂ _ a(7)
of naturals m, n such that m|n and every integer i. We proved the claim.

and because the Fourier series is unique we have the identity a for every pair

Then, there are coefficients a, € C indexed on the rationals such that:
In(f)(z) = Z aqzq
qE%Z

and it converges in the C"™-topology for every natural n. By Lemma 2.1.4, the sequence
(Z,(f))nen converges to f in the C™*1-topology and we conclude that:

f(z) = Z aqz?
q€Q

and the series converges in the C"-topology. Because the solenoid is compact, in particular
it also converges in Ly and because the Potryagin series is unique, we have the result. []

35



Corollary 2.2.3. For every C* function f : S&Q — C its Pontryagin series converges in
the C'*°-topology.

Remark 2.2.1. Actually we have proved that the renormalization maps acts in the follow-

ing way:
I, (Z aqzq> = Z agz?

q€Q qE%Z
where the series converges at least uniformly.
Corollary 2.2.4. The linear operator I,, : L,(Sg,C) — Ly(S4, C) has operator norm
| Z.||, =1 for every 1 < p < 0.

Proof: We already have the result for p = oo. Because the operator Z,, acts as a
projection on modes, by Proposition 2.2.2 we have that, restricted to the C! functions,
the linear operator Z,, : C'(Sg,C) — C'(S§, C) has operator norm ||Z,[|, = 1 for every
p > 1. Because C''(Sg, C) is dense in L,(Sg, C) for every p > 1, there is a unique extension
of Z,, with the same norm. ]

Now, with these new tools at hand, we are able to tackle the problem we discuss at
the beginning as a motivation.

Lema 2.2.5. Every C! function on the solenoid has a Ly Pontryagin transform.

Proof: Consider a C* function f with its Pontryagin series:

f(z) = Z aqz?

qeQ

and its derivative along the solenoid f’:

f(z) = Z q a,z*

q€Q

For every natural n consider the 2m-periodic function Z,,(f)ovo(n_) and its Fourier series:

L(f)(v(nx)) = bie”

=

and see that its derivative respect to x coincides with Z,(f") ov o (n.):

Z.(f(v(nx)) = Z j bjeijz

JEL
Because a;/, = b; for every integer j, by Cauchy-Schwartz and Parseval identity we have:
1/2 1/2
3l = X<l (23 4) (3 )
qeiz Jez jeN Jez
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2 Il = Z|bl<|bo|+< Z%)W (Z J bj2>1/2

T -
g€ 7 JEL eN JEZ

= lao + n(f) ovo (n)ll

\/—III

A simple direct calculation shows that ||Z,(f") o v o (n.)|l2 = ||Z.(f')||2 and because
||Z.|]2 = 1 by the previous corollary we have:

n ()]l

= |CLO| +

\/—HI
fllfllg

Taking the limit on the left hand side we finally have:

> lag| < laol + THf I2

q€Q

|CLO| +

0

Remark 2.2.2. Because the solenoid has unit area by definition, the last useful identity
can be written as:

1f1loe < lagl < laol + —= oo
q€Q \/_
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Chapter 3

Ahlfors-Bers theory

3.1 Introduction and Preliminaries

We define the adelic Riemann sphere CQ as the inverse limit of the ramified coverings:

~ ~

Co=1mC——..C2"-C ...C

L] J

5 =lmC* — .. C*™ O —— .. C

with the natural inverse limit maps 7, : @@ — C where C is the Riemann sphere. We
have the canonical inclusion Cf < Cg and the new points:

oo =(...,00,00,00)]

0=1[(...,0,0,0)]

Because these are the inverse limit of the ramification points, their topological nature is
quite different from the other points. They are cusps. In particular, every homeomorphism
of @@ must fix these new points or permute them. In the following theory, this fixation
will be a constraint of the theory and no longer a choice as in the classical theory.

Now we turn to the question of whether continuous maps and differentials on the algebraic
solenoid Cg, can be extended to the adelic sphere Cq.

Lema 3.1.1. Consider a continuous (holomorphic) map f and a continuous (holomor-
phic) function limit periodic respect to x function g such that:

« [
cy—L-C
J"/
C

Then:
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e f can be continuously extended to Cq if and only if there is a complex number a
such that:

yEIJPOO lla = glmz)>y llo =0

Moreover, the extension is f(0) = a.

e f can be continuously extended to CtyU{oo} if and only if there is a complex number
b such that:

yg@oo 16— glim(z)<y loo =0

Moreover, the extension is f(oco) = b.

Proof: We prove the first item for the second one is completely analogous. It a simple
calculus exercise to see that the extension f(0) = a is continuous if and only if:

}}_{% ||a - f||7r1(a:)\§r ||oo =0

Because f is continuous and the image of the baseleaf v is dense, the above condition is
equivalent to the one in the statement for 7 o v(2) = €% hence |7 (v(2))| < r if and only
if Im(z) > —In(r) and we have the result. O

Lema 3.1.2. Consider a differential p € C(Ch)dm ® (dm)~" and a differential n €
C(C)dz® (dz)~" such that n = v*(u) where v is the baseleaf. Then, as a function p has a
continuous extension to the whole adelic sphere @Q if and only if there are constants a,b
such that:

2i Re

lim ||a.e S N im)>y ||oo =0

Yy—r—+00

lim |[b.e* Re(z) 4 Nrmz)<y lloo =0

Yy—>—00

Moreover, as a function the extension is 1(0) = a and p(oco) = b.

Proof: If p(z) = f(z)dm ® (dm)~" then n(z) = v*(n)(2) = fov(z)(—e* ")z @
(dz)~!. Because taking the pullback of the differentials only adds a phase —e=2" e(2) of
unit norm, by Lemma 3.1.1 we have the result. U

Lema 3.1.3. Consider a continuous (holomorphic) baseleaf preserving map f : Cf — Cg
such that deg(f) # 0 and a continuous (holomorphic) limit periodic respect to x map g
such that the following diagram commutes:

f

Co Co
L deo)el) s

If |[[Im(g)||ec < 0o then f has a continuous extension firing 0,00 to the whole adelic
sphere Cg.
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Proof: Define M and m such that m < Im(g(z)) < M for every z € C. Because
Im(deg(f)z+g(2)) >y if Im(z) > (y —m)/deg(f) we have that f is continuous at zero.
Analogously, because Im(deg(f)z + g(z)) < y if Im(z) < (y — M)/deg(f) we have that
f is continuous at oo. ]

By Lemma 1.2.9, the degree zero case in the above Lemma is Lemma 3.1.1.

Lema 3.1.4. Hol(Cg) ~C

Proof: Consider a holomorphic function f : CQ — C. Its restriction to the solenoid
(equator) is:

fw(@)) =) ae™

q€Q

and because it is holomorphic we have:

flv(z)) = Z aqeiqz = Z aqeiqfve—qy

q€Q q€Q
Because f is continuous on the adelic sphere @@, by Lemma 3.1.1 a, = 0 for every non
zero rational ¢; i.e. f = ag. l

Let’s see how a homeomorphism permute leaves. Consider a homeomorphism h : Cg —
Cg homotopic to 2P/4. Because exp is a local homeomorphism, there is a homeomorphism
ﬁ:quC%prCsnehtha‘c

qZXC—E>prC

ewpl je;rp

with the structural condition:
h(a+ q,z) = h(a, z + 27q) + (p, —27p)

for every a € ¢Z and z € C.

Because 7Z is totally disconnected, h maps leaves to leaves; i.e. there are homeomor-
phisms s : Z — Z and f, : C — C such that h(a,z) = (s(a), fo(2)). The structural
condition implies s(a + ¢) = s(a) + p for every a € qZ In particular we have that
s(gn) = s(0) + pn for every integer n and because s is continuous we have:

s(ga) = s(0) + pa
for every a € Z. We have proved the following lemma:

Lema 3.1.5. Consider a homeomorphism h : Cfy — Cg homotopic to 2?9 and a homeo-
morphism h: g7 x C — pZ x C such that
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qZXC—iL>pZXC

BZIIPL je:ﬂp

* h *
CQ CQ

where h(a, z) = (s(a), fa(2)). Then, there is A € pZ such that
s(ga) = X\ + pa

Corollary 3.1.6. A homeomorphism is leaf preserving if and only if it is homotopic to
the identity.

Proof: Under the notation of the above Lemma, if & is leaf preserving then s(a) = a+A
such that A\ is now an integer. In particular, deg(h) = 1 and by Lemma 1.2.6 h is
homotopic to z. For the converse, z is leaf preserving and because the space of leaves Z /7
is totally disconnected h is leaf preserving too. U

Since we want to build a theory of continuous deformations of the identity, the above
corollary shows that we only need leaf preserving homeomorphisms in our theory.

Definition 3.1.1. A leaf preserving homeomorphism h of @Q is quasiconformal if it fixes
0,00 and h, is quasiconformal for every a € Z such that

where h(a, z) = (a, ha(2)); i.e. h restricted to every leaf is quasiconformal.

Definition 3.1.2. We say p € Per is a periodic adelic differential if there is some natural
n and differential p, € Lo(C) dz ® (dz)~! such that u = 7 (u,). We say that u is
a periodic Beltrami adelic differential if © € Per and ||p||lcc < 1. We denote these
differentials as Pery.

The importance of the periodic adelic Beltami differentials is that they trivially have a
quasiconformal solution to the respective Beltrami equation: Consider the periodic adelic
Beltrami differential y = 7 (u,,) and the quasiconformal solution f,, to the p,-Beltrami
equation fixing 0, 1, co. Define the leaf and orientation preserving homeomorphism f such
that:

Co Co
@ fn @




Then, f is the quasiconformal solution to the p-Beltrami equation. At this point, it is
natural to ask for a topology 7 such that the interior of the closure of these Beltrami
differentials constitute new Beltrami differentials for which there exist quasiconformal
solutions to their respective Beltrami equations; i.e.:

Bel(Cg) = Interior Pery
The first natural guess would be the metric topology 7., but this won’t do for:
Interior Per; . = L (CH)h

and there are L..-vertical Beltrami differentials p for which there is no solution to its
Beltrami equation (See example 3.3.1).

The rest of the chapter is devoted to this problem and we will find a family of complete
metric topologies Tgen s solving it. However, the optimality of these solutions remains an
open problem.

3.2 Adelic Beltrami differentials

In what follows, we will make the following abuse of notation:

Remark 3.2.1. Every leaf v, : C — Cg is a translation surface modeled on 7; and we will
consider differentials in the space Lo, (C) dm, ® (dmy)~'. In particular, see that the space
of Beltrami differentials L..(C) dz ® (dz)~" embeds in this space via 7* for:

T dz @ (dz)™") = pom wi(dz) ® (m](dz)) ™" = pom dm @ (dm)™"

In pursuit to ease the notation we will make the following abuse of notation: Unless
confusion, in what follows we will write a differential x4 dm ® (dm;)™" just as pu and
identify Loo(Ch) dmy ® (dmy)~" with Loo(Cj); ie. we will use the same notation to denote
the differential and the function. Unless explicitly written, the context will make clear
which one we are using.

Definition 3.2.1. An adelic differential is an element p € Lo (Cq) such that:

e 4 is vertical and horizontal essentially bounded; i.e. v () € Loo(C) for every leaf

A

v, and F*(u) € Loo(Z) for every fiber F' : Z — Cg.
e 4 is vertical Lo-continuous; i.e. p € LY (C)

e There is a cofinal totally ordered divisibility subsystem S = (n;);jen such that the
following series converge:

an+1 HInj+1 (ﬂ) - Inj (N)HOO <00
j=1
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We will call the above series as an S-renormalized average series. The set of adelic
differentials with a convergent S-renormalized average series will be denoted by Reng.
For every i € Rens we define its renormalized norm as:

1l rens = 11 Ty (llso + D g1 1oy (1) = Ty () oo < 00

J=1

such that S = (n;),en. An adelic Beltrami differential is an adelic differential y such that
l|t|]ooc < 1 and the set of adelic Beltrami differentials with convergent S-renormalized
average series will be denoted by Bels(Cgp).

Remark 3.2.2. Is clear that (Rens, || - ||rens) is @ metric space.
Definition 3.2.2. Define the vector subspaces of adelic differentials:
Per, =7 (L (C))

for every natural n. See that Per,, C Per, if m|n. Consider a cofinal totally ordered
divisibility subsystem S = (n;);en. Then,

Pers = U Per,; C Rens
J

The space of periodic adelic Beltrami differentials Pers; is the set of periodic adelic
differentials 1 € Perg such that ||ul|e < 1:

PeT’g,l - BGls(CQ)

Lema 3.2.1. e The canonical inclusion (Rens, ||-||ren,s) = L (Ch) is continuous.
However, its inverse is not. In particular, Bels(Cq) C Rengs is open.
——Ren,S . .
e Perg = Rengs. In particular, Pers, C Bels(Cq) is a dense subset.

o Bels(Cy) is closed under multiplication by functions A € Lo (Cq) such that ||A]|e <
L. In particular, Bels(Cgq) is star shaped respect to zero.

Proof:

e By Lemma 2.1.1 we have:

p="1y, (M) + Z (I”j+1(:u) - Inj ('u))

J=1

Then:

||,u||oo < ||In1(ﬂ)||oo + Z ||Inj+1(,u)_znj(,u)||oo
j=1

< [T (Wllss + D i1 g (1) = Ty (1)loo = 111l | Ren,s

=1
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and we have that the inclusion is continuous. Let’s see that the inverse is not:

Consider i, such that:

ehw 2 dz
e nl2

() () = S

where v is the baseleaf and z = z + 1y. By Lemma 3.1.2 they are continuous in
Cg hence uniformly continuous in Cg,. In particular p, € LE™(Cg) and because
|| ttn||Rens = 1 we have that p, € Reng for every n. However, ||p,|/e = 1/n! tends
to zero where S = (n!),en.

e For every € > 0 there is a natural I such that:
o
Z Tj+1 HITL]'H (,LL) - Inj (M)HOO <€
j=I

Because of the fact:

T, 0 Lo, (1) = { Zn; (1) 3 il

we have:

(Inj+1 (M) - Inj+1 (ITLI (:u))) - (In] (:U’) - Inj (Inl (M))) -

then:
||,u _InI ‘RenS Z Mj4+1 ||ITLJ+1 ) In](:u>||<>0 <€

and we have that Per(Cg) fen Bels(Cq) for every Z,,.(u) is a periodic S- adelic
Beltrami differential.

e Is clear from the definition that ||A.x||rens < ||1t]|gen.s for every A € Lo(Cq) such
that ||A||cc < 1 and S-adelic Beltrami differential f.

Proposition 3.2.2. Bels(Cq) is a Banach manifold modeled on Rens, || ||gens)-

Proof: By the previous Lemma, Bels(Cg) C Rens is an open set and it only rest
to show that (Rens, || - ||rens) is complete. Consider a Cauchy sequence (f)nen in
(Rens, ||-||gen,s)- Again by the previous Lemma, the inclusion is continuous and (f,,)nen
is a Cauchy sequence in (LY(Cg), || - |leo). Because this space is complete, there is a
unique p € LY (Cy) such that the sequence converges to it respect to the || - || norm.
Because the norm || - || gen.s is a series of positive terms we can interchange the limit and
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series and we have:

hTan H:un - MmHRen,S
= liTl_’LIl (nl ||Im (Mn - :ummoo + an—i—l ||Inj+1(:un - :um) - I'Vlj (Nn - :um>||00>
=1

= M hTILn 1 Zoy (e = ) [loe + an-H 1iTILIl Zn 1 (tn = ) — Ly (B — pom) ]
j=1

= 0 | (= p)llse + > Mg 1Ty (1 = pm) = Loy (= )|
j=1
= |l — tml|ren,s

where we have used that Z,, are bounded linear operators respect to the || - ||.c norm. By
the same argument and the fact that (p,)nen is a Cauchy sequence we have:

i [l = pim|| ren,s = 0

and we conclude that © € Reng and it is the limit of the Cauchy sequence. U

3.3 Ahlfors-Bers theorem

Definition 3.3.1. Consider an adelic Beltrami differential p. A quasiconformal map of
Cg is a solution of the Beltrami equation with coefficient p (the p-Beltrami equation) if
h, is a solution of the (v,)*(u)-Beltrami equation

Ozha = (va)" (1) O:ha

in the distributional sense for every a € Z where v, = exp(a, ) : C— @@ is a leaf and

where h(a, z) = (a, ha(2)).

The following is the adelic version of Ahlfors-Bers theorem:

Theorem 3.3.1. For every adelic Beltramu differential ju there is a unique quasiconformal
leaf preserving solution f : (C@ — (CQ to the p-Beltrami equation such that f fizes 0,1, co.

Remark 3.3.1. If f is a solution to the p-Beltrami equation then g must be uniformly
vertical continuous for p = 9;f/0.f. This is why we ask for the L.-vertical continuous
condition in the adelic differential definition (See corollary 2.1.2).
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Before presenting the proof of the adelic version of the Ahlfors-Bers theorem, it is
important or at least pedagogical to describe some problems within and understand the
capricious nature of the adelic Beltrami differential definition.

By Ahlfors-Bers theorem, there is a quasiconformal solution A, for every leaf modulo
postcompositions with affine transformations. In particular, the solutions can be chosen
such that they verify the structural constraint:

hav1(2) + 21 = he(z + 27)

for every z € C and a € Z defining this way a leaf preserving map h : (@@ — @Q fixing
0,00. However, there is a priori no reason to expect that the resulting map would be
continuous. Is clear that it will be continuous along the leaves but in general not across
them. It’s like drawing a picture separately in every piece of a puzzle and expect that the
we get a clear picture after we put the pieces together. We have decomposed the foliated
object in leaves and solved the problem for each leaf. To assure a continuous solution we
need a global structural constraint.

The natural guess is that imposing some notion of vertical continuity (L..-vertical
continuity) to the Beltrami differential would give the desired continuity of the solution
across the leaves. Although this is a necessary condition, it is not enough. As the next
example shows, even for a continuous Beltrami differential there is no need to continuity
of the solution across the leaves.

Example 3.3.1. Consider the following function:

LS Jeos(z/nl) — 2sin(z/n))] SGor dz

[i(z) = —2es=n=l n! 2l -
1 \too ] 2iy N e n?
1+ 5 >0 [cos(z/n!) + 2 sin(x/nl)] 55

where z = x + iy. Let’s see that it is a Beltrami differential; i.e. ||u|| < 1.

Define:

y2

1 wx/n e n?

where z = x + iy. Because ||h+(n)||o < 1/2n! and the identity:

6_ n!2
2n!

ho(n) £ h_(n) = |cos(z/n!) ¥ 2;—% sin(z/n!)

we have that each term of the sum has supremum norm less than 1/n! hence the supremum
norm of the sum is less than e — 1. We conclude that:

%(6—1) _e—1

1—L(e—1) e+l

[lilloo < <1/2

Because it is limit periodic respect to x and decays to zero when y tends to £oo, by
Lemmas 1.2.8 and 3.1.2 there is a continuous adelic Beltrami differential fi on Cg with
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a continuous extension to the whole adelic sphere @@ as a function such that u = v*(f1)
where v is the baseleaf.

However, the quasiconformal solution of the p-Beltrami equation:
1 <X 2
wh(z) =z + % ; sin(x/n!l)e” 2

is not of the type z + g(z) with g limit periodic respect to x and by lemma 1.2.5 it is
not the conjugation of any continuous map of the adelic sphere Cq by the baseleaf v; i.e.
There is no continuous map w such that

T ) T
Co—2=Cq
0

The above example shows that we still need some other global structural condition on
the Beltrami differential to assure the continuity of its solution. This is precisely the con-
vergence of the renormalized average series: There is a cofinal totally ordered divisibility
subsequence S = (nj) en such that the following series converge:

> i1 1T (1) = T, (1) oo < 00 (3.1)
7j=1

The following definitions and Lemmas are the prelude to the Ahlfors-Bers theorem:

Theorem 3.3.2. Consider k such that 0 < k < 1. Then, there exists a real number
p > 2 only depending on k such that: For every Beltrami differential p € Loo(C); with
l|ttloo < k and compact support there is a unique quasiconformal map f : C — C such
that f(0) =0 and f, — 1 € L,(C) (globally and not merely locally) verifying:

fZ = :ufz

on C in the sense of distributions.

A map verifying the conditions of the theorem is called a normal quasiconformal solution.
The previous Theorem can be found in [Ah], [IT].

Lema 3.3.3. If f is a normal solution of the u-Beltrami equation such that p has compact
support, then there are constants A and p > 2 such that:

1£(¢) = ¢| < Allpl|oo|¢27

Moreover, the constant A is monotone respect to the area of the u support and depends
also on p.
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Proof: By general theory [Ah], [IT], there is 2 < p < oo such that:

f(z) = P(f2)(2) + 2

where P is the following linear operator on L,(C):

Ph(¢) :—%//Ch(z) (zig —%) dxdy

for every h € L,(C) and ¢ € C. For any p such that 2 < p < oo and every h € L,(C), Ph
is uniformly Holder continuous with exponent 1 — 2/p and verifies Ph(0) = 0. Moreover,
there is a constant K, depending only on p such that:

[PR(O)] < Kl [All,p|¢|' 7

for every ¢ € C. The map pu +— f; € L,(C) from the space of Beltrami differentials with
compact support is Lipschitz continuous; i.e. There is a constant C' such that:

1f:1l, < Cllull, < € Area(support(12)'"?[|ul|

Combining these relations, there is 2 < p < oo such that:

[f(z) =z = [P(f)(2)] < Kpll fallplel' =7
< (K,C Area(support(u)"'?) || l|oc| '~

and we have the Lemma. O

Lema 3.3.4. If f is a normal solution of the pu-Beltrami equation such that p has compact
support, then there are constants B and p > 2 such that:

I < Bllullool £ 27 + 1 f(2)]

Moreover, the constant B is monotone respect to the area of the pu support and depends
also on p.

Proof: Consider the inverse normal homeomorphism f~! with Beltrami differential
-1 such that:
e

pp-rof =—=p
[

Then, Holder’s inequality gives:

//(C|Mf1]p dedy = //(C|M’p(‘fz|2_‘fz‘2) dedy
< //C|M!P\fz|2 dxdy://(cm|p2’f2‘2 dudy

< ( [ [ dxdy)pj ( JA dxdy)i

_ — 2
= pllp £l < el (Cllull,)™ = C2Hlelly
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and we conclude that:
ps-ill, < C*Pllull,

In the same way as in the previous proof, there is a constant C’ (actually C" = C') such
that:
1Dl < Cllpgall, < C'C*P Area(support(1))V7] |1l oo

and proceeding just as in the above Lemma, we have:
[f71(2) = 2| < Bllulloo| 227

such that:
B = K,C'C*? Area(support(u))"/?
Substitution of z = f({) and triangular inequality gives the desired result. O
Consider p € Loo(Cg)1. For every natural n define the Beltrami differential p,, €
Loo(C*)1dz ® (dz)~" such that (Recall remark 3.2.1):
T, (1) @ @ (dm) ™ = 75 (j0n)

Consider the quasiconformal normal solution f, : C — C of the pn-Beltrami equation
such that f(0) =0 and f, — 1 € L,(C), p > 2. If n|L, define the maps f* and f, such
that:

C " C
zL/nL lZL/n
c—1I C
Lema 3.3.5. e The map f1¥ is a quasiconformal normal solution of the !t -Beltrami

equation such that plt = (21/")*(u,,). Moreover, (f1*), — 1 € L,(C) with the same
p > 2 as the one we used for f,.

e The composition of quasiconformal normal maps is a quasiconformal normal map.
Proof:

e Define ' = L/n. First, let’s see that f]¥ is quasiconformal. Indeed, it verifies
Ahlfors quasiconformal definition A [Ah]:

. . . . . /. .
— It is an orientation preserving homeomorphism: Because z™ is a covering and
fn is an orientation preserving homeomorphism then fI is so.

— It is ACL, absolutely continuous on lines: Because f, is absolutely continuous
respect to any finite length rectifiable curve and the covering is C'!' we have

that 1% is ACL.
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— It has bounded mazimal dilatation: Locally, the map 2"/ is defined outside
zero and we have fI¥ = 21/ o f, 0 2. Then,

O f1E(2) = ful2" )WL 0, fu () 2

0= f1F(2) = fuz" )1 O fu(2) 2V
Because 0; f,, = u 0. f, we have:
zn'—1

z
0.1k = (uoz z,_l)azfﬁ—un 0. 1"

n

hence f]F is a solution to the Beltrami equation with Beltrami differential p!F.
In particular, it has bounded maximal dilatation.

Now, let’s see that it is normal. Consider the normal quasiconformal solution g to
the p!E-Beltrami equation. Because g and f]© are quasiconformal solutions of the
same equation and both fix the origin, there is a non zero A such that g = \fI%.
Locally it means that:

g(2)" = Afa(=") (3.2)
for every z € C. Because u!F has compact support, they are both univalent outside
a disk of sufficiently large radius R and we can write:

b b
falz) =z +bo+ =+ = +...
V4 z

and an analogous expression for g outside the disk. Substituting these expansions
in equation (3.2) and comparing the leading term we get A\ = 1. Because of the
following relation:

[l lloo = 11(z") ttnlloo = lltnlloe < &

by Theorem 3.3.2 (f}%), — 1 € L,(C) with the same p > 2 as the one we used for
fn and the claim is proved.

Consider the quasiconformal normal maps f; and fs with respective Beltrami dif-
ferentials p; and py. Their composition is a quasiconformal map fixing the origin
with Beltrami differential p with compact support. Consider the quasiconformal
normal solution ¢ to the p-Beltrami equation. Again, because g and f; o fy are
quasiconformal solutions of the same equation and both fix the origin, there is a
non zero A such that:

g=Aiofs (3.3)

In the same way as before, because u, p; and pus have compact support, they are
univalent outside a disk of sufficiently large radius R and we can write:

by b
gle)=z+bo+ -+ 5+

and an analogous expressions for f; and f; outside the disk. Substituting these
expressions in equation (3.3) and comparing the leading terms we get A = 1 just as
before. This proves the claim.
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Remark 3.3.2. The above Lemma explains why we choose this normalization. The Douady-
Hubbard normalization f(z) — z € O(1/|z]|) is easy to work with but doesn’t necessarily
fix the origin and as we said before, this is no longer a choice but a constraint of the new
theory. The normalization f(0) = 1 and f(1) = 1 is compatible with the maps z — 2"
of the inverse system. However, it is very difficult to control the growth of the maps in
terms of their respective Beltrami differentials. The above Lemma shows that the chosen
normalization is compatible with the inverse system with the advantage of having some
control on the maps.

If m|n|L define f% = fi¥o (f1F)~'. See that fam = fao f'. The quasiconformal
normal map f% is the solution of the p/” -Beltrami equation such that:

% AL\ _ MTZL_Mm 1 d)"1
fm(:un,m) - +L TL < ® ( Z)

where ;! and p! on the right side denote the functions and not the differentials (recall
remark 3.2.1). Because ||Z,||. = 1 for every natural n, we have ||ull|| = [|Z0(1)]]00 <
||1t]|oo for every natural L such that n|L. We also have:

R L ') In _Im )
Jros T < |2, (1) 2(/~L)|| (3.4)
1— ||k ||oo||:u’ oo IEIES

1t <

for every m|n|L, where the last step follows from the following calculus:

pn = ) Moo
(ZL/”) = (2 ) oo
(

[l =l oo = I 77 (e
7

|75 (25 ) — 73 (2™ ) oo
ul
(

|m

|75 (12n) = T (Hm) [ oo
= [ Zo(w) = Zin(p) [lo

See that the right hand side of relation (3.4) doesn’t depend on L.

Lema 3.3.6. Consider a vertical essentially bounded pi € Lo (Cg)y with compact support.
Suppose there is a subsequence (n;);en of the divisibility net such that:

Let L =ny. There are constants A and A" such that:

o [fi < J then

71 0 fu(@)] < (14 Al[Z, (1)]|oc) maz{ 1, |mp(2)] }

720 fus(@)] < (L AN Zai (1) = Zasy (W)lloe) maz{ 1, Jmp o fo(2)] }
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o [fi>J then

70 fur(@)] < (1+ A||Tp|loo)e T Zimo 1 s (0-Tn; 0lloe pagf 1, |y ()] }

Proof: By hypothesis, equation (3.4) and the fact that:

0o = ||Zm<,u)||oo < ||M||oo <1

for every natural ¢, we conclude that:

Jiss

05 ||/LILJL,7nj71HOO such that i,j € N } <1

k=maz { |l 1"

Hence, by Lemma 3.3.2 we can take the same value p > 2 for all the maps fiL and
Because the supports of all p/” and pfZ, ~  are uniformly bounded:

Mg,Mi—1
supp(ph"), supp(pdt,.. ) € w1 (supp(p)) U D(0; 1)

by Lemma 3.3.3 we can also take the same constant A for all the maps fiL and
Then we have:

7z o fu(@)l = 1S (mL(2)]

Al oo |mp (@)= + [y ()|

AN (1)lloo 72 (@)% + | ()]
(14 Al Zn, (10)]oc) maz{ 1, |m(z)] }

ININIA

In particular, R
[mp o fu(@)] < (14 AllZe]lo) maz{ 1, |rr(x)] }

For the second:
720 frma@] = 1L (ro(@))
< AT () = T (Wloo |7 (@)|'27 + [ ()]
< (U + A () = I (W)]]oo) mazf 1, |mp(z)] }
where A’ = A/(1 — k2). Because f,. = fn,m,_, © fn,_, the result follows.
Finally, for the third assertion we have:
|7Tnj © fnj,nj—1<x>| = ‘fnj,nj—1 (an (2))]

< ATy (1) = oy (oo [, (2)['727 + [, ()]

< (A'a"f + 1) maz{ 1, |m,, ()| }
T
where an, = n; ||Z,, (1) — In,_, (11)||sc. Because WZj/L = 17, we have:
’7TL o f/\nj7nj71(x)’ = ‘an © f/\nj,njfl(x)’nj/l/
< (A:nj + 1) w max{ 1, |m,, ()] yra/t
j

< et maz{ 1, |my(z)| }
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In particular, because the right hand side of the above equation is greater than or equal
to one, then:

maz{ 1, |71, 0 fu, 1 (2)] } < €T maz{ 1, |7 (z)| } (3.6)

and by the same argument, relation (3.5) implies:

maz{ 1, |mp o fu(2)] } < (14 Al|Ze]lo) maa{ 1, |mi(z)| } (3.7)

Because

~

fni = ]Eni,ni,1 Ofnifl,nifg“‘ofn(]+1,n(]OfL
induction on relation (3.6) and relation (3.7) imply:
~ ~ A’ i—1
7L 0 fo,(@)] < maz{ 1, |7p 0 fu,(2)] } < (14 AlZp|l)e™ 20=751 maz{ 1, |mz(z)] }
and the result follows. O

Corollary 3.3.7. Consider a vertical essentially bounded j1 € Lo(Cq)i with compact
support. If there is a subsequence (n;);en of the divisibility net such that the renormalized
average series converge:

an—H ||Inj+1 (:u) - Inj (M)HOO <0
j=1

Then, for every natural i > J:
7m0 fu(@)] < (1+ Al|Ty]|oc)e T Z0 o s 00Ty 0l {1, |y ()] }

where L =ny and A, A" are constants.

Proof: The convergence of the series implies the hypothesis of the previous Lemma
3.3.6. Taking the limit ¢« — oo on the right hand side of the relation gives the result. [

Lema 3.3.8. Under the same hypothesis of corollary 3.3.7 above we have:
7w (@)] < (14 B|Zp|l)e ™ =5t Ega 0@l ag{ 1, |y 0 f (2)] }

for every natural i > J where L = ny and B, B' are constants.

Proof: The proof is almost verbatim to the proof of Lemma 3.3.6 with refernce to
Lemma 3.3.4 instead of 3.3.3. U

Lema 3.3.9. Under the same hypothesis of corollary 3.53.7, for every natural L = ny
there is a constant My > 1 such that:

/

. N A
|7TL © f”i+1(x) —TLo fm(x” < f Njt1 HITLHJ(/“L) _Im(/ub)HOO My, TTLCLJI{ L, |7TL(‘I)‘ }

for every i > J where A’ is a constant.
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Proof: We take the same values of k < 1, p > 2 and constants A and A’ = A/(1 — k?)
as those in the proof of Lemma 3.3.6. Denote n = n; and m = n;_;. By Lemma 3.3.3 and
relation (3.4) we have:

| frm(mn(2)) — mo(2)| < A T (1) — (1) Nlool 7a() |1_2/p (3.8)

where A’ = A/(1 — k%) and || y ||oo= k. Define n’ = n/L. Lagrange Theorem implies:

IWLOfn,m(x)—WL(ﬂf)l = | fam(ma(@)" — 7 (2)|
W E1 T | fnm (7 (@) = ()] (3.9)

for some ¢ in the interior of the segment joining 7, o fnm(x) and m,(x). In particular,

€t < maaf |m (@), 0 fom(a)] 17
= maz{ |r(2)], 7z 0 fum(@)] Y (3.10)

Equations 3.8, 3.9 and 3.10 imply:

/

R A
710 fam(@) = 7@)] < 2 1 I1Tale) = Tnli)loo -
cmaz{ 7@, |mp 0 fum(@)] YU | mp(a) |02 (3.11)

In particular, because f,, = f, m © fn we have:

!/

. A A
70 fule) = mpo fu(@)l < 7 1 [[Za(k) = Zn(p)llsc - -
comaz{ w0 fu(@)], |rp o ful@)] Y7V o () 1PV (312)

By the previous corollary 3.3.7 there is a constant M} such that:
710 fu()] < My maa{ 1, |70(2)] } (3.13)
for every ¢« > J where L = ny. This bound implies:

|7TL o fni+1(x) —TLo fm(l‘”

A Ry
< = i [T (1) = T ()l oo (M maz{ 1, [m(2)] 1) 77

/

A
< 7 vt [ Tnga (1) = Zus ()l M maz{ 1, |mr(z)] } (3.14)

where we have used that My maxz{ 1, |rr(x)| } > 1 and the formula is proved. O

Lema 3.3.10. Under the same hypothesis of corollary 3.3.7 and previous definition of
the maps fnz, there is a continuous leaf preserving map f (C@ — (C@ such that (fnz)ZeN
converges pointwise to f
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Proof: For each L = ny, Lemma 3.3.9 implies that (7 o fm)ieN is a uniform Cauchy
sequence on compact sets so there is a continuous function g; : Co — C such that
the sequence (7, o fni)ieN converges uniformly to g, on compact sets. Consider another
L' = ny such that J > J. Because zX/L om0 fn =m0 fn for every ¢ > J’' and the
continuity of 2/ we have that X/ o g, = ¢. By the universal property of inverse
limits there is a unique function f Co — (C@ such that 7, o f = g, for every natural 7.
Because every g, is continuous we have that f is continuous and verifies that (7,0 fn )isg
converges uniformly to 7y o f on compact sets. In particular, ( fni)zeN converges pointwise
to f .

Let’s see that f is proper: Consider a compact set K C CQ The compact K is closed
for every compact subset of a Hausdorff space is also compact and because f is continuous,
f‘l(K) is closed. By Lemma 3.3.8 and the fact that (fn )ien converges pointwise to 1,
we have that for every L = n; there is a constant M) such that:

[mL (@) < Mjlmz o f(z)]

Choose some natural L = n;. Define R such that d(0,7.(K)) = R < oo for 7w is
continuous; i.e. 7y (K) is compact. By the above relation we have that

d(0, 7(f 1 (K))) < MR

and because 7, is proper, the closed set f~!(K) is contained in the compact 77 *(D(0; M} R))
hence f~1(K) is compact and we have the claim.

In partlcular the extension f CQ — (CQ such that f (00) = oo is continuous and
because fn (00) = oo for every natural i, we have that ( fn )ien converges _pointwise to f
on (CQ In particular, by definition every fnl is leaf preserving and so is f This finishes
the proof. O

Theorem 3.3.11. For every adelic Beltrami differential ju there is a unique quasiconfor-
mal leaf preserving solution f : Co — Cq to the p-Beltrami equation such that f fizes
0,1, c0.

Proof:  (Uniqueness) Suppose that f and g are quasiconformal solutions to the p-
Beltrami equation fixing 0,1, 00. Then, f o g7! is leaf preserving 1-quasiconformal fixing
0,1,00. By Lemmas 1.2.5, 1.2.6 and Corollary 3.1.6 there is a holomorphic limit periodic
respect to o function h such that v 1o fog=lov(z) = 2+ h(z) where v is the baseleaf. On
the other hand, by Weyl’'s Lemma v~ ! o f o ¢! o v is a holomorphic homeomorphism of
C; i.e. an affine transformation. Because it fixes zero, we have that v='o fog lov =id
hence fog ! =idand f = g.

(Ezistence) First suppose that p has compact support in Cg. Consider an arbitrary leaf
v:C—Ch C Cg. Under the same notation and definitions as before, by Lemma 3.3.10
there is a continuous baseleaf preserving map f (C@ — (C@ such that ( fn )ZGN converges
pointwise to f By Lemmas 3.3.7 and 3.3.8, actually we have the restriction f (C’Q — Cg

and because fni and f are leaf preserving, the compositions v~! o fm. ovandvlo f ov are
well defined. Moreover the sequence (v~! o f,. o v);ey converges pointwise to v~ o fowv.
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Claim: The maps v~ o f,,, ov are quasiconformal solutions of the respectives v*(Z,,, (1) )-
Beltrami equations. We have the following diagram:

v
Tn,
ofn ov
C

Because the front, behind , left and right faces commute, the bottom face commutes.
We already know that v~! o fn o v is continuous by Lemma 1.2.5 (or just because it is
conjugated to a continuous function by a covering map). Locally the inverse of the map
e”*/™ exists and we have

0, <y*1 o fm o y) =0, (( zz/m) o fa, zz/ni)

Because 0, f, € Laoc(C), by the above identity the same holds for 0, <y_1 o fn o 1/). An

analogous result holds for the other derivative. Finally, v=! o fn o v is the solution of the
Beltrami equation with Beltrami differential

(™) (n,) = (T 0 0) (pn,) = (V) (0,) (ptn) = (V)" (T ()
This proves the claim.

Define the affine maps A4;(z) = a;z +b; such that A; 'ov~to fn o is the quasiconfor-
mal solution of the v*(Z,, (11))-Beltrami equation fixing 0,1, co (See remark 3.3.3 below).
Concretely:

~ A~

ai=v o f,ov(l)—vtof, ov(0)
b; = vt ofni OV(())

Because ( fni)ieN converges pointwise to f, the sequence of affine maps (A;)ien converges
locally uniformly to the map A(z) = az + b such that:

~ ~

a=v'tofov(l)—vtofov(0)

b=v"ofouv(0)
A priori a could be zero. Define the map g as the quasiconformal solution of the v*(u)-

Beltrami equation fixing 0,1,00. Because Z,,(u) tends to p in Lo.(Cg) we have that
v*(Z,,(1)) tends to v*(pu) in Lo (C) and by Lemma 3.3.12 we conclude that:

1,1 f
A ov o fyov—yg

locally uniformly. Then:

viof,ov=A0A" ov tof, ov— Aoy
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and we conclude that: R
v 1o fovr=Aog

Because f is continuous and fixes 0,00 it cannot be constant. In particular a # 0 and
we have that v~ o f o v is a quasiconformal solution of the v*(u)-Beltrami equation for
every leaf v. Finally, f is a homeomorphism for every continuous bijective map between
compact sets is a homeomorphism. We have proved that f is quasiconformal. Multiplying
by f (1)~ we have the quasiconformal solution fixing 0, 1, co.

Now we remove the hypothesis of the compact support of u by the standard well known
trick: Define p11 = fi.X|r,(-)>1 and consider the Mobius inversion 7 : C@ — CQ such that
v(2) = 1/z. Because v*(u1) has compact support on Cg, by the previous part there is
a unique quasiconformal leaf preserving solution ¢ : @Q — @@ to the v*(u)-Beltrami
equation such that g fixes 0,1, c0. Define f; such that the following diagram commutes:

Co—2—Cq

CQ fi ~

Clatm: The map f; is the quasiconformal solution of the pu;-Beltrami equation fixing
0,1, co0: Because v and g are homeomorphisms fixing 0, 1, 0o so is f;. For every leaf v, we
have the diagram:

ogoy,

S
!

Vg of1 ovg

\

Because every v, is injective and the left, right, top, bottom and front sides commute we
have that the back face also commutes. By deﬁmtlon v_}ogowv_, is a quasiconformal
solution of the v*, o~*(u;)-Beltrami equation so v, o f; oy, is a quasiconformal solution
of the (—2)* o v* , o v*(u1)-Beltrami equation. We have:

(=2)" ovi 09 () = (yov_ao(=2)) (1) =vu(n)
and this proves the claim.

Define the adelic differential p5 such that:

* N /“L 5 —
fl(m)_—l—u,ul dmy @ (dmy) ™!
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where p and gy on the right side denote the functions and not the differentials (recall
remark 3.2.1). Under the same abuse of notation we have:

vi(u) = (pove) vi(dm) @ (v;(dm))™
(1o va) dm ova) @ (d(mova))™
(Hov,) dei @ (de?)™!
e Gt (ov,) dz @ (dz) ™t = g dz @ (dz)™*

and a similar expression and definition for v} (uy):
Vi) = —e 1y 0 ) T @ (d2) 7 = g T © (d2)!

A similar calculation gives:

wo%mm>:zaﬁmm=—f“%(f_ﬁ>o%@®wa4
— K
Ha — Hia
= HeT e T (de
1_,ua,ulla ( )

Because ji5 has compact support on Cq there is a unique quasiconformal leaf preserving
solution f5 to the ps-Beltrami equation fixing 0,1, 00. Define the map f = foo fi. It is
clearly quasiconformal leaf preserving and fixes 0, 1, oo for it is the composition of maps
of the same kind. Because:

Vﬁlofouazyafloj‘éofloya:(VglonOya)o(VglofloVa)

and the following fact:

(" 0 frova) () = (frow)* (o) = = L= Tz o (d2)

we conclude that v (u) = p, dz @ (dz)~! is the Beltrami differential of v, o f o v, for

every leaf v,; i.e. f is the unique quasiconformal solution to the u-Beltrami equation
fixing 0, 1, co. 0
Remark 3.3.3. At first sight it seems there is something terribly wrong in the above proof:
While f fixes 0,00 and has only one degree of freedom as a solution of the p-Beltrami
equation, its conjugated map v~!o f ov has two degrees of freedom. Why the conjugated
map has an extra degree of freedom? Let’s see: The conjugated map has the same freedom
as f plus the property of being uniformly limit periodic on horizontal bands. Once this
last property is destroyed by an affine transformation, an extra degree of freedom comes
out.

Remark 3.3.4. We have also proved that:

e The map f in Lemma 3.3.10 is in fact quasiconformal.

e A 1l-quasiconformal map of CQ fixing 0, 1, 0o is the identity.
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The following Lemma is Proposition 4.36 of [IT]:
Proposition 3.3.12. If u, tends to pn in Loo(C) then ft~ tends to f* locally uniformly.

Lema 3.3.13. Consider adelic Beltrami differentials pi,, pp and consider their respective
quasiconformal solutions f,, f of the Beltrami equation fixing 0,1, 00. If (fin)nen converges
to i in Loo(Cq), then (fn)nen converges pointwise to f.

Proof: Because (i, )nen converges to p then (V7 (pn))nen converges to vi(u):

Ve (kn) = va(i)lloo < 1[5 (n = 10)loe < [lpn = plloe =0

for ||V4]]oe = 1 for every leaf v,. By Proposition 3.3.12 the quasiconformal maps v, ‘o f,,ov,
converge locally uniformly to v, ! o f o v, for every leaf v,. We have the result. U

Corollary 3.3.14. Consider adelic Beltrami differentials i, u and consider their respec-
tive quasiconformal solutions f,, f of the Beltrami equation fizing 0,1,00. If (tn)nen
converges to w in the Banach space (Bels(Cq), || - ||ren.s), then (fn)nen converges point-
wise to f.

As a final remark, consider the morphism ¢ : Z x C — S(é x St given by ¢(a,x + iy) =
(exp(a,x),e"). Because Ker(¢) = Ker(exp) the morphism factors through exp and we
have the commutative diagram:

S@xSl

Cy P
Z x C

The deck transformations group of the covering p : Cg — S&Q x S1 is generated by
multiplication of v(277) on the algebraic solenoid where v is the baseleaf: T'(z) = v(2mi)z
for every z € Cg,

Consider a group G acting on the algebraic solenoid Cg. Define the space of G-invariant
S-adelic Beltrami differentials Bels(Cg; ) as the set of differentials p € Bels(Cg) such
that g*(u) = p for every g € G. In particular, we have an Ahlfors-Bers theory on the
torus S x S*:

Bels(Sg x S') = Bels(Cy; (T))

and a Teichmiiller space of this adelic torus:
TS(S(ED x S1) = Ts((T))

Remark 3.3.5. The 2-adic case of the above construction, Si x S, is the second example
in [Su]. As it was commented there, this is the basic solenoidal surface required in the
dynamical theory of Feigenbaum’s Universality [Fe]. We hope that our theory of adelic
Beltrami differentials could shed some new light on the link between this univeraslity and
the Ahlfors-Bers one.
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3.4 Infinitesimal deformations

Now we turn the discussion to infinitesimal deformations. We discuss it in the general
case and then apply it to the p-adic case. We need an appropriate notion of f[n] where
n € TyBels(Cg) = Rens (See remark 3.4.1).

Lema 3.4.1. Consider v € Lo(C). Then,

for every natural k.

Proof: Consider the quasiconformal solutions f*®) and f @) u®) of the wu(t) and
(2%)*p(t)-Beltrami equations respectively fixing 0, 1, oo such that u(t) = tv+ O(t?). Unic-
ity of the solutions imply the following commutative diagram:

(F)*u(t)
c—1 C
u(t)

C ! C

Because (2%)*u(t) =t (2%)*v + O(?), deriving respect to t gives:
FIE) € = (g = G (F191) ©

for every ¢ € C where we have used on the right side that f [v] is actually a derivation
and not a function. O

The above Lemma motivates the following definition:

Definition 3.4.1. Consider v € TyBels(Cg) = Rens. We define:

P =7 (f]) = G lval o). (nmi) =
for dmy = n ﬂﬁ_l dm,,.

See that f [Z,,(1)] is continuous on the whole adelic sphere. Now we define f[v] as the uni-
form limit of its periodic approximations just defined. The following Lemma is Theorem

4.37 in [IT]:

Lema 3.4.2. Consider a family of Beltrami coefficients {u(t)} depending on a real pa-
rameter t such that:

p(t) = tn +oft)
where € Loo(C). Then,

fln)(¢) = lim

t—0

1) — ¢
t

60



exists for every ¢ € C and the convergence is locally uniform on C. Moreover,
1)
dzd
/ / (- 1 -

Lema 3.4.3. Consider v € TyBels(Cq) = Rens. There is a continuous derivation f[l/]
such that the sequence of continuous derivations (f [Z,,(V)])ien converges uniformly to it
and (n;)ien = S.

for every ¢ € C.

Proof: Consider v € TyBels(Cq) = Rens, the tangent space of the S-adelic Beltrami
differentials at zero. Recall formula (3.4.2). For every = € Sé and naturals m, n such that
m|n we have:

1 E0] @)~ F Ea0)] )

= |f [va] (ma()) = £ [(z"™) 1] ()] - |1 700 ()"
<n v, — (Zn/m)*’/mHoo C

=n |[Zy(v) = Ln(v)]|w C

where we used that |m,(x)| = 1 for every € S§, and the constant C:

== dxd
¢ W?é%}f /[czz—l —q) vy |

In particular, we have:
1/ (Zos )] = f [Znis )] Nl < i || Ty (v) = Lo, (V)]0 ©

Because the following renormalized average series converges:

an+1 | Znips (1) = Zn (1) [| o0 < 00 (3.15)

where S = (n;);en is cofinal totally ordered divisibility subsystem under consideration,
the sequence (f [Z,.,(V)])ien is a Cauchy sequence in the complete space of continuous
derivations with the supremum norm. Then, there is a continuous derivation f [v] such
that the sequence (f [Z,,(1)])nen converges uniformly to it respect to the divisibility net.
0

Remark 3.4.1. In particular we have the following property: There is a continuous function
g : Cy — C such that g(0) = 0 and

: d
fnl(z) = Q(Z)d—m
for every 2z € C. An analogous result holds for the whole adelic sphere. Although the

expression in corollary 3.4.4 below would be the natural definition of f [v], this approach
makes clear the continuity at zero of the map ¢ previously defined that otherwise would
be difficult to prove.
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Corollary 3.4.4. Consider n € TyBels(Cqy) = Rens. Then,

V() = o (o fTow)

where v 1s the baseleaf and the derivative is evaluated at zero.

Proof: Because Bels(Cgp) is star shaped and open, there is some € > 0 such that f* 7
is defined for ¢ € [0, €). The rest of the proof is a calculation. Because everything converge
uniformly on compacts we have:

v (fln) = Timv*(fZ. () = lim v m (£na))

d d
— ] * __% tnn — * tZn(n)
im v, <_dt f > im v (_dt f

d d
— h’rl;nE (l/_l o ftzn(n) o l/) — E 117511 (l/_l o fth(n) o l/)

d
= (v lo fov)

dt

where the derivatives are evaluated at zero. O
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Chapter 4

Teichmaiuller space

4.1 Teichmailler models

Model A: Define the compact Hg = Wi1<D(0; 1)) C Cg and the set Bels(Hg) of S-adelic
Beltrami differentials with support in Hg where S is a cofinal totally ordered divisibility
subsequence. See that the solenoid Sj is the boundary of Hg. For every € Bels(Hg)

define the extension: _

y (7

(=) = n(1/2) (2)
for every z € Cg such that m(z) > 1. It is easy to see that i € Bels(Cgq) is actually
an S-adelic Beltrami differential. By theorem 3.3.11 there is a unique quasiconformal
solution f* to the fi-Beltrami equation fixing 0,1,00. Because ji = (1/2)*(it) we have

that
1

P1/2) = =

By remark 1.1.1, the solenoid Sé and hence Hg are invariant under f*. Define the
following equivalence relation on Bels(Hg): p ~a n if f#| sy = 1 S1- The universal
Teichmiiller space is defined as the quotient:

B : Bels(Hg) — Ts(1) = Bels(Hg)/ ~a

with the quotient topology induced by (Bels(Hg), || - ||s). Although we have the usual
group structure uxv = n if f*o f¥ = f" unfortunately the space Bels(Hg) is not closed
under this product.

The following Lemma shows the relation between this Teichmiiller space with the Sulli-
van’s one [Su].

Proposition 4.1.1. We have a continuous canonical injective map:

TS(]-> — TSullivan(Azo)

Proof: In the same way as in the classical case, by Weyl’s Lemma every adelic Beltrami
differential defines a complex structure on every leaf of Hy = A’ in Sullivan’s notation
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and we have a map 0 : Bels(Hg) — Tsuuivan (AL, ). Because there is a bounded homotopy
respect to the hyperbolic metric between 9J(u) and ¥(n) if and only if f“|5(132 = f”|%, there
is an injective map p such that:

BelS(H@)

| T

TS(l)(% TSullivan(Azo)

By the same reason as before and Corollary 3.3.14, ¥ is continuous for pointwise conver-
gence of continuous maps to a continuous map on a compact set (the solenoid Sé in our
case) is actually uniform. In particular, if (u,),eny converges to p in the Banach space
(Bels(Cq), || l|ren.s), then d(9(puy,), (1)) tends to zero where d is the Teichmiiller metric
defined in [Su]. Because the topology of Ts(1) is induced by the one in Bels(Hg), we
have that p is continuous. O

Model B: This is the model of quasisolenoids fixing the unit . Define the compact
HE = 7 (D(0; 1)6) C Cqg. Now, define Bels(Hg) as the subspace of those Beltrami
differentials pu € Belg(C@) such that g = 0 on the complement of the adelic hyperbolic
space Hg. Consider the quasiconformal solution f, to the p-Beltrami equation fixing
0,1,00. See that f, Hy, is univalent on every leaf. In fact, the application of the theory of
univalent functions in Teichmiiller theory is one of Bers great accomplishments.

Define the following equivalence relation on Bels(Hg): pu ~p n if f,
universal Teichmiiller space is defined as the quotient:

Tg(l) = B@lS(H@)/ ~pB

with the quotient topology induced by (Bels(Hg), || - ||s)-
Lema 4.1.2. Consider u,n € Bels(Hg). Then, f”|s@ = f”]sé if and only if fuluy =
fn Hé

Proof: (Modulo technicalities, the proof is almost verbatim as the one in [IT]). Define
the map g : Cg — Cg such that:

g(z): fuo(fﬂ)—l(z) ZGHQ
2 z€ HyU S
The map g is clearly leaf preserving continuous. For every leaf v,, the map v, o gou, is
explicitly given by:

I/a—logoya(z):{ya_ ofﬂo(]:’)_ 0 v,(2) §2E228

and by definition A it is quasiconformal and we have that g is quasiconformal. The map
f.)"togo f, is 1-quasiconformal and fixes 0, 1, oo hence by remark 3.3.4 it is the identity.
I "

Then, f# H@ = f17

For the converse, by continuity f, = f, on Hg U S%Q and we have a 1-quasiconformal
map h = fo (f,)" o f,o(f")": Hy — Hg. By the same argument as before, h = id
and we have f“|% = f”|%. O
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Corollary 4.1.3. Teichmiiller space models A and B are homeomorphic.

Model C: Here we present the quasisymmetric model.

Definition 4.1.1. A leaf preserving homeomorphism f : S§ — S§ is quasisymmetric if
for every leaf v, the map f, = v, ' o f oy, is quasisymmetric. Denote the space of these
quasisymmetric maps by Q.S (S(é)

The following Lemma is the Beurling-Ahlfors Theorem [BA]:

Lema 4.1.4. A real homeomorphism is quasisymmetric if and only if it admits a quasi-
conformal extension to the upper half plane.

The next Lemma is the adelic analog.

Lema 4.1.5. A map on the solenoid S(Il2 s quasisymmetric if and only if it admits a
quasiconformal extension to Hg.

Proof: Consider a quasisymmetric map f : Sé — S(é. By almost verbatim Lemmas
1.2.5, 1.2.6 and Corollary 3.1.6, there are limit periodic functions h, : R — R such that
falz) =v, o fov,(x) =z + he(z) and heyi(z) = he(z + 1) where v, is a leaf. Define
w, : U — U such that:

wnle+ig) = 5 [ de (4L 1) + (0= ) e = 1) (1.1

Because every f, is quasisymmetric the map w, is quasiconformal for every leaf v,.
Claim: There is a homeomorphism w of Hg such that w, = v, Lo oy, for every leaf v,.

A direct calculation shows that there are continuous limit periodic maps g, respect to
x such that w,(2) = z + g.(2) and g,11(2) = ga(z + 27). By Lemma 1.2.1 there is a
continuous map w : Z x U — Z x U such that w(a, z) = (a,w,(2)) and w(a + 1, 2) =
w(a, z + 27) + (1,—27). By Lemma 1.1.7 we have a continuous map @ such that the
following diagram commutes:

Hg — {0} < Hg — {0}
Tea:p Texp
7 x U v 7 x U

JU We=1d+gq JU

It rest to show that @ can be extended to a homeomorphism on Hg. Consider the
continuous extension to the boundary w : Z x R X [0, 4+00) — Z X R X [0, +00) and define
w(400) = +o00. Define the following neighborhood basis at 4o0:

{{+oo}uZxR><(y,+oo) such that yZO}
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See that {+00} UZ x R x [0,400) with the above basis at +oo is compact. Because
every wg : R X [0,400) — R x [0,+00) is a homeomorphism, for every y > 0 the
preimage of the compact R x [0,y] is a compact set hence there is some ' > 0 such that
wo(R x (y,+00)) C R x (y,+00). Because w,(z) = wo(z + 27mn) — 27n we have that
wy (R x (y,4+00)) C R X (y,400) for every integer and because the sequence (w,)n € N
converges locally uniformly on horizontal bands respect to the divisibility net, we have
that we(R x (', +00)) C R x (y, +00) for every a € 7 taking a bigger ¢/ if necessary; i.c.
w is continuous at +oo. Then w is a homeomorphism on {+00} UZ x R X [0, +00) for a
continuous bijective map between compact sets is a homeomorphism. Define exp(+o00) =
0. Is clear that exp : {+00} UZ x R x [0, +00) — Hg U Sg is continuous hence a
homeomorphism for the same reason as before. Because the following diagram commutes:

H@US@ @ HQUS@

expT expT

{400} UZ x R x [0, 4+00) —2— {400} UZ x R x [0, 4+00)

the map w is a homeomorphism. This proves the claim.

A complete analogous construction to the one before gives the commutative diagram:

Eo : &
esz emPT
{400, —00} UZ x C = {+00, —c0} UZ x C

C Wa :id+ga (C

where the maps on the top square are homeomorphisms and every w, is quasiconformal.
By equation (4.1) we have the relation w,(z) = w,(z) hence w is a quasiconformal map
fixing 0, oo such that:

1
W(1/z) =
(1/2) )

In particular, the map ¢ : Ts(1) — Bels(Hg) such that ¥(f) = p4 defines a section of
the proyection B: B oy = 1d.

For the converse, consider a map f : S(é) — S@ such that there is a quasiconfor-
mal map w : Hg — Hg with continuous extension f. Because w is a leaf preserving
homeomorphism of Hg then the continuous extension f is so and because v, ! o o v, is
quasiconformal then by Lemma 4.1.4 v ! o f o v, is quasisymmetric for every leaf v,. O

Because the baseleaf v is a morphism it defines leaf preserving left action p : Ry, — Sé
such that p(a)(z) = v(a)z where a € R and x € Sj. This action is the translation
along the leaves. By conjugation, it defines a left action on QS (S&D) such that a.f =

p(a)o fopla)~".
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Consider a cofinal totally ordered divisibility subsequence S and the subspace QSS(S@
of restrictions of quasiconformal solutions of S-adelic Beltrami differentials. Define the
Teichmiiller space Ts(1) as the quotient:

Ts(1) = @Ss(Sy)/Rer ~ @Ss(Sp)i
where QSS(Sé)l denote those maps fixing the unit. By the previous Lemma we have:

Corollary 4.1.6. Teichmaller space models B and C are homeomorphic.

4.2 p-adic case

In the same way we defined the adelic (algebraic) solenoid we define the p-adic one S}
(Cy) as the inverse limit of the inverse system 27" : S' — S'( 2" : C* — C*). The main
difference is that the Pontryagin dual of the p-adic solenoid S; is now the set of characters
2% such that ¢ = m/p™ for some integer m and natural n. The fiber of S; as a fiber bundle

m 2 Sy — S' is now the group of p-adic integers Z,.

Remark 4.2.1. Tt is worth noting the following fact: Continuous real or complex valued
functions on the p-adic or adelic integers need not to be locally constant. In fact:

e Consider the homeomorphism h between the 2-adic integers and the usual cantor
set such that:
h(a2a2a3 .. ) =2- O.a1a2a3 N

where a; denote the 2-adic numerical figures on the left side and the right side is the
corresponding real number in basis three. Because the Cantor set is a subset of the
real line, we have a continuous not locally constant function. In view of the Cantor
set characterization, we have the same example on any perfect, compact and totally
disconnected space.

e The p-adic norm || - ||, on the p-adic integers is continuous and not locally constant
at zero.

e Actually, on any compact space X we have: A continuous function f : X — R is
locally constant if and only if its image is a finite set.

It is worth to note also that the directional derivative is the only one that makes sense
on Z, for every linear map ¢ : Z, — C is trivial hence every linear action p : ¢ : Z, —
Autc(C) ~ C is trivial too. In particular there can be no differential neither derivative,
only directional derivative. Physically, the heuristic reason is that there is no natural
extension of the total order relation of Z to Z, and this can be seen in the following way:
Geometrically, the (oriented) directions through the 0 point are the equivalence classes
of monomorphisms Z — Z, such that two of them are equivalent if they are non trivial
(positive) integer multiples. Because every linear map m : Z — Z, is a monomorphism
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if and only if it is of the form m(z) = ax for some a € Z;, we have that the space of
directions are points of the projective space:

P(Zy) =7,/ 2

where the quotient is respect to the multiplicative structures. Because this space is far
from being trivial, we have multiple directions so the directional derivative is the one that
makes sense.

Taking the analogy further, the space of oriented directions, the p-adic version of S!,
can be considered as the boundary of Z,:

0T, = 1,2,
and is the double covering of the projective space:
0Z, — P(Z,)

It seems that the p-adic solenoid S; has the boundary 8ZT) x S! or some dynamical

suspension of GZT, with some monodromy map. We wonder whether these ideas connect
to tropical geometry.

In the same way we defined a notion of vertical uniform continuity in L., we define
the notion of vertical uniform derivative:

Definition 4.2.1. Recall the left action m : Z, — Aut(C;) such that m,(z) = ¢(a)z.
We say that ;1 € Loo(C;) has uniformly vertical Lo.-derivative du/dZ, if

AP PO T

dZ, =0 |lall, e

As an example, consider the p-adic integers Z,, with its p-adic norm ||-||,. By definition,

the p-adic norm is continuous on this space. Let’s see that it has a directional derivative

at every point. If x # 0 then there is some natural number N such that a € NZ, imply

||z + al|, = ||z||, hence its derivative is zero at x. However, its directional derivative at

zero is one for every direction. We have proved that the derivative exists and equals the

delta Kronecker:
d ||z]l,

dz
Lema 4.2.1. Consider a vertical Loo-continuous p € Lo (C;) such that there is a converg-

ing S-renormalized average series. Then and dyp/dZ, exists along the direction determined
by S and it is zero; i.e:

An

del‘S =0

Proof: There is a subsequence (n;) en of (p™)nen such that 3.1 holds. In particular,
the non-renormalized average series converges:

D M (1) = Ty ()| o < 00
j=1

68



and because of Lemma 2.1.1 we have:

p= "1y, (:u) + Z(Inj+l (N) - Iﬂj (/L))

Recall that m,(x) = ¢(a)x and ¢(a) € Ker(m,) imply 7, (¢(a)x) = 7,(z) for m, is a group
morphism. Because ¢(a) € Ker(m,) if and only if a € nZ,, we have that (7, (z)) is
invariant under the action m, such that a € nZ,. In particular, because the measure is
invariant under m,, we have that Z,(u o m,) = Z,,(u) for every a € nZ,. Then,

limng||pomn, — pllo

“+o00 “+oo

= 11?1 nJH Z(Inj-H (M © an) - Inj (/u o mn})) - Z(Inj-H (:u) - Inj (M))”OO
+o0

< 2limng Y [ Zog, (1) = Lo, (1)l
j=J
“+o00

<2 li?l.zJ i1l Znsea (1) = Ty (1) ]| oo = 0
]:

Finally we have:

) e,
dz,'s J ]y

= li?nj(uoan —pn)=0
Moreover, we conjecture the following:

Conjecture 1. In the p-adic case, the renormalized average series condition in the adelic
Beltrami differential definition can be substituted by the condition du/dZ, = 0. We don’t
mean these conditions are equivalent, we mean that the whole theory that follows, in
particular Ahlfors-Bers theorem, holds with this alternative condition.

In what follows, we will take the sequence P = (p")nen, and in pursuit of alleviating the
notation, when there were no confusion, we will make the following abuses:

e Denote [|-[lp = || - [| ren.p-
e Denote Z,, = Zn.

e For every complex continuous function f from the solenoid, algebraic solenoid or
the adelic sphere, denote Z,,(f) = Z,(f ov) and ||f||p = ||f o v||p where v is the
baseleaf.

e For degree zero maps f, by Lemma 1.2.9 there is a complex function g such that
f=vog. Denote ||f|lp = llg]l».
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e We will omit the notation making reference to orientation an leaf preserving p-
adic solenoidal diffeomorphisms: Dif fl;;(S;) = Diff (S;). Instead, we will denote
the orientation and leaf preserving p-adic solenoidal C"-diffeomorphisms fixing the
unit by Di f fm(S;)l. The same abuses hold for the p-adic solenoidal quasisymmetric
maps QS(S}).

Lema 4.2.2. (Renp, ||-||p) is a Banach algebra.

Proof: By Proposition 3.2.2 (Renp, ||-||p) is a Banach space and it rest to proof that

fglle < [ f1lzllgll»

for every f,g € Renp. Denote Z_; = 0. In the p-adic case we have the graded algebra:
Pe’f’p = @ Aj
J€No
such that Ag = Pery and A; = Per,; — Peryi-1. Moreover, for every f € Perp we have:
n€Ng

where anly a finite amount of terms in the sum are zero and every one of them satisfy the
property:
In(f) - Infl(f) € An

for every natural n € Ny. Consider f,g € Perp. Then fg € Perp and by the argument
above we have:

T.(f9) = Toa(f9) = Y (Za(f) = Za-s () (To(9) — Toa(9))

a+b=n
a,b>0
Then,
Ifalle = > P"IZa(f9) = T (f9)ll
n€Ng
< D" Y ) = Zoa (Dl Zo(9) = Tom1(9)l
n€Ng a+b=n
a,b>0
= (Z p”||1n(f)—1n1(f)|\oo> (Z P [T (9) —Iml(g)lloo>
neNy me&Ny
= |lfllllgll»
By Lemma 3.2.1 Perp is dense in (Renp, || -||p) and we have the result. O
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4.3 p-adic Nag-Verjovsky map

Consider p-adic solenoidal orientation and leaf preserving C™-diffeomorphisms f,g €
Dif f™(S)): fixing the unit. Define:

at _
d(f,g9)cm = ||dx_m(V 'ofov—vtogov)lp

In general, these functions would be just pseudometrics but because of remark 2.2.2 and
the fact that f and g fix the unit (ag = 0), it is easy to see that:

A/, ) < (%)m a(f, g)on

for every m > 1 > 0. We conclude that the functions considered are actually metrics. In
the case m = oo, the C'"*°-topology is defined as the one generated by the union of all the
C*-topologies. In particular, the inclusions Dif f”(S;)l C Dif fm(S;)l are continuous
for m > n including m = oo.

Lema 4.3.1. The space Dif f™(S))1 is complete for m =0,1,2,...00c.

Proof: Consider a C™-Cauchy sequence (f,)nen. By the above relation we have

that the sequence of limit periodic respect to x functions ( dda;(yfl ofpov— zd)) is
neN
a Cauchy sequence respect to || - ||p for every 0 < ¢ < m. By Lemma 3.2.2, for every

0 <i < m there is a limit periodic respect to x function g; such that the Cauchy sequence
(%(l/_l o fpov— id))nEN converges to it respect to || - [|p. In particular, by the first
item of Lemma 3.2.1, the convergence is uniform for every 0 < ¢ < m and we have
gi = %go for such i. By Lemma 1.2.5 there is a continuous leaf preserving map f such
that v o fov = id + go and we conclude that the sequence (f,,)nen converges to f in

the C"™ topology. O

We define the set Dif fg’(S;)l of p-adic solenoidal leaf and orientation preserving C™ dif-
feomorphisms f fixing the unit with the property that there is an adelic Beltrami differen-
tial i € Belp(H,) such that f = f#| s1. Because every diffeomorphism y quasisymmetric,
we have the Nag-Verjovsky map [NV]

v Dif f5(Sp) = QSp(Sy) = Tp(1)
See that Dfo%(S;)l = QSP(S;)l

Lema 4.3.2. The Nag-Verjovsky map is differentiable for m > 2.

Proof: 1 1s continuous: Consider diffeomorphisms f,g € Dif f{;"(S;)l such that f =
f*lsy and g = f"|s1 where yi,m € Belp(H,). Because (Renp, ||-||p) is a Banach algebra,

for every n € Belp(H,) such that ||n||p < ||u||p" we have:
fog = """ s € Dif fF(Sp)

71



for:

~ = el |2 + [nl|»
INE37 1||7>=||1 _||7a§1 < 00
—pumn — ||l 2 |[n]|»

for every m > 0. Hence it is sufficient to prove the continuity at the identity.

Because the inclusions Di f fm(S;)l C Dif f”(S;)l are continuous for m < n, it is enough
to prove the result for m = 2. Using the Ahlfors-Beurling extension formula (4.1), given
the C? diffeomorphism f in Dif f7(S}); such that:

viofov(x)=x+ Zaqeiqx
where a_, = @, and ay = 0, we have the quasiconformal extension w; such that:
viowsov(z) =2+ Z a.e1(qy)
q€Q

where z = x + iy and [ is the real function:

sinx 1 ——cosz

l(x) = —

€T T

See that the above expression makes explicit the relation w(z) = w(z). By Lemma 3.1.2
there is a continuous addelic Beltrami differential 11y on the p-adic sphere C, such that:

. iqx l v
qu@ iq ag € ( (qy)J; (qy)>
1 S eq g ag e (Ha5lm)

The above expression is well defined for 1/2|{(x) & I'(x)| < 1 and because the solenoid is
compact and f is a diffeomorphism, there is a constant k£ > 0 such that:

vi(ps)(z) =

0<k< 1+Z iq a e’
q€Q

for every x € R. Now we have an explicit expression for the Nag-Verjorvsky map:

Belp (Hp)

it

Dif f5(Sp)i —Tp(1)

where ¢(f) = ps and o(f) = [p(f)] = [pf]. We claim that (recall the abuse of notation

4.2):
DT (A2 o < Tl

This is just a calculation. Because:

1S igay o (M) o= S 2T )~ Ta (-l

2
qeQ n€ENg
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and because of the fact 1/2]i(x) £ '(z)| < 1 and remark 2.2.2 for each term we have:

1Za( ) = Zoca( e £ D laag] < %an(f”) — o1 ()]

q€p™ "L
qép " TIZ
hence - -
Al < —=|If"lp = —=d(id, f)c2
| ||7>_\/§Hf | \/g( fe

and we have the claim.

In particular, ¢ is continuous at the identity for:

15 e g ag e (M2512) |1

N1 e i ag et (M5 |Jp
< \/lgd(lda f)C2
I \/L§d<2d7 f)C2

lepDll» <

for f sufficiently close to the identity in the C? topology. In particular, ¢ is continuous.

L is differentiable: Again, by the same argument as before, it is enough to prove it at the
identity. For every degree zero solenoidal map h such that id.h is a C? diffeomorphism
in Dif f3(S})1 (his a perturbation of the identity in the C? topology), define the linear
map d;qp such that:

v (dap (W)(=) =Y i ag e (f> &

q€Q

vloho v(z) = Z aqeiqz

q€Q
Actually, d;qp is the differential at the identity for:

|lp(id-h) — diap(h)||» T \*  d(1,h)e
d(17h)02 = (ﬁ)

This concludes the Lemma for d;qt = [d;q]. O

where

O(d(l, h)cz)

Remark 4.3.1. In the above proof, several different quasiconformal extensions can be
defined with appropriate functions [, for example:

l(x)=¢€""

This function has the property of decaying to zero when x tends to +oo, [(0) = 1 and
1/2]l(z) £l (x)| <1 for every x € R. Actually, this is the extension used in example 3.3.1.
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From now on we will consider m > 2. We will define complex structures on both ends of
the Nag-Verjovsky map and conclude that it is analytic respect to these structures.

Consider the tangent space at the identity T;y D1 f fQ(S;)l of C*°-vector fields v such that:
v (v)(z) = Z age'r”
q€Q
where a_, = @, and ay = 0. Because of the monomorphism:
didgpid : ﬂdDfo;)n(S;)l — ToBelp(Hp) = Renp

these vector fields can be characterized as those for which there is some n € Renp such
that v = f[n)].
Define an (a priori) almost complex structure .J such that:

v (Jv) = Z —i sg(q)a,e'™”

q€Q

and translate it by conjugation with the adjoint map Ad to the whole tangent bundle
T Diff{;”(S;)l. Although Diff{;”(S;)l is not a group, this translation of structure can be
done.

On the other hand, the canonical linear complex structure of L. (H,) induces a com-
plex structure J on the Banach manifold of solenoidal quasisymmetric maps QSp(S;)l.

Theorem 4.3.3. The Nag-Verjovsky map is analytic.

Proof: Consider n € TyBelp(Hg) such that f[n] is a C> derivation and its restriction
to the solenoid is determined by:

) = Y age s
qeQ

where a_, = @; and ag = 0. Define the derivation F' such that:
F(z) = fln] +ifin]

See that F' is continuous on the whole adelic sphere (see remark 3.4.1), in particular at
zero. Because of the following fact:

afn =n

in distributional sense on every leaf where @ = dz 9, we have that 0;F = 0 on every leaf
of Hgp in distributional sense. By Weyl’s lemma on every leaf, F' is holomorphic on Hg
such that the real part of its continuous extension to the solenoid is the function defining
f[n] respect to d/dm,. The only derivation F satisfying this property is the continuous
one such that: p

VI(F)(2) =2)  a,e” -

q>0
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Because the imaginary part of its continuous extension to the solenoid is the function
defining f[in] respect to d/dmy, we conclude that:

v (flim) () = (—Z +Z> -

q>0 q<0

and this proves the result for f[in] = J(f[n]). O

Corollary 4.3.4. The automorphism J defines a complex structure.
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Appendix A

Quasiconformal mappings

A.1 Minkowski inequality and Convolution

The following is the Minkowski inequality:

Theorem A.1.1. Suppose (X, A, n) and (Y,B,v) are o-finite measure spaces. Consider
1 < p < oo and a measurable complex function F' respect to the product space (X x Y, A x
B, xv). Then:

| Pt

g/XIIF(x,y)IILp(dV) dp(z)

Lp(dv)

Proof: Without loss of generality we may assume that F'is positive real and that both
sides of the inequality are finite taking simple functions approximation if necessary. The
case p = 1 follows directly by Fubini’s Theorem. Consider 1 < p < oo and its conjugate

g =p/(p—1). Define: -
Gly) = (/X F(l‘,y)du(x))

We have that G € L,(Y,v) for:

Gty = H( / F(x,y>du<x>)p_1
Ly (dv)

- (/y (/XF(x,y)du(x))p d]/(y))l/q

[ Fiuts)

Ly(dv)
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By Fubini’s and Holder’s Theorems we have:

P
\ [ et = [ [ Fle.p) duta) )
X Ly (dv) Y X
~ [ [ 6tF@.y avty) duto)
X JY
< /X ICW oan|F @) L,y i)
= Gl /X VF @ 9) 2y @) i)
Dividing both sides by ||G||, ) We have the result. O

Remark A.1.1. Taking the countable measure on the set X = {1,2} we have the classical
Minkowski inequality:
1+ glly < 1A1> + gl

Moreover, taking the countable measure on X = N gives:

I 5l <D 1l

ieN ieN
Corollary A.1.2. Consider g € Li(R™) and f € L,(R™) such that 1 <p < oco. Then,

1+ gllp < [lglhl[ 1l

where:

fxglx)= 5 flz—y)gly) d™y

1s the convolution product.

Proof: The case p = oo is trivial and the case p = 1 follows by Fubini’s Theorem. Let
1 < p < 0o. Because g € Li(R") the measure du(y) = |g(y)|d™y is finite and Minkowski
inequality implies:

£eall < | [ 15—l ol ay

Lp(d™z)
< / 1/ = 9)l] 1 aom [9(9) | ™y
= Hg\\Ll(dm)x)HfHLp(d(n)x)

and this proves the corollary. O

Remark A.1.2. e (Li(R™),*) is a commutative complex Banach algebra.

e L,(R")is a Li(R™)-module with the convolution action.
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e The above corollary is a particular case of the Young inequality: Consider r,p > 1,
g€ L,(R"), feL,(R") and 1 < p < ¢ < oo such that:
1 1 1
-4+ —=14+ -
r o p q

Then,
1f glle < gl 111

Respect to the L, norm, the space of compact support continuous functions Cy(R") is
dense in the space of simple functions and because the latter is dense in L,(R™) we have:

Co(R")" = Ly(R")
A stronger result, Corollary A.2.3, will be proved later in section A.2.

Lema A.1.3. Consider 1 < p < oo and f € L,(R"). Define T,f € L,(R") such that
(T, f)(x) = f(x —y) for everyy € R". Then, the map y — T, f is continuous.

Proof: First, assume that f € Cy(R") and let € > 0. If f is identically zero then the
claim is trivial. Assume that f is not identically zero. Because f is uniformly continuous
there is a real number 0 > 0 such that ||h|] < ¢ implies:

[F(@ = h) = f(@)] < € Area(support(f) + B(0;6))™"/"
Then, for every h € R"™ such that ||h|| < ¢ we have:

1/p
s =1l = ([ 1ta =) = s az) " <o

Now consider f € L,(R"™). There is g € Cy(R™) and a real number § > 0 such that
l|f —gl| <e€/3 and ||h|| < ¢ implies ||Thg — g||, < €/3. Thus,

WThf = fllo < WTnf = Tugllp + 1Thg — gllp + llg = fllp <€
because T}, is an isometry. O

Lema A.1.4. Consider 1 <p < oo, f € L,(R") and g € CJ*(R") such that 0 < m < oco.
Then fxge CI. .(R")N L,(R") and:

unif
D(f xg) = f = D%

for every multi-index « such that |a] < m.

Proof: By Corollary A.1.2 we have fxg € L,(R™). It rest to show that fxg € C™(R").
First consider m = 0. By Holder’s inequality we have:

(fxg)(@+h)—(fxg)(z) = fla+h—y)gly) d™y - s flz—y)g(y) d(")y’

Rn

=/ flz—y)gly+h) d™y — s flz—y)g(y) d(”)y’

_ f@—yxwy+m—g@»dW4

Rn
< Alp[1T-ng = gllq
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and because of the previous Lemma we have the uniform continuity of f % g € Cynif(R™).

Now consider m = 1 and ¢ > 0. By the mean value Theorem there is ¢ € (0,¢) such
that:

[(f *9)(x +te;) = (f*g)(x)] = . FW) (g(x +te; —y) — glx —y)) d™y
= | W) (glx +te; —y) — gla —y)) d™y

dg
- t . f(y) 0.1'1

Jg
8:172-

Because dg/0x; € Co(R™) then f x (0g/0z;) € Cyunir(R™). We conclude that O(f * g)/0z;
exists and coincides with f*(dg/0x;). Since i was arbitrary we have that fxg € C! ..(R")

unif
and the general case follows by induction. U

(x 4 ce; — y) d(")y

= tfx (x + ce;)

A.2 Approximations to the Identity and Weyl’s Lemma

The convolution action of L;(R"™) on L,(R™) doesn’t have a unit; i.e. there is no element
0 € L1(R") (Dirac delta) such that § x f = f for every f € L,(R"™). For this reason we
need to approximate it. For any real function ¢ on R"™ and € > 0 define ¢, such that

QOE(ZL‘) - Ein(ﬁ(l‘/e).
Lema A.2.1. Consider a positive real function @ > 0 such that ¢ € Li(R'). Then
lleell1 = ||l for every e > 0 and:

0 M {lal>0}

for every o > 0.

Proof: The first claim follows from the definition and a change of variables. For the
second, by dominated convergence we have:

lim o(z) d™Vx =0
F=00 J{ja| >k}
Then,
/ o () d™a = e”/ o(x/e) dWa = / o(z) d™z — 0
{lz[>} {lz|>0} {lz[>6/€}
when € tends to zero. O

Lema A.2.2. Consider a positive real function ¢ > 0 such that ¢ € L1(R™) and ||¢||; = 1.
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If f € L,(R"™) such that 1 < p < oo then,

lim| | * o — fll, = 0

If f € Lo(R™) then for every continuity point x of f we have:

lim fx g (z) = ()

e—0

If f € Loo(R™) and f is uniformly continuous on a domain D then f x . converges
uniformly to f on D when € tends to zero.

If f is continuous and @ has compact support, then f x . converges to f locally
uniformly when € tends to zero.

Proof:

e By hypothesis p.dy is a probability measure so we can write:

| pez) — fa)] =

[ 0= = r@)eaf

and by Minkowski inequality A.1.1 we have:

Hf*‘pe_f’lp <

[ V== @le s

p

< Wﬂﬂw—m—fwmgmwdw@ (A1)

Let n > 0. Because of Lemma A.1.3 there is a real number ¢ > 0 such that ||y|| < §
implies ||T, f— f]|, < n/2. Proceeding with relation A.1 we have || fxp.—fl|, < I+11
where:

] = e — ) — @) caony)d
=AW@JU( y) — f(@)|z,ax)pe(v)dy
< 2 [ edndy <2

{llyll<d}

and:

- /' 1@ — ) — F@) |y ee®)dy
{Ilyl|>d}
< 2||fll, e (y)dy
{llyl|>6}

By Lemma A.2.1, there is a real number o > 0 such that € < o implies IT < /2. We
have proved: For every n > 0 there is a real number o > 0 such that || fxp.—f||, < n:
i.e. The limit exists and equals zero.
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e Suppose that x is a continuity point of f. We proceed exactly as before:

[f# pe(a) = fl2)] =

| e =) f@)e.o)dy

Let n > 0. There is a real number § > 0 such that ||y|| < § implies |f(z—y)—f(z)| <
n/2. Then, |f * () — f(z)| < I+ II such that:

] = ) — f e
/{Iy<5}’f( y) — f(@)|p(y)dy
< (77/2)/ pe(y)dy <n/2

{llyll<a}

and:

- / (=) — F(@)]cy)dy
{llyl[>d%}

< 2|f / o (y)dy
{llyl|>o}

Again, by Lemma A.2.1, there is a real number ¢ > 0 such that ¢ < ¢ implies
11 <n/2. We have proved: For every n > 0 there is a real number ¢ > 0 such that
|f *pe(x) — f(x)] < n;ie The limit exists and f * ¢ (x) converges to f(x) when €
tends to zero.

e Almost verbatim to the above item.

e For the final claim, consider a compact set K of R™ and a real number n > 0.
Because f is uniformly continuous on K, there is a real number § > 0 such that
lly|| < & implies | f(z—y) — f(z)| < n/2 for every x € K. In the same way as before,
SUPgek | f * we(x) — f(x)| < I+ II such that:

I = sup / @ —y) — F@)leu)dy
{llyl|<d}

rzeK

< /2 /{ ey

and:

zeK

I = sup / e —y) — f@)e.(y)dy
{Ilyl|>d}
S 2 f oo € d
L fe | /“Mso(w y

where K’ = K + supp(p.) = K + e.supp(p) is a compact set hence ||fx k|| < 00.
By Lemma A.2.1, there is a real number ¢ > 0 such that ¢ < ¢ implies [] <
n/2. We have proved: For every n > 0 there is a real number ¢ > 0 such that
SUp,ex |f * @e(x) — f(x)] < n and we have the claim.
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O

Definition A.2.1. Consider a positive real function ¢ € L;(R") such that ||p||; = 1.
The function € — ¢, is called an approzimation to the identity.

Corollary A.2.3. The space Cg°(R™) of infinitely differentiable functions with compact
support is dense in L,(R™).

Proof: Let f € L,(R™) and n > 0. Consider a large enough radius R such that
| fXiyl>r|lp < n/2. Consider also a positive real function ¢ € C§°(R") such that ||¢|; =
1. By Lemma A.2.2 there is € > 0 such that |[(fxy<r) * ¢c — [X|ylI<rllp < 1/2. Define

g = ([X|lyl<r) * pe. We have:
g = flls = llg = Fxiwi<r = Fxiwi=rlls < lg = Fxipi<ells + 1 X2l <7
Because of Lemma A.1.4 and the fact that:

supp(g) C B(0; R) + supp(pc) = B(0; R) + e.supp(¢)
we conclude that g € C§°(R™). O

The following is the space of smooth functions whose derivatives decay to zero faster
than the inverse of any polynomial:

Definition A.2.2. An infinitely differentiable function f is in the Schwartz class S(R™)
if:

sup [z*DP f(z)| < oo
z€R™

for every pair of multi-indices «, 3.
Corollary A.2.4. The Schwartz class is dense in L,(R™).

Proof: 1t follows from the fact that Cj°(R") C S(R") C L,(R™) and Corollary A.2.3.
U

The following is the Weyl’s Lemma:

Lema A.2.5. Let f be a continuous function on a domain D C C with distributional
derivative f5 locally integrable on D. If f- =0 on D then f is holomorphic on D.

Proof: Consider a positive real function ¢ € C§(C) with compact support and ||p||; =
1. Consider also a compact set K in D. Because ¢ has compact support, there is a real
number o > 0 such that 0 < € < ¢ implies:

K + supp(pe) = K + e.supp(p) C D

Then, f * @, is defined on K for every 0 < ¢ < 0. By Lemma A.14, f x o, € CY(K) is
differentiable on K for every 0 < € < 0. Because ¢ has compact support and f; is the
locally integrable derivative in distributional sense:

(f*@)z=frxp.=0

on K for every 0 < € < o. Hence, f * . is holomorphic on K for every 0 < ¢ < o.
By the fourth item of Lemma A.2.2, (f * ¢,)o<e<r converge uniformly to f on K when €
tends to zero. We conclude that f is holomorphic on K and because the compact set was
arbitrary, f is holomorphic on D. O
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A.3 Quasiconformal mappings

This section is almost verbatim to [IT] and [Ah]. We want to consider orientation-
preserving homeomorphisms satisfying the Beltrami equation f; = uf,. Because of this,
f should be at least partially differentiable almost everywhere (a.e.) in the considered
domain. This is guaranteed by assuming that f is ACL: A function f on a planar domain
D is said to be ACL (absolutely continuous on lines) if the following condition holds for
every rectangle R = [a,b] X [¢,d] in D whose sides are parallel either to the real axis or
the imaginary axis: As a function of x, f(_,y) is absolutely continuous on [a, b] for almost
everfy y € [c,d], and as a function of y, f(z, -) is absolutely continuous on [c, d] for almost
every x € [a,b].

Remark A.3.1. An absolutely continuous function g on an interval [ is differentiable at
almost every ¢t € I. Hence, when a function f on a domain D is ACL, the partial
derivatives f, and f; are well defined and finite at almost every z € D. Moreover they
are measurable.

Analytic definition A: Let f be an orientation preserving homeomorphism of a planar
domain D into the complex plane. We say that f is quasiconformal (qc) on D if f satisfies
the following conditions:

e fis ACLon D.

e There is a constant k& with 0 < k < 1 such that:
| f2| < K| f.]

almost everywhere on D.

Setting K = (k+1)/(k — 1) we say that f is K — gc on D. We call the infimum of K
such that f is K — gc the maximal dilatation of f and denote it by K.

FExample 1: A conformal mapping of a domain D is quasiconformal on D such that k£ =0
and K = 1. Later we will see that the converse is also true: Every 1-qc map is conformal
(Weyl’'s Lemma).

Ezxample 2: An affine mapping f such that f(z) = az + bz + ¢ such that |b] > |a| is
quasiconformal such that k = |b|/|a| and K = (|a| + |b])/(|a| — |b]).

FExample 3: For a given K define f such that:
z ze H
f(z)—{ r+iKy z=x+iyeC—-H
Then f is K — qc.
Remark A.3.2. Define f such that
z

f(Z):l_—MQ

such that z € A. Then f is an orientation preserving diffeomorphism of the unit disk
A onto C but not quasiconformal. Actually, there are no quasiconformal mappings of A
onto C.
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Remark A.3.3. Let f be a K — gc mapping of a domain D onto another domain D" and
g be a conformal mapping of D’. Then the composite mapping g o f is K — ¢c. In fact,
it is easy to see that g o f verifies the definition and that Ky; = K.

In general, existence of the partial derivatives f, and f; is not enough to guarantee
good properties of f. However, in the case of homeomorphisms we have the following
remarkable result [?]:

Proposition A.3.1. If a homeomorphism f of a domain D into C has the partial deriva-
twes f, and f, a.e. on D, then f is totally differentiable a.e. on D.

Proposition A.3.2. If f is a quasiconformal mapping of a domain D, then the partial
deriwatives f, and fs are locally square integrable on D.

Proof: First, we have a completely additive set function A by attaching the area A(E)
of f(E) to every Borel subset £ of D. Let J; be the density function of A with respect
to the two-dimensional Lebesgue measure dxdy. By Lebesgue’s decomposition theorem

we have:
// Jp dedy < A(E)
E

for every measurable subset E of D. On the other hand, by Proposition A.3.1 we see that
f is totally differentiable at almost z € D, and at such a point z we can show that:

Tr(2) = | f:(2)I° = 1 f=(2)”

By the second item of the quasiconformal definition we have:

[fol* < [f* <

1
e

almost everywhere on D and we have the result. [l

Proposition A.3.3. For every quasiconformal mapping f of a domain D, the partial
derivatives f, and fs are coincident with those in the sense of distribution. Namely, for
every element ¢ of C°(D), the set of all smooth functions on D with compact supports,

it follows that:
/], /],
fz¢ dxdy = — J¢z dzdy
/], /],

Proof: By Proposition A.3.2 and Fubini’s theorem, the left hand side of the above
identities can be rewritten as repeated integrals. Since f is ACL the assertions follows by
integration by parts. U

Noting Propositions A.3.2 and A.3.3 we consider the following alternative definition:

Analytic definition A’: Let f be a homeomorphism of a domain D into C which
preserves orientation. We say that f is quasiconformal on D if the following conditions

hold:
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e The distributional partial derivatives of f with respect to z and Z can be represented
by locally integrable functions f, and f;, respectively, on D.

e There exists a constant & with 0 < k < 1 such that:

almost everywhere on D.
Theorem A.3.4. Definitions A and A’ of quasiconformal mappings are equivalent.

Corollary A.3.5. Let g be a conformal mapping of a domain D onto another D', and f
be a K — qc mapping of D'. Then f o g is a K — qc mapping of D.

Proof: Let w = u-+iv be the variable on D’. By assumption, there exists the distribu-
tional derivatives f,, and fz and they are locally integrable on D’. Since ¢pog™t € C5°(D’)
for every ¢ € C§°, there exist the distributional derivatives (f o g), and (f o g); and the
coincide with the locally integrable functions (f, 0 g).¢’ and (fz o g).¢’ respectively on D.
Moreover:

|(f 09)zl < KI(f o 9):]
where k = (K —1)/(K + 1) and we have the result. 0.

Corollary A.3.6. A 1 — gc mapping on a domain D is holomorphic on D.

Proof: A 1 — qc mapping mapping f on a domain D verifies f; = 0 on D as a
distribution. By Weyl’s Lemma A.2.5 f is holomorphic on D. O

A.4 Mapping Theorem

The following is the Douady-Hubbard approach to the mapping Theorem.

Definition A.4.1. Consider a Beltrami differential y € L,,(C); with compact support
and the unique quasiconformal solution f to the pu-Beltrami equation such that f(z)—z €

O(1/]z]).

Because p has compact support, it is univalent outside a disk of sufficiently large radius
R and we can write:

f(z)_z+%+%+... (A.2)

In particular f, — 1 € Ly(C): Because f is quasiconformal we have that f, € Lg;,.(C)
and it rest to verify this property at a neighborhood of co. Equation A.2 implies f, —1 €
O(1/]z|%); i.e. There is a constant C' such that |f,(z) — 1| < C/|z|? for every z € C such

that |z| > R. Then:
27 ~+o00 C
/ lg:(2) — 1| < / / —dfdr < oo
|z|>R 0 R T
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and we have the claim.

The following is the Douady-Hubbard [Hu| beautiful proof of existence of Beltrami
equation solutions and analytic dependence in the case Beltrami differentials with compact
support:

Theorem A.4.1. Consider a compact set K C C and consider the set of Beltrami dif-
ferentials Bi(C) C Loo(C)y with support contained in K. Then, for every p € Bg(C)
there is a unique DH solution f* to the u-Beltrami equation. Moreover, the map u+— f*
is analytic in By (C).

Proof: Consider the Fourier transform F : Ly(C) — Lo(C). For every map f with
distributional partial derivatives on L, we have the relations:

F0)(C) = 27¢i 9.F(f)(C)

}—(azf)(o =27 (i sz(f)(C)

Hence, there is an operator £ : L?(C) — Ly(C) such that for every map f with distribu-
tional partial derivatives on Ls:

where L is explicitly given by:
¢
FLW))(Q) = zF(w)(C)
for every w € Lo(C). Because of the above expression and the fact that the Fourier
transform F is a unitary operator, it follows that £ is an isometry; i.e. ||£]|| = 1 in

operator norm. Consider ;1 € By (C). Then, a DH map f(z) = z + g(z) is a solution of
the p-Beltrami equation if and only if:

0:9 = u(1+ L(0:9))

and we have the following functional equation:
(id — pL)(9:9) = p

Because ||u||lo < 1 and ||£]|| = 1 we have ||uL|| < 1 hence the operator above has an
inverse and we have:

0:9 = (id — pL) ™ (1) = po+ pl(p) + pL(ul ) + ...

Because p has compact support then 0;g has also compact support and the convolution
(m2) 1% D5g is well defined. Because this operator solves the 9; problem on functions with
compact support: 85((7Tz)*1 * h) = h, and the fact that this operator acting on compact
support functions gives functions in the O(1/|z|) class, we have the remarkable formula:

1 1 1
_ 0.9) = — x* (id — ul A3
9= —*(0:9) = — = (id— pL) " (p) (A.3)
In particular, the formula above makes clear the analytic dependence in Bg(C). 0
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Remark A.4.1. The operator L is actually the operator 7" in [Ah] defined as a singular
integral operator. In the same reference, because the operator P is acting on compact
support functions and we are interested in D H solutions, it takes the form of a convolution
product. Because we are dealing directly with Lo, in contrast to the Ahlfors approach the
Calderén-Zigmund Theorem is not needed in this one.
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