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Capitulo 1

Introduccion

En la teoria de la fisica clasica el movimiento de las particulas esta de-
terminado por las fuerzas que actiian sobre ellas. Para conocer su compor-
tamiento es suficiente determinar las fuerzas que son aplicadas. Es, por lo
tanto, un aspecto fundamental en la fisica clasica el determinar las fuerzas
que actian sobre las particulas.

En el caso de la teoria clasica del electromagnetismo, la fuerza se deter-
mina a través de los campos electromagnéticos. Por ende, los campos son las
cantidades fisicas fundamentales. De hecho, la teoria misma del electromag-
netismo es construida a través del concepto del campo electromagnético.

Sin embargo, la realidad no se comporta siempre como lo predice el mode-
lo tedrico de la fisica clasica. No es suficiente conocer las fuerzas que actian
sobre una particula para determinar su comportamiento. Experimentos he-
chos con electrones en 1982 y 1986 por Tonomura et al. [63, 64] (ver también
[66]) dan fuerte evidencia de la existencia de cantidades fisicas, diferentes a
las fuerzas, que influyen sobre el comportamiento de dichos electrones. Re-
cientemente en [9] se hizo un nuevo experimento que fundamenta la ausencia
de efectos debidos a algun tipo de fuerza en los resultados de Tonomura et.
al. [63, 64]. Esto tultimo es discutido por Tonomura y Nori en un articulo
publicado en 2008 en Nature [67].

Por medio de la fisica cuantica se pueden predecir los resultados experi-
mentales de Tonomura et al. [63, 64] y también los resultados obtenidos en
9] , ademads, se pueden definir las cantidades electromagnéticas fundamen-
tales. El concepto de la fisica a través del cual se determinan las cantidades
electromagnéticas fundamentales en la fisica cuantica es llamado el efecto
Aharonov-Bohm. El efecto Aharonov-Bohm es un concepto fundamental en



la fisica, no sélo porque describe las cantidades electromagnéticas fundamen-
tales en la fisica cuantica sino también porque, al predecir comportamientos
que no se pueden deducir a través de la fisica clasica, constituye en si mismo
una prueba para la teoria misma de la mecanica cuantica. El efecto Aharonov-
Bohm es también importante por ser la tinica evidencia experimental de que
los campos de norma (gauge fields) producen observables fisicos (ver [66, 87]).
Los campos de norma se convirtieron a finales de la década de 1970 en los
candidatos mas probables para la construccién de una teoria de gran unifi-
cacién que involucre todas las fuerzas en la naturaleza (ver [66]). En [87] se
describe la relacion entre el efecto Aharonov-Bohm y los campos de norma.
Por su importancia, el efecto Aharonov-Bohm es estudiado en la mayoria de
los libros de texto de fisica cudntica.

El efecto Aharonov-Bohm toma su nombre a partir del trabajo funda-
mental de Aharonov y Bohm en 1959 [2]. En dicho trabajo se propone una
férmula (el Ansatz de Aharonov-Bohm) para describir el comportamiento de
los electrones sobre regiones en donde el campo electromagnético es nulo. En
los experimentos fundamentales de Tonomura et al. [63, 64] y el experimento
descrito en [9] (ver también [67]) se verifica el Ansatz de Aharonov-Bohm.
Estos experimentos se consideran como la evidencia mas importante sobre la
existencia de este fendémeno.

En los experimentos de Tonomura el al. [63, 64] se utiliza un magneto
en forma toroidal que contiene un campo magnético confinado. Se envian
electrones que pasan por el centro del magneto y por fuera del agujero, y se
hacen coincidir los electrones en una misma region produciendo un patrén de
interferencia. El patron de interferencia obtenido coincide con las predicciones
descritas por el Ansatz de Aharonov y Bohm.

En la configuracién experimental en [63, 64], no hay campo magnético en
el exterior del obstaculo, sin embargo, algunos autores argumentan [8, 88, 24|
que el patron de interferencia se debe a la accién del campo electromagnético
que acelera de manera diferente a los electrones que pasan por el centro del
magneto y los que pasan por fuera. En [8] se hace un célculo que muestra
que en el caso en el que en lugar del magneto de forma toroidal se utilice
un solenoide recto de longitud infinita, el patréon de interferencia se puede
explicar por medio de la accién de cierta fuerza. Esto ultimo implicaria (en el
caso de que fuera cierto) que los resultados en los experimentos de Tonomura
et al. [63, 64] no son un efecto puramente cuantico y por lo tanto que el efecto
Aharonov-Bohm no existiria.

Para demostrar que los electrones no se aceleran y, por ende, que no existe
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ninguna fuerza que afecte su comportamiento, en [9] se hace un experimento
en donde se calcula el tiempo en el que los electrones pasan por el agujero
del magneto y se demuestra que no se aceleran. El Ansatz de Aharonov-
Bohm predice que la posicion de los electrones evoluciona de manera libre
(no se aceleran), lo que es verificado en el experimento [9]. Esto tltimo es una
evidencia convincente de que los resultados en los experimentos de Tonomura
et al. [63, 64] son puramente cudnticos, lo que muestra que el efecto Aharonov-
Bohm existe.

La existencia del efecto Aharonov Bohm es un tema controvertido, existen
més de 300 articulos relacionados con esta controversia. En [56, 9, 67] y sus
referencias, se pueden encontrar los articulos involucrados en esta discusion.

En este trabajo de tesis doctoral se demuestra por primera vez de manera
rigurosa que el Ansatz de Aharonov-Bohm es una consecuencia de la fisica
cuantica, ademas, utilizando los datos en los experimentos de Tonomura et
al., se demuestra también por primera vez de manera cuantitativa que la
mecanica cuantica predice los resultados experimentales de Tonomura et al.
y los resultados del experimento descrito en [9] (ver también [67]).

La ecuacién de Schrédinger es la ecuacién fundamental de la fisica cuanti-
ca. La solucion de la ecuacion de Schrodinger es la funcién de onda que descri-
be las funciones de probabilidad en la posicion y el momento de los electrones
en cada instante. El Ansatz de Aharonov-Bohm es una solucién aproximada
de la ecuacién de Schrodinger para todo tiempo, cuando el electron viaja
en regiones en donde no hay campo electromagnético. En el articulo funda-
mental de Aharonov y Bohm de 1959 [2], en donde se introduce el Ansatz,
se resuelve explicitamente la ecuacién de Schrodinger en el caso ideal de un
solenoide infinito, reduciendo el problema a dos dimensiones. Sin embargo,
en el caso que corresponde a la realidad fisica, en tres dimensiones, y para un
magneto acotado, no se demuestra que esta férmula sea una aproximacion
de la solucién exacta de la ecuacion de Schrodinger, de hecho, simplemente
se enuncia sin dar ninguna justificacion matematica de su aplicabilidad. No
es sino hasta el ano 2009, en este trabajo doctoral, que se da por primera
vez una justificacion rigurosa de que el Ansatz de Aharonov Bohm es una
aproximacién de la solucién exacta de la ecuacién de Schrodinger en el caso
tridimensional y para magnetos acotados. Se estima la diferencia entre la so-
lucién exacta de la ecuacion de Schrodinger y el Ansatz de Aharonov-Bohm
y se encuentra una férmula explicita y simple para la cota de error que mide
esta diferencia. La formula para la cota de error es uniforme en el tiempo
y tiene una interpretacion fisica en términos de la probabilidad que tiene
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el electron de estar fuera de la regién donde el campo electromagnético es
cero; cuando esta probabilidad es pequena la cota de error puede ser extre-
madamente reducida, menor a 107, en norma. Lo que es muy relevante,
pues en este caso conocemos practicamente de manera exacta la solucién de
la ecuacion de Schrodinger y demostramos que los electrones no se aceleran
(contrariamente a lo que se muestra en [8], dando fundamento tedrico casi
exacto a los resultados en [9] y los argumentos en [67]); ademds, también se
demuestra de manera muy precisa que los resultados en los experimentos de
Tonomura et al. [63, 64] son una consecuencia de la mecdnica cudntica.

En este trabajo se estudia también la teoria de dispersion de electrones en
presencia de un obstaculo que es la unién de cuerpos con asas y suponemos
ademads que fuera del obstaculo existen campos eléctrico y magnético. A par-
tir del operador de dispersion recuperamos los campos eléctrico y magnético
en cierta region y adicionalmente reconstruimos el flujo del campo magnético
modulo 27 sobre determinadas superficies dentro del obstaculo. Esto es muy
relevante, pues recuperamos informacion del campo magnético dentro del
obstaculo a partir de dispersion de particulas que no tienen acceso al interior
del mismo (esto es una evidencia del efecto Aharonov-Bohm). Adicionalmen-
te, caracterizamos las cantidades electromagnéticas que son fundamentales
para la fisica cuantica, a saber: el campo magnético fuera del obstaculo y
el flujo del mismo moédulo 27 sobre ciertas superficies dentro del obstéculo
que proporcionamos explicitamente (ver la parte final de la seccién 2.1.1, asi
como la definicién 3.9 y el teorema 4.1 de [4] ).

Como se apunté antes, el Ansatz de Aharonov-Bohm es una férmula crea-
da en 1959 y su justificacién rigurosa se establece hasta el ano 2009, en este
trabajo. Esto se debe a las siguientes dos razones:

= Kl método que introducimos para estimar la solucién de la ecuacién
de Schrodinger con campos magnéticos uniformemente en el tiempo es
original. Nos basamos en el método dependiente del tiempo de Enss
y Weder [16]. Esta forma de proceder para estimar soluciones a ecua-
ciones diferenciales es muy diferente a otros métodos. Para intervalos
de tiempo acotados, en la region de interaccién, utilizamos el limite
de alta velocidad de los operadores de onda y de dispersién para esti-
mar la solucion de la ecuaciéon de Schrodinger con cotas de error que
crecen con el tamano del intervalo. Para intervalos de tiempo no acota-
dos, en las regiones entrante y saliente, usamos teoria de dispersién. De
esta manera obtenemos estimaciones de la solucién de la ecuacion de



Schrédinger uniformes en el tiempo. En el articulo [16] se obtuvieron
estimaciones de la solucién de la ecuacion de Schrodinger uniformes en
el tiempo en el caso con potencial eléctrico y sin campo magnético. El
método que utilizamos nos permite estimar la solucién uniformemente
para todo tiempo y de manera muy precisa, lo que es muy dificil de
obtener con otros métodos.

= Como ya hemos dicho, el método dependiente del tiempo que utilizamos
fué introducido por Enss y Weder [16] y fué utilizado por Weder [76]
para estudiar el efecto Aharonov-Bohm en el caso de un flujo magnético
contenido en un cilindro infinito y con seccién transversal arbitraria.
Este caso se reduce a dos dimensiones, pero no tiene solucién explicita.
Este método nos permite estudiar el limite de altas velocidades del
operador de dispersion utilizando las propiedades de propagacion de
funciones de onda localizadas en el espacio, lo que nos permite estimar
la solucion de la ecuacién de Schrodinger uniformemente para todo
tiempo. Esto no se puede hacer con los métodos estandar en la teoria
de dispersion, que utilizan la formulacién estacionaria con soluciones
periddicas en el tiempo, lo que implica que se pierde tanto la localizacion
de la solucion en el espacio, como la propagacion temporal de la misma.

Las ondas planas perturbadas que se usan en los métodos estacionarios
son periodicas en el tiempo y se extienden por todo el espacio, de mo-
do que es imposible suponer que los electrones, que son representados
por estas funciones de onda, se propagan sobre regiones del espacio
en las que no hay campo electromagnético, como lo exige el Ansatz
Aharonov-Bohm, a menos que el campo electromagnético sea cero en
todo el espacio. Esto implica que el Ansatz de Aharonov-Bohm no es en
realidad una buena aproximaciéon de las ondas planas perturbadas de la
teorfa estacionaria. Con el método dependiente del tiempo de [16, 76]
podemos considerar paquetes de onda de energia finita cuya localizacion
en el espacio podemos controlar de manera que se propagen en regiones
localizadas del espacio adonde no hay campos electromagnéticos, o son
muy pequenos.

Esta tesis estd organizada de la siguiente forma: en el capitulo de ante-
cedentes (capitulo 2) se presenta primeramente un resumen de la historia
y el concepto del efecto Aharonov-Bohm (secciones 2.1.1 y 2.1.2) y poste-
riormente (seccién 2.2) se hace una breve recapitulacién de la historia de los
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problemas inversos. En el capitulo 3 se estudia el efecto Aharonov-Bohm bajo
las condiciones de los experimentos de Tonomura et al. [63, 64]. Se demues-
tra que el Ansatz de Aharonov y Bohm es valido, se establece una férmula
para la cota de error que estima la diferencia entre la solucion exacta de la
ecuacion de Schrodinger y el Ansatz y, finalmente, se interpretan los términos
que aparecen en la cota de error. Este capitulo presenta los resultados del
articulo [5] que es el contenido del capitulo 7.

En el capitulo 4 se estudia el operador de dispersion en el complemento
de un obstéculo que es una unién finita de cuerpos con asas y se demuestra
que a partir de éste se puede recuperar el campo electromagnético en cier-
ta region. También recuperamos a partir del operador de dispersién, en el
caso en el que el campo magnético en el exterior del obstaculo sea cero, cier-
tos flujos del campo magnético sobre determinadas secciones transversales
del obstaculo. Podemos conocer también a partir del operador de disper-
sién cierta informacion de la clase de cohomologia de de Rham del potencial
magnético. En este mismo capitulo introducimos una definicion matematica
que describe cuando los electrones pasan por algin agujero del obstaculo.
Finalmente, demostramos que, en el limite de altas energias, el operador de
dispersién, en ausencia de campo magnético exterior al obstaculo, actia so-
bre los electrones que viajan por un determinado hoyo como un operador
de multiplicacién por un niimero complejo unitario cuya fase esta dada por
un flujo del campo magnético sobre cierta seccién transversal del obstéculo
asociada al hoyo. Este capitulo presenta los resultados del articulo [4], que
es el contenido del capitulo 8.

El capitulo 5 contiene las conclusiones del trabajo. En el capitulo 6 se pre-
sentan los proyectos futuros relacionados con esta tesis, en los que ya estoy
trabajando con el doctor Ricardo Weder y de los cuales tenemos resultados
parciales. En el capitulo 7 se presenta el articulo [5] cuyo resumen esta con-
tenido en el capitulo 3. Por ultimo, en el capitulo 8 se presenta el articulo
[4], del cual se hace una sintesis en el capitulo 4.
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Capitulo 2

Antecedentes

2.1. Efecto Aharonov-Bohm

2.1.1. El Concepto del Efecto Aharonov-Bohm

La teoria de la fisica clasica encuentra su fundamento en la nocién de
fuerza. La posicién (X(t)) de una particula cldsica de masa m para todo
tiempo t estd determinada por las fuerzas (F) que actian sobre ella y las
condiciones iniciales en velocidad y posicién a través de la segunda ley de
Newton:

2

d
2.1 F=m—X(t
21) (),
es, por lo tanto, un aspecto fundamental en la fisica clasica el determinar las
fuerzas que actian sobre las particulas.

En la teoria de la electrodinamica clasica, la fuerza es producida por los
campos electromagnéticos; esta fuerza es llamada la fuerza de Lorentz:

(2.2) F = q[E+ V(i) x B], V(t) = a’(;—f),

en donde ¢ es la carga del electrén, E es el campo eléctrico y B es el campo
magnético. Los campos son las cantidades fisicas fundamentales, ya que a
través de ellos se obtiene la fuerza, la cual determina el comportamiento de
las particulas cargadas que se desplazan bajo su influencia. De hecho, la teoria
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misma del electromagnetismo es construida a través del concepto mismo de
campo electromagnético.

En el estudio del electromagnetismo clésico, se define el concepto de po-
tencial magnético. El potencial magnético (A) es una funcién tal que su
rotacional es el campo magnético (V x A = B). El potencial magnético re-
sulta ser muy ttil en el manejo de las ecuaciones de Maxwell, asi como en la
formulaciéon hamiltoniana del electromagnetismo.

La ecuaciéon V x A = B no tiene una solucién tnica; si un potencial
magnético A satisface esa ecuacion, entonces, sumandole el gradiente de una
funcion escalar A, obtenemos un potencial magnético A+ VA que satisface la
misma ecuacion. En general, la cantidad de potenciales magnéticos asociados
a un mismo campo magnético depende de la topologia del espacio en el que
estan definidos los campos, sin embargo, la eleccién del potencial magnético
no cambia las predicciones fisicas que se puedan hacer con la teoria. De hecho,
el potencial magnético en la fisica clasica resulta ser solamente un concepto
matematico que no tiene ninguna realidad fisica; esto se debe a que la fuerza
que actia sobre las particulas (la fuerza de Lorentz, (2.2)) depende sélo del
campo magnético.

En términos de la velocidad (V(t) := B);St)) de la particula, la segunda
ley de newton toma la siguiente forma:

(2.3) F = miV(t)7

dt
si la fuerza es cero en la ecuacién (2.3) entonces la velocidad (V(t)) es cons-
tante, es decir, una particula tiene velocidad constante (o bien, evoluciona
de manera libre) a menos que exista una fuerza actuando sobre ella.

Si tiramos una canica sobre el agujero de un aro, el movimiento de la
canica no es modificado por la existencia del aro. De manera similar, consi-
deremos un magneto en forma toroidal (o en forma de aro) que contiene un
campo electromagnético confinado dentro de él (es decir, el campo electro-
magnético es cero fuera del magneto). Si enviamos un electrén por el agujero
del magneto, entonces, como el campo electromagnético es cero en cada pun-
to de la trayectoria del electron, no hay fuerzas que actiien sobre el electron,
y, por lo tanto, deberia clasicamente seguir una trayectoria libre, como en
el caso de la canica. En otras palabras, el magneto no deberia influir sobre
el comportamiento del electréon y el electrén deberia seguir la misma trayec-
toria que seguiria si no estuviera el magneto. Sin embargo, esto no ocurre;
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en el mundo real, el magneto si tiene cierta influencia sobre el electron. Este
fenémeno es llamado el efecto Aharonov-Bohm y fue descrito por primera
vez por Franz [20], después por Eherenberg y Siday [13] y Aharonov y Bohm
2]. La verificacién experimental fue realizada por Tonomura et al. [63], [64],
quienes implementaron basicamente la experiencia con magnetos en forma
toroidal descrita anteriormente en la introduccion de este texto.

Como se explico anteriormente en la introduccién, el efecto Aharonov-
Bohm no puede ser modelado por medio de la fisica clasica. Es en el contexto
de la fisica cuantica que este fenémeno puede ser explicado. La ecuacién
fundamental de la fisica cuantica es la de Schrodinger, que en ausencia del
campo eléctrico toma la siguiente forma:

0
(2.4) i (e, 1) = Ho(x,1),
en donde,
(2.5) H = L —(P A)
' C2M
es el hamiltoniano, A es la constante de Planck, P := —iAV es el operador de

momento, ¢ es la velocidad de la luz, M y g son, respectivamente, la masa y
la carga del electrén y A es un potencial magnético tal que V x A = B (B el
campo magnético). En la ecuacién (2.4), ¢ es una funcién a valores complejos
que es llamada la funcién de onda del electrén. A través de la funcién de onda
se obtienen las funciones de probabilidad en posicién y momento del electrén.
La funcién |¢|? representa densidad de probabilidad en posicién. Denotamos
por gg la transformada de Fourier de ¢,

Buis]

(2.6) F(0) = 300) = s |, ¢ Fo oo,

en donde A es la constante de Planck. La funcién |$\2 representa la probabi-
lidad en momento del electrén.

De la ecuacién de Schrodinger misma (2.4) se puede ver la dependencia del
potencial magnético y no del campo magnético, de manera que pudiéramos
esperar que el potencial magnético fuera la cantidad fisica importante y no
el campo magnético como en la fisica clasica. Sin embargo, este argumento
simple estd muy lejos de ser satisfactorio.
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Desde mucho antes del descubrimiento del efecto Aharonov-Bohm, la co-
munidad de fisica ya habia notado el hecho evidente de que el potencial
magnético aparece en la ecuacién de Schrodinger. No obstante, para concluir
de este hecho que el potencial magnético tiene una realidad fisica, es nece-
sario mostrar efectos fisicos medibles que pongan en evidencia la influencia
del potencial magnético. Esto iltimo no es trivial y es motivo de una con-
troversia que involucra mas de 300 articulos en el periodo de 1959 (fecha de
publicacién del articulo de Aharonov y Bohm [2]) a 1986 (fecha de publica-
cién de los resultados del experimento de Tonomura et al. [64], que di6 fuerte
evidencia de la existencia de este fenémeno). En [56] se encuentra una re-
vision bibliogréfica de la controversia hasta 1989. La controversia sobre la
existencia de este fenémeno tiene plena vigencia, en [88], [8], [24], [9], [67]
y sus referencias se pueden encontrar los detalles de esta discusién hasta la
fecha.

En la mecénica cuantica los potenciales magnéticos estan definidos en
todo el espacio (R?). Dados dos potenciales magnéticos (A' y A?) asociados
al mismo campo magnético (es decir, V x Al = V x A?) existe una funcién
escalar \ tal que A? = A! + V. La seleccién de un potencial magnético es
llamada también selecciéon de la norma y la férmula

(2.7) A2 = A4 VA

es la férmula cambio de norma (o transformacién de norma).
Denotemos por

(2.8) Dy=P-T4i iec12
c
Si ¢y es solucién de la ecuacién de Schrodinger (2.4)
0 | R
(29) Zha@bl(.%', t) = WD(1)¢1($, t),
entonces ¢, 1= e ¢ es solucién de la ecuacién de Schrodinger (2.4)
0 1 2
(210) Zha(ﬁQ(l’,t) = m (2)¢2($,t),

La ecuacién (2.9) se transforma en la ecuacion (2.10) bajo las reglas de trans-
formacion que son llamadas transformaciones de norma,

(211) ¢2 = €7i/\¢1, D(z) = Gi)\D(l)@ii)\.
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En la ecuacion de Schrodinger la funcion de onda no es observable fisica-
mente; cuando se elige un potencial magnético y una funcién de onda para
representar un estado fisico, se esta eligiendo una representacion entre mu-
chas posibles. Una vez que se elige una representacion, es posible cambiar de
representacion por medio de las féormulas (2.11). Todas las representaciones
son equivalentes y describen la misma fisica; esto quiere decir que la fisica
cuantica es covariante ante cambios de norma. Como para dos potenciales
magnéticos, cualesquiera que sean, existe una transformacién de norma que
los relaciona, entonces la fisica cuantica no depende de la eleccién de poten-
cial magnético y, por lo tanto, depende sélo del campo magnético.

En efecto, el campo magnético definido en todo el espacio (en ausencia
del campo eléctrico) determina el comportamiento de los electrones, pero
el campo magnético en la fisica cudntica no actiia de la misma forma que
en la mecédnica clasica. El campo magnético en la mecénica cuantica actia
también a distancia, es decir, puede tener influencia sobre un electrén que
nunca esta en contacto con él. Pero entonces, jcual es la cantidad fisica que
estd en contacto con electron?. La respuesta es el potencial magnético. Para
explicar este concepto pensemos en la configuracién de los experimentos de
Tonomura et al. [64].

Consideremos un magneto en forma toroidal impenetrable que tiene con-
finado un campo magnético dentro de él (el campo magnético es cero fuera
de él). Al enviar un electrén por el centro del magneto, éste siente la in-
fluencia del campo magnético aun cuando el electron nunca esta en contacto
con el campo. Empero, no es posible construir un potencial magnético que
se anule también en el exterior del magneto. Podemos suponer, sin pérdida
de generalidad, que el potencial magnético que elegimos tiene soporte en el
casco convexo del magneto (ya que cualquier otro describe la misma fisica a
través de un cambio de norma). Cuando el electrén viaja por el centro del
magneto, el potencial magnético no es cero aunque el campo magnético sea
cero; es entonces el potencial magnético el que influye en el comportamiento
de electrén cuando éste pasa por el centro del magneto. Este hecho se evi-
dencia por el Ansatz de Aharonov-Bohm [2], el cual describe una solucién
aproximada de la ecuacién de Schrodinger en la cual el potencial magnético
aparece de forma explicita (ver [4], férmula (7.17)). En el articulo funda-
mental de Aharonov y Bohm de 1959 [2], en donde se introduce el Ansatz,
se resuelve explicitamente la ecuacién de Schrodinger en el caso ideal de un
solenoide infinito, reduciendo el problema a dos dimensiones. Sin embargo,
en el caso que corresponde a la realidad fisica, en tres dimensiones, y para un
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magneto acotado, no se demuestra que esta férmula sea una aproximacion
de la solucién exacta de la ecuacion de Schrodinger, de hecho, simplemente
se enuncia sin dar ninguna justificacién matematica de su aplicabilidad. Los
experimentos de Tonomura et al. [63, 64] y [9] dieron una fuerte evidencia de
la validez de esta féormula. No es sino hasta el ano 2009, en este trabajo doc-
toral, que se da por primera vez una justificacion rigurosa de que el Ansatz
de Aharonov Bohm es una aproximacion de la solucién exacta de la ecuacion
de Schrodinger en el caso tridimensional y para magnetos acotados. Conclui-
mos, entonces, como fue dicho por primera vez por Aharonov y Bohm, que el
potencial magnético tiene una interpretacién fisica en la mecanica cuantica.
De hecho, es a través de él que el campo magnético puede actuar sobre un
electrén sin tener contacto directo.

Como se mencioné antes, en la mecanica cuantica la funcién de onda
estd definida en todo el espacio (R3), ya que los electrones viven en el mundo
fisico real tridimensional. En el caso de que exista una regién inaccesible para
los electrones (o un obstéculo), se deberia modelar estrictamente la misma
en términos de campos electromagnéticos que limiten las regiones en las que
los electrones pueden estar. No obstante, podemos considerar simplemente
que el obstaculo no forma parte del espacio, restringiendo el dominio de
las funciones de onda al exterior del obstaculo que denotamos por A. En
este contexto, podemos considerar que el campo magnético y los potenciales
magnéticos estan definidos en el exterior del obstaculo (aunque estrictamente
son restricciones de distribuciones definidas en todo el espacio). En el caso
de que A tenga una topologia no trivial, entonces, dados dos potenciales
magnéticos (Al y A?) asociados al mismo campo magnético (V x A! = V x
A?), no existe necesariamente una transformacién de norma que los relacione
(ver [4], Seccidn 3).

Supongamos que el obstaculo es una unién finita de cuerpos con asas
(como se hace en [4]) y sea {¥ }icf1,..,; una base del primer grupo de ho-
mologia singular de A con coeficientes en los enteros. Si las integrales de los
potenciales A' y A? sobre las curvas {%;}ieq1,... 3 difieren en multiplos enteros
de 27, entonces, se puede definir una especie de transformacion de norma,
llamado factor no integrable (ver [4], formula (3.45) y [87]), entre los poten-
ciales A' y A2, lo que implica que ambos potenciales representan la misma
fisica. Esto ultimo es equivalente, por el teorema de Stokes, a fijar los flujos
del campo magnético sobre superficies S; cuya frontera sea 4;. De la argu-
mentacién anterior, podemos concluir que las cantidades electromagnéticas
fundamentales en la mecénica cuantica son el campo electromagnético en A
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y los flujos del potencial magnético médulo 27 sobre las curvas {%; }icq1,... 13-
Concluimos que los potenciales magnéticos tienen un verdadero significado
fisico pero, ademas, especificamos cudles son las cantidades asociadas a éstos
que tienen efecto sobre la fisica, que son las circulaciones de esos mismos
potenciales sobre las curvas {%;}ic(1,.. ;3 médulo 2. Esto no contradice la
covarianza de la mecanica cuantica ante transformaciones de norma, porque
fijar las circulaciones del potencial magnético es equivalente a fijar los flujos
del campo magnético sobre ciertas superficies contenidas en el obstaculo, lo
que, por supuesto, es invariante de norma.

2.1.2. Resumen Historico

La cantidad de trabajos relacionados con el efecto Aharonov-Bohm es muy
extensa. Es imposible referirnos a todo lo que se ha hecho con respecto a este
tema en este texto. En esta seccion nos limitamos a describir los trabajos mas
importantes. En el libro de Peshkin y Tonomura [56] (ver también [57]) se
presenta una revision historica detallada hasta el ano de 1989. En particular,
en [56] se discute de manera detallada la controversia que involucra més
de 300 articulos sobre la existencia del efecto Aharonov-Bohm. El efecto
Aharonov-Bohm es a la fecha un tema de investigacion activo.

El primer trabajo que describe el efecto Aharonov-Bohm, fue hecho por
Franz en 1939 [20]. En este trabajo se predice la influencia del campo magnéti-
co sobre electrones que no estan en contacto con el mismo. Posteriormente,
Ehrenberg y Siday en 1949 [13] describen el mismo fenémeno. No fue sino has-
ta 1959 a partir del trabajo de Aharonov y Bohm [2], que el efecto Aharonov-
Bohm obtuvo reconocimiento en la comunidad cientifica como un fenémeno
fundamental en la fisica. Aunque el fenémeno fue descrito primeramente por
Franz, Aharonov y Bohm son los primeros que atribuyen este efecto a la
influencia del potencial magnético sobre los electrones.

En el trabajo original de Aharonov y Bohm se propone un experimento
para verificar el efecto que lleva su nombre. Ellos sugieren utilizar un sole-
noide recto muy largo para confinar un campo magnético dentro de él. En
esta configuraciéon es imposible que el campo magnético sea cero fuera del
solenoide, sin embargo, Aharonov y Bohm suponen que el solenoide es su-
ficientemente largo de forma que se pueda considerar infinito, en cuyo caso
se puede considerar que el campo magnético es cero fuera del solenoide. El
experimento consiste en enviar un haz coherente de electrones que se separa
en dos partes, una de ellas se dirige hacia un lado del solenoide y la otra
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hacia el otro lado. Después de cruzar el solenoide, se hacen converger ambas
partes en una sola regién formando un patrén de interferencia. Aharonov y
Bohm proponen una férmula (el Ansatz Aharonov-Bohm) que describe de
manera separada cada una de las partes del haz; por medio de esta férmula
predicen el patréon de interferencia, el cual depende de manera explicita del
potencial magnético (o bien el flujo del campo magnético en el solenoide).
El caso del solenoide ha sido ampliamente estudiado, desde el punto de
vista tedrico y experimental. El andlisis tedrico se reduce al caso de dos di-
mensiones una vez que se supone que el solenoide es de longitud infinita.
No obstante, es imposible construir un solenoide de longitud infinita y, por
lo tanto, el campo magnético no puede estar confinado en el solenoide. La
existencia de campo magnético fuera del solenoide fue un tema muy con-
troversial, se argumentaba que el patrén de interferencia se debia al campo
magnético fuera del magneto. Las evidencias experimentales no fueron acep-
tadas por la comunidad cientifica como verificaciéon de este fendmeno. Era
necesario construir magnetos con otra geometria que permitiera la existencia
de un campo magnético enteramente confinado en ellos. Los magnetos de
forma toroidal daban respuesta a este problema. En 1982 y 1986, Tonomura
et al. [63, 64] instrumentaron un experimento con magnetos de forma toroi-
dal. En estos notables experimentos, fueron capaces de superponer detras del
magneto un paquete de ondas de electrones que viajaba por dentro del agu-
jero del magneto con otro que viajaba fuera del agujero formando un patrén
de interferencia. A través del patrén de interferencia midieron el cambio de
fase producido por el campo magnético en el interior del magneto, dando una
evidencia fuerte a la existencia del efecto Aharonov-Bohm. Sin embargo, al-
gunos autores [8, 88] (ver tambien [67, 9]) argumentan que el cambio de fase
se puede deber a la accién de fuerzas electromagnéticas clasicas que aceleren
de manera diferente a los electrones que pasan por dentro del agujero del
magneto y los que pasan por fuera. En [8] se hace un célculo que muestra
que el cambio de fase se debe a fuerzas electromagnéticas que actian sobre
los electrones, en el caso del solenoide recto infinito propuesto por Aharonov
y Bohm. Este cdlculo es criticado por Tonomura y Nori [67], quienes argu-
mentan que no existe campo electromagnético fuera del magneto. En [9] se
hace un experimento que confirma que los electrones no son acelerados por
ninguna fuerza en el caso de la configuracién de los experimentos de Tono-
mura et al. [63, 64]; este experimento es descrito también en [67], en donde
se argumenta que los resultados del mismo proporcionan una evidencia con-
vincente de la ausencia de fuerzas sobre los electrones y, por lo tanto, sobre
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la existencia del efecto Aharonov-Bohm.

En el caso de magnetos toroidales, se han propuesto muchas férmulas (o
Ansitse) para la solucién de la ecuaciéon de Schrodinger. La mayoria de es-
tos trabajos son cualitativos, aunque algunos dan valores numéricos para los
Ansatse. Métodos como la difraccién de Fraunhofer, aproximaciones de Born
en primer orden y a grandes energias, integrales de trayectoria de Feynman y
el método de Kirchoff en 6ptica fueron utilizados para proponer los Ansétse.
Sin embargo, ninguno de esos trabajos demuestra de manera rigurosa que
los Ansétse son vélidos. En [76, 51] se hace un estudio riguroso del efecto
Aharonov-Bohm en el caso del solenoide de longitud infinita (en dos dimen-
siones). En [27] se hace un analisis semiclésico para el efecto Aharonov-Bohm
en dos dimensiones para estados ligados.

2.2. Historia de los Problemas Inversos en la
Fisica Cuantica

Cuando pensamos en un problema de la fisica, normalmente tratamos
de predecir el comportamiento de un objeto o de cierta variable fisica al
interactuar con un medio, de manera que necesitamos conocer cémo es la
interaccién (o cémo es la fuerza que se imprime al objeto) para predecir
como evoluciona el objeto en el tiempo; a ésto lo llamamos un problema
directo.

En nuestra experiencia cotidiana, lo que conocemos normalmente es el
movimiento de las cosas, mas no las fuerzas que lo producen. Inferimos, por
ejemplo, la forma, textura y tamano de un objeto por medio de la luz que
absorbe y dispersa.

De modo que es natural pensar en describir la fuerza ejercida sobre un
objeto por medio del movimiento del mismo. Esto tltimo se conoce como
un problema inverso. Naturalmente, en el problema descrito anteriormente
entendemos de forma implicita que conocemos la ley de movimiento (es de-
cir, por ejemplo, la segunda ley de Newton: F = m a); en realidad, lo que
queremos es encontrar el parametro F de la ecuacién a partir del conocimien-
to de las soluciones. Resolver la ecuacion si conocemos la fuerza F, significa
resolver el problema directo.

De modo mas general, describimos a continuacién lo que entendemos por
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problemas inversos y directos.

La modelaciéon matematica de un problema fisico es un mapeo M de un
conjunto de funciones C (llamado pardmetros), en un conjunto de funciones
E (llamado resultados), de forma que para cada pardmetro ¢ de C existe un
unico resultado e en E (es decir e = M(c)). Encontrar el resultado M(c) a
partir de un parametro ¢ de C, es resolver el problema directo. Obtener el
subconjunto de C que corresponde a un elemento dado de E significa resolver
el problema inverso.

Los elementos de E deben ser expresiones matemadticas que representan
variables fisicas que se pueden calcular a partir de los resultados de los ex-
perimentos.

La primera persona que estudio problemas inversos de la clase que consi-
deramos fue Lord Rayleigh (1877)[59], quien discutié la posibilidad de inferir
la densidad de una cuerda por medio de sus frecuencias de vibracion.

Maés recientemente, una generalizacién fue expuesta por Marc Kac (1966)
[35] en su famosa leccion titulada: ”Can one hear the shape of a drum ?7”.

Con la invencion de la ecuacién de Schrodinger se incrementd en gran me-
dida la aplicabilidad de los problemas espectrales en ecuaciones diferenciales
parciales a los problema de la fisica: el tipo de ecuaciones que anteriormen-
te tenian solamente aplicaciones a problemas de vibraciones mecéanicas, se
utilizarian ahora para la descripcion de atomos y moléculas.

Froberg (1947) [21] comenzd una nueva linea de investigacién, en donde
se parte de la ecuacion radial de Schrodinger con potencial central y se trata
de reconstruirlo a partir del conocimiento del cambio de fase para ciertas
soluciones estacionarias de la ecuacién de Schrodinger, dejando fijo el mo-
mento angular y sin usar el método WKB. Este método fue desarrollado por
Hylleran, Bargman y Levinson. Mar¢enko, V. M. (1950) [41] inici6 una serie
de estudios para resolver el problema de unicidad del potencial radial a partir
del cambio de fase y del conocimiento de los estados acotados; estos estudios
fueron culminados en el famoso articulo de Gel'fand y Levitan (1951) [22].

La invencién de la matriz de dispersién fue hecha por Wheeler (1937) [86]
y Heisenberg (1943 [25], 1944 [26]). Heisenberg tenia la conjetura de que la
matriz de dispersion tenia toda la informacién del problema fisico. Aunque
posteriormente se descubrio que los estados acotados no se podian recuperar
a partir del cambio de fase cuando se deja fijo el momento angular de las
soluciones. Faddeev (1956) [18] demuestra que si la amplitud de dispersién
es conocida para todos los angulos y energias, entonces el potencial esta de-
terminado de manera univoca.
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Los resultados de Gel'fand y Levitan (1951) [22] fueron desarrollados por
Jost y Kohn (1953) [33] y por Levinson (1955) [40]. Posteriormente Krein
(1953 [36], 1955 [37]) y Marcenko (1955) [42] descubrieron nuevas alternativas
y extensiones.

Esta aproximacién al problema estaba basada en 2 ecuaciones integrales,
una debida a Gel'fand y Levitan y la otra a Marcenko.

Sin embargo, los métodos basados en la ecuacion de Gel’fand-Levitan o
en la de Marcenko se basaban en el conocimiento de la dispersion a todas las
energias.

Un método alternativo deberfa utilizar la amplitud de dispersién (o todos
los cambios de fase) a una energia fija para recuperar el potencial.

Un método a energia fija, andlogo a los métodos que utilizan la ecuacion
de Gel'fand-Levitan, fue aportado por Newton (1962) [46], quien mostré que
los potenciales no podian ser inferidos de manera tnica.

Sabatier (1971)[60] creé un nuevo método que permitié la solucién com-
pleta del problema inverso a energia fija.

Hasta ahora, los problemas que se han mencionado consideran que el
potencial tiene simetria esférica, es decir, dependen sélo de la distancia al
origen. El problema de determinar a partir del la matriz de dispersion de
manera unica el potencial eléctrico fue resuelto por primera vez por Fad-
dev (1956) [19] y fue estudiado después por Berezanskii (1958) [7] y Saito
(1984)[61]; éste ultimo determind la unicidad para potenciales eléctricos que
cumplen la condicién |V (y)| < C(1+ |y|)~*¢. Para generalizar el método de
Gel’fand-Levitan o el de Marc¢enko para potenciales en dimension 3 sin si-
metria esférica; Faddeev (1966)[19] introdujo aportaciones muy importantes.
El problema inverso fue estudiado por Fadeev (1966) [19] y Newton (1973 [47],
1974[48], 1977[49]) y posteriormente por Lavine y Nachman (1987) [38, 39],
por Novikov y Henkin (1987) [53] y por Henkin y Novikov (1988) [28].

El problema de determinar condiciones necesarias y suficientes para que
el operador de dispersion sea operador de dispersion de algin potencial en
cierta clase, fue estudiado usando el método O en la teorfa de las funciones
complejas en varias dimensiones por Beals y Coifman (1985) [6] y después
por Nachman y Ablowitz (1984) [43, 44], y por Henkin y Novikov (1988) [28].
Este problema también fue estudiado por Weder (1991) ([70], [71]) de una
manera diferente, utilizando el principio del limite de absorcion. En particular
para el caso de potenciales C§°(R") y en espacios de Sobolev con peso.

La unicidad del potencial eléctrico a energia fija a partir de la matriz de
dispersién fue demostrada por Ramm (1987) [58], Novikov (1988)[54] y por
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Nakamura, Sun y Uhlmann (1995) [45] para potenciales de soporte compacto.

Aunque es sabido que, en general, el potencial eléctrico no se puede recu-
perar a partir del operador de dispersion a energia fija [10, 23], se demuestra
en Weder (1991) [72] que la unicidad es cierta si se conoce el potencial eléctri-
co fuera de una bola. La unicidad a energias fijas para potenciales que decaen
de manera exponencial fue estudiada en Novikov (1994) [55], Eskin y Rals-
ton (1995)[30], Isozaki (1997)[17], y Uhlmann y Vasy (2002) [69]. En Weder
(2004) [77], se demuestra que la matriz de dispersién a cuasi-energia fija de-
termina de manera tunica a potenciales peridédicos en el tiempo que decaen
de forma exponencial en las coordenadas espaciales en infinito. En Weder
y Yafaev (2005) [79], se consideran potenciales eléctricos y magnéticos que
son sumas asintoticas de términos homogéneos; se demuestra que a partir
de la matriz de dispersion a energia fija se pueden recuperar los términos
de la suma; usando esto y los resultados de Weder (1991) [72], se demuestra
la unicidad en el caso de que el potencial magnético sea cero y que el po-
tencial eléctrico sea una suma finita de términos homogéneos (o bien, suma
asintética de términos homogéneos que converge al potencial eléctrico). Este
ultimo resultado fue generalizado por Weder (2006) [80], en donde considera
potenciales eléctricos y magnéticos.

Isozaki y Kitada (1986) [29] estudian el problema para potenciales de
rango largo en el limite de grandes energias. Recientemente Weder y Yafaev
(2007) [87] estudiaron el problema de dispersién inversa a energia fija en
dimensiones mayores o iguales a tres para potenciales de rango largo.

Todas las contribuciones a los problemas inversos en la fisica cuantica
mencionados en las lineas anteriores, utilizan métodos estacionarios, es de-
cir, la solucién fisica es idealizada como periddica en el tiempo, con energia
infinita. Haciendo esto, las propiedades fisicas de propagacion en las solucio-
nes se pierden (ya que la funcién de onda en realidad no evoluciona en el
tiempo, sino permanece en un estado estacionario). Esta carencia de intui-
cion fisica implica que la herramienta matematica que se utiliza para resolver
los problemas dé poca informacién acerca de la fisica del problema.

Ademas, en los métodos estacionarios se utiliza una transformacion de
Fourier generalizada que integra sobre espacios de medida infinita las funcio-
nes de onda, que son periddicas en el tiempo. Otro problema de los métodos
estacionarios es que utilizan de manera fundamental la linealidad del pro-
blema directo, siendo dificil pensar en generalizar el método para resolver
problemas no lineales.

Introdujeron V. Enss y R. Weder (1993 [14], 1994 [15], 1995 [16]) un nuevo
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método dependiente del tiempo para reconstruir univocamente los potencia-
les de sistemas cuanticos de N-cuerpos, en donde se aplican fundamentalmen-
te las propiedades fisicas de propagacion de las funciones de onda de energia
finita para resolver los problemas inversos en mecanica cuantica, utilizando
mas clara y sencillamente la herramienta matematica, la cual estd muy rela-
cionada con la intuicion fisica del problema. Ademas, a diferencia de los méto-
dos estacionarios, este método puede aplicarse para la solucién de problemas
de dispersién inversa para ecuaciones no lineales [75, 81, 82, 83, 84, 85, 62].

En los ultimos anos, el método dependiente del tiempo ha tenido nu-
merosas aplicaciones, por ejemplo: para estudiar hamiltonianos con campo
eléctrico y magnético [3]; en la ecuacién de Dirac [34]; en el caso de N cuerpos
[16, 14]; en el efecto Aharonov-Bohm [4, 5, 76]; en el efecto Stark [73, 51, 1]; en
potenciales dependientes del tiempo para la ecuacién de Schrodinger [74, 52]
y para la ecuacién de Dirac [31, 32|, para reconstruir pardmetros fisicos de
agujeros negros [11, 12], entre otras.

El estudio de los problemas inversos ha sido de gran interés en la comu-
nidad de fisicos y matematicos; tan solo el libro de K.Chadan y C. Sabatier
(1989) [10] tiene cerca de 1000 referencias; por lo tanto, es imposible pre-
sentar en este texto una exposicion completa del trabajo que se ha realizado
hasta la fecha en los temas relacionados con problemas inversos en la fisica
cuantica. En la presente introduccion se mencionan sélo los trabajos mas
importantes y las tendencias principales que ha tomado el estudio de los pro-
blemas inversos. Para mas referencias, se puede consultar el libro: K.Chadan
and C. Sabatier (1989)[10], en el que me he basado para presentar los datos
anteriores a 1989 en esta introduccién, y el libro: Newton (1989) [50].
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Capitulo 3

Efecto Aharonov-Bohm y los
Experimentos de Tonomura et
al.

En este capitulo se explica de manera resumida los resultados del articulo

[5]-

3.1. Resumen

En este capitulo se muestra de manera rigurosa que el Ansatz clasico
de Aharonov y Bohm es una buena aproximacién a la solucién exacta de
la ecuacién de Schrodinger. Se da por primera vez un analisis matematico
cuantitativo del efecto Aharonov-Bohm con magnetos en forma toroidal bajo
las condiciones experimentales de Tonomura et al. [63, 64]. Suponemos que el
electrén incidente libre esta representado por un paquete de ondas gaussiano,
lo que es razonable desde el punto de vista de la fisica. Las ventajas técnicas
de usar un paquete de onda gaussiano para el electrén libre incidente es que
en este caso conocemos de manera explicita la evolucion libre y podemos
hacer estimaciones de manera precisa. Damos una férmula rigurosa simple y
cuantitativa para la cota de error que estima la diferencia entre la solucién
exacta de la ecuacion de Schrodinger y la solucién aproximada dada por
el Ansatz de Aharonov y Bohm. La cota de error es uniforme en el tiempo.
También probamos que el operador de dispersion aplicado al estado gaussiano
estd dado por un operador de multiplicacién por e'nc® (donde q es la carga
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del electron, ¢ es la velocidad de la luz, h es la constante de Planck, y &
es el flujo del campo magnético en una seccién transversal del magneto),
salvo una cota de error que se proporciona de manera explicita. De hecho,
la cota de error es la misma para los casos de la estimacion del Ansatz de
Aharonov-Bohm y el operador de dispersion.

Aharonov y Bohm y Tonomura et al. sugirieron dividir el paquete de
ondas electrénico en la parte que pasa por el agujero del magneto y la parte
que pasa por fuera. Tonomura et al. observaron que la imagen que se produce
detras del magneto muestra de forma clara la sombra del magneto, asi como
el agujero y el exterior del mismo. Concluyen [63] que esto indica que no
hay interferencia entre la parte del paquete de ondas que va por el agujero
y la parte que choca con el magneto o viaja por fuera. La parte del paquete
de ondas que viaja por fuera del agujero del magneto y que no choca, se
puede tomar como el paquete de ondas de referencia. Entonces podemos
modelar sélo la parte que atraviesa el agujero del magneto. Usando los datos
experimentales de Tonomura et al. [63, 64], proporcionamos cotas inferiores
y superiores en la varianza de la gausiana para que el paquete de ondas viaje
por el interior del agujero. También demostramos de manera rigurosa que los
resultados experimentales de Tonomura et al. [63, 64], que fueron predichos
por Aharonov y Bohm [2], son una consecuencia de la mecdnica cuéntica.

Si tomamos la varianza del paquete de ondas incidente en un cierto in-
tervalo, cuyos extremos damos de manera explicita, el Ansatz de Aharonov-
Bohm difiere, en norma, de la solucién exacta por un ntimero menor a 10~
para todo tiempo; llamamos a este tipo de paquetes de onda paquetes de
onda de tamano intermedio. Si utilizamos paquetes de onda de tamano in-
termedio, la probabilidad de que el electrén choque con el magneto es menor
que 1077, de modo que los electrones representados por este tipo de fun-
ciones de onda no interactian con ningin campo en su trayectoria y, sin
embargo, son afectados por la presencia del potencial magnético. Nuestros
resultados sugieren que seria muy interesante llevar a cabo un experimento
con paquetes de onda de tamano intermedio.

Nuestra cota de error tiene una interpretacion fisica. Para varianzas chi-
cas, ésta se debe al principio de incertidumbre de Heisenberg: cuando la va-
rianza en posicion es chica, la varianza en momento es grande, por lo tanto,
el angulo de apertura del paquete de ondas es grande y la interaccion con el
magneto también lo es, lo que provoca que la cota de error lo sea igualmente.
Cuando la varianza es grande, entonces el paquete de ondas también lo es y,
por lo tanto, el electrén interactia con el magneto, lo que provoca de nuevo
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que la cota de error sea grande.

3.2. Experimentos de Tonomura et al.

Tonomura et al. [63, 64] construyeron pequenos magnetos de forma to-
roidal, de tal forma que el campo magnético que generan es practicamente
cero fuera de ellos. En [64] los magnetos son impenetrables y, ademéds, estan
cubiertos por una capa superconductora que impide que el campo magnético
salga del magneto. Denotamos al magneto por,

(3.1) K= {(z1,20,23) €R*: 0 < 7y < (a7} ‘1”953)1/2 < Ty, |w3| < E}v

y por B al campo magnético. Suponemos que B (x) es cero para x fuera
del magneto.
Utilizamos el simbolo A para denotar el complemento del magneto,

(3.2) A =R\ K.

Tonomura et al. [63, 64] utilizan un paquete de ondas electrénico que es
dirigido hacia el magneto, el paquete se divide en 2 paquetes, uno de los
cuales sigue su camino hacia el magneto y el otro pasa por afuera del mismo.
Posteriormente, se hacen converger los paquetes de ondas en una tnica regién,
de manera que se forma un patrén de interferencia. En la parte posterior
del magneto se produce una imagen que muestra claramente la sombra del
magneto asi como el agujero del magneto. El patrén de interferencia en el
agujero es diferente del correspondiente en el exterior, esto es debido al flujo
del campo magnético en el interior del magneto.

El paquete de ondas electrénico era mucho més grande que el magneto.
Este paquete tenia simetria cilindrica con respecto al eje a través del cual se
propaga la onda. El tamano del paquete de ondas era de 3 micrémetros en
la direccién de propagacion y tenia un radio de 10 micrémetros en cualquier
direccién perpendicular al eje de propagacion [68]. El paquete de ondas cubria
completamente al magneto. Como se mencion6 anteriormente, se observa
una imagen detras del magneto que muestra de manera clara la sombra del
magneto asi como el agujero del mismo y también la parte del paquete de
ondas que no choca con el magneto ni atraviesa el agujero [63, 64]. Tonomura
et al. [63] indicaron que esto implica que no hay interferencia entre la parte del
paquete de ondas que atraviesa el agujero y las otras partes del mismo, por lo
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que podemos estudiar de forma separada esta parte del paquete de ondas. Nos
concentraremos en el andlisis de la parte del paquete de ondas que atraviesa
el agujero y tomaremos a ésta como el paquete de ondas electronico mismo.
Nuestro paquete de ondas se puede interpretar como la parte del paquete de
ondas que pasa por el agujero o bien como un paquete de ondas mas chico
que el que se utiliza en los experimentos, que pasa verdaderamente por el
agujero del magneto.

3.2.1. El Paquete de Ondas

En el tiempo de emisién (cuando el tiempo tiende a menos infinito) el
paquete de ondas electrénico esta lejos del magneto, de manera que no inter-
actia con este ultimo, podemos suponer, por ende, que evoluciona libremente
(més adelante se explica de manera precisa el significado de este concepto).
Representaremos al paquete de ondas (en el tiempo de emisién) por la evo-
lucion libre de una funcién gaussiana de varianza o:

(3.3) Oy 1= ™V,
adonde
1\
3.4 = (=) ez,
14 o2

lo cual es fisicamente razonable. En las ecuaciones anteriores m = %, donde
M es la masa del electrén h es la constante de Planck; v € R3 es un vector
fijo que representa la velocidad de propagacién y z € R3.

Denotamos por v = |v|y por v = I%ﬁ Suponemos en este texto que v tiene
la misma direccién que el eje vertical. Esto quiere decir que los electrones se
propagan en la direccién positiva del eje vertical.

La funcién de onda (3.3) en el espacio de momentos estd dada por su
transformacién de Fourier (ver (2.6)). El efecto que tiene el factor ¢'% V* en
la representacion de momentos es el de trasladar la funcién de onda por el
vector Mv (que representa el momento clasico del electrén), lo que implica
que la funcién de onda (3.3) en el espacio de momentos esté centrada en el
momento clasico, Mv,

(3.5) $v(p) = ¢(p — Mv).

27



En los experimentos de Tonomura et al. la varianza en la direccion de pro-
pagacion es diferente de la varianza en la direccion transversal a la direccion
de propagacion. El suponer que estas dos varianzas son diferentes complica la
notacion y no agrega ningun elemento nuevo a nuestro analisis, de modo que
por simplicidad suponemos que son iguales. Resultados analogos se pueden
obtener suponiendo que son diferentes. La varianza o es menor que el radio
interior del Magneto 7; (ver (3.1)) puesto que estamos modelando la parte
del paquete de ondas que atraviesa el agujero.

3.3. Solucion Exacta de la Ecuacion de Schrodin-
ger con Condiciones Iniciales en —o0

3.3.1. La Ecuacién de Schrodinger

El electron satisface la ecuacion de Schrodinger,

0

(3.6) ihaqb(x, t)=Ho(x,t),z € At € R,
en donde
(3.7) Hi= — (-4

' - 2M c
es el hamiltoniano, A es la constante de Planck, P := —iAV es el operador de
momento, ¢ es la velocidad de la luz, M y ¢ son, respectivamente, la masa y la
carga del electrén y A es un potencial magnético tal que Vx A = B, en donde

B es el campo magnético, recordemos ademds que A := R3\ K Deﬁmmos
el hamiltoniano (3.7) en L*(A) con condiciones de Dirichlet en JA, es decir,
¢(x) = 0 para x € OA (en el sentido de traza). Estas condiciones a la frontera
corresponden a un magneto impenetrable en donde la existencia del efecto
Aharonov Bohm es mads clara, porque de esta forma no hay interaccion del
electrén con el campo magnético que se encuentra en el interior del magneto.
Sin embargo, nuestros resultados también funcionan cuando la ecuacién de
Schrodinger (3.6) estd definida en todo el espacio (caso penetrable), de hecho,
el analisis es un poco mas simple en ese caso.

En ausencia del magneto, el hamiltoniano (hamiltoniano libre) estd dado

por,

(3.8) Hy:= —P?,



El electrén libre satisface la ecuacién de Schrodinger libre,

0
(3.9) ii’i&gb(x,t) = Hoop(z,t),z € R® t € R.
Al tiempo de emisién (cuando el tiempo tiende a menos infinito) la funcién
de onda del electron (i (z,t)) satisface (ver la seccién 3.2.1),

(3.10) byl t) ~ e oy (x),  (t— —o0).

El hamiltoniano libre (Hp) es auto-adjunto definido en L?*(R?) con dominio
el espacio de Sobolev H?(R?), lo que nos permite usar célculo funcional para
definir la exponencial en la férmula anterior.

Finalmente, concluimos que la funcién de onda del electrén iy (x,t) es la
unica solucién de la ecuacién de Schrédinger (3.6) que satisface (3.10).

3.3.2. Operadores de Onda

Haciendo uso de los operadores de onda, podemos resolver la ecuacion
(3.6) con condiciones iniciales en menos infinito dadas por (3.10) en términos
de la solucién de (3.6) con condiciones iniciales en cero.

Sea J el operador de multiplicacién por la funcién caracteristica de R3\f( :
Los operadores de onda se definen como sigue,

(3.11) Wy =s lim e Jeinto,
t—+oo
En la anterior férmula las exponenciales se definen por calculo funcional, ya
que eligiendo los dominios de los hamiltonianos H y Hy de manera adecuada,
éstos son auto-adjuntos.
Los limites (3.11) existen y podemos usar una funcién de corte x infini-

tamente diferenciable en lugar de J. Elegimos la funcién de corte y de forma
que el soporte de 1 — y esta contenido en el conjunto

(3.12) K = {(x1, 20, 23) € R®: 0 <1y < (22 + 222 < 1y, 23| < B,
tal que K C Ky

(313) r = —7:1, o 1= 7:2 — %fl



3.3.3. Condiciones Iniciales en —oco
La solucién de la ecuacién de Schrodinger v (z,t) (3.6) que satisface,
(3.14) Ul t) m e T, (2),  (t — —o0),
esta dada por
(3.15) Uy(z,t) = e W W_q,.

La funcion de onda 1y (z,t) satisface,

. tH,
(3.16) i [ (m,8) = Je T oy (@) | 2a) = 0.

3.3.4. El Operador de Dispersion
El operador de dispersion esta dado por,
(3.17) S =WiW_.

Para tiempos positivos largos, cuando el paquete de ondas esta fuera del
magneto, éste se puede aproximar por una funciéon de onda saliente que es
solucién de la ecuacion libre de Schrodinger,

Yyv = e_i%HOSO—&-,vv
tal que
1 |y — T ]| = 0.
Los datos iniciales (a tiempo ¢t = 0) de la funcién de onda entrante
tHg

(e7" " py(x)) y la funcién de onda saliente (e~*#0¢, ) estan relacionados
por el operador de dispersion.

Pty = SSOU-
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3.4. Ansatz de Aharonov-Bohm

Aharonov y Bohm [2] proponen una solucién aproximada de la ecuacién
de Schrodinger sobre regiones simplemente conexas en donde el campo elec-
tromagnético es cero, por medio de un cambio de norma a partir del potencial
vectorial cero (ver (2.7)). En el caso de los experimentos de Tonomura et al.,
elegimos esta regiéon como,

H - A \ 57
en donde (ver (3.1)),

S == {(z1,22,73) € R®: (a7 + 23)/? > 73 25 = 0}.

Podemos suponer, sin pérdida de generalidad, que el soporte de A estd con-
tenido en el casco convexo de K (ver seccion 7.1 de [4]). Para todo z € H
y un vector fijo zo = (201, %02, %03) en H tal que zp3 < —h (ver (3.1)),
definimos,

‘g q 3

(318) )\Ap(l’) = [BO %A, A= %A
en donde la integral se toma sobre una curva en H.
Claramente la transformacién de norma (3.18) no puede estar definida en
todo A, pues esto implicaria que el flujo del campo magnético en cualquier
seccién transversal del magneto fuera cero, de manera que la transformacion
de norma tiene que ser discontinua en algin lugar. En nuestro caso S es la
superficie de discontinuidad.

Para toda © € H, Aao(z) satisface la siguiente férmula de cambio de
norma entre el potencial magnético cero y A (ver (2.7)),

A(x) =0+ VAup(z).

Dada una funciéon de onda ¢ cuya evoluciéon permanece todo el tiempo en
‘H y que no choca con el magneto, Aharonov y Bohm sugirieron una férmula
para la solucion de la ecuacién de Schrodinger dada por el cambio de norma
siguiente,

(3.19) bz, t) m eMoe T oMo (1 0).

La férmula (3.19) serfa una igualdad estricta si H, estuviera definido en A
y el potencial magnético estuviera definido y fuera regular en todo A (ver
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(2.9)-(2.11)), sin embargo, en este caso no puede ser una igualdad, porque
Aao(z) es discontinuo en S y Hy estd definido en R3. Ademds, tampoco
podemos suponer que la evolucion de la funcién de onda permanece todo el
tiempo en H, pues la ecuacion de Schrodinger es dispersiva. No obstante, es
de esperarse que si es muy chica la probabilidad de que el electron esté cerca
de la superficie de discontinuidad al igual que la probabilidad de que choque
con el magneto, entonces la ecuacién (3.19) define une buena aproximacién
a la solucién de la ecuacién de Schrodinger.

La ecuacion (3.19) es el Ansatz de Aharonov-Bohm para la solucién de la
ecuacion de Schrodinger a valores iniciales al tiempo ¢ = 0 dados por ¢(z, 0).
A partir de esta ecuacion, se puede deducir el Ansatz a valores iniciales
cuando el tiempo tiende a menos infinito dados por (3.14). Esta férmula
esta dada por lo siguiente,

Aharonov-Bohm Ansatz 3.4.1. La solucion de la ecuacion de Schrodinger
(8.6) y(x,t) que satisface (3.14) se puede aproximar por,

(3.20) Uy(m,t) ~ eP0e i o = oy p(2, 1),

siempre y cuando el electron no choque con el magneto y permanezca lejos
de la superficie de discontinuidad.

La solucién propuesta por Aharonov y Bohm (¢ 45) es lo que se puede
ver en los experimentos de Tonomura et al. Como el soporte del potencial
magnético A estéd contenido en el casco convexo de K, para toda z cuya
componente vertical sea mayor que fz, Aao(z) es igual a la constante %Ci), en
donde @ es el flujo del campo magnético sobre cualquier seccién transversal
del magneto. La funcién de onda saliente de Aharonov y Bohm (ver seccién
3.3.4) esta dada por (recordar que los electrones se propagan en la direccién
positiva del eje vertical, ver la seccién 3.2.1 ),

ol ® —z‘%Ho(pv’
esto es exactamente lo que se puede ver en los experimentos de Tonomura et
al..

Se sigue de esto ltimo y de la seccion 3.3.4 que el Ansatz de Aharonov-
Bohm para el operador de dispersién, actuando en los datos iniciales (al
tiempo ¢ = 0 ) de la funcién de onda incidente, es:

“Y‘Q

Sgpv = el LC(I)()DV’
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es decir, el operador de dispersion actuando en el estado gaussiano ¢,

esta dado, en una buena aproximaciéon, por el operador de multiplicacion por
i 4 . .

e'nc®. Esto mismo es lo que se observa en los experimentos de Tonomura et

al. [63, 64].

3.5. Resultados Principales

La evolucion libre del paquete electrénico esta centrada en la trayectoria
clasica, pero se dispersa con el tiempo. Si el paquete de ondas esta en el
tiempo t = 0 en el centro del magneto, de tal forma que la probabilidad de
que el electron esté cerca del magneto sea muy baja, al transcurrir el tiempo,
este paquete de ondas se dispersa al mismo tiempo que el centro del paquete
de ondas se aleja del magneto siguiendo la trayectoria clasica. La relacién
entre la distancia que hay entre el centro del paquete de ondas al centro del
magneto y la dispersion (o el ensanchamiento del paquete de ondas) se puede
entender en términos del angulo de apertura en la propagacion del electron
(més adelante se define este concepto de manera precisa). La probabilidad
de que el electrén choque con el magneto crece cuando crece la varianza o de
paquete de ondas (pues entonces la probabilidad de que el electréon esté cer-
ca del magneto crece). Esta probabilidad también crece cuando aumenta el
angulo de apertura, pues si el angulo de apertura es grande, en poco tiempo
el electrén se dispersa mucho y choca con el magneto. El angulo de apertura
crece al decrecer la varianza o, ya que por el principio de incertidumbre de
Heisenberg, al decrecer la varianza en posicion o crece la varianza en mo-
mento. Si la varianza en momento es grande, entonces el electrén evoluciona
en todas direcciones y choca con el magneto. De lo anterior se sigue que para
asegurar que la probabilidad de que electrén choque sea chica (o bien que el
electrén pase por el agujero del magneto), es necesario imponer cotas infe-
riores y superiores para la varianza ¢ . Estas mismas cotas también aseguran
que el electrén permanezca fuera de la superficie de discontinuidad S (ver el
Ansatz de Aharonov-Bohm 3.4.1).

En el siguiente teorema proporcionamos de forma explicita las cotas in-
feriores para la varianza que aseguran que electréon pase por el agujero del
magneto y estimamos la diferencia entre el Ansatz de Aharonov-Bohm 3.4.1
y la solucion exacta de la ecuacién de Schrodinger.

Teorema 3.5.1. Bajo las condiciones experimentales de Tonomura et al.,
para cada funcién de onda gaussiana con varianza o € [1.3 x 1070, 2
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y para todo tiempo t € R, la solucion de la ecuacion de Schrodinger que
se comporta como (e’i%HOva) cuando el tiempo tiende a menos infinito
esta dada por

(3.21) Yap = eiAAvoe’i%H(’(pv,
salvo un error acotado por

le= "1 W_(A)py — Pap| <
(3.22)

33 (omv)?

7‘2
Te 37 + 177 x 1033 5 4+ 107100,

Teorema 3.5.2. Bajo las condiciones del teorema anterior,

33 (amv)2

r2
1Sy — e, || < TeT2? + 177 x 10% 7542~ +1071%,

en donde ® es el flujo del campo magnético sobre cualquier seccidn transversal
del magneto.

Los términos principales que aparecen en la cota de error (3.22) son los
siguientes,

s Factor del tamano del electron.

(3.23) e 202

= Factor del angulo de apertura.

_ 33 (omv)2

(3.24) e B

Cuando la varianza o es cercana al radio interior del magneto (el paquete
de ondas electrénico es grande), (3.23) es cercano a 1y (3.24) es extremada-
mente chico (porque omuv es grande). Entonces cuando el paquete de ondas
es grande comparado con el radio interior del magneto, (3.23) es el término
importante (lo que justifica el nombre). Cuando la varianza es pequena (de
forma que omuv es cercano a 1) el factor (3.24) es cercano a 1 y (3.23) es
extremadamente reducido (% es grande) y, por lo tanto, el factor importante
en la cota de error es (3.24). Notemos que cuando la varianza en posicion, o,
es chica, por el principio de incertidumbre de Heisenberg la varianza en mo-
mento es grande, lo que implica que el angulo de apertura sea grande. Esto
justifica el nombre del término (3.24). Cuando o no es grande ni pequeno (o
bien es intermedio) la cota de error (3.22) es extremadamente chica.
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3.5.1. Sigma Grande, o € [, %]

Tomamos el radio interior del magneto 7; que fue utilizado en los experi-

mentos de Tonomura et al. [65] 71 = 1. 75x10~%cm. Entonces, en términos ab-
solutos, los valores de sigma grande varfan en el [7. 7955x107%, 8. 7500x 10~°].

En seguida mostramos algunos datos del comportamiento de la cota de
error como funcién de =

Cota de error como funcién de

sigma sobre r; para sigma grande.
Sigma sobre r; | Cota de error
.34305 107!
27626 1072
23764 1073
21170 10~*
19274 107
17811 107
16637 1077
.15668 1078
.14851 107
.14150 1010

En la siguiente figura mostramos la grafica de la cota de error en términos
- .
de =, para sigma grande.
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3.5.2. Sigma Pequeno, o € [1.3224 x 1075,6.7591 x
107%r1], 0 0 € [13, 2]

muv’ muv

Tomamos el radio interior del magneto 7; que fue utilizado en los experi-
mentos de Tonomura et al. [65] 7; = 1.75 x 10~*¢m. En términos absolutos,
los valores de sigma grande varfan en el intervalo [2.2679 x 10719 1. 1592 x
1077].

En seguida mostramos algunos datos del comportamiento de la cota de
error como funcién de %

Cota de error como funcién de

sigma sobre r; para sigma pequeno.
Sigma sobre 7 Cota de error
1.6001 x10~° 1071
1.7234 x10°° 1072
1.8384 x10°° 1073
1.9467 x10°° 10~*
2.0492 x107° 107°
2.1469 x107° 107°
2.2403 x107° 10-7
2.3299¢ x107° 1078
2.4162 x107° 107°
2.4996 x107° 10710

En la siguiente figura mostramos la grafica de la cota de error en términos
de -, para sigma pequero.
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3.5.3.  Sigma Intermedio, o € [6.7591 x 107%, ], o

oc [ﬁ 154678]

mv’  mu

Tomamos el valor de mv que fue utilizado en los experimentos de Tono-
mura et al. [65], mv = 1.9842 x 10'°. En términos absolutos, los valores de
sigma grande varfan en el intervalo [1.1592 x 107, 7.7955 x 107°].

Para valores de ¢ intermedio, la probabilidad de que el electrén choque
con el magneto es menor a 107 (ver el Remark 8.12 y la seccién 9.2 de [5]).
De manera que para estos valores de sigma no hay ninguna interaccion del
electrén con algin campo electromagnético y el electrén deberia seguir una
trayectoria libre, sin embargo, la funcién de onda del electrén esta dada por
el Ansatz de Aharonov Bohm 3.4.1, en el cual el potencial magnético influye
de manera directa. Por la precisiéon de nuestros resultados en el caso de o
intermedio, serfa muy interesante realizar experimentos con estos valores de
.

A continuacién definimos de manera formal el angulo de apertura y el
radio del paquete de ondas. Las cotas de error (3.22) pueden ser expresadas en
términos de estos conceptos, lo que ayuda a entender de manera fisicamente
apropiada el origen de las cotas de error.

3.5.4. El Radio del Paquete de Ondas
Denotamos por C al cilindro {(z,y,2) € R® : /22 +y? < r}. C es

béasicamente el agujero del magneto. El factor e 307 es practicamente la raiz
cuadrada de la probabilidad de que la particula libre esté en el agujero del

magneto a tiempo cero:

1 )3/46—%

2
(3.25) e ‘ Xr\c(

o2

Tomamos la convencién de que el electron esté realmente localizado en
el espacio de configuracion en una bola centrada en la posicion clésica vt de
radio (R) elegido, de tal forma que la probabilidad de encontrar el electrén
en esa bola sea del 99 %. Se obtiene que,

R := R(0) = 2.2630.
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En seguida mostramos algunos datos del comportamiento de la cota de
error como funcién de del radio del paquete de ondas sobre r; para sigma
grande (ver la seccién 3.5.1).

Cota de error como funcién del radio

del paquete de ondas sobre r; para sigma grande.
Radio del paquete de ondas sobre r; | Cota de error
81716 1071
.65806 1072
.56606 1073
50427 10~*
45911 107
42425 1076
.39629 1077
37322 108
.35376 107
33703 10~10

En la siguiente figura mostramos la gréfica para la cota de error (3.22)
en términos del radio del paquete de ondas sobre r; para sigma grande (ver
3.5.1), en este caso el limite inferior del radio del paquete de ondas es 0. 182r.
Tomamos el radio interior del magneto 7; que fue utilizado en los experimen-
tos de Tonomura et al. [65] 71 = 1.75 x 10~%cm (ver también (3.13)).

40



Cota de error

0.7

0.6

0.5

0.4

0.2

0.1

Cota de error como funcioén del radio

del paquete de ondas sobre r1

0.2 0.4

0.6

0.8

Radio del paquete de ondas sobre r1

41

1



3.5.5. Angulo de Apertura

Tomamos la convencién de que el electrén libre (en la representacién
de momentos) estd localizado en la bola, Bp(Mv) centrada en el momento
clasico (Mv) y de radio P tal que existe un 99 % de probabilidad para que
el electrén tenga su momento en esa bola. Entonces definimos el angulo de
apertura, w(o) como sigue,

wlo), P 2.263

Mo omuv

)=

sin(

3 (omv)?

El factor e 31 2~ dentro de la cota de error en (3.22) tiene la siguiente
interpretacién en términos del dngulo de apertura:

33 (omw)? _
m Bl 2.48(

@)
Este factor es practicamente cero (menor que 1071%°) cuando w < 11. 8 grados
(0 > 1.1592x 1072 0 emuv > 23), después crece conforme crece w (o decrece).

En seguida mostramos algunos datos del comportamiento de la cota de
error como funcién del dngulo de apertura para sigma pequeno (ver la seccién
3.5.2).

Cota de error como funcion del

angulo de apertura para sigma pequeno.
Angulo de apertura (grados) | Cota de error
51.8407 1071
47.8885 1072
44.7231 1073
42.1135 1074
39.9137 107
38.0265 10
36.3842 10~7
34.9380 1078
33.6517 1079
32.4979 10719
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En la siguiente gréfica se presenta la cota de error (3.22) en términos del
angulo de apertura para sigma pequeno (ver la seccién 3.5.2).
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Capitulo 4

Estimaciones a Grandes
Energias del Operador de
Dispersion y el Efecto de
Aharonov-Bohm

En este capitulo se explica de manera resumida el contenido del articulo
[4].

4.1. Resumen

Obtenemos estimaciones, con cotas de error, a velocidades altas del ope-
rador de dispersion para la ecuacion de Schrodinger en tres dimensiones con
campos electromagnéticos en el exterior de un obstaculo que suponemos es
la unién finita de cuerpos con asas. Consideramos estimaciones a velocidades
altas cuando la direccion de la velocidad permanece fija, mientras que la nor-
ma tiende a infinito. En el caso del toro, nuestros resultados proporcionan
una prueba rigurosa cualitativa de que la fisica cuantica predice los patrones
de interferencia observados en los fundamentales experimentos de Tonomura
et al. que mostraron una evidencia concluyente de la existencia del efecto
Aharonov-Bohm, usando un magneto en forma toroidal. En particular, esto
muestra que la forma particular del toro utilizada en [5] para obtener los
resultados cuantitativos no es importante. Damos ademas un método para
la reconstruccion del flujo del campo magnético sobre una seccion transver-
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sal del toro médulo 27. De manera equivalente, determinamos modulo 27 la
diferencia en la fase entre un electrén que viaja por el centro del magneto y
otro que viaja por fuera del agujero del magneto. Para este propésito, necesi-
tamos el limite de grandes velocidades del operador de dispersiéon en una sola
direccion de la velocidad de los electrones incidentes. Cuando el obstaculo
estd compuesto de varios toros (o de manera méas general, cuerpos con asas),
la informacién sobre los flujos que podemos recuperar depende de la posicion
de los cuerpos con asas y de la direccion de la velocidad del electrén inciden-
te. Para ciertas posiciones de los toros, podemos recuperar todos los flujos
modulo 27, tomando el limite a altas velocidades del operador de disper-
sion en una sola direcciéon. Damos también un método de reconstruccion del
campo eléctrico y el campo magnético a partir del operador de dispersion.

Definimos de forma rigurosa cuando los electrones pasan por algin agu-
jero del obstaculo y demostramos, en el caso de que el campo magnético sea
cero fuera del obstaculo, que el limite a altas energias del operador de disper-
sion es constante al actuar sobre electrones que pasan por un mismo agujero;
de hecho, esta dado por un operador de multiplicacién por un ntimero com-
plejo unitario cuya fase estd determinada por el flujo del campo magnético
en cierta superficie dentro del obstéaculo.

Obtenemos, en el caso de que el campo magnético sea cero fuera del
obstaculo, cierta informacion de la clase de cohomologia de de Rham del
potencial magnético. En ciertos casos, podemos determinar médulo 27 los
coeficientes de esta clase de cohomologia, en cierta base que definimos explici-
tamente.

4.2. El Obstaculo

Estudiaremos un caso mas general que el planteado en los experimentos
de Tonomura el. al. [63, 64]. En nuestro caso, el magneto (o bien el obstéculo)
es una unién finita disjunta de cuerpos con asas o handlebodies:

K =UL K; CR’

en donde K es un cuerpo con asas para toda j.

Definimos el dominio exterior como A := R3\ K.

En la siguiente figura se muestra un caso particular del obstaculo K. Las
clases de homologia de las curvas {7;}7* forman una base de la 1-homologia
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singular de K y las clases de homologia de las curvas {7;}*, forman una
base de la 1-homologia de singular A.
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Para toda z € R*\ {0} denotamos por & := fa7- Definimos ademéds para
toda r > 0, B¥ := {z e R®: |z| < r}.

Definicién 4.2.1. Sea B € LPQ?(A),p > 3, una 2— forma cerrada continua
en una vecindad de OK . Suponemos que no hay monopolos magnéticos en K :

/ B=0,j€{1,2,---,L}.
0K,

Definimos el flujo, ®, como una funcién ® : {;}7~, — R. Denotamos
por As(B) al conjunto de 1— formas continuas en A que satisfacen.

1.
|A(z)| < Cl +1|x| a(r) := maxep o> {|A(x) - £} € L'(0, 00).
2.
[ A= (I)(’)?])a ] S {1727 7m}'
j
3.

dA|y = Bl

4.3. Potencial de Coulomb

Teorema 4.3.1. [}/ Sea B como en la Definicion 4.2.1. Supongamos que
existe  tal que K C B¥(0) y

(4.1) [B(x)| < C(1 + |z)™, [z 2 r,p > 2.

entonces, para todo flujo , @, existe un potencial Ac € Ag(B) tal que Ac =
Ay + Az, en donde Ay es continuo en A, Ay es C en A, y
Ay = —divAc; =0, j = 1,2. Asimismo,

|Acy(z)] < C(1+ |z]) ™= e > 0,
| A2y (2)] < O+ |2])~*
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Ademas, se puede encontrar una forma explicita para los potenciales
Ay vy A(cz) del teorema anterior:

1 T —y —
Aeni=—— | 279 S By)d
(C)1) A /]R3 |(L’ _ y|3 X (y) Y,

en donde B es una extensiéon de B a R?, ver el Teorema 3.2 de [4].

Ao = Z (‘1)(%') —[ A(C,l)) GY,

j=1 i

en donde GY),j =1,2,--- ,m estan dadas por

. 1 1
G (z) := curl — /— 7 (t) dt.

Se puede demostrar que curl GU)(z) =0, z € R®\ 7; y que

/ G =64 5,k =1,2,---,m.

Yk
A partir de lo anterior, se encuentra que { [G(j)] . (A)}
de R j=1

es una base del grupo de homologia de de Rham Héle (A).
El problema divergencia-rotacional en dominios exteriores en el caso de cam-
pos vectoriales de clase C'! con primeras derivadas Holder-continuas fue es-
tudiado por Neudert y Von Wahl (2001).

4.4. Condicién para el Flujo Mdédulo 27

Lema 4.4.1 (Transformaciones de norma). Supongamos que A, A € Ag(B).
Entonces existe una 0— forma de clase C* X en A tal que, A—A=d\
Podemos elegir \(x) := fc(ww)(fl — A) en donde zy es un punto fijo en A y
C(zo, x) es una curva que conecta xo con x. Ademds, Aoo(x) = lim, oo A(rx)
existe, es continuo en R®\ {0} y es una funcién homogénea de orden cero,
es decir, Moo (1) = Ao(z),7 > 0,2 € R3\ {0}.

Definicién 4.4.1. Denotamos por Ag2.(B) al conjunto de 1— formas con-

tinuas en A que satisfacen, dA = B y

Alz)| < C—

>~ C_l T |l’_|’ Cl(?”) = maXmEA,\:ﬂET {’A<x> . i-‘} c L1<0’ OO)
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/:Azz@ﬁp—%%mﬂALnﬂA)eZ,je{Lz-~,m}

Vi

Para toda A € Ag 2,(B) definimos,
Ap = A= 2mn;(A)GY € Ag(B).
j=1
Suponemos que A, A € Ag 2-(B). Entonces, Ag, Ap € As(B), y
Ay — Ag = d\.
Se sigue que,
A—A=d\+ Az,

en donde

AZ = Z 27’(’(7%(14) - T@(A)) G(])
j=1
Sea C' una curva cerrada en A. Se obtiene que,
/(fl — A) = 27N, para alguna N € Z.
c

Por lo tanto, podemos definir los factores no integrables,

Ujslz) := eifc(zw)(A_A) = ei(A(foC(zD’I) AZ)a

en donde xy es un punto fijo en A y C(xg, z) es una curva en A que conecta
Zo con .
Para toda z # 0 existe un niimero real C'j , independiente de z tal que,

lim UAA(rx) = ei(’\f"’(:”)Jrcfi,fl)7

T—00

4.5. El Operador de Dispersion

Suponemos que el campo magnético, B, es una 2— forma acotada a valores
reales definida en A, continua en una vecindad de 0K y
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1. Bis cerrada : dB|y = divB = 0.

2. No hay monopolos magnéticos en K:

/ B=0,je{1,2,-- L}
0K,

|B(z)| < C(1+ |z|)™*, para alguna p > 2.
4. d = B|j = curl B es acotado y

|curl B| < C(1 + |z|)™*.

5. El potencial eléctrico V' es una funcién a valores reales, A—acotada, y

|F(jz| > r)V(=A+ )7 < C(1 + |r])~®, para algunaca > 1.

Denotamos por H al Hamiltoniano con condiciones a la frontera de Diri-
chlet en OA,

1
H:=—(p—A)y? A ~(B).
5 (P AP+ V. A € Apan(B)
Los operadores de onda

Wi(A, V) :=s lim V) Jeittho

t—=+o0

existen y son isométricos,
We(A V) =eC2aU; ,Wi(A V)e P=EP) A A € Agon(B).
El operador de dispersion,

S(A, V) = Wi (A V)W_(A,V),

se transforma de la siguiente manera,

S(Aa V) = 6i)\oo(p) S(Aa V) eii)\w(ip)a Aa A€ A‘@,QW(B)'
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Definicién 4.5.1. Decimos que A € Ag2.(B) es de rango corto si
(4.2) |A(z)| < C(1+ |z|)~'¢, para algunae > 0.

Denotamos por Ay, gRr(B) al conjunto de potenciales de rango corto en

Ag 2 (B).
Notemos que si 4, A € Apor(B)y A — A satisface (4.2), A\ es constante

S(A, V) =S(A,V).
esto se cumple en particular cuando A, A € Ags . SR(B).
Ademsis, dado A € Ago.(B) existe A € Ag(B) tal que,

S(A, V)= S(A,V).

Podemos elegir por ejemplo, A = Ag (recordemos que cambiamos los flujos
sumando potenciales de rango corto).

4.6. Reconstruccién del Campo Magnético
Denotamos por

Ay ={xeAN:x+71veEAVreR} parav £ 0,

a(v,z) = / V- A(x +7v)dr,

N

recordemos que v := e

Teorema 4.6.1. ( Férmula de reconstrucciéon I)/4/ Sea Ay un subcon-
gunto compacto de Ag, para v € R\ {0}. Para toda ® y toda A € Ag2,(B)
existe una constante C' tal que,

[(e7m S(A, V) emvs — i) | gy <

Sl ey,

para toda ¢ € Ha(R3) tal que soporte ¢ C Ay.
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4.7. Formula de Reconstruccion del Poten-
cial Eléctrico

Denotemos por

=, 1) = 5 x(&) [P n(r. 1) (e, 1) - B+ (nfa, 1))

n(z,t) = /0 (¥ x B)(z + rv)dr

Teorema 4.7.1. [}/ ( Férmula de reconstruccién II) Sea Ay un subcon-
junto compacto de Ay, parav € R\{0}. Para toda ® ytoda A € Ay, qr(B)
v ([e—z’mvms(A’ V)eimv~m _ 62‘(1(\7,3:) ¢’ ¢) —
(—ieiaWﬂ I V(g +79)dré,
+ (—iem(‘}’m) f?oo E,(z+ 1V, —00) dT ¢, ¢> +
(=i J° Ep(z+ 71V, 00)dr e b)) + R(v, ¢, v),
en donde,

[B(v,¢,9)]

1 . 7z
pmin(p—2,a—1) S1 mln(/"b - 3’ a — 2) < 07

|Inv

—, simin(p —3,a —2) =0,

< Cllollraes) ¥ ll6e)

1 simin(p—3,a—2) >0,

\

Para alguna constante C' y todo ¢g, v € He(R?) de soporte compacto en Ay.

4.8. Problema Inverso

Definicién 4.8.1. Denotamos por Avec al conjunto de puntos x € A tales
que existe un plano bidimensional P, con v + P, C A.

Teorema 4.8.1. [4] Para todo flujo, ®, y toda A € Ag2.(B), el limite a
grandes velocidades de S(A, V') conocido para toda Ay, todo vector unitario
vV y todo ¢y € Ha(R®) con soporte contenido en Ao, determina de manera
unica B(z) y V(x) para casi toda x € Arec.
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4.9. Efecto Aharonov-Bohm

Suponemos que B = 0, es decir, que no hay campo magnético en A. El
potencial eléctrico, V', no tiene que ser cero, es decir, estudiamos el efecto
Aharonov-Bohm bajo la influencia de un campo eléctrico.

Para toda x € R? y todo vector unitario v € S? denotamos por

L(x,v):=z+Rv.

Damos ahora una definicién precisa de cudando una linea L(z,V) pasa
por un agujero de K. Sea r > 0 tal que K C 353(0). Supongamos que
L(z,¥) C A, y L(z,v) N B¥(0) # 0. Denotamos por ¢(z,¥) a la curva que
consiste del segmento de linea L(x,v) N B¥*(0) y un arco sobre 9BX*(0) que

conecta los puntos L(z,v) N dBX*(0). Orientamos a la curva, de tal forma
que el segmento de recta siga la direccion o.
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Definicién 4.9.1. Una linea L(x,v) C A pasa por un agujero de K si
L(z,v) N B¥(0) # 0 y [c(x, %), am) # 0. De lo contrario, L(x,¥) no pasa
por algin agujero de K.

Definicién 4.9.2. Dos lineas L(x, V), L(y, V) pasan por el mismo agugjero en
el mismo sentido si [c(x, V)], (ar) = [c(¥, V)] H, (AR) -

Definicién 4.9.3. Definimos la siguiente relacion de equivalencia en Ag.
Dadas x,y € Ay, x estd relacionada con y si L(x,v) y L(y,v) pasan por
el mismo agujero en la misma direccion o bien ambas no pasan por algun a
agujero.

Denotamos por {Ap}ner U {Aow} @ la particion inducida por la anterior re-
lacion de equivalencia. Ny es la clase de las x tales que L(x, V) no pasa por
algin agujero de K. Intuitivamente entendemos a los conjuntos Ay, como los
agujeros de K en la direccion v.

Para toda ®, A € As(0), v € S?, y h € Z definimos,

Fh = / A,
c(z,v)

Denotamos por Hy(IR?) al espacio de Sobolev de funciones con dominio R? a
valores complejos cuyo modulo al cuadrado es integrable y cuyas derivadas
distribucionales de primer orden son funciones de cuadrado integrable.

Sea ¢y € Ha(R?) con soporte compacto contenido en Ag. Entonces,

Po = Zsﬁh + Pout:

heT
en donde soporte(¢p) C Ay y soporte(dour) C Aot
Denotamos por

. _imv-x . _imv-x . _imv-x
§bv =€ ¢07 Phyv = € $hy Pout,y == € Pout-

Teorema 4.9.1. [}/ Supongamos que B = 0. Entonces para toda ® y toda
A€ .A@(O),

) N N . 1
S (5 ) 20 (1)

hel

Teorema 4.9.2. Ademds, el limite a grandes velocidades de S(A,V') en la
direccion v determina Aoo (V) — Aoo(—V) ¥y los flujos Fy, h € T, mddulo 2.

Recordemos que siempre podemos elegir A € Ay gr(0) en donde Ay (V) —
Aoo(—=V) = 0.
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4.9.1. Efectos Topoldégicos Sobre La Dispersion de los
Electrones

Sean x,y vectores en R3 tales que
L(z,v)U L(y,w) C A.

Sea p > 0 tal que

convex ((x + (=00, —p]¥) U (y + (=00, =p]w)) U

13 convex (x + [0.00)9) U (3 + [p, 00, )W)) C BF(0)"

en donde 7 es un numero fijo tal que K C B,(0), B,.(0)¢ es el complemento de
B,.(0) y el simbolo convex(-) denota el casco convexo del conjunto indicado.
Denotamos por y(z,y, v, w) la curva cerrada simple continua y orientada con
lados = + [—p, p]v (orientado en la direccién de v ),

x + [—p, p]w (orientado en la direccién de —w ) y las rectas que unen los
puntos x + pv con y + pW y y — pW con T — pv.

Supongamos que A es de rango corto (ver definicién 4.5.1). Denotamos
por x| i :=x — (z,V)V. Se sigue del teorema de Stokes que si |z ¢| >,
(4.00) N N
/ V- A(x+7V)dr = / v-A(x +7V)dr = lim v-A(sz +7V)dr = 0.

—
o —0o §—00 —o

Usamos de nuevo el teorema de Stokes para obtener,

(4.5) /‘ A:/“ A—/ A
v(,y,V,W) L(z,V) L(y,w)

Para toda z € R? tal que |(z+2) 1 ¢| > r,|(y+2)L«| > 7, se obtiene también
por el teorema de Stokes,

[ oa=[  a-e
L(z+2,v) L(y+z,w)

Sumando un cero, escribimos (4.5) como,

Lot ot o) o)
(Y, v, W) L(z,%) L(z+2,%) L(y,w) L(y+z,w)
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Para toda A € Ag2,(0) existe A€ Ag2-(0) de rango corto y una funcién
derivable a valores reales A, tal que A = A + V. Entonces (4.6) funciona
para toda A € Ag2,(0).

Se sigue del teorema 4.6.1 que podemos reconstruir a partir del operador de

dispersion fv o) A para toda A € Ag 2-(0).

(z,y,v,W

Teorema 4.9.3. Supongamos que B = 0, entonces para todo flujo ® y para
todo A € Ag 2:(0), el limite de altas velocidades del S(A, V') en las direcciones
v y w determina los flujos

(4.7) / A
v(z,y,%,W)

mddulo 2w, para toda curva y(z,y, Vv, W).

Nota 4.9.1. El teorema 4.9.3 implica que del limite a grandes velocidades
del operador de dispersiéon podemos reconstruir los flujos

[

para toda curva « tal que exista una superficie (o cadena) S en A tal que
0S8 = a — v(x,y,v,w), ya que por el teorema de Stokes,

/ A= / A+ / B = / A.
a v(x,y,v,W) S v(x,y,v,W)

Recordemos que dado A € Ag 2,(0), podemos encontrar A € Ag(0) con el
mismo operador de dispersién. Podemos tomar por ejemplo Ag. Entonces no
perdemos generalidad si elegimos A € Ag(0). Ademds, notemos que pode-
mos a lo més reconstruir los flujos médulo 27, pues S(Aqe, V) = S(A, V) y
los flujos de A y Ag difieren por miltiplos enteros de 27. Para un potencial
magnético general A € Ag 2,(0) recuperamos los flujos por medio de la ecua-
cién (4.6). Sin embargo, si A es de rango corto, podemos usar la ecuacién
mas simple (4.5).

Nota 4.9.2. Como vy(z,y,V, W) es un ciclo, la clase de homologfa [y(x, y, V, W)] i, (aAr)
esta bien definida.
Denotamos por
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(48) Hl,I‘eC(A; R) = <{[")/(£L', y,\A/,VAV)]Hl(A;R) : L(x,{/) U L(.CC,W) C A}> .

Hirec(A;R) es un subespacio vectorial del grupo de homologia H;(A;R).
Denotemos por H(l1e R roc (M) el subespacio vectorial de Héle R(A) que es

dual a Hy rec(A; R) en el sentido del teorema de de Rham. Entonces para toda
® y para toda A € Ag2,(0), del limite de altas velocidades del operador de
dispersién podemos reconstruir la proyeccion de A en Hclie R rec(A) modulo

27, como mostraremos a continuacion. Sea

m

{[Uj]Hl,rec(A;R)} )

j=1

una base de Hjrec(A;R), y sea

A; )
{[ j]Héle R, rec(A)}jl

la base dual en el sentido de de Rham, es decir,
/ Ak = 5j,k,j7k: 1,2,”' , .

Denotemos por Prec la proyeccién en H(lie R reC(A). Entonces, para toda

A€ Ag 2 (B)

m

Prec [A = Ni[A; ,
rec| ]H(Iie rW ; i J]Héle R, rec™
ademas, como
>‘j — / A,
aj
podemos reconstruir Aj,j = 1,2,--- ,m (médulo 27) del limite de grandes

energias del operador de dispersion.
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Capitulo 5

Conclusiones

» Demostramos que el Ansatz de Aharonov y Bohm [2] es una buena
aproximacién para la funciéon de onda exacta del electréon para todo
tiempo. Nuestra prediccion tedrica coincide con los resultados experi-
mentales de Tonomura et al. [63, 64]

= El Ansatz de Aharonov y Bohm es, de hecho, una buena aproximacién
para la funcién de onda del electrén si el electron permanece (apro-
ximadamente) en una regién simplemente conexa y no choca con el
magneto, como fue sugerido por Aharonov y Bohm.

= Los factores principales que producen el error son el tamano del electron
y el angulo de apertura.

= Para sigma intermedio (o € [6.7591 x 107%, Z]), la evolucién dada
por el Ansatz de Aharonov-Bohm (3.21) difiere de la solucién exacta
en norma por un nimero menor que 1079,

= Para sigma intermedio la probabilidad de interaccion del electréon con
el magneto es practicamente nula (menor que 1071%9) y, por lo tanto,
no hay campos electromagnéticos dentro de la trayectoria del electron.
Empero, la solucién de la ecuacion de Schrodinger esta dada por el
Ansatz de Aharonov y Bohm (3.21) y es afectada por el potencial vec-
torial A por medio de una fase eMio. Fsta fase es la que aparece en los
experimentos de Tonomura et al. [63], [64].

= Aunque en los experimentos de Tonomura et al. [63], [64] no hay inter-
accion con el campo magnético, si la hay con el magneto impenetrable.

o8



Tonomura et al. argumentan que no es necesario considerar la parte del
electrén que choca con el magneto porque podemos ver la clara figura
de la sombra del magneto.

Nuestros resultados muestran que para valores de sigma intermedios,
la fisica cuantica predice el patréon de interferencia observado en los
experimentos de Tonomura et al. con una precision extraordinaria. Seria
muy interesante realizar experimentos utilizando electrones de tamano
intermedio (con varianza intermedia).

Los resultados que obtenemos cuantitativamente al tomar los datos
experimentales de Tonomura et al. [63, 64, 65] y un paquete de ondas
incidente gaussiano no son restrictivos a este caso. Analizamos también
de manera cualitativa el operador de dispersién en el limite de altas
velocidades con la presencia de un obstaculo general que es una unién
finita de cuerpos con asas. En este caso, el paquete de ondas incidente
tiene la unica restriccion de que en el limite a altas velocidades, en el
cual el electrén sigue la trayectoria clasica, este mismo no choque con
el obstaculo.

En el caso de un obstaculo general dado por una unién finita de cuerpos
con asas, y en el limite de altas velocidades, el operador de dispersion
es un operador de multiplicacién por un nimero complejo constante
unitario sobre los electrones que pasan por un mismo agujero; la fase
de este nimero complejo estd dada por el flujo del campo magnético
sobre cierta seccién transversal del obstaculo. Esto nos permite saber
la localizacion de los agujeros a través de experiencias de dispersion.
Lo que hace posible recuperar cierta informacién de la topologia del
obstéaculo.

Obtenemos también, en el caso de un obstaculo general, informacién de
la clase de cohomologia de de Rham del potencial magnético. De esta
forma, concluimos que el potencial magnético tiene un significado fisico
y, ademas, se demuestran los efectos topoldgicos sobre la dispersién de
los electrones.

Damos una caracterizaciéon de las cantidades fisicas asociadas al po-
tencial magnético que son fundamentales para la fisica cuantica; éstas
estan dadas por los flujos modulo 27 del potencial magnético sobre los
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elementos de una base de la homologia singular con coeficientes enteros
del complemento del obstaculo.
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Capitulo 6

Perspectivas a Futuro

En este capitulo se plantean problemas abiertos en los que el autor de
esta tesis, en colaboraciéon con el doctor Ricardo Weder, tenemos resultados
parciales. Estos problemas plantean resolver cuestiones fisicas inconclusas
relacionadas con el efecto Aharonov-Bohm, como lo son los efectos relativistas
y de spin, y las diferencias entre el caso bidimensional y tridimensional.

6.1. El Efecto Aharonov-Bohm en 2 Dimen-
siones

Se ha hecho una cantidad numerosa de trabajos desde el punto de vista
experimental y tedrico relativo al efecto Aharonov-Bohm en 2 dimensiones.
En el famoso articulo de Aharonov y Bohm [2] se estudia el caso bidimensio-
nal como una simplificacién del caso tridimensional. Ellos usan un solenoide
recto infinito como aproximacion de un solenoide recto muy largo; esto es lo
que les permite reducir el problema tridimensional a uno bidimensional. En
[76] Weder estudia el caso bidimensional para un campo magnético inclui-
do en un cilindro infinito de seccién transversal arbitraria, con los métodos
dependientes del tiempo que se utiliza en esta tesis.

Sin embargo, es claro que las propiedades topoldgicas del complemento
del solenoide cambian de manera radical al cambiar un solenoide finito por
uno infinito, y el efecto Aharonov-Bohm es de cierta manera un efecto to-
polégico. Se hicieron experimentos con solenoides finitos rectos, pero todos
fueron criticados por la imposibilidad de confinar el campo magnético dentro
de ellos.
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Hay diferencias fundamentales entre el caso tridimensional y el caso bi-
dimensional. Estas diferencias hacen fisicamente incorrecto suponer que el
problema tridimensional se pueda reducir al caso bidimensional. Una de ellas
es que no existen potenciales magnéticos de rango corto asociados al sole-
noide (ver, por ejemplo, [76]). Es, en consecuencia, interesante estudiar el
caso bidimensional y analizar estas diferencias fundamentales que impiden
modelar el fenémeno fisico en dos dimensiones.

6.2. El Efecto Aharonov-Bohm y las Ecua-
ciénes de Klein-Gordon y de Dirac

En [4] se obtiene el limite de grandes velocidades del operador de disper-
sién y se proporcionan cotas de error que tienen la forma de una constante
sobre el modulo de la velocidad. La constante involucrada depende de las
propiedades de la funciéon de onda y puede ser grande. La velocidad de las
particulas no puede ser mas grande que la velocidad de la luz, por los postu-
lados basicos de la teoria de la relatividad, de suerte puede ser que se deba
tomar una velocidad demasiado grande para que el cociente de la constante
entre la velocidad que aparece en las cotas de error sea pequeno. Como se
demuestra en el articulo [5] esto no sucede en el caso de los experimentos
de Tonomura et al. De todas maneras, este argumento muestra es de interés
considerar efectos relativisticos. Para considerar estos efectos, es necesario
aplicar modelos relativistas. La ecuacion de Klein-Gordon modela particulas
cuanticas relativistas con spin cero y la de Dirac particulas con espin 1/2.
Por medio de estas ecuaciones podemos resolver el problema que estamos
planteando, lo cual se apoya en el siguiente argumento:

Usando la ecuacion de Klein-Gordon y la de Dirac esperamos obtener
cotas de error de la forma %, pero ahora, a diferencia del caso de la ecuaciéon
de Schrodinger, v no representa la velocidad. La velocidad de las particulas
(en el limite de altas energias) es cﬁ, en donde c es la velocidad de la
luz. Entonces podemos hacer tender v a infinito (y, por lo tanto, la cota de
error tiende a cero), manteniendo la velocidad de las particulas acotada por
la velocidad de la luz.
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Capitulo 7

The Aharonov-Bohm Effect
and Tonomura et al.
Experiments. Rigorous Results

En este capitulo se presenta el articulo [5].
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1 Introduction

In classical electrodynamics the force produced by a magnetic field on a charged particle is given by the Lorentz force,
F = gqv x B, where ¢ and v are, respectively, the charge and the velocity of the particle, and B is the magnetic field. In
regions where the magnetic field is zero the Lorentz force is zero and the particle travels in a straight line. In particular,
the dynamics of a classical particle is unaffected by magnetic fields enclosed in regions that are not accessible to the
particle. This also means that in classical electrodynamics the relevant physical quantity is the magnetic field and

that the magnetic potentials are only a convenient mathematical tool.

The situation is different in quantum mechanics, where the dynamics is described by the Schrédinger equation that
can not be formulated directly in terms of the magnetic field. It is required to introduce the magnetic potential. It was
pointed out by Aharonov and Bohm [2] that this implies that in quantum mechanics the magnetic potentials have a
real physical significance. Aharonov and Bohm [2] proposed an experiment to confirm the theoretical prediction. They
suggested to use a thin, straight solenoid, centered at the origin and with axis in the vertical direction. They supposed
that the magnetic field was essentially confined to the solenoid. They advised to employ a coherent electron wave
packet that splits in two parts, each one going trough one side of the solenoid. Both wave packets should be brought
together behind the solenoid, to create an interference pattern due to the difference in phase in the wave function of
each part of the wave packet, produced by the magnetic field enclosed inside the solenoid. Actually, the existence
of this interference pattern was first predicted by Franz [9]. The Aharonov-Bohm effect plays a prominent role in
fundamental physics, among other reasons, because it describes the physically important electromagnetic quantities
in quantum mechanics, and since it is a quantum mechanical effect, the verification of its existence constitutes a test

of the validity of the theory of quantum mechanics itself.

The case of a solenoid has been extensively studied from the theoretical and experimental points of view. The
theoretical analysis is reduced to a two dimensional problem after making the assumption that the solenoid is infinite.
Nevertheless, experimentally it is impossible to have an infinite solenoid and, therefore, the magnetic field can not be
completely confined into the solenoid. The leakage of the magnetic field was a highly controversial point. To avoid
this problem it was suggested to use a toroidal magnet, that can contain a magnetic field inside without a leak. The
experiments with toroidal magnets where carried over by Tonomura et al. [17, 25, 26]. In remarkable experiments
they were able to superimpose behind the magnet an electron wave packet that traveled inside the hole of the magnet
with another electron wave packet that traveled outside the magnet, and they measured the phase shift produced by
the magnetic flux enclosed in the magnet, giving a strong evidence of the existence of the Aharonov-Bohm effect. In
fact, the Tonomura et al. experiments [17, 25, 26] are widely considered as the only experimental evidence of the

existence of the Aharonov-Bohm effect.

In the case of toroidal magnets, several Ansétze have been provided for the solution to the Schrédinger equation

and for the scattering matrix without giving error bound estimates for the difference, respectively, between the exact



solution and the exact scattering matrix, and the Ansdtze. Most of these works are qualitative, although some of
them give numerical values for their Ansitze. Methods like, Fraunhofer diffraction, first-order Born and high-energy
approximations, Feynman path integrals and the Kirchhoff method in optics were used to propose the Ansétze. The
amount of work related to the Aharonov-Bohm effect is very large. For a review of the literature up to 1989 see [15]
and [18]. In particular, in [18] there is a detailed discussion of the large controversy -involving over three hundred

papers- concerning the existence of the Aharonov-Bohm effect. For a recent update of this controversy see [23, 27].

The paper [4] presents a discussion of a version of the Aharonov-Bohm Ansatz for an infinite solenoid. For recent
rigorous work in the case of an infinite solenoid see [14, 28] where, among other results, it is proven that in the
high-velocity limit the scattering operator is given by a constant phase shift, as predicted by Franz [9] and Aharonov
and Bohm [2]. In [16] rigorous mathematical ground is given for the presence of the magnetic potential in the
Schrodinger operator describing the Aharonov-Bohm effect in the case of a solenoid. In [11], a semi-classical analysis
of the Aharonov-Bohm effect in bound-states in two dimensions is given. For a rigorous mathematical analysis of the
Aharonov-Bohm effect in three dimensions for toroidal magnets -actually in the general case of handle bodies- see [3],
where the high-velocity limit of the scattering operator was evaluated in the case where the direction of the velocity
is kept fixed as its absolute value goes to infinity. A rigorous error bound was given for the difference between the
scattering operator and its high-velocity limit for incoming asymptotic states that have small interaction with the
magnet in the high-velocity limit. The error bound goes to zero as the inverse of the velocity. A detailed analysis
of the Aharonov-Bohm effect in the case of the Tonomura et al. experiments [17, 25, 26] was given in [3], as well as
other results. The results of [3] give a rigorous qualitative proof that quantum mechanics predicts the interference
patterns observed in the Tonomura et al. experiments [25, 26, 17] with toroidal magnets. The papers [3, 14, 28], as
well as this paper, use the method introduced in [8] to estimate the high-velocity limit of solutions to Schrodinger
equations and of the scattering operator. The papers [21], [22], [29], and [30] study the scattering matrix for potentials

of Aharonov-Bohm type in the whole space.

In this paper we give the first rigorous proof that the classical Ansatz of Aharonov and Bohm is a good approx-
imation to the exact solution of the Schrédinger equation. We provide, for the first time, a rigorous quantitative
mathematical analysis of the Aharonov-Bohm effect with toroidal magnets under the conditions of the experiments
of Tonomura et al. [17, 25, 26]. We assume that the incoming free electron is a gaussian wave packet, what from the
physical point of view is a reasonable assumption. The technical advantage of using a gaussian wave packet for the
incoming free electrons is that in this case we know very well the dynamics of the free asymptotic gaussian state, and
we can carry over the estimates of [3] in a precise manner. We provide a rigorous, simple, quantitative, error bound for
the difference in norm between the exact solution and the approximate solution given by the Aharonov-Bohm Ansatz.
Our error bound is uniform in time. We also prove that on the gaussian asymptotic state, the scattering operator is
2

given by multiplication by e* -where q is the charge of the electron, ¢ is the speed of light, 7 is Planck’s constant,

and @ is the magnetic flux in a transversal section of the magnet- up to a quantitative error bound, that we provide.



Actually, the error bound is the same in the cases of the exact solution and the scattering operator.

Aharonov and Bohm [2] and Tonomura et al. [17, 25, 26] suggested to split the electron wave packet into the
part that goes through the hole of the magnet and the part that goes outside. Tonomura et al. observed that an
image was produced behind the magnet that clearly showed that shadow of the magnet and also the hole and the
exterior of the magnet. They concluded [25] that this indicates that there was not interference between the part
of the electron wave packet that went trough the hole and the one that either hit the magnet or traveled outside.
The part of the wave packet that goes outside the magnet can be taken as the reference wave packet. Therefore, we
only model the part of the electron wave packet that goes through the hole of the magnet. Using the experimental
data of Tonomura et al. [17, 25, 26] we provide lower and upper bounds on the variance of the gaussian state in
order that the electron wave packet actually goes through the hole. We also rigorously prove that the results of the
Tonomura et al. experiments [17, 25, 26], that were predicted by Aharonov and Bohm, actually follow from quantum
mechanics. Furthermore, our results show that it would be quite interesting to perform experiments for intermediate
size electron wave packets (smaller than the ones used in the Tonomura et al. experiments, that where much larger
than the magnet) that satisfies appropriate lower and upper bounds that we provide. One could as well take a larger
magnet. In this case, the interaction of the electron wave packet with the magnet is negligible -the probability that
the electron wave packet interacts with the magnet is smaller than 10719 (See Remark 8.12 and Section 9.2)- and,
moreover, quantum mechanics predicts the results observed by Tonomura et al. with an error bound smaller than

10799, in norm.

Our error bound has a physical interpretation. For small variances, it is due to Heisenberg’s uncertainty principle.
If the variance in configuration space is small, the variance in momentum space is big, and then, the component of
the momentum transversal to the axis of the magnet is large. In consequence, the opening angle of the electron wave
packet is large, and there is a large interaction with the magnet. If the variance is large, the opening angle is small,

but as the electron wave packet is big we have again a large interaction with the magnet.

It has been claimed that the outcome of the Tonomura et al. experiments [17, 25, 26] can be explained by the
action of a force acting on the electron that travels through the hole of the magnet. See, for example, [5, 10] and the
references quoted there. Such a force would accelerate the electron and it would produce a time delay. In a recent
crucial experiment Caprez et al. [6] found that the time delay is zero, thus experimentally excluding the explanation
of the results of the Tonomura et al. experiments by the action of a force. In the Aharonov-Bohm Ansatz the electron
is not accelerated, it propagates following the free evolution, with the wave function multiplied by a phase. Since, as
mentioned above, we prove that the Aharonov-Bohm Ansatz approximates the exact solution with an error bound

0799

uniform in time that can be smaller that 1 in norm, we rigorously prove that quantum mechanics predicts that

no force acts on the electron, in agreement with the experimental results of Caprez et al. [6].



1.1 Tonomura et al. Experiments

The remarkable experiments of Tonomura at al. [17, 25, 26] are widely considered as the only experimental evidence
of the physical existence of the Aharonov-Bohm effect. Tonomura et. al. constructed small toroidal magnets such
that the magnetic field is practically zero outside them. In [26], the magnets are impenetrable and, furthermore, they
are covered by super conductive layers that forbid the leakage of magnetic field outside the magnets. We denote by
K = {(z1,22,73) €R3: 0 < 7 < (27 +23)1/2 < 7y, 23] < iL} the magnet (71 is the inner radius, 73 the outer radius

and 2h is the height), and by B (x) the magnetic field. We suppose that B(a:) is zero for x outside the magnet.

An electron wave packet was sent towards the magnet. It was superimposed behind it with a reference electron
wave packet to produce the interference pattern. The experiments were set up in such a way that the reference electron
wave packet was not influenced by the magnet, and that the electron wave packet and the reference electron wave
packet only interfered behind the magnet, were the interference patterns were formed. The observed interference

patterns provided a strong evidence of the physical existence of the Aharonov-Bohm effect.

The electron wave packet was much larger than the magnet. It was 3 micrometers in size in the direction of the
electron propagation and 20 micrometers in size in a plane perpendicular to the propagation direction [24]. It covered
the magnet completely. Recall that it was observed that an image was produced behind the magnet that clearly
showed the shadow of the magnet and also the hole and the exterior of the magnet (see [25, 26]) and that it was
pointed out by Tonomura et al. [25, 26], that this indicates that there was no interference between the part of the
electron wave packet that went through the hole, and the one that either hit the magnet or traveled outside, because
of the clear image of the shadow of the magnet [25, 26]. As mentioned before, we will concentrate our analysis on
the part of the wave packet that goes through the hole, and we will take it as the electron wave packet itself. It is
either the part of the electron wave packet that goes trough the hole, or a smaller electron wave packet that really

goes trough the hole.
1.2 Aharonov-Bohm Ansatz for the Exact Solution

At the time of emission, i.e., as t — —oo, the electron wave packet is far away from the magnet and it does not interact

with it, therefore, it can be assumed that it follows the free evolution,

0
ihaqb(x,t) = Hyo(z,t),z € R3 t € R. (1.1)
where Hj is the free Hamiltonian.
1
Hy := — P2 1.2
0= 507 (1.2)
M is the mass of the electron and P := —iAV is the momentum operator. We represent the emitted electron wave

packet by the free evolution of a gaussian wave function, ¢y, with velocity v,



PM 1 _ =22
oy = e m VT where ¢ := W@ 202 (1.3)

with variance o smaller than the inner radius of the magnet. We have chosen the variance transverse to the velocity of
propagation, v, equal to the longitudinal variance in the direction of propagation. In fact, the size of the longitudinal
variance is not essential for our arguments and we have chosen it equal to the transversal variance only for simplicity.
Notice that in the momentum representation, IRV s a translation operator by the vector Mv, what implies that

the wave function (1.3) is centered at the classical momentum Mv in the momentum representation,

Pv(p) = p(p — Mv),

where for any state represented by the wave function ¢(z) in the configuration representation, the momentum repre-

sentation is given by the Fourier transform,

.D
. 1 —iz -
)= e /Rs e M ox)ds.

By the previous analysis, the electron wave packet is represented at the time of emission by the following gaussian

wave packet that is a solution to the free Schrédinger equation (1.1)

Py o(x,t) = e 1T Ho o (). (1.4)

The (exact) electron wave packet, 1y (z,t), satisfies the interacting Schréodinger equation for all times,

m%wv(x,ﬂ = Hiy(a,t),2 € A =R’ \ K,t €R, (15)
where
_ — L p a2
H:=H(A):= Wi (P — hA) (1.6)

is the Hamiltonian and A = %fl, where ¢ is the speed of light, ¢ is the charge of the electron, & is Plank’s constant,
and A is a magnetic potential with curlA = B where B is the magnetic field. We define the Hamiltonian (1.6) in
L?(A) with Dirichlet boundary condition at dA, i.e. ¢ = 0 for € OA. This is the standard boundary condition that
corresponds to an impenetrable magnet. It implies that the probability that the electron is at the boundary of the
magnet is zero. Note that the Dirichlet boundary condition is invariant under gauge transformations. In the case of
the impenetrable magnet the existence of the Aharonov-Bohm effect is more striking, because in this situation there
is zero interaction of the electron with the magnetic field inside the magnet. Note, however, that once a magnetic

potential is chosen the particular self-adjoint boundary condition taken at JA does not play an essential role in our



calculations. Furthermore, our results hold also for a penetrable magnet where the interacting Schrédinger equation
(1.5) is defined in all space. Actually, this later case is slightly simpler because we do not need to work with two
Hilbert spaces, L?(R?) for the free evolution, and L?(A) for the interacting evolution, what simplifies the proofs. In
consequence, the electron wave packet is the unique solution, iy, to the interacting Schréodinger equation (1.5) that is

asymptotic to the free gaussian wave packet, 1y o, as t — —oo,

Uy (z,t) = Py o(z,t), t— —o0. (1.7)

Aharonov and Bohm [2] proposed an approximate solution to the Schrédinger equation over simply connected
regions (regions with no holes) where the magnetic field is zero, by a change of gauge formula from the zero vector
potential. Of course, it is not possible to have a gauge transformation from the zero potential everywhere because
that would imply that the magnetic flux on a transversal section of the magnet would be zero. Hence, the gauge
transformation has to be discontinuous somewhere. As mentioned in Section 1.1, in the case of Tonomura et al.

[17, 25, 26] experiments the magnet is a cylindrical torus, K.

We take as the surface of discontinuity of the gauge transformation
S = {(x1, 22, 23) € R : (22 + 22)Y/% > 7y, 25 = 0}

and we define the gauge transformation in the domain, D, given by

D:=A\S.

Without loss of generality we can suppose that the support of A is contained on the convex hull of K (see Section 7.1).
For every x € D, and a fixed point xy in D with vertical component less than —h, we define the gauge transformation

as follows,

Molz) = / A
Zo

where the integral is over a path in D. Note that for any x € D with x3 > 0 the integration contour has to go

necessarily through the hole of the magnet.

For any solution to the Schrédinger equation (1.5), ¢(x,t), that stays in D, Aharonov and Bohm [2] propose that

the solution is given by the following Ansatz, motivated by the change of gauge formula from the zero vector potential,
dap(x,t) = ro@eminto =0l (g 0). (1.8)

Note that if the initial state at ¢t = 0 is taken as e~ 4.0(®) ¢(z,0) the Aharonov-Bohm Ansatz is the multiplication of

the free solution by the Dirac magnetic factor e?*4.0(®) [7].



The Aharonov-Bohm Ansatz is expected to be a good approximation to the exact solution if the electron wave
packet stays in a connected domain, away from the surface S where the gauge transformation is discontinuous. This

Aharonov-Bohm Ansatz is valid for solutions whose initial data is given at time equal to zero.

For the incoming electron wave packet that satisfies (1.7) the initial data is given as time tends to —oo and then,

the Aharonov-Bohm Ansatz has to be modified. To formulate the appropriate Ansatz we define the wave operators,

Wi(A) =Wy =g lim enHA) jeifito,

t—+oo
where J is the identification operator from L?(IR?) into L?(A) given by multiplication by the characteristic function of
A, e, Jo(z) := xa(x) ¢(x) where, xa(z) = 1,2 € A, xa(z) = 0,2 € R3\ A. It is proved in [3] that the strong limits
exist and that we can replace the operator J by the operator of multiplication by any smooth characteristic cutoff
function y(x) € C* such that y(z) = 0,z € K and x(z) = 1 for z in the complement of a bounded set that contains

K on its interior.

The solution to the Schrédinger equation that is asymptotic to the free solution e~inHo py as t — —oo is given by

Wy = e D W0 (1.9)

It satisfies,

im gy = Ty = 0. (1.10)

Using this fact we prove in Section 7 that the Aharonov-Bohm Ansatz for the exact solution to the Schrodinger

equation (1.5) with initial data as time tends to —oo is given by,

Vapw(z,t) = ePo@emtitog, (1.11)
what, again, is the multiplication of the free incoming solution by the Dirac magnetic factor e 4.0() [7].

It is expected that if the electron wave packet stays in a connected region of space, away from the surface of

discontinuity S, the Aharonov-Bohm Ansazt should be a good approximation to the exact solution, i.e., that,

Yy X YaB,v- (1.12)

The Aharonov-Bohm Ansatz, ¥4 v, is what is observed in the Tonomura et. al. experiments [17, 25, 26]: as the
support of the vector potential A is contained in the convex hull of K, for every x whose vertical component is bigger
than h, A4 o(z) is equal to the constant %@7 where @ is the flux of the magnetic field over a transverse section of the

magnet. Then, for 25 > h, the Aharonov-Bohm Ansatz is given by



Yapy(z) = T R0

Oy, T3> h. (1.13)

This is exactly what it was observed in the Tonomura et al. experiments [17, 25, 26].

The scattering operator is defined as

S=Wi;Ww_.

For large positive times, when the exact electron wave packet is far away from the magnet, and it is localized in the

region with large positive x3, it can be again approximated with an outgoing solution to the free Schrédinger equation,

Vi = e iop, | (1.14)
such that,
Jim [l — 7 s ol = 0. (1.15)

The initial data of the incoming and the outgoing solutions to the free Schrédinger equation are related by the

scattering operator (see Section 3.1),

P+v = Spv. (1.16)

By equations (1.10) and (1.12-1.16) the Aharonov-Bohm Ansatz suggests that
Ypv="5py = eine® Oy, (1.17)

i.e., that on the gaussian asymptotic state, yy, the scattering operator is given by multiplication by ei%‘i’, to a good
approximation. This also is precisely what was observed in the Tonomura et al. experiments [17, 25, 26]. Furthermore,
in the Aharonov-Bohm Ansatz (1.11) the electron is not accelerated, it propagates along the free evolution, with the
wave function multiplied by a phase. This implies that in the Aharonov-Bohm Ansatz no force acts on the electron,

and hence, it is not accelerated. This is precisely what was observed in the Caprez et al. [6] experiments.
1.3 The Main Results

As under the free evolution the electron wave packet is concentrated along the classical trajectory, we can expect
that if the velocity v -that is directed along the positive vertical axis- is large enough, the exact electron wave packet
will keep away, for all times, from the surface, S, where the gauge transformation is discontinuous. In consequence,
the Aharonov-Bohm Ansatz should be a good approximation, and equations (1.12) and (1.17) should hold. In the
following theorem (see also Theorem 8.10) we prove that this is true under the conditions of the Tonomura et al.

experiments [17, 25, 26], provided that appropriate, quantitative, lower and upper bounds on the variance, o, of the



gaussian wave function are satisfied. The requirement for the variance o to lie within the interval below assures that

interaction of the electron with the magnet and the surface S is small.

THEOREM 1.1. Aharonov-Bohm Ansatz, Scattering Operator and Tonomura et al. FExperiments
Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then, for every gaus-

stan wave function, @, with variance o € |

;lTS’ | and every t € R, the solution to the Schridinger equation,

1
v? 2
et HA) W Oy, that behaves as e~inHo Py ast — —oo is given at the time t by

i)\A,o(x)e—i%Ho

Yapvi=e Pv, (1.18)

up to the following error,
e~ RIW_(A)py — ePane i o | <

) (1.19)
r omuv)2
Tem307 + 177 x 10%e~ 5755 1 107100,
where, m := M/h. Furthermore, the scattering operator satisfies
||S<Pv - ei%(b@vH S
, (1.20)
r omuv)2
Te 307 + 177 x 10%e~ 5“5 4 107100,
The main factors that produce the error bound in equation (1.19, 1.20) are the terms,
e Size of the electron wave packet factor,
2
e_ﬁ. (1.21)
e Opening angle of the electron wave packet factor,
(omwv)?
e BT (1.22)

When the variance o is close to the inner radius of the magnet (the electron wave packet is big), (1.21) is close to 1
and (1.22) is extremely small (because in this case omuo is big ). Then, when the electron wave packet is big compared
to the inner radius, (1.21) is the important term, what justifies our name. When the variance is small (such that
omuv is close to 1) the factor (1.22) is close to one and (1.21) is extremely small ( “* is big) and so, the important
factor is (1.22). Note that when the variance in position, o, is small, by Heisenberg uncertainly principle the variance
in momentum is big. In particular, the transversal component of momentum is large and the electron wave packet
spreads a lot as it propagates, what makes the opening angle of the electron wave packet large . This justifies the
name that we give to (1.22). Note that in both cases the part of the electron wave packet that hits the obstacle is big.
When o is big, because the wave packet is big, and when ¢ is small, because the opening angle is big, and even if the

wave packet was initially small, it spreads rapidly as it propagates inside the magnet and, in consequence, a large part

of the wave packet hits the obstacle. For variances, o, that are neither to small nor too big the part of the electron

10



wave packet that hits the obstacle is small and the error is very small. In Section 9 we discuss in detail the physical

interpretation of our error bound and we present a detailed quantitative analysis for a large range of o.

In particular, we give a rigorous proof that if 1.1592 x 1079 < ¢ < 7.7955 x 1076 the error bound is smaller than
1079, As mentioned above, it would be quite interesting to perform an experiment with electron wave packets that
satisfy our bounds. One could as well take a larger magnet. In this case the probability that the electron wave packet
interacts with the magnet is smaller than 107199 (See Remark 8.12 and Section 9.2), and quantum mechanics predicts
with a very small error bound the interference fringes observed in the experiments of Tonomura et al. [17, 25, 26], and

the absence of a force on the electron, as observed in the Caprez et al. experiment [6].

The paper is organized as follows. In Section 2 we introduce notations and definitions that we use along the
paper. In Section 3 we study the time evolution of the electron wave packet. We define the wave and the scattering
operators, and we introduce the solutions to the Schrédinger equation with initial condition as time goes to —oo. We
estimate the solution to the Schréodinger equation when it is incoming, interacting, and outgoing. In Section 4 we use
the freedom that we have in the selection of the magnetic field, the magnetic potential and the smooth characteristic
cutoff function to make a choice that is convenient for the computation of the error bounds. In Section 5 we make a
choice of the free parameters under the experimental conditions of Tonomura et al. [17]. In Section 6 we continue our
study of the time evolution of the electron wave packet when it is incoming, interacting, and outgoing. In Section 7
we consider the Aharonov-Bohm Ansatz for initial data at time zero and for initial data at time —oo. In Section 8
we estimate the difference between the exact solution to the Schréodinger equation and the Aharonov-Bohm Ansatz as
the electron is incoming, interacting, and outgoing. In particular, in Theorem 8.11 we prove our main result that is
quoted as Theorem 1.1 in the Introduction. In Section 9 give a detailed analysis of the physical interpretation of our
error bound with quantitative results. In Section 10 we give the conclusions of our paper. In appendix A we prove
estimates for the free evolution of gaussian states that we use in our work. In Appendix B we prove upper bounds for

integrals that we need to compute our error bound.

2 Notations and Definitions

In this section we collect notations and definitions that are used along the paper.

The magnet K - see Section 1.1 - is defined by the following formula,

K = {(.%'1,.1‘27373) S R?: 0<r; < (37% +$§)1/2 < 7o, |.’L‘3| < il} . (2.1)

We call D the convex hull of K. We use the notation,
A:=R3\ K. (2.2)

11



We employ the symbol x = x(x) = x(x,0) for a twice continuously differentiable cut-off function that depends on

the variance of the wave packet, o, - see (1.3). The support of 1 — x is contained in the set

K :=K(o):= {(ml,acg,a:g) ER®:0<r < (224 22)Y2 <o, 23| < h(o)}, (2.3)

where 1 and 7 are some positive numbers such that 71 < 71, ro > 7o, 71 — 11 =19 — 7y and h = (o) : Ry — Ry is
an increasing function such that h(c) > h for all o in Ry. We will write either h or h(c) for the same object.

We designate by

and by D := D(co) the convex hull of K.

For every ¢, @, o € Ry such that 0 < @~! < omv, we denote by 25 ,(¢) the unique solution of the equation,

(20,0(0) = Q) e —o ! (2.5)

(O-4m2,U2 + 25,0 (C)2>1/2

and for every 01,04 € (0,71) (see (2.3)) we define

) (rioymu)?
25,01,02(C) = max(25,0,(€), 25,0, ());  Toy,00 1= ig{{l}g}{)\ >0: oA (mv)? + A2

=1}, (2.6)

For every o € Ry, we define

- 1 34 /2000
w(o) = , o 2(0) = 25(0),0 (M), 00 =1/ 3B (2.7)
min ( 5 m, \/2000)

Note that (see equation (11.23) in Appendix A )

z(o) > h(o). (2.8)

For every o € Ry and every z,(,s € R we use the following notation,

omuv
:0 = p(Z) = p(J,Z) = (0_4m2v2 + 22)1/27 (29)
omuv
0in7)(07 258, ) = (g - 5) (0’4m21}2 + 22)1/2’ oinv(av Z) = 91‘7“,(0, 2y 2, h(g))a (210)
and
Oinv(0,2,2,C) )
Y(o,z2,s,() := / e " dr, Y(o,2):=7Y(o,z 2, h(0)), (2.11)
Oinv(0,2,8,—C)
Oinv(0,2,2,() R
O(0,z2,5,() := / 2e” " dr, ©(o,z):=0(0, 2,2 h(0)). (2.12)
Oinv(0,2,8,—C)

We utilize the symbols &, ¢, M and g for the Planck constant, the speed of light and the mass and charge of the

electron, respectively. We define,
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m =

M
-

We denote by v € R? the velocity - see (1.3) - and we designate by v := |v|, and ¥ := v /v, respectively, the modulus
and the direction of the velocity. We suppose that v = (0,0, 1). We designate by p := —iV,. The momentum operator

is P := hp.

We use the letters B and A for the magnetic field and the magnetic potential, respectively. The details of the
distribution of the magnetic field inside K are not relevant for the dynamics of the electron that propagates outside
K, as long as B is contained inside K. Actually, what is relevant is the flux of B along a transversal section of K
modulo 27. See [3] for this issue. We use this freedom to choose B and A in a technically convenient way Then, unless
we specify something else, we assume that the support of B is contained in K, that the support of A is contained in
the convex hull of K (what is always possible), and that both are continuously differentiable. In Section 4, for any

given flux in the transversal section of the magnet we explicitly construct a magnetic field and a magnetic potential

S

that satisfy our assumptions. We define A := %fl, B:= LB, and

>t

n(x,7) = /OT(\? X B)(z + pv) dp. (2.13)

We denote by @ the flux of the magnetic field B over a transversal section (TS) of the magnet,

$ = /TS B. (2.14)

Then, the flux of B over a transversal section of the magnet is given by,

o ::/ B=1Ls. (2.15)
TS

By Stokes theorem, for every x = (x1, 2, 73) € R3 such that \/z7 + 22 < 71 we have that,

P = / v-Alx+1v)dr, ®= / V- Az + TV)dT. (2.16)
Given a function F with domain D C R”,n = 1,2, - - - that takes values on a normed space C' with norm | - ||, we

denote by ||F||o := ess sup{||f(z)]| : « € D}.

The vector M = M (x, A,v) = (My(x,A,v), -+, Ms(x, A,v)) := (My,---, Ms) € R® is given by (v and A and x

are defined above in this section ),
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M= [P0 + IxP - Alloo + [12(PX) - Alloo + [XA?[| oo,

My = [2(pX)loc + [12XAll o,

M; = [[(Px) - 0]l + [[xA - D[

My = ||[x(z)(p - A)(z + t0) [0 + [Ix(2) A% (2 + t0) [0 + 2[| Az + 10) - (PX) (@) ][0 + 2[X(2) A(z + t0)) - (2, 1) oo

Ms = 2||x(2)A(x + t9)]] co-

(2.17)
The norms in M, and Ms are taken with respect to z € R? and ¢t € R.
We define the linear function A : R® — R® by the following: given a vector w := (wy,---ws) € R®, we take
A(w) = (A(w)y, -, A(w)s) as,
A = w1 +V2ws,  Aw)s = (32w + 252w, + V2w,
(2.18)

\/§7r1/4 L+\/§W1/4
V3 2

1
L+
A(w)s := %77;4102, A(w)y := mw% A(w)s := At Ws.

The symbols used on the formulae below where defined in this section. Given S, v € Ry, w € R® and j € {—00,0, 00},

we define the function A{UU =Al :RxR, —Rby

11;00(2,0) = A(z,0) =

max(z, Sl)A(;U)l + max(z,S1) " V2(hr3(omu)3)/? A(;“)Z + majﬁi’fl) A(;U)3 — Z'A(;U)l — ﬁ%,

_ N ~ (2.19)
Al (z,0) = A%z,0) == A (2,0) + zA(w)s + s A(w)s,

A2 (z,0) = A=(2,0) = 3A,7(2,0) + 2A(w)4 + —Z» A(w)s.
We will not make explicit the dependence on S; because it will be fixed in our estimates. Actually, S; is a free
parameter that we introduce to optimize the error bound for the incoming electron wave packet in Theorem 3.1. We
fix S in Section 5.2. Note, furthermore, that K;‘X’(z,o) is independent of ws and of wy. We define it as a function

of w € R® to simplify the statement of our results.

We define the following quantities,
Cop(0) = Cop(0, B, X) = 7755 (1 8% ]lso + 2lIn(z, 1) - () (@)I) + H [Px(2) - Voo,
Cps(0) = Cps (0, B, x) := =777 (IIxP - 02, 1) || oo + X ()0 (2, 1) [12),
Csp(0) = Csp(0, B, X) = iy (IPX (@) [10), (2.20)
Cis(0) = Ciss(0, B, X) = 7y (X012, 1)l

1 2_ ( m.'u)2
—3(h=2) 404;21,2+<2'

21/2 (g4 m202 4 c2)1/2
R(C) =R((, Z) = R(C, Z, A) 1= | Al o™ =50

amv
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3 Time Evolution of the Electron Wave Packet

3.1 Wave and Scattering Operators

The Hamiltonian operator (1.6) is self-adjoint when it is defined on the domain D(H) := Ha(A) N Hy,0(A), where
by Hs(A),s = 1,2,--- we denote the Sobolev spaces and by Hj o(A) we denote the closure in the norm of Hi(A)
of the set C§°(A) of all infinitely differentiable functions with compact support in A [1]. Note that as the functions
in Hy 0(A) vanish in trace sense at A, H is the positive self-adjoint realization in L?*(A) of the formal differential
operator 51 (P — hA)? with Dirichlet boundary condition at the boundary of A [12, 19]. The free Hamiltonian (1.2)
is self-adjoint when it is defined on the domain D(Hy) := Hz(R3). Let J be the identification operator from L?(R?)

into L?(A) given by multiplication by the characteristic function of A, i.e.,

Jo(x) = xa(x) o(2), 3.1)

where ya(z) = 1,27 € A, xa(x) = 0,2 € R* \ A. As mentioned in the introduction, the wave operators are defined as
follows [20],
We(4)=We =5 lim e'nH Je~into, (3.2)

It is proved in [3] that the strong limits (3.2) exist, that they are partially isometric, and that we can replace J by the
operator of multiplication by any smooth characteristic function, y(z) € C? such that x(z) = 0,z € K and x(z) =1

for z in the complement of a bounded set that contains K on its interior.

Wi(A) =Wy =s- tl}gloo ety e~ Ho, (3.3)

It is also known [13] that the wave operators are asymptotically complete, i.e., that the ranges of W are the same,
and that they coincide with the subspace of absolute continuity of H. Moreover, the W, are unitary from L?(R3)

onto the subspace of absolute continuity of H, and they satisfy the intertwining relations,

6_1%H Wi =Wy e_l%HO. (3.4)

Recall that the scattering operator is defined as [20],
S=Wiw_. (3.5)
3.2 [Initial Conditions at Minus Infinity

In scattering experiments we know the wave packet of the electron at the emission time. Thus, if we want to know the
evolution of the emitted electron for all times, we have to solve the interacting Schrédinger equation (1.5) with initial

conditions at minus infinity. As mentioned in the introduction this is accomplished with wave operator W_. The
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incoming electron wave packet is described at the time of emission (t — —o0) by a solution to the free Schrodinger
equation, (1.1),
emirto g (3.6)

As e~ is unitary, for all ¢_ € L2(R3)
lim He—i%H Wag_ — Je—l%Hw_H —0. (3.7)

Then, the solution to (1.5) that behaves as (3.6) as t — —oo is given by,

e HW_ ¢ (3.8)
And, moreover,

lim He*i%H W_ 6 — Je*i%H0¢+H =0, wheregy = W*W_o_. (3.9)

t—o0
This means that -as to be expected- for large positive times, when the exact electron wave packet is far away from the

magnet, it behaves as the outgoing solution to the free Schrédinger equation (1.1)
e~irtog, (3.10)

where the data at ¢ = 0 of the incoming and the outgoing free wave packets (3.6, 3.10) are related by the scattering

operator,

o4 =S
3.3 The Incoming Electron Wave Packet

We first introduce concepts that will be used latter in our estimates.

We define the re-scaled boosted Hamiltonians [3, 28] as follows (see (1.2), (1.6)),

1 . - 1 . )
Hy = Hy(v):= —e "™V P Hye"™'® Hy = Hy(A,v) = %eﬂmv'm H(A)e™ve, (3.11)

hv

Recall that m = 4L and v is the velocity (see (1.3)). Let us denote by

Wiy o= e mVa 7, emve (3.12)

the boosted wave operators. We have that,

Wiy =s lim e y(z)e M (3.13)

’ ¢(—+oo
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where ¢ represents the classical x3—coordinate of the electron at the time ¢ = {/v.

We notice that,

e—iCHQ _ e—imv~x —i%H(A)eim,va:, e—i{Hl _ e—imv~x —i%Hoeimvm

e e = e~ imm (PHmY)’, (3.14)

The following theorem gives us an estimate of the exact electron wave packet et HW_ (A)py for distances

7Z < —z(o) < —h(0), i.e., where it is incoming.

THEOREM 3.1. Let w = (wy,---,ws) € R® be such that w; > M;(x, A,v) fori € {1,2,3}. Assume that omv >
\/34/33. Then, for any Z € RT such that Z = z(c) > h(o),
. . _ 1 ~
R Woaipy — xeT 5 Mo, || < e B AL®(2(0), 0). (3.15)

Proof: First we prove (3.15) for W, (A). By Duhamel’s formula and (3.14) we have that,

H (W-i-,v _ eiZHg XefiZHl) (pH <

ST /Z [Hml e~ <pH + 2 ||m2 -peiiZngoH + 2muv ||m2 -\Afe*iZHHpH] dz, (3.16)

where,
my = (p*x) — x(p- 4) — 2(px) - A+ A%x. (3.17)

ma = (px) — XA. (3.18)

Equation (3.15) for W, (A) follows from (3.16), Lemmata 11.3 and 11.5 in Appendix A, the facts that the function

Oinv (0, Z) is decreasing as a function of Z, for Z > 0, that 1/w(0) = —60;n, (0, 2(0)) and the following estimates:
o0 1 3/4 ,
- - <9 ,S -1 2’
/max(z,sl) <04m2v2 + C2> < 2max(z, 51)
|0inv(07 Z>| < omv.
The last inequality follows from the definition of fin (0, Z), since Z 2 z(0) > h(o) (see equation (2.8)).

We now consider the case of W_(A). Note that by the uniqueness of the solutions to the Schrédinger equation we

have that,

e—iZHa(AV) ) = ¢t Ha(—A,—v) @ (3.19)
This is the invariance under time reversal and charge conjugation. Hence,
W_ (=AW = W—&-,V(A)Ev (3.20)

and then,

(W, C(—A) — e B H (= A) XeiZH1(—v)) o = (Wi A (A) — e ZHa(AY) ye—iZHi(v)) . (3.21)

s
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It follows that (3.15) for W_(—A) and ¢_, follows from (3.15) for W, (A) and ¢, and the fact that M(y, A,v) =
M(x,—A,—v).

Let L : R? — R3 be defined as L(z) = —z, for € R?. Note that,

(e iCH2(AV) ) o [, = ¢ iCH2(=AL=v) (4 6 ). (3.22)

Equation (3.22) implies that,
(W_(A)p)o L=W__(~AoL)(poL), (3.23)

where we used that as x(z) =1 for z in the complement of a bounded set,

I ) — —iCHy _
s ngm(x( z) — x(z))e 0.

We obtain (3.15) for W_(A) and ¢, from (3.15) for W_(—Ao L), ¢_v, x o L instead of x, and B o L instead of B
using equations (3.22, 3.23) and observing that M(x, A,v) = M(x o L,—A o L,—v). For this purpose we use B o L

instead of B in the definition of 1 in (2.13).

3.4 The Interacting Electron Wave Packet

We first introduce an assumption that we use often.

ASSUMPTION 3.2. Let u;, i € {1,2,3} belong to Ry.. Suppose that the following conditions hold.

1. Either p; < o9, @ € {1,2,3}, or pu; = 09, 7 € {1,2,3}.
2. Either, p; < us, i € {1,2}, or u; = ps, t € {1,2}.
We define pimax := max(f1, 42), fmin := min(py, pe), and take v = pmin, if i < ps,i € {1,2} and v = pmax, if

pi 2 p3,i € {1,2}. We denote by Z := 2(fimax), if i < 00,0 € {1,2,3}; and Z := maX;e (1,2} { 20 (pmar) i (P (Hmax)) }»

if i 2 00,4 € {1,2,3}. We suppose that Z 2 =z (h(pmax)) and r1p(pi, 2.5, 4, (R(Bmax))) = 1 for i € {1,2}.

3513
O

The quantities Ips, Ipp, Iss, and I, that we use below are defined, respectively, in equations (11.26), (11.32), (11.35),
and (11.55) in Appendix A.

LEMMA 3.3. Suppose that Assumption 3.2 is satisfied and that omv > 1. Then, for every gaussian wave function

© with variance o € [fimin, fimax] and every ¢ € R with |¢| < z(0),
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H (ei(z(a)—g)H2 (@) e=i)=0H _ x(x)e_ifo(zmio o.A(m+T\7)dT) B_KH%OH <

_1_1 omuy1/2 4 /Brl/4
e TE2 (Z — ¢) (ﬁ;mM‘l - M5(27r)1/42ztm2) + Cpp(0) Ipp (i1, p2, p13) + (3.24)

Cps(o Css(o
%Ips(ﬂlvu%uiﬁ C) + Csp<U)ISp(,U/17ﬂ27M3) + 2( )ISS(M17M27M3) <)7

H (eiz(o)HQ (@) e=i=@H _ X(x)e_ifoZ(”) o.A(x+ﬂ>)dT) (pH <

11 omuy1/2 | /3rnl/4 -

e P (Z) (%MZLJFMS( e >+ ConlO I (o, i)+ (3.25)
Cps(o Cop(o ss\O

%Em(m,uz’ug) + %Isp(ﬂlaﬂ%,uﬁ) + CT()Isp(Mh/m,,us)-

Proof: As in the proof of Lemma 5.6 of [3] (see also [28]) we prove that,

(ei(z(o)—()Hz (@) e~ i@ = 1 _ X(x)e—ifg“’)* \7~A(x+7'\7)d7') e~ iCH ) — foz(cr)—c dziei*Hz o= [5'7 ¢ T7  Aaro)dr

[0 (i@,2(0) = €= 2) + il 2(0) = € = 2) - p) 7ot fy(w) o] Mg,

(3.26)
where,
fi(z,7) = 5 [—x(2) (P - A) (@ + 7V) + x(2)(A(x + 7V))* = 2A(z + 7V) - (PX) (2)+
(3.27)
2x(x)A(x + 7v) - n(z, 7)),
falar7) = g [x(@)p W) 7) + (@), 1)~ (X)) — 2. 7) - ()] (329
f3(x) = (px)(x) - ¥, (3.29)
g1(z,7) = —%X(m‘) A(x 4+ 7v), (3.30)
92(2,7) = — () )+ () @), (331)
It follows that,
H (6i(z(a)7C)H2 (z) =i -OH _ X(x)e*ifoz(d)fc o.A(HTo)dT) e’iCHHpH <
)= 4z 1z, 2(0) — ¢ — z)e”#H1egmiCHL #)=C 4, 2z, 2(0) — ¢ — 2)e 1 miCH:
I | f1(z, 2(0) = ¢ = 2) ol + Jo | f2(2, 2(0) = ¢ = 2) 0| + (3.3

O e | fy(ape et o 4 [5O7 dz gy (2, 2(0) — ¢ — 2) - pei et o 4

foz(a)—c dz Hgg(x,z(o) —¢- z) _pe—izHle—iCHl 90” )
We estimate the first integral in the right-hand side of (3.32) using equation (11.57), the second using (11.25) and
(11.31), the third using (11.31), the fourth using (11.59), and the fifth using (11.34) and (11.54). To use (11.59) note
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that 0, (0,2(0)) = —1/&(0). Then, as omv > 1, 0;,,(0,2(0))? > 1/2. After reordering terms we obtain equation

(3.24). Equation (3.25) is obtained in the same way but using (11.33) instead of (11.31) and (11.56) instead of (11.54).

O
LEMMA 3.4. For Z > h,
H (X(Qﬁ)e_ifooo V-A(z+7V)dT _ X(x)e 4 OZ S A(a:+7v)d7) e_iCHlSDH < %R(C7 Z) (333)
Proof: By Duhamel’s formula and (11.7),
H (X(x)e*"fox CA@ETdr ()i JTT O.A(:r+7'\7)d'r) e—icHl(pH <[5 In(@)¥ - Al +79) eS| dr
(3.34)
2
< oc fZ 6_7 (h—7)? ﬂde _ H’?/Hioo e—%(h—z) ﬂ%]’w dTe_%(T_Z)(T+Z_2h)ﬂ%)+?,
where we used that (h — 7)% — (h — Z)? = (1 — Z)(7 + Z — 2h). Finally since, (1 — Z)(1 + Z — 2h) > (1 — Z)?,
H( e 5T VAT (1)e —i 2% A z+7—v)d~r> e—qul(pH <
- o (3.35)
I T e dre 32 A
e f Te / ,
what proves the lemma.
O

In the Theorem below we estimate the exact electron wave packet e~inll Wi (A)py for distances ¢ such that,

I¢| < z(0). As z(0) > h(o) -see equation (2.8)- this is the interaction region.

THEOREM 3.5. Suppose that Assumption 3.2 is satisfied, and, furthermore that omv > 1. Let w = (wy, -, ws) €
RS be such that w; > M;(x, A,v) fori € {1,---,5}. Then, for every gaussian wave function @ with variance o €

[min, fmax] and every ¢ € R with || < z(0),

—i% —i [E® G A(zr)dr ,—i S =T A
e~ v r TW L (A)py — xe Ho = W A+TIdr o—igzHo || < 725002 AO (2(0), 07) + Cpp(0) Lop (1, ph2, p13)+

(3.36)
70?52(0)[ (11, i, piz; £C) + Cap(0) Lap(un, i, pg) + <2 S(U)ISS(/M,MQ,,U:;, +¢) + AR(£(, 2(0)),
(W (A)py — xe [~ TACHIm o || < 75207 (A3 (2(0),0) + 22 A(w)a + 22 A(w)s)+
v w ’ 2 202
Cm;(a) Tpp(pa, 2, i) + Cp;(d) Top(pi1s p2, pi3) + QPTMISP(M17U27“3)+ (3.37)

CSST(U)ISP(H’M H2, MB) + %R(O, Z(O’))

Proof:

We prove (3.36) for W, (A), the proof for W_(A) follows as in (3.19-3.23). Note that by the intertwining relations

of the wave operators (3.4) and by (3.14) we have that,
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(W (A) — ex(0)=Otay g =ila() = 1) o=iCH | — H CSEO By (p)emidhHog, — Xefi(z(?h_oHoefiﬁHo@vH -

He z(U)HW+(A) _ Xe_i%HO@VH _

(3.38)
We use the intertwining relations and (3.14) again to obtain,
He_i%HWJF(A)SDV _ Xe_ifooo v -A(z+71V)d ‘re—zvh (va _
||W+,V(A)67KH1QD _ Xe_ifoioox}.A(ac-&-ﬂ?)drefiCHl(pH < H(WJr,V(A) _ ei(z( o)—¢)H Xefz(z(a) )Hl) 71CH1¢”+
(3.39)
H(ei(z(a)—()Hg Xe_i(z(o')_c)Hl _ Xe_if()Z(a)_C \7~A(ac+7'\7)d7')e—iCH1g0||_~_
—i [V A(z+TV)dT zz(a)cA TH+TV)dTY ,—1
|(xe#Jo~ V-AGtTo)dT _ Jo A(ztr9)dr)o—iCHi ||

Equation (3.36) is obtained by (3.38), (3.39), Theorem 3.1, equation (3.24) and Lemma 3.4. The proof of (3.37) is

similar, but instead of (3.24) we use (3.25).
3.5 Estimates for the Scattering Operator

We first prove the following lemma.

LEMMA 3.6. Suppose that the conditions of Theorem 3.5 are satisfied. Then,

2
1

(Wi emile™ vt _ o) y(a) o <3¢ 4 TP (A (2(0),0) + LR AW + HFA(w)s)+

Css(o
2 )I

Cpp(o Cps(o Csp(o
CenO) 1 (o i) + S5 Ly (g, a2y i) + S22 L (1, oy ) + sp(fe1, po, pi3)+

3R(0,2(0)).
(3.40)

Proof: As Wi W, =1,

H (Wi L€ et Jo V- A(z+T¥)dr _ 6i<1>) X(ﬂﬂ) QPH _ Hth,v (efi(fof‘x’\”/-A(erTO) dTJr‘i')X _ W+,VX) ei‘i’(pH <
(3.41)
H( —i [o° V-A(z+7V) dT X W+ ) SOH 4 || 1 _ 90” 4 H —i([y *° V-A(z+7V) dT+P) 7% [ V-A(z+7V) d‘r X@H )

Since [*_ V- A(z + 7V)dr = ® for x in the cylinder {x € R? : 2% + 23 < r}}, (3.40) follows from Theorem 3.5 and

the following estimates,

10 = x(@)el| < 6_7?/202’ H(e‘i(fo_oo V-A(@r9) dr+®) _ =i [§° V- A(wtT) dT)X<pH < 9e—T3 /207 (3.42)

O

In the theorem below we approximate the scattering operator by its high-velocity limit (see [3]).
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THEOREM 3.7. Suppose that Assumption 3.2 is satisfied. Let w = (wq,- -+, ws) € R® be such that w; > M;(x, A, V)

forie{l,---,5}. Then, for every gaussian wave function ¢ with variance o € [limin, lmax),

(S = € ®x) pv || < 37227 4 & 37 (2A,°(2(0), 0) + 2(0) A(w)a + 2T A(w)s) + Cpp(0) L (11, o, 1)+

CpS(U)Ipp(Nla H2, ,“3) + CSP(U)ISP(IU’D M2, ,U3) + CSS(U)ISP(MD H2, HB) + R(O, Z(U))~

(3.43)
Proof: We denote,
Sy 1= eIV G gtmvT, (3.44)
We have that,
15 = ) eull = [[(Sy = e*x) ] = W0 (Wew = x(a) em fo ™ wedtetrinar)
(3.45)

(Wi,v o—ifg = V- Alatro)dr _ €i<I>> () S0H '

Equation (3.43) follows from Theorem 3.5, Lemma 3.6 and (3.45).

3.6 The Outgoing Electron Wave Packet

In the following theorem we estimate the exact electron wave packet e~ivR HYY_ (A)py for distances ¢ in the outgoing

region, ¢ > z(c) > h(o).

THEOREM 3.8. Suppose that Assumption 3.2 is satisfied. Let w = (wq,- -+, ws) € R® be such that w; > M;(x, A, V)

fori e {1,---,5}. Then, for every gaussian wave function ¢ with variance o € [lmin, imax] and every ¢ € R with
¢ > z(0),
r2 1~
le= 5 T W_(A)py — xe'®e 1m0y || < Be™ 757 + e 5@ A (2(0),0) + Cop(0) Ipp (i1, 12, 13)+ (3.46)
CpS(O')Ipp(,Uh K2, MS) + Csp(a)lsp(ﬂlv K2, N'3) + Cis (U)Iszv(,uly M2, ,U3) + R(O, Z(U))-
Proof:
Using the definition of S (see (3.5)) and the fact that e~iviH is unitary we get,
e R HW_(A)py — xe'e S Moy | = [W_(A)py — i xeiPe i opy | <
(3.47)
; i S i S i
lei® (W (A)py — e xe 50 ) o || + [W_(A)py — Wi (A)e P, .
Furthermore,
[W-(A)py = Wi (A)e oyl < [[W-(A)py — Wi(A)Siov | + Wi (A)(S — ). (3.48)
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Since the wave operators are asymptotically complete [13], the operators Wy Wi are the orthogonal projector onto

the common range of W4. Then, W, W} W_ = W_, and we have that,
W_(A)py = Wi (A)Spy = W_(A)py — Wi (A) WE(A) W_(A)py =0,
and by (3.47, 3.48)

—i% D —iS i —i% i
e m W (A)py — xe' e gy | < W (A)py — e xeT T 0oy || + [[Spy — eyl (349)
The inequality (3.46) follows from Theorems 3.1 and 3.7, and from equation (3.49).

4 The Magnetic Field, the Magnetic Potential and the Cutoff Function

We have proven in Theorem 4.1 of [3] that the Hamiltonias (1.6) with Dirichlet boundary condition on OA that
correspond to two different magnetic fields contained inside the magnet, and that have the same flux ® modulo 27 are
unitarily equivalent. We have also proven in [3] that the scattering operator only depends on the total flux ® enclosed

inside the magnet, modulo 27. This implies that without losing generality we can assume that

|®] < 2m, (4.1)

what we do from now on. This also means that we have a large freedom to choose the magnetic field, as long as it is
contained inside the magnet. As mentioned in the introduction, we also have a large freedom to choose the smooth
cutoff function y. We use this freedom to choose the magnetic field, the magnetic potential and the smooth cutoff
function that is convenient for the computation of the error bounds. Below we construct a magnetic field inspired in
the experimental results of Tonomura et. al. [25]. We also choose a magnetic potential and a cutoff function, and we

provide bounds for them.

4.1 Mollifiers

We denote for z € R,
671/(17,22)’ |Z| < 1,

0, |z| > 1,

where,

@
|

1

/ e~/ gz (4.3)
-1

For € > 0 we define,

() = éw(z/s), (4.4)

23



and for every a,b € R, with ¢ < b and every ¢ € Ry with e < %(b — a), we take,

b l,z€a+¢e,b—¢],
Vabe(2) r=/ dye(z —y) = (4.5)
@ 0,z¢ [a—e,b+¢]

Then,
||¢a,b,€||oo =1, (46)
1
Hwt/l,b,e”oo < s (4.7)

1"

2N
Yape|| =20 Where N := 2e~G/2HV3/N(3/2 1\ /3/4)2(1 — (3/2 + \/3/4)" 1)/ (4.8)
7 oo L

4.2 The Magnetic Field

Recall that the magnet is the set,

K = {(ml,x%xg) ER®:0 <7y < (22 +22)Y2 < 7y, Jas| < ﬁ}. (4.9)

We use cylindrical coordinates: for (z, 2, x3) € R?, we take r := (22 + 23)"/2, 0 < 0 < 2, x3. For £ < %,8 <

ISR

, we define,

)

B = B(z,£,0) :== ol Vryte,ma—e (M) V_jy5.5-55(@3)(—sinb, cos6,0), (4.10)
25

g

where for a transverse section of K, TS,
Coji= | Yrvem-ze(r) ¥ jy5555(w) = 2(h = 28) (F2 — 71 — 48). (4.11)
TS
Then, V - B = 0 and the flux of B over any transverse section of K is ®.
This choice of B, that is approximately constant along any transverse section of K and is directed along the unit
vector (—sin(@), cos(f),0) is inspired by the experimental results of Tonomura et al. [25]: in Figure 4 (a) of [25],
the fringes on the shadow of the magnet suggest that the component of the magnetic field that is orthogonal to a

transverse section of the magnet is constant over this transverse section.

By (4.6, 4.7, 4.11),

Bl < g (412)

I8 <ot i L2 (4.13)
0xj |loo = (h—20)(Fg — 71 — 48) Le€ T
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™

—. 4.14

H Ox3 ” h 26 ) (7o — 71 — 4€) 1ed ( )
With this choice of B we have that (see (2.13))

T
2,700 < 2h — , 4.15
In(e, )l < 2 e (4.15)
T 1 1
2,7)|loo < 20 —+ . 4.16
o n(o )l < 2h s e (2 ) (4.10)

4.3 The Magnetic Potential

The potential A = A(z,£,0) associated to the field B = B(x, £,4) satisfies the differential equation V x A = B. As B
has no vertical component, we can take A parallel to the vertical axis.
. )} (w1,22) .
A= Az,€0) = ﬁlﬁ_mg,;}_&g(%) 0,0,/ V7 +2,75—2,2(r) (cosb,sinf) |, (4.17)
£s (y1,y2)
where (y1,¥2) is any point with |(y1,%2)| > 72 and the line integral is over any curve in R? that connects the point

(y1,y2) with (z1,22). The value of A is independent of the curve chosen. The potential A has support in the convex

hull of K, that we denoted by D. Moreover, by (4.6, 4.7),

™

Alloe € —— Fy — 1), 4.18
14l < 5 m oo ™ (4.18)
‘aAH < T i=1,2, (4.19)
O0x; (h — 26) (Fy — 71 — 4€)
T 1
_ 4.20
Halﬂz‘) Hoo —25) (fz —7"1 48) 5( ? 7"1) ( )

4.4 The Cutoff Function

We use the freedom that we have in the choice of the cutoff function y(z) to select it in a convenient way. Take

0 <e< 7,0 >0. We define (see (2.4)),
rii=11 —¢e >0, 7"2::7:24-8,]12:];,4-(5. (421)

We define

X(@) =1 = 1e/2r0—c/2,/2(T) V_nis/2,n—5/2,5/2(T3)- (4.22)
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Then (see (2.3)),

0, xef(,

1, zeR3\ K.

Moreover, by (4.6, 4.7, 4.8),

We denote by

We designate by m(x) = m = (mq(x), -

Ixlloe =1,

|>
X

dz;

2
‘ Siajzlaza
Leg

9 <2
8x3X o e’

) SN 2 8N
Pl <+ ——+
10

LE eriLe

1= L(h —28)(Fy — 71 — 48),

. To—Ty
J = Bz

ml(X):ml::%+ 2 +%g+(2+(fgf1)

Lerie

ma(x) =mo =2 (2 + %) +2J,

Lee

Loe

1
ma(x) =my := <2+ (72 —fl)g> I+ J%+ %J,

Loe

ms(x) = ms := 2.J.

Now we define the following quantities,

epp(0) = 7

. SN 2 8N 4h
€2 ere 102

I ee

1 2h 1 1 AN
onlo) = s (% (e 1)+ (3)7).

4
. 1 8
Csp(a) EE s 7 p—— <LE€ + L(Se) ,

Css(0) = morems
R(C Z) _ R(O _ %( 442492 +C2)1/2

2 omuv

26

-,ms(x)) € R® the vector with the following components,

)11+L§€J+J2,

4 n 4
wl/46e’

1 (h=2)2(omv)?

T /26 2 oAy ZyT1e2 |

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)



REMARK 4.1. For the field, the potential and cutoff function constructed in this section we have that,

M; <m;, i€{l,---,5},
Cop(0) < epp(0), Cps(0) < ¢ps(0), Css(0) < Cos(0), Coplo) < cop(o), (4.31)
R(¢,Z) < R(¢, Z).

Proof: the Remark follows from explicit computation.

O

We introduce some notation that we use below. We define the vectors A” (v,m) = A= (A7, A{/Q, Al Ail/Q, Al ),

for j € {—00,0,00}:

Xﬁm(vvm) =A "= (m?}ﬁ@ + mU?“Q(%)l/Q (1—5><1(1)—10)1/2 A(ZL)27mU7"1 A(?)S y
134.99R A0 134,995 A ),
A 0m) =K = (AT, ATF, Ag™ + 135.91hA(m)1, A5, + (4.32)

135.91hA(11)5, 45 ™2 (1 + 1.11 x 1076)1/213682 ),

A% (v,m) = A = (BAT™,3A173, 3A5™ + 138hA(m)4, BAZTS, + 138hA(1m)s, 0).

Finally, for j € {—00,0, 00} we denote,

Al(o,v,m) = Al (o) == > Alot. (4.33)
i€{1,1/2,0,—1/2,—1}

5 Tonomura et al. Experiments. Continued
5.1 Experimental Data
We consider the 2 different magnets with their dimensions given in table I of [17]. We denote them by {K; Yieqi2ys

kj = {CL‘ = ($1,$2,$3) eRrR?: fl’j < \/33% +$§ < 7:2,]', |.1‘3| < il} (51)

We use the notation
X;, J €{1,2} (5.2)
for the corresponding cutoff function constructed in Section 4.4.

The height h is 10~ ¢m for both magnets and

F11=1.5x 10"*em
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a1 = 2.5 x 10" %em

F1o=1.75 x 10~ %em
Fao = 2.75 x 10~ %em

In the Tonomura et al. experiments [26] the electron has an energy of 150 keV. In this experiments they consider
impenetrable magnets as we do in this paper. In the experiments [25] they consider penetrable magnets and energies
of 80 keV, 100 keV and 125 keV. Since our method applies also in the case of penetrable magnets, we will consider
in our estimates below the two extreme energies and an intermediate energy, although the most important one is the

one of 150 keV that is the one used for the case of impenetrable magnets. Thus we consider the following energies.

E; =150keV,
Ey =100keV,
Es3 =80keV.

They used an electron wave packet that might be represented at the time of emission ( t — —o0) by the gaussian

wave function,

1/4 2/4 R
1 1 . i _r1Try 2
( ) ( > e inHogiivaeT Tad o 205 (5.3)

—— ——
aZm aZm
The transverse variance of the wave function «,. is several times the radius of the torus (re;,j = 1,2), so the

electron wave packet covers the magnet.

The part of the wave packet that goes through the hole of the torus has a different behavior than the one that goes
outside the hole. There appears to be no interference between those two parts of the wave packet, because a clear
figure of the shadow of magnet is formed behind the torus. This was pointed out by Tonomura et al. [25], [26]. We
can, therefore, model only the part of the electron wave packet that goes trough the hole of the magnet. Hence, we
take the transverse variance «, smaller than the inner radius of the magnet. The anisotropy of the variance (a, # o)
does not introduce new ideas to the analysis and all the proofs that we do assuming that «, = a,. can be done in the
same way if a, # «,. We obtain similar results in both situations. Taking a, # «a,. complicates the notations and,
therefore, for simplicity, we will assume that o, = a,. = 0. So, when emitted, the electron that goes trough the hole

is represented by,

1 —it iMy.g L
/(pv’o(l',t) = W@ ﬁHOe h e 202, (54)
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with the variance o smaller than the inner radius of the magnet.

The real electron wave packet, under the experiment conditions, that behaves as (5.4) when the time goes to —oo

is given by the wave function (see (1.9)),

Py(a,t) = e T W_g, = e~invH W_py. (5.5)

Remember that we take v = (0,0, v) and that ¢ := vt is the classical position of the electron, in the vertical direction,

at time ¢.

The energy for the free wave packet (or of the perturbed wave packet at —oo) is given by

1 1 3 B2 1
L oprg o) = by 3 L e 5.6
(G P Pvoov) = g MU+ 95 X o (5.6)

When o is big ( omv >> 1) the second factor is much smaller than the first. If we take for example omv > /15
the second factor is less that 1/10 times the first. Therefore, when omwv >> 1, we can suppose that the energy is
given by the classical energy, ﬁv? With this assumption we can calculate the velocities, and the velocities times m

corresponding to the energies F1, Fo, Fs:
vy = 2.2971 x 10%m/s, mv; = 1.9842 x 10*%cm ™,

vy = 1.8755 x 10%m/s, muwy = 1.6201 x 10*%cm ™1,
v3 = 1.6775 x 10%m/s, muvs = 1.4491 x 10*%cm 1.

For now on we suppose that the obstacle K is either K; or K5 and that the velocity v is either vy, vy or vs.

5.2 Selection of the Parameters

We have obtained rigorous upper bounds for the difference between the exact solution to the Schrodinger equation
and the Aharonov-Bohm Ansatz, and for the difference between the scattering operator and its high-velocity limit.
These bounds hold for any choice of the parameters S, ) ,€,0 and €. We use this freedom to choose these parameters

in a convenient way. From now on, we choose the parameter S; > 0 such that
r1p(S1) = 1. (5.7)

This choice is made to optimize the error bound in Theorem 3.1. This theorem was proven using Lemmata 11.3, 11.5.
For example, for the convergence of the integral on the left-hand side of equation (11.10) we need the decay of p(o, 2)
for large z, but for z small this factor is very large. For this reason we split this integral in two regions (where we use

different estimates) introducing the parameter Sj.
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Furthermore.,

= . To—T
€= 500
=

0 := 105>

(5.8)
6 := max(10 0, k),

—
50°
This selection was obtained using numerical estimates to optimize the error bound for the time evolution of the electron

wave packet.

6 The Time Evolution of the Electron Wave Packet. Continued

LEMMA 6.1. For the data used in the Tonomura et al. experiments, v € {v1,ve,v3} and K e {Kl,Kg}, suppose
that o € [22 7, /2] and ¢ € R. Then,

33 omv)

e =gy Am (2(0),0) < e A%(0) +107%%,

33 (U'nLv)2
34T 2

e_mg%(z(a), o)+ 3R(( 2(0)) < e 5 A%(0) + 107420 (6.1)

3.3 (omv)

¢ T A% (2(0),0) + R(0,2(0)) < e~ A>(0) + 107420,

Proof:

e First case, o € [0, 3.

As &(o)7! < /22 mu, we have that

(omv)?

< omf —a{e) 7 < 34. (6.2)

For these values of o, ©(0)~! = v/2000. Then, using (11.23) and the experimental values we get,

2.1023 x 107% < 2(0) < .0673. (6.3)
We also have,
0042 < S; < 303.8306. (6.4)
Using (6.3) and (6.4) we get,
(hr2o®mPv®)/? (max(z(0), S1)) < 2.9127 x 10, (6.5)
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and

(o*m?v? 4 ¢?)'/? < (52 33z2(0)?

/2 <0.0015. :
omu <0+ 3 a00) | = 00015 (6:6)
Now we note that (see the definition of R({,z(0)) in (4.30)).
4,22 2\1/2 Co?
R(Ca(o)) < M2 TV A HO) D wmte R(0,a0) < 200 ST (67)
amuv

We bound the quantities A7, J € {—00,0, 00} uniformly for o € [0y, %] and for the experimental energies and
magnets, using (6.3, 6.4, 6.5, 6.7) and the smaller experimental values of 77, (73 —71), h and mv to determine the

components of m. We use the fact that for the values of sigma that we consider, e_m < e71000 t5 obtain,
" T A= (2(0), ) < 107420,
e T A%(5(0),0) + LR(C, 2(0)) < 107420, (6.8)
¢ T A% (2(0),0) + R(0, 2(0)) < 10-420.

e Second case, o € [£2 g¢]. For these values of o, % = 34, then by (11.23), 34 h++/34v/33h < z(0) <

34h++/34 \/§U4m2v2 + 33 h2 and by triangle inequality z(c0) < 34h+ /33 0?muv + 34h and then, we have that,

134.99h < z(0) < 136.82h. (6.9)

It can be verified that,

max(z(0),S1) = 51 < omuory,

max(z(0), S1) "2 (hr3o®m3v3)1/2 < omm’g(%)lﬂm, (6.10)

(ot m? @) (1 1] x 10 4 1)1/213682h
omuv omuv

where in the last inequality we used (6.9). Using (6.9) again we get

_ % ( 133&99h )2

R(0,2(0)) < %wl/%e <1071, (6.11)

Finally we obtain (6.1) using (2.19), (4.32), (6.7), (6.9), (6.10), (6.11) and the fact that A4(m) < A;(m) and

— 1 3 (omv 2
As(m) < A3z(m) (note that in this case e 28(»* = B ).

33 (a"m,v)2

REMARK 6.2. For j € {—00,0,00}, e751~ 2 ~ AJ(0) is decreasing on the interval [%5 00).

Proof: Calculating the numbers Ag we find that Af > 0 for i € {1,1/2,—1}, and also AQI/Q > 0. The other

components of the vectors AJ are negative. We suppose that j € {—00,00}, the case j = 0 can be done in the
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same way (the term A% "1/ is manipulated as the term A%,). Since A/(c) > 0 and omv > 4.5, we have that

33 (am u)

a J
i Al <e

33 (om u)

(=b1(0)+b2(0)), where by (o) = %4.5mv(A10+A1/201/2) >0and by = —§4.5mv(Aé+
Aj /20_1/2) + Zie{l 1/2,0,—1/2} iAJ;Ui_1 > 0. As by is increasing and by decreasing, —b; + b is decreasing, as

—by(£3) + by(£5) < 0, we have that -Le™ 7 A < 0for o €[22 ).

Below we introduce a partition of an interval that is adapted to the magnitude.

DEFINITION 6.3. For any number a > 0 we designate by O, € Z the order of a, (i.e. O, is such that 109 <
a < 109%%1). For an interval [a,b],a > 0 and a positive number Ny we define the partition P(a,b, No) := {p;i}*_,

(pi <pipiVie {1,--- k—1}) as follows:

o case 1: b < 109+ If b — a < Nyl09 we take k = 2, py = a, ps = b. If b —a > Nyl0° we take k > 3,
p1 = a,pr = b and p;,i € {2,---k — 1} such that p; < pir1, piy1 — pi = Nol0% for i € {1,--- k — 2} and

Pk — Ph—1 < No10%e.

e case 2: b > 109+, For every j € {0,---,0, — O,} we define a set P7 as follows. We take P° as in the case 1
but taking 109*! instead of b. PP ~C« is taken as in the case 1 taking 10°* instead of a. If O, — O, > 2, for
je{l,-++,0p — Oy — 1} we define P7 as in the case 1 taking 10977 instead of a and 109*7+1 instead of b.

Now we define P(a,b, Ng) = Uje{o,'..,ob—oa}Pj~

DEFINITION 6.4. We denote by {;}7L, the following sets:

X o= P(log({5)250’10g(f5)197"0003); Lo = P(log(lr(l))lgw1og(fé)1507'0005)7 Xy 1= P(W,IO’E’,.OOO&, Xg =
P(1075,1.1 x 107°,.0001), X5 := P(1.1 x 107°,1.3 x 107°,.0002), Xg := P(1.3 x 107°,1.7 x 1075,.0004), X7 :=

P(1.7x107%,2 X 107%,.0008), Bs := P(2 x 107, 5, .0015), g 1= P(1075, 1—Hs25,1000), S10 := P (00, 105, 1000),

211 = P(4 5 ao, .1).

muv’

LEMMA 6.5. Suppose that the energies and magnets are the ones used on Tonomura et al. experiments. Let
wi € Ryi € {1,2,3}. Suppose that {u;}?_, is contained in one of the sets X for j € {1,---,11}. We take uz = 1076
if {ui}?_, is contained in X; for j € {1,---,10} and we take pz = oo if {u;i}?_, is contained in the last set. We
suppose furthermore, that p1 and ps are consecutive numbers in the set where they belong and p1 < po. Then, for

every o € [u1, pe] and every ¢ € R with |¢| < z(0) we have that,

Cps(0)
2

C;DP(U)IPP(/J'D K2, /~L3) + IPS(Mlv H2, 13, C) + Csp(a)jsp(:ula H2, /143) + 0552(0) ISS(/J'h M2, 13, C) <

Jem 5 11078~ 8 FE A () 4 10101,
(6.12)

Cpp(a)lpp(,ulv K2, U3) =+ Cps(g)Ipp(.Uly K2, M3) + Csp(o')lsp(,ula M2, MS) + CSS(G)ISP(,Ula M2, MS) <

- _33 (amv

7,,2
de™ 227 + 10 Te 5 A>(0) 107101,
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where the functions Iy, Ips, Isp, and Iss are evaluated at Z := z(u2) if py < 09 and at Z := maxje 1 23{Zuw(ua),p; (P(12)) }5

if pj > 09.

Proof: We use a computer to calculate r1p(u;, Z) for i € {1,2,3} and we prove that these quantities are bigger than

1. As z(0) < Z (see 11.27), m1p(ui, Z) > 1 for ¢ € {1,2,3} implies that || < r,, ., and that 7, ,, > Z, what

simplifies I (see equation (11.35)). We estimate the integrals as it is shown in the appendix using a computer,

taking 6o = 1 if yymo > 10 and §y = 35 if pymo < 10. We use the computer again to show that (6.12) is valid with
2

2
A (p2))
33 (omw)?

2
instead of (46_ﬁ +10 "e 3 =z A*(0)), —Z instead of ¢ and cp(p1) instead of er(o) (for T € {pp,ps, sp, ss}).

33 (amv)2

’7‘2 7”71
A%(p2)) instead of (467ﬁ +1073e7 317~ A%0)), (4e > +107 e

_ 33 (pgmuv)? _ 33 (namw)?
34 2 34 2

(de T +10 %

Finally by Remark 6.2 and the fact that cr(o) < er(pa), Ir(pa, 2, 13,¢) < Ir(p, p2, p3, —2Z), T € {pp,ps, sp, ss}
(see (11.27)) , we obtain (6.12).

6.1 The Incoming Electron Wave Packet. Continued

THEOREM 6.6. Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then

for every gaussian wave function with variance o € [%, %1] and every ¢ € R with ( < —z(o) we have,
¢ . _ 33 (omv)? _ . B
le™ 5 W (A)py — xe T e Moy | < e H T N 1yn0,m1/0,-1y A7 07 10702, (6.13)

where the quantities A °° are explicit numbers that depend only on the magnet and the energy that we take (see (4.32))

Proof: Equation (6.13) is a consequence of Theorem 3.1, Remark 4.1 and Lemma 6.1.
6.2 The Interacting Electron Wave Packet. Continued

THEOREM 6.7. Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then

for every gaussian wave function with variance o € [%, ;21] and every ¢ € R with || < z(o) we have,

||67i%HW_ (A)SDV _ Xe_ifoioo O»A(w-&--rv)drefi%Ho(pv” <

(6.14)

33 (<77n'u)2

’7‘2 .
de" 307 4 o 3175 Y icti1/2.0 172,13 (1 +107%) A% + 107100 4107420,
where the quantities AY are explicit numbers that depend only on the magnet and the energy that we take (see (4.32))

Proof: Let o € [%, %], then there are uq, o and ug such that uq, po, u3 and o satisfies the hypothesis of Lemma 6.5.

We prove using a computer that they satisfy also the hypothesis of the Theorem 3.5. We obtain (6.14) from Theorem
3.5, Remark 4.1 and Lemmata 6.1, 6.5.
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6.3 Outgoing Electron Wave Packet and Scattering Operator. Continued

THEOREM 6.8. Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then,

for every gaussian wave function with variance o € [%, %] and every ¢ € R with ¢ > z(o) we have,

le= SR HW_(A)py — eiPxe i fop, || <

(6.15)
r? omwv)2 .
Te"307 4”5 Dieq1,1/2.0,-1/2,-13 (1 + 1071 Ao’ +107100 + 10729,
ISy — e ®xepv|l <
. (6.16)

33 (omw)?

Te™307 4+ e 5 T Y0 no1je1y (14 107 ARG 410710 4 10742,

where the quantities AS° are explicit numbers that depend only on the magnet and the energy that we take (see (4.32)).

Proof: Let o € [%, %] Then, there are ui, pus and pg such that uq, pe, u3 and o satisfies the hypothesis of Lemma
6.5. We prove using a computer that they satisfy also the hypothesis of the Theorem 3.8. We obtain (6.14) from
Theorem 3.8, Remark 4.1 and Lemmata 6.1, 6.5. To get equation (6.16) we remember that to obtain the error bound
in Theorem 3.8 we used the error bound for the scattering operator of Theorem 3.7. Then, the error bound that we

get for the outgoing wave function in Theorem 3.8 bounds the error bound for the scattering operator.

7 Aharonov-Bohm Ansatz. Discontinuous Change of Gauge Formula
from the Zero Vector Potential

In this section we denote by A the vector potential constructed in Section 4. We take also the parameters, magnets

and energies introduced in Section 5.
7.1 Statement of the Aharonov-Bohm Ansatz

Let A; and Ay be two differentiable magnetic potentials defined in R?\ K with curl zero and that have the same flux

®. Suppose, furthermore, that

|Ai(z)| < C !

=T e a;(r) == max, cps\ g 51> 114i(2) - 2[} € L0, 00). (7.1)

Choose any point 2o € R\ K. We define

)‘A2,A1 (:L’) = /I(AQ - Al)a (72)

0
where the integral is over any curve in R? \IN( that connects xy with . This integral does not depends on the curve
because both potentials have curl zero, and both have the same flux ®. If this last condition is not true we can not

define A4, 4,. Then,
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Ay = A + VA4, A (73)

The solution to the Schrédinger equation with magnetic potential A, and initial condition given when the time is zero
by the estate 1, is obtained in terms of the corresponding one for the magnetic potential Ay, by the change of gauge

formula,

e—i%H(Ag),(/} _ ei,\A2,A1e—i%H(Al)e—i,\M,Alw (7.4)
The solution to the Schrodinger equation for the vector potential A; that behaves as
e inHoy, (7.5)
when the time goes to minus infinity is given by the formula (see equation 1.9),
e HHADW_ (A (7.6)

In other words, (7.6 ) is the solution to the Schrédinger equation when the initial conditions are taken at time minus
infinity by (7.5). Now we give the change of gauge formula for the Schrédinger equation with initial conditions taken

at time minus infinity:

e IRHAD W (A)p = M2 (@) m iR HAD (A} )e P 24100 (-P)y, (7.7)
where A4, 4, 00(2) 1= lim, oo A4, 4, (rz). (see equation (5.8) in [3]).

Although the magnetic potential, A, constructed in Section 4 has curl equal zero, it has non zero flux. Therefore,
there is no change of gauge between the vector potential zero and A. Suppose now that for every time the electron is
practically localized in a region, D, that has no holes (that is simply connected) or, in other words, in a region where
Aa,0 can be defined by equation (7.2) if we take curves that connects x¢ with x lying on this region. On this region A
is gauge equivalent to the vector potential zero and the change of gauge formulae (7.4) should follow approximately
(although not exactly, because there is not a real change of gauge between A and the zero potential). The error will
depend on how much of the electron lies in the complement of D. This is the Ansatz of Aharonov and Bohm [2]. Let

us be more specific. In our case we take,

D:=(R*\K)\S, (7.8)
where

S = {(z1,22,0) € R* : \/a} + a3 > 7y} (7.9)

For two vector potentials A; and Ay whose curl is zero (and that do not necessarily have the same flux) we define

the function given in (7.2) in the simply connected region D: given xg = (20,1, %02, %0,3) € D with x93 < —h and
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in D we define,

Adg,a, (T) = /I(Az - Ay), (7.10)

CO

where the integral is over any curve in D connecting zy with z. Note that for an electron to cross from the negative

vertical axis to the positive one over D, it has to go through the hole of the magnet.

Then, we have that,

Ag(z) = A1(x) + VA, 4, (x), zeD. (7.11)

We extend Aa, 4, to R?\ K by zero without changing notation, i.e., Aa, a,(z) = 0, for z € S. Note that Aa, 4, is

discontinuous on S.

The Ansatz of Aharonov and Bohm can be stated in the following way.

DEFINITION 7.1. Aharonov-Bohm Ansatz with Initial Condition at Zero
Let A; be a magnetic potential defined in R? \ K such curl A; = 0, and with flux not necessarily zero. Let 1 the
initial data at time zero of a solution to the Schrodinger equation that stays in D for all times. Then, the change of

gauge formula ([2], page 487),

67i%H(A1)1/} ~ eiAAl,o(z)efi%ngfiAAl,o(z)w (712)

holds.

Note that if the initial state at ¢ = 0 is taken as e~ **41.0(#) ¢) the Aharonov-Bohm Ansatz is the multiplication of the

free solution by the Dirac magnetic factor e**41.0(*) [7],

Equation (7.12) is formulated when the initial conditions are taken at time zero. Now we reformulate it taking
initial conditions when the time is minus infinity and for the high velocity state . For the high-velocity state
and for big v, we have that,

e_i)‘A2*A1*°°(_p)g0v R e_i’\“%Al""’(_‘A’)(pv. (7.13)

For this statement see the proof of Theorem 5.7 of [3]. Formula (7.7) with W_(0) = I, and equation (7.13) suggest the
following formulation of the Aharonov-Bohm Ansatz, with initial condition at time minus infinity and for high-velocity

states.

DEFINITION 7.2. Aharonov-Bohm Ansatz with Initial condition at —oo. General Potentials

Let A; be a magnetic potential defined in R3\ K such curlA; = 0, and with flux not necessarily zero. Let ¥y (A;)(z, 1),
vy (A1) (2,t) == e iR HAD Y (A1) ov
be the solution to the Schrodinger equation that behaves as

e~ (7.14)
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when the time goes to minus infinity. We suppose that v (A41)(z,t) is approximately localized in D for every time.

Then, the following change of gauge formula follows,
Py (A1) (z, 1) o P ar0@) =i Hog=iay 0,00 (=) (7.15)

where )\AI,O,OO(‘T) = limr%ooAAl,O(rx)'

O

Let us show that formula (7.15) can formally be derived from (7.12). We take ¢ = ei*41.0(®)e=ra10.00(=¥) i

(7.12). Then, we have that e*i%H(Al)z/; & e”‘Al»U(I)e*i%H"e*iAAl»°v°°(*‘7)<pv. For big velocities, the time evolution

e~ o, is localized near the classical position vi [8] . Therefore,

) e . . . o i .
BZAAl’O(x)B ZhHoe Z)\Al,o,oo( V)QO‘,%eZ)\Al’O(Vt)e 'Lhng ’L}\Al,()’oc( V)SQV7

and thus, 671%1—[(141)1/} behaves as (7.14) when the time goes to minus infinity. Then,
wv(Al)(-%t) ~ e_i%H(Al)z/J ~ ei/\Al,o(w)e—i%Hoe—MAl,o.oo(—{’)(pv

and (7.15) follows.

For a general C! vector potential A; with curl equal zero and flux ®, there is a real change of gauge (given by
formula (7.2)) between this potential and the vector potential A with support in the convex hull of K constructed in
Section 4. As the vector potentials A and A; are gauge equivalent, they define the same physics and, therefore, we
can always chose the vector potential A. For this potential, /\},fx,o,oo(_‘A’) = 0, and then, the Aharonov-Bohm Ansatz

for initial conditions at minus infinity and the potential A is as follows.

DEFINITION 7.3. Aharonov-Bohm Ansatz

Let A be the magnetic potential constructed in Section (4).

Let ¢y (z,t) == e " HAW_(A) @y be the solution to the Schrédinger equation that behaves like
Py 1= et (7.16)

when time goes to minus infinity. We suppose that 1y is approximately localized in D for all times. Then, the following
change of gauge formula holds,

Py & M@ emin oy, (7.17)

O

Observe that the Aharonov-Bohm Ansatz is the multiplication of the free solution by the Dirac magnetic factor e**4.0(#)

[7]-
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Note that as we noticed before, the electron -when emitted, would follow the free evolution e‘i%H‘)(pv under
the assumption that we take a representation where the magnetic potential (A) vanishes at this time. If we take a
representation given by a general vector potential (A;) with flux ®, we should change the initial conditions at minus

infinity by ei’\;fi‘lvo’w(_o)e_i%Hoapv (notice that Ay o (=v) =N 4 o (=V)).

In the following sections we give a rigorous proof that (7.17) holds and we obtain error bounds for the difference
between the exact solution and the Aharonov-Bohm Ansatz. We also provide a physical interpretation of the error

bound and we relate it to the probability for the electron to be outside the region D.

8 The Time Evolution of the electron Wave Packet. Final Estimates

In this Section we use the same symbol, e*iT(nHO, for the restriction of the free evolution to A and, moreover, we

designate by || - || the norm in L%(A).

8.1 Incoming Electron Wave Packet. Final Estimates

LEMMA 8.1. For every gaussian wave function, y, with variance o and for every ( € R with ( < —z(0), the

following estimate holds.

33 (om

i%Howv o ei)\A,oefz%HosavH < \/567§ 2U)2 + 107420. (81)

llxe™

Proof: Let D_y, be the set {(x1, 22, 23) € R : 23 < —h}. We have that, Aao(z) = 0 and x(z) = 1 for « € D_;. Using

polar coordinates we obtain (see (3.14), (11.3) and Remark 11.1).

e dg < 2e~ i (0:2(0))* (8.2)
(RAD_,—¥¢)p(a,0)

Ixe o, — et ivntog |2 <
3/

M
2

0
Finally we notice that V2e~ < 1044 for o > oy.

Using Theorem 6.6 and Lemma 8.1 we prove that,

THEOREM 8.2. Aharonov-Bohm Ansatz. Incoming Wave Packet

Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then for every gaussian
wave function with variance o € [%, %] and every ¢ € R with ( < —2z(c), the solution to the Schrédinger equation
that behaves as (7.16) when the time goes to minus infinity, e~ v HYy_ (A)py, is given at the time t = % ( ¢ being the

vertical coordinate) by the Aharonov-Bohm Ansatz,
o ik Hog, (83)
up to an error bound of the form:
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33 (¢7mv)2

le= "R AW_(A)py — e a0emimntop, || < e~ 375 (Cicq11/2,0,-1/2,-1} A7%0" +/2) +10719, (8.4)

where the quantities A;°° are explicit numbers that depend only on the magnet and the energy that we take (see

(4.82)).
8.2 Interacting Electron Wave Packet. Final Estimates

LEMMA 8.3. For every gaussian wave function, @, with variance o € [4.5/mv,71/2] and for every ( € R with

IC| < 2(0), the following estimate holds.

=

T

er—ifo_oof/'A(:c-i-TV)dT uhHo(p _ ei)\A,oe*i%Ho(pv” < 267%7‘3p(07ﬁ)2 < 2.0031 67%6

)

_|_
(8.5)

33 (amv)

2e"51 3 4 107456,

Proof: We denote by HM := {(x1,2,23) € R® : \/af + 23 <r}. Forw € HM, — [ 7V - Az 4+ 19)dr = N} 4(x)

and x(z) = 1. Using polar coordinates we obtain (see (3.14, 11.3)),

||Xe—1j0 VA(z+rV)dT —igs HOQO _ GZAA’OE_Z%HOQOVHQ < 7 e_m2d.f < 4€_T%p(o’<)2. (86)
@ RINHM—=V()p(0,¢)

The second inequality in (8.5) is proved in three cases:

e ocC [fni,ao]

y (6.9), see also Sections 2 and 5.2,

2
2 5
6—710(0 ¢)? < e o) 2 u(0)2 < ¢ (318202 53 (omv) <e” 33 (0"“1)2 (8.7)

e 0 € [00,3.2 x 107%]. For these values of o we have that @(c) = 2000~/2. We use (6.2), (11.23) and the triangle

inequality for the square-root term to obtain,

o) _ 1 (68h  VI000x3L) (55)
o2mv ~ mv \ o2 o
Then,
1 2 2 7“2 1 7"2 1
e—§P(‘77<) ™ < ex _ 1 = ex 1 . 8.9
S| i e | e e v | Y

The function f(o) = 1/ (O’ + ( (68h + /2000 x 34)2 ) restricted to the interval [og,1077] has derivative
equal to zero on the positive axis only at the unique point of intersection of the function o* and the line

68h (68h + /2000 x 340), see Sections 2 and 5.2. For the interval [1077,3.2 x 1075] the derivative of f is zero
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over the positive axis in the unique solution of the equation ¢% = 68h (68h—|— v/2000 x 344 680)c), see Sections

2 and 5.2. Then, it follows that,

_r 1
exp | =% 2 0T L (R 2000><34)2:| <
(8.10)
i 1
max,e{sq,10-7,3.2x10-6} €TP 2 VP L (P 1/2000%31)2
Evaluating (8.10) using the experimental energies and magnets, we find that,
e3P0 < 107458, (8.11)
e 0€[32x107% 2.
Now we use that
2 2 2 2 (o)
e TiP(@0? < o=tk o~ (rip(oz(0)) = Th) _ Tk exp [”2 () ] : (8.12)
o1 4+ (o(m)v)2

(emwv)?
(emv)2—&?

By (11.23) ;2(;)1) is decreasing as a function of o (see Sections 2, and 5.2 and notice that is decreasing

on o) and then, we have that,

/3 lrz (z(a) )2 ] /s r? (%)2
2exp % < V2ezp - = o < 1.4171. (8.13)
201+ () 23230079 1+ (5 s

REMARK 8.4. The term appearing in the middle inequality of equation (8.5) is two times the square root of the
probability for the free particle to be outside the hole of the magnet (HM) when the electron is classically at the
position (0,0, ¢):

/ (e 5 o) () 2de = e~ 10(7O", (8.14)
R3\HM

Recall that HM is defined in the proof of Lemma 8.3. Equation (8.14) is a measure of the part of the electron that hits
the magnet when the classical electron (the electron under classical mechanics rules) lies within a distance less than

z(o) from the center of the magnet. By the second inequality in (8.5 ) we can see that the probability of the electron

3
S

w\»—A
|

to be outside the hole of the magnet at time /v splits in two terms: one, e~

-2 is due to the probability of the free
electron to be outside the hole when ¢ = 0 (see formula (8.14)). This factor provides us an idea of the influence of the
magnet over the electron given by the size of the wave packet (i.e., how much does the electron hits the magnet -see
Section 9.4), and the other, e‘g%%, is related with the spreading of the electron as time increases - see Section 9.5.
This factor is important when o is small, because by Heisenberg uncertainly principle when the electron is localized in

a small region, its momentum is not localized and therefore the electron spreads. Those two factors are essentially the

causes of all the error bounds that we have in this paper. The error bounds are mainly produced by the probability of
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the electron to hit the magnet when it is classically at the position (0,0, ¢), with |¢| < z(c). In Section 9 we provide
an analysis of these terms and we give precise definitions of the size of the electron wave packet and of the opening

angle, that is due to the spreading.

Using Theorem 6.7 and Lemma 8.3 we prove,

THEOREM 8.5. Aharonov-Bohm Ansatz. Interacting FElectron Wave Packet
Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then, for every gaussian
wave function with variance o € [%, %] and every ¢ € R with |¢| < z(o) the solution to the Schrédinger equation,

e~iR Y _ (A)py, that behaves as (7.16) when time goes to minus infinity is given at the time t = % ( ¢ being the

vertical coordinate) by the Aharonov-Bohm Ansatz,
ei)\A,oe*i%HOSOv’ (815)

up to an error bound of the form:

le= S HW_(A)py — ePaoeisifog, || <

(8.16)
33 (emv)?

7‘2 .
6,00316_ﬁ +e 34f(zie{l,l/Q,O,—l/Z—l}(l + IO_B)A?OJ + 2) + 10101 + 10~420 + 10—456,

where the quantities AY are explicit numbers that depend only on the magnet and the energy that we take (see (4.32)).
8.3 Outgoing Electron Wave Packet and Scattering Operator. Final Estimates

LEMMA 8.6. For every gaussian wave function, p, with variance o and for every ( € R with ( > z(o), the following
estimate holds.
. . . . omuv 2
erz{)efzv—chHo(pv _ ez)\A,oefz%Ho@VH < \/iefﬁi( nv) + 10420 (817)
Proof: Let Dy, be the set {(z1,x9,23) € R? : 3 > h}, note that Ago(z) = ® and x(z) = 1 for x € Dj. The proof

follows in the same way as the proof of Lemma 8.1.

Theorem 6.8 and Lemma 8.6 imply the following theorem.

THEOREM 8.7. Aharonov-Bohm Ansatz. Outgoing Electron Wave Packet

Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then for every gaussian

wave function with variance o € [%, %1] and every ¢ € R with ¢ > z(o) the solution to the Schrédinger equation,

Tk (A)py, that behaves as (7.16) when the time goes to minus infinity is given at the time t = § (C being the

v

vertical coordinate) by the Aharonov-Bohm Ansatz,
ei)\A,oe—i%Ho Oy, (818)
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up to an error bound of the form:

le= SR HW_(A)py — ePave=imntiog, || <

(8.19)
r? omwv)? .
Te 27 + e_%i%(Zie{1,1/2,0,71/2,71}(1 +107)AF0! + v/2) + 107101 + 2 x 107420,
and, furthermore, the scattering operator satisfies,
. 7"2 omuv 2 .
1S(A)py — ey || < Te 507 4+ e~ 8175 > (14+107)ALe" +v2) + 10711 42 x 107420 (8.20)

1€{1,1/2,0,—1/2,—1}

where the quantities AS° are explicit numbers that depend only on the magnet and the energy that we take (see (4.32)).
8.4 Uniform in Time Estimates for the Electron Wave Packet

REMARK 8.8. The error bound of Theorem 8.2 is smaller that the one of Theorem 8.5 and this last one is bounded
by the error bound of Theorem 8.7. This is physically reasonable, because for an electron to be an interacting electron,
it has to be first incoming electron and for an electron to be outgoing electron it has to be before an interacting electron,
so the error should be accumulative. Let us prove this. That the error of Theorem 8.2 is smaller than the one of the
Theorem 8.5 follows directly from the definitions (4.32). To prove that the error in Theorem 8.7 bounds the one of

Theorem 8.5 we use again (4.32) and that (remember that omv > 4.5),

0 ~
(141073222 4 (2 v2) = (1+107%) [@7(1 +1.11 x 1076)1/213682 ) 4 (9 — /9) <

_10-3 1 _ e R 10-3Y(1/2 o —1)2 7\ As(1m) (8.21)
(2~ 1073)(150(1 — & )omv — 134.99)E ZEZ Zins < (2 1078) (0" 2mury — o~ 1/2134.99h) 4™ <

(2= 107%)(0'2AL T + o~ 2ATT,).

This gives us the following theorem.

THEOREM 8.9. Aharonov-Bohm Ansatz. Time-Uniform Estimates

Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then, for every gaussian

wave function with variance o € [%, %1] and every ¢ € R the solution to the Schridinger equation, e~ian HTY_ (A)py,

that behaves as (7.16) when the time goes to minus infinity is given at the time t = % ( ¢ being the vertical coordinate)

by the Aharonov-Bohm Ansatz,

ei)\A,o(I)efi%Hosov, (822)

up to an error bound of the form:

le= SR HW_(A)py — ePaoemirtop, || <
(8.23)

33 (emw)?

7‘% .
TeT2? +em5 7 (Ym0 1/21y(1+107)AFG" +/2) + 107100 42 % 107420,
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Moreover, the scattering operator satisfies,

a7n7)2 )
ISy — | S TeHE 4+ e B Y (14 10)AR VD 41070 42X 1070, (3.24)
i€{1,1/2,0,—1/2,—1}

The quantities A3° are explicit numbers that depend only on the magnet and the energy that we take (see (4.32)).

O

By (4.29) and (5.2) m;(x1) > mi(x2), i € {1,---,5}, and as o'/?muvr; > 1341?3h (omury > 134.99 h, remember
that omov > 4.5), we have that AJ(o,v,m(x1)) > A%(0,v,m(x2)) (see (4.33)). We have also (see (4.32) and (4.33))
that A (o,v;,m(x1)) < A®(0,v1,m(x1)) for i € {1,2,3} and j € {1,2} (notice that A(mm); > A(m), and A(m)s >
A(m)s). So if we write AS®(vy,m(x1)) in (8.23, 8.24) instead of A$® we obtain also error bounds, but now the
coeflicients A$® are fixed for all the magnets and velocities. Taking this into consideration we calculate the values of

A (v1,m(x1)) and we obtain the following theorem.

THEOREM 8.10. Aharonov-Bohm Ansatz and Tonomura et al. Ezperiments

Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then, for every gaussian
wave function with variance o € [—‘z, 71] and every ¢ € R, the solution to the Schréidinger equation, e~ian HTY_ (A)py,
that behaves as (7.16) when the time goes to minus infinity is given at the time t = % ( ¢ being the vertical coordinate)

by the Aharonov-Bohm Ansatz,

ei)\A,o(w)efi%HosOv, (825)
up to an error bound of the form:
e W (A)py — erroem ity | <
2 (8.26)
Te 57 4+ e~ BUEE (104 x 1010 +3.91 x 10501/2 — 141 x 103 — 114 x 1072L5) + 10710 2 x 10420,

Furthermore, the scattering operator satisfies,

IS0y — Py || < T30 + e 5 U5 (104 x 100 + 3.91 x 10861/2 — 1.41 x 105 — 1.14 x 1021, )+ 52
7 8.27

107101 4 9 % 10—420,

O

33 (am'u)

2
We now bound the right hand side of (8.26) by Te 27 + F(o,mv), where F(o,mv) :=e 51 2z (1.04 x 10140 +
3.91x10%¢/2) 4107191 +2x 107420, We notice that F is decreasing for mv fixed and omv > 4.5. We compute F(15.5x
10719 mw3) and show that this quantity is less than 107199 it follows that F (o, mv) < 107199 for o > 15.5x 10719 and

33 (o

muv 2
the experimental velocities. Then (o, mv) < e~ 81 72" (1.04x 1014(15.5x 10~ 10)+3.91 x 103(15.5x 10~ 10)1/2) 4-10~ 100

=177 x 1036*%(0730) + 10719, We obtain the following theorem, that is our main result, and that is quoted as

Theorem 1.1 in the introduction.
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THEOREM 8.11. Aharonov-Bohm Ansatz and Tonomura et al. Experiments. Final Estimates

Suppose that the magnets and energies are the ones of the experiments of Tonomura et al.. Then, for every gaussian
wave function with variance o € [%, %] and every ¢ € R, the solution to the Schrodinger equation, e~ion Hyy_ (Ao,
that behaves as (7.16) when the time goes to minus infinity is given at the time t = % (C being the vertical coordinate)
by the Aharonov-Bohm Ansatz,

ei/\A’O(w)e_i%HDQDV, (828)

up to an error bound of the form:

le= SR HW_(A)py — ePaoemizifog || <

"’% 33 (o‘m'n)2 (8'29)
Te 2.7 + 177 x 103e7 51~ =2 — 4+ 107100,
Furthermore, the scattering operator satisfies,
: “"% 33 (omwv)?
Sy — e ®py|| < Te 202 +177 x 10%e™ 3 = — + 1071, (8.30)

REMARK 8.12. In the experiments of Tonomura et al. [26], they send an electron wave packet that partially hits
the magnet. The part of the electron wave packet that hits the magnet does not go behind the magnet because we
can see the black shadow of the magnet behind it. In other words, this part of the electron wave packet will be in the
region {(z1,x2,23) € A : 3 < h}. We can bound, therefore, the probability of interaction of the electron with the
magnet by the probability for the electron to not be behind the magnet for large time. We denote, as in the proof
of Lemma 8.6, by Dy, the set {(z1,72,73) € R® : 23 > h}. Actually Dy, is the region behind the magnet. Then the

probability of interaction of the electron with the magnet is bounded by,
Peavo, e FHW_(A)py | (8:31)

when the time goes to 0o, where x\p, is the characteristic function of the set A\ Dy,. We take as before ¢ = vt, then

we have,

it S ; iS5 S
Ixavp, e FHIW_(A)pu|I” < (e smTW_(A)py — e i ooy | + [xap, e~ 7 Topy )2, (8.32)

We take w(o) := \/T% and 2(0) := 25(e),0(h(0)), see Section 2. Using polar coordinates we obtain for ¢ > (o)
ﬁo'm'l)
(see Section 2, (3.14), (11.3) and Remark 11.1),

—i-$ H, 2 1 —z2 1 —Binv(0,2(0))? 1 — 33 (omw)?
Ixa\D e 7" 00y |I" < —/ e P dr < —e Vil =_e % . (8.33)

' w32 S\ 90 p(0.0) 2 2
Letting the time go to oo in (8.31) and using Theorem 8.11, (8.32) and (8.33) we obtain that the probability of

interaction of the electron with the magnet is bounded by,

33 (gmw)?

2
(Te” 22 + 177001~ 312 — + 1071002, (8.34)
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9 Physical Interpretation of the Error Bounds

We analyze the error bounds given in equation (8.29, 8.30). The error bounds appearing in the whole paper are pro-
duced by the same factors. Equations (8.29, 8.30) provide uniform in time error bounds that apply to all experimental
magnets and energies. The behaviour of the error bound is the same for the three energies and the two magnets, so
there is no loss of generality if we select a magnet and an energy in our analysis. We will use the biggest energy (E7)

and the second magnet (K5) to provide numbers and graphics. So, for now on we take the magnet K5 and the energy

E;.

The main factors that produce the error bound in equation (8.29, 8.30) are the terms,

1. Size of electron wave packet factor.

e 7. (9.1)
2. Opening angle of the electron wave packet factor.
muv 2
o~ B (9.2)

When the variance o is close to the radius of the magnet, (9.1) is close to 1 and (9.2) is extremely small, because
in this case omwv is big. Then, when the electron is big compared to the inner radius, (9.1) is the important term,
which justifies our name. When the variance is very small -such that omuo is close to 1- the factor (9.2) is close to one
and (9.1) is extremely small ( "% is big), and then, the important factor is (9.2). But when the variance in position
(o) is small, by Heisenberg uncertainly principle the variance in momentum is big, and then, the component of the
momentum transversal to the axis of the magnet is large. In consequence, the opening angle of the electron wave

packet is large, and the electron spreads fast as it propagates. This justifies the name of (9.2).

By the previous discussion, we divide the analysis of the error bounds in (8.29, 8.30) in three sections: big sigma
(o close to the inner radius of the magnet), small sigma (omuv close to 1) and intermediate sigma (sigma neither big,
nor small).

9.1 Big Sigma, 0 € [Z,

]

o

Remember that 1 = 7; — ¢ and that ¢ is defined in Section 5.2. Here 71 = 1.75 x 10~%em (see Section 5.1). Then,
in terms of absolute values, big sigma ranges over the interval [7.7955 x 107%,8.7500 x 10~5]. In Figure 1 we show
the graphic of the error bound in (8.29) as a function of = for big sigma, and in the table below we give some

representative values.
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Error Bound as a Function of

Sigma Over 7 for Big Sigma.

Sigma Over r; | Error Bound
.34305 10T
.27626 1072
.23764 103
21170 10~4
19274 1075
17811 10
16637 107
15668 1078
14851 1079
.14150 10-10

9.2 Intermediate Sigma, o € [6.7591 x 107%, L], or o € [23 134678

22 mv’ mv

Remember that mv = 1.9842 x 10° (see Section 5.1). Therefore, in terms of absolute values, intermediate sigma ranges
over the interval [1.1592 x 1079, 7.7955 x 10~°]. For these values of sigma, "L > 22 and omv > 23, and therefore, the
error bound in (8.29) is less than 1079.

For intermediate sigma the probability of interaction of the electron with the magnet is less than 1079 (see Remark

8.12).

9.3 Small Sigma, o € [1.3224 x 107571,6.7591 x 107%r], or o € [%2 23]

muv’ muv

In terms of absolute values we have that o € [2.2679 x 1071°,1.1592 x 10~%]. In Figure 2 we show the graphic of the

error bound in (8.29) as a function of %, for small sigma, and in the table below we give some representative values.

Error Bound as a Function of

Sigma Over r; for Small Sigma.
Sigma Over 71 | Error Bound
1.6001 x10~F 10T
1.7234 x107° 1072
1.8384 x10~F 103
1.9467 x10~° 1072
2.0492 x10~6 10~°
2.1469 x10~© 10°°
2.2403 x10~6 10~7
2.3299¢ x10~° 10~8
2.4162 x107° 10~9
2.4996 x 10~ 1010

9.4 The Radius of the Electron Wave Packet

As before, we denote by HM the cylinder {(z,y,2) € R®: \/22 + y2 < r1}. HM is basically the hole of the magnet.
r2
The factor e~ 307 is practically the square root of the probability for the free particle at time zero to be outside the

hole of the magnet:
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it 1
e 20 = _—
o2

i
XR\HAI(

3/4 -2
) e 22| (9.3)

This factor represents the part of the electron wave packet that hits the magnet or goes outside (the square root
appears because our estimations are in norm and not in probability). It is natural to have this factor in the error
bound because we are only modeling the particles that go trough the hole. This factor is significant only when the
variance is close to the inner radius of the magnet. As the proximity of the electron to the magnet increases the error
in equations (8.29, 8.30), it is important to define intuitively what is the meaning of this closeness or, in other words,
what is the size of the electron wave packet. We agree that the free electron is actually localized in configuration space
in a ball centered in the classical position vt and with radius chosen in such a way that the probability of finding the
electron on this ball is 99%. We measure the radius of the wave packet at the time ¢ = 0 - when the free particle is in

the center of the magnet - and denote it by R(c). Then, we have:

R:= R(c) =2.382 0.

The error due to the part of the electron that hits the magnet (9.3) is practically zero (smaller than 10~%?) when
R < .1082r1 (R < 1.8556 x 10*5). In Figure 3 we show the error bound of equation (8.29) as a function of the radius

of the wave packet over r; for big sigma, o € [55, %] (.1082r; < R < .510271).

Even when the size of the wave packet is comparable to the inner radius of the magnet we have error bounds

extremely small. We give some data to show this behavior:

Error Bound as a Function of the Radius

of the Wave Packet Over r; for Big Sigma.

Radius of the Wave Packet over r; | Error Bound
81716 1071
.65806 1072
.56606 1073
50427 10~%
45911 107°
42425 10~
.39629 1077
37322 1078
.35376 1079
.33703 10-10

9.5 The Opening Angle of the Electron Wave Packet

Although it is impossible to define an opening angle of the electron, because it is everywhere, we agree to say that the
free electron (in momentum representation) is actually in a ball, Bp(Mv) with center the classical momentum (Mv)
and radius P such that there is a 99% probability for the electron to have its momentum within this ball. We define

the opening angle, w(o), in the obvious way (see Figure 4),
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sin(#) :

P 2382

Mv  omv’

When sigma is big, the opening angle is very small and when sigma is small, the opening angle is big, this is
nothing more than Heisenberg uncertainty principle.

K omuv 2
The factor e~ 31 “3"= of the error bound (8.29, 8.30) has the following interpretation in terms of the opening angle:

93

3 (emv)? -
glomu= _ —2.7535(

(&

1 2
sin(w(o)/2) ) .

£l
%

This factor is practically zero (smaller than 1071%%) when w < 11.8 degrees (o > 1.1592 x 10~ or omuv > 23), and
then, it begins to increase as w increases ( o decreases). In Figure 5 we show the error bound in equation (8.29) as a
function of the opening angle for small sigma, o € [1.3224 x 1075r1,6.7591 x 10~%r4], and in the table below we give

some representative values.

Error Bound as a Function of

the Opening Angle for Small Sigma.
Opening Angle (degrees) | Error Bound
51.8407 10T
47.8885 1072
44.7231 103
42.1135 10-*
39.9137 10-°
38.0265 1076
36.3842 107
34.9380 1078
33.6517 1079
32.4979 10-10

10 Conclusions

In Theorems 8.2, 8.5, 8.7, 8.9, 8.10 and 8.11 we found the time evolution of the electron up to an error bound that
we provide explicitly. The approximate wave function of the electron that we give is the one given by the Aharonov-
Bohm Ansatz. It coincides also with the part of the electron wave packet that goes through the hole of the magnet in
Tonomura et al. experiments [26]. As we noticed before (see Section 7.1) the Aharonov-Bohm Ansatz is valid if the
evolution of the exact wave packet is localized at every time in a simply connected region, with no holes, (for example
in (7.8)). The main factors that produce the error bounds are the size of the wave packet (see (9.1)) and the opening
angle (see (9.2)). These factors can be understood also in terms of the part of the wave packet that hits the magnet
when the electron crosses the hole of the magnet (see Remark 8.4) and, therefore, they are related with the part of the
electron not localized in a simple connected region (see (7.8)) at every time. In Section 9 we analyzed the error bounds
and we have shown that our estimates for the time evolution are valid for a rather big interval that starts when the

opening angle is close to 55 degrees ( o ~ 1.3224 x 107%r; ) and ends when the size of the wave packet is close to the
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inner radius of the magnet (close to r1). We have shown also that the error bounds decrease very fast -exponentially-
as the variance gets away from the extremes of the interval. For intermediate sigma (o € [6.7591 x 107571, Z1]), the
time evolution given by Aharonov-Bohm Ansatz (8.28) differs from the exact one only by a number less than 10~%°
in norm. As it is shown in Remark 8.12 and Section 9.2, for intermediate sigma, the probability that the electron
wave packet interacts with the magnet is smaller than 107!%? and so, there are no fields in the trajectory of the
electron. Nevertheless, the solution is the one given by the Aharonov-Bohm Ansatz (8.28) and it is affected by the
vector potential A by a phase factor e*4.0. This phase factor is the one that appears in Tonomura et al. experiments
[26]. Although in the experiments of Tonomura et al. [25] there is no interaction with the magnetic field, there is an
interaction with the impenetrable magnet. Tonomura et al. [26] argued that it is not necessary to consider the part
of the electron wave packet that hits the magnet -they used a rather big one- because the shadow of the magnet was
clearly seen in the hologram. Our results show that it would be quite interesting to perform an experiment with a
medium size electron wave packet with an intermediate sigma. One could use, as well, a bigger magnet. Our results
show that quantum mechanics predicts in this case the interference patterns observed by Tonomura et al. [26] with

extraordinary precision.

In the Aharonov-Bohm Ansatz the electron is not accelerated, it propagates following the free evolution, with the
wave function multiplied by a phase. As we prove that the Aharonov-Bohm Ansatz approximates the exact solution
with an error bound uniform in time that can be smaller that 10~?? in norm, we rigorously prove that quantum

mechanics predicts that no force acts on the electron, in agreement with the experimental results of Caprez et al. [6].

Summing up, the experiments of Tonomura et al. [17, 25, 26] give a strong evidence of the existence of the
interference fringes predicted by Franz [9] and by Aharonov and Bohm [2]. The experiment of Caprez et al. [6] verifies
that the interference fringes are not due to a force acting on the electron, and the results of this paper rigorously
prove that quantum mechanics theoretically predicts the observations of these experiments in a extremely precise way.
This gives a firm experimental and theoretical basis to the existence of the Aharonov-Bohm effect [2], namely, that
magnetic fields act at a distance on charged particles, even if they are identically zero in the space accessible to the
particles, and that this action at a distance is carried by the circulation of the magnetic potential, what gives magnetic

potentials a real physical significance.

11 Appendix A. Estimates for the Free Evolution of gaussian States

In this appendix we prove estimates for the solutions to the boosted free Schrodinger equation,

o (r,2) = Hipla.2), ol,0) = p(a) (1L1)

where the boosted free Hamiltonian H; is defined in (3.11).

Recall that under the change of variable t := z /v, the solutions of (11.1) are solutions of the boosted free Schrédinger
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equation with Hamiltonian e ~™V'* H, ¢!™V'®, Classically, a particle that starts at the origin with velocity v = (0,0, v),
will be located at time ¢ at the position (0,0, z). At the high-velocity limit, the quantum evolution follows the classical
one and the parameter z can be taken as the position in the z—direction of the particle. We consider the case where

the initial state is gaussian,

1 22 /262
o(1) = oy 12 (11.2)

with variance o. The solution to (11.1) is given by,

) . 3/2 1 ) )
—izHy , _ ,—izmv/2 g —(z—2V)2/2(0%+iz/mwv)
e p=e 7 (02 + 12 jmv) o2 e . (11.3)
we will often use the following simple result.
REMARK 11.1. Suppose that C3 < Cy < C7 <0. Then,
1.
C2 2 . [C2=C1 2 o [ 2
/ e 7 dz < 6_01/ e dz< e_cl/ e % dz. (11.4)
Cs C3—Cy 0
2.
c Cy—C oo
2 C C 1 27 C 1
/ Pe T dz < — 220 4 2o 4 76—05/ e dz < e_clz(——2 + f/ e_zzdz). (11.5)
Cs 2 2 2 Cs—Ch 2 2 Jo
Proof:

02 2 2 C2 2 2 2 02 2
/ e % dz < e 1 / e~ (2701 < =G / e(z=C1) dz,
C3 C3 C3

where we used that, 22 — C? > (2 — C1)2. This proves 1. Furthermore, 2 follows from 1 and the following equation.
c c
tz 2 Pz = e | + ’ 16722112
2 2 Cs 2 ’
Cg CS

LEMMA 11.2. Let f be a bounded complex valued function with support contained in D. Then, for z > h and

d>h-—z,
1.
—i [fllos —0sm0(or2)2/2
[ f(@)e™ = Mpf| < 2= e 702, (11.6)
V2
2.
o\ i [fllso —05ms (0,224 dsh(0))2 2
Hf(x—l—dv)e ”ngz)” < PR p=Oinv(0,2,24d,h(o , (11.7)
V2
3.
Hf(-r)e_iZHISDH < Hf”OO e—é)iT,,U(a,z)z/Q /Qh’l“g p(z)3/2. (11.8)

Tl/4
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Proof: We use the function p(z) defined in (2.9),

—izn 12 13 ot gy < WS [T e e
[f(@)e™ = p||” < 757 e do < 1l dpe ™t (1— e300 <
T2 J(D—v2)0(2) 2 Che)p)
2 0
||f1H/(;<> 6_91"”(”’2)2/ dze (1 — e_rgp(z)z) ) (11.9)
& —2hp(z)

where in the last inequality we used (11.4). Equation (11.6) follows from (11.9). Equation (11.7) is obtained similarly.
Equation (11.8) follows from (11.9) and the estimate,
0 2 2 2
/ dze™? (1 — e 2p(z) ) < 2hr3p(z)3.
—2hp(z)

LEMMA 11.3. Let f be a bounded complex valued function with support contained in D. Then, for Z > h,s > 0,

JZ N @)e =g < Ml gm0 022 (max(Z, 5) — Z)+
(11.10)

Hf||ioefﬁim,(cr,max(Z,s))z/Q /2}7,7“2(0'7’77,1])3/2 o] 1 dC

max(Z,s) (o4m2v24(2)3/4
Proof: We prove the lemma writing the integral in the left hand side of (11.10) as follows

0o max(Z,s) o
—izHy _ —izH, —izH,
[ @l = [T pwe g+ [ e

max(Z,s)

and using (11.6) in the first integral, (11.8) in the second, and the fact that 6;,,(c, 2)? is increasing in z for z > h.

O
LEMMA 11.4. Let g: R? — C? be bounded and with support contained in D and let z > h. Then,
1.
—izHy || < gl Oino(0,2)2/2 —Oinv(0,2) 3w 1/2
lg(z) - pe o < Y > + 4 . (11.11)
2.
o —izHy gl —Oinn(0,2)2 /2 2 1/2 N 3/2
lg(z)-pe ol < ey [4(omv)? + 2] hry p(2)°/°. (11.12)
Proof:
g() - pe*iZH1<pH2 < lglls / a?e ™ do < lgll% [Y(o,z) + O(0, 2)] (1 - efrgp(z)z) , (11.13)
= 73202 Jp_gayp(e) = r1/2452

where © and T are defined in Section 2. Equation (11.11) follows from (11.13) applying the last inequality in (11.4)
to Y(o,2) and the last inequality in (11.5) to ©(o, z). Furthermore, using the middle inequality in (11.5) we obtain

that,

1 0
O(0,2) < @[(z — h)e~ M) (z+ h)e_(z+h)2p2(z)] + §e_gi"”(”’2)2 / e dz. (11.14)
—2hp(z)

51



Note that,

eGP _ =4 p()T < o=Oinn (@) g1 5(2)2, (11.15)
0 2
/ e % dz < 2hp(2). (11.16)
—2hp(z)

Writing z — h = z+ h — 2h in (11.14) we obtain that,

O(0,z) < p(;) (z+ iz)(f‘g""”(”’Z)Qélzhp(z)2 < 679i"v(”’z)24hp(z)(va)z. (11.17)
Moreover, applying the middle inequality in (11.4) to Y (o, z) we prove that,
Y(o,2) < e~0ino(e:2)" o p(2). (11.18)

Equation (11.12) follows from (11.13, 11.17, 11.18).

LEMMA 11.5. Let g : R3 — C? be bounded and with support contained in D. Then, for any Z > h with 0;,,(c, Z) >

1, s >0,

I |g(@) - pe-iztiy|| < Lale c=0inu(o.2)?/2 (\em(%z)p/z N \/551/4) (max(Z. ) — Z)+

/4o

(11.19)

max

lgllcc o—0ins(o,max(Z,s))*/2 (20mv + V2) Vi ro(omw)3/2 [ (Z s)(a4m2112 +(2)73/4,

Proof: We split the integral in the left hand side of (11.19) as follows

o0 . max(Z,s) . 50 ‘
/Z Hg(x) .pefzzHlipH - /Z Hg(x) . pefzzHlﬁpH +/ ||g(x) ,pe—zzHISDH

max(Z,s)
and using (11.11) in the first integral, (11.12) in the second, and the fact that the functions e=%/2\/z,e~*/2 21/* are

2

decreasing for x > 1 (notice also that 0;,, (0, 2)* is increasing in z for z > h).

REMARK 11.6. Suppose that z, { € RT, s and b are real numbers such that z >, s > z —2(, b > 0. Then,

1. In any interval I := |01, 03] such that Vo € I, —0;,,,(0,2,5,() > \/1/2,

T(0,2,5,0)e ™" < max|[Y (a1, 2,5, C)e ™9 Ty, 2,5, )72, (11.20)

2. In any interval I := [o1, 03] such that Vo € I, —0;,(0,2,5,() > 1/3/2,

O(0, z, s, C)e_bp(a’z)2 < max[©(01, 2, 8, C)e_b’)(‘”’z)2 ,0(02, 2, s, C)e_bp("2’z)2}. (11.21)

Proof: We give the proof of 1. The proof of 2 is similar. We have that
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2,2

D Y(0, 2,5 ()ebrl0n)’ =1 miv ((ﬁf _ 04) e—bp(0,2)? [e*(c+5)2p(0,z)2(c + 8)p(0, 2) —

do o (c4m2v2+422)

(11.22)
e~ =0 (2 = () plo,2) = 2bp(0,2)* T(0:,2,5,C)] -

As the function e~z is decreasing for z > 1/v/2, the term in the square brackets is (11.22) is negative. Then, the
left-hand side of (11.22) is different from zero for o € I if \/z/mwv ¢ I and otherwise, it is negative for o < y/z/mwv

and it is positive for o > \/z/mv. This proves 1.

O
Remember that z; ,(h) is defined in Section 2. It is given by,
h(omwv)? omu 9 9 1o (omw)? 12
»o(h) = |l ————— —1 . 11.23
2.0 (h) (omv)? — o2 * ((omv)? —@w—2)1/2 W (omv)? — o2 ( )
REMARK 11.7. Suppose that 09 < 0 < o1. Then,
25,0(C) < max(2p,0,(€); 26,0, (C))- (11.24)

Proof: Note that as a function of o, p(o, 2) is increasing for o < /z/mv and that it is decreasing for o > /z/muv.
Suppose that zg 4, (€) < 25,6(¢). Then, o < \/z/mv, because if ¢ > /z/muv,

‘:)_1 - _ein'u (Ulu 2,01 (C)v 20,01 (<)7 C) < _ein'u (07 2,01 (4)7 20,01 (C)7 C)7

since, —0;ny (0, 2,2,() = (z — {)p(0, z) and as —0;,, is increasing in z > 0, this implies that 25 »({) < 25,0, (¢). Then,

o2 < 0 < \/z/mv, and it follows that,

~—1

w = _einv (07 Zo,0 (C)v ZA:),O’(C)? C) > _einv (027 Z@,U(C)ﬂ 20,0 (C)v C)

But as also,

(:)_1 - _92'77,1) (027 Z&),U2 (g)v ZG),O’Q (C)v C)a

and —0;y,, is increasing in z > 0, we have that z5 +(¢) < 25,6, (C)-

LEMMA 11.8. Let p;, t € {1,2,3} belong to Ry. Suppose that the following conditions are satisfied,

1. Either p; < o9, @ € {1,2,3}, or pu; > o9, 7 € {1,2,3}.

2. i < ps, (&S {172}7 o i > 43, (&S {172}
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We define pimax = max(i1, 42), fmin := min(py, p2) and take v = pmax, if i > p3,t € {1,2} and v = pimin, if
pi < pzyi € {1,2}. We denote by Z := 2(hmax), if i < 00; and Z := maXie (1,231 26 (pmax) s (M(Hmax)) } o i > oo.
We suppose that Z > z 5, (h(fmax)). Let f : R3 x Ry x R — C be a complex valued function and we take
foz(x) == f(z,0,2). Suppose the support of f, . is contained in K —[0,(z(c) — ¢ — 2)|V for some ( € R, every o € Ry

and every z € R with z + { < z(o). Then, for every gaussian wave function ¢ with variance o € [tmin, lmax)s

2(0)—¢ ) ) Fllso
/0 ||fg,z(x)67nHleich1§0|| < ||7T1H/4 Ips('u,l,lu,g,lu,g,C), (1125)

where,

7‘2 2
Ips (,Uly M2, 13, C) = qi/4 NI (h(ﬂmax)) max,,, e{us,uz} ei%p(#hzﬂ’v’m(h(#mm))) +7l/4 max{_<7 0}
(11.26)

MaXy;e{u1,n2} e_ﬁp(%oz + 2 e (v fzz\/g‘uyug(h(ymax)) (s 7, Z, h(Mmax))l/Qe_ép(“i’T)sz.
Proof: Tt follows from equation (11.23) that z(0) < 25(e),0(P(fmax)). If s > oo then @(0) = @(fmax) for o €
[ftmin, fmax]). It follows from Remark 11.7 that z(0) < max;ef1,21{2 (umar)ops (M(Bmax))} = Z. If p; < 0¢ then from
formula (11.23) and the definition of @(c) we have that z5(s),0 (A(fmax)) < 26(umae)smmax (P (Hmax)) = 2(fimax). We

conclude that

2(0) < Z, (11.27)
and then,
z(0)—¢ ) . zZ—¢ , )
/0 dz Hfmz(fz:)eﬂZH%*’CngaH S/o dz Hfa,z(x)eﬂzmeﬂcchpH. (11.28)
As in (11.9) we prove that
—1iz —1 2 f 2 —r2p(o,z 2
Hfmz(m)e Hig CHl(pH < ”ﬂ_lH/‘;o Y(o,24+ ¢, Z, h(ptmax)) € 1p(7:240)7 (11.29)
Then,
2
fOZ{ Hfg,z(x)e_“Hle_iCngpH dz < ”fl‘l/‘ff [max(fco Y (0,2, Z, h(fimax))/2e~ 2 P(02)* 0)+
fzﬁ’”’“?’(h(umax» Y(o,z,Z, h( ))1/? e_gf’(”’z)2 + [7 Y(o,z,Z, h( N2 e‘gf’(‘”)z <
0 Ead] ) /’Lmax Z\/Eﬁl,,ﬂg(h(ﬂmax)) L] ’ /'[/max =
(11.30)

r? ; 7& ooz 2
Hle/iC 7T1/4 max(ig,o)epr(U,C)z +71’1/4 Z\/Eﬂ/au?, (h(ﬂmax))e 21 Pl ‘/5'””‘3(h(umax))) +

g R ay?
fzﬂ,vvua(h(“maxn T(U’ Z Z7 h(MmaX))l/Q € 3 p(0,2) )

where we used that, T < /7. If 2 > 2 5, (h(kmax)), it follows from Remark 11.7 that z > z 5 , (h(ftmax)) for every

V13

o belonging to the interval limited by v and u3. We complete the proof of the lemma using (11.20) in the integral in

the right-hand side of (11.30), and for the other two terms we argue as in the proof of (11.20).
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Using the proof of the preceding lemma, we prove the following,

LEMMA 11.9. Suppose that the hypothesis of the Lemma 11.8 are fulfilled and furthermore, assume that the support

of fo.» is contained in K for every o € Ry and every z € R. Then, for every ¢ € R with || < z(0),

2(0)=¢ , , [fllos
/ Hfo’,z(m)e_’LZHle_ZCHlsOH < Hﬂ—1/4 QIpp(,ul,,ug,,ug), (11.31)
0
where,
Tpp(prs 2, p3) = Ips(pi, p2s p3, 0). (11.32)
and
0 ||f¢7,z(x)6 QDH = 7_‘_1/4 ;Dp(lulv.u%,uﬁ)' ( . )
LEMMA 11.10. Let pi, fimaz, min, ¥ and Z be as in Lemma 11.8. We suppose furthermore that Z 2 e us(h(“maw))
2v,

and 11p(pis 2, /3., s (M(Himaz))) = 1 for i € {1,2}. Let g : R3 x Ry x R — C3 be a complex vector valued function and
we take go,.(z) := g(x,0,2). Suppose that the support of g, ., is contained in K —[0,2z(c) — ¢ — 2]V for some ¢ € R,

all o0 € Ry and for all z with z+ ( < z(0). Then, for every gaussian wave function ¢ with variance o € [fmin, bmaz),

z(0)=¢
s 1 s 8 g %)
/ Hgg’z(x) cpe FHigmicH c,DH dz < 7|r|1/|LJIss(M1,M27M3,C) (11.34)
0
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where,

1/4
Iss(:ula M2, 13, C) = WW Z\/%’th‘3 (h(,umax)) maxme{m7u2}

al/4

T2
73 max{—¢,0} max,, e{u, u} (e*%p(m,C)z "

al/4

_ oo 2y
1/4 maX#iG{#u#z}(rlp(:“ivOe 2P (ki) )7 if |<| < Ty e
/4 max(—(¢,0)
6_1/2a Zf |C| > Tuhliz

it .z . 2
771/4 Z\/i,l/”u.;; (h(/’bmax))ma‘XHiG{p‘l,p,g}(e_Tlp(M“ \/5,,/,;43(}1(/ max))) )+

it
/% max(—¢,0) MaX,,, € {112} (677P(Mifc)2)+

z | 12~ puir)?
Z!ME{V,ILB} fz\/g%%(h(ﬂmax)) @(ﬂZ,T, Z, h(,umax)) e 2P dr+

min(ry, 4,2 7& )2
Y vpay MaX([ ( ‘(iwzm)) Y (tti5 7, Z, B(pimax)) 211 p(pi, 7)e™ 2 PUT) dr 0)+

AVZ,v,u3

Z —
Zuie{l’,ﬂs} fmirl(rmuyz) T(,uz, T, Z7 h(umax))1/2e 1/2d7'—|—
3
) T(pi, Z’h(ﬂmax))1/26*7P(ui,7)2]d7.

> JZ
ni€fvinat Jz sz Lo (h(pmax

Proof: By (11.27),

2(0)=¢ CH ien 7= CisHy —icH
[ ante) pe e gl <[5 fans(o) - pei e

Estimating as in the proof of (11.13) we prove that,

. o 2 2
|9o.- () - pe~=Hre=Ho||* < L= 10(0, 2 + ¢, Z, hpimar)) +

T(Uv z+ C, Zv h(,umax))(]. + T%p(d, z+ 4)2)] efT%P(U’Z*FC)Q.

We have that,

o ey lglloe <
/0 97,2 (2) - pem e M| dr < 72 ;IJ‘,

where,

f 1/2
I = max(fCO (6(07 T, Z, h(fmax)) eirfp(g"r){z) dr, 0)+

z 2, s (h(umax)) 1/2

[y (660,77, hljuma)) e~ )

d 2 an\1/2
b= [ 00,7, Z, () " #00°) " ar,
Z\/%yuﬁl"S(h(l‘max))
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2
_% 0% h(pmax 2
(e p(p \/?WB( (Hmax))) "

S VO 2
Z\/i”aﬂ?’ (h’(u'max))maxﬂiE{Hhﬂz}(Tlp(ﬂhZ\/§7V7u3 (h(,umax)))e 3 (i, \/E,V,,La(h(ﬂde))) )+

(11.35)

(11.36)

(11.37)

(11.38)

(11.39)

(11.40)



1/

2
Iy i= maa(f? (00,7, 2, b)) rip(o,7)%e 100" )  r,0)

Z - 1/2
+ fO VB (Hmax) <T(U, 7, Z, h(fmax)) r%p(g, T)Qefrfp(g"f)rz) o)

max(z\/zu,uS (h(max)),min(ry, i5,2Z)) 12
o <

V2,v,p3 (h(ﬂmax))

z Y
I5 ::/ (T(a, T, Z, h(pimax)) 73p(0, 7-)2@”1%’(077) ) dr,
Z))

max(zﬁvku?’ (h(#max))1min(rl/,u3 s

5 2 1/2
g i= max([{ (X(0,7, 7, hljumax)) 700" ) 7 a0+

h(pmax 1/2
foz\/i,u,ug,( (Hmax)) (T(O’, 7, h(/-/fmax)) e—r%p(oﬂ-)z) dT,

4
I72:/

1/2
Y (0,7, Z, h(fimax)) efrfpwvff) dr.
V2,v,n3 (h(pmax))

Since T < /7 and © < /7/2 we have that,

I +IG§771/4 Lmax(_gjo)e—%p(mc)z_’_ %Z i

2
= l ’Z = h max 2
\/5 o (h’(/j/max))e ’ ( \/gall,;t?,( (M ))) >
35 VHH3

r? -2
+i/4 (max(—(,o) =3 P(0:0)? 4 Zﬁ’ym(h(umax))e—JP(U,Zﬂ,V,%(h(umax)))z) )

By Remark 11.6

z 1/2
I < Z O(pis 7 Z, h(fmax)) e—rfp(m,T)z) ir,
pi€{v,ps} Z\/g%% (h(pmax))

z 1/2
LB (T (tis 7, 2. hptma)) €7800500" )
pi€{v,us} ” #vEwing (Hmax))

—22/2

Moreover, since ze is increasing for 0 < x < 1 and decreasing for x > 1,

r2 P X
Iy < 7/ max(—,0) { np(o, e T2 if K] S T }
€ ,if KL > Ty, o

— 3o, h(fmax)))?
+rt/t Z\/i,u,us(h(ﬂmax»rl p(o, Z\/iu,ug)e 2 P(%7 /5,0 ()™

By Remark 11.6, if 7 > 250 (h(tmax)),

T(Ov T, Zah(,umax)) < max T(,Mi,T, Z, h(;umax))-
pi€{v,us}
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(11.41)

(11.42)

(11.43)

(11.44)

(11.45)

(11.46)

(11.47)

(11.48)

(11.49)

(11.50)



By (11.50) and as x e~ * takes its maximum at x = 1,

Z
LR / (X152 7. Z, D)) 1) 2 (11.51)
pie{vps} ? Xz 0a, g (M(Hmax))min(ry g, 2))

Note that if r#p(u;,7)% > 1,5 € {v, 3} then, r?p(o,7)? > 1,Vo between v and p3 . Hence, as in the proof of

Remark 11.6 we prove that,

—r2p(o,7)?
T%p((L T)QT(Uv T, Za h(:umax)) € 1p(o,7) Xﬂuie{u,ug}{7%9(1‘177)221} (T)
(11.52)
—7"2 Li T 2
< MAXy, e (v} rip(i, )2 (i 75 Z, h(pimax)) € 1p(uim) Xy tvons) {rpr(m,r)zl}(T),
and then,

max(zﬁyuu (h(,umax)),min(rl,yus,Z)) 1/2

L< > 3 (7300, )2 T (1 7, Z, Bpman)) €170 ) dr - (11.53)

pic{v,ps} AVZ,v,u3 (h(tmax))

To obtain equation (11.34), we use (11.38, 11.46-11.49, 11.51, 11.53) and we argue as in the proofs of Remark 11.6
to estimate equations (11.46) and (11.49).

Using the proof of the preceding lemma we prove the following,

LEMMA 11.11. Suppose that the hypothesis of the Lemma 11.10 are fulfilled, assume furthermore, that the support
of go.» is contained in K, for all o € Ry and for all z. Then, for every ¢ € R with |(| < z(o) and every gaussian

wave function @ with variance o € [Wmin, fmaz),

z(0)—¢
—iz —i Jlloco
/0 |go.2(x) - pe e Mg| dz < 7!1)[102131)(#1’#2’#3)7 (11.54)
where,
Isp(,ulhu%,uii) = ISS(NJ?,MQ’M?)’O)' (1155)
And
z(o) —izH, dz < HQHOOI 11
||gd,z($) ‘pe SDH AR 1/4 Sp(,u171u27p“3)‘ ( 56)
0 mi/do

LEMMA 11.12. Let f : R? — C be bounded and with support contained in D. Then, for Z > h, and ¢ such that
(=7,

Z—¢
/ £z +(Z — (2 + Q)9)e #Me=CHy|| dz < (7 - o”fﬁ ¢ B 0, (11.57)
0
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Proof: Estimating as in the proof of(11.9) we prove that,

N\ ,—iz oo Z+h)p(o, —2? 0,2+ —7'2
1@+ (2 — (5 + Q)eisHig < Ll [(ZHMRr =) o2 g [rap(s40) sy g

(11.58)

o Vi

Oino (07Z)2
2 )

e~

where we used (11.4).

LEMMA 11.13. Let g : R® — C? be bounded and with support contained in D, suppose that 0, (0, Z)? > % Then,

for Z > h, and ¢ such that { < Z, we have that,

z=¢ S —Oino(0,2)  3ym]'?
/ Hg(x + (Z _ (Z + C))‘A") . pefzzHleszngpH dz S (Z_C) ||g||oc 67%0”,”(0,2)2 znv(0'7 ) + ﬁ
0

. (11.
wl/4g 2 4 (11.59)

Proof: The lemma is proven estimating as in the proof of (11.11) using Remark 11.1.

12 Appendix B. Upper Bounds for the Integrals

In this appendix we prove upper bounds for the integrals appearing in the terms I, I, Iss and I, (see (11.26),

(11.32), (11.35), (11.55)).

Suppose that Z > s > ¢, 8y > 0. Designate vN := {0,1,v/2,V/3,---}. We denote,

{21, Za, -, Zrc} = \/OoVNN [<0ins (0, 5,5,C), —Oino (0, Z, Z, )], (12.1)

where 71 < Zy < -+ < Zg. As —0iny (0, 7,7,() is increasing as a fuction of 7 we have that,

s< zzfl’g(g) < zz;’g(g) < zzgl’a(() < <zy (Q) L Z, (12.2)

K 7
LEMMA 12.1. Suppose that Z > s > (,r > 0, and let f : R — R satisfy f(r) > 7 —2(. Then,

JZ drY(o, T, f(r), OV <

(12.3)
71'1/4 — 50U o,8,8 2 —1z2
73 [6 30inv(:5,5,0) (ZZ;l,a( )—s) +ZJ 1€ 32 (ZZJ+1,0'(C) *Zz;l,a(C))Jre 2 i (Z*zzk—l,a(o)]’
_3 2
LZ drY (o, T, f(1),()"/? _*p(T) \1//; e ? PEartq () e_%gim’(”’s’s’oz(zzflﬂ(o —s)+
2 (12.4)
_ — (2, - ¢ 2 r? 1
Zlele G O 1 (sz+1,a(C) — sz_l’U(g)) b FR@? 22 (7 - 251 ,(O)];
r? —T—l zZ_— 2 1g
17 ar6(o,r, 1(r), )12 e Fo0 < e P bt on s (2, 4 /92 (a0, (0) - ) +
K—1 — P(Z L (C))2 12 12.5
S A (Zjsa + VT (2o, (O = 2500 ,(O) + (125)

e~ T D" e 12k (010 (0, 2, 2,C) + /T /2)V? (2 - 2z 0(O)]-
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If moreover, rip(Z) > 1,

JZ drt(o.m, f(0), OV mp(r)e 0" < 2 (a0 (0))

~Fote,r O Foteya O 1 e,

inv(0,8,5,0)2 B -
67%0””]( 19y vC) (ZZfl,a'(C) 75) +Z§i11 Tlp(ZZ{J:PU(C))e e 277
r2 1
rip(Z2)e” PO T2 (Z — 2,0 Q)]

(12.6)

Proof: We split the integral in the left-hand side of (12.3) as follows,

Z,-1

A ()
J7 drX(o.r, f(r). QM2 = [T art (o, £(). )12 + T L A (e (7).

(12.7)
fZZ © dr Y (o, T, f(1),)"/?,

—1
Zg

and we apply (11.4). This proves (12.3). (12.4) is proved in a similar way. Equation (12.5) is proven in the same way,
z2/2

but using (11.5). Finally, we prove (12.6) as above, using (11.4) and observing that the function z e~ is decreasing

for x > 1.
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Capitulo 8

High-Velocity Estimates for the
Scattering Operator and
Aharonov-Bohm Effect in
Three Dimensions

En este capitulo se presenta el articulo [4]
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Abstract: We obtain high-velocity estimates with error bounds for the scattering
operator of the Schrodinger equation in three dimensions with electromagnetic potentials
in the exterior of bounded obstacles that are handlebodies. A particular case is a finite
number of tori. We prove our results with time-dependent methods. We consider high-
velocity estimates where the direction of the velocity of the incoming electrons is kept
fixed as its absolute value goes to infinity. In the case of one torus our results give a rigo-
rous proof that quantum mechanics predicts the interference patterns observed in the
fundamental experiments of Tonomura et al. that gave conclusive evidence of the exis-
tence of the Aharonov-Bohm effect using a toroidal magnet. We give a method for the
reconstruction of the flux of the magnetic field over a cross-section of the torus modulo
2. Equivalently, we determine modulo 27 the difference in phase for two electrons
that travel to infinity, when one goes inside the hole and the other outside it. For this
purpose we only need the high-velocity limit of the scattering operator for one direction
of the velocity of the incoming electrons. When there are several tori-or more gene-
rally handlebodies-the information that we obtain in the fluxes, and on the difference of
phases, depends on the relative position of the tori and on the direction of the velocities
when we take the high-velocity limit of the incoming electrons. For some locations of
the tori we can determine all the fluxes modulo 27 by taking the high-velocity limit in
only one direction. We also give a method for the unique reconstruction of the electric
potential and the magnetic field outside the handlebodies from the high-velocity limit
of the scattering operator.
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1. Introduction

The Aharonov-Bohm effect is a fundamental quantum mechanical phenomenon wherein
charged particles, like electrons, are physically influenced, in the form of a phase shift,
by the existence of magnetic fields in regions that are inaccessible to the particles. This
genuinely quantum mechanical phenomenon was predicted by Aharonov and Bohm [3].
See also Ehrenberg and Siday [9]. This phenomenon has been extensively studied both
from the theoretical and the experimental points of view. For a review of the literature see
[29] and [30]. There has been a large controversy, involving over three hundred papers,
concerning the existence of the Aharonov-Bohm effect. For a detailed discussion of this
controversy see [30]. The issue was finally settled by the fundamental experiments of
Tononura et al. [37,38], who used toroidal magnets to enclose a magnetic flux inside
them. In remarkable experiments they were able to superimpose behind the magnet an
electron beam that traveled inside the hole of the magnet with another electron beam
that traveled outside the magnet, and they measured the phase shift produced by the
magnetic flux enclosed in the magnet, giving conclusive evidence of the existence of the
Aharonov-Bohm effect.

In this paper we give a rigorous mathematical analysis of this scattering problem
with time-dependent methods. In particular, we give a rigorous mathematical proof that
quantum mechanics predicts the phase shifts observed in the Tonomura et al. experiments
[37,38].

We consider bounded obstacles, K, whose connected components are handlebodies.
In particular, they can be the union of a finite number of bodies diffeomorphic to tori or
to balls. Some of them can be patched through the boundary.

We study the high-velocity limit of the scattering operator in the complement, A, of
the obstacle, K, for the Schrodinger equation with magnetic field and electric potential
in A and with magnetic fluxes enclosed in the obstacle K. We obtain high-velocity
estimates with error bounds for the scattering operator using the time-dependent method
of [14]. We consider high-velocity limits where the direction of the velocity of the
incoming electrons is kept fixed as its absolute value goes to infinity.

The leading term of our estimate gives us a reconstruction formula that allows us
to reconstruct the circulation of the magnetic potential modulo 27 along lines in the
direction of the velocity (the X-ray transform). From these line integrals we uniquely
reconstruct the magnetic field in some region of A. The error term for the leading order
goes to zero as a constant divided by the absolute value of the velocity.

The next term in our high-velocity estimate allows us to reconstruct the integral of the
electric potential along lines in the direction of the velocity (the X-ray transform). We
uniquely reconstruct the electric potential in a region of A from these lines’ integrals.
The error term for this high-velocity estimate goes to zero as a constant divided by a
power of the absolute value of the velocity, that depends on the decay rate at infinity of
the magnetic field and of the electric potential. If we have enough decay this power is
one, as for the leading order.

The leading-order high-velocity estimate is given in Theorem 5.7 and the next term
in our high-velocity estimate is given in Theorem 5.9. The unique reconstruction of the
magnetic field and the electric potential in a region of A is given in Theorem 6.3. The
reconstruction method is summarized in Remark 6.4.

Then, we consider the Aharonov-Bohm effect. We assume that the magnetic field in
A 1s identically zero. On the contrary, the electric potential is not assumed to be zero.
In other words, we analyze the Aharonov-Bohm effect in the presence of an electric
potential. We use for reconstruction only the leading-order high-velocity estimate. As
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for high-velocities, the electric potential gives a lower-order contribution; it plays no
role in the Aharonov-Bohm effect. However, to allow for a non-trivial electric potential
could be of interest from the experimental point of view.

In Theorem 7.1 we reconstruct the circulation of the magnetic potential, modulo 27,
over a set of closed paths in A and in Remark 7.3 we reconstruct the projection of the de
Rham cohomology class of the magnetic potential onto a subspace of Hclle R(A) in the
sense that we reconstruct, modulo 27, the expansion coefficients of the projection into
the subspace of the de Rham cohomology class of the magnetic potential in any basis
of the subspace. The set of circulations and the projection of the de Rham cohomology
class of the magnetic potential that we can reconstruct depend on the relative position
of the handlebodies and on the direction of the velocity of the incoming electrons. In
Theorem 7.11, Corollary 7.12 and Remark 7.13 we give our method for the reconstruction
of the fluxes inside the obstacle K, modulo 2. Since the scattering operator is invariant
under short-range gauge transformations that change the fluxes by multiples of 27, the
fluxes can only be reconstructed modulo 27r. Again, the fluxes that we reconstruct depend
on the relative position of the handlebodies and on the direction of the velocity of the
incoming electrons. In Example 7.14 we give obstacles that consist of a finite number
of tori and manifolds diffeomorphic to balls, where from the high-velocity limit of the
scattering operator in only one direction we reconstruct modulo 25 all the circulations
in A of the magnetic potential, its de Rham cohomology class modulo 27, and the flux
modulo 27 of the magnetic field over the cross section of all the tori.

Finally, we discuss the fundamental experiments of Tonomura et al. [37,38] in Sect. 8.
We show that our results give a rigorous proof that quantum mechanics predicts the
interference patterns between electron beams that go inside and outside the torus, that
were observed in these remarkable experiments.

The paper is organized as follows. In Sect. 2 we give a precise definition of the
obstacle, K, and we study in a detailed way the homology and the cohomology of K and
A. This allows us to construct a homology and cohomlogy basis that have clear physical
significance. Using these results we construct in Sect. 3 classes of magnetic potentials
characterized by the magnetic field in A and by the fluxes of the magnetic field in the
cross sections of the components of K that have holes. We construct classes of magnetic
potentials where the fluxes are fixed, and classes where the fluxes are only fixed modulo
2. We study the gauge transformations between these magnetic potentials. In Sect. 4 we
define the Hamiltonian of our system. In Sect. 5 we study our direct scattering problem.
We prove the existence of the wave operators and we define the scattering operator. We
analyze how the wave and scattering operators change under the change of the magnetic
potential when the fluxes are only fixed modulo 2. We also prove our high-velocity
estimates. In Sect. 6 we give our method for the reconstruction of the magnetic field and
the electric potential in a region of A. In Sect. 7 we obtain our results in the Aharonov-
Bohm effect and in Sects. 8 we discuss the Tonomura et al. experiments [37,38]. In
Appendixes A and B we prove results in homology that we need.

For the Aharonov-Bohm effect in scattering in two dimensions see [28] and [40].
For inverse scattering by magnetic fields in all space see [4-6,20-22]. For properties
of the scattering matrix for scattering by Aharonov-Bohm potentials in all space see
[33,34] and [42,43]. For the Ahanov-Bohm effect in inverse boundary-value problems
see [10-13], [24] and [25].

Finally, some words about our notations and definitions. We use notions of homology
and cohomology as defined, for example, in [7,16,17,8] and [41]. In particular, we consi-
der homology and cohomology groups on open sets of R”, n = 2, 3 with coefficients in
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Z and in R. As these singular homology and cohomology groups are isomorphic to the
C°° homology and cohomology groups, [7], p. 291, we will identify them. We also use
differential forms, or just forms, in open sets of R? with regular boundary—or in their
closure- with the Euclidean metric, as defined, for example, in [8,35,41]. For such a set,
0, we denote by Qk(0) the set of all k—forms in O.

We use the standard identification between concepts of vector calculus and differential

[ .
forms in three dimensions in the interior of O, that we denote by O, [35]. Let {x’ }?:1

be the Euclidean coordinates of R3.
We identify vectors and 1—differential forms as

3
i=1

We identify vectors and 2—differential forms as
(B1, B2, B3) <= Bidx' A dx? — Badx! A dx® + Bidx?* A dx’.
We identify scalars and 3—differential forms as
f < fdx' Adx* Andx.

The exterior derivative, d, in 1 —forms is equivalent to the curl of the associated vector,
and in 2—forms is equivalent to the divergence of the associated vector. In particular,
a I—form, A, is closed if dA = 0, or equivalently, if the associated vector has curl
zero, and a 2—form, B, is closed if dB = 0, or equivalently, if the associated vector has
divergence zero. For 0O—forms the exterior derivative coincides with the gradient V.

We will always assume that the coefficients of our forms are at least locally integrable
in any coordinate chart. Hence, they define distributions or currents [8]. We say that a
form belongs to some space if its coefficients in any coordinate chart belong to that
space. For example, we say that a form is continuous if it has continuous coefficients
or that is L7 if its coefficients are in L”. In the case of a 2—form, B, we will say that

B € LPQ%*(0), or, equivalently, that the associated vector B € Lp(é). For forms
defined in O that are not differentiable in the classical sense, the derivatives are taken
in the distribution sense in O, if O is open, or in 5 if it 1s closed.

For any x € R3, x # 0, we denote X := x/|x|. By BiR" (x0), n = 2, 3, we denote the
open ball of center xo and radius 7. By S? we denote the unit sphere in R3. For any set
O we denote by F(x € O) the operator of multiplication by the characteristic function
of O. The symbol = means isomorphism, the symbol >~ means homotopic equivalence
and the symbol &~ means homeomorphism.

We define the Fourier transform as a unitary operator on L?(R?) as follows:

~ 1 i
J— . —ip-x
We define functions of the operator p := —iV by Fourier transform,

f(P)¢ = F*f(p)Fp, D(f(p) := (¢ € L*(R) : f(p) d(p) € L*(R)},

for every measurable function f.
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2. The Obstacle

2.1. Handlebodies. Let us designate by S' the unit circle. We denote by 7 := S! x

B{Rz (0) the solid torus of dimension 3. We orient 7 assuming that the inverse of the
following function is a chart that belongs to the orientation of 7',

U:0,1) x BE©0) = T, U, x,y) = ™, x, y). 2.1)

The boundary sum of T with itself is defined as follows. See [15],p. 19.Let D1 € 0T
be a disc contained in a chart, (U1, ¢1), belonging to the orientation of T and let Dy € 0T
be a disc contained in a chart, (U, ¢»), belonging to the opposite orientation. We define
the boundary sum 7§7 as the disjoint union of 7" with itself, identifying D; in the
first torus with D, in the second torus by means of the charts, in such a way that
T1T is an oriented differentiable manifold, the inclusion /; : T < T4T in the first

[
torus is an homeomorphism onto its image whose restriction to 7 is a diffeomorphism
that preserves orientation and the inclusion /, : T < T{T in the second torus is an

homeomorphism onto its image whose restriction to ]0“ is a diffeomorphism that inverts
orientation. We define the boundary sum of £ tori by induction. Suppose that we already
defined the boundary sum g(k — 1) T := T4T ---47T, k — 1times of k — 1 tori. Let
lj,j=1,2,...,k— 1be the inclusion of 7" on the jth torus. As before, Let D1 C 0T
be a disc contained in a chart (Uj, ¢1) belonging to the orientation of 7 if k — 1 is
odd, or belonging to the opposite orientation if k — 1 is even. Moreover, we assume
that /;_1(U1) does not intersect any of the union charts in j (k — 1)T. This is always
possible choosing the union charts small enough. Let D, € 9T be a disc contained
in a chart (U, ¢2) belonging to the opposite orientation of 7. Then, the boundary
sum gk T := TyT ---4T, ktimes is obtained from g7 --- g7, k — 1times identifying
lx—1(D1) with D> by means of the charts (lx—1(Uy), ¢1 o lk__ll) and (U, ¢») in such a
way that § kT is an oriented differentiable manifold, the inclusion § (k —1)7T < kT in
the first k — 1 tori is an homeomorphism onto its image whose restriction to the interior is
a diffeomorphism that preserves orientation and the inclusion /; : T < kT in the last

torus is an homeomorphism onto its image whose restriction to TO is a diffeomorphism
that inverts orientation. The structure of § kT as an oriented differentiable manifold does
not depend on the discs used to join the tori [15], p. 19. We will say that any oriented
differentiable manifold diffeomorphic to §k7 is a handlebody with k handles, where
the diffeomorphism is oriented. We will denote by 107 any oriented manifold that is
diffeomorphic to the closed ball in R® of center zero and radius one. Note that the
inclusions /; : T < bkT onto the j™ torus are homeomorphisms onto their images
whose restriction to the interior are diffeomorphisms that preserve orientation if j is odd
and change orientation if j is even.

2.2. Homology of handlebodies. We define the functions y+ : [0, 1] — T : y1(1)=
(eT?71 0,0) and

1j o y4(z) if jis odd,
Zi(t) = (2.2)
lj oy_(t) if jis even.
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For any £ € S! we define

By = ((6) x BIO)) < T- (23)

We orient Bg by requiring that the inverse of the inclusion B (0) < Bg belongs to the
orientation of Bg, i.e., the inverse of the inclusion is a chart.

The image of Z; in gkT is a submanifold that we orient by means of the curve
Z ;. We assume that /; (Bg) does not intersect any of the union charts, which is always
possible if the union charts are small enough. We orient the submanifold /; (Bz) by the
orientation of Bg. Let vy € le(g,o,o)(Zj ([0, 1])) < le(g,o,o)(ukT) be a tangent vector
in the orientation of Z; ([0, 1]), and let v, v3 € T[j ,0,0j(Bg)) C le (£,0,0)(0kT) with
(v2, v3) in the positive orientation of /; (Bg). Then, (v, v, v3) is positively oriented in
the tangent space 17, ,0,0)(0kT). This means that Z; ([0, 1]) and /; (B¢) intersect in a
positive way.

Let us denote by H;(gkT; R) the first group of singular homology of gk7T with
coefficients in R. See [16], p. 47. In Appendix A we give a proof, for the reader’s

convenience, that {[Zj]H] (ukT:R)}];:1 is a basis of H{(hkT; R).

2.3. Definition of the obstacle.

Assumption 2.1. We assume that the obstacle K is a compact submanifold of R? of
dimension three oriented with the orientation of R3. Moreover, K = U]L-= K j, where

K;,1 < j < L are the connected components of K. We assume that the K ; are
handlebodies.

By our assumption there exist numbers m; € N U 0 and oriented diffeomorphisms
Fi :im;T — K;, 1 < j < L. We denote by J; the inclusion K; — K. The
diffeomorphisms F; induce a diffeomorphism

L
G: \/ gm;T — K,
j=1

where the symbol \/ means disjoint union. We denote,

L
Ji={je{l.2,....L}:m; >0}, m:=> mj,
j=1

e, ={JjoFjoZiljeJ,ie{l,2,...mj}}. (2.4)

Choose a & € S! such that l; (Bg) does not intersect any chart of union in fm; T,
VjeJ,Viell,2,...,m;}. This is always possible by choosing the charts of union in
a proper way. If yx = Jj o Fj o Z; we define By := Jj o Fj (I;(Bg)). B is a manifold
that we orient by means of the orientation of Bg. As F; is a oriented diffeomorphism
and Z; intersects /; (Bg) in a positive way, it follows that y intersects By in a positive
way.

We define, We : [0, 1] — T : We(t) := (§, cost, sint) and

Yk :=JjoFjoli oWWs. (2.5)
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Take ¢ > 0 such that {x| distance(x, 0K) < ¢} is diffeomorphic to 0K x (—¢, €). This
is possible by the tubular neighborhood theorem. See Theorem 11.4, p. 93 of [7]. We
define,

De(t) == i (t) + gN(J;k(f)), 2.6)

where N (yx (1)) is the exterior normal to K at the point i (7). Note that d By = ([0, 1]),
the orientation on ([0, 1]) induced by B is the orientation induced by the curve yy.

2.4. The homology of the obstacle.
Proposition 2.2. {[yi]H, (k.r)}j—, is a basis of H|(K; R).

Proof. AsG : \/jL-:1 gm ;T — K is a diffeomorphism and since

L
H, \/uij;R = al_ H (1m,;T;R),
j=1

by Proposition 9.5, p. 47 of [16], it follows from Proposition 9.3 of Appendix A that
{lvkl 1y (k:R) Yie 1s a basis of H1(K;R). O

2.5. The cohomology of the obstacle. As K is an ANR (absolute neighborhood retract,
p. 225 and Theorem 26.17.4 of [16]) we have that

HY(K:R) = HY(K:R), (2.7)

by Proposition 27.1, p. 230 of [16] (see also p. 347, Theorem 7.15 of [7]).
By Alexander’s duality theorem (see Theorem 27.5, p. 233 of [16])

HY(K;R) = H,(R? R\ K: R). (2.8)
By Theorem 14.1, p. 75 of [16] we have the following exact sequence:
H(R*;R) - Hy(R®,R¥\ K;R) — H{(R*\ K;R) — H(R% K).

As R3 is homotopically equivalent to a point, it follows from Theorem 11.3, p. 59 and
Example 9.4, p. 47 of [16] that H>(R3; R) = 0 and H;(R>; R) = 0. Then, we have the
exact sequence

0> HR R\ K;R) > H(R*\ K;:R) — 0,
and then,
H,(R®, R3\ K;R) = H|(R*\ K; R). (2.9)
By (2.7,2.8,2.9),
HY(K;R) = H|(R*\ K; R). (2.10)

By the theorem of wuniversal coefficients, p. 198 of [17], H NK;R) =
Homp (H{(K; R), R). Then, it follows that,

dimHl(K;R):dimHl(R3\K;R):m. (2.11)
We denote,
A =R\ K.
We will prove in Corollary 2.4 that {[Vx]#, (AR} is a basis of Hj(A; R).
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2.6. de Rham cohomology of A. Let us define

. 1
GY(x):= curl —
4 Vj |x - )’|

N o 1 1 .
dy;(y) := curl - /—lx ) yj(t)dt.
(2.12)

Then, curl GV (x) =0, x € R\ y; and

/ GV =8, j k=1,2,...,m. (2.13)

A

Vi

Equation (2.12) is the law of Biot-Savart that gives the magnetic field created by a current
in y; and (2.13) is Ampere’s law. For a proof see Satz 1.4, p. 33, of [26].

(A)] is a basis ofH(lie Rr(M).

Proposition 2.3. { [G]
j=1

de R

Proof. We first prove that they are linearly independent. Suppose that >_ o jG(j ) =0,
then > o jG(j ) = d for some 0—form . Hence,

/ ZajG(j) = =0.
Yk

By de Rham’s Theorem (Theorem 4.17, p. 154 of [41]) the dual space to Hj(A; R)
is isomorphic to H&e R(A). The isomorphisms are given by

([a]m; (a:R)s [A]HdleR(A)> 1=/aA-
Then, by (2.11),
dimHée R(A) = dimH, (A: R) = m,

and this proves the proposition. O

m

Corollary 2.4. {[)7,] Hi(AR) }r=1

is a basis of Hi(A; R).

m
Proof. By (2.13) {[?r]HI(A;R)}rZI is the dual basis—in the sense of de Rham’s
m

Theorem—to the basis {[G"],,, (A)] of H o(A). DO
{ [ ]Hde R | de R

r=

Proposition 2.5. Let A be a closed 1 — form with continuous coefficients defined in A
and such that

/ A=0,r=1,2,...,m.
%

Then, there is a continuously differentiable O-form, X\, such that A = dA. Moreover, we
can take A(x) := fC(xo %) A, where x is any fixed point in A and C (xg, x) is any curve
from xg to x.
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Proof. By Theorem 12, p. 68, of [8] there is a regularization R(¢) and an operator I'(¢)
such that if « is a continuous k— form on A, Ra isa C*® k— formon A and 'x is a
continuous (k — 1)— form on A. Moreover, lim¢_,y Re = « uniformly on compact sets
in A. Furthermore,

Ra —a = bTl'a + I'ba, (2.14)
where ba 1= (—1)&ade@=1 4 Multiplying (2.14) on the left by b and applying it to
ba we prove that Rb = bR. As A is closed, it follows from (2.14) that RA — A = bI" A.

In particular, this implies that bI"A is continuous. Let C be a closed curve. Then, by
Stokes theorem,

/ bI'A = lim RbI'A = lim bRT' A =0,
C e—0 /¢ e—0 /¢

/RA:/A,

C C
/RA:/ A=0,r=1,2,...,m.
Vr %

As RA is C*° and closed, and since {[)?r]H1 (A;R)}:n:l is a basis of Hi(A; R) it fol-
lows from de Rham’s Theorem (Theorem 4.17, p. 154, [41]) that there is an infinitely
differentiable O—form « such that RA = ba. But then, using Stokes theorem again,

/RA:/bazO,
c c
/A:O,
c

for any closed curve C and we can define A := fc(xo x) A.Clearly, A=dr. O

and then,

and in particular,

and we obtain that,

Recall that {K ;} jL~=1 is the set of connected components of K. Foreach j € {1,2, -- -,
L} we choose a x; in the interior of K ;. We define the vector,
1

D; = —grad—
/ g 4 |x — xj|

,x e R {x)1, (2.15)

and according to our convention, we denote by the same symbol the associated 2-form.
Note that div D;(x) =dD; = —Aj- ——~ =0,x #x;, j = 1,2,..., L and that,

4 |x—xj|

|D;j(x)| < CA+x])7% x € A. (2.16)
For any r > 0 such that K C B£R3 (0) we denote,

Ay = ANBE(0), and Ao = A.



354 M. Ballesteros R. Weder

L
.pe ) . . 2
Proposition 2.6. {[Dj]Hzde R(AD ] is a basis of Hde R(A,)for r < oo.

Jj=1
Proof. Let us first consider the case r = 0o. As in the proof of (2.11) we prove that
dim Hy(K; R) = dim H2(A; R).
But by Proposition 9.6, p. 48 of [16],
Hy(K:R) = @]L.ZI]R.
Moreover, by de Rham’s Theorem (Theorem 4.17, p. 154 of [41])
Hj, g (A) = (Hy(A: R))*. (2.17)
Then,
dim Hée R(A) = dim Hy(A;R) = L. (2.18)
Let us now consider r < co. We define, f : A — A,,
riggs iflxl = ri,
fx) =
x, if x| <1y,
and H(x,1): (A x[0,1]) = A
x+t(ripy —x), if x| =y,

H(x,t):=
x, if x| < ryp,

where ri < rand K C B}?S (0). Let [ be the inclusion/ : A, < A.Thenas!/o f(x)=
loH(x,1) = H(x,1) and H(x,0) = I(x), we have that [ o f is homotopic to the
identity. Let us denote by H (x, t) the restriction of H(x,t) to A,. Then, f o l(x)=
I:I(l(x), 1) = Fl(x, 1), and as Fl(x, 0) = I(x) we also have that f o[ is homotopic to
the identity. Hence, by Theorem 11.3, p. 59 [16] the inclusion / induces an isomorphism
in homology. In particular, H>(A,; R) = H>(A; R) and then,

dim Hy(A,; R) = dim H>(A;R) = L. (2.19)

It follows from Stoke’s theorem and as —A# # = div D;(x) = §(x — x;) that
J

/ Dj=/ , Dj=éij (2.20)
IK; dBE (x;)

for p small enough and i,j = 1,2,...,L. This easily implies that the set
L

[Di]2 ] is linearly independent. 0O
[ HH3, g (A0 i y P



High-Velocity Estimates for Scattering Operator and 3D Aharonov-Bohm Effect 355

Lemma 2.7. Suppose that {[Sj]Hz(Ar;R)}JL.:l, is a basis of Hy(A,; R) forr < oo. Let

D be a closed 2—form with continuous coefficients in A,. Then,
/ D=0,Vje{l,2,...,L} D=0,Vje{l,2,---,L}. (2.21)
0K S;

Proof. Denote K . := {x € R3 : dist(x, K j) < €}, where ¢ is so small that the tubular
neighborhood theorem applies and let R be the regularization operator. Suppose that the
left side of (2.21) holds. Then, as D is closed we prove using the Stokes theorem that

/ RD=0,Vje{l,2,...,L).
0K ¢

As RD is C® and closed, since bR = Rb, there are coefficients Aj.j=12,...,L
and a 1-form « such that,

L
RD = 1;Dj+da.
j=l1

Then, it follows from (2.20) (with K . instead of K ;) and Stoke’s theorem that

0:/ RD = 1,
K

Jj.€
and we obtain that

RD = da.

Furthermore, using the regularization operator and Stoke’s theorem we prove that

/D:/ RD:/da:O,je{l,Z,...,L}.
S; S; S;

Assume now that fsj D =0,j€{l,2,...,L}. We prove as above that fsj RD=

0,7 €{1,2,..., L}, and by de Rham’s Theorem (Theorem 4.17, p. 154 of [41]) there
is a I-form « such that

RD =da.

Hence,

and then,
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3. Magnetic Field and Magnetic Potentials

In this section we introduce the class of magnetic fields that we consider and we construct
a class of associated magnetic potentials with nice behavior at infinity that will allow us
to solve our scattering problems.

Definition 3.1. We say that a form B in A is continuous in a neighborhood of 9K
if there is a ¢ > 0 such that the coefficients of B are continuous in A N K., where
K, :={x e R3: dist(x, K) < ¢}.

Below we assume that the magnetic field, B, is a 2-form that is continuous in a
neighborhood of d K and satisfies

/ B=0,je{l,2,...,L}. (3.22)
9K

This condition means that the total contribution of magnetic monopoles inside each
component K; of the obstacle is 0. In a formal way we can use Stokes theorem to
conclude that

/8K~

J

B:O<:>/ divB=0,je{l,2,...,L}.
K;

As div B is the density of magnetic charge, fa K; B is the total magnetic charge inside

K ;, and our condition (3.22) means that the total magnetic charge inside K ; is zero, this
condition is fulfilled if there is no magnetic monopole inside K;, j € {1,2, ..., L}.

Theorem 3.2. Let B be a 2—form in Lfoc Q2 (A), p > 2 that is continuous in a neigh-
borhood of 0K and satisfies (3.22). Suppose that the restriction of B to A is closed

(dB|n = 0) as a distribution (or current [8]) . Then, B has an extension to a closed

2—form B € LfOCQQ(]R”) such that, Bl = B.

Proof. Let us denote M := A,, r < co. M is a compact manifold. We denote by B,
the restriction of B to M. As dB|x = 0, it follows from Green’s formula (Prop. 2.12,
p. 60, [35]) that

((By, 1)) = 0, ¥ € CSQ3 (). (3.23)

We denote (Definition 2.4.1, p. 80 [35])
k(M) := {anm c HlQ’j\;“l(M)} ,
and (Definition 2.2.1, p. 67 [35])
H'Qk (M) = {n e H'QX(M)|npy = 0} .

Let us recall (p. 27 [35]) that given n € Q3 (M) and tangent vectors v; € Ty (M),
xedM,ie{l,?2,3},

tn(vi, v2, v3) =7 (vlll vl vg) :
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i

{v|1|, vg, vg} are linearly dependent,

where v; is the projection of v; into 7x(dM). As n is a multi-linear function and

tn = 0.
By the definition in p. 27 [35],
nn:=n—tn=mn.
It follows that
nn=n,neH QM.
Letn € HIQ?\,(M), then there exists f € WL2(M) such that
n|15[ = f|]§ld)c1 Adx® Adx3,

Asnn =n = 0, it follows that f|53 = 0 in trace sense. Hence (Theorem 4.7.1, p. 330,
[36]), f can be approximated in the WL2(M) norm by functions in C° (1\04 ) ,and then n

0
can be approximated in the H'Q3 (M) norm by forms in (M) with compact support.
Whence, it follows from (3.23) that

((By, 8n)) = 0,V¥n € C*(M). (3.24)
By Corollary 2.4.9, p. 87 [35]
By =da+5B+de+y € EX(M) ® C*(M) & L*HZ, (M) & Hy (M), (3.25)
where (Definition 2.4.1, p. 80 [35])
e M) = {dala e H'Ql5 ! ()
and (Definition 2.2.1, p. 67 [35])
H'Qk (M) = {n e H'Q(M)|ty = 0} .
Furthermore (p. 86 [35]),
HE(M) = {n € HE DIy = de}
and (Definition 2.2.1, p. 67 [35])
HE (M) = {n e H'QK(M)|dy = 0, 8y = o}
are the harmonic fields, and
HY, (M) = HE (M) N HTQK (m).

Note that Theorem 2.2.7, p. 72 [35] implies that H%\, (M) consists of C* forms.
Furthermore by Lemma 2.4.11, p. 90 [35] we can choose o € WLPQ})(M), and by
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Theorem 2.4.8, p. 86 and Theorems 2.2.6 and 2.2.7, p. 72 [35] € € WLrQl (M).
Moreover, the decomposition (3.25) is orthogonal in L?(M), and then by (3.24) 58 = 0.

Let R be the regularization operator in A, =M. Then, as in the proof of Lemma 2.7

we prove that
/ RB = 0.
dK

J.€

Hence,
O:/ RB:/ d(Ra+R6)+/ Ry:/ Ry.
0K e 0K . 0K e 0K e
Then, fa K. Ry =0, j € {1,2,..., L} and when the parameter of the regularization
tends to zero we obtain faKj,g y=0,je{l,2,...,L}.

As y is harmonic it is closed and it follows from Stokes theorem that

/ y=0,jef{l,2,... L}
0K ;

J
Then, by Lemma 2.7 ij y =0,j € {1,2,...,L}. By de Rham’s Theorem y|1§1:

di, A € 91(1\04). Denote M, := {x € M : dist(x, dM) > ¢}. Let y, be the restriction
of y to M. Then y, is exact and by Lemma 3.2.1, p. 119 [35], and its proof, y. = dw,
with w, € H'Q!'(M;) and

lwel g,y < Clivellizgim,y = Clly 22y

where the constant C can be taken independent of ¢ for 0 < ¢ < g¢ for g small enough.
Let us denote by Ak(M ), Ak(Mg), respectively, the exterior ~form bundle of M, M,
(see Definition 1.3.8 in p. 39 of [35]). For any vector bundle, [F, over a manifold N we
denote by I'(IF) the space of all smooth sections of F (see Definition 1.1.9, p. 17 of
[35]) . Note that the norm, Cy, of the trace operator (Theorem 1.3.7, p. 38 [35]) from
H'(QF(M,)) into L?T" (A¥(M,)|yp,) can be taken independent of ¢ for 0 < & < &.
By Green’s formula and as 6y, = 0,

(Ver ve)) = ({dee, v2)) = / (e A 17 (3.26)
M,

But as

||tw£||L2F(A1(M€)|3M€) < Cilloellgrgim,) < Cr1Cllvellreo2m,y = CrClY 22y

and
Eli_f)% ImYell 20 (A2Mo) 1o, ) = O
it follows from (3.26) and the Schwarz inequality that

2 1 2 —
||)/||L292(M) - ;E}I}) ||Vs||L292(M) —_ 0
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Then y = 0 and we have that
By =dAy, (3.27)

where Ay == a+¢€ € Wl’le(Agl). It follows from Theorem 4.2.2, p. 311 [36] that
there is Ay € WhPQ! (B;R3 (0)) such that A |y = Apr. We define

dAy (x), ifx € BR(0),

B(x) = (3.28)
B(x), if x e R3\ BE(0).

Hence, B is the required extension. 0O

Recall that the functions {y; }’;’:1 were defined in (2.6). We introduce now a function
that gives the magnetic flux across surfaces that have {y; }Tzl as their boundaries.

Definition 3.3. The flux, ® is a function ® : {y; }71:1 — R.
We now define a class of magnetic potentials with a given flux.

Definition 3.4. Let B € LPQ2(A), p > 3, be a closed 2—form that is continuous in a
neighborhood of 0K, where K is as in Assumption 2.1. Assume, furthermore, that (3.22)
holds. We denote by Ag (B) the set of all continuous 1—forms in A that satisfy.

1.

|A(x)| < C%I)cl’ a(r) := maxyea, x)>r {{A(X) - 2|} € L1(0, 00). (3.29)

/ A=d(), jell,2,....m}. (3.30)

Vi

dA|pn = Bla. (3.31)

The definition of the flux ® depends on the particular choice of the curves {y; }’}1:1.
However, the class A4 (B) is independent of this particular choice as we prove below.

Recall that by Corollary 2.4 8 := {[7;]x, (A;R)}’]’?:l is a basis of Hi(A; R). Let
B = {[Cj]Hl(A;R)}'}lzl be another basis of H;(A; R). We define ®p : {Cj}’]’.’=1 - R
as follows. As f is a basis of Hi(A; R) there are real numbers b’j and chains o such
that

m
Cj =D by +da;. (3.32)

i=1

We define

Dp(Cj) = Zb;.@()?i)+/ B. (3.33)
i=1 9j

J
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We denote by Ag P (B) the set of continuous I-forms A in A that satisfy 1 and 3 of
Definition 3.4 and moreover,

/ A=g(Cj), j=1,2,...,m.

J

Proposition 3.5. Ap 5 (B) = Ap(B).

Proof. Let A € Ap(B). Then, by (3.32)

m
/ A:Zb’j/A+/ dA =D (C)), j=1,2,....m,
Cj i=1 i oj

and it follows that A € Ag e (B).
Suppose now that A € .Aq)ﬁ, (B). As B and B’ are basis, the numbers b;,i,

j=1,2,..., mdetermine an invertible matrix. We denote by l;l.] the entries of the inverse
matrix. Hence,

Ji= D bl b3 =D b (C; = d0)).
J.s=1 j=1
and then by (3.33),
m .
/A A=>"b (q>ﬁ/(cj) —/ B) = O ().
Vi j=1 gj
This implies that A € A¢(B). O

By Stoke’s theorem the circulation |. 5 A of a potential A € Ag(B) represents the

flux of the magnetic field B in any surface whose boundary is ﬁj, j=1,2,...,m. As
the magnetic field is a priori known outside the obstacle, it is natural to specify the
magnetic potentials fixing fluxes of the magnetic field in surfaces inside the obstacle.
This is accomplished fixing the circulations f);j A instead of the circulations f);j A, as

we prove below. Recall that y; is defined in (2.5). With ¢ as in (2.6) we define,
~ & ~
Sy = {70 SN @)l s € [0, n.

We give S the structure of an oriented surface with boundary y; — y;. By Stoke’s
theorem and regularizing we prove that

[a=la=fe

j
We define the fluxes ® : { g }7;1 — R accordingly,

(7)) =c1>()>,~>—/ B.

A\
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We denote by JZl&)(B) the set of continuous 1—forms, A, in A that satisfy 1 and 3 of
Definition 3.4 and moreover,

/ A=0F),j=1,2,...,m.
Vi

Proposition 3.6. Az (B) = A¢(B).

Proof. Let A € Agp(B). By Stoke’s theorem and regularizing,

/A:/A—/ B=0a;.
Vi Vi Sj

Then, A € A (B). We prove in the same way that A € Az (B) = A € Ap(B). O

Note that for ] —forms A = Z?:l A;dx', A = — 23 9 A; = —div A [35]. We

i=1 3x;
use the definition of divergence of a vector field, A, as it is usual in vector calculus. The
definition given in [35] differs from ours in a — sign.

Theorem 3.7. (Coulomb Potential). Ler B € LPQ2(A), p > 3, be a closed 2—form
that is continuous in a neighborhood of 0K, where K is as in Assumption 2.1. Assume,

Sfurthermore, that (3.22) holds and that for some r with K C BiR3 0),
|B)] < C(A+[x)7H, x| =7, pn > 2, (3.34)

Then, for any flux, ®, there is a potential Ac € Ao (B) suchthat Ac = Ac,1)+Ac,2)
where A(c.1y is continuous on A, Ay is C*® on A, and 8Ac,j) = —divA,j) =
0, j = 1, 2. Furthermore,

|Ac.y(x)] < C(1 + |x|)~mMin@=en=D "ye 5 0, (3.35)

|Accy(x)| < C(1+ [x])~2. (3.36)

Proof. Let B be the extension to R of B given by Theorem 3.2. by Proposition 2.6 of
[22], and its proof we can take as A(c,1) the Coulomb gauge of B,

1 X —

Ay = x B(y)dy, (3.37)

Cdm Jps x =P
where we use the notation of vector calculus. We define A 2) as follows:
m
Acp = Z(Cb()?j) —/ A(c,1>) GV, (3.38)
j=1 Vi

where G(j),_j = 1,2,---,m are defined in (2.12) and we used (2.13). Clearly,
GY) e C®(A)and |GV (x)| < C(1+[xD2. O
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Note that in R? A is the Coulomb potential that corresponds to the magnetic field

B+ Z(q)()ﬁ) —[ A(c,1))8(x —y)dyj,
j=1 Vi
with
(8(x —vpdy, ) ¢=/ P dy;.
v

The div-curl problem in exterior domains in the case of C! vector fields with Holder
continuous first derivatives was considered in [39].

Lemma 3.8. (Gauge Transformations). Suppose that A, A€ Ao (B). Then, there is a
C' 0—form A in A such that A—A = d).. Moreover, we can take A(x) = fc(xo’x)(A—A),
where xq is any fixed point in A and C(xq, x) is any curve from xq to x. Furthermore,
hoo(x) := lim,_, o0 A(rx) exists and it is continuous in R> \ {0} and homogeneous of
order zero, i.e. hoo(rx) = oo (x), 7 > 0, x € R3 \ {0}. Moreover,

hoo(x) = 2(0)| < [i3} b(Ix]), for some b(r) € L'(0, 00),
(3.39)
and |Aco(X +y) — Ao (X)| < Cly|,Vx : |x| =1, andVy : |y| < 1/2.

Proof. The existence of A follows from Proposition 2.5. The existence of Ao, and the
first equation in (3.39) follow from Condition 1 in Definition 3.4. The homogeneity

follows from the definition. Denote G := A — A. Take m > 1 such that K C Blﬂs‘;z 0).

Suppose that |x| = 1 and that |y| < 1/2.

Denote, x' := mx,y = mliiil — x’. Then, Aoo(X) = Aoo(x'), Aoo(x +y) =

Aoo(x” +y"). Hence,

hoo(X +¥) — Aoo(X) = Aoo (X + ) — Aoo(x”)

x'+y’ 00 00 rm(x+y)/|x+y|
- / G+ / G — / G = lim G,
x/ x'+y’ x/ r=> Jrmx

where we used Stoke’s theorem and d G = 0. Then,

. , ) ‘ rm(x+y)/|x+y|
[Aoo (X" +¥) — Aoo(x)] < lim |G| < Cly|.

r—00 rmx

This proves (3.39).
We now consider potentials that satisfy the flux condition modulo 2. O

Definition 3.9. Let B be as in Definition 3.4. We denote by Ag 27 (B) the set of all

continuous 1—forms in A that satisfy 1 and 3 of Definition 3.4 and moreover,

/ A=d) +2mn;(A), nj(A) € Z, je{l,2,...,m}.
y’\
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Given A € Ag 27 (B) we define,

Ap:=A—) 2mn;(A)GY). (3.40)
j=1

By (2.13) Ag € {LD(B). )
Suppose that A, A € Ag 2~ (B). Then, Ap, Ap € Agp(B), and by Lemma 3.8,

Ap — Ap = d), (3.41)
and it follows that
A—A=dr+ Ay, (3.42)
where
m .
Az = 21(n;(A) —n;(A)GY. (3.43)

j=1

Let C be any closed curve in A. Then, by Proposition 10.1 in Appendix B,

m
C:=> nj(C)p;+d0.n;(C) € L.
j=1
Hence,
/ (A— A) =2nN, forsome N € Z. (3.44)
C

Whence, we can define the non-integrable factors [44],
Ui () :=¢ Jewoun A=Ay _ 100 e Az) (3.45)

where xo is any fixed point in A and C(xo, x) is any curve in A from xo to x. Clearly,
Uzr€C '(A) and can be extended to a continuous function defined in A that we denote

with the same symbol. Moreover, if A, A € Ap(B) we have that Ay = 0, and then
Ui o) =™ A A€ Ap(B). (3.46)
Lemma 3.10. Suppose that A, A € Ao 27 (B). Then, for x # 0,
lim Uy, (rx) = & 000, (3.47)

With Loo (x) := lim, 00 A(rx) given by Lemma 3.8 with X as in (3.41), and where C ; ,
is a real number that is independent of x. Furthermore,

Us: () — ol (e (+C 5 )

5/ c(|x]), for some c(r) € L' (0, 00). (3.48)
|

x|

Moreover, if A, A € Ag(B) we have that Cia=0
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Proof. Let ro be such that K C Bl%S (0). Take in (3.45) any curve from xq to rox and
then the straight line from roXx to rx with ro < r < co. By (2.12, 3.29, 3.39, 3.42)

Az
lim Uj ,(rx) = et Jim ¢ Jewyro
r—>00 r—00

and

Ui o(x) —e*@® lim ¢ Jewg.riy A2
AA r—00

5/ c(|x)), for some c(r) € L'(0, 00).
|

x|
Forany y # 0, y # +x let C(rx, ry) be the straight line from rx to ry. Then,

lim ei(fC(xO,ri) AZ= Jeg.ri AZ) _ lim e Jevsrs Az — 1,
r—00 r—-0oo

and it follows that,

lim &' Jewgrn Az _ lim ¢ Jewgrn Az _ e'Cia

r—0o0 r—>o0

for some Ci A € R that is independent of x. If A, A € Ao(B), nj (A) = nj(A) =
0,j=,1,2,---,mand hence, Az = 0, which implies that C; , =0. O

4. The Hamiltonian

Let us denote p := —iV. The Schrédinger equation for an electron in A with electric
potential V and magnetic field B is given by

U e IRV
zh5¢_2M(P cA)¢+qV¢, 4.1)

where 5 is Planck’s constant, P := hp is the momentum operator, c is the speed of light,
M and g are, respectively, the mass and the charge of the electron and A is a magnetic
potential with curlA = B. To simplify the notation we multiply both sides of (4.1) by %L
and we write Schrodinger’s equation as follows:

9 —i( —A)?p+V (4.2)
50 = g P AV, '

with m := M/h,A = fLA and V := £V. Note that since we write Schrodinger’s
equation in this form our Hamiltonians below are the physical Hamiltonians divided by
h. We fix the flux modulo 27 by taking A € Ag 27, Where B := %B. Note that this

corresponds to fix the circulations of A modulo %Zn, or equivalently, to fix the fluxes

of the magnetic field B modulo @27[

For any open set, O, we denote by Hs(0O), s = 1,2, ... the Sobolev spaces [1] and
by Hy,0(O) the closure of C3°(0) in the norm of Hj (0) We define the quadratic form,

1
ho(@. ¥) = 5 (pd. p¥). D(ho) := Hi0(A). (4.3)

The associated positive operator in L?(A)[23,31]1is 3m LA p, Where Ap is the Laplacian

with Dirichlet boundary condition on dA. We define H(0,0) := z_—niA p- By elliptic
regularity [2], D(H (0, 0)) = Ha2(A) N"Hyo0(A).
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For any A € Ag 2 (B) we define,
1 1
ha(op,¥) = m (p—A), (p—A)Y) =ho(d, V) + —(—(po, AY)
m 2m

1
—(A¢. p¥)) + 5 (A¢. AY), D(ha) = Hio(A). (4.4)

As the quadratic form — ﬁ ((pp, AY)+(Ad, pyv))+ ﬁ (A¢, AYr) is hop—bounded with
relative bound zero, h 4 is closed and positive. We denote by H (A, 0) the associated
positive self-adjoint operator [23,31]. H (A, 0) is the Hamiltonian with magnetic poten-
tial A. Note that as the operator ﬁ(—2Ac “p+ A2C) is H(0, 0) compact we have that

H(0,0) — LAc - p+ - AZ is self-adjoint on the domain of H (0, 0), and then
1 1

H(Ac,0)=H(0,0) — —Ac-p+ 2—A2 » D(H(Ac,0))=H2(A) NHy0(A). (4.5)
m m

The electric potential V' is a measurable real-valued function defined on A. We
assume that | V| is hp—bounded with relative bound zero. Under this condition [23,31]
the quadratic form,

hav(o.¥) :==ha(g,¥)+ Vo, ¥), D(hav) =Hio(A), (4.6)

is closed and bounded from below. The associated operator, H (A, V), is self-adjoint
and bounded from below. H(A, V) is the Hamiltonian with magnetic potential A and
electric potential V. If furthermore, V is —A p compact, the operator H (0, 0) — %Ac .

P+ ﬁAzc + V is self-adjoint on the domain of H (0, 0) and then,

1 1
H(Ac,V)=H(,0) — ZAC “p+ %AZC +V, D(H(Ac, V)) = Ha(A) NHio(A).
4.7)

We will denote by U ; , the operator of multiplication by U ; , (x). See (3.45). Note
that U; , is unitary in L?(A) and that U} 4 is the operator of multiplicationby U, ;(x)

Theorem 4.1. Suppose that A A€ Ao 27 (B). Then H(A, V)and H(A, V) are unita-
rily equivalent,

H(A,V) = Ui sH(AV) U}’A, D(H(A,V)) = Ui s DH(A, V). (48)
Proof. AsU iA and U} 4 are bijections on Hj o(A) we have that
hiv@ ) =hay (UL ,6.U% 0), 6.9 € Hio().
Suppose that ¢ € D(H(A, V)). Then, for every x € Hj o(A),

W3 ,HA V)¢ 0 =havUs 6. %)

This implies that U}‘ A ¢ € D(H(A, V)) and that

H(A.V)U; ¢ =U; \H(AV)p.

which proves the theorem. O
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5. Scattering

In the following assumptions we summarize the conditions on the magnetic field and the
electric potential that we use. We denote by A the self-adjoint realization of the Laplacian
in L2(R?) with domain H, (R3). Below we assume that V is A-bounded with relative
bound zero. By this we mean that the extension of V to R? by zero is A—bounded with
relative bound zero. Using a extension operator from H>(A) to Ha (R3) [36] we prove
that this is equivalent to require that V' is bounded from H;(A) into L?(A) with relative
bound zero. We denote by || - || the operator norm in L?(R?).

Assumption 5.1. We assume that the magnetic field, B, is a real-valued, bounded 2-form
in A, that is continuous in a neighborhood of 0K, where K satisfies Assumption 2.1,
and furthermore,

1. Bisclosed:dB|x = divB = 0.
2. There are no magnetic monopoles in K :

/ B=0,je{l,2,...,L}. (5.1)
K
|B(x)| < C(1+ |x|)™*, for some u > 2. (5.2)
4. d * B|a = curl B is bounded and,
lcurl B| < C(1 + |x]|)™*. (5.3)
5. The electric potential, V, is a real-valued function, it is A-bounded, and
HF(|x| > V(A + 1)—1H <C(+x)7% forsomea > 1. (5.4)

Note that (5.4) implies that V is hp—bounded with relative bound zero. Furthermore,
condition (5.4) is equivalent to the following assumption [32]:

HV(—A + D (x| = r)H < C(1+|x])"?, for somea > 1. (5.5)

Condition (5.4) has a clear intuitive meaning, it is a condition on the decay of V at
infinity. However, in the proofs below we use the equivalent statement (5.5).
Let us define,

1
Hy:= ——A, D(Hp) = Hy(R%).
2m

Let J be the identification operator from L?(R®) onto L?(A) given by multiplication
by the characteristic function of A. The wave operators are defined as follows:

Wi(A,V) = S',iiilooeitﬂm’v) J e~ itHo (5.6)

provided that the strong limits exist. We first prove that they exist in the Coulomb gauge.

Proposition 5.2. Suppose that B and V satisfy Assumption 5.1. Then, the wave operators
Wi(Ac, V) exist and are isometric.
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Proof. Let x € C®(RY) satisfy x (x) = 0 in a neighborhood of K and x(x) = 1 for
|x| > ro with ro large enough. Then, since (1 — x(x))(Hy + 1 y~lis compact,

W:I:(AC, V) = S- t—1>11:/l;noo ei’H(AOV) X(x) e—itHo.

By Duhamel’s formula, for ¢ € D(Hy),

+o00 )
Wi(Ac, V)p = x (x)p(x) + /0 i e ACYITH(AC, V)x(x) — x(x)Hol ¢(x)dt.
(5.7)

By Theorem 3.7 the proof that the integral in the right-hand side of (5.7) is absolutely
convergent is standard. For example, it follows from Lemma 2.2 of [14] taking

¢ = eimv'xw, with v € R3, [v| > 4n > 0, and ¢ € Cgo(B,E{;(O)), which is a dense
setin L2(R3). O

Lemma 5.3. (Gauge Transformations). Suppose that Assumption 5.1 is true. Then, for
every A € Ag 27 (B) the wave operators Wi (A, V) exist and are isometric. Moreover,

if A € Ao 2x(B), then,
Wi(A, V) =e "AaUs \ Wi(A, V)e Polp), (5.8)

Proof. Since we already know that W1 (Ac, V) exist and are isometric it is enough to
prove the gauge transformation formula (5.8). We argue as in the proof of Lemma 2.3
of [40]. By (4.8),

Wi(A, V) =U; s lim ANy - jemitho

t—=+00

—U: s lm 'HAV) jomiGoc()+Cs ) ~itHo
AA t—=+o00

where we used that by Lemma 3.10 and the Rellich selection theorem
U A~ e P TCE L) g a compact operator from D (Hp) into L?(R3). We finish the
proof of the lemma as in the proof of Eq. (2.29) of [40], using the second equation in
(3’%&: scattering operator is defined as
S(A,V):=W/ (A, V)W_(A, V).
By (5.8)
S(A, V) =P §(A V)e *("P) A A e Ap 2, (B). O (5.9)
Definition 5.4. We say that A € Ae 27 (B) is short-range if
|A(x)] < C(1+|x)~'7¢, for somee > 0. (5.10)

We denote the set of all short-range potentials in Ag 27 (B) by Ag 5, SR (B)-
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Note that if A, A € A 27 (B) and A — A satisfies (5.10), Ao is constant, and then,
S(A,V)=S(A,V), A, A € Ap 2, (B)and A — A satisfies (5.10).  (5.11)

This implies that,
S(Ae, V) =S(A, V), forany A € Ag 27 (B), (5.12)

where Ao is defined in (3.40). Remark that (5.11) holds if A A€ A<1>,27r,SR(B)'
We quote below the following result of [40] that we will often use.

Lemma 5.5. For any f € CgO(BEZ(O)), 0<p<l,andforany j =1,2,...thereis
a constant C such that

HF(u—vﬂ>Q§)é”%f(p_mf)FGMshmm>

< C;(L+]vt])™/,

vP
(5.13)
forv = |v| > (8n)/1=P),
Proof. Corollary 2.2 of [40]. O
5.1. High-velocity estimates I. The magnetic potential. We denote,
Ay ={xeA:x+1ve A, Vr € R}, forv #0, (5.14)
t
Ly (1) = / V-A(x +tV)dt, —00 <t < o0. (5.15)
0

Remark that under translation in configuration or momentum space generated, respecti-
vely, by p and x we obtain

eip~Vt f(.X) e—ip~Vl = f(x +Vvt), (5.16)
T [ (@) e = f(p+my). 5.17)

and, in particular,
e imvx ,—itHo jimv-x _ e—imvzt/2 e IPVL ,—itHo (5.18)

The purpose of the obstacle K is to shield the incoming electrons from the magnetic field
inside the obstacle. In order to separate the scattering effect of the magnetic potential from
that of the magnetic field inside the obstacle K, we consider asymptotic configurations
that have negligible interaction with K for all times in the high-velocity limit. For any
non-zero v € R? we take asymptotic configurations ¢ with compact support in As.
The free evolution boosted by V is given by (5.18) and-to a good approximation-in the
limit when v — oo with Vv fixed this can be replaced (modulo an unimportant phase
factor) by the classical translation e “*P*¥’. Then, in the high-velocity limit it is a good
approximation to assume that the free evolution of our asymptotic configuration is given
by e PVigy = ¢o(x — vt), and as ¢ has support in Ag, it has negligible interaction
with K for all times. Note that instead of boosting the observables we can boost the
asymptotic configurations and consider the high-velocity asymptotic configurations

Oy = eimv-x(po.
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Lemma 5.6. Suppose that B, V satisfy Assumption 5.1. Let Ao be a compact subset of
Ay, with v € R\ {0}. Then, for all ® and all A € Ag 27 (B) there is a constant C such
that

. ) ; 1
—imv-x imv-x __ —iLy 4(£00) -
[ waa, vyems — ot g < ol (519
and if moreover, divA € Lfoc (K),
e—imV~x w* (A V) eimV~x _ el'LAV{,(:l:OO)) ¢ < Cl ”¢“ (5 20)
+ 42 L2@R3 — v Ha(R3)> ’

for all ¢ € Ho(R3) with support¢ C Ao.

Proof. We follow the proof of Lemma 2.4 of [40]. We first give the proof in the case of
the Coulomb potential Ac. We give the proof for W, (Ac, V). The proof for W_(Ac, V)
follows in the same way.

By Theorem 3.7, Ac = A(c,1) + A(c,2), Where A(c,1) is the Coulomb potential for
the extension B of the magnetic field. Then, A(c,1) 1s actually defined in R3. We can
extend A(c2)lq as an n—times, n = 1, 2, .. ., continuously differentiable vector valued
function defined in R (Theorem 4.2.2, p. 311 [36]). Consequently, we can extend
Ac to a continuous vector valued function defined in R3 such that div A¢ is infinitely
differentiable with support contained in the obstacle K. We denote also by Ac this
extension.

Let g € C8°(R3) satisfy g(p) = 1, |p| < 1, g(p) =0, |p| > 2. Denote

~ 1

¢ :=g(p/v") ¢, ;e <l (5.21)
Then,
. 1
H¢ - ¢( 2w S ol L A SR (5.22)

Hence, it is enough to prove (5.19) for ¢.

By our assumption there is a function y € C°(R>) such that y = 0inaneighborhood
of Kand y(x) = l,x e {x :x = y+71tV,y € supportp, T € R} U {x : |x| > M} for
some M large enough. We use the following notation:

1 _; . 1 . .
Hy = —e """V Hye""™™, Hy:= —e "V H(Ac, V)™ ™. (5.23)
v v
Note that
(e WalAc, V) emv — y(neEaes ) §
=s- lim [e”HZ)((x)e_"’Hl — X(x)e_iLACﬁ(t)] b. (5.24)
11— 00
Denote

P(t, ‘L') = eieri I:Hze_iLAC,G(f—T)X(X) . e—iLAC,G(f—T)X(x)

x (Hi—V-Ac(x + (1t —1)V))] e 1. (5.25)
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Then, by Duhamel’s formula,

) B t
[ellex(x)e—ltHl _ X(x)e—lLAC,v(t)] o= / dt P(t, 7). (5.26)
0
We designate
t
b(x,t) :=Ac(x +1V) +/ (Vx B)(x + tVv)dr. (5.27)
0
Forf : R? x R — R? with f; (x) := f(x, 1) € Lj_(R*, R?) we define
1
Er(x, 1) i= 5 () [—p- £ ) —fr. 1) p+E@ )] (5:28)
We have that [40]
Pit,o)=T +T1T, +T;, (5.29)
with
1 : e ) -
Ty o= —e! e P acs T (B (et — 1)+ V) e TG, (5.30)
v

Ty i= ghoelttie  Hacs D (A y) +2(py) - p — 2b(x, 1 — T) - (px)} e T,

muv
(5.31)
Ty = o™i hacs =0 [(pyy . 3] e~ T G, (5.32)
Note that ([4], Eq. (2.18))
-7 1
dv(v x B)(x +vV) F(|x — V| < |t]/4) <C—F«——, (5.33)
/0 / Loo(R3) (1+|zpr-!
r— A ~ ~
) JITT (V- (7 % B))(x + 1) F(lx — 9] < |r|/4)HLOO(R3)

= | fo T avG - cunl B+ vy 5.34)

1

F(x — o9 < [T1/D] foo s, < CW'

Using Theorem 3.7, Lemma 5.5, (5.2, 5.3, 5.5, 5.33, 5.34) we prove as in the proof of
Lemma 2.4 of [40] that

IT1 (Ol 2y < 161124, &), (5.35)

; (1 + |T|)min(2—s,p,—l,a)

IT2(Dl 2 w3y < lolry®ey.J=1.2,..., (5.36)

et
v (1+]z])/
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o0 C
/ ae 1T @) = 16l (5.37)

—00

For the reader’s convenience we estimate one of the terms. Denote by

t
n(x,t) = / (Vv x B)(x +tv)dr. (5.38)
0

Then, by Lemma 5.5 and (5.33),

H Le—iLAC,g(x,t—r)n(x, t— )it . pg
mbuv

L2(R3)
C .
= v [||77(X, t—10)|F(x —tv| > |T|/4)e—lH0T/v

p—mv
g( vp )F(le < [T/8) 1Bl + InCr.t = VF (1 — T
= 1T/ Loy 19114, w3

~ C
HIFQ 2 121/8P - Bl | < et 18-
By (5.26, 5.29, 5.35, 5.36, 5.37)

=

L2(R3)

C
Sloln@y. (5:39)

[ x (e = (e Hacs®] |

By (5.24) this proves (5.19) for Ac. Given A € Ag 27 (B) we define Ag as in (3.40).
As Ap € Agp(B), we prove that (5.19) holds for Ag as in the proof of Lemma 2.4 of
[40] using the formulae for change of gauge (5.8). Then, we prove that it is true for
A using the gauge transformation formulae between A and Ag, note that in this case
A = Ax = 0, observing that

. . +o0 S, A . rtoo A~ A
e_lCAvAcp — e l(fC(xo,x) AZ"'fo V-Az(x+tV)dT) — (UA7A¢)*€_I jO V-Az(x+‘L'V)d‘L"

(5.40)

and using (3.42) with A = 0.
We now prove (5.20). Note that ([4], Eq. 2.12)

t
(p— A(x))e Las®) — o=ilas(0) (p —Ax +19) — / (¥ x B)(x + re)dr) :
0

(5.41)
Then, since divA € Lfoc ( A) it follows from Sobolev’s imbedding theorem [1] that
le't 4515, w3y < Clldllrg, @3- (5.42)

For simplicity we denote below W1 (A, V) by W4 and we define

Wiy 1= e MV W™, (5.43)
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As the wave operators are isometric, Wi W4 y = I, and then

” (Wi,v - eiLA’o(ioo)) ¢HL2(]R3) = H Wi,v‘b B Wi,vWi,VeiLA‘Q(iOO)d’HLQ(R3)

< [[(Way — e hastE09) €iLA’°(i°°)¢\|Lz(R3) < C3l9llp, @3-

We now state the main result of this subsection.

Theorem 5.7. (Reconstruction Formula I). Suppose that B, V satisfy Assumption 5.1.
Let Ao be a compact subset of Ay, withv € R\{0}. Then, forall ® andall A € A 27 (B)
there is a constant C such that

(7 s(a, vyl — of o FAtaridn) o) C 18l (54

LZ(R3)

. . . oo o . 1
[(e7mvesca, vyrems - TS TACTR) o | C gl (549)

L2(R3)
for all ¢ € Har(R3) with support¢ C Ayp.

Proof. We use the same notation as in the end of the proof of Lemma 5.6.
First we prove (5.44) and (5.45) for Ac,

H( —imv-x S(Ac, V) pimvex _ lf VAc(x+‘EV)d‘r)¢‘

L2(R3)
= H vWove — WESW, ve' Lac3(0=Lac y(=00)
- R A

All2wsy < H[W—,V — e_iLAC,o(—oo)] &
_ [W+,v _ e—iLAC,e(oo)] ei(LAcﬁ(OO)—LAC,o(—oo))qs‘

C
L2®) < > lollr,®3) -

The proof for S(Ac, V)* follows in the same way.
Now we prove (5.44) for A € Ag 27 (B), the proof of (5.45) follows in the same way.
By (5.12), S(A, V) = S(Ag, V). From (5.40) it follows that

. o0 A A . .
‘Az (x+ —
el f_ V- Az (x+tVv)dT e lCAaACDelCA*AdD 1,

and thus
ol [oso VAGHTVdT _ i [Z ¥ Ag (xTV)dT (5.46)

Then it is enough to prove (5.44) for A = Ac + VA.
By (5.9), (5.17) and as A is homogenous of order zero,

”(e—imvocS(A, V)eimv~x _ lf \g A(x+rv)dr)¢||L2(]RS

— “(eikoo(%ﬁr)e—imvx S(Ac, V)ezmvuce—zkoo(—% —v) zf v A(x+tv)dr)¢“Lz(]R3
i P .5y —imv- imv- —i _P 3 _
S ||(el)\,oo(mv+v)e 1mv XS(AC, V)elmVX(e l)»oo( mo V) _ l)»oo( V))¢”L2(R3
+||(eikoo(%+€’) (e—imV-xS(AC V)eimv-x . lf v Ac(x+tV)dT)e—l)noo( V))¢”L2(R3

. p A . A . o0 A .
+||(el)\oo(%+v) . el)noo(V))el f—oo V-Ac(x+‘CV)d‘Ce—l)uoo(—V)¢||L2(R3) < C; ||¢||’H2(]R3)

The last inequality follows from (3.39), (5.42) and (5.44) for Ac. O
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5.2. High-velocity estimates II. The electric potential. Recall that ¢ is defined in (5.21)
and that H; is given by (5.23).

Lemma 5.8. Let h : R? — R be a bounded function with compact support contained
in R3\ Ay, and let ¢ be a function in He(R>) with compact support contained in Ay.
Then, for any | € N there exists a constant C; such that the following inequalities hold:

- —itH } 1 1
1) |lhe ”H‘¢||L2(]R3) < CIWF||¢||H6(R3) Ve > 0,
i) ape™ Gl 2wy < Cripryr o 10 Ity Ve > 0.

Proof. We prove 1), ii) follows in a similar way. Clearly,

~ 1
16 = Pll2ws) = 55 I@ll3sws), Where p = 1/2. (5.47)

It follows from (5.18) and the properties of the support of 4 and ¢ that

L 2 2 1 2\ 2
he i@ omitdm (e P ) - 2 (—ie 2 )ol.
2mv 2 2mv
Observing that

o ) . )\ 2 6
| Pas A (s i Ny (P i T PSSO
2muv 2 2mv (2mv)3

we obtain

lhe™ 1]l 2 g3y =

. (1+z))°
||he ”H1¢||L2(]R3) = Cwnff’”Hé(My (5.43)

We prove as in (5.36) that there exists a constant C; such that

. - 1
—itH
1 TGl 2y = ey Io e (5.49)

Finally we obtain i) from (5.47) and interpolating (5.48, 5.49). O

We denote

a(v, x) ::/ A(x + V) -vdr, (5.50)

—00
and for ¢g € He(R3) with compact support in A,
Gy = eimv~x¢0.

Recall that Ay is defined in (5.14), that E¢(x, ) is defined in 5.28, that 7 is defined in
(5.38), and that Ag 2, (B) is defined in Definition 5.4.
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Theorem 5.9. (Reconstruction Formula II). Suppose that B, V satisfy Assumption5.1.
Let Ao be a compact subset of Ay, with v.€ R\ {0}. Then, for all ® and all

A € Ag 2 SR(B),
v ([SCA, V) = e @D gy ) = (=ie @0 [V + 79 dT o, o)
+(—ief 0 [0 &, x4 T8, —00) d o, o -51)
+ (=i [ Bylx + 7, 00) dT € F D0, ) + R(V, o, Vo).

where,
—irza s it min(u — 3, —2) <0,
vl 5 min(u — 3,0 —2) = 0,
IR(V. 0, YOI < Cllgollrems) 1Vollpems | ©

L if min(u — 3, —2) > 0,

(5.52)
for some constant C and all ¢o, Yo € He(R) with compact support in Ao.

Proof. We first prove the theorem in the Coulomb gauge Ac. Note that
v ([, V) =] gvu) = v (74t "0, Royo)

+0 (R-go, e ey ) v (R-go. Ruvo)
(5.53)
where
R = e ™S Wo(Ap, V)™V — giLacs (00,

By Lemma 5.6,

1
v |[(R-¢o, R+vo)| < C;||¢O||H6(R3) 10l 74(R3)- (5.54)

We prove below that
v (e_iLAC’°(_OO)¢0, R+lﬂ0)
m .
= (—i/ (Ep(x + 1V, 00) + x V(x + V) d7 g0, 1/fo) + Ry (v, ¢0, Vo),
0
(5.55)
v (73—¢0, e_iLAC’°(OO)1/fo)

0
= (—ieia/ (Ep(x + 1V, —00) + x V(x + V) dT ¢, WO) + R_(v, ¢g, ¥o),

—00

(5.56)
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where Ry satisfy (5.52). Note that (5.56) follows from (5.55) by time inversion and
charge conjugation in the magnetic potential, i.e., by taking complex conjugates and
changing Ac to —Ac. It can also be proved as in the proof of (5.55) that we give below
in seven steps.

We use the notation of the proof of Lemma 5.6. For simplicity we denote by O(r) a
term that satisfies

0] = Cllgoll s w3y Vol w3y 7

Step 1.

v (e H0s g0, R = (e aes gy,
(5.57)
lim; o0 drel™hje ™ Lacil=0 (g, (x t — 1) + x V(x)]e i TH 1/~/o) +O0(1/v).

Equation (5.57) follows from (5.24), (5.26), (5.29) (with ¢ instead of ¢) and the follo-
wing formula that is easily obtained from Lemma 5.8:

||¢0||H6(R3)

L+ T 3y < Cl5—7"7—,
172+ T3l 2 w3y = =<1+ 7))

Ve >0,l=1,2,..., (5.58)

that improves (5.36, 5.37).
Step 2.

limy oo fy dre™hie™ eI By (x 1 — 1) + x V()] 1y
, (5.59)
=lim; o o dre'™Mie™ M4 T [, (v, 1 — 7) 4 x V(1) le T i,

This follows from Lebesgue’s dominated convergence theorem and as

L2(R3)

9

fim H(Eb(x, f—1)— Byx.1 — 1)) e TH 1;0‘
r—0o0

and, moreover,

This estimate is proven as in the proof of Lemma 5.6, using Lemma 5.5.
Step 3.

< h(7), for some h(t) € L'(0, 00).

(Bp(x.t — 7) — By(x. 1 — 7)) e i1 1/}0‘

L2(R3)

v (e7F4es g0, Royo) = fi dr (e Faes =gy,

. o o (5.60)
eltthieMAcs O[5, (x, 00) + 1V (1)]e T

+0(1/v)+0 (1/(1 + |t|)min(u—2,a—1)) _

This follows from Steps 1 and 2, and from the following argument. As in the proof of
Lemma 5.6 we prove that

|

[E,(x,t — 1)+ xV(x)le Ty,

< C (1/Q+ D™ gy ooy,
(5.61)

L2(R3)
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Then by Fatou’s lemma

[[2(x, 00) + X V()1 1)

<C (1/(1 + |r|)mi“(“‘1’°‘)) 19014, (R3) -
(5.62)

L2(R3)

Hence, by Lebesque’s dominated convergence theorem,
limy o0 i drel™ie™ Facs U™ 8, (x, 1 — 1) + x V(x)]e Ty
= Iy dre’ ™ taci ) [B (x, 00) + x V(x)]e Ty,
where the limit is on the strong topology of L?(R>). We complete the proof of (5.60)
using (5.62).
We now estimate the integrand in (5.60).
Step 4.

(73 C0gy, e s O[3, (x, 00) + X V (0)]e 10 )

_ (ei(LAC,G(T)—LAC,%(—OO))qu’ eirHle—iLACﬁ(OO) i[En(x, ) + XV(X)]e_iTHl &0)

1 1
+-0 ((1 " |f|)min<u—27a—1>) . (5.63)

Denote by xa the characteristic function of A. Then

(7 3TNy, et s[5, (x, 00) + X V (0)]e 1))

_ (eiTHl XAe—inge—iLACﬁ(—OO)d)o’ eitHle—iLAC,e(OO) i[En(x, o) +XV(X)]€_iTH1 1/}0)

Hence, (5.63) will be proved if we can replace e!™H1 y 5 e~i7H2 by Xe"LACﬁ(T) adding
the error term. But, this follows from (5.62) and the estimate,
: _ L. il (- 1+t
H (e”Hlee et xe’LAC”(”) e~ e °°)¢0H < C——ldollr,@):
(5.64)

that we prove below.
We designate

§0r = ei(LAc,\A'(T)_LAc,f’(_OO))¢O.

We have that
(eirHl xpe TH XeiLAC,o(r)) ¢ Lacs (=)
i THI o iTH (e—iLACﬁ(r) _ eierxe—irHl) 0p + (eirHlxe—irH1 _ X) .
(5.65)
By (5.41),

ozl ®3) = Clidolin,®s)- (5.66)
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Hence, using

2
}e—it(p+mv)2/2mv _ pmitp it amy) | C|T|P
- 2mv’
we prove that
—itH, _ _—it(p-V+v2/2mv) ﬂ
(e e )oc| o = € 100y, (567)

and since x — 1 = 0 on the support of e‘if(p'°+”2/2m”)(pf,

[ (™ xe™ I —x) oc|| 2 m3)

— || iTH] — 1) (e~ iTHI _ —it(p-v+v?/2mv) ‘
e| | (x —D(e e )1 L2@®) (5.68)
T
< CH 190l 4, ®3)-
Then (5.64) follows from (5.39,5.65, 5.66, 5.68).
Step 5. We now replace e 711 by T (Tp-9+02/2mv) e will prove that
ei(LAC,\‘/(T)_LAC,\”/(_OO))d)O’ eirHle_iLAC,\”z(OO) i[En(X, OO) + X V(x)]e—i‘L'Hl {”’0)
_ (ei(LAC,%(T)_LAC,G(_OO)) o
o A . (5.69)
ezrp.ve lLAC,v(OO) i[En(x, OO) + XV(X)]e_lrp'V'l/fO) + %0 ((1+|t|)mi1}(u—2,a—l))

= (¢0, e 1) B, (x + TV, 00) + XV(x+z6)]&0) +10 ((Hlﬂ)mi,}(ﬂ_z,a_n) , 7 >0.
Recall that ¢, is defined below (5.64). By (5.62) and (5.67),

(e_iTHl(p-L—, e—iLAC,f/(OO) i[En(X, OO) + XV(X)]e—irHl ,&0) — (e—(irp.f7+u2/2mv)(pt,

(5.70)
e_lLAC’Q(OO) i[En(x7 OO) + X V(x)]e_itHl &0) + %0 ((1+|T|)mir}(u72,a71)) .
The first equality in (5.69) follows from (5.67) and as
i N e a2
||[E,7(x, 00) + X V(x)]ezLAc,v(OO)e—t(tp«vH) /2mv)(pl_ ||L2(R3) 571

1
= CW”‘WHHZ(R% T > 0,
because ¢y has compact support, e TPV g just a translation and the decay properties of
V(x) and E,(x, co) (in the direction V). The second equality is immediate.
By (5.60, 5.63, 5.69)

. t . A ~
v (7 et g0, Ry ) = / dt (g0, e~ i[ 8y (x + 7, 00) + XV (x + 7))
0

+0 (1/U) + 0 (1/(1 + |t|)min(u_2’a_1))

Lon(+1e)),  ifmin(u—2,a—1)=1,
RE 0 ( L ) otherwise
v (1+‘t|)min(u—3,a—2,0) ’ .

(5.72)
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Step 6. We now prove that

i dr (¢0, =19 ([8, (x + 79, 00) + x V (x + ﬁ)]&o)
— [ dr (¢0, =19 ([8, (x + 79, 00) + X V (x + re)]wo) (5.73)
=0(1/v)+0( 1 ),t>0.

(1+|t|)min(u72,a71)

As ¢o has compact support,

[E,(x + T, 00) + x V(x + r@)]e"“(@’x)qso‘

L2(R3)

(1 1 o minti—ta 190lH@). 7 > 0 (.74
Equations (5.22) and (5.74) prove (5.73).

By (5.72, 5.73)

. w . A
v (e_lLAcﬁ(_oo)qso, R+xp0) :/ dr(¢0, e VD B (x + TV, 00) + x V(x + r@)]x/f())
0

+0 (1/v) + 0O (1/(1 + |t|)min(u_2’a_1))

[ Lo +t)y),  ifmin(u—2,a—1) =1,
+

1 1 .
50 ((]+|t|)min(ﬂf3~,a*2~,0)) , otherwise.

(5.75)
Finally, taking t = v we obtain (5.55) in the Coulomb gauge, and then, (5.51) is proven

for Ac.
Suppose that A € Ay, 5, SR(B). By (5.11) S(A, V) = S(Ac, V). As A is constant,

ol oo AGHTN AT _ i [Z AcG4T) VAT o it follows that (5.51) holds for A € Agp 2z (B).
O

6. Reconstruction of the Magnetic Field and the Electric Potential
Outside the Obstacle

In this section we obtain a method for the unique reconstruction of the magnetic field
and the electric potential outside the obstacle, K, from the high-velocity limit of the
scattering operator. The method is given in the proof of Theorem 6.3 and is summarized
in Remark 6.4.

Definition 6.1. We denote by Arec the set of points x € A such that for some
two-dimensional plane Py we have that x + Py C A.

Note that if K is convex Arec = A.
Lemma 6.2. For every A € A 27 (B) and every unit vector, v, in R3, we have that
o0 o0
V/ V-A(x+1tv)dt :/ VX Bx+1tv)dr, 6.1)
—00 —00

in distribution sense in Ay .
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Proof. The following identity holds in distribution sense in Ay (this is just the triple
vector product formula):

Vx (VxA)=VF-A) —(V-V)A. (6.2)
Then, for every ¢ € C3°(Ay),

[ VX Bx+1V)dT[¢p] = [ps dx [TV x B(x +TV)dT $(x)
= Jgs dxlim, o [* dT¥ x B(x) ¢p(x —TV)

= Jpzdxlim oo [T (=¥ AX)(VP)(x — T9) + A(x) (V- V) (x — TV))

= (V [2 V- Al + 9 d7) [¢] + limy oo [p3 A (@ (x — rV) — @ (x +7V))
= (V[ V- Alx + V) dT) [4],

where in the last equality we used the decay of A and the fact that ¢ has compact support.

Theorem 6.3. (Reconstruction of the Magnetic Field and the Electric Potential).
Suppose that B, V satisfy Assumption 5.1. Then, for any flux, ®, and all A € Ag 27 (B),
the high-velocity limits of S(A, V) in (5.44) known for all Ao, all unit vectors Vv and
all po € Ho(R3) with support o C Ao, uniquely determine B(x) for almost every
x € Arec. Furthermore, for any flux, ®, and all A € Ag ,, SR(B), the high-velocity

limits of S(A, V) in (5.51) known for all Ay, all unit vectors v and all ¢g, Yo € He (R3)
with support ¢g, support Yo C Ao, uniquely determine V (x) for almost every x € Arec.

Proof. We proceed as in the proof of Theorem 1.1 of [14] (see also the proof of Theo-
rem 1.4 [40]) with the modifications that are necessary to take the obstacle into account
and to reconstruct the magnetic field.

Let us fix a xo € Arec. Foreach j = 1,2, 3 we take, unit vectors @i, V;, and ¢ > 0
such that the following conditions are satisfied:

1.

u;-v; =0,4,je{l,23}
2. The unit vectors

nj:=0; xv;,j=1,2,3,

are linearly independent.
3.

BE (x0) + plity, ¥)) C A, j =1,2,3,
where p(ii;, V;) is the two-dimensional plane generated by G, V;.
Forany z = (z1,22) € R? we define
§;(2) 1= e TTANTEIP G,y (2) = TNy,

jo=1,2.3, 0, % € C° (B£R3 (xo)) . (6.3)
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From the limit (5.44) we uniquely reconstruct
¢ [0, VAT dT

for all x € Ay, and then we reconstruct ffooo vV-A(x+1V)dt +27n(x, v) with n(x, V)
an integer that is locally constant. By Lemma 6.2 we also reconstruct uniquely

o0
/ VX Bx+1tv)dr (6.4)
—00

fora.e. x € Ay.
Take now v € p(li;, V;). Hence, we uniquely reconstruct

00 o0
/ ﬁ] . B(x + ‘[{l) dt = —ﬁ] . ({’ X / vV X B(x + Tf’) d‘f) , (65)
o -0

fora.e.x € Ay. Weused the triple vector product formula, a x (b xc¢) = (a-c)b—(a-b)c.
We now define F; : R? - C,

Fi(z):= (hj - B(x)¢;(2), ¥ (2)) .
Fj is continuous and
|Fi)|<Cc+1zh)™", j=1,2,3.

Moreover, we uniquely reconstruct from (5.44) the Radon transforms,

ﬁj(\/?\V; Z)IZ/ Fj(Z+ ‘L’\”\V)d‘L'ZO ﬁj -B(x + ‘[(W1ﬁj +\/’\V2€’j)) d‘L’¢j(Z), Iﬂ](z)) ,

—00 —00

where z € R? and W := (W, W2) € R? has modulus one.
Inverting this Radon transform (see Theorem 2.17 of [18,19,27]) we uniquely recons-
truct F;(z) and in particular F;(0) = (fi; - B¢, o) and hence, we uniquely reconstruct

n;-B(x), j=1,2, 3forae.x € BR’ (x0) and as the n; are linearly independent we uni-
J J € J

3 . . . .
quely reconstruct B(x) for a.e. x € BiR (xp). Since xg € Arec is arbitrary we uniquely
reconstruct B(x) for a.e. x € Arec.

We now uniquely reconstruct V. Take any xg € Arec. Let 1, W be orthonormal

vectors such that B]SR3 (x0) + p(a, w) C Ay. We define,
B(2) = MRy (2) 1= TNy g, € CF° (B ()

and the function F : R? — C,

F(z) = (V(x)¢(2), ¥(2)).

F is continuous and

|[F()] = C(1+zh™*.
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Moreover, since B is already known in Arec, we uniquely reconstruct from (5.51) the
Radon transforms,

F§io) = / F(z+t§)dr = ( / V(x+r<§1ﬁ+92€v>>dr¢<z>,w(z>),

— o0 —0o0

where 7 € R? and § := (§1, §2) € R? has modulus one.
As above inverting these Radon transforms we uniquely reconstruct F(z), and in

particular F(0) = (V¢o, ¥o) which uniquely determines V (x) for a.e. x € BLRS (x0).
Since xog € Arec is arbitrary, V (x) is uniquely reconstructed for a.e. x € Arec. 0O

Remark 6.4. Let us summarize the reconstruction method given by Theorem 6.3. From
the high-velocity limit (5.44) we uniquely reconstruct

ei f_oooo ‘AI-A(X+‘L'€’) d‘L" (66)

and from this we uniquely reconstruct

o0
/ VX B(x+1tv)dt, x € Ay, (6.7)

—0oQ

which gives us the Radon transform

o0
Fj(W; 2) :=/ Fi(z+tW)dt

—00

= (/ ﬁj -B(x+‘L'(VAV1ﬁj+VAV2‘AIJ'))dT¢j(Z),I/fj(Z)), (6.8)

—00

where z € R? and W := (W1, Wo) € R? has modulus one.
Inverting this Radon transform we uniquely reconstruct F;(z) and in particular

F;(0) = (ﬁj - B¢y, lﬁo) and hence, we uniquely reconstruct n; - B(x), j=1,2, 3 for
ae. x € BFB (x0) and as the n; are linearly independent we uniquely reconstruct B(x)

forae. x € 353 (x0). Since xg € Arec 1s arbitrary we uniquely reconstruct B(x) for a.e.
x € Arec. Note that to reconstruct B almost everywhere in a neighborhood of a point x¢
we only need the high-velocity limit of the scattering operator applied to wave functions
with support in a neighborhood of three two-dimensional planes. For the inversion of
the Radon transform see Theorem 2.17 of [18] and [19,27].

Remember that given any A € Ag 2, (B) we can always findan A € Ag(B) with the
same scattering operator. We can take, for example, Ag. See Eq. (5.12). Then there is no
loss of generality taking A € A¢(B). Note that (6.6) is not a gauge invariant quantity.
If A, A € Ap(B) and A = A +d), then,

o0 o0
/ vV-A(x +tVv)dT :/ VA + VAT + Aoo (V) — Aoo(—V).
—00 —o0

We can, however, reconstruct (6.7) from the gauge invariant quantity,

R(x,y) i= ¢ oS G.[A(x+r€')—A(y+r€')]dr’ X,y € Ag.
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We have that

o0 [0.9]

G-A(x+rf7)dr:/ VX B(x+1v)dt, x € Ay.

—00

ll R(x,y) ViR(x,y) = Vx/

—00

We now uniquely reconstruct V. Since B is already known in Arec, for any
V€ p(a, W) we uniquely reconstruct from (5.51) the Radon transforms,

P = / F<z+r9>dr=(/ v<x+r<ylﬁ+yzwndr¢><z>,w<z>),

—00 —00

where 7 € R? and § := (§1, ¥2) € R? has modulus one.
As above inverting these Radon transforms we uniquely reconstruct F(z), and in

particular F(0) = (V¢o, ¥o) which uniquely determines V (x) for a.e. x € B£R3 (x0).
Since xog € Arec is arbitrary, V (x) is uniquely reconstructed for a.e. x € Arec.

7. The Aharonov-Bohm Effect

In this section we assume that B = 0, i.e., that there is no magnetic field in A. On
the contrary, the electric potential, V, is not assumed to be zero. In other words, we
will analyze the Aharonov-Bohm effect in the presence of an electric potential. As we
will show, for high-velocities the electric potential gives a lower-order contribution that
plays no role in the Aharonov-Bohm effect. However, it could be of interest to allow for
a non-trivial electric potential from the experimental point of view.

For any x € R? and any unit vector ¥ € S* we denote

L(x, V) :=x+Ry,

and we give to L(x, ¥) the orientation of ¥. Suppose that x, y € R3, ¥, W e S? satisfy
v -w > 0 and that

L(x,V)UL(y,w) C A.
Take p > 0 so large that

convex ((x + (—o0, —p]V) U (y + (=00, —p]W)) U

convex ((x +[p,00)V)U (y +[p, 00, )W)) C BiRa ) ,

where K C B£R3 0), B;RS (O)C is the complement of B;RB (0) and the symbol convex(-)
denotes the convex hull of the indicated set.

We denote by y (x, y, v, W) the continuous, simple, oriented and closed curve with
sides, x +[—p, p]V, oriented in the direction of v, y +[—p, p]W, oriented in the direction
of —w and the oriented straight lines that join the points x + pv with y + pw and y — pw
and x — pV.

Suppose that A is short-range (see Definition 5.4). For example, we cantake A = Ac.
We denote x, ¢ := x — (x, V)V. It follows from Stoke’s theorem that if |x, | > 7,

(o.¢] o0 (0¢)
/ ‘A'-A(x+n7)dr:/ v-A(x| +1V)dt= lim v-A(sx +1v)dt =0.

—00 —00 $70 J_0o

(7.1)
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By Stoke’s theorem and arguing as in the proof of (7.1) we prove that for short-range A,

/ A :/ A —/ A. (7.2)
y(x,y,V,W) L(x,¥) L(y,w)

Take any z € R3 such that |(x + D1l =71 [(y+2) ¢l = r. By Stoke’s theorem

and (7.1),
/‘ A:/ A=0.
L(x+z,v) L(y+z,W)

Then, adding zero we write (7.2) as

ot (L)
y(x,y,V,W) L(x,v) L(x+z,V) L(y,w) L(y+z,w)

The point is that for any A € Ag 2, (0) there is Ae Ag 27 (0) with A = A+Viand A
short-range, consequently (7.3) holds for any A € Ag 27 (0).

It follows that from the high-velocity limit (5.44) we can reconstruct | y
modulo 27r. We have proven the following theorem.

A,

(x,y,V,W)

Theorem 7.1. Suppose that B = 0 and that V satisfies Assumption 5.1. Then, for any
flux, ®, and all A € Ag 27(0), the high-velocity limits of S(A, V) in (5.44) known for
V and W determines the fluxes

/ A (7.4)
V(X,)’,‘AHVAV)

modulo 2, for all curves y (x, y, V, W).

Remark 7.2. Theorem 7.1 implies that from the high-velocity limit (5.44) for v and w
we can reconstruct the fluxes
/A
o

for any closed curve « such that there is a surface (or chain) S in A with 0§ = o —
y(x, vy, V, W), because by Stoke’s theorem,

Ja=[ asfm=[ a
o )/(x,y,{’,‘/’\V) S )/(x,}’ﬁ’VAV)

Remember also that given any A € Ag 2, (B) we can always find an A € Ag(B)
with the same scattering operator. We can take, for example, Ag. See Eq. (5.12). Then,
there is no loss of generality taking A € A¢(0). Furthermore, notice that we can at most
reconstruct the fluxes modulo 27 because by (5.12) S(A¢, V) = S(A, V) and the fluxes
of Ag and A differ by integer multiples of 277. For general A € Ag 25 (0) we recuperate
the fluxes from Eq. (7.3). However if A is short-range we can use the simpler formula
(7.2).
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Remark 7.3. As y(x,y, vV, W) is a cycle, the homology class [y (x, y, V, W) g, (a:R) iS
well defined.
We denote

H],I'CC(A; R) = ({[J/(x’ Y, i}’ VAV)]HI(A;R) : L(x, i}) U L(x, VAV) - A}) . (75)

Hj rec(A; R) is a vector subspace of Hi(A; R). Let us denote by Hclle R reC(A) the

vector subspace of H(ll e R(A) that is the dual to Hj rec(A; R), given by de Rham’s
Theorem. Then, for all ® and all A € Ag 2~ (0), from the high-velocity limit (5.44)
known for all v, W we reconstruct the projection of A into H(l1e R, reC(A) modulo 27,
as we now show. Let
m
{[Gj]Hl,rec(A;R)}j:] )

be a basis of Hj rec(A; R), and let
m
[[Aj]H(lle R, rec(A) }jzl ’
be the dual basis, i.e.,

/ Ak=5j,k,j,k=1,2,...,m.
o

J

Let us denote by Prec the projector onto H ée R rec(A)‘ Hence, for any A € Ag 2, (B),

(A)?

m
Prec [A] 51 = AilAi]gt
rec Hde R(A) JZ=;‘ I Hde R, rec

and, furthermore, as

= A
o

J

we reconstruct A;, j = 1,2, ..., m (modulo 27 ) from the high-velocity limit (5.44)
known for all v, w.

We now give a precise definition of when aline L (x, V) goes through a hole of K. Take
r > 0 such that K C B£R3 (0). Suppose that L(x, V) C A, and L(x, V) N BiRS (0) # A.
We denote by c¢(x, V) the curve consisting of the segment L (x, v) N BlR3 (0) and an arc

on 3 BR*(0) that connects the points L (x, ¥) N d BR’(0). We orient ¢(x, ¥) in such a way
that the segment of straight line has the orientation of v.

Definition 7.4. A line L(x,V) C A goes through a hole of K if L(x, V) N B£R3 ©0)£0
and [c(x, V)], (a:R) # 0. Otherwise we say that L(x, V) does not go through a hole of
K.
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Note that this characterization of lines that go or do not go through a hole of K is
independent of the r that was used in the definition. This follows from the homotopic
invariance of homology. See Theorem 11.2, p. 59 of [16].

In an intuitive sense [c(x, ¥)]x,(a:R) = 0 means that c(x, V) is the boundary of a
surface (actually of a chain) that is contained in A and then it can not go through a hole
of K. Obviously, as K ¢ BX'(0), if L(x, %) N BX’ (0) = ¢ the line L(x, V) can not go
through a hole of K.

Definition 7.5. Two lines L(x, V), L(y, W) C A that go through a hole of K go through
the same hole if [c(x, V)]m,(a:R) = Elc(y, W]k, (a:R). Furthermore, we say that the
lines go through the hole in the same direction if [c(x, V)] g, (a:R) = [c(y, W) H,(A:R)-

Lemma 7.6. Let A, Ag € Ag(0) with Ag short-range and let A be suchthat Ay = A+d .
Assume that L(x, V) and L(y, W) go through the same hole of K. Then,

0
/ V-AX + V) AT + Ao (V) — Aao(—V)
—o00 N
::I:(/ w-A(y+TtW)drt +)\.OO(W)_)\.OO(_W)) , (7.6)
—0o0
if [eCx, V] a:R) = £le(y, W, (A;R)-
Moreover,

/ VA +T9)dT + Aoo (V) — hoo(—=V)

—00

)
:/ vV-Aog(x +1V)dt :/ A():/ A. (7.7)
—00 c(x,V) c(x,v)

Proof. By (7.1) and Stoke’s theorem,

o0

/Oo V-Ax +1V)dT + Aoo(V) — Aoo(—V) :/

—0oQ —00

f'-A()(x+T€')d‘L':/ Ao

c(x,v)

—00

o0
::I:/ Aozj:(/ \7V-A(y+fv?')dr+)»oo(\?v)—Aw(—W)).
c(y,w)

O

Lemma 7.7. Let A, Ag € Ag(0) with Ag short-range and let A be suchthat Ao = A+d.
Assume that L(x, V) does not go through a hole of K. Then,

/OO V-AX +19)dT + Ao (V) — Aoo(—V) = 0. (7.8)

—00

Proof. If L(x,V) N BﬁRS (0) = @ it follows from (7.1) and Stoke’s theorem that (7.8)
holds. Otherwise, [c(x, ¥)]x,(a.R) = 0, and then, by Stoke’s theorem,

/ A=o.
c(x,v)
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Take z € (’)B]rR3 (0) N ¢(x, ¥) such that L(z, V) is tangent to BB}rR3 (0). By the argument
above,

o
/ V-A(Z+TV)dT + Aoo(V) — Aoo(—V) = 0.
—00
Finally, using once more Stoke’s theorem we obtain that
o0 o0
O:/ A:/ 0-A(x+r€f)dr—/ vV-A(z+1tv)dr,
c(x,v) —00 —00
and then, (7.8) is proven. 0O

Remark 7.8. If (x, V) € A x S2, there are neighborhoods B, C R3, B; C S? such that
(x, V) € By X By andif (y, W) € By x By then, the following is true: if L(x, V) does not
go through a hole of K, then, also L(y, w) does not go through a hole of K. If L(x, V)
goes through a hole of K, then, L(y, w) goes through the same hole and in the same
direction. This follows from the homotopic invariance of homology, Theorem 11.2, p. 59
of [16].

Definition 7.9. For any V € S? we denote by A5 out the set of points x € Ay such that
L(x, V) does not go through a hole of K. We call this set the region without holes of Ay.
The holes of Ay is the set Ay iy = Ay \ Ag out-

We define the following equivalence relation on Ay j,,. We say that x Ry y if and only

if L(x, V) and L(y, V) go through the same hole and in the same direction. By [x] we
designate the classes of equivalence under R;.

We denote by {A{,’ h } ez the partition of A j, given by this equivalence relation. It
is defined as follows:

1:= {[x]}XEAQ,in.
Given h € I thereis x € Ao,in such that # = [x]. We denote
Ay =1y € Agin YRy}
Then
A{r,in = UhEIA‘ATJH A‘A’,hl N Af’,hz = @, hl 75 h2~
We call Ay the hole & of K in the direction of V. Note that
{Ag.ntner U {Ay out} (7.9)

is an open disjoint cover of Aj.

Definition 7.10. For any ®, A € A¢(0), v € S2, and h € T we define,

Fh = / A,
c(x,v)

where x is any point in Ay j. Note that Fy, is independent of the x € Ay j, that we choose.

Fy, is the flux of the magnetic field over any surface (or chain) in R? whose boundary is
c(x, V). We call Fy, the magnetic flux on the hole h of K.
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Let us take ¢p9 € Ho(R?) with compact support in Ag. Then, since (7.9) is a disjoint
open cover of Ay,

$o = Z‘Ph * $out; (7.10)
hel

with @1, @out € Ha(R?), @), has compact support in Ag p, h € 'H, and pgyt has compact
support in Ay oyt- The sum is finite because ¢ has compact support. We denote
¢)V = elmV'quO’ g0h7v = elan')CgDh’ gﬂout’V = el}’nV')Cgaout.

Theorem 7.11. Suppose that B = 0 and that V satisfies Assumption 5.1. Then, for any
® and any A € Ag(0),

. N N . 1
S(A, V) ¢V — e—l()»oo(V)_)\.oo(_V)) (Z €th§0v,h + (pout’v) + 0 (;) . (711)

hel

Proof. The theorem follows from Theorem 5.7 and Lemmas 7.6, 7.7. O

Corollary 7.12. Under the conditions of Theorem 7.11,

. A Ay 1
(SCA V) @y, py.p) = e eI 4 0 (—) cheT,  (112)
v

: 5 5 1
(SCA, V) v, oy our) = ¢ H= 4= 4 0 (—) : (7.13)
v

Moreover, the high-velocity limit of S(A, V) in the direction V determines ioo(V) —
Aoo(—V) and the fluxes Fy, h € T, modulo 2.

Proof. The corollary follows immediately from Theorem 7.11. O

Remark 7.13. Equations (7.12, 7.13) are reconstruction formulae that allow us to recons-
truct Aoo (V) — Aoo(—V) and the fluxes Fy,, h € Z, modulo 27, from the high-velocity
limit of the scattering operator in the direction v. Recall that Ao (V) — Aoo (—V) is inde-
pendent of the particular short-range potential that we use to define A. Remember also
that given any A € Ag 2, (B) we can always find an A € Ag (B) with the same scat-
tering operator. We can take, for example, Ag. See Eq. (5.12). Then, there is no loss of
generality taking A € Ag(0).

Note that it is quite remarkable that we can determine Ao (V) — Aoo (—V) since it is not
a gauge invariant quantity. According to the standard interpretation of quantum mecha-
nics only gauge invariant quantities are physically relevant. Note that if A is short-range
Aoo 18 constant. In this case Aoo (V) — oo (—V) = 0 and it drops out from all our formulae.
We see that one possibility is to consider that only short-range potentials are physically
admissible. This is consistent with the usual interpretation of quantum mechanics in
three dimensions. However, we can also go beyond the standard interpretation of quan-
tum mechanics and consider the class of long-range potentials Ag(B) as physically
admissible. This raises the interesting question of what is the physical significance of
the Loo (V) — Aoo(—V).
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Example 7.14. Here we consider a simple example where we give an explicit description
of the holes. Furthermore, the fluxes of the holes are the fluxes of the magnetic field over
cross sections of the tori. We reconstruct all the fluxes modulo 27 and also we determine
the cohomology class of the magnetic potential modulo 2, from the high-velocity limit
of the scattering operator in only one direction.

Given a vector z € R? and @ > b > 0 we denote by T (z, a, b) the following set:

T(z,a,b) :={z+a(cosh,sinb,0)+ b (x(cosh,sinb, 0)
+3(0,0,1)): 0 €[0,27], (v, y) € BE O]
The map F, .5 : T — T(z,a,b) given by
F; ap((cosf,sinf), (x,y)) — z+a(cosb,sinb, 0) + b (x(cosb, sin6,0) + y(0,0, 1))

is a diffeomorphism.
The obstacle. We now define the obstacle K. We assume that v = (0, 0, 1).

As before the connected components of K are K;, j = 1,2,..., L. Let us denote
J=1{1,2,....m}and I ={m+1,...,L}.If m = L, then, I = (J. We assume that K
satisfies the following assumptions:

1. There are vectors z; € R3 and numbers aj >bj, j=1,2,...,msuch that,

K;=T(j.a;.b)).Vjel, K;=BF0),jel

(convex (Kj) +]RV) N (convex (K;) + Rv) =0, j,l € J,
(convex(Kj) +]RV) NK;+Rv)=0,je ], lel.

We denote as before by convex (-) the convex hull of the indicated set.
The Curves yj, v;, yj. Let 8; be such that z; = r;j(cos(8;), sin(8;), 0) + (0, 0, (z)3).
The curves y;, j € J are given by

yj(t) :==zj +aj(cost,sint,0),
and the curves y;, j € J, are
yj ==z +aj(cosf;,sin6;,0) +b; (cost(cos b}, sin6;, 0) +sin7(0, 0, 1)).
Furthermore, the curves )?j, j € J,are
Yj :=2zj+aj(cos6;,sind;,0)+ (b; +3/2) (cost(cos@lv, sin6;, 0) +sinz(0, 0, 1)) ,
where § > 0 so small that, § < a; — b, and

(convex (Kjs)+ Rv) N (convex (K1s) + RV)
=0,j,lel, ((convex Kj75)+]RV) N (Kl,(s +Rv) =0,jeld,lel

The subindex § denotes the set of points that are at distance up to § of the indicated set.
The flux ®. We define the following sets:

hj:={zj+t(cosb,sinb) : 0 €[0,27],7 €[0,a; —bj)} + RV, j € J.
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We have that

[c(x’ i\’)]I'II(A,]R) = [C(y7 i\,)]I'II(A,]R)s Vx’ y € hj’ j € ‘] (714)

Since c¢(x, V) and c¢(y, V) are homotopic in A, this follows from the homotopic invariance
of homology, see Theorem 11.2, p. 59 of [16] (the curves c(x, V) and c(y, V) are defined
previously in this section). Then, we can associate aflux @ j toeach s, j € J asfollows:

OF :/ A A, forsomex € hj, j € J.
c(x,v)

We have that
[e(y. )1 acky = 0. ¥y € (Ag \ (Ujeshj)) N (B}RS 0) + Re), (7.15)

where the radius r is the one taken to define the curves c(y, V). Let us prove this. As the
segment of straight line in c¢(y, V) does not belong to any of the sets convex (K ;) + RV,

J € J, we have that for any j € J there is a surface (or a chain) o; contained in the
m

(A)} be the basis

complement of K; such that do; = c(y, V). Let [[G(j)]Hl
j=1

de R
of H(l1e R constructed in Proposition 2.3. Then, as dGY) = 0 it follows from Stoke’s
theorem that

/ GY) =0,VjelJ.
c(y,¥)

Hence, (7.15) follows from de Rham’s Theorem, Theorem 4.17, p. 154 of [41].
Let us prove now that

O =d(y)),jeJ. (7.16)
For any j € J we define,

xj:=2zj+aj(cosbj,sinb;, 0) — (b; +5/2)(cosb;,sinb;, 0),

yj :=2zj+a;(costj,sin0;,0)+ (b; +3/2)(cosb;, sinb;, 0).

We choose the curves c(x, V), c(y;, ¥) in such a way that the arcin c(y;, V) is contained
in the arc in c(x;, V). Let c; be the curve obtained by taking the segments of straight
linein c(x;, V) and in c(y;, V) and the two arcs that are obtained by cutting from the arc
in c(x;, V) the arc in c(y;, V). We orient c; in such a way that the segment of straight
line in ¢(x, V) has the orientation of V. Then, in homology,

[cjlm a:r) = [e(xj, W] a:r) — [e(js VH (A:R)- (7.17)

This follows from de Rham’s Theorem -Theorem 4.17, p. 154 of [41]- since for any

closed 1-form D,
/ D= / D / D.
cj c(xj,V) c(yj,¥)
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The curves y; and c; are homotopically equivalent in A. Hence, by the homotopical
invariance of homology, Theorem 11.2, p. 59 of [16],

[cjla (a:R) = Vil (a:R)- (7.18)
Then, by (7.15, 7.17),

Vila a:r) = le(xj, VH A:R) (7.19)

/ A :/ A,jel,
C(x]',"}) );j
what proves (7.16).

The holes of K. Recall that Ag gyt and A j, were defined in Definition 7.9, that the
holes of K are the sets Ay, h € Z, that Fj, is the flux over the hole Ay j, h € Z, that
Agin = UnezAv -

Then, we have that

and hence,

1. TheindexsetZ canbetakenasZ = {h;};c; ~ J.Moreover,denoting Ay ; = Agn;s
we have that Ay ; = h; and Ngyin = Ujeshj.
2. We designate, F; := th. Then

Fj=a(y), jel.

As.out =R\ (Agin Uly (K +7R)).
Let us prove this. By (7.15) [c(y, Vg ar) = 0,Vy € (Ag\Ujeshj) such that
B®(0) N L(y, V) # . Then

3 ~
(A{, \ Ujejhj) N (B’],R (0) +RV) C A\?,out-

But by our definition the complement in Ay of BiR3 (0) + RV is contained in Ay gyt. It
follows that

(As \Ujerhj) C Agout:

Moreover, if x € h; for some j € J, since [y} ]n,(a:R) # 0, it follows from (7.14) and
(7.19) that [C(Xj, Q’)]H[(A;R) = [c(x, Q)]H[(A;R) # 0, and then, x ¢ Ae,out' Then, we
have proven that

(A3 \Ujeshj) = Aqouts (7.20)
and hence,
Agin = Yjesh;.

Item 3 is now obvious. By (7.14)if x, y € hj, then, [c(x, V)] g, (a:R) = [c(V, V) ]H, (A:R)-
Hence, x Ryy which implies that /4 is contained in some hole of K. But by (7.14) and
(7.19)if x € hj,y € hy, j # I, then, [c(x, V)], a:R) # [c(¥, V)]H, (a:R) because as
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the [V} 1u,(a:R), J € J are abasis of H(A; R) they are different. In consequence, x and
y belong to different holes of K. Then, since (7.20) holds, we have proven Item 1. Item
2 follows from (7.16).
By Corollary 7.12 and Remark 7.13, this proves that from the high-velocity limit of
S(A, V) in the direction of v we reconstruct all the fluxes ®(y;), j € J, modulo 27.
Let us now prove that from the high-velocity limit of S(A, V) in the direction of v
we also reconstruct the cohomology class [A] (11 SR modulo 27, in the sense that we

reconstruct modulo 27 the coefficients of [A] (11 SR in any basis of H&e R(A).

Let { [M ;] 1 ]
l 7 e R
dual basis of Hi(A; R) given by de Rham’s Theorem,

m

be any basis of H(l1e R (A) and let {[T1n, (A;R)}Tzl be the

/ My =36;,j,lel.
Lj

Let {«} ey be the expansion coefficients of A,

[Algt = D oj[Mj]y ;
Hlo g % Mgl @

Oth/ A.
1".

J

By Proposition 10.1 {[)/AJ-]H1 (A;Z)}?l:l is a basis of H{(A; Z). Then,

[Tl azy = D nG DAy aszy-
leJ

where the coefficients n(j, [) are integers. Finally,

ozj:/F.A:zn(j,l)/ﬁA=Zn(j,l)¢(371),jEJ,

leL leL

and since we have already determined the ® () modulo 2, the coefficients o ;, j € J
are determined modulo 2.

8. The Tonomura et al. Experiments

The fundamental experiments of Tonomura et al. [37,38], gave a conclusive evidence
of the existence of the Aharonov-Bohm effect. For a detailed account see [30].

Tonomura et al. [37,38] did their experiments in the case of toroidal magnets. This
corresponds to our Example 7.14 with only one torus, i.e., L = 1, J = {1}.In very careful
and precise experiments they managed to superimpose behind the toroidal magnet two
electron beams. One of them traveled inside the hole of the toroidal magnet and the
other-the reference beam-outside it. They measured the interference fringes between the
two beams produced by the magnetic flux inside the torus.

We show now that our results give a rigorous mathematical proof that quantum
mechanics predicts the interference fringes observed by Tonomura et al. [37,38] in their
remarkable experiments.
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An equivalent description of these experiments is to consider that both electron beams
traveled inside the hole of the torus, one of them with a nonzero magnetic flux inside
the torus, and the other-the reference beam-with the magnetic flux inside the torus set
to zero. Note that it follows from Theorem 7.11 that particles that go outside the holes

only feel the long-range part of the potential given by the factor e oo —Aoo(=9) for
large velocities. Therefore, we can model the particles that go outside the hole (in the
Tonomura et al. experiments [37,38] ) by particles that go inside the hole when the
fluxes Fj, are equal to zero and that feel the same long range effect e~ (*> M) —=Aoo (=) for
large velocities. As in this model long-range magnetic potentials add a global constant
phase that does not affect the interference pattern we take, for simplicity, a short-range
magnetic potential. According to Theorem 7.11, for the particle that goes inside the hole
with the magnetic flux present, up to an error of order 1/v, we have that

S(A, V)py = e'7c® ¢y, 8.1)

where we have taken physical units, with ® the flux of the physical magnetic field B and

oy = ei%v'xrbo. See Sect. 4. For the particle that goes outside the hole of the magnet, or
equivalently inside the hole with the magnetic field set to zero,

S(A, V)gy = dy. (8.2)

If we superimpose both asymptotic states we obtain the wave function,

(1 +ei%q’) . (8.3)

up to an error of order 1/v. This shows the interference patterns that were observed
experimentally by Tonomura et al. [37,38]. For example, if % ® is an odd multiple of 7
there is a destructive interference and there is a dark zone behind the hole of the magnet,
as observed experimentally.

Tonomura et al. [37,38] also considered the case when the reference beam is slightly
tilted. In this case the reference beam is given by

.M
¢V+Vo = elﬁvo'x¢v,
and (8.2) is replaced by,
iMoo
S(A, V)@yiyy = Pyayy = eV .
In this case we obtain the wave function
ol Vo (1 + e_i%vo'xei%> b,

up to an error of order 1/v. We see that the factor,

My L
(1467 moweric)

produces the parallel fringes that were observed experimentally by Tonomura et al.
[37,38].
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9. Appendix A

In this Appendix we prove, for the reader’s convenience, that Hy(1kT; R) =0,s > 2,
that Hy(bkT; R) = 695-‘:17%, and that {[Zj]Hl(ukT;R)}l;zl is a basis of H1(tkT; R). R
is Z or R. ‘

Recall that we defined, y+ : [0, 1] = T : y1(t) = (et27i1 0, 0).

Proposition 9.1. Hy(T; R) =0, s > 2and H\(T; Z) = Z and {[y+1p, (1.7, } are basis
of Hi(T: 7).

Proof. We define y+ : [0,1] — St . yi(t) == 271t and let Igi - S! — T be the
inclusion given by Igi(s) := (s, 0, 0). Clearly, Is1 o y+ = y+. It is easy to see that St
is homotopically equivalent to 7' and that the inclusion Ig1 : S! — T is a homotopic
equivalence. It follows that /51 induces an isomorphism in holomogy given by H;(I51)
(see Theorem 11.3, p. 59 [16]). Then, H(T; R) = H; (S'; R) and hence, we have that
Hy(T;R) = 0,5 > 2 by Corollary 15.5, p. 84 of [16]. For s = 1 and R = Z, the
isomorphism is given in the following way (see p. 49 [16]). Let o; : [0,1] — T be
continuous functions and let n; € Z. Let us assume that > _ n;o; is a cycle (its boundary
is zero). Then, H(Ig1)[D niai]Hl(Sl;Z) =[D nilsi o oilu,(r:7)-

As Igi o y4 = y4, it follows that H; (/s )[]7:|:]H1 .7y = [v£lm,(r;z)- Then, to prove
the proposition it is enough to prove that H;(S'; Z) = Z and that {[)7i] H (S Z)} are
basis of H;(S': 7).

By Theorem 12.1, p. 63 of [16], there is a homomorphism E : IT;(S'; 1) —
H;(S'; Z) that sends a homotopy class to its homology class. In our case E is an
isomorphism since Hl(Sl; 1) is abelian. Actually, HI(SI; 1) = Z. See Theorem 4.4,
p. 17 of [16]. Then, Z = I1;(S'; 1) = H,(S'; Z). To prove that {[p+]y, 1.2} are
basis of H,(S';Z) it is enough to prove that {[fi]nl(gl;l)} are basis of I1{(S!; 1).
The isomorphism A : 0,84 2) - Zis given (see Theorem 4.4, p. 17 of [16]) as
follows. Given a path o with [o],(s1.1) € S 1) leto’ : [0,1] > R satisfy
o’(0) = 0 and i’ (1) — o (t). Then, Alo ] sty = o’(1). In our case, if we take
Vi) == #£t, 71.(0) = 0 and y1 (1) = £1. It follows that A[y+]y, 1.1y = £1. As £1
are basis of Z it follows that [fi]nl(gl; 1) are basis of IT; (Sl; 1) and this concludes the
proof that [y+ ], (7.7 are basis of H(T; Z). O

Proposition 9.2. For s > 2, Hy(tkT; R) = 0. Furthermore, H|(0kT; Z) = EB;‘ZIZ,
k . .

and {[Zj]Hl(ukT;Z)}j=1 is a basis of H| (4kT ; 7).

Proof. We prove the proposition by induction in k. For k = 1, Z; = y; and the result

follows from Proposition 9.1. Let us assume that H;( (k—1) T; R) = EBf.:llR and that

{1Z1 ¢ k-1 T;Z)}l;;i is a basis of Hy(f (k —1) T; Z). Let X1 and X, be open subsets

of 1k T such that

Uj<k—1;(T) € X1, k(T) € X2, X1 2 Ujj(T) = gk — DT, Xo = k1 (T) =~ T,

and X1 N X, is contractible, i.e. X1 N X»> =~ to a single point. The symbol >~ means
homotopic equivalence and ~ means homeomorphism.

By Example 17.1, p. 98 of [16] (1 k T, X1, X2) is an exact triad and we can apply the
sequence of Mayer-Vietoris (17.7 p. 99 and 17.9 p. 100 of [16]),

Hy(X1 N X2 R)— Hy(X1;R) ® Hy(X2: R) — Hy(8k T3 Z)— H._ (X1 N X2: R).
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As X1 N X» is homotopically equivalent to a point -that we denote by {x}- we have that
Hy(X1 N X21R) = Hy({x}:R) = 0, HY_ (X1 N X2:R) = HY | ({x}: R) = 0 (see
Theorem 11.3, p. 59, Example 9.4, p. 47 and Example 9.7, p. 48 of [16]). Hence, we
obtain the isomorphism,

Hg(X1;R) ® Hg(X2; R) —> Hy(0kT; R). 9.1
This isomorphism is given by (see 17.4, p. 99 of [16])

(le11m, x5 Ry [e21m,(x00R)) = —[e1lm, i 7:R) + 2, sk T R) - 9.2)

AsUj<,11;(T) =~ Xy, [ (T) =~ X5, theinclusions Uj<x11;(T) — X1, [((T) — X»
induce isomorphisms in homology (see Theorem 11.3, p. 59 of [16]). We have, then, the
following isomorphisms:

Hy(1(k — DT; R) > Hy(Uj<k—11;(T); R) > Hy(X1: R), 9.3)

Hy(T; R) > Hy(k(T); R) > Hy(X2; R). (9.4)

By our induction hypothesis and (9.1,9.2,9.3,9.4) Hi(1kT; R) = EBfZIR. Hence, by
Proposition 9.1 Hy(1kT;R) = 0,5 > 2. Moreover, by the induction hypothesis and
(9.3), it also follows that {[Zj]Hl(Xl;Z)}I;;]l is a basis of Hy(X1; Z). By Proposition 9.1
and (9.4) H{(X; Z) = Z; furthermore, by the definition of Z; (see 2.2)) and as the
homeomorphism /; : T — [;(T') induces an isomorphism in homology it follows from
Proposition 9.1 that [Z ]y, (1).7z) 18 a basis of Hy(lx(T); Z) and then, by (9.4) it is
also a basis of H{(X>; Z). Finally, it follows from (9.2) that H(hkT'; Z) = er.‘:lZ and

koo .
{[Zj]Hl(ukT;Z)}jzl is a basis of Hy(0kT; Z). O

Proposition 9.3. H;(1kT; R) = EBf.;]R and {[Zj]Hl(ukT;]R)}l;zl is a basis of
Hi(8kT; R).

Proof. The homology group Hi (i k T; R) is a module over the ring R, i.e. it is a vector
space (p. 47 of [16]). If G is an abelian group we can also define the homology groups
as in p. 153 of [17]. In this case H1(§k T; G) is a group. As R is a group and a ring
we can define the homology groups as modules and as groups. To differentiate them
we will denote by H;(f k T; R) the homology module considering R as a ring, and by
H (1kT;R) considering R as a group. Actually, Hi(1k 7T; R) and H (0kT;R) are
equal as sets and as groups. By the theorem of universal coefficients-Corollary 3 A.4,
p. 264 of [17]-there is the exact sequence,

0—> HUkT;:Z) @ R — H,(1k:R) — Tor(H,_1(1kT;7Z),R) — 0.

As R is torsion free, Tor (I:Is_l (tkT; Z),R) = 0. See Proposition 3A.5, p. 265 of [17].
In consequence,

HGkT:7) @R > Hy(1kT: R). 9.5)

The isomorphism, 7, is given as follows. Let o be a singular simplex and take r € R.
Then,

I([ocl®r)=[ro].
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See Eq. (iv) and Lemma 3.Al, pp. 261, 262 of [17]. By Proposition 9.2 H(hkT; Z) =
®"_,Z and {[Z;1n, (D,CT;Z)}’;=1 is a basis of H)(tkT; Z). Then

O R=H1kT;Z) R,
The isomorphism is given by

®_|R— &_(ZOR) — @'_,Z) ®R — HI(1kT;Z) ® R

ri,....mp) > 1Q@r;...,1Qr,) — (1,0,...,0)0r;+---+(0,0,... H®
k
e = Zj:l[zj]ﬁl(ukT;Z)@)rj'

It follows that the morphism
k
I':@&_|R— HOKT;R) : I'((r1. o) = D 11 21 ke
j=1

is an isomorphism of groups.
We now prove that this implies that {[Zj]Hl(DleR)}];:1 is a basis of H(tk T; R)

as a vector space. As H, (bkT;R)and Hi(hk T; R) are equal as sets and as groups the
morphism

k
I': @5 R—> HiGkT;R) : I'((r, - o) o= D 1521y ek 7Ry
j=1

is an isomorphism of groups. By the structure of vector space of Hi(tkT;R) we
have that lec':l[”jzj]Hl(ukT;R) = lef:l rilZ i1k ¢k T:R)- As 1" is an isomorphism
of groups we have that Vo € H; (1 k T'; R) there are real numbers {r; }]j‘.:1 such that o =
Z'§=1 rilZj1H, ik T:R)- This means that {[Zj]Hl(ukT;R)}ljzl generates Hi(hk T; R).
Moreover, if 0 = le‘:l rilZilmgrr:R) = Zl;zl[rjzj]Hl(UkTQR) we have that
(r1,r2, -+, rr) = 0,and we conclude that {[Z ;] 5, 1, T;R)}];':1 is a linearly independent
set and since it also generates Hi(k T; R) itis a basis. O

10. Appendix B
In this appendix we prove, for completeness, the following proposition.
Proposition 10.1. {[;1x,(a;2)};_, is a basis of Hy(A; 2).

Proof. For simplicity we will omit Z in the homology groups in this proof.
Step 1. As in the proof of (2.9) we prove that H; (R3, R3 \K) = H; (R3 \ K). Moreover
the isomorphism is given by (p. 75 of [16])

[0 15, @3R3\ k) = [00 11,3\ K)- (10.1)

Step 2. Define K, := {x € R3 : dist(x, K) < ¢}. Since R3 \ K, C (R3\ [%) it follows
from the excision theorem (p. 82 of [16]) that the inclusion (K, K;\ K) — (R3, R3 \K)
induces an isomorphism in homology.
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Step 3. LetK. j, j = 1,2, ..., Lbetheconnected components of K, for ¢ small enough.
Then, K. j = {x € R3 : dist(x, K;) < e}. By Proposition 13.9, p. 72 of [16]

Hy(K:, Ko \ K) = @ Ha(Ke,j, Ko j \ K ).

Step 4. We have the following homotopic equivalence K, ; \ K; >~ dK, ;, that induces
the isomorphism in homology

Hi (K¢ j \ Kj) = Hp (0K, j).

Let us consider the exact homology sequences of the pairs (K. ;, K. ; \ K;) and
(K¢, j, 0K¢ ;). The first starts at Hy (K, ; \ K;) and ends at Hy_ (K ;) and the second
starts at Hy (0K, ;) and ends at Hy_ (K ;). By the five lemma (p. 77 of [16]) the
inclusion (K, j, 0K, j) < (K¢ j, K. j \ K;) induces the isomorphism in homology,

Hk(KS,ja 3Ks,j) = Hk(Ks,j, Ke,j \Kj)-

Step 5. By the exact homology sequence for the pair (K, ;, 0K, ;) we obtain the
sequence

A 1
— Hy(K. ;) — Hy(Ke j, K: ;) = Hi(0Ke ;) — Hi(Ke j) —,

where A is taking boundary and [ is the inclusion. By Proposition 9.2 H>(K ;) = 0.
Hence we obtain the exact sequence

A 1
0 — Ha(Ke j,dKe ) = H1(0K. ;) — Hi(Ke ) — . (10.2)

Let I'; C {1, 2,... m} be such that {[)/i]Hl(Ke,.,»)}ieFj is a basis of Hj (K ;) (see Sub-
sect. 2.4).

Let {Oli}ierj, {,Bl‘}ier‘j be the curves defined in Example 2A.2, p. 168 of [17]. Note
that we can choose o; = y; (see (2.6), just take % instead of ¢ in K, ). Moreover as

vi = B; we have that (see Theorem 11.2, p. 59 of [16]) [B; ], (Kej) = [vilH, (Ke.)- Then,
by Example 2A.2, p. 168 of [17],

{[);i]Hl oK. ;- [BilH, (aKg,_i)}ierj
is a basis of Hy (0K ;).
Itisclearthat / ([);i]Hl(aKg,j)) =0,i € Fj .Moreover, I([,Bi]Hl(BKE,j)) =[Biln, (Ke )=
[VilH, (Ke.)- Hence,Kern I = <{[)}i]H1 (0Ke.}) }iel“_,- >, the free Z—module or the free group
generated by {[V;1#, 5 K&j)},‘erj. We obtain then that,

A .
Hy(K; j, 0K; ;) — Kern(I) = <{[)/i]H1(aK8,j)}i€Fj>-

It follows that to construct a basis of Hy (K, j, 0K, ;) it is enough to compute the
inverse image under A, of the {[J;i]Hl(aKsj)}ierf Let us take then [o0;]x, (Ke.;,0Ks})
, ; : :
such that, do; = ;. Hence, {[Ui]Hl(Ksj,aKsj)}ier. is a basis of H{ (K, j, 0K ;).
’ ’ J
Finally, by Steps 4 and 5 {[07 11, (K, ;. K, \Kj) ), . 18 @ basis of Hy (K¢, j, Ke j\ K ;).
’ ’ J
By Step 3 {[Ui]Hz(Ks,Ks\K)}?;] is a basis of H>(K., K \ K). By Step 2
{[Ui]Hz(R3,R3\K)}T:1 is a basis on Hy(R3, R\ K). By Step 1 {[?i]Hl(Rs\K)}Tzl is
a basis of H{(R3\ K). O
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