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Preface

The notion of kernel of a digraph was introduced by von Neumann and
Morgenstern in 1944 and has been extensively studied since then. A well
known result about kernels, due to Chvéatal, states that the problem to de-
termine whether a given graph has a kernel is N P-complete. Also, there has
been a considerable amount of work devoted to find new sufficient conditions
for the existence of kernels in digraphs. An example is a result by Duchet,
which will be mentioned in the introduction of this work as Theorem 1.2.1.

As it is natural in mathematics, many ideas related to others arise through-
out the years. An offspring of the concept of kernel is the notion of k-kernel.
Pavol Hell and César Hernandez proved that the problem of determining if
a given digraph has a 3-kernel is NV P-complete even when restricted to cycli-
cally 3-partite digraphs with circumference 6. Also, they found new sufficient
conditions for a cyclically 3-partite digraph to have a 3-kernel. The second
chapter of this work is devoted to generalize this results for k-kernels.

Also, once results have been obtained, it is usual to ask if some of the
hypotheses can be dropped and, if not the case, if weaker versions of them
could be used instead. Some digraphs are acyclic (contain no directed cycles),
some are symmetric (every arc is a directed 2-cycle), and every digraph is
somewhere in between those two families. Since every acyclic digraph and
every symmetric digraph have k-kernels but not every digraph does, it is not
too crazy to ask the following two questions:

1. How many symmetric arcs can a digraph have and still have a k-kernel?

2. How few symmetric arcs must a digraph have in order to guarantee the
existence of a k-kernel?

The third chapter contains some the work we have done around the second
of those questions. We propose a conjecture that, if true, would generalize to
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k-kernels a result about the existence of kernels in digraphs given by Duchet.
While we have only obtained some partial results towards proving the general
case, complete solutions for 3 and 4-kernels are given here, as well as examples
showing that the hypotheses are sharp.



Outline

This work is divided in two parts. The first one, contained in the second
chapter, generalizes some of the results in [6]. Most of it is dedicated to
proving the following result:

Theorem 2.1.13. The k-kernel problem for cyclically k-partite digraphs is
NP-complete, even when restricted to cyclically k-partite digraphs with cir-
cumference 2k.

We reduce the k-coloring problem to the k-kernel problem restricted to
cyclically k-partite digraphs with circumference 2k. The objective of most
of the results in this section is to develop a procedure to construct, for any
given a graph G, a digraph D¢, with the following property:

Corollary 2.1.13. There is a bijective correspondence between the k-colorings

of G and the k-kernels of D¢ .

The polynomial reduction makes use of a family of cyclically k-partite
digraphs with circumference 2k without a k-kernel. The elements of this
family have a particular property: in every class of the partition there is one
sink. However, if we restrict the number of classes in a cyclically k-partite
with sinks, it is possible to guarantee the existence of a k-kernel. If Z is
the family of cyclically k-partite digraphs such that there are at least k — 2
elements of the partition without sinks, we can state the result as follows:

Theorem 2.2.1. The digraphs in Z have a k-kernel.

The chapter ends by showing that the hypotheses of this results are op-
timal with regard to the number of classes without sinks.

The third chapter, which contains the second part of the work, is devoted
to finding new sufficient conditions for the existence of k-kernels. It is shown
that if a digraph is such that at least a certain proportion of the arcs of every
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cycle is symmetric, then the existence of a k-kernel is guaranteed, for k£ = 3
and k£ = 4.

The results that summarize the work done there are the following:

Corollary 3.1.4. Let D be a digraph. If every directed cycle B in D has at
least 30(B) + 1 symmetric arcs, then D has a 3-kernel.

Corollary 3.2.6. Let D be a digraph. If every directed cycle B in D has at
least %E(B) + 1 symmetric arcs, then D has a 4-kernel.

Finally, a general conjecture is presented, as well as a family of digraphs
that show the sharpness of the hypotheses.
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Chapter 1

Introduction

The present chapter contains the basic concepts and definitions that we
will use throughout this work. We also introduce the notation that will be
used in the text. For a set X and a natural number n, we will denote with
(ff) to the collection of all subsets of X with n elements.

Let f be a function from A to B and S C B. We use f~'[S] to denote
the inverse image of the set .S under f.

1.1. Graphs and Digraphs

Even though the primary objects we will study in this work are digraphs,
it is natural to begin with the concept of graph rather than with the notion
of digraph. A graph G is an ordered pair (V(G), E(G)), where V(G) # @
and E(G) C (¥). The set V is called the set of vertices or verter set and E
the set of edges or edge set. When it does not cause confusion, we will simply
write V' and E.

Normally, we represent the vertices of a graph with points and the edges
with lines joining the corresponding points. If z,y € V(G), we denote the
edge {z,y} with zy. Notice that zy and yx represent the same edge. A graph
is depicted in Figure 1.1. A walk W in G is a sequence of vertices vyvs - - - vy
such that v;v;41 € F for every 1 <1 < k— 1. With this notation, we say that
W is a walk from vy to vg, or simply a v, vg-walk.

A digraph is, intuitively, a graph where we add a direction to the ed-
ges. More formally, a digraph D is an ordered pair (V (D), A(D)), where
V(D) is the set of vertices or vertex set of D and A(D) the set of arcs or
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Figure 1.1: A graph G.

arc set of D, where A(D) C V(D) x V(D) \ A(V (D)), with A(V(D)) =
{(z,z): x € V(D)}. The elements of A(V(D)) are called loops, but we will
work with loopless digraphs so we do not include them in the definition.
When there is no confusion about which digraph we are referring to, we will
simply write V' and A. The number |V(D)] is called the order of D, while
|A(D)] is the size of D. We will also use ||D|| to denote the size of D.

If H is a digraph, we say it is a subdigraph of D if V(H) C V(D) and
A(H) C A(D). We say H is an induced subdigraph of D if it is a subdigraph
of Dand A(H) = A(D)N[V(H) x V(H)]. If S is a subset of V', we use D[S]
to denote the induced subdigraph of D whose vertex set is .S.

If D is a digraph such that A(D) = V(D) x V(D)\ A(V (D)), we say that
D is the complete digraph of order |V(D)|. If G is a graph and E(G) = ()
we call it the complete graph of order |V (G)|.

For an arc (x,y) € A, the vertex = will be called the tail of the arc and the
vertex y will be called the head. We will say that an arc (z,y) is symmetric if
(y,x) is also and element of A. If (x,y) € A, we say that x is an in-neighbor
of y and that y is an out-neighbor of x. The set of all the out-neighbors of
a vertex z in a digraph D is denoted by N} (z), while we use N, (z) for
the set of in-neighbors of x. These sets are called the out-neighborhood and
in-neighborhood, respectively. The out-degree (in-degree) of a vertex z is the
cardinality of N7 (z) (Np(z)). Also, we will use N} [z] and Np[z] to denote
the sets N (z)U{z} and Np(z)U{x}, respectively. A vertex z € V(D) such
that N (z) = @ is called a sink.
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Figure 1.2: A digraph D. The arcs (vs,v4) and (v7,vg) are symmetric.

Figure 1.3: The subdigraph of D induced by {vy, vq, vs, v7, vg}.

Let X and Y be subsets of V. We say that Y absorbs X if for every
x € X, there is a y € Y such that (z,y) € A. We say that X is independent
if X x XN A(D) = @. In Figure 1.2, vy absorbs vy and vy, and the set
{vq, v6,v3} is independent.

A (directed) walk W is an alternated sequence of vertices and arcs, de-
noted by W = (vy,aq,v9,...,0k_1,a5_1, V), such that a;11 = (v;,v;41) for
1 <14 < k—1. Notice that, for our definition of digraph, it is enough to write
the sequence of vertices to identify a walk. We say that W is closed if v1 = vy.
A (directed) trail is a walk such that a; # a; whenever i # j. Usually, when
we talk about trails, we only write the vertices of the trail. Again, a closed
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trail is a trail where the first and last vertices coincide. A cycle is a closed
directed trail where all the intermediate vertices are different. A (directed)
path is a trail where v; # v; whenever @ # j. A digraph is acyclic if it contains
no cycle. The directed cycle of length n is denoted by C,.

In Figure 1.2, (vq,v3, vy, vs5,v9,v3) is a walk, (vq, v3,v4,v3) is a trail, the
sequence (vq, v, v3,vy) is a path and (vq, va, vs, vg, Vs, v1) is a cycle.

Por a path P = (v, v9,...,v,) and vs, v,y € V(P), we will use denote
(Vs, Usi1y -« - Ustt) by v5Pvsie. The length of a path P is the cardinality of
A(P) and we denote it by ¢(P). Also, the length of a cycle C is the cardi-
nality of A(C) and is also denoted by ((C). If z,y € V, then P(x,y) will
denote the set of all paths from z to y. The circumference of a digraph D
is the length of the largest cycle in D. The distance from x to y in D is
min {{(P) : P € P(z,y)} and is denoted by dp(z,y). When there is no con-
fusion, we will simply write d(z,y). Notice that it is not necessarily true
that d(z,y) = d(y, z). For example, in Figure 1.3 we have d(vg,vs5) = 1 but
d(U5, Ug) = 2.

It is natural to think that there are ways to connect the concepts of graph
and digraph. Let G be a graph and D a digraph. An orientation of G is a
digraph G such that V(G) = V(G) and for every edge zy € E(G), either
(z,y) or (y, ) is an element of A(é) The underlying graph of D is the graph
such that V(D) = V(G) and for every arc (z,y) € A(D), we have zy € E(G).
The graph in Figure 1.1 is the underlying graph of the digraph in Figure 1.2,
while Figure 1.5 is an orientation of Figure 1.4.

A

Figure 1.4:

We say that a graph is connected if for every z,y € V(G), there is a xy-
walk in GG. A digraph D is connected if its underlying graph is. The digraph
in Figure 1.2 is connected, while the one depicted in Figure 1.3 is not.

More information about graphs can be found in [9] and in [10], while for
digraphs [8] is a good reference.
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1.2. k-kernels

Let k and [ be positive integers. A natural generalization of the con-
cepts of independence is the k-independence. We say that a set S C V
is k-independent if for every pair of different vertices x,y € S, we have
d(x,y) > k. A set T'C V is [-absorbent if for every y € V there exists z € T
such that d(y,z) <I. A set K C V that is k-independent and [-absorbent is
called a (k,l)-kernel. A k-kernel is a (k,k — 1)-kernel. A 2-kernel is simply
called a kernel. In this work we will focus on k-kernels.

S

Figure 1.5: The black vertices form a kernel of the digraph.

o

Figure 1.6: The black vertices form a 3-kernel of the digraph.
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We also generalize the concepts of in-neighborhood and out-neighborhood.
For a vertex x € V(D), the set {y € V(D) : dp(z,y) < k} will be denoted
by Nj¥(z), while we will use N5*(z) to denote {y € V(D) : dp(y,z) < k}.
These sets are called the k-out-neighborhood and the k-in-neighborhood, res-
pectively. In Figure 1.6, the vertices u; and us are in Ngz(u), while ug is not
since d(us,u) = 3.

A digraph D is said to be kernel-perfect if every induced subdigraph of
D has a kernel. We state a classical result about kernels as Theorem 1.2.1, a
result by Duchet that is proven in [4].

Theorem 1.2.1. If every directed cycle in D has at least one symmetric arc,
then D s kernel-perfect.

In particular, if every directed cycle in D has at least one symmetric
arc, then D has a kernel. In Section 3.1, a proof of a generalization of this
result for 3-kernels is found, while the corresponding version for 4-kernels is
in Section 3.2 . A general conjecture is also stated in that chapter.

We will also use the concept of k-closure of a digraph. For a positive
integer k, the k-closure of a digraph D, denoted by C¥(D), is a digraph
whose vertex set is V(D) and whose arc set is formed by the arcs (x,y) for
every z,y € V(D) such that dp(x,y) < k.

For further reading about kernels, refer to [8].

1.3. Homomorphisms, cyclic partitions and com-
plexity

Let D and H be digraphs. A homomorphism from D to H is a function
f: V(D) — V(H) such that (f(x), f(y)) € A(H) whenever (z,y) € A(D).
This is also called a H-coloring of D since we get a k-coloring of the digraph
(in the traditional sense) by taking H as the complete digraph with & vertices.

We can also consider homomorphisms between graphs simply by using
edges instead of arcs in the definition above.

We say that a digraph D is cyclically k-partite if there is a partition of V
in k sets {Vo, Vi, ..., Vi_1} such that if (z,y) € A, then thereis 0 <i < k—1
such that = € V; and y € V;,, with indices taken modulo k. It is easy to see
that a digraph D is cyclically k-partite if and only if there is a homomorphism
from D to Cj. The digraph in Figure 1.7 is cyclically 4-partite
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Figure 1.7: The partition classes are represented with pentagons, squares,
triangles and circles.

Even though it is not explicitly proven in [1], it is easy to see that, if D
is a connected cyclically k-partite digraph, then only one cyclic k-partition
of D exists.

The formal definitions and basic results about algorithmic complexity are
omitted here, but can be found in [2]. A deeper and more complete exposition
about homomorphisms is given in [1|. The main result about complexity that
we will use, due to Hell and Nesetril, is

Theorem 1.3.1. The H-coloring problem 1is
= P if H is bipartite.
» N P-complete otherwise.

and can also be found in [1].

Let n be a positive integer. A k-coloring of GG is an homomorphism from
G to the complete graph with k-vertices. A digraph is k-colorable if its un-
derlying graph is k-colorable.

Let D be digraph and P = {V}, V5, ..., Vi } a family of disjoint subsets of
V such that Ule = V. We say that P is a k-partition of D if every V; is an
independent set. When such a partition exists, we say that D is k-partite. A
2-partite digraph is called bipartite.

There is also a connection between partitions and kernels. A result in
this direction is due to Neumann-Lara and can be found in |5]. The result is
stated below as Theorem 1.3.2.

Theorem 1.3.2. Fvery bipartite digraph has a kernel.

Since a kernel is a 2-kernel and a bipartite digraph is a 2-partite digraph,
a natural thing to ask is whether every k-partite digraph has a k-kernel. This
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is not true in general. Also, it is a simple observation that every bipartite
digraph is also cyclically 2-partite. Again, we can ask whether cyclically k-
partite digraphs have a k-kernel. It is also not true and the digraphs O; and
E}, which are described in Section 2.1, are counterexamples.

In [6], it was proven by Hell and Hernédndez-Cruz that determining whet-
her a digraph has a 3-kernel is N P-complete even when restricted to cyclically
3-partite digraphs with circumference 6. The work in Section 2.1 is devoted to
prove that determining whether a digraph has a k-kernel is NV P-complete even
when restricted to cyclically k-partite digraphs with circumference 2k. Ne-
vertheless, something else can be said about k-kernels in cyclically k-partite
digraphs.

Also in [6], it is proved that every digraph that admits a cyclic 3-partition
of its vertex set such that there is at least one element of the partiton without
sinks has a 3-kernel. In Section 2.2 is the proof of a generalization of that
result and counterexamples that show that the number of the partition classes
is optimal are provided.

Take a k-colorable digraph D and ¢ the corresponding n-coloring. Notice
that from the definition of homomorphism it follows that if x,y € V(D) are
such that ¢(z) = ¢(y), then (z,y) ¢ A(D). Hence, sets {¢p"[{z}] : x € K,,}
are a partition of V(D) and each ¢~![{x}] is an independent set.

The problem of determining if a given graph G is k-colorable is known as
the k-coloring problem. In this work we will use a consequence of Theorem
1.3.1, stated below

Theorem 1.3.3. The k-coloring problem is N P-complete.



Chapter 2

Cyclically k-partite digraphs

2.1. The complexity of the k-kernel problem

We find infinite families of cyclically k-partite digraphs with circumferen-
ce 2k whose members have no k-kernel. We have to consider the odd and
even values of k in separate cases. For the odd case, the family members are
the natural generalizations of the example found in [7]. For every k € N,
where k£ > 3, we define the following sets:

w Up:={u;:1<i1<k,i e N}
L] sz{vzlglgk,ZEN}

Consider the directed cycle C' with vertex set V(C) = Uy U V) and arcs
(ug,v1), (Vg, uy) and (u;, wiy1), (v;,vi41) for 1 < i < k — 1. For every integer
r that satisfies 1 < r < L%J, create a directed path of length £ — 2 and add
the arc from wug,.,1 to the initial vertex of this path. Repeat this step for the
vertices vy, with the integer r satisfying the same condition as before. We
will call those digraphs Og. The digraph Oj is depicted in Figure 2.1.

For the even case, consider the same cycle C as before and add the arcs
(u, viq1) for odd i, and (v;,u;4q1) for even i, with 1 < i < k — 1, to obtain a
uyvi-directed path. For each vertex v of this path, create a directed path of
length k£ — 2 and add the arc from v to the initial vertex of the path. We will

call those digraphs Fj. The digraph Ej is shown in Figure 2.2.

Lemma 2.1.1. Let k > 3 be an integer. The graph Oy has no k-kernel.
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Cyclically k-partite digraphs
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Figure 2.1: The digraph Os, a cyclically 5-partite digraph without a 5-kernel.

Figure 2.2: The digraph Ej, a cyclically 4-partite digraph without a 4-kernel.
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Proof. If the set K C V(Oy) is a k-kernel of the digraph O, then all the
sinks of Oy must be elements of K. Therefore, it is impossible for the vertices
Ugprr1 and vy, with 1 < r < LSJ, to be in K, because of the k—1 independence
of the k-kernel. In order to absorb the remaining vertices of the cycle, at least
one vertex of the cycle must be included in K. We will assume without loss
of generality that v; € K. Observe that d(vg,v1) > k, d(vy,vx) = k — 1 and
d(u;,v1) < k—1 for every 2 < i < k. Hence, u; ¢ K for every 1 <i < k and
therefore vy is not (k — 1)-absorbed by K, a contradiction. |

Lemma 2.1.2. For every even k € N, where k > 4, the graph Ei has no
k-kernel.

Proof. If the set K C V(E})) is a k-kernel of the digraph Ej, then all the
sinks of E), must be elements of K. This implies that at least one vertex of
the cycle C' must be an element of K. Also, if two vertices of C' are in K,
one of them must be an element of U, and the other one an element of V.

If ug, € K, with 1 <r < %, then every vertex ug, with s < 2r — 1, and
every vertex vy, with 2r +1 < [, would be (k — 1)-absorbed by K. Since
all the sinks of E} must be elements of K, the vertex vy, is not in K. It is
clear that the vertex vq,_1 is not (k — 1)-absorbed by a sink of FEj. Since
E} is a cyclically k-partite digraph, the distance from vy, 1 to w, where w
is any vertex in the same class as uy, satisfies d(ve,—_1,w) =1 (mod k). But
N+t (vg—1) = {va,}, 80 d(vo_1,u2.) > k + 1, which means vy, _; cannot be
(k — 1)-absorbed by wusg,. Thus, in order for vy, 1 to be absorbed, another
vertex v; € V3, must be in K. Recall that ¢ must be odd. Also, it must be at
most 2r — 1, otherwise d(vy, us.) < k — 1 contradicting the k-independece of
K. But d(ug, v;) < k—1 whenever ¢t < 2r — 1. That means that V;NK = &,
implying that v,,_ is not (k— 1)-absorbed by K, a contradiction. Therefore,
U.NK =2.

If v; is in K, then Vj, N K = {v;1}. Since v3 is not (k — 1)-absorbed by
a sink of Fj and no vertex of U, can also be in K, the vertex wvs is not
(k — 1)-absorbed by K. Suppose now that a vertex vg,_; is an element of
K, with 2 < r < % The vertex wus,._o must be absorbed by a vertex in Vj
since no sink of Ej; absorbs it. The distance between wuq,_9 and wv9,_; must
satisfy d(ug,_2,v9,—1) = 1 (mod k). The only element in N (ug, o) is v, _1,
so d(ugy—_2,v9,—1) > k + 1, which means K does not (k — 1)-absorb ug, o, a
contradiction.
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It is easy to see that any k-kernel of a digraph D includes every sink of D.
Consider an integer k > 3 and a cyclically k-partite digraph D. If S C V(D)
is the set of all the sinks of D and S is not a k-kernel of D, then the set
T C V(D) of all the vertices not (k — 1)-absorbed by S is not empty. Let H
be a k-cycle. We define a new digraph D, formed by adding H to D, along
with an arc from each vertex of T to some vertex of H in such way that the
resulting graph is cyclically k-partite.

Lemma 2.1.3. Let D be a cyclically k-partite digraph and S C V(D) the
subset of all the sinks of D, where k > 3. If S is not a k-kernel of D, then the
digraph D has exactly k different k-kernels and each of them includes exactly
one vertexr of the k-cycle.

Proof. Let H be the cycle (wy, ..., wg, wy), and let Vi, Vs, ... Vi be the ele-
ments of the cyclic k-partition of V(D). We claim that the set
K;={w;}U(V;NT)US is a k-kernel of (D).

In order to prove it, take x a vertex in V(D) \ K;. If z is (k — 1)-absorbed
by a sink or x = w; for some 1 < j < k, then it is (kK — 1)-absorbed
by K;. If x € T\ K;, then z is an element of V; for some 1 < s < k,
with s # i. Hence the arc (z,w;) is in A(D) for some j # i + 1. But
clearly d(z,w;) = 1+ d(w;,w;) < 14+ k —2 = k — 1, implying that z is
(k — 1)-absorbed by w; and proving our claim.

To see that those are all the k-kernels of 15, it suffices to see that any
k-kernel of D is equal to K; for some i. Consider K any k-kernel of D. We
know that K is k-independent and (k — 1)-absorbent, so it must contain a
unique vertex w; of H, and the k-independence of K guarantees that only
one vertex of the cycle can be in K. Since all the sinks of D must be included
in any k-kernel of D, we know that {w;} US C K. Consider now a vertex
y € V;NT and let z be a vertex of T such that d(y, z) < k — 1. Clearly, since
z € T and z ¢ V;, we have that d(z,w;) < k — 1, implying that z ¢ K. This
means that no vertex in T can (k — 1)-absorb y, so y must be an element of
K.

This shows that K; = {w;}U(V;NT)US C K. But k-kernels are maximal
k-independent sets, therefore K = K;.

|

Corollary 2.1.4. Let k > 3 be an integer. The digraph Oy has exactly k
different k-kernels, each one containing a different vertex from the k-cycle.



2.1 The complexity of the k-kernel problem 13

%
O
g
w
[ ]
@]
<
=

Py
8]
S
N
@]
[ ]
&

Figure 2.3: The digraph E4. A 4-kernel is formed by the black vertices and
the sinks of the digraph.

Corollary 2.1.5. Let k > 4 be an integer. The digraph Ey has exactly k
different k-kernels, each one containing a different vertex from the k-cycle.

Both corolaries follow directly from Lemma 2.1.3. The digraphs shown in
Figure 2.3 and Figure 2.4 are the digraphs Ey and Os, where some of the ver-
tices have been omitted. Each crossed vertex has a tail of the corresponding
length.

Consider now two cyclically k-partite digraphs D; and Dy. We know that
each of the digraphs D, and D, have exactly k different k-kernels. We will
describe a special way to join these two digraphs. We will call H; and H,
to the k-cycles we added to the digraphs D; and Ds in order to construct
D1 and D2 The way in which D1 and D2 will be connected is such that the
resulting digraph has a k-kernel consisting of a kernel of each digraph and a
few more vertices.

Let k£ > 3 be an integer and consider a directed cycle of length 2%k with
vertex set {wy,xs,...,zo}. For every i € {2,4,5,... k, k + 1}, create a
directed path with k& — 1 vertices and add the arc from x; to the first vertex
of this path. Create a directed path of length & — 3, add the arc from the
terminal vertex of this path to x; and, for every new vertex v in this path,
create a directed path of length k£ — 2 and add the arc from v to the initial
vertex of the path. The digraph just described, which we will call Sy, is
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Figure 2.4: The digraph Os. A 4-kernel is formed by the black vertices and
the sinks of the digraph.

depicted in Figure 2.5 for k = 5. As in previous figures, the pending tails of
length k£ — 1 have been substituted by a x over the corresponding vertex.

Now, consider the digraphs Dl, Dy and k disjoint copies of the digraph S.
We can assume that V(H;) = {vi,vq,...,vx} and V(Hy) = {uy, ug, ..., ug}.
First, connect each vertex u; € Hy to one copy of Sy by adding the arc
from u; to the only vertex in Sy with in-degree zero. Next, add the arc from
Zra1 to v;. The resulting digraph is called J(Dl, lA)Q) The case & = 4 of the
construction is shown in Figure 2.6, where the vertices of the digraphs D,
and D, were omitted or, in other words, only the vertices and arcs of the
cycles H; and H, are shown.

Notice that, straightforwardly from its construction, the digraph J (Dl, 152)
is cyclically k-partite and has circumference 2k. It has other interesting pro-
perties that follow from the fact that the k-kernels of the digraphs D, and
D, are determined by the vertices of the cycles H; and H, that they include.
For example, as it is proven in the second of the following lemmas, it has a
k-kernel. The first one, Lemma 2.1.6, is concerned with how we can choose
the k-kernels of 151 and 152 in order to make them compatible and extend
them to a k-kernel of J(ﬁl, ﬁg). Both lemmas are worded with the notation
used in the construction of J(Dy, Ds).
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Figure 2.5: The digraph Sj

Lemma 2.1.6. Let K be a k-kernel of J(Dy, D,). If v; € K, then the vertex
u; 18 not an element of K. Conversely, if u; € K, then the vertex v; is not
included in K.

Proof. Suppose that the vertex v; is in K and consider the copy of S
attached to v;. Then, the vertices xj 1, 2k,...,rs cannot be included in K
due to the k-independence of K. The vertex x, is at distance £ — 1 from a
sink, so it cannot be an element of K. Also, if x1 is not included in K, then
no other vertex in the digraph can (k — 1)-absorb it (because all the vertices
that could are zy,zg_1,...,22). Then, 1 must be included in K and, since
d(u;,x1) = k — 1, the vertex u; ¢ K.

On the other hand, if u; € K, then the vertex x; cannot be included in
K. Also, the vertices xo,2y4,...,T,_1 cannot be elements of K, since they
are all at distance k — 1 of a sink of the digraph. This shows that the only
remaining vertex of the digraph that can (k — 1)-absorb z; is 3, so it must
be included in K. Therefore, in order to preserve the k-independence of K,
the vertex v; cannot be included in K.

|

Lemma 2'1'71 Let Ky be a k-kernel for 151 containing the vertex v; and Ko
a k-kernel for Dy containing the vertex u;, where i # j. The set K1 UKy can
be extended in a unique way to a k-kernel of J(Dy, Ds).

Proof. Let us use S, and S, to denote the copies of Sy in the digraph
J(D1, Ds) that are adjacent, respectively, to v; and u;. First, we must add to



16 Cyclically k-partite digraphs

TN TN TR TN T
4 J4 4
D/ $3\D O/ y3\O O/ Z::\O /—\“/ w;\A
\4 T3 / \ Y2 / \ 22 / \4 wa /
O 1 O Y1 = O, =
0 ~h NN 0
: !
t 1
X X

\D_____—)&—»tzla

w
[

A\

g
//// T

<§’
g0

Figure 2.6: A representations of the digraph J(ﬁl, Dg) when D; and D, are
cyclycally 4-partite
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K, U K, all the sinks in the copies of Si. Since v; € K; U K, following the
proof of Lemma 2.1.6, the vertex x; of .S, must be included in the extension
of K1 UK, to a k-kernel of the digraph. Notice that we have (k—1)-absorbed
all the vertices in S, by adding its sinks and x; to K; U K.

Now, we have to choose vertices from the directed cycles in the remaining
copies of Sy, in order to (k — 1)-absorb the cycles. Since we are dealing with
directed cycles of length 2k which, at most, have k—1 already (k—1)-absorbed
vertices, we have to choose exactly two diametrically opposed vertices from
the directed cycle in order to (k—1)-absorb it. The vertex xq of each directed
cycle must be either included in the k-kernel or (k — 1)-absorbed by another
vertex. Since the vertex x; is at distance k — 1 from a sink of the digraph, its
diametrically opposed vertex, namely xo, cannot be included in K. The only
vertices that may be included in K and can (k — 1)-absorb xq are z; and x3,
in view of the fact that the vertices xo, 24, ..., zr_1 cannot be included in K.
But including x; in K would imply that the vertex diametrically opposed to
it, namely zj.1, must also be included in K, which is impossible since there
is a sink at distance £ — 1 from .. Therefore, we have x3 € K, implying
that the other vertex in each directed cycle that is also in K is xyy3.

Clearly, the set formed by K; U Ky with all the remaining sinks in the
copies of Si, the vertex x; in S, and the vertices x3 and xyy3 in all the
remaining copies of Sy are a (k — 1)-absorbent set. It only remains to check
the k-independence of the set, but due to the way the vertices were chosen,
it suffices to notice that the vertex u; is at distance at least k of any other
vertex chosen. This last observation is easy to see, since the only vertices
that might be close to u; are x3 and x5 in S, but d(u;,z3) = k + 1 and
d(uj, xp+3) = 2k + 1 and there is no directed path from x5 or x5 to the
vertex u;.

We have proven that K is both k-independent and (k — 1)-absorbent, so
it is a K kernel of J(Dy, Dy). The construction shows that it is the unique
k-kernel of the digraph.

[ |

Now, let G be a graph and k an integer greater or equal to 3. Considering
F as Oy if k is odd and Ej, if k is even, we construct a digraph D¢, of order
O(|V|+ |E]) as follows:

1. Let G be an acyclic orientation of G.

2. For every vertex v € V(@), construct a copy of F' and label it F,.
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—

3. For every arc (u,v) € A(G), join F, and F, with J(F,, F,).

The following results are independent of the choice of the acyclic orientation
of G. In the wording of the following lemmas, G will be a graph and k an
integer, with £k > 3.

Lemma 2.1.8. The digraph Dg . s cyclically k-partite and has circumfe-
rence 2k.

Proof. Since we construct D¢y by choosing an acyclic orientation of G, the
only cycles in D¢ are the ones in the copies of the digraph F' (which have
length at most 2k), implying that Dgj has circumference 2k. Clearly, the
copies of F' are cyclically k-partite and, for two adjacent vertices u and v,
such partitions are compatible when F,, and F,, are joined by J(F,, F,). By
joining the compatible partite sets we get a k-partition of D¢ . |

For the following lemma, C, will denote the k-cycle of F,,, where v € V(é)

Lemma 2.1.9. If Dgy has a k-kernel K, then exactly one vertex from C,
must be included in K for every v € V(C_j)

Proof. Since G is acyclic, every vertex z € V(G) is either a sink of G or has

a directed path starting at x and ending in a sink of G. The fact that D¢
has a k-kernel implies that K NV (F,) is a k-kernel of F, and |[K NC,| =1

for every v € V(G) that is a sink.
Let S € V(G) be the set of sinks of G and u € N5(5). We know that

—

(u,v) € A(G) for some sink v. The proof of Lemma 2.1.6 shows that the
vertex in K N C, forces other vertices in J(F,, F,) to also be in K and that
V(F,) \ V(C,) can not be k-absorbed by them. Hence, K NV (F,) is a k-
kernel of F, and Corollaries 2.1.4 and 2.1.5 imply that a vertex from C,
must be included in K N F,,. Lemma 2.1.7 guarantees that K N J(F,, F,) is
uniquely determined by K N (V(Cy)UV(C,)). By considering now N;™(S)
and applying induction over m, we conclude the proof.

[ |

Lemma 2.1.10. Let K be a k-kernel for D¢y, and C, = {vy,va, ..., v} the
cycle of length k in F,,. Then the function f:V(G) — {1,2,...,k} such that
f(v) =i, where v; is the vertex of C, included in K, is well defined and is a
k-coloring of G.
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Proof. The first statement follows from Lemma 2.1.9 and the second from
Lemma 2.1.6. |

Lemma 2.1.11. If f : V(G) — {1,2,...,k} is a k-coloring of G, then the
set {vf(”)}vev(G) consisting of exactly one vertex of each cycle of length k in
each F, can be extended in a unique way to a k-kernel of D .

Proof. From Corollary 2.1.4 and Corollary 2.1.5, it follows that there is a
unique k-kernel for F, containing the vertex vy, for every v € V(G), which
we will denote with K. If there is a vertex u € V(@) such that uv € E(G)
and (u,v) € A(B), then clearly f(u) # f(v). Also, due to Lemma 2.1.7,
there is a unique way to extend K, U K, to a kernel of J(F,, F,). By joining

all such extensions for every arc in 8 we obtain a k-kernel of D¢ that is
uniquely determined by the set {Uf(v)}vEV(G)' |

A direct consequence of Lemma 2.1.10 and Lemma 2.1.11 is the following
corolary.

Corollary 2.1.12. There is a bijective correspondence between the k-colorings

of G and the k-kernels of D¢ .
We are now ready to prove the main result of this section.

Theorem 2.1.13. The k-kernel problem for cyclically k-partite digraphs is
NP-complete, even when restricted to cyclically k-partite digraphs with cir-
cumference 2k.

Proof. A polynomial reduction of the k-coloring problem to the k-kernel
problem in cyclically k-partite digraphs with circumference 2k is given by
Corolary 2.1.12. Given K, a subset of V(D) from a given digraph D, it can
be verified if K is a k-kernel of D in polynomial time, proving our claim. W

The following theorem, which can be found in [3], gives us a relation
between the (k — 1)-closure of a digraph D and the existence of a k-kernel of
D:

Theorem 2.1.14. Let D be a digraph and k > 2 an integer. Then K C V(D)
is a k-kernel of D if and only if K is a kernel of C*=1(D).

Finally, as a direct consequence of Theorem 2.1.13 and Theorem 2.1.14,
we obtain the following corolary:
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Corollary 2.1.15. The kernel problem restricted to the class of k-colorable
digraphs is NP-complete, where k > 3.

Proof. Let G be a graph. Corollary 2.1.4 implies that G has a k-coloring if
and only if D¢, has a k-kernel. Since D¢, is cyclically k-partite, the (k—1)-
closure of D is k-colorable. Also, from Theorem 2.1.14, we have that the
(k — 1)-closure of D¢ has a kernel if and only if D¢ has a k-kernel if and
only if G has a k-coloring. Therefore, there is a polynomial reduction of the
k-coloring problem to the kernel problem restricted to the class of k-colorable
digraphs. |

2.2. Sufficient conditions

Let us denote by Z the family of digraphs that admit a cyclically k-
partition of its vertex set such that there are at least k — 2 elements of the
partition without sinks, where k is a positive integer greater than or equal
to 3.

Theorem 2.2.1. The digraphs in Z have a k-kernel.

Proof. Let Vi, Vs, ..., Vi be the sets in which V' is cyclically k-partitioned.
If D has no sinks, then any of the V; is a k-kernel. If only one of the V; has
sinks, then it is a k-kernel of the digraph. Therefore, we assume that V; and
V, are the elements of the partition that have sinks, where 2 < s < k.

We recursively define a family of subdigraphs of D as follows.

Dy =D.

» Xo={veV(D):df(v)=0}.

Diy = DIV(D;) \ Np " VX)),

X’i+1 - {U € V(D1+1> : Ng(kil) (U) N V(Dl) == @}

First, we notice that X = ;. X; is k-independent in D. If z,y € X, then
there exist positive integers n, m such that x € X,, and y € X,,,. Without loss
of generality, we can assume that n < m. If n = m, then N;(k_l)(x)ﬂV(D) =

@ and Ng(k_l)(y) NV(D) = @, implying that k < d(z,y) and k < d(y, x).
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If n < m, then we have k < d(x,y), since N;(k_l)(a:) NV(D) = @. Now,
due to the construction of the digraph D, i, we know that every vertex
z € V(D) such d(z,z) < k — 1 is not a vertex of D, ;. Therefore, since
y € V(D) C V(Dyg1), we have that d(y,x) > k. This proves that X is
k-independent.

We will now show that X C V; U V,. We proceed by contradiction. Sin-
ce Xg C V3 UV, there must be a minimum positive integer m such that
Uscrn 1 Xi SVEUV; but U, Xi NV # @ for some 2 < j < k, with s # j.
If 2 € U,.,, Xi NV for some 2 < j < k with j # s, then Nj(z) # @
and Nj)(z) N V(Dp_1) = @. Let y € Nj,(z). In order to erase y, the set
U;<,,_; Xi must contain a vertex z such that d(y,z) < k — 1. Since x itself
is not (k — 1)-absorbed by z, we know that d(x,z) > k — 1. It follows from
this observations that d(y, z) = k — 1, implying that z and x are in the same
element of the cyclic k-partition of D, which means z € V; N J X;, a
contradiction due to the choice of m.

The way we constructed the set X shows that the set X must be included
in every k-kernel of the digraph D (if one exists). Let D' = [,.y Di. If
V(D') = @, then X is a k-kernel of the digraph D.

Let us suppose that V(D') # & and let V/ = V; N V(D’). Clearly, if
Y C V(D) is a k-independent set in D, then X UY is also k-independent in
D. Notice also that df,(v) # 0 for every v € V/, with 2 < i < k and i # s
(otherwise, there would be a vertex of X not included in V; U Vj).

We must consider two separate cases: when s = 2 and s # 2. First, we
assume that s = 2. A direct consequence of this is that Ng,(k_l (v)NV] # @,
hence Ng(k_l)(v)ﬂvl # . If we take x € V], we know that Nz;(k_l)ﬂV(D’) #
@. Let y be a vertex of V' (D’) that is also in Ng(k_l)(x). Ify e Uf::,) V!, then
there is a vertex z such that d(x,z) < k — 1. On the other hand, if y € V/,
then d(x,y) = k — 1. This shows that every vertex of V(D') is either in V/
or is (k — 1)-absorbed (in D) by V/.

The set K = X UV/ is clearly k-independent. Any vertex in V(D) \ K is
either (k — 1)-abosorbed by a vertex of X or is in V(D’). In the latter case,
it is either a vertex of V] or is (k — 1)-absorbed by V/. This proves that K is
a k-kernel of D.

Suppose now that s # 2. Now, we will denote the sets V7, Uf;; | A
and Uf:SH V! by A, B, C and D, respectively. Now, for every S C V(D’),
consider the function ®g: AUC — {0, «, 5,7} such that:

1. Ifved

i<m—1
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s Os(v) =aif SNNS* V)N B+ .

s Os(v) =Bif SNNSF D (w)nB=2 and SN NS V(w)nC # 2.

s Os(v) =7 if SNN,FVw)nB=2, SNN ¥ Vw)NC = o and
SANSF V) nD # .

2. IfvecC

. (I)S(v):alfSﬂN+(k 1)( )ND # 2.
s Og(v) = Bit SONSF D (@0)ND = @ and SNN,F V()N A+ 2.
s D) =y it SANSFV)ND =2, SANFV)nA =0
and SN N ¥ V)N B+ @.
3. ®g(v) = 0 otherwise.

Notice that every vertex = € V(D') satisfies N, k_l)(x) NV(D') # o,
which means that ®ypy(v) # 0 for every v € V(D’) If o '{y}nA=g,

then every vertex v € V(D’) is either a vertex of C or Ng(kfl)(v) NC # o.
This implies that every vertex of D’ is k-absorbed by C in D, which means
X UC is a k-kernel of D. The case ®7'[{y}] N C = & is analogous.

Let us assume that @~ '[{7}]N.A # @ and ®7'[{y}]NC # @. We define
a family of sets recursively as follows:

= So= V(D)
Fo = @, [{}]
Sisr = S\ Np* V)
Dy = @5, [{0,7}] if
05! {04 NANS # 2 # 05" [{0,7}]NCN S

Otherwise, [';11 = @.

Let I' = [ J,cn Ii- In order to prove that X UT is k-independent in D, it
suffices to show that the set I' is k-independent in D. If x,y € I, then we
have n,m € N such that z € I',, and y € I',,, and are minimum with that
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property. Without loss of generality, we can suppose n < m and we can also
assume that z € A and y € C.

We know that ®g, (x) € {0,7v}, because x € T',,. Whether &g (z) =0 or
Og () =, we know S, N N;(k_l)(x) NC = @, hence d(z,y) > k. If n <m,
then S,, C S,41, which means d(y,x) > k. If n = m, then &g, (y) € {0,7},
so S, N Ng(k_l)(y) NA = @ and hence d(y,z) > k. This shows that the set
[' is k-independent.

Since the vertex set of the digraph D is finite, there exists n € N such that
[',, = @ for every m > n. If S,, = &, then the set K = X UTI is a k-kernel. To
prove this last assertion, take v € V(D)\ K. If v € V(D)\V(D’), it is (k—1)-
absorbed by vertex in X. If v € V(D’), there exists ¢ € N such that v € S;
but v ¢ S;41. Since v ¢ K, then v € Ng(k_l)[Fi], so it is (k — 1)-absorbed by
K, which shows that K is a k-kernel of D.

It only remains to check what happens when S,, # &. By considering the
smallest such n, we have that I',, = @ implies

o5l {0, NANSi=2 or &5 [{0,9}]NCN Sy = 2.

In the first case, the set K = XUT'U(S,,NC) is a k-kernel of D. It suffices
to see that every vertex v € S, is (k — 1)-absorbed by K. If v ¢ T U (S, NC),
thenv e AUBUD.

w [f v €5,NB. It is easy to see that every vertex v in BN .S, satisfies
dJD“,[Sn}(v) # 0. It follows straightforwardly that there exists a vertex
x € S, NC such that dp(v,z) < k — 1.

= If v € S, N A Given the fact that ®5'[{0,7}] N AN S, = @, we have
Og (v) € {a, B}. If §g, (v) = [, there exists a vertex x € S, N C such
that dp(v,z) < k—1. If &g (v) = «, then there is a vertex y € S, N B
such that dp(v,y) < k — 1. The vertex y is in S,, N B, hence there is a
vertex = € S, NC such that dp(y,x) < k — 1. Since the digraph D is
cyclically k-partite, we know that dp(v,z) < k — 1.

s If v € S,ND. It is also clear that every vertex v in B NS, satisfies
dg,[sn}(v) # 0. For this reason, there is a vertex y € S, N A with
dp(v,y) < k — 1. The fact that y € S,, N A and that D is cyclically
k-partite guarantee the existence of a vertex x € C such that dp(y, x) <
k—1and dp(v,z) < k—1.
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Figure 2.7: The digraph B,. The vertices represented with squares are the
sinks of the digraph, while the vertices 3-absorbed by them are filled with
black.

This shows that K = X UT'U (S, NC) is a k-kernel of D. The case
@gjﬂ [{0,7}] NC N S;y1 = @ is analogous. This proves that every digraph in
Z has a k-kernel.

|

In order to see that the number of elements of the cyclic k-partition of
D without sinks can not be improved, consider the digraph B, depicted in
Figure 2.7.

Notice that there is only one element in the cyclic 4-partition of B, wit-
hout sinks.

Lemma 2.2.2. The digraph By does not have a 4-kernel.

Proof. First, let us see that adding the unabsorbed vertices in one class of
the partition to the sinks of the digraph does not give us a 4-kernel. Let S
be the set of sinks of Bj.
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» The set S U {z,us} is not a 4-kernel, because the vertex y; is not 3-
absorbed. Since the only vertex of By not 3-absorbed by S U {z,us} is
y1 and the set S U {x,us,y; } is not 4-independent, the set S U {x, us}
cannot be extended to a 4-kernel of Bj.

» The set S U {w,vs3} is not a 4-kernel, because the vertex wus is not 3-
absorbed. Since the only vertex of B, not 3-absorbed by S U{w,vs} is
ugand the set .S U {w,vs, us} is not 4-independent, the set S U {w,vs}
cannot be extended to a 4-kernel of Bj.

» The set S U {z,11} is not a 4-kernel, because the vertex vz is not 3-
absorbed. Since the only vertex of B, not 3-absorbed by S U {z,y;} is
vs and the set S U {z,41,v3} is not 4-independent, the set S U {z,v;}
cannot be extended to a 4-kernel of Bjy.

Clearly S is contained in any 4-kernel of By, so it suffices to show that S
cannot be extended to a 4-kernel of B,. Suppose that K is a 4-kernel of Bj.
The 4-independence ensures that R = K\ S C {x, us,y1, 2, v3, w}.

The only vertices in R that can 3-absorb the vertex x are y;, z and
v3. This means that any 4-kernel of B, must contain at least one of these
vertices. Thanks to the previous observations and that d(z,z) = d(y;, 1) = 2,
d(z,v3) = 1 and d(z,v3) = d(y1,vs3) = 3, we have that only one vertex in
{z,y1,z,v3} can be included in a 4-kernel of Bj.

If z € K, then the 4-independence of K implies {z, w,y;,v3} N K = @.
Since SU{x, us} cannot be extended to a 4-kernel of By, we have that us ¢ K.
This means that X' C S U {x}, which clearly contains no 4-kernel of Bj.

If yy € K or z € K, then the vertex vs is neither in K (due to the
4-independence of K) nor is it 3-absorbed by K. If v3 € K, then uy ¢ K
because d(vs,u2) = 3. Since the only remaining vertex that can absorb us
is w, we have that w € K, contradicting the fact that the set S U {w,vs}
cannot be extended to a 4-kernel of Bj.

In any case, we have a contradiction, which means the digraph B, does
not have a 4-kernel.

[ |

Let N be the element of the cyclic 4-partition of B, without sinks and
k an integer greater or equal than 5. The key observation about the di-
graph B4 that will allow us to build counterexamples for every £ > 5 is
this: Every vertex in N is 3-absorbed by one of the sinks of B,. Label
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the vertices in N with {a,b,c,d}. For every vertex s € N consider a di-
rected path T, with vertex set V(T,) = {s1,2,...,Sk_4,Sk_3} and arc set
A(Ts) = {(si,8i41 : 1 < i <k —4}. Also, consider the sets

u Al = {(Z,y) € A(B4) L2y ¢ N}
w Ay ={(z,51):2€V(By) \ N,s€ N and (z,s) € A(By)}.
w Az = {(sk_3,9) :y € V(By) \ N,s € N and (s,y) € A(By,)}.

The digraph B, has vertex set V(By) = [V(By) \ N]U U,y V(T5)] and
arc set A(By) = Ay U Ay U Az U [, ey A(TS))-

Since the vertices in N are 3-absorbed by the sinks of By, the vertices of
the paths T, with s € N are (k — 1)-absorbed by the sinks of By. If Sy is
the set of sinks of By, any k-kernel of the digraph Bj; would be contained
in Sy U {x,us,y1,2,v3,w}. Hence, it is easy to see that there is a bijection
between the 4-kernels of B, and the k-kernels of By, which means Bj has
no k-kernel. This examples show that the number of elements of the cyclic
k-partition of D without sinks can not be improved. In Figure 2.8 we can
see the digraph Bg, where only the vertices in one of the trajectories T have
been labeled.
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Figure 2.8: The digraph Bg. The vertices filled with black are the vertices
5-absorbed by the sinks of the digraph.
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Chapter 3

A Generalization of Duchet.

3.1. 3-kernels

It is convenient now to remember Theorem 1.2.1, Duchet’s result, which
states that a sufficient condition for the existence of a kernel in a digraph D
is that every cycle in D has a symmetric arc.

Here we present a generalization of Duchet for 3-kernels. The idea is to
prove that the 2-closure of a digraph whose cycles have a at least certain
proportion of symmetric arcs satisfies the hypothesis of Theorem 1.2.1. The
important part is to notice that a cycle of the 2-closure may not be a cycle of
D, but the fact that there is a cycle in the C*(D) gives us some information
about the structure of D. First, we prove in general a result for a particular
type of configuration of arcs in D.

Lemma 3.1.1. Let D be a digraph and k a positive integer such that every
cycle C of D has at least %K(C) + 1 symmetric arcs and B be a cycle of
H = C*Y(D). If the paths of D that give rise to the arcs of A(C)\ A(D) are

mutually internally disjoint, then B has a symmetric arc.

Proof. Let B = (v1,vq,...,v,,v1) be a cycle of C¥~1(D) that satisfies the
hypothesis. For 1 <7 <n — 1, let T; be the v;v;,1-path in D that originates
the arc (v;,v;41) in H. Similarly, we will use T}, to denote v,v;-path in D
that gives rise to the arc (v,,v1). Let T = {T; : 1 < li]leln}. Also, for every
j€{2,3,...,k — 1}, we will denote with m; to the number elements in 7 of
length 7.



30 A Generalization of Duchet.

It is clear that by joining the paths in 7 with the arcs in A(C') N A(D)
in the natural way we get a cycle of length

k—

n— <Zm]>+§jm]—n 23—1

j=2

Also, since the length of C'is n, we have that
M1 <N, M1+ M2 < n,...,ij <n,

so the addition of these inequalities yields

k-1

Zj—l (k —2)n.

Jj=2

By adding Zk 5 (k—2)(j — 1)m; on both sides of the inequality, we have

k—1 k—1 k—1
G—Dm+Y (k=2 —1m; < (k—2n+» (k—2)(j—m
7j=2 Jj=2 Jj=2

Performing algebraic manipulations on both sides we get the following

> (k= 1)~ Uy < (k=2) [t 3G m,
=Y =y < (k=2 |at Y G- D,
> -t < — n+j§:;<j—1>mJ]

The last inequality and the hypothesis about the number of symmetric
arcs in the cycles of D imply that at least one arc of B is symmetric.
[ |
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We will now prove a generalization of Theorem 1.2.1 for 3-kernels.

Lemma 3.1.2. Let D be a digraph. If every directed cycle B in D has at
least 10(B)+1 symmetric arcs then, every Cy in H = C*(D) has at least one
symmetric arc.

Proof. Let C = (vg, vy, vq,v0) be a 3-cycle of H. If every arc of C' is also
an arc of D, then C' is symmetric. If only two of the arc in C' are arc of D,
we can assume without loss of generality that (vg, v1), (v1,v2) € A(D). Since
(ve,v9) € A(H), there exists w € V(D) such that (vs, w) and (w, vy) are arcs
of D. If w = vy, we have that (vy,vs) is a symmetric arc in D and, therefore,
in H. On the other hand, if w # vy, then (w, vy, v1,v9,w) is a 4-cycle in
D, and from the main hypothesis we derive that (vovy), (v1,v2) or both are
symmetric in H.

Suppose now that only (vg,v;) is an arc of D. Then there are vertices
v,w € V(D) such that (vy,v), (v,v2), (v, w) and (w,vy) are arcs of D. If
v = w, then (vg, v1,v,7p) is a triangle of D and the arc (vg, v1) is symmetric
in H. If v # w, then (vg, vy, v,v2,w,vp) is a b-cycle in D, which at least has
four symmetric arcs. If one of those is (vg,v;1), we are done. Otherwise, the
pairs (v1,v), (v,v9) and (ve, w), (w,vy) are symmetric. The first case implies
that (vy,vs) is symmetric and the latter that (vq,vg) is symmetric.

Finally, let us consider the case where none of the arcs in C' is an arc of
D. Let u,v,w be vertices of D such that (vo,u), (u,v1), (v1,v), (v,v2), (v2, w)
and (w, vg) are arcs of D. If u = vy, it is easy to see that the both (v, vs) and
(v2,v9) are symmetric arcs in H. The cases v = vy and w = v are analogous.

Assume that the vertices u,v and w are different from vy, v, and vy. If
u = v = w, then every arc in C is symmetric. If v = v but v # w, then
(vo, v, v, w,vg) is a 4-cycle and as such it has at least three symmetric arcs,
implying that (vg,v), (v,v2) or both are symmetric arcs in H. The cases
v# u=w and v = w # u are analogous. If u,v and w are all different, then

Lemma 3.1.1 guarantees the existence of a symmetric arc in C.
|

Theorem 3.1.3. Let D be a digraph. If every directed cycle B in D has
at least %K(B) + 1 symmetric arcs, then every cycle in H = C*(D) has a
symmetric arc.

Proof. Let C be a cycle in H. We proceed by induction on the length of C.
The case when C' has length three is covered by Lemma 3.1.2.
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Suppose then that C' = (v, v, ..., vy, vg) is an n-cycle in H. For every arc
(vi,vi41) € A(C) \ A(D) there is a vertex v;; 41y € V(D) such that (v;, vy;,v;)
is a directed path in D. If v;4.1) # vj(j+1) for every i # j, and v;;41) # v; for
every 1 < 14,5 < n, then Lemma 3.1.1 gives us the existence of a symmetric
arc of C.

Thus, we can assume that v;;41) = v; for some 1 < 7,7 < n or that
Vi(i+1) = Vj(j+1) for some i # j. If vj(41) = V(i1)(i42) for some 1 <7 < n, then
(v, Vi(i41), Vig2) is a path of length two in D, implying that (v;, vi12) € A(H).
We can assume without loss of generality that ¢ = 1, hence C" = (vy,v3) U
v3Cvy is a cycle of length n — 1 in H, just as depicted in Figure 3.1. The
induction hypothesis implies that C’ has at least one symmetric arc. If C’ has
a symmetric arc other than (vy,v3), then C' has a symmetric arc. Thus, we
can assume that (vy, v3) is a symmetric arc in H. We have two possibilities. If
(v3,v1) € A(D), then (v1,v12,v3,v1) is a triangle in D. The main hypothesis
guarantees that (vy,v12) or (vig,v3) is symmetric, implying that (vy,vy) or
(vg,v3) is symmetric. If (v3,v1) ¢ A(D), there is a vertex w € V(D) such
that (vs,w,vy) is a path in D. If w = vy or w = vy, then (vy,vy) and (vq, v3)
are symmetric. Otherwise, (v1,v12,v3,w, v1) is a 4-cycle in D and has at least
three symmetric arcs. Hence, (vq,v12) or (v19,v3) is symmetric and, therefore,
(v1,v9) or (vg,v3) is a symmetric arc of C.

Figure 3.1: The case v15 = vo3.

If vi(i41y = v; for some 1 < 4,5 < n, then we can suppose that j ¢
{i — 1,7 + 2}, otherwise (v;_1,v;) or (viy1,v;42) would be a symmetric arc
of C. Now, let 1 <4 # j < n be such that vi;11) = vj(j41) OF Viiy1) = V5
and |7 — ¢| is minimum with this property. We can assume without loss of
generality that ¢ = 1.

If vi9 = vj(j41) (see Figure 3.2), then we have already observed that
j = 2 implies the existence of a symmetric arc in H, so j > 3. Let P be the
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walk obtained from v,Cv; by replacing every arc (v;, viu41)) € A(C) \ A(D)
with the path (vs, vi(it1), vi41) of D. Since we chose |j — i| minimum, P is a
path in D and C" = P U (v;, v12,v2) is a cycle in D of length k + j, where
k = |A(v2Cvj) \ A(D)|. From the main hypothesis we derive that C’ has at
least “X + 1 symmetric arcs in D. If there is an arc (v;, v,11) € A(P)NA(C)
that is symmetric in D, then we have found a symmetric arc of C. Otherwise,
we have % + 1 symmetric arcs in the remaining k + 1 pairs of arcs of C".
But, £ < j — 2 and hence k < % We obtain that £+ 1 < k% Hence,
the Pidgeonhole Principle implies that either a pair of arcs (v;, vii41)) and
(Vi(i41), V(i+1)) of C" are symmetric in D or the arcs (v;,vi2) and (vig,v2) are
symmetric in D. In the former case, the arc (v;,v;;1) is a symmetric arc of

C.

V12
//O\
v1 0 O«,\,\/\R\N\ﬂo Uj ~ O Uj+1
A V2 1
\ 1
\

Figure 3.2: The case vi2 = vj(j11)-

In the latter case, let us observe that (vy,v12,v,41) is a path in D, and
hence C” = (vy,vj41) Uwv;+1Cvy is a directed cycle in H of length less than
n. Thus, we can derive from the induction hypothesis that C” has at least
one symmetric arc. If such symmetric arc is not (vy,v;41), then we have
already found a symmetric arc of C. So, (vj41,v1) € A(H), and we have
two cases. If (vj11,v1) € A(D), then (vy,v12,v,41,v1) is a cycle of D. Hence,
the arcs (vy, v12) and (v12,v;41) are symmetric in D. We can conclude that
(vo,v1) € A(H) and (vjy1,v;) € A(H). Thus, we may assume that there
is a vertex z € V(D) such that (vji1,2,v1) is a path in D. If z = vy,
then (vg,v12,v1) is a path in D, and (vg,v;) is a symmetric arc of H. If
x # V12, then (v, vi2,vj41,2,v1) is acyclein D. Again, at least one of the arcs
(v1,v12) or (v12,v;41) is symmetric in D. This implies that (ve,v1) € A(H)
or (vj41,vj) € A(H), as desired.

If v12 = v; (see Figure 3.3), then we have already observed that j € {n, 3}
implies the existence of a symmetric arc of C'. Thus, since D is loopless, we
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can consider j ¢ {1,2,3,n}. By an argument similar to the previous case, we
obtain the path P replacing every arc (v;, vi;41)) € V(C)\ V(D) for the path
(Vis Vi(i+1), Vig1) in v2Cv;. And again, we construct the cycle C' = PU (v}, vs)
in D of length k + j — 1, where k = |A(v2Cv;) \ A(D)|. Let us observe that
k<j—2,thus k < % and k+1 < k% It follows from the main hypothesis
that there are at least % + 1 symmetric arcs in C”. Let us observe that,
if the arc (vj,vq) is symmetric in D, then there are at least % symmetric
arcs in P. But this implies that either there is an arc of A(voCv;) N A(D)
that is symmetric in D, or that there exists ¢, with 2 < < 57 — 1, such that
the arcs (v;, vii11)) and (vi(i41), V41)) are symmetric in D. In any case, C
has at least one symmetric arc.

D

U1 O OO Vi
V2
P

Figure 3.3: The case v13 = v;.

Since in any case the cycle C' has a symmetric arc, the result follows from
the Principle of Mathematical Induction.
|

Since every cycle of C?(D) has a symmetric arc, it is kernel perfect due
to Theorem 1.2.1. By applying Theorem 2.1.14 to the digraph D we get that
D has a 3-kernel. This is stated in the following corollary .

Corollary 3.1.4. Let D be a digraph. If every directed cycle B in D has at
least $0(B) + 1 symmetric arcs, then D has a 3-kernel.

3.2. 4-kernels

Now, we will now prove a similar result for 4-kernels. We need a few
previous technical lemmas to do so.

Observation 3.2.1. Let D be a digraph. If every directed cycle C' in D has
at least %E(C’) + 1 symmetric arcs, then every cycle with length at most five
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is symmetric. Also, every cycle of length greater than five than has at least
five symmetric arcs.

Lemma 3.2.2. Let D be a digraph such that every directed cycle C' in D has
at least %E(C’)—I—l symmetric arcs and u,v € V(D). If P is a directed uv-path,
Q is a directed vu-path and | P|| + ||Q|| < 5, then every arc in A(P)U A(Q)
18 symmetric.

Proof. Clearly, if ||P|| =1 or ||@Q]] = 1, the result follows from Observation
3.2.1. Let Sp =V(P) \ {u,v} and Sy = V(Q) \ {u,v}. Suppose that ||P|| =
2=|Q|l. If Sp NSy = @, we have the desired result by Observation 3.2.1.
If Sp NSy # @, then @ is the path obtained by reversing the arrows of P,
which means every arc in A(P) U A(Q) is symmetric.

Finally, assume without loss of generality that ||P|| = 3 and ||Q|| = 2.
Take P = (u,z,y,v) and Q = (v, z,u). If z = z, then (u, z) is symmetric and
(r,y,v,z) is a C3, which by 3.2.1 is symmetric. A similar argument works
when If z = y. In any case, every arc in A(P)U A(Q) is symmetric.

|

Lemma 3.2.3. Let D be a digraph such that every directed cycle C' in D has
at least %6(6’)—1—1 symmetric arcs and u,v € V(D). If P is a directed uv-path,

Q is a directed vu-path and |P|| + ||Q|| < 6, then every arc in A(P) U A(Q)
s symmetric but at most one.

Proof. The cases where || P||+||@Q|| < 5 are covered by Lemma 3.2.3. Suppose
that ||P|| 4+ ||Q]| = 6. If [|[P]| =1 or |Q]| = 1, then PQ is a Cs and has at
least five symmetric arcs. Take Sp = V(P)\ {u,v} and Sg = V(Q)\{u,v}. If
SpNSg = @, we have that uPvQu is a Cs the result follows directly. We can
thus assume that Sp N Sg # @. If ||P|| =2 and ||Q|| =4, take P = (u, w,v)
and Q = (v,z,y,2,u). If w = x, we have that the arc (v,z) is symmetric
and that (u,z,y,z,u) is a Cs, so every arc in A(P) U A(Q) is symmetric. If
w = z, a similar argument yields the same result. If w = y, then (u,y, z,u)
and (v, x,y,v) are directed triangles, so they are symmetric and the results
follows.

Finally, suppose that ||P|| =3 = ||Q]], P = (u, z,w,v) and Q = (v, z,y, u).
If 2=y and w = z, then (@ is the path obtained by reversing the arrows of
P, which means every arc in A(P)U A(Q) is symmetric. If z = z and w =y,
then (u,z,y,u) and v, z,y,v are directed triangles, which are symmetric in
D. If z =y and w # z, then (u,y) is symmetric and (v, z,y, w,v) is a Cy,
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hence every arc in A(P) U A(Q) is symmetric. Very similar arguments solve
the remaining cases.

Lemma 3.2.4. Let D be a digraph. If every directed cycle C in D has at
least 20(C') + 1 symmetric arcs then, every Cs in H = C3(D) has at least one
symmetric arc.

Proof. Let C = (v1,v2,v3,v1) be a 3-cycle of H. If A(C') C A(D), then
every arc of C is symmetric. If |A(C) N A(D)| = 2, we can suppose that
(ve,v3), (us,v1) € A(D). Since (vi,v2) € A(H) \ A(D), there is a path T of
length at most three from v; to ve. Either v3 € V(T) or vs ¢ V(T'). In any
case, the arc (vs,v;) is in a cycle in D of length at most five and therefore is
symmetric.

If |A(C) N A(D)| = 1, we can assume that (v3,v,) € A(D). Let Ty be the
v1ve-path of length at most three in D and 75 the vyvs-path of length at most
three in D. If v3 € V(T7), then the arc (v3,v;) is in a cycle in D of length
at most three, implying it is symmetric. If v; € V(T3), then the arc (vq, vy)
is an arc of H, implying it is symmetric. Suppose that neither vz € V(Ty)
nor v; € V(T3). If V(T1) NV (1Ty) = @, then T1Tov; is a C7 in D and has at
least 6 symmetric arcs, so either the arc (v3,vy) is symmetric or both (vy, vo)
and (vq,v3) are symmetric. If V/(T7) NV (Ty) # @, then the arc (vs,vy) is in
a cycle in D of length at most five and it is therefore symmetric.

We can now assume that A(C)NA(D) = @. Let T; be the shortest v;v;,1-
path of length at most three for 1 <i < n—1 and take S; = V(T;)\ {v;, vi11}-
Also, let T,, be the shortest v, v1-path of length at most three and take S,, =
V(T,) \ {v1,v,}. If S;NV(C) # & for some ¢ € {1,2,3}, then clearly C has
a symmetric arc.

Suppose now that S; N S; = @ for every ¢ # j. In this case, Lemma
3.1.1 gives us the existence of a symmetric arc of C. Finally, we must check
what happens when there exist ¢ # j such that S; N S; # @. We can assume
without loss of generality that « = 1 and 7 = 2. We must check all the different
ways in which 77 and 75 can intersect. Notice that, since S; N Sy # &, the
distance from v; to vz is at most four. If d(vy,v3) < 3, then the arc (vq,v3)
is symmetric. It only remains to check when d(vy,v3) = 4. In this case, we
can assume that T} = (v, 21, y1,v2) and Ty = (v, 22, Y2, v3), Where y; = xo
and the remaining vertices are all different. If S3 N (S USy) = @, then
A = viThiy TovsTsv; is a cycle of length six or seven. If its length is six,
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the main hypothesis implies that A has at least five symmetric arcs. If its
length is seven, the main hypothesis implies that A has at least six symmetric
arcs. In either case, either (v, vy) or (vy, v3) is symmetric by the Pidgeonhole
Principle.

Suppose that S3 N (S; U Sy) # @. First, take T3 = (vs, x3,v1). If 23 = 29,
then v1TixoT3vy is a Cs in D, it is symmetric in H and this means (vq,v1) €
A(H), so it is symmetric. If x3 = yo, then vy T122Toy2 T30y is a Cy in D, which
is symmetric in H, (vg,v1) € A(H), so it is a symmetric arc. If 23 = x1, an
argument analogous to the one used in the previous case shows that (vs, vy)
is a symmetric arc of H.

Finally, take T3 = (vs, x3,y3,v1). If y3 € S1 U S, arguments analogous to
the ones used in the case where T3 has length two work. Thus, we can assume
that Yo ¢ S1USy and T3 € S1U Sy, If T3 = Tag, then viT1x9T5vy 1S a Cy in D,
it is symmetric in H so (vy,v1) € A(H), and (vy,v9) is symmetric. If x3 = ys,
then v T ToysT5vy is a Cy in D, it is symmetric in H, (vg,v) € A(H),
hence (vq,v9) is symmetric. Again, if 3 = 1, an argument analogous to the

previous one shows that (v3,vs) is symmetric.
|

Now, we can prove an analogue of Theorem 3.1.3 for 4-kernels. It is not
surprising, specially if one compares Lemma 3.1.2 and Lemma 3.2.4, that the
basic structure of the proof of Theorem 3.2.5 is very similar to the one of
Theorem 3.1.3. Nevertheless, working with 4-kernels means we have to work
with longer paths in the digraph, which involves a few difficulties that are
not present in the case of 3-kernels.

We will work with a cycle in the 4-closure of a digraph D and the paths in
D that originate the arcs in that cycle. The proof consists of four main parts.
First, we check what happens when all the paths are internally disjoint. This
is easy thanks to Lemma 3.1.1.

After that, we start working assuming that two of those paths are not
internally disjoint. We check what happens when those paths correspond to
consecutive arcs in the cycle in the second part. A special case, which we will
call an w-configuration, arises here.

Finally, we study the w-configurations along with the case where the paths
correspond to arcs that are not consecutive in the cycle.

Theorem 3.2.5. Let D be a digraph. If every directed cycle B in D has
at least 20(B) + 1 symmetric arcs, then every cycle in H = C3(D) has a
symmetric arc.
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Proof. Let C be a cycle in H. We proceed by induction on the length of C.
The case when C' has length three is covered by Lemma 3.2.4.

Suppose then that C' = (vy,va,...,v,,09) is an n-cycle in H. For every
arc (u,v) € A(C) there is a directed uv-path in D of length at most three
(possibly the same arc). For every 1 < i < mn—1, let T; be such directed path
and T,, be the directed path from v,, to vy, and take S; = V(T;)\ {v;, v;11} for
1<i<n—1land S, =V(T,)\{vi,v,}. If S;NS; = and S;NV(C) =0
for every 1 <i < 7 <mn, then Lemma 3.1.1 gives us the desired result.

If S;NV(C) # @, then, for some 0 < j < n, there is a v; € S;. Without
loss of generality, we can assume that |j — i| is minimum with such property
and that ¢ = 1. This means (vy,v;) € A(H). If j = n, then (v1,v,) € A(H)
and it is symmetric. If j = 3, then (vs,v2) € A(H) and it is symmetric.
Hence, we can assume that j ¢ {1,2,3,n}.

It is easy to see that (vq,v;) and (vj,v;) are arcs of H (Figure 3.4).
The cycle C" = v;v;Cv; is a cycle in H of length less than n, so it has a
symmetric arc by induction hypothesis. If such symmetric arc is and arc of
C, we are done. Otherwise, there is a directed path P of length at most
three from v; to v;. Since the length of the path v,Tiv; is at most two, an
application of Lemma 3.2.2 with P and v, T v; gives us that the arcs of v;T1v;
are symmetric. On the other hand, the cycle C" = vyCv;v, is a cycle in H of
length less than n, hence it has a symmetric arc. We can assume that (v;, ve)
is the symmetric arc, otherwise we are done. Since (v;, v2) is symmetric, there
is a directed path @ from v, to v; of length at most three. Again, applying
Lemma 3.2.2 to ) and v;Tv, proves that the arcs of v;T v, are symmetric.
Since 71 = v1Tyv;T v, and all its arcs are symmetric, we have that (v, ve) is
a symmetric arc of C.

V10 V2 0O0__ Vj U1 O V2 O B j U1 O V2 O B
A -=-" 1 A -—=-" 1 A T-=--- 1
\ vaCv; 7 N vaCv; 7 \ vaCv; 7

Figure 3.4: The case v; € 5.

Suppose now that S;NV(C) = @ for every i € {1,2,...,n} but S;NS; # &
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for some 1 <14 < j < n. First, take the case where v; and v; are consecutive
vertices in the cycle. Without loss of generality, take ¢ = 1 and j = 2. We
will check all the possible ways in which 7} and 75 can intersect.

Notice that every time d(vy,v3) < 3 we will have that (vy,v3) € A(H).
Hence, viv3Cv; is a cycle of length less than n and the induction hypothesis
gives us the existence of a symmetric arc which we can assume to be (vq,v3).
This is because we would have a symmetric arc of C' otherwise. The fact that
(v1,v3) is symmetric implies there is a path P of length at most 3 from v3 to
vy. We will use this fact whenever we can in all the following cases.

o If |T}]| = 2 = ||T3]| (Figure 3.5). The only possible way in which they
can intersect is when T} = (v, x,vy) and Ty = (v, z,v3). In this case,
Lemma 3.2.2 implies that (vy,z) is symmetric, so the arc vy, vy is a
symmetric arc of C.

X

N

U1 O O U3
V2

Figure 3.5: |T1]| = 2 = | 13-
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w If ||T1]| = 2 and ||T%]] = 3 (Figure 3.6). Let T} = (vy,z,v2) and Ty =
(v2,y, 2,v3).
If y = z, then take Q = (v1, x, 2, v3). By applying Lemma 3.2.3 we deri-
ve that either (v, ) is symmetric, in which case (v, v9) is a symmetric
arc of C', or both (x, z) and (z,v3) are symmetric, implying that (v, v3)
is a symmetric arc of C.
If 2 = z, then take @ = (v1, z,v3). Here, Lemma 3.2.2 gives us that
(v1, x) is symmetric, (va,y, z,v;) is a path of length 3 and therefore the
arc (vq,v) is symmetric.

x
O—> 0<% x O
Y
v1 O o 0 U3 v1 O o O U3
Vo V2
Figure 3.6: | T1|| = 2 and || T3|| = 3.
» If ||77|| = 3 and ||T3|| = 2. This is very similar to the previous case. Let

Tl = <U17x7yav2) and T2 = (U2727U3)'

If z =y, take @ = (v1, ,y,v3). If we use Lemma 3.2.2 we can see that
either both arcs in (v, z,y) are symmetric, and hence the arc (vy,vs)
is a symmetric arc of C, or (z,v3) is symmetric, implying (ve, v3) is a
symmetric arc in C.

If 2 =z, then Q = (vy,z,v3). Lemma 3.2.2 guarantees that every arc
in @) is symmetric, so (ve, z,v1) is a directed path in D and, therefore,
the arc (vy,vy) is symmetric.

o If |TY|| = 3 = ||T3||. Let Th = (v1,x,y,vs) and Ty = (ve, 2z, w, v3).

If 2 = x and w = y(Figure 3.7 (a)), take @ = (v1, z, y,v3). Now, Lemma
3.2.3 guarantees that either (vq,x) or (y,vs) is symmetric. In the first
case we have that (vg,z,v1) is a path in D and (vy,v9) is symmetric.
In the second case, (vs,y,vs) is a path in D and (vy,vs) is symmetric.

If 2 =y and w = z (Figure 3.7 (b)), take Q = (vy,2,v3) and apply
Lemma 3.2.2. We get that (v, z) is symmetric and this means (vy, vg)
is a symmetric arc of C.
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(S ]

x x

/ O\—:/Oy\ / OQ%
(e O o U3 U1 O &)
V2 V2

(a) (b)
Figure 3.7: ||T1]| = 2 and ||T3|| = 3.

If 2z =2 and w # y (Figure 3.8 (a)), take Q@ = (v1,z,w,v3) . Notice
that (z,y, vy, x) is a Cs of D, so it is symmetric. Applying now Lemma
3.2.3 gives us that either (vq,x) is symmetric, implying that (v, vq) is
a symmetric arc of C, or both (z,w) and (w, v3) are symmetric, hence
(v2,v3) is a symmetric arc of C.

If 2z # 2 and w = y (Figure 3.8 (b)), take @ = (v1,,y,v3). In a way
similar to the previous case, (vq, z,y,v9) is a C5 of D, so it is symmetric.
An application of Lemma 3.2.3 gives us that either (vi,vs) or (va,vs)
is a symmetric arc of C.

If 2 # yand w = x (Figure 3.8 (¢)), we have @ = (v, x,v3). He-
re, an application of Lemma 3.2.2 gives us that (vy,z) is symmetric.
This means that (vq, z,z,v;) is a path in D and therefore (vy,vq) is
symmetric.
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T T Y
Oiiow 070
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Figure 3.8: ||Ty|| = 3 = || T3||

The only remaining case is when 77 = (vy, z,y, v2), To = (vs, 2, w, v3) and
we have z = y and w # x. Let use call this case an w configuration and say
that 77 and 75 intersect in an w configuration. The arcs (z,y) and (y, w) will
be called the inner arcs of the w configuration formed by 77 and 75, and we
will use (71, T3) to denote the set {(x,y), (y, w)}. The symmetric arc (v, y)
will be called the spike of the w configuration (see Figure 3.9)formed by T}
and T, and we will use o(T},T3) to denote the set {(vq,y), (y,v2)}. The arcs
(v1, ) and (w,vs) will be called the outer arcs and the set {(v1, x), (w,v3)}
will be denoted by €(T7,T5).

S0—> 08
U
—

So«—o0¢g

Figure 3.9: The w configuration.

Since in this case we do not have a directed path from v; to vz of length less
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than 3, we must proceed in a different manner. We can assume that whenever
there are 7; and T} such that S; N.S; # @ either there are ¢ <1} <ly < j
such that S;, NS}, # @ with ¢ # I or j # I, or v; and v; are consecutive in
C' and the intersection between 7; and 7 is a w configuration.

Let [ = {vg, Vky1,---, Ut} a set of consecutive vertices of the cycle C,
where the subscripts are taken in the natural way induced by the cycle. We
say that I is a w-block if the following conditions are satisfied:

L. (UT‘7U1"+1) §é A(D)

2. The intersection between T, and 7., is a w configuration for every
k<r<k+t.

3. Either (vx_1,v,) € A(D) or Si_1 NSy = @.
4. Either (Uk+t7 Uk+t+1) S A(D) or Sk-i—t N Sk+t+1 = .

An w-block I = {vg, Vgt1, ..., Uyt ) Will be called proper if S;NS; = @
when ¢ and j are not consecutive, like in Figure 3.10. Otherwise, I will be
called improper. An example of an improper w-block can be seen in Figure
3.11). Clearly, improper w-blocks have at least four vertices.

@] O) O) O) O/O\
O———>O0O <O <O <O O @]
Up, (1 V2 U3 (1 Us Ve

Figure 3.10: The set {vy,ve, v3,v4,v5} is a proper w-block.
a m c

VI EER VAN
O— 50 o o) o o) o
Un U1 V2 U3 V4 Us Vg

Figure 3.11: The set {vy, v, v3,v4,v5} is an improper w-block.
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Let I = {vg,Vgy1,--.,Uke} be an improper w-block. This means that
there are integers ki, ks such that k£ < k; < ki1 +1 < ky < k+t and
Sk, N Sk, # . We can assume that ke — ki is minimum with such property
and that ky = 1 and ky = j. Let 71 = (v1,2,y,v2) and T; = (v}, 2, w, Vj41).
Since z € Tj_, the minimality of j — 1 guarantees that z ¢ {z,y}. This
means that either w = x or w = y.

If w = x, take the cycle B in D that is induced by the arc set {(z,z)}UFE,

where
-1

E=|JuT. Tp).
r=1

Since 2 < j, we have that F # @. In Figure 3.11, the cycle (a,b,c,a)
is the cycle B. If {(B) < 5, then B is symmetric and and every arc in E is
symmetric, so the arc (vy, v3) is a symmetric arc in C. If £(B) > 6, then it has
at least five symmetric arcs. Clearly |A(B) \ E| = 1, so there is a symmetric
arc in F and, therefore, a symmetric arc in C. The case where z = y is
analogous.

From now on, we can assume that if two consecutive vertices v;, v;11
satisfy S; N S;11 # @, then T; and T;,, intersect in a w configuration and
there exists an w-block I such that v;,v;; € I. Also, we can suppose that
every w-block is proper.

First, suppose that whenever there are 7; and 7} such that S; N.S; # @,
we have i + 1 = j (with indices taken in the natural way along the cycle).
Clearly, this means that for every arc (v;,v;11) € A(C), exactly one of the
following conditions is fulfilled:

w (v;,0i41) € A(D).

» S5; NS for every j # i.

= There is 6 an w-block I such that v;,v;;, € I.
Let £, R, Q,90 and « be defined as follows:

« S—{T:2<i <) |T = 3.

« R={Ti:2<i< )T =2}

» ) is the set of all the w-blocks contained in V/(C).
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- a={(x.y) € A(C)\A(D) : {a,y} ¢ 11 € Q.

It is easy to see that B, the cycle induced by

[A(C) ﬂA(D)] U U A(Tz) U [U LI] U [U EI] )

('Uiﬂ)iJrl)ea IeQ IeQ)

has length n + 29O + 2£ + R.
Since O + £ <n and O + £+ K < n, we have the following inequalities:

29+ 228+ R 2n
6D +6L 4+ 38 2n + 49 + 4L + 28

2
204284+ R < §(n+253+2£+ﬁ)

<
<

The main hypothesis implies that B has at least % (n+20+28+K)+1
symmetric arcs, so C' has at least one symmetric arc.

Suppose now that there are positive integers 4, j such that S; N S; # @
and 1 <1¢ < j < n. Again, we must check every way in which S; and S; may
intersect. Suppose that j — 4 is minimum with these properties and, without
loss of generality, that ¢ = 1. First, let us check the most direct cases.

1. If |Th|| = 2 = |7}l (Figure 3.12). The only possible way in which
they can intersect is when 77 = (vq,2,v;) and T; = (v;,x,vj11). Let
P = (v1,2,vj41) and P, = (v;,x,vy). Clearly, the arcs (vj,v9) and
(v1,v41) are arcs of H. Take By = v1v;11Cv; and By = v2Cv,410s.
Clearly, B; and B, have length less than n and, by induction hypothesis,
they have a symmetric arc. We can assume that the symmetric arc in
B is (v1,vj41) and the one in By is (vj, vs), since otherwise we would
have a symmetric arc in C. This means that there is a directed v;v1-
path and a directed vov;- path in D. Let us call them @; and Q-
respectively. Now, applying Lemma 3.2.2 gives us that the arcs in T
and T} are symmetric, so (v1,v2) and (vj,vj41) are symmetric arcs in

C.
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Figure 3.12: The case ||T3|| = 2 = ||1}]|.

2. If |T1]| = 2 and ||T}|| = 3. Let Ty = (vy, x,v2) and T} = (v, y, 2, Vj41)-

If © = y (see Figure 3.13 (a)), then we can see that the arcs (v;,z)
and (x,vy) are symmetric arcs of D just like in the previous case. Now,
since the arc (vy,vj;1) € A(H), we have that By = vjv,41Cv; is a cycle
of length less than n, so it has a symmetric arc and we can assume
it is (v1,v;41). Hence, there is a path ; from v, to vy of length at
most three. By applying Lemma 3.2.3, we get that either (vy,x) is a
symmetric arc of D and so (vy,vs) is a symmetric arc in C, or both
(x,y) and (y,vj11) are symmetric arcs of D and thus (v;,vj +1) is a
symmetric arc in C. The case z = z (Figure 3.13 (b))is very similar.

// SN //y\

V1 Q Vo Oy U] O Vj+1 V1 O V2 Oy Uj O Vji+1
\\ U]+1C’U1 \\ UJ+1CU1 ,,/
(a) (b)

Figure 3.13: ||T1]| = 2 and || T3] = 3.

3. If ||T1]] = 3 and ||T}|| = 2. Let 71 = (vy, 2z, y,v2) and T; = (v}, 2, vj4+1)-
This case is similar to the previous one.

4. It |T7|| = 3 = ||15||- Let 11 = (vi,x,y,v2) and T; = (vj, 2, w, vj11).
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If z = y and w = x (Figure 3.14). Here, we have that (v1, vj41), (v, v2) €
A(H). By taking By = v1v;41Cv; and By = v2,Cv;v9 we can show that
the arcs (v, ), (2, vj11), (vj,y) and (y, vy) are symmetric arcs of D just
like we did before, so both arcs (v, v2) and (v, vj11) are symmetric arcs
in C.

Figure 3.14: The case z = y and w = .

If z # y and w = x (Figure 3.15). Here we have (v1,v,41), (v, ), (x,v2) €
A(H). By taking By = v1vj11Cv; we can conclude that (v, x) is a sym-
metric arc in D. Now, take By = v;zvoCwv;. It is easy to see that Bs
has length less than n, so it has a symmetric arc. Again, we can assume
that the symmetric arc is either (vj, z) or (x,v2). If (v;, ) is symmetric,
there is a directed path from x to v; of length at most three in D. Let )
be such directed path. Here, Lemma 3.2.2 guarantees that both (v;, z)
and (z,z) are symmetric arcs in D, and so (v, vj41) is a symmetric arc
in C. The case where If (x,vy) is symmetric is analogous.

If 2=y and w # x (see Figure 3.16). This case is solved similarly to
the case z # y and w = .
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Figure 3.16: The case z = y and w # .

The three remaining cases are z = x and w = y, z # x and w = y and
finally z = x and w # y . This configurations are depicted in Figure 3.17 (a),
(b) and (c), respectively. It is straightforward to check that the result is true
when j =3 or j =n — 1, so we can assume that 3 < j <n — 1.

Notice that if S1NSy # @ and S;_1NS; # &, the T and T5 intersect in an
w-configuration, just like 7j_; and Tj. Here, the minimality of 7 — 1 implies
that the only possible case is w = x and z # y, which is already covered.
This means that S;N.Sy # @ and S;_1NS; # & cannot occur simultaneously.

Also, if either S1 NSy # @ or S;_1 NS; # I, then the case z = x and
w = y is excluded due to the minimality of j — 1.

First, suppose that S; N Sy # & and therefore 77 and T, intersect in an
w-configuration. Let Ty = (vq, y, u, v3).

If 2 =2 and w # y, we have that (vy,v;41), (vj,y), (y,v3) € A(H). Let
By = v1vj11Cv; and By = vjyv3Vv;. Since By and B, are cycles with length
less than n, each has a symmetric arc.



3.2 4-kernels 49

o—> 0 o,

V1 Q V2 0--—->00U; QUjt+1 V1 Q) V2 0--—-20U; "0Ujt+1
A ’UQC’UJ‘ /‘ A i !

N p 5

~ - -
eyl R

(a)

X

O\
] O w
yJ \
V1 Q0 V20--—--»0V; ©Ujt1
g 02005 ;
N .

-

.
el Y41Cr -

()

Figure 3.17: The three remaining cases.

If an arc of By other than (vj,y) or (y, vs) is symmetric, we are done, thus
we can consider that one of them is the symmetric arc. If (y, v3) is symmetric,
then there is a directed path of length at most three from v3 to y. Call that
directed path P. If we take Q = (y,u,v3), we have that the arcs (y,u) and
(u, v3) are symmetric arcs in D thanks to Lemma 3.2.2, so the arc (vq, v3) is a
symmetric arc in C. Hence, assume that (v, y) is symmetric. In an analogous
way, we get that (v;,z) and (x,y) are symmetric arcs in D.

We can assume that the symmetric arc in By is (v, v;41), since otherwise
we would be done. This means there is a directed path from v;; to vy in D,
so by Lemma 3.2.3 we have that either (vy,z) is symmetric or both (x,w)
and (w,v;;1) are. In the former case, we have (vq,v;) is a symmetric arc in
C. In the later, we get that (v;,v;41) is the symmetric in C'.

If z # y and w = z, we also have that (vi,v;41), (v;,v), (y,v3) € A(H).
Again, take By = v;v;41Cvy and By = v;yv3Cv; and, by the same reasons,
assume that the symmetric arc in By is (v, vj41), and either (vj,y) or (y,vs)
is the symmetric arc in Bs.

In this case, Lemma 3.2.2 guarantees that both (vy,x) and (z,v;4,) are
symmetric arcs in D. In the same way as in the previous case, if (y,vs) is
symmetric, then (vq,v3) is a symmetric arc in C. On the other hand, if (v;,y)
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is symmetric, Lemma 3.2.3 gives us that either (x,y) is a symmetric arc in
D and thus (vq,v;) is a symmetric arc in C, or both (v;, z) and (z,x) are
symmetric in D, implying that (v;,v,41) is a symmetric arc in C'.

Now, suppose that S;_; N S; # & and Tj_; and 7j intersect in an w-
configuration. Let T;_; = (v2,u, 2, v3). It cannot be that z = z, because it
would contradict the minimality of j — 1. So it remains to see what happens
when z # z and w = y. In this case, we have that (v;_1, 2), (z,v2), (v1,vj11) €
A(H) Take B1 = U1Uj+lcvl and B2 = vj_lzngvj_l. Both Bl and BQ have
a symmetric arc, and we can assume that (v1,v;41) is the symmetric arc in
By and the one in Bs is either (v;_q,2) or (z,vs).

If (v;_1, 2) is the symmetric arc in By, then an application of Lemma 3.2.2
yields that (v;_1,v;) is a symmetric arc in C. If (z,v7) is the symmetric arc
in By, again Lemma 3.2.2 gives us that (z,y) and (y, v,) are a symmetric arcs
in D.

On the other hand, since (v, v;41) is the symmetric arc in By, applying
Lemma 3.2.3 shows that either (y,v,;1) is a symmetric arc in D and thus
(vj,vj41), or both (vq,2) and (x,y) are symmetric arcs in D, hence (v, v2).

For the last part of the proof, we can assume that S; NSy = @ and
S;j—1 N S; = . The observation about proper w-blocks that will be the key
for the following arguments is this: if one arc in ¢; is symmetric, then there
is a symmetric arc in C.

Notice that in the three remaining cases there is a directed path from v;
to vg of length three contained in A(T7) U A(T;). Call it P. There is as well
a path of length three from vy to v;41 contained in A(T37) U A(T;), which we
will call Q). Also there are i, k such that 1 < i < k < j and S; NS # &, then
i+ 1 =k and there is a proper w-block I such that ¢,k € I and I C V(C"),
where C" = C{v,vs,...,v;_1}]. Just like before, this means that for every
(vi,vi41) € A(C") exactly one of the following conditions is fulfilled:

v (v, v41) € A(D).

» 5;NS; = @ for every j # i.

» There is an w-block [ such that v;,v;11 € I.
Let £, R, Q2,90 and «a be defined as follows:

s o= {Tii2<i<j|T) =3

= R=H{Ti:2<i<j Tl =2}
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» ) be the set of all the w-blocks contained in V(C”).
= O =1Q.

v a={(z,y) € AC") A{w,y} £ 1,1 € Q.

Simple calculations show that the cycle induced by

ol

1eQ

[AC)NADIU | AT)| U

(vi,v¢+1)€a

e

1eQ

UA(P),

which we will call By, has length ¢(Bs) = j + 8+ 2£ 4+ 29 + 1.
Since O + £ < j—2and O+ £+ K < j — 2, we have the following
inequalities:

R+28+20 < 254
3R+6£4+6D < 2j4+2R+4L+40 -4
2
R+28420 < g(j+ﬁ+22+29—2)
2 4
R+2£+420 < §(j+ﬁ+2£+253)—§
2 4
R42L+20 < g(j+ﬁ+2£+29+1—1)—§
2 2 4
A+28+20 < g(j+ﬁ+22+20+1)—§—§
2
R+2L8420 < §(j+ﬁ+2£+29+1)—2

By adding 3 to the right side of the inequality, we get

2
A+2L+20 < g(j+ﬁ+2£+29+1)—2+3

2
g(j+ﬁ+2£+1)+1

IN
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which is the lower bound for the number of symmetric arcs in D of the
cycle B. If an arc other than the ones in A(P) is symmetric, then C has a
symmetric arc. Hence, assume that the three symmetric arcs of B, are the
ones in A(P).

On the other hand, consider the cycle By = v;v;41Cvy. It has length lesser
than n, so it has a symmetric arc and we can assume it is vy, v;4;. Here, an
application of Lemma 3.2.3 yields that at least two arc in () are symmetric.
It is very simple now to verify that the symmetric arc in P plus the two
symmetric arcs in () guarantee the existence of a symmetric arc in C.

Again, the fact that every cycle of C3(D) has a symmetric arc implies it
is kernel perfect due to Duchet’s result. By applying Theorem 2.1.14 to the
digraph D we get that D has a 4-kernel, so we have the following result:

Corollary 3.2.6. Let D be a digraph. If every directed cycle B in D has at
least 20(B) + 1 symmetric arcs, then D has a 4-kernel.

3.3. Is it true for k-kernels?

Now, we propose the following conjecture for the general case:

Conjecture 3.3.1. If every directed cycle B in a digraph D has at least
¥=2/(B) + 1 symmetric arcs, then D has a k-kernel.

It is convenient now to give examples to see the importance of the +1
in the bound for the number of symmetric arcs since it is necessary for the
result to be true. Let k£ be an integer, with £ > 3 and Vj, Uy and W} be
disjoint sets with k& — 1 elements. We will use v;, u; and w; to denote its
elements, respectively, for 1 < ¢ < k — 1. Let E = e, fo, €y, fu, €w, fu be a
set disjoint of Vj,, U, and Wj.

Let Hj, be the digraph such that its vertex set is V(Hy) = V;UU,UW,UFE
and its arc set is formed by:

» The arcs (v, vi11), (U, uir1) and (w;, w;iq), for every 1 < i <k — 2.

The arcs (v, v;1), (ui, w;—1) and (w;, w;_q), for every 2 <i <k — 1.

s The arcs (vg_1,u1), (up_1,wr) and (wg_q,v1).
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V2 U1
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Figure 3.19: The digraph Hy

» The arcs (sp_1,e5) and (e, fs), for every s € {v, u, w}.

Notice that the only cycle in Hj of length greater than two is C' =

(U1, .\ Ug—1, Ut, Uy« .+, Ug—1, W1, W2, . . ., Wk_1, V1) and has length 3(k—1)
and has exactly 3(k —2) = 2=2(3(k — 1)) = $=2((C') symmetric arcs. Nevert-

heless, H; has no k-kernel.
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Proposition 3.3.2. The digraph Hy has no k-kernel.

Proof. Suppose that K is a k-kernel of Hy. Clearly, {f,, fu, fu} C K, since
they are the sinks of Hj. The sinks of Hy clearly (k — 1)-absorb every vertex
in V(Hy) except vy, uy and wy, so at least one of them must be included in K.
Thanks to the symmetry of Hj, we can assume that v; € K. Since d(wy,v;) =
k — 1, we have that w; is (k — 1)-absorbed by v;. Since d(vy,uy) = k — 1, the
vertex u; cannot be included in K, but neither is it (k — 1)-absorbed by a

vertex in K, contradicting the fact that K was a k-kernel of Hj.
[ |

This shows that a digraph D such that every cycle of D has at least
%E(C) symmetric are does not necessarily have a k-kernel, which shows
that we cannot drop the +1 in the hypothesis.



Conclusions

The results obtained in the second chapter show that bounding the length
of the cycles in a digraph not only does not guarantee the existence of a k-
kernel, but that determining if a given digraph has one is still very complica-
ted, algorithmically speaking. Nonetheless, in [6] it is proven that a digraph
that contains only cycles of length 3 has a 3-kernel. This points towards a
line of research that seems to be very interesting.

By analyzing the proof of Theorem 3.2.5, it becomes clear that we need to
find a new strategy if we want to prove the proposed conjecture. It is not hard
to see that several w-like configurations will emerge if the same technique is
used to study other particular cases of the conjecture, as well as the general
case.

However, provided the conjecture is true, it may become a very useful
tool in the study of k-kernels. A possible line of work, side by side with the
conjecture, is to find (whenever possible) generalizations to k-kernels of the
results that make use of Duchet’s.
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