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32 4-$% f 5 g *(& '1%6+(%-& -% L (ℜ)2 7$#$ a 5 b 6(%&,$%,-& $#8+,#$#+$&2

F [af(x) + bg(x); ξ] = aF [f(x); ξ] + bF [g(x); ξ] ,

5

F−1 [af(x) + bg(x); ξ] = aF−1 [f(x); ξ] + bF−1 [g(x); ξ] .

 2 4+ r > 0 -& 1% -%,-#(9 5 ĺım
|x|→∞

f (r)(x) = 0 :$#$ r = 0, 1, . . . , N − 1

6(% f (0) = f(x) -%,(%6-&9

F
[

f (r)(x); ξ
]

= (−iξ)rF (ξ),

-& /$ ,#$%&'(#)$*$ *- 1%$ *-#+;$*$2

<2 =$ >(%;(/16+?% *- 0(1#+-#9 f ∗ g9 *- *(& '1%6+(%-& f(x) 5 g(x) -&,@

*-A%+*$ :(# /$ +%,-.#$/

(f ∗ g) (x) =
1
√

2π

∫

∞

−∞

f (x− ξ) g (ξ) dξ,

B1- ,+-%- /$& :#(:+-*$*-& *- 6(%)1,$,+;+*$* f ∗ g = g ∗ f 5 $&(6+$,+;+C

*$* (f ∗ g) ∗ h = f ∗ (g ∗ h)2 D&,$& (:-#$6+(%-& :1-*-% -&,$8/-6-#&- -%

,E#)+%(& *- /$ 6(%;(/16+?%

F [(f ∗ g)(x); ξ] = F [f(x); ξ]F [g(x); ξ] .



 !"#$%&' ((

 !"#$%&!'"(" ()$*!+," (+

-&.!)+!

 !"#$%&$'$%&$( )%* +)$#$ ,-.$/ )0* #$ 1- &/-%02*/'-#- "%&$3/-1 #$

4*)/"$/ 0"$'+/$ 5)$ 1- !-/"-61$ .*//$0+*%#"$%&$ 7#"3-'*0( .**/#$%-#- * '*8

'$%&)' $% '$.9%".- .)9%&".-: +$/&$%$;.- - &*#- 1- 1"%$- /$-1< =$/* $% !-/"-0

-+1".-."*%$0( 1- !-/"-61$ #$ "%&$/>0 +)$#$ $0&-/ /$0&/"%3"#- - )% "%&$/!-1* ?%"8

&*< @- '-A*/B- #$ 1-0 2)%."*%$0 5)$ !"$%$% #$ 1- %-&)/-1$;- 0*% C)0&* 0$8

.)$%."-0 #$ %D'$/*0( +*/ $C$'+1*( 1- #"/$.."E% #$1 !"$%&* * 1- '$#"#- #$

0) !$1*."#-#( $1 6/"11* !-/"-61$ #$ 1-0 $0&/$11-0( #-&*0 #$ 1- +/$."+"&-."E% #$

11)!"- 0*6/$ )%- .")#-#( +*61-."E% #$1 ')%#*( $&.< =*#$'*0 !$/ - 1-0 '$#"8

#-0 .*'* /$+/$0$%&-%&$0 #$ )%- 2)%."E% f(t)( )0)-1'$%&$ &$%$'*0 ')$0&/-0
$5)"$0+-."-#-0< F0B 5)$ &$%$'*0 5)$ $G+1*&-/ 1- &/-%02*/'-#- #"0./$&- #$

4*)/"$/<  % 1-0 0"3)"$%&$0 0$.."*%$0 /$.*/#-/$'*0 6/$!$'$%&$ 1- #$?%"."E% A

+/*+"$#-#$0 690".-0 #$ 1- &/-%02*/'-#- #"0./$&- #$ 4*)/"$/<

 !" #$%&' (&$'')&*&'

@- &/-%02*/'-#- ?%"&- #$ 4*)/"$/ $0&9 #$?%"#- .*'* )%- -.."E% #$1 *+$8

/-#*/ 7* $5)"!-1$%&$'$%&$( 1- '-&/"; )%"&-/"- N ×N: .)A*0 $1$'$%&*0 0*%

A
(N)
jk

=
1
√

N
exp

(

2πi

N
jk

)

, 0 ≤ j, k ≤ N − 1. 7HH<I:

J-#- )%- 2)%."E% .*'+1$C- f(k)( )%* +)$#$ .-1.)1-/ *&/- 2)%."E% f̃(k)(

f̃(k) :=
N−1
∑

k=0

A
(N)
jk

f(k),

/$2$/"#- .*'* 1- &/-%02*/'-#- ?%"&- #$ 4*)/"$/ #$ 1- 2)%."E% f(k)< F5)$11-0



 !! "#$%&'(#)$*$ *+&,#-.$ *- /(0#+-#

N '0%,+(%-& f (l)(k)1 l = 0, 1, 2, . . . , N − 11 20- &$.+&'$,-% 3$ #-3$,+4%

(N)
∑

k=0

A
(N)
jk

f (l)(k) = λlf
(l)(j), 5!!678

&(% -%.(%,-& 3(& -+9-%:-,.(#-& *- 3$ .#$%&'(#)$*$ ;%+.$ *- /(0#+-# A(N)
1

$&(,+$*$ ,(% 3(& -+9-%:$3(#-& λl6 <()( 3$ ,0$#.$ =(.-%,+$ *- A(N)
-& -3

(=-#$*(# +*-%.+*$* 5( )$.#+> +*-%.+*$*81 &(3( ?$@ ,0$.#( :$3(#-& *+&.+%.(&

-%.#- &+ 20- 3(& -+9-%:$3(#-& λlA& =0-*-% .()$#1 &(% ±1 @ ±i6

B$ .#$%&'(#)$*$ *- /(0#+-# ;%+.$ .+-%- =#('0%*$& #$C,-& -% 3$& )$.-)D.+E

,$& =0#$& @ F#-:-)-%.- #-,(#*$#-)(& $20C &(3( 0% $&=-,.( *- -&.$ ,(%-G+4%

,-#,$%$6

H& 'D,+3 -:$30$# 3$ &0)$ *- 3(& =#+)-#(& N .I#)+%(& *- 3$ &-#+- 9-()I.#+,$1

SN (x) :=
∑

N−1
k=0 xk

1 @$ 20- 3$ '(#)$ ,$#$,.-#C&.+,$ *- -&.$ &-#+- %(& =-#)+.-

#-=#-&-%.$# SN (x) -% *(& '(#)$& *+'-#-%.-&J ,()( SN (x) = SN−1(x) + xN−1

( ,()( SN (x) = 1 + xSN−1(x)6 H%.(%,-& +90$3$%*( -&$& *(& -G=#-&+(%-&1

*-*0,+)(& 20-

SN (x) =
1− xN

1− x
.

K-#( &+ &- +%.-%.$ .#$.$# ,(% 3$ &-,0-%,+$ {xk
n

}∞
k=01 *(%*- n -& 0% -%.-#(

)$@(# 20- 0%(1 -%.(%,-& 3$ .$#-$ *- -:$30$# 3$ &0)$ S
(n)
N

(x) :=
∑

N−1
k=0 xk

n

33-9$ $ &-# )D& *+'C,+36

K(# &+)=3+,+*$* *+&,0.+#-)(& $20C ,()( &- .#$.$ -3 ,$&( n = 26 B$ .#$>$

*- 3$ )$.#+> A
(N)
jk

-& +90$3 $

tr (N) :=
N−1
∑

K=0

A
(N)
kk

=
1
√

N

N−1
∑

K=0

exp

(

2πi

N
k2

)

=
1
√

N
S

(2)
N

(

e2πi/N

)

. 5!!6L8

K(# (.#( 3$*(1 &+ ,(%(,-)(& N -+9-%:$3(#-& λj *- 3$ )$.#+> A
(N)
jk

1 -%.(%,-&

3$ .#$>$ *- A
(N)
jk

-& +90$3 $ 3$ &0)$

∑(N)
k=0 λk *- -&(& -+9-%:$3(#-&6 M&C 20-

*- -&.$ )$%-#$1 -G=#-&$)(& 3$ &0)$ ,0$*#D.+,$ S
(2)
N

(

e2πi/N

)

$ .#$:I& *- 3(&

-+9-%:$3(#-& λj *- 3$ .#$%&'(#)$*$ ;%+.$ *- /(0#+-# :+&.$ ,()( )$.#+>  

(N)

N$0&& ?$ -&.0*+$*( @ #-&0-3.( -3 =#(F3-)$ *- 3(& -+9-%:$3(#-& *- 3$ .#$%&E

'(#)$*$ ;%+.$ *- /(0#+-#6 O3 -&.$F3-,+4 20-

S
(2)
N

(

e2πi/N

)

=

{√
N si N ≡ 1 (mod 4) ,

i
√

N si N ≡ 3 (mod 4) ,
5!!6 8



 ! "#$%&'&(% ) *

+,%+# N #- .% #%/#0, &1230 2,-&/&4,) 56-#04#1,- 7.# 83- #'.3'&,%#- 9::);<

= 9::)>< %,- 20,4##% .%3 8?'&+3 &8.-/03'&(% +# ',1, #- ',%4#%&#%/# #@20#-30

38A.%3- 20,2&#+3+#- +# 83 /03%-B,013+3 $%&/3 +# C,.0&#0 #% /D01&%,- +#

%,/3'&,%#- 6E-&'3- +# 83 /#,0F3 +# %?1#0,-) G3- /30+# "&0&'H8#/I 7.&#% #128#(

.%3 4#0-&(% +# 83 B(01.83 +# 83 -.13 +# J3.--I K3.'H= 7.&#% ,B0#'&( .%3

20.#63 63-3+3 #% 83 B(01.83 +# /03%-B,013'&(% +# 83 '8E-&'3 B.%'&(% LH#/3I

M0,%#'N#0 7.&#% .-( #8 ',%/,0%, +# &%/#A03'&(% = O'H.0 7.&#% 20,4#=( .%3

20.#63 #8#1#%/38 #438.3%+, 8,- +#/#01&%3%/#- +# 13/0&'#- '.=,- #8#1#%/,-

#03% 03F'#- +# 83 .%&+3+I /,+,- #88,- H3% ',%/0&6.&+, #-#%'&381#%/# 3 .% 1#P,0

#%/#%+&1&#%/, +# #-/3 F%/&13 ',%#@&(% #%/0# 83 -.13 '.3+0E/&'3 +# J3.--

= 83 /03%-B,013+3 $%&/3 +# C,.0&#0) G.'H,- +# #-/,- +#/388#- H&-/(0&',- =

13/#1E/&',- 2.#+#% -#0 #%',%/03+,- #% QRI R!I R;I R>S

 !" #$%&'(')& "

O#3 G #8 A0.2, 3+&/&4, G = Z/NZI +#6&+, 3 7.# 8,- #8#1#%/,- +# D-/#I

#-/E% +#$%&+,- ',1, '83-#- +# #7.&438#%'&3 ( mod N)) G #-/E #% ',00#-T

2,%+#%'&3 .%, 3 .%, ',% #8 ',%P.%/, {0, 1, . . . , N − 1}I #-/, #-I /,131,-

3 8,- #%/#0,- = 8,- ',8,'31,- #% ,0+#% -#'.#%'&38 380#+#+,0 +# .% 'F0'.8,I

&+#%/&$'3%+, #8 %?1#0, 0 ',% N I 8# 883131,- 3 D-/# #8 'F0'.8, $%&/,)

O#3 L2 (G) #8 #-23'&, +#$%&+, 2,0U

L2 (G) = {f : G → C},

',% 20,+.'/, &%/#0&,0 +# +&1#%-&(% $%&/3I #-/, #-I #8 ',%P.%/, +# B.%'&,%#-

-,60# G ',% 438,0#- ',128#P,-) L2 (G) #- .% #-23'&, 1D/0&', +#8 /&2, +#

V&86#0/I ',% 20,+.'/, &%/#0&,0 〈f, g〉 = %,013 ‖f‖ +#$%&+,- 2,0U

〈f, g〉 =
∑

x∈G

f(x)g(x) 2303 f, g ∈ L2 (G) ,

‖f‖ = 〈f, f〉1/2,

',% 83 +&-/3%'&3 #%/0# f = g ∈ L2 (G) +3+3 2,0 ‖f − g‖ ',% 83 +&B#0#%'&3

.-.38)

W3 /03%-B,013+3 +&-'0#/3 +# C,.0&#0 , L"C +# f ∈ L2 (Z/NZ) #-/E +#$%&T

+3 QR>S ',1,

FN = Ff(x) = ̂f =
∑

y∈(Z/NZ)

f(y) ex (−y) = 〈f, ex〉,



 !! "#$%&'(#)$*$ *+&,#-.$ *- /(0#+-#

*(%*-

ex (a) = exp

(

2πiax

N

)

,

1 x, a ∈ Z/NZ2

3$ ,(%4(50,+6% f ∗ g7 *(%*- f, g : Z/NZ → C &- *-8%- 9:;< )-*+$%.-

(f ∗ g)(x) =
∑

y∈(Z/NZ)

f(y) g(x− y).

=$#$ >#0?(& 8%+.(& G7 L@AB = L 

@AB = -5 -&?$,+( *- .(*$& 5$& '0%,+(%-&

f : G → C2 3$ ,(%4(50,+6% 5+%-$5 -& 0%( *- 5(& ,C5,05(& )C& '#-,0-%.-)-%.-

55-4$*(& $ ,$D( -% -5 ?#(,-&$)+-%.( *- &-E$5-& *+>+.$5-& 9:F<

G&$%*( 5$& D$&-& *- L2 (Z/NZ) *$*$& ?(# 5$ '0%,+6% *-5.$7 4-)(& H0-

5$ "I/ .$)D+J% &- ?0-*- #-?#-&-%.$# ,()( 0%$ )$.#+K F
(n)
jk

N × N *- 5$

&+>0+-%.- '(#)$L

F
(N)
jk

=
(

ω−(j−1)(k−1)
)

1≤j,k≤N

,

*(%*- ω = exp (2πi/N) -& 5$ #$MK ?#+)+.+4$ *- 5$ 0%+*$*2

 !" #$%&'()*)(+ )( ,* -$*.+/%$0*)* 1.'-* )( 2%3$'($"

"-(#-)$L =#(?+-*$*-& DC&+,$& *- 5$ "I/ &(D#- -5 ,M#,05( 8%+.(2

:2 FN : L2 (Z/NZ)→ L2 (Z/NZ) -& 0% )$?-( 0%( $ 0%( 1 &(D#-2

N2 O(%4(50,+6%L

F (f ∗ g) (x) = FF (x) · Fg(x), @!!2FB

?$#$ .(*( x ∈ Z/NZ

P2 !%4-#&+6%L

f(x) =
1

N
FFf(−x) =

1

N

∑

y∈(Z/NZ)

̂f(y) exp

(

2πixy

N

)

,

Q&.- R-,R( *+,- H0- 5(& -S?(%-%,+$5-& {ea|a = 0, . . . , N − 1} ?#(?(#T

,+(%$% 0% ,(%U0%.( (#.(>(%$5 ,()?5-.( -% L2 (Z/NZ) 1 H0- f(x) .+-%-
0%$ -S?$%&+6% *- /(0#+-# >-%-#$5+K$*$ -% .J#)+%(& *- -&(& -S?(%-%T

,+$5-&2



 ! "#$%&'()('* (' +) ,#)-*.$#/)() 0-&,) (' 1$2#&'#3 4

53 6'$#'/) (' "+)-78'#'+ $ &92)+()( (' ")#*':)+;

〈f, f〉 =
1

N
〈 ̂f, ̂f〉,

'*,' (&7' <2' '+ /)%'$ +&-')+ N1/2
F %#$%$#7&$-) )+ '*%)7&$ (' =&+>'#,

+) &*$/',#?) (' L2 (Z/NZ) *$>#' *& /&*/$3



 !! "#$%&'(#)$*$ *+&,#-.$ *- /(0#+-#



 !"#$%&' (((

 !"#$!%#!& '( )(*%#+(

 !"# $%&'"()* &+*,## %!&#$"*! -.!/$*! &%+% )*! &*)/0*1/*! $).!/$*! 2# 3#+4

1/"# Hn(x)5 "%)#! $*1* !( 6(0$/70 8#0#+%2*+%5 (0% +#&+#!#0"%$/70 #9&)'$/"%5
)% +#)%$/70 2# +#$(++#0$/% 2# "+#! ":+1/0*!5 )% +#)%$/70 2# *+"*8*0%)/2%2 ; &*+

<)"/1* )% "+%0!6*+1%2% /0"#8+%) 2# =*(+/#+5 0#$#!%+/% &%+% &*2#+ $*1&+#04

2#+ #) %+8(1#0"* (!%2* &%+% $%)$()%+ )*! #/8#0,#$"*+#! 2# )% "+%0!6*+1%2%

>0/"% 2# =*(+/#+? @)8(0*! 2#"%))#! !# &(#2#0 ,#+ #0 #) %&:02/$# @? A% /2#%

&+/0$/&%) #! #1&)#%+ (0% %0%)*8'% $*0 #!%! +#)%$/*0#! $).!/$%! &%+% #) &+*$#!*

2# $*0!"+($$/70 2# !(! q4#9"#0!/*0#! &%+"/$()%+#!?

 !" #$%&'(')& *$ +,- .,+'&,/',- *$ 0$1/'2$"

B*1#0C%+: $*0 )% 6(0$/70 e−x
2

D(# "/#0# ,%+/%! &+*&/#2%2#! /0"#+#!%0"#!5

&*+ #E#1&)*5 #0 #!#0$/% #! !( &+*&/% "+%0!6*+1%2% 2# =*(+/#+ FGH5 GGI5 #!

2#$/+5

e−x
2

=
1
√

π

∫

∞

−∞

e−t
2

e2xitdt. JKKK?GL

A% +#&+#!#0"%$/70 /0"#8+%) JKKK?GL &(#2# !#+ 2/6#+#0$/%2% $*0 +#!&#$"* % x

+#&#"/2%1#0"#5 *-"#0/#02*

dn e−x
2

d xn
=

(2i)n

√
π

∫

∞

−∞

e−t
2

tn e2xitdt. JKKK?ML

A*! &*)/0*1/*! 2# 3#+1/"# !# 2#>0#0 FGHI5 FGNI &*+ )% 67+1()% 2# O*4

2+/8(#!

Hn(x) = (−1)n ex
2 dn e−x

2

d xn
. JKKK?PL

 1&)#%02* JKKK?ML5 &*2#1*! #!$+/-/+ % )*! &*)/0*1/*! 2# 3#+1/"# $*1*

Hn(x) =
(−2i)n ex

2

√
π

∫

∞

−∞

e−t
2

tn e2xitdt.



 ! """ #$%&'$(&$) *+ ,+-(&.+

/+ +).0) *$) *+1'&2&$'+)3 %0 45-(6%0 *+ 7$*-&86+) 9""":;< =0-0 %$) =$%&>

'$(&$) *+ ,+-(&.+ +) %0 (?) )$2$--&*0 =0-0 *+($).-0- %0 =-$=&+*0* *+ $->

.$8$'0%&*0* @ =0-0 20%26%0- %0 .-0')4$-(0*0 &'.+8-0% *+ A$6-&+- *+ *&2B$)

=$%&'$(&$) :

 !" #$%&'(% )*%*+,-.+,"

C$) =$%&'$(&$) *+ ,+-(&.+ Hn(x) .&+'+' %0 46'2&5' 8+'+-0*$-0D

∞
∑

n=0

Hn(x)

n!
rn = e2xr−r

2

, 9""":E<

)+ *&2+ F6+ e2xr−r
2

+) %0 46'2&5' 8+'+-0.-&G *+ %$) =$%&'$(&$) *+ ,+-(&.+3 H0%+

*+2&-3 +) 0F6+%%0 46'2&5' *+ *$) H0-&0I%+) .0% F6+ )6 *+)0--$%%$ *+ J0@%$- .&+'+

2$($ 2$+12&+'.+) 0 %$) =$%&'$(&$) *+ ,+-(&.+: K =0-.&- *+ 9""":E< )+ =6+*+'

+'2$'.-0- -+%02&$'+) +'.-+ %$) =$%&'$(&$) *+ ,+-(&.+: C0 +).-0.+8&0 =0-0 B0%>

%0-%0) 9=0-0 L).0 $ 260%F6&+- $.-0 46'2&5' 8+'+-0.-&G *+ $.-$) =$%&'$(&$)< +)

.M=&20D *&4+-+'2&0- -+)=+2.$ 0 0%86'0 *+ %0) H0-&0I%+) @ %6+8$ 2$(=0-0- =$>

.+'2&0) *+ r +' %$) *+)0--$%%$) *+ J0@%$- -+)6%.0'.+): #$- +N+(=%$3 .+'+($)

%0 )&86&+'.+ +O=-+)&5' =0-0 +)$) =$%&'$(&$)3

Hn(x) =

⌊n/2⌋
∑

k=0

(−1)kn!

k!(n− 2k)!
(2x)n−2k

, 9""":P<

*$'*+ +% )M(I$%$ ⌊a⌋ +' 9""":P< -+=-+)+'.0 +% +'.+-$ (?) 8-0'*+ '$ (0@$-

F6+ a: C0 +2602&5' 9""":P< =6+*+ )+- $I.+'&*0 +)2-&I&+'*$3

e2xr−r
2

=

∞
∑

p=0

(2x)p

p!
rp

∞
∑

q=0

(−1)q

q!
r2q,

+ &860%0'*$ %$) 2$+12&+'.+) =0-0 %0) =$.+'2&0) *+ r *+ 20*0 %0*$

∞
∑

n=0

Hn(x)

n!
rn =

∞
∑

p=0

(2x)p

p!
rp

∞
∑

q=0

(−1)q

q!
r2q, 9""":Q<

$I.+'+($) %0 +2602&5' 9""":P<: /+ %0 260% )+ )&86+ F6+

dnHn(x)

dxn
= 2n n!. 9""":R<



 ! "#$%&'() *# +,-+.+)%$'*%*/ 00

 !" #$%&'()* +$ ,-.,/,*&%(+&+"

1% 2,+2'#*%* *# +,-+.+)%$'*%* *# $+3 2+$')+4'+3 *# 5#,4'-#6 3# &742$#

#) -+*% $% $')#% ,#%$6 % 3%8#,6

∫

∞

−∞

e−x
2

Hn(x)Hm(x) dx = 2n n!
√

π δmn, 9:::/;<

#3-+ 3# 27#*# &+42,+8%, % 2%,-', *# $% *#=)'&'() 9:::/!< 2%,% $+3 2+$')+4'+3

*# 5#,4'-#6 #3&,'8'#)*+ #3-% ')-#.,%$ &+4+

(−1)n

∫

∞

−∞

dne−x
2

dxn
Hm (x) dx,

372+)'#)*+ >7# n > m # ')-#.,%)*+ 2+, 2%,-#3 n ?#&#36 #3-+ 47#3-,% >7# $%

')-#.,%$ #3 &#,+/ @%,% #$ &%3+ n = m6 3# 7-'$'A% $% #&7%&'() %)-#,'+, ')-#.,%)*+

)7#?%4#)-# 2+, 2%,-#3 7-'$'A%)*+ #) #$ 2#)B$-'4+ 2%3+ $% #&7%&'() 9:::/C< D

2+, B$-'4+ $% #&7%&'() 9:::/0< +8-#)'#)*+ %3EF

(−1)n

∫

−∞

∞

dne−x
2

dxn
Hn (x) dx =

∫

∞

−∞

e−x
2 dnHn (x)

dxn
dx = 2nn!

√
π,

&+) $+ &7%$ 3# 2,7#8% $% #&7%&'() 9:::/;< D %3E >7# $+3 2+$')+4'+3 *# 5#,4'-#

G+,4%) 7) 3'3-#4% *# 2+$')+4'+3 +,-+.+)%$#3 #) -+*% $% $')#% ,#%$/

H' *#=)'4+3 $%3 G7)&'+)#3

φn(t) =
Hn(t)e−t

2
/2

√

2nn!
√

π

#3 &$%,+ >7# {φn}
∞

n=0 #3 7) &+)I7)-+ +,-+)+,4%$F

∫

∞

−∞

φn(t) φm(t) dt = δnm.

 0" #$%&'()* +$ -$'1--$*'(& +$ .-$2 .3-4(*,2"

@%,% #)&+)-,%, $% ,#$%&'() *# ,#&7,,#)&'% *# -,#3 -J,4')+3 2%,% $+3 2+$'K

)+4'+3 *# 5#,4'-#6 +83#,?#4+3 >7# $% G7)&'() F (x, r) *#=)'*% &+4+

F (x, r) = exp (2xr − r2),

3%-'3G%&#

∂F

∂r
− (2x− 2r) F = 0,



 ! """ #$%&'$(&$) *+ ,+-(&.+

%/ 01/% )+ 21+*+ -+)$%3+- 1.&%&4/'*$ %/ +52-+)&6' +' )+-&+ 2/-/ F 1)/'*$

7"""89:; $<.+'&+'*$

∞
∑

n=0

Hn+1(x)

n!
rn − 2x

∞
∑

n=0

Hn(x)

n!
rn + 2n

∞
∑

n=0

Hn−1(x)

n!
rn = 0, 7"""8=:

∞
∑

n=0

[Hn+1(x) − 2xHn(x) + 2nHn−1(x)]
rn

n!
= 0, 7"""8 >:

$<.+'&+'*$ /)? %/ -+%/0&6' *+ -+01--+'0&/ *+ .-+) .@-(&'$) 2/-/ %$) 2$%&'$(&$)

*+ ,+-(&.+;

Hn+1(x) = 2xHn(x)− 2nHn−1(x). 7"""8  :

A.-/ -+%/0&6' )+ 21+*+ +'0$'.-/- 0/%01%/'*$ %/ *+-&3/*/ 2/-0&/% *+ F (x, r)
0$' -+)2+0.$ / x

∂

(

e2xr−r
2

)

∂x
= 2r e2xr−r

2

, 7"""8 !:

2-$*10&+'*$ %/ +01/0&6' *&B+-+'0&/%

∂F

∂x
− 2rF = 0, 7"""8 C:

D1+ )+ 21+*+ -+)$%3+- )1).&.1E+'*$ %/ +52-+)&6' +' )+-&+ 2/-/ F ; 1)/'*$

7"""89:

∞
∑

n=0

H
′

n
(x)

n!
rn − 2r

∞
∑

n=0

Hn(x)

n!
rn = 0, 7"""8 9:

*+ +)./ (/'+-/

∞
∑

n=0

[

H
′

n
(x) − 2n Hn−1(x)

] rn

n!
= 0, 7"""8 F:

2$- %$ ./'.$

H
′

n
(x) = 2n Hn−1(x). 7"""8 G:

H& /I$-/ )+ )1).&.1E+ +)./ J%.&(/ +01/0&6' +' 7"""8  : )+ $<.&+'+ $.-/ -+%/0&6'

2/-/ %$) 2$%&'$(&$) *+ ,+-(&.+;

Hn+1(x)− 2xHn(x) + H
′

n
(x) = 0. 7"""8 K:

LI$-/ )+ 21+*+ 3+- (M) 0%/-/(+'.+ %/ &(2$-./'0&/ *+ %/ B1'0&6' N+'+-O

/*$-/ 7"""89:; 21+) '$) 2+-(&.+ *+)/--$%%/- %/ -+%/0&6' *+ -+01--+'0&/ *+ .-+)

.@-(&'$) 7"""8  :; %/ B6-(1%/ *+ *+-&3/0&6' 7"""8 G: E /)? )10+)&3/(+'.+8



 ! "#$%&'(#)$*$ *+ ,(-#.+#/ 01

 !" #$%&'()$*%+% +, -).$/,$"

23#$ *+ 4$& 5#(5.+*$*+& *+ 4(& 5(4.%().(& *+ 6+#).3+ +& 7-+ 8-$%*( &+

)-43.54.8$% 5(# 4$ '-%8.9% *+ 5+&( e−x
2
/2
: &(% &-& 5#(5.$& 3#$%&'(#)$*$& *+

,(-#.+# ;0<=:

1

2π

∫

∞

−∞

eixy−x
2
/2Hn(x) dx = ine−

y
2

2 Hn(y). >???/0@A

B$ *+)(&3#$8.9% *+ >???/0@A &+ &.C-+ -&$%*( 4$ #+5#+&+%3$8.9% *+ 4(&

5(4.%().(& *+ 6+#).3+ Hn(x) 8()( +% >???/1A D 8(%&.*+#$%*( 4$ '-%8.9%

un(x) = e−x
2
/2Hn(x): +%3(%8+& &. $54.8$)(& 4$ 3#$%&'(#)$*$ .%3+C#$4 *+

,(-#.+# $ un(x) (E3+%+)(& 4( &.C-.+%3+F

∫

∞

−∞

un(x)eiky dx =

∫

∞

−∞

(−1)neiky+x
2
/2 dn

dxn

(

e−x
2
)

dx

=

∫

∞

−∞

e−x
2 dn

dxn

(

eixy+x
2
/2

)

dx, >???/0GA

4-+C( 8()( exp[ixy + x2/2] = exp[y2/2] exp[x + iy]2/2 D 3()$%*( +% 8-+%3$

7-+ &. z = x+iy +%3(%8+& dz/dx = −idz/dy: *+ +&3+ )(*( 4$ H43.)$ .C-$4*$*

+% >???/0GA &+ 5-+*+ +&8#.E.# *+ 4$ &.C-.+%3+ )$%+#$:

∫

∞

−∞

e−x
2

ey
2
/2 dn

dxn
e[x+iy]2/2 dx =

∫

∞

−∞

(−i)ne−x
2

ey
2
/2 dn

dyn
e[x+iy]2/2 dx,

= (−i)ney
2
/2

∫

∞

−∞

e−x
2 dn

dyn
e[x+iy]2/2dx

= (−i)ney
2
/2

∫

∞

−∞

dn

dyn
e−x

2
/2+ixy−y

2
/2 dx

= (i)ney
2
/2 dn

dyn

∫

∞

−∞

e−x
2
/2+ixy−y

2
/2dx

= in
√

2πey
2
/2 dn

dyn
e−y

2

= in
√

2π un(y)

*+ +&3$ '(#)$: 4(& 5(4.%().(& *+ 6+#).3+ Hn(x) I-%3( 8(% 4$ '-%8.9% *+ 5+&(

exp[−x2/2] &(% &- 5#(5.$ 3#$%&'(#)$*$ .%3+C#$4 *+ ,(-#.+#/

J(% +&3( 3+#).%$)(& 4$ #+K.&.9% *+ 4$& 5#(5.+*$*+& EL&.8$& *+ 4(& 5(4.M

%().(& 84L&.8(& *+ 6+#).3+: $ 8(%3.%-$8.9% %(& 8(%8+%3#$#+)(& +% 4$ 3#$%&M

'(#)$*$ .%3+C#$4 *+ ,(-#.+# D $4C-%$& *+ &-& 5#(5.+*$*+&/



 ! """ #$%&'$(&$) *+ ,+-(&.+



 !"#$%&' ()

 !" #$%#&'()!*#" +# ,#-.(

 !" #$% &'(&)*&+,$-&% .& /&0,1"

 ! "# $%"&"!'" ()$*'+#, &" "-$#.() /" +! 0,/, 1%"2" +! $%,("&, $)%)

%"(+$"%)% #,& ".3"!2"(',%"& /" #) '%)!&4,%0)/) 5!.') /" 6,+%."% /"&/" #)

'%)7)8 2.&') (,0, +! ,$"%)/,% 0)'%.(.)#9

:";') <=> ?@ABCD $%,$,!" "# &.3+."!'" $%,("/.0."!', $)%) ()#(+#)% #,&

".3"!2"(',%"& /" #) 0)'%.7 N ×N %"#)(.,!)/) (,! #) '%)!&4,%0)/) 5!.') /"

6,+%."% ?@D8 :";') $%+"1) E+"

N
∑

l=1

AjlFlk = ikFjk, ?FG9@D

"& /"(.%8 Fjk /"5!./, (,0, "! ?HD"& +! ".3"!2"(',% /" A (,! "# ".3"!2)#,% ik9

I) 0)!"%) "! #) E+" :";') $%+"1) #, )!'"%.,%8 "& (,0, &.3+"9 J")

Fjk(N) =
∞
∑

p=−∞

e−(π/N)(pN+j)2Hk

(

√

2π

N
(pN + j)

)

, ?FG9HD

/,!/" Hk(x) "& "# kKL&.0, $,#.!,0., /" M"%0.'"9

J. (,!&./"%)0,& ) Fjk (,0, +!) 4+!(.N! /" j $"%.N/.()8 (,! $"%.,/, n8

"!',!("& $,/"0,& '"!"% +!) "-$)!&.N! "! &"%." /" 6,+%."%8

Fjk =

∞
∑

l=−∞

alk exp

(

2πi

n
lj

)

,

(,! "# (,"5(."!'" /" 6,+%."% alk ,1'"!./, 0"/.)!'"8

alk =
1

n

∫

n

0
e−(2πi/n)lx

∞
∑

p=−∞

e−(π/n)(pn+x)2Hk

(

√

2π

n
(pn + x)

)

dx.



 ! "# $%& '()'*+,-%.'& /' 0'12,

$3')%4 1,5('*/% 3* 5,67(% /' +,.(,7-' y =
√

2π/n(pn+x) 8 %7&'.+,*/%

93' exp(2πilp) = 14 %72'*'6%& 93'

alk =
1√
2πn

∞
∑

p=−∞

∫ (p+1)
√

2πn

p

√

2πn

exp

(

−1

2
y2 − ily

√

2π

n

)

Hk(y)dy

=
1√
n

1√
2πn

∫

∞

−∞

exp

(

−1

2
y2

)

Hk(y) exp

(

−ily

√

2π

n

)

dy

=
1√
n

(−i)k exp
(

−π

n
l2
)

Hk

(

√

2π

n
l

)

.

:* '- ;-2(6% <,&% &' 3&, '- 1'51% 93' '- <%-(*%6(% /' ='.6(2' Hk(y)
>3*2% 5%* -, ?3*5(@* /' <'&% e−y

2
/2

'& &3 <.%<(, 2.,*&?%.6,/, /' A%3.('.

B CDE :*2%*5'& Fjk <3'/' '&5.(7(.&' 5%6%4

Fjk = (−i)k
1√
n

∞
∑

l=−∞

e−(π/n)l2+(2πi/n)ljHk

(

√

2π

n
l

)

= (−i)k
1√
n

n
∑

l=1

e(2πi/n)lj
∞
∑

p=−∞

e−(π/n)(pn+l)2Hk

(

√

2π

n
(pn + l)

)

,

/,*/% 5%6% .'&3-2,/% -, '53,5(@* F"#E GE H(51, '53,5(@* '& +I-(/, <,.,

53,-93('. +,-%. /' k ≥ 0E H' J&2, 8 /' -, &(6'2.K, /' (Ajl) /'/35(6%& 93'

n
∑

j=1

FjkFjl = 0, si ik 6= il, F"#ELG

(E'E &( k 6= l mod 44 -%& '()'*+'52%.'& 5%..'&<%*/('*2'& , /(&2(*2%& '()'*+,-M

%.'& &%* %.2%)%*,-'&E



 !"#$%&' (

 !"#$#!% &' q()*$#+*"#*%

,*+-#+.*%

 !" "#"$%&'" (% )*+,#!+%" -.%"/%,#'0%" "!+ 0!" &1" '(%,*'(!" /'2' (%.

",2#3#2 !34%$!" 5+#$!" 6#7%7 !34%$!" (%5+#(!" "!32% *+ #+$%28'0! 5+#$!97 :!2

!$2! 0'(!; "'3%&!" -*% 0!" "#"$%&'" &%,1+#,!.,*1+$#,!" 2%-*#%2%+ (% *+'

,!&/2%+"#<+ %+ 0'" ,!!2(%+'('" %"/',#'0%" = (% &!&%+$*&; 2%0',#!+'('"

%+$2% %00'" &%(#'+$% 0'" $2'+")!2&'('" #+$%>2'0%" (% ?!*2#%2; (%3#(! ' %"$!;

%" (% >2'+ #&/!2$'+,#' %0 ,!+!,%2 ,!&! "!+ 0'" $2'+")!2&'('" (% ?!*2#%2;

$'+$! #+$%>2'0 ,!&! 5+#$' /'2' '0>*+'" )'&#0#'" /'2$#,*0'2%" (% q./!0#+!&#!"7

@A!2' 3#%+; ,!&! =' "'3%&!" '0>*+'" /2!/#%('(%" (% 0!" /!0#+!&#!"

,01"#,!" (% B%2&#$% Hn(x) = (% 0' $2'+")!2&'(' #+$%>2'0 (% ?!*2#%2; /!(%&!"
2%8#"'2 (% &'+%2' 21/#(' '0>*+'" /2!/#%('(%" (% 0'" )'&#0#'" (% q./!0#+!&#!"

(% B%2&#$%; -*% "%>C+ %0 %"-*%&' (% @"D%=.E#0"!+ "!+ 0'" /2#&%2'" )'&#0#'"

(% q./!0#+!&#!"7  '" )'&#0#'" -*% $2'$'2%&!" %+ %"$' "%,,#<+ "!+ q./!0#+!&#!"

,!+$#+*!" = 8%2%&!" %+$2% !$2'" /2!/#%('(%" "*" (%5+#,#!+%"; 2%0',#!+%" (%

!2$!>!+'0#('( = /2#+,#/'0&%+$% 2%0',#!+%" (% 2%,*22%+,#' &*= C$#0%" /'2'

2%,*/%2'2 %0 %+0',% ,!+ 0!" /!0#+!&#!" (% B%2&#$% ,01"#,!"7 @ /'2$#2 (% %"$'

"%,,#<+ "% %&/0%'21 0' +!$',#<+ %"$1+('2 (% 0' $%!2F' (% )*+,#!+%" %"/%,#'0%"

6GH'"% /!2 %4%&/0!; IJK; JLM97 N1" ,'2',$%2F"$#,'" (% 0!" /!0#+!&#!" ,!+$#+*!"

q.B%2&#$% "% /*%(%+ %+,!+$2'2 %+ %0 '/H+(#,% O7

 !" #$%&'(')& *$ +,- .,+'&,/',- (,&0'&1,- q23$4/'0$

*$ 5,6$4-"

P+ %"$' "%,,#<+ ,!&%+Q'2H ,!+ 0'" 2%/2%"%+$',#!+%" %R/0F,#$'" (% 0!" /!0#.

+!&#!" ,!+$#+*!" q.B%2&#$% #+$2!(*,#(!" /!2 S!>%2" %+ JLTU; 8H'"% IKM7

Hn(sinαx|q) := i−n

n
∑

k=0

(−1)k
[

n

k

]

q

ei(n−2k)αx, 6G7J9



 ! " #$%&'&$( )* q+,-'&.-%&-( /-.0&.1-(

,$2$ '-( ,-'&.-%&-( /-.0&.1-( q+3*2%&0* Hn(z|q)4 *(0$ 2*,2*(*.0$/&5. *( 67'+

&)$ ,$2$ /1$'81&*2 6$'-2 )* '$ /-.(0$.0* α 9 /1$.)- 0 < q < 1: ;-2 -02- '$)-4

,$2$ *' /$(- *. 81* 1 < q (* '*( ''$%$ ,-'&.-%&-( q−1
+3*2%&0* )*.-0$)-( ,-2

hn(z|q)4 )-.)*

hn(x|q) = i−nHn

(

ix|q−1
)

, <":=>

'$ 2*,2*(*.0$/&5. *?,'@/&0$ (&A1&*.0* (* -B0&*.* 10&'&C$.)- '$ D52%1'$ )* &.+

6*2(&5. ,$2$ *' /-*E/&*.0* q+B&.-%&$' 9 *( 67'&)$ ,$2$ /1$'81&*2 /-.(0$.0*

$2B&02$2&$ β:

hn(sinhβx|q) :=

n
∑

k=0

(−1)k
[

n

k

]

q

qk(k−n)e(n−2k)βx, <":F>

G' (@%B-'-

[

n

k

]

q
*. <": > *( *' /-*E/&*.0* q+B&.-%&$' )*E.&)- /-%-4

[

n

k

]

q

=
(q; q)n

(q; q)k (q; q)n−k

, <":H>

/-. *' D$/0-2&$' q+(I&D0*) - $'A1.$( 6*/*( ''$%$)- q+D$/0-2&$' )*E.&)- /-%-

*. J KL

(a, q)0 = 1, (a; q)n : =
n−1
∏

j=0

(

1− aqj
)

, n = 1, 2, 3 . . . ,

9 *' q+D$/0-2&$' %M'0&,'* 81* 1($2*%-( ,$2$ '$ )*E.&/&5. (&A1&*.0* *(07 )$)-

,-2N

(a1, . . . , ar; q)k : = (a1; q)k · · · (ar; q)k.

O-%- 9$ (* %*./&-.54 ,$2$ )*E.&2 $ '-( ,-'&.-%&-( q−1
+3*2%&0* hn(z|q)

*( .*/*($2&- 2*/122&2 $ '$ D52%1'$ )* &.6*2(&5. )*' /-*E/&*.0* q+B&.-%&$'4 '$

/1$' (* 2*,2*(*.0$ $ /-.0&.1$/&5.4

[

n

k

]

q
−1

= qk(k−n)

[

n

k

]

q

.

"*$%-( $I-2$ $'A1.$( )* (1( ,2-,&*)$)*( *. '$( (*//&-.*( (&A1&*.0*(:



 ! "#$%&'&(% )# *+, -+*&%+.&+, '+%/&%0+, q12#3.&/# )# 4+5#3,6 !7

 !"!" #$%&'(%)* +)%),-.(,-* / 0- ,)0-&'1% .) ,)&$,,)%&'- .)

2,)* 23,4'%(*"

8+, -+*&%+.&+, )# 4+5#3, Hn(x|q) /&#%#% 9:3&:, ;0%'&+%#, 5#%#3:)+3:,< :

,:=#3<

∞
∑

n=0

Hn(x|q)

(q; q)n
tn =

1

(eiθt, e−iθt; q)
∞

, x = cosθ;>?6@A

∞
∑

n=0

(−1)nq(
n

2
)

(q; q)n
Hn(x|q)t

n =
(

eiθt; q
)

∞

1φ1

(

0

eiθt

∣

∣

∣

∣

q ; e−iθt

)

, x = cosθ,

)+%)# 1φ1 #, 0%: ,#3&# =B,&': C&-#35#+.D/3&': )#$%&): #% #* ':,+ 5#%#3:*

'+.+<

rφs

(

a1, . . . , ar

b1, . . . , bs

∣

∣

∣

∣

q ; z

)

: =
∞
∑

k=0

(a1, . . . , ar; q)k
(b1, . . . , bs; q)k

(−1)(1+s−r)kq(1+s−r)(n

2
) zk

(q; q)k

>?6EA

2:'&#%)+ 0,+ )# >?6@A F0# #, *: ;0%'&(% 5#%#3:)+3: F0# .B, ,# #.-*#:< ,#

-0#)# '+.-3+=:3 F0# *+, -+*&%+.&+, q12#3.&/# )# 4+5#3, ,:/&,;:'#% /:.=&D%

0%: 3#*:'&(% )# 3#'033#%'&: )# /3#, /D3.&%+,< : ,:=#3<

Hn+1(x|q) = 2xHn(x|q)− (1− qn)Hn−1(x|q), H0(x|q) = 1, >?6GA

H *: ;+3.: #I-*J'&/: -:3: *+, -+*&%+.&+, )# 4+5#3, )# 53:)+ n #% y ,# #,'3&=#

'+.+ *: #'0:'&(% >?6!A6

 !"5" 6)0-&'1% .) (,2(+(%-0'.-.

8+, -+*&%+.&+, '+%/&%0+, q12#3.&/# '0.-*#% *: ,&50&#%/# 3#*:'&(% )# +31

/+5+%:*&):) ,+=3# #* &%/#39:*+ $%&/+ [−1, 1]< *: '0:* ;0# )#.+,/3:): #% !7KL

-+3 M**:N:H #% OGP6 Q:.=&D% ,# -0#)# :-3#'&:3 #% O!7< RLP<

1

2π

∫ 1

−1

w(x|q)
√
1− x2

Hm(x|q)Hn(x|q) =
δmn

(qn+1; q)
∞

,

)+%)#

w(x|q) =
∣

∣

∣

(

e2iθ; q
)

∞

∣

∣

∣

2
= g(x,−1)g(x, 1)g(x, q1/2)g(x, q−1/2),

H -:3: #,/: S*/&.: #'0:'&(%

g(x, α) = Π∞
k=0[1− 2αxqk + α2q2k] =

(

αeiθ, αe−iθ; q
)

∞

,



 ! " #$%&'&$( )* q+,-'&.-%&-( /-.0&.1-(

1.$ 2-3%$ *4,'5/&0$ ,$3$ '$ 21./&6. )* ,*(- w *(07 )$)$ *. 8 !9: $ ($;*3:

w(x) = Π∞
k=0[1 + 2(1− 2x2)qk + q2k].

 !"#" $% &'%()*+',%-% .(&/0'%1 -/ 2+3'./' 4%'% 1+) 4+1.(+,.+)

-/ 5+0/')"

<-( ,-'&.-%&-( q+=*3%&0* Hn(x|q) )* >-?*3( 8@: A9 0&*.*. '$ (&?1&*.0*

,3-,&*)$) /-. 3*(,*/0- $ '$ 03$.(2-3%$)$ &.0*?3$' )* #-13&*3 8B9

1
√
2π

∫

∞

−∞

eist−s
2
/2Hn(sin sκ|q)ds = inqn

2
/4hn(sinhκt|q)e−t

2
/2, C"DBE

)-.)* q : = exp
(

−2κ2
)

: 0 ≤ κ < ∞ F hn(x|q) = i−nHn

(

ix|q−1
)

D

G-%- '-( ,-'&.-%&-( q−1
+=*3%&0* *(07. )*H.&)-( ,-3 C"D E 8I9: J$/&*.)-

1(- )* '$( */1$/&-.*( CKKKDLE F CKKKDMME (* ,1*)*. $J-3$ *(/3&;&3 *. 2-3%$

*4,'5/&0$ '-( ,-'&.-%&-( q−1
+=*3%&0*:

hn(sinh y|q) :=

n
∑

k=0

(−1)k
[

n

k

]

q

qk(k−n)ei(n−2k)y, , C"DIE

*(0-( ,-'&.-%&-( q−1
+=*3%&0* /1%,'*.: $' &?1$' N1* '-( ,-'&.-%&-( /'7(&/-(

)* =*3%&0* F '-( ,-'&.-%&-( /-.0&.1-( q+=*3%&0*: '$ 3*'$/&6. )* 3*/133*./&$

)* 03*( 0O3%&.-(:

hn+1(x|q) = 2xhn(x|q)− q−n (1− qn)hn−1(x|q). C"DM!E

<$ 03$.(2-3%$)$ &.0*?3$' )* #-13&*3 ,$3$ '-( ,-'&.-%&-( q−1
+=*3%&0*

hn(x|q) (* ,1*)* /$'/1'$3 )* %$.*3$ (*./&''$ $,'&/$.)- '$ )*H.&/&6. C"DPE F

'$ 03$.(2-3%$)$ )* #-13&*3 ,$3$ '$ 21./&6. .-3%$' CKKKDME: $(5 ,1*(: '$ %$.*3$



 ! "#$%&'&(% )# *+, -+*&%+.&+, '+%/&%0+, q12#3.&/# )# 4+5#3,6 7!

)# +8/#%#3*9 #, *9 ,&50&#%/#:

1
√
2π

∫

∞

−∞

eist−s
2
/2hn(sinhκs|q)ds =

=
1
√
2π

∫

∞

−∞

eist−s
2
/2

n
∑

k=0

(−1)k
[

n

k

]

q

qk(k−n)e(n−2k)κsds

=

n
∑

k=0

(−1)k
[

n

k

]

q

qk(k−n) 1
√
2π

∫

∞

−∞

e(n−2k)κseist−s
2
/2ds

=

n
∑

k=0

(−1)k
[

n

k

]

q

qk(k−n) 1
√
2π

∫

∞

−∞

ei[t−i(n−2k)κ]s−s
2
/2ds

=

n
∑

k=0

(−1)k
[

n

k

]

q

qk(k−n)e−[t−i(n−2k)κ]2/2

=
n

∑

k=0

(−1)k
[

n

k

]

q

qk(k−n)e
n

4
2κ

2

e−2knκ
2

e2k
2
κ
2

ei(n−2k)κte−t
2
/2

=
n

∑

k=0

(−1)k
[

n

k

]

q

ei(n−2k)κtq−n
2
/4e−t

2
/2

= inq−n
2
/4Hn(sinκt|q)e−t

2
/2

3#'+3)9%)+ ;0# q = exp (−2κ2) < *9 =(3.0*9 -939 *+, -+*&%+.&+, q12#3.&/#

>?6!@ ,# 0,9% #% *+, )+, A*/&.+, -9,+, )#* )#,933+**+ 9%/#3&+36 B,/9 =(3.0*9 =0#

)#3&C9)9 -+3 D6 E6 F/9G&,H&<#C < IH6 D95&<#C #% !JJKL CM9,# NOP6 4#,0.&#%)+

9,Q *9 /39%,=+3.9)9 &%/#539* )# R+03&#3 -939 *+, -+*&%+.&+, q−1
12#3.&/#:

1
√
2π

∫

∞

−∞

eist−s
2
/2hn(sinhκs|q)ds = inq−n

2
/4Hn(sinκt|q)e−t

2
/2. >?6!!@

S+.+ <9 H#.+, C&,/+ #% *9 ,#''&(% TL E#H/9 0/&*&U9 *+, -+*&%+.&+, )# 2#31

.&/# -939 *9 '+%,/30''&(% )# *+, #&5#%C#'/+3#, -939 *9 /39%,=+3.9)9 $%&/9 )#

R+03&#3 < 0%9 )# *9, '+%)&'&+%#, -939 '9*'0*93 *+, '+#$'&#%/#, #% *9 #V-9%,&(%

)# R+03&#3 #, '+%+'#3 -3#'&,9.#%/# *9 /39%,=+3.9)9 &%/#539* )# R+03&#3 )#

)&'H+, -+*&%+.&+,6 FH+39 ;0# ,98#.+, '09* #, *9 /39%,=+3.9)9 &%/#539* )#

R+03&#3 -939 *+, -+*&%+.&+, q12#3.&/# )# 4+5#3,L ,035# )# .+)+ %9/039* *9

-3#50%/9 )# ,& #, -+,&8*# '9*'0*93 *+, #&5#%C#'/+3#, )# *9 /39%,=+3.9)9 )#

R+03&#3 )&,'3#/9 -3+-0#,/+, -+3 E#H/9L 0/&*&U9%)+ -939 #**+ *+, -+*&%+.&+,

q12#3.&/# )# 4+5#3, #% *0593 )# *+, -+*&%+.&+, '*W,&'+, )# 2#3.&/#6 X9*#,

#&5#%C#'/+3#, ,+% '9*'0*9)+, .W, 9)#*9%/#L ,&50&#%)+ 0% -3+'#,+ 9%W*+5+ 9*

0/&*&U9)+ -+3 E#H/96



  ! "#$%&%#' () q*+,&%-,$%,' .,-/%-0,'

 !" #$%&'(')& *$ +,- .,+'&,/',- 0,1$2-345$16"

1)%-) 2 34 +5,+0', &# '%60%)-/) 5)+5)')-/#.%7- +#5# &,' +,&%-,$%,' ()

8)6)-(5) {Pn(x)}
∞

n=0

pn(cos θ) =
4

π

2 · 4 · · · 2n

3 · 5 · · · (2n+ 1)

∞
∑

k=0

fk,n sin (n+ 2k + 1)θ

(,-() f0,n = 1 9

fk,n =
1 · 3 · · · (2k − 1)

2 · 4 · · · 2k

(n+ 1) · · · (n+ k)

(n+ 3
2)(n+

5
2) · · · (n+ k + 1

2)
.

:;)6< 2 34 6)-)5#&%;7 )'/) 5)'0&/#(, #& .,-=0-/, () +,&%-,$%,' 0&/5#)'>?5%*

.,' {Cλ

n
(x)}∞

n=0 9 ,@/0A,

(sin θ)2λ−1Cλ

n
(cos θ) =

∞
∑

k=0

fλ

k,n
sin(n+ 2k + 1)θ, B!C3 D

(,-()

fλ

k,n
=
22−2λΓ(n+ 2λ)(1− λ)k(n+ 1)k
Γ(λ)Γ(n+ λ+ 1)k!(n+ λ+ 1)k

, B!C3ED

λ > 0F Γ(λ) )' &# >0-.%7- G#$$# 0'0#& 9 (a)n )' ()H-%(, +,5

(a)0 = 1, (a)n = a(a+ 1)(a+ 2) . . . (a+ n− 1) n = 1, 2, ...

8# ).0#.%7- B!C3 D )' &# )I+#-'%7- )- ')5%)' () ",05%)5 () (sin θ)2λ−1

Cλ

n
(cos θ)C J)@%(, # K0) +#5# .#(# )-/)5, -, -)6#/%A, nF fλ

k,n
)' $,-7/,-#

+#5# A#&,5)' 65#-()' () k 9 ĺımk→∞ fλ

k,n
= 0F ') '%60) ()& #-L&%'%' .&L'%., ()

",05%)5 K0) B!C3 D .,-A)56) +0-/0#&$)-/) )- (0, π) 9 0-%>,5$)$)-/) ',@5)

[ǫ, π − ǫ] +#5# 0 < ǫ < π/2C
:) '#@) 23M4 K0) {Cλ

n
(cos θ)}∞

n=0 )' ,5/,6,-#& ',@5)[0, π] .,- &# >0-.%7-

() +)', (sin θ)2λ−1
C :) N#- %()-/%H.#(, 0-# 65#- .&#') () .,-=0-/,' () +,&%*

-,$%,' ,5/,6,-#&)' K0) '#/%'>#.)- 0-# ).0#.%7- () &# >,5$# B!C3 DC O-,

() )',' .,-=0-/,' () +,&%-,$%,' 5)'0&/# ')5 {Rn(x; q)}
∞

n=0F ()H-%(, +,5 &#

5)&#.%7- () 5).055)-.%# () /5)' /?5$%-,'

{

R0(x; q) = 1, R1(x; q) = 2x
Rn+1(x; q) = 2xRn(x; q)− (1− qn)Rn−1(x; q) (n ≧ 1)

(,-() |q| < 1C J) )'/# >75$0&# () /5)' /?5$%-,' ') +0)() $,'/5#5 K0)

ĺım
q→1

Rn

(
√

1
2(1− q)x; q

)

((1− q)/2)n/2
= Hn(x), B!C3PD



 ! "#$%&'&(% )# *+, -+*&%+.&+, /+0#1,234#056 !7

)+%)# {Hn(x)}
∞

n=0 #, #* '+%89%:+ )# -+*&%+.&+, '*;,&'+, )# <#1.&:# =>?@6 A+1

#,:B 1B4(% {Rn(x; q)}
∞

n=0 #, **B.B)+ #* '+%89%:+ )# -+*&%+.&+, q2<#1.&:#6

C,:B DB.&*&B )# -+*&%+.&+, D9# &%:1+)9'&)+ -+1 /+0#1, #% >EFG =H@6

IB DB.&*&B )# -+*&%+.&+, q2B%;*+0+, B *+, -+*&%+.&+, )# <#1.&:# ,+J1# #*

'K1'9*+ 9%&:B1&+ ,+% *+, -+*&%+.&+, /+0#1,234#0LM )#$%&)+, '+.+ =!!M !7M !GM

!N@

Hn (x; q) :=
n

∑

k=0

[

n

k

]

q

xk. OP6>NQ

)+%)#

[

n

k

]

q
#, #* q2'+#$'&#%:# J&%+.&B* )B)+ #% OP6GQ6

 !"#" $%&'()*+ ,% -%(.--%+()' ,% /-%0 /1-2)+30 4'-' &30 43&)5

+32)30 $36%-0578%69"

I+, -+*&%+.&+, /+0#1,234#05 Hn(x; q) -9#)#% +J:#%#1,# B -B1:&1 )# *B

,&09&#%:# 1#*B'&(% )# 1#'911#%'&B )# :1#, :R1.&%+, S

Hn+1(x; q) = (1 + x)Hn(x; q)− (1− qn)Hn−1(x; q). OP6>HQ

 !"!" $%&'()*+ ,% 3-/363+'&),', 4'-' &30 43&)+32)30 $36%-05

78%69"

I+, -+*&%+.&+, /+0#1,234#05 ,B:&,DB'#% *B ,&09&#%:# 1#*B'&(% )# +1:+0+2

%B*&)B) ,+J1# #* 'K1'9*+ 9%&:B1&+ =!GM !7@M

1

2πi

∫

|w|=1
Hm

(

−
w∗

√
q
; q

)

Hn

(

−
w∗

√
q
; q

)

ϑ3

(

logw

2i

)

dw

w
=
(q; q)m

qm
δmn,

)+%)# ϑ3 #, *B D9%'&(% :T#:BM &6#6

ϑ3 (z, q) =

∞
∑

j=−∞

qj
2

e2ijz,

BU9K q = eπiτ
'+% ℑ τ > 0M B,K U9# |q| < 1 -B1B 9% τ )B)+6 I+, -+*&%+.&+,

)# /+0#1,234#05 -9#)#% ,#1 #V-1#,B)+, B :1BWR, )# *+, -+*&%+.&+, q2<#1.&:#

Hn (x|q) =!H@ '+.+

Hn

(

−e2ix; q
)

= i−neinxHn(sinx|q),

:B.J&R% ,B:&,DB'#% *B 1#*B'&(% )# +1:+0+%B*&)B) #% *B *&%#B 1#B*

1
√

q

∫

∞

−∞

Hm

(

−q−1/2e−2iκx; q
)

Hn

(

−q−1/2e2iκx; q
)

e−x
2

dx =
(q; q)m

qm
δmn.



 ! " #$%&'&$( )* q+,-'&.-%&-( /-.0&.1-(

 !"#" $%&'()*%+&,& -'./0%&1 ,/ 2*3%-/% 4&%& 1*( 4*1-'*+-*(

5*0/%(678/09"

2-%- *. *' /$(- )* '-( ,-'&.-%&-( /-.0&.1-( q+3*4%&0* 5"678 /-. 0 <

q < 1 9 1 < q < ∞: '-( ,-'&.-%&-( ;-<*4(+=>*<? Hn(x; q) 9 '-( ,-'&.-%&-(

=0&*'0@*(+A&<*40 S̃n(x; q) 5)*B.&)-( *. '$ (*//&C. D E8: *(0F. '&<$)-( %*)&$.0*

'$ 04$.(G-4%$)$ &.0*<4$' )* #-14&*4 H IJ

1
√
2π

∫

∞

−∞

Hn

(

αe2iκx; q
)

eixy−x
2
/2dx = S̃n

(

αe−2κy; q
)

e−y
2
/2, 5"6KI8

)-.)* α *( 1. .L%*4- /-%,'*@- $4M&04$4&-6

NO-4$ P$%-( $ /$'/1'$4 '$ 04$.(G-4%$)$ )* #-14&*4 ,$4$ '-( ,-'&.-%&-(

;-<*4(+=>*<? 1($.)- Hn

(

αe2iκx; q
)

9 (1 )*B.&/&C. (*<L. '$ */1$/&C. 5"6KQ8

1
√
2π

∫

∞

−∞

Hn

(

αe2iκx; q
)

eixy−x
2
/2dx =

=
1
√
2π

∫

∞

−∞

n
∑

k=0

[

n

k

]

q

(

αe2iκx
)

k

eixy−x
2
/2dx

=
1
√
2π

n
∑

k=0

[

n

k

]

q

αk

∫

∞

−∞

e2iκxk+ixye−x
2
/2dx

=
n

∑

k=0

[

n

k

]

q

αk
1
√
2π

∫

∞

−∞

ei(2κk+y)xe−x
2
/2dx

=
n

∑

k=0

[

n

k

]

q

αke−(2κk+y)2/2

=
n

∑

k=0

[

n

k

]

q

αke−2κ
2
k
2

e−2κyke−y
2
/2

= e−y
2
/2

n
∑

k=0

[

n

k

]

q

qk
2 (

αe−2κy
)

k

= e−y
2
/2S̃n

(

αe−2κy ; q
)

.

*(0- ,41*M$ '$ */1$/&C. 5"6KI8: R1* /-%- P*4*%-( %F( $)*'$.0*: (*4F 1.$

4*'$/&C. &%,-40$.0* *.04* '-( ,-'&.-%&-( ;-<*4(+=>*<? 9 '-( ,-'&.-%&-( =0&*'0@*(+

A&<*40 ,$4$ /$'/1'$4 '$( q+*&<*.G1./&-.*( )* '$ 04$.(G-4%$)$ B.&0$ )* #-14&*46
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<1% #.51 $%*+&=*31. +1. '1%1'&3&#%51. %#'#.*0&1.> '1% 0#./#'51 * +1. /1+&7

%13&1. ?1,#0.74=#,@> /*0* /12#0 */+&'*0 #+ /01'#2&3&#%51 *%A+1,1 *+ -.*21

/10 B#C5*9 D1 E-# %*5-0*+3#%5# .&,-# #.> '1%1'#0 *+,-%*. /01/&#2*2#. 2#

+1. /1+&%13&1. 45&#+56#.78&,#05 E-# '131 C#31. F&.51 #% #.5* .#''&(% .# 0#+*7

'&1%*% '1% +1. 2# ?1,#0.74=#,@> +1 /0&%'&/*+ #. GA.&'*3#%5# .- 50*%.H103*2*

&%5#,0*+ 2# I1-0&#0 ) +* 0#+*'&(% 2# 0#'-00#%'&* 2# 50#. 5J03&%1.> #.5* K+7

5&3* /*0* /12#0 #.5*G+#'#0 +* 0#+*'&(% '1% +1. /1+&%13&1. '+A.&'1. '-*%21

#+ /*0A3#501 q 5&#%2# *+ F*+10 %-3J0&'1 1> 1 2&'C1 2# 150* 3*%#0*> κ .#

2#.F*%#'#9

 !" #$%&'(')& * +,-.&+/ 0120'$3+3$/ 3$ ,2/ 02,'4

&25'2/ 67'$,78$/49'-$17"

D1. /1+&%13&1. 45&#+56#.78&,#05 .# 2#$%#% LMNO '131

Sn (x; q) =
1

(q; q)n
1φ1

(

q−n

0

∣

∣

∣

∣

q ; −qn+1x

)

. PQ9MNR

D*. H-%'&1%#. ,#%#0*210*. .1%

1

(t; q)
∞

0φ1

(

−

0

∣

∣

∣

∣

q ; −qxt

)

=
∞
∑

n=0

Sn (x; q) tn.

(t; q)
∞
·0 φ2

(

−

0 , t

∣

∣

∣

∣

q ; −qxt

)

=
∞
∑

n=0

q(
n

2
)Sn (x; q) tn.

S.*%21 +* 0#/0#.#%5*'&(% 2# +1. /1+&%13&1. 2# ?1,#0.74=#,@ '131 #%

PQ9M;R ) +* H(03-+* 2# &%F#0.&(% /*0* #+ '1#$'&#%5# G&%13&*+ PQ9TR> * .*G#0>

[

n

k

]

q
−1

= qk(k−n)

[

n

k

]

q

,

#. #F&2#%5# E-#

Hn

(

x; q−1
)

=

n
∑

k=0

[

n

k

]

q

qk(k−n)xk.

UC10* /12#31. 2#$%&0 +1. /1+&%13&1. 45&#+56#.78&,#05 S̃(x; q) #% 5J03&%1.

2# +1. /1+&%13&1. Hn

(

x; q−1
)

LMVO '131 .&,-#

S̃n(x; q) := (q; q)nSn(−x; q) PQ9MVR



 ! " #$%&'&$( )* q+,-'&.-%&-( /-.0&.1-(

)-.)*

(q; q)nSn(−x; q) := Hn

(

qnx; q−1
)

2"3 45

*(0$ 6'0&%$ &)*.0&)$) (* 7*8&9/$ 1($.)- 2"3:;5 $)*/1$)$%*.0*

Sn(−x; q) =
1

(q; q)n
1φ1

(

q−n

0

∣

∣

∣

∣

q ; qn+1x

)

, 2"3 :5

)-.)* '$ <1./&=. (*8&* >&,*8?*-%@08&/$ 1φ1 *(0A )$)$ ,-8

1φ1

(

q−n

0

∣

∣

∣

∣

q ; qn+1x

)

=
∞
∑

k=0

(q−n; q)k
(0; q)k

(−1)kq(
k

2
) q(n+1)kxk

(q; q)k
,

B >$/&*.)- 1(- )* '$ &)*.0&)$) ,$8$ *' q+<$/0-8&$' C:DE

(q−n; q)n =
(q : q)n
(q : q)n−k

(−1)k q(
k

2
)−nk,

*.0-./*(

Sn (−x; q) =
1

(q; q)n

n
∑

k=0

(q : q)n
(q : q)n−k(q; q)k

q2(k

2
)+kxk

=
1

(q; q)n

n
∑

k=0

[

n

k

]

q

qk
2

xk =
1

(q; q)n

n
∑

k=0

[

n

k

]

q

qk
2
−nkqnkxk

=
1

(q; q)n

n
∑

k=0

[

n

k

]

q

qk(k−n)(qnx)k

=
1

(q; q)n
Hn

(

qnx
∣

∣q−1
)

,

/-. '- /1$' (* ,81*F$ 2"3 453 G(0$ 8*,8*(*.0$/&=. )* '-( ,-'&.-%&-( H0&*'0I*(+

J&?*80 .-( (*8A )* ?8$. 10&'&)$) $' %-%*.0- )* /$'/1'$8 '$ 08$.(<-8%$)$

&.0*?8$' )* #-18&*8 /-%- 7*8*%-( %A( $)*'$.0*3

 !"#" $%&'()*+ ,% -%(.--%+()' /'-' &01 /0&)+02)01 34)%&45%16

7)8%-4"

G(0-( ,-'&.-%&-( 0$%F&@. 0&*.*. '$( (&?1&*.0*( 8*'$/&-.*( )* 8*/188*./&$K

−q2n+1xSn (x; q) =
(

1− qn+1
)

Sn+1 (x; q)−
[

1 + q − qn+1
]

Sn (x; q) +

+qSn−1 (x; q) ,
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Sn (x; q)− Sn (qx; q) = −qxSn−1

(

q2x; q
)

,

* #.5* <+5&3* #'-*'&(% .# +# ++*3* #+ 1/#0*210 2# '*3=&1 2#0#'>1 ) #+ 1/#0*210

2# '*3=&1 &?@-&#021 #.5A 2*21 /10

Sn (x; q)− xSn (qx; q) =
(

1− qn+1
)

Sn+1

(

q−1x; q
)

.

 !"#" $%&'()*+ ,% -./-0-+'&),', 1'.' &-2 1-&)+-3)-2 4/)%&/5%26

7)0%./"

B* /01/&#2*2 2# 1051,1%*+&2*2 5*3=&C% .# '-3/+# /*0* +1. /1+&%13&1.

45&#+56#.78&,#05 ) #.5A 2*2* /10

∫

∞

0

Sm (x; q)Sn (x; q)

(−x,−qx−1; q)
∞

dx = −
ln q

qn

(q; q)∞
(q; q)n

δmn.

 !"!" 8.'+29-.3',' )+/%0.'& ,% :-;.)%. 1'.' &-2 1-&)+-3)-2

4/)%&/5%267)0%./"

B* 50*%.D103*2* &%5#,0*+ 2# E1-0&#0 /*0* +1. /1+&%13&1. 45&#+56#.78&,#05

S̃n .# /-#2# '*+'-+*0 * /*05&0 2# -%* 0#/0#.#%5*'&(% 2# +1. /1+&%13&1. F1,#0.7

4?#,G HI9:JKL

S̃n(x; q) = Hn

(

qnx; q−1
)

,

#%51%'#.

S̃n

(

αq−ne−2κx; q
)

= Hn

(

αe−2κx; q−1
)

=

n
∑

k=0

[

n

k

]

q

qk(k−n)αke−2κxk. HI9::K

M>10* /12#31. '*+'-+*0 +* 50*%.D103*2* &%N#0.* 2# E1-0&#0 /*0* +1. /1+&7

%13&1. 45&#+56#.78&,#05 '1% +* D-%'&(% 2# /#.1 e−x
2
/2

>*'&#%21 -.1 2# +*

#'-*'&(% HI9::KL



 ! " #$%&'&$( )* q+,-'&.-%&-( /-.0&.1-(

1
√
2π

∫

∞

−∞

S̃k

(

αq−ke−2iκx; q
)

e−ixy−x
2

dx

=
1
√
2π

∫

∞

−∞

n
∑

k=0

[

n

k

]

q

qk(k−n)αke−2κxke−x
2
/2eixydx

=
n

∑

k=0

[

n

k

]

q

qk(k−n)αk
1
√
2π

∫

∞

−∞

e
−

(

x
2

2
+2κxk

)

eixydx

=
n

∑

k=0

[

n

k

]

q

qk(k−n)αke2κ
2
k
2 1
√
2π

∫

∞

−∞

e−(x+2κk)2/2eixydx, 2"3 45

6*/-6)$.)- 71* q = e−2κ
2

8 9$/&*.)- *' /$%:&- )* ;$6&$:'* z = x + 2κk

*.0-./*( '$ <'0&%$ &=1$')$) )* '$ */1$/&>. 2"3 45 (* *?,6*($ $9-6$ )* '$

(&=1&*.0* %$.*6$@

n
∑

k=0

[

n

k

]

q

q−nkαke−i2κyk 1
√

2π

∫

∞

−∞

eizy−z
2
/2dz

= e−y
2
/2

n
∑

k=0

[

n

k

]

q

(

αq−ne−2iκy
)

k

= e−y
2
/2Hn

(

αq−ne−2iκy; q
)

. 2"3 A5

B-6 '- 0$.0- '$ 06$.(C-6%$)$ &.;*6($ )* #-16&*6 ,$6$ '-( ,-'&.-%&-( D0&*'0E*(+

F&=*60 /-. (1 6*(,*/0&;$ C1./&>. )* ,*(- e−x
2
/2

*(0G )$)$ ,-6H

1
√
2π

∫

∞

−∞

S̃k

(

αq−ke−2iκx; q
)

e−ixy−x
2

dx = e−y
2
/2Hn(αq−ne−2iκy; q),

2"3 I5

)-.)* Hn(x; q) 6*,6*(*.0$ $ '-( ,-'&.-%&-( D0&*'0E*(+F&=*603

J* *(0$ %$.*6$ 9*%-( 6*;&($)- C$%&'&$( )* q+,-'&.-%&-( 71* *(0G. )*K.&)$(

*. *' /-.0&.1-@ *' (&=1&*.0* /$,L01'- %1*(06$ 1. ,$6 )* C$%&'&$( 6*'$/&-.$)$(

*.06* (& %*)&$.0* '$ 06$.(C-6%$)$ K.&0$ )* #-16&*63

J*' %&(%- %-)- *. 71* '-( ,-'&.-%&-( q+M*6%&0* 8 '-( ,-'&.-%&-( q−1
+

M*6%&0* (-. 1.-( '$ 06$.(C-6%$)$ &.0*=6$' )* #-16&*6 )* '-( -06-(@ 8 71*

'-( ,-'&.-%&-( )* N-=*6(+DO*=P 8 '-( ,-'&.-%&-( D0&*'0E*(+F&=*60 ($0&(C$/*.

*(0$ %&(%$ 6*'$/&>. %*)&$.0* '$ 06$.(C-6%$)$ &.0*=6$' )* #-16&*63 D* ,1*)*

,*.($6 *. /$'/1'$6 q+*?0*.(&-.*( )* '-( *&=*.;*/0-6*( )* Q*90$ 10&'&O$.)-

,$6$ *''- $9-6$ *(0* ,$6 )* C$%&'&$(3



 !"#$%&' ()

 !"#$#!% &' q()*$#+*"#*%

&#%,-'.*%

 !" #$%&'$(&$) *&)+,-.$) q/0-,(&.- *- .&1$ I"

 ! "#$%&'$ ()$)*!+,*! -!*! .,/ -,.&$,0&,/ +&/%*)1,/ q23)*0&1) )/1! +!+!

-,*

∞
∑

n=0

hn(x; q)

(q; q)n

tn =

(

t2; q2
)

∞

(xt; q)∞
,

! -!*1&* +) .! %#!. /) -#)+) %!.%#.!* /# ",*0! )4-.5%&1! ..!0!+, -,.&$,0&,

+&/%*)1, q23)*0&1) hn(x; q) +) 1&-, I %,$ 0 < q < 1

hn(x; q) := xn

2φ0

(

q−n, q1−n

−

∣

∣

∣

∣

q2;
q2n−1

x2

)

=

[n/2]
∑

k=0

c
(n)
k

(q)xn−2k. 6789:;

<,$+) .,/ %,)=%&)$1)/ c
(n)
k

(q) )$ .! !$1)*&,* /)*&) +) -,1)$%&!/ +) x /,$

&(#!.)/ !

c
(n)
k

(q) = (−1)kqk(2n−k) (q
−n; q)2k

(q2; q2)k

. 6789>;

 !"!" #$%&'()* +$ ,$'-,,$*'(& +$ .,$/ .0,1(*2/ 3&,& %2/ 32%(4

*21(2/ +(/',$.2/ q45$,1(.$ +$ .(32 I"

 ,/ -,.&$,0&,/ +&/%*)1,/ q23)*0&1) +) 1&-, I? /!1&/"!%)$ )$ ",*0! !$@.,(!

! .,/ -,.&$,0&,/ %.@/&%,/ +) 3)*0&1)? #$! *).!%&'$ +) *)%#**)$%&! +) 1*)/

1A*0&$,/

hn+1(x; q) = xhn(x; q)− qn−1 (1− qn) hn−1(x; q), 6789B;

 !/ *).!%&,$)/ +) *)%#**)$%&! +) 1*)/ 1A*0&$,/ -!*! .,/ -,.&$,0&,/ +&/%*)2

1,/ +) 3)*0&1) +) 1&-, I 6789B; C +) 1&-, II 6789:B;? /)*D&*@$ -!*! %,$)%1!*

.!/ q2)41)$/&,$)/ ,E1)$&+!/ +) .! !-.&%!%&'$ +). -*,%)+&0&)$1, +) F)G1! !

.,/ -,.&$,0&,/ +&/%*)1,/ +) 1&-, I %,$ .,/ )&()$D)%1,*)/ %.@/&%,/ +) 3)*0&1)9



 ! "# $%&'('%) *+ q,-.('/.&'.) *')01+2.)

 !"#" $%&'()*+ ,% -./-0-+'&),', 1'.' &-2 1-&)+-3)-2 ,)2(.%4

/-2 q45%.3)/% ,% /)1- I"

3.) -.('/.&'.) *')01+2.) *+ 2'-. I4 hn(x; q) 5.1&%/ 6/ )')2+&% *+ q,

-.('/.&'.) *+ 7+1&'2+ 86+ )./ .12.9./%(+) +/ 6/ )6:0./;6/2. 0.&-%02. *+

(% ('/+% 1+%(4

∫ 1

−1
(qx,−qx; q)∞hm(x; q)hn(x; q)dqx = (1− q)(q; q)n(q,−1,−q; q)∞q(

n

2
)δmn.

<./*+ (% q,'/2+91%( +)2= *+>/'*% -.1

∫

z

0
f(t)dqt := z(1− q)

∞
∑

0

f (qnz) qn.

?)2% *+>/'0'@/ -%1% (% q,'/2+91%( )+ *+:+ % AB CD.&%+ E $B7B A%0F)./ GHIJB

 !"6" 7.'+28-.3',' )+/%0.'& ,% 9-:.)%. ,% &-2 1-&)+-3)-2

,)2(.%/-2 q45%.3)/% ,% /)1- I"

K/ L')2%M. % N"#BHO E % N"#BHPO &6+)21% 86+ (% +Q-%/)'@/ +Q-(R0'2% -%1%

(.) -.('/.&'.) *')01+2.) q−7+1&'2+ *+ 2'-. II4 h̃n(x; q)N*+>/'*.) +/ (% )'96,

'+/2+ )+00'@/O +/ -.2+/0'%) *+ x *'>+1+ *+ hn(x; q) ).(. -.1 +( 5%02.1 +Q21%

qk(k+2−2n)
+/ (.) 0.+>0'+/2+) *+ +Q-%/)'@/ *+ (.) q,-.('/.&'.) 5.1&%*.)B S.,

&. L+1= &=) %:%;.4 +)2% 0'106/)2%/0'% )'&-('>0% ('9+1%&+/2+ /6+)21. '/2+/2.

*+ +L%(6%1 (% '/2+91%( *+ (% 21%/)5.1&%*% *+ $.61'+1 +/21+ (.) -.('/.&'.)

q,7+1&'2+ *')01+2.) hn(x; q) E h̃n(x; q)B <+ D+0D.4 %D.1% +L%(6%1T (% '/2+91%(

In(t; q) :=
1
√

2π

∫

∞

−∞

hn(αeiκs; q)eist−t
2
/2ds, N"#BUO

*./*+ α +) 6/ /V&+1. 0.&-(+;. %1:'21%1'.B <+ (% *+>/'0'@/ *+ N"#BHO +)

0(%1. 86+

In(t; q) : =
1
√

2π

∫

∞

−∞

hn(αeiκs; q)eist−t
2
/2ds

=
1
√

2π

∫

∞

−∞

[n/2]
∑

k=0

c
(n)
k

(q) αn−2ke(iκs)(n−2k)eist−s
2
/2ds

=

[n/2]
∑

k=0

c
(n)
k

(q) αn−2k
1
√

2π

∫

∞

−∞

ei[t+κ(n−2k)]s−s
2
/2ds

=

[n/2]
∑

k=0

αn−2kc
(n)
k

(q)e−
1

2
[t+κ(n−2k)]2 . N"#BWO



 ! "#$%&#'%#( )%(*+,-#( q./,+'%-, ), -%0# I1 2!

34 ,50+,(%6& ), $4 7$-%'4 $%&,4 ,& 89:1;< (, (%=>, ), >&4 0+#0%,)4) ?%,&

*#&#*%)4 ), $4 @>&*%6& ,50#&,&*%4$ exp(−x2/2)A B>, ,( (> 0+#0%4 -+4&(@#+.

'4)4 ), C#>+%,+1 D& @E*%$ *E$*>$# >(4&)# 89:1!F< '>,(-+4 B>,

e−
1

2
[t+κ(n−2k)]2 = e−

t
2

2 e−tκ(n−2k)e−
κ
2

2
(n−2k)2

= e−
t
2

2 e−tκ(n−2k)e−
κ
2

2
(n−2k)2

= e−
t
2

2 e−tκ(n−2k) e−
κ
2

2
(n−2k)2

89:1G<

(>(-%->H,&)# q = e−2κ
2

,& 89:1G< #?-,&,'#(

e−
1

2
[t+κ(n−2k)]2 = e−

t
2

2 e−tκ(n−2k)q
(n−2k)

2

4

= e−
t
2

2 e−tκ(n−2k)qk(k−n)+n
2

4 , 89:1I<

'>$-%0$%*4&)# $4 ,*>4*%6& 89:1I< 0#+ 1J( ), $4 @#+'4

qn−nqnk−nkq2k−2kq
n
2

2
−

n
2

2 ,

#?-,&,'#(

e−
1

2
[t+κ(n−2k)]2 = e−

t
2

2 e−tκ(n−2k)qk(k−n)+n
2

4 qn−nqnk−nkq2k−2kq
n
2

2
−

n
2

2

= e−
t
2

2 e−tκ(n−2k)qk(k+2−2n)q(3n
2
−4n)/4q(1−n

2
)(n−2k),89:1K<

), ,(-4 @#+'4

e−
1

2
[t+κ(n−2k)]2 = e−

t
2

2 e−tκ(n−2k)qk(k+2−2n)q(3n
2
−4n)/4q(1−n

2
)(n−2k), 89:1L<

B>, (>(-%->%)4 ,& 89:1M< B>,)4 *#'#

In(t; q) = qn(3n−4)/4e−t
2
/2

[n/2]
∑

k=0

qk(k+2−2n)c
(n)
k

(q)
(

αq1−n

2 e−tκ

)

n−2k

= qn(3n−4)/4e−t
2
/2h̃n

(

αq1−n

2 e−tκ; q
)

, 89:1!N<

*#& $# *>4$ (, 0+>,?4 B>,

1
√

2π

∫

∞

−∞

hn(αeiκs; q)eist−t
2
/2ds = qn(3n−4)/4 h̃n

(

αq1−n

2 e−tκ; q
)

e−t
2
/2.

89:1!!<

O( ),*%+A $4 -+4&(@#+'4)4 %&-,=+4$ ), C#>+%,+ 04+4 $#( 0#$%&#'%#( )%(*+,-#(

q./,+'%-, ), -%0# I (#& $#( 0#$%&#'%#( )%(*+,-#( q./,+'%-, ), -%0# IIA B>,

(, P,+E& ,& $4 (%=>%,&-, (,**%6&1



 ! "# $%&'('%) *+ q,-.('/.&'.) *')01+2.)

 !" #$%&'$(&$) *&)+,-.$) q/0-,(&.- *- .&1$ II

 !"#" $%&'()& *+&+,-./,- 0 .+1&('()&"

3% 45/0'6/ 7+/+1%*.1% -%1% (.) -.('/.&'.) *')01+2.) q,8+1&'2+ *+ 2'-.

II )+ *+9+ % (% 461&5(%

∞
∑

n=0

q(
n

2
)

(q; q)n

h̃n(x; q)tn,

% -%12'1 *+ (% 05%( )+ *+)-1+/*+ 5/% 1+-1+)+/2%0'6/ +:-(;0'2% -%1% *'0<.)

-.('/.&'.)= >%1% 0./)'*+1%1 (.) ?%(.1+) 1 < q < ∞@ )+ -15+9% 0./?+/'+/2+,

&+/2+ +/ ABC@ )'&'(%1 % .21.) 0%).) *+ q,-.('/.&'.)@ '/21.*50'1 (.) -.('/.&'.)

*')01+2.) q,8+1&'2+ *+ 2'-. II@ h̃n(x; q)@

h̃n(x; q) : = i−nhn

(

ix; q−1
)

= xn

2φ1

(

q−n, q1−n

0

∣

∣

∣

∣

q2;−
q2

x2

)

=

[n/2]
∑

k=0

qk(k+2−2n)c
(n)
k

(q)xn−2k

D"#=E!F

 !"!" 2+3-'()& .+ ,+'%,,+&'(- 4-,- 3/5 4/3(&/6(/5 .(5',+7/5

q89+,6(7+ .+ 7(4/ II"

G.&. H% <+&.) ?')2.@ (.) -.('/.&'.) *')01+2.) *+ 2'-. I )%2')4%0+/ 5/%

1+(%0'6/ *+ 1+0511+/0'% *+ 21+) 2I1&'/.)@ %<.1% 9'+/@ *+ (% +05%0'6/ D"#= F H

*+ (.) -1'&+1.) *.) &'+&91.) *+ (% +05%0'6/ D"#=E!F@ -.*+&.) *+*50'1 (%

1+(%0'6/ *+ 1+0511+/0'% -%1% (.) -.('/.&'.) *')01+2.) q,8+1&'2+ *+ 2'-. II@ %

)%9+1@

h̃n+1(x; q) = xh̃n(x; q)− q−2n+1 (1− qn) h̃n(x; q). D"#=E F

=

 !":" 2+3-'()& .+ /,7/*/&-3(.-."

3.) -.('/.&'.) *')01+2.) q,8+1&'2+ *+ 2'-. II@ %( '75%( J5+ (.) %/2+1'.1+)

)')2+&%) *+ q,-.('/.&'.)@ )%2')4%0+/ 2%&9'I/ 5/% 1+(%0'6/ *+ .12.7./%('*%*

).91+ (% ('/+% 1+%(=
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∞
∑

k=−∞

[

h̃m

(

cqk; q
)

h̃n

(

cqk; q
)

+ h̃m

(

−cqk; q
)

h̃n

(

−cqk; q
)]

w

(

cqk; q
)

qk

= 2

(

q2,−c2q,−c−2q; q2
)

∞

(q,−c2,−c−2q2; q2)
∞

(q; q)n

qn
2

δmn, c > 0,

)#&),

w(x; q) =
1

(ix,−ix; q)∞
=

1

(−x2; q2)
∞
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0#$%&#'%#( ), /,+'%-,8 93 (,3 ,& ,$ *3(# *#&-%&:#8 *#'# $#( q.0#$%&#'%#( ),

;#<,+(8 $#( 0#$%&#'%#( ;#<,+(.=6,<> 9 $#( 0#$%&#'%#( =-%,$-?,(.@%<,+-8 # ,&
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 !"#$#!% &' q()*$#+*"#*%

,'$!-#*+!&!% "'&#!+.' $!

.,!+%/*,"!&! /#+#.! &'

 *0,#',

 !"# $# %&!'(# #)%&'*!' )!+ +,-*&'& .,& &+ /!+*0$& &)1!)%'#' &*-&)2,)1*!)&+

/#'# $# %'#)+2!'3#"# 4)*%# "& 5!,'*&' ,+#)"! q6/!$*)!3*!+ "& 7&'3*%&8 "#"#

+, *)%&''&$#1*9) 3&"*#)%& $# %'#)+2!'3#"# *)%&-'#$ "& 5!,'*&': ;#+ +*-,*&)%&+

+,0+&11*!)&+ "&3,&+%'#) .,& "*1<!+ q6/!$*)!3*!+ +!) #"&1,#"!+ /#'# &$$!:

;!-'#)"! 1!) &+%! "#' ,)# 2!'3,$#1*9) /'&1*+# <#1*# $# =&'+*9) 4)*%# "&

3&1>)*1# 1,>)%*1#:

 !" #$% &$'()$*($% +$),()-$% q./01*(,0 Hn(x|q) 20

3$401%"

?) &+%# +&11*9) 1!3&)@#'A 1!) $#+ '&/'&+&)%#1*!)&+ &B/$(1*%#+ /#'# $!+

/!$*)!3*!+ 1!)%*),!+ q67&'3*%& Hn(z|q) CD:EF G q−1
67&'3*%& hn(z|q) CD:HF:

I&4)*'&3!+ ,)# q6&B%&)+*9) "& $!+ &*-&)=&1%!'&+ "& J&<%# F
(N)
jk

CKD:LF8

,%*$*@#)"! $!+ /!$*)!3*!+ 1!)%*),!+ q67&'3*%&8 "& $# 2!'3#

F
(N)
jk

(q) :=
∞
∑

n=−∞

e−
π

N
(nN+j)2Hk

(

sin
√

2π

N
κ(nN + j)

∣

∣q
)

, CDKK:EF

"!)"& 0 < q : = exp(−2κ2) < 1: ?)%!)1&+ "& CDKK:EF +& +*-,& .,& /#'# &$

1#+! &) .,& 1 < q8 $# q6&B%&)+*9)
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"## $%&'('%) *+ q,-.('/.&'.) 0+(%1'./%*%) &+*'%/2+ (% 20%/)3.0&%*% 4/'2%

*+ $.50'+0

F
(N)
jk

(q−1) := ik
∞
∑

m=−∞

e−
π

N
(mN+j)2hk

(

sinh
√

2π

N
κ(mN + j)

∣

∣q
)

, 6"##789

+:2'+/*+ F
(N)
jk

(q) % (.) ;%(.0+) *+( -%0<&+20. q +/ +( '/2+0;%(. (1,∞)7

=+ (%) *+4/'1'./+) *+ 6"##7>9 ? 6"##789 +) 1(%0. @5+ %&A.) F
(N)
jk

(q) ?

F
(N)
jk

(q−1) )./ 35/1'./+) -+0'B*'1%) +/ j 1./ -+0'.*. N C %)D @5+ -.*+&.)

+)10'A'0 (% +:-%/)'B/ *+ $.50'+0

F
(N)
jk

(q) =

∞
∑

l=−∞

a
(N)
lk

(q) exp

(

2πi

N
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ĺım
q→1

κ−kF
(N)
jk

(q) = F
(N)
jk

, ĺım
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κ−nhn(κx|q)− 2n ĺım
q↑1

κ−n−1hn−1(κx|q),

'4,-1-*'& (% 5-(%/+61 2- 5-/055-1/+% 2- ,5-& ,F5*+1'& 7###8AA: 3%5% ('& 3'(+>

1'*+'& /(G&+/'& 2- ?-5*+,- Hn(x)8



 ! "#$%&' (' )*+ ,*)%-*$%*+ .*/'0+123'/4 5 2&%')&6'+17%/'0&8 9:

 !" #$%&'( )( *+, -+*&.+%&+, /+0(1,234(05 6 3'&(*'7(,2

8&0(1'"

;<*0= >=$*+ = ?=)?@)=0 ') ĺımq↑1 κ−nHn(κx, q)A (*-(' Hn(x; q)A 0 < q < 1
+*- )*+ ,*)%-*$%*+ (' .*/'0+123'/48 B*$'-3=$*+ ?*- )= 0')=?%C- (' 0'?@01

0'-?%= (' &0'+ &D0$%-*+ EF8:GH '+?0%&= '- &D0$%-*+ (' )= >=0%=I)' −e2ix

Hn+1

(

−e2ix; q
)

=
(

1− e2ix
)

Hn

(

−e2ix; q
)

−(1− qn)
(

−e2ix
)

Hn−1

(

−e2ux; q
)

,

EFJJJ8KH

'+&= 0')=?%C- (' 0'?@00'-?%= +' ,@'(' '+?0%I%0 '- &D0$%-*+ (' )*+ ,*)%-*$%*+

q1L'0$%&' Hn(x|q) I=6* )= +%/@%'-&' %('-&%(=( M!GNA

Hn

(

−e2ix; q
)

= i−neinxHn(sin x|q)),

+@+&%&@5'-(* '+&= O)&%$= '?@=?%C- '- EFJJJ8KHA *I&'-'$*+A

Hn+1(sin x|q) = i
(

1− e2ix
)

e−ixHn(sin x|q)− (1− qn) Hn−1(sin x|q),
EFJJJ8PH

Hn+1(sin x|q) = 2xHn(sin x|q)− 2nκ2Hn−1(sin x|q) EFJJJ8:QH

)@'/* '- ') ĺımq↑1 κ−nHn(x|q)A sin x ≈ x 5 0'?*0(=-(* R@' q = e−2κ

Hn+1(κx|q) = 2κxHn(κx|q)− 2nκ2Hn−1(κx|q), EFJJJ8::H

$@)&%,)%?=-(* ,*0 κ−n+1
5 <=?%'-(* H̃m = κmHmA

κ−(n+1)Hn+1(κx|q) = 2κ−nxHn(κx|q)− 2nκ−(n−1)Hn−1(κx|q), EFJJJ8:!H

H̃n+1(κx|q) = 2xH̃n(κx|q)− 2nH̃n−1(κx|q), EFJJJ8:SH

)= ?@=) '+ )= 0')=?%C- (' 0'?@00'-?%= ,=0= )*+ ,*)%-*$%*+ (' L'0$%&' ?)T+%?*+

EJJJ8::H8

 9" #$%&'( )( *+, -+*&.+%&+, )&,:1('+, )( '&-+ I 6

)( '&-+ II"

U=0= ('$*+&0=0 R@' )*+ ,*)%-*$%*+ (%+?0'&*+ q1L'0$%&' (' &%,* I hn(x; q)
?*%-?%('- ?*- )*+ ,*)%-*$%*+ ?)T+%?*+ (' L'0$%&' Hn(x)A ?*$'-3=$*+ ?*-

)= 0')=?%C- (' 0'?@00'-?%= (' &0'+ &D0$%-*+ ,=0= )*+ ,*)%-*$%*+ (%+?0'&*+ q1

L'0$%&' (' &%,* I EFJ8SHA

hn+1(x; q) = xhn(x; q)− qn−1 (1− qn) hn−1(x; q),



 ! "### $%&'& ()*+,-. /0%12' q → 1

-1,'1/-& &+ /%*3+%*'& x 7→ x
√

1− q2
.

hn+1(x
√

1− q2; q) = x
√

1− q2hn(x
√

1− q2; q)− qn−1 (1− qn)×

×hn−1(x
√

1− q2; q), 4"###5678

9-/'92%12' :0- q = e−2κ
2

-1,'1/-&.

√

1− q2 ≈ 2κ ; qn−1 − q2n−1 ≈ 2nκ2

/0%12' q ∈ [−δ, δ]. (0-<' (% -/0%/+=1 4"###5678. &- >0-2- -&/9+3+9 /'*'.

hn+1(2xκ; q) = 2xκhn(2xκ; q)− 2nκ2hn−1(2xκ; q), 4"###56 8

?%/+-12' -( /%*3+' κ 7→ κ̃/2

hn+1(xκ̃; q) = 2x
κ̃

2
hn(xκ̃; q)− 2n

κ̃2

22
hn−1(xκ̃; q), 4"###56@8

*0(,+>(+/%12' ('& ,A9*+1'& 2- (% -/0%/+=1 4"###56@8 >'9 (2κ)−(n+1)
. A&,% &-

>0-2- B-9 /'*'.

κ̃−(n+1)

2n+1
hn+1(xκ̃; q) = 2x

κ̃−n

2n
hn(xκ̃; q)− 2n

κ̃−(n−1)

2(n−1)
hn−1(xκ̃; q), 4"###56C8

?%/+-12' h̃n = κ̃
−n

2n hn (% -/0%/+=1 %1,-9+'9 &- B- /'*' (% 9-(%/+=1 2- 9-/09D

9-1/+% 2- ,9-& ,A9*+1'& >%9% ('& >'(+1'*+'& /(E&+/'& 2- F-9*+,- Hn(x)

h̃n+1(xκ̃; q) = 2xh̃n(xκ̃; q)− 2nh̃n−1(xκ̃; q), 4"###56G8

H%9% -( /%&' 2- ('& >'(+1'*+'& 2+&/9-,'& qDF-9*+,- 2- ,+>' II. 0&%*'& -(

>9'/-2+*+-1,' %1E('<' >%9% ('& >'(+1'*+'& 2+&/9-,'& qDF-9*+,- 2- ,+>' I /'1

&0 /'99-&>'12+-1,- 9-(%/+=1 2- 9-/099-1/+% 2- ,9-& ,A9*+1'&5
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q !"#$%&'(% )$ *+& ,+&$& )$

*+ #-+%&./-0+)+ .'%'#+ )$

1/2-'$-

 !"#! !$%&! "' $! (%"#&!)% *+' ,!" &',!-.%/'" 01223456 7 01223486 /%"

$!9.,.#!/ :!&! '/-%/#&!& ';#'/".%/'" )' ,%" '.<'/='-#%&'" )' >'$#! :!&! ,!

#&!"?%&(!)! @/.#! )' A%+&.'&3 B=!,+!(%" !$%&! ,! !--.C/ )' ,! (!#&.D )'

A%+&.'& A(N)
)' 046E "%9&' ,! -%(9./!-.C/ ,./'!, )' 0122346 7 01223F6 G5HIE

f
(N)
mk

(q) := ak(q)F
(N)
mk

(q) + bk(q)F
(N)
mk

(q−1), 02J346

)%/)' ak(q) 7 bk(q) "%/ -%/"#!/#'" /% -'&%E *+' /'-'".#!(%" )'#'&(./!&3
B/#%/-'"E +"!/)% 012234F6 7 01223K6E "' %9#.'/'E

N−1
∑

m=0

A
(N)
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(

ak(q)F
(N)
mk

(q) + bk(q)F
(N)
mk

(q−1)
)

= qk
2
/4ak(q)F

(N)
jk

(q−1) + (−1)kq−k
2
/4bk(q)F

(N)
jk

(q) 02J3F6
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2
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(N)
jk
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(N)
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2
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(N)
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(N)
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(q) + bk(q)F
(N)
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)
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bk(q) = i−kqk
2
/4ak(q). 02J356

L+!/)% '"#! &',!-.C/ "' -+(:,' :!&! -!)! n ∈ {0, 1, . . . , N − 1}E ,!" -%(9.M
/!-.C/'" ,./'!,'" '/ 02J346 "%/ ,%" '.<'/='-#%&'" )' ,! #&!/"?%&(!)! @/.#!

)' A%+&.'& -%/ ,%" '.<'/=!,%&'" λn = inE -%(% "' :+')' ='& '/ 02J3F63



 ! "# q$%&'()*+,) -( ./* 0/*(* -( ./ '1/)*2314/-/ 5)+'/ -( 6371+(1

83) ./ (.(99+,) () :()(1/. -( ./ 93)*'/)'( an(q) = 1
2q
−n

2
/8

() ;"#<=>?

(*91+0+43* .3* 934@3)()'(* -(. (+:()A(9'31 B$(&'()-+-3 -( 6371+(1 9343

ψ
(N)
mk

(q) :=
1

2
q−k

2
/8

(

F
(k)
mk

(q) + i−kqk
2
/4F

(N)
mk

(q−1)
)

;"#<!>

=
1

2

∞
∑

n=−∞

{

q−k
2
/8Hk

(

sin
√

2π

N
κ(nN + j)

∣

∣q
)

+

+ qk
2
/8hn

(

sinh
√

2π

N
κ(nN + j)

∣

∣q
)

}

× e−
2π

N
κ(nN+j)2/2. ;"#< >

%*'/ (97/9+,) 47(*'1/ B7( .3* (+:()A(9'31(* ψ
(N)
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(q) (&C+0() 7)/ *+4('1D/

93) 1(*@(9'3 /. 9/40+3 -( q → q−1
< 83) ./ (.(99+,) /-(97/-/ -( an(q) ()

;"#< >? (* -+1(9'3 A(1+59/1 B7(?

ψ(n)
m

(

q−1
)

= inψ(n)
m

(q) . ;"#<E>

F3* A(9'31(* ψ(n)(q) = ‖ψ
(n)
m (q)‖ *(1G) .3* (+:()A(9'31(* -( ./ '1/)*231$

4/-/ 5)+'/ -( 6371+(1?

A(N)ψ(n)(q) = inψ(n)(q) = ψ(n)
(

q−1
)

.

%) @/1'+97./1? (. (*'/-3 0/*( -( ./* (+:()27)9+3)(* q$(&'()-+-/* -( 6371+(1

(* 7)/ *74/ H/7**+/)/ *301(

√

2π/N(kN + m) I-(0+-3 / B7( H0(x|q) =
1 = h0(x|q)J? (. 97/. (* +)-(@()-+()'( -( q? K @31 '/)'3 +:7/. / q = 1 B7(

(* (. (*'/-3 0/*( )3 -(2314/-3 F
(N)
0k () ;"L<M>< %*'/* @7(-() *(1 (*91+'/* ()

'N14+)3* -( ./ 27)9+,) -( O/930+ ϑ3 I=PJ
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∞
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N
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πim, e−πN
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√

N
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N
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*+/)/ exp (−1
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2
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@/1/ )314/.+S/1 .3* (+:()A(9'31(*
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-( .3* (+:()A(9'31(* -( T(C'/?

ĺım
q→1

κ−nψmk(q) = Fmk(N), ;"#<U>



  

!"# #$ "%& '(%$#'"#%')& *#+ ĺımq→1 an(q) = 1
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N→∞
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2
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2
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2
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√
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√
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∫

∞
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'+1$)'( :K>, L(*#/($ %(2&. !"# *# +& #'"&')J% :;<,D>8 +($ #$2&*($ G&$# q4
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ψ0(x; q) = e−x
2
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*#').8 +($ O&"$$)&%($,



 ! "# q$%&'()*+,) -( ./* 0/*(* -( ./ '1/)*2314/-/ 5)+'/ -( 6371+(1



 !"#$%&' (

 !"#$%&'!"(&

 !"! #$"!% &'%(! ) *! *)+,! -$ *)% %$..'!/$% 0 1 023 *) (+)/%4!+")5
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(N)
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 ! "#$%&'$ () *)+, *!-! .,+ *,.&$,/&,+ () 0)-/&1) +,$ ). %!+, .2/&1!$1)

() .! "#$%&'$ () *)+, *!-! 3!%,4& (1−x/α)α(1+x/α)α
%#!$(, α →∞5 )+1!

"#$%&'$ () *)+, )+ e−x
2

+,4-) .! .&$)! -)!. ℜ6 7$ )+1! +)%%&'$ )+1!4.)%)-)/,+
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"'-/#.!>

Hn(x) = (−1)nex
2 dne−x

2

dxn
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2
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=
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√
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∞
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2
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2

√
π
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∞
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2
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2

5 +,4-) ). &$1)-B!., [0, α)5
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n
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n
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+,- #,.'%,/',- &) 1)2/'3) -53'-65()% .5 2).5('7% &) ,23,8,%5.'&5& -,92)

ℜ:
∫

∞

−∞
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2
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2
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√
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√

π
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∫

∞
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∞
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ĺım
x→∞

x−nHn(x) = 2n. 8!?9

"@*/)0 '-$.#* 3*' ;*3-.*%-*' #$ <$/%-($ ,.) 1)%-3-) #$ ;*3-.*%-*' */A

(*6*.)3$'0 B'(*' ')(-'1)+$. ,.) /$3)+-4. #$ /$+,//$.+-) #$ (/$' (B/%-.*'0 3)

+,)3 '$ *=(-$.$ %$#-).($ 3* '-6,-$.($0 ;/-%$/* *='$/2$%*' 7,$ 3) 1,.+-4. F

F (x, r) = e2xr−r
2

, 8!C9

')(-'1)+$ 3) $+,)+-4. #-1$/$.+-)3 $. r0

∂F

∂r
− (2x− 2r)F = 0, 8!D9

+,E) '*3,+-4. '$ $.+,$.(/) ','(-(,E$.#* 3) $+,)+-4. F ;)/) F $. !C0 ) ')=$/0

Hn+1(x) = 2xHn(x) + 2nHn−1(x), n = 0, 1, 2, ... 8!G9

*(/) /$3)+-4. ;/*2-$.$ ,').#* )@*/) 3) $+,)+-4. #-1$/$.+-)3 ;)/) 3) 1,.+-4.

F /$';$+(* ) 3) 2)/-)=3$ x0

∂F

∂x
− 2rF = 0, 8! 9

3) +,)3 -%;3-+) ,.) '*3,+-4. #$ 3) 1*/%)

H ′

n
(x) = 2nHn−1(x), n = 1, 2, 3, ... 8!H9

+*%=-.).#* 3)' $+,)+-*.$' !G E !H0 *=($.$%*'

Hn+1(x)− 2xHn(x) + H ′

n
(x) = 0, 8!I9

3,$6*0 '- #-1$/$.+-)%*' $'() $+,)+-4. E ,')%*' !H0 *=($.$%*' ,.) $+,)+-4.

#-1$/$.+-)3 #$ '$6,.#* */#$. $. Hn(x)0

H ′′

n
(x)− 2xH ′

n
(x) + 2nHn(x) = 0, n = 0, 1, 2, ...

J(/) /$;/$'$.()+-4. ;)/) 3*' ;*3-.*%-*' #$ <$/%-($0 $' 3) /$;/$'$.()+-4.

-.($6/)30

Hn(ix) =
(2i)n

√
π

∫

∞

−∞

e−(y−x)2yndy, 8!F9



 ! "#$%&'() "* +,- #,.'%,/',- (.0-'(,- &) 1)2/'3)4

.5 (65. )- 70.'&5 #525 n = 0, 1, 2, ...

8,2 9.3'/, #,&)/,- -):5.52 ;6) .5- <6%(',%)- &) 1)2/'3) {e−x
2

Hn(x)}
-,% )'=)%<6%(',%)- &) .5 325%-<,2/5 '%3)=25. &) >,62')2?

e−x
2
/2Hn(x) =

i−n

√
2π

∫

∞

−∞

eixye−y
2
/2Hn(y)dy. @!AB

C5D)/,- 5E,25 #,2 .5 )(65('F%  ;6) .,- #,.'%,/',- &) 1)2/'3) <,2/5%

6% (,%G6%3, ,23,=,%5. -,D2) .5 .'%)5 2)5.? (,% .5 <6%('F% &) #)-, e−x
2

? 56%5&,

5 .5 3),2H5 #2)7'5 #,&)/,- &)-522,..52 .,- -'=6')%3)- 2)-6.35&,-?

∫

∞

−∞

e−x
2

xkHn(x)dx = 0, k = 0, 1, 2, ..., (n− 1); @!IB

+,- ()2,- &) Hn(x) -,% 2)5.)- J &'-3'%3,-K

n
∑

k=0

Hk(x)Hk(y)

2kk!
=

Hn+1(y)Hn(x)−Hn+1(x)Hn(y)

2n+1n!(y − x)
; @!!B

J -' )L'-3) .5 '%3)=25.

∫

∞

−∞

e−x
2

f2(x)dx,

)%3,%()-

ĺım
n→∞

(2nn!)−1/2

∫

∞

−∞

e−x
2

f2(x)Hn(x)dx = 0.

M325 (525(3)2H-3'(5 #525 .,- #,.'%,/',- &) 1)2/'3) Hn(x)? )- ;6) (65.;6')2
#,.'%,/', P (x)? #6)&) -)2 )L#5%&'&, )% 6%5 -)2') &) #,.'%,/',- &) 1)2/'3)?

J .,- (,)N(')%3)- #6)&)% -)2 &)3)2/'%5&,- (,/, )% .5 3),2H5 )% =)%)25.* -'

P (x) =
n

∑

k=0

ckHk(x),

ck =
1

2kk!
√

π

∫

∞

−∞

e−x
2

P (x)Hk(x)dx



 !"#$%&' () *+, q-!+.%#+/%+,

&+#0%#1+, $' 2'3/%0'

 !" #!$%&!'%!" (!&)%&*!" q+,-.'%)- {H(x|q)} "!& /-&-.01!" #!. $0 23.+
'*$0 .-(*."%405

2xHn(x|q) = Hn+1(x|q) + (1− qn)Hn−1(x), 6789

(!& $0" (!&1%(%!&-" %&%(%0$-"5

H0(x|q) = 1, H1(x|q) = 2x. 67:9

 ! ;*- "%/*- -" (0$(*$0. *&0 2*&(%3& /-&-.01!.0 #0.0 {Hn(x|q)}< =&)!&(-"5
>0(%-&1!

H(x, t) :=

∞
∑

n=0

Hn(x|q)
tn

(q; q)n

.

?*$)%#$%(0&1! $0 -(*0(%3& 78 #!. tn/(q; q)n5 @ "*'0&1! #0.0 n = 1, 2, 3, ...5

@ (!&"%1-.0&1! $0" (!&1%(%!&-" "-/A& 7:5 "- !B)%-&- $0 -(*0(%3& 2*&(%!&0$5

H(x, t)−H(x, qt) = 2xtH(x, t)− t2H(x, t),

#!. $! )0&)!5

H(x, t) =
H(x, qt)

1− 2xt + t2
=

H(x, qt)

(1− teiθ)(1− te−iθ)
, x = cos θ. 67C9

 ! 0&)-.%!. "*/%-.- %)-.0. $0 -(*0(%3& 2*&(%!&0$ 7C #0.0 !B)-&-.5

H(cos θ, t) =
H(cos θ, qnt)

(teiθ, te−iθ; q)n

.

D010 $0 2*&(%!&0$ #.-4%05 -" "-&(%$$! 4-.%E(0. -$ $F'%)-

ĺım
n→∞

H(x, qnt) → H(x, 0) = 1.
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".6 73) 89-58 #-&)1-. ):#5).85 )0 .';3')%2) 5).3028&-+ 08 <3%('=% ;)%)58&-58

#858 0-. #-0'%-1'-. (-%2'%3-. q/4)51'2) 2')%) 08 <-518>

∞
∑

n=0

Hn(cos θ|q)
tn

(q; q)n

=
1

(teiθ,te
−iθ)∞

. ?@ A

08 &)1-.258('=% &) 0- 8%2)5'-5 .) #3)&) B)5'C(85 (-1- .';3)> )0 08&- 'D73')5&-

&) @ .82'.<8() 08 <3%('-%80>

(1− 2xt + t2)F (x, t) = F (x, qt) ?@EA

"9-58> (-1- )0 08&- &)5)(9- &) 08 )(38('=% @ ). 8%8062'(8 )% t )% 3%8

B)('%&8& &) t = 0 )%2-%(). #3)&) .)5 ):#8%&'&8 )% 3% .)5') &) #-2)%('8. )%

t F .3.2'23F)%&- 08 ):#8.'=%>

F (x, t) =
∞
∑

n=0

fn(x)
tn

(q; q)n

?@GA

)% 08 )(38('=% @E ) ';3808%&- 0-. (-)C(')%2). &) tn> .) )%(3)%258 73) 0-. fnH.

.82'.<8()% 08 5)08('=% &) 5)(355)%('8 &) 25). 2$51'%-. @I F 8&)1J. (-'%('&)%

(-% Hn(x|q) (38%&- n = 0> n = 1K L.2- ).> fn = Hn(x|q) #858 2-&-. 0-. n>

#5-M8%&- &) ).28 18%)58 08 )(38('=% @ K

N858 -M2)%)5 3%8 <=51308 ):#06('28 #858 0-. #-0'%-1'-. q/4)51'2)> .)

):#8%&) 1/(te±iθ; q)∞ #-5 1)&'- &)

eq(z) :=
∞
∑

n=0

zn

(q; q)n

=
1

(z; q)∞
, |z| < 1,

)%2-%(). 1302'#0'(8%&- 08 .)5') 5).3028%2)> -M2)%)1-.>

Hn(cos θ|q) =

n
∑

k=0

(q; q)n

(q; q)n(q; q)n−k

cos (n− 2k)θ

=
n

∑

k=0

(q; q)n

(q; q)n(q; q)n−k

cos |(n− 2k)|θ ?@OA

L.28 5)#5).)%28('=% 5)P)Q8 )0 (858(2)5 #-0'%=1'(- &) Hn(x|q) F8 73) cos (n− 2k)θ =
cos (|(n− 2k)|)θ> )0 (380 ). 3% #-0'%-1'- )% 2$51'%-. &) cos θ &) ;58&-

|n− ak|K ,-. #-0'%-1'-. (-%2'%3-. q/4)51'2) 2')%)% 08 .';3')%2) #5-#')&8&>

Hn(−x|q) = (−1)nHn(x|q), ?IRA



 !

máx {|Hn(−x|q)| : −1 ≤ x ≤ 1} = Hn(1|q) = (−1)nHn(−1|q), "#$%

& '( )*+,)- '. /(0/12/3- '1 (-. '+45')-. x = ±16 71/ 0-1.'08'10,/ ,1)'3,9

/4/ 3' #$ '. :8' (/ .'5,' 3'( (/3- ,2:8,'53- 3' "; % 0-1<'5=' 81,>-5)')'14'

'1 x ?/5/ x ∈ [−1, 1] ?/5/ 4-3- t 4/( :8' |t| < 16 @A-5/ B,'1C .,'13- (-.

?-(,1-),-. 0-14,18-. q9D'5),4' 81/ '+4'1.,E1 3' (-. ?-(,1-),-. 0(*.,0-. 3'

D'5),4'C ./4,.>/0'1 '14-10'. 81/ 5'(/0,E1 3' -54-=-1/(,3/3C / ./B'5C

∫ 1

−1
Hn(x|q)Hm(x|q)w(x|q)dx =

2π(q; q)n

(q; q)∞
δm,n, "#;%

3-13'

w(x|q) =

(

e2iθ, e−2iθ; q
)

∞√
1− x2

, x = cos θ, 0 ≤ θ ≤ π.

F-)- '1 (-. ?-(,1-),-. 3' D'5),4' 0(*.,0-. Hn(x)C 4'1')-. 81/ >E5)8(/

?/5/ 5'(/0,-1/5 (/ 3'5,</3/ 3'( ?-(,1-),- 0-1 -45- ?-(,1-),- 3' =5/3- ,19

>'5,-5 $GC '. 1/485/( ?'1./5 :8' (-. ?-(,1-),-. Hn(x|q) 4,'1'1 81/ 5'(/0,E1

':8,</('14'C / '.4/. 5'(/0,-1'. .' ('. ((/)/ -?'5/3-5'. 3' 0/)B,-C & ?-3'9

)-. ,5 A/0,/ /3'(/14' - A/0,/ /45*. )'3,/14' (/. >E5)8(/. .,=8,'14'.C ?/5/ '(

-?'5/3-5 3' 0/)B,- 3'(/14'5- 4'1')-. :8'C

δqHn(x|q) = −q−
1

2
n (1− qn)

(

eiθ − e−iθ

)

Hn−1(x|q), x = cos θ "##%

(/ '08/0,E1 /14'5,-5 4/)B,H1 ?8'3' '.05,B,5.' 3' (/ >-5)/C

DqHn(x|q) =
2q−

1

2
(n−1) (1− qn)

1− q
Hn−1(x|q).

I,'145/. :8' '( -?'5/3-5 3' 0/)B,- ?-.4'5,-5 H.4/ 5'?5'.'14/3- ?-5 (/ '08/0,E1

δq[Hn(x|q)w̃(x|q)] = q−
1

2
(n+1)

(

eiθ − e−iθ

)

w̃(x|q)Hn+1(x|q), "#J%

3-13'

w̃(x|q) :=
w(x|q)
√

1− x2
,

'.4' -?'5/3-5 3' 0/)B,- ?-.4'5,-5 4/)B,H1 4,'1' -45/ >-5)/ 3' 5'?5'.'14/5.'C

':8,</('14')'14'C

Dq[Hn(x|q)w̃(x|q)] = −
2q−

1

2
n

1− q
w̃(x|q)Hn+1(x|q).



  !"#$%&'( )* +,- q.",/&$,0&,- ',$1&$2,- %( 3(40&1(

5$ (/ '6-, %( ,"(46%,4(- %&7(4($'&6/(- 8 ($ %&7(4($'&69 "646 ",%(4 %(1(40&$64

/6 7:420/6 %( ;,%4&<2(-9 %(=$&0,- δq 8 Dq ',0, -&<2(9

Dqf(x) :=
δqf(x)

δqx
,

%,$%(

δqf(eiθ) = f

(

q
1

2 eiθ

)

− f

(

q−
1

2 eiθ

)

, x = cos θ,

=$6/0($1(

δqx = −
1

2
q−

1

2 (1− q)
(

eiθ − e−iθ

)

.

>&($%, /,- ",/&$,0&,- Hn(x|q) 2$6 (?1($-&:$ %( /,- ",/&$,0&,- '/@-&',-

%( 3(40&1( Hn(x)9 (- %( (-"(464-( A2( /,- "4&0(4,- 160B&#$ "2(%6$ 4("4(.

-($164-( 0(%&6$1( 2$6 7:402/6 1&", /6 7:402/6 %( ;,%4&<2(-9 6 -6B(49

Hn(x|q)w̃(x|q) =

(

q − 1

2

)

n

q
1

4
n(n−1)(Dq)

n[w̃(x|q)].

+6- 72$'&,$(- <($(46%,46- "646 /,- ",/&$,0&,- ',$1&$2,- q.3(40&1(

∞
∑

n=0

Hn(x|q)

(q; q)n

tn =
1

(eiθt, e−iθt; q)
∞

, x cos θ

∞
∑

n=0

(−1)nq(
n

2
)

(q; q)n

Hn(x|q)tn =
(

eiθt; q
)

∞

1φ1

(

0

eiθt

∣

∣

∣

∣

q ; e−iθt

)

, x = cosθ

C,4 D/1&0,9 ",%(0,- '6/'2/64 /6 146$-7,406%6 &$1(<46/ %( E,24&(4 "646

/,- ",/&$,0&,- ',$1&$2,- q.3(40&1( 8 F(4 A2( (-1@$ 4(/6'&,$6%,- ',$ /,- ",/&.

$,0&,- q−1
.3(40&1(9

1
√

2π

∫

∞

−∞

eist−s
2
/2Hn(sin sκ|q)ds = inqn

2
/4hn(sinhκt|q)e−t

2
/2, GHIJ

%,$%( q : = exp
(

−2κ2
)

9 0 ≤ κ < ∞ 8

hn(x|q) = i−nHn

(

ix|q−1
)

GH J
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