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Introduccion

La presente tesis doctoral se ha estructurado con una introduccién en espafol, seguida por el con-
tenido de los capitulos redactado en inglés, considerando cinco articulos de investigacién publicados
en revistas internacionales con arbitraje. Este enfoque metodolégico ha sido autorizado por el direc-
tor de tesis y los miembros del comité tutor, con el propdsito de asegurar un rigor académico y
cientifico en cada uno de los capitulos. La inclusién de estos articulos proporciona una base sélida y
actualizada, permitiendo que la tesis se beneficie de las contribuciones més recientes en el campo de
estudio, asegurando asi la calidad y relevancia de la investigacion realizada.

El calculo fraccional es una rama de las matematicas que involucra el uso de operadores difer-
enciales e integrales de 6rdenes no enteros. Aunque fue introducida en el siglo XVII, su desarrollo
inicial fue lento y sus aplicaciones estaban limitadas. No fue hasta finales del siglo XIX y principios
del siglo XX que el cdlculo fraccional gané atencidn significativa y experimentd un resurgimiento en
la investigacién de sus aplicaciones.

En el siglo XX, el campo del calculo fraccional experimenté un notable impulso en su desarrollo
debido al creciente interés de diversos investigadores en explorar sus aplicaciones en dreas como la
fisica, la ingenieria y la biologia. Una de las aplicaciones mas reconocidas del cdlculo fraccional es el
estudio de procesos de difusion anémala, donde los operadores fraccionales describen la difusién de
particulas con distribuciones de ley de potencia.

Es importante destacar que el cdlculo fraccional también encuentra aplicaciones en el estudio de
la viscoelasticidad y la reologia, permitiendo modelar el comportamiento en el tiempo de materiales
que exhiben propiedades tanto elasticas como viscosas. En la teoria de control, el cdlculo fraccional
se utiliza para disefnar sistemas de control mas sofisticados capaces de manejar de manera precisa
sistemas no lineales complejos.

En los ultimos afios, el campo del cdlculo fraccional ha continuado creciendo y expandiéndose,
gracias al interés de investigadores que exploran sus aplicaciones en campos como finanzas, economia
e incluso informatica. Dado su potencial para modelar fendmenos no lineales complejos, el calculo
fraccional se ha convertido en una herramienta crucial para investigadores que buscan crear modelos
que permitan una prediccién més precisa de los comportamientos naturales.

Por otro lado, el método de Newton-Raphson, también conocido como método de Newton, es un
método numérico iterativo utilizado para encontrar raices de funciones de valor real. Fue concebido
por el cientifico inglés Isaac Newton en el siglo XVII, aunque sus hallazgos nunca fueron publica-
dos. Posteriormente, el matemdtico escocés John Raphson desarrollé de manera independiente este
método.

El método de Newton-Raphson se basa en aproximar linealmente la funcién cuyas raices se bus-
can. Partiendo de una estimacidn inicial de la raiz, el método utiliza la interseccién de la tangente
con el eje x en la estimacioén inicial para generar una aproximacién mds precisa de la raiz, la cual
se utiliza como punto de partida en la siguiente iteraciéon. Este proceso se repite hasta alcanzar la
precisiéon deseada o un nadmero méximo de iteraciones.



El método de Newton-Raphson es particularmente eficaz para encontrar raices de funciones no
lineales que carecen de soluciones analiticas. Converge rapidamente hacia la raiz de una funcion, es-
pecialmente si la estimacién inicial esta cercana a la raiz buscada. No obstante, requiere la existencia
y evaluacion de la primera y segunda derivada de la funcién, lo que podria ser complejo o imposible
en algunos casos. Ademas, la convergencia puede no ocurrir si la funcién posee multiples raices o si
la estimacidn inicial estd lejos de la raiz buscada.

A pesar de estas limitaciones, el método de Newton-Raphson sigue siendo un método numérico
popular y ampliamente utilizado en diversos campos de la ciencia y la ingenieria. Se aplica para
hallar raices de ecuaciones en disciplinas como la fisica, la quimica, la ingenieria eléctrica y la in-
genieria mecdnica. También se emplea en problemas de optimizacién, para determinar minimos o
maximos de funciones, y para resolver sistemas de ecuaciones no lineales.

En otro dmbito, las funciones de base radial constituyen un conjunto de herramientas utilizadas
para aproximaciones y modelado en diversas aplicaciones. Estas funciones, cuya formulacién se
atribuye principalmente al matematico inglés Kansa en la ultima década del siglo XX, se distinguen
por depender de la distancia desde un centro determinado, lo que les confiere propiedades de
adaptacién local y la capacidad de capturar patrones complejos.

La metodologia de funciones de base radial implica la construccién de funciones a partir de una
funcién de base radial y centros distribuidos en el dominio de interés. En el campo del cdlculo
fraccional, las funciones de base radial han demostrado su utilidad al permitir discretizar operadores
fraccionales y resolver ecuaciones diferenciales con derivadas fraccionales.

Cabe destacar que las funciones de base radial han encontrado un terreno fértil en diversas areas,
como el aprendizaje automatico y la interpolaciéon en problemas multidimensionales. La naturaleza
local de estas funciones se traduce en una capacidad para adaptarse a patrones cambiantes en los
datos, lo que las hace idéneas para la aproximacién y representaciéon de fenémenos variables en el
espacio y el tiempo

Ademds de su versatilidad en la modelacién de datos y fenémenos, las funciones de base radial
han demostrado ser sumamente ttiles en problemas inversos y en la resolucién de sistemas de ecua-
ciones no lineales. La capacidad de adaptacién local y su habilidad para abordar geometrias com-
plejas les permiten enfrentar con éxito una amplia gama de problemas practicos en campos como la
tomografia, la optimizacién y la reconstruccién de sefiales.

En la siguiente tesis se presentan algunos métodos numéricos novedosos, los cuales haciendo uso
de operadores del calculo fraccional y tomando como base el método de Newton-Raphson, permiten
encontrar soluciones en el espacio complejo utilizando condiciones iniciales reales. El origen de
estos métodos es el método de Newton-Raphson fraccional unidimensional. El cual al extender su
definicién a multiples variables se obtiene un método que permite encontrar soluciones de algunos
sistemas algebraicos no lineales. Ademas fueron desarrollados los c6digos para implementar estos
métodos [1]).

Cuando uno comienza a estudiar el cdlculo fraccional, la primer dificultad con la que uno se en-
cuentra es que al querer resolver algun problema relacionado con unidades fisicas, como por ejem-
plo: determinar la velocidad de una particula, la derivada fraccional pareceria no tener sentido, esto
debido a que aparecen unidades fisicas como metro y segundo elevadas a exponentes no enteros,
caso contrario a lo que ocurre con operadores diferenciales de orden entero. La segunda dificultad,
la cual es un tema recurrente de debate en el estudio del calculo fraccional, es saber cual es el orden a
“optimo” que se debe emplear cuando se quiere resolver algun problema relacionado con operadores
fraccionales.

Para enfrentar dichas dificultades, lo que se suele hacer en el primer caso es adimensionalizar
cualquier ecuacién en la que estén involucrados operadores de orden no entero, mientras que para
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el segundo caso se utilizan diferentes ordenes « en los operadores fracccionales para resolver algin
problema, y posteriormente se escoge el orden a que proporcione la “mejor solucién” en base a un
criterio establecido.

En base a las dos dificultades anteriores, surge la idea de buscar aplicaciones que sean de un
caracter adimensional y que la necesidad de utilizar multiples ordenes a pueda ser aprovechado
en algun sentido. Lo mencionado anteriormente llevo al estudio del método de Newton y a un
problema en particular que este posee relacionado con la busqueda de raices en el espacio complejo
para polinomios: si uno quiere encontrar una raiz compleja de un polinomio utilizando el método
de Newton, es necesario proporcionar una condicién inicial compleja x( y si se dan las condiciones
adecuadas esto lleva a una solucién también compleja, pero también existe la posibilidad de que
esto lleve a una solucién real. Si la raiz obtenida es real, es necesario cambiar la condicién inicial
y esperar que esto lleve a una solucién compleja, en caso contrario es necesario volver a cambiar el
valor de la condicién inicial.

El proceso descrito anteriormente, es muy parecido a lo ocurre al utilizar diferentes valores «
en los operadores fraccionales hasta encontrar una soluciones que cumpla con alguna condicién
deseada. Viendo el método de Newton desde la perspectiva del cdlculo fraccional, uno puede con-
siderar que se un orden « fijo, en este caso a = 1, y se varian las condiciones iniciales x( hasta obtener
una solucién que satisfaga algin criterio. Entonces invirtiendo el comportamiento de a y x, es de-
cir, dejar fija la condicién inicial y variar el orden «, se obtiene el método de Newton fraccional,
que no es otra cosa que el método de Newton utilizando cualquier definicién de derivada fraccional
que se ajuste a la funcién con la que uno este trabajando. Este cambio, aunque en esencia simple,
permite encontrar raices en el espacio complejo utilizando condiciones iniciales reales, debido a que
los operadores fraccionales en general no mapean polinomios a polinomios. Cabe mencionar que el
método anterior, aunque la familia de funciones con la que se origina son polinomios, se puede ex-
tender a funciones mas complicadas e incluso a dimensiones mayores, llevando esto al surgimiento
del método de Newton fraccional multivariable, el cual es util para encontrar soluciones, reales o
complejas, en algunos sistemas no lineales.

La siguiente tesis estd dividida en seis capitulos. En el Capitulo 1, se presentan temas prelim-
inares esenciales para abordar los resultados que se expondradn en los siguientes capitulos. Se intro-
duce una forma simplificada de construir los operadores fraccionales de Riemann-Liouville, como
la integral y derivada fraccional, junto con ejemplos de su aplicacién en diferentes funciones. Se in-
troduce también el método de punto fijo y se aborda su orden de convergencia, junto con resultados
relacionados. Finalmente, se presenta una breve introduccién sobre las funciones de base radial.

El Capitulo 2 presenta una breve introduccién al método de Newton-Raphson unidimensional,
atil para encontrar raices de polinomios de grado n, con n € IN. Sin embargo, este método tiene lim-
itaciones ya que diverge en el caso de polinomios con raices exclusivamente complejas si se toma una
condicién inicial real. Se explica un método iterativo creado utilizando el cdlculo fraccional, llamado
método de Newton-Raphson fraccional. Este método permite entrar en el espacio de numeros com-
plejos con una condicién inicial real, lo que facilita encontrar raices reales y complejas de un poli-
nomio utilizando condiciones iniciales reales, a diferencia del método clasico de Newton-Raphson.

En el Capitulo 3, se brinda una introduccién al método de Newton-Raphson multidimensional,
asi como una manera de acelerar la velocidad de convergencia del método de Newton-Raphson frac-
cional. Este ultimo parece tener un orden de convergencia al menos lineal para 6rdenes a de la
derivada fraccional diferentes de uno. Ademas, se introduce el método de Aitken y se explica cémo
acelera la convergencia de métodos iterativos, y se presentan los resultados obtenidos al implementar
el método de Aitken en el método de Newton-Raphson fraccional.

En el Capitulo 4, dada la creciente cantidad de operadores fraccionales y la perspectiva de que
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su numero contintie aumentando, se presenta por primera vez un método simple y compacto para
abordar el cdlculo fraccional mediante la clasificaciéon de operadores fraccionales utilizando conjun-
tos. Este enfoque, denominado céalculo fraccional de conjuntos, generaliza conceptos del célculo
convencional, como operadores tensoriales, la serie de Taylor de una funcién vectorial y el método
del punto fijo en varias variables. Esto lleva a la generacién del método conocido como método de
punto fijo fraccional. Ademas, se demuestra que cada método de punto fijo fraccional que genera una
sucesion convergente tiene la capacidad de generar una familia no numerable de métodos de punto
fijo fraccionales que también generan sucesiones convergentes. Se presenta un método para estimar
numéricamente el orden medio de convergencia en una regién (), y se muestra cémo construir un
método iterativo fraccional hibrido para determinar los puntos criticos de una funcién escalar.

En el Capitulo 5, se define una familia no numerable de métodos de punto fijo fraccionales a
través de conjuntos de matrices que generan operadores matriciales fraccionales. También se de-
fine grupos de operadores fraccionales isomorfos al grupo de los nimeros enteros bajo la suma, y
se presenta una manera de clasificar y acelerar el orden de convergencia de la familia de métodos
iterativos propuestos. Esto puede ser util para seguir expandiendo las aplicaciones de los oper-
adores fraccionales. El método propuesto para acelerar la convergencia se aplica en un método
iterativo fraccional para resolver simultdneamente sistemas algebraicos no lineales que dependen de
parametros temporales, permitiendo obtener temperaturas y eficiencias de un receptor solar hibrido.
Finalmente, se presentan dos familias no numerables de métodos de punto fijo fraccionales en los
que se puede implementar el método propuesto para acelerar la convergencia.

En el Capitulo 6, se generaliza un modelo diferencial parcial unidimensional mediante oper-
adores diferenciales fraccionales y el principio que otorga invariancia dimensional a la metodologia
de funciones de base radial. Esto da como resultado un modelo diferencial parcial multidimensional
que se puede resolver utilizando un esquema numérico de funciones de base radial. Se propone un
esquema de funciones de base radial para resolver numéricamente ecuaciones diferenciales parciales
fraccionales multidimensionales tanto en el espacio como en el tiempo. Utilizando la factorizacién
QR, se reduce el numero de condicién de las matrices de interpolaciéon del esquema propuesto. Este
esquema se emplea para resolver numéricamente la ecuacién de difusién derivada del modelo de
Black-Scholes, asi como generalizaciones de este modelo de difusién con operadores diferenciales
fraccionales y en multiples dimensiones. La derivada fraccional de Caputo se discretiza con un er-
ror de orden O(dt"~%*!), con (n—1) < @ < n. Los ejemplos de ecuaciones diferenciales parciales
fraccionales presentados incluyen el operador fraccional de Caputo en la parte temporal debido al
fendmeno de memoria y el operador fraccional de Riemann-Liouville en la parte espacial debido
propiedad de no-localidad.
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Chapter 1

Preliminaries

1.1 Fractional Calculus

The fractional calculus is a branch of mathematical analysis whose applications have been increasing
since the end of the XX century and beginnings of the XXI century [2-4]. It originated around 1695
with Leibniz’s notation for derivatives of integer order,

dTl
- dxn

f ()

f(x), neNN,

which led L'Hopital to inquire in a letter to Leibniz about the interpretation of taking n = 1/2 in
a derivative. At that moment, Leibniz could not give a physical or geometrical interpretation to this
question, and he simply answered L'Hopital with the remark, “... is an apparent paradox of which,
one day, useful consequences will be drawn” [5]. The name “fractional calculus” originates from
a historical question, as it involves studying derivatives and integrals of fractional order a, where
ac€RorC.

Presently, the fractional calculus lacks a unified definition of what constitutes a fractional deriva-
tive. One of the essential conditions to consider an expression as a fractional derivative is its ability
to recover conventional calculus results when the order & — n, with n € IN [6]. There exist several
common definitions of fractional derivatives, such as the Riemann-Liouville (R-L) fractional deriva-
tive and the Caputo fractional derivative [7-9)]. The Caputo fractional derivative is particularly
well-studied, as it allows for a physical interpretation of problems with initial conditions. Moreover,
it retains the property of conventional calculus that the derivative of a constant is null, regardless of
the order « of the derivative. However, this property does not hold with the R-L fractional derivative,
making it suitable for solving nonlinear systems [10-12].

Although the Caputo fractional derivative facilitates a physical interpretation of problems with
initial conditions, the R-L fractional derivative induces fractional initial conditions, making it un-
suitable for such interpretations. Nonetheless, the R-L fractional derivative possesses a unique char-
acteristic: it does not cancel the constants for « when a € IN. Consequently, it allows for the deter-
mination of a “spectrum” of the behavior of the constants for different orders of the derivative, a feat
unattainable with conventional calculus. It is worth mentioning that depending on the function f,
the results of the Riemann-Liouville and Caputo fractional derivatives can sometimes be expressed
in terms of Mittag-Leffler functions or hypergeometric functions [[13}/14]. The continued exploration
of fractional calculus and its various applications holds significant promise for advancing mathe-
matical analysis and understanding complex systems.



1.1.1 Construction of the Riemann-Liouville Fractional Derivative

We begin with some definitions and standard properties for those readers who have not had previous
contact with fractional calculus. The R-L fractional derivative is constructed in a simplified way,
takmg 1nto account that the integral operator is defined for a locally integrable function f, that is,

fe L! 00), then
X
= J f(t)dt
applying two times the integral operator

- [ ([ rwa)an = [ (o sem)ax,

doing an integration by parts, taking u = /I, f(x1) and dv = dxy, as a consequence

J2F(x) =200, f (1) —f 1 f (e )dx,

:xaIxf(x) _aIx (xf(x))
:J (x—t)f (t)dt, (1.1)

loc

repeating the previous process, applying three times the integral operator

ala? (x J\ (a xlf X1 )dxlx
doing an integration by parts, taking u = alflf(xl) and dv = dxy, then

X

L2 f () =x1,I5, f (x7) _fx(xlalxlf(xl))dxl

=x,12f(x) - I, (x,I.f(x

=fx<x— 0.1 (1)t

doing again an integration by parts, taking u = ,I,f(t) and dv = (x — t)dt, as a consequence

}%Lx(x— t)%f(t)dt

:—J‘x(x—t)zf(t)dt. (1.2)

Repeating the previous process, applying n times the integral operator and doing n — 1 integra-
tions by parts, it is possible to obtain the following expression of the n-th iterated integral [7|]
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I f(x) = — . j (=t F (), (1.3)

(n—1

to make a generalization of the previous expression, it is enough to take into account the relation-
ship between the Gamma function and the factorial function, I'(n) = (n—1)!, and doing n - a € R,
the expression for the (right) R-L fractional integral is obtained [7]]

()= s Jj(x— N (1), (1.4)

taking into account that the differential operator (D, = d/dx) is the inverse operator to the left of
the integral operator (,I,), that is,

dTl

Dl (Lf () =

X

(ul;: (X)) = f(X),

we may consider extending the previous result analogously to the fractional calculus using the
expression

DY f(x) = oI f (%)

unfortunately, this would cause convergence problems because the Gamma function is not de-
fined for a € Z., to solve this problem, the above expression is rewritten as

DS () = 70 = (L £ (0))) = A I F ),

for the above expression to make sense, it is necessary to consider n —a > 0, there are infinite
ways that n may be taken to fulfills the above condition, but the most convenient way is to consider

n=n(a),

considering the above, we can define the (right) R-L fractional derivative as follows

a _ 1 d" * n—-a—1 _
DL = Frm g | (=0 e, 0= al (1.5)

in such a way that the previous expression fulfills that

dn
: 24 _ n—-a
lim Dy f (x) = lim —= (.7 f (%))

= (10 )



Finally, it is possible to unify the R-L fractional operators, fractional integral and fractional
derivative, and define the (right) Riemann-Liouville fractional derivative as follows [7,/8]:

L4 f (%), ifa<0

Dy f(x) = %(al,’?‘“f(x», a0 (1.6)

where n =[a].

Examples of the Riemann-Liouville Fractional Derivative

Before continuing, it is necessary to define the Beta function and the incomplete Beta function [14],
which are defined as follows

1 r
B(p,q);:JO tP~1(1 - 1)1 dt, Br(p,q)::J; tP=1(1 - 1)1 dt, (1.7)

where p and g are positive values. Considering the following proposition:

Proposition 1.1.1. Let f be a function, with

fx)=(x-c)¥, u>-1, c€R,

then for all a € R\ Z, the Riemann-Liouville fractional derivative of the above function may be written
as

I'(p+1) j—a a—c )
T(y—a+1)(x_c) G_a( _C,]/l+l), ifa<0
D¥# (x): n ’ (1.8)
a=x n r(,ll+1) prn—a—k (”_k)(a_c ) .
- n— ’ 1 ’ Z
k_o(k)T(y+n—a—k+1)(x 2 Gi-a xX—c #r faz0
where
a-c Boe(p+1,a)
—_— 1j=1-——-—. 1.
Ga(x—c”ﬁ_ ) B(p+1,a) (19)

Proof. The Riemann-Liouville fractional derivative of the function f(x), through the equation (1.6),
presents two cases:

i) If a <0, then:

fx(x — )" Yt —c)Mdt,



ii)

taking the change of variable t = ¢ + (x — c)u in the previous expression

—a 1
Dx (x)=—(xr_(f)£) JH(l—u)_“_lu”du,

xX—c

the above result may be rewritten in terms of the Beta function and the incomplete Beta func-
tion as follows

(x—c)p @

aDJ? (x) = T(—a)

(B(u+1,-a) - Bus(u+1,-a))

(x_c)/"_a ] B%(y+l,—a)
I'(-a) ( ~ B(p+1,-a) )

=B(u+1,-a)

and considering (1.9)), we obtain that

I'(p+1) _ (u—c
Xy VW =—— 1 7 (y_ P& -
Dy (x—c¢) 1“(;4—0(+1)<x ) *G_, x_c,/,t+1). (1.10)
If a > 0, then:
1 ar
D¢ — _p\m—a=lge  \pu

taking the change of variable t = ¢ + (x — c)u in the previous expression

n 1
D¢ <x>=r(%_a)%[<x—c>ﬂ+wf <1—u>”-“-1uﬂdu],

2
o

xX—c

the above result may be rewritten in terms of the Beta function and the incomplete Beta func-
tion as follows

1 ar
Dy (X)Zden [(x—c)ﬂ+ﬂ—a(B(;4+1,n—a)—B%(;4+l,n—a))]
_Blp+1n—a) d” ineaf., Be(p+ln-a)
- T(n-a) dxn[(x—c)/* (1— B Ln—a) )l,

and considering (1.9), we obtain that



F(p+1) ar
F(p+n—a+1)dx"

_ T(u+1) = (n\( d jn—a (n—k)(a—c
_r(ﬂ+n—a+1); k @(x_c) n-a X_Cll’l+1);

aDacct (X) =

=

taking into account that in the classical calculus

dk ! _ F(p+1) _
L (x—c) = — )k —c)k
k) = T T e
therefore
n
n [(p+1) —a—k (n_k)(a—c )
o _ ‘u: _ ’4+Tl (04
Dy (x—c) k_o(k)F(y+n—a—k+l)(x c) Gh-a —X_C,y+1. (1.11)

]

From the previous proposition, we can note that the Riemann-Liouville fractional derivative
presents an explicit dependence of the value n = [a]. However, there exists a particular case in
which this dependence disappears, as shown in the following proposition:

Proposition 1.1.2. Let f be a function, with

f(x)=(x—a)¥, u>-1, aeR,

then for all a € R\ Z, the Riemann-Liouville fractional derivative of the above function may be written
in general form as

F(p+1)

(s _ \H—
e P

(x —a)k . (1.12)

Proof. To prove the validity of the proposition for all @ € R\ Z, it is necessary to note that from the
Proposition the following limits may be obtained

aDJ(cX(x - a)ll = }?i_I)I;aDg(x - C)y’

1imGa(E,m+1):Ga(o,y+ 1)=1,

c—a

then consider two cases:



i) If @ <0, from the equation (1.10)), we obtain that

F(p+1) . —a a—c
I‘(//t—a+1)£1—r>l}((x_c)ﬂ G_a(_c'ﬂﬂ))
_ T(p+1)
T(p—a+1)
[(p+1)

:T(Iu—a+ 1)(x_a)ﬂ_a'

aDJ?(x - a)li =

(x= )G (0, + 1)

i) If @ > 0, from the equation (1.11]), we obtain that

— k|T(p+n—-a-k+1)
I(p+1) a
Ta—arn ™

From the previous proposition, the following corollary is obtained

Corollary 1.1.3. Let f : Q € R — R be a function, with f € L} (a,c0). Assuming furthermore that

loc
f € C*®(a, ), such that f may be written in terms of its Taylor series around the point x = a, that is,

> fW(a)
fo=Y T af,
k=0
then for all &« € R\ Z, the Riemann-Liouville fractional derivative of the aforementioned function, may
be written as follows

o _ c f(k)(a) k—a
D (X) = Zm(x—a) . (113)

Finally, applying the operator (1.6) with a = 0 to the function x*, with y > -1, from the Proposi-
tion we obtain the following result

[(p+1)

Dk — BT
0 T T a1

x*%, aeR\Z. (1.14)



1.1.2 Introduction to the Caputo Fractional Derivative

Michele Caputo published a book and introduced a new definition of fractional derivative, and he
created this definition with the objective of modeling anomalous diffusion phenomena. The defini-
tion of Caputo had already been discovered independently by Gerasimov. This fractional derivative
is of the utmost importance since it allows us to give a physical interpretation of the initial value
problems, moreover being used to model fractional time. In some texts, it is known as the fractional
derivative of Gerasimov-Caputo [9].

Let f be a function, such that f is n-times differentiable with f(") ¢ Llloc(a, b), then the fractional
derivative of Caputo is defined as [§]]

D (x) =I( i f<x>) . r(% f?x— et £ (1), (1.15)

dx" n—a)

where n = [a]. It should be mentioned that the Caputo fractional derivative behaves as the inverse
operator to the left of the Riemann-Liouville fractional integral, that is,

CD2 (I8 f(x)) = f ().

On the other hand, the relation between the fractional derivatives of Caputo and Riemann-
Liouville is given by the following expression [8]):

T fW(a)

SDIf(x)=,Df | flx)= ) ~p—(x—a)],
k=0
then, if f*)(a) =0 Vk < n, we obtain that
<D f(x) = DS f(x), (1.16)

considering the previous particular case, it is possible to unify the definitions of Riemann-Liouville
fractional integral and Caputo fractional derivative as follows:

L0 f (%), ifa<0,

dr |
azg—a(dxn f(x)), ifa>0,

SDEf(x):= (1.17)

where n=[a7and 10 f"(x) := f")(x).

Discretization of the Caputo Fractional Derivative

We begin this subsection by considering a uniform partition of the interval [, f], that is,

a:t0<t1<---<tm_1<tm:t,

with



t = to + kdt, Yk>0,

then, the fractional derivative of Caputo, with (n—1) < a < n, may be written as

o 1 : nO{ 1 © tm_k n-a— n
ED () =y | (= = s Y [ (e

k=0 tn—k-1

as a consequence

1 m—1r E—k —1 _ £(n-1) tm_ ~
D F )= f (6 - )" ldx] [f P tet) 01 )|
n-a) = Jt tm—k = tm—k-1
—1r (n— n—
'(n-a) n—a dt
k=0 "
drr-al = 1 1 1
Fn—as Y ke 1) =k [ F D k) = F D )|+ O(d ), (1.18)
k=0
considering the notation
Coj:=(k+1)"" k"% n=Jal, (1.19)
the equation may be rewritten as
C "1 1 = 1 1
a Dtaf(t) = m f(n_ )(tm)_ca,m—lf(n_ Cak 1— Cak (” >(tm—k) +O(dtn—a+ )
k=1

(1.20)

It should be mentioned that the coefficients c, ; of the previous expression are bounded and
decreasing, which is exposed in the following proposition.

Proposition 1.1.4. The sequence {c, i}y, defined by (1.19), is bounded and strictly decreasing for all
(n-1)<a<n.

Proof. To show that the sequence is bounded, we consider the following limit

n—a n—-a
lim&:lim(l+%) —1,

k—o0 kn—a k—o0

as a consequence

lim ¢, f = 11m [(k+1)"*-k"%]—0.

k— oo k—co



On the other hand, to show that the sequence is strictly decreasing, we consider the following
function

(k+2)"*+ k"«

Jk) = — Ty

with f(0)<2

then it is possible to prove that

fY(k)>0VkeZsy and lim f(k)

k—o0

therefore Vk € Z, we obtain that

(k+2)" 4 k"a

k+1)ya <2 = (k+2)" = (k+1)" " <(k+1)"%-k"1,

as a consequence

Capsr  (k+2)"0 = (k+1)m@
Cax | (k+Dya—_jra

<1. (1.21)

]

Finally, from the equation (1.20) for the particular case 0 < @ < 1, we obtain the following expres-
sion

-« m—1
—r(dzt_a) F(t) = Cam-1f(t0) = ) (Cako1 = Cae) f (i) | + O(dE*™). (1.22)

k=1

«Dff(t) =

1.2 Fixed-Point Method

A classic problem in mathematics, which is of common interest in physics and engineering, is finding
the set of zeros of a function f : Q Cc R” — R”, that is,
(£eQ : |If(s (1.23)

where || - || : R” — R denotes any vector norm. Although finding the zeros of a function may seem
like a simple problem, in general it involves solving an algebraic equation system as follows

[fl1(x)=0
[f]z(fc)zo ’ (1.24)
[f1,(x)=0



where [f]; : R" — R denotes the k-th component of the function f. It should be noted that the
system of equations may represent a linear system or a nonlinear system, and in general, it
is necessary to use numerical methods of the iterative type to solve it. Let @ : R” — IR” be a function,
it is possible to build a sequence {x;};>, by defining the following iterative method

X =D(x;), i=0,1,2,--. (1.25)
So, if it is fulfilled that x; — & € R" and the function @ is continuous around &, we obtain that

£ = lim x;,; = limq)(xi):cl)(lim xi):CD(é), (1.26)

i—00 i—00 i—o00

the above result is the reason by which the method (1.25) is known as the fixed-point method.
Furthermore, the function @ is called an iteration function. To understand the nature of the con-
vergence of the iteration function @, the following definition is necessary [15]:

Definition 1.2.1. Let ® : R” — IR” be an iteration function. The method (1.25) for determining & € IR" is
called (locally) convergent, if there exists 6 > 0 such that for every initial value

xp € B(&;0):={y e R" : |ly—¢&| <o},

it is fulfills that

lim|x;-¢&|| >0 = limx; =&. (1.27)
1—00 1—00

If we have a function f : O c R" — IR”, for which we want to determine the set (1.23)), in general
it is possible to write an iteration function @ as follows [16]

D(x) = x = A(x)f (%),

where A(x) is a matrix, which is given as follows

[Alii(x) [Alia(x) -+ [Alia(x)
Alx) = ([A]jk(x)) _ [A]2:1(x) [A]:iz(x) [A]:z:n(x) ,
[A]nl(x) [A]HZ(x) [A]nn(x)

with [A]jx(x) : R" — R Vj,k < n. It is necessary to mention that the matrix A(x) is determined
according to the order of convergence desired.

11



1.2.1 Order of Convergence

Before continuing, it is necessary to define the order of convergence of an iteration function @ (15|
17

Definition 1.2.2. Let @ : QO C R" — R" be an iteration function with a fixed point & € (). So, the method
is called (locally) convergent, with an order of convergence of order (at least) p (with p > 1), if
there exist 6 > 0 and a non-negative constant C (with C < 1 if p = 1), such that for any initial value
Xo € B(&;0) it is fulfilled that

||xl+1_£||SC||xl_E”pr 1201112;1 (128)
where C is called convergence factor.

The order of convergence is usually related to the speed at which the sequence generated by
converges. For the particular case p =1 it is said that the method has an order of convergence
(at least) linear, and for the case p = 2 it is said that the method has an order of convergence
(at least) quadratic. The following theorem, allows characterizing the order of convergence of an
iteration function @ with its derivatives [10},/15,/16}/18]. Before continuing, we need to consider the
following multi-index notation. Let IN( be the set N U {0}, if y € INS, then

pe=[Toe b=l o= el
k=1 k=1

k=1
5 o . (1.29)

oxY o a[x][ly]la[x][zy]z a[XL[qV]n

Theorem 1.2.3. Let @ : QO C R" — R" be an iteration function with a fixed point & € Q). Assuming that
@ is p-times differentiable in & for some p € IN, and furthermore

7 [D]i (&)

7 :O,szlandV|7/|<p, ifp>2 ,

[e @) <1, ifp=1

(1.30)

where @) denotes the Jacobian matrix of the function @, then @ is (locally) convergent of (at least)
order p.

Proof. Let @ : R" — R" be an iteration function, and let {é;};_, be the canonical basis of R". Consid-
ering the following index notation (Einstein notation)

n

O(x) = ) [Dle(x)éx := [PI(x)é = &[P]i(x),
k=1

and using the Taylor series expansion of a vector-valued function in multi-index notation, we
obtain two cases:

12



i) Casep>2:

then

p 1|, Y [®L(E) ( )
CD i—CD < I | L L - b4 A X - y
||D(x;) (5)|I<mZ:f b;ny! &5y (x; = E|| |+ ||éxlo]k |ny1|ip{(x &)
p Yy
S§;|%:5% PEHE) o | e e+ 01 - 1),
m=1\|y|=m

) . ) I [P(&) ) i
assuming that & is a fixed point of ® and that —o - OVk>1andV |7/| < p is fulfilled, the

previous expression implies that

[P (xi) = PO _ llxiea =<l _ Z i‘ I[Pk(é) H+ o (llx; — £IIP)

i =&IP i —&IP T = ! ox l|lx; — &P
ly|=p
therefore
. lxir = &l L ||127[D]x(E) ,
lim 2~ < — [|—=="22¢4.l,
o P < L1

[y|=p

as a consequence, if the sequence {x;};-, generated by (1.25) converges to &, there exists a value
k > 0 such that

127D
naﬂ—ens|%:;ﬂ——%£¢9@
Y|I=P

llx; — &P, Vix>k,

then @ is (locally) convergent of (at least) order p.

13



ii) Casep=1:

‘P@J®®)+Wllyfw—7gy—%%—é)+édﬂ4ﬁT§K%—éVﬂ
=0 (&) + @M (i) (x a+qwh&ﬁgurévﬁ

then

1D (x;) = D(E)| < [|@DE)|| Il = &l + 0 (llxi — £,

assuming that & is a fixed point of @, the previous expression implies that

19 (x;) = P(EN _ [Ixier — £l
gl -l

(1) o(||lx; — &)
L Ry o o

therefore

’

i =€ 1
lim =2 =2 < |l (&)
i—oo ||x; = £ |

as a consequence, if the sequence {x;};>, generated by (1.25)) converges to &, there exists a value
k > 0 such that

xis1 = &N < || @)l = €Il Vi>k,

considering m > 1, from the previous inequality we obtain that

i = €1 <||@OE) i rmnr = < [@OE iamoz — &Nl < - < [J@OE)||" i - &1,

and assuming that ||q)(1)(é)” <1 is fulfilled

lim [[x;,,, — &l < lim [[@O@)]" I - &l — 0,
m—o00 m—o0

then @ is (locally) convergent of order (at least) linear.
U
The following corollary follows from the previous theorem

Corollary 1.2.4. Let ® : R" — IR" be an iteration function. If © defines a sequence {x;};°, such that
x; — &, and if the following condition is true

lim [|[@™")(x)|| = 0, (1.31)

x—E&

then @ has an order of convergence (at least) linear in B(&;9).

14



1.2.2 Some Results Related to the Order of Convergence
From the previous definition the following proposition is obtained:

Proposition 1.2.5. Let @ : R" — R" be an iteration function that defines a sequence {x;};>; such that
x; = & € R". So, if @ has an order of convergence of order (at least) p in B(&;0), there exists a non-negative
constant K = K(C), such that for all values of the sequence {x;};5, it is fulfilled that

llxi —xill < Kllxi = x|, i=0,1,2,--, (1.32)

where ||x_1]| := 0.

Proof. Considering that ® defines a sequence {x;};-; and that it has an order of convergence of order
(at least) p, it is possible to obtain the following inequality
i1 = xill < C(1bx; = ENP + (lx; = €]+ x; = xi-ll)? ),

as a consequence

%1 = xill < 2C (|lx; = ENl+ IIx; — x4 [)P

and since x; — ¢, there exists a positive constant ¢ such that

lIxiv1 — x| < 2¢Cllx; = xiq|IP = Klx; — x4 ]IP .

From the previous proposition the following theorem is obtained:

Theorem 1.2.6. Let ® : R" — R" be an iteration function that defines a sequence {x;};~, such that
x; = & € R". So, if ® has an order of convergence of order (at least) p in B(&;9), there exists a value m € N
such that for all subsequence {x;};,, € B(&;1/2) that fulfills the following condition

IXii2 = Xipall S K||xje1 —xi|[P, Vix>m,

there exist g = 6k (C) > 0 and a sequence of values P; given by the following expression

. log(llxi —xi ] (1.33)
" log (l1xio — xi—oll)

such that {P,};,,,,» € B(p; ok).

Proof. Considering that ® defines a sequence {x;};-; and that it has an order of convergence of order
(at least) p, from the Proposition it is possible to obtain the following inequality

log ([lxiv2 = xi1ll) = plog (||xi1 = xil]) < log(K),

15



assuming that there exists a subsequence {x;}
if the subsequence {x;}

i>m € B(&;1/2), then log (||x;+1 — x;]|) < 0 Vi > m. So,
fulfills the above inequality

i>m

log(K) < log(||x,-+2 —Xit1]l)
log (|lxir1 —xill) = log (|lxi+1 — xill)

J

then considering that x <|x| Vx € IR, there exists a positive constant ¢ such that

log(K)
log (||x;1 — xi|) |’

IA

log(K) log (Ixiso ~ xill) ‘<
log (Ixis1 — 1) ~ | Tog(lxisy —xl) 71~

and since K = K(C), there exists a positive value 6g = dx(C) such that the sequence {P;};,,,., €

B(p; k).
]

From the previous theorem the following corollary is obtained:

Corollary 1.2.7. Let @ : IR" — R" be an iteration function that defines a sequence {x;};5 such that x; —
& € R". So, if © has an order of convergence of order (at least) p in B(&;1/2), for some m € IN there exists
a sequence {P;};,, € B(p; ok) that fulfills the following condition

i>m

lim P; — p,
1—00

and therefore, there exists at least one value k > m such that

P —p|<e. (1.34)

The previous corollary allows estimating numerically the order of convergence of an iteration
function @ that generates at least one convergent sequence {x;};»;. On the other hand, the follow-
ing corollary allows characterizing the order of convergence of an iteration function @ through its
Jacobian matrix ®) [17]:

Corollary 1.2.8. Let @ : R" — IR" be an iteration function. If O defines a sequence {x;};5; such that
x; = & € R". So, @ has an order of convergence of order (at least) p in B(E;0), where it is fulfilled that:

1, if lim @M (x)|| = 0
pi= e . (1.35)
2, if}l{i_)rrg”qp(l)(x)H:O

1.3 Radial Basis Functions
Radial Basis Functions (RBFs) represent a crucial methodology in various fields of mathematics and

computational science. They originated from the need to address problems of multivariate interpo-
lation and partial differential equations (PDEs) in contexts where scattered data points are randomly
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distributed, such as in cartography. The pioneering contribution of Hardy [19] marked the beginning
of a research area that has significantly evolved in the past decades.

The term “Radial Basis Functions” was first coined by Kansa in the 1990s, but its development
traces back to earlier works. In the 1970s, Micchelli, Powell, and other researchers explored the
nonsingularity theorem, laying the foundation for the applicability of RBFs in solving PDEs [20,
21]]. These early advancements highlighted the RBFs’ ability to handle scattered nodes and provide
a robust basis for numerical problem solving. However, it was Kansa who proposed considering
analytical derivatives of RBFs, paving the way for the development of numerical schemes in solving
PDEs [22},23]]. These methods have proven particularly valuable in higher-dimensional and irregular
domains, opening the door to accurate numerical solutions in challenging scenarios.

The power of RBFs lies in their ability to achieve accurate interpolation and approximation in
cases where traditional grids and structured approaches are not feasible. RBFs offer a unique flexi-
bility in the choice of functions, allowing them to adapt to a variety of problems and applications.
The continuous development and refinement of RBFs promise to continue driving the efficiency and
accuracy of numerical methods across various scientific and engineering fields.

RBFs have found applications in a variety of fields, from physics and engineering to complex
systems modeling. For instance, in computational physics, RBFs are used to solve partial differential
equations that describe natural phenomena, such as fluid flow and wave propagation. In the realm
of engineering, RBFs are valuable tools for the design and analysis of structures, enabling the simu-
lation of complex behaviors with high precision. Furthermore, in data science and machine learning,
RBFs are employed in tasks such as data interpolation, approximation, and pattern detection in mul-
tidimensional datasets.

1.3.1 Examples of Radial Basis Functions

Before continuing, it is necessary to provide the following definition [24]:

Definition 1.3.1. Let ® : RY — R be a function. Then, ® is called radial if there exists a function
¢ : Rsg — R such that

O (x) = P(|x]),
where || : RY — R denotes any vector norm (generally the Euclidean norm).

Given a radial function ¢(r), where r represents the distance from a reference point, an RBF in
an n-dimensional space can be defined as:

D(x) = ¢(lx = col), (1.36)

where x = (x1,X,,...,x,,) is the point in the n-dimensional space, and ¢, is the center of the radial
function. These functions are characterized by their radial symmetry property, meaning their value
depends solely on the distance to the center c.

Within Radial Basis Functions, various types of radial functions have been proposed and used for
different applications. Some of these types include:

1. Polyharmonic Splines: These are radial functions that use the distance to the center raised to
fractional powers. These functions can have a broader local influence and allow for smooth
interpolation. An example of a polyharmonic spline function is:
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P(r) = r*log(r), (1.37)
where k is the parameter that influences the shape of the function.

2. Multiquadric Functions: These functions use the distance to the center squared and then
added to a constant. They have a broader global reach and are useful for capturing the influence
of distant points. An example of a multiquadric function is:

¢(r)=VNr2+c?, c=0, (1.38)
where c is the shape parameter.

3. Inverse Multiquadric Functions: Similar to multiquadric functions, but in this case, the in-
verse of the distance to the center plus a constant is used. These functions can have an even
more localized influence than polyharmonic splines. An example of an inverse multiquadric
function is:

$(r) = 1 .. 0, (1.39)

4
Vr2 +¢?
where c is the shape parameter.

4. Gaussian Functions: Modeled after the Gaussian distribution, these functions have a strong
influence on points near the center and decrease rapidly as they move away. An example of a
Gaussian function is:

p(r)=e", c>0, (1.40)
where c is the shape parameter.

It is necessary to mention that matrices resulting from methods involving Radial Basis Functions
often can be dense and suffer from ill-conditioning, which can lead to numerical issues during imple-
mentation. Additionally, some RBFs have a shape parameter that significantly impacts the accuracy
of numerical results. This shape parameter determines how the radial function fades with distance,
which in turn influences the interpolation and approximation process.

To address this challenge and improve the conditioning of interpolation matrices, alternative
algorithms have been developed. An example is the Contour-Padé method, proposed by Fornberg
and Wright [25], which generates better-conditioned interpolants, even as the shape parameter tends
to zero. Another approach is the RBF-QR method, introduced by Fornberg and Piret [26], which
uses QR matrix decomposition to transform function bases that are very similar or nearly linearly
dependent into well-conditioned bases.
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Chapter 2

(One-Dimensional) Fractional
Newton-Raphson Method

Part of the content of this chapter was published in the journal Applied Mathematics and Sciences:
An International Journal (MathSJ) [27].

The Newton-Raphson (N-R) method is useful to find the roots of a polynomial of degree n, with
n € IN. However, this method is limited since it diverges for the case in which polynomials only have
complex roots if a real initial condition is taken. In the present work, we explain an iterative method
that is created using the fractional calculus, which we will call the Fractional Newton-Raphson (F N-
R) Method, which has the ability to enter the space of complex numbers given a real initial condition,
which allows us to find both the real and complex roots of a polynomial unlike the classical Newton-
Raphson method.

Keywords: Newton-Raphson Method, Fractional Calculus, Fractional Derivative.

2.1 (One-Dimensional) Newton-Raphson Method

Let @ : R" — R" be a function. It is possible to build a sequence {x;};, by defining the following
iterative method

xip1 = D(x;), (2.1)
if it fulfills that x; — & € R” and if the function @ is continuous around &, we obtain that

£ = lim %1,y = lim O(x;) = & lim x;) = (&), (22)

1—00

the above result is the reason by which the method (2.1)) is known as the fixed-point method.
Moreover, the function @ is called an iteration function. To understand the nature of the conver-
gence of the iteration function @, the following definition is necessary [15):

Definition 2.1.1. Let ® : R — R be an iteration function. The method (2.1)) for determining & € R is
called (locally) convergent, if there exists 6 > 0 such that for every initial value

Xo € B(&;0) ::{yelR : |y—£|<6},
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it holds that

lim|x;,-&|—>0 = limx; =¢. (2.3)
1—00 1—00
For the one-dimensional case, the N-R method is one of the most used method to find the roots
& of a function f : Q CR — R, thatis, {£ € Q : f(&) =0}, due to its easy implementation and rapid
convergence, the N-R method is expressed in terms of an iteration function @ : R — R, as follows
[15]:

xivt = () = x — (fU0x)) flx) i=0,1,2,---. (2.4)

The N-R method is based on creating a sequence {x;};, by means of the intersection of the tangent

line of the function f(x) at the x; point with the x axis, if the initial condition x; is close enough to
the root & then the sequence {x;};2, should be convergent to the root & [18].

T T T T T T T
sl — () /

*o

s s L L L L L
L 45 5 55 6 6.5 7 75 8
X

Figure 2.1: Illustration of the Newton-Raphson method.

For the following results in this section, it is necessary to mention that although the absolute
value is used, these are also valid for the case of n dimensions [10,/16,|18,28]], in that case, it is
necessary to substitute the absolute value for some norm, thatis, |- | = || - || . Before continuing it is
necessary to consider the following definition [15]:

Definition 2.1.2. Let @ : () C R — IR be an iteration function with a fixed point & € (). Then the method
(2.1)) is called (locally) convergent of (at least) order p (p > 1), if there are exists 6 > 0 and C a non-
negative constant, with C <1 if p = 1, such that for any initial value xy € B(&;9) it holds that

|Xi+1—€|SC|xl'—é|p, i:O;]-;z;"'; (25)

where C is called convergence factor.
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The order of convergence is usually related to the speed at which the sequence generated by
converges. For the particular case p =1 it is said that the method has an order of convergence
(at least) linear, and for the case p = 2 it is said that the method has an order of convergence
(at least) quadratic. The following theorem, allows characterizing the order of convergence of an
iteration function ® with its derivatives [[15}/18] :

Theorem 2.1.3. Let @ : ) C R — IR be an iteration function with a fixed point & € Q). Assuming that ©
is p-times differentiable in & for some p € IN, and moreover

k) (£ — '
{|® (&) =0, Vk<p, ifp>2 (2.6)

M) <1, ifp=1"
then @ is (locally) convergent of (at least) order p.

Proof. Let @ : R — R be an iteration function, and using the Taylor series expansion of @, we obtain
two cases:

i) Casep>2:

then

D (x;) — D(E) ;= & +o(|x; - EP),

A
M"@
]
z
&

assuming that & is a fixed point of @ and that |CD(k)(£)| = 0 Yk < p is fulfilled, the previous
expression implies that

@) = PN _ i =&l _[PPE o)
Jx; — &P xi—&P — p! i =<’

therefore
)

lim <
isoo |x; — &P p!

J

as a consequence, if the sequence {x;};2, generated by (2.1) converges to &, there exists a value
k > 0 such that

Ixi1—&l<
then @ is (locally) convergent of (at least) order p.
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ii) Casep=1:

D(x;) = D(E) + PV(E)(x; - &) +0((x; - &),

then

[ (x;) — P(E)] < [@N(E)| Ix; — &l + 0 (Ix; — &),

assuming that & is a fixed point of @, the previous expression implies that

|D(x;) —PE) _ |xie1 — & oflxi — ¢l I)

= <|oW&
wog - g <O
therefore
]_lm | l+1 < |q)
1—00 |X — |

as a consequence, if the sequence {x;};, generated by (2.1) converges to &, there exists a value
k > 0 such that

i1 — € < @) i — &I, Vixk,

then considering m > 1

i = €1 <|OOE) iy — &1 < |ODE) i — &l < - <[ @D ()" xi - &1,

and assuming that |<1>(1)(€)| <1 is fulfilled

lim |x;,,, —&| < lim [0D(&)[" 1x;—&| -0,
m—o0 m—o00

then @ is (locally) convergent of order (at least) linear.

]

The N-R method is characterized by having an order of convergence at least quadratic for the
case where f(l)(é) = 0, but if to the previous case it is added that f(z)(é) = 0, then the N-R method
presents an order of convergence at least cubic. On other hand, for the case where the function f has
a root & with a certain algebraic multiplicity m > 2, that is,

flx)=(x-&)"g(x), g(&)=0,

the N-R method presents an order of convergence at least linear [15]. The aforementioned may
be formalized by the following proposition:
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Proposition 2.1.4. Let f : O C R — R be a function with a zero & € Q). Then the iteration function @ of

the N-R method, given by (2.4), fulfills the following condition:

|cp(p)((§)|
|

Ix; = &P,

lxip1 — &I <
where
Lif fx)=(x—&)"g(x)
p=132 iffN(E)=0, a”df x) &) (X) ,

3, if f(&)=0, &)= ndf (x—&)"g(x)
with g(&) #0 and m > 2.

(2.7)

(2.8)

Proof. Considering that the form of the function f is not explicitly determined, it is possible to

consider two possibilities:

i) Assuming the function may be written as f(x) = (x — )" g(x) with g(&) # 0 and m > 2, then

FE) = (k= &) (x - €)gM (x) + mg(x)],

as a consequence, the iteration function of N-R method takes the following form

@(x) = x = (x = E)h(x)g(x),

with
hx) = [ - £)g M) + mg()]
then
DM (x) = 1= h(x)[(x = £)gM(x) + glx)| - (x - )HD(x)g(x),
where
() = (- £)g V@) + mg)] (14 m) g0 + (x - £)gPx),
therefore

tim 03] = 1 - ()] = |1 - -] <1,

x—E

(2.9)

and from the Theorem the N-R method has an order of convergence at least linear, that

is, the N-R method fulfills the equation with p = 1.
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ii)

Assuming that f(x) = (x — £)"g(x) with g(&) # 0 and m > 2, the first derivative of the iteration
function of N-R method takes the following form

and if it fulfills that f(1)(&) = 0, then

lim [®(x)| = 0, (2.10)

x—&

and from the Theorem the N-R method has an order of convergence at least quadratic,
that is, the N-R method fulfills the equation (2.7) with p = 2. On other hand, the second
derivative of the iteration function of N-R method takes the following form

-1

D) = (F) " O+ £ 0| (FV) £ -2(FV00) ()],

and if it fulfills that f(1)(&) = 0 and f(?(&) = 0, then
lim [®(x)| = lim |®?(x)| = 0, (2.11)
x—E& x—&

and from the Theorem the N-R method has an order of convergence at least cubic, that
is, the N-R method fulfills the equation (2.7) with p = 3.

O

The previous proposition, illustrates two important points that are worth mentioning when using
the N-R method to find the zeros of a function f:

i)

ii)

When it is not evident, unless it is explicitly specified that the function f has no roots of al-
gebraic multiplicity m > 2, technically there exists the possibility that the N-R method has an
order of convergence at least linear, that is, the N-R method may fulfill the equation (2.7)) with
p=1.

Due that the N-R method is a local iterative method, even if it proves that for a root £ € Q
the method has an order of convergence at least linear, this does not rule out that for the same
function f it may present a higher order of convergence over the same region (). As an example
of the above, we may consider the following function

flx)=(x—m)(x-&)"g(x), g(n)=g(&)=0,

with ,£ € Q),

17—£|<e,andm22.
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The previous points are important, because when the N-R method is implemented in a function
f, the zeros of the function are assumed to be unknown, and their algebraic multiplicities m > 2,
in case they exist, are also unknown. With the above in mind, the following corollary is obtained,
which is derived from the Theorem

Corollary 2.1.5. Let @ : IR — IR be an iteration function. If © defines a sequence {x;};>, such that x; — &,
and if the following condition is fulfilled

lim [@)(x)| = 0, (2.12)

x—¢&

then @ has an order of convergence (at least) linear in B(&;9).

2.2 (One-Dimensional) Fractional Newton-Raphson Method

Let IP,(IR) be the space of polynomials of degree less than or equal to n € IN with real coefficients.
The N-R method is useful for finding the roots of a function f € IP,(IR). However, this method
is limited because it cannot find roots & € C\ R, if the sequence {x;};°, generated by has an
initial condition x, € IR. To solve this problem and develop a method that has the ability to find
roots, both real and complex, of a polynomial if the initial condition x; is real, we propose a new
method, which consists of the Newton-Raphson method with the implementation of the fractional
derivatives. Before continuing, it is necessary to define the following notation

le
 dxe

where the operator d*/dx® denotes any fractional derivative applied on the variable x, that fulfills
the following condition of continuity respect to the order of the derivative

fF@(x): f(x), (2.13)

lim FD(x) = FD(x). (2.14)
a—

Considering a function @ : (R\ Z) x C — C. Then, using as a basis the idea of the N-R method
(2.4), and considering any fractional derivative that fulfills the condition (2.14), we can define the
Fractional Newton-Raphson method as follows (for the case in #n dimensions consult the reference
(28]):

Xit1 = CD(alxi) =X (f(a)(xi))_lf(xi)1 i= 0,1,2---. (215)

For the above expression to make sense, due to the part of the integral operator that fractional
derivatives usually have, and that the F N-R method can be used in a wide variety of functions [28],
we consider in the expression that the fractional derivative is obtained for a real variable x,
and if the result allows it, this variable is subsequently substituted by a complex variable x;, that is,

FD(x) = FO(x) , xeR, x;eC. (2.16)

X—>X;
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It should be mentioned that in general, in the F N-R method |®()(a, £)| = 0if f(£) =0, and from
the Corollary [2.1.5) the Proposition and the condition (2.14), any sequence {x;}3°, generated
by the iterative method has an order of convergence at least linear, that is, the F N-R method
may fulfill the equation with p > 1, which becomes more evident when considering a € [1 -
e, 1+e]\({1}.

To understand why the F N-R method, if f € IP,(IR), has the ability to enter the complex space
using a real initial condition unlike the classical N-R method, it is enough to observe the R-L frac-
tional derivative , with a = 1/2, of the constant function fy(x) = x% and the identity function

filx) =xt:

DY) = T puag

Figure 2.2: The R-L fractional derivatives of fy(x) and f;(x), with a € [0, 1].
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For polynomials of degree n > 1, in the F N-R method the initial condition x; must be taken
different to zero, as a consequence of the R-L fractional derivative of order a, with a ¢ Z, of the
constants are proportional to the function x™*. When using the F N-R method, with the R-L fractional
derivative, on a function f € IP,(IR), presents among its behaviors, the following particular cases
depending on the initial condition x;:

i) If we take an initial condition xy > 0, the sequence {x;};2, may be divided into three parts,

this occurs because it may exists a value M € IN for which {xi}f\igl C Ry with {x);} € R, in
consequence {x;};>p+1 C C.

ii) On the other hand, if we take an initial condition x; < 0, the sequence {x;};°, may be divided
into two parts, {xo} C Ry and {x;};5; C C.

2.2.1 Advantages of the Fractional Newton-