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Resumen

Los autématas celulares (ACs) son mapeos de un espacio discreto en si
mismo que han sido nsados ampliamente como modelos de sistemas fisicos,
biolégicos y quimicos. Esto es debido ala sencillez en la definicién del modelo
complementada por la complejidad de su evolucién. Por ello, el interés en
los ACs tiene dos vertientes importantes, por un lado tratar de entender 6
al menos clasificar su complejidad, y por el otro usarlos como modelos. En
esta tesis discutimos ambas vertientes. Respecto a la primera presentamos
los resultados de los trabajos:

o F. Bagnoli, R. Rechtman, S. Ruffo, Some Facts of Life, Physica A 171
(1991) 249,

o F.Bagnoli, R. Rechtman, S. Ruffo, General Algorithm for Totalistic Cellu-
lar Automata, Journal of Computational Physics, 101 (1992) 176-184.

o F. Bagnoli, R. Rechtman, S. Ruffo, Damage Spreading and Lyapunov
Exponents in Cellular Automata, Physics Letters A 172 (1992) 34-38.

El Juego de la Vida es un AC bidimensional totalistico que ha gozado de
gran popularidad y que muestra un comportamiento complejo. En el primer
trabajo discutimos sus propiedades asint6ticas y presentamos una teoria sen
cilla que trata de explicar dichas propiedades. Los resultados que presenta-
mos requirieron por una parte de simulaciones en computadoras dedicadas
y por otra de un algoritmo ripido para computadoras de uso general. En el
segundo trabajo describimos el algoritmo desarrollado. En el tercer trabajo ‘

presentamos una manera de extender el concepto de expom.ntes d(, Lyapuuov B

de sistemas dludmlco contmuos a ACs y mostramos Jque los: A u 'ldlmenv LT

_bxdlmenswnal y snmula.mos su dxfusmn en modelos de medxos poroso
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Capl’tulo 1

Complejldad y Automatas
Celulares

1.1 Introduccion

Los autématas celulares (AC) son mapeos de un espa.cxo discreto en si mismo
que se pueden definir de manera sencilla usando una regla local y que a ve-
ces muestran un comportamiento en ‘el espacio y en el tiempo sumamente
complejo.[1, 2, 3] El atractivo de los ACs radica por una parte, en tratar de
entender, 6 por lo menos tratar de claslfca.r, su complejidad. y por otra,
en usarlos como modelos, simples” de . sm.cmas comp]eJos coniy pueden ser
fluidos,[4, 5, 6, 7; 8]. fenémenos . de i
. de Potts,[10, 11, 12, 74]-agregacid:
redes,[15, 16, 17, 18,.19]; terremn:
macién de galaxias.[23] .00

¢ interacciona con sus cuatro,vecm
requisitos anteriores.[25) . - ...
: En 1970 Iohn Conway [26] propuso

von Neumann, pero es mas sencillo.-

Gracxaé a. Ma.rtm Gardner ’[27] . suk “
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columna en Scientific American este juego alcanzé gran popularidad.[28, 29]
Wolfram en 1983 atrajo el interés de una parte de la comunidad cientifica con
la publicacién de un articulo con el sugestivo titulo de “Mecanica Estadistica
de Autématas Celulares” [30] al grado tal que un afio mas tarde el interés
de la comunidad habia crecido enormemente y se presentaban las primeras
aplicaciones.[1] La cantidad de temas y aplicaciones de ACs hacen dificil
continuar con un esbozo histérico a partir de 1984.

Por otra parte, en 1973 Hardy, Pomeau y de Pazzis presentaron un mo-
delo, conocido como HPP, de un gas en dos dimensiones usando un AC.[4] E)
modelo tiene fuertes limitaciones y no fue hasta 1986 con la presentacién del
modelo FHP que se extendié el uso de ACs en hidrodindmica.[5, 8] El atrac-
tivo de estos modelos, es que pretenden ser modelos minimos en el mismo
sentido que el modelo de Ising es el modelo minimo del ferromagnetismo.

En este trabajo presentamos dos trabajos que tienen que ver con el
andlisis de la complejidad de los ACs y uno que utiliza un AC para modelar
un fluido bidimensional en un modelo de medio poroso como describimos
brevemente en la la seccién 1.2.[31, 32, 33, 34] Presentamos también un al-
goritmo rdpido para autdmatas totalisticos que fue usado en varios de los
experimentos computacionales que reportamos.[35]

1.2 Plan de la tesis

En la seccién que sigue definimos los ACs.[36] Como mencionamos al-prin-
clpxo, ‘es interesante estudiar por una parte, la complejidad de los ACs y por
otra, ‘usarlos como modelos de sistemas complejos. Como ejemplo del primer .
‘aspecto, discutimos en ‘esta. tesis la estadistica de la evolucién. temporal del
]uego dela Vida en la seccién 1.4 que es un resumen del trabajo reproducido
“en’el"apéndice B. [31] El'estudio de los ACs: descansa en experimentos com-
putac1ona]e< por lo’c quc es necesano emplear Lccmcaq y algontmoq rapldos

Una motivacién constante en la. literatura acerca de ACs es la busqueda

“de una clasificacién de los mismos con el objetivo de tratar de entender el
origen de la complejidad en distintos sistemas.[37, 38, 39, 40, 41] La clasifi-
cacién de Wolfram en cuatro clases basada en una analogia con el compor-
“tamiento de ‘sistemas dindmicos es la mas usada y criticada (ver secc.1.3).
“Dada la importancia de los exponentes de Lyapunov en el estudio de siste-
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mas dindmicos continuos,[42, 43] intentamos extender dicho concepto a los
ACs. | Esto lo logramos utilizando la derivada booleana [44, 45] y una ex-
tension del concepto de crecimiento del dafio. En la seccién 1.5 presentamos
una manera de definir exponentes de Lyapunov para ACs y en el apéndice C
aparece un trabajo con los primeros resultados para ACs elementales. En los
experimentos computacionales que reportamos, asi como los de la seccién 1.3
usamos la técnica de multibit pero ¢l algoritmo empleado para codificar la
regla fue la expansién de la misma en la formula de Maclaurin.{45)

Por otra parte, presentamos algunos resultados acerca de un AC usado

la simulacién de fendémenos hidrodindmicos en dos dimensiones cono-
cido como el modelo de nueve velocidades. Los modelos de hidrodinimica
usando ACs conocidos como “gases en redes usando autématas celulares”
han sido estudiados ampliamente.[8, 46, 47] En estos modelos el comporta-
miento hidrodindmico es el resultado de las colisiones de un gran niumero de
“particulas” que se mueven de manera sencilla.{6}

En el modelo de nueve velocidades en cada sitio de una red cuadrada
puede haber no mis de nueve particulas, una en reposo, cuatro movi¢ndose
en la direccién de los ejes coordenados hacia los primeros vecinos mds cer-
canos y cuatro mas en la direccion de los segundos vecinos mas cercanos.
Este es el modelo mds sencillo en el cual la conservacion de la energia en las
colisiones es independiente de la conservacién de la masa. Los modelos de
ACs para hidrodinamica satisfacen una estadistica de Fermi-Dirac y en el
modelo de nueve velocidades el espectro de energia estd acotado por abajo y
por arriba por lo que el comportamiento termodinimico no es normal en el
sentido de que la entropia no es una funcion no decreciente de la energia. En
la seccién 1.6 presentamos el modelo mencionado y discutimos brevemente
su termodinamica.

En la seccién 1.7 y el apéndice D estudiamos la auto difusién del modelo -
de nueve velocidades en modelos de medios porosos. Los gases en redes
usando ACs son una hierramienta. Gtil para estudiar flujos en medios porosos:
pues es faéil implementar las condiciones a la frontera. Dn la. ultlmd seccion .
de este capitulo se incluyen algunas conclusiones. - Ve : i

El estudio de los ACs descansa fuertemente en' el uso" de computa.dorasn-
y alin cuando estos son en principio sencillos, es necesario-usar técnicas: de
programacién que hagan un uso eficiente de los recursos. Para poder obtener.:
los resultados que reportamos para el Juego de la Vida-fue necesario recurrir:
a computadoras dedicadas [48, 49} y también a las de uso general. Para éstas:
desarrollamos un algoritmo ripido basado en la técnica de multibit en la cual -
se usan todos los bits de una palabra y todos son igualmente significativos.
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En un AC-booleano el estado de cada sitio ocupa un bit. Como veremos en
la:seccién 1.3 un AC queda totalmente definido por una tabla de verdad que
es equivalente a una expresién légica. En la técnica de multibit se usa una
expresién légica pues las computadoras implementan las operaciones légicas
bit:a bit. Si queremos hacer un uso eficiente, dicha expresién légica debe
ser lo mds compacta posible. En la bisqueda de una simplificacién para el
Juego de la Vida encontramos un algoritmo basado en el uso extensivo de la
disyuncién exclusiva (XOR) que permite una reduccién significativa de las
expresiones légicas de los ACs totalisticos y totalisticos externos.

En el estudio de la evolucién temporal del Juego de la Vida encontramos
que partiendo de una condicién inicial al azar con una densidad (la fraccién
de sitios vivos respecto al total de sitios) que no sea demasiado pequefia 6
demasiado grande, el sistema alcanza un estado final con densidad cercana
a 0.028. Con un modelo estocdstico sencillo podemos predecir el valor de
la densidad final. Ademds encontramos que la evolucién temporal a partir
de un estado inicial al azar puede separarse en tres regimenes de los cuales
el mds interesante es el que se establece a tiempos largos y que llamamos
regimen de planeadores. Conjeturamos que en el limite termodindmico este
regimen se mantiene por lo que decimos que el sistema posee criticalidad
auto organizada.[50] Si cambiamos un poco la regla que define el Juego de
la Vida, el cambio en la evolucidn es impredecible por lo que el andlisis que
presentamos no se puede generalizar a otro tipo de autémata celular.

Para sistemas dindmicos continuos la sensibilidad respecto a condiciones
iniciales, 6 lo que es lo mismo, la positividad del exponente de Lyapunov
méximo, es una condicién necesaria para que el sistema sea caético.[51, 52]
El exponente de Lyapunov maximo es la tasa de separacion exponencial en
el espacio tangente de dos trayectorias inicialmente muy cercanas, pero en.el
caso discreto, la separacién en el espacio de configuracién estd dada por la
distancia de Hamming, que puede crecer a lo mds linealmente con ¢l tiempo.
Es mds, algunos autores definieron la tasa de crecimiento lineal de dicha
distancia como el exponente de Lyapunov.[53] Encontramos que una forma
eficiente de medir la distancia de Hamming es usando la expansién en serie
de Taylor del AC y que al truncar la expansién a orden lineal y cambiar las
operaciones booleanas por operaciones algebraicas, se llega a una cantidad
que expresa la capacidad de que un dafio inicial crezca. Dicha cantidad
puede crecer exponencialmente y definimos el exponente de Lyapunov de
AC como la tasa de expansion exponencial de ella. También definimos un
parametro 1 que mide de alguna manera la tasa de cambio promedio del AC
y concluimos que si este parimetro es suficientemente grande, el exponente
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de Lyapunov es positivo y el AC es de clase 3. Encontramos ademas una
relacién interesante con un problema de percolacién dirigida que a su vez es
equivalente al producto de una clase de matrices aleatorias.

El estudio de la termodindmica del modelo de nueve velocidades fue
motivado por la incompatibilidad en la literatura entre la afirmacién de que
los gases en redes satisfacen por un lado la estadistica de Fermi-Dirac y por
el otro la ecuacién de estado de un gas ideal cldsico.[55, 56] Encontramos que
la ecuacidn de estado es la de un gas ideal cuantico en el cual la temperatura
como funcién de la energia puede ser infinita y también negativa de la misma
manera que en sistemas de spines.[66] Para un nimero de ocupacién fijo, hay
una cota inferior y una cota superior a la energia por sitio y en estas dos
cotas el sistema se encuentra ordenado.

Existe gran interés en usar los gases en redes para simular flujos a través
de medios porosos motivado por las aplicaciones pricticas como la recu-
peracién secundaria del petréleo y el secado de granos y porque los métodos
de solucién numérica de la ecuacion de Navier Stokes no pueden usarse con
condiciones a la frontera tan complejas como lo son las paredes del medio
poroso.[58, 59, 60, 61] La auto difusién es un fenémeno dominado por las
fluctuaciones alrededor del equilibrio termodinimico que conocemos bien
para el modelo de nueve velocidades por lo que intentamos encontrar como
depende el coeficiente de auto difusién D de la energia y de la densidad a
distintas porosidades. Para esto fue necesario construir un modelo de medio
poroso en el cual se pudiera mover el fluido con poros lo suficientemente
grandes para que el movimiento y la colisién de las particulas entre si diera
lugar a. un comportamiento hidrodindmico. Dicho medio es similar al modelo
del queso suizo usado en teoria de la percolacion.[62] Definimos la porosi-
dad p como la fraccién de sitios ocupada por el cimulo infinito por lo que
pe £ p < 1 donde p, es la percolacién critica. “Encontramos experimental-
mente que a densidad constante D es.una funcién creciente de la energia y
a energia constante y porosldades,.alt v D‘decrece con n, pero este compor-
tamiento cambia a medida que el:que pdis

1.3 Deﬁniciones.

Un autémata celular es un ma.peo de U 11.e5pa lscreto dlscreto en si mismo .
F:Bf — Bf con B = {0, 1,..}.,, : ‘u entero..; Sc:introduce un
tiempo dlscreto t de manera que :

(1.1)
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con x(t) = (zo(t),...,xp-1(t)), z: € B, i=10,...,L - 1. El conJunto Bf se
conoce como el espacio de configuracién y x(2) como el estado 6 configuracién
al tiempo ¢. Si & =2 hablamos de un AC booleano.

. Usualmente asociamos al AC una red discreta de L sitios en un espacio
de.d dimensiones y decimos que z; es el estado en el sitio i. En este caso, la
funcién F puede definirse usando las funciones locales f;,

‘zi(t+1) = fi(zi(t) |5 € Vi) (1.2)

donde V; es una vecindad del sitioz, ¢ = 0,...,L — 1. Los casos mds estudia-
dos son aquellos en que las funciones locales y las vecindades son las mismas
en toda la red y son los que nos interesan en este trabajo. Ademds es usual
usar vecindades centradas en el sitio, por lo cual es importante especificar las
vecindades en los puntos extremos de la red. En todo lo que sigue usaremos
condiciones periddicas en las fronteras a menos que especifiquemos otras.

~En una dimensién se acostumbra definir la. vecindad de un sitio como el
conjunto de sitios que incluyen al sitio mismo y a sus r vecinos cercanos a
la izquierda y la derecha y se habla de un AC unidimensional de alcance r.
En 2 dimensiones en una red cuadrada las vecindades mds usadas son la de
von Neumann que contiene a los cuatro vecinos mds cercanos y la de Moore
que contiene ademds a los siguientes vecinos mds cercanos.

. Los ACs unidimensionales elementales (ACEs) tienen r =1y k = 2. La
funcién local f puede definirse por una tabla de verdad como en la Tabla
1. La columna debajo de f es un nimero binario de 8 bits (el bit menos
Slgmhcatlvo estd en el primer renglén), por lo que hay 28" = ‘256 ACEs.
Slgulendo la notacién de Wolfram [30] el nimero de la Gltima columna dela
tabla de vcrda(l leido'en base 10 da nombrc al ACE La flabla. l muestm la
‘tabla de. verdad de] ACE 22 :




En las figs. 1.1 y 1.2 se muestra la evolucidn espacio temporal del ACE 22
partiendo de diferentes condiciones iniciales. En la primera la configuracién
inicial es 1 en el sitio central y 0 en los demds y se observa que el patrén
generado es (en el limite en que { — oo} un tridngulo de Sierpinski. En
en la segunda se escogié una condicién inicial al azar con densidad p(0) =
0.5. La densidad se define como la fracién de sitios donde el estado vale 1.
Vemos como unia regla sencilla puede generar patrones espacio temporales
complejos.

La conjugacién (cambio de 1’s por 0’s y viceversa) y la reflexién (inter-
cambio de la primera columna con la tercera en la tabla de verdad) gen-
eran una particién con 88 elementos en el conjunto de ACs elementales. Si
tomamos el ACE con el nimero mds pequefio tenemos el conjunto de las 88
reglas minimas que es mas facil de estudiar que todo el conjunto de los 256
ACEs (ver el apéndice de {1]).

En general, hay

L

ACs unidimensionales de alcance r y k estados, Parar = 2,k = 2 son aprox-
imadamente 4.295 x 10° reglas. Ante la impaosibilidad de estudiar todo este
conjunto, es usual limitarse a los antématas totalisticos {ACTs) definidos

por

zi(t +1) = f(hi(2)).

con

Es claro que 0 < h; < (2r + 1) x (k= 1), Ignal que con los ACES se_puede
-definir un. ACT por;una tabla de verdad y el mimero en base b en la columna
de la funcién f leido en base 10 da: nombre al ‘AC. Los ACTs legales son
aquellos para los cuales f(h; =0)=0. Hay 32 ACTs legaleq con'r = 2
y k = 2 a los que corresponden los niimeros pares del 0 al 62.. En la tabla
siguiente mostramos el ACT 28 como un ejemplo y en la fig. 1.3 s evolucidn

espacio temporal.



‘ Figura 1.1: Evolucién espacio temporal del ACE 22 a partir de la condicién
uncml x{0) = (0,...,0,1,0,...,0) con L = 256, T = 128, (T es el tiempo
indximo). .

Figura 1.2: Evolucién espacio temporal del ACE 22 a partir de una condicién
‘inicial al azar con p(0) = 0.5, L = 256, T = 128. SRR AR




Figura 1.3: Evolucién espacio temporal del ACT 28 a partir de una condicién
inicial aleatoria con po = 0.5, L =256 y T = 128.

Tabla 2

hil f

00

110

211

3|1 .
S 41 . ‘

. 5.0 00 ‘

- Partiendo de un andlisis cualitativo de la evolucién espacio temporal de
los 32 ACTs legales con.7:=:2,y: ki=:2, empezando con.una configuracion
aleatoria, Wolfram propus_q;u,n'
dinamicos continuos.[37); Dich
clases: - soogad

acion: separa a esos ACTs en cuatro

Clase 4 La evolucién va a estructuras localizadas?complejas:que:pueden,
algunas veces, vivir durante un; tiempoilargo;;ACTs:20:y.52.% i 150
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‘Fi‘gu'i'a 1.4:. Evolucidn espacio temporal del ACT 24 de clase 2 a partir de
una condicién inicial al azar con p(0) = 0.5, L = 256, T = 128.

Las reglas de clase I no son interesantes, el estado homogéneo en el que
caen tiene solamente 0's 6 solamente 1’s. En las figs. 1.4, 1.3 y 1.5 mostramos
ejemplos de ACTs de clases 2, §y 4 respectivamente.

La clasificacién de Wolfram es la mds utilizada y también la mas criticada
por lo que es necesario hacer algunas aclaraciones. Para las primeras tres
clases la analogia con sistemas dindmicos es mds o menos clara: la trayecto-
ria en el espacio fase tiende a un punto fijo, a un ciclo limite é a2 un atractor
extrafio respectivamente. Los miembros de la clase 4 no tienen una contra-
parte en los sistemas dindmicos continuos lo que hace atin mds atractiva la
clasificacién. Se ha especulado (ref. [37] p.31) que los ACTs de clase 4 son
capaces de computacién universal al igual que el Juego de la Vida. La uni-
versalidad computacional implica que una configuracién inicial bien escogida
puedé especificar un procedimiento algoritmico arbitrario. En principio el
sistema puede usarse como una computadora de uso general capaz de evaluar

_cualquier. funcién (computable).

En la definicién de la clase 8 se habla de “un patrén cadtico” pero aparte

de ofrecer una evidencia visual totalmente cualitativa como la'de Ia fig. 1.3
“no'lay una ‘definicién’ cuantitativa de caos para autématas celulares..-Hay
evidencias numéricas de que los ACs de clase 8 poseen ciertas cualidades que
“los separan de las otras clases, como el hecho de que la evolucién temporal a
partir de un estado inicial al azar alcanza estados con una densidad constante
independiente de la densidad inicial si es que ésta no es demasiado pequefia
6 demasiado grande. Todos los ACTs de clase 3 poseen el comportamiento
mencionado pero también algunos de clase 2. En la seccién 1.5 presentamos
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Figura 1.5: Evolucién espacio temporal de la regla 52 de clase 4 a partir de
una condicién inicial al azar con p(0) = 0.5, L = 256, T = 128.

una manera de definir exponentes de Lyapunov para ACs con el objetivo de
contar con una cantidad que permita discernir entre las clases.

1.4 Cosas de la Vida

En esta seccidon presentamos un resumen de los resultados del apéndice B.
Los resultados computacionales requirieron del uso de computadoras dedi-
cadas y del desarrollo de un algoritmo rapido que reproducimos en el apén-
dice A. El Juego de la Vida es sin lugar a dudas el AC mds conocido y posee
propicdades sorprendentes que lo hacen sumamente atractivo. En particu-
lar, fue uno de los primeros modelos de ctriticalidad auto organizada [50] y
también se propuso como un modelo de mecanica estadistica.[29] El Juego
de la Vida es un AC totalistico de 2 estados en dos dimensiones definido
en- una vecindad de Moore (que incluye al sitio y sus primeros y segundos
vecinos mds- cercanos).' La regla de evolucién puede expresarse como

';;,,.(141):5(5,.,]-@) 3) 4z (08(SE2) . - (13)

donde z.,J = 0 1 es el estado en el sitio (3,7), 8(m,n) es la. delta. de I\ronecker
de m.y n.y; S,j es la suma de los estados en la . vecmdad de] smo (z,]) :
excluyendo al :sitio mismo. En otras palabras

i+1 71

- B8 he + )= #is)

k=i=li=j=1 e
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con 0 < 5;; <

La snmphcndad de la regla esconde un comportamiento comp]ejo Comen-
zando con una configuracién aleatoria de sitios vivos y muertos la evolucién
del sistema tiende a islas de vivos con estructuras simétricas que son per-
turbadas por las estructuras vecinas y por los planeadores que son emitidos
por otras islas. Después de un tiempo largo la evolucion es dominada por
las colisiones de planeadores con islas de actividad para terminar en una
configuracién estable de sitios vivos que puede ser periédica. Mostramos en
la fig.1.6 una posible configuracién final que muestra el tipo de estructuras
que persisten, y que llamamos animales en analogia con los ciimulos de la
teoria de la percolacion. En la fig. 1 del apéndice B mostramos la fraccién de
veces que se observan las estructuras mds comunes. El estado final tiene una
densidad (fraccién de sitios vivos respecto al total de sitios) que siempre estd
cercana a 0.0285. Siendo un poco mas precisos, si la red no es demasjado
pequeha (mds de 128 x 128 sitios) y la densidad del estado inicial aleatorio
no es muy pequena (mayor que 0.1) y tampoco muy grande (menor de 0.8)
el estado final tiene una densidad cercana a 0.028 como mostramos en la
fig. 3 apéndice B.

Otro aspecto interesante es la evolucién temporal hacia el estado final.
La primera parte de la evolucién que incluye unos 10 6 20 pasos depende
de la condicién inicial y es un relajamiento a un comportamiento que ya
no depende de la misma y que dura unos 2000 pasos. En este mtervalo, la
densidad puede ajustarse por la ley de potencxa : s o

(i)

B El valor de p{,) es snml]ar al: que ])redlée u
presentamos en el apéndice: B) la: cua] -es vahd

tlene un cambio alrededor: de t'c_
muestra que parat <t la e}

activo, y despues de I reglmen de ]aneadores .Eventualmente los planea-
dores desaparecen y. se l]ega al est 'do ﬁnal con. un, dens:dad p((x,),rv 0.028.
El comportamiento mencxonado no pa.rece depender de] tamano de la red
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figuracion final en una red pequeiia de
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por lo que el valor de ¢, debe alcanzar un valor asintético finito al aumentar
el tamaiio de la red. En una red de tamaifio infinito la probabilidad de que
haya planeadores debe ser distinta de cero por lo que se ha especulado que
el regimen de planeadores se mantendria indefinidamente en un estado de
criticalidad auto organizada.[50]

Finalmente presentamos un modelo estocistico sencillo que trata de ex-
plicar el regimen de los planeadores y que confirma el valor de la densidad
final si sabemos cuales son los animales que permanecen en dicho estado.
El modelo esta definido en el continuo. Empezando con un plano vacio se
dejan caer discos de radio variable determinado al azar entre los radios de
los animales que sobreviven en el estado final. Si dos discos se traslapan son
removidos. Este proceso continda indefinidamente hasta que se alcanza un
estado estacionario. Podemos entonces saber cuantos discos permanecen y
de los valores reportados en la fig. 1 del apéndice B cuantos sitios vivos hay
en promedio en cada disco. De estos datos se sigue un valor de la densidad
en dicho estado que concuerda. con la densidad calculada.

En couclusién, mostramos algunas propiedades estadisticas del Juego de
la Vida. Encontramos que la evolucién temporal se separa en tres regimenes:
el primero dominado por la ausencia de correlaciones que dv  pocos pasos
y puede describirse por una teoria de campo medio mejor- .... En el reg-
imen de actividad la densidad decae siguiendo una ley d: potencias que
indica el dominio de las correlaciones. Esta ley de potencia se pierde para
i. ~ 2000 — 3000 para dar paso al regimen de los planeadores en el cual la
actividad se produce por interacciones entre animales distantes mediada por
los planeadores. Conjeturamos que este regimen permanece en una red de
infinita. Sin embargo, en redes finitas, la actividad termina en un estado
cuya densidad es independiente de la densidad inicial.

1. 5 Exponentes de Lyapunov para ACs

Presentamos una deﬁmcnon de exponentes de Ly apunov pam ACS umdlmen-v
sionales booleanos elementales que indica como crece el niimero de maneras
en que un defecto inicial se puede propagar. También evaluamos el ex-
ponente de Lyapunov médxime (ELM) para ACs elementales y de alcance
r = 2,3 y mostramos una analogia entre el crecimiento de maneras en que
un defecto se puede propagar en dichos ACs con una clase de problemas
de percolacién dirigida. La evaluacién de los ELMs de’ ACs elementales se
publi(':arbnen’.[32] que aparece en el apéndice C, mientras que los resultados
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para ACs unidimensionales totalisticos de alcance r = 2,3 se presentaron
en [63] y los relativos a los espectros de Lyapunov para ACs elementales se
presentaron en [64]. Toda la discusién de esta seccién puede extenderse de
manera inmediata a ACs booleanos en mds dimensiones.

1.5.1 Definiciones

En sistemas dindmicos continuos, el exponente de Lyapunov médximo (ELM)
indica la tasa de separacién exponencial entre dos trayectorias inicialmemte
muy cercanas donde la distancia se mide en el espacio tangente. En el
caso en que el ELM sea positivo se dice que hay sensibilidad respecto a las
condiciones iniciales y puede haber caos. En esta secci’on mostramos como
se pueden definir los exponentes de Lyapunov para ACs.

Sean x, y € Bf dos configuraciones cualesquiera y sea z su diferencia
definida como 2z = x® y donde la operacién & es la disyuncién exclusiva
sitio a sitio. En otras palabras, z; toma el valor 1 si y solo si z; # y;. La
distancia de Hamming H entre x y y se define como

Hx,y)=lz| = T (16)

La distancia de Hamming es el punto de partida para estudiar la sen-
sibilidad respecto a condiciones iniciales, considerando la evolucién tempo-
ral a partir de dos configuraciones x(0) y y(0) cercanas, la primera una
configuracién aleatoria y la segunda cercana a la primera de manera que
yi=zVi#0, . =z.801,2=...,—1,0,1,... donde el sitio c es el sitio cen-
tral. ! La distancia de Hamming a ¢ = 0 es 1 y al tiempo ¢ puede calcularse
usando la ec. (1.6) Sin embargo, hacerlo asi es dispendioso ya que hay que
computar tanto x(t) como y(¢). Usando la expansion de la funcién f en
serie de Taylor {45] es posible conocer la distancia de Hamming siguiendo
la evolucidn temporal de x(0) y ademas es posible definir exponentes de
Lyapunov como veremos mas.adelante,

Para ACEs tenemos que

zi(t + 1) = f(zi-1, fi»Tit1) (1.7)
y expandiendo en sene de Ta.ylor alrededor de (m._;,z,, Tit1)
y'(f + 1) f( ‘-hznzn-f']‘)Ae [f’ /\ (E,_] $y, ;)]@

IEl sitio central ¢ puede ser: cualqulera. ya ‘que: eslamo< consnderando condiciones
periédicas a la frontera. : Por otra ;parte; oz y z®0. = % con la negacidn
de z. P
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. [ A (zl @D yl) A (zt-f;l @ 'UI-H )] @ .
o [f" A(@ic1 ® y._1)/\ (2:@ %) A (z.+1 & y.+x)] (1 8)

En Ia expresién antenor Sl esla pnmera denvada booleana de f respecto a
la variable de la izquierda valuada en (z;_,,;, Zi+1 ) definida como

SU(Zic1, iy Tig1) = f(Zie15 Tiy Tig1) © F(Tic1 © 1,2, Tigr ). (1.9)

Esta derivada es 1 si la funcién es sensible al cambio de z;_y y 0 en caso
contrario. Las primeras derivadas booleanas respecto a la variable del centro
f§ vy respecto a la variable de la derecha f. se definen de manera andloga.
También f”, es la segunda derivada booleana de f respecto a las variables de
laizquierda y del centro valuada en (z;_1,z;,;+1) definida como la derivada
respecto a z;_; de la derivada de f respecto a z;. Es decir,

Slo(zier, @iy zip1) = J(2ic1,%6,%i41) @ f(ml—'l’zl @ 1, zn+])@
f(zt—] @ 1 'zllzl-f-]) @ ;
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Figura 1.7: Evolucién de la configuracién z a partir de la configuracién z(0)
que se menciona en el texto para la regla 22 con T = 150.

= [f'- Azia) B fo A=) @i Azia] @

oA (zici @ 2)] O L4 A (zica & ~.+1)] ®

(for A(zi @ 2i41)] O

[f"' AMzica @2 D ziq)] (1.11)
Vemos de la iltima ecuacién que basta: con conocer x(t) para conocer z(t)
v también la distancia’ de’ Hammmg, ec. (1"6) En la fig. 1.7 mostramos
un ‘ejemplo de como crece’ in defecto ‘inicial para la regla 22, es decir, la
evolucién de 2! Es'claro que paraun AC de aleance 7, H(t) < (27 + 1)t
Se ha propuesto Hamar.: ala ‘tasa’de crecimiento de 41 como el exponente de
Lyapuuov [04] Sienido, un: poc espcmﬁcos ‘se repite el cdlculo de z un
gran niimero (lc vcces ‘s gfa ]t.ado promullo que serii algo parecido
a un tnangulo 'y se define el exponente de
‘Lyapunov. por. endiente dc] lado xzqmerdo
(derecho); del. '
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------ 11 -@--1- G- -

--1-*- -2--@--3- -2- --1- -#--.

Figura 1.8: Evolucion temporal del vector N para ¢l ACE 150 hastat =2
Los nidmeros son los valores de N;(t).

rivadas booleanas parciales. Para ACEs la matrlz Ja.cobmna es llll«l. ma-

-trlz de Jacobi con FY; = 0 sifi— gl 3

"' fo(zl—'lvzn l+1) y |+] = f+($._
‘la ec: (1.12) la multlpllcacnon del vector z(O) p

meemplazados por la con_)uncml -y
:La norma de z° usando la ec (1 12!

“terceras derivadas parcxa.les son:siempre 0/(la egla 150.es admva) Lo quc‘
es interesante, es.que la norma'd N.puede. crecer’ exponencna.lmente
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- Definimos el exponente de Lya.punov méximo (ELM) X para ACs como

S IN(T)
A= T]'-'fo'oTl {(N(O)[] »
i IN(@)|
e B Tl'-'f"szl" [weoml e
donde' . . ) o
L NI = 3 s

Vemos de la fig. 1.8 que para el AC elemental 150 [N(¢)] = 3! por lo que
A = In(3). Para el mapeo (1.13) hay otros L — 1 exponentes que forman el
llamado espectro de Lyapunov. En orden decreciente la suma de los primeros
dos representa la tasa de crecimiento exponencial de un elemento de drea, la
suma de los primeros tres, la tasa de crecimiento de un elemento de volumen,
etc.[42]

Un defecto en un sitio ¢ al tiempo ¢ puede extenderse al tiempo t+ 1 si al
menos una de las primeras derivadas booleanas parciales es distinta de 0. Se
ocurre entonces que puede haber alguna relacién con un tipo de percolacién
dirigida de enlaces en donde un sitio i mojado al tiempo ¢t puede mojar a
cada uno de sus 3 vecinos cercanos al tiempo ¢ 4 1 con probabilidad p. Sea
x(t) = (z0,...,2L~1 con z;(1) =1 (z;(t) = 0) si el smo esta mo]ado (seco)
al tlempo i entonces :

(R = M)

donde M, es una. rnatn? alcatorm con componentes m,J :

,,(t)N(z)»
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con multiplicacién algebraica de un vector por una matriz. Al igual que
antes, se puede definir un ELM por (1.14) y todo el espectro de Lyapunov.
Por otra parte, es f’acil ver que lo anterior también es v’alido cuando un
sitio mojado puede mojarse a s mismo y a cualquiera de sus r vecinos m’as
cercanos a la izquierda y a la derecha.

Para p < p. con p. la percolacién critica, la fracidén de sitios mojados
a tiempos largos es 0, mientras que es positiva para p. < p. Los valores
que se encontraron numericamente para la percolacién critica se muestran
en la tabla siguiente en la cual el nimero entre paréntesis indica el error en
la dltima cifra significativa.[32, 63] Una aproximacién de tipo campo medio
consiste en reemplazar la matriz M, con una matriz constante cuyos ele-
mentos en las 2r + 1 diagonales principales sean p. Entonces el exponente
de Lyapunov maximo es A = In{(2r + 1)p) que es positivo st p > 1/(2r + 1).
Las simulaciones numeéricas estan de acuerdo con este resultado si p no estd
cerca de p.. Por ejemplo, para r = 1 el error es menor a 1% para p > 0.5.

Tabla 8
T Pe
1 | 0.441(1)
2 1 0.257(1)
3 : 0 179(1)

F/. Es decn,
H = 7"_{"

En ]a subseccnon 1 2 mostra 1

sariamente slmetncos porlo. que la clase 2 debe exten derse para compren}der U
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a quellos ACs que caen en una é6rbita periédica admitiendo corrimientos a la
derecha o ala izquierda. Aceptando esta extensidn, en la fig. 1 del apéndice C
mostramos los ELMs y los correspondientes valores de p para los ACs ele-
mentales de clase 3 y para el producto de matrices aleatorias tridiagonales
M,. En la fig. 2 del apéndice C mostramos las mismas cantidades para los
ACs elementales minimos con ELM no-negativo en presencia de una pequeiia
cantidad de ruido. Para ACs con 0 < u < p, €l valor del ELM depende del
estado inicial. Esto sugiere la inestabilidad del estado asintético (A > 0) 6 su
inestabilidad marginal (A = 0). Dada la naturaleza discreta del espacio de
configuracién B puede no haber estados “cercanos” que permitan el paso
a un estado mds estable por lo que la intoduccién de una pequeiia cantidad
de ruido puede proveer el camino a dicho estado. El ruido se introdujo in-
tercambiando un nimero pequefio de pares de sitios s elegidos al azar en
cada paso temporal. Notamos que los ACs de clase 3 no se ven afectados
por el ruido y que los valores encontrados estin cerca de los encontrados
para el producto de matrices aleatorias. El mismo comportamiento cuali-
tativo sc observa para ACTs de alcance r = 2,3 como se muestra en las
figs. 1.9 y 1.10.[63]

Podemos notar en las figs. 1 y 2 del apéndice C que todos los ACEs de
clase 3 tienen un ELM positivo pero también algunos ACs de clase 2 como
por ejemplo la regla 57. Esto significa que A > 0 es una condicién necesaria
pero no suficiente para que un AC pertenezca a la clase 3. Pero, la regla 57,
y las otras que poseen un ELM positivo son reglas complejas que no caen
simplemente en la clase 2 pues pueden mostrar transientes largos, zonas de
caos limitado por barreras, 6 atractores periédicos (salvo por corrimientos)
de periodo grande. Tal vez la c]asxf‘cacxon dc Wolfram no sea adecuada para.
los 88 ACEs minimos. - /i % : : e

Para aut6matas’ celulares tota]:stlcos booleanos de a.lcance = 2 yr=
3 los resu]tados num ice I ) mo mostramos en las ﬁgs 1.9
y 1.10.{63])" ' v Cte

Otro aspecto- ml:er
mostramos en las ﬁgs.'

espectro de Lyapunov que
:11 mostramos ¢l espectro de
diagonales para diferentes
uestran-en orden decreciente.
. a]or de z/(L - 1) donde el

valores de p donde )\(1)," .
Las porciones verticales. de las cu as'ind
espectro de Lyapunov va a s oo
En las figs. 1.12 y 1.13 aparece . os de Lyapunov de los ACs.
elementales de clase 3y en la fig. 1.14. aparecen los espectros de Lyapunov de .
algunos ACs elementales que no son-de: clase 3 y tlenen un ELM positivo y
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02 03 04 05 06 070

" o

Fxgura 1. 10 Presentamos resultados similares a los de la ﬁg. anterlor para
ACTs con. 'r—J En este caso p. = 0.179. ~ SR

Flgura 1 11 Espectros de Lya,punov para el producto de 1 000 matrlces E
aleatonas trldla.gonales con- L = 256 e . :
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de md.nems en! que los defectos mlcml(.q pue(l(.n afectar a un smodado en‘un’’
instante dado Vlmos que en el caso.en’ que dichd. mapeo prande se pucde :
hacer ina compa.racnon con'iun problem.x de perco]acxon dirigida.; ¥ podemos )
conclu]r que'los ACs de clase 3 poseen un ELM ‘positivo.

1.6 EI modelo de 9 veloc1dades y su termodlna-
mica

En la seccién 1.7 estudiamos la auto difusién de un gas bidimensional mod-
elado por el'modelo de 9 velocidades en un modelo de medio poroso, por-
lo que en esta seccidn presentamos el modelo y discutimos brevemente su
comportamiento termodindmico.
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‘1 F]105,150

o 0.5 1
i/(L-1)

Fighra 1.13: Espectro de Lyapunov para los ACEs de clase 3 90, 105, 106,
110, 122, 126, 146 y 150 bajo las mismas condiciones de la figura anterior.’
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Los ACs para simular flujos son caricaturas del fluido a nivel microscépico
en los cuales las particulas son puntuales y se mueven sobre una red en
unas cuantas direcciones sincronicamente. Por construccién, en estos mo-
delos se satisface un principio de exclusién que impone una estadistica de
Fermi-Dirac. Cuando dos § mas particulas coinciden en un sitio cualquiera
de la red chocan conservando la masa, la cantidad de movimiento y la
energia.[4, 5, 6, 8] Los primeros modelos consideraban que todas las par-
ticulas se movian con la misma rapidez (modelos HPP y FHP) por lo que la
conservacién de la energia es una consecuencia de la conservacién de la masa.
Los modelos con mds de una rapidez {65, 55} hacen que la conservacién de la
energia sea independiente de la de la masa por lo que hay una distribucion
de velocidades y puede definirse de manera univoca la temperatura. El prin-
cipio de exclusién impone una cota superior al espectro de energia. Las
consecuencias termodindmicas de esto son previsibles: el sistema no es nor-
mal en el sentido que la entropia no es una funcién no decreciente de la
energia y por lo tanto la temperatura puede ser infinita y negativa. Esto
ocurre también en los sistemas de spines.[66] Sin embargo, hay autores que
no reconocen esto y suponen que el modelo se comporta como un gas ideal
cldsico.[55] Por ello, decidimos estudiar la termodindmica de equilibrio del
modelo de nueve velocidades que es el modelo mds sencillo en el cual se
puede definir la temperatura.[33] E] objetivo principal del estudio de la auto
difusién en un medio poroso es el de poder encontrar la dependencia del coe-
ficiente de auto difusion repecto a los parametros termodindmicos y por ello
discutimos brevemente en esta seccién e] comportamiento termodinamico del
modelo. También se puede encontrar el comportamiento de modelos con un
mimero finito de velocidades y por cllo de rapideces en las estadisticas de
Bose-Einstein y de Boltzmann como se hizo en.[67)

El modelo de nueve velocldadcs esun AC de 29 estados dcﬁmdo en una
red cuadrada. El estadoen’ el sitio'r al tiempo t puede escribirse. como

lo hacen con rapxdez \/_ 2y energla l (la masa, ]a sepa.racxox : de ld red y e],
pa.so tempora] son 1). : .
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V4 V2

Figura 1.1j5: Las 9 velocidades del modelo de 9 Ve]o;:idades.i

L':; e\)olﬁi:ién tem]i'oral estd dada por una reglalocal q‘ue."actlia en };aralelo'
en todos los sitios de la red y simula la traslacién T y colisién C de acuerdo
a : - -

s(r,t 4 1) = TC({s(r', ) }rrevp ) - (1.21)

donde V; es una vecindad de Moore de r que contiené al sitio mismo y a
sus primeros-y segundos vecinos mas cercanos. En’la" ﬁg '1.16 mostramos
una configuracién de una red pequefia. En la collslon el ‘estado en cada sitio
cambm a otro con el mismo mimero de partxculas ‘la‘misma- cantidad de
movmuento y la misma energfa. En caso de que haya mis de un estado que
atnsface estas tres constricciones, se escoge uno al azar.. En la traslacién,
cada partlcula se mueve al sitio al cual estd apuntando Se puede encon-
trar inaecuacién. de evolucién microscépica explicita como una ecuacién
de balance en-la que se enumeren todos aquelios estados en los cuales se
ga.na, una partlcula. en la direccién 4 y todos aquellos en los cuales sé pierde,
8.[55, 68] A partir'de esta, se’ puede ‘obtener la ecuacién de’ trans-
porte de Boltzmann introduciendo promedios sobre un conJunto representa-
tivo y la hipétesis de caos molccular.

.En equilibrio, sea n = N/L el numero de ocupacién medxo con ‘N-el
nimero total de particulas y-L el numero de smos dé'la'red, e = E/L
la densidad de energia con E la energla tota.l Y= ]V;,/L el nimero de
ocupacién medio en la direccién & con »N,\ ‘el ‘niimero “medio ‘de particulas
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en la direccién &, &k = 0,...,8. Se debe cumphr que Ny = N3 = Ns = Ny
y No = N4g= Ng= Ng por Io gue la conservacién de la masa y la energia -
pueden escribirse como

8
no= Y np=no+4n; +4n2 (1.22)
8 R
e = 3 ermp=2n +4n (1.23)
k=0

con ey la enegia cinética de una particula que se mueve en la direccién k con

los valores eg = 0, ex = 1/2 para k = 1,3,5,7 y e = 1 para k = 2,4,6,8.
Para un valor de n fijo existen cotas inferior y superior a e que llamamos

la energia de Fermi ep y la energia maxima eps respectivamente dadas por

0 0<n<1
ep = "2—“‘- 1£n<5, (1.24)
n-3 5€<n<9
n 0<n<4
epM = 1‘%" . 4Zm<8. (1.25)
6 ) 8<n<9 e '

Por ejemplo, si n = 3, e = 1 con una pa.rtxcula en‘reposo’y’ las otras dos
en las direcciones de los ejes, mientras que eM ="3'con las tres. pamculas en.

las direcciones diagonales. Shmi e
La densidad de entropia s para un slstema de fermlones e:ta dada por

= - Z[nkln(nk) + (1 =i n;,)ln(l i) st 4 (1.26) |

Para n y e fijos, los niimeros de ocupacxon e os{ § o pueden eficontrarse
maximizando a (1.26) sujeta a las constncc 22) y (1. 23) Esto puede
hacerse numericamente y los valores encontrados concuerdan con los resul-
‘tados experimentales.[33] Lo que es xmportant alcar’ es que pa.ra. una'n
fija, el sistema se encuentra en un estado ordena' tanto pa.ra € = ep como
para e = ey por )o que la entropia no puede ser una ﬂmc:on crec:ente de ja
densidad de energla

Usando la ecuacién de Euler encontramos la,s ecua.cnones de estado para
el inverso de la temperatura f, la pre

p = 2 [(l'ﬁ_

o
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pB = In [(1 f].ﬁl)? (1 f'lﬁz)] ) (1.29)

Para n fijo, la densidad de entropia s es creciente para e €'(ep,e*),
con er dado porla ec. (1.24), tiene un maximo en e* y es decreciente para
e € (e",en) con ey dado por (1.25). El valor e* = % corresponde al caso
en que las 9 velocidades son igualmente probables. La temperatura se de-
fine como el inverso de la derivada de s respecto a e, por lo que es positiva
para e € (ep,e*), infinita en e* y negativa para e € (¢*,ep). Por otra parte,
las cantidades termodinimicas mencionadas anteriormente estin expresadas
en términos de los nimeros de ocupacién medios que pueden calcularse y
también medirse facilmente en el experimento. Ademads, es posible calcular

las demds cantidades termodindmicas y comprobar que
nk = [14 exp (Ble — w))}". (1.30)

Concluimos que el modelo de 9 velocidades se comporta en equilibrio
como un gas ideal de Fermi pero no es normal dado que el espectro de en-
ergias estd acotado por arriba. Ademds, esto es vilido para cualquier modelo
con varias velocidades y debe tomarse en cuenta al considerar situaciones
fuera de equilibrio.

1.7 Auto difusién en el modelo de 9 velocidades

Los modelos de gases en redes pueden emplearse con éxito para estudiar el
flujo a través de medios porosos pues las condiciones a la frontera son imposi-
bles de implementar con métodos numéricos de solucién de las ecuaciones
de Navier Stokes y ademads la solucién no debe depender de los detalles de
dichas fronteras, sino de algin parametro medio que defina de algiin modo
las caracteristicas del medio.[58, 59, 61, 60] Por otra parte, la difusién es un
fendmeno gobernado por las fluctuaciones alrededor del equilibrio, por lo que
resulta interesante tratar de calcular el coeficiente de difusién como funcién
de cantidades termodinimicas. en el vacio y en un medio poroso. En esta
seccién presentamos un resumen del trabajo que aparece en el apéndice D
en el cual presentamos los primeros resultados de un proyecto que pretende
lo mencionado. ‘
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Estudiamos el flujo del gas en redes de 9 velocidades a través de un
modelo de medio poroso y medimos experimentalmente la dependencia del
coeficiente de auto difusién respecto a la densidad de energia y el mimero
de ocupacién n. Los medios porosos (MP) representan un reto debido a
su complejidad y lo primero que viene a la mente es que dicho medio debe
percolar, en el sentido de que el fluido debe ser capaz de pasar de un lado
a otro del medio. Sin embargo, no estd claro si la naturaleza fractal del
ciimulo infinito en el umbral de percolacién tiene que ver con medios porosos
reales.[69] Por otra parte, nuestro modelo esta definido en 2 dimensiones por
lo que lo primero que tenemos que hacer es encontrar un modelo de medio
poroso adecuado.

En un modelo de medio poroso bidimensional los obstdculos deben ser lo
suficientemente grandes para ser considerados macroscépicos pero pequeiios
para que tener un nimero grande de ellos en una red de tamafio razonable y
los espacios vacios deben ser lo suficientemente grandes para que las particu-
las que se muevan en ellos muestren un comportamiento hidrodinamico. El
primer modelo que consideramos fue el de percolacién de sitios a primeros
y segundos vecinos mds cercanos. Encontramos que en el cimulo percolante
con p. < p < 0.8 la gran mayoria de los sitios pertenecen a la frontera por lo
que las particulas del gas se pasarian mds tiempo chocando con las fronteras
que entre ellas (ver fig. 2 del apéndice D). Un sitio del cimulo percolante
estd en la frontera si al menos uno de sus primeros 6 segundos vecinos mis
cercanos pertenece a un obstdculo. Por esta razén este no es un modelo
adecuado de medio poroso.

El modelo de medio poroso que consideramos consiste de una fraccién 1—
p de obstdculos circulares de radio aleatorio entre un radio minimo de 2 y uno
MEXiMo Trmaz. Este es similar al modelo del queso suizo.{70, 71) Encontramos
experimentalmente que el umbral de percolacién p. se encuentra entre 0.31
y 0.42 para distintos valores de 7y,4.. Vemos que los puntos de la frontera no
contribuyen de manera significativa a la masa total del cimulo percolante
por lo que el modelo parece ser adecuado para estudiar la auto difusién (ver
fig. 3 del apéndice D). Ademds, por lo mencionado anteriormente, nuestros
experimentos se llevaron a cabo lejos del umbral de percolacién con el objeto
de simplificar el audlisis.

El interés inicial fue el de realizar experimentos en los que se pudiera
medir el coeficiente de auto difusién. Para ello usamos una red de 200 x 200
sitios en los cuales una fraccién 1 — p de sitios estd ocupada por obstdculos
que son circulos de radio aleatorio mayor que 2 y menor que 10. Luego
colocamos un gas de 9 velocidades con valores fijos de e y n en una situacién
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~de -equilibrio. Esto se puede lograr dado que conocemos la distribucién de
iequilibrio dadas por las 7, como mencionamos en la seccién 1.6 y para ase-

. gurar que estamos en el estado de equilibrio, lo dejamos relajar durante unos
200 pasos temporales. Luego tomamos un circulo de radio 10 en el centro
del espacio libre (6 tan cercano al centro como lo permitan los obstdculos) y
marcamos un nimero pequefio de particulas (~ 200) dentro de él y dejamos
que el gas evolucione. En el caso en que una particula marcada participe en
una colisién se asigna el estado de salida como mencionamos en la seccién 1.6
y se marca al azar una de las parti culas del estado de salida. Cuando las
particulas chocan contra los obsticulos invierten su velocidad. El coeficiente
de auto difusién D se calcula a partir de la relacién

< r3(t) >= 4Dt (1.31)

donde t es el tiempo y < - > es una media sobre el conjunto represen-
tativo que en nuestro caso correspondié a una media sobre 20 repeticiones
del experimento y sobre todas las particulas marcadas. El valor de D se
obtuvo de ajustar una recta a los valores experimentales de < 72(1) > con
100 < t < tpeq escogiendo ty,, de manera que las particulas no llegaran a los
extremos de la red. Dado que las particulas son indistinguibles, suponemos
-que todas las marcadas parten del centro del circulo en el cual se encuentran
inicialmente. Por otra parte, si estamos lejos del umbral de percolacién es
correcto pensar que la difusién es normal y puede describirse por (1.31).

- Los resultados experimentales se encuentran reportados en las figs. 4,5
y 6 del apéndice D. Para e fija encontramos que para valores grandes de
p (pocos obsticulos) D-disminuye con n, pero para valores de p pequeiios
(pero lejos:de p.) este.comportamiento se invierte. Para n y p pequeiios las
-particulas: marcadas.quedan atrapadas por los obstdculos y difunden lenta-
‘inente, pero:al: aumentar: n-la‘probabilidad . de colisién aumenta. y. por.lo
t'mto las“particulas: marcadds dlfunden raplda.mente Es posxble (]\l(, exxsta_

' porosoen
‘Debe, .ser, posible en-
rcaso en.que.p =1




33

y luego extrapolar dicha solucion a valores mds pequefios de p invocando
algin argumento de campo medio. Para ello se podria extender la teoria de
Green-Kubo para el cdlculo de los coeficientes de transporte al modelo que
hemos considerado.[72, 68]

1.8 Conclusiones

Como ya hemos mencionado anteriormente, los ACs son interesantes por
ser sistemas sencillos que muestran un comportamiento complejo y por ello
pueden ser utilizados para modelar sistemas fisicos, bioldgicos 6 quimicos.
Respecto al primer aspecto, estudiamos el Juego de la Vida como prototipo
de AC que muestra un comportamiento sumamente complejo y también lo-
gramos definir exponentes de Lyapunov para ACs. Respecto al segundo
aspecto logramos modelar el flujo de un gas en un medio poroso bidimen-
sional.

Para estudiar el Juego de la Vida fue necesario desarrollar un algo-
ritmo rapido para reducir la forma canénica disyuntiva de ACs totalisticos
¥ totalisticos externos. Usando este algoritmo y la técnica de multibit se
pudicron hacer experimentos que pusieron de manifiesto el comportamiento
complejo del Juego. Mis adelante encontramos que la expansién en serie de
Maclaurin resulta ser una forma mas eficiente de reducir el nimero de op-
eraciones booleanas del AC que no estd limitada a ACs totalisticos. Usamos
estas expausiones, y también expansiones en series de Taylor en el estudio de
los exponentes de Lyapunov para ACs. El usar la serie de Taylor tiene la ven-
taja extra de que al estudiar la propagacién del dafio no es necesario seguir
la evolucién de dos configuraciones inicialmente cercanas como es evidente
de Ja ec. (1.11). El laboratorio para estudiar los ACs es la computadora, los
dispositivos experimentales son los algoritmos y programas.

El estudio de los exponentes de Lyapunov para ACs fue motivado por
nuestra insatisfaccién con los usos en la literatura de tasas de expansion
lineales. A diferencia del Juego de la Vida, nuestro interés fue el de poder
estudiar todos los ACs. Mostramos en el camino, una relacién interesante
entre estos y la percolacién dirigida 6 lo que es lo mismo el producto de ma-
trices aleatorias de un cierto tipo. Podemos concluir que si un AC pertenece
ala clase 3, entonces posee un exponente de Lyapunov positivo y un espectro
de Lyapunov con una parte positiva y otra negativa como mostramos en las
figs. 1.12 y 1.13. Lo que no podemos mostrar es la proposicién conversa que
es mucho mds interesante. Entonces, los exponentes de Lyapunov son una
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cantidad mds como lo son la densidad a tiempos largos 6 la entropia de blo-
ques. La positividad del exponente de Lyapunov es una condicién necesaria
pero-no suficiente para que el sistema pertenezca a la clase 3. Una posible
linea de investigacion seria la de buscar las condiciones necesarias en ACs lo
cual tal vez sea posible usando las derivadas booleanas.

Buscando una manera diferente de medir exponentes de Lyapunov em-
pezamos a explorar la sincronizacién de ACs.[73] No logramos encontrar di-
chos exponentes, pero si una relacion interesante entre autématas celulares
probabilisticos y criticalidad auto organizada. Sabemos que si dos sistemas
dindmicos cadticos continuos se mezclan de la forma

f(z)
(1-€)f(z) +ef(2)

con 0 < ¢ < 1 existe un valor ¢, abajo del cual k.. = [7—2| es distinta de cero
y-arriba es cero. También se sabe que se puede conocer el exponente de Lya-
punov de f a partir de ¢.. Lo que observamos cuando f es el mapeo logistico
es una aparente transiciéon de fase de segundo orden para h;y,. Como una al-
ternativa a medir el exponente de Lyapunov como lo hicimos en este trabajo,
intentamos hacerlo a partir de la medicién de ¢, cuando mezclamos dos ACs
en analogia con la ec. (1.32). Hay que hacer la mezcla con cuidado para que
el resultado siga siendo un AC y la manera de hacerlo no es dnica. Nosotros
encontramos que la mezcla es un AC probabilistico; con probabilidad 1 - ¢
el valor en un sitio dado i estd dado por f(z;—y,z;,Ti4+1) y con probabilidad
€ por f(=i—1,%i,%i+1). Encontramos también que podetnos mapear dicho AC
probabilistico en un modelo abstracto de criticalidad auto organizada. con
lo cual mostramos que la sincronizacién es en efecto una transicién de fase.
Lo que resulta sumamente interesante es que el mapeo que nos lleva de un
AC probabilistico a un modelo de criticalidad auto organizada es completa-
mente general y puede aplicarse por ejemplo al modelo Domany-Kinzel de
percolacién dirigida o al modelo de Ising con cualquier dindmica.[74}

En el estudio de la difusién en medios porosos, mostramos la dependencia
experimental del coeficiente de difusién respecto de la energia interna y de
la temperatura. El paso siguiente es el de tratar de dar una explicacién
tedrica de los resultados obtenidos. Hasta ahora, los intentos han fracasado
pues la ecuacion de transporte para la mezcla de particulas coloreadas en el
modelo de 9 velocidades es muy complicada. Por ello, empezamos con un
gas HPP en el cual las particulas se mueven en una red en las direcciones
de los ejes y la dnica colisidn interesante es cuando dos particulas chocan

2(t+1)
z(t 4 1)
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de frente. Entonces la ecuacién de transporte de la mezcla contiene unos 8
términos. Como la difusién es un fenémeno que depende de las fluctuaciones
alrededor del equilibrio, expandemos en las fluctuaciones de las particulas
que difunden y se obtiene una ecuacién de transporte linealizada. Podemos
demostrar que, en la aproximacién de Boltzmann, el coeficiente de difusién
estd dado por una expresién de Green-Kubo y depende de los eigenvalores
y eigenvectores de la matriz de la ecuacién de transporte linealizada. El
resultado obtenido estd de acuerdo con los experimentos que hemos llevado
a cabo con ¢l modelo HPP. Ll paso siguiente consiste en repetir el cilculo
para el modelo de 9 velocidades que tiene una ecuacién de transporte con
muchos mds términos.
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A.l1 Técnica de multibit

* Como mencionamos en la seccién 1.3 un AC Booleano queda definido por su
tabla de verdad. A partir de ésta se puede construir una expresion légica que
1o represente ya sea con la forma candnica disyuntiva 6 con la forma canénica
conjuntiva. Estas estin construidas con la negacién (=), la conjuncién (A)
y la disyuncién (V). Cualquiera de las dos formas canénicas es el punto de
partida de la reduccion que discutimos en el trabajo que presentamos en este
apéndice y que logramos con el uso extensivo de la disyuncién exclusiva (&).

La técnica de multibit (también conocida como de multispin é de mul-
tisitio) se basa en que las operaciones lGgicas son operaciones de bajo nivel
en los lenguajes de computacién y en que se llevan a cabo bit a bit. En el
programa de un AC unidimensional la configuracién x es un arreglo en el
lenguaje C de la forma

unsigned x[L];

donde L es el nimero de sitios de la red y unsigned son enteros positivos,
es decir palabras de NB bits con NB=16,32 6 64 dependiendo de la computa-
dora. Como consideramos ACs Booleanos, x{i] es 0 6 1 y si por ejemplo
efectuamos la disyuncién exclusiva = entre las variables de estado de tres
sitios consecutivos (AC elemental 150 6 regla de suma mddulo 2)

x[i-1] =~ x[i] - x[i+1];

la computadora implementa la operacién bit a bit entre los NB bits de los
tres argumentos. Esto significa que con el mismo esfuerzo computacional,
se pueden hacer operaciones logicas si los NB de x estdn llenos. Esta es la
esencia de la técnica de multibit.

Tomamos a L como un miltiplo entero de NB y ahora una configuracion
del AC se guarda en el arreglo

unsigned  x[NW];

donde L=NW*NB. Una manera de acomodar la configuracién del AC se muestra
en la fig. A.l1 donde por simplicidad pusimos NB=4 y NW=5. Para O<k<NW-1,
x[k-1] contiene a los vecinos cercanos del lado izquierdo de x{k] y x[{k+1]
a los vecinos cercanos del lado derecho. Ahora la operacién

x[k-1] - x[k1 =~ x[k+1];
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';."-.. [0 1 2 3[4 5 8 7] 8 610 1112 13 14 15[16 17 18 18]

Figura A.1: El primer renglén muestra los sitios de la red, los cinco siguientes
muestran como se construyen las palabras.

actualiza NB sitios. Es facil ver que la palabra que contiene los sitios a la
izquierda de x{0] es un shift circular de un bit a la derecha de x[NW-1] y
que la palabra que contiene a los sitios a la derecha de x[NW-1] es un shift
circular a la izquierda de un bit de x[0]. Las operaciones de shift circular
se pueden definir facilmente, por lo que con la técnica de multispin logramos
reducir el uso de memoria en un factor de NB y aumentar la velocidad de
cémputo en un factor cercano a NB.
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RAUL RICHNAN :

Muln-site coding technigues allow fast simulations of csllutar
automata that are econonvcal in the use of memory. In thase techmiquas
the trans rule must be using only bitwise operations. We
present an algonthm for the yimulation of generic totalistic and outer
totalistic cellular automata which uses 3 multi-site coding tachnique.
The algorithm is based on the carefu! use of {(a) improvements over
the canonical forms by \using the exclusive-or operation. (b) optimal
storage of the in the memary, and
(c) of stochastic rules. itams (b) and (c) of
the method can be also appired to non-toralistic automata in any
dimension.  © 1992 Acsdemic Priss. Inc

1. INTRODUCTION

The study of ccllular autornata behavior, both of deter-
ministic and probabilistic ones, is a subject of great interest
nowadays {11, Cellulur automata are dynamical systems in

which time, space, and dynamical variables are dlscme. The -
spacc is 2 (regular) lattice, and each site (eell) lakcs a value’
in a discrete set. In this paper we restrict this set to {0 [

i.e, we consider only Boolean cellular automata, All the
cells in the system evolve synchronoudy accordmg to an

uniform short-ranged law. The law gives the future state of
a cell according 1o the present state of the cells belonging to

a certain neighborhood. In a square lattice-a widely. use
neighborhood is formed by the cell itsclf, the four nearesi-
neighbor. ones, and the four .next-10-nearest: ones*This is
often called the Moore neighborhood. It can also be’ divided
into an outer neighborhood, formed' by. the:cigh
surrounding the central one, and the cell itscl

0021999192 35.00
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Among the ‘various automata, totalistic oncs seem to
represent a subset of limited ex (in two di
and with a Moore neighborhood there are 512 different
totalistic rules with respect to 2*'? general rules) that retains
the complexity of the whole set [ 2. The transition rule for
totalistic cellular automata depends onty on the sum of the
cell values in the neighborhood. The class of totalistic rules
is equivalent to that of the rules symmetric in all the
arguments [3]. The transition rule for outer totalistic
cellular automata depends separately on the value of the cell
itself and on the sum of those in the neighborhood.
Examples. of such rules are Conway's Game of Life [4],
biased majority rules that simulate interfasce motions [5],
solidifications and aggregations models {63, and Ising
dynamics-[7, 8, 10].

. In studying the statistical properties of these automata,

long simulations of lurge arrays ure often necded, requiring
both - powerful computers and big memory storage. The

“Multi-Site Coding xechniquc {MSC) allows a gain in

emory requirements and in exccution speed [9 10]). The
of MSC is to pack several variables into a single
emory-word of the computer (a word can hold (rom 16 to
dcpendmg on the machine) and 1o elaborate their
lue as.a-whole. In such a way a certain degree of
arallc_ m can, e achieved even on a serial computer. The
rawback of this l:l.‘hmquc is how to implement a generic
ransmon rule, i :
“Storing. a’cell valuc into’a single word allows its easy
mnmpul.mon and the description of the rule with high-level
: If the sion of the neighbors is three, then....
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Alternatively the cells values can be combined and used as
an address in a precompiled look-up table. On the other
hand MSC is fully exploited if the transition rule is
expressed by means of operations acting .over the packed
variables as a whole. This can be achieved using the bitwise
operations NOT, 4ND, OR, and eXclusive OR (YOR). The
starting point is the canonical disjunctive form built directly
from the truth table {11]. The canonical form for totalistic
cellular automata contains a great number of operations.
The reduction of this l‘orrn to a minimai one (in the sense of
the ber of ired) is not an easy task. In
fact the problem of f finding the minimal form is believed to
be a NP one [12].
ln lhas paper we discuss several aspects related to the
| of cell using the MSC technique.
In Section 2 we present an algorithm that allows us to
construct a generic two-dimensional totalistic and outer
totalistic Boolean cellular automaton rule. The Boolean
expressions obtained in this way improve significantly the
canonical form. In Section 3 we discuss the problem of
optimal sterage of the configuration in the computer
memory. The technique there exposed can be also applled to
non-lomhsnc and non-Boolean cellular automata in any
Section 4 briefly d the extension of the
method to probabilistic rules; once more the resuits can be
applied to the simulation of a generic sxochasuc cellular
The subseq section p k
among various implementations of the code and one
application to the Game of Life. Section 6 presents some
applications of these methods to physics, and the final
some

2. THE ALGORITHM

In the following «x,, indicates the spin (ccll value) at the
site located at row j and column i in a square 2D lattice.
Spins can take the values 0 and 1, so each site variable can
be stored in a bit. Memory words are indicated with upper-
case letters, as #, and arrays of words by ¥, ,. All the array
indices start from 0. The bits in a word are indicated with
lowescase letiers, thus

W= [0y oy Wy, Wl

where Nb is the number of bits in a word (16, 32, or 64).
Note that the order of the bits in a word is that required to

read them as a number in base 2 in the standard lcl’t to nghl

way.

The number of required words o store a‘row ol‘ the
configuration is denoted by NMw and the numbcr of sn:s m
a row by Ns. Then :

Ns=Nb-Nw;

the number of rows required is indicated by;Nr.’ S
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Given a site and its Moore neighborhood, the spin of the
center is usually denoted by ¢ and the spins of the neighbors
by aw, n, ne, w, e, sw, 3, se. The notation recalls north, west,
east, and south directions. In the previous notation ¢ is x;;,
nwis x;_, _,, etc. Foliowing Vichniac’s notation [7], we
write

hwmawdn+ne+w+etswtst+se

(93]
m=hye,
Any totalistic evolution rule can be written as
*
cCimym T ryem, (2)
=0
and any outer totalistic rule as
[]
cthe)m Y hyle i+l =c)rg,d (3)
kw0

In these exp ¢’ is the updated vajue of the central
site, m, is 1 if m=k and O otherwise and similarly for 4,
with m and 4 given by (1). Thus only one term contnibutes
in the sums of Eqs. (2) and (3). The quantities r, and r,,
{c=0, 1) take the value O or 1 and define the automaton
rule.

As mentioned catlier it is advantageous to use MSC. In
order to perform operations oa all the bits in a word at once
we need to use only bitwise operations. In the following we
use the upper bar for the bit by bit negation, and the B, A,
and V symbols, respectively, for the bitwise YOR, AND,
and OR operations. Let C denote a word that contains Nb
spin variables. For the moment it is not important what the
correspondence among the spins in C and the sites in the

« lattice is, as long as it is one-to-one. With the neighbors nw,

n, ne, w, e, sw, s, se of each site stored in C, the ncighbors
words NW, N, NE, W, E, SW, S, SE can be constructed.
Then, any totalistic rule may be written using MSC as

’
Cwu\/ RenM,, (4)
A=Q
“and any outer totalistic rule as
C'= V Hin[CaRLvCA R.,.], - (S)

&m0

i -where Ry an_d R,',,' are words whose bits are al} cqual tor,
"‘and r. ., respectively. The words Af, and ‘H, contain in the-

ith .bit- (i=0,..,Nb— 1) the values of n, and Il, l’or lhe

. .nclghborhood oflh: ith site packed in the word C::
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‘The problem is now reduced to that of contructing the
quanmm m, and A, using oaly Boolean operations out of
the spin ¢ of the central site and of the spins aw, ..., se of the
neighbors. Then, as mentioned above, the same Boolean
expression may be applied in a bitwise lashion to
C. NW, ... SE. In what lollows these expressions are con-
structed explicitly for totalistic rules and they are reported
in table I; lhe case of outer totalistic rules xs snmxlar, and the
corresp are ized in Table I
To simplify the notations let v,, v,,.., ¥y denote the
spins ¢, aw, ..., se. Ifin a certain configuration (3o, ¥y« Ja)
the sum of the spins is m, the sum of the negations of the
spins will be 9 = m. This means that if expressions are found
for m,, k=5, .., 9, then the same formulas applied to the
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negations of all the spins will yicld expressions for the other -
m, with k=4,..,0. As an example, m, takes the value |
only if all the spins are 1, while m, is | only if all the spins
are 0. Then

' .
mym /\ Yi (6)
=0
[
me= N\ 7. )
im0 S

For kw8 we have

mym \) TgA Y AYIAPIA VAN VS A YA PiAY
cyelle S Qe

TABLE |
Equivalent Config and Ch istic Fi for Totalistic Neighborhood
m Independent con!, Code Characteristic function .’
9 e L] VoA AVIA P AYIA PIA Y A Y1 A Y
] ot 285 (PeBNIAVIAYIAVAYIA YA Py A Yy
7 oozt 127 ;
o1t 191 N
orortn 23 TP @ P ALy
oinoitit (y,ey,)av
6 0oto1111t 95
001101111 1
L. oolinion 125
(PN oo11iion 12
o10t01111 173
olotiorgr - 183 5%
010111011 187 (,-.ey.)A(uen)A(he.v,)Ay.ArMn .
oalniontl 1ne g
000115111 63
ol1iott01t 119

“ootororty
001011011
0010110}
001100111
001101011
oot1o110¢

00110101
10101011

ST 001000

o To000n N
000101111
000110111
000111011
000111101

Total (170/1637): (3@ 31 A (1@ 13V A [(5. @

(a@ ) A O A B A ey Ay
(y.e).):\(y;@.u) (r.@y.)n(rae.h)»\n

Aa®r g

Note. The (*)at the end of the characteristic fun:don fnr

ations is nmuuary Tcnlnpm

ns
$ions are nol reported for m=9 snd m = 8, where only one characteristic’ fun nn isk prese . The umbeﬂ in brackets beside the tai) upnulom lu -

the required operations with respect to the canonical form.
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where the OR operation is taken over the possible nine
cyclic translations of the indices of the spins yo. ¥y v e
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is equal to 1 for the classes denoted by 127, 191, and 223
(eventually after a cyclic translation). The class 239 can be ..

Each term in the sum only one d spin.
Expression (8) may be rewritten as .

mym V (Va®I)AYIA Y3 AYaAYs A YA YA Y,
- ®

where @ denotes the exclusive OR(XOR) operation. There
is some r:dgndancy in the last espression, as a@ b=
G A b v a A b, so that each term in the sum already contains
part of the subsequent term, but this saves one computer
operation per term,

The configurations with seven spin variables equal to |
fall into four classes. The elements of each class are equiva-
lent under cyclic translations. Each class may be identified
by the configuration that has the minimum code when read
as a binary number. The equivalence classes and their code
are shown in Tabie 1. In this case the expression

(Vo BY)A (B NIAYAYsA VA YA Y

P d by
(Jo®P) A Y2 A MBI AP A YA Y1 A T
Then N . .
mym \/ (3@ 1) A U@ 0)Avev y: 4 (1@ 0.)]
cydie - . .

AVsA YA YIA Yy (10)
This expression contains a total of 107 Boolean opera-
tions, d to the | form that 395. .

These numbers are also reported in Table 1.

The expressions for mg and my are obtained in a similar
way and are shown in Table I. The efliciency of the algo-
rithm increases with the number of configurations involved.
The expressions for m, contain 161 operations in com-
parison to the | form that 1007. For m,
the numbers are 170 and 1637, respectively. In order to

TABLE 11
Equivalent Configurations and Ch istic F' for Outer Totalistic Neighborhood
' "7 Independent conl, Code Characteristic function
[ : FIRIE o L 288 YAV APIA VYA VA YA VAN
7 annn 127 (oD VA VAP AYeA I AYIA Y- ’
[ SooftItiL. 63 . : B : &
oo 95 . i . B :
cLonetr L e 11 g ) (}'oeyn) Ay YiA Yo APy
S onot o e (@ r)ar:an®
(.v,e.v.)]Ay,A
5
o
orotion (Voe)‘i) A(Y:Dy)A(P®Y)AYia
00011110 - eB ) a0 (@ y) Ayian
- Toul (96,’6!5 ¥ ;
4 . 00100011

00101101 -
00110011
0011010

01010101
700100111”
00001111
00010111
00011011

Téul (l'JvS/:!D‘):‘(y.;O)

Note. The (') st the end of the chlra:umllc funcuan
total expressions for h= xBand he .
the canonical form. :
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achieve the maximum execution speed. the sum over the
cyclic lati in the expressi reported in Table I
should be explicitly developed.

In a general algorithm all the quantities .M, have to be
generated, as the selection of the sule is performed by the
R,. Tt is possible to save the task of gencrating m, and m;
using the parity p of the sum m, given by

P V@V D3O D YD rsiD YDy ¥y (1D
PpisO(1)if mis even (odd). Obviously

pmM VPV MgV My v my,

and since

m oAanym0 o if iy

then
mym 5 A Fig VI V il ¥ .

The expressions (11), (12), and (13) imply only 19 opera-
tions, with respect to the 3274 of the canenical form and of
the 340 of the reduced form of Table 1. In the actual writing
of the algorithm in a computer code one can further reduce
the number of operations by taking into account the
presence of common patterns in the expressions in Tabies |
and Il and observing that a® b = 4D 5. In total the number
of operations required to implement a generic totalistic
automaton is about 600 bitwisc operations per word.

Reasoning in a similar fashion, one may find compact
expressions for outer totalistic cellular automata. These are
presented in Table [1.

3. IMPLEMENTING THE ALGORITHM

The full power of the algorithm is developed when applied
to full words. There are several ways in which one may assign
the spins of the sites x, (j =0, ... Nr—=1;i = 0, ..., Ns = 1)
in the lattice to the words X, ,(k =0, ..., Nw*—1); however,
the task of building the neighborhood of the sites stored in
the word C= X, must be as economical as possible. The
final goul is to have the values of the cells belonging to the

(lj)
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neighborhood of a cell stored in a certain position of the
word C in the corresponding bits of the words V¥, ..., SE.
This can be obtained without any shift operations by
assigning the first spin in a row to the first bit of the first
word, the second spin to the first bir of the second word, and
so on for the first VIV spins. The previous operation is
repeated Vb times in order to store the [irst Vw spins in the
first bits of the words containing the row, the following M
spins in the second bits of the words. and so on. For a
generic row j we have

X0 %= 1 0= 11 Nwr s X123 vwee Xy, vnes X0l

Xp3 Mew1s G vme 10 520

X=X e 10 Nm et
wo . (14)
X1 X v v 1300 X3 Ve 19 X2 M= 18 X,.N-I-‘

For Mw 33 and apart from boundary conditions, the
spins of the neighbors of the sites in X, , are stored in the

. corresponding bits of the words

NW,,. NV, NE,
Wi G Eu
SWs Six S

R Le=t Yimta Kines
(15)

R =l X RIS Apkel

x/ol.h-l "’/ol.h X/ol.nu
In order to implement periodic boundary coaditions on
the horizontal border, all the operations on the index jare to
idered modulus the ber of the rows Nr. Vertical
periodic boundary conditions are imposed by observing
that the west neighbors of the sites in the first word X, o are
contained in the last word X, v, _, circularly shifted one bit
to the left, and the east neighbors of the spins in Xy, , are
in X, circularly shifted one bit to the right. This storage
scheme can be used in any dimension and even for
non-Boolean automata such as lattice gases (sec Section 6);
with a few modifications it can also be udapted to larger
neighborhoods.

4. PROBABILISTIC TOTALISTIC CELLULAR AUTOMATA

Probabilistic cellular 1a may be impl d by
allowing real values between 0 and | for the coefficients r,
of Eq. (2) and interpreting ¢’ as the probability that the spin
of the central site assumes the value 1 at the next time step.
Then r, is the probability that this spin is | if mrisequalto &.

These probabilistic concepts may be introduced in
the bitwise evolution rule (4) filling the bit masks R, with
bits having the value | with probability r,. A large number
Nm of samples of the words R,, is constructed with



Vm—l Then.guena dor numbe % be
Oand Nm— 1, the evolutmn rule for the sites in a word Cis
gwen by

.
c=V Reen

k=m0

M. (16)

In practice it is possible to reduce the number .Vm of the
independent random masks by performing a random cir-
cular shift over R, . before introducing it in Eq. (16). The
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and no dmy tricks. Vectorialization on the CRAY was
explicitly avoided, since we were interested in testing the
gain obtained with the reduced ruie on different machines.
The central loop containing the sum (OR) over the cight
cyclic translations of the indices was not explicitly
developed, and the variables xq, Xy, .., X3 Were translated
by explicit assignment (1emp = Xg, Xo = X, , ..., Xy = temp).
In order to show the advantage represented by using the
algorithm described above with respect to the canonical
form, cight different programs were written using the C

same arguments apply to outer totalistic celtul

Once again, the use of random masks can easily be adapted
to other evolution rules. An advantage in using predefined
random masks is that the probability can be fixed with a
great precision, and correlations are further depressed by
shuffling the random masks.

5. PERFORMANCES

In order to obtain an accurate estimate of the time
required per site update, we propose an approximate
expression for the running time T of a program,

Twn+t,-L+1,-L-N,, (7
where L is the number of lattice sites, .V, is the number of
global updates of the lattice, and ¢, ¢, ¢, are constants:
represents the loading time. which could also involve the
compilation time; ¢, is the time requested to initialize the
fattice and ¢, is the update time per site. The time needed to
implement the periodic boundary conditions is not cone
sidered, but the linearity of the law with respect to L with
fixed N, has been tested for lattice sizes ranging from
64 x 64 to 512 x 512 sites, over a variety of machines. The
quantity used to compare the performances of the various
implementations is the number v of sites updated in a
second, and it is obtained by

(2,

program on the same machine for different: V;'s.s; he :

nngulnr brackets rcpresem the a\zrage over

HP 9000/840 (32 bits per word), and a CRAY 1 X
bits per word). All the proprams were writienin

operating system the words are 16 bits lung). a SUN 386/ :
workstation at 25 MHz, a VAX 3580 (32 bits per word) an
(64"

1 and run on the HP computer (Table I11). The
tabie shows the differences in the number of spins updated
in a second, between the canonical expressions and our
algorithm in constructing all the quantities m, and A,. The
performances are reported for inline code and for a
structured call to a subroutine. Our algorithm is about
three umes faster than the canonxcal form, depending on the

lexity of the calcu!
The algorithm may be applied to many i
dets. The efficiency is d d briefly in two cases

Conway's Game of Life [2], which is a classical testing
ground. and a general probabilistic outer totalistic rule. For
outer totalistic rules, and in particular for the Game of Life,
we should expect smaller improvements with respect to the
canonical form due to the simplicity of the rule (see
Table II). Wheo not explicitly indicated, the following
programs were written in FORTRAN 77.
The Game of Life is a two-di 1 outer

cellular automaton whose evolution rule is given by

Trent

1 if c=0andh=3,
c'={l if c=landh=20r3,
A0 otherwise,

wh.ere' h I!.‘lhe sum of the neighbors of the central cell x,, as

defined in (1). It should be noted from expression (18) lh.n
only m, and my are required in order to calculate ¢*.” ¢
We wrote three dilferent programs:

N High'level, a traditional code with one spin per word
‘and 'the rule implemented with if... then... statements;

TABLE 111

Number v of sites updated in a second in kHz (formula (18)) for
the construction of m, (totalistic) and /1, (outer totalistic) usmg [of
language on 3 HP 9000/840 computer

Tolslistic Quter 1oualistic
*Program Subroutine  Infine  Subroutine . Infine. i
.<Canonical 830 1720 1778 a6
" Reduced - 3016 1B +47.1 659.5

language and in a clear style wnh many calls to subro

(18)
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TABLE IV o
Number v of sites updated in a second in kHz (formula (18))
for the Game of Life ’
Computer High:level Canonical " Reduced
PS5 2/80 189 s 28
SUN 386/ 328 504 1745
VAX 3350 549 1178 0712
HP 9000/840 1019 1751 5881
CRAY I XMP 913 30341 45511

2. Cananical, using MSC and the rule implemented via
the canonical disjunctive form;

3. Reduced, using MSC and the compact expressions
reported in Table IL.

The values of v obtained running the three different
programs are reported in Table IV. The reduced program
always runs faster than the other two. We observe that when
the number of bits per word is small, as in the case of the
PS/2, the use of MSC does not necessarily imply better
performances. For computers with more bits per word the
Bgain of MSC increases, but still one gets significant
improvements using our algorithm.

Finally, we implemented a code for the simulation of a
general outer totalistic probabilistic rule. The results for v
are reported in Table V. The gain with respect to the
high-level program is less than above {apart the results
for the HP computer), even if with MSC only one random
number has to be extracted for every Nb spins. This is due
to the larger number of operations needed to generate all
the Af, in (5) with respect to the Game of Life,

In order to evaiuate the influence of the language used, a
program that implements a general outer totalistic
probabilistic rule was written in C language for the HP
computer. The update rate obtained was 257.2 kHz, which
is nearly 1.5 times the speed of the corresponding
FORTRAN program. This result cannot be generalized, but
it shows that several factors should contribute in order to
achieve the best performances,

A preliminary study of probabilistic mixtures of totalistic
automata has been undertaken. An example is the mixture

TABLE V

Number v of sitcs updated in a second in kHz (formula (18))
for a general probabilistic outer totalistic rule

Computer High-leve) Reduced
PS2/80 9.1 95
SUN 386/ 166 ol

VAX 8350 414 . 931 -
HP 9000/840 152 oa 17607
CRAY I XMP 2612 *. 22393
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FIG. 1. Asymptaticdensity d, of live cells for a randam minture of the

Game of Life and its conjugation with probability & varying fram 0o 1 step

0.02. We plot the result of computer simulations {diamonds) and of mesn

field approximation [14] (continous line). At £ = 0, which corresponds to
the Game of Life, the asymptotic density is J,, = 0.038.

of the Game of Life with its conjugate that assumes the
vajue O(1), whereas the Game of Life takes the value 1(0).
At any site the Life rule is applied with probability s and its
conjugate with probability 1 ~2 (0 €8x 1), as described in
Section 4. In Fig. 1 the asymptotic density of live sites (ratio
of sites having spin equal to | to the total number of sites)
is shown as a function of e, together with a mean field
approximation [14]. These simulations were carried out on
a 256 x 256 lattice, The graph shows 50 points, each being
the average over 10 simulations performed on the SUN 386i
with a program written in C. The total CPU time was
roughly 36 h. The update speed was 161.6 kHz, which is
smaller than the value reported in Table IV due to the
loading time, the initialization time, and the (relatively
small) slowing down due to the calculation of the density
every 100 updates performed to monitor the relaxation of
the lattice. The algorithm here described was also used to
study the relaxation and the critical properties of the Game
of Life in Ref. [15).

6. SOME PRYSICAL APPLICATIONS

As a first physical example let us consider the simple
model of interface motion developed in Ref, [5), based on

. a marginal majority deterministic rule. The central site ¢

assumes the value that is most prevalent in its Moore

' 1'_',ncighborhood only if the majority is strong (m 26, see
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. Eq(l )l,“;ar m calse‘ bfa marginal minority (ln =4). In terms
-of Eq. (2) the rule is defined as

if k=4,6,7,8,9
otherwise.

=l 19)

ry=0

The twist in the majority provides a kind of frustration that
simulates a mabile interface according to the Allen-Cahn
equation.

Rule (19) can be coded with the general algorithm
described in Section 2, building the R, of Eq. (4) and then
using the expression for the m, of Table I and of Eqs. (11),
{12), and (13). Of course, for this given rule, one can further
reduce the ber of required c using ad hoc
tricks; in the case of rule (l9) we were able to derive an
expression containing 42 operations.

The full power of the algorithm is developed when
applied to probabilistic cellular automata.

Let us first discuss as a simple example the application of
the method to a parallel Monte-Carlo simulation of an Ising
model with nearest and next-to-nearest neighbors equal

and zero magnetic field. The Hamiltonian X is

we3- Ja,.,[( z )= u,,.].

lw )1,
l-,l— l.ll.{:l

where o,,= +1 and J20 is a ferromagnetic ‘coupling.
Passing to Boolean variables (c,‘,plx,_,fl). the tocal
energy H is given by ) - .

Hic,h)= —2](2c—l)(h 4), .

where ¢ = x,, is the state ol‘a gencnc sue and his del’n:d as
in Eq. (1), "
The variation of 1he local enexgv wuh the lllp ol‘c is

AH(C-’!)-—H(E./')—H(C.")B+4J(h 4). .

where the minus (plus) sign holds for the lransmon ol‘ €l

from 0 (1) to 1(0).,

We can now define the coefficient r, » y of Eq. (3) 50 lhal ;

the transition probabllmes salisfy detailed balance, il

1 © i 4 %0,
Fen =

exp — == if-] dH>0

a4H
AT
The random masks are built as descnbed in Sccuon 4 The
number of required random masks can be rcduccd in lhls
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case observing that 4 is always an integer multiple of 4/,
so that the r,, are integer powers of p=exp—4J/kT.
A word A whose bits are onc with probability p* can
be obtained from two independent random words 8 aod C
whose bits are one with probability p just performing a
bitwise AND among them: Am B A C.

The implementation of a parallel version of the
Metropolis Monte-Carlo sampling technique must be very
cautious, as the [ull parallelism can lead the system towards
a maximum ol' the energy, as dlscuued in Ref. [7). A

iled di of the si of the Ising model
with cellular automata can be found in Ref. [ 16] The same
scheme can bc used to simulate l!mg models in spaces of
higher di for i in three d i with
nearest neighbors i {six neighb

The storage scheme described in Section 3 and the intro-
duction of probabilistic evolution rules of Section 4 can be
also lied to no 1 such as
lattice gas models {17). For example, to model diffusion
as suggested in [18], one needs a 4-bit per site cellular
automaton. To this aim let us ider four Bool
automata Jattices stacked one over the other. We refer to
the four lattices (planes) as UP(subscript?), LEFT(~),
DOWWN(}), and RIGHT{— ). II, for instance, atsite (j, i) the
bit x, is set to one, it means that there is a particle travelling
from site (j, {) to (j= 1, i). Diffusion is controlled by two
parameters p and g, which give the probability of a common
counter-clockwise rotation of all the particles in a generic
site according to the scheme of Table VI. The random
masks P, and O, are built according to the parameters p
and g.

The evolution rule for a word C, that contains Nb sites of
the UP plane is

C}=-Q-:AEA S;vOAP, AW_VQ,
AP,AE.vQ,AP AN,

~ where N, W, S, E denote the words that contain the nearest

neighbors of the spins in C. The expressions for the other

i TABLE VI

ounter-clockwise rotations of the velocities of the particles in a
site for a probabilistic lautice gas, according to the parameters g, ¢

g Rotation
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planes are obtained by performing a cyclic permutation of
the 1, =, L, —and 8, E, N, ¥ symbois.

7. CONCLUSIONS

A general algorithm for totalistic and outer totalistic
cellular automata using MSC has been developed that
allows significant reduction in execution times with respect
to the canonical form. We have concentrated our eflorts
mainly in simplifying the rule, disregarding the problem of
veclonzzuon and of special implementations on paralle!

y approach dealing with these
problems may be round in Ref. {13). In 5enernl the main
drawback of MSC is the serialization needed to perform
calculations; on the other hand, a great advantage is the
eflicient use of the memory. Our algorithm is applicable to
any totalistic rule and may still be improved in specific
applicatioas. We have aiso discussed the problem of optimal
storage of the configuration in the computer memory and
the extension of the results to stochastic models. These last
topics can be also applied to non-totalistic automata in any
di ion, Finally, of physical applications are
given, We have shown how to apply the algorithm t0 2
detenministic totalistic rule that simulates intetface motion
between two fluids, to a Metropolis Monte-Carlo Ising
model (a probabilistic outer totalistic rule), and to a
stochastic lattice gas.

Note added inproof. One of the authors (F.B}has further developed the
slgorithm presented here in “Boolean derivatives and compuiation of
callulsr sutomata,” /as. J. Mod. Phys. C, in press,
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We studr the statistics of the time evolution of the Game of Life. We recognize three
diffesent time regimes of which the most interesting ong is the Jong time glider regime. which
has properties iypical of a critical stae. We intsoduce mean ficld approximations able to give
some insights 00 the time evolution of The density of living cclls. Extended simulations are
feporied which deal with the evolution of the density, damage spreading and the measure-
ments of » Fnite size cxponeat. A simphk dynamical mode! explains some aspects of the
asympiotic glider regime. We study also the dependence of the asymptotic density on the
initia) deatity both analytically and memerically.

1. Introduction

The Game of Life, due to Conway and popularized by Gardner, is probably
the most famous cellular automaton {1,2]. 1t is a sofitzry game that can be
plaged with chips on a very large board divided in sriali squares of the size of
the chips. In order to play the Game of Life one stasts by putting some chips
on the board. If a square is occupied by a chip there is life on the square,
otherwise the square is dead. Life evolves in time according to a simple nule.
First, all the live squares that have 2 or 3 live squares in their neighborhood
{which includes 8 squares) and all the dcad squares that have 3 live neighbors
are murked. Then all the unmarked liv® squares dic and the marked dead
squares become alive. The evolution of Life is given by the repeated applica-
tion of this simple rule.

In more technical terms, Life is a 2-state outer totalistic cellular automaton
defined on a square (wo-dimensional lattice and a Moore neighbochood
(nearest and next-to-nearest neighbors). In each cell there is a state variable
that can take the value 1 (live) or 0 (dead). The evolution rule depends on the

P
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sum of the state on the neighborhood (and not on their precise
location) and on the state variables in the central cell. Indicating with s ; the
state of the cell at time ¢ in the focation (i, ), the rule can be expressed as

syt = a(u, 3+ 8 B(H, L 2), (1.12)
where
1=V jap
H,= 3 % s,-s,. (L1b)
. _ Awmite) .
with 0= H| ;<8 a temp iabl g the outer totalistic neigh-

borhood of lhe cell 5, , and 8 the l\mnecler svmbol S(m,n)=1ilm=n0
otherwise.

While Life can be played manually (as it was played in the beginning) its
overall behavior is better appreciated using a general purpose or a dedicated
computer such as CAM or CAG [3, 4]. The simplicity of the rule hides a very
complex behavior that justifies its name. Starting from an initial random
condition of dead and live cells the Game of Life shows births (transitions
0—1) and deaths (tzansitions 10}, and the global impression of the time
evolution recalls the auto-organization typical of living organisms. What is lcft
after a very long time, at least for finite lattices, is a ‘configuration with stable
or periodic islands of living cells. Some typical examples of these are shown in
fig. 1. Very large stable configurations may be built by careful investigation (see
for example ref. [2]), but are aot significant from a statistical point of view if
one starts the lattice from random initial conditions. Life also allows for
moving objects; the simplest and most common one is called a glider and is
also shown in fig. 1. It advances diagonally one cell reproducing itself every 4
time steps. Since the maximum speed at which an object may teavel in the
automaton is one cell per time step, this is called the speed of light and gliders
move with 4 of the speed of light. Gliders may be produced at a stable rate by
glider guns (see ref. {2], ch. 21).

Why is the Game of Life so interesting? A cell survives (2 transition 1~ 1) if
it has 2 or 3 five neighbors. This is an esscatial feature for forming chains and
small agaregates. Big clusters are generally not stable, as a straight line of 3 or
more live cells will originate others live cells duz to the rule that promotes
births at cells with 3 live neighbors. The rule frusirates indefinite growth by
requiring a cell to die from overcrowding (more than 3 live neighbors). The
subtle balance achicved allows the formation of the stable. pertiodic and
moving objects meationed above which will be referced to as animals in
analogy with the clusters of percolation theory [5]. Objects like the waffic lights
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Fig. 1. The most commoa animals found in Life. How often they appear in the asymptotic regime
is indicated in p Gliders are exceptional animals in the ic state at finite size.

or the honey farms (2] will be considered to be formed by several individual
animals. More precisely the term animal will denote a stable or oscillating
interacting group of live cells {modulo a transtation).

Starting from an initial random configuration the Game of Life cvolves after
a long time to a stable configuration with a scarce population of live cells
organized in animals. The first stage of this evolution (some tenths of time-
steps) is characterized by clouds of living cells that grow and shrink chaotically.
After some 1000 time-steps the clouds (activity zones) are well separated from
one another, smaller in size and some animals are easily distinguished. Later
on, activity zones fade away eventually creating some gliders, uniil a final
configuration is reached, which is made of animals. If one perturbs this state,
e.g. adding a glider, then new activity can appcear, and onc has to wait another
hundred or thousand time-steps before Life reaches another very similar final
state. Surprisingly enough, this kind of behavior is peculiar of Life: if we
genecically change slightly lhc rul‘ c.g. allowing more births or more deaths.
the rel time is v reduced, and the final stace is simpler and
more predictable on the basis or mean ficld theory (see section 2). However,
there are exceptions: if the rule allows more births or survivals for less
probable local configurations (for instance those with 7 or § live cells in the
neighborhood), then the overall'evolution of the lattice is similar to that of the
Game of Life [6).
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Although a lot of effart has been devoted to the understanding of the details

of stable finite configurdtions, much less is known on the statistical propecties

of the Game of Life.

Some numerical simulations aad mean field (MF) methods are discussed in -

(7]. mainly concerning the existence of an asymptotic average number of live
cells (the density). A further ref of the MF prediction of the aymp
density was obtained in {S8]. More secently a power-law decay of several
statistical quantitics was interpreted as an evidence that Life is an example of
self-organized criticality {9, 10].

In this paper we discuss some properties of the Game of Life, which are
relevant from the statistical poins of view. In particular we study some features
of the asymptotic state and of the refaxation to it. In relation 1o the question of
the criticatity of this model, we investigate finite size effects.

In section 2, we discuss a mean field approach to the problem and its
limitations and in section 3, some simulations and their results. Section 4
discusses criticality and some unsolved quesuons Section 5 is devoted to 2

* dynamical model that reproduces the asymptotic state,

% lmpro;ed ‘mean field

fution of Life is to disregard

rar the

‘The first and s}mplex appr

i where the pnme denoles the updmed dznsny Thc map (2.1) is shown in fiz. 2.
g L:l us ‘observe that this equation gives the exact valuc of the density at ume l :

|f the initial configuration ot time 8 is sandom with nio '¢orrelations,

‘We would like to find a MF technique which a(lows a beuer forc:asung of :

" the time cvolunon

Asthe spud of light is 1, the state of a ccll at time Idl.pcl’ld: atniost on lhc .

state at (=0 of the cells belonging to a ncighborhood of size r={2r+ 1)
There are 2 different configurations within this neighborhood, and they can be
tabeled with an integer § which goes from 0 102" ~ 1. An exact formula for the

density p(1) ot time ¢ is then obtained averaging the value o{r) of the central cell

at time ¢ over all these initial configurations. For an initial deasity p,, the
probability p(i) of having the configuration i depends only on the aumber (i)

£ Bognoli et ol | w[uyqu[g T 25

Y8002 03 04 03 g6 07 0abl 1

verus ,,

- Fg 2 The MF mp eq. (A1) (fult lme) and the 'mproved MFp(2) (K: eq. (L()) (dukd line)

of live cells,
Biy= o301 - po) ™. 22

This gives for the density at time ¢
-t
oy X clpsi(t =gy, Ty
i®

Forr=1, r is equal to 9 and formula (2.3) ceduces to the map (2.1).
It is convenient to rewrite formula {2.3) grovping 12rms with the same n{i).
Let us define q, as the number of distinct configurations with a(i) =k, then

A= Z apbll-a) . . 29

An efficient way to perform this sum for large neighbarhoods is to code each_
initial configuration in an integer word and then compute with a multi-spin
coding algorithm (see, e.g. rel. [11]) the state of the central cell at time &.
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We have computed the cocfiicients o, for ra2 (i =0,...,2% ~1); they are

reported in table 1. The corresponding function p(2) versus g, is also shown in |

fig. 2. This second app takes into one step
backward in time and is similar to the n-tree approximation introduced in ref.
[12] for directed polymers.
The stable fixed point p™ =0 37017 of the MF map (2.1) gives the first
imation for the asymptotic density p_. Moreover the unstable fixed point
=0 19247 separates the basin of atiraction of the former fixed point from
lh'll of the stable fixed point in zero. Therefore, the first order MF theory
predicts a di; inuity in the depend of the asymp density with
respect 10 the initial density at "’ and at the other pre-image p = 0.5642 of the
unstable fixed point.

The only stable fixed point of the lrnnsformauon obmned in the second-
order MF is in zero. Therefore this second app predicts 2 vanishi;
asseaptotic density. However, looking at ﬁg 2 it is evident that for mmal
dcmuts in the range (0.2634, 0.4945) there is a transient aear the point

=0.2634 where the transformation is almost tangent io the bisectrix.

Approximarions of higher order are hard 10 compute analytically as the next
step would involve the summation over 2"~ 10" configurations. A possible
way is to explore Monte-Carlo simulations. However, it is easy to derive that in
any higher-order approximation the first three coefficients a,, £=0,1,2, of
formula (2.4) are 2ero for the effect of isolation of: live cells, this entails that
the transformation has always 2 stable fixed point in zer0. One can also prove
that at least the last five coefficicnts a,_, k=0,...,4, which determine the
bekavior near p =1 are zero due to the effect of overcrowding.

Table |
Coefficients &, of the polynomial p{2) of lormula (2.4) for the
second-onder MF approximation.

k .. - . & a,
1457120

CeaNtcuLiwm—s

=
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1£ the curve maintains its bell shape, and this is consistent with the above
quoted propertics of the coefficients, it can happen that at intermediate values
of the density there is no other fixed point, a couple of stable and unstable
fixed points or a marginally stable (1angent) fixed point. Simulations suggest
that these bifurcations should happen close to zero density.

As we shall see in the following section, these MF approximations are very
useful for studying the short time evolution.

3. Simulations

The computer study of the Game of Life requires heavy simulations. In
order 10 reduc: compuxmg time and memory storage on general purpose
Igorithms using multi-site coding were explicitly de-
vclopcd [ll]. Thcy are bascd on a reduction of the bool pression of the
rule (1.1) using the bitwise XOR function and on the optimal memory coding
of the lattice. Also, some simulations were catried out on the special purpose
computers CAG and CAM [3,4]. We have chosen pericdic boundary condi-
tions on square and rectangular lattices of size up to 512 x 512 cells.
We have investigated the dependence of the asymptotic density p, on the
deasity p, of a random uncorrelated initial configuration of size 256 x 236. The
results of the simulations are shown in fig. 3; each experimental point results

0.93
°
2.03 °
°°o°9 PR oodb° 0 ®o0
°

.65 o
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from an average over theee independent initial configurations of the same
density. One can gbscrve that p, is roughly constant in the p, range (0.1,0.7),
and that it goes smoathly ta 2ero as p, approaches zero or one.

The shape of p, versus p, can be justified using MF arguments. In fact. both
MF approximations discussed in section 2 give 3 bell-shaped form for the
updated density. This means that any density smalfer than the maximum of the

function (2.4) has two pre-images, on opposite sides of the abscissa of the

maximum. So, neglecting the shor range correlations that establish in the first
few time steps, one can argue that configurations having densitics on the right
side of the abscissa of the maximum have their equivalent on the left side,
giving the same updated density. This e‘plains the symmetric behavior of p,
near zero0 and one observed in fig. 2. It is also surprising that both MF
predict an asy v b the small and the large initiat

densuu behavior, due to the fact that in zero only the first two derivatives of
the transformations are zero, \\hulc in one also hmhcr-crder derivatives vanish.
This behavior is well reprad in the ical exp

This fact allows saving computer time in the i igations of the depend
of the final density on the initial density because one can limit the numerical
expesiments to an intzrval slightly larger then the abscissa of the masimum of
the best MF, say, in our case, (0,0.5). N

This dependence is shown-in fig. 4 for different lattice sizes; cach point
results from- averaging 100 samples, One can obscrve that the asymptotic
deasity l’nathcs the common value = 0. 0"83(:) if the mnnl densny is Iarge

“the exa:l value” of P.
,nsvmpmnc dénsity

N 14 lhgrc isa dxscon!muous
© by the fiest ordcr ME (s
yhappcns at, zero, densit

opcn, vheth
) mi limlt. ot
as predicted

ter

value p .- The value of the
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Po

r; 3. Asympiotic demity of live cells {p,} versus the initiat dcnmy {p,} for three d tfetent Lattice
sizex: 96 % 50 {beoken Kine); 160 % $00 (dashed fine) and 320 x 200 {full fine), Scatis: cal ercacs ace
not indicated, but have been computed to be less than 10%.

constant p¥' in eq. (3.1) is close to the non-zeto stable fixed point of the MF

map (2.1). This map should madel the early time evolution: the dif:erences in
initial configurations are lost i 2 short time and all the subscqu:m time
evolution appears as it started from an initial density Pl ~ o™

The time evolution changes drastically around 7, ~2000—3000 A viseat
inspection of the automaton shows that for s<¢, the time evolution is
dominated by activity 2ones that change continuously, while for 1>, large
patts of the fattice ase spassely populated by animals and the activity zones ate
few and isolated. In this regime the propagation of - -ivity is carcizd out by
oceasional gliders created in the active zones that eventually colfide with
quiescent animals. The behavior before 1, may be called active reginie and after
1, glider regime.

The indcpendence of the time evolution of the density on the size of the
Iattice in the active regime is shown in g, 6 far two dillerent lattice sizes with
an average over five samples. This scems to indicate also that the value of 4,
teaches 3 finite asymptotic value with the lattice size.

The propagation of inf ion in the two regimes is letely different.

B 4

<9
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Fig. 5. Tempora! behavior of the density p(t). The statistical errors are .
,lyp-uuy of the order of the fuctuations of the curve. The dashed line is the
. of the power law behavior. The bre&tn d‘-eam lh: nympl 3

19 1000 15000

F| & lnuepmdzxe of ihe p(l) tun! on the size of the lattice: 256 x 256 (lmn;lu) Sl’ x Sl‘
s S

e m e
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In an activity zone a damage [13] spreads at a finite fraction of the speed of
light. Preliminary results on a lattice 256 X 256 (CAM machine) show that
starting with two identical random configurations, a small perturbation (a
glider) added at 1=0 spreads with a propagation speed of ~0.4. The same
pertucbation added at time ¢ = 100 spreads on the whole latrice with a velocity
of ~0.25, and the spreading still continues at time 1 = 500, even if the added
glider collides with an animal and they convert in another anima! for some
time. This means that in this regime all the celis are affected, eaclier or later,
by the activity, so that even a quiescent animal can change the state of the
whole universe. At time 1~ 1000-2000 the damage can spread only if it is
produced into an activity zone. For times larger than 3000 steps a damage.
even if produced in an active zone. docs not spread over the whole lattice and
its speed is very small. Probably in an infinite Iattice, a damage spread with a
very small velocity.

Finally, we report in fig. 1 also the probability of fincing a given animal in
the final configuration normalized to the number of samples and to the number
of animals in a chosen collection. As may be noticed, the asymptolic state

. contains almost exclusively small animals such as bechives, blocks and blinkers.

4 The asymptotic state

We have seen that the temporal behavior of Life undergoes a quite sudden
ange.at a certain time ¢, For times ¢ less than ¢, the density of live cells
follum a-power-law decay, while for times bxzucr than ¢, the densxry ()
cannm be identificd with a well-defined law, and finally the conﬁkurauon dies
out'in 3, timit cycle. In ref. [9] it has been illustrated numerically that if one
pc_nurb_s the quicscent asymptotic state with a localized pcrlurbanon. as for

“instance a glider, the duration of the perturbation and other quantities show a

power-law decay. This behavior recalls that of a system at a criticl poiat. At
svariance with a standard critical point, Life does not have a critical parameter

.10, adjust, and this seems (o suggest that Life is an example of a system in a

stationary critical state, a feature ilustratzd with the name of self-organized

. criticality {10). 1T this scenurio holds, we expect that in the thermodynamic

limit. the glider regime is the stationary one.

To investigate these aspects we perfornied simulations on square lattices of
32, 64, 128 and 256 cells per side L. We have measured the time taken by each
initial configuration to relax into a limit cycle, that we call decay time ty. The
distribution of decay times P(r,) has been obtained averaging over 5000
samples at most and is reported in fig. 7. P(r,) shows a maximum at4,,, and an

p ial tail. The exp ial decay indi that the relaxation process is
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a probabilistic one, with a ch istic time r that depends on the size of the
tattice. The maximum of P{t,) indicates the time at which the probabilistic
process takes over, thus changing the law ruling the refatation process. Both
the churucteristic time  and «,,,, increase with the size of the lattice. One can
fit a power-law increasc of r,,,, with an exponent z ~0.76 (see fig. 8). although
investigation over larger futtices would be needed 10 improve this result.
However we observe that this simulation took almast one month of use of the
CAM machine.

The divergence of both r and¢,,, indicates that the glider regime lasts longer
arluj longer as the lattice size increases. lts mean densizy is the reported value
P .

5. A simple mode} for the asymptotic state

1a this section we describe a simple stochastic model that mimics the glider
regime. In the glider regime the latiice is populated with some isolated and
quiesceat animals. some activity zone and gliders or other travelling perturba-
tions. \When a glider colfides with an animal they can simply disappeur, but
sometimes an activity zone is formed, which can eventually emit other gliders
and produce other animals.

We first assume that the distribution ol the animals does not hide some
ordering, but simply obeys some stochastic rule. We ber that Life is
intrinsically deterministic, therelore the only source of randomness is the injtial
random configuration.

‘The model is defined in the continuum. Starting with an empty space,
animats, randomiy chosen within the colicction of the most probable ones are
randomty tossed onto the surface of area A one at a time. If they overlap (a
collision) they are both removed. This pracess continues indefinitely until an
cquilibrium situation is reached.

Two simplifications are immediately introduced, first the various animals are
replaced by disks of common radius R (the Gnal result is independent of R in
the approximation we shall adopt). Triple and higher order collisions are
neglected.

tn analogy with problems of random scquentiat adsosption {14] we define the
exclusion circle having radius 2R. If only onc disk is prescnt on the lattice, the
collision probability of an i ing disk, is proportional to the area of the

exclusion circle. In general, if N disks are present, the collision probubility
P (N) is defined by the ratio of the area covered by the exclusion circles to the
tota area A. Neglecting the overlap among the exclusion circles, this probabiti- v

Po rlaw dcpcndenre of lhc most probabl: ulnzuon timy
. lattice Lo R .
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ty is given by o

v ;‘(.v) = 4'.V=R‘IA . S K “ B ¢ X))
This approvmauon is correct in the low density lmm it corresponds to the

-+ first teem in @ cumulant expansion [14].

Let P(N, 1) denote the probability o! finding M disks at time l Th
! equation for Pis ;

i P(N,n'-|)=P‘(.‘+l)P(.V+l,:)+[l-P,(N—l)]P(N-l,;):_’ s

PO, 1+1) = PAP(L ). Gy

) The stationary solution for the probability P(V) in the approsimation (5.1) °
is S )
P(0)=aP(l). ) ) L{53)

; (;.Jb)

“hcrc Na is four times the ratio of covered area 1o 4, and it is small i

+ approximation. Thus P(A) depends only on the ratio RYA. This mdnc

: l‘!c fesults of the model ace not too sensitive to the mclus:on of di

different radius. :
We can solve eq. {5.4) by approxi g N with a ¢

“condition satisfied in the limit A~»x, Defining d = Na/4 we obiail

Bdy=cd"™™ pr(—!d) .

with C a normalization constant.
This is all what we need of the model to comtinue on the speculatiods on its’
coasequences on the study of the glider regime of the Game of Life. Since| lhe
coasidered approximation of the model is valid only if the coverzge of lhc

o surface is small, we cannot trust the probability distribution (4.5) at Iarge d
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Therefore we prefer to obtain an esti of the £ idering the most
probable vatue of the distribution (5.5), d,,, = |- '

We have now to rclate the size of a disk {and thus d,,.) to the number of
live cells in an animal (and thus to the density p). The radius of the surface
occupied by an animal is one cell bigger than the radius of the animal, due to
the interaction range of the rule of Life. The fractions of number of cells
occupied with respect to the number of live cells for the various animals can
also be easily computed. For the most common animals (see fig. 1) this fraction
is between § and §.

This gives a lower and an upper bound [or the asymptotic density of Life,

“S<p<h. (5.6)

1o be confronied with the result of simulations p'* = 0.0285.
A betrer approximation can be achieved if we measure the asymptotic ratio

- between the live cells and the connected ones, that is those that have at least a

live cell in the neighborhood. This ratio was measured in numérical experi-
ments, the result being 0.23 70.01. Using this value we get

p'™ =0,029=000I. ' .7

e consider this result as a confirmation of the hypotheses behind the model
rather than a prediction of the density.

nsity p, of live cells with respect 1o the density p, of an initial
anfigu We have obtained imp d numerical esti of p,
aled th prcs:ncc of a transition as p,, goCs lo zero or to one.

(-:ps) is dnmmakd by the abscnc-. of corrclanons and therefore follows
clus;l\ the mean field theory predictions. The absence of corrclations is exactly
truz during the first time step, and is less so as time advances. A better result
lh1n that' given by pure mean field theory was presented.

Thg sccond part shows a power-Jaw decay of the density (considered
equivalent to the magnctization of a spin modet) that implies the dominance of
correlations. Unlike a critica] phenomenon in magnetic systems, this power-law
does 10t converge towards the asymptotic value, and hence breaks down at
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t=1_~2000-3000, where another evolution mechanism takes over. This part
of the evolution is termed activity regime since it is dominated by activity zones
where it is suggested that information is exchanged at a fast rate.

The third past of the time evolution begins after 7. and it is conjectured that
it goes on forever in the thermodynamic limit. This behavior is termed glider
regime since the activity and information transport is due to the relatively slow
motion of the gliders. This glider regime seems (o respond to perturbations
with the power-law properties of a system at the critical point. We have
characterized this critical regime measuring a finite-size exponent.

The simulations for various lattices show that the time behavior is indepen-
dent on the jnitial density, as long as it is not too small or too large.

A simple model allows the derivation ot’ the value of the asymptotic density,
when the measured p of imals is taken into account.

Acknrowledgements 14

We thank R. Livi and G. Parisi for useful di ions. We acknowledge the
CNR-CONACYT contract for financial support, \\hnch allowed the exchange
of researchers between Italy and Mexico,

References

[1] Elwyn Berlekamp, John Conway and Richard Guy, eds.. Winning Ways, vol, 2, What is Life?
(Academic Press. New York, 1952) ch. 25,

[2] M. Gardner, Wheels. Life and Other Storics (Freeman, New York, l983) chs. 20-22,

{3] T. Toffoli and N. Margolus. Cellular Machines {MIT- Prcss, Cambndge. MaA,
1989). -

3] F. Dagnoli and A. Francescato, A cellular automata m::hmc. in: Ccllul:r A\nom:m and
Mod.ling of Complex Physical Systems. P. Mannesille, R. Bxdclu!. G‘ \'Khnl:: and N.
Boccara, eds. (Springer. Berlin 1990). : o

{3) D. Suufier. Phys. Rep. 53 (1979) |.
W, Essam, Rep. Progr. Phys. 43 {1980) §33.

[6] F. Bagnoli. Thesis. Universita di Firenze (1959).

7] LS. Schulman and P.E. Seiden, J. Stat. Phys. 19 (1978) "b

{8} H. Gutowirz. Complex Systems | {1957) 57.

{9] P. Bak. K. Chen and M. Creutz, Nature 342 (1959) 750.

{10] P. Bak. C. Tang and K. Wiescafcld. Phys. Rev. Lett. 59 (1987) 350; Phys. Rev. 38 (1953)

[11] F. Bagnoti, R. Rechtman and S. Ruffo. Generat Algorithm for Totulistic Ccltular Automata,
1. Comput. Phys., submitted.

(12} B. Deerida, in: Complesity and Evolution, R. Lisi, .P. Nadal and N. Packard, eds. (Nova
Scierce), in peess.

{13) D. Stauffer, in: Chaos and Complexity, R. Livi, S. Rulfo, S. Ciliberto and M. Buiatti, eds.
(World Scieatific, Singapose. 1933).

{13] P. Schaaf and J. Tatbos, Phys. Rev. Lett. 62 (1959) 175, and references therein,




.68




Apéndice C

Exponentes de Lyapunov
para ACs

69



70




Physioy benira A 172 (10093 Mu i
Meorfiubintiand

PHYSICS LETTERS A

Dumage spreading and Lyapuno / exponcnts in.cellular automata

. tagnoll %, R, Rechiman ™t xmd S, Rul‘m e

O Dgariimenio d Mittematiot Ao, Priveesitd i Firze, Via 8. MnrmJ ISDI.W Flarence, ftaly

% Pystetmenindt Kneeeencst, Univeraby di Firenso, U 8, Mg J
N«m-m'v Imlr

voNRons § NN i Pt LN ML b Firepze

Y

Reverod (0 Ayt TV aveepivd Ty |mhl|(‘Mlu|\ 27 ()\mhcr IW‘

Cnmmtieaind by AR, Dinhogp . o

3, 8-301 39 Florence, ltaly

w\m\.\\ Antimate w\-«l\m A dirveied g

1, tntewdiction

The Dohavioe oFf the distanes between 1wo coafig
NFATEAR WBITAENT Ly thae samie dvnanies {damage
APMAIATEE Y (L OO e 1 I goisd tool 10 s
ARG TR IR PROReTLies of tha dy s o' diss
THME ARSI pradkels ] ARough the relation
TOLACMIE TR AR S Sohaotse™ Do rar 58
AR ARROINEL TRCHR 1Y AR AITTALUAN R Qe Itnaee
PNTRAA T AT ARG 2R A et s, Sl B
DANRA & PR QLo amt dhreanagy calaseng o

A A TR QAR AD AR AT AT & e

BTN RENRE N e CMLEY Depday
SRR AR TR MUY W 3o a\\'"\\. EXS &
LA OTEIN OURNENALIRE B epeAny a:‘\- s e
RN W FANEAN SR SRR NN 1 »: pSC NS
R LA SRS VAR VAR PRI 1n Wt
RV A R 20w RAGNER ety taay N
NS T RS R MUY Q8 & ooty sainensane.

A BONRER WARSIIANANARR OIS JMARSANE

ATRY S0 S WERIONR AVABMNYL SN SIS Or &
ﬂ&ﬂs\\, TR NN AT WRS AN A TRSORR ™ 2
NMRTREARBNE Kr g e L R oy O Ro e i
ERNENE S RTINS A ECU R DR CEICIR FCA IO

AV NN, TS I AR IS G MR Rt
NN L sy, Nansawa uuww». FUR LRSS
ANEN Toen AN AN NEvor T Menann

Y PAASRS U

| e vn;m-
SLWRATY SR AUt feveal the same Ls \\\'\muilim\\,.

SRR AT Devre Rexrmar M

_Alter the imroduction of 3 small arp_(:un( of noise

-periodic boundary conditions (X, =x,). The time
evolution of the svst:m is gmcn bya Boolcan fune-. ~
tion ¥,

x(r+N=F(n). n
which is in 1um detinad kvally by a uniform nide f,
TSNS fe))

where ¢ i U mtage of ik foaction f There amre
IRV Siereat OA oF range . o what foBows we
TERNT 0T stndy 10 elementany CA for wdsicki r=d
amd ane Wrem's dahelmg comvemtan 210

In e oot oF CA wiesr e soacr 2ad de-
DRI VIEENS a0y “\.-... we gnaed oxcamd &
a1 deflmaiaan of Lvememov apamezzs (LR
e 30 1w Soune rrreartor sImes £ i 30 mne Sme
oA OF LB OF U vERENSS X the Sisupnne hee
amnih Sowe soedpreronns oar moreese

IR VS NAWIR ¥ {3 SOV 90 74 )

TRRDE TR T
3T A0 ;:.\::;- I ewmp tonns.

Srend T IMemg 23 The g Tone Senrsyer of The
LECRNCT NOTURDAT T S5 TRUIOICIMS, W IET LSS SO
Hny Thar e sham o Smetnucus Smemusit me
TR NS KUT T U SEUNLe 36 T SMER e
TVN ST TINROL W 1 STRAL Dertaten L SEImuge
a0 S ur T mimrfgutmiaw . Thes defet oo he
£ b U AR N SRS L I wl GlS i —ined IenmE Trnnognel
TGS Shanpe. &Sm0 ooy pesrense moTers g
T SNEUNCT MDD Ty SIS

T Alrpow 4



Physics Letters A 172 (1992) 34-38

PHYSICS LETTERS A

"North-Holland

Damage spreading and Lyapunov exponents in cellular automata

F. Bagnoli *¢, R. Rechtman - and S. Ruffo "¢

* Dipartimento di Matematica Applicata, Universita di Firenze, Via S. Marta 3, 1-50139 Florence, taly
® Dipartimento di Encrgetica, Universita di Firenze, $ia S. Marta 3, 1-50139 Florence, ltaly

¢ Sezione LN.F.N. and Unita LN.F.M. di Firenze, Florence, laly

Received 10 August 1992; accepied for publication 27 October 1992

Communicatcd by A.R. Bishop

Using the concept of the Boolean derivative we study local damage s

far on 1 yeellular

and define their maximal Lyapunov cxponent. A random matrix approximation describes quite well the behavior of *chaotic™

cellular and p a

1. Introduction

The behavior of the distance between two config-
urations submitted to the same dynamics (damage
spreading) is considered to be a good tool to inves-
tigate the ergodic properties of the dynamics of dis-
crete statistical models {1]. Although the relation
between these properties and *“*chaotic™ behavior is
still unclear, there is an intuitive connection between
“chaos" and damage spreading on one side, and be-
tween a periodic attractor and damage collapsing on
‘he other. For continuous dynamical systems a pos-
itive maximal Lyapunov exponent (MLE) implies
*haotic motion. The MLE is roughly defincd as the
ratc of the exponential divergence of the distance be-
tween two initially close trajectories in the limit of
long times and vanishing initial distances. In what
follows we show how Boolcan derivatives may be
used to define the MLE of a cellular automaton.

A Boolcan one-dimensional cellular automaton
(CA) is a discrete dynamical system defined on a
lattice. The state of the system is represented by a
configuration x= (X, ... Xp ... X;.) of Boolean vari-
ables, where L is the size of the lattice. We always usc

' On sabb leave from: [ de Fisica, Facultad
de Cicncias, Uni d Nacional Auté de México,
Apdo. Postal 70-542, 04510 Mexico D.F,, Mexico.

ype phase tr
clementary ccllular automata reveat the same type of transition,

After the i i

R AR R L o din

ofa small amount of noisc

periodic boundary conditions (X, 4, =x;). The time
cvolution of the syslcm is gwcn by a Boolcnn func-
tion F,

D) =F), ‘ m

which is in turn dcﬁncd locally by a uniform rule £
.\.(1+l)—/Ix._,(t).....x.(t).....x,"(l)).. )

where r is the range of the function /. There are
224" different CA of range r. In what follows we
restrict our study to clementary CA for which r=1
and usc Wolfram's labeling convention [2].

In the context of CA where time, space and dy-
namical variables are discrete, we cannot extend di-
rectly the definition of Lyapunov exponents [3,4].
Duc 1o the finite interaction range r and to the finite
number of states of the variables x,, the distance be-
tween two initially close configurations can increase
at most lincarly for long times.

Instead of looking at the long time behavior of the
distance between two contigurations, we can use some
hints from the theory of continuous dynamical sys-
tems and study the local stability of a single trajec-
tory with respect 1o a small perturbation (a damage
or defect in the configuration). This defect can be
readily recovered, or it can treeze being replicated
without change, or finally it can propagatc increasing
the distance between the configurations.

34 0375-9601/92/$ 05,00 © 1992 Elsevier Science Publishers B.V. All rights reserved.
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..In:section 2, we show that the distance between
two configurations after the introduction of a defect
is given by the Boolcan Jacobian matrix of the evo-

lution function F [5.6]. While in the actual evolu-" 7+

tion of the automaton the defects can interact and
annihilate themselves, we are interested in the sta-
bility of a single trajectory, and we restrict to the case
of non-interacting defects which is equivalent to
considering a product of Boolcan Jacobian matrices
on a trajectory. For the elementary CA it is a Jacobi
matrix with clements equal to zero or one on the three
main diagonals. This in turn suggests a relation with
the product of random matrices of the same type. The
MLE of the product of these random matrices shows
a transition related to that of dirccted percolation
(72.8).

As reported in section 3, the results of simulations
of “chaotic™ CA (whose space-time patterns. start-
ing from a random configuration, are disordered and
aperiodic) agree quite well with the predictions of
the random matrix approximation. Adding a small
amount of noise to the cvolution of the automaton,
our approach reveals the existence of a transition in
the space of CA from a “frozen phase” where dam-
age does not spread. to a phase where damage spreads
tocally with a positive MLE close 1o the one given by
the product of random matrices.

2. Boo! derivati defe and random matrices

We are interested in the local stability with respect
to a small perturbation, of the time evolution (1) of
the configuration x. Let us denote by z!* a defect at
site / as the configuration with clements = =4, ,, =1,

. L, and J,, the usual Kronccker symbol. The con-
figuration y (1) =x(¢)®@z** differs from x(7) only at
site / (the XOR operation @ is performed site by
site). Depending on F and on the configuration x

the defect 2 can originate in one time step up lo =

three defects in sites i— 1, /and i+1. Thcn
x(t+1)@By(e+1) S
=F AU VDF, AT VDF . Az(/#l)

where #;,;=0, | and the AND opt.ralion A is'bcri
formed between the number F; and cach clcmcnl :

of the defecl TN The quannues
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F;-l— 6r,(l+ l )

“are the elements éf‘thé‘Bdolcan Jacobian matrix F*

of F. These are defined in terms of the Boolean de-

"nvauvc oflhx. local evoluuon rule f of eq. (2); for

ax,(1+ I )
9,41 (1),

=f(Nim 1 X X )OI N X BT

Since / has range 1, dx,(¢+1)/dx,(r) vanishes if
[i{—ji>|,and F’ is a Jacobi matrix, If the local cvo-
lution rule is expressed in terms of AND and XOR
operations (ring sum expansion), the Boolean de-
rivatives extract the lincar part of £

We arc interested in the limit of a small initial per-
turbation to a given trajectory. This limit corre-
sponds in discrete dynamics to the presence of only
one point defect. If, during the evolution, »1 defects
appear, we consider #1 replicas of the system and as-
sign one of the defects to cach one, We indicate with
N, (1) the number of replicas carrying the defect 2
at time ¢, If for instance, we start at time zcro with
only one defect at some site § (N,(0)=1), and the
rule allows the spreading of the defects to the sites of
the neighborhood at cach time stepy at (=1,
No=N=N, =i, at =2, N_1=N=1,
Nio=Ni=2, N,=3, ctc.

The time evolution of the number of defects at site
i is given by

NG+ = T ESONLD,
T
or, in mai'ri;( fbvr_m,',

(3)

“where the clcmcnls of F' are not interpreted as in-
‘teger numbers. It is worth noting that N,(¢) is also
the ‘number of paths in defect space that reach the
“site /' at-time ¢ starting from any defect at time 1=0.

We define the finite-time MLE A(T) of the map

"‘Am—— z log (e
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wvh_er'e the local expansion ratc of defects » is defined
as

O =INU+1)/IN@

and {N}=3,;N,. In the following A(oo) will be de-
noted simply by A. This definition is meaningful be-
causc the number | N(7) | can diverge exponentially.

If A<0 the number of defects (the damage) de-
creases exponentially to zero, while if A>0 the dam-
age spreads. Let us give some simple examples. Rule
0 that maps ali the configurations to the configura-
tion {0}, has 4= —oo because the Jacobian is zcro.
The *“chaotic” rule 150 has A=1log 3, because all its
Boolean derivatives are equal to one. A marginal case
is rule 204, for which F’ is the identity matrix and
A=0, The derivatives of the 88 “minimal” elemen-
tary CA may be found in ref. [5].

In the spreading case. a reasonablc approximation
to the dynamics of defects (3) consists in substitut-
ing the deterministic matrix F’ with a random ma-
trix of the same form. We therefore consider the
product of random tridiagonal matrices M{p) hav-
ing a fraction p of clements on the three principal
diagonals equal to one. The quantity p is naturally
interpreted as the geometric mean u of the derivative
on the CA configuration for large 7, i.c.,

- T
wT)= (:ﬂ Il(l))

and
1 L 1 ,
ae)= 3T I; k_Z_| Flivk.

The evolution of the number of defects in the ran-
dom matrix approximation defines a dirccted bond
percolation problem with control parameter p, as-
suming that a site at location J at time ¢ is “wet” if
N,(1)>0. Observe that N,(1) gives the number of di-
rected paths that reach site / at time ? inside the per-
colating cluster. Therefore we expect a second-order
phase transition at p=p. with order paramecter the
density of wet sites p(¢).

We have first localized the percolation threshold
at p.=0.441(1) (wherc the number in parenthesis
is the crror on the last significant digit) by looking
at the asymptotic behavior of the order parvameter.
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Then, starting with an initial condition where all the
sites are wet, we have verified that p(1)~¢~# at p,,
with §/v,=0.155(3) the usual exponents of directed
percolation.

The results of the random matrix approximation
are reported in fig. 1. where the curve shows the de-
pendence of the MLE 2 for the product of random
matrices M(p) as a function of p. For p<p. A=
—ao. AL p,, for sufficicntly large T,
MTY=4+aT"*,
with 1=0.237(2), y=0.68(4) and a> 0. This shows
that at the critical point tac number of walks on the
percolation cluster grows exponentially with time,
with an effective coordination exp(4). The exponent
x which is not usually defined in percolation, might
be related to the critical exponents for directed walks
{9]. The data at the percolation threshold were ob-
tained by letting a 104 10* random tridiagonal ma-
trix evolve during 4000 time steps for 30 realizations.

We obtain a mean field approximation replacing
M with a constant tridiagonal matrix with clements
equal to p. The corresponding MLE is A=log 3p which

1.2 T v

LX)
08
B XA SRR

05
04:
02

‘02
of-

6. .07 08 09

S BENTY :
Fig. 1. The curve shows the MLE 4 of a random tridiagonal ma-:
trixasa ion of p. The di ds show the ic value
of A for “chaotic™ CA. Results for the CA were obtained with
T=5000,L=512and ap=0.5.
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is positive for p> §. Our numerical simulations agree
well with this mean field approach for p2 p,, with a
maximum deviation of 18% at p=p..

. In the numerical calculation of the Lyapunov ex-
ponent A one needs to renormalize N(¢) [10]. This
is impossible if V is defined over the integers. How-
ever, since the Lyapunov exponents are independent
of the choice of the initial vector and of the norm in
the ergodic case (11], we let F* (or M) act on some
abstract “‘tangent” space in R-, using the usual Eu-
clidean norm. Applying standard methods one ob-
tains the Lyapunov exponents reiated to the cxpo-
nential divergence of the norm of the product of F'.

3. El y cellul

We computed the mcan number of ones u(7) in
the Jacobian matrix and the finite-time MLE A(7)
for all the 88 “minimal" clementary CA for L=256
and L==512 and 5000 < T'< 15000 starting from ran-
dom initial configurations with fixed fraction a of
live sites, ap=L ~'Z x,(0). The quantities #(7) and
A(T) are generally already asymptotic for 7~ 5000;
morcover they show a very weak dependence on g
for 0.2<ay<0.8 (only rules 6, 25, 38, 73, 134 and
154 vary between 10% and 20%).

We note that

(i) CA with constant F' independent of the con-
figuration (rules 0, 15, 51, 60, 90, 105, 150, 170 and
204) have A=log 31 with #=0, §, § or I,

(ii) CA for which all configurations are mapped
to a homogencous state (rules 0, 8, 32, 40, 128, 136,
160 and 168) have A= —oo. The control parameter
1 is zero. These are class | CA in Wolfram's classi-
fication (3).

(iii) *“Chaotic” class 3 CA with nonconstant F’
(rules 18, 22, 30, 41, 45, 54, 106, 110, 122, 126 and
146) have x> p., >0 and the damage spreads.

The values of the MLE for the *‘chaotic™ CA of
cases (i) and (iii) agree well with the random ma-
trix approximation, as shown in fig. 1. This is also
trivially true for the automata of case (ii).

For the CA with 0< < p,, A depends on the initial
condition;, this is revealed by choosing a special ini-
tial condition N(0) having only ane nonzero com-
ponent in the map (3). For those automata whose
evolution leads to a nonhomogeneous periodic space
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pattern (class 2 CA), the MLE is the logarithm of
the largest eigenvalue of the product of the Jacobian
matrices over the periodic state. The measured value
of 4 is always nonnegative. This suggests that the
asymptotic statc is unstable (4>0) or marginally
stable (4=0). One can think that the “freezing" of
the evolution occurs because there are no *“close™
configurations which can be used as an intermediate
state towards a more stable state. Thercfore, we
“*heated" the cvolution by exchanging the states of
a smalil number 5 of pairs of randomly chosen sites
at cach time step. In fig. 2, we show the values of u
and A for all the minimal CA for which 40 starting
with ap=0.5 in the presence of a small amount of
noise.

After the introduction of noise the CA can be di-
vided roughly in three groups. In the first group with
A= —oo, we find all class 1 CA and some class 2 CA
(rules 1, 3, 5,7, 11, 13, 14, 19, 23, 43, 50, 72, 77,
104, 142, 178, 200 and 232). Rules 50, 77 and 178
show very long transients of the order of 15000 time
steps. The CA in this group have a small # in the ab-
sence of noise (£<0.373). Rule 232, a majority rule,

Fig. 2. The curve is the same as the one shown'in fig. 1./ The dia-
munds show the values of  and 4 for atl the minimal CA with
430 in the presence of a small amount of noise s= 2 and T'=5000,
L=512,a0=0.5, 0 V0L G
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illustrates well a typical behavior. Configurations {0}~
and {1 }* are fixed points for this CA. A single defect
in these configurations is recovered in one time step.
On the other hand, an arbitrary initial configuration
will relax in a few time steps to a pattern of strips.
By adding a noisc as described above, the borders of
the strips perform a sort of random motion, thus al-
lowing their merging. Finally, one of the two fixed
points is reached. according to the initial density of
the configuration.

The second group of CA has a positive MLE. It
contains the class 3 CA and rules 6, 9, 25, 26, 28, 33,
37, 38. 57, 62, 73, 94, 134, 154 and 156 which are
not class 3 but show local damage spreading. The
valucs of i and 2 are slightly affected by the noise.
The CA in this group have 4> p. and 4 close to the
curve of the random matrix approximation,

CA in the third group have A ~0, a value which is
never found in the product of random matrices, The

CA in this group have an intermediate valuc of -

(0.281 < st < 0.54 without noisc and | <u<p, in the
presence of noise ). Contrary to the prediction of the
random matrix approximation N docs not vanish for
long times. The CA in this group are rules 2, 4, 10,
12,15, 24, 27, 29, 34, 35, 36, 42, 44, 51, 56, 58, 7.
76, 78, 108, 130, 132, 138,140, 152, 162, 164, 170,
172, 184 and 204. Morcover, rules 4, 10, 12, 15, 34,
42, 51, 76, 138, 140, 170 and 204 have conserved
additive quantitics [12].

In this Letter we have shown how the MLE can be
defined for CA using the Boolcan derivative. A pos-
itive Lyapunov exponent is associated to local dam-
age spreading and on the other hand reflects the ex-
ponential growth of paths on dirccted percolation
clusters. For CA with 0 < u<p. which do not spread
damage but have a positive Lyapunov exponent the
introduction of a small noise produces a collapse to
A=0 or A= — oo, A random matrix model is directly
suggested by the CA dynamics and displays a di-
rected percolation phase transition. The same phase
transition is observed in the CA rule space in the
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presence of a small amount of noise. The extension
of our definition of Lyapunov exponent to other dis-
crete systems, and possibly to probabilistic dynamics
will be the subject of future investigations.
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Abstract

A nine velocities lattice gas on a square two dimensional lattice is the
simplest model where conservation of energy is a constraint independent of
conservation of mass. We present computer experiments of self diffusion of

¢ this lattice gas in a model random porous medium and find the dependence
of the diffusion coeflicient with energy density and temperature.
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1 Introduction

Lattice gas automata where particles move with more than one speed are used
in the simulation of heat flow phenomena. [1, 2, 3, 4, 5, 6, 7] In contrast to the
classical HPP [8) and FHP [9] gases with particles suoving with the same speed,
the conservation of energy is a constraint on the collisions independent of mass
conservation.

The thermodynamic equilibrium properties of multi-speed models are not
normal meaning that the entropy is not an always increasing function of the en-
ergy. [10] Since the energy spectrum per site has a lower and an upper bound, the
system has a large degree of order near these bounds and the entropy increases
for small energies and decreases when the energy is large. This behavior is sim-
ilar to that of nuclear spins.[11] The temperature assumes positive and negative
values and has an infinite discontinuity in the maximmum of the entropy. The
sitnplest lattice gas that exhibits this type of behavior is a nine velocities model
defined on a square two dimensional lattice where particles are either at rest,
traveling along the axes to their nearest neighbors or on the diagonals to their
next-nearest neighbors. For other multi-speed models, for example an hexag-
onal lattice where particles may travel with different speeds, the same type of
thermodynamic behavior holds. In section 2 we define the model and present
its thermodynamic equilibrium properties.

From the knowledge of the equilibrium behavior of the nine velocities lattice
gas we attempt the study of self-diffusion in an empty container and through
a randormn porous medium. Model porous media bring to mind percolation
theory but it is not yet clear that porous media occur only near the percolation
threshold.[12] Flows through random porous nedia have been studied using
lattice gases with special attention to the measurement of porosity and Darcy’s
law using mainly FHP models. [13, 14, 15, 16] Porous media have been modeled
by random obstacles such as circles, diamonds or squares. In this paper we chose
as obstacles circles of randoin radius where the area of the pores, that is the
space occupied by the gas is far from the percolation threshold. This is discussed
in section J. In section 4 we present our results, mainly the dependence of the
diffusion coefficient on energy density and temperature. We end with some
conclusions.

2 Equilibrium thermodynamics

We consider a square two-dimensional lattice containing V sites. The state of
the system at time t is specified by the set of accupation numbers {n(c;, r,t)}
where n(cy,r,1) is 1 if there is a particle at site r with velocity ¢; and 0 otherwise.
The set of nine velocities is labeled in such a way that & = 0 corresponds to a
particle at rest, k = 1,...,4 to the slow particles moving along the axes and
k= 1/,...,4' corresponds to the fast particles moving along the diagonals. That




is, S o

0 k=0 )

=< 1. k=1,...,4 i (1)
V2 k=1, 4.

Slow particles have an energy e; = 1/2 while fast ones have an energy e = 1.

The equilibrium thermodynamics of this model has been discussed else-
where [10] so we briefly present some results in thc microcanonical ensemble
where the total energy I and the total number of particles N are fixed. The to-
tal momentum is zero. Let n = N/V be the occupation number, ny = N, /V the
occupation number in dircction k& where N is the number of particles moving
in direction k and e = E/V the energy density. Then

n=Zn;,, €=Z¢kﬂk~ 2
Iy k

The particles obey a Fermi exclusion principle. For a fixed average occupation
number n = N/V there exists a lower and an upper bound on the energy density
e denoted by er (Fermi energy density) and eps respectively given by

0 0<n<l1
er [2em)2zl 1<n<5, (3)
[2cm]n—3 5<n<9
n 0<n<4d
eM= [2(:"1]—'*'— 45n<8."

[%mm _ 8<ﬁ<9“"

For example if n.=. 3 lhc mnumum encrgy conﬁgurallon Ins n pnrtlclc nt res("v .
and the other two moving along the_.axes so.that; ep
energy configurations has three. fast parucles s0 tlmt cM :

The cntropv densny s. 1s glven by :

the’ temperature is posmve for ¢ € (ep,
to mﬁmty ate=e* (see ref [10])
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Figure 1: Equilibrium occupation numbers for n-=:2 a's,;_'a?funi:tipn'.pf,e‘,‘
ep < e < ep. The curves labeled by 0, 1, 2 correspond.to ¥y, 7y and faoicy

3 Model porous media

Porous media (PM) are a great challenge due to their complexity.[17] When
discussing flows through PM, percolation theory seems to be relevant since the
fluid must be able to pass through the media, yet it is not clear if the fractal
nature of the infinite cluster at the percolation threshold determines the prop-
erties of PM. [12] Flow through porous media is essentially a three dimensional
problemn, therefore modeling a two dimensional PM requires some imagination.
For lattice gas flows in two dimensions PM have been siinulated with pictures of
cuts of three dimensional natural porous rocks. [15] Also, in order to have a well-
defined and reproducible tmodel random obstacles like overlapping squares [13],
overlapping circles [14] and rhombi [16] have been used.

The obstacles in these model PM must be large enough to be considered as
macroscopic, small enough so-that a large number of them may fit in a lattice
of reasonable size and the void spaces sufficiently large to allow the lattice gas
to behave as a continuum.

As candidates for a inodel:porous medium we chose different types of clus-
ters. The first is site percolation on a square lattice where clusters are formed
by nearest and next-nearest neighbor sites, the others are variants of the Swiss
cheese model of continuum percolation.[20, 19] Percolation theory studies the
number and distribution of sizes of clusters of marked sites for a given fraction
of randomly marked sites p. For site percolation we find that the percola-
tion threshold p. is pc ~ 0.406(2) in 1000 x 1000 lattices where the number in
parenthesis is the error in the last significant digit in agreement with previous
calculations.[20] The set of sites in the percolation cluster A may be decom-
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Figure 2: Site percolation. The full squares show m, the open ones b and the
full diamonds i all as function of p. The dotted line is the identity function.
These simulations were performed on a 1,000 x 1,000 sites lattice.

posed as M = B U where B is the sct of sites on the border and 1 the set
of interior sites. Then m = b + ¢ where m, b and i are the fractions of sites
on the percolation cluster, on its border and on its interior respectively. Near
the percolation threshold i is close to 0 and increases slowly as p increases.
This behavior is shown in figure 2. This model is not suitable for our purposes
since there is hardly any interior where the lattice gas can be considered as a
continuum, except for p close to 1.

In the next two models, a fraction 1 — p of sites is filled with circles of radius
r, the first with r constant and small compared to the side of the lattice and
the second one with r chosen at randomn between 2 and some value rpq- again
small with respect to the side of the lattice. These circles are the obstacles of
the model PM. For these models we find from simnulations that 0.31 < p, < 0.42
for different ry,uq... If p > p. the gas may flow around the obstacles. In figure 3
we show the values of m, & and i for the latter model. The border does not
contribute significantly to the mass m of the percolating cluster. This seems to
be a better model since the space occupied by the fluid may be considered as a
continuum. The same qualitative result is found for circles of constant radius.

The last two models are the inverse of those mentioned before, that is, the
gas flows through the circles of radius r, one with constant r the other one with
randomly chosen r smaller than some r,,,,. A fraction of sites p is occupied
by these circles. We found from siinulations that 0.58 < p. < 0.69 for different
Tmax - Again, the border does not contribute significantly to the total mass m.
Obstacles of any shape may be considered. In the simulations that follow we
chose the third model; the obstacles are circles of randoin radius.
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Figure 3: Percolation on a square lattice with circles of random radius r as
obstacles with 2 < r < 20. The full squares show m, the open ones b and the
full diamonds i all as function of p. The dotted line is the identity function.
These simulations were performed on a 1,000 x 1,000 sites lattice

4 Diffusion in a model porous medium

In the experiments we used a 200 x 200 sites lattice in which a fraction p of
sites is occupied by circles of random radius r with 2 < r < 10. All experiments
were performed at fixed values of the average energy per site e and occupation
number n that define a thermnodynamic equilibrium state characterized by the
occupation numbers of rest, slow and fast particles 7,7, and 7, as mentioned
in section 2. In the initial state the particles are thrown at random in such
an equilibrium state. A small number of tagged particles (~ 200) are initially
inside a small circle of radius 10 which is (obstacles permitting) more or less
in the center of the lattice. The lattice gas evolves as usual, all collisions are
considered. If a tagged particle participates in a collision one of the possible
outcomes is chosen and the tagged particle is assigned at random to any one of
the outcoming particles. Particles invert their velocities upon a collision with
an obstacle.
The diffusion coeflicient D was calculated from the relation

< r¥(t) >=4D! (6)

wlhiere ¢ is time and <'- > is an ensemble average over the displacement of the
tagged particles. Experimentally the ensemble consisted of twenty repetitions
and D was estimated by fitting a straight line to the experimental data with
100 < 1 < gz, and L0 chosen in such a way that the tagged particles do not
reach the sides of the lattice (for n = 2 and p = 1, timar = 700).
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Flgure 4 Depondence of the sell Diffusion coefficient D on the occupation
nmbier ne The falt squares correspond to p = 1.0, the open ones to p = 0.9,
the Dl diamonds to p = 0.8, the open ones to p = 0.7 aud the full triangles to
= 0.0, The lines are inchuded to guide the eye.

I figare 4 we show the diffusion coefficient as a function of the mean occu-
pation niwber n for differens values of p with e = 2n/3. At this value of ¢ the
uine divections are equally probable and T = oo where T is the temperature.
By p & | we see that D decreases as n increases but this tendency is reversed
R waall o The vollisions of particles with obstacles could be responsible for
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aacles and ditfuse dowly. Ag e incresses the probability that a tagged particle
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st be o value of p between .7 and 0.8 for whick £ does not depend on e

e Bgute 3 we show the Jdependence of the difusion coeficient 2 on the
WKLY Per S v Wik ep X ¢ ey tor differess values of p and n = 2. Far
% = §we found the same gualitasiyve belavice.

The Ruowledge of she theptmnadytamic aquilidrium behavicr of the laztice as
deserthed By sevzion T aliows e detsrminasion of the dependencs of D en -5,
Qe (U} ety bRapenat e s shown W dguer € for 7 = X er cr ag¥ ctier
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curve for p= 1.0. The lines are included to guide the eye.
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Figure 6: Dependence of D on g for different values of p and'n = 2.._’Again the
bottom curve correspnds to p = 0.5, the next one to p = 0.6 up to the the top
curve that corresponds to p = 1.0. The lines are included to guide the eye.
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circles of random radius and random position as obstacles. The fraction of sites
where the gas can flow, p was chosen sufficiently far from the percolation thresh-
old where the relation between the mass of the infinite cluster and p is linear as
shown in figure 3. We expect normal diffusion so that the diffusion coefficient
can be determined from equ. (6). The knowledge of the equilibrium properties
of the lattice gas allows us to measure D with respect to the thermodynamic
parameters as shown in figure 6.

For p = 1 the diffusion coefficient D may be found theoretically using linear
response theory.[21, 22, 23, 7] The evaluation of the transport coeflicients follows
from the knowledge of the linearized Boltzinann collision term which depends
on the type of collisions taken into account. In the experiments we reported
above all the possible collisions occur and hence the evaluation of the linearized .
Boltzmann collision term is a complex task. A preliminary calculation consider-
ing only two-body collisions between tagged and untagged particles and T = oo
leads to a value of D smaller than the experimental values. On the other hand,
a simple mean field type calculation does not seem to explain the results for
different values of p.
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