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Algebra is but written geometry;
geometry is but figured algebra.
Sophie Germain (1776-1831).
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RESUMEN

Siguiendo la linea de investigacion propuesta por M. Purdevich, en este trabajo presentamos
una descripcion de la teoria de Yang-Mills y materia escalar de tipo espacio—tiempo en el
marco de la Geometria Diferencial No-Conmutativa. Para ello y siguiendo el desarrollo he-
cho en Geometria Diferencial, partiremos de la nocién no—conmutativa del concepto de haz
principal y de conexion principal, para luego hablar sobre la nociéon no—conmutativa del con-
cepto de haz vectorial asociado, conexion lineal asociada y grupo de norma, y finalizaremos
hablando de los Lagrangianos, acciones y las ecuaciones de campo de la teoria. Para mostrar
explicitamente estos desarrollos, presentaremos 3 ilustrativos ejemplos.
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Chapter 1

Introduction

Version en Espanol:

El modelo estandar es uno de los logros tebricos més exitosos e importantes en la fisica
moderna. Desde un punto de vista matematico/filosofico, es otro ejemplo de la intrinseca
relacion que hay entre Fisica y Geometria Diferencial, la cual en este caso, esta dada por la
teoria de haces principales, conexiones principales y sus estructuras asociadas.

A pesar de esto, el modelo estandar presenta algunos problemas fundamentales que no
puede resolver. Por ejemplo, una descripcion coherente y consistente del espacio—tiempo
al nivel de la escala de Plank. La necesidad de investigar méas es evidente. La Geometria
No-Conmmutativa, también conocida como Geometria Cuantica, surge como un tipo de gen-
eralizacion algebraica—fisica de la Geometria |C], [Pr], [W]. Existen varias razones para creer
que esta rama de las matemaéticas pueda resolver algunos de los problemas fundamentales del
modelo estandar, por ejemplo, el estudio del espacio—tiempo a nivel de la longitud de Planck.

En resonancia con esté filosofia, M. Purdevich desarrolla en [D1], [D2], [D3]| una formu-
lacion de la teoria de haces principales y conexiones principales en Geometria No—-Conmutativa.
Esta teorfa usa el concepto de grupo cuantico presentado por S. L. Woronovicz en [W1], [W2]
jugando el rol del grupo de estructura del haz. Del mismo modo, usa un céalculo diferencial
mas general en el grupo que permite extender la estructura de x—algebra de Hopf; reflejando
el hecho cldsico de que para un grupo de Lie, su haz tangente es también un grupo de Lie.
Ademas, la formulacion de Purdevich abarca otros conceptos cldsicos como clases caracteris-
ticas y espacios clasificantes [D6], [D7].

En [SaW] el lector puede apreciar una equivalencia categorica entre haces principales con
conexiones principales sobre un espacio base fijo M y la categoria de funtores de asociacion
que es llamada sectores de teoria de norma; la teoria de Purdevich permite recrear este re-
sultado para haces principales cuénticos y conexiones principales cuanticas [Sa|. Todas estas
son razones claras para seguir desarrollando esta teoria.



El proposito de esta tesis es formular una version geométrica no—conmutativa de la teoria
de Yang—Mills y campos de materia escalar, siguiendo la linea de investigacion de M. Purde-
vich y también en corcondancia con [HM], [LRZ], |[Z], [La2|. Para cumplir este proposito, se
dualizara la formulacion geométrica de esta teoria cldsica, en la cual los haces principales,
las conexiones principales y las representaciones lineales juegan los papeles més importantes.
Ademas, se presentara el Lagrangiano geométrico no—conmutativo del sistema, asi como las
correspondientes ecuaciones de campo. Al final de este trabajo, se discutiran algunos ejem-
plos ilustrativos.

El enfoque que este trabajo sigue es importante, no solo por sus resultados (que reflejan
la analogia con el caso cldsico y extienden la teoria), sino también porque abre la puerta al
estudio de otras lineas de investigacion complementarias; por ejemplo, Geometria Espinorial,
caracterizacion de las conexiones de Yang-Mills por clases caracteristicas, el mecanismo de
Higgs, haces de Higgs, asi como la posibilidad de desarrollar apropiadamente extensiones del
modelo estandar. El hecho de que este trabajo y [Sa] se sigan de forma tan natural del caso
clasico es un indicador de que se puede estar en presencia de una version muy geométrica
de la teorfa de Yang—Mills y materia escalar para algebras no—conmutativas, una correcta
contraparte no—conmutativa de esta teoria matematica.

Esta tesis consta de 6 capitulos. En el segundo capitulo se tratara la teoria de gru-
pos cuanticos matriciales compactos, asi como el formalismo de representaciones cudnticas.
También se discutiran los conceptos de x—calculo diferencial de primer orden y de x—calculo
diferencial universal envolvente. El tercer capitulo tratara sobre la teoria de haces principales
cuanticos y conexiones principales cuanticas. Aqui se presentaran algunos ejemplos que se
usaran durante toda la tesis. En el cuarto capitulo se desarrollard el formalismo de haces
vectoriales cuanticos asociados y sus conexiones lineales inducidas. En la seccion final de
este capitulo se hablara sobre la version no—conmutativa del operador adjunto de la derivada
covariante exterior. El quinto capitulo es sobre la transformacion de traslacion cuantica y
sobre el grupo de norma cuantico: su accion sobre el espacio de conexiones principales cuan-
ticas, sobre haces vectoriales cuénticos asociados y sobre las conexiones lineales cuénticas.
En el ultimo capitulo se mostrara la version geométrica no—conmutativa de la teoria de Yang—
Mills, materia escalar de tipo espacio—tiempo libre y materia escalar de tipo espacio—tiempo
acoplada a bosones de norma.

Para ilustar esta teoria, en el Gltimo capitulo se mostraran tres ejemplos: un haz principal
cuantico trivial sobre el espacio de 2 puntos con el grupo simétrico de orden 2 como grupo
de estructura, un haz principal cuéntico trivial sobre el espacio de matrices de 2 x 2 con
coeficientes en los complejos y con U(1) como grupo de estructura y el haz de Hopf cuantico,
el cual es un haz no—trivial. Hay ademas dos apéndices en los cuales se presentaran algunas
definiciones sobre x—algebras diferenciales graduadas, asi como una versiéon no—conmutativa
del operador de Hodge. Los fundamentos de la notacion de Sweedler también serén revisados
en los apéndices.



Un espacio cudntico seréd formalmente representado por una x—élgebra asociativa con
unidad sobre C, (X, m,1,%) (donde m : X ® X — X denota al producto del algebra),
la cual seré interpretada como la x—dlgebra de todas las funciones suaves con valores en C
sobre el espacio cudntico. Se identificara al algebra y al espacio cuantico y en general, se
omitaran las palabras asociativa y unital. También, todos los morfismos de *—algebras seran
unitales y cuando se presenten estructuras cudnticas se senalara puntualmente como se van
a representar. Finalmente, se usaran los simbolos (—, —)p, (—, —)r para denotar a todas las
estructuras hermitianas, métricas Riemannianas cuanticas y sus extensiones.

Para los propositos de esta tesis, para definir el Lagrangiano de Yang-Mills y campos
de materia escalar de tipo espacio—tiempo en Geometria Diferencial, es necesario considerar
una variedad Riemanian cerrada (M, g), un G-haz principal sobre M, un producto escalar
ad—invariante del &lgebra de Lie g de G, una representacion « unitaria de dimensién finita
de G en V¢ y una funciéon suave V : R — R. Usando todos estos elementos se define

DfYMSM(w, T) = D%YM<W) + D%SM(M, T), (101)

1
gYM<W) = —5

donde R“ es la 2-forma diferencial de M con valores en gM asociada a la curvatura de la
conexion principal w (por medio del Principio de Norma [KMS]|, [Sa|), T" € I'(M,V*M) es
una seccion del haz vectorial asociado con respecto a a, V¥ es la conexion lineal inducida
por wen VM y! V(®) := Vo (T, T). Este Lagrangiano es invariante de norma y los puntos
criticos de su acciéon asociada

(R*.R®), Loulw,T) := 5 ((VAT, V4T) ~ V(T)), (1.0.2)

Fymsm(w, T') =/ Lymsm(w, T') dvoly (1.0.3)
M

son pares (w,T') que satisfacen
(dVaa*RY | \) = (VT | o/ (\)T), (1.0.4)
para toda 1-forma diferencial A\ con valores en gM; y
(Verve —VI(T) T =0, (1.0.5)

donde V¥* es el operador formal adjunto de V¥ y dVaa™ es el operador formal adjunto de la
derivada covariante exterior asociada a V¢, [Bl]. Estas ecuaciones son llamadas ecuaciones
de Yang—Mills y materia escalar y representan la dinamica de particulas de materia escalar
acopladas a bosones de norma en (M, g).

En la literatura hay otras versiones de la teoria de haces cuanticos, por ejemplo [BM],
[BK], [P]]. Todos estas formulaciones estéan intrinsecamente relacionadas con la teoria de
extensiones de Hopf-Galois [KT|. Mas aun, existen otras propuestas para llevar la teoria

! Ahora deberia ser clara la definicion de correspondientes (—, —).



de Yang-Mills hacia la Geometria No—-Conmutativa, por ejemplo [CR], [Dj], [CCM] en las
cuales los autores usan directamente haces vectoriales cuénticos y el concepto de tripletes
espectrales.

Para este trabajo se decidié usar haces principales cuanticos pues consideremos que la
teorfa de Yang-Mills y materia escalar en Geometria No—Conmutativa deberia seguir una
formulacion analoga a la clasica. Ademas, se decidié usar la formulacion de Purdevich de
haces principales cuanticos por su marco teérico puramente algebraico-geométrico? donde el
calculo diferencial® (el cual establece un vinculo entre la Geometria, el Analisis y el Algebra),
conexiones, sus curvaturas (ambas definidas en el dlgebra de Lie, justo como se esperaria de la
dualizacion de estos conceptos), y sus derivadas covariantes, son los objetos mas importantes.

Vale la pena mencionar que en esta tesis se trabajara con conexiones principales cuanticas
en general* y que ain cuando este texto estd basado en la teoria de Purdevich, la definicion
de grupo de norma cuantico seré la presentada en [Brl], pero a nivel del calculo diferencial.

English version:

The Standard Model is one of the most successful and important theoretical achievement
in modern physics. From a philosophical /mathematical point of view, it is another example
of the intrinsic relations and interplay between Physics and Differential Geometry, which in
this case, is given by the geometrical framework of principal bundles, their connections and
the associated structures.

Despite all of this, it presents some basic and fundamental problems that it cannot solve.
For example, a consistant and coherent description of the space-time at the level of the
Plank scale. The need to investigate further is evident. Non—Commutative Geometry, also
known as Quantum Geometry, arises as a kind of algebraic and physical generalization of
geometrical concepts |C|, [Pr], [W]. There are a variety of reasons to believe that this branch
of mathematics could solve some of the Standard Model’s fundamental problems.

In total agreement with this philosophy, M. Burdevich developed in [D1], [D2], [D3] a for-
mulation of the theory of principal bundles and principal connections in Non—-Commutative
Geometry’s framework. This theory used the concept of quantum group presented by S. L.
Woronovicz in [W1|, [W2| playing the role of the structure group on the bundle. It is used
a more general differential calculus on it that allows us to extend the complete structure
of *—Hopf algebra; reflecting the classical fact that for every Lie group its tangent bundle
is a Lie group as well. Furthermore, Purdevich’s formulation can embrace other classical
concepts like characteristic classes and classifying spaces [D6], [D7].

2En principio, sin ninguna suposicién de continuidad.
3En el grupo de estructura y en el espacio total.
“No hay necesidad de suponer que las conexiones son fuertes o reales [BDH], [D2].



In [SaW| one can appreciate a categorical equivalence between principal bundles with
principal connections over a fixed base space M and the category of associated functors
called gauge theory sectors, Purdevich’s theory allows to recreate this result for quantum
principal bundles and quantum principal connections [Sa]. All of these are clear reasons to
keep developing this theory.

The purpose of this thesis is to formulate a non—commutative geometrical version of the
theory of Yang—Mills Scalar Matter fields, following the line of research of M. Purdevich and
also in agreement with [HM]|, [LRZ|, |Z], [La2]. To accomplish this, we are going to dualize
the geometrical formulation of the classical theory, in which principal G-bundles, principal
connections, and linear representations play the most important role. In addition, we shall
present a non—commutative geometrical Lagrangian for the system as well as the associated
field equations. At the end of this work, we are going to discuss a number of illustrative
examples.

We believe that the approach presented is important not only because of the results that
we will show (which reflect the analogy with the classical framework and extend the theory),
but because it opens the door to many other complementary research lines; for example, Spin
Geometry, characterization of Yang—Mills connections by characteristic classes, Higgs mech-
anism, and Higgs bundles as well as the possibility of developing the appropiete Standard
Model’s extensions. The fact that this work and [Sa| follow so naturally from the classical
case is an indicator that we could be in a presence of a very geometrical version of Yang—
Mills—Matter models for non—commutative algebras, a correct non—commutative counterpart
of this mathematical theory.

This thesis breaks down into 6 chapters and it is organized as follows. In the second
one we shall discuss the theory of compact matrix quantum groups as well as the associated
formalism of quantum representation. We shall also discuss the concepts of x—first order dif-
ferential calculus and the universal differential envelope *—calculus. The third chapter deals
with the theory of quantum principal bundles and quantum principal connections. Here we
shall present the examples that we will use trough the whole work. In the fourth chapter we
are going to develop the formalism of associated quantum vector bundles and their induced
quantum linear connections. The final section of this chapter talks about a non—commutative
version of the formal adjoint operator of the exterior covariant derivative. The fifth chapter
is about our definition of the quantum translation map and the quantum gauge group: its ac-
tion on the space of quantum principal connections, associated quantum vector bundles and
induced quantum linear connections. In the last chapter we shall present a non—commutative
geometrical version of the Yang—Mills theory, free space—time scalar matter and space—time
scalar matter coupled to gauge bosons.

In order to illustrate the theory, in the last chapter three principal examples will be
computed: a trivial quantum principal bundle over the two—point space with the symmetric
group of order 2 as structure group, a trivial quantum principal bundle over the space of



2 x 2 matrices with complex coefficients with U(1) as structure group and the quantum Hopf
fibration, which is a highly non—trivial bundle. There are two appendices in which we shall
show some definitions about graded differential x—algebras, as well as the non—commutative
version of the Hodge operator. The standard algebraic Sweedler’s notation will be briefly
reviewed.

All quantum spaces will be formally represented as associative unital x—algebras over C,
(X, m,1,%) (where m : X ® X — X denotes the product on the algebra) interpreted like
the x—algebra of smooth C—valued functions on the quantum space. We are going to identify
the quantum space with its algebra, and in general, we shall omit the words associative and
unital. Also, all our x—algebra morphisms will be unital, and when we work with quantum
structures we shall discuss their notation. Finally, we will use the symbols (—, =), (—, —)r
to denote hermitian structures, quantum Riemannian metrics and their extensions.

For the purposes of this work, to define the Lagrangian of Yang—Mills Scalar Matter fields
in Differential Geometry it is necessary to consider a closed Riemannian manifold (M, g),
a principal G-bundle over M, an ad—invariant inner product of the Lie algebra g of G, a
unitary finite-dimensional representation a of G in V¢, and a smooth function V' : R — R.
By using these elements we define

gYMSM(Wa T) = D%YM(LU) + D?SM(M, T), (106)

Poi(w) = —%(R‘“,R‘”), Lot (0, T) = %(ng, VET) — V(T)) (1.0.7)

where R“ is the canonical gM—valued differential 2-form of M associated to the curvature of
the principal connection w (by means of the Gauge Principle [KMS], [Sa|), T € I'(M,V*M)
is a section of the associated vector bundle with respect to «, V¥ is the induced linear
connection of w in VM and® V(®) := V o (T, T). This Lagrangian is gauge-invariant and
critical points of its associated action

Fymsm(w, T) =/ Lymsm(w, T') dvoly (1.0.8)
M

are pairs (w,T') that satisfy
(dVaa* R | \) = (V9T | o/ (N)T), (1.0.9)
for all gM—valued 1-form \; and
(VerVe —VI(T)T =0, (1.0.10)

where V¥* is the formal adjoint operator of V¥ and dVaa" is the formal adjoint operator of
the exterior covariant derivative associated to V¥, |Bl|. These equations are called Yang-
Mills Scalar Matter equations and they represent the dynamics of space—time scalar matter

>The definition of the corresponding maps (—, —) should be clear.



particles coupled to gauge boson particles in the Riemannian space (M, g).

Other viewpoints on quantum bundles can be found in the literature, for example in
[BM], |BK], [P]]. All these formulations are intrinsically related by the theory of Hopf-
Galois extensions [KT|. Moreover, there are other proposals to bring Yang—Mills theory in
Non—-Commutative Geometry, for example [CR|, [Dj], [CCM]| in which the authors directly
used quantum vector bundles, and the concept of spectral triples.

We have decided to use quantum principal bundles to develop this work because we be-
lieve that a Yang—Mills—Matter theory in Non—-Commutative Geometry should be approached
from the respective concepts of principal bundles and representations, just like in the classi-
cal case. In addition, we have decided to use Purdevich’s formulation of quantum principal
bundles because of its purely geometrical-algebraic framework® when differential calculus’
(which link Geometry, Analysis and Algebra), connections, their curvature (both of them
defined in the Lie algebra, just as one can expect for a dualization of these concepts) and
their covariant derivatives, are the most relevant objects.

It is worth mentioning that in this thesis we shall work with general quantum principal
connections® and even though this text is completely based on Purdevich’s theory, our def-
inition of the quantum gauge group will be the one presented in [Brl|, but at the level of
differential calculus.

6In principle, without any assumption of continuity.
"In the structure group and in the total space.
8There is no need to assume that the connections are strong eieither real [BDH]|, [D2].



Chapter 2

Compact Matrix Quantum Groups

The concept of Lie group is essential for both, Geometry and Physics [Bl]. In this chapter
we are going to present the basics of the theory of quantum groups developed by Stanislaw
Woronowicz [W1], [W2], [W3], [W4].

2.1 About x—Hopf Algebras, Compact Matrix Quantum
Groups and Representations

The Hopf algebra concept is fundamental in Woronowicz’s theory of quantum groups, so we
shall start presenting some facts about this algebraic structure.

We say that a x—algebra (A, m, 1, %) is a x—Hopf algebra if there exist *—algebra morphisms
p:A—AR®A and ¢: A—C

called the comultiplication or coproduct and the counit, respectively, such that

(ida ® @) 0 ¢ = (¢ ®ida) 0 &, (2.1.1)

(e®idg)op =idy and (idg ®e€)o @ =idy (2.1.2)

and if there exists a linear map
k:A— A

called the the coinverse or antipode satisfying

mo (k®idg)op=noe and mo(idg®kK)op=noe, (2.1.3)

where 17 : C — A is the linear map defined by A —— Al. A s—Hopf algebra will be repre-
sented by (A,m, 1,0, ¢, K, *).



2. Compact Matrix Quantum Groups, Representations and Haar Measure 9

It can be shown that x is uniquely determined and the following relations hold [KS|
kom=mo(Kk®kK)oogy, Kon=1, ¢(ok=040(KQK)O®, €O0K=F, (2.1.4)

where 04 : A® A — A ® A is the canonical flip. Another important property is that x is
bijective and (|KS])

K1 =%o0kKoHx (2.1.5)

In particular, s preserves the * structure if and only if it is involutive, i.e, k~! = k.

Definition 2.1.1 (Cmqg). A compact matriz quantum group (cmqg) is a quantum space
formally represented by a C*-algebra G := (A,m,n,||-||,*) and a matriz v = (u;;) € M,(A)
such that:

1. The x—subalgebra generated by {u;;}, G := ({w;;}), is dense in A.

2. There ezists a C*—algebra morphism ¢ : A — A ® A (where ® is the tensor product
of C*~algebras [Aw]) such that ¢(u;;) = Z Uik @ U
k

3. There exists a linear antimultiplicative map k : G — G such that Z k(i) ug; = 0451,
k

Zuik/{(ukj) = 0;;1, where d;; is the Kronecker delta.
k

Remark 2.1.2. Let us notice that ¢ is uniquely determined by the second condition, and
o(G) C GG, where here ® is the algebraic tensor product of algebras. Also condition 3 tells
us that k is a linear isomorphism and uw € M, (A) is an invertible element. This important
matriz will be interpreted as the fundamental representation of G.

It can be shown that this structure admits a x—algebra morphism ¢ : G — C such
that G = (G, m, 1, ¢,€, K, %) is a x—Hopf algebra. G> will be geometrically interpreted as
consisting algebra of all polynomial functions on the quantum group space; however, we shall
treat it as the algebra of all smooth C—valued functions defined on G because we will use G
as the degree 0 space of a graded differential x—algebra, like in [W2]; although we will not use
the braided exterior calculus.

The following example will play a fundamental role in our considerations.

Example 2.1.3 (The quantum SU(2)). For ¢ € [—1,1] — {0} let us consider the x—algebra
(SU,(2),m, 1, %) generated by two symbols {a,~v} satisfying

ata+yty=1,  ad+¢y =1, (2.16)
W=7 e=oy, @Va=ayh

It admits a natural x—Hopf algebra structure given by

Pla)=a®@a—-q¢y" ®7y, o()=7@a+a"®y, ea)=1 €y)=0
Kla)=a,  kK(a")=a, k() = —q7, K(Y") = —q "
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There ezists a natural norm on (SU,(2),-, 1, %) such that it can be completed to a C*~
algebra SU,(2) and such that ¢ can be naturally extended too. In this way SU,(2) is a cmqg
called the quantum SU(2) group [W4]. It is worth mentioning that for ¢ = 1, SU1(2) can be
identified with C—valued continuous functions on the classical SU(2).

Now we are going to translate the concept of representation into Non-Commutative
Geometry [W1|, [W3]. As one can see in Chapter 6 it will be fundamental for the whole
study.

Definition 2.1.4 (Quantum representation). Given a cmqg G, a left G-representation on a
C-vector space V' is a linear map o : V — G @V such that

(e®idy)oa=idy and (¢p®idy)oa = (idg® a)oa. (2.1.8)

On the other hand a right G—representation on a C—vector space V' is a linear map o : V. —
V ® G such that

(idy @ €)oa=idy and (ldy ® ¢)oa = (a®idg)oa. (2.1.9)

We say that the representation is finite-dimensional if V' has finite dimension. In the
literature, o usually receives the name of (left ot right) coaction or (left ot right) corepresen-
tation of G on V. Unless we specify otherwise, we are going to use only right representations
in the whole text.

Remark 2.1.5. Unless we specify otherwise, from this moment on, we shall consider that a
G-representation « acts on the vector space V<.

Our first natural example, is the trivial representation. It consists of a C—vector space V/
and the action

AV — Ved

(2.1.10)
vi— v ® 1.

Example 2.1.6 (Adjoint representation). Let G be a cmqg. The linear map

Ad: G — GG

g g% @ r(g"W)g"?

is a representation of G on G and it is called the (right) adjoint representation. Here we are
using Sweedler’s notation (see Appendix B).

Notice that in general, these representations are not finite dimensional.

Definition 2.1.7 (Representation morphisms). Let G be a ¢cmqg and «; be an action on V;.
A representation morphism or a G-representation morphism between them is a linear map
f Vi — V5 such that

(f®idg)oa; =ago f.
Clearly there is an analogous definition for left representation morphisms. The space of all
representation morphisms between oy, ce will be denoted by MOR(ay, az).
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It is also common to say that f intertwines a; and as. With the previous definition, we
have a natural notion of monomorphism, epimorphism and isomorphism between represen-
tations.

If a is a G-—representation coacting on V' and L is a subspace of V', we say L is a—invariant
if «(L) C L®G and in this case we say «|, is a G-subrepresentation. It is imporant to notice
that Ker(a) and Viyy = {v € V | a(v) = v ® 1} are a—invariant subspaces. Elements of
Viny are called (right) invariants. According to the original definition in [W1]|, Ker(«) is not
necessarily zero, but in our case, Ker(a) = 0 for every G-representation. Even more, every
coaction is an invertible element of B(V) ® G, where B(V) = {f : V — V | f is linear}.
Since B(V') can be endowed with a x—operation by using the adjoint operator, we say that
a representation is unitary if it is a unitary element of B(V) ® G. Moreover, we say that
a representation is irreducible if the only a—invariant subspaces are {0} and V' (the trivial
ones). The following results are important in the theory of G-representations and one can
find a proof of them on [W1].

Theorem 2.1.8. Let a be a G-representation coacting on a finite dimensional C—vector
space V. Then there exists an inner product (—|—) on V such that (V,(—|-)) is a Hilbert
space and o becomes a unitary representation.

By the previous theorem, in the rest of this work we shall assume that each finite-dimensional
representation is unitary.

Theorem 2.1.9. Let T be a complete set of mutually inequivalent irreducible unitary (nec-
essarily finite-dimensional) G-representations with o™ € T. For any o € T that coacts on

(Ve {=1=)),

Na

ale) =D e ® g5, (2.1.11)

j=1
where {e;}i2 is an ortonormal basis of V* and {g5}i5-; € G. Then {g}aij is a linear
basis of G, where the index o runs on T and i, j run from 1 to n,.

It is possible to define some endofunctors and biendofunctors on the category of quantum
representations [W1]. Let Let V be a C-vector space and let us denote by V' the conjugate
vector space, i.e, V is equal to V as additive groups but the scalar multiplication on V is
given by A\v := A*v. Its elements will be denoted by v and the map

—V—=V
VU

is an antilinear involution. Moreover, we know that the tensor product of antilinear maps is
a well-defined antilinear map, so for @ € B(V) ® G we can define

a:=ao(—®x). (2.1.12)
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If o is a G-representation, then @ is a G-representation acting on V and it is usually called
the conjugate representation.

Given Vi, V5 two C—vector spaces, let us take
Vi iel, TV,
V- Vel
the canonical embeddings and projections. If «; is a G-representation on V;, then
a1 B ay = (i1 ®idg) oy o (m ®idg) + (2 ®idg) 0 ag o (M ® idg). (2.1.13)

is also a G-representation and it receives the name of the direct sum of oy and as.

The following result is also one of the most important in the theory of G—representations
and one can see its proof on [W1]

Theorem 2.1.10. Let T be a complete set of mutually inequivalent irreducible unitary G-
representations with oY € T and o any G-representation. Then « is isomorphic to the
direct sum of a finite number of elements of T (probably with multiplicities). Furthermore if
« is unitary, this decomposition is orthogonal with respect to the inner product (—|—) that

turns o into a unitary representation.

To finalize this section we are going to get the non—commutative version of the Haar
measure [W1|. Let G = (A, m,n,||-||,*) be a cmqg and A’ be the set of all continuous linear
functionals defined on A. Given f, f' € A’ and a € A, we define

fra:=(da® f)o(a); axf:=(f@ida)g(a); [x[ =(f® ). (2.1.14)
In this way
(axf)sf'=ax(fxf), (fxa)xf =
(fxf)xa=fx(f'*xa), (f=f)*f"
for all f, f', f" € A" and a € A. Even more
(f & [)éa) = flax f) = f(f*a).

Definition 2.1.11 (Haar measure). Let G a ¢cmqg. The Haar measure is the unique state h
of A such that

*(a*f/)7

f
fo(f = 1),

axh=hxa=h(a)l
for all a € A.
In accordance with [W1| the Haar measure always exist.

Example 2.1.12. Let us consider the quantum SU(2) (see Example 2.1.3). Taking the linear
basis of SU,4(2), {a™v*y*! | m, k, 1 € No} U{a*™y*v*' | m, k, | € No}, the Haar measure
is the faithful state h, defined by the values
*\1N 1— q2
ho((vy")") = [y forall n € Ny,

and zero in every other element of the basis [W1].
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2.2 *x—FODCs and the Quantum Germs Map

As one can check in the Appendix A, in Non—Commutative Geometry the concept of dif-
ferential 1-forms can be viewed as *—First Order Differential Calculus (+~FODC) over a
s—algebra (A, m, 1, x).

Let G be a cmqg. As one can see in Remark 2.1.2, the smooth structure on G is given by
the *—Hopf Algebra G = (G, m,n, ¢, €, k, %), so a *+-FODC over G is simply a *~FODC over
G.

It is important to notice that given a left G-representation « (see Definition 2.1.4) such
that V¢ is also a x-G-bimodule (in this case V' is not necessarily finite dimensional) we can
define a *—G ® G-bimodule structure on G ® V* by means of

GRERGERIVY) — GV (GRIVHIRGERG) —GRV
(01 ® g2) ® (9 ® V) — 919 ® gov, (g®v) ® (g1 ® g2) —> gg1 @ Vo,
*x GV — G Ve

gRUI— gF R,

Even more, ¢ defines a x-G—bimodule strucure on G ® V' via the pull-back. Clearly all of
this is also true for right G—representations.

Definition 2.2.1 (Covariant +-FODCs). A «-FODC (I',d) over G, is left—covariant if for
any elements gy, hy € G we have

S gdhi=0 = > ¢(g)(ide @ d)g(hy) =0 € GT.
k k

Similarly, we say that (I',d) is right-covarant if for any elements gx, hy € G we have

S g =0 = 3 (g [d@ide)dlhe) =0 € T®G.
k k

Finally we say that (', d) is bicovariant if it is both left covariant and right covariant.

For any left—covariant *-FODC (I, d) over G, the linear map
q)r ' — G & T

define by ®r(w) = Z o(gx)(idg ® d)p(hy) where w = ng(dhk) is any standard represen-

k
tation of w, satisfies

1. ®r is a *-G-bimodule morphism, i.e., for all w € " and g € G, Pr(gw) = ¢(g)Pr(w),
Pr(wg) = Pr(w)o(g), Or(w*) = (Pr(w))".

2. ®r is a left G-representation.
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3. do®p = (idg ®d) o ¢.

Reciprocally, if a map ®r satisfies 1, 2 and 3, then the *~FODC is left—covariant. There is
a similar result for right—covariant *~FODCs and the map r®(w) = Z o(gx)(d ®@1de)d(hi)

k
([Sol); so for bicovariant *~FODC over G we have that (idg ® r®) o &r = (Pr ®idg) o 1 P.

In the previous section we introduced the space of invariants given a quantum represen-
tation. In this case the space of left invariants for @ fulfills (i, )" = i

Now we are going to present an example of a bicovariant *+~FODC. One can always define
linear maps

O, GRGE—GR(GRGE) and gP:GRG — (GRG)RG
by
d; = <m®1d0®idg)0(idg®dg®idg)0(¢®¢), rd = (id(;®id(;®m)O(idc@O‘c@idg)O(qb@Qb),

where o0 : G®G — G®G is the canonical flip. Let us take the universal *-FODC (I'y;, D)
(see Definition A.1.4). With respect to @y := @1, and @ := g®|r,, the calculus (I'y, D)
is bicovariant.

It is easy to see that the left—covariants and the right—covariants properties are preserved
under isomorphisms (see Definition A.1.3). In Theorem A.1.5 we saw that every «+-FODCs
over (G is isomorphic to (s, dyr) for some x—G—subbimodule N of Ty [So|; in this way, it
can be proved that

Proposition 2.2.2. In the context of Theorem A.1.5

1. (Tpr,dy) is left-covariant if and only if N is left-invariant with respect to @y, i.e.,
Py(N) CGRN.

2. (Tpr,dy) is right—covariant if and only if N is right—invariant with respect to y®, i.e.,
v®N) CN®G.

3. (Tpr,dy) is bicovariant if and only if N is left-invariant and right—invariant with
respect to ®y and y P, respectively.

Now we are going to construct another universal x—FODC that looks more natural for
*~FODC over a cmqg and it will be more useful for our considerations. Let G be a cmqg.
One can define the linear isomorphism 7 : G ® G — G ® G by

r:=(m®idg) o (idg ® ¢).

It is worth remarking that r|r,, : I'y — G®Ker(¢). The restriction map r|r,, will be denoted
just by r. By defining

G x (GeKer(e)) — G Ker(e), -:(G®Ker(e)) x G — G & Ker(e)
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such that
Jg@h)=gg@h, (9@h)gd = (g®h)og)

together with the involution
x:=roxor ' :G®Ker(e) — G ® Ker(e),

where the * operation in the middle is the * operation on I'y: (g1 ® g2)* = —g5 ® g7, we have
that I'y, := G ® Ker(e) has structure of *-G-bimodule. According to [So|, in this situation
r is a x—G-bimodule isomorphism and taking

Dp:=roD:G—Ty,
g—9(g9) —g®1,

(I'y,, D) is a bicovariant *-FODC. It worth mentioning that r is a left representation
morphism between ®y and ®r = ¢ ® idker(). Thus

T(invFU) =1 & Ker(e) = il’lVFUL'

Since (I'y,, D) and (I'y, D) are isomorphic, Theorem A.1.5 is also valid for (I'y,, D) and
so [So| we have

Theorem 2.2.3 (The universal property for left—covariant +-FODCs). Let R C Ker(e) be a
right ideal of G such that K(R)* C R. Then N := G @ R is a *—G—subbimodule of T'y;, and

I'y,

(T'pr dp xr) is a left—covariant x~FODC over G, where I'; - = CoRr and dy, x- is the factor

map associated to Dy. Furthermore, any left—covariant *x—FODC over G is isomorphic to
(T s dp xr) for some N =GR, with R C Ker(e) a right ideal of G such that x(R)* C R.

In the context of Theorem 2.2.3, the map or for (I‘LN, dL,N) is ¢ ® idker(e) /R, Dy consid-
ering

Iy G ® Ker(e) Ker(e)
I, = L — =X¢ :
INTGaR . GeR VTR

thus

Ker(e) ., Ker(e)
inVFL,N =1® ) = =

In other words, for any left covariant +~FODC (I, d), we have

KeRr(e) and I'=GE® Ke7r€(6)7

for some right ideal R C Ker(¢) of G such that x(R)* C R.

Il

inv r

(2.2.1)

By taking s : G® G — G ® G given by s := (idg ® m) o (0¢ ®idg) o (idg ® ¢), we can
repeat the procedure for right—covariant *-FODCs and I' iy := Ker(¢) ® G [So].



2. Compact Matrix Quantum Groups, Representations and Haar Measure 16

Theorem 2.2.4 (The universal property for right—covariant +~FODCs). Let S C Ker(e) be

a right ideal of G such that K(S)* € S. Then N := § @ G is a x-G-subbimodule of T i/

I'.u

and (T'y 57, dg i) 18 a right-covariant x-FODC over G, where I'p 5 = <—— and dp 5 is

the factor map associated to Dg := s o D. Furthermore, any right-covariant x-FODC over
G is isomorphic to (I'y i, dp 57) for some N =S @ G, with S C Ker(e) a right ideal of G
such that k(S)* C S.

Theorem 2.2.5 (The universal property for bicovariant *~FODCs). Let (I',d) be a left-
covariant x—FODC over a cmqqg G and let us consider its associated right ideal R given by
Theorem 2.2.3. Then (I',d) is bicovariant if and only if R is Ad—invariant, i.e. Ad(R) C
R ® G, where Ad is the adjoint action defined in Example 2.1.6.

Since (I'y,, Dr) is a bicovariant *-FODC, we have that Ker(e¢) is Ad-invariant. If R C
Ker(e) is a right ideal of G, Ad-invariant and it fulfills x(R)* C R, we get (r ' ®idg)oAd =
r~ltoy®, so

Ker(e) Ker(e) -1
=21® 7 invFN
R R
adl o lwb (2.2.2)
KL(G)(@G%I[@KL(‘E)(@G s F/\/®G
R R r=1idg " '

In Diagram 2.2.2 the horizontal arrows are isomorphisms and the vertical arrow on the
left is the adjoint action on Ker(e) passed to the quotient Ker(e)/R. This map satisfies

Ker(e) 2 Ker(e) ® G

ml o lm@dc (2.2.3)
Ker(e) Ker(e)
= = = ®G

and ad : Ker(¢) /R — Ker(e)/R ® G is actually a right action.

Remark 2.2.6. For every bicovariant *—FODC (I',d) over G one can consider that i, [ is
equipped with a natural action of ad, i.e., it is ad—invariant and moreover, r® restricted to
vl 1s equal to ad [So]. In the rest of this thesis we are going to use the notation Ad for
the adjoint representation on G and ad for the adjoint representation on i, [" = Ker(e) /R,
even if we are using the universal *—FODC, i.e., even if R = {0} since in this context
Ker(e)/R = Ker(e) should be treated as the invariant elements of I', not as a subspace of
G. In the classical case R = Ker?(e) and i, I is actually the (dual of the) Lie algebra of
the group, so in Non-Commutative Geometry the space i will be considered as the (dual)
quantum Lie algebra associated to the space of quantum differential 1-forms (I',d) on G.

To conclude this section we will define the quantum germs map for left—covariant *—
FODCs over G. There is a similar theory for right—covariant *+~FODCs but in this work we
shall not use it.
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Definition 2.2.7 (Quantum germs map). Let (I',d) be a left—covariant *—FODC over a
cmqq G. We define the quantum germs map as the linear map

m:G—7T
g k(gW)dg®,
where ¢(g) = gM @ ¢,
It can be proved that [So|
Proposition 2.2.8. Let (I',d) be a left—covariant x—FODC over a G and g € G. Then

1. 7(g) € I

2. The restriction map 7 : Ker(€) — i [ is surjective.
3. Ker(m) = R & C1, where R is given by Theorem 2.2.3.
4. ad(n(g)) = (n ® idg)Ad(g).

5. m(g) = —(dr(g™))g"

6. dg = gWMr(g@).

7. dri(g) = —m(gW)r(g?).

8. m(g)" = —m(x(9)").

It is important to remark that in general m does not preserve the *x structure. By defining
forall @ € ;,,]"and g € G

0og:=r(gM)0g?® = (hg — e(h)g) (2.2.4)

if 7(h) = 6, we get that i, I" is a right G-module and it satisfies (# o g)* = 0* o k(g)*.

2.3 The Universal Differential Envelope x—Calculus

In this section we are going to define a graded differential x—algebra (see Definition A.1.7)
over a cmqg which envelopes a given *~FODC. By taking (T, d) a *+~FODC over a cmqg G,

let us define
@A =G,
®%;F =T,
Rkl =T ®g..®cT
—_————
k

for £k > 2 and

@ul = P RET.
k
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Also by defining
g(w1 Rg ... Vg wi) = gw1 Rg ... OG Wk,

(W1 Rg ... Vg Wi)g = w1 Vg ... Vg WY,
(wl ®G ®G wk)(wi ®G ®G wl’) =W ®G ®G Wi ®G wi ®G ®G wz,

and
k(k—1)
2

(wl ®G’-~-®ka)* = (—1) w,: ®G...®Gw1‘,

for g € G and wy,...,wg, Wi,....w, € @LT, the above tensor algebra @ I" can be equipped with
a structure of graded *x—algebra.

Definition 2.3.1 (The universal envelope x—algebra). Let (I, d) be a *~FODC over a cmqg
G. We define the x—universal differential evelope calculus T of the x~FODC' as the quotient
algebra
M =esl/0,
where
Q:=({Q =) dg®@cdh | gi, i €G and > gedhy, = 0})
k k

and (S) denotes the bilateral (necessarily graded and x—invariant) ideal generated by S.

By construction, ' is a graded x—algebra and I'* = @@, I'""*, where I'"* is the subspace
of all elements of degree k. It is important to mention that I'"® = G and I'"! = I'. The
multiplication in I'* will be denoted just by juxtaposition. Also there exists a natural linear
map d : T — T” covering d : A — G such that the triplet (I'",d, ) is a graded
differential *—algebra known as the universal differential envelope x—calculus. It has two
universal properties [D1], [So.

Proposition 2.3.2. Suppose (2, dq, *) is a graded differential x—algebra over G and (I, d)
is a x-FODC over G. Let ¢° : G — Q° be a x—algebra morphism and ¢* : T — € be a
linear map such that *(gdh) = ©°(g)da(¢°(h)) for all g, h € G. Then there exists a unique
family of linear maps ©* : T"* — Q such that

(p::@gok:FA—>Q
k

is a graded differential x—algebra morphism (see Definition A.1.8).

Proposition 2.3.3. Suppose (), dq, %) is a graded differential x—algebra over G and (I, d)
is a *~FODC over G. Let ¢° : G — Q° be a x—antimultiplicative linear morphism and
ot T — Q! be a linear map such that ' (gdh) = do(@°(h))%(g) for all g, h € G. Then
there exists a unique family of linear maps @F : T"* — QF such that

p=P¢" T —Q
k

satisfies
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1. ¢ is a graded—antimultiplicative morphism.
2. pod=dgo¢.
Other important properties of (I'*, d, *) are the following [So].

Proposition 2.3.4. Let (I',d) be a left-covariant x—FODC over G and let us take the left
representation &y : I' — G ® I'. Then there exists a unique graded x-algebra morphism
Oprn : I — G T which is also a left representation such that ®pro = ¢, Prar = O, and
(I)FA od= (ldG X d) o} (I)F/\.

Proposition 2.3.5. Let (I',d) be a right—covariant x=—FODC over G and let us take the right
representation r® : I' — I' ® G. Then there exists a unique graded x—algebra morphism
ra® : T — T'" ® G which is also a right representation such that pro® = ¢, pa® = 1@,
FMI) od= (d ® ldg) o} FA(I).

Given a left—covariant *~FODC over G one can consider

D= {0 €T [ Ora(0) = 1@ 0}, il = P i (2.3.1)
k

Of course ;,, I is a graded differential *—subalgebra generated by its elements of degree 0
(C) and its elements of degree 1 (i, I'). The following natural isomorphism holds

invF/\ = ®invr/\/8/\7 (232)

where & i, [ is the tensor product algebra (over C) of ;,,,I" and S” is the ideal (necessarily
graded and x—invariant) of ® ;,,I'" generated by the elements ¢ € ;,,[' ® i, [ of the form

q = 7(g") @7(g?) (2.3.3)

with g € R (the ideal associated to I', see Theorem 2.2.3) and 7 the quantum germs map.

The operation o presented in Equation 2.2.3 induces a right G-module structure on j,,I"
and this structure can be extended to ;,,I'* by means of

log=-¢e(g)l, (6162)0g=(r09g)(030g%), (6;09) =6 0k(g), (2.3.4)
where 01, 0y € i, 7.
The following proposition will be essential in next chapters and one can find a proof in
[So].

Proposition 2.3.6. Let (I',d) be a left-covariant x—FODC over a ¢cmqg G. Then for all g
eG
dr(g) = —m(g"W)m(g"?),

where m: G — I is the quantum germs map.
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Remark 2.3.7. In this work the universal differential envelope x—calculus (T, d, *) will
play the role of quantum differential forms of G for a given bicovariant x—FODC (I',d). A
reason for this choice of higher—order calculus on G lies in the conceptual simplicity of the
unwversal calculus, which is independent of the quantum group structure on G. Moreover, this
graded differential x—algebra allows an extension of the comultiplication ¢ as the following
proposition establishes [So].

Proposition 2.3.8. Let (', d) be a bicovariant x~FODC over G. Then the comultiplication
map ¢ : G — G ® G has a unique extension to a graded differential x—algebra morphism
(see Definition A.1.8)

¢: I —T eI

which is also a left G—module morphism (¢p(gw) = ¢(g)p(w)), where we have considered the
graded tensor product of graded differential x—algebras (T @ T, dg, %) (see Definition A.1.9)
and the left action of G on T @ TN is just a multiplication by ¢ on the left. Also for all w
€T, p(w) = Pr(w) + rP(w) and ¢(inI") C i I @ TN, In particular, if 6 € 3, T

p(0)=ad(@)+1®0, (2.3.5)
where ad s the action defined in Diagram 2.2.2.

The counit and the coinverse can also be extended to (I'",d, x) if (T, d) is a bicovariant
x~FODC over GG. In fact, let us consider the linear map

e: " —C (2.3.6)
given by €| := €, €|par := 0 for k£ > 1. Furthermore, given g € Ker(e) consider

£ (g) == (g k(k(gM)g®) = —m(gP)k(g®)k(k(g™M)).

Since ad(R) C R ® G, r'(g) = 0 for all g € R. This implies that there exists a well-defined
linear map &' : j,,[' — T. Since a linear basis of ;,,[" is a left G-basis of T' (|So]), we can
define k' on I' by means of

k(gm(9)) = r(m(g))K(3).
Even more it satisfies k! o d = d o k; so in the light of Proposition 2.3.3 (which is true
even if the maps do not preserve the * structure [So|) we can extend s and k' to a unique
graded—antimultiplicative bijective linear map which commutes with the differential

kDN — TN (2.3.7)

Of course if ko* = xok, then k™! = k. By using these maps we can define on I'* a structure

of graded differential *—Hopf algebral, i.e., the following equations hold [D1]:

(¢ ®idra) o ¢ = (idra ® @) 0 ¢, (2.3.8)

LA s—Hopf algebra which is also a graded differential *—algebra (see Definition A.1.7) and whose comul-
tiplication, counit and coinverse are grade—preserving and commute with the differential.




2. Compact Matrix Quantum Groups, Representations and Haar Measure 21

(id[‘/\ & 6) o) Qb = idFA = (6 (24 idr/\) e} QZS, (239)
mo (k®idra) o =mo (idra ® k) 0 p = €l (2.3.10)

where m : IT'"* @ ' — T'" is the multiplication map. By considering the graded flip map
orna (’191 X ’192) = (—1)81918192192 X 191

instead of 04, Equation 2.1.4 is satisfied. Finally the adjoint action (see Example 2.1.6)
Ad: G — G ® G can be extended as

Ad: TN — T eI

9 — (_1)819(2)819(1)19(2) ® R(ﬁ(l)) 19(3) (2311)

with Ox the degree of the element x. The map Ad satisfies the Equation 2.1.9 (it is the adjoint
action of the x—Hopf algebra I'"); but perhaps and somewhat surprisingly Ad(6) # ad(6) for
0 € iwI'. Tt is worth mentioning that (I'", d, *) is maximal with the property of having an
extension of the x—Hopf algebra structure of G.



Chapter 3

Quantum Principal Bundles and
Quantum Principal Connections

Essentially, in this chapter we are going to introduce the concept of quantum principal bundle
and quantum principal connections. We will follow the theory developed by M. Purdevich,
and presented in [So| by S. Sontz. One can also check this theory in the original works [D1],
[D2], [D3]. In the final two sections, we are going to compute some illustrative examples of
all our constructions, which are based on trivial quantum principal bundles and the quantum
Hopf fibration.

3.1 Quantum Principal Bundles

In Differential Geometry, a principal G-bundle is a fiber bundle with typical fiber G and
a free action of G (a Lie group) on the total space. The following definition dualizes this
concept

Definition 3.1.1 (qpb). Let (M, -, 1, %) be a quantum space and let G be a cmqg. A quantum
principal G-bundle (qpb) over M is a quantum structure formally represented by the triplet

C: (GM7M7GM(I))7

where (GM,m, 1, %) is a quantum space called the quantum total space with M as quantum
subspace which receives the name of the quantum base space, and

is a x—algebra morphism that satisfies
1. au® is a right G-representation.

2. au®(x) =x® 1 if and only if v € M.

22
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3. The linear map B : GM @ GM — GM ® G given by
Blzey) =z eu®(y) = (z®1) cu®P(y)
18 surjective.

One may notice that in this situation, M appears as a secondary object defined by the
right invariant elements. In addition, the map [ passes to the quotient 8 : GM ®, GM —
GM ® G and as such it is bijective (under some assumption, see Section 5.1 and [D6]), in
other words, we are in the basic algebraic context of Hopf-Galois extensions.

In Differential Geometry, given a principal G-bundle, we have immediately a differential
calculus on the bundle that involves the total space, the base space and the structure Lie
Group. This does not hold in the quantum case. Here, it is necessary to impose the differ-
ential calculus structure via axioms to be satisfied. The non—uniqueness of the differential
structure gives us a much richer theory [So].

Definition 3.1.2 (Differential calculus). Given ( a qpb over M, a differential calculus on
the bundle is

1. A graded differential x—algebra (Q*(GM), d, %) generated by its degree O elements Q°(GM)
= GM (see Definition A.1.7). This differential algebra will play the role of quantum
differential forms on GM.

2. A bicovariant x-FODC (I',d) over G (see Definition 2.2.1).

3. An extension of g ® to a graded differential x—algebra morphism (see Definition A.1.8)
ol Q(GM) — Q*(GM) @ T,

where (I'",d, %) is the universal differential envelope x—calculus of the x—FODC (T, d)
(see Section 2.4) and on the right side we have taken the structure of graded differential
x—algebra of the tensor product (see Definition A.1.9).

Since these graded differential x—algebras are generated by the degree 0 elements, W is
necessarily unique and due to the fact that it extends gy, ® we have

(Q\If ® idFA) O Q\If = (1dQ'(GM) ® ¢) O Q\If, <1dQ'(G’M) ® 6) (e Q\If = idQ'(GM)y (311)
with ¢, € the maps presented in Proposition 2.3.8 and Equation 2.3.6. Furthermore,
o® = (ldQ'(QM) (029 po) oqV, (312)

where py : I — G is the canonical projection. This means that o® is actually a G-
representation and intuitively, it is interpretable as the dualized right action of the group on
differential forms.

The following definition is inspired by the classical result that establishes a bundle iso-
morphism between the vertical bundle of a principal G—bundle and the trivial bundle over
the total space with typical fiber g, where g is the Lie algebra of the structure group.
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Definition 3.1.3 (Vertical forms). Let ¢ be a gpb over M with a differential calculus. We
define the space of vertical forms as (see Equation 4.2.1)

Ver*GM = GM ® i, I,

Since i I 1s a graded differential x—subalgebra of I, Ver*GM has a natural structure of
graded vector space. And, by defining the operations

(@) (y@0) =2y @ Boy")h, (2©6) =20 0" 0a)

and
dy(z ®0) =2 @ df + 20 @ n(zM)6,

it is a graded differential *—algebra generated by Ver®’GM = GM ® C1 = GM, where
7: G — = i I
is the quantum germs map (see Definition 2.2.7) and g ®(x) = 29 @ 2 [So/.

There are a lot of facts in the last definition that we are not going to prove here, since these
proofs are too technical, long and a bit tedious, as well as the following two propositions.
Nevertheless the reader can find them in a very explicited and detailed presentation in [So].

Proposition 3.1.4. There exists a unique graded differential x—algebra morphism
vU: Ver'GM — Ver*GM @ I'*

which is equal to gy ® in degree 0 and (vV & idra) oy ¥ = (idverraym ® ¢)oy¥. Furthermore,
if po : TN — G is the canonical projection, then

v® = (idverramr @ po) o vV
is a right G-representation. Finally, v® satisfies as well d, o v® = (d, ® idg) o vP.
Proposition 3.1.5. There exists a unique graded differential x—algebra morphism
v : QY (GM) — Ver*GM

such that my = idgar (in degree 0), myoy¥ = (my @ idra)oqV¥ and myoy® = (my ® idg)oq®.
Moreover, Ty is a surjective x—G M —bimodule morphism.

The map v is interpretable as the non—commutative analog of the right action on vertical-
ized forms for a given principal bundle.

We can naturally define the horizontal forms in the non—commutative case as the ones
possessing trivial differential properties along the vertical fibers [D2].
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Definition 3.1.6 (Horizontal forms). Let ¢ be a gpb over M with a differential calculus. We
define the space of horizontal forms as

Hor*GM :={p € Q*(GM) | o¥(p) € Q*(GM) ® G}.

Since oV is a graded x—algebra morphism it is easy to show that Hor*GM is a graded
+-subalgebra of Q*(GM) and clearly Hor’GM = GM. Moreover, by taking ¢ € Hor*GM
we get (VU ® idg) oW () = (idasem) ® @) @V (p) € Q*(GM) ® G ® G; so oV (Hor*GM) C
Hor*GM ® G and according to the properties of oW, it follows that

1P = oVlnorram = a@luor an (3.1.3)

is a graded x—algebra morphism which is also a right G-representation (and it is an extension
of G M(I))

Definition 3.1.7 (Base forms). Let ¢ be a qpb over M with a differential calculus. We define
the space of base forms as

(M) :={peQ*(GM) | V(1) = p® 1}

It is easy to see that Q°*(M) is a graded x—subalgebra of Hor*GM; and since y®(du) = du®1
for all u € QF(M) we conclude that Q®(M) is actually a graded differential *—subalgebra
of Q*(GM). It is important to mention that in general, Q°(M) is not generated as graded
differential x—algebra by Q°(M) = M. Furthermore, it turns out that the algebra Hor*GM
is in general not generated by GM and Hor'GM [So|. We will consider (Q*(M),d,*) as
quantum differential forms on M.

It can be shown that the following sequence of x—GM-bimodules
0 — Hor'GM — QY(GM) =% Ver' GM — 0 (3.1.4)

is always exact.

3.2 Quantum Principal Connections

In this section we are going to present the non—commutative version of three fundamental
concepts in principal bundles theory: principal connections, curvature and covariant deriva-
tive. As before, we will closely follow [So| and [D2].

Definition 3.2.1 (Qpc). Let ¢ be a gpb over M with a differential calculus. A linear map
W — QYGM)

is a quantum principal connection (qpc) on C if it satisfies oV (w(0)) = (w®idg)ad(d) + 10
for all 0 € i ,I'. A qpb with a gpc will be denoted by (¢,w).
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In analogy with the classical case, it can be proved that the set
qpe(¢) == {w : i — Q' (GM) | w is a qpc on (} (3.2.1)

is not empty for any qpb ¢ (|[D2]) and it is an affine space modeled by the C—vector space
(see Definition 2.1.7)

gpe(¢) == {A [ — QYGM) | X € MOR(ad, z®)}. (3.2.2)

This statement follows immediately from the fact that w + A € gqpe(¢) and for any wy,

wy € qpe(C), w1 —wy € qpc(C;. Elements of qpc(C; are usually called quantum connection
displacements.

Definition 3.2.2 (The dual qpc). Let us consider the involution

Az qpe(¢) — gpe(C)

W 0 1= % 0 W O *.

We define the dual qpc of w as &. A qpc w is real if © = w and we say that it is imaginary
if 0 = —w.

Of course, the operation A can be similarly defined in qpe(¢ ) In such a way, every real
quantum connection displacement A\ can be written as

A=w-—u, (3.2.3)
where w, w' are real qpcs; and for every qpc
w=w+1i\, (3.2.4)

where w’, A" are uniquely determined real elements. The following theorem is another justi-
fication for our definition of qpcs and one can find a proof in [So].

Theorem 3.2.3. Let (¢,w) be a gpb with a gpc. Define
fhe : Ver' GM — QY(GM)
by means of p,(x @ 0) = xw(f). Then
1. p, splits the sequence 3.1.4 as left GM —modules. In particular, p., is injective.
2. qVopu, = (p, ®idpra) o vWU. (see Proposition 3.1.4).

Reciprocally, if a left GM-module morphism p : Ver'GM — QY(GM) satisfies properties 1
and 2, then it defines a unique gpc on (; in other words, there is a natural bijection of affine
spaces between qpc(¢) and the set of all linear maps {p} that fulfill properties 1 and 2.
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Due to fact that s, is injective, we can consider Ver' G M as a left GM-submodule of Q*(GM)
(the vertical subspace of Q'(GM)) and

QNGM) = Hor'GM @ Ver' GM

at least, as left GM-modules which is clearly the quantum equivalent of the classical fact
that establishes that a principal connection is a smooth equivariant choice of a horizontal
subbundle of the tangent bundle.

Definition 3.2.4 (Regular qpc). We say that a qpc w on a qpb ¢ is reqular (a rqpc) if and
only if for all ¢ € Hot®GM and 0 € T we have

w() o = (—1)*Dw (8 o V). (3.2.5)

Rgpcs have some interesting properties but their principal property (in the author’s opin-
ion) is related with covariant derivatives; however, we will study it until the next subsection.
For now, let us notice that for a given u € QF(M) (see Definition 3.1.7) and 0 € i,,T, we
have w(@) p = (=1)*uw(f). In other words if w is a rqpc, then the elements of Q*(M)
graded—commute with the elements of Im(w). Other interesting property is:

Proposition 3.2.5. If w is a real rqpec, then p, is a *—GM ~bimodule morphism. In partic-
ular, the sequence 3.1.4 splits as x—G M —bimodules.

The following proposition is another characterization of regular qpbs and it can be proved
directly by using some elementary formulas.

Proposition 3.2.6. A qpc w is reqular if and only if w
pw(6) = (~1)w(6 o k™ ()" (3.2.6)
for all ¢ € Hor*GM and 6 € ,,,T.
The following definition is about another particular kind of gpcs.

Definition 3.2.7 (Multiplicative qpc). Let ¢ be a gpb. A qpc w on C is called multiplicative
if and only iof

w(m(gW)) w(n(g®)) =0
for all g € R, where R C Ker(e) is the right ideal of G which satisfies (see Section 2.3)

K
r=6e er(e)7 for the bicovariant x~FODC' given (I',d).

According to Proposition 3.2.6 and since k(R)* C R, the conjugation operation shown in
Definition 3.2.2 preserves the regularity and the multiplicativity condition.

Clearly, the multiplicativity condition gives a quadratic constraint in qpc(¢). Let ((,w)
be a gpb with an arbitrary gqpc. Then w : 1, [ =, — Q' (GM) and

[ =C1 — Q°(GM) = GM
wl — wl
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induce a graded algebra morphism w® : ® i, I — Q*(GM). Notice that w is multiplicative
if and only if S* C Ker(w®) (see Equation 2.3.2). If w is multiplicative, then w® factors
through the quotient j,,I'"* = ®;,,['/S” to an algebra morphism [D2], [So]

w/\ : inVFA — Q.(GM)

Acoording to [D2], if the space of regular connections is not empty, it is always possible
to assume that all regular connections are multiplicative (projecting if is necessary to an
appropriate quotient—calculus). It is worth mentioning that for the classical case, every
principal connection is regular and multiplicative.

3.2.1 Curvature and Covariant Derivatives

Unlike the classical case, here, there is not a canonical way to define the curvature. In the
non—commutative case, the following auxiliary map turns out to be quite useful:

Definition 3.2.8 (Embedded differential). Let (I',d) be a bicovariant *~FODC over G. A
linear map 0 : iny]l’ — ] @ ine ' is called an embedded differential if

1. ad®? o0 = (0 ®1idg) o ad, where ad is the right adjoint G-representation (see Remark
2.2.6) and ad®® := M o (ad ® ad), where

M: @GR G — i @i '@ G
such that M(0; ® g1 ® 03 ® g2) 1= 01 ® 05 ® g19o.
2. If 6(0) = 0 ® 02, then
do =0M0P  and  —5(0*) = 0P @ 4V*,
In the equation df = #P? | the differential d is the differential of the universal differential

evelope *—calculus (I'", d, ). According to [So|, [D2] for any 6 € ;,,I" there exists g € Ker(e)
(not necessarily unique) such that

1. m(g) = 6.
2. 0(0) = —7(g) ® w(9"?) with ¢(g) = g @ g,

Generally, an embedded differential can be constructed by fixing a s—invariant Ad-
invariant complement £ C Ker(e) of R (see Theorem 2.2.5) and by defining [D1]

—§:=(r@modon|

Definition 3.2.9 (The transposed commutator). Let (I',d) be a bicovariant *~FODC' over
G. The transposed commutator is the linear map [W2]

CT = (idinvr ® 7T> (0] ad . inVP — inVP ® inVF'
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For any x—algebra (A, m, 1,x*) and linear maps «a, § : i, [ —> A we can always define
(a, ) :=mo(a®f)od:ml — A, (3.2.7)
[, 8] :=mo(a®B)oct : I — A (3.2.8)

Definition 3.2.10 (Curvature). Taking a gpb with a gqpc ((,w) and fixing an embedded
differential 0, we define the curvature of w as

R :=dow — {(w,w) : jn, ] — Q*(GM).
We define the dual curvature of w as
R*:=%o0R“ox=R"
A qpc is flat if its curvature is zero.

Notice that if w is multiplicative, then R“ does not depend on the choice of the embedded
differential 6. Indeed, let us consider two embedded differentials 41, do and 6 € ;,,I'. Then
there exists [So| ¢; = ¢ + b; € Ker(e) with ¢ € Ker(e) and b; € R such that

5i(0) = —n(g") @ w(g?) = —m(cM) @ 7(c?) — 7 (b)) @ 7 ()
for i =1, 2. In this way
(w,w)i(0) = —w(m(D))w(m(c®)) — w(r®B)w(r (b)) = —w(m(c®)wr (),
50 (w,w)1 = (w,w)s and hence R does not depend on the choice of §.

The proof of the following proposition is given by a straightforward calculation.
Proposition 3.2.11. The curvature of any w satisfies R* € MOR(ad, y®).

Definition 3.2.12 (The covariant derivatives). For a given gpb with a qpc (C,w), the first—
order linear map
D? : Hor*GM — Hor*GM

such that for every ¢ € Hot*GM, D*(p) = dp — (—1) O w(r (™M) is called the covariant
derwative of w.

On the other hand, the first-order linear map
D¥ = %0 D¥ox

is called the dual covariant derwative of w. Explicitly, for every ¢ € Hor*GM, we have
D*(¢) = dp + & (n(~ (1))



3. Quantum Principal Bundles and Quantum Principal Connections 30

We have to remark that the last definition is not the most general way to define the
covariant derivative, as the reader can see in [D2], [D3]; however, it will be enough for our

purposes. In general D¥ £ D% Tt is easy to see that

Proposition 3.2.13. For any qpc w we have D¥, D¥ € MOR(y®, y®) and D*
D

Qs(M) =

as(m) = dlas(ar)-

Now let us consider a map
i I' x Hor* GM — Hor®* GM

given by (0, ¢) = w(@)p — (=1)*o@w(@ o o) for all ¢ € Hor® GM. Notice that w is
regular if and only if /¥ = 0; so ¢ measures the lack of reqularity of w. For any qpc w both
covariant derivatives are related by

D¥(p) = D*(¢) + C (w7 (1)), ¢) + (= 1)F O (w = B) (m (o). (3.2.9)
In particular, if w is real D¥(p) = D*() + £<(n (5 (™)), ). Even more
Proposition 3.2.14. If w is real and reqular, we get D¥ = D = D~.

By using elementary calculations it can be shown that:

Theorem 3.2.15. Let (C,w) be a qpb with a gpc. Then
D?(p1p) = D(o)p + (—=1)* o D*(¥) + (—1)* 0 1% (m (o), )
and if w is real
D¥(p1) = D*(9)e + (—=1)* o D*(¢) + (m (s~ (™M) 0 571 (1), D)0 @,

D¥(4)" = D () + £ (m(w (D)), 007) = D* ()
for all ¢ € Hort®*GM and ¢ € Hor*GM.

Corollary 3.2.16. D% and D~ satisfy the Leibniz rule if and only if w is regular.
Another interesting and useful property is the following one

Proposition 3.2.17. Let us consider MOR(ad, y®). Then for any 7 € MOR(ad, y®) such
that Im(7) C Hor*"GM (see Equation 3.2.8) we get

D¥or=dot — (—1)*r,w]. (3.2.10)
Take 7 € MOR(ad, y®) such that Im(7) C Hor*GM and let us consider
S¥or = (w, 1) — (=1)"1,w) — (=1)*[r,w]. (3.2.11)

Then S¥ o 7 € MOR(ad, y®) and if w is regular, S¥ = 0.
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Proof. Since g®(7(0)) = 7(7(g?)) ® r(gV)g® for 7(g) =0 € 1, [’ we get
D((9)) = dr(60) — (=1)*7(n(g®))w(n(k(g")g"™)) = dr(6) — (~=1)*[7,w](9)

for all # € ;,,I" and therefore the first part of this proposition holds.
On the other hand, by taking @ € ,,I" such that §(8) = —7(¢") @ 7(g®) we have

QU(S5¥07)(0) = —w(m(g?)r(r(g™)) @ k(gM)g™W — (—1)*r(n(¢®)) @ 7(gM)K(g?) g™
+ (—Fr(r(g?))w ( (g )) ® Kk(gM)g™ + (= 1) (7 (g®)) @ k(gM)gP 7 (g™)
—DEr(0W) w(8B?) @ 9P k(3933
W — (—1)*(r,w)(8?) @ oV — (=1)*[r, w](ﬁ(o)) ® oW
® d0" — (1) (7 (g™)) ® r(g™)(dg?)k(g)g®

(w, ) (0) = —w(m(gM))r(x(g?))
= —(=1)*7(x(g) w(r(g™M) o k(g*)g™)
= — (=1 r(x(g™) w(r(gWr(g?)g™)) + (=1)*7(m(g®)) w(m(e(g™M)r(g™)g™))
= —(=D*r(m(g®)) w(rm(e(g™M)g®) + (=1)*7 (7 (g?)) w(m (k(g™M)g®))
= —(=D*r(r(gM) w(x(g®)) + (=1)*7(7(g?)) w(r (k(g™M)g®))
= (=1)"r,w)(0) + (=1)*[r,w](0),

and the proposition has been proved. [ |

To finish this section we are going to obtain a non—commutative version of the Bianchi
identity.

Proposition 3.2.18. For any qpc w on a qpb we get ¢
(Dw - Sw) oR¥ = <w7 <w7w>> - <<wvw>=w>
Proof. By Propositions 3.2.11, 3.2.17 we get that D“ o R¥ = d o R* — [R¥,w] and then

D*o R — (w, R*) + (R*,w) + [R*,w] = doRY— {(w,R") + (R“,w)

= —d{w,w) — (w,d(w) — (w,w))
(d(w) = (w,w),w)
= (W (w,w)) — ((w,w),w),

and the identity has been proved. [ |

+
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It is worth observing that when w is multiplicative we have (D¥ — S“) o R* = 0. When w is
regular by the second part of Proposition 3.2.17, we get D¥ o R* = (w, (w,w)) — ({(w,w),w).
In particular, when w is both, regular and multiplicative we have D“ o R“ = 0. As we men-
tioned before, Definition 3.2.12 it not the most general way to define the covariant derivative,
actually, one can naturally extend the domain of D“ to the whole Q*(GM). With this, it
can be shown that D¥ o w = R¥ for any qpc w (|D2]) just like in the classical case, which
justifies our definitions.

In general, it is not completely necessary to take (I'", d, %) as the differential calculus on
the structure group to develop the theory presented in this section; it is enough to consider
a differential calculus on the structure group covering (I',d) that allows us to extend the
comultiplication map ¢ : G — G ® GG. An advantage of using (I'", d, %) is that this space
is maximal with the previous property. It is worth mentioning that the braided exterior
calculus [W2] is the minimal calculus with this property.

3.3 Example: Trivial Quantum Principal Bundles

Mirroring the classical case, trivial quantum principal bundles are perhaps the first examples
that one has in mind. As we are going to check, there are some general features that describe
these kinds of gpbs and their qpcs. Our consideretions will be based on [D2].

Definition 3.3.1 (Trivial gpb). Given a quantum space (M, m,1,%) and a cmqg G, we say
that a gpb ¢ = (GM, M, gp®) is trivial if

GM =M@ G m,1,%x) and cu®:=idy®¢: MG — (MG)R G,
where ¢ is the comultiplication of G. Trivial qpbs will be denoted by (™.

Given any graded differential x—algebra (Q°*(M), d, %) generated by its degree 0 elements
Q°(M) = M and a bicovariant +-FODC (T, d) over G, let us consider the differential calculus
on (""" (see Definition A.1.7)

QM @ G) = Q" (M) @T , dg, %), oW = idgear ® ¢, (3.3.1)

where (I'",d, *) is the universal differential envelope x—calculus of (I',d) and ¢ is the map
given in Proposition 2.3.8. It follows that (see Definition 3.1.6 and Equation 3.1.3)

HOI".M(X)G:Q.(M)@G, H(DzldQ-(M)@(b
and Ver* M @G = M @G Qi I = M @I, The space of base forms is Q*(M)® 1 = Q*(M).
For each k£ € Ny let us define

LF={L [ — QF(M) | Lis linear} and L := @L‘k. (3.3.2)
k

The space £ has a natural structure of *—Q*(M)-bimodule.



3. Quantum Principal Bundles and Quantum Principal Connections 33

Lemma 3.3.2. There is a graded *—Q* (M )—bimodule isomorphism between £ and MOR(ad, g®),
where we are considering that MOR(ad, y®) = @, MOR*(ad, y®) with

MoR*(ad, y®) := {r € MOR(ad, z®) | Im(7) C Hor* M ® G}
and the structure of bimodule is analogous to the one defined for L.

Proof. For each L € L, let us take
71 = (L ®idg) o ad.
Clearly Im(7,) € Hor* M ® G and since ad is a representation

(12 ®idg)ad(d) = (1, ®ide)(0? @ 0V) = (L ®idg)ad(dV) @ oW
= L(Q(O)) ® 00 3
= (u®om)(0),

for all 0 € i, I'; so 7, € MOR(ad, y®). In this way we can define

b £ —s MoR(ad, z®)
L— TL-

A direct calculation shows that ¢ is a *—*(M)—bimodule morphism and due to the fact
that (idge(ar) ® €)¥(L) = L, it follows that ¢ must be injective. Furthermore, for any 7 €
Mor(ad, y®) and considering L, := (idgs(a) ® €) o 7 as an element of £, we get

(L)) = (L @idg)ad(0) = [((idosan @ €) o 7) ® idglad(0)
= (idoe(m) ® e ®idg) u®(7(0)) = 7(0).

This shows that v is surjective which completes the proof. [ |

Definition 3.3.3. (The trivial quantum principal connection) For any trivial gpb with the
differential calculus given in 3.5.1, the linear map

wtriv . invF — Qtrivl(M ® G)
Or—1®0

1s a qpc and we shall called it the trivial quantum principal connection.

A direct calculation shows that the trivial qpc is real, regular, multiplicative and flat.

The next theorem establishes the non—commutative version of the classical concept of
gauge potential (or 1-form potential or vector potential) Bl].

Theorem 3.3.4. For a trivial qpb (™Y with the differential calculus given in 3.3.1
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1. The formula w(f) = (A¥®idg)ad(0)+ 10 establishes a bijective affine correspondence
between quantum principal connections and elements A¥ € L.

2. The connection w is real if and only if A preserves the x structure.

3. The connection w is reqular if and only if
(a) A“(O)p = (—1)*uA“(0) for all p € QF(M) and 6 € i, T
(b) A“(Bog) =e(g)A“(0) for all O € i, and g € G.

Proof. 1. According to the last section, the space of all qpcs is an affine space (see Equa-
tions 3.2.1, 3.2.2). Then

ape(¢") = W™ 4 qpe(C

and this first statement follows from Lemma 3.3.2.
2. It should be clear.
3. Let us start noticing that w is regular if and only if
w(0)(p®g) = (=) (p @ gV)w( 0 g?),
forall 0 € j,,I'and p® g € Hor* M ® G; nevertheless
1®0)(pwg) = (1) u®bg=(-1)"(neg")(1e6004?)

since gV o g?) = gWr(¢g@)0g® = e(gM)0g® = 0g and therefore we get by the
point 1 of this theorem that w is regular if and only if

[(A° @ idg)ad(0)] (1 ® g) = (—1)*(n ® ¢")[(A* ® idg)ad (0 o g*)].

Let us assume that the previous equation holds. Then applying (idge(a) ® €) on both
sides we have A“(0)ue(g) = (—1)*uA“(0 o g). Now taking g = 1 we obtain (a) and
taking u = 1 we obtain (b).

Let us take h € Ker(e) with 7(h) = 0 € ;,, . Then for g € G,

ad(f o ¢g®) = ad(r(hg?)) = (7 ®idg)Ad(hg®)
7r(h(2)g(3)) ® /{(g(g))/{(h(l))h@)g(‘l);

SO
(1@ g"M)[(A* ®idg)ad(@ o g?)] = pA“(x(h®g?)) @ gV r(g?)k(RD)RP g™
= pA*(x(h®g™)) ®g(” (g (M )h(3 (4)
pA“(w (B g®)) @ e(gM)r(RV)RP g
= pA(x(hP V) @ k(hD)hEg®
= pA(m(h®) o gM) @ k(R g@
= pA9(09 6 gD g g
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where ad(f) = 6 @ 1) thus
(=D (n® g")[(A* @ idg)ad(f 0 g*)] = (1) uA“ (0 0 gV) @ 6.
If (a) and (b) hold, it follows that

A°(O)pe(g) = (—1)*uA“(0 0 g)

and hence
(—D*(p®@ gM)[(A° ®idg)ad(f o g?)] = (=1)FpA“ (6 o g) @ 61 g
— 4209 pe(gM) ® 9D g
A0 p @ 60Wg
= [(4° ®idg)ad(0)|(p ® g)
and thus the theorem follows. [ |

Definition 3.3.5 (Non—commutative gauge potential). Given a trivial qpb ("™ and a gpc w
with respect to the calculus given by Equation 3.3.1, its associated non—commutative gauge
potential is A : 1, T — QY(M).

A clear difference with the classical case is in the fact that we only were able to define
the non—commutative gauge potentials by the form of the calculus on ¢'"V (Equation 3.3.1).

Now we are going to find the non—commutative version of the classical concept of field
strength |Bl]. The proof of this theorem is just a direct calculation, similar to the previous
one.

Theorem 3.3.6. Let w a gpc on (™. Its curvature R¥ satisfies R® = (F“ ®idg)oad, where
F* € L? is given by F* = dAY — (A¥, A).

Due to the fact that the non—commutative gauge potential of the trivial quantum connection
is the zero map, the previous theorem gives us another way to prove that w™ is flat.

Definition 3.3.7 (Non—commutative field strength). Given a trivial gpb (" and a gpc w
with respect to the differential calculus given by Equation 3.3.1, its associated non—commutative
field strength is F* : 1, — Q*(M).

3.4 Example: Quantum Hopf Fibration

In Differential Geometry, the Hopf fibration is perhaps maybe one of the most basic and
well-established examples of principal bundles. In this section we are going to build the
non—commutative version of the Hopf fibration together with a special differential calculus
on it (see Definition 3.1.2) and we will describe a particular qpc and its curvarure. This
subsection will be based on [BM], [D2] and |D5] and we have to mention that we are going
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to focus on this quantum bundle only, as we shall not deal with the general theory of non—
commutative homogeneous bundles [D2], [So].

Let us take the cmqg SU, from ¢ ¢ {—1,0,1} shown on Example 2.1.3 (the quantum
SU(2) group). Now let us take the cmqg associated to U(1). We shall identify U(1) with the
Laurent polynomial algebra, i.e.,

U(1) := Clz,2"] = Clz, 27 1]
and its *—Hopf algebra structure is thus given by
(2)=2®z €)=1, K(z)=2z, K(E)=2 (3.4.1)

Notice that this algebra is commutative and ' is a *—algebra morphism. We define the
x—algebra epimorphism
J :SU,(2) — U(1) (3.4.2)
such that j(«a) = z, j(v) = 0. This map satisfies (j® j)op=¢'0j, e =€ 0j jor =K o}.
Now let us consider
su,2)® = (idsu,(2) ® j) 0 ¢ : SUy(2) — SU,4(2) ® U(1). (3.4.3)

By construction, gy, (2)® is a x—algebra morphism and an easy and direct calculation shows
that gu,(2)® is actually a U(1)-representation on SU,(2) (see Definition 2.1.4).

Finally, we define the quantum 2-sphere as (the quantum space whose *—algebra of C—
valued functions is given by) the x—subalgebra

(S2,m, 1, %), (3.4.4)

of SU4(2), where S? := {x € SUy(2) | su,®(z) =z ® 1}. As a x-algebra it is generated by
1 1 1

{aa”, a7}, Taking p = 77" and £ = ay" we have £&" + (g% — 51)* = 71 = &+ (p— 5 1)%

which justifies the name of the space. In the special case ¢ = +1, it is simply the equation
of the 2-sphere with radius 1/2 and displaced center.

Finally, for every g € U(1) we know that there exists x € SU,(2) such that j(z) = g.
Thus, we get that
w(@Y) - su,@®@®) = w@@V) - (dsu,@ @ )o?) = kD) (@® @)
— (x(l))x@) ®j(x(3))
= e(2)1 ®j(z?)
Rjrx) = 1®g.

|
=

|
=

This implies that the linear map
B :SU,(2) ® SU,(2) — SU,(2) ® U(1)

given by f(z ®y) := = - gu,2)®(y) = (r ® 1) - su,2)P(y) is surjective. In summary we have
(see Definition 5.1.1):
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Definition 3.4.1 (Quantum Hopf fibration). The quantum principal U(1)-bundle over SZ
gwen by Cyp = (SUq(Q),Sg, su,2)®) is called the quantum Hopf fibration.

By construction, for ¢ = 1 the quantum Hopf fibration reduces to the classical Hopf
fibration written in terms of x—algebras.

Now we are going to define a differential calculus on (g (see Definition 3.1.2). Let us
start by taking the left—covariant x-FODC

(Z,d) (3.4.5)
given by the right ideal of SU,(2) (see Theorem 2.2.3)

Ry = ({75 " ay—7, v =7, a+a* — (1+¢*)1}) C Ker(e). (3.4.6)

This *-FODC is not bicovariant, i.e., Ad(R3) € R3®SU,(2) (Theorem 2.2.5) and according

Ker(e
to [D1], 2 = % is a C—vector space of dimension 3 and the set
3

Bi={m=n(a—0a), ny=7(y), n-=r(")} (3.4.7)

is a linear basis, where 7 is the corresponding quantum germs map (see Definition 2.2.7). In
accordance with Equation 2.2.1, the space Z is SU,(2)-generated by / (actually, it can be
proved that g is a left SU,(2)-basis [So|). Notice that the right SU,(2)-module structure
on w2 (see Equation 2.2.4) is specified by: ¢?nz o a = 13, 3 0 a* = ¢*13, qne o @ = N4,
Nt oa* = qnt, mZE0y =mZ 07" = {0}.

Now let us define a graded x—algebra
(Hor*SU,(2), L, *) (3.4.8)

generated by SU,(2) as degree 0 elements, spanc{zny | + € SU,(2)} C = as degree 1 elements
and the following relations

new = K(@)ne, nun- = —¢*n-ny, n>:=n}:=0, (3.4.9)

nt=q e, nh=ane, (eny) =y, anny = 0=z =0, (3.4.10)

where 2 € SU,(2) and K = (idsu,(2) ® €) © su,2)® : SU4(2) — SU,(2) with ¢, : U(1) — C
the character given by ¢,(z) = ¢, ¢,(2*) = ¢. Since 74 are elements of a left basis of Z,
then xny = 0 implies © = 0. By defining

H(I)|HorOSUq(2) = SUq(Q)(I)7
(=) = n-®=2?, n®P(ng) = ny® 2%
n®(-ny) = n-ns+®1
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and extending it to be a graded x—algebra morphism, we get that
u® : Hor*SU,(2) — Hor*SU,(2) ® U(1) (3.4.11)

is a U(1)-representation (see Definition 2.2.1) as well. It is easy to see that the set of invariant
elements is

0°(S2) =Sz, (3.4.12)
Q'(S?) = {zn- + yns+ € Hor'SU,(2) | su,2®(z) = 2 ® 2%, su,2®(y) =y ® 27}, (3.4.13)
Q*(S?) = Sin_ns. (3.4.14)

The formulas
D(x) = aW[r_(a®) + 1y («?)]
for x € SU,(2) and
D(n-) = D(n4) =0,
where my := py o7 with py : ;,w= — Cny the canonical projection, determine via the
graded Leibniz rule a first—order linear map that preserves the x—structure

D : Hor*SU,(2) — Hor*SU,(2). (3.4.15)

Explicitly D(a) = —g¢v*ny, D(a*) = —gyn- = D(a)*, D(y) = a*ny, D(y*) = an- =
D(y)*. Since y®(D(a)) = —qv'ns @ z = (D @ idy))n®(e), n®(D(7)) = a'ny © 2 =
(D ® idy())u®(y) we conclude that y® o D = (D®1dU 1) on®. ThlS fact implies

d := Dlgs(sz) - °(S7) — Q*(S7) (3.4.16)

and a direct calculation shows that d*> = 0. Hence (Q°(S?),d,*) is a graded differential
x—algebra and it will play the role of the quantum differential forms on SZ.

Now let us consider the right ideal of U(1) (see Equations 3.4.2, 3.4.6)
R’ :=j(R3) C Ker(€). (3.4.17)
The +-FODC (I',d) induced by R’ is bicovariant (see Theorem 2.2.5) and if 7’ is the associ-
ated quantum germs map, then
p={s:=7"(z— 2"} (3.4.18)
Ker(¢')
R

is a basis of the C—vector space ;,, 1" :=

According to Equation 2.2.1, the space I' is generated by ¢ (actually, it can be shown that
{s} is a left U(1)-basis [So|). By considering the universal differential envelope %—calculus
(D7, d, %) of (T',d) (see Section 2.2.1) and its invariant elements j,,['"* = ®;,, /S, we get
that S” = @, [ (see Equations, 2.3.2, 2.3.3), so

M=10} for k>2.
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Moreover, (I'",d, x) differs from the classical differential calculus because the right U(1)—
module structure on i, I is given by ¢’ 0z = ¢, ¢02* = ¢%c. In accordance with Proposition
2.2.8, we have 7'(z)* = —7'(2), 7' (2*)" = —7'(=").

Now we are going to define a graded differential *—algebra on SU,(2) by means of
(Q°(SU,(2)) := Hor*SU,(2) ® i [, d, %), (3.4.19)
where the graded sx—algebra structure is given by
(p®0)" := " @ (6" 0 V), (3.4.20)

(p@0) - (p®0) = (—1)"pp® @ (60 M), (3.4.21)

with 0 € 1, I'"F and ¢ € Hor'SU,(2); and qod is given by the graded Leibniz rule and the
formulas

ad(p®1) = D(p)@1+(—1)!(Ve1)- (1o’ (¢1)) = D(p)@1+(-1) eV er' (") (3.4.22)

d(l®g)=1®dg, od(l®¢)=14+¢)gn_ns®1, (3.4.23)
where o € Hor*SU,(2) and ¢ € U(1). It is worth mentioning that Q°(SU,(2)) = SU,(2) and
by identifying

C M3
we get that (Q°(SU,(2) s isomorphic to the universal differential envelope *—calculus

), ad, *) i
of (Z2,d) [D5]; so (Q'(S 2)), qd, *) is generated by its degree O elements. Notice that
(Hor'SU (2),1,%) and (;n, [, 1, %) can be viewed as its graded *—subalgebras. By defining

QU =& ¢ (3.4.24)

we get a differential calculus on (ypr. By construction, the space of horizontal forms is
exactly Hor*SU,(2) ® 1 = Hor*SUy(2) and oV |uoesu,2) = u®; thus the space of base forms
is Q°(S?) @ 1 = Q°(S?).

Definition 3.4.2 (The canonical qpc). By taking the above differential calculus on (yr, the
linear map
Wt I — Q1(SUL(2))
0— 1®0

is a qpc (see Definition 3.2.1) and it is called the canonical quantum principal connection.

A quick calculation shows that w® is real, regular and multiplicative (see Definitions 3.3.2,
3.2.7). It is also easy to see that D is the covariant derivative of w® (see Definition 3.2.12),
ie.,

D "=D®1=D. (3.4.25)

Finally, we get

R()=10+¢)qnn., R“((2)=qnny, R (7(9))=—-¢nn,. (3.4.26)
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Proposition 3.4.3. The connection w® is the unique reqular gqpc.
Proof. According to the general theory of qpcs we know that every regular qpc is of the form
W+ A

such that @ \(0) = (=1)* A(@or" " (0M))p® for all ¢ € Hor*SU,(2), § € i, . We are going
to prove that A = 0. Notice

HP(A(9)) = (1P ® idy))ad'(s) <= A(s) € Q(S));

so A(§) = an_ + yny with = = Z Amk OékaV*la Yy = Z PpqrO®Y Y™ Akt Hpgr
m+k—1=2 p+qg—r=—2
€ C (those elements form a linear basis). Due to the fact that A must satisfy A(¢)a =

aXsoz)=qg2a)s), we get
=2 o m_k _*l : _
m_a=q “arn. = T = Z A @Yy with E+1=1, m > 0.
m+k—1=2

Applying the same process to v we find that m = —1 which is a contradiction, so x = 0. A
similar calculation shows y = 0 and hence A = 0. [



Chapter 4

Assoclated Quantum Vector Bundles and
Induced Quantum Connections

In this chapter we are going to define the associated quantum vector bundle and the induced
quantum linear connection for a given quantum principal G-bundle with a quantum principal
connection and a given G-representation. Furthermore, we are going to study the formal
adjoint quantum linear connection on associated quantum vector bundles. Some illustrative
examples of these constructions will be presented in the last chapter.

4.1 Multiple Irreducible Submodules

Let ( = (GM, M, ¢y®) be a qpb and let 7 be a complete set of mutually inequivalent
irreducible unitary (necessarily finite-dimensional) G-representations with oV € T (see
Theorem 2.1.9). For a given aw € T (see Remark 2.1.11), we have that the space of all
representation morphisms between a and ¢y ® (see Definition 2.1.7)

MOR(O(, GM(I))

can be equipped with an M—bimodule structure by means of p @ T +—— pT', T @ p — Tp.
For every a € T and an orthonormal basis {e;}/*, of V* we have

Na

ale) = e ® g5,

j=1

where {g";_; }ii* € G. Theorem 2.1.11 guarantees that {gf}}a.; is a linear basis of G. This
basis fulfills that for every fixed o € T [W1]

gzj Zgzk®gk]’ gz] = gjz ) Zgzkg Zgl?;z*ggj = 5@]1’ E(gg) = 5%] (411)
=1

with ¢;; being the Kronecker delta. By using the last equations it can be proved that

GM = P MoRr(a, gu®) @ V°
aeT

41
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as M-bimodules [D2].

We shall assume that for each o € T there exists {T}4, C MOR(a, ¢a®) for some d,,
€ N such that

me 0L, (4.1.2)

where ¢, = TF(e;). In accordance with [D3], if M is stable under holomorphic functional
calculus, the previous equation always holds.

For every p € M and o € T we get GMq)(Z L pant) = Zx%pr}* ® 1. In this way
i=1 =

we have a linear map of;, : M — M defined by of,(p) = Zx%pr{* with k, 1 € {1,...,d.}

that satisfies o, (p)* = 05.(p*), 0% (rq) Z 0:(p) o5 (q) for all p, ¢ € M. These facts tell us
that we can consider a linear multlphcatlve s—preserving (in general not—unital) map

0“ M — My (M)

P (2(0)). (4.1.3)

Let us take the free left M—module M (with the module structure induced by the mul-

tiplication) and its canonical basis {€j,...,€4,}. The elements of M, (M) can be viewed
do

as endomorphisms of M% acting on the right in such a way that & - A = Z a;je;, where

j=1
A = (a;j) € My, (M). Now let us consider the left M-submodule

M. p*(1) C M.,

It is worth remarking that

e-0%(p) € M% . o*(1)
for all p € M and ¢ € M% . ¢*(1). In addition, the operation - : M% . o*(1) @ M —
Mde . g%(1) given by € ® p — ¢ - 0*(p) induces an M-bimodule structure on M% . o%(1).

Let us consider a left M—module morphism
H : M% — MoR(c, ga®) (4.1.4)

defined by H(e,) = TE. The following identity holds H(p - ¢*(p)) = H(p)p, for all p € M
and p € M% . In particular
H(p-0"(1)) = H(p) (4.1.5)



4. Associated Quantum Vector Bundles and Induced Quantum Connections 43

for all p € M9, Therefore

H|prio.gaqry : M - 0%(1) — MOR(a, g @)
is an M-bimodule morphism.
Proposition 4.1.1. The map H|ppaa.po1y is bijective.

da
Proof. Letp = Zpiéi € Ker(H). Then H (p Zkak = 0 which implies Z Dk Ty Ty =

i=1 k=1 k,i=1

0 for every [ € {1,...,d,}. In other words p- p*(1) = Z Pr T 2" = 0, s0 Ker(H | ppda.po (1))
kyi=1
=0, i.e., H|pda.go(1) is injective. To prove the surjectivity, let T € MOR(a, g ®) and

pE =) T(e)xpy. (4.1.6)
By Equation 4.1.1
am®(pf) Zcmb ) en®(Tl(e)” = Y (T @idg)ale)] [(Ty ©idg)a(e)]]”
i=1
= Z T(ej)z @ 95395
irj =1

= ZT(e] T, @1 = pp @ 1;

that means p; € M for every k € {1,....,d,}. In the same way

dayna
Zpi T)(es) Zpk’xk] Z T(e:) wy)” wy; = ZT (€:)0i; = T'(e;)-
ki=1
Thus
da
T=>Y piTy. (4.1.7)
do
Hence taking p = Zp,? e, € M by Equation 4.1.5, H(p- 0*(1)) = H(p) = T, which shows
k=1
the surjectivity (|D2]). |
The last proposition tells us that
d M
M = Ker(H) P Ror () = Ker(H) @D MoRr(a, ¢ ®)

and so we get
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Theorem 4.1.2. For any a € T, MOR(«, g ®P) is a finitely generated projective left M —
module (which also has structure of bimodule).

Notice that the above theorem is strongly based on Equation 4.1.2 and in this case {T}}{,
are left M—generators.

Now we are going to assume that the following relation holds
Werxes =1d,, where W= (wj)=2ZX"C*"! (4.1.8)
for each o € T. Here X = (z;) € My, xn,(GM), X** = (2§"), while Id,,, is the identity

Lij
element of M, (GM) and Z¢ = (zf;) € Mg, (C) is a strictly positive element. Finally C* €

M, (C) is the matrix written in terms of the basis {e;} > of the canonical representation
isomorphism between o and o := (idye ® %), and WeT is the transpose matrix of W<

[D2], [W1]|. We can repeat the last part by using the map
0 M — My (M)
p— (Gu(p))

with o (p Z xh; pwp;, in order to conclude that

Theorem 4.1.3. For any a € T, MOR(a, g ®) is a finitely generated projective right M —
module.

In the context of the previous theorem, when Equation 4.1.8 holds, the right M—generators
{TR}4= C MoR(a, ga®) have the form

do
TR = 2T} (4.1.9)
i=1
and for every T' € MOR(«, g ®) we get
da do ey
T = ZT,?]?;‘: with  pi = Z ygwii T(e;) € M (4.1.10)
= 2,j=1

where Y= (y3) € Mda(C) is the inverse of Z%. Indeed, due to the fact that g ®(wf;) =

szk ® k(g3") and Zg k(g5 ) = 0rs1 (J[W1]) we find

da;”a da Ne
aw®(F) = D o ®(h) au®(Tle) = Y il Tle) @ nlgl)' oS,
4,7=1 %,7,8,r=1
dosNey
= > yhwi T(e) © (g7 m(g5))"
%,7,8,r=1
do Ny
= D gpuwi Tle)©1 = pf @1

i,r=1
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which means that p} € M. Finally

do da,na da Mo

do

R ~T oa o A a o« a* o o ok
§ T (ej)py = E Rli Lij Pr = E Rli Lij Ysk Wer T(e,) = E 5sz‘$ijwsr T(e,)
k=1

k,i=1 k,i,s,r=1 2,8,r=1

where in order to get the penultimate equality we have used X*TWo* = (WeTXa*)T =
Id,, (here f is the usual conjugate transpose operation) and by linearity it follows that

da
D TP =T
k=1

4.2 Geometry of Associated Quantum Vector Bundles

In 1962 Richard Swan proved an equivalence between vector bundles on a smooth (compact)
manifold M and finitely generated projective (left or right) C'*°(M)-modules. Although,
Jean—Pierre Serre in 1955 had already proved a similar result for the algebraic varieties. This
result is known as the Serre-Swan theorem. Inspired by it, a left quantum vector bundle
(Iqvb) over a quantum space (M, -, 1,x*) is a quantum structure ¢, formally represented by a
finitely generated projective left M-module

(T(M, VM), +,).

The elements of I'(M,V M) are interpreted as the space of smooth sections of (. Now it
should be clear our definition of right quantum vector bundle (rqvb). We shall identify the
qvb ¢ with (I(M,V M), +, ).

Given a lqvb ¢ = (I'(M,VM),+,-) over M and a graded differential *—algebra over M
(see Definition A.1.7) (Q*(M),d,*), Q*(M) = @, Q2" (M), we define a quantum linear
connection (qlc) on ¢ as a linear map

V:T(M,VM) — QY(M) @y T(M,VM)

satisfying the left Leibniz rule: V(pz) = pV(z)+dp®@py @ for all p € M and « € ['(M, V M).
For a rqvb over M, a qlc is a linear map

V T(M, VM) — T(M,VM) @y Q*(M)

that satisfies the right Leibniz rule: V(zp) = (V(2))p +x ®p dp for all p € M and all z €
[(M,VM). A qvb with a glc will be written as (¢, V). In this section we shall discuss these
and other concepts, like the formal adjoint operator of a glc, for associated qvbs.
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4.2.1 Associated Quantum Vector Bundles and Hermitian Struc-
tures

In the light of the results of the last section

Theorem 4.2.1. Let oy, oy € T. Then
MOR(Oél @D ao, GM(I)> = MOR(al, GM(I)) ) MOR(O{Q, GM(I))
as M—bimodules by a canonical isomorphism (see Equation 2.1.13).

Proof. Let us suppose that a; acts on V; and let {ei}ZJ: 1 be the corresponding orthonormal
basis for j = 1, 2. By considering i, and is, the canonical embeddings of V; and V5 in the
direct sum Vi @ V5, it is easy to see that i; € MOR(«j, a1 @ ap) with j = 1, 2. In this way
we define

Aal@(m : MOR(OQ D ao, GM(I)) — MOR(Ozl, G’M(I)) D MOR(O&Q, GMCI))
TEB — (TEB e} il,T@ e} ZQ)

A direct calculation shows that A,,¢a, is an M-bimodule morphism. Given 7; € MOR(«y,
am®) for j =1, 2 one can consider

A—l

a1dag

(T1,Ts) : V1 & Vo — GM
(v, v2) = Ti(v1) + Ta(v2)

and thus A'. . (T1,Ty) € MOR(a; @ ag, gar®). This allows us to define

aidoaz
Ac_vll@ag : MOR(Ozl, G’M(ID) D MOR(OQ, GMCI)) — MOR(a1 D o, GM(I))
( T1 , T2 ) — A;}@az (Tl, Tg)

A direct calculation shows that A, is actually the inverse of A, ea, and hence, it is an

M-bimodule isomorphism. [ |

Obviously, Proposition 4.2.1 can be generalized to a finite number of representations by in-
duction. Notice that A, g, does not depend on Equation 4.1.2 and we can identify both
spaces. Assuming Equation 4.1.2, Theorem 4.1.2 is valid, so the last proposition tells us
that MOR(a; @ g, g ®P) is a finitely generated projective left M—module (which also has a
structure of M-bimodule).

Moreover, assuming Equation 4.1.8 we have that MOR(a; @ g, gp®) is a finitely gener-
ated projective right M—module as well.

Remark 4.2.2. In the rest of this work, we shall assume that Equations 4.1.2, 4.1.8 hold
for each o € T.
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It is worth mentioning that in terms of the theory of Hopf-Galois extensions ([KT]),
Equation 4.1.2 guarantees us that GM is principal [BDH|. Furthermore, Equation 4.1.2
implies the existence of a right M-linear right G—colinear splitting of the multiplication
GM ® M — G M. However, we have decided to use Equations 4.1.2, 4.1.8 because in this
way, it is possible to do explicit calculations.

As a consequence of Theorem 4.1.2, Proposition 4.2.1 and the fact that every finite—
dimensional representation can be viewed as a direct sum of a finite number of elements of
T (see Theorem 2.1.10), it follows that MOR(«, gps®) is a finitely generated projective left—
right A/ -module for any finite-dimensional representation «.. Let us denote by OBJ(Repy)
the set of all finite-dimensional G-representations.

Definition 4.2.3 (Associated qvb). Let ¢ = (GM, M, cu®) be a qpb and o € OBI(Repyg).
By considering MOR(a, gpr®) as left M —module, we define the associated left quantum vector
bundle of ¢ with respect to o as

Ch= (TY(M, VM), +,)  with T=(M,V*M) := MOR(a, cn®).

On the other hand, by considering MOR(«v, g ®) as right M —module, we define the associated
right quantum vector bundle of ( with respect to a as

o= (T™M, VM), +,-)  with T®(M, VM) := MOR(a, i ®).

Example 4.2.4. For any qpb (, its associated qub with respect to the trivial representation
otV (see Equation 2.1.10) is a trivial qub, i.e., it is a free module. Indeed, for o = o™ we
have Tm(T) C M for all T € MOR(«, g ®). Then, by considering T™ : C — M where
T"V(1) = 1 and by taking x5, = T™V(1) we obtain Equation 4.1.2 and Equation 4.1.8 for
Z* =1 (notice C* = 1); so it is possible to consider the associated quantum bundles. Thus,
{T""Y is a left-right M —basis of MOR(cv, g ®) and thus C& and (& are trivial qubs. Finally,
since iV = @I« the proposition follows. A direct left-right M ~basis of MOR(at™Y, @)
can be built as follows: take {e;}"_, a basis of V and its dual basis {f;}I,, then the desired
basis is {Ty, : V — M} where Ty, (v) = fi(v)1.

For a € T, the left M—module morphism given by H followed by H |X/[1da.
4.1.4), which is

(1) (see Equation

do do

— — 3 (07 ok

€; — E Dik€r, Wwith p;; = E Ty € M,
k=1 k=1

induces a canonical hermitian structure on (¥, i.e., an M-valued sesquilinear map (antilinear
in the second coordinate)

(—, =) : THM, VM) x TH(M, VM) — M
such that for all p € M

<T17PT2>L = <T1,T2>Lp*7 <T17T2>f = <T27T1>L and <T17T1>L € M+>
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where M™ is the the pointed convex cone generated by elements of the form {pp*}. Explicitly

<T1,T2>L = ZaTl(ek>T2(6k)*. (421)

Moreover, (T1 p, To)1, = (T1, To p*)1. It is worth mentioning that (—, —)1, does not depend on
the orthonormal basis used to calculate it.

Remark 4.2.5. The associated matriz of H followed by H|Mda «(1) written in terms of the
basis {é1, ..., €q,} 1s exactly o*(1) (see Equation 4.1.3) and a dzr’ect calculation shows that

where T denotes the composition of the x operation on M and the usual matrix transposition.
The general theory ([Lal]) tells us that in this situation (—, —)1, is non-singular, i.e., there
s a Riesz representation theorem in terms of left M —modules.

Let « € OBJ(Repg). Then there exist o; € T acting on V' such that o =2 @, «;.
[W1]. Assume that f is a represenation isomorphism between them. Thus

Ap @ THM, VM) — TH(M, VM)

(4.2.2)
T—Tof

is an M-bimodule isomorphism and its inverse is A1 [SaW]. We can define a hermitian
structure on TY(M, VM) given by

(=, =) : THM, VM) x TH(M,V*M) — M

(T, T ) ST o F ) (o f ), Y
where {vy} is an arbitrary orthonormal basis of &,V . For any unitary repesentation
morphism f, the last equation agrees with the canonical hermitian structure induced by the
direct sum of the canonical hermitian structures of g‘gji, so we can take Equation 4.2.3 as our
definition for a general finite-dimensional G-representation; in particular, because unitary
representation morphisms always exist. In fact, according to [W1]|, V* decomposes into an
orthogonal direct sum of subspaces V;* such that a|ye = a; and these restrictions are unitary.
This tells us that it is enough to find a unitary representation morphism between aly« and
;. In accordance with [W1]

Mor(alvs, ;) = {Af | A € C},

where f is a representation isomorphism. Thus by considering f = 1/(det(f))Y/" f it can be
shown that f* = \ f~! since f*o f = Aidye and A € C has to be a n,-root of unity. Due to
the fact that f*o f is a positive element and ) is also an eigenvalue, we conclude that A = 1.
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Definition 4.2.6 (Canonical hermitian structure). For every o € OBJ(Repg) we define the
canonical hermitian structure on the associated left qub C& as the sesquilinear map given by

(— ) THM, VM) x TY(M, VM) — M

(7, 1) — ZTI<€k)T2(€k)*7
k=1
where {e;}12, is any orthonormal basis of V.

=

It is worth mentioning that despite that we have used the word canonical on its name,
(—, =)L depends on the inner product (—|—) of V' for which « is unitary. Due to the fact
that the canonical hermitian structure is induced by

da
=1

where p = (p1,...,pa.), 4= (q1, .., qa,) € M= it follows that [Lal]

Theorem 4.2.7. Let ( be a qpb and let us assume that (M, -, 1, %) has structure of C*—algebra
(or assume that it can be completed to a C*—algebra). Then for all « € OBJ(Repg),

(Ca» (= =)L)
is a Hilbert C*—module (or it can be completed to a Hilbert C*—module).

The last theorem is important since, in its context, one can apply all the theory about Hilbert
C*—modules (|L]) to associated left qvbs.

Definition 4.2.8 (Canonical hermitian structure). For every o € OBJ(Repg) we define the
canonical hermitian structure on the associated right qub C& as the sesquilinear map (now
antilinear in the first coordinate) given by

(= =)r : TM, VM) x TM, VM) — M

( Tl , T2 ) — ZaTl(ek)*Tg(Gk>,

where {e;}i) is any orthonormal basis of V*.

It is worth mentioning that (—, —)g does not come from the generators {T}}; however,
it shares with (—, —)y, similar properties; for example, it is non—singular.

The introduction of hermitian structures on associated left /right qvbs opens the door to
study formally adjointable operators End(¢Y), End(¢}), and unitary operators U(CY), U(¢R)
[Lall.
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4.2.2 Quantum Linear Connections

Now we are going to define the induced glc and present some of its properties. The following
proposition is the first step in order to achieve our goal.

Proposition 4.2.9. Let us take a differential *—calculus on a qpb ¢ (see Definitions 3.1.2)
and o € T. By considering Equation 3.1.3 we have

Q.(M) Rm MOR(CY, GMCI)) = MOR(CY,H(I)) = MOR(O&, GM(b) O Q.(M)

as M —bimodules, where Q*(M) is the space of base forms (see Definition 3.1.7) and the
M ~bimodule structure of MOR(a, y®) is analogous to the one of MOR(a, gar®P).

Proof. Consider the M—bimodule morphism

Y1 QN (M) @y MOR(ar, gpr®) — MOR(a, y®) (4.2.4)
such that T '(u ®a T) = pT. Equation 4.1.2 guarantees the existence of the set of left
generators {TF}9  C T'(M,VM). Let 7 € MOR(a, n®) and

Na

= ZT(ei) xh. (4.2.5)

=1

Analogous calculations like we did in the proof of Proposition 4.1.1 show that 4], is an element
of Q(M) for k € {1,...,d,} and

do
=Y u Ty (4.2.6)
k=1
This allows us to define
Ta : MOR(O[, HCI)) — Q.(M) Rm MOR(Q,GMCD) (427)

do

by To(1) = Z,u; ®u T which is clearly the inverse of Y- and hence MOR(a, g®) =
k=1

Q* (M) @y MOR(, g ®) as M—bimodules.

On the other hand, let us consider the M—bimodule morphism

T,': MOR(a, g ®) @ Q°(M) — MOR(c, g ®) (4.2.8)

such that T71(T ®p p) = T . In the same way, we have (see Equation 4.1.9),

da o

da
=Y Tihp with fp= > yhw r(e) € Q(M) (4.2.9)
k=1

1,j=1
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for all 7 € MOR(«, y®) and

T, : MOR(a, 1®) — MOR(av, gy ®) @ Q°(M) (4.2.10)

do

given by T(7) = ZTkR @ i, is clearly the inverse of T_'. Therefore MOR(a, z®) =
k=1

MOR(a, gp®) @ Q°(M) as M-bimodules. |

It is worth mentioning that by the uniqueness of the inverse function any set of left gen-
erators that satisfies Equation 4.1.2 can be used to define T,. The same holds for right
generators, Equation 4.1.8 and T,,.

Exactly in the same way that we did in Proposition 4.2.1, we can prove that there is a
canonical M—-bimodule isomorphism

MOR(O[l @D a9, HCI)) = MOR(CYl, H(I)) ©® MOR(O[Q, H(I)),
in what follows we will identify them as M-bimodules. A direct calculation shows that
Toroas = Ta; ® Ta,
is the inverse of the M—bimodule morphism

Tfl

a1 baz

: Q.(M) Rm MOR(O&l D a9, GM(I)) — MOR(Oél D o, HCD)

such that Y, o, (u @y T) = pT, for oy, ay € T. Clearly this result can be extended to
a finite number of representations. By Theorem 2.1.10, for any o € OBJ(Repg) there is a
representation isomorphism between o and @}*,a; with o; € T, so by considering the map
introduced in Equation 4.2.2; one can take the inverse of the M-bimodule morphism T*

(which is straightforwardly given in accordance with our notation) by means of
Ta = (ldQl(M) Qm Af) o} T@ﬁlai O AI}I_l, (4211)
where A?,l is defined on MOR(a, g®) in a similar way as Ay. On the other hand, we have
T@Eilai = @’?ilfai , Ya = (ldgl(M) Rnmr Af) ¢} T@zllai ¢} AH71. (4212)

In other words, Proposition 4.2.9 holds for any a € OBJ(Repg). Due to the fact that every
infinite-dimensional representation is also a direct sum of finite-dimensional representation
(|[W3]), the last result can be extend to any representation.

It is worth mentioning that by the uniqueness of the inverse function, T, and T, do
not depend on the representation isomorphism f. The elements of Q°(M) &y TV(M, VM)
are naturally interpretable as left qub—valued differential forms. Similarly, the elements of
TR(M, VM) @) Q°(M) can be viewed as right qub—valued differential forms.

As a special result we have
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Corollary 4.2.10. The map
Oq = Ta ¢} T;l : Q.(M) (=Y MOR(O&,GM(I)> — MOR(O&, GMCI)) Qm Q‘(M)
is an M ~bimodule isomorphism for all « € OBI(Repyg).

Let (¢,w) be a gpb with a gpc (see Definition 3.2.1) and let o € OBJ(Repg). Consider
D¥| the covariant derivative of w (see Definition 3.2.12). Taking the associated lqvb (,,
notice that for all T' € TY(M, VM), we have D¥oT € MOR(a, u®). Indeed, by Proposition
3.2.13, we get (4P oD¥oT)(v) = (D¥ ®idg)u®(T(v)) = ((D¥ o T) ® idg)a(v) for all v €
V<. Thus we can introduce the linear map

Ve THM, VM) — QY (M) @y, TH(M, VM)
Tr——7Y,0oD¥oT.
Due to the fact that for all p € M and T € T*(M, VM), we have (D* o pT)(v) = (dp)T +
p(dT(v)) — pT'(v)°w(n(T'(v)Y)), with gy ®(T'(v)) = T(v)° @ T(v)! € GM ® G for each v €
Ve it follows that V¥(pT) = dp @y T + pV¥(T) and therefore V¥ is a glc on ¢%. In the
same way, by considering the dual covariant derivative of w, D“ (see Definition 3.2.12), the
linear map

(4.2.13)

VY TR(M, VM) — TR(M, VEM) @y QM) (4214
T Ta oD¥oT. o

is a qlc on C&.

Definition 4.2.11 (Induced quantum linear connection). Let ({,w) be a gpb with a qpc and

let « € OBJ(Repg). Then V% will be called the induced quantum linear connection for C%.

Similarly, for C¥ the induced qlc is V.

In accordance with [Br2|, GM O Ve* = TER(M VM) (for the natural left action on
the dual space of V* V**) which is another acceptable construction of the associated qvb.
Nevertheless, we have decided to use I'R(M, V*M) because in this way, the definitions of
V¥ and V¥ are completely analogous to their classical counterparts’; not to mention that it
is easier to work with, since it will allow us to do explicit calculations. In addition, by using
intertwining maps the definition of the canonical hermitian structure looks more natural.

Let us assume that w is real and regular (see Definitions 3.2.2, 3.2.4). Then we have
V¢ = 0,0 V¥ (see Proposition 3.2.14). In this context, as it is discussed in [Sa|, there are
many interesting functorial properties that qvbs satisfy.

Example 4.2.12. Continuing with Example 4.2.4, for all T = Zp;‘r Ty, € TH(M, V™VM)
i—1

we get D¥ o T = deiT Ty, with p] = T(e;) as it follows from Proposition 3.2.13. Thus

=1

w _ T Tw _ T _ T
Vagiv(T) = Z dp! @n Ty,. In the same way Va‘;;iv (T) = ;Tfi Qm dp; if T = ;Tfi D; -

i=1

Tn the classical case, both connections are the same.
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Extending V¥ to the exterior covariant derivative
dVe 1 QM) @y THM, VM) — Q* (M) @y TH(M, VM)
such that for all u € QF(M)

dVe(p @y T) = dp @y T + (=1)*uve(T), (4.2.15)
the curvature of V¥ is defined as
RY& :=dVe o VY . THM, V™) — Q*(M) @, TH(M, VM) (4.2.16)

and the following formula holds
dVse = Yqo0D¥ oY L. (4.2.17)
In the same way, by using the exterior covariant derivative of @‘gj
AV TR(M, VM) @y Q* (M) — TR(M, VM) @, Q* (M)
which is given by ~ R
dVa(T @p p) = V(T + T @ dp, (4.2.18)
the curvature is defined as
RVE = 8 o V¥ TR(M, VOM) —s TR(M, VM) @, QX(M) (4.2.19)
and the following formula holds
A% =T o0 D¥o T2, (4.2.20)

It is worth mentioning that definitions of ¢¥, (¥, the fact that T, and T, are M-bimodule
isomorphisms, as well as Equations 4.2.17, 4.2.20 are clearly the non—commutative counter-
parts of the Gauge Principle, which establishes a natural equivalence between differential
forms of type a and vector bundle—valued differential forms, as well as the definition of the

induced linear connection [KMS]|, [SaW|, [Sa].

The canonical hermitian structures can be extended [Lal] to a Q°(M)—valued sesquilinear
maps

(=, =) (M) @p THM, VEM)) x (QY(M) @5 T (M, VEM)) — Q*(M), (42.21)
(=, =r: MM, VM) @5 Q(M)) x (TRM, VM) @y Q°(M)) — Q°(M) o

by means of

(1 @nm T, po @p To)r, = pa (11, To)n, sy (1 @nr i, Ty @pr po)r = oy (T4, To)w po-

In the previous context, it is common to say that a qlc V is compatible with a hermitian
structure (—, —) or that it is a hermitian glc if

(V(z1),22) + (21, V(22)) = d(31, 29) (4.2.22)

for all elements z1, xo of the qvb.
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Theorem 4.2.13. Let ((,w) be a qpb with a real gpc and o € OBJ(Repg). Then the induced
qlc is hermitan.

Proof. By construction it is enough to prove the theorem for o € 7. Thus according to
Theorem 3.2.15, Equation 4.1.1 and some basic relations

da N
(VE(TY), To)u + (T, VAT = >y " Ti(es) Talen)* + Ti(es) Ti(en)” (g ™)
kel
= > D*(Ti(es) Tales)” + Tiler) D¥ (Ta(er))”
=1
= ZDW(Tl GZ Tg 6z Z T1 GJ Ew g]Z) TQ(@Z)*)
i=1 i,j=1

+ Z T (e;) gﬂ) ), Ta(e;)”)

- pr(ﬂ ei) To(e;)* ZTl e;) °(m(g%), To(e:r)")

=1 2,j=1
+ Z Tl 61 Ew gz]) TQ(ej) ) - d(<T17T2>L)7
2,j=1

for all Ty, Ty € T%(M,V*M). On the other hand by Theorem 3.2.15

da N N N
(VE(T), To)m + (T, VE(Do)r = Y (") T e Tale) + Talen)* T () iy~

k,i=1

= i ﬁw(Tl (€:) To(e;) + Th(e)” BW(T2(6i))

= Zﬁw(Tl(eZ T2 6Z Z éw gz] T1 6]) )TQ(@Z)

i,j=1
+ Z Tl ez T2 ez))
2,0=1
= ZDw T1 €Z T2 6Z Z gw gz] T1 GJ) )TQ(@Z)
=1 2,J=1

3 Bl ) o n ). ) Tale)

s,7=1

= Zaﬁw(Tl(ei)*TQ(ei)) = ﬁw(<T1,T2>R) = d(<T17T2>R)’

i=1
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for all Ty, Ty € TR(M,V*M), where in order to get the ante penultimate equality we have
used that G*TG* = G**G*T = Id,, with G* = (¢¢) since G*IG* = G*G*T = Id,,, (see
Equation 4.1.1) as well as some elementary relations. Of course, in both cases, for a & T
we have to assume the natural identifications induced by the corresponding isomorphisims
as discussed above. |

4.2.3 Formal Adjoint Operator of Quantum Linear Connections

To conclude this chapter, let us talk about the formal adjoint operator of the induced qglcs.
We shall use the theory described in Appendix A, about the left /right Hodge operator.

Let « be a finite-dimensional G-representaiton and ( = (GM, M, cpy®) be a gpb with a
gpc w. We define the hermitian structure for left qub—valued differential forms

(=, =) : QM) @y THM, VM) x Q*(M) @y TH(M, VM) — M

in such a way that (p ®p 11, o @pr To)r, = (1 (11, To), p2)r. Using the last definition and
the qi we can define the map

(=] QM) @p TH(M, VM) x Q*(M) @3, TH(M, VM) — C (4.2.23)

by
(1 @pr T | 2 @pp To)p, = / (1 (T, To)r, p2)1, dvol.
M

Proposition 4.2.14. The map (—|—)1 is an inner product for left qub—valued forms.

Proof. The only part of the statement that it is not trivial is the positive-definiteness; so
let us proceed to prove it. Notice that it is enough to prove the statement for o € T. Let

Y = Z,uk @ Ty such that (¢, )F = 0. Then 7 := T (¢)) = Zuk T € MOR(cr, y®) and
k k

Na

do
e Z e Qn Ty = Z,uj ®u T, where iy, = Z 7(e;) zg;" (see Proposition 4.2.9). Hence
k

i=1 =1
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da do

= (W = > (W euTh oy TPy = Y (uf(TF T, 1),
i,j=1 i,j=1

do,na

— E T O, 0%

- <:uz lk?x]k7uj>
i,5,k=1

dana

= Z <T(el) le*x?kx?k*v :uj>
1,7,k,1=1

da e

= > (r(e) b i)
k=1

da Na da

= (T(ex) 25 1L = >l i)

Since (M, -, 1,x) is a *—subalgebra of a C*—algebra
do

j=1

and therefore ¢ = 0. [ |
Also we have

Definition 4.2.15. By considering the exterior covariant derivative associated to the induced
qle V¥, dVe and the left Hodge star operator xy,, we define

dVert s QMY (M) @y TH(M, VM) — QF(M) @3 TH(M, VM),
by
dVert = (= 1) (3t o ¥) @ idrLarvenn) © dVe o ((*oxp) @ idpL (arvenr))-
For k+1 =0 we take dV**t =0 and for k+1 =1 we are going to write d¥s*t := V**L,

The following statement shows that our definition is in a total agreement with the classical
theory.

Theorem 4.2.16. The operator d¥o*% is the formal adjoint operator of d¥Ve with respect to
the wnner product for left qub—valued forms for any qpc w.

Proof. This proof consists of a large calculation. Let us first assume that w is real (see
Definition 3.2.2). Notice that taking V¥(Ty) = Z p ™ @0 T € QY (M) @y TH(M, Vo M),

one obtains

dve Y @p To) = d™ g @y 22 + ( k+1 Z*_l “(Ta) (*npt2)) @nr T
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for all puy € QFH(M), Ty € TH(M,VM). Now for py € QF(M) and T} € TV(M,V*M) we
get
dpy(Th, To)v, po)1,

(dp @um x1, pro @nr T, (

= {d(pa(Ty, o)), po)r, + (= 1) d(Ty, Ty, pa),
(d(
(

d(pa(T1, To)L), padr + (= 1) (VE(TY), To)r, pa)r
— )M (ua (11, VE(Ty))1, o),

since in this case, (—, —)1, and V¥ are compatible. By definition of our hermitian structures

<N1<VZ(T1)> T2>L7 H2>L = <M1 Vz(Tl), Mo Onr T2>L

_|_

and
(i (T, Va(To))r, o)1, = Z</L1 v Tiog, (1 T (ke z)) @ T

)

In fact
w D¥ (T) *
(pa (11, VE(To), pi2)1, = Z<M1<T1>T¢L>L 1y 2) s )L

7

while by Theorem A.2.5 point 4

S @ Toorg (07" (ki) @01 THL = 3 (T Twowg (0 ™ (g i) 1, =

7 [

Z(Nl(ThTiL)L MZDW(TQ)*,*EI L fl2)1, = Z<M1<T1,TZ~L)L M?W(Tz)*,m)m

thus the last assertion holds. Now taking into account these equalities and Theorem A.2.7
we find

(dVe(p @u Th) [ o @u To)r, = {dps @ar Th | o Qs To)r,
(= 1)1 VE(TL) | 2 @us T

/M<d(/11<T17T2>L),/Lz>Ldvol

+ (_1>k+1/M<N1<VZ(T1)7T2>L,,u2>Ldv01

+

IS / (1 (T, V¥ (To)) . o)y, dvol
M

I / (11 VE(T1), pi2 @1 T, dvol

M
_ /(Ml(Tl,T2>,d*Lu2)Ldvol
M

T / (a (T2, V(o)) iz, dvol

M

= / (y @pp Th, Vo (pg @y T) )y, dvol
M

= (11 Qum 21 | dva*n (2 @ 1)1,
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and the statement in this case follows from linearity.

By Equation 3.2.3 we have that the operator T, 0 K*oY ! is formally adjointable, where
K1) := (D" — Dw,)(T) = — (=) ON(= (D)) (4.2.24)

with g®(7(v)) = 7 (v) ® 7 (v) and Im(7) € Hor*GM. This implies that Yo 04 K o T,
is also formally adjointable. In addition, by Equation 3.2.4 we get that D* = D + i K* for
every qpc w and the theorem follows. [ |

Of course, there is a natural generalization of the left Laplace-de Rham operator for left
qvb—valued forms by means of

O .= dVé o dVa*t  dVert o dVe. (4.2.25)
This operator satisfies
(Ot | )y = (| D), and (D24 | 9)y > 0
for all 1, 1 € Q*(M) @ (M, VEM).

Remark 4.2.17. Of course, for rRms and associated right qubs, all this formalism still holds
with similar properties. For example the hermitian structure for right qub—valued forms

(— =)r : TR(M, VM) @ Q° (M) x TR(M, VM) @ Q°(M) — M (4.2.26)
is given by (Ty ®nar pi1, To @ns pr2)r = (1, (11, T2)r p2)r and the inner product
(=]=)r : TR(M, VM) @ Q°(M) x THM, VM) @ Q°(M) — C (4.2.27)

15 defined by
(Th @p pur | Ty @ pio)r = / (p1, (Th, To)w po)r dvol.
M

In the context of Remark A.2.2, the right Hodge star operator and the right codifferential
are given by

*R = * O AT, O *, " = (=1)" szt o doxg = * 0 d* o %; (4.2.28)
while the formal adjoint operator of the exterior covariant derivative of @g 18
dﬁi*R = (—1)k+1 (idFR'(M,VO‘M) Rnm (*l;_{l @) *)) o) dﬁg @) (idFR(ijaM) Rm (* e} *R))' (4229)

For k+1 =1 we are going to write AVare = @j‘; *R_ For the right structure we will use these
relations.



Chapter 5

The Quantum Gauge Group

In Differential Geometry the gauge group is the group of principal bundle automorphisims
acting as the identity on the base manifold. In this chapter we deal with a non—commutative
version of the gauge group. The chapter splits into two sections: the first one consists of the
general theory, while the second one is about its action on quantum connections.

5.1 Basic Topics

First of all given a quantum principal G-bundle ¢ = (GM, M, ¢y P), due to the fact that

GM @ GM
is surjective (see Definition 3.1.1) we have LS GM ® G as vector spaces. Second,

Ker(5)
notice that f(x ® py) = B(zp ® y) for all x, y € GM and p € M; so 8 factorizes to the

quotient space

B:GM @y GM — GM ® G. (5.1.1)
Now let us consider the linear map
qtrs : G — GM @) GM (5.1.2)
do
given by (see Theorem 2.1.9) qtrs(gf;) = Z Ty @um vy We can extend qtrs to
k=1
qtrs : GM @ G — GM @y GM (5.1.3)
—_— da
by means of qtrs(r®gf;) = = qtrs(gf;) = Z xxy” @ ry;. A direct calculation shows that the
k=1

maps E, qtrs are mutually inverse. qtrs : G — GM ®); GM is usually called the quantum
translation map.

Throughout the various computations of this work, we shall use a symbolic notation
qtrs(g) = [g9]1 ®ur [g]2. (5.1.4)

29
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Now we shall assume that ¢ is endowed with a differential calculus (see Definition 3.1.2).
In this situation [ has a natural extension to

B QN(GM) @qeany Q(GM) — Q*(GM) @ T (5.1.5)

given by B(w Qe W) = (w @ 1) - U(w), where Q*(M) is the space of base forms (see
Definition 3.1.7) and the tensor product on the image is the graded tensor product of graded
differential *—algebras (see Definition A.1.9). According to |[D6] this map is bijective.

On the other hand, taking a qpc w (see Definition 3.2.1), which always exists [D2], we
can extent qtrs to
qtrs : T — (Q°(GM) ®@qear @ (GM))' (5.1.6)

by means of qtrs(f) = 1 ®qear) w(0) — (Mo @qe ) idaar) (w @ qgtrs)ad(f), where
maq : QY (GM) @ Q*(GM) — Q*(GM)
is the multiplication map, 6 € i,,I' (Remark 2.2.6); and
qtrs(Yv) = (=1)?7 M0 [u]) qtrs(d) [v], (5.1.7)

for ¥ € G, v € i I, if gtrs(v) = [v]1 ®ae(ar) [U]2, where 01 is grade of . As before, the anal-
ogous map qtrs : (Q*(GM)®T)' — (Q°(GM) ®qe () Q‘(GM))1 agrees with the inverse
of B : (Q°(GM) ®qe ) Q'(GM))1 — (Q*(GM) @ T™)'. It is worth mentioning that even
when apparently the definition of qtrs depends on the gpc chosen w, by the uniqueness of
the inverse function, the last result tells us that qtrs is independent of this choice.

Since E commutes with the corresponding differential maps, it follows that

Proposition 5.1.1. We have
qtrs o d = dgs o qtrs,

where dge is the differential map of Q*(GM) ®qe ) Q*(GM).

Now let us take the graded differential *—algebra (®&I", dg..,*) (see Section 3.2). The
quantum translation map can be extended naturally to ®&I" by means of

qtrs(¥ ®¢ v) = (=1)27h o], gtrs(9) [v]; (5.1.8)
if qtrs(v) = [v]1 ®qe(@m) [v]2- By induction and Proposition 5.1.1 it can be proved that
qtrs(dgo ®¢ dg1 Q¢ ... ®¢ dgr) = dge(qtrs(go dgr ¢ ... @ dgr,)) (5.1.9)

for g1,..., g € G. Now by considering the ideal Q defined on Definition 4.2.1, qtrs can be
defined on the universal differential envelope *—calculus

atrs : T — Q*(GM) @aeury 2 (GM). (5.1.10)
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Equation 5.1.9 turns into

qtrs(dgo dg ...dgx) = dye(qtrs(go dg;...dgy)). (5.1.11)

By considering Equation 6.1.1, we can define analogously
qtrs : Q*(GM) @ T — Q*(GM) @qeary Q°(GM). (5.1.12)
As before, it can be shown that the maps E, (?_[{I‘/S are mutually inverse [D6|.

Definition 5.1.2 (The quantum translation map). Let { = (GM, M, ®) be a quantum
principal G-bundle with a differential calculus (see Definition 3.1.2). We define the quantum
translation map as the graded linear map

qtrs : I — Q*(GM) ®qeary Q°(GM).
The quantum translation map satisfies some interesting relations, for example [D9]:
Proposition 5.1.3. The following properties hold
1. [9)1 [0]2 = e(V)1.
2. (idaserm) @aen) o) o gtrs = (qtrs ® idpa) o ¢.
3. (¥ ®qe(m) idae(@umr)) © qtrs = (T ®@ge(ar) idas(aan) © (k @ qtrs) o ¢, where
: "2 (GM) — Q(GM) T

is the canonical graded twist map, i.e., (0 @ w) = (=) w @9 if w € Q¥(M) and ¥V
e I,

4. patrs(9) = (=1)*qtrs(9) pu for all p € QF(M), 9 € T

5.1.1 The Quantum Gauge Group

In this section we are going to define the quantum gauge group. To do this, we need first an
auxiliary definition and a theorem.

Definition 5.1.4 (Convolution invertible map). Let ¢ = (GM, M, g ®) be a qpb over (M, -,
1, %) with a differential calculus (Q*(GM),d,*,T',d) and let

f1, f2 : T — Q*(GM)
be two graded linear maps. The convolution product of f1 with fo is defined by
fixfo=mgo(fi®f)o¢: " — Q*(GM),

where mg @ Q*(GM) @ Q*(GM) — Q*(GM) is the multiplicative map of Q*(GM) and
¢ TN — T QT is the unique extension of the comultiplication ¢ : G — G® G as graded
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differential x—algebra morphism (see Proposition 2.3.8). Now we will just consider graded
maps | such that

f(1)=1
and
I Ad sy eI
| o @i (5.1.13)
Q*(GM) - y Q(GM) @ T,

where Ad : TN — I'"" @ I' is the extension of Ad : G — G ® G (see Equation 2.3.11).
With respect to the convolution product, these maps form an (associative) algebra with unity
le (see Equation 2.3.6). We say that § is a convolution invertible map if there exists a graded
linear map ' : T — Q*(GM) such that

f*f‘lzf_l*f:]le.

A direct calculation shows that the set of all convolution invertible maps is a group with
respect to the convolution product.

Theorem 5.1.5. There exists a group isomorphism between the group of all graded left
Q*(M)-module isomorphisms § : Q*(GM) — Q*(GM) that satisfy F(1) = 1, and such that

the following diagram

oVl

Q*(GM) QO (GM) @ T
sl S l%@ndm (5.1.14)
Q*(GM) - QO (GM) @ T

1s commutative, and the group of all convolution invertible maps as defined above. Here we

are considering (§F1 o F2)(w) = Fa(F1(w)).

Proof. Let us start by considering a map §. Then we define a graded linear map
fg = Mge O (idQ-(GM) ®Qo(M) S) o qtrs : FA — Q'(GM), (5.1.15)

where mge @ Q*(GM) ®@qeary Q(GM) — Q*(GM) is the multiplication map and qtrs is
the quantum translation map. We are going to show that fz is a convolution invertible map.
First of all, by the Definition and Example 4.2.4 it is clear that fz(1) = 1. Secondly according
to Proposition 5.1.3 and Diagram 5.1.14

oVofs = iige o (o¥ @aer) (¥ 0F)) o qgtrs (5.1.16)
= 7/7\19- o (idQO(GM)®FA ®Qo(M) (Q\:[f @) g)) ] (Q\If ®Q'(M) 1dQ'(GM)) o th‘S
= T/r\LQo ¢) (ion(GM)®FA ®Q'(M) (Q\Il e} S)) @) ((/T\ ®Q'(M) ldQ-(GM)) o) (/i (%9 th'S) 0] ¢7

where
mae : (Q°(GM) @ T") @qery (Q(GM) @T") — Q*(GM) @ T"
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is such that T/T\lQo (w1 & 191 ®Q'(M) Wy & 192) = (—1)klw1w2 & ?91192 if Woy € Qk(GM) and 191 S
I'l. On the other hand by Proposition 5.1.3 and Diagram 5.1.14

oV ofz Mae 0 (¥ @as(ar) (¥ 0 F)) o qtrs

Mae 0 (QV ®@ge(ar) ((F @ idra) 0 o¥)) o qtrs (5.1.17)
= Mge © (¥ Qqenr) (T @ idra)) o (idae(aar) @aer) V) o qtrs

Mae © (¥ @qe(ar) (§ ®idra)) o (qtrs ® idpa) o ¢

but by considering again Proposition 5.1.3 we get
aVofs = Mmoo (¥ gy (§ ®idra)) o (qtrs ® idpa) 0 ¢
= Mge © (ldQ'(GM)®F/\ Rqemr) (T ®1idra)) o (¥ @qe(ar) idas (Garyers)
o(qtrs ®@idra) o ¢
= Mge o (idge(@aners @qen (§ @ idra))
0 [(( ®qe(ar) idas(aan)) 0 (k @ qtrs) 0 ¢) ® idpa] o ¢;

so for all ¥ € TN

U(is(0) = (—1)20 Ot Dk) 12, p(9®],) @ k(9D)YE)
(1) [, F(9P],) © k(@D)0P = (5 @ idra)Ad(9)

and thus fz fulfills Diagram 5.1.13. Finally, consider
fz-1 1= mqe o (idge(Grr) Do () T Hoqtrs: I — Q°(GM).

Then for all ¥ € T"

(5 * f5-1)(0) = W) F(WW]2) WD) §H([9P).).

v~

We claim that the expression in the brace is an element of Q°*(M). Indeed, by Equations
5.1.16, 5.1.17

V(s f5-)(0) = 2P0 2VEF([WM]2) [PP1) 2V (F([9P]2))
= QU([P"]) U F([HM]2) ¥ ([9P]) 0 ¥ (F([97]2)
= (=) @ ([90]) (F(WV]2) @9

(- h
(9] © 5(9)) W (F( )
(~1)@P O+ G ([90),) (F([ ) PO © 9O R (D))
oW (F([9],);

but by Equations 2.3.6, 2.3.10 the previous expression is equal to

(—1)@ T+ g ([9D]) (F([0D]2) @ 9P k(9P) (V) © 1)U (F([9P])) =
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(_1)(819(3)-1-319(2))8[19(4)]1 9\1’([19(1)]1) (3([29(1)]2) ® ,9(2),{(19(3))) g((idQ-(GM) ®Q,(M) g)qtrs(ﬁ(‘l))) —
(—1)P? W p (D)) F(W D)) [0P): @ (W) 1) U (F([VD]2)).

In accordance with Equations 2.3.6, 2.3.9 we have

U((f5*§5-)(0) = oW([WV]) F(0WV]2)0P) @ e(@)1) oW (F([9P]2))
= QU(WM]) F([0V]) ® e(@)1) B((idas ar) @asar) §atrs(®))
= U(Wh) (W) @ ]1)5((1d9- aany ®as ) §)atrs(9?)))
= oU(WV)) FE(WW]) [P @ 1) oW (F([9P]2))

which proves our claim. By this fact and Proposition 5.1.3 and Equation 2.3.9

(Fs * f5-1)(9) = WOLF(WW]) WPLFH([WP)) = PULF GF(WV):) 0Ph0P):2)
= WYL E([M]) ()
= e(WD)e(?)1
= ()1

for any ¥ € I'*. In a similar way it follows that fz-1 * f = Le and hence f5 is a convolution
invertible map.

Conversely, for a given convolution invertible map f let us define the graded linear map

We are going to prove that §; is a graded left 2°*(M)-module isomorphism which satisfies
Diagram 5.1.14. First of all, it is obvious that §;(1) = 1. Secondly, taking p € Q°*(M)
and w € Q*(GM) we have §(pw) = ma(idaega) @ ) (1 @ 1)o¥(w) = u§s(w). Thirdly, by
Diagram 5.1.13
aVod; = ma o (¥ & (oW of)) o oW
= ﬁ"LQ ¢) (Q\If & ((f X idpA) O Ad)) ¢} Q\If,

where

mq : (Q(GM) T @ (Q(GM) @T") — Q*(GM) @ T
is such that Mge (w1 @ V) @ wo @ V) = (—1)Mwywy @ 919 if wy € Q¥(GM) and ¥, € T, In
this way for all w € Q*(GM) by Equation 2.3.10

UGw) = (~1)™ OO 0) @ ()

= (=120 05w ) @ e(wM)w®:

but by Equation 2.3.6, 2.3.9 the previous expression is equal to

U (F(w) = w f(w?) @ e(w)w® = wOjw") @ w? = (§ @ idr)o¥(w)
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and therefore §; satisfies Diagram 5.1.14. Finally, notice that for all w € Q*(GM)

511 (Fr(w)) = ma(idas@rn @) o¥(F(w)) = ma(idas@any @ F)(F; © idra) ¥ (w)
= Fr(w?) 5 (wh)
= wO§wM)§ (w?)
= w® e(w(l)) = w.

A similar calculation shows §;(§-1(w)) = w, so §j is biyective and S;l = §-1.
Our next step is to prove that
5 6
are mutually inverse. In fact for all w € Q*(GM)

Sis (w) = mq(idae@ary ® (Mmas (idaeGar) @ae ) §)atrs))o¥(w) = w O [w]; F([wM]y),
———

where the expression in the brace is an element of Q°*(M) since by Equation 5.1.16

V(F,(w) = o¥(wf5(wV)) =

w® @ wh) ¥ (f3(w?))
1200 (14,(0) @ (1)

(
(-1
([w®] @ k(W) ¥ (F([w?]))
(=

1) (@O +0w@om ™ (1,0 11y 3]} @ 1w g (w®))
and by Equations 2.3.6, 2.3.10 we get
(_1)(8w(1)+8w(2))8[w(3)]1 (w(o) ® w(l)ﬁ(w(i’))))([w(ii)]l ® IL) Q\I/<3([w(3)]2)) —

(_1)(aw<1)+6w(2>)a[w<s)h (w(o) ® w(l)ﬁ(w@))) 5((idg. (M) Qe (M) 3)qtrs(w(3))) —
(—1)2e V0l (O ®]) @ e(w™)1) U (F([w?])).

In accordance with Equations 2.3.6, 2.3.9 we have

U(F(w) = (0w )]1®€( 1) ¥ (F([w®]2))
= (@ e(w™)1) B((idas@rr) Sas ) Fatrs(w®))
= (w9 ® )5((1619- (G ®as(iny F)atrs(w™))
(w?[wV]; @ 1) Q¥ (F([wM])),

which proves our assertion. By this, Proposition 5.1.3, Equation 2.3.9 and the fact that § is
a left Q*(M)-module morphism we get

ng(w) — [w(l)]1 3([11)(1)]2) — 3<w(0) [w(l)]l[w(l)]2>> _ E(w(o)e(w(l))) = F(w)
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for all w € Q*(GM). On the other hand, for ¥ € I'* we have

fz; () = mQ°(idQ- @y @0 (ary (Ma(idas@ny @ FlaWP))qtrs(d)
= [ 5(915")
mafidas@n ® P([0h © 1) ()" © [9]5")
= mq(idgega) ®@7F) B B(atrs(v))
= mq(idasem) @ f)(L® ) = (V)

and hence © = 1. Finally to complete the proof it is enough to prove that O or ©71
group morphism. In fact

i1ep2 (0) = ma(idas@an ® (i *f2))a ¥ (w) = w@ i (wh) f5(w®)
while by Diagram 5.1.14

S5 (8, (w)) = ma(idasem) @ f2) ¥ (Sh (w)) = ma(idasem) @ f2) (8, @ idra) oW (w)

= Fn W) fa(w)
= w©® f1(w(1)) fz(w(Q))
for all w € Q*(GM); therefore f; * fo o S © S5, and the theorem follows ([Brl]). |

In Differential Geometry there are 3 equivalent ways to describe the concept of gauge
transformations (elements of the gauge group) of a principal G-bundle. The first one is by
vertical principal G-bundle automorphisms. The second one is to interpret gauge transfor-
mations as smooth Ad—equivariant maps from the total space to the structure group. The last
one is by considering gauge transformations as sections of the associated fiber bundle with
respect to Ad. Taking into account the last theorem and the fact that in Non—-Commutative
Geometry, we identify the set of sections of the associated bundle with equivariant maps (see
Chapter 4), we arrive to the following definition.

Definition 5.1.6 (Quantum gauge group). Let ( = (GM, M, qu®) be a gpb over (M, -, 1, %)
with a differential calculus (Q*(GM),d,*,I',d). We define the quantum gauge group q&®
(q9g) of ¢ as the group of all convolution invertible maps. The elements of q®® are called
quantum gauge transformations (qqgt).

Let ( = (GM, M, gp®) be a quantum principal G-bundle with a differential calculus.
The set of all characters of G, G := {x : G :— C | x is a character}, has a group structure
where the multiplication is y1*y2 := (x1®X2)0¢, the unity is € and the inverse of a character
x is defined by x~! := x o x [D1]. In agreement with the Gelfand—Naimark theorem, this
group can be interpreted as the group of all classical points of G and it is isomorphic to a
compact subgroup of U(n) for some n € N [D1], [W1]. Exactly as we did in Equation 2.3.6,
every character y can be extended to

x:I'"—C. (5.1.19)
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Consider
Slx = (ldQ‘(GM) & X) oqV: Q.(GM) — Q.(GM)

This map is a graded differential *—algebra isomorphism with inverse § 1= §,-1 since by
Equations 3.1.1, 3.1.3

Ty-1 0 8y (idae(rn @ X 1) 0 oV o (idaeer) ® X) 0 ¥
(idos(@an © X' @ X) © (¥ @idpa) 0 oW
= (idge(ean ® X' @ x) © ([dae(gar) ® @) 0 ¥
= (idqe(
(idae(

idos e ® (X' @ x) 0 9)) 0 ¥
idoeary @ €) 0 ¥ = idgeaan

and a similar calculation works to prove that §, o §y-1 = idge(gar). Due to the fact that
pe QM) = o¥(p)=p®1l
it is clear that §y|oer) = idae(an-
Proposition 5.1.7. The map §, induces a qqgt §, by means of Theorem 5.1.5 if and only if
(idra ® x) 0 ¢ = (x ® idpa) 0 ¢. (5.1.20)
Proof. Notice that f, := mgqe o (idge(Gar ®as(a) §y) 0qtrs = 1y (which is a graded differential
«—algebra morphism). It is enough to prove that §, satisfies Diagram 5.1.14. We have
aVoFy = Vo (idoeamy ® x) 0¥ = (idoery ®idpa ® x) 0 (¥ @ idpa) 0 oW
= (ldQ°(GM) & idr‘/\ & X) [©] (ldQ'(GM) X ¢) @) Q\If
= (ldﬂ’(GM) XX ® idp/\) o (1dQ‘(GM) X gb) o Q\IJ
= (ldQ'(GM) (24 X X idl"/\) e} (Q\I’ & idl"/\) o} Q\I’
= (Fy®idpn) oV
and therefore f, is a qgt. Reciprocally if f, is a qgt, then Diagram 5.1.14 holds, so
(idaes(@my ® idra @ X) o (idas@m) ® @) 0 oW = (idgeary ® X ® idpa) o (idgeany ® @) 0 oW
and it follows that

<1dQ'(GM) X idFA X X) O (ldQ'(GM) X ¢> o ﬁ = (ldQ'(GM) (29 X & idFA) (0] <1dQ'(GM) X Qb) o B
and since B is invertible we get Equation 5.1.20. [ |

It is worth mentioning that §. = idgega) and f. = Le. The last proposition also tells us

that if one considers the submonoid C/le of G such that Equation 5.1.20 holds!, then it is
possible to define the map
A:Gyg — qB6

(5.1.21)
X — fx-

and it is a monoid morphism.

In general 6'; is not a subgroup since x € 5; does not imply x~! € 6';
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Remark 5.1.8. If G is abelian (in the sense of [W1]), then Gy = Gy and A is a group
morphism. This agrees with the classical fact that given a principal G-bundle with total
space GM and G abelain, the diffeomorphism

rg: GM — GM
T — xg

is a gauge transformation for all g € G.

In general, the qgg is very large and even in the simplest cases it could be challenging
to calculate its explicit form. However, in the next chapter we are going to work with some
interesting subgroups.

5.2 Action on Quantum Connections

The main idea of gauge theory is to study classes of objects by gauge transformations and
in particular, to study the gauge—invariant objects. A condition is called gauge—invariant if
it is satisfied by the whole gauge class. Probably one of the most important examples of
gauge—equivalent objects arises when the gauge group acts on the set of principal connections
by means of the pull-back, since this produces an action on associated connections [Bl|. The
purpose of this section is to get the non—commutative geometrical counterpart of the gauge
group’s action on connections.

The proof of the following theorem is straightforward and hence we will omit it.

Theorem 5.2.1. Let ( = (GM, M, g ®) be a gpb over (M, -, 1, %) with a qgpc w (see Defini-
tion 3.2.1) and a quantum gauge transformation f. Then

1. fPw := Fjow is again a quantum principal connection and this defines a right group
action of the quantum gauge group q&®S on qpc(¢) (see Equation 3.2.1).

2. If §; preserves the x operation and w is real (see Definition 3.2.2), then f®w is real.
There is a similar result for imaginary gpcs.

3. If §s is a graded algebra morphism and w is reqular (see Definition 3.2.4), then f®w is
reqular.

4. If Ty is a graded algebra morphism and w is multiplicative (see Definition 3.2.7), then
f®w is multiplicative.

It is worth mentioning that in order to define §; as a graded left Q*(M)-module isomor-
phism such that it satisfies Diagram 5.1.14 and §;(1) = 1, the quantum translation map is
not required. The last theorem provides us gauge—equivalence classes of quantum principal
connections as well as the moduli space of them.

Like in the classical case, it is possible to find an explicit formula of the gauge action on
connections and their curvatures.
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Proposition 5.2.2. Given a qpc w
f9w(0) = ma(w ® §)ad(0) + £(0) (5.2.1)

for all 0 € i, I' (see Equation 5.1.15). Moreover, if §; is a graded differential *—algebra
morphism, then the curvature satisfies (see Definition 3.2.10)

Fi(R“(0)) = R"“(0) = mo(R* @ f)ad(6). (5.2.2)
Proof. For all 8 € ;,,I" and in accordance with Equation 5.1.6

f(0) = mae(idasGrry ®asar) ) atrs(0)
= mgqe(idoe@an ®asan) §5) (1 @qe iy W(f) — (Mo Rae () idaar) (w ® qtrs)ad(d))
= Fi(w(0) —w (@) [0V, F([(0V]2) = Fi(w(®)) —w(B@)FOW),

where ad(f) = 6 ® (1), The last equality implies that
FPw(®) = w(@@)§(0) + §(0) = ma(w @ f)ad(0) + f(6).

On the other hand assume that §; is a graded differential *-algebra. If § = 7(g) such
that §(0) = 7(gM) @ 7(g®) [So], then for any qpc w

FR(0)) = Fi(dw(0)) = Fl(w.w)(0) = dFi(w(9) + Filw(n(g™)) Flw(n(9™)))
= dFw(6) - (Fw,Fw)()
= R"(0)

and by Proposition 3.2.11, Theorem 5.1.5 and Equation 5.1.18

SfORw = mqno <1dQ'(G’M) ®f) OQ\IIORW = on(idQ.(GM) ®f) o (Rw®ldg) oad
= mgo (R’ ®f)oad
which completes the proof. [ |

It is worth mentioning that the covariant derivative (see Definition 3.2.12) fulfills

D" (ip) = dip — (—1)" o Fj(w(m (")) (5.2.3)

with ¢ € Hor* GM and y®(¢) = ¢ @ o0,

From this moment on and for the rest of this section we shall assume that §; is a graded
differential *—algebra morphism. This happens, for example, for qgts induced by elements
of Gcl-

In Differential Geometry the gauge group acts on associated vector bundles via vector
bundle isomorphisms. There is a non—commutative geometrical version of this fact and we
are going to develop it.
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Proposition 5.2.3. Let (¢,w) be a gpb with a gpc. Then a quantum gauge transformation
f defines a left M—module automorphism A; of C¥ such that

(idge(ar) @11 Aj) © V¥ = VI 0 Aj
for a fized G-representation (see Definition 2.2.1). Furthermore (see Corollary 4.2.10)
(A @ idge(ar)) © 0o = 04 © (Idae(ar) @ur Ag).

Proof. According to the theory presented in Section 4.2 it is enough to prove the theorem for
o € T. Let us start by noticing that in accordance with Diagram 5.1.14, DI** o8 = §jo D¥
and also by this diagram the map

A; :THM, VM) — TH(M, VM)

(5.2.4)
T+—sFoT

is well-defined. Moreover, it is an M—bimodule morphism and its inverse is clearly given by
the composition with S;l. In this way, for all T € T'“(M,V*M) (see Proposition 4.2.9)

do
¢ & ®“’o o
(stw o Aj)(T) = stw(gf o) = Z Pt @ T,

k=1

da
= > ST @y T
h=1

so (T30 Vi“ o A;)(T) = ;o D¥ o T. On the other hand

do
((idae(a) @ar Ag) 0 VENT) = > (idasary @ Ap) (™" @1 Tr)
k=1
do do
= > T ey AfTh) = ) u” " @ o Th
k=1 k=1
thus
do do
(T, o (idasan @ar Ag) 0 VE)T) = Y p”" G0 T = Fio > p" "' = Fjo DY o T.

k=1 k=1

By using the fact that Y ' is bijective we conclude that Aj; satisfies the first part of this
proposition.

Let us take ¢ € Q*(M) @y, T(M,V*M). Then if T,'(¢)) = ZT,?ﬁk we get
k

(A @ idas(u)0a(®) = Y AUTE) @u ik = Y Fyo T @ i
k k
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50 T (A s idoe(an)0a(¥) = (Fj 0 Toh)(¥); while

0o (idae(ary @n Ag) (V) = ZTkR @ M
k
if (810 Y1) = > T3 g, because of (Y! o (idge(ary @ar Af)) (1) = (5o T31)(¢). Hence
%

T, oalidas ) @ Ap) (@) = (F5 o T )(@)
and the theorem follows by the fact that T;l is bijective. [ |

Corollary 5.2.4. The following formula holds

VLY = (idasn) @ar Af) 0 Vi 0 At = (idaean) @ Ag) © Vi 0 Agr.

«

Of course, there is a similar result for (C®, V¥), (&, VI°*) and

A;: TRM, VM) — TR(M, VM)
~ (5.2.5)

T+— 8‘} o T,
with §f := x o §j o *; however, in this case @; = 3§}

Remark 5.2.5. Notice that in order to define A; and ;‘;f it is not necessary that §; be a
graded differential x—algebra morphism, our definition works for any qgt f; so this induces a
natural right action of q&® on TY(M, VM) and TR(M,V*M).

In Section 4.2 we introduced the canonical hermitian structures on associated qvbs.
Proposition 5.2.6. The map A; is unitary.
Proof. As before it is enough to prove the proposition for o € 7. In this way taking 77, T5
e I'Y(M,VeM)

(Af(T0), To)r = @ro T, To) = Y 8(Ta(en))Taler)” = > Fi(Tilen); " (Taler))”)
k=1 k=1
= D Ti(en)§ (Taler))”
k=1
= <T1,3f_1 o Ty)r,
= <T1,A;1(T2)>L7
where we have used that Z Tl(ek)gf_l(Tg(ek))* € M, as a direct calculation shows in accor-

k=1
dance with Diagram 5.1.14. This allows us to conclude that A; is formally adjointable with
respect to (—, —)p, and A; = Af’l, Le, A; € U(CY). |
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Corollary 5.2.7. The last corollary turns into Vi, = (idae(a) @m Aj) 0 V& 0 AfT.

It is worth mentioning that q&® acts by the right on the space of qlc, qle(¢Y), by means

of Aj, i.e.,
(V x §) — Va, = (idasar) ® Aj) 0 Vo Al
This implies that
Pw _ vw
VY = oA (5.2.6)

and thus .
aAf

vie v : VYAt
RLO‘ = RL = (lon(M) R Af) o RLQ o Af' (527)

Clearly there are similar results for Kf and @;’



Chapter 6

Yang—Mills Scalar Matter Fields in
Non—Commutative (Geometry

The principal purpose of this work is to develop Yang-Mills models and space-time scalar
matter models in Non-Commutative Geometry. So finally in this last chapter we are going
to accomplish our goal. The chapter breaks down into 3 sections that consist of the general
theory and some concrete examples. We shall illustrate our theory with 3 examples: a trivial
gpb with the two—point space as the base space and the symmetric group of order 2 as the
structure group, a trivial qpb with M5(C) as the base space and U(1) as the structure group
and the quantum Hopf Fibration.

6.1 Yang—Mills Scalar Matter Fields

In this section we present the theory for non—commutative geometrical gauge bosons fields,
free space—time scalar matter fields and space—time scalar matter fields coupled to gauge
bosons.

6.1.1 Non—Commutative Geometrical Yang—Mills Fields
The next definition closely follows the classical formulation.

Definition 6.1.1 (Non-commutative geometrical Yang—Mills model). In Non-Commutative
Geometry a Yang—Mills model (ncg YM model) consists of

1. A quantum space (M, -, 1, %) such that it is a x—algebra completable into C*—algebra.

2. A quantum G-bundle over M, ( = (GM, M, cn®), with a differential calculus (see
Definitions 8.1.1, 8.1.2 and Remark 4.2.2) such that the left Hodge star operator exists
(see Remark A.2.3) for the space of base forms.

3. The operators d%t := Y,q 0 5% o Y| and A% = T,q05% 0 T;dl, are assumed to be
Jormally adjointable for any w with respect to the inner products of qub-valued forms,
where S¥ = x o0 S o x (see Equations 3.2.11, 4.2.7, 4.2.10).

73
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The first two points are necessary to guarantee Theorem 4.2.16. Comments about the last
point will be presented in the final section. Taking into account Definition 3.2.10, Proposition
3.2.11 and Equations 4.2.11, 4.2.12 we have

Definition 6.1.2 (Noncommutative Yang—-Mills Lagrangian and its action). Given a ncg
YM model, we define the non—commutative geometrial Yang—Mills Lagrangian (ncg YM La-
grangian) as the association

Ly s qpe(¢) — M
1 L
w—r =7 ((R“,R“>L + (R, RW>R> ,

where (RY, R¥)1, := (Yaqo R, Toq 0 R¥)y, <§“, §”>R = <:fad oﬁ”, Tod ofAi“’>R. We define its
associated action as

Fym :qpe(Q) — R
1 .
w— /M,,%YM(M) dvol = — ((R“]R“’>L + (R“’|R“’)R)

and we shall call it the non—commutative geometrical Yang—Mills action (ncg YM action).

Let us consider the quantum gauge group (qgg) q®&® (see Definition 5.1.6). According
to Proposition 5.2.2, if §j is a graded differential *—algebra morphism, then RI*» = Sjo R¥,
and since the maps A; and ;‘:f are unitary (see Theorem 5.2.6), a direct calculation shows
that Zym(w) = ZLym(fPw) for all w € qpe(C). It is important to observe that in general such
relation does not hold for an arbitrary § € q&®.

Definition 6.1.3. We define the quantum gauge group of the Yang-Mills model as the group
q&Gyy = {f € 486 | Am(w) = Lru(fw) for all w € qpe(¢)} C qBS.

It is worth mentioning that every qgt induced by Proposition 5.1.7 is an element of q®&y;.

Our next step is getting field equations for w € qpe(¢) by postulating a variational principle
for the ncg YM action, in total agreement with the classical case.

Definition 6.1.4 (Yang—Mills quantum principal connections). A stationary point of Hym
is an element w € qpc(C) such that for any X € qpc(C) (see Equation 3.2.2)

0

02 yYM(uH—z/\) = 0.

z=0

Stationary points are also called Yang—Mills qpes (YM gpes or non—commutative geometrical
Yang-Mills fields). In terms of a physical interpretation, they should be considered as gauge
boson fields without sources and possessing the symmetry q&S,.

Now we will proceed to find YM gpcs.
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Theorem 6.1.5. A gpc w is a YM qpc if and only if
(Taq 0 A| (dV30%0 — d51)R9Y 4+ (Taq 0 A | (dV50*m — @5 *8) R¥)p = 0 (6.1.1)

for all X € qpe(C), where (dVaa*t — dsw*L)R“’ = (dVaart — d5*t) o Toq 0 R¥, (cﬁ“d*R —
dSW*R)R“’ = (ded*R a> *R) o Yoq 0 B and ds e, d5“*% are the formal adjoint operators

of d°t, 5% respectively.

Proof. For a given \ € qpc(¢ ) we have

0

s Rw+z)\ Rw+2)\
br| BRSO, =

Tago(doA—(w,A) = (A\w)) [ R*)y

(

= (Taao(do X+ [\w] = S0\ R,
= (T ado( — S¥) o M| R¥)L

= ((dVas —d%) o YTa 0 A| R¥)L

= (T ado)\\(dvad*L d¥*1) o R¥)y,

where in the second equality we have used Proposition 3.2.17. In the same way we get

0

| (B RN = (Tago A (@50 — &) R)w
z=0

and the theorem follows. [ |

We will refer to Equation 6.1.1 as the non—commutative geometrical Yang—Mills field equation.
It is worth mentioning that every flat qpc is a YM gpc since it satisfies trivially the equations.
Of course, q® &+, acts on the space of YM qgpcs.

Remark 6.1.6. As the reader may have already noticed, solutions of Yang—Mills field equa-
tions strongly depend on the operator S. For a fixed qpb, there could be many ways to choose
an embedded differential 6, changing completely the moduli space. This fact makes very dif-
ficult to study the moduli space in general, even for a fized gpb. In the next sections we shall
deal with the moduli space of our very particular ezamples.

6.1.2 Non—Commutative Geometrical Multiplets of Space—Time Scalar

Matter Fields

Like in the classical case, we shall start by introducing the necessary technical elements.

Definition 6.1.7 (Non—commutative geometrical n—multiplets for space—time scalar matter
models). In Non—Commutative Geometry a n—multiplets for a given space—time scalar matter
model (ncg n—sm model) consists of

1. A quantum space (M,-, 1, %) closeable into a C*—-algebra.
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2. A quantum G-bundle over M, ( = (GM, M, gn®), with a differential calculus (see
Definitions 3.1.1, 3.1.2 and Remark 4.2.2) such that the left Hodge star operator ezists
(see Remark A.2.3) for the space of base forms.

3. The trivial G-representation in C" (see Equation 2.1.10).
4. A Fréchet differentiable V : M — M called the potential.

For the rest of this subsection, we shall consider o := af¥. It is worth mentioning that in
this case the induced gles V¥, V¥ do not depend on w (where @ is the complex conjugate

representation of «, see Equation 2.1.12), they take the same values for every qpc; of course,
this is because the representation is trivial (see Example 4.2.12).

Definition 6.1.8 (Non—commutative geometrical n—space—time scalar matter Lagrangian
and its action). Given a ncg n—sm model, we define its non—commutative geometrical La-
grangian as the association

Lan : THM,C"M) x T*M,C"M) — M

given by

1 ~ ~
Low(T, Ty) = 7 ((VaTy, VT = VL(T1) = (VaTs, VaTo)n + Va(T3))

where Vi,(T1) :=V o (T1, T1)1, and Vr(Ty) :=V o (Ty, Th)r. We define its associated action
as
Fem : TH(M,C"M) x T®*(M,C"'M) — C

( T1 , TQ ) l—}/ D?SM<T17T2) dvol.
M

A direct calculation shows that

n

(VeTy, VET)L = VU(Th) =Y {dp]*, dp/" ) — V(p* (p]1)"),
i=1

(VaTy, VaTo)r = Va(Te) = > _{dp*,dp]*), = V((p*)"p*),

=1

where pI* = T\ (e;), pi*> = To(€;) € M and {e;}?, is the canonical basis of C" (see Example
4.2.4). Since Im(T) C M for all T € MOR(«, gp®) and all T € MOR(@, gp®), taking any
f € q®® (see Definition 5.1.6) we get §joT =T’ so (see Equation 5.2.4)

Proposition 6.1.9. The Lagrangian Zs\ is quantum gauge—invariant.

Like in the previous section, our next step is getting field equations postulating a varia-
tional principle for .#5y, in total agreement with the classical case.
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Definition 6.1.10 (Non—commutative geometrical n—multiplets of scalar matter fields). A
stationary point of sy is an element (T1,Ty) € TV(M,C"M) x IR(M,C" M) such that for
all (Uy,Uy) € TY(M,C*M) x TR®(M,C" M)

0
— Jng(YH +—ZLGJ2E'+,ZLE) = 0.
0z z=0

In terms of a physical interpretation, stationary points should be considered as space—time
scalar matter and antimatter fields.

As before, we will proceed to find stationary points.

Theorem 6.1.11. Assume that (T1,Ty) € I'*(M,C"M) x T®(M,C"M) satisfies

0
V(11 + 2z U dvol:/ —
ZZO/M (T 42U =

V(1) U | T = (Un [V (Th)" Th)w

for all (Uy,Us) € TH(M,C*"M)xT®(M,C" M), where Vi (T}) := V'o(T} , Tt )1, (and analogous
assumptions for Vi (Tz) = V' o (Ty, To)r) with V' the derivative of V.. Then (11,T5) is a
stationary point if and only if

0

& VL(T1+ZU1) ClVOl7

z=0

and

Ve (VET) = V() Ty =0, Ve (ﬁgﬂ) — T, Vi(Ty)* = 0. (6.1.2)

Proof. For a given (Uy,Uy) € I'*(M,C"M) x T®(M,C"M) we have

0
- ySM(Tl‘i_ZUl’TQ‘i_ZUQ) =

1 / .
0z|,_, 1 (U | V< (V) — V(T Ty,
(

Varn (V1) = T Vi(T)" | Ui

0
According to Proposition 4.2.14, we get — Fsm(T1+ 2 Uy, Ty + 2 Uy) = 0 for all (Uy, Us)

0z|._,
e (M, C"M) x TR(M,C" M) if and only if Equation 6.1.2 holds. |
Equation 6.1.2 turns into
S drdplt =V (p () )Pt =0, ) dmd(p) = V() p)(p) =0 (6.1.3)
k=1 k=1

for all ¢ = 1,...,n. Of course explicit solutions of the last equation depend completely on
the form of V' and the differential structure on the quantum base space; the quantum total
space, the quantum group and their differential structures do not intervene explicitly.
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6.1.3 Non—Commutative Geometrical Yang—Mills Scalar Matter Fields

We shall start by presenting the necessary elements of the theory in the spirit of the classical
approach.

Definition 6.1.12 (Non-commutative geometrical Yang—Mills Scalar Matter model). In
Non—Commutative Geometry a Yang-Mills Scalar Matter model (ncg YMSM model) will
consist of

1. A quantum space (M,-, 1, %) such that it is a x—subalgebra of a C*—algebra.

2. A quantum G-bundle over M, ( = (GM, M, gn®), with a differential calculus (see
Definitions 3.1.1, 3.1.2 and Remark 4.2.2) such that the left Hodge star operator ezists
(see Remark A.2.3) for the space of base forms.

3. The operators d°t = T,q 0 S¥ o T;dl and d% = :fad 0S¥ o T;dl, are assumed to be
Jormally adjointable for any w with respect to the inner products of qub-valued forms,
where S¥ = x o0 S¥ o x.

4. A G-representation « in a finite—dimensional C—vector space V<.

5. A Fréchet differentiable map V : M — M called the potential.

These conditions establish similar frameworks as the ones discuss in the previous subsec-
tions. Taking into account that the complex conjugate representation @ of v acts on V' (see
Equation 2.1.12) we have

Definition 6.1.13 (Non—commutative geometrical Yang—Mills Scalar Matter Lagrangian
and its action). Given a ncg YMSM model, we define the non—commutative geometrical
Yang-Mills Scalar Matter Lagrangian (ncg YMSM Lagrangian) as the association

Laensm : qpe(¢) x TH(M, VM) x TR*(M,VeM) — M

given by
Lymsm(w, T1, To) = Lym(w) + ZLasm(w, Th, 1),

where Ly 18 the neg YM Lagrangian (see Definition 6.1.2) and ZLgsy is the non—commutative
geometrical generalized space—time scalar matter Lagrangian (ncg GSM Lagrangian) which
is given by (comparing with Definition 6.1.2)
1
4
where VL,(T1) :=V o (Ty, Th)r, and Vx(Ty) :==V o (T, To)r. We define its associated action
as

Fasalw,To, To) = 7 (VAT VaTih, = Vi(Th) = (VT VT + Va(T2) )
Fymsum : qpe(¢) x TH(M, VEM) x TR*(M, V*M) — C
(w , T1 , TQ) — / G%YMSM(W,TMTQ) dvol
M

and we shall call it non-commutative geometrical Yang—Mills Scalar Matter action (ncg
YMSM action).
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Let us consider the quantum gauge group (qgg) q&® (see Definition 5.1.6). According to
Proposition 5.2.1, if §j is a graded differential *—algebra morphism, then RI®w = Sjo ¥, and
since the maps A; and Xf are unitary (see Theorem 5.2.6), a direct calculation shows that
Lonsu(w, T1, Ty) = 2 (F2w, A{(Th), Ay(Ty)) for all w € gpe(¢) and all Ty € T™(M, VM) and
T, € TR(M,VeM). In resonance with the previous observations, in general it will be not
true that any f € q®® is a Lagrangian symmetry.

Definition 6.1.14. We define the quantum gauge group of the Yang-Mills Scalar Matter
model as the group &Gy oy = {f € 486 | Lynsm(w, 11, To) = L (FPw, Aj(Th), Ay(T3))} C
g6 6.

It is worth mentioning that every qgt induced by Proposition 5.1.7 is an element of q& &g

Like in previous subsections, our next step is getting the non-commutative geometri-
cal field equations for (w,T1,Ty) € qpe(¢) x TH(M, VM) x TR(M,VeM) by postulating a
variational principle for .#nsnm. All of this in total agreement with the classical case.

Definition 6.1.15 (Non—commutative geometrical Yang-Mills Scalar Matter field). A sta-
tionary point of Symsm 18 a triplet (w, Ty, Ty) € qpe(¢) X TH(M,VEM) x TR(M, VM) such
that for any (\, Uy, Us) € qpc((i x TH (M, VM) x TR(M, VM)

0 0

= Hyvsm(w + 2 A, 11, Ty) = e

92 yYMSM(W,Tl‘i‘ZUl,TQ"‘ZUQ):0.

z=0

z=0

Stationary points are also called (non—commutative geometrical) Yang—Mills Scalar Matter
fields (YMSM fields) and in terms of a physical interpretation, they can be interpreted as
scalar matter and antimatter fields coupled to gauge boson fields with symmetry q&S g -

Now we are going to find the equations of motion.
Theorem 6.1.16. Assume that (T}, Ty) € T¥(M, VM) x T®(M, VM) satisfies

9
Vi,(1Ty + 2z U dvolz/ —
ZZO/M Ty + 2 Uh) =

(VL(Ty) Ur | o) = (Ur | VE(Th)" T
for all (Uy,Uy) € TYM, VM) xT®(M, VM), where VI (Ty) := V'o(Ty , Ty)1 (and analogous
assumptions for VL (1z) := V' o (Ty, Ty)r) with V' the derivative of V.. Then (w,T1,T5) €
qpe(¢) x TH (M, VM) x TR(M,VeM) is a YMSM field if and only if for all X € qpc(C

VL(Tl + z Ul) dVOl,

z=0

9
0z

and

(oo ENT)|VET) = (Tao KND)| Vel =
(Taa 0 A| (@750 — &) RO), + (Toq 0 A] (@50 — d5m) By -

and

Ve (VET) - V(D) T =0, V2™ (@gTQ) — T, Vi(Ty)* = 0. (6.1.5)
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Proof. For a given A € qpc(¢ ) notice that

0 1 ~ ~ N
g Fasm(w + 20,11, Tp) = 1 <<Ta o KNTh) | VaTi) — (Ya o KN(Ty) | V§T2>R> ,
z=0
0 ) ) . o
thus EP Fymsm(w + 2 A, 11, Ty) = 0 if and only if Equation 6.1.4 holds. Just like in
z=0
Theorem 6.1.16, a direct calculation shows that p Avsm(w, Th + 22Uy, To + 2Us) =0
z 2=0
if and only Equation 6.1.5 holds. |

We shall refer to Equations 6.1.4, 6.1.5 as (the non—commutative geometrical) Yang—Mills
Scalar Matter field equations (YMSM field equations). The reader is invited to compare
these equations with their classical counterparts (see Equations 1.0.9, 1.0.10).

It is worth mentioning that in all cases, the variation of the action with respect to z*
produces the same field equations.

6.2 Example: Trivial Quantum Principal Bundles

Now we are going to present some examples illustrating our theory. It is worth mentioning
that for the trivial representation on C, the first part of Equation 6.1.4 vanishes; thus the
only way to satisfy Equation 6.1.4 is when w is a YM gpc. Moreover, Equation 6.1.5 reduces
to Equation 6.1.3. In summary, for the trivial quantum representation on C in any qpb,
YMSM fields are triplets (w, T}, T2) where w is a YM qpc and (73, T5) is a stationary point
of Zsm (see Definition 6.1.10).

Proposition 6.2.1. Let (™Y be a trivial quantum principal G-bundle (see Definition 3.5.1).
Given T, we have for a € T acting on a C—vector space of dimension n,, then there exists a
left-right M ~basis {T{'}re, € MOR(a, g ®) such that Equation 4.1.2 holds. In particular,
the associated (left and right) qub always exists for any a € OBJ(Repg).

Proof. Consider G* = (g5;) € My, (G). Then the linear maps
To . Ve s M®G

defined by T (e;) = L ® g, is a left—right M—basis of MOR(a, g ®) since according to [W1|
GGt = GYTGY =1d,,, . ]

Due to the fact that {7} is also a right M-basis we can use these maps to define To
(see Equation 4.2.10) which is enough to ensure that V;jm satisfies the right Leibniz rule.
Moreover, by Theorem 2.1.10 we can extend this result to any o € OBJ(Repg) using @.
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6.2.1 Two—points space and 5,

Let us start by considering the two—points space {x, 21} and its C*-algebra
(M = Cc({xo,z1}) ={f | f: {zo, 21} —> Cis a function },-, 1(x),|| ||eo,*).  (6.2.1)
A C—vector space basis of M is given by the functions
Bt = Apo - {wo, 21} — C, p1:{zo, 21} — C}

which are defined by

() 0 if z=x (2) 0 if xz=ux
X)) = X)) = .
Po 1 if z=x D 1 if =g

Our next step is to consider the universal graded differential *—algebra of M (see Defini-
tion A.1.10) without n—forms for n > 3

(€*(M), d, *). (6.2.2)

We can represent this algebra as follows:

QO(M):M(H{p:(())\O /S )‘)\0,)\1 GC},

1

0 A
Ql(M)<—>{u:(/\l OO>|>\O,)\1 € C}

92(M)<—>{ :<3° )?1)|/\0,)\16<C}

with the natural multiplication rules, except for the multiplication between Q'(M) with
itself, which is

and

[Lpe =T fLp,
where the right—hand side of the last equality is just the matrix multiplication. The conjugate
transpose operation corresponds to * and
d: Q' (M) — Q*(M)
is such that
dp = i[oy, w)? = i(oyp — (—=1)* o) (6.2.3)

for all u € QF(M) with k= 0,1 and d(Q*(M)) = 0, where oy € Q'(M) is the first one of the
Pauli matrices. Furthermore

0 = 0 0
591;{}?061]91:(0 0>,P1dP0=<i 0)}
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is a C-vector space basis of Q'(M) and

—1 0 00
Baz = {pod]thOZ( 02 O);pldpld]h:(o z)}

is a C—vector space basis of Q*(M). In this way if 4 = —iXg po dp1 — i1 p1 dpy, then
dp = —i(Ao + A1) po dp1 dpo + i(Xo + A1) p1dpy dps. (6.2.4)

Proposition 6.2.2. The quantum space (M, -, 1(x),*) satisfies all the conditions written in
Remark A.2.3 with respect to this graded differential x—algebra.

Proof. 1. The space M is oriented due to the fact that for k > 2, Q¥(M) = 0 and

dvol := po dpy dpo + p1 dpy dp, = ( Bi ? )
is a 2—volume form.
2. A direct calculation shows that a IRm can be defined on M by means of
(—,—):MxM-—M
(p,p)—pr,
(=, =) : QY M) x Q" (M) — M
(i, 1) — Ao Xypo + A A pr

0 Ao (0 X
50 ),,u—(/\l 0 )andﬁnally
(=, =) Q}(M) x Q*(M) — M
(pdvol, pdvol ) — pp*.

It is worth remarking that with this IRm, dvol is actually a IR 2-form. Taking into
account Remark A.2.2, we get a rRm with a rR 2—form.

3. A quantum integral can be defined as the linear map
/ :Q*(M) — C
M

1
such that / po dp1 dpy = 5= / p1.dpy dpy. According to Equation 6.2.4, (M, -, 1(x), *)
M

M
is a quantum space without boundary (with respect to this qi).



6. Yang—Mills Scalar Matter Fields in Non-Commutative Geometry 83

4. A direct calculation shows
*,p = p*dvol

for all p € M. Furthermore

*1,(pdvol) = p*
for all pdvol € Q?(M) and finally

*L = — 03,

for all u = € QY(M), where o3 € M is the third one of the Pauli matrices. To define

*g we can use the Equation 4.2.28.
[ |

It is worth mentioning that ¢ = idy; and %, o x, = (—1)’“(”_k)idm(M) (Equation A.2.1). The
proof of the following proposition is straightforward and hence we shall omit it.

Proposition 6.2.3. The left codifferential (see Definition A.2.6) is given by
dp = (=1 s (dfon, %))
for all p € QFY(M). To define d*® we use Equation 4.2.28.

Now we are going to consider Sy the symmetric group of order 2, and the cmqg (see
Definition 2.1.1) given by the commutative C*—algebra

G:=(G:=Cc(S2) ={f|f:S2 — Cisa function },-, 1(x), || ||oo, *)- (6.2.5)
A basis of GG as C—vector space is given by
Be = {Ao, A}
Now we can take the trivial qpb
W= (GM, M, ey ®), GM = (MG, 1,%), ou®:=idy ® ¢. (6.2.6)
Consider the bicovariant +-FODC given by Ker(e) (see Section 2.2), i.e.,
I' = G ® Ker(e) (6.2.7)

and
d:G —7T
g— d(g) —g® 1.

It is worth mentioning that ¢(A0) = AO X AO + Al X Al, ¢<A1) = AO X Al + Al X Ao. Let
us take the quantum germs map (see Definition 2.2.7)

(6.2.8)

7:G — [ =1 ® Ker(e) = Ker(e) = spanc{A;}
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which is given in this case by
ci=7(A) =1®A; 2 A, m(Ag) = —¢.

According to Equation 2.2.4 7(A;) o Ay = 0, (A1) 0o Ay = 7(Ay), 7(A)* = —m(Ay),
W(Ao)* = —W(Ao) and d(Ao) = (Al — Ao)ﬂ'(Al) and d(Al) = (AO — Al)ﬂ'(Al). In this
way, taking the universal differential envelope *—calculus (see Section 2.4) and by considering
Equation 3.3.1, we can endow (i with its differential calculus. It is worth mentioning that
dime (i) = 1 and

ad(f) =0® 1

for all § € ;,,I'; hence, by the fact that d°t, A% are ajointable (because we are dealing
with finite-dimensional vector spaces) we get a ncg YM model (see Definition 6.1.1). Of
course, we are asking that {¢} be an orthonormal set. Let us fix an embedded differential
(see Definition 3.2.8)

0 il — il @ iy [ (6.2.9)

given by () = 29 ® ¥. Now a straightforward calculation proves that

Proposition 6.2.4. For any gpc w, the operator S satisfies
@y T) = 2, 7)° @u T
and R
(T @y 1) = 2T @ ([, 77°)"
for all i € QF(M); and
45 @py T) 1= (—1)12 st ([, 40 71°) @y T
and
(T @y ) = (1) 2T @ g (1, (+r72)17))
forall g € Y M) ifw(s) =p@1+1®c with u € QY(M) (see Theorem 3.8.4) and T
is defined by T*(c) = 1.

As we checked in Section 3.3.1, w™" (see Definition 3.3.3) is real, regular, multiplicative
and flat (see Definitions 3.2.4, 3.2.7, 3.2.10).

triv

Proposition 6.2.5. The connection w™ is the only regular gpc.

Proof. Let us assume that w is a regular qpc. So by Theorem 3.3.4 its non—commutative
gauge potential (see Definition 3.3.5) satisfies A“(0 o g) = €(g)A“(0), for all € ;,,," and all
g € G. However

0= A%(0) = A%(7(A1) © Ag) = €(Ag) A%(m(A1)) = A* (7 (A1),

which shows that A“ = 0 and hence w = W', |
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Non—Commutative Geometrical Yang—Mills Fields

In accordance with Theorem 3.3.4, every qpc w is of the form w(s) = A“(¢) ® 1+ 1 ® ¢ with
A¥(g) = ( 31 )(\)0 ) € QY(M). In this way the non—commutative field strength F“ (see
Theorem 3.3.6 and Definition 3.3.7) is given by

F“’(g) - ( g 2 ) with u = —(>\0 + )\1) - 22)\0 )\1 (6210)

and a direct calculation shows that

VErL _ 59 L pw 1 ad
(d¥se —d™ ) R (—2u(1—2mg) 0. >®MT ) 6211
Cw Quw =~ 0 2u*(1+27/)\> o
Va *R S’ *R w — ad 0
(de = d7 )R =T ®M(2u*(1+2i)\1) 0. )
! triv : / 0 Vo : :
Thus for any X € qpc(3™Y) with N(s) = o0 9@ 1, Equation 6.1.1 turns into
1
u ug(L+2iN)+v1(14+2i))] =0 <= u=0 or )\0:)\1:%. (6.2.12)
: . 0 /2 .
Notice that just A¥(¢) = i/2 0 produces a YM gpc with non—zero curvature.

Let us consider the qgg q&® (see Definition 5.1.6). In this case for every ¢ € T,
Ad(9¥) = ¥ ® 1; so every qgt f satisfies Im(f) C Q*(M) ® 1 = Q°*(M)and direct calculation
shows that

1G6Gyy = {f € 66 | fPw™ = W'V}, (6.2.13)

It is worth mentioning that S; C q®®&y,; by means of Proposition 5.1.7 and q&®+,; C
q®® since the graded differential x—algebra map f defined by §(Ag) = po, (A1) = p;1 is a
convolution invertible map but it is not an element of q&®&y,,;. The orbit of any qpc w under
the action of q&®&y,, is just {w}; in particular this happens for YM qpcs.

Non—Commutative Geometrical n—multiplets of Space—Time Scalar Matter Fields

Ao 0

Let us start by noticing that for all p = ( 0 A\
1

) € M we have

* Ao — A1 0
L J—
d dp—2< 0 \ )\0).

In this way, and taking n = 1 we are looking for a pair of sections (17,T3) such that

d*Ldel . V/<pT1 (pT1>*)*pT1 =0, d*Ld(pTz)* . V/(pTQ <pT2)*)<pT2)* =0
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with pTt = T;(1) for a given potential V. For example, taking V = const we have that the
pair (T, 7T3) with p™t = M1, p2 = X\o1, A1, Ao € C is a solution of the equations of motion

Y
2—-2= 0
and taking any V' such that V'(p) = 0 X 5 o for all p € M for some fixed z, y
Yy

€ R — {0}, the pair (11, Ty) with p* = pT2 = ( v ) is also a stationary point.

0

Non—Commutative Geometrical Yang—Mills Scalar Matter Fields

In this case, Sy has just 2 irreducible representations (the dual of its 2 irreducible represen-
tations): the trivial representation and the alternating representation.

Let us consider the alternating quantum representation on C defined by

. C—CoG
w— w @ 124

where 1% := Ay — A;. The left-right M basis given by Proposition 6.2.1 has just one

element defined by
™ :C— MG

w—s wl @ 121

and hence, every T € MOR(a®, 53, ®) is of the form T = p' T2 = Tl pT' where p! =
T(1)(1 ® 121,

M0 0 m
T, = Tak < Po ; >, Equation 6.1.4 turns into
1

In general, for a qpc w with w(s) = ( X )\0)®]l—|—]1®§andT1: (po 0 )Talt,

A

0
i(|Pol* — Popi + B5p1 — [Bol*) + 2(1Pol* — [Pol*))Ag = u™(1 + 2iy)
i(1p1]* = Popr + popi — [B1]*) + 2P " = [Pa*)A] = w' (1 + 2ido),
where u = —(\g + A1) — 2@ A\g A1 (see Equation 6.2.10); while Equation 6.1.5 turns into

(6.2.14)

W w u 0 o Soxn ([ Sw o uy 0

vazﬂ% (Vaalt Tl) = ( 00 ﬂl ) T 1t7 vaad? (vaalt T2> - T fe ( OO al ) ) (6215)
Where 170 = 2(50 —ﬁl) + 2@]31)()\0 + )\1) —4Zﬁ1)\1 —4§0AOA1, 61 = —Q(ﬁo —51> =+ 2251(/\0 —+ /\1) —
4ipoAo — Ap1AoA1, o = 2(Po — P1) + 2iPpo( Ao + A1) — 4ip1 Ao — 4poroAt, Uy := —2(Po — P1) +
2ip1 (Ao + A1) — 4ipoA1 — 4p1AoA;. This allows us to find YMSM fields, for example, taking
the YM gpc w given by 0 Ao = 0 /2 and any 77, Ty, Equation 6.1.4 turns

A0 i/2 0
to
50ﬁ = 1381319
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while Equation 6.1.5 turns into
Ve (VEaT) =T, VO (VEuT) = T
Of course, there are more solutions. Finally it is easy to see that
(dV:d*L o dSw*L)Q — (dﬁgd*R . d§w*R)2 = 0. (6.2.16)

As we have already mentioned, in general, q&®- g\ depends on the form of the potential
V'; however, at least we can ensure that

{f € q®& | f(17) = ™1, fPw™ = W™ with t € R} (6.2.17)
is a subgroup of q&®&q\ for any V.

To conclude this example, it is worth remarking that we have assumed Q*(M) = {0} for
k > 3 just to present a concrete computation. Nevertheless, whenever there exist quantum
differential forms of the highest degree (at last for this qpc), we can apply all the theory and
obtain different results. For example, if n = 3 is the highest degree, dvol = io; and we define
in a similar way the quantum Riemannian metrics, then YM qpcs are characterized by

u=0 or \g+ A\ = 1.

i
It is important to notice \g = A\ = 3 is always a YM qpc, independent of the highest degree

freedom of choice.

6.2.2 Quantum Line Bundles with Classical Differential Calculus
on the Structure Group
Let us consider any graded differential x—algebra (Q°*(M), d, ) such that it satisfies Remark

A.2.3 and such that (M, -, 1, %) is C*—closable. Moreover, let us take the cmqg associated to
the Lie group U(1) (see Section 3.4) and the trivial qpb

("= (GM, M, gu®), GM:=(M®G,- 1,%), qu®:=idy® é. (6.2.18)
Consider the bicovariant *-FODC (T, d) associated to the right ideal of U(1), Ker?(¢) C
K
Ker(e€) (see Section 2.2). A linear basis of [ := el;(e) is given by
Ker?(e)

Bua) = {s=m(2)},

where 7 : U(l) — ] is the quantum germs map (see Definition 2.2.7) and it has the
particularity that ¢ o g = €(g)¢ for all g € U(1). Furthermore, asking that Sy(;) be an
orthonormal set, the ad representation, which in this case is trivial

ad(s) =¢® 1.
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In particular, it is unitary. Now by considering the universal differential envelope x—calculus
(see Section 2.4), we get that T'** = {0} for k > 2. In this case (I'", d, *) is in fact, the clas-
sical differential calculus of U(1). By using Equation 3.3.1, these spaces induce a differential
calculus on ¢,

The only possible embedded differential (see Definition 3.2.8) is
0 invF — va X invF (6219)
given by § = 0; which implies that d°t = d°% = 0 and consequently its formal adjoint

operators are zero as well.

Non—Commutative Geometrical Yang—Mills Fields

In virtue of Theorem 3.3.4, every gpc w has the form w(s) = A“(s) ® 1 + 1 ® ¢ with A“(c)
€ QY(M). In this way, the non—commutative field strength F* is given by

F2(¢) = dA¥(q).
We claim that every YM qpc is flat. Indeed, a direct calculation shows that

0 /
& ZzoyYM(w—i‘Z)\) =

[N N N

((A() [ F2 (o)) + (A'(¢)" [ d™ F¥(<)")r)

(dA'(S) [ F2(S)r + (dA' ()" | F(<)")r)

(dA'(5) | dA®(S))L

where N (g) = A'(¢) ® 1. Since (—|—)r, is an inner product we conclude that any YM qpc
has to satisfy dA¥(¢) = F“(¢) = 0. It is worth mentioning that this result is similar to the
one obtained in Differential Geometry for a trivial U(1)-bundle with a Rimannian metric on
the base space.

A direct calculation shows that
&Gy = {f € g6 | P is flat }. (6.2.20)

In addition, by Proposition 5.1.7, U(1) C q®&®y,);. The explicit action of q&&,,; on flat
gpcs will depend on the base space.

Non—Commutative Geometrical n—multiplets of Space—Time Scalar Matter Fields

As a concrete example, let us consider the C*—algebra given by 2 x 2 matrices

(M := My(C), -, Ida, || ||ops *), (6.2.21)
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where || ||op is the standard operator norm and * is the complex transpose operation. A
particular useful linear basis of M is given by the Pauli matrices {01, 09, 03} and the identity
matrix

1 1 1
BM = {0'0 = IdQ, Sl = <01, 52 = <09, 53 = —0'3} .

2 2 2
Second, let us construct an appropriate graded differential x—algebra over M. By considering
the *-Lie algebra (sl(2,C),i[—, —]), let us define the graded (non-commutative) algebra

given by the tensor product algebra
(28 (M) = (A*s1(2,C)' © M), 1 1dy)

with Q°(M) = M, QY (M) = sl(2,C) @ M, Q*(M) = N%sl(2,C) @ M, Q3(M) = A%sl(2,C) ®
M, where s[(2,C)" denotes the dual space of sl(2,C). Notice Q°(M) = M and for k > 1
each element of Q¥(M) can be viewed as a multilinear alternating M-valued map defined
on k—fold product s((2,C) x ... x s(2,C). Under this identification the product - is just the
wedge product:

M/\n(Blu"kaer) = Z Sgn(a) :l‘L(Ba'(l)a"'7BO'(/€))7]<BO'(]€+1)7"'7Bcr(k+m))7
O’ESh(k’m)

where Sh(ym)y C Skim is the subset of (k,m) shuffles; B,..., Byim € sl(2,C); p € QF(M)
and n € Q™(M). In this way, we define an antilinear involution

x: QF (M) — QF(M)

given by p*(By, ..., By) = (u(B5, ..., Bf))* for all By, ..., B, € sl(2,C) and k > 1. Even more,
by considering the linear map

d: Q* (M) — Q*(M)

M du
such that
dp:sl(2,C) — M (6.2.22)
B+ [B,p] -
for p € M;
dp :s1(2,C) x sl(2,C) — M (6.2.23)

( Bo , Bi )vr—=1[Bo,u(B1)] —i[By, u(Bo)] — pli[Bo, Bi])
for u € QY(M);

du :s1(2,C) x sl(2,C) x sl(2,C) — M
( By , Bi , By ) +—i|By,u(B1,Bs)] —1[By, u(By, Bs)| +i[Bs, (By, B1)]

— p(i[Bo, B1], B2) + pu(i Bo, Ba], Br) — u(i[B1, Bs], Bo).
(6.2.24)
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for p € Q?(M) (with [—, —] the commutator) and d(Q2*(M)) = 0 we get a graded differential
x—algebra generated by its degree 0 elements [Dj]

(Q*(M), d, *). (6.2.25)

Due to the fact that {S1,S2, 55} is a linear basis of s[(2,C) we can consider its dual basis
{h', h% h*} and get a left-right M-basis of Q°(M) by means of

It is worth mention that this graded differential x—algebra is the Chevalley—FEilenberg complex
for (sl(2,C),7[—, —]) and the %—Lie algebra representation

p:sl(2,C) — Der(M)
B —i[B,—],

where Der(M) is the space of derivations on M. By using the second Whitehead’s Lemma
one can deduce that dime(Im(d|gz(p))) = 3 and since R = {d(h*? Sy), d(h*?S,), d(h'? S5)}

is a linear independent set, we conclude that
Im(d|o2(any) = spanc R = spanc{h'** Si, h"** Sy, M%7 S5}, (6.2.26)

Proposition 6.2.6. The quantum space (M, -,1ds, *) satisfies all the conditions mentioned
in Remark A.2.3 with respect to this graded differential x—algebra.

Proof. 1. The space M is oriented since for all k > 3 we have Q¥(M) = 0 and
dvol := h'??% = (k' A B® A B?)1d,
is a 3—volume form.
2. A direct calculation shows that a IRm can be defined on M by means of
(—,—):MxM-—M
(D, p)r—pp;

(=, =) QY M) x Q" (M) — M
3
(A, om )Y Pepi
k=1
3 3
i = W, = Wy
k=1 k=1
(=, =) QM) x Q*(M) — M

(v p ) Z ﬁkjpltj;

1<k<j<3
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ifp= > Wpgy,p= D h* py and finally
1<k<j<3 1<k<j<3

(=, =) : Q3 (M) x QB*(M) — M
(pdvol , pdvol ) — pp*.

We have to remark that with this IRm, dvol is actually a IR 3-form. In accordance
with Remark A.2.2) we get a rRm with a rR 3—form.

3. By defining the linear map

/ L O3(M) — C
M
pdvol — %tr(p),

where tr denotes the trace operator, it should be clear that it is a qi. Furthermore,
by Equation 6.2.26, the elements of Im(d|q2(ar)) are trace-zero, so (M, -, Idy, *) is a
quantum space without boundary (whit respect to this qi).

4. A direct calculation shows
*,p = p*dvol

for all p € M;
*1,(pdvol) = p*
for all pdvol € Q*(M);

= h'?p — b py + h*P pi.
3
for all u = Z h'p, € Q'(M) and finally
=1

*1 = N' pag — h* pis + B° piy.
for all u = Z Rl pi; € Q*(M). To define %y it is enough to consider the Equation
1<1<j<3
4.2.28.
[

It is worth mentioning that e = idy; and g, o x, = (—1)k(”_k)id9k(M) (Equation A.2.1).

A direct calculation shows

Proposition 6.2.7. The quantum codifferential is given by

3
dp=— Z@ Sk, pr]

k=1
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3
for p = thpk e QY(M);
k=1

3
A=Y W
k=1
with p1 = i [Sa, pr2] + S5, p13] + P23, p2 = —1[S1, p12] + 1 [S3, pas] — prs, ps = —1 [S1,p13] —
3

i [S2, p2s] + pr2, for p= Z W™ p; € Q*(M) and

1<k<j<3

3
d™p = Z W pr;

1<k<j<3

with pra = —i[S3,pl, p13 = 1 [S2, pl, pa3 = =i [S1,p], if p = pdvol € QB(M) To define d**
we can apply the Equation 4.2.28.
By the last proposition, the differential algebra of the Equation 6.2.25 can be used, and

p1 D2
P3 P4

€ M we have

" P1— D4 2po
dtdp = :
b ( 2ps  —p1+ P4> ’

for all p =

so taking V = const the pair (Ty,Ty) with pT' = A Idy, p™ = AIdy, A\, Ay € Cis a
1

stationary point. As another example, if V' is such that V’'(Idy) = §Id2, then the pair

(Ty, T) with p™t = p™ = S is a stationary point.

Non—Commutative Geometrical Yang—Mills Scalar Matter Fields

It is well-known that a complete set of mutually inequivalent irreducible unitary U(1)-
representation 7 is in biyection with Z. The trivial representation on C is given by n = 0,
so let us consider n # 0. In all these cases, the left-right M basis given by Proposition 6.2.1
has just one element defined by

T":C — M ® U(1)
wr— wldy ® 2"

and hence, every T' € MOR(n, gy®) is of the form T = pI'T" = T"pl where p! =
T(1)(Idy ® 2*™).
In general, for a qpc w with w(s) = A¥(¢) ® 1 + Idy ® ¢ and with A“(¢) = Z h' p; we

get that Equation 6.1.4 reduces to

1
—ﬁ(zf{ dpy — p2dpy) + Py 1A®(S) — P23 AY(¢) — 2d* M d A% () =0 (6.2.27)
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1 1
for TY = —p,T™, Ty, = — —T"py; while Equation 6.1.5 becomes
n n

Vit (VAT) =[dtdpy + A0 (A A%(6)p))
A A Crndpn)) + ap! (49 G A ())] T
T (92, 1) =T [ ddps — +5 (A3 (snA°(5)))
— s (o) 4()) + 0 (0 A () A%(6))

Now it is possible to look for YMSM fields. For example, for n = 1 the triplet (W', Ty, T5),
where T1(1) = (S1+ 52+ 53) ® 2, To(1) = (S1+S2+ 55) ® 2*, is a YMSM field for a potential
V such that

(6.2.28)

V/(%IdZ) =2Id,, for example V(p):=2p forall p € M.

3
Also for n = 1, the triplet (w,v/3T",T~"), where w(s) = (Z S;h)®1+1®&c, is again a
=1

YMSM field for a potential V' such that

V'(31dg) = V'(Idy) = —z Idy, for example V(p):= —%p for all p € M.

It is important to mention that in this case w is not a YM qpc or a regular qpc and actually,
3

Z S h? is an eigenvector of d** o d. Of course, there are more YMSM fields; however, they
j=1
all in general depend on the form of V.

At least we can ensure that
{f € &6 | j(z") = ett Idy, f(2™") = et Id, , f(Ql(M)) =0 witht,s € R} (6.2.29)

is a relative large subgroup of q®& &, for any V.

Like in our previous example, we have assumed M = M,(C) in order to develop a
non-trivial interesting concrete example. However, it is possible to use M, (C) and the
corresponding Chevalley-Eilenberg complex and having different results; although, as we
checked at the beginning of Subsection, YM qpcs are always flat. Even more, in these cases,
the non—commutative gauge potential of a YM gpc is always given by A“(¢) = dp for some
p € M because the first cohomology group of the Chevalley—Eilenberg complex is trivial.

6.3 Example: The Quantum Hopf Fibration

This is our final example. Let us take the quantum Hopf fibration (gr (see Definition 3.4.1)
with the differential calculus introduced in Section 3.4 and let 7 be a complete set of mutually
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inequivalent irreducible unitary representation of U(1). These representations are unitary
with respect of the canonical inner product of C and it is worth mentioning that C*" = 1
(see Equation 4.1.8) for all n € Z. From this moment on and like in the previous section, we
shall identify 7 with Z.

Proposition 6.3.1. Equations 4.1.2 and 4.1.8 hold for every n € 7Z.

Proof. By taking .
T C — Sg
w— wl

it follows that the statement is true for n = 0. Now let us take n € N and consider the linear
maps

defined by
1
mn n ? n— n
Tk+1(1) = [ k } « ka = Tpy11

q—2

with & = 0,...,n, where [ Z } is the Gaussian binomial coefficient also known as the
q72

g-binomial coefficient [KS|. Due to the fact that sy, ) ®(a) = @ ® 2, sy, ®(7) =7 ® z we
get
T,? c MOR(n, SUq(Q)q))-

According to [KS|, these elements form the first column of the SU,representation matrix
for spin | = g, u!. Since u'Tu! = 1d,,4; € M, 41(SU,(2)) (here t is denoting the transpose
conjugate matrix) we get that Equation 4.1.2 holds. Taking

" = (q2(i_1)(5i') € Mn+1(C)
where 9;; is the Kronecker delta, Equation 4.1.8 holds since in this case

WrrX" =1d,, with W"=(w}}) =Z2"X", X" = (7},4,)

is the the (1, 1)-entry of w'u!" = Id,; [KS|. For negative integers n it is enough to take the

last column of u! with [ = @ to ensure that the Equation 4.1.2 is holds and taking

7 — (q—Q(\n|+1—i)5ij> e M\n\—i—l ((C)

we get that Equation 4.1.8 holds since in this case W"TX"* = 1d,, will be the (|n|+1, |n|+1)-
entry of w'ult = Id}, 141 [KS]. [

Since I'"* = {0} for k > 2, it follows that the only possible embedded differential (see
Definition 3.2.8) is
0: invF — invF X invF (631)

given by § = 0. This implies that d°t = d°% = 0 and consequently its formal adjoint
operators are zero too.
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Non—Commutative Geometrical Yang—Mills Fields

We know that every single qpc w has the form (see Definition 3.4.2 and Equations 3.2.1,
3.2.2)
w=w’+ A with As) = an- +yn,. € Q(SY).

Proposition 6.3.2. Every YM qpc is of the form w®+ X, where A(s) = dp with p € Sg.

Proof. First, notice that for all qpc w = w® + A (see Equation 3.4.26)

R(s) = (L+¢*)qn-ns+ + dA(s); (6.3.2)
% . Hmw+2zN) = —i (N () [d™ R () + (N ()" | ™R (<)")r)
= 1 (X R+ {aN ()" | B())n)
= 1 (@X(6) [ A + (AN (9)* | X))
A AGILC
Since (— | =)y, is an inner product we conclude that every YM qpc has the form w® + A with
dA(c) = 0.

In accordance with [W4]|, the zero cohomology group of SU,(2) is C; while the first
cohomology group is {0}. Hence, since A\(¢) € Q'(S}) is exact, there exists p € S? such that
A(s) = dp. |

In this case, q®® has similar properties to the ones presented in our previous examples;
in the same way

G8Gvy = {f € B | f*w® = w® + A with d\ = 0}. (6.3.3)
As before, we have U(1) C q&®y,; and all YM gpcs are in the same orbit as well, just like
in the classical case.

Non—Commutative Geometrical n—multiplets of Space—Time Scalar Matter Fields

In Section 3.4 we introduced the x—algebra of the quantum 2-sphere (see Equation 3.4.4) and
the graded differential +-algebra (Q°(S?),d, *) (see Proposition 3.4.2 and Equation 3.4.16).

Lemma 6.3.3. Let us consider the linear functional

L 0%(S?) — C
52 ! (6.3.4)

pn-ny — he(p),
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where hy is the Haar measure of SU, (see Example 2.1.12). Then

d(Q'(S2)) € Ker (/S) .

Proof. Let us start by remembering the definition of D for degree zero:
D(a) = a®(x_(aW) + 7. (aV)),

where 7y := p4 o7 with py @ w2 — Cn4 the canonical projection. In this way, we define
the linear functional
A_:8U,(2) — C

such that 7_(a) = A_(a)n_. Notice that 1 € Ker(\_).

Consider yn, € Q'(S?). Hence by Definition 2.1.11

L dtm) = P00 = A ) = Ay <)

In an analogous way it can be proved that

/82 d(zn_) =0

q

and therefore the Lemma follows. [ |

Proposition 6.3.4. The quantum 2-sphere satisfies all the conditions written in Remark
A.2.3 with respect to the graded differential x—algebra of base forms.

Proof. First of all let us observe that S? is (obviously) C*closeable.
1. S?is oriented since for k > 2, Q*(S2) = 0 and
dvol :=n_ny
is a 2-volume form.

2. A direct calculation shows that a IRm can be defined on Sg by means of

<—,—>:S§XS$—>S§
(p,p)—Dp,
(=)« QNSE) x  QNSE) — S

7 7 1 5ok Ak
((@n-+gn1), (xn-+yny)) — 5 (22" + 5y7)
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and finally
(—, —): Qz(Sg) X 92(82) — Sg
(pdvol, pdvol ) — pp™.
With this IRm, dvol is actually a IR 2—form. Taking into account Remark A.2.2, we
get a rRm with a rR 2—form.

3. According to [W1]|, h, is a faithful state on SU,(2) and hence the linear functional of
Equation 6.3.4 is actually a quantum integral. In this way, by Lemma 6.3.3 we conclude
that (SZ, -, 1, %) is a quantum space without boundary (with respect to this qi).

4. A direct calculation shows

*,p = p*dvol
for all p € Sg;
*1(pdvol) = p*

for all pdvol € Q*(S?) and finally

—_

=5 (=Y -+ 2y,

2
for all = an_ +yn, € Q'(S;). To define xg we can use Equation 4.2.28.
|

It is worth mentioning that € = idy and %1, o %, = (=1)*""Ridgs(y;) (Equation A.2.1).
To define the left codifferential we can simply use Definition A.2.6 and to define the right
codifferential we can similarly use Equation 4.2.28.

Now a direct calculation shows that

1
drdp=S(1+¢)p with p=1—-(1+¢)7", a7, ™.
It is important to mention that for ¢ € (—1,1) — {0}, these eigenvalues are not 0. In this

way, taking a potential such that

1
V/ — 5(1 +q2)2

it is easy to find non—commutative geometrical space—time scalar matter fields. Of course,
there are more solutions but they depend on the form of the potential V.

Non—commutative geometrical Yang—Mills Scalar Matter Fields.

Let us take n € Z. If n = 0, YMSM fields are triplets (w, T}, T3) where w is a YM gpc and
(T1,T5) is an stationary point of .Zsy.
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Consider now n # 0. For the canonical qpc w®
d*LRwC (g) — 0’

so we have to look for T € T™(S?, C,S?), T; € I'*(SZ,C_,S}) such that

(Yo KNTY) | VT — (T 0 KNT) | V¥ Ta)r = 0 (6.3.5)
for all A € qpc(CHpi, and
VRV ) - V(D) T =0, VER (62; T2> — Ty Vi(Ty)* = 0. (6.3.6)

Now it is possible to explicitly find solutions. For example, for n > 0 the triplet (w®, T}, T5)
such that
Ti(1)=a", Ty(l)=a"" or Ti(1)=~", Ta(l)=~""

is a YMSM field for a potential such that

g1 (q4<1 —q%)).

2 1—¢?

It is worth mentioning that ¢ — 1 implies V' — n /2, so we recover the winding number

n. Of course, there are more solutions; however, they depend on the form of the potential
V.

The spectrums of
Ve TH(SE, CSY) — T (SE, C,.SY)

and

Ve mve TS, C,82) — TH(SZ,C,S2)
for all n € Z are shown in the following tables. In the second row of the table 6.1 and the
fifth row of the table 6.2, m, k € Ny (in the other cases, m, k, [ € N) and they cannot be both

0 at the same time. On the other hand, p(v*~*!), p(7*y*!) are polynomials with coefficients

in C such that their terms are y¥y*!, v¥=1y*=1 otc. until v or v* disappear. For example

p(y) =Py =1 - (1 + )"
M kA xl xmoakaxl m kA xl *«makaxl

Polynomials p(a™y"y*"), p(a*™~y5y*"), pla™~y5y*"), pla*™~%y*") follow an analogous rule.
For example

(¢° +3¢* +2¢* + 1)(¢* + ¢*)
¢ +2¢* +2¢2+1

playy’) = — o+ (¢° +3¢" + 2¢* + 1)ayy*

and
(" +2¢* + ¢ >+ 3)(1 +¢*)

q4+2q2+q—2+2

playy’) = — a+ (¢ +2¢* + ¢ + 3)ayy".
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In addition, let us define the the g—number

for all » € N. Then let us take

Am kol 1= % (] 14+ 1@ + K+ 1 g2+ [ [m+ 1] 070 + [1] k] )

1
A 1= 5 (] b+ 1 @07 4 Q] [+ 177 4 [k] [+ 1] 7 4 [ [R] ')
~ 1
Amkt =5 (Im] L+ 12+ K] [+ 1] O + [ [m + 1] ¢* 2™ 2% + [[] [k] 2O
and
~ 1
/\—m,kl _ 5 ([m] [k + 1] q4—2k+2l + U] [k + 1] q2(2—k) + [k;] [m + 1] q2—2k+2l + [k;] [l] q2(1—k)) )
T(1) n ez A
1 0 0
4
amayk m+k=n _[n]2q
2(1—n)
a*™ oyrn n >0 [n]q
2
12
Myt m+Il=n — nlg
2
1
oyt | met=n | g (W 10¢20D £ ]+ 1))
1
a*mk -m+k=n 3 ([m] [k +1] 2™ + [k] [m + 1] q2(2_m))
1
por) | k—l=n | (a0 [k g+ 20 (k20
plamakyh) m+k—Il=n Akl
pla*™ iy )y | —m+k—1=n Akl

Table 6.1: Values for V¥ *1 V<" T = \T.
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T(1) ne h\
1 0 0
1.2
am~k m+k=n —[ nlq
2(1—n)
a, A" n>0 n]q
2
1
Oé*m’)/*l m+l:n [n]q
2
1
amyr! m—1l=n 5 ([m] (14 1) ™) + (1] [m + 1] q2(2_m))
1
a*mAk —-m+k=n 5 ([k] [m + 1] ?00 + [m] [k + 1] q2(2*k))
PO 1 B . B
p(y* ™) k=l=n |5 (@ + K™ + [ [K] (1 +¢")¢*" )
pla™k* ) | m+k—l=n Xm,k,l
plar™y vy | —m+k—1l=n X—m,k,z

Table 6.2: Values for @:C *Rﬁﬁc T=2AT.
Values of the first columns form linear basis of SU,(2), thus for each n € Z, these sections
form a basis of eigenvectors.

Proposition 6.3.5. Considering MOR(n, su,)®) = I'*(S2,C,S2) = T¥(S2, C,.S?) just as a
vector space, the operators V< *tV*" and @‘,‘;C *Rﬁ‘,:jc are not simultaneously diagonalizable
for eachn € Z.

Proof. We are going to prove that these operators do not commute each other. In fact
(Vi) (W Ve T # (V3 vl (Ve T,
where T'(1) = a"yy* for n > 0; T(1) = o*"yy* for n < 0 and T(1) = ayy*? forn=0. N

As we checked in the Subection 4.2.3, the operators V¥“* V% and V¥ *: V" are symmetric
and non—negative.

There is a kind of x—symmetry between both operators, at least for the first five eigen-
values presented but in general

VY £ g 0 VLYY o i, (6.3.7)
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Moreover, the eigenvalues are not symmetric under the change n «— —n, which is a differ-
ence with the classical case [K]. In contrast and in agreement with the classical case, both
operators are not bounded. For example, let us fix n and consider the eigenvalue of the fifth
row of the table 6.1

2(1—¢*)? 2(1 - ¢*)

(M [m+1] D + [m] [+ 1] **D) = — (% + @),

1
2

The first term in the right-hand side of the previous equality is a fixed number, and also the
2 2
¢“(1+q%)

term m

. However, since m — [ =n

q72l 4 q2m+2 — q2n72m 4 q2m+2 — lim q2n72m + q2m+2 :l:OO
m—0o0
depending of the sign of ¢q. By taking the classical limit ¢ — 1, both operators reproduce
the spectrum of the Laplacian on associated vector bundles of the Hopf fibration [K].

Finally, it is worth remembering that in terms of a physical interpretation, this space
models left space-time scalar matter fields and right space-time scalar antimatter fields cou-
pled to a magnetic monopole. Since the spectrums of V¥ *:V*" and V‘“ *RV‘“ are discrete,
the eigenvalues could be interpreted as quantum numbers.
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6.4 Concluding Comments

Durdevich’s theory of qpbs is really general in the sense that one has the freedom to choose
so many structures (giving us a much richer theory), and the theory presented in this thesis
follows the same line. Despite our classically motivated notation, it is important to notice the
incredible dual similarity with Differential Geometry since [D1], [D2]. Furthermore [SaW]|
presents the quantum version of the major result for principal G-bundles in [Sa]. Clearly, due
to the generality of the theory, it has a number of essential differences when we compare this
work with its classical counterpart. Moreover, there are differences with the formulations
presented in other researches, although they maintain a similar research philosophy [HM],
[LRZ], [Z], [La2]. One of the most important differences with these other approaches is the
absence of the fundamental operator S and a lack of the systematical use of the left /right
associated qvbs.

The operator S“ is completely quantum in the sense that it does not have a classical
counterpart: in Differential Geometry, every principal connection is regular and hence S* =
0. It is worth mentioning that in our theory we just assume the existence of d%“*t, d>“*®,
not a specific form of them. In Differential Geometry, the element dVaa* R* fulfills

dV‘;’d*dV;’d*Rw —=0.

This equation is known as the continuity equation. In Non—Commutative Geometry this
equation turns into (see Equation 6.2.16)

(dv;;d*L i dS“’*L)QRw _ (dﬁgd*R B d§‘“»m)2§w —0.

In our examples the above equation holds; however, in the first one, this is simply because
(dVaart — d5**1)2 and (dVa*® — d5“*®)2 are identically zero; while in the other two exam-
ples this is because of S¥ = 0 (since the only possible embedded differential is § = 0).
Nevertheless, the equalities (dVaa*t — d5"*1)2 = 0, (dVaa*® — d°“*®)2 = () do not hold in a
trivial qpb with matrices as the space of base forms and with S5 as the cmqg. In terms of
a physical interpretation, the continuity equation tells us that a quantity is conserved. In
this sense, the non—commutative geometrical continuity equation could be used to identify
physical fields (together with the fact that only real connections have physical sense) in more
realistic examples. We consider this quite motivating to keep the research alive and going on.

On the other hand, in order to talk about the left/right structures we have to start
with Equations 4.1.2, 4.1.8. These equations allow us to define associated left /right qvbs as
finitely generated projective left /right M—modules. To define the Lagrangians, we used both
structures; in addition, we have to emphasize that in the Lagrangians of Subsections 6.2 and
6.3, we used a representation « and its complex conjugate representation @, making them a
little different that their classical counterpart: now it looks like if in the quantum case left
particles and right antiparticles cannot be separated; they appear naturally interconnected.
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The importance of this change becomes more explicit when we play with the quantum
Hopf fibration. For example, if we do not consider the right structure, Equation 6.1.4 becomes

(Tpo KNTY) | VS T =0,

which does not have no-trivial solutions for an arbitrary n. Furthermore, the fact that
Ve LYY and VY RVY" are mutually different (see Proposition 6.3.5 and Equation 6.3.7)
is another strong motivating reason to consider the left/right structure: it appears that ig-
noring one of the structures leaves to losing relevant information about the quantum spaces.

Now let us say a couple of things about the qgg. As we have mentioned before, Definition
5.1.6 is the one presented in [Brl] but at the level of differential calculus, and as we have
seen, it does not recreate the classical case. One possible option to recreate the classical
case is by considering convolution invertible maps that also are graded differential x—algebra
morphisms and defining the qgg as the group generated by these elements. Another natural
possibility is to define the qgg as the group of all graded differential x—algebra isomorphisms
§:Q(GM) — Q*(GM) that satisfy Diagram 5.1.14. With these options, depending on
the gpb, the qgg may not have enough interesting elements. This is a problem since from a
physical point of view, this implies that there could be too many non—gauge—equivalent fields.

In the literature, for example [H], there is a common accepted action of the qgg as
frwsft+fx(doft),

where | : G — GM; nevertheless, in general this definition is not well-defined in Purde-
vich’s framework since qpcs are defined on the quantum Lie algebra ;,,I'. For this reason, we
used f®w (see Theorem 5.2.1) to define the action of q&® on qpe(¢). In the classical case,
the action of the gauge group on principal connections is via the pull-back; the definition of
f®w is simply the dualization of that.

Although this work has been developed in the framework of Non-Commutative Geom-
etry, the quantum gauge group is a classical group. Therefore, an exciting way of research
would be to explore a way to define the qgg as a quantum group, although there would be
coactions instead of actions in this situation.

It is worth emphasizing that the theory presented here is almost entirely algebraic: the
only assumption about continuity or norms is in the potential V', and when we ask that the
quantum space M be a C*—clousable; and as the reader should have already noticed, we have
used this hypothesis just to guarantee that

sz.p;k:o <~ pi=0

This is a clear difference with other non—commutative geometrical Yang—Mills theories; for
example, the reader can check [CCM] in which C*-algebras and spectral triples play fun-
damental roles. In this sense, our theory is more general. Using the spectral triplets can
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be a way to relate this theory with Connes’ formulations as well as adding a kind of non-
commutative geometrical spin geometry to our theory. Other lines of research can be studied
from this paper in order to complete the whole non—commutative geometrical description of
the Standard Model and the mathematics that it involves.

The presented formalism can be easily generalized in order to add quantum Pseudo—
Riemannian closed orientable spaces by weakening Definition A.2.1 point 2. In fact, one can
define a left Pseudo—Riemannian metric (IpRm) on a quantum space (M, -, 1, %) as a family
of M—valued symmetric sesquilinear maps

{(= )" Q8 (M) x Q¥ (M) — M}
such that for k =0
<—,—>0:M><M—>M
(ﬁ» p) — pp”
and such that for &k > 1

(fip, )" = (, pp*)* and - (@) =0V i € Q(M) <= p=0.

It should be clear how to define the left Pseudo-Riemannian n-volume form (IpR n—form)
and the right structure. Of course, we would also have to impose that with this lqprm,
the symmetric sesquilinear map given in Equation A.2.2 is non—degenerate, as well as the
existence of Hodge operators.

It is important to emphasize that the solutions for all equations found in Section 6.2
and 6.3 show that the theory developed in this thesis is highly non—trivial and presents an
interesting framework for further studies and developments.



Appendix A

About Differential x—Algebras and the
left /right Hodge Operator

In this appendix we will develop the basics about *~FODC and differential x—algebras. In
the whole appendix (M, m, 1, *) will be a *—algebra. In addition, we will develop the theory
of the left /right Hodge operator, which is fundamental to fulfill our purpose.

A.1 Differential x—Algebras

The first step to accomplish our goal is talking about first—order differential x—calculus over
a given quantum space M.

Definition A.1.1. (x—FODC) A first-order differential x—calculus over M (x—FODC) is a
pair (I',d), where I' is an M -bimodule and d : M — T is a linear map such that

1. The Leibniz rule is satisfied.

2. Ifw e, thenw = Zak(dbk) for some (not necessarily unique) ay, by € M.
k

30 geldfi) =0 =) (dfi)gi = 0.
k k

By using the Leibniz rule and point 2 of the previous definition one can get that for every

wel,w= Z:(d@;{)b?C for some (not necessarily unique) aj, b, € M. It is easy to check that
k

Proposition A.1.2. If (T',d) is a x=—FODC over M, then there exists a unique antilinear
imwvolution

¥: ' —7T

w— w*

that satisfies: (aw)* = w*a*, (wa)* = a*w* and (da)* = da* for alla € M andw € T, i.e., T
15 a *—M—bimodule and d preserves the x structure.

105



Appendix A 106

Definition A.1.3. (x-FODC morphisms) Let (I';,d;) be two x—FODCs over M with i =1,
2. If f1: Ty — Ty is a linear map such that

[ (ady (b)) = ada(b),
then we say that the pair f! is a x-FODC morphism.

Of course *~FODCs come together to form a category in which we have a natural notion
of monomorphism, epimorphism and isomorphism.

Now we are going to prove that for a given x—algebra (M, m, 1, %), there always exists a
x~FODC over M. By defining

(Zak ® by)* = —sz ® ay,
k

k

the space I'y := Ker(m) can be equiped with *—M—bimodule structure. It is important to
notice that the x operation defined is not the usal one defined on the tensor product of vector
spaces and its subspaces. Also we can consider the linear map

D:M-—Ty
ar—1®a—a®1.

Let us notice that
D(ab) == 1®@ab—ab®1—a®b+a®b = (1®a—a®1)b+a(l®b—b®1) = (Da)b+a(Db)

for all a, b € M. Moreover, for every u € 'y, u = Zak ® by with Z aibr, =0,
k k

k k k k k
In addition (Da)* = (I1®a—a®1)* = —a*® 1+ 1 ® a* = Da* and hence, we conclude
(I'y, D) is a *-FODC over M [So].

Definition A.1.4. (The universal *~FODC) The x—FODC (I'y, D) receives the name of the
universal *-FODC over M.

This name arises form the next theorem and one can find a proof of it in [So].

Theorem A.1.5. (The universal property) Let N be a *—M —subbimodule of T'y and let us
consider Tnr := Ty /N and wp : Ty — T the canonical projection map. If

dy :=mpyoD M — Ty,

then (I'nr,dyr) is a x-FODC over M. FEven more, any *—FODC over M is isomorphic to
(Cpr, dpr) for some N.
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Now let us talk about some basics of differential x—algebras.

Definition A.1.6. (Graded x—algebras). A graded algebra is an algebra (M®,m, 1), where
M* =P M*,
k

1€ M° and M* - M' C M*. A graded commutative algebra is a graded algebra such that
wn = (=D)*nw for all w € M*, n € M'. A graded *-algebra is a graded algebra with a
graded antilinear involution * such that 1* = 1 and (wn)* = (=1)*n*w*, ifw € M*, n € M".
We will denote it by (M®,m,1,%). There is an analogous definition for graded commutative
x—algebra (notice that in this context (wn)* = w*n*).

If w € M* we say that w has degree k (9(w) :=deg(w) := k).

Definition A.1.7. (Graded differential x—algebra) A graded differential x—algebra is a graded
x—algebra (M*,m, 1, %) with a linear map d : M* — M?* called the differential such that

1. dM* C M* (d is a first-order map) and d* = 0.
2. Graded Leibniz rule: for allw € M* and n € M® d(wn) = (dw)n + (—1)*w(dn).
3. For allw € M*® d(w*) = (dw)*.

We are going to denote it by (M*®,d, ). If M° = M we say that (M®,d,*) is a graded
differential x—algebra over M and if M* = spanc{ao(da,)(das)...(day,) | ag,...,ax € M} for
all k > 1 we will say that (M*®,d, ) is generated (as graded differential x—algebra) by its
degree 0 elements M° = M.

Let us notice if (M?®,d,*) is a graded differential *—algebra generated by its degree 0
elements, then (M?, d|ys) is a +-FODC.

Definition A.1.8. (Graded differential x—algebra morphism) Let (M?,d;, %) a graded differ-
ential x—algebra over M, with i = 1, 2. A graded differential *—algebra morphism is a graded
x—algebra morphism f : M} — My such that f od; = ds o f with f|y = idyy.

Next definition is very important for the general purpose of this work.

Definition A.1.9. (Tensor product of graded differential x—algebras) Given two graded dif-
ferential x—algebras over M, (M?,dy,*), (M3, dy,*), there is a natural structure of graded
differential *—algebra on
My @ Ms = (M @ Ms)*
k
with (M} @ M3)* := P

irjmk M} ® M] by means of

k

(w1 @m)(wa @) := (—1) iy ® nine,
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anl S M§7 W2 S M{;
(wen) =wen
and
de(w®n) = (diw) @7 + (=1)"w @ (dan)

if w € MF. (M @ M3, dg,*) is known as' the graded tensor product of graded differential
x—algebras.

As before, graded differential x—algebras form a category.

Now we are going to prove that for a given x—algebra (M, m, 1, %), there always exists a
graded differential x—algebra generated by M. In fact, let us consider the universal *~FODC
(Ty, D) from Definition A.1.4. If one defines QY (M) := M, Q}(M) := Ty = and

QF(M) = Qu(M) @ ... @y Uy (M),
k—;i;’bes

one can consider

O (M) = P f (M).

Also by defining
a(wl ®M ®M wk) = awm ®M ®M Wi

(W1 ®ps - Ry W)@ = w1 Ry ... Dpp WiA;
(wl ®M ®M wk)(w'l ®M ®M wl’) = w1 ®M ®M Wi ®M w'l ®M ®M wl’7

and
* E=1) *
(wl ®M®ka) = (—1) 2 Wy ®M'--®MW1>

for a € M and wy,...,wk, wi,....w € QL (M) we get that (Qf, (M), m, 1, %) is a graded *—algebra.
It is important to notice that the x defined is not the usal one defined on the tensor product
of vector spaces. Moreover, since the tensor product is over M, by using the Leibniz rule
and definition of Q, (M) we get

Q]f](M) = spang{agDa; @y Das @y ... @pr Day | ag, ..., ar, € M},
for k > 2. Let us define a linear map

given by
D(aoDa1 Rur .- Qur Dak) = DCL() R DCLl Rur - Qur Dak,

with ag, ai,...,a; € M (notice the abuse of notation in definition of D). It can be proved
directly that (Qf, (M), D, %) is a graded differential x—algebra over M [Ba].

'We will not distinguish between tensor product of vector spaces, graded vector spaces, x—algebras, etc
and the reader has to identify which tensor product we are using from the context.
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Definition A.1.10. (The universal graded differential x—algebra) The triplet (Qf, (M), D, )
receies the name of the universal graded differential x—algebra over M.

This nomenclature arises form the next theorem [Bal.

Theorem A.1.11. (The universal property) Let N be a x-bilateral graded differential pre-
serving ideal of Qf (M) and let us consider Q% (M) = Qy(M)/N and the map dy :=
mn oD QN (M) — Q¥ (M), where my = Qf (M) — Q3 (M) is the canonical projection.
Then (Q(M),dpr,*) (we will use the same symbols for operations and unity in the quo-
tient) is a graded differential x—algebra generated by M. Even more, any graded differential
x—algebra generated by M is isomorphic to this one for some N.

A.2 The Left /Right Hodge Operator

In this section, we are going to assume that (M, -, 1,%) is a *—subalgebra equipped with a
C*—norm (in other words, its corresponding completion is a C*—algebra).

Definition A.2.1. Given a quantum space (M, -, 1,%) and a graded differential x—algebra
(Q°(M),d, x) generated by its degree O elements Q°(M) = M (quantum differential forms on
M), we shall say that

1. M 1s oriented if for some n € N,
QF(M) =0

for all k >n and
Q" (M) = M dvol,

where 0 # dvol € Q" (M) satisfies
pdvol =0 <= p=0.

The element dvol is called n—volume form and if we choose one, we are going to say
that M has an orientation.

2. A left Riemannian metric (IRm) on M is a family of hermitian structures (antilinear
in the second coordinate)

{{= =) QYM) x QM) — M}

where for k =0
(—,—)%:MxM—)M
(p,p)r—pp"
and such that

{iip, )1, = (i, pp™)y,  and ()7 =0 <= p=0
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for all i, p € QF(M), p € M and k > 1. If M has an orientation dvol, and
(—, ) QM) xQ"(M) — M
(p dvol, p dvol) —  pp”,

then we will say that dvol is a left Riemannian n—volume form (IR n—form). Now it
should be clear the dual definition of right Riemannian metric (rRm) on M

{{(= —)r - Q" (M) x Q" (M) — M}
and the right Riemannian n—volume form (rR n—form)

3. If M has an orientation dvol and s is a state of M, we define a quantum integral (qi)
on M as

/ QM) — C
M
pdvol — s(p).
We can interpret that a given qi satisfies the Stokes theorem by explicitly defining

/8M QN (M) — C

M'—>/du-
M

If Im(d) C Ker (/ > we are going to say that (M, -, 1, %) is a quantum space without
M
boundary (with respect to the given qi).

Better yet, it is easy to see that
dvol p = e(p) dvol (A.2.1)

for all p € M, where ¢ is a multiplicative unital linear isomorphism and the composition
€ o * is an involution. Notice that if the qi is a closed graded trace, it is possible to estab-
lish a link with the cyclic cohomology [C]. Furthermore, by postulating the orthogonality
between quantum forms of different degrees, we can induce Riemannian structures in the
whole graded space °(M); so we will not use superscripts anymore.

Given a quantum space (M, -, 1,x*) with a qi, the maps

(==L = /M<—,—>LdV01, (—|-)r = /M<—,—>Rdv01 (A.2.2)

are an inner products for all k£ = 0,1,...,n, and they are called the left/right Hodge inner
products, respectively.
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Remark A.2.2. Given a I[Rm {(—,—)rL} on M, we can define a rRm on M by means of

</l7 ,LL>R = <ﬂ*7 ,U'*>L
and viceversa.

From this moment on, we shall work just with IRms; however, every single result pre-
sented has a counterpart for rRms.

In many cases, Non-Commutative Geometry is too general in the sense that we have a
lot of freedom to choose the appropriate structures, which is in a clear opposition with the
classical theory. So in order to develop a meaningful theory, in many concrete situations
we have to impose additional restrictions in some way. The reader should not worry about
this because the theory keeps being non—trivial: there are still a lot of illustrative and rich
examples, as disused in the last chapter of the main text.

Remark A.2.3. From this point on, we shall assume that M has a fized left/right Rieman-
nian n—form dvol, and a qi for which M does not have boundary. Furthermore, we shall
assume that for a given u € QV*(M), the left M -module map

E,:QF M) — M
:[J’ — f#(ﬂ)?

where fip = F,(f1) dvol, satisfies

F# = <_>*£1M>L
for a unique element x; ' € QF(M). We will suppose that this identification induces an
antilinear isomorphism.

Definition A.2.4. For a given quantum space (M,-,1,%), we define the left Hodge star

operator as
xp, s QF (M) — Q"7 (M)
Jo > KL

By construction, for £k =0,...,n

fipn = (fi, %"y, dvol, (A.2.3)

with 1 € Q¥(M) and p € Q" *(M) and ;' is uniquely determined by the above equation.

The next result straightforwardly follows.

Theorem A.2.5. 1. For all fi, p € Q*(M) the following equality holds

fi (ki) = (ft, w1 dvol.
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2. Forallp € M and p € Q*(M) we get
)t o) = G e, (ep) = e(p) (kup),
*L(E(P) p) = Gup)p, Hulpp) =p (L)

3. We have
*,1 =dvol, *pdvol = 1.

4. Forie Q™(M), i€ Q(M), p € Q¥(M) such that m+1+k=n
<ﬂ’*ﬂl(ﬁﬂ)>L = <I[Lﬁ7 *EI/'L>L'

5. The following formula holds

() ), = /M A (e

for all i, p € Q°(M).

Our next and final step here is to present the construction of the non-commutative
counterparts of the codifferential and the Laplace-de Rham operators.

Definition A.2.6. Let (M,-,1,*) be a quantum space. By considering the left Hodge star
operator x1,, we define the left codifferential as the linear operator

d* = (—1)F! xptodoxy,: QR (M) — QF(M)
p— d* pa.
For k+1=0 we take d*> = 0.
Let i € QF(M), p € Q¥ (M), Then xpp € QY M) and jix, u € Q" 1(M); so in the

virtue of Theorem A.2.5 point 1 and since M is a quantum space without boundary

0= [ i) = [ @iyt (<0F [ i)

M

= [ @i 0 [ ot )

- /(dﬂ, L dvol — / (%, ™
M M

= /(d/l, 1, dvol — /,u,dL 1, dvol
M M

(dji| g, = (o] d* o).

In other words, we have just proven

and thus
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Theorem A.2.7. The map d* is the formal adjoint operator of d, relative to the left Hodge
inner product (—|—)p.

Moreover, the following formulas hold

& o d = 0, (A.2.4)
A" (e(p) ) = (p)” A+ (=1)" 5" (k) dp), (A.2.5)
A" (pp) = (dp) p+ (1) 5t (dp* (k) (A2.6)

for all p € M and p € Q¥ 1(M). Now we are ready to define the quantum Laplacian.

Definition A.2.8. Given a quantum space (M, -, 1,*) and the left Hodge star operator %y,
the left Laplace—de Rham operator is defined as

Ap=dod™ +d"vod=(d+d")*: Q* (M) — Q(M).
Finally, we have

Proposition A.2.9. The left Laplace—de Rham operator is symmetric and non—negative,
i.e., (AL | = (f] AL ) and (Ay ] )1 > 0.

Proof. By definition we get

(dd™ i | p)r, + (d*dji | ),
(d™ | d™ phr + (dfp | dpr
(| dd™ pr, + (o[ d™dp)y,
(pldd™p+d™duy = (] AL )i

(Av il = (dd™ i+ d™di|p)r, =

The last calculation also shows that

(AL p |y = (d™mp | d™ )y, + (dp | dpyr, > 0.
[ |

Now it is possible to define left quantum harmonic differential forms, quantum de Rham
cohomology, and left quantum Hodge theory; but it is not the main focus of this work. Just
for a little example, let us consider the graded differential x—algebra presented in Equation
6.2.2 and its left codifferential (see Proposition 6.2.3). By considering

HE (M) = {p € (M) |ag =0},

we have
), (M) = (A1 e T},
H,, (M) = {0}
and finally

1,00 =D -p e =0 5 )Irecy
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Sweedler’s Notation

In this Appendix we will introduce Sweedler’s Notation [So].

Let (A,m,n, ¢, €, K, %) be a x—Hopf algebra (see Section 2.1). For every a € A,

ba) =Y ax @a,.

k

Since every ay and every aj depend on a, in Sweedler’s notation we consider
¢(a) =tV @ a?,

in other words, a(!) ® a'? is denoting the sum of all a; ® aj,. It must be clear that a™") @ a®
is not, in general, a pure element of A ® A.

Remark B.0.1. We can use Sweedler’s notation for any map whose image is a tensor

product.

It is important to notice that in this notation, Equation 2.1.2 implies for every a € A

a = 6(a(l))a(Z) — a(l)e(a@)).

Moreover since ¢ is a x—algebra morphism, we get
p(ab) = abV @ a@p®  and  $(a*) = aV* @ @
We can use Sweedler’s notation iteratively, for example
qﬁ(a) — g ® a(2),
a @ a? @ a® = (¢ @ ida)g(a) = (ids ® ¢)d(a),
AV ®a?®®d® @ = (p®idg®idy) (V) ®a? @a®)

= (idg® ¢ ®idy) (e @ a® @ a®)
= (idg ®idg ® ¢)(aV @ a? ® a®).

114
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and so on. This algorithm erases the factor a*) on which ¢ acts, replaces it with the factor
a® @a**1 and also replaces each factor a¥) with [ > k in the original expression with a1,

There is an algorithm for use Equations 2.1.1, 2.1.2 in Sweedler’s notation: one have to
replace the occurrences of a® and a**Y with an occurrence of a* and also replaces each
factor ¥ with [ > k + 1 in the original expression with a!~!. For example

(idg ®idy @ e ®idg)(aY ® a? @ a® @a®) = oY ®ad? @e(a®) @ a?
~ ¢V @aPe(a?®) @ @a®
— a(l) ® a@) ® a(3).

An advantage of the Sweedler’s notation is that each side of an equation satisfies a
consistency condition: if the number of occurrences of a*) is n on one side of the equation,
then necessarily the index k takes each of the values in {1,2,...,n} (or in {0,1,...,n — 1})
exactly once on that side. Thus it helps explain how it happens that the symbols a*) can
have different meanings on the two sides of one equation, since the number of occurrences
often depends on which side you are considering [So|.
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