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Abstract

We present linear perturbation analysis of the mass, momentum and energy conser-
vation equations for a compressible fluid to obtain quantitative bounds for the valid-
ity of the Boussinesq approximation for a rotating flow. We have used the meth-
odology developed by Gray and Georgini [11] and generalized it to include the effects
of rotation. We consider cases where the axis of rotation is contained in the body of
fluid and also those where the axis of rotation is located far away from the region
occupied by the fluid.

1. Introduction

The Boussinesq approximation has been an extremely useful tool for simplifying
the balance equations in the analysis of non-isothermal flows. Although bearing the
name of the distinguished French scientist who used it in a classic monograph on
heat transfer published at the beginning of the Twentieth century, 1] the approxi-
mation is known to have been first proposed by Oberbeck [2]. For this reason, the
approximation is also known as the Oberbeck—-Boussinesq approximation. An inter-
esting historical comment on the details of the origin of this approximation can be
found in [3]. This approximation is based on the assumption that the fluid density
is constant except in the buoyancy term. All other physical properties of the fluid
are constant and viscous dissipation is neglected. Under these conditions, the velocity
field is solenoidal and the motion of a fluid initiated by temperature gradients is due
to buoyancy and is not due to internal waves excited by density variations. From the
basic point of view, it is of fundamental importance to decide whether the Boussinesq
approximation is valid or not, since it is known that dynamic and topological prop-
erties of solutions to the conservation equations with and without the Boussinesq ap-
proximation can be very different. See for instance, [4] or [5].
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2 E. Ramos and M. Vargas

Several intuitive and very enlightening discussions have appeared in well respected
books in the literature. Notably, Chandrasekhar [6] and Leal [7] present qualitative
discussions on the justification of the approximation but do not give formal analyses
to determine the regions of validity. Kundu [8] assumes constant physical properties
and gives a detailed qualitative analysis of the range of validity of the Boussinesq
approximation. The methods for finding quantitative arguments to determine the
ranges of validity of the approximation can be classified in three groups. The first
method was introduced by Oberbeck himself [2] and has been used more recently by
Spiegel and Veronis [9], Mihaljan [10], and Gray and Giorgini [11]. These last au-
thors present a rigorous deduction of the range of validity of the Boussinesq approx-
imation for liquids and gases using a first-order perturbation method for the physical
properties of the fluid in terms of temperature and pressure. They apply their theory
to the specific cases of water and air. According to Joseph [12], it is required to dem-
onstrate that the solution of the compressible equations converge to the Boussinesq
equations when the proper limit is takes.

Another method of analysis has been introduced by Hills and Roberts [13] (see also
[14]) and is applicable to materials whose physical properties vary with temperature
but not with pressure. Considering that typical accelerations generated by density
gradients are always much lower than the acceleration of gravity, the Boussinesq
equations are obtained considering that the acceleration of gravity is very large and
the thermal expansion coefficient is very small but their product remains finite. The
third method consist in solving numerically the full compressible equations and
then finding the set of conditions where the behavior of the system is indistinguish-
able from incompressible. Because of the major computational effort required, this
more direct method was impractical until very recently. The development of efficient
solvers and accessibility of computing power have made this approach more feasible.
Examples of analyses with this method can be found for instance in Zhong et al. [15].

The importance of the Boussinesq approximation for rotating flows has been dis-
cussed in the context of oceanographic [16] and atmospheric (17, 18] flows and in
rotational flows in the laboratory, notably in the context of crystal growth in centri-
fuges {19]. The Boussinesq approximation for rotating flows has been discussed by
Greenspan [20]. This author considered natural convection of a liquid with constant
physical properties contained in a rotating cylinder and assumed that the rotating
axis, the gravity vector, and the cylinder axis of symmetry are parallel. Greenspan
demonstrates that there is no motionless solution for his configuration, but argues
that states of near-static equilibrium persist for times longer than typical times of
the motion generated by rotation. He then displays the nondimensional form of the
equations as a perturbation of the approximate static solution, but no further com-
ment on the validity of the different possible approximations is made. In the present
work, we shall extend the method of Gray and Giorgini [11] to a nonisothermal flow
described in a rotating frame of reference. Although the method we present is gen-
eral, we make a more detailed analysis of two geometrical configurations. The first
is used in systems for growing crystals in centrifuges where the axis of rotation is
fixed and is located far away from a container where the natural convective motion
takes place. In the second example, we consider a configuration useful for modeling
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Boussinesq approximation rotating frame 3

meteorological flows in the laboratory, where the axis of rotation is co-lineal to the
axis of symmetry of the container.

2. The conservation equations

Consider a body of fluid rotating around the axis ;. The mass, momentum, and en-
ergy conservation equations in Cartesian coordinates for a compressible Newtonian
fluid with variable physical properties can be expressed as

mass conservation

Dp, v _%  opy)

D¢ p@xj—a_t Ox; =0

momentum conservation
Dv; dv; + ov;
et N L L
TR PR

2 oy o |
:-a—i—pgk,-+ — j+ 6_< |2 x x| )+2ps,-jkvak;

energy conservation
Dh  *T ok oT LD
— =kt -t + O,
Dt 0x; Ox; ax; X; Dt
where

. dv; O, dvy
1—"] _#<ij+6_x,) +16—x—k-5u

is the stress tensor and

0,0

is the heat dissipation function. The velocity, density, pressure, and enthalpy of the
fluid are denoted by v;, p, p, and A, respectivély. The acceleration of gravity is g and
is assumed to be in the negative direction of the unit vector k;. The physical prop-
erties of the fluid are the dynamic viscosity (x) and the heat conductivity k. The last
two terms of the momentum conservation equation are the centrifugal and Coriolis
acceleration, respectively.

Since the enthalpy is a function of temperature (T') and pressure, we write

oh Oh
o - (28) o7+ (2) o0
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4 E. Ramos and M. Vargas’

Using the definition of heat capacity at constant pressure Cp = (6h/6T)p, the defini-
tion of enthalpy variation in terms of entropy (s) and pressure, 6k = Tds+ Jdp/p, and
the Maxwell relation that reads

os\ 1 (dp
)y p2\T/,

the following expression can be written for the variation of the enthalpy as a function
of pressure at constant temperature:

Here, 2 = — ll,(%”) is the volumetric expansior coefficient. Using the previous rela-

tions, the energy equation can be expressed in terms of the temperature as follows:

oT  aT #*T ok oT ap ap
ot 2 Tag g T

DT
”CP;@T:PCP[—W@T]: o2 T, oy a*“fﬁg]”’-

In the previous equations, we have considered that the physical properties of the fluid
are variable. Further, we will assume that they can be linearly expanded as functions
of temperature and pressure as follows:

P = Poll — (T = T,) + Bo(p — Po)l,
Cp = Cpo[l + ao(T — T,) + bo(p — po)],
1= (1 + co(T = To) + do(p — po)l,
a=aoll +e(T = T,) + folp — po)l,
A= Aol + go(T — To) + ho(p — o),
k =kl +mo(T — T,) + n,(p — po),
where a,,f,,... are the coefficients of the first-order Taylor expansions. The sub-

script o indicates that the variables are evaluated at the reference state (T, p,).
Note that the first of these equations is the state equation.

2.1. Hydrostatic conditions

We assume that the boundary conditions and geometrical arrangements of the flow
under analysis are such that the system admits a static solution. This is equivalent
to saying that functions p;, p;, and T exist and satisfy the governing equations given
in the previous section with v; = 0 and /0t = 0. The conditions under which a static
solution is available for the system depend on the relative orientation of the rota-
tion vector, the temperature gradient, and the gravity acceleration vector. In Sec-
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Boussinesq approximation rotating frame 5

tion 6.1 we present an example where the static solution exists, and in Section 6.2,

an example where the system maintains an approximate static condition for long
times.

In symbols, the static density, pressure and temperature distributions satisfy the fol-
lowing form of the conservation equations:

0=—g—ii+p; (llﬂxr|>—psgkf (1)
and
with

Ps = Poll — ao(Ts — To) + Bo(ps — po)
and

ks = k[l +m,(Ts — T,) + no(ps — po)-

Subtracting the hydrostatic expression for the momentum equation from the cor-
responding general expression, and using the linear approximations, we get

mass conservation equation

DT  Dp oy,
PRt St N § R - ~ po)| =L =0;
%5+ By, T (1= 0T = To) + fo(p = po)] 3%,

momentum conservation equation

Dl),'

1= o7 = 1)+ Aulp = p)) o~ 2o

1 o(p—ps)
Po o

+lT = T) = Aulp - pl = (512 ¢ )

+ [0o(T = T5) — B,(p ~ ps)]gk

o [ov  ov
‘u"[l+coT T,) +d,(p — po)]"(”+ﬁ>

Ox;  Ox;
o 8xj ax, 8xj Ox;
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Ao Jvy
20T - 1)+t - pl 5 (5)

o 6xk
Ao oT op | (Ovx
oo o) (&)

energy conservation equation

DT

(1 = oo(T = T5) + Bo(p = po)|ll + ao(T — To) + bo(p — Po)l 5~ Di
T oT aplaT
= Ko[l +mo(T — To) + no(p - po)] a 2 +Ko l:’noati +no'0,z:| a—x’

(B el T~ T+ flp = o)

D D
_To_ —Fs o, P
(T )Dt(p p)+TD,(p ps)

—(T = To)gujkip,[1 — 0o(Ts — T,) + Bo(ps — po)]
- Togvjkjpo[l - O‘o(Ts - To) + ﬂo(ps - 1)0)]

0 (1
+ (T = To)p,[l — (Ts — To) + B,(ps = Pa)]vja;j (5 €2 x l‘|2>

0 (1
Topall = (T, = 1) + o = pol e (51 )

ov; 61) ov;
+ L4 c(T ~T,) +d, o ( : ’) ]
pono[ cof o) +do(p — po)]

0xi) 0x;

+

l 6vk
14 0o(T 1) + (o o) (M) ,

where the thermal diffusivity x is defined by

ko
poCPo .

Ky =

In the energy equation, we have used the identity

Dp D(p — ps) D(p - ps)
TBZ— =(T-T,) jor L4T, Vi 22— (T = To)psgvik; — Top,gvik;

d Jd (1 2
- (7= T (100 07) ~ Top g (3l xr2)
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Boussinesq approximation rotating frame 7

3. Scaling

Let an axis of coordinates be located at the geometrical center of the region of in-
terest and x; be position vector in this axis. We will define the vector r; as

ri = Ri + x;,

where R; is a constant vector that denotes the distance from the origin of coordinates
to the rotation axis.

Let us assume that there is a natural spatial scale defined as the distance separat-
ing two isothermal regions that drive the flow. This parameter will be denoted by
L. The temperature scale is the temperature difference between the hot and cold re-
gions (usually boundaries) AT = Ty — T¢. The characteristic velocity scale will be
taken as the “frce fall” velocity defined by ¢ = \/u,gATL, where the body force

that promotes the motion is § = g + Qg|R + L|, where €, is a characteristic rotation
velocity.

The nondimensional variables are defined as follows:

x;‘ =x,~/L

and
* R+x * *
rl = IL '=R,~ + X7

The scaled'time, temperature, and velocity are

¢ AT T-T, R
=4 %I t, T'-T)= d and v =2 =

L L AT g \Ju,gATL

The scaled dynamic and hydrostatic pressures are

e ._P=Ps_ pP—ps

Pt —pl= _ P~ Do
T peqt pegATL

and Y pt = —,
P p.gL

The scaled rotation velocity is

.
0 =g

4. Nondimensional conservation equations

Rewriting the governing equations in terms of the nondimensional variables (see
Table 1) we have
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8 ) E. Ramos and M. Vargas

Table 1 Definition of the nondimensional coefficients contained in the conservation

equations.

&1 = a,AT & = ﬁupogL
&3 = CoAT &4 = dpp,gL
es = a,AT &6 = bop,GL
&7 = m,AT &g = nop,gL
g9 = e, AT &0 = fopogL
el = go AT €12 = hop,gL
¥ = gL/ Cp, G=g/g
A= j'ﬂ/:uo

mass conservation equation

pT*  Dp dv}
_ ot ~ _T* f_p—L =0,
€] D +é& Dre +[1=e(T"=T])+elp p”“axj‘ = 0;

momentum conservation equation

. . Duv} Ta Pr\"/? -
[l —e(T" -T,)+e(p* —P;)]( : —( ) ek €Y vy

Dt~ Ra

- “a(pa;—px) +G(T* = T ki — ea(p* = p;)k]

!

* * * * 0 1 * * *
BT 1) el = )l (5197 % (R 4 x0F)
+ (E) 1 +e(T" = T,) +ea(p’ = p;)] o7 (6.\-_; o
. f_’: 172 . AT* N apt av; N avj'

Ra ’ ox} . Oxf | \0x/ =~ ox]
Pr\!/? . wy 0 (0vf
+A(E> (1 +e(T" = T,) +en(p” — p;)l ( A)

P21 aT* op*] [ ovg
A - _ < .
* (Ra> [8“ T axr] (ax;>’

energy conservation equation

* * * * * * * . DT
I =e(T" =~ T))+elp” — p)ll +&s(T* = T,) +es(p — )l
SR S e S Y S i
T (PrRra) 2t o) TP T Poll G
+———l & 6—7:+5 _6p_* or”
(Pr Ra)l/z 7 axj* 8 axj* an
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Boussinesq approximation rotating frame 9

+ [l +eo(T* = T)) +eo(p™ — p)l

D(p* - p;)
Dt*
—(1—e(T; = T})+ep; —p;)){(T* =T, vk + T, vk

* *) % a 1 * * *112

ai}, (310 x e }]

Pr\"? dvr Ov!\ Ov’
2 1 * * LI had B J _ )
+y(Ra) [ +63(T To)+64(p po)](ax; +ax:) 6)(':‘

¥ * D ;o k * *
X [En(T' - TO)DPQP -p;)+el,

+ FrT, v

A Pr 1/21 T+ _ T P o [0V 2
() e =) veato” - 20l 35

The nondimensional parameters are defined by
the Rayleigh number
w,gATL?

Bl

Ra =

KoVo
the Prandtl number

V
Pr=-2

Ko'
the Taylor number

402

Ta
2
vo

3

and the Froude number
Fr=Q2XL/§.
It must be recalled that Ra and Fr are defined in terms of § and therefore the usual
definitions are recovered by multiplying Ra by G and dividing Fr by G.
S. Approximate equations

5.1. Small departures from reference conditions

Let us assume that temperature and pressure departures from the reference values are
small i.e., T — T, and p — p, « 1, but we impose no restrictions to &’s. According to
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10 E. Ramos and M. Vargas

their definitions, this situation is met if the coefficients of the linear expansions are
large. The conservation equations take the following form:

mass conservation equation

DT Dp* Ov!
—g ——+ & P

Drx Dt* ax; =0

momentum conservation equation

Dv? Ta Pr\'/? . .
L (———) a,-ijj v,

De* Ra
AP Gl = ke 1)
BT = T2) = el — )l (19 x R+

(P V2 5 (v +au;

Raj ox;\0x; = ox;

(P 172 aT*+ aop* au*+0v;

Ra x; 848 ox; - oxf

1/2 5

M) o ()
PV oT dp*| [ ovg

“a() [ rena (55)

energy conservation equation

pr* 1 @ZT*+ or 9t T
Dr* ~ (prRa) 72 \ox? "\ ox "a oxt

7 GITJ‘—D(I) = 72 {T* ki + FrT)v 0 <§|Q* x (R*+x*)|2) }}

Dr+ 6x

1/2 61) 61)/.* al);
+7 +2%
Ra) ax ox} ) 0x;}
pr\1/2 61)
A
+ (Ra) (6,\j)

5.2. Extended Boussinesq equations

In the next level of simplification, we assume that ¢ « 1 for i=1,...12. This
condition implies that all physical properties of the fluid are at most weakly depen-
dent on temperature and pressure. However, due to the convenient scaling chosen, a
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Boussinesq approximation rotating frame ‘ 11

temperature difference in the gravitational and centrifugal body forces that can be
traced back to the state equation (i.e., linear density expansion in terms temperature
and pressure) is not neglected. Also, the coefficient y may or may not be small, de-
pending on the relative magnitudes of the parameters involved. Specifically, it may
be large for large 4. Under this simplification, the equations take the following form:

mass conservation equation

.
v

=0
0x; '

momentum conservation equation

Dv;  (TaPr\'? |
Di- "\ Ra ) YU
op* - p;)
=M T (T T
axi* + ( Ts )kl
d (1 ) pr\'?o%;
F Tt _ T* - * * LAYES _ [N
+ r( s)ax;[(zlg X(R +X)|>+<Ra> (‘7‘/\';2’
energy conservation equation
DT* 1 T .
= — )'To Uj kj

Dt (Pr Ra)l/2 ax;‘z

3 (1 ) Pr\"* (ov;  3u7\ dv;
—yFrT o} S| T+xH Ra PR el
yErT; v, o <2|Q x (R* 4 x")| )”(Ra) (ax;+ax; ox}

Note that in this approximation, density is considered constant for Coriolis force,
while the effect of variable density is present in the gravitational and centrifugal
body forces.

5.3. The Boussinesq approximation in a rotating frame of reference

Following Gray and Giorgini [11], we examine the third and the last terms of the
energy equation in the previous approximation. If we have that

Ty}« 1

Pr\'/? < 1
v Ra

L ———7,
(Pr Ra)'"?

and

then the energy equation simplifies and we get the Boussinesq approximation in a
rotating frame of reference. The first condition is met for small enough 7, and also
recalling the definition y = «,§L/Cp, for fluids with weak temperature-dependent
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12 E. Ramos and M. Vargas

density and appropriate magnitudes of other variables in this expression. Neglecting
this term implies that the effect of pressure work can be ignored. An interesting fea-
ture in this approximation is that the conditions may be satisfied under zero or small
rotation, but increasing the rotation rate (and therefore g), the condition can be vio-
lated. The second condition can be met by fluids with small Prandtl numbers, like
liquid metals. Recall that the the second condition is independent of the Rayleigh
number, but writing the condition as above emphasizes its physical meaning. Both
conditions are satisfied when y is small enough. It is interesting to note that by multi-
plying the numerator and denominator by AT this parameter can be interpreted as
the ratio of the potential energy to sensible heat, and thus this approximation re-
quires that the potential energy generated by the density change be small compared
to the heat required to take the system from the low to high temperature. This crite-
rion has been used by some authors to discuss the validity of the Boussinesq approx-
~ imation [14]. Under this approximation, the conservation equations are

mass conservation equation

61); 0

0x;

momentum conservation equation

Du;! Ta Pr\"/? .
L (——) &in€d; vy

Dt Ra

_ 0(p*—p;) a l * & *y (2
o Frax: §|Q x (R* + x")|

1

. Pr\'26%p:
G(T* — THki+ (-] Z—L.
+ 6 e (Ra) dx;?

energy conservation equation

DT* 1 T .
DI~ (prra)” gz e

d 1 * * ®\12
Trj"(i'ﬂ x (R +x)|).

The previous set of equations are the Boussinesq conservation equations in a rotat-
ing frame of reference. Note that if Q = 0 then Ta =0, Fr =0, and G = 1. In this

case, these equations reduce to the Boussinesq equations in a nonrotating frame of
reference.

6. Special cases

The Boussinesq equations in a rotating frame of reference can be further simplified

for specific geometrical arrangements. We display the equations for two important
limiting cases.
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Boussinesq approximation rotating frame <13

6.1. [R*|>1

If the convective system is located far away from the rotation axis, then |Rf| » 1 or
(|R:| > L) and r} ~ R} is a constant vector for all points in the volume occupied by
the fluid. In this case, the Boussinesq equations may be further simplified to become

mass conservation equation

.
6vj s

x U
6xj

momentum conservation equation

Dv; (TaPr\'"? |
D\ Ra ) YU

. a(p*—p;) * * Pr
= Sl G = T+

1/252 o
*2 )
0x;
energy conservation equation

pT* 1 T
Dt (Pr Ra)'/? 0x*

The effect of rotation manifests itself in the Coriolis term and in the G parameter.

As an specific application of this case, we can consider the studies of natural convec-
tion in centrifuges made in the context of crystal growth. See for instance [19], [21],
or [22]. The geometrical setup used in these experiments is sketched in Figure 1. The
container where natural convection takes place rotates around a vertical axis and
is attached to the end of the arm of the centrifuge with a hinge. When the system is

Figure 1 Geometry of a convective cell rotating around an axis located far away from the
cell. The top and bottom walls of the container are perpendicular to the sum of gravity accel-
eration and centrifugal force.
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14 E. Ramos and M. Vargas

in motion, the axis of the container aligns itself with the resultant of centrifugal and
gravity forces and, considering that the distance from the container to the axis of
rotation has been assumed much larger than the characteristie magnitude of the con-
tainer, the centrifugal force is the same for all points inside the container. We note
that an approximate static solution exists in this case since the body force is constant
and linear density, temperature and pressure distributions as functions of the axial
coordinate satisfy the static equations (Egs. [1 2]) and the state equation.

6.2. |IR"|« 1

When the axis of rotation in near or inside the volume occupied by the fluid, |R;| « 1
or {|R;| « L) and then r can be taken as the position vector, i.e., then r; ~ x;. The
conservation equations are

mass conservation equation

X
0v; .

- y
6xj

momentum conservation equation

Dy} (TaPr\'? .
()

Dt* Ra
o(p* ~- p}) 0 /1 2 Pr\'/25%p
= — |7 x x* G(T* - THk; + | — L.
Ox;} Er ox;} 2| xx7|" )+ 6 )i+ Ra 6xj’.‘2 !

energy conservation equation

DT* 1 o't 2 (1 >
= — BT == (5107 x x*?).
Di* (Pt ) ox? Lo (2' x| )

Q

~=
Te

Figure 2 Geometry of a convective cell rotating around an axis located inside the cell.
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Under this approximation, the effect of rotation is represented by the Coriolis effect,
the larger body force, and in the terms multiplied by the Froude number. In this ge-
ometrical configuration, the Froude number can be considered small for g » QfL.

An example of this case is the natural convection of a cylinder around an axis of
coordinates that coincides with its axis of symmetry. This situation is described and
discussed at length in [20] and sketched in Figure 2. As demonstrated in [20] strictly,
there is no static solution for this situation, but for a small enough Froude number,

an approximate static solution exists and the incurred error is of the order of the
Froude number.

7. Discussion and conclusions

In the previous sections, we have presented the equations that govern natural convec-
tive motions in rotating systems under various approximations. The application and
usefulness of these expressions depend on the validity of the postulates on which the
theory is based and the availability of the data required to evaluate the various co-
efficients involved. As stated in Section 2.1, this theory requires that a static state
exists. Although this may seem to be a stringent condition, as discussed in [20], an
approximate static state would suffice for the application of the theory. An important
point that needs to be checked before embarking on a detailed analysis concerns the
fact that the convective velocity has been scaled with the “free fall” velocity. For
instance, it has been experimentally found that the mean flow velocity is given by
the “free fall” scale for a turbulent flow (Ra ~ 107) in a cavity with a diameter equal
to its height and a working fluid with a Prandtl number of 0.024 [23]. However, it
is likely that this scale overestimates the characteristic velocity for convective flows
in slim containers due to the influence of rigid walls. In these cases, appropriate ex-
pressions accounting for the presence of walls should be used in the scaling analysis
for convective flows inside cavities. Upon using these expressions, the analysis can be
carried out along the same lines discussed above. Another requirement of the theory
is that the physical properties of the working fluid can be expressed as linear func-
tions of temperature and pressure. This is a reasonable assumption for most mate-
rials, provided that the ranges of temperature and pressure differences involved in
the process are small. In these cases, it is likely that the Boussinesq approximation
is valid since the actual coefficients are the product of the linear expansions and char-
acteristic temperature and pressure intervals and, the two quantities being small, this
product will be smaller. The precise intervals of the temperature and pressure for
which the approximation is valid depend on the specific material of interest and the
thermodynamic reference conditions. In general, for liquids, physical properties are
weakly dependent on the pressure, and therefore only precise data on temperature
dependence is required for the analysis. In contrast, for gases, temperature and pres-
sure data are needed. In some cases, kinetic theory can be used to obtain the data
required. A major requirement for the application of the theory concerns the avail-
ability of the coefficients of the linear expansions of physical properties in terms of
temperature and pressure. For some common substances like water or air, these
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data are available in databases and handbooks, but for many important substances
data are unfortunately missing. For instance, it would be interesting to make a de-
tailed analysis of the validity of the Boussinesq approximation for the case of natural
convection of molten semiconductors in rotating crystal growth systems. But, data
on the physical properties of molten materials like silicon, germanium, or other im-
portant materials in the semiconductor industry are far from complete and their de-
pendence on the temperature is not well known [24], [25]. For instance, although
a great effort has been devoted to determine the temperature dependence of the vis-
cosity of molten silicon, these data is not exempt from controversy [26]. However, if
partial knowledge of the data is available, in some cases the theory will be useful for
estimating the validity of Boussinesq approximation.
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A centrifuge for the study of fluid mechanics phenomena in a rotating frame has been constructed at the Center for Energy Research at the
National University of Mexico (UNAM). The centrifuge has a 1.5 m long arm and is designed to rotate at a maximum rate of 86 rpm which
corresponds to a maximum centrifugal acceleration of 13 g. This paper describes the mechanical characteristics of the centrifuge and its
instrumentation. The potential of the system for performing fluid mechanics experiments in a rotating frame of reference is also discussed
and sample results of natural convection in a cavity are presented.

Keywords: Centrifuge; fluid dynamics; microgravity; natural convection; Coriolis force

Se construyé una centrifuga para el estudio de fenémenos de la dindmica de fluidos en un marco de referencia rotatorio. La centrifuga tiene
un brazo de giro de 1.5 m de longitud y se disefio para rotar a una tasa méxima de 86 rpm, la cual corresponde a una aceleracién de 13 g.
Este articulo describe las caracter{sticas mecénicas de la centrifuga y su instrumentacién. Se muestra el potencial del sistema en el desarrollo
de experimentos de mecénica de fluidos en un marco de referencia rotatorio y se presentan algunos resultados de la visualizacién de la
conveccién natural en una cavidad.

Descriptores: Centrifuga; dindmica de fluidos; microgravedad; conveccién natural; fuerza de Coriolis.

PACS: 01.52.+1; 47.27.Te; 47.32.-y
1. Introduction

Centrifuges have been used to explore a large variety of phys-
ical phenomena with augmented gravity, ranging from the
study of statics and failure of materials used in civil engineer-
ing to the determination of human response to time dependent
supergravity. A specific application of centrifugation that has
an enormous potential for applications in microelectronics,
solar energy, and other fields is crystal growth. The improve-
ment of the quality of the semiconductor crystals is the ever
present goal of material science researchers and manufactur-
ers. With this aim in mind, some sophisticated experiments
were performed in the MIR station and German sounding
rocket TEXUS 24 some years ago. The main objective was to
clarify the role played by the buoyancy force that generates
the convective motion in a crucible in the quality of crystal.
Buoyancy is the force which is exerted on a fluid due to vari-

ations of density and in the presence of a gravitational field.
Fluid parcels with lower density move in a direction opposite
to that of the body force and fluid parcels with higher density
move in the same direction as that of the body force. It has
been found that the absence of the force of gravity increases
the crystal homogeneity when crystals are grown in crucibles,
for example with the Czochralski method. However, because
of their enormous costs, the extraterrestrial methods for crys-
tal growth are impractical. In a further effort to explore the
effect of body forces on the crystal growth process and as
an alternative approach, crystals were grown in centrifuges.
Furnaces were mounted in centrifuges and rotated to obtain
centrifugal accelerations of up to 50 g (g is the terrestrial ac-
celeration constant; 9.81 m/s?). The results of these experi-
ments were successful in the sense that specific values of the
rotation rate yielded enhanced crystal quality. However, con-
siderable difficulties have been encountered by many mate-
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ria] scientists around the world to use centrifuges to perform
crystal growth experiments since most centrifuges were con-
structed for other purposes. The centrifuge used by the Soviet
team lead by L. Regel to perform crystal growth experiments
was a 18 m arm with a rotation velocity at 36.5 rpm ma-
chine at Star City near Moscow. This centrifuge was used to
train cosmonauts to withstand high accelerations during take
off and reentry of spacecrafts. The results of these pioneer-
ing work has been described by Burdin et al. [1]. The 5.5 m
maximum arm centrifuge used by Rodot et al. (2] to perform
crystal growth experiment at Nantes in France belongs to the
Department of Roads and Bridges and is used mainly for civil
engineering studies on small scale models. Another relevant
centrifuge used occasionally for materials processing, is the
C CORE (Centre for Cold Ocean Resources Engineering )
which is located on the campus of Memorial University of
Newfoundland, Canada. Its principal use is geotechnical re-
search. This Acutronics 680 — 2 is capable of generating up
t0 200-g,-and lhas a2 5 m nominal radius, its maximum rota-
tional speed being about 189 rpm see Ref. 3. At the Tsukuba
Space Center, the National Space Development Agency of
Japan (NASDA) built a centrifuge with 7.25 m arm, which
reaches up to 10 g with an angular velocity of 35 rpm. This
device was used to reproduce several of the German rocket
TEXUS 24 experiments as described by Hibiya et al. (4].

A centrifuge constructed specially for materials process-
ing research and related flow visualization, is the HIRB (High
Inertial Rotating Behemoth) at the International Center for
Gravity Materials Science and Applications in Clarkson Uni-
versity. It has a 1.5 /m arm, with a maximum attainable rota-
tion rate of 90 rpm and a maximum acceleration of 13.8 g. A
complete description of this instrument is given by Deribaii
et al. [5]. The Erlangen University group constructed a cen-
trifuge in 1980, with 2 0.75 m arm and velocity range of 12—
250 rpm, capable of generate up to 50 g. Subsequently, the
centrifuge design was modified to incorporate two arms, one
of 2.6 m and an other of 1.6 m. This centsifuge was used
to test the effects of Coriolis and centrifugal forces in sev-
eral crystal growing experiments. Some of the results are re-
ported in Refs. 6 - 8. Many experiments were done in these
centrifuges for the development of new materials like high-
quality semiconductors for the microelectronics industry. An
important source of information on the progress of under-
standing the physics of the phenomena occuring in rotating
systems in the context of materials research is the series of
books that contain the proceedings of the Clarkson confer-
ences on centrifugal phenomena. [9, 10, 11].

In this paper we present the design and details of the con-
struction of a centrifuge. Also we describe sample results
obtained with this device. It is important to remark that in
contrast with other centrifuges, this equipment was designed
and constructed with the principal objective of studying the
effects of centrifugal and Coriolis forces in fluid dynamics
phenomena.

2. Definition and design criteria

The long-term objective of the project which encomposses
the design and construction of the centrifuge, is the study
of several physical phenomena that occur in a non-inertial
frame as seen from the laboratory frame of reference. Of par-
ticular interest is the effect of virtual forces on the motion of
nonisothermal flows. For this reason, one important design
criterium is the modularity and flexibility to allow modifica-
tions or changes in the relative position of the components. In
the two following subsections, we present the design criteria
of the centrifuge, emphasizing the features that are required
for the study of natural convection in cavities where a tem-
perature difference is imposed. In this spirit, we will restrict
the discussion to the study of flows in closed cavities where
a temperature difference is imposed externally. The physical
phenomena that occur in the centrifuge are modified by the
presence of the centrifugal and Coriolis forces. The centrifu-
gal force is a conservative force and has the form

Fcent = _gv |U.) X l‘|2 )

where p is the density, r is the distance from the rotation vec-
tor, and w is the angular velocity. The Coriolis force is defined
by the expression

Fcoriotis = 2w X u,

where u is the local velocity. From its definition, it is seen that
the Coriolis force occurs only if the system is in motion and
therefore, has an influence only under dynamic conditions.

2.1. Geometrical considerations

The phenomenon of natural convection in a rotating frame of
reference depends fundamentally on the relative orientation
and position of three vectors. First, there is unavoidable grav-
ity acceleration vector, then the rotation vector, and finally
the temperature gradient vector, which indicates the direction
of the temperature difference imposed on the cavity. Ideally,
we are interested in a situation in which the rotation vector
is perpendicular to the temperature gradient vector, in such a
way that the centrifugal force can be oriented along the axis
of the cavity and parallel to the temperature gradient vector.
This situation is illustrated in Fig. 1 for a natural convective
cavity composed of a cylindrical container, where the plane
walls are held at constant but different temperatures. In the
absence of terrestrial gravity, this arrangement would lead
to a simple situation where essentially the only new effect
would be that of the Coriolis force. Although the generation
of these physical conditions is not possible due to the ever
present gravity force, the following very convenient arrange-
ment can approximate these conditions: at the end of the arm
of the centrifuge, a container that houses the experimental
equipment is attached by a hinge that allows rotation around
a horizontal axis. When the centrifuge is set in motion, the
container aligns itself with the vector sum of the centrifugal
and gravity forces, as shown in Fig. 2. Under these conditions
the sum of conservative forces is parallel to the temperature
gradient vector.
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FIGURE 1. Ideal set up for testing the influence of Coriolis force in
a natural convective cavity.

2.2. Physical considerations

The most basic information required for the design of the
centrifuge are the ranges of the nondimensional parameters
of relevance in the natural convective flows. As is well estab-
lished, the qualitative properties of natural convective flow
are described by two parameters: the Prandt] and Rayleigh
numbers [12]. The Prandtl number is the ratio of kinematic
viscosity v to thermal diffusivity & (i.e. Pr = v/a). There-
fore, it indicates the ability of a material to transfer momen-
tum as compared to its ability to transfer heat. We are in-
terested in studying natural convection of liquid metals, air,
water and Silicon oils, covering a range of Prandt] number
from 1072 to 10%. This requirement does not impose techni-
cal difficulties except for visualization. In the present design
we restrict ourselves to transparent materials. The Rayleigh
number Ra is defined by

Ra = gBATL?/av,

where f is the volumetric expansion coefficient, L is a char-
acteristic length of the cavity and AT is the temperature dif-
ference.

Cold temperature

‘°Q
N

Hot temperature

FIGURE 2. Realistic arrangement for observing the influence of
Coriolis force in a centrifuge.

It is recognized now that the nonrotating natural convec-
tion in cavities exhibits essentially three different qualitative
behaviors:

a) nonconvective regime, where the velocity is zero and
heat is transferred solely by conduction,

b) steady state convection where the flow is laminar, and

¢) unsteady regime that includes chaotic and turbulent
regimes.

Figure 3 shows a Ra vs aspect ratio (I' = L/D) map in-
dicating the regions where different qualitative flows occur,
for the particular case of a cylindrical container with circular
cross section and Pr = 6.7. Our interest is to design a de-
vice such that it allows us to observe the influence of rotation
on all three (nonrotating) regimes. In a rotational flow, sev-
eral nondimensional numbers have been defined [13]. In the
context of the centrifuge project, the most relevant one is the
Taylor number defined by

Ta = 4w?L V2.

This nondimensional parameter relates the effects of Cori-
olis and viscous forces, a vanishing Taylor number indi-
cates no rotation. Qualitative modifications of natural con-
vective patterns have been observed to occur for a fluid with
Pr = 0.13 at a Rayleigh number of 10, [7].
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FIGURE 3. Rayleigh number versus aspect ratio map of qualita-
tive dynamic behavior for a cylindrical container with Pr = 6.7.
Adapted from Ref. 14.

De Ja Cruz [13] found that the Taylor number required to
supress oscillatory flows fora Pr = 5 fluidata Re = 4% 10°
was Ta = 5 x 108, In principle, it would be convenient to
build a centrifuge capable of rotating at large enough rates
to explore the reported modifications in the qualitative be-
havior of the natural convective flow. Therefore we estab-
lished the range 0 < Ta < 10® for working fluids with
v = 3.0 x 107% m2s~! as a minimum design require-
ment for the centrifuge, given that the visualization equip-
ment of the convective cavities imposes a minimum height
of about 0.02 m. The rotation rate required to reach the de-
sired ranges of Taylor numbers for the smaller cavity is ap-
proximately 80 rpm. The Ekman number is alternative nota-
tion for the Taylor number and is defined by Ek=v/2wL?.
Another nondimensional parameter is the Rossby number
Ro = U/2QL, where U is the local velocity of the system,
L is the characteristic length and §2 is the rotational velocity.
This number is the ratio between inertial and Coriolis forces.
If Ro >» 1, the influence of rotation is small. In the other
case, when Ro <« 1 the rotation motion determines the flow
regime and its patterns. Boubnov and Golitsyn [12]. It would
be desirable to predict the characteristic velocity of the flow.
A tempting idea would be the use of the so-called free fall
velocity which arises from the balance between inertial and
buoyancy effects,

u=(gB AT L)!/2.

This expression however overestimates the velocity by
a factor that depends on the aspect ratio of the container,
since it does not take into account the influence of the walls.
Experimental observations indicate that for aspect ratios of
L/D « 2, and water as test fluid, the vertical velocity
approaches is of orderu ~ 4 x 10~*ms~1.

Once the ranges of the variables presented in the previ-
ous paragraphs have been established, it is possible to deter-
mine the ranges of nondimensional parameters that describe
the physical effects present in the system. Table I gives defini-
tions and involved of nondimensional parameters including

the ranges of these parameters that can be achieved with the
centrifuge.

TABLE I. Main nondimensional parameters

Prandtl Pr vio 1072.10%
Rayleigh Ra gBATLE Jve 10%-107
Taylor Ta 4?14 )V* 0-10°
Eckman Ek v/2wL? 3x107%c0
Rossby” Ro U/2wL 10~*
Reynolds® Re UL/v 1071-30
Froude Fr (w?L/g).(H/L) 0-10"}
Rotational Rayleigh Ra, aBATL? fva 10%- 10®

*We used the experimental velocity U = 4 x 10~*ms™!, as
the characteristic velocity.

3. Mechanical design and instrumentation

The main components of the centrifuge are the nonrotating
components, the rotating structure, two baskets, a bridge,
and a security fence. In this section we describe in detail
the mechanical properties of these components. Here we
also present the equipment housed in the experimental bas-
ket which was used to obtain the experimental results given
in the last section of this article. The two most relevant fea-
tures of the rotating system are an arm length of 1.5 m and a
maximum angular speed of w = 86 rpm (9 rad/s).

3.1. Nonrotating components

The nonrotating components of the centrifuge are the base,
the central support frame, the bearings, the motor, and the
transmission system, as displayed in Fig. 4. The centrifuge
base is a rectangular steel plate 0.6 m wide, 1.2 m long, and
0.012 m thick, which is fixed to the foundation by six expan-
sion high resistance screws. The motor and the central sup-
port frame are anchored to the base. The transmission system
is composed of two belts and two pulleys. The rotation of
the centrifuge is generated by a 1 HP, three phase AC' mo-
tor capable of developing a maximum torque of 142.35 Nm
(1260 Ib plg) at 1750 rpm. Its electrical characteristics are
(208 — 230)/460 V and 4.2/2.1 A in the stator. The motor
velocity control is made by a digital inverter (VS mini C se-
ries), with frecuency range of O to 400 Hz [16]. The power
transmission uses V' belt drivers of trapezoidal cross section
with efficiency of 70 — 90% to absorb shocks and operate at
low bearing pressure. The transmission system has two alu-
minium pulleys with a diameter 0.152 m (6”), one of them
fixed to the axis of rotation with a double belt. An important
feature of the transmission system is the reduction of the me-
chanical vibrations to a minimum when the centrifuge is in
operation.
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Transmission system

FIGURE 4. Nonrotating elements of the centrifuge. Bearings are
under the plates of the central support frame and therefore not
shown in the figure. Also the pulleys are hidden by the lower plate
of the central support (see Fig. 5).

3.2. Rotating structure and power supply

This arrangement is composed of the shaft, and five mod-
ules: one central, two intermediate, and two terminal, as
shown in Fig. 5. The shaft is a 4140 steel, 0.101 m (4™) di-
ameter and 1.10 m long rod that sits vertically in the central
frame held by two bearings of 0.0762 m (3”) diameter, and
separated a distance of 0.328 m. The diameter of the lower
extreme of the shaft was reduced to 0.038 m (1.5”) to fit
the pulleys and the lower bearings. All modules are made
of structural carbon steel tubes with a rectangular 0.0254
m? (1™ x 1”) cross section. The intermediate and termi-
nal modules are fixed at opposite sides of the central struc-
ture. The central module is a prism 0.4 m x 0.4 m x 0.6
m that holds the central shaft with two bearings sitting in
two steel plates. This module also houses two balteries and

Experimental basket

FIGURE 5. Rotating structure of the centrifuge.

the DCJAC inverter. The intermediate modules are trape-
zoidal prisms; the intermediate ones having large cross sec-
tions 0.4 m x 0.4 m facing the central module of and a
small cross section of 0.4 m x 0.14 m in contact with the
terminal modules. The length of the intermediate modules is
0.645 m. The terminal modules are also trapezoidal prisms,
the larger cross section is of 0.4 m x 0.14 m and the small
cross section is of 0.4 m x 0.09 m, and their total length is
0.645 m. At far end of the terminal modules small stee] plates
that hold wall bearings are placed. This arrangement supports
0.53 m long stainless steel rods with a diameter of 0.02 m
(9/8”) that constitute shafts that allow horizontal rotation of
the swinging baskets located at the end of the arms of the cen-
trifuge. All modules are fixed with high resistance hexagonal
head screws. As will be described in more detail below, the
maximum total weight of each basket is 10 kg, and since the
maximum rotation rate is 86 rpm and the arm length is 1.5
m, the upper limit of the centrifugal force exerted at the end
of the arms is 1215 N.

Given the design of the centrifuge and in order to avoid
the use of slipping rings, it was deemed necessary to mount
on board the rotating section of the centrifuge a power source.
This design strategy has the advantage of providing a ver-
satile power supply that can support present and future
power demands from the various instruments used in the data

“acquisition and visualization. The instruments that require

electrical power are: the on-board CPU (power consump-
tion ~ 50 W), the laser power source used in the visual-
ization system (power consumption ~ 30 W), the thermo-
electric devices required for maintaining constant tempera-
ture walls (power consumption ~ 8 W), and control circuits
(power consumption ~ 2 W). Taking into account that of
these instruments and allowing for future increases, it was
estimated that the total power demand would be 200 W.

Terminal module

Intermediate module
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FIGURE 6. Electronic circuit of the DC/AC inverter.

The primary power source is constituted by two 12 V,60 A
hr capacity, lead-acid batteries located near the axis of ro-
tation. With these design parameters and considering an au-
tonomy of 3 hours, the DC/AC inverter was designed. Fig-
ure 6 shows the electronic circuit of this device. The alter-
nating system is an RC oscillator composed of the U2(555)
integrated circuit, R, and R resistors, and C; capacitor.
These components determine the oscillation frequency. The
U1(7473) integrated circuit divides the frequency of the out-
put signal of U2 by a factor of four with a duty cycle of
50%. In addition U1 controls the bipolar transistor @}, cou-
pled in a common emitter configuration with the primary coil
of transformer T. This device and capacitor C, arethe reso-
nant load of the collector circuit. This array yields two signals
with opposite phase and a long enough time delay to prevent
the simultaneous conduction in the Mjand My MOSFET
transistors. These devices are used as power amplifiers to-
gether with the T3 transformer which increases the voltage to
125 Vac. Cs smoothens the waveform of the output voltage.

There are two important features of the design of this
DC/AC inverter that should be emphasized. In contrast with
the voltage signal provided by the AC line which is a 125
Vems, sine wave with a frequency of 60 H z, the signal pro-
vided by the DC/AC inverter is a 160 Vs square wave at
240 H z. The wave form was choosen to let the power transis-
tors work in a cut-and-saturation mode to minimize dissipa-
tion. Also the voltage and frequency have been tailored to the
capacitive input of the CPU power supply to further enhance
the power conversion and transfer.

{1

Ua’

3.3. Experimental and counterweight baskets

At the end of the arms of the centrifuge two rectangular bas-
kets were set, one of them is the experimental and the other
is the counterweight basket. When the centrifuge rotates, the
position of the baskets will have a tilt due to the simultaneous
action of the centrifugal and the gravity forces. The baskets
are constructed with DEXION steel angle and have the same
dimensions: 0.55 m long, 0.28 m height, and 0.22 m wide.
The baskets are coupled to the arms by a horizontal shaft and
two journal bearings 0.0254 m (1”) in diameter and sepa-
rated 0.22 m from each other. The journal bearings operate
like a hinge giving the basket a free rotation around a horizon-
tal axis. Its floor and walls are wooden pieces. Three rubber
plates located in the center of the basket and fixed to the floor
by screws constitute the counterweight. The center of mass of
the counterweight is at the same geometrical position as that
of the experimental basket. The weight of the basket is ap-
proximately 9.8 kg. The experimental basket was built with
the same materials as the counterweight basket. Its floor is
a wooden platform where cuts were made to accommodate
the videocamera and the base of the cavity. Inside the exper-
imental basket are located the optical arrangement for flow
visualization composed by a laser lamp, a cylindrical prism,
a collimating lens, and a cube beamsplitter. All components
are located on the same side of the videocamera. As com-
mented before, this arrangement sits on a custom-made sup-
port. Detailed description of the design of the visualization
system is provided in the following section. Figure 7 shows
the spatial distribution of the various parts of the equipment
in the experimental basket.
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FIGURE 7. Distribution of the elements in the experimental basket.

3.4. Experimental cavity

The experimental basket holds the natural convection cavity
and the visualization and control auxiliary equipment. The
cavity is located at the center of the basket, seated on the
floor. The control circuit and a multiplexer board are located
on one side of the cavity and the videocamera on the other.
The cavity 1s constituted of a lateral wall made of a pyrex
tube of 17 mm inner diameter with 1.5 mm wall thickness
and two flat upper and lower walls made of copper. The ends
of the test cell are two copper pieces that house one thermo-
electric device each. The temperatures of the ends are con-
trolled to produce the desired axial temperature difference in
the cavily. The thermoelectric characteristics are 8 W max-
imum power consumption at 12 Vdc and operating temper-
ature range of (—79 to 79 )°C. Next to each thermoelectric
device and opposite to the cell, a thermal dissipator and a fan
are affixed. This heat sink (or source) provides an ambienl
temperature zone for the thermoelectric devices. The height
of the cell is 0.030 m and therefore, its aspect ratio " = 1.76.
At a height of 0.0235 m from the bottom and diametrically
opposed two small 0.005 m diameter glass tubes are located,
through these two thermocouples Omega copper constantan
“T™ type are positioned to record the temperature of the con-
vective flow. The thermocouples are located at a horizontal
distance of 0.003 m from the cavily walls. The schematic di-
agram of the cavity is shown in Fig. 8.

The voltage of the thermoelectric devices is controlled
with a electronic circuit that keeps constant but different
temperatures at the top and bottom cavity walls. The elec-
tronic circuit is composed of two parts: a) the power circuit
and b) the control circuit. The control circuit for one of the
thermoelectric devices is shown in Fig. 9. Control is achieved
by U,(35) integrated circuit operating in thermometer mode.

heat dissipator

thermoelectric device

convective cavity

O-ring

FIGURE 8. Schematic diagram of the cavity.

This circuit monitors the temperature of the thermoelectric
face closer to the horizontal wall of the convective cell con-
tinuously and yields an output voltage proportional to the
reading with a constant of 10 mV/°C. An adjustablevoltage
divisor constituted by the resistances R; and R3 and the
potentiometer Ry provides the set voltage. The output of
thisvoltage divisor is applied to the input of the U;(358) dif-
ferential amplifier which is used used as a voltage compara-
tor. Resistances Ry, Rs, Kg, and Ry together with their cor-
responding capacitors determine the gain and the response
time. The output of this section is called the error signal and
is fed into a Darlington power transistor (@) that controls
the electric current that goes through the thermoelectric de-
vice. The reference voltage is set with a variable resistance
and the thermal sensors placed in direct contact with the ther-
moelectrics provide the input control signal. The control cir-
cuit generates the signal to maintain a temperature at the cav-
ity flat wall of rises to 0.47°C/ s and oscillates around the set
value with ripples less than + 0.5°C.

3.5. On-board CPU and accesories

On the top of the central module of the centrifuge sits a tower
that houses the on-board CPU and other instruments. A simi-
lar tower is fixed to the ceiling of the room and its lowermost
face is separated 0.05 m from the uppermost face of the ro-
tating tower fixed to the central module of the centrifuge. The
rotating tower is 1.10 m high and has five shelves. In the first,
the laser lamp power supply is located, the second compart-
ment houses the on-board CPU and in the third shelf the hard
disk is located. The rest of the space is empty at present in
preparation for future use. The on-board CPU is a Pentium II
and has one PCLab board. On top of the rotating structure,
a circular UHF antenna that is plugged to the video camera
output is located. At the end of the fixed structure and sepa-
rated 0.0254 m (1”) from the rotating structure another UHF
antenna is placed. This antenna picks up the signal and sends
it to the videorecorder and to the monitor to be displayed. The
convective motion can be seen in real time.
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FIGURE 9. Diagram of the control circuit.

3.6. Security fences and bridge

Security fences were built around the centrifuge to protect the
laboratory personnel. The fences are constructed with tubular
steel tubes. The innerrectangular area formed by the tubular
frame, is covered with a stainless steel mesh, 0.01 m (3/8 ™).
These accessories protect the rest of the area of the labora-
tory from possible accidents. To reach all of the instruments
located at the center of the centrifuge a steel tubular bridge
was situated over the centrifuge. Two in-built ladders are lo-
cated at the bridge feet. The bridge has a loading capacity of
more than 100 kg. All of these components are anchored to
the floor of the laboratory.

3.7. Foundations

A special foundation platform was constructed to mount the
centrifuge on, in order to reduce vibrations caused by other
pieces of equipment in the laboratory and also to damp the
self-originated vibration due to associated to the rotation of
the centrifuge. The foundation area is a rectangular section
with the following dimensions 1.5 m? and 0.18 m deep. The
anti-vibration foundation is constructed with two alternated

layers of neoprene, polyfoam and cork. A concrete platform
0.11 m deep sits on top of the anti-vibratory sandwich. Fi-
nally, on the top of the concrete base, a stainless steel plate
is anchored to the concrete. The wiring required to supply
power for the motor is embedded in the concrete floor.

4. Instrumentation and sensors

The data acquisition system of the centrifuge is composed
of independent arrangements that allow the recording of
temperature at various locations of the convective cavity,
acceleration at a position close to the cavity, and visualiza-
tion at the midplane of the test. In this section we describe
the instrumentation used to record these variables.

4.1. Temperature

The sensors used for monitoring the temperature are copper-
constantan thermocouples (type T thermocouples). These
sensors are recommended for measuring temperatures below
100 °C. The copper wire diameter is 0.43 x 10™3 m and the
constantan wire diameter is 0.071 x 10~* m. These sensors
are duplex OMEGA [17] teflon insulated fine gage. Two ther-
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mocouples are placed in the bottom plate and two in the top
plate. One of the thermocouples in the bottom plate is placed
in a small hole drilled at the center of the base of the con-
vective cavity. A similar position is occupied by one of the
thermocouples in the upper plate. These sensors measure the
temperature near the bottom and top of the convective cavity.
A thermocouple is located in the bottom plate near the upper
face of the thermoelectric device to measured the tempera-
ture for control purposes. A similar arrangement is used for
the top thermoelectric device.

. Temperature readings were captured by an Advantech
PCL-818L [18] card with a resolution of 12 bits, linearity of
+1 bit, and maximum conversion rate of 40 kH z. The PCL -
818L uses a PCLD - 789 [19] amplifier/multiplexer board.
This board is the front-end signal conditioning and channel
multiplexing daugtherboard for the analog input channel. An
instrumentation amplifier provides a gain of 200. The mul-
tiplexer also contains a cold junction sensing circuit to al-
low direct measurement of thermocouple transducer +24.4
mV/°C at 0.0 V of 0.0 °C. The multiplexer board is fixed
close to the electronic control circuit in the experimental bas-
ket. We use a flat cable 1.5 m long for connections between
the PCLD-789 and PCL-818L, which is inside the on-board
CPU fixed on the centrifuge central structure. After an exper-
iment is completed and the centrifuge rotation has stopped,
the data are sent via the laboratory network to a mainframe
to be permanently stored. A overall view of the centrifuge is
shown in the plate 1.

4.2. Acceleration

Another important variable in the centrifuge experimentation
is the acceleration. Accelerometers are transducers which
transform acceleration into an electrical signal. Variable ca-
pacitive accelerometers that measure acceleration signals
down to zero hertz use micromachined silicon and variable
capacitance elements; these devices have a high sensitiv-
ity and minimal response to thermal transients. Specifically,
the sensors used are uniaxial K-Beam Kistler accelerometers
type 8303A50 [20, 21], with typical sensitivities of approx-
imately 19 mV /g at 30 Hz, 3 g rms and a bias voltage of
2.5 V. The exact sensitivity varies slightly with the individual
device. The transverse sensitivity is approximately 1.0%, its
reference range + 50¢ peak, and output impedance < 500 Q.

Three accelerometers are used in the centrifuge. The first
one is located in the external module of the centrifuge at a
distance of r = 1.472 m from the axis of rotation. Its ori-
entation is at 90° from the gravitational acceleration vector.
This device measures only the centrifugal acceleration w?r.
The second device is oriented parallel to g and is placed on
top of the basket. When the centrifuge is standing still, its
horizontal distance to the axis of rotation is 7 = 1.445 m and
its vertical distance to the basket axis of rotation is 0.0313
m. This accelerometer reads the terrestrial acceleration when
rotation is zero. At the moment that the centrifuge is oper-
ated, the basket will tilt freely and this accelerometer will
read a, the resultant acceleration of the vector sum of g and

the centrifugal acceleration w?r k where k is a unit horizontal
vector pointing away from the rotating axis, w is the rotation
velocity, and r is the distance to the rotation axis. The third
sensor is vertically aligned with the second accelerometer at
a distance r = 1.445 m, from the centrifuge rotation axis
and at a vertical separation of 0.228 m from the basket axis
of rotation. This accelerometer sits at a position close (and
dynamically equivalent) to the convective cavity. When the
centrifuge is not rotating, its orientation is horizontal. This
device also measures the acceleration ¢ of the convective
cavity. The acceleration data are sent from the centrifuge to
the laboratory computer using two wireless WaveLan/IEEE
Turbo 11 Mb PC Card.

4.3. Data acquisition software

The software package that we used to capture the data was
Genie, a data acquisition and control software designed to
run in the Microsoft Windows environment. Those system
displayed the temperature histories of the two internal ther-
mocouples, the four thermocouples located at the plates and
that of the environment temperature. The readings of these
seven thermocouples provide convenient, real time informa-
tion to assess the progress of the experiment.

4.4. Visualization system

The flow visualization is a specialized tool used to better un-
derstand complex flow structures. Flow visualization is made
using a planar light sheet projected onto a fluid suspension of
reflecting particles and viewed at right angles to the plane of
illumination. We created a light sheet with a uniform narrow
thickness of 0.002 m. This illumination was created with an
optical arrangement mounted on the experimental basket at
the side of the cavity. The visualization system is composed
of the following parts: a solid state 50 m W laser lamp, wave-
length A = 543.5 nm, a cylindrical prism 0.004 m in diam-
eter, a collimating lens, and a cube beamsplitter (0.028 m x
0.04 m % 0.04 m). The laser lamp power supply is on-board
and is situated on the first shelf of the central structure. The
laser lamp is fixed on the platform on the experimental basket
with a block base. This platform has three sections. One has
a square section base (0.075 m x 0.075 m x 0.078 m) with
a semicircular form in the middle to hold the laser lamp. The
second section is a base that supports the collimating lens.
The third section is a rectangular base (0.04 m x 0.04 m
x 0.063 m) that holds a cube beamsplitter. All sections are
fixed to the platform. A TR403 Sony CCD videocamera is
also housed in the basket to capture the images of the flow in
the experimental cavity. The video signal is transmitted to a
UHF circular antenna located at the upper part of the central
structure. This antenna is separated 0.025 m from the other
UHEF circular antenna situated on the fixed structure. The sig-
nal is transmitted between these two antennas. The fixed an-
tenna is connected to a videorecorder and the signal is sent
to an external TV monitor. The visualization system just de-
scribed allows real time monitoring of the flow in the rotating
cavity. The plate 2 shows the experimental basket.
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4.5. Particles tracers

The tracers used to visualize the flow inside the cavity are
liquid crystal particles. This tracers can be obtained in the
form of slurries in water with diameters centered in the range
of 10 to 15 pum from Hallcrest [22]. Liquid crystals are or-
ganic compounds that exhibit a behavior midway between an
isotropic liquid and a nonisotropic crystalline solid. The con-
venience of using a specific kind of tracers is defined by their
capacity of following the flow and of displaying the flow pat-
terns. Although an in-depth analysis of the performance of
the tracers can be extremely sophisticated as discussed, for
instance, in Ref. 23, the overall performance of the tracers
can be easily inferred from the cross validation of the ex-
perimental observations with corresponding numerical sim-
ulations. Also, we measure the fluid temperature with these
liquid crystals in preliminary experiments.

5. Sample results

Once all data and image acquisition systems were working
in a satisfactory manner, exploratory runs were performed to
test the centrifuge as a unit. From these initial tests we present
sample results of the acceleration as a function of time and
rotation rate, temperature as function of time, for zero and a
constant rotation rate, and two snap—shots of velocity fields
as time functions. These results are not to be considered as
exhaustive and not even a detailed description of the fiow,
but just as examples of the kind of scientific information that
can be obtained with the device described in this article.

5.1. Acceleration

Using the sensors and auxiliary hardware and software de-
scribed in Sec. 4.2 and Sec. 4.3, the centrifugal and the total
acceleration were measured at three points by the centrifuge.
Experimental measurements made with the accelerometer lo-
cated at the extreme of one arm of the centrifuge yield read-
ings that coincide with the calculated value of w?r within
less than 0.1 m/s? in all cases, and in most cases less
than 0.04 m/s?, indicating the consistency between the ac-
celerometer and tachometer readings. Accelerations at the
quoted position as a function of time for two rotation rates,
w=1.15 rad/s and w =2.41 rad/s are shown in Fig. 10.
Two kinds of regimes are identified. One where time average
acceleration is virtually independent of time and the accelera-
tion displays electronic white noise with amplitude of +0.025
m/s?. This regime exists for ¢ < 700 s and 706 s < t in
Fig. 10. In the other regime which starts at ¢ = 720 s when
we change the rotation rate of the centrifuge, and lasts for six
seconds, the acceleration displays an approximate linear in-
crease. Given that the response time of the accelerometer is
1/30 s for the calibration used, it can confidently be asserted
that the acceleration readings reflect the inertia of the system.
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FIGURE 10. Acceleration as a function of time at the extreme of
the arm.

The measurements from the accelerometers located in the
experimental basket during the constant acceleration periods,
which correspond to constant centrifuge rotation velocity, can
be calculated using the formula

1/2
2
a= [92 + (sz) ] ,
where R is the distance from the sensor to the axis of rota-

tion which can be numerically calculated from geometrical
considerations as follows:

R=7‘o+7‘1

T, is the length of the arm from the rotation axis to the basket
shaft centerline; r; = rs cos a, where r; is the distance from
the basket shaft to the sensor position and tan a = g/(w?R).
The difference between the experimental records from the
two accelerometers in the baskets and the theorical values
does not exceed within 13%. The error in the measured ac-
celeration is due to inherent electronic noise, orientation, in-
exact mounting, and bearing friction in the output reading.

5.2. Temperature and velocity measurements

In this section we present the temperature history as moni-
tored by the internal thermocouples and the velocity fields at
specific times. The working fluid is water at room tempera-
ture and therefore Pr = 6. The aspect ratio is I'= 1.76 (see
the Sec. 3.4). Figure 11 a) shows the temperature recorder by
the internal thermocouples, T and 7% placed in the opposite
place site of the cylinder cavity at the same distance from the
bottom. In the first stage, there is not axial temperature differ-
ence in the cell (Ra = 0) and the centrifuge does not rotate
(Te = 0). Att = 300 s the second stage begins, the lower
thermoelectric turned on to produce the axial temperature dif-
ference in the cavity of 0.158 °C'/mm, (Ra = 2.25 x 108)
and the centrifuge continues in stationary mode (T'a = 0).
The third stage at ¢ = 1800 s when the centrifuge is set in
rotation with angular velocity of w = 2.33 rad/s (22 rpm)
with Ta = 1.71 x 107 having a Ra, = 3.25 x 108, The
final stages begins at ¢ = 2700 s when the centrifuge stops
rotation having a Ra = 2.06 x 108.
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FIGURE 11. Temperature as a function of time a) during a sample experiment with four different stages. and b) amplification of the stage 3,
Ra, =3.25 x 10%, Pr = 6,and Ta = 1.71 x 10". -

In the first stage the temperatures are almost constant. movement occurs at the right side. The velocity field shown
In the second stage the temperatures increase monotonically in Fig. 12 b corresponds to the rotation stage (third stage)
during the first 1300 s before attaining an almost constant ~ with Ra = 3.25 x 10% and Ta = 1.71 x 107. The flow
temperature. A small temperature difference exists between  pattern displays a marked difference from the non-rotation
the two thermocouples in the second stage. When the rotation pattern (Fig. (2 a). In the middle section of the cavity a gen-
begins the temperatures display a dramatic change in quali-  eral downward movement is observed. One can also note a
tative behavior. The temperature oscillates at a frecuency of  diagonal movement in the center of the cavity. A comprehen-
about 0.0033 Hz (see the amplification in Fig. 11.b). In the  sive description of the flow without and with rotation, will be
fourth stage, when rotation stops, the oscillation of the tem- given in a future publication.
peratures is damped, attaining a similar behavior of the one .
before onset of rotation [24]. Figures 12 a) and 12 b) show 6. Concluding remarks
the mean velocity fields in the central plane of the cavity for
two different states. In the upper left hand corners, we note a
.zone without vectors due to the thermocouples mounting sys-
tem. Each mean velocity field in the average of 449 velocity
fields of each velocity field is obtained from a cross correla-
tion, made with the Flow Manager PTV software of Dantec,
of a pair of images taken at time intervals of 0.033 s. In the
Fig. 12 a) we can observe a single convective cell rotating in
the counterclockwise direction. This pattern is obtained dur-
ing the second stage, when Ra = 2.25 x 10® and Ta = 0.
The center of the convective cell is not positioned at the cen-
ter of the cavity. At 0.65 of the cavity height a strong vertical

We have designed and constructed a low cost centrifuge. The
instrumentation is versatile and can perform a variety of fluid
dynamic experiments in a rotating frame of reference. The
rotating velocity and arm length can be changed easily allow-
ing a reasonably wide range of experimental conditions. The
highest centrifugal acceleration is approximately 13 g. Using
the centrifuge in its present configuration, we have been able
to record temperature, acceleration, and images of particle
tracers that contain information of the two dimensional ve-
locity field. Future uses of the centrifuge could include crys-
tal growth and material deposits with chemical baths, com-
bustion and others.

FIGURE 12. Convective flows a) in the nonrotating cavity, Ra = 2.25 x 10°, Pr = 6, Ta = 0 and £ = 1380 s. and b) in rotating cavity,
Ra, =325 x 10°, Pr = 6,Ta = 1.71 x 10"and ¢ = 1920 s.
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PLATE 1. Overall view of the centrifuge.
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ABSTRACT

We present a numerical and experimental study of steady natural convection in a small aspect
ratio cylindrical cavity with circular cross section. The main objective of the present
communication is to highlight some difficulties encountered when a comparison of theoretical
and experimental velocity results is attempted. We keep the aspect ratio (radius/height), the
Prandtl number and the Rayleigh number fixed to 0.28, 6 and 2.25 x 10° respectively and make
observations in a vertical plane that centains the axis of symmetry of the cylinder with a particle
image velocimetry (PIV) technique. The main structure present in the flow is a single non-
axisymmetric cell with a horizontal rotation axis. Due to the symmetry of the geometry of the
cavity and of the heating and cooling systems, the orientation of the convective structure is
undefined by the boundaries. In order to make a theoretical-experimental comparison, it is
necessary to make a full description of the three dimensional velocity field to find the plane that
corresponds to the one observed in the experiment. © 2002 Elsevier Science Ltd

Introduction

The phenomenon of natural convection has been the subject of intense scientific research since the
classical experiments of Bénard in the early 20th century. Confined natural convection is a phenomenon
related to the well known Rayleigh-Bénard problem where the walls have determinant influence. The
interest in this phenomenon arises on the one hand due to the large variety of dynamic behaviors that can
be generated in simple experimental facilities and on the other, due to its many applications in

technology. Out of these, two important examples are: crystal growth using the Czochralzki method
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where the fluid motion during the process of solidification has a determinant influence on the quality of
the crystal [1], and the open and closed thermosyphon used in machinery cooling. Comprehensive
descriptions of these devices can be found in Pioro and Pioro {2] and Japiske [3] respectively. The
qualitative properties of the flow depend strongly on the geometry of the cavity and the boundary regions
where heat is transferred to the system. Focussing the discussion on cylindrical cavities with circular
cross section, heated and cooled at the lower and upper walls respectively, we have that the
nondimensional parameters that describe qualitatively the natural convective flow are the Rayleigh (Ra)
and Prandt! (Pr) numbers and the aspect ratio (4). It is now well established that for a given Prandtl
number and aspect ratio, a pure conductive regime occurs for small Rayleigh numbers. Then, for
Rayleigh numbers larger than a critical threshold Ra®' steady motion sets in. If the Rayleigh number is
increased further, then oscillatory, chaotic and turbulent flows are generated. Even in the relatively
simple case of steady flow, convective patterns in cavities are difficult to describe and characterize. A
more complete description of the flow described here together with a theoretical model for predicting the
critical Rayleigh number for the generation of secondary cells is presented in Avramenko ef al. [4]. Here,
we consider a specific case of steady flow by fixing Ra, Pr and 4 and make an experimental observation
of the velocity field in a vertical plane using PIV. Then, we calculate the velocity field numerically and
attempt a theoretical-experimental comparison. Due to the axial symmetry of the system, the orientation
of the experimental flow pattern is not known a priori and therefore it is required to calculate several
vertical planes with different orientations to find the best fit. It is appropriate to point out here that since
we are interested in a steady flow, the Eulerian velocity field obtained from a numerical integration can

be directly compared to the Lagrangian velocity field observed in an experiment.

Experimental Facility

The cylindrical cavity is constituted by a lateral wall made of a pyrex tube 17 mm inner diameter
with 1.5 mm wall thickness and two flat upper and lower end walls made of copper. The end walls house
one thermoelectric device each. The voltage of the thermoelectric devices is controlled with an electronic
circuit that keeps constant but different temperatures at the upper and lower cavity walls. One thermal
dissipator and one fan are attached to each thermoelectric device as shown in Fig. 1. The height of the
cavity is 30 mm and therefore, its aspect ratio (radius/height) is 4 = 0.28.

Flow visualization is made using a planar light sheet of 0.002 m thick, generated with a solid
state laser lamp 50 mW and an optical group composed of a cylindrical ptism 0.004 m diameter and a
collimating lens. The light sheet is projected onto a fluid suspension of reflecting particles made of liquid
crystal ranging from 10 to 15 pum diameter [5)]. The plane of illumination was viewed and recorded at a
right angle by a commercial video camera, and the images were analyzed with the DANTEC FlowMap

Software. A detailed description of the experimental device can be found in Vargas et al. (2001) [6].
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convective cell

fan ! e ’ heat dissipator

FIG.1
The experimental cylindrical container.

Numerical Calculations

The velocity, pressure and temperature fields as functions of the Cartesian coordinates (x, y, z)
that describe the natural convective flow in the cavity are found by solving numerically the mass,
momentum and energy equations for the steady motion of a newtonian, incompressible fluid, under the

Boussinesq approximation. We use the state equation:

p = po(Ll- BT —T0)) )

where p and T denote density and temperature respectively. The subindex o indicates a reference state.

10 .
p= ——5;)-‘- is the thermal expansion coefficient of the fluid at the reference state. The boundary
P 0
conditions considered are: the velocity vanishes at all rigid walls, and 7=T,, T=7T, at lower and upper
boundaries respectively. The lateral wall is considered adiabatic. The aspect ratio, the Rayleigh number

and the Prandtl number are defined by:

3
A=_I_(_, Ra:g__ﬂA_TIL' Pr:.‘i' (2)
L av a

R and L are the radius and the height of the cavity respectively, AT is the temperature difference between
lower and upper walls T3-T,, o is the thermal diffusivity and v is the kinematic viscosity of the fluid, g is
the acceleration of gravity. The numerical solution of the conservation equations with these boundary
conditions was obtained with the code FLUENT V5.1, using a structured mesh of 2 x 10* control
volumes, the largest of them being 1/1748 of the total volume.
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FIG.2
Sketch of the cylindrical cavity with coordinate system and cross section indicating the orientation of the
planes that contain the velocity fields shown in figures 3 to 7. Angles o and 3, are 22.5 and 11.25 degree,
respectively.

Results

It is convenient to describe first the three dimensional structure of the flow using information
from the numerical solution. Once we have identified the natural convective patterns then we proceed to
present the experimentally obtained two-dimensional velocity field. Finally, we find the best numerical
field fit to the experimental velocity. Numerical calculations were made for Prandtl number 6 and a
Rayleigh number of 2.25 x 10°. This corresponds to use water as a working fluid as well as temperature
at the lower and upper walls are 31.2 °C and 26 °C, respectively. Under these conditions, the flow is

laminar and steady {1].

The description of the numerical results is made by presenting the velocity fields in vertical
planes that contain the axis of symmetry and are placed at different orientations (angles o, B) as shown in
Fig. 2. Due to the symmetries of the governing equations and boundary conditions, the absolute
orientation of the flow cannot be defined and only relative orientations are meaningful. Velocity field
projections in selected planes are given in Figs. 3a, 3b and 3c; the velocity vectors are colored by z-
velocity with red the largest positive velocity and blue the largest negative velocity. In Fig. 3a, obtained
in plane AA, it is shown that the dominant convective pattern is a single clockwise convective cell. Two
small counter rotating cells appear at the upper left and lower right corners respectively. The diameter of

the secondary cells is approximately 1/6 of the diameter of the cavity.
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FIG. 3

a) Velocity field in plane AA, b) Velocity field in plane EE,
¢) Velocity field in plane FF. Scale units are m/s.

Figures 3b and 3c show the velocity field in the in EE and FF planes, respectively. The flow
structure is similar to that found in the AA plane. The rotation center of the cells in planes EE and FF are
located at lower and higher positions than in the AA plane. The flow in the BB plane displays a much
more complex convective pattern of four cells with two of them somewhat distorted as shown in Fig. 4.
In order to describe the three-dimensional features of the flow in the vicinity of the BB plane, Fig. 5
shows the superimposed velocity fields in the II, BB and JJ planes. The descending flow regions in the
upper half of the cavity run mostly near the vertical wall, then they merge near the center of the cavity to
continue its descent in the lower half of the cavity. The ascending flows in the lower half of the cavity are
located close to the lateral wall and merge in the region above the center of the cavity. A simplified
artistic sketch of the main flow patterns in the cavity, in the region close to the BB plane, is displayed in
Fig. 6. The arrows indicating the stream directions in this figure also are in agreement with the bar code.
The flows are not confined to vertical planes since the horizontal velocity fields are present. Then, if the
illumination of the flow is not strictly confined to a plane, but other regions of the cavity are also
illuminated, the flow seems to be rotating along the vertical axis. This effect has been displayed in this

figure, by trying to give volume to the set of planes of Fig, 5.



218 M. Vargas et al. Vol. 29, No. 2

1.97e-03

| e =Y =+ 1.57e-03
- - L]
N 1.17e-03
\ ) ‘ DR ) 7.68¢-04
NS ¥ 369004
NN ;
AL ISR :
MV
! \ TN . " -3.01e-05
(03 D3N DA !
LR
Nhb ;2/’”' -4.29e-04
73~ : \ f /}-f‘ f
MAFY \ -8.29¢-04
U SAN ;
HEEN \\Q . ;
N s . : -1.23¢-03
N R
Ay % . : .
J R | -1.63¢-03
1 :;'/ 4 j [ —|
o
. ~M.l ’-2.03e-03
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Velocity field in plane BB. Superimposed velocity Artistic sketch of the flow.
fields in the [I, BB and
T planes.

Experimental observations lasting typically 10 minutes were taken after the initial transients,
which also last 10 min. The time resolution of the experiment is dictated by the camera sweep rate which

1 '316 s. Experimental velocity fields are the average of 900 frames. As stated before, when experimental

data on one vertical plane of the convective cell is obtained, the orientation of the observed plane is not
known a priori. Visual inspection of the observation indicates that it corresponds to an orientation close
to EE plane. A detailed qualitative and quantitative comparison of the EE plane, the best fit of the
numerical prediction, against the experimental observation of the flow in the cylindrical cavity, is shown
in the Figs. 75, 7b, 7c and 7d. In the first two figures, 7a and 7b, we show the experimental velocity field
and the numerical velocity field, respectively. In the two figures, a single mayor convective cell rotating
clockwise can be identified. Defining horizontal and vertical local coordinates with the origin at the
lower left corner of the plane, the center of rotation of the convective cell in Fig. 7a can be located at x =
R/1 and y = L/2.7. The position of the convective cell center in Fig. 7b is at x = R/1 and y = L/2.4. The
cell obtained in the numerical calculation is somewhat more elongated than that observed in the
experiment. Also, in Fig. 7b, two small counter-rotating cells are clearly present in the upper left and
lower right corners. These two vortex structures extent approximately R/3, L/12, in the horizontal and
vertical directions respectively. The experimental velocity field in Fig. 7a also shows the smali cells,

although the insufficient number of tracers near the corners and the difficult optical access in those
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locations prevent us from resotving their structure in detail. In spite of this, it can be asserted that the size
of the cornered structures is about the same as that of the numerical solutions. The blank region near the

top and next to the right hand wall of Fig. 7a, correspond to a thermocouple port and is optically

inaccessible.

Profiles of the vertical velocity at various stations for experimental observations and numerical
calculations are shown in Figs. 7c and 7d, respectively. Comparing these figures, the general qualitative
agreement of the flows can be inferred. However, quantitative differences are found. A difference of a
factor of three in the maximum upward velocity is obtained for the vertical velocity; also, the high

downward velocity region on the right hand side observed is not displayed in the numerical calculation.

Quantitatively aralyzed, the profiles of the vertical component of velocity of Figs. 7c and 7d

correlate according to the factor [8]:

n

Z( )_(XY:'"Y)

_ . 3)

" iz

where X and Y represent the experimental and numerical data, with the maximum correlation as unity.

The highest correlation was obtained for the station at 0.6L, this is rge.y = 0.96, while the lowest
correlation correspond to stations at 0.05L and 0.95L with roszy = 0.62 and r(oszy = 0.76, respectively.

This result confirms that visualization from the lower and upper regions is not neat.

Discussion and Conclusions

A method of analysis for comparing numerical and experimental results of natural flows with
symmetries and complex flow patterns was presented. It is argued that a full description of the three-
dimensional flow pattern of the flow is required to attempt a comparison when experimentally available
information is restricted to a single vertical plane. This situation arises due to the fact that the imposed

boundary conditions are symmetric but the flow itself is asymmetric.

When the three dimensional description of the flow is available, then the experimental
information can be compared with numerically calculated velocity fields in different planes, to find the
best match by trial and error. This method was used to make a qualitatively satisfactory correspondence
between an experimental observation and numerical calculation. The quantitative difference may be due

to two oversimplifications in the theoretical model. One is related to the boundary conditions used. We
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a) Experimental velocity field, Rg = 2.25x1 0°, b) Numerical velocity field, Ra = 2.25x1 0°, c)
Experimental profiles of vertical component of velocity for different stations 0.05L, 0.25L, 0.3L, 0.5L,
0.6L, 0.75L, 0.95L, maximum and minimum values are indicated for profile at station z = 0.5, d)
Numerical profiles of vertical component of velocity field in plane EE, ibid. Scale units are m/s.
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assumed that the vertical wall of the cavity is adiabatic, while in the experiment, heat is lost at this
boundary. These experimental conditions would lead to a less intense convective motion, as effectively
reported. The second simplification concerns the Boussinesq approximation. Another main constraint to
achieve a neat comparison between numerical and experimental results is the 3-dimensionality of the
flow. This causes that the visualization can not represent the full information about volumetric aspects of
the flow. Despite a 3-D numerical solution was obtained for this flow, this contains idealizations that

prevent a full quantitative agreement. it however helps to an interpretation of the stream characteristics.
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Abstract

We have conducted a theoretical and numerical study of natural con-
vection in cylindrical containers. The numerical results are mostly fo-
cussed in the case with aspect ratio (radius to height) of 0.25. The work-
ing fluid is assuined to have a Prandtl number of 6. At Rayleigh numbers
slightly larger than the first critical Rayleigh number where the convec-
tive motion starts, a single, no-axisymmetric cell is formed. Increasing the
Rayleigh number, small convective cells appear in the regions where the
vertical flow of the main cell meets the horizontal boundaries of the con-
tainer. The presence of the small convective cells defines a second critical
Rayleigh number. We present a relatively simple analytical theory that
predicts the second critical Rayleigh number as a function of the aspect
ratio. Predictions obtained with the theory are in good agreement with
numerical calculations for aspect ratio from 0.25 to 0.125

1 Introduction

Natural convection in slender containers heated from below and cooled from
above can be conceived as a version of the classic Rayleigh-Benard problem
where the walls play a determinant role in the definition of the qualitative
properties of the flow, reducing the access of the system to large wavelength os-
cillations. For these reasons, the problem has been looked into using a plethora
of theoretical and experimental tools. The case of a cylindrical container has
special interest due to its applications in crystal growth using the Czochralzki
technique; it is well known that the dynamic behavior of the natural convective
flow during the process of solidification has a determinant influence on the qual-
ity of the crystal (Miiller (1988)). The actual conditions of the flow in crucibles
is extremely complicated, involving rotation of the seed crystal, large tempera-
ture gradients, turbulent flows etc. Most of the experimental studies that have
appeared in the literature use simple experimental techniques of diagnosis, due



to the inaccessibility of the usual optical access to the interior of the molten
semiconductor. A few observations are available that use extremely sophisti-
cated and expensive tools like X-ray visualization (Kakimoto(1995)). From the
theoretical point of view, the majority of the analyses are numerical solutions
of the balance equations, with varying degree of complexity, from the simplified
geometry to the highly complex. : o

A stand adopted by many authors in the field is to go back to the basic
phenomena and try to understand the basic dynamical properties of the natu-
ral convective flow. In order to understand the qualitative properties of these
systems, models with simpler geometries and boundary conditions have been
put forward, perhaps the simplest of all being that of a closed cylinder (Neu-
mann (1990)). When the container is cylindrical and has small aspect ratio A
= radius/height, the flow patterns have peculiarities due to the symmetry of
the boundary conditions and the asymmetry of the length scales in the r and z
directions. Also, in this case, at least in principle, there is a possibility of the
existence of axially symmetric and non-axisymmetric flows and multiple stable
and unstable flows that will .determine the gualitative properties of the actual
flows. The nondimensional numbers that describe qualitatively the flow are the
Rayleigh (Ra) and Prandtl (Pr) numbers and the aspect ratio (A).

Miiller et al.(1984) undertook an experimental and numerical study of buoy-
ancy driven convection in vertical cylindrical cavities heated from below. They
presented a comprehensive study of the qualitative properties of the flow in
the (Ra, A, Pr)-space, and determined the regions in this space where at least
three different qualitative flows exist. The experimental observations were made
using water and molten gallium as working fluids. They reported the experi-
mental determination of the first critical Rayleigh number Ra®! above which
a steady, no-axially symmetric flow ensues for aspect ratios smaller than 1/2.
(Note that in Miller’s paper the aspect ratio is defined as height/diameter). As
the Rayleigh number is increased, the flow displays an evolution from a single
cell to a more complicated pattern of several steady cells. At still larger Rayleigh
numbers, the cell pattern becomes unsteady. Also, they observed the formation
of steady secondary cells near the bottom and top of the cavities and were able
to define a second critical Rayleigh number Ra‘? that divides the regions of
different qualitative behavior in the Ra vs aspect ratio map. They reported
unsteady convection for Ra > 107 and aspect ratio smaller than 1/2.

The first critical Rayleigh number Ra‘! for cavities with small aspect ratio
has been calculated by a variety of methods (Charlson and Sani (1971), (1975),
Gershuni and Zhukhovitskii (1976), Buell and Catton (1983)). Although the
results are not free of criticism, due to the difficulty in solving the approximate
balance equations, most workers in the field agree that the transition from no
motion to steady motion in confined cylinders is well understood. The second
critical Rayleigh number Ra®? has been much less studied and many details of
the flow are still unknown. The third critical Rayleigh number Ra“® denotes the
transition of steady flow to unsteady motion and is not fully understood even
though numerical calculations have appeared in the literature for specific cases.

In this article, we present a numerical study that describes the steady nat-



ural convective motion in a cylinder of aspect ratio 0.25, for Rayleigh numbers
smaller than 10%. Also, we present an analytical study for the same phenomenon
for 0.1 < A < 0.5 and Ra < 10°. The range studied includes the transition ob-
served at Ra? and numerical and analytical results are in good agreement.

2 General statement of the problem

We are interested in exploring the natural convective flow in a cylindrical con-
tainer with diameter 2R and height L according to the schematic shown in figure
1. In cylindrical coordinates (r, 8, z), the governing equations for the steady mo-
tion of a newtonian, incompressible fluid under the Boussinesq approximation
are:

Mass conservation
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The energy balance equation:

Tor  r 09 9z "\ Tror T1200r T 822 )
and the state equation:
p = po(1—BAT) (6)



In the previous equations, u, p, p and T, denote velocity, pressure, density
and temperature respectively. The subindex o indicates a reference state. The
thermal diffusivity is « and v is the kinematic viscosity. The acceleration of
gravity, is g, 8 = —plag%L, is the thermal expansion coefficient at a reference
state and AT =T - T,.

The boundary conditions are: The velocity vanishes at all rigid walls and
T =Ty, T =T, at bottom and top boundaries respectively. The lateral wall is
considered adiabatic, i.e.2F = 0.

or
When the variables are expressed in nondimensional units,

(ur7u97u2)
* *o kL KY , 7
, 1 v (ur’u07uz) a/L ( )

R = _T
Copva/L¥ T T Th=T,

The three parameters that describe the flow are: the aspect ratio, and the
Rayleigh and Prandtl numbers defined by:

A=R/L,
L3
av
and y
Pr=—
«a

A trivial solution to the set of equations given above, can be found by assum-
ing that the velocity vanishes everywhere. This is the hydrostatic solution. As
is well known in natural convective problems, the first critical Rayleigh number
Rac! marks the boundary between the motionless solution and the slow motion,
steady flow. The first critical Rayleigh number has been found by several au-
thors using variational methods and standard linear perturbation analyses and
solving the equations for the perturbed quantities with numerical methods.

3 Numerical Results

The quantitative description of the flow can be done by means of the numeri-
cal solution of the balance equations (1) - {5) with the appropriate boundary
conditions. In this work, this was done with the code FLUENT V5.1, using a
structured mesh of 20,000 control volumes, the largest of them, being 1/1748 of
the total volume.



3.1 The region Ra > Ra

‘We will describe in some detail the flow calculated with an aspect ratio A = 0.25
and Ra = 5 x10* which is slightly above the first critical Rayleigh number for
this aspect ratio (Ra! ~ 3 x 10* ). The Prandtl number used is 6 which
corresponds to water at 24°C. For future reference, we are also interested in the
case Pr =200 which corresponds to Silicon Oil. It is expected that in the range
of small Rayleigh numbers, the differences of the flows with the two Prandtl
numbers explored be small. As will be discussed below, this was verified with
sample numerical simulations.

The main feature of the flow is a single cell that covers most of the volume
as shown in figure 2 where the velocity field is plotted as a function of position.
The maximum value of the velocity in the cavity is approximately 29. This
structure is not axisymmetric and its orientation is not fixed by the boundary
conditions. In order to simplify the description, we shall call AA’ plane, the
plane where the large single cell is seen from the side (i.e. fig. 2) and BB’ plane
the plane oriented at an angle x/2 from the AA” plane. The orientation of these
planes is defined in figures 3 a), b) and ¢) where the isolines of vertical velocity
at horizontal planes z* = 0.25, 0.5 and 0.75 are given respectively. The three-

" dimensional structure of the convective cell can be reconstructed by combining
the information from figure 2 and figures 3. The major flow pattern is a non-
axisymmetric convective cell whose geometry conforms with the curved walls of
the cylindrical container. The component of the velocity field normal to AA’
plane is less that 1 % of the component contained in the plane and thus, this
is a symmetry plane in the sense that fluid parcels located on one side of the
AA’ plane, remain there permanently. Another symmetry of the velocity field
in the AA’ plane is the composition of a reflection around the z* = 0.5 line
and a reflection around the vertical axis. The plane z* = 0.5 is also a plane of
symmetry as can be seen from figures 3 by noting that the velocity distribution
at z* = 0.25 (figure 3 a)) is the same as that at z* = 0.75 (figure 3 c)), with an
orientation that differs by 7. The centers of the vertical velocity distributions of
figure 3 a) (and c)) are not located at the same distance from the center of the
cylinder, indicating that the cell is slightly tilted with respect to the vertical.
The temperature fields at the AA’ and BB’ planes are shown in figures 4 a) and
b) respectively. The temperature field in figure 4 a) is not axisymmetric and
reflects the fact that convection is the dominant heat transfer mechanism, while
that in figure 4 b) corresponds to a perturbed conduction field.

Calculations were made for Pr=200 and the results obtained for the flow
and temperature distributions are essentially the same to those described in
this section. '

3.2 The region Ra > Ra®

Here, we shall describe the flow that occurs using the same aspect ratio than
in the previous section but with a Rayleigh number of 7.5 x 10°. We present




the results obtained numerically with Prandtl number equal to 6. Numerical
calculations were also made with Pr = 200. As in the previous section, in this
range of Rayleigh numbers, the results were found to be qualitatively equal to
those of Pr=6.

The velocity pattern that dominates the flow is a large cell similar to that
described in the previous section, with velocities of the order of 195, but notably,
two small cells are formed near the bottom and top walls; this is shown in figure
5 a). The velocity field is approximately symmetric with respect to the combined
reflection with respect to the line z* = 0.5 and reflection with respect to the
vertical line. In the present case also, the orientation of the cell is not defined
by the boundary conditions and we must start the description of the flow by
defining orthogonal planes that present sharp dynamic differences. Planes AA’
and BB’ are defined in figures 6, where the isolines for the vertical component
of the velocity are displayed as functions of r* and 6* for z* = 0.25,0.5,0.75.
The velocity field for the plane AA’ is displayed in figure 5 a). The structure
of the flow at the BB’ vertical plane is a four cell system as shown in figure 5
b). The presence of the twa small, symmetric célls is the hallmark of the flow
in AA’ plane in this region of Rayleigh numbers. For the particular case solved,
Ra = 7.5x10%, the cells extend approximately 1/4 of the diameter in the r* and
z* directions. Although for the present case, these vortices are a minor feature
of the flow, these structures are important in the range Ra > 10°® where the flow
becomes more vigorous and even unsteady and therefore it is of interest here to
describe the conditions when they first appear. More about this observation is
given in the Discussion section. The vertical velocity distribution is shown in
figures 6 a), b) and ¢) for three horizontal planes located at z* = 0.25,0.5 and
0.75. As can be observed, the distribution of the isolines presented in figures 6
a) and 6 c) is practically equal, but rotated 7= around the vertical axis. In the
lower plane ( z* = 0.25), the descending velocity region is oval-shaped while the
ascending region is a concave, C-shaped region. In the upper plane, the shapes
of the ascending and descending flows are inverted.

The three-dimensional structure of the flow, can be reconstructed by noting
that, according to figures 6, the AA’ plane is a plane of symmetry. The vertical
velocity distribution for z* = 0.25 and 0.75 are asymmetric with respect to the
BB’ line, but those obtained with z* = 0.5 are symmetric with respect to the
AA’ and BB’ lines. The three dimensional flow in the region not close to the
top and bottom walls, can be conceived as being formed by two branches with a
cross section that changes as a function of the vertical coordinate. In one branch
the flow is mostly ascendent, while in the other, the flow is mostly descending.
The cross section of the right hand side branch evolves from an oval shape to
a concave shape. The left hand side branch presents a similar geometry but
upside down.

As stated before, the presence of the small vortices in the plane AA’ is the
defining feature of the flow in this range of Rayleigh numbers and it is of interest
to describe when and how they are formed, since they play an important role
at higher Rayleigh numbers. The vortical structure can be defined by a local
flow reversal in the region close to the corners (in the AA’ plane). The range of



Ra used guaranties that we detect the inception of the vortical structures.

Figures 7 a) and b) show the temperature field as obtained from the two
orientations described above. The thermal gradients are located mostly near
the top and bottom walls and in these regions the temperature distribution
displays an approximate symmetry with respect to the vertical axis.

4 Theoretical Analysis

The goal of the present section is to develop a theory to predict the appearance
of the small cells at the corners of the AA’ plane, and therefore, it is appropriate
to make a local model. For the analysis presented in this section, it is more con-
venient to use the following, slightly different definition of the Rayleigh number
than given above:

_ 9BVTR*
===
with VT = AT/R, all other variables are scaled as shown in equations (7). We
shall make alinear perturbation of the base flow defined by (an approximate)
form of the flow described in Section 3.1 and calculate its stability. The result
will be the determination of the smallest Rayleigh number at which the small
cells appear near the top and bottom of the container. For clarity, the descrip-
tion of the method will be made in two parts contained in subsections 4.1 and
4.2. In subsection 4.1, we develop the guiding ideas of the method by solving a
simpler (although unphysical) problem. First we do not take into account the
conservation of mass equation. This means that we do ignore the convective

terms in the momentum equation. Afterwards, in subsection 4.2 we solve the
full problem.

Ra Ra A3

4.1 Simplified model

In this subsection, we display the metodology of solution, using a simple model
that ignores mass conservation; this allows us to manipulate the equations in a
simpler way. In the following section we shall incorporate the mass conservation
condition and solve the physically meaning, full problem following the line of
reasoning presented in this subsection.

We will assume that the only velocity component of the flow is the vertical
component and no pressure gradient is present. It is also assumed that the
vertical component of velocity, u,, and temperature T are given by:

u = ug +ul, T"=T°+T'

where 12 and T° are the base flow and the corresponding perturbations u (r, 8, z)
and T'(r, 0, z) are small in the sense that their products can be neglected. We
note here that the previous assumptions are inconsistent with the mass con-
servation equation. As stated before, in the following subsection, we present a
model which is fully consistent with all conservation equations. The equations
for the perturbation variables become (dropping the primes):



0%u, 10u, 1 d%u, ,0%u A Aul »0u,
9% Tz Yz 9
a2 Tror T T4 aa “Pr\": T ©)
T 18T 10°T 8T :
et + AP tu, =0 10
a7 Tror TreeE Tt a2 T (10)
In writing these equations, it has been assumed that for the small region under
analysis, the base temperature field is a linear function of the vertical coordinate.
At this point, it is important to make the following observation. If we define

the new variables:
® = VRaT and 1= VRar

and substitute them in the previous equations, we get:

82u2+1%+_1_82u2+ A? 32u2+ A ( ou? oug TR > (11)
o2  nOn 1?00 \fRaq 022 VRaPr Y252
ge 102 1oe A 0E (12)
O  ndn 102082  /Rq 022 =

Notice that if the nonlinear terms in equation (11) are neglected, the equa-
tions for u, and ¢ have the same form. This indicates that, at least for small
departures from the base flow, it is reasonable to expect that u, ~ & + constant.
This is a version of the Reynolds analogy.

With the previous observation in mind and returning to the original vari-

ables, we assume that the vertical velocity perturbation u, and temperature T
have the form:

u, =T = R(r)Z(2)

we assume that the base flow, u?, can be expressed as: 43 = R°(r)Z°(z)

Substituting these expressions in equation (9), and dividing by u, , we get:

1 &R 1dR A2 d27 .dZ° R°Z°dZ
ﬁ(aﬂ+75>+Zdz+V ( &z a) (13)

We shall attempt to solve this equation by separation of variables. To this end
we rearrange it as follows:

Zd P\ @& T 7 4 ' \a? Trar

A% d?Z i(RodZ" R"Z"dZ)_ 1 (dZR 1dR
" R

) —VRa. (14)

and notice that the right hand side depends only on the coordinate r and that
all terms of the left hand side of the equation depend on z, except for R° which



is a function of r. In order to separate the variables, we take the average of R°
over 7, and define the variable:

R%(Ra) = / 1 R°(r,Ra)dr

where the dependence of R° on Ra has been emphasized. Assuming that R° can
be replaced by R° the left hand side of equation (14) is independent of r.

In terms of R° , equation (14) can be written as:

IR LR VRa-)R (15)

dz?2  APr dz

27 Rez°dzZ Ro dz°e  K?
Fls= 1
(APr dz A2) Z=0 (16)

-where k is the separation constant. Equation (15) is a Bessel equation whose
solution is:

R = JO(SQT‘)

where J, is the Bessel function of order zero and s, = Vv/Ra — k2 is the second
zero of J,. Note that due to the appropriate choice of the scaling parameter 3,
the form of the solution is such that presents the required properties at the two
boundaries, namely:

OR

— =0at =0 and R=0 at r=1
or

From this, we can write:
Ra® = [s + k]’ (17)

In order to find the solution to equation (16) we define the variable:

1 Re
-2t | ge
2 Pr/ dz)

Writing equation (16) in terms of H, we get:

H(z) = Z exp(—

d*H

hadial H=

1)

where: ) ,
b2(Z°)° ~ bdzZ° k

fe) =~ 4 T 2.dz + A?

and .

Ro

b= APr



Invoking the Rayleigh-Ritz variational principle (see for instance Jeading
(1975)):

2 Zk (12 2
B _ LI+ feh)dz (18)
A2 [2* ¢%dz
where zj, is the dimension of the small vortex, and ¢ is a trial function. Since
Z° = sin(mm,z), and m, = 1 for the basic flow found in the determination of
the first critical Rayleigh number (Catton(1985), Chandrasekar (1981)); then it
is natural to take: ¢ = sin(wmz) as the trial function. Here, m is a constant
that defines the size of the small vortex and is as yet to be determined. In order
to calculate the integrals in equation (18) we consider the relation z; = 1/m.
Integration of equation (18) yields:

k2
= 2 (a1 — azb)
where: )
wm
o = (o
0 = m3 sin (w/m)
2T T am2 1

In order to fix the value of m, we interpret the set of equations (15) and (16)
as an eigenvalue problem and require that m must be such that it minimizes
k and due to equation (17) also should minimize Rag). A simple calculation
indicates that m = 3.825 + 0.091y — 3.33 x 10732 with v = 1/2A, satisfies this
condition.

Substituting equation (18) in equation (17), we get:

o(Rra \ 17
Ral? = [s% + 242 (al - az&/ﬁiﬁﬁ>] (19)

This expression allows us to calculate the critical Rayleigh number provided
we express R° in terms of the Rayleigh number. This is done by making the
following considerations: Since the lateral walls of the cylinder are considered to
be thermally insulated, it is expected that the thermal (and dynamic) boundary
layers that form near the vertical walls are of constant width. A one dimensional,
local analysis of the boundary layer flow near the wall (see the Appendix for
details), results in the following expression:

Mo

R\O =wRa = —AR(Z
140.0184

(20)

with 3¢, = 1/24. Numerical calculations give R° = Ra/26 for the particular case
solved in section 3.2. This indicates that although simple, this model captures
the correct dependence of R° on the Rayleigh number.

10



Identifying Ra with the second critical Rayleigh number in equation (20)
and substituting in equation (19); the following expression for the second crit-
ical Rayleigh number as a function of the aspect ratio and Prandtl number is
obtained:

Ra? =

8Prvy3

2,2
asw

4Pry’ + az (a1 + 47v%s3) w — 2V2 Pr73/2\/2 Pry3 + asw (a; + 4v2s3)

(21)

The following simpler approximate expression can be obtained by noting
that ay is small

2
(s3+ )
14 Z(sgzt)agw

Ral? =

or:

(22)

4.2 Full model

We shall now assunie that the base flow is defined by:
u® = (uf,0,u2)

and that
uf = ul(r, 2).
The mass balance equation in cylindrical coordinates and under the present
assumptions is:
10 (ru® Ou?
- (rur) + A ul — 0’
r Or 0z

o_ A [T[ Ouy
ur——?/o <taz>dt

which shows that the radial component of the base flow is a function of (r, z)
and is of the same order of magnitude as Gug/0z. The velocity and temperature
fields u* and T™* are assumed to have the form

therefore:

g T
ul=ul+u, ui=ui+u, T =T°+T

substituting in the conservation equations and dropping the primes, the mo-
mentum and energy equations are:

11



O%u, 10u, 1 0%, A28 U,

1 oul 8uz Dauz
a2 trar e A o2 TRAT =g (A“ZW”“ ur )
3
BT 10T 18T 0T
= 24
o2 tror T A aa =0 )

As before, it has been assumed that for the small region under analysis, the
base temperature field is a linear function of the vertical coordinate.

As can be easily observed, the Reynolds analogy also holds in this case and
therefore here we take

u, =T = R(r)Z (%)

Expressing the base flow as u2 = R°(r)Z°(z) and substituting in equation (23),
we get:

1 /d®R 1dR A2 27
E(Eﬁ rdr) Z a2 tVRa=

. (2} 0 (2} (] T
i(RodZ  Rozedz _AdzedR (/ R"r*dr*)).
o

Pr dz Z dz r dz dr

We shall rearrange the previous equation as:

Z d*  Pr dz Z dz
1 (R (1 Adz° ([T dR
—— { = -+ — Ror*dr* | | — | — vVRa (25
R(dr2+(r+r dz (/o r T))dr) a (25)
In order to make further progress we must incorporate plausible expressions for

R° and Z°. First, we recall that our analysis concerns only a small zone close
to the wall and therefore

A2 L7 A(RodZ" R"Z"dZ):

Z° =sin(rz) ~ nz

with this assumption, we note that the right hand side of eq.(25) depends only
on coordinate r and that all terms of the left hand side of the equation depend
on z, except for R° which is a function of r. In order to separate the variables,
we take the average of R° over r, and define the variable:

1
R°(Ra) = / R°(r,Ra)dr
[
Substituting the two previous expressions, equation(25) can be separated to

yield:
2
dR+(1 AT”R) +(VRa-#*) R =0

dr? r

12



expressing this equation in terms of the variable

£ = —%Aw}?’ﬁ

we get P
R(§) dR(§)
¢ 222 +(1—§)T—GR(§) =0
where
e VRa K
- ArR°  AnR°

This equation is a partlcular case of the confluent hypergeometric equation
whose solution is:

R=C) 1Fi(a,1,6) + C; Ula, 1,€) (26)

where | F} is the confluent hypergeometric function and U is the second so-
lution to the confluent hypergeometric equation. (See for instance Abramowitz
and Stegun (1964)).

If we take in account expressions for a, b and &, the eq.(26) solution will
transformed in:

. [T 2
R.= CuFl ,R//g - k 1 — Aﬂ'ROT
AnR°  AnRo’
2
rou| YR K _ ——A7rR°
ArRe  AnR°’

The U expression is:
U(a é): w 1F1 (a,b,é) _ (l—b)lFl (1+a—b,2_b,€):|

’ sin (wb) |T'(1 +a—b)T (b) I'(a)T(2-b)

then we shall assume that Cy = 0.

Also, it should be remarked that ; F; displays a similar behavior than Bessel
function J,. Consequently,

\/'Ra k2
AnRe A7rR°

Recalling that the velocity should vanish at the wall, r = 1, a relation
between Ra, A and k can be determined from the expression:

R~ Fi( 1—AR°)

£/ 2
1F1( ,R//g - kA,l ——A Ro) = 0 (27)
AmR°  AwR°

and it should be tllgsecond zero as well as for the case J,. At this point, it is
required to define R° as a function of w and Ra; we choose the same function
as in the simplified model eg. equation (20)

13



A solution to equation (27) can be found numerically and cast in the form:
Ra = (sv" + 2¢y"k")?

Ra is the Rayleigh number defined with the height of the cylinder L.

The symbol v = 1/24,and s, t, q, n,w and g are constants whose values
are determined numerically. The details of the program used can be found in
Krukovsky (1995 and 1996).

The numerical solution yields: s =
w = 0.988 and g = 2.03.

Introducing the formula for k as a function of A, a1, a2 and b ( the expression
after equation (18)) and using the approximate values w = 1.0 and ¢ = 2.0. A
cuadratic equation for Ray is obtained whose solution is:

52.3,t = 2.19, ¢ = 1.368, n = 0.051,

Ra; = (2 Pr?2 4827 4 Pr gsy3 " "waz + 2Pr ¢*yPwaia, (28)

q%ﬂa%

-2Pr 3/27?/2_2"\/Pr ¥+ gsyttrwas + 2 ¢2y*hwajas )

An estimate for m is required. Using a similar method that we use in the
subsection 4.1 yields:

m = 4.5125 — 0.05 + 0.0375+?

Using this expression the following numerical values for the second critical
Rayleigh number are found:

R/L Rag)eq.(%) Rag)eq.(m)
0.5 58 460 55 149
0.25 237 252 356 000
0.167 739 019 1 428 000
0.125 | 1974 890 4 100 000
0.1 4 586 030 9 700 000

In order to asses the validity of this simplified theory, we compare the results
from both models, the simplified and full versions, with available numerical
calculations. Specific values of Ral? as given in (22) are shown in figure 8
as functions of the aspect ratio. Starting the comparison of results with the
simplified model for aspect ratios 0.1, 0.125 and 0.25 the agreement between
theory and experiment is within a factor of approximately 1.5, while for aspect
ratios of approximately 0.167, the difference is a factor of five. The comparison
with the numerical results is made by calculating velocity fields for aspect ratios
0.125, 0.167 and 0.25 using Rayleigh numbers that are somewhat above and
below the value predicted by the theory. The Rayleigh numbers for which the
numerical calculations are performed are shown in the (A, Ra) map with down
triangles. The results of the full model (Section 4.2) are displayed in the same
figure. It can be observed that the critical Rayleigh numbers obtained with

the model that takes into account mass conservation agrees well with numerical
calculations.

14



5 Discussion and Conclusions

The convective patterns of laminar natural convective flow and temperature
fields in a cylindrical cavity of aspect ratio 0.25 have been described for Ra =
5.0 x 10% and Ra = 7.5 x 10°. In the two cases, the major feature of the flow is a
non-axisymmetric convective cell, but, for the case with higher Rayleigh number,
there are also two smaller cells in the regions where the vertical flows meet the
horizontal walls and turn. The numerical analysis presented in the previous
paragraphs for Pr = 6, was also made using Pr = 200. It was found that the
qualitative properties of the flows obtained are the same as those described
above. This opens up the possibility of using Silicon Oil as working fluid in an
experimental facility with characteristic distance of the order of few centimeters.

An analytical theory based on a local analysis was developed to predict
the generation of the secondary structures. This local theory gives a reasonable
prediction of the critical Rayleigh number at which the secondary cells appear as
a function of the aspect ratio. Comparing the theory with numerical calculations
gives good agreement, indicating that the important physical processes of the
flow are captured by the model.

6 Appendix

Consider a natural convective flow close to a thermally insulated, vertical wall
and define local axial (z) and normal (y) coordinates and the vertical velocity
u,. Assuming that a pseudotime ¢ can be identified with the axial coordinate z
through the relation ¢t = z/u,, and using the following nondimensional variables:

oy _tv v—qu
TRz TTRY YT 4

£

The equation that governs this flow is:

O Ra %
R et i 2
=3 +4<952 (29)

where v is the vertical velocity. The boundary conditions are:
v =0 at the center of the cylinder, { = —1

v=0 at thewall,{ =1

The solution to equation (29) is:

=By S (2 )]

5 (=1 (5 + )
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We should now evaluate the pseudotime t = z/u, in z = L/2, which in

nondimensional units is 7 = Pr /2Av, and average the previous expression over
the transversal coordinate to obtain:

. _Ra ]2 i 2 Pr /o
“—E{a‘Z—(%Mf‘*xp ('%(5””))}

n=0
Taking only the first term of the series, we finally get:

Ra/24

o ——T
1+0.0184

It is interesting to note that the average solution to equation (29) without

the first term on the right hand side is:

U~ Ra/24

which is also a good approximation compared with the mumerical value of Ra/26
obtained from a numerical calculation of a particular case.

7
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8 TFigure legends
Figure 1. Schematic of the cilindrical cavity indicating the coordinate system.

Figure 2. Velocity field as a function of position in the plane AA’ as defined
in figure 2. Ra = 5.0 x 10, Pr =6, A=0.25.

Figure 3. Isolines of the vertical velocity component at horizontal planes lo-
cated at: a) z* = 0.5. b) z* = 1.0¢) 2* = 1.5. Ra = 5.0 x 104, Pr =6,
A = 0.25.

Figure 4. Temperature field in: a) plane AA’ as defined in figure 2. b) plane
BB’ as defined in figure 2. Ra = 5.0 x 10, Pr =6, A=0.25.

Figure 5. Velocity field as a function of position in: a) plane AA’ as defined in
figure 5. b) BB’ as defined in figure 5. Ra = 7.5 x 10°, Pr =6, A = 0.25.

Figure 6. Isolines of the vertical velocity component at horizontal planes lo-
cated at: a) z* = 0.5. L) z* = 1.0. ¢) 2* = 1.5. Ra = 7.5 x 105, Pr =6,
A =0.25.

Figure 7. Temperature field in: a) plane AA’ as defined in figure 5. b) plane
BB’ as defined in figure 5. Ra = 7.5 x 10°, Pr =6, A=0.25.

Figure 8. Second critical Rayleigh number, Ra? as a function of A. Continuous
lines, Present models (Equations 22and 28) The down triangles correspond
to the velocity vector fields computed numerically.
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Campos de velocidad

Se presenta la metodologia empleada para obtener los campos de veloci-
dad de las diferentes estructuras observadas en los experimentos explorato-
rios. La rotacién del sistema es uno de los factores que dificulta el empleo
de varias de las técnicas para medir la velocidad en un flujo (Anemometria
Léaser, Velocimetria por imigenes de particulas entre otras). Siendo nece-
sario realizar diferentes procesos como la digitalizacién y la exportacién de
imagenes y distintos programas de analisis.

Digitalizacién Uno de los puntos importantes para proceder con el andli-
sis de las imagenes de video es que si el flujo bajo investigacion es lento
<1073ms™!, es posible examinar sus imigenes temporalmente para lo cual se
recomienda convertir las imdgenes analdgicas del video a digitales [94]. Todos
los experimentos se filmaron con una cdmara SONY Handycam TRA403 que
se ubicé perpendicular al plano de luz procedente del laser (ver figura 4.5).
Simultdneamente se grabé el experimento en una cinta de video de 8 milimet-
ros y se observaba el patron de flujo convectivo en un monitor de televisién.
Posteriormente, se analizé detalladamente la videofilmacién identificandose
las estructuras del patréon de flujo asi como los intervalos de tiempo en que
ocurrian. Los segmentos de video seleccionados se digitalizaron para obtener
las imagenes de las estructuras del flujo y posteriormente analizarlas con el
programa del equipo de PIV (velocimetria por imigenes de particulas). Una
de las ventajas del equipo de video estdndar es la grabacion de secuencias de
imagenes que se realiza a 30 Hz el cual es el formato requerido por NTSC,
(National Television Standar Commitee). El término de video es comiinmente
empleado para imagenes de uso exclusivo en televisién y tipicamente se rela-
ciona con la transmision analdgica de imédgenes cuya informacion se codifica
con el tiempo, linea a linea. El CCD de una cdmara es un sensor electrénico
que puede convertir la luz (fotones) en carga eléctrica (electrones). Este dis-
positivo estd integrado por pixeles que pueden tener un arreglo en un arreglo
lineal o rectangular. El pixel es el elemento fotosensible mds pequeno.
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Las imagenes analdgicas captadas por la cdmara SONY tienen una dis-
tribucién de 640 pixeles de ancho y 480 pixeles de altura. Es conveniente
mencionar que la resolucién de la imagen no sélo depende de la cantidad de
pixeles del CCD de la cimara, sino también de la distancia entre los cen-
tros denominada pixel pitch, asi como del factor de apertura. Este dltimo
se define como la relacién del drea épticamente sensible y el 4rea total del
pixel [94]. Estas caracteristicas del CCD fueron omitidas en el manual por
el fabricante de la cimara SONY Handycam. Por otra parte, debido a la
geometria del recipiente y a la lente de la cimara, las imagenes tuvieron una
distorcién optica. Esta se determiné al introducir en el interior del recipiente
una malla rectangular de 17.5 mm de ancho y 30 mm de altura conforma-
da por 4reas de 25 mm?. La malla se ubicé en el plano longitudinal medio
donde el haz de luz procedente del laser ilumina el flujo. La mayor distor-
sién se encuentra cercana a las paredes del cilindro. El campo visual efectivo
captado por la cdmara de ese plano es 82 %. En una computadora del lab-
oratorio de transferencia de energia y masa del CIE se encuentra instalada
una tarjeta AVID que permite digitalizar video o imagenes, asi como editar
videos con sonido y efectos especiales. Para identificar los intervalos de in-
terés de la filmacién, se hizo un analisis detallado con el programa TARGA
2000. Al omitir el color, la imagen de la videofilmacion se presenta en tonos
de gris; el tiempo entre los cuadros del video es de 1/30 s. A partir de una
fuente de video y audio es factible convertir a un formato digital, lo cual
se logr6 con el programa MCXpress. Las variables importantes en este pro-
ceso son las caracteristicas de la imagen y el tiempo de digitalizacién. Las
caracteristicas de la imagen comprenden video, audio y color. El tamafio de
las imdgenes depende de opciones seleccionadas. Es posible elegir sin color
y sonido quedando tinicamente el video en tonos de gris con una resolucién
de 8 y 24 bits. Es conveniente mencionar que una imagen en tonos de gris
con una resolucién de 8 bits tiene un tamafio de 301 kB. Por otra parte, si
la imagen tiene una resolucién de 24 bits y ademds es a color su tamaifio se
incrementa a 500 kB aproximadamente. El tiempo de digitalizacion se refiere
al intervalo de tiempo de una seccién del video de interés. El fragmento de
video o subclip que corresponde a la seccién de video a digitalizar puede
tener una duracién que va desde milésimas de segundo a minutos. Una de las
opciones del subclip es la creacién de la serie de imdgenes con formato bmp
(bitmap pixel) que lo integran. Estas imdgenes se almacenan en un archivo
o se exportan via red interna para almacenarse en otra computadora.

Procesos en el analisis de imagenes

La velocimetria por imagenes de particulas fundamenta su andlisis en
el movimiento de las particulas trazadoras en el fluido sembradas prévia-
mente. La velocidad se evalia considerando la distancia recorrida por las
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particulas trazadoras en un intervalo de tiempo. Las particulas tienen como
caracteristica principal una flotabilidad neutra ademdas de dimensiones_del
orden de micras y un tamaifio uniforme, lo cual les permite seguir fielmente
el movimiento del fluido. El area de andlisis se subdivide en otras de dimen-
siones mds pequeiias, analizdndose el movimiento de las particulas en cada
subdrea. El software utilizado es el Flow Manager V3.4.de DANTEC y lle-
va a cabo una serie de procesos para obtener los campos de velocidad. En
este caso particular, las imdgenes almacenadas en un archivo se importan al
proyecto para analizarlas directamente con el software.

Base de datos y folder del proyecto Inicialmente se crea un proyecto
al cual se le asigna un nombre distintivo para el usuario. Luego se crea una
base de datos de donde se desprenden los niveles que constituyen la estruc-
tura del analisis. La rama principal del primer nivel recibe el nombre del
folder del proyecto y sirve para almacenar considerables cantidades de datos.
Posteriormente se crean otras ramas cada una de las cuales contendrd un
proceso de analisis y toma de iméagenes {éste tltimo proceso no se realiza en
la presente investigacién). Después de crear la base de datos y el folder del
proyecto, se selecciona el tipo de camara a emplear y el ldser a utilizar en
este técnica, en la librerfa de los dispositivos propuestos por el software. En
este caso, las especificaciones de la cdmara elegida corresponden a la camara
de video 640x480 pixeles y el laser seleccionado tiene una longitud de onda
de 532 nm.

Control de adquisicién La adquisicién de datos puede realizarse au-
tomdticamente determinando inicialmente los parametros que se buscan que
se realicen concecutivamente. Los puntos importantes en el control de adquisi-
cién son exposicién, paquetes (burst) y salida analégica. Con respecto al as-
pecto de exposicién corresponde a la operacién de sincronia entre laser y
cadmara. Hay tres pardmetros importantes que se deben definir: el tiempo en-
tre pulsos que es el intervalo de tiempo entre dos pulsos de luz laser, en los que
la cdmara fotogrifica debidamente acoplada toma el par de fotos simultdnea-
mente en cada pulsacién. Ademds, la cantidad de pulsos que emite el ldser;
en caso de dos pulsos la cdmara captara dos imagenes concecutivamente. Por
ultimo, el tiempo de duracién de cada pulso, el cual es un pardmetro fijo
del programa y corresponde a 0.01 us. En este caso, cada imagen tiene una
duracién de 1/30 s, por lo que el tiempo entre pulsos corresponde a 33333
us. El liser es continuo no opera por pulsos como sucede en el equipo de
PIV, por lo que se considerd que sélo existen dos pulsos entre imagenes. Los
otros aspectos referentes a paquete (burst) y sefal analégica no se tuvieron
en cuenta.

Campo de la imagen La relacién entre las coordenadas reales definidas
por el usuario y las coordenadas locales de la cimara definen el factor de es-
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cala. Para fijar este factor se determina una distancia en milimetros entre dos
puntos en una de las imdgenes. Esta distancia se le suministra al programa el
cual, en forma automatica, calcula el factor de escala. En este caso se fij6 una
dimensién horizontal de 20 mm la cual corresponde al didmetro exterior del
recipiente; observando detenidamente la imagen se tenia una inclinacién de
-1°. A la imagen que se va a analizar se les asigna el término de mapa de
imagen.

Maiscara La imagen tiene zonas que no son de interés o que pueden
inducir algin error en la obtencién del campo de velocidad. Para eliminarlas
se procede a generar una mascara. En las zonas enmascaradas el programa
asigna una velocidad cero, quedando visible iinicamente las zonas donde exis-
te flujo. Esta mascara se utiliza en todas las imagenes del proyecto. Con la
primera imagen se procede a generar la mascara, la cual se aplica a todas las
imdgenes que se desean analizar.

Correlacion Posteriormente se da inicio al cdlculo de los campos vec-

toriales bidimensionales de velocidad. Las técnicas empleadas por el progra-
ma para el andlisis de iméagenes son:la correlacién cruzada, la correlacion
adaptiva, y la autocorrelacién. Se seleccioné la correlacién cruzada,siendo
sus fundamentos ampliamente discutidos en [95] y [94]. Este tipo de cor-
relacién se realiza entre dos imégenes. Se recomienda luego de efectuar la
correlacién cruzada, la verificacién de que el méximo desplazamiento del
grupo de particulas dentro del area de interrogacion no sea mayor del 25 %
de tamano de dichas areas. Para correlacionar se divide el drea de anili-
sis en subareas de interrogacién de tamafio (mxn) pixeles; 16x16, 32x32,
64x64, 128x128 y 256x256. El procedimiento de esta rutina de correlacion
se aplicé en las etapas sin y con rotacién de los ensayos realizados. En algunos
de estos experimentos el recipiente cilindrico tenia termopares internos y la
zona del capilar obstruia el andlisis de esa regién. Por lo que en varios de
los proyectos de andlisis de las imdgenes de estas etapas experimentales se
probé dividir en subdreas de 32x32 pixeles, 32x16 pixeles y 16x16 pixeles.
Las pruebas con subdreas de 64x64 pixeles y 128x128 pixeles proporciona-
ban un campo de vectores de velocidad muy burdo.
Seleccién de mapas de imégenes.- Antes de iniciar la rutina de correlacién
cruzada se procede a seleccionar los mapas de imagenes. Ademas de esta
seleccion propia del programa se realizaron diferentes pruebas cambiando el
intervalo de tiempo entre los dos mapas de imdgenes, dependiendo de la etapa
del experimento. Las pruebas realizadas consistieron en:

= El programa elige automdticamente dos mapas de imagenes que fueron
captadas consecutivamente por la cdmara. Se selecciona la imagen 1
y la imagen 2 y las correlaciona, las imagenes 3 y 4, las imigenes 5
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y 6 y asi sucesivamente. El intervalo de tiempo correspondiente entre
imagenes es At=0.033 s.

= Se correlaciona la imagen 1 con la imagen 10, la imagen 2 con imagen
11, teniendo un intervalo de tiempo de At=0.33 s.

» Se correlaciona la imagen 1 con imagen 30, la imagen 2 con la imagen
31 y la imagen 3 con la imagen 32, teniendo un intervalo de tiempo
At=1 s entre ellas.

= Con un intervalo de tiempo mayor At=1.65 s, correlacionando cada
50 im&genes, esto es imagen 1 con la imagen 50, la imagen 51 con la
imagen 100, etc.

En estas tltimas tres pruebas, la seleccién de mapas de imagenes se realiza
manualmente. Posteriormente se procede a validar el campo de vectores re-
sultantes denominado campo de vectores crudos de velocidad.

Resolucion espacial.- El area de andlisis se dividié en las subdreas de
16x16 pixeles y también en 32x16 pixeles. Para aumentar la resolucién es-
pacial, el programa tiene la opcién de traslapar las subareas en un 25 %, 50 %
y 75 %. En el presente caso el traslape fue del 50 %. Al concluir la correlacién
cruzada al campo de velocidad resultante se le conoce como campo de vec-
‘tores crudos de velocidad.

Validaciéon por Picos Pars detectar los vectores que erroneamente
fueron calculados se realiza el proceso de validacién de los desplazamien-
tos mds probables o validacién por picos. En esta rutina se rechazan o se
hacen vilidos los vectores obtenidos. El procesador localiza en el plano de
correlacion el pico més alto que se considera como el desplazamiento mas
probable y el que le sigue en altura (segundo mds probable). El cociente de
ambos debe ser mayor o igual a 1.2. Cuando no se cumple esta condicién, el
vector es rechazado.

Validacién por promedios movidos Esta rutina valida o rechaza vec-
tores basidndose en una comparacion entre vectores vecinos. Los vectores
rechazados pueden ser sustituidos por otros, estimados de valores que rodeen
a tales vectores rechazados. El método consiste en calcular el promedio de la
magnitud de los vectores en una vecindad rectangular del vector que se va a
validar y compararlo con el vector seleccionado. Se fija una constante k que
se determina al multiplicar el factor de aceptacion a por la méxima diferencia
entre cada vector del area de la vecindad y el vector promedio. La magnitud
del factor de aceptacién recomendada por el fabricante del equipo de PIV es
un valor entre 0.1 y 0.01. Si el factor de aceptacion es igual a 1 se validan
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todos los vectores y si es igual a 0 todos los vectores se rechazan. Los aspec-
tos que se pueden seleccionar en esta rutina son el tamano de la vecindad, el
factor de aceptacion y las iteraciones en este proceso. Las opciones para el
tipo de resultados son sustituir los vectores invalidados, no sustituir los vec-
tores con las invalidaciones prévias y validar en la frontera. Para este caso,
el campo de velocidad de vectores crudos obtenido en la etapa de conveccién
natural sin rotacién para 1799 imagenes separadas en tres subproyectos de
600 imagenes cada uno. Se dividi6 el area de andlisis en subdreas de 32x32
pixeles el campo de velocidad esta conformado por 39x29 vectores, se rec-
hazaron 32 vectores [96] y se sustituyeron 105 vectores. Para el anlisis de
las imagenes de la etapa con rotacién analizaron 450 s de esta seccién del
experimento, se correlacionaron dos imdgenes cada segundo para identificar
el patrén de flujo en esta etapa.

Filtrado En esta rutina se sustituye cada uno de los vectores por un
promedio uniformente pesado de los vectores con sus vecinos en un 4rea de
tamano especifico mxn. El tamafio de la vecindad en esta rutina es 3x3
pixeles.

Estadistica La estadistica de los campos de velocidad filtrados permite
obtener los vectores de velocidad promedio, la media en cada uno de las
componentes u y v, la desviacion estandar de la media y el coeficiente de
correlacion para cada una de las posiciones de los vectores en el campo. En-
tre las opciones que tiene ésta rutina se pueden incluir: a) todos los vectores,
b)todos los vectores validados y c)todos los vectores validados (ningin vec-
tor sustituido). El programa Flow Manager genera numéricamente la matriz
del campo de velocidad y la imagen del campo de velocidad correspondiente
para cada una de las rutinas de correlacién, validacién por picos y promedios
movidos, filtrado y estadistica. En caso necesario estas matrices numéricas
se pueden exportar para su analisis en otros programas.

Reconstruccion Con el programa MatLab se grafica la matriz numérica
correspondiente al campo de velocidad de interés obtenido con el software
Flow Manager. Se utiliza la funcién quiver teniendo como datos las compo-
nentes de velocidad u y v obteniéndose un campo de velocidad bidimensional
de mayor calidad.

Comentarios sobre la escala de velocidad Préviamente se efectuaron
mediciones de la velocidad del flujo convectivo en el interior del recipiente
cilindrico fijo con las coordenadas del laboratorio. Se utilizé la técnica de
Anemometria ldser y ademads se filmaron varios experimentos. El fluido de
trabajo fue agua. Estas mediciones de velocidad tenian como propésito de-
terminar la componente vertical en algunos puntos de interés a la mitad de la
altura del cilindro. El sistema utilizado consisti6 de un ldser Spectra Physics
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de 1.5 W con una longitud de onda 514 nm, una caja de transmisién 60x41,
un par de manipuladores y una, fibra éptica de 5 m de longitud de Dantec que
conduce los haces de luz a una probeta 2D de 60x55 con una separacién en-
tre haces de 38 mm. Los experimentos se filmaron con una camara de video,
posteriomente se digitalizaron las imdgenes para conocer el patrén de flujo.
El sistema empleado para la visualizacion fue un lidser de 50mW con una lon-
gitud de onda de 532 nm, dos prismas cilindricos y una cdmara de video [90],
[97] y (98]. El rango de nimeros de Rayleigh estudiado fue 10° < Ra <10S.
La magnitud maxima de la componente vertical de velocidad en el cilindro es
del orden de 10~*ms™!. Otra manera de determinar la escala de velocidad del
flujo convectivo es marcando manualmente los centroides de las particulas del
fluido en las imégenes del video ya digilizadas e impresas. Se determina su
trayectoria en un intervalo de tiempo conocido. Con estos dos procedimien-
tos se tiene una mayor confiabilidad en la escala de los campos de velocidad
proporcionados por el programa Flow Manager.
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