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Introduction.

0.1 Filters and ideals.

It is not clear when the term filter was first introduced. Presumably, Henri Cartan was the
first one in using the term filter, in his articles Théorie des filtres(1937, see (19)) and Filtres
et ultrafiltres(1937, see ([18)). However, there is previous work by H. Stone in 1936 (see
(63)), where he was working with filters in fact, by mean of the notion dual ideal, which
are filters whenever they do not contain the empty set (see (27), page 76). Moreover, the
existence of ultrafilters was proved by A. Tarski in 1930, in his article Une contribution a
la théorie de la mesure (see (63))), although he never used the term filter neither ultrafilter
(or ideal and maximal ideal). Neverless, there is prior work related to the notion of filters,
which can be tracked up to C. Carathéodory in the year of 1913 (see (7)), making use
of decreasing sequence of non-empty sets, which are essentially filter bases (see also (27)),
page 76).

Filters and its dual notion, ideals, have played a prominent role along Topology and Set
Theory. Some topological notions can be characterized in terms of filters, such as that of
being a Hausdorff space, which is equivalent to saying that any filter converges to at most
one point, and the compactness of a topological space X can be stated as the property
that any ultrafilter on X converges to at least one point. Of course, their importance
goes beyond these simple characterizations. With major degree of importance, they have
been very useful in providing suitable representation theorems for some kind of objects.
Maybe one of the most earlier and relevant results of this kind is the Stone’s representation
theorem:

Theorem 1 (H. Stone, see (63))). Fach Boolean space is homeomorphic to the Stone space
of its characteristic algebra.

This theorem has a very interesting consequence when talking about the boolean space
Pw, since in this case the characteristic algebra of fw is P(w), whose Stone space is the
family of all ultrafilters on w, with the topology induced by the discrete topology on w,
that is, the basics of the topology are defined as A* = {F € fw: A € F}, for A € P(w).
This formulation provides a nice way to study the topology of Sw, and more interestingly,
its residual fw* = fw \ w, with the topology as subspace of fw.

The topological properties of Sw* have been extensively studied, finding inside Set
Theory a great leverage point, since its topological properties can be reformulated in terms
of combinatorial properties, providing theorems in ZFC as well as independence results.
There are several examples of how combinatorics of P(w) or P(w)/fin help in the study of

iii
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Bw*, but we stick to the classical result of W. Rudin’s theorem of the existence of p-points

in fw* under CH.

Theorem 2 (W. Rudin, see (58)). Assuming the Continuum Hypothesis, there are p-points
m fw*.

This result implies that consistently Sw* is not homogeneous, since there are points
in Sw* which are not p-points. The set theoretic proof of the previous theorem goes over
an induction of length wy, and provides an ultrafilter having the following combinatorial
property (recall that A C* B means that A\ B is finite):

Definition 1 (W. Rudin, G. Choquet). An ultrafilter U on w is a p-point if for any
countable collection {A, :n € w} CU there is B € U such that for alln € w, B C* A,.

It is easy to see that the previous definition is equivalent to say that for any function
f:w — w, there is A € U such that f [ A is constant or finite to one. In this way, one can
see that combinatorial properties of ultrafilters begin to arise in the study of fw*. It was
later stablished by K. Kunen, in ZFC alone, that fw* is not homogeneous, by constructing
some special kind of ultrafilter having strong combinatorial properties (see (44)). However,
such ultrafilters are not p-points, but weak p-points, that is, they do not live in the clousure
of any countable subset of fw*. Regarding the question about the existence of p-points in
ZFC, it was proved by S. Shelah that it is relatively consistent with ZFC the non existence
of p-points in fw*:

Theorem 3 (S. Shelah, see (67), see also (20)). It is relatively consistent with ZFC that
there is no p-point.

Another context where ultrafilters with special properties arise is in measure theory.
In the year of 1968, G. Mokobodzki introduced in (54]) the notion of rapid ultrafilters,
and proved that under the Continuum Hypothesis they exist. He used these ultrafilters
to construct a special kind of measurable function. In the same year, G. Choquet in his
article Deux classes remarquables d’ultrafiltres sur w, introduced, in modern terminology
the p-points, g-points, and selective ultrafilters.

Definition 2 (G. Choquet, 1968, see (21))). An ultrafilter U is a q-point if for any partition
(I, :n € w) of w into finite sets, there is A € U such that AN I, has at most one element.

Definition 3 (G. Choquet, 1968, see (21))). An ultrafilter is a selective ultrafilter if it is a
p-point and a g-point at the same time.

Definition 4 (G. Mokobodzki, 1968, see (54)). An ultrafilter U is rapid if for any function
f:w—w, there is A € U such that f <* es, where ey is the increasing enumeration of

A.

Choquet also defined the notion of p-point, although he used the terminology d-stable.
Also, selective ultrafilters were originally named by him as absolute ultrafilters. All the
previous notions of ultrafiters can be proved to exist under the Continuum Hypothesis.
However, as in the case of p-points, their existence can not be proved from ZFC:
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Theorem 4 (K. Kunen, (46)). It is relatively consistent with ZFC that there is no selective
ultrafilter.

Theorem 5 (A. W. Miller, (51)). It is relatively consistent with ZFC that there is no
q-point, as well as there is no rapid ultrafilter.

Another classical combinatorial notion of ultrafilter is that of Hausdorff ultrafilter.
These ultrafilters have come to be quite elusive. The definition of Hausdorff ultrafilters is
usually atributted to M. Daguenet-Tessier in her article Ultrafiltres a la Facon de Ramsey,
in 1979 (24), but actually, they were previously defined by R. A. Pitt in his doctoral thesis
in the year of 1971 (see (57)). Recall that given a function f : w — w and an ultrafilter
U, the ultrafilter f(U) is defined as f(U) = {A € P(w) : f7'[A] € U}. R. A. Pitt, in
his doctoral thesis, mentioned correspondence between his advisor R. O. Davies and G.
Choquet, were G. Choquet makes the remark that if for any two functions f, g € w* and
any ultrafilter U, if there is A € U such that f [ A = g [ A, then f(U) = g(UU), and
considered the converse implication, that is, whether the equality f(U) = g(U) implies the
existence of a set A € U such that f [ A= g [ A. Then Choquet remarks that A. Connes
proved that selective ultrafilters satisfies this implication, result which appeared in (23)[3,
and Choquet asked whether this implication is a characterization of selective ultrafilters.
Then, R. A. Pitt defines ultrafilters with property (C):

Definition 5 (R. A. Pitt, 1971, see (57), pages 102-103). An wultrafilter U has property
(C) if for any pair of functions f,g € w* such that f(U) = g(U), there exists A € U such
that f | A=g | A.

R. A. Pitt answered Choquet’s question in the negative, that is, assuming the Continuum
Hypothesis there is an ultrafilter with property (C) which is not a selective ultrafilter.

Ultrafilters with property (C) were also studied by M. Daguenet-Tessier, in (24). They
have been extensively studied by M. Di Nasso and M. Forti in (25} 56} 26} 31), and in their
article Hausdorff ultrafilters, they changed the name from ultrafilters with property (C) to
Hausdorff ultrafilters, given the fact that this ultrafilters provides ultrapowers of w which
are Hausdorff topological spaces with the topology induced by the discrete topology on w,
that is, the basic open sets are of the form A* = {[f]y, € w*/U : (3B € U)(f[B] C A)}.
This terminology has prevailed since then, and we stick to it. So, an equivalent formulation
of Hausdorff ultrafilters is the following:

Definition 6. An ultrafilter is Hausdorff if and only if for any pair of functions f, g € w®,
there is A € U such that either: f[A]Ng[A]=0 or f|A=g][ A.

They mention in (26) that the question about the existence of Hausdorff ultrafilters in
ZFC had been answered by T. Bartoszynski and S. Shelah, by proving the consistency of the
assertion that there is no Hausdorff ultrafilter. However, later it was seen that the proof
they presented had some mistakes, so the problem remained open. What Bartoszynski
and Shelah actually proved, was the fact that in the Rational Perfect set model, Hausdorft
ultrafilters are dense in the Rudin-Blass ordering (see (5)).

!The author thanks M. Hrusak by providing this reference.
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0.2 Z-ultrafilters and the Katétov order.

As we saw in the previous section, there are several combinatorial notions of ultrafilters,
so an attempt to classify their combinatorial notions may be of interest. There are
two frameworks which are useful in such task: the notion of .Z-ultrafilters, due to J.
Baumgartner (see (6))), and the Katétov order on definable ideals, due to M. Katétov in
1968 (see (42)).

Definition 7 (J. Baumgartner, 1995). Let .# be an ideal and U and ultrafilter, both of
them on w. We say that U is a & -ultrafilter if for any function f:w — w there is A €U
such that f[A] € Z. If we required the functions of be finite to one, then we say that U is
a weak & -ultrafilter.

Definition 8 (M. Katétov, 1968). Let .# and # be two ideals on w. We say that &
is Katétov below ¢ if there is f : w — w such that for all A € &, f~1Al € #, and
write I <g _#. If we require the function f to be finite to one, then we say that % is
Katétov-Blass below ¢, and write .9 <gp 7.

It can be easily seen that the notion of .#-ultrafilter is codified in the Katétov order,
since a given ultrafilter ¢ is an #-ultrafilter if and only if .# £, U*, where U* is the
dual ideal to the ultrafilter &. A similar remark holds between weak .#-ultrafilters and
the Katétov-Blass order. Based on these remarks, we will write % <y (p) U* when talking
about (weak) .#-ultrafilters.

The strength of the Katétov order as a tool to classify the combinatorial properties of
ultrafilters can be seen by the following proposition:

Proposition 1. Let U be an ultrafilter on w. The the following holds:
1. U is a p-point if and only if Fin x Fin £ U*.
2. U is a g-point if and only if EDyin, x5 U*.
3. U is a selective ultrafilter if and only if ED £k U*.
4. U is a rapid ultrafilter if and only if for any summable ideal I, .9 % xp U*.
5. U is a Hausdor{f ultrafilter if and only if Gs. Lx U*.

We refer the reader to the Preliminaries section for the definition of the ideals in the
previous proposition.

Katétov order has been extensively studied by M. Hrusak, D. Meza-Alcantara, H.
Minami, H. Sakai and S. Solecki. In recent years, many interesting results have been
proved. Concerning the structure of the Katétov order in Borel ideals, D. Meza-Alcantara
proved (50) that P(w)/fin is embeddable in the Katétov order, giving insight of how
complex the Katétov order is. J. Grebik and M. Hrusék have proved (33) that there is
no Katétov-minimal element among Borel ideals. H. Minami and H. Sakai (53)) have
as well proved that the Katétov and Katétov-Blass orders restricted to F, ideals are
upward directed with cofinal type (w*, <*). Sakai (59) has also proved that Katétov-Blass
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order on Borel ideals is countably upward directed and that all F, ideals are KB-below
a common analytic p-ideal. On the other hand, considering the relations of Borel ideals
and ultrafilters, the classical results about the non-existence of certain kind of ultrafilters,
such as Ramsey ultrafilters (46)), p-points (67), ¢-points (51)), nwd-ultrafilters (60) and
rapid ultrafilters (51)), all of these are equivalent to saying that all ultrafilters are above
some(or many) critical ideal, gives a measure of the strength of the Katétov order to
classify ultrafilters.

However, the existence of .#-ultrafilters for some Borel ideal .# was open (39). Recently,
O. Guzman Gonzalez and M. Hrusak proved (see (32))) in ZFC the existence of an F,s,
ideal for which the generic existence of .#-ultrafilters holds.

Theorem 6 (O. Guzman Gonzalez, M. Hrusék, 2019). There is an F,s, ideal & for which
S -ultrafilters exist generically.

They also proved that the complexity can not be lowered, since it is consistent that for
all F,s ideals generic existence does not hold, and raised the question about the existence
of an F, ideal .# for which .Z-ultrafilters exist.

Question 1 (O. Guzman Gonzélez, M. Hrusék). Is there an F, ideal & for which & -
ultrafilters exist?

0.3 The work of this thesis.

The main topic of this thesis is the existence of .#-ultrafilters.

Chapter 1 is devoted to introduce some preliminary notions and results that will be
used in later chapters.

In Chapter 2, we consider parametrized diamond principles in order to produce .-
ultrafilters for definable ideals .#. For this purpose we define a new cardinal invariant
associated to a given ideal. Then we proceed to give characterizations of this cardinal
invariants for the most known Borel ideals in terms of most well known cardinal invariants
of the continuum.

In Chapter 3, we answer a question of J. Blobner concerning the optimal cardinality of
a family of summable ideals with the property that such family has enough information to
characterize rapid ultrafilters, by proving that the minimum possible cardinality of such
family is 0, the dominating number. On the other hand, we answer another question of
J. Blobner and generalize the theorem of T. Bartoszyriski and S. Shelah about Hausdorff
ultrafilters in the Rational Perfect set forcing, by proving that, in the Rational Perfect
set model, for any analytic tall p-ideal on w, .Z-ultrafilters are dense in the Rudin-Blass
ordering.

In Chapter 4, we answer Question 1 from the previous section, by proving that it
is relatively consistent with ZFC that #Z-ultrafilters does not exist for any F, ideal. In
particular, this result implies the consistency of the assertion that there is no Hausdorff
ultrafilter, answering the question raised by M. Di Nasso and M. Forti. The main theorem
of this chapter also implies an answer to several other questions by J. Blobner, and gives
a new model where there is no ultrafilter with property M, question that was originally
solved by S. Shelah in his model for no nwd-ultrafilters.
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In Chapter 5, we make use of parametrized diamond principles to answer some questions
of D. Monk, concerning the existence of certain substructures of the boolean algebra
P(w)/fin with cardinality smaller than the continuum.



Introducciéon

0.4 Filtros e ideales.

No es claro cuando se introdujo por primera vez el término de filtro. Probablemente,
Henri Cartan fue el primero en usar el término filtro, en sus articulos Théorie des filtres
(1937, ver (19)) y Filtres et ultrafiltres (1937, ver (18])). Sin embargo, existe trabajo previo
de H. Stone en 1936 (ver (63))), en el cual de hecho trabajaba con filtros, mediante la
nocion de ideal dual, que son filtros siempre que no contienen el conjunto vacio (ver (27),
pagina 76). Ademaés, la existencia de ultrafiltros fue probada por A. Tarski en 1930, en
su articulo Une contribution a la théorie de la mesure (ver (65)), aunque nunca uso el
término filtro ni ultrafiltro (o ideal o ideal maximal). Sin embargo, existe un trabajo
previo relacionado con la nociéon de filtros, que se puede rastrear hasta C. Carathéodory
en el ano de 1913 (ver (I7))), haciendo uso de una sucesion decreciente de conjuntos no
vacios, que son esencialmente bases de filtros (ver también (27)), pagina 76).

Los filtros y su nocién dual, los ideales, han jugado un papel prominente a lo largo de la
Topologia y la Teoria de Conjuntos. Algunas nociones topologicas se pueden caracterizar
en términos de filtros, como el de ser un espacio Hausdorff, lo que equivale a decir que
cualquier filtro converge a lo sumo a un punto, y la compacidad de un espacio topolégico X
puede expresarse como la propiedad de que cualquier ultrafiltro sobre X converge al menos
en un punto. Por supuesto, su importancia va mas alla de estas simples caracterizaciones.
Con mayor grado de importancia, han sido muy ttiles para proporcionar teoremas de
representaciones adecuadas para algin tipo de objetos. Quizas uno de los resultados mas
tempranos y relevantes de este tipo es el teorema de representacion de Stone:

Teorema 1 (H. Stone, see (63)). Cada espacio booleano es homeomorfo al espacio de
Stone de su dlgebra caracteristica.

Este teorema tiene una consecuencia muy interesante cuando se habla del espacio
booleano Sw, ya que en este caso el dlgebra caracteristica de fw es P(w), cuyo espacio
de Stone es la familia de todos los ultrafiltros sobre w, con la topologia inducida por
la topologia discreta en w, es decir, los abiertos basicos de la topologia se definen como
A* ={F € fw: A € F}, para A € P(w). Esta formulaciéon proporciona una buena manera
de estudiar la topologia de fw y, lo que es mas interesante, el residuo fw* = fw \ w, con
la topologia como subespacio de Sw.

Las propiedades topolégicas de fw* han sido ampliamente estudiadas, encontrando
dentro de la Teoria de Conjuntos un gran punto de apalancamiento, ya que sus propiedades
topologicas pueden reformularse en términos de propiedades combinatorias, proporcionando

1X
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teoremas en ZFC asi como resultados de independencia. Hay varios ejemplos de como
la combinatoria de P(w) o P(w)/fin ayuda en el estudio de fw*. Aqui presentamos el
resultado clasico del teorema de W. Rudin de la existencia de p-puntos en fw* bajo CH.

Teorema 2 (W. Rudin, ver (58)). Asumiendo la Hipdtesis del Continuo, existen p-puntos
en fw.

Este resultado implica que Sfw* no es homogéneo, ya que hay puntos en Sw* que no son
p-puntos. La prueba conjuntista del teorema anterior es una inducciéon de longitud wy, y
proporciona un ultrafiltro que tiene la siguiente propiedad combinatoria (recordemos que
A C* B significa que A\ B es finito) :

Definicién 1 (W. Rudin, G. Choquet). Un ultrafiltro U sobre w es un p-punto si para
cada coleccion numerable {A, :n € w} CU hay B € U tal que para todo n € w, B C* A.

Es facil ver que la definiciéon anterior es equivalente a decir que para cualquier funcion
f:rw— w, hay A € U tal que f | A es constante o finito a uno. De esta forma, se
puede ver que las propiedades combinatorias de los ultrafiltros comienzan a surgir en el
estudio de fw*. Mas tarde, K. Kunen estableci6, en ZFC, que fw* no es homogéneo, al
construir un tipo especial de ultrafiltro con propiedades combinatorias fuertes (ver (44)
). Sin embargo, estos ultrafiltros no son p-puntos , sino p-puntos débiles, es decir, no se
encuentran en la cerradura de ningtn subconjunto numerable de fw*. Con respecto a la
pregunta sobre la existencia de p-puntos en ZFC, S. Shelah demostro que es relativamente
consistente con ZFC la no existencia de p-puntos en fw*:

Teorema 3 (S. Shelah, ver (67)), también ver (20)). Es relativamente consistente con ZFC
que no existen los p-puntos en fw*.

Otro contexto donde surgen ultrafiltros con propiedades especiales es en la Teorfa de
la Medida. En el afio de 1968, G. Mokobodzki introdujo en (54)) la nocién de ultrafiltros
rapidos, y demostré que bajo la Hipotesis Continuo existen. Mokobodzki usé estos ultrafil-
tros para construir un tipo especial de funciéon medible. En el mismo ano, G. Choquet en
su articulo Deuz classes remarquables d’ultrafiltres sur omega, definid, en terminologia
moderna, los p-puntos, ¢g-puntos y los ultrafiltros selectivos.

Definicion 2 (G. Choquet, 1968, ver (21))). Un ultrafiltro U es un q-punto si para cualquier
particion (I, : n € w) de w en conjuntos finitos, existe A € U tal que AN, tiene a lo mds
un elemento.

Definicién 3 (G. Choquet, 1968, ver (21)). Un wultrafiltro es selectivo si es un p-punto y
un q-punto al mismo tiempo.

Definicién 4 (G. Mokobodzki, 1968, ver (54)). Un ultraafiltro U es rdpido si para cualquier
funcion f:w — w, hay A € U tal que f <* e, donde ey es la enumeracion creciente de

A.

Choquet también definié la nocién de p-punto, aunque us6 la terminologia d-estable.
Ademas, los ultrafiltros selectivos originalmente fueron nombrados por él como ultrafiltros
absolutos. Se puede probar que todas las nociones anteriores de ultrafitros existen bajo
la Hipotesis del Continuo. Sin embargo, como en el caso de p-puntos, su existencia no se
puede probar a partir de ZFC:
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Teorema 4 (K. Kunen, (46))). Es relativamente consistente con ZFC que no hay ultrafiltros
selectivos.

Teorema 5 (A. W. Miller, (51). Es relativamente consistente con ZFC que no hay q-
puntos ni ultrafiltros rdapidos.

Otra nociéon combinatoria clésica de ultrafiltro es la de ultrafiltro Hausdorff. Estos
ultrafiltros has sido bastante esquivos. La definiciéon de ultrafiltros Hausdorftf se suele
atribuir a M. Daguenet-Tessier en su articulo Ultrafiltres a la Facon de Ramsey, en 1979
(24), pero en realidad fueron definidos previamente por R. A. Pitt en su tesis doctoral en
el ano de 1971 (ver (57))). Recordemos que dada una funcion f : w — w y un ultrafiltro
U, el ultrafiltro f(U) se define como f(U) = {A € P(w) : f~'[A] € U}. R. A. Pitt, en su
tesis doctoral, menciona la correspondencia entre su asesor R. O. Davies y G. Choquet,
donde G. Choquet hace la observaciéon de que para dos funciones cualesquiera f,g € w*
y cualquier ultrafiltro U, si hay A € U tal que f | A =g | A, entonces f(U) = g(UU), y
consider6 la implicacion inversa, es decir, si la igualdad f(U) = ¢g(U) implica la existencia
de un conjunto A € U tal que f | A =g | A. Entonces Choquet comenta que A. Connes
demostro que los ultrafiltros selectivos satisfacen esta implicacion, resultado que aparecié
en (23)) EI Choquet pregunto si esta implicacion es una caracterizacion de ultrafiltros
selectivos. Entonces, R. A. Pitt define los ultrafiltros con propiedad (C):

Definiciéon 5 (R. A. Pitt, 1971, see (57), pages 102-103). Un ultrafiltro tiene la propiedad
(C) si para cualquier par de funciones f,g € w* tal que f(U) = g(U), existe A € U tal que
fTA=gTA

R. A. Pitt respondié negativamente a la pregunta de Choquet, es decir, asumiendo
la Hipotesis del Continuo, hay un ultrafiltro con propiedad (C) que no es un ultrafiltro
selectivo.

Los ultrafiltros con la propiedad (C) también fueron estudiados por M. Daguenet-
Tessier, en (24). Han sido extensamente estudiados por M. Di Nasso y M. Forti en (25;
505 265 [31)), v en su articulo Hausdorff Ultrafilters, cambiaron el nombre de ultrafiltros con
propiedad (C) a ultrafiltros Hausdorff, dado que estos ultrafiltros proporcionan ultrapoten-
cias de w que son espacios topologicos Hausdorff con la topologia inducida por la topologia
discreta en w, es decir, los conjuntos abiertos bésicos son de la forma A* = {[f|y € w*/U :
(3B € U)(f[B] C A)}. Esta terminologia ha prevalecido desde entonces y nos atenemos a
ella. Una formulaciéon equivalente de ultrafiltros Hausdorff es la siguiente:

Definicion 6. Un ultrafiltro es Hausdorff si y solo si para cualquier par de funciones
f,9 €w¥, hay A € U tal que ocurre exactamente una de las siguientes: f[A]Ng[A] =0 o

fTA=gTA.

Se menciona en (26) que la pregunta sobre la existencia de ultrafiltros Hausdorff en
ZFC habfia sido respondida por T. Bartoszynski y S. Shelah, al demostrar la consistencia
de la afirmacion de que no hay ultrafiltros de Hausdorff. Sin embargo, posteriormente se
vio que la prueba que presentaban tenia algunos errores, por lo que el problema quedé

2El autor agradece a M. Hrugék por proporcionar esta referencia.
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abierto. Lo que Bartoszynski y Shelah realmente demostraron fue el hecho de que en el
modelo de Miller, los ultrafiltros Hausdorff son densos en el orden de Rudin-Blass (ver

().

0.5 . Z-ultrafiltros y el orden de Katétov.

Como vimos en la seccidén anterior, existen varias nociones combinatorias de ultrafiltros,
por lo que puede ser de interés intentar clasificar sus nociones combinatorias. Hay dos
marcos que son utiles en tal tarea: la nociéon de .#-ultrafiltros, debido a J. Baumgardner,
y el orden Katétov sobre ideales definibles, debido a M. Katétov(ver (42)).

Definiciéon 7 (J. Baumgartner, 1995). Sea . un ideal y U un ultrafiltro, ambos sobre w.
Decimos que U es un & -ultrafiltro si para cualquier funcion f :w — w hay A € U tal que

flA] € Z. Si requerimos que la funcion sea finito a uno, entonces decimos que U es un
S -ultrafiltro débil.

Definicion 8 (M. Katétov, 1968). Sean & y # dos ideales sobre w. Decimos que & estd
Katétov debajo de ¢ si hay una funcion f : w — w tal que para todo A € 7, f~1Al € Z,
y escribimos I <y _Z. Si pedimos que la funcion f sea finito a uno, entonces decimos
que S estd Katétov-Blass debajo de 7, y escribimos & <gp 7.

Puede verse facilmente que la nociéon de Z-ultrafiltro esta codificada en el orden de
Katétov, ya que un ultrafiltro dado ¢ es un #-ultrafiltro si y solo si & £, U*, donde U*
es el ideal dual del ultrafiltro U. La observacion analoga entre los .#-ultrafiltros débiles y
el orden Katétov-Blass también se cumple. Con base en estos comentarios, escribiremos
S <) U* cuando hablemos de .#-ultrafiltros(débiles).

La fuerza del orden Katétov como herramienta para clasificar las propiedades combinatorias
de los ultrafiltros se puede ver en la siguiente proposicion:

Proposicion 1. Sea U un ultrafiltro sobre w. Lo siguiente es verdadero:
1. U es un p-punto si y sdlo si Fin x Fin £ U*.
2. U es un g-punto si y solo si ED g, ﬁKB ur.
3. U es un ultrafiltro selectivo si y sélosi ED £ U*.
4. U es un ultrafiltro rdpido si y sdlo si para cualquier ideal sumable %, I £xp U*.
5. U es un ultrafiltro Hausdorff si y sélo si Gy. £x U*.

Remitimos al lector a la seccion de Preliminares para la definicion de los ideales en la
proposiciéon anterior.

El orden Katétov ha sido estudiado extensamente por M. Hrusak, D. Meza-Alcantara,
H. Minami, H. Sakai y S. Solecki. En los ultimos afios se han demostrado varios resultados
interesantes. Con respecto a la estructura del orden Katétov en los ideales borelianos,
D. Meza-Alcantara demostro (ver (50)) que P(w)/fin se encaja en el orden de Katétov
restringido a los ideales F,, dando una idea de su complejidad. J. Grebik y M. Hrusék
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han demostrado (ver (33)) que no existe un elemento minimo entre los ideales borelianos.
H. Minami y H. Sakai (ver (53))) también han demostrado que los 6rdenes de Katétov y
Katétov-Blass restringidos a ideales F, son dirigidos hacia arriba con tipo cofinal (w®, <*).
Sakai (ver (59)) también ha demostrado que el orden de Katétov-Blass en los ideales de
Borel es numerablemente dirigido hacia arriba y que todos los ideales F), estdn Katétov-
Blass por debajo de un mismo p-ideal analitico. Por otro lado, considerando las relaciones
de los ideales borelianos y ultrafiltros, los resultados clasicos sobre la inexistencia de cierto
tipo de ultrafiltros, como los ultrafiltros Ramsey (46), p-puntos (67), g-puntos (51)), nwd-
ultrafiltros (60) y ultrafiltros rapidos (51)), todos ellos equivalen a decir que todos los
ultrafiltros estan por encima de alguno (o varios) ideal critico, dando una idea de la fuerza
del orden de Katétov para clasificar los ultrafiltros.

Sin embargo, la existencia de .#-ultrafiltros para algin ideal boreliano .# permanecia
abierta (ver (39)). Recientemente, O. Guzméan Gonzélez y M. Hrusdk demostraron (ver
(32)) en ZFC la existencia de un Fs, ideal para el que se cumple la existencia genérica de
S -ultrafiltros.

Teorema 6 (O. Guzman Gonzalez, M. Hrusak, 2019). Existe un ideal . que es F,s, para
el cual existen los 7 -ultrafiltros genéricamente.

También demostraron que la complejidad no se puede reducir, ya que es consistente
que para todos los ideales F; la existencia genérica no se cumple, y plantearon la pregunta
sobre la existencia de un ideal .# F, para el cual .#-existen ultrafiltros.

Pregunta 1 (O. Guzman Gonzalez, M. Hrusak). FEziste un ideal F, .9 para el cual existe
un S -ultrafiltro?

0.6 El trabajo de esta tesis.

El tema principal de esta tesis es la existencia de .#-ultrafiltros.

El Capitulo 1 esta dedicado a introducir algunas nociones y resultados preliminares
que se utilizarédn en capitulos posteriores.

En el Capitulo 2, consideramos los principios de diamantes parametrizados para producir
S -ultrafiltros para ideales definibles .. Para ello definimos un nuevo invariante cardinal
asociado a un ideal dado. Luego procedemos a dar caracterizaciones de estos invariantes
cardinales para los ideales borelianos més conocidos en términos de los invariantes cardinales
del continuo mas conocidos.

En el Capitulo 3, respondemos a una pregunta de J. Blobner sobre la cardinalidad
o6ptima de una familia de ideales sumables con la propiedad de que dicha familia tiene
suficiente informacion para caracterizar ultrafiltros rapidos, demostrando que la cardinali-
dad minima posible de dicha familia es 0, el nimero dominante. Por otro lado, respondemos
a otra pregunta de J. Blobner y generalizamos el teorema de T. Bartoszynski y S. Shelah
sobre los ultrafiltros de Hausdorff en el modelo de Miller, demostrando que, en el modelo

de Miller, para cualquier p-ideal analitico alto sobre w, .#-los ultrafiltros son densos en el
orden de Rudin-Blass.
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En el Capitulo 4, respondemos a la ultima pregunta de la secciéon anterior, demostrando
que es relativamente consistente con ZFC que para ningun ideal .# que es F,, existen .-
ultrafiltros. En particular, este resultado implica la consistencia de la afirmaciéon que
no existen los ultrafiltros de Hausdorff, respondiendo a la pregunta planteada por M. Di
Nasso y M. Forti. El teorema principal de este capitulo también implica una respuesta a
varias otras preguntas de J. Blobner, y da un nuevo modelo donde no hay ultrafiltro con
propiedad M, problema que originalmente fue resuelto por S. Shelah en su modelo donde
no existen los nwd-ultrafiltros.

En el capitulo 5, utilizamos los principios del diamante parametrizado para responder
algunas preguntas de D. Monk, relativas a la existencia de ciertas subestructuras del
algebra booleana P(w)/ fin con cardinalidad menor a la del continuo.



Chapter 1

Preliminaries.

Cardinal invariants have played a prominent role in the study of combinatorial properties
of the continuum. Since the development of the forcing technique by P. Cohen, it has been
a long road which has lead to a very broad field of research about relative consistency
and independence results. It turns out that many properties of the continuum have a
combinatorial formulation. In this chapter we settle the set theoretic background in order
to proceed with the following chapters. Our basic framework will be the Zermelo-Fraenkel
set theory with Axiom of Choice, usually abbreviated as ZFC in the standard literature.
We assume the reader is familiar with the fundamentals of ZFC, as well as with the forcing
technique up to the Countable Support Iteration machinery developed by Shelah, and with
some basics of Descriptive Set Theory.

This chapter is intended as a reference section for the following chapters. Here we
present the notions, concepts and results that will be used in the rest of the work.

1.1 Basics of notation.

In this section we define the basic notions and notation that will serve as a starting point
for the upcoming chapters.

As usual, w<“ denotes the set of all finite sequences of natural numbers. For s € w<¥
and k € w, denote by sk the sequence obtained by adjoining the natural number £ at the
end of s. For s € w<¥, |s| denotes the length of the sequence s. A tree T C w<* is a family
of sequences such that for all s € T and n € w, s [ n € T, and the set {s [ i :i < |s|}
is well ordered by inclusion. The elements of a tree will be called nodes. In what follows,
T denotes a tree on w<¥. If s € T" and k € w is such that s~k € T, we say that k is an
immediate successor of s in T, and denote by succr(s) = {k € w: sk € T} the set of all
immediate successors of s in T'. If s € T' has more than one immediate successor, we say
that s is an splitting node in T, and denote by split(T) the set of all splitting nodes in T.
For any s € T', T' | s denotes the tree of all nodes in T" which are C-comparable with s.
Also, define (7T'),, as the set of all nodes in 7" with length exactly n,

(T)p={seT:|s|=n}
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And for F C w,
(T)r = (D)

keF

A tree T'C w=¥ is a superperfect tree if it satisfies the following:
1. For all s € T, s is a strictly increasing sequence.

2. For all s € T, there is t € split(T) extending s.

3. For all s € split(T), s has infinitely many immediate successors.

The Rational Perfect set forcing is the partial order whose members are all the superper-
fect trees, ordered by inclusion, that is, S < T if and only if S C T. This partial order
will be denoted by PT. The reader may consult details of this forcing in (52).

For T' € PT, the stem of T', denoted by st(T'), is defined as the unique node in split(T")
of minimal length.

We denote by ¢r the order isomorphism between w<* and split(T) given as follows:
or(0) = st(T); suppose @r(s) is defined, let {i) : k € w} be the increasing enumeration of
succr(pr(s)), and for each k € w, let ryy € split(T) be the splitting node in 7" of minimal
length extending ¢r(s) i, and define pr(s™k) = ryy.

A forcing P satisfies the Laver property if for all g € w*, whenever p € P is a condition,
Z is a name for a function from w to w which is forced by p to be bounded by g, there are
g <pandh € (w<)“ such that for all n € w, |h(n)] < n, and ¢ I+ “(¥n € w)(@(n) €
h(n))”. We obtain an equivalent formulation if we replace |h(n)| < n by |h(n)| < f(n),
whit a fixed increasing function f € w that serves for all the conditions in the forcing. We
refer the reader to (4) for a deep study of the Laver property.

We say that P does not add splitting reals if every infinite subset of w in the generic
extension by P contains some A € [w]* NV or is disjoint from some A € [w]* N V.

Given two sets A and B, we have say that A is almost contained in B whenever A\ B
is finite, and write A C* B.

A family .# C P(w) is an ideal on X if it satisfies the following conditions:

1. X ¢ .7.
2. Forany A, Be ¥, AUB € 7.
3. For any A € .# and B € #(X) such that B C* A, it holds that B € .#.

We are interested in ideals on w or any suitable countable set. Also, we assume that
all the ideals .# we work with are tall, which means that for any A € [w]“, there is an
infinite set B € .# such that B C A.

The dual notion of an ideal is called a filter, which is a family F C P(X) satisfying
the following:

1) 0¢F.
2) For any A, B € F, we have AN B € F.
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3) For any A € F and B € P(X), if A C* B then B € F.

As it is customary, a maximal ultrafilter is called an ultrafilter. Note that condition 3)
above implies that all the filters we work with are free filters, that is, (| F = 0.

Given a family .# on w, the dual of .# is defined as /* = {w\ A: A € #}. In this
way we define the dual of an ideal .# as #*, which is a filter, and we say that .#* is the
dual filter of .. Similarly, for a given filter F on w, its dual ideal is defined as F*. For
an ideal .# on w, the family of .#-positive sets is defined as I+ = P(w) \ L.

A base for an ultrafilter U is a set B C U such that each A € U contains some B € B,
and the character of U, denoted by x (i), is the minimum cardinality of a base for U.

A family R C |w]¥ is a reaping family provided that for any A € [w]¥, there is B € R
such that either B C* A or AN B is finite, and we say that B reaps A. In a similar way, we
say that the family R is a o-reaping family if for any countable family {4, : n € w} C [w]¥,
there is A € R that reaps each A,,.

Given two functions f, g € w*, we say that f is dominated by g or that g dominates f,
if the set {n € w: g(n) < f(n)} is finite, and we write f <* g. It is easy to see that this
relation is in fact a preorder. A family of functions B C w® is an unbounded family if for
any f € w*, there is g € B such that g £* f. A family D C w¥ is a dominating family if
for any f € w*, there is g € D such that f <* g.

1.2 Cardinal invariants of the continuum.

Cardinal invariants have been a rich source of independence results, and they can be seen as
a synthetization of combinatorial properties of certain kind of objects. Here we introduce
those which are basic for the subsequent sections. We follow the notation from (9)) and
refer the reader to it for a deeper study of the subject.

The most basic cardinal invariant is the continuum itself, that is, the cardinality of the
real line, denoted usually by ¢. It is customary to write 2“ to denote the cardinality of c.

Two of the most commonly known cardinal invariants are the dominating number and
the unbounding number. The unbounding number is defined as follows:

b = min{|B| : B C w” is unbounded}
And the dominating number is defined as
0 = min{|B| : B C w“is dominating}

It is immediate that b < 0 < ¢, and via a diagonalization argument it follows easily
that Ny < b. So we have the following proposition:

Proposition 2. Ry < b <0 < 2v,

Other cardinal invariant of common use are the ultrafilter number and the reaping
number. The ultrafilter number is defined as follows:

u=min{|B|: B C [w]” and B is a base for an ultrafilter}
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The reaping number, has the following definition:
t=min{|R|: R C [w]” and R is a reaping family}
Regarding o-reaping families, there is the o-reaping number:
t, = min{|R|: R C [w]” and R is a o-reaping family}

It is clear that every o-reaping family is a reaping family, so it holds that v < «¢,.
The question of whether the strict inequality v < ¢, is consistent is a long standing open
question.

The following diagram summarizes the relations between the cardinal invariants we
have defined. An arrow from a to b means that the inequality b < a is a theorem of ZFC,
meanwhile the aussence of an arrow means that no relations can be established in ZFC
(except for v, and u).

There is actually a general framework that captures the notion of cardinal invariants
in an abstract form, and enable us to establish relations between them. This framework
was introduced by Vojtas in (66)), and is extensively developed in (9).

We say that a triple A = (A, B, —) is an invariant if the following holds:

1. 5 C Ax B.
2. (Vae€ A)(Fb e B)(a— D).
3. There is no single b € B such that for alla € A, a — b

If in addition it happens that A, B, — are Borel subsets of Polish spaces, we say that
(A, B, —) is a Borel invariant. A family D C B such that for all a € A there is d € D such
that a — d is called a dominating family. Then, the evaluation of an invariant (A, B, —)
is defined as

(A, B,—) =min{|D|: D C B and D is dominating}

Several of the previous cardinal characteristics can be reformulated into this framework
as follows:
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0 = (W, w”, <)
b= (W’ w’, £%)
v = ([w]*, [w]*, is reaped by)
t, = (([w]*)”, [w]¥,is o-reaped by)

It is easy to check that the previous expresions are in fact Borel invariants and are
exactly the same as previously defined.

Borel invariants are very useful, but at some point we will need a little bit more of
complexity in the applications we are going to develop, so we extend the class of invariants
in the previously defined fashion to the L(R)-invariants, which are those such that each
one of A, B and — are subsets of a Polish space and all of them belong to L(R), meaning
that each one of them has a definition which requires only a subset of w as a parameter.

L(R)-invariants will be necessary in order to appropriately work with some of the
cardinal invariants we consider, to say, the sequential composition of two cardinal invariants.
Given two cardinal invariants A = (A_, A,,—,) and B = (B_, B, —3p), the sequential
composition is defined as follows:

A;B = (A_ x Borel(B*), A, x B;,—)

Where Borel(Bf*) denotes the set of all Borel functions from A, to B_, and the
relation — is defined as (a_, f) — (ay,by) if and only if a= —4 ay and f(ay,) —p
b.. It turns out that A;B is an L(R)-invariant, and its evaluation is given by (A;B) =

max{(A), (B)}

1.3 Filters and ideals.

In this section we define all the filters and ideals we will be working with. For a deeper
understanding of these ideals, their properties and relations, we refer the reader to (50).
Although we usually say "an ideal on w", we make an abuse of language and use this words
to refer to an ideal on a suitable countable set.

An ideal on w is said to be a p-ideal if whenever we have a sequence {4, : n € w} C .7,
there is B € .# which almost contains each A,. Definible p-ideals have a very nice
and useful characterization in terms of measure functions. A submeasure is a function
¢ : P(w) — [0, 00] which satisfies the following properties:

a) ¢(0) = 0.
b) (Monotonicity) If A C B, then p(A) < ¢(B).

¢) (Subadditivity) For all A, B C w, p(AU B) < ¢(A) + ¢(B).



CHAPTER 1. PRELIMINARIES. 6

If in addition ¢ satisfies the following, we say that ¢ is a lower semicontinuous submeasure,
which will be abbreviated by lscsm:
d) (Lower semicontinuity) For all A € P(w), ¢(A) = lim,, o p(ANn).
Given ¢ a lscsm, there are two ideals associated to it:
1. Fin(p) ={A Cw:¢(A) < oo}.
2. Exh(p) = {A Cw:lim, o ¢(A\ n) = 0}.

As mentioned, this measures give a characterization of definable p-ideals, which is
stated in the following two classical theorems from Descriptive Set Theory:

Theorem 7 (see (49)). An ideal ¥ is an F, ideal if and only if there is a lscsm ¢ such
that & = Fin(p).

Theorem 8 (see (61))). An ideal . is an analytic p-ideal if and only if there is a lscsm
such that . = Exh(p).

As can be seen in the previous theorems, the complexity of an ideal plays an important
role when talking about its combinatorial properties. In a more general setting, when
talking about meager ideals the following theorem is very useful. A filter F is unbounded
if the family {e4 : A € F} is an unbounded family, where e 4 is the increasing enumeration
of the set A; otherwise it is said to be bounded.

Theorem 9 (see (4)),(64),(41)). Let F be a filter on w. The following conditions are
equivalent:

1. F has the Baire property.
F is meager.

F is bounded.

> e

There is a partition of w into intervales (I,, : n € w) such that for any F € L, for all
but finitely many n € w, F N1, # 0.

5. There is a finite to one function f € w* such that {X € P(w) : f~HX] € F} is the
cofinite filter.

Since every Borel ideal is a meager ideal, it turns out that the previous theorem applies
to all Borel ideals in particular.
Now we proceed to the definitions of the ideals we are working with.

Summable ideals.
Let g : w — [0,00) be a function such that ) _ g(n) diverges to infinity. Then g

defines a lscsm on w by setting ¢ (A) = > -, g(n), which provides us with the ideal
Sy = Fin(p,). Ideals of this form are called summable ideals, and will be treated in
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Chapter 3. Usually it is assumed that the function g is non-increasing and converges to 0
when n — oo. This last requirement is necessary in order to have a tall ideal.

The Random Graph ideal.

This ideal is defined on [w]? and is defined as follows: let {I,, : n € w} be a countable
independent family. We can assume that this family satisfies the condition that for any
n,m € w, n € I, if and only if m € I,,. Otherwise, just make finite changes in the sets I,
via a recursion over n € w. Define a set of edges as E = {{n,m} : n € I,,,}. The Random
Graph is the graph (w, E).

Now, define a coloring ¢ : [w]* — 2 as ¢p({n,m}) = 0 if and only if {n,m} € F.
Finally, we define the Random Graph ideal, denoted by R, as the ideal generated by the
family of subsets of w which are homogeneous for the coloring . The complexity of this
ideal is F, and the following function is a lscsm for it:

YP(A) = min{|F]| : (VX € F)(X is ¢ homogeneous and A C Uf)}
Eventually different ideal.

This ideal is defined on w X w as follows:

ED={ACwxw:(Inmew)(Vk>n)(|(A)] <m)}

It can easily be seen that this ideal has as a basis the set of all functions from w to w
together with the sets of the form {n} x w for n € w. €D is in fact an F, ideal and its
corresponding lscsm is given by the minimum n € w such that for all & > n |(A)x| < n,
whenever such natural number exists, otherwise, A has infinite measure.

The ideal £Dyy,.

Let A be the set {(n,m) € wxw : m < n}. The ideal £Dy;;, is defined as the restriction
of €D to A,
EDjyn = ED | A

It turns out that this ideal is an F, ideal, since it is the restriction of an F, ideal to a
positive set relative to ED.

The ideal Gy..
The ideal Gy, is the ideal of countable graphs with finite chromatic number, that is,
Gre = {A C [w]? : x(A) < o0}

where x(A) is the chromatic number of the graph (w, A). It turns out the function y is a
Iscsm, so the ideal Gy, is an F;, ideal. The reader may consult (36; 50) for details.
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The ideal S.

This is the Solecki ideal, and was defined by S. Solecki in (62)) when dealing with
Fatou’s property. It is defined on the set €2 of clopen subsets of 2 with Lebesgue measure
1/2. This ideal has as basis the following family of sets

{ACQ:[A#0}

This ideal is an F, ideal, which can be read in Proposition 1.6.1 from (50). In (36]) it
was proved that S is critical respect to the Fubini property.

The ideal conv.

This ideal is defined on the rational numbers in the interval [0, 1], that is QN [0, 1], and
has as a basis the set of all convergent sequences.

The ideal scattered.

This is the ideal of scattered subsets of the rationals.
The ideal disc.

This is the ideal of discrete subsets of the rationals.
The asymptotical density zero ideal.

This is a particular case of a broad class of ideals. Let f : w — [0,00) and define a
function ¢ : P(w) — [0, 00) as follows,

QOf(A) = sup ZkeAﬁn f(k)
new Zi<n f(Z)

It follows that ¢y is a Iscsm, and its associated exhaustive measure zero ideal is known
as the Erdos-Ulam ideal for f, which is denoted by £U; . Of particular importance is the
case when f is constant 1, which gives place to the ideal known as the asymptotical density
zero ideal, denoted by Z, which has the following equivalent definition

z—{Agw:mﬁAmm—o}

n—oo n

Or equivalently,

n n+1
Z:{AQw:Mqup’z ”:0}

n—o00 on
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Fin x Fin

This is an ideal on w x w, and it is defined as A € Fin x Fin if and only if there is
n € w such that for all £ > n, (A)j is finite.

The ideal SC.
This ideal is generated by sets {a, : n € w} such that lim,_oo(an41 — a,) = co.

Definable ideals play a big role in the classification of combinatorial properties of
ultrafilters. M. Katétov and J. Baumgartner provided two general frameworks that allow
to investigate this classification.

Definition 9. Given an ideal & on w, an ultrafilter U is an & -ultrafilter if for any
f:w— w there is A € U such that f[A] € . If the function [ is required to be finite to
one, we talk about weak & -ultrafilters.

Definition 10. Given two ideals & and ¢ on w, we say that .7 is Katetov below 7 if
there is a function f :w — w such that f-preimages of elements from & are elements of
F, and write I <g Z. If the function f is required to be finite to one, we say that &
is Katétov-Blass below ¢, and we write 5 <gp 7.

It is straightforward to see that for any ultrafilter U, U is an #-ultrafilter if and only
if & £k U*. Similarly, an ultrafilter U is a weak #-ultrafilter if and only if & £ p U*.

Another classical order notions are the Rudin-Keisler order and the Rudin-Blass order.
This orderings are defined on ultrafilters and they are less flexible than the Katétov order
and the Katétov-Blass order.

Definition 11. Let U and V be two filters or ideals on w. Then:

1. U <gg V if there is a function [ : w — w such that for all A C w, A € U if and only
if [7HA] e V.

2. U <grp V if there is a finite to one function f : w — w such that for all A C w,
A €U if and only if f71[A] € V.

Where RK stands for the Rudin-Keisler order and RB for the Rudin-Blass order.

For two ideals .# and _#, if it happens .¥ <x ¢ and ¢ <y .#, we say that they are
Katétov equivalent.

It is easy to check that whenever X € 41, & <x .# | X. The other inequality does
not hold in general, an example of this is £ED: the restriction of £D to A, as defined before,
is the ideal £Dy;,, which is not equivalent to £D. For an ideal having the property of being
Katétov equivalent to all its restrictions, we say it is K-uniform. Two typical examples of
K-uniform ideals are £Dy;,, and Z. Another example was provided by J.J. Pelayo Gémez,
and more recently S. Navarro provided a new construction yielding an increasing sequence
of ideals in the Katétov order, each one of them being K-uniform.
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Between the previously defined ideals there are several relations concerning the Katétov
order, all of them summarized by the following diagram, where an arrow from ¢ to .%
means ¥ <g 7:

nwd Z

sclat g fc}\ A
disc S4n x Fin EDsin

colnv / 5119 /
T~

Ultrafilters with combinatorial properties have been a subject of study for a long time.
The most common combinatorial properties usually considered are the following:

Definition 12. Let U be an ultrafilter. Then:

1. U is a Ramsey (or selective) ultrafilter if for any c : [w]?> — 2 there is A € U such
that c | [A]?* is constant.

2. U is a p-point if for any {A, :n € w} CU there is A € U such that for alln € w,
AC*A,.

3. U is a q-point if for any partition of w into finite sets (F, : n € w), there is A € U
such that for all n € w, AN F, has at most one element.

4. U is a rapid ultrafilter if the family {e4 : A € U} is a dominating family.

All of these ultrafilters can be stated as relations between the ultrafilter and suitable
definable ideals. Some well known examples are shown in the following proposition. The
reader can find a good reference at (50)):

Proposition 3 (see (50))). Let U be an ultrafilter on w. Then:

1. U s a Ramsey ultrafilter if and only if it has non empty intersection with every
analytic ideal.

2. U is a Ramsey ultrafilter if and only if R Lx U*.
3. U is a Ramsey ultrafilter if and only if ED £x U*.
4. U is a p-point if and only if Fin x Fin £x U*.

5. U is a p-point if and only if conv £ U*.
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6. U is a rapid ultrafilter if it has non empty intersection with every summable ideal.
7. U is a rapid ultrafilter if and only if for any summable ideal I, .9 x5 U.
8. U is a g-point if and only if EDyin, Lxp U*

1.4 Parametrized diamonds.

Guessing principles have proved to be very useful at the moment of establishing the
existence of certain kinds of objets. Two of the most famous principles of this class
are Jensen’s Diamond (<)) and the Club guessing principle (é). The typical example
of use for Jensen’s Diamond is the construction of a Suslin tree and the construction of an
Ostaszewski space. It is well known that < is relatively consistent with ZFC, and in fact,
it follows from the set theoretic assumption that every set is constructible. The & principle
is actually a consequence of {», and they are not equivalent, but assuming C'H + & one can
prove <> as a consequence. Therefore, guessing principles are useful in providing examples
of relative consistency.

In (55), the authors develop an extensive machinery regarding guessing principles which
are weakenings of the Jensen’s diamond. They prove that for every Borel cardinal invariant
there is a corresponding guessing principle. Below we introduce their results which will be
used later.

Definition 13. Let A be a Borel subset of a Polish space. A function f : 2<% — A is
Borel provided that for every o < wy, f | 2 is Borel.

The original definition of parametrized diamond principles makes use of Borel cardinal
invariant, but it was noted that the same results can be achieved making use of L(R)-
invariants. This results can be consulted in M. Hrusék’s talk ‘“Parametrized principles
and canonical models”, which is available at (34)); it is also possible to consult the slides
of the talk in (35). The authors develop a wide framework in which our applications of
parametrized guessing principles are contained.

Definition 14. Let (A, B,—) be an L(R) cardinal invariant. (A, B,—) denotes the
following principle:

For every F : 25" — A such that F | 2* € L(R) for all « < wy, there is g : w3 — B such
that for all f € 2 the set {a € wy : F(f | a) = g(«)} is stationary.

The main theorem associated to this class of principles is then stated as follows:

Theorem 10. Suppose that (P, : « € wy) is a sequence of Borel partial orders such that
for each a < wo, Py, is equivalent to P(2)" x P, as a forcing notion, and let P,,, be countable
support iteration of this sequence. If P, is proper and (A, B,—) is an L(R)-invariant,
then P, forces (A, B,—) < wy if and only if Py, forces $(A, B, —).

By a Borel partial order, we understand that there is a Borel code which allows to
compute the forcing notion. Standard forcing notions such a the Perfect Set forcing, the
Rational Set Forcing, Mathias, Laver, Cohen and Random are Borel forcing notions.
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By the previous theorem, whenever we have a countable support iteration of Borel
proper forcing notions leading to the evaluation of a cardinal invariant (A, B,—) to be
equal to wy, then the corresponding parametrized diamond principle holds in the generic
extension. In particular, the Perfect Set forcing model will be the standard model for us
when refering to diamond principles.

1.5 Forcing.

We will be dealing with countable support iterations of proper forcing notions, and we will
follow the framework developed in (1)), with the only difference that the stronger conditions
in the forcing are oriented downward, that is, for ¢ < p we consider ¢ being stronger than
p. Everything else remains the same as pointed in (I). For the basics of forcing we refer
the reader to (45)). In this section we introduce the basic results needed for the subsequent
chapters.

Given a forcing P and an countable elementary submodel M < H () such that P € M,
a condition p € P is (M, P)-generic if PN M is predense below p. The forcing P is proper
if for all countable M < H(#) such that P € M, every p € PN M can be extended to an
(M, P)-generic condition.

We will make use of three of the classical preservation theorems, which we state below.
Recall that a forcing is w“-bounding if the reals from the ground model are dominating
in the forcing extension, and a forcing P preserves an ultrafilter provided the ultrafilter
generates an ultrafilter in the generic extension by P.

Theorem 11 (Elementary submodels extension). Let P be a proper forcing and M < H(0)
(for 0 big enough) a countable elemenary submodel such that P € M. Then for every
generic filter G C P, it holds that M[G] < H(0)VI¢]

Theorem 12 (Generic conditions for two step iteration.). Let P be a proper forcing and
Q be a P-name for a proper forcing notion. Let M < H(0) be a countable elementary

submodel such that P Q € M. Then a condition (p,q) is (M, P * Q)-generic if and only
if p is (M, P)-generic and p Ik “¢ is (M[G], Q) — generic”.

Theorem 13 (Preservation of properness.). Let (P, Qq : « € A) be a countable support
iteration of forcings such that for all o € X, P, forces Q, to be proper. Then Py is proper.

Theorem 14 (Preservation of p-points.). Let (P,,Q, : a € \) be a countable support
iteration of proper forcing notions such that for all o < X\, P, I “Q, preserves p-points”.
Then Py preserves p-points.



Chapter 2

Smashing number for ideals.

The notion of .#-ultrafilters was introduced by Baumgartner in (6). Several authors
have studied the existence of Z-ultrafilters. Among them J. Baumgartner, M. Canjar,
J. Ketonen and J. Brendle have obtained several results regarding the generic existence of
certain classes of Z-ultrafilters. J. Blobner and J. Brendle have made a long study about
& -ultrafilters by introducing the cardinal invariant ge(.#), which stablish a bridge between
generic existence and relations between more familiar cardinal invariants of the continuum.
Here we adopt a different approach concerning parametrized guessing principles. In some
sense, we start from an opposite viewpoint, which is regarding how many subsets of the
natural numbers are needed in order to know the combinatorics of all functions from w to
w (relative to a given ideal), rather than looking at the combinatorics of filters.

2.1 From big sets to small sets.

Looking at the definition of .#-ultrafilter, one gets the intuition that U is an Z-ultrafilter
if for every function f € w* we can find a big set in & which after applying f becomes a
small set in .#. So it is natural to ask about the cardinality of a family of infinite subsets
of w with the property that for every function we can find an element in the family whose
image under the function is a small set. More exactly, we define the following cardinal
invariant (recall that we assume that all our ideals are tall, so 3(-#) below is well defined):

Definition 15. Let .# be an ideal on w. We define the cardinal invariant 3(.%) as the
smallest cardinality of a family D of infinite subsets of w such that for all f € w* there is
a set A € D such that f[A] € &, that is,

3(#) = min{|D| : (Vf € w*)(3A € D)(f[A] € F)}
In a similar way we define 37:,(&), for which we only consider finite to one functions:
3rin(F) =min{|D| : (Vf € w¥)(if f is finite to one then 3A € D such that f[A] € .7)}

Using the Vojtas framework, the previous cardinal invariants can be written as follows:

ﬁ(j) = <ww7 [w]wv eﬂ>

13
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3rin(F) = (RO, [w]”, €.4)

where FtO = {f € w® : f is finite to one} and f €, A if and only if f[A] € .Z. So
it can bee seen that whenever the ideal .# is a Borel ideal, the cardinal invariants 3(.%)
and 3, () are Borel cardinal invariants. Thus, we can talk about the corresponding
parametrized diamond principles.

Another two variations of this cardinal invariants are the following:
3 =min{|D| : (Vf € w)(3A € D)(f[A] #* w)}
and the finite to one version:
3fin = min{|D| : (Vf € w*)( if f is finite to one then 3A € D such that f[A] #" w)}

It is obvious that for any ideal &, 35, < 3 < 3(#), and also 3fin < 35 (F) < 3(5).
It turns out that this cardinal invariants are related to the existence of .#-ultrafilters via
its corresponding parametrized diamond principle, which is defined below:

Definition 16. Let .% a Borel ideal. The guessing principle O(3(F)) is the following
assertion, which will be denoted by {(3(F)):

For any Borel function F : 2<%1 — w¥, there is a function g : wy — [w]|* such that for all
fe2v the set {a € wy : F(f | a)g()] € £} is stationary.

The function g above is called a $(3(-F))-guessing sequence. In a similar way we define

OGrin(H)-

Theorem 15. For any Borel ideal .#, {(3(F)) implies the existence of & -ultrafilters.
Similarly, for any Borel ideal .7, $(37m(F)) implies the existence of weak & -ultrafilters.

Proof. We prove only the first assertion, since the second one follows completely similar
lines. By a suitable coding, we can assume that the domain of the function F' consists of
ordered paris (f, ff), where f € w* and A = (Ag : f < «) is a sequence of countable length
of infinite subsets of w. Define F' as follows:

i) If A'is a centered family, let A, be a pseudointersection of (4 : 8 < a) (defined in
a recursively or Borel way), and ¢ 7 : w — A, be its increasing enumeration. Define

-,

F(f,A) = fopg
ii) If A is not a centered family, then F(f, A) = id.

Let g be a {(3(.#))-guessing sequence for F. Recursively define a sequence B = (B, : a €
wi) of centered sets. Start with B,, = w \ n and suppose (Bs : § < «) has been defined.
Then define B, = ¢(B,:8<a)[9()]. Then B = (B, :a€w)is a C*-decreasing sequence of
sets. Let us see that B is a witness for 3(.#). Pick any f € w* and consider (f, B). Then
the set {a € wy : F(f,(Bg : f < a))[g(a)] € F} is stationary. Let o € wy be such that
F(f,(Bs: B <a))gle)] € #. Since (Bg : f < ) is a centered family, it follows from the
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definition of F that F'(f,(Bs : B < a)) = f o ¢(B,:p<a), 50 the image of g(a) under this
function is f o v(B,s<ay[9()] = floBy8<ay[g(@)]] = f[Ba], and due to the choice of a,
f[B.] € #. Finally, extend the family B to an ultrafilter, which is an Z-ultrafilter given
that it contains B. O

Lemma 1. For any family D C [w]¥ with cardinality smaller than ¢, there is a partition
(P, : n € w) of w into infinite sets such that for allm € w and A € D, the intersection
AN P, is infinite.

Proof. Recursively construct two sequences (D,, : n € w) and (Z, : n € w) as follows:

1. Since D has cardinality less than v, there is X € [w]” such that for all A € D,
AN X and AN (w\ X) are infinite. Let Z, be one of such sets X and consider
D ={ANn(w\X):AeD}.

2. Suppose D, is defined. Then D, has cardinality smaller than v, so there is X €
[w\ Uicp Zn]®. such that for all A € D, the sets ANX and AN (w\ (U<, Z: U X))
are both infinite. Define Z,,.; = X and D, 11 = {4 N (w\ Ui§n+1 Z;): A€ D,}.

Suppose the recursion is done and let Z = w \ |J,,c,, Zn. Now define Py = Zy U Z and
P, = Z, for n > 0. Then (P, : n € w) satisfies the requirement. ]

Lemma 2. For any family D C [w|* of cardinality smaller than b, there is an interval
partition (I, : n € w) of w such that for each A € D and for all but finitely many n € w
AN, is not empty.

Proof. For each A € D, let e4 : w — w be the increasing enumeration of A, and define
fa:w — w as follows:

fa(n) =min{k € w: (Im € w)(n < ea(m) < k)} (2.1)

Since the family {f4 : A € D} has cardinality smaller than b, there is a strictly
increasing function f dominating each one of the f4. Let f be one of such functions and
define another function h as h(0) = f(0) and h(n + 1) = f(h(n)). Define an interval
partition as follows: Iy = [0,h(0)) and I, = [h(n),h(n + 1)) for n > 0. The partition
(I, : n € w) satisfies the requirement. Indeed, fix A € D and let ng € w be such that
for all n > ng, fa(n) < f(n). Then for n > ng, h(n) < fa(h(n)) < f(h(n)) = h(n + 1),
and by the definition of f,, there is k € w such that h(n) < es(k) < fa(n), which implies
h(n) < ea(k) < h(n+1),s0 AN, #0.

O

The following two lemmas appeared in (48). We include their proof for completeness.

Lemma 3. There is a family P of interval partitions of w with cardinality b, such that
for every interval partition T there is J € P such that infinitely many intervals from J
contain an interval from I.
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Proof. Let B be an unbounded family of strictly increasing functions. For each f € B
define h(0) = f(0) and for n > 0, hy(n+1) = f(hs(n)). Let T = ([in,9nt1) : 7 € w) be an
arbitrary interval partition, and define g7 € w* as gz(k) = i,44 if and only if k € [iy, 4511).
Let f € B which is not bounded by gz, and pick n € w such that gz(n) < hy(n), and let
| € w be such that n € [hf(l — 1),h¢(l)). Then gz(n) < hy(n) < f(he(l)) = he(l +1).
Also, let k € w be such that gz(n) = ix14. There are two possibilities:

a) hy(l) < i3t since hy(l4+1) > gr(n) = ij4q, it follows that [igrs, ik+a) C [hs(l), hy(1+

1)).

b) hf(l) > Gg3: then hf(l) > Ggag > o > g1 > N> hf(l — 1), SO [ik+1,ik+3) -
[y (1= 1), s (D))

Since there are infinitely many n € w such that gz(n) < hs(n), there are infinitely
many intervals [hs(m), hg(m + 1)) which contain an interval from Z. So the family P =
{TJy: f € B}, where Jy = ([hy(k),hs(k + 1)) : k € w), satisfies the lemma. O

Lemma 4. Let P be a family of interval partitions with cardinality smaller than 9. Then
there is an interval partition T = ([in,ins1) : 1 € w) such that for any partition J € P,
there are infinitely many intervals from I which contain some interval from J .

Proof. The argument is essentially the same as in the previous lemma. For each interval
partition J € P, assume J = ([jn,Jnt1) : 1 € w), and define g7(k) = in44 if and only
if k& € [jn,Jne1)- Let f € w* be a strictly increasing function which is not dominated by
{97 : J € P}, and consider the function hs defined in the previous lemma and the interval
partition given by 7, = ([hf(n), hy(n+1)) : n € w). Let J € P be an arbitrary partition,
and note that the function f is not bounded by g7. Then apply the same argument as
before to see that the interval partition Zj, has infinitely many intervals that contain an
interval from 7. O

Proposition 4. The following holds in ZFC:
a) b=jpn.

b) t=3.

Proof. a) Let D be a family of subsets of w of cardinality less than b. By an application
of Lemma [2, we get an interval partition (I, : n € w), such that each element of D meets
almost every interval I,,. Define a function ¢ : w — w as p(k) =nif and only if k € I,,. It
is clear that p[A] =* w for all A € D. This proves that b < 37;,.

Now let P be the family of interval partitions from Lemma [3] For each Z € P, define
Az = U, eo f2n and Bz = U, o, Ion+1- Let f € w® be any finite to one function, and define
an interval partition (I, : n € w) such that each I,, contains f~!(k) for some k € w. Pick
any J € P such that infinitely many .J,, contain some Z;. Then, for infinitely many k € w,
S~ (k) € Az; or for infinitely many k € w, f~'(k) C By. In the first case w \ f[B7] is
infinite, and in the second case w \ f[A7] is infinite. Then the family {A7, B7 : J € P}
is a witness for 34;,. This proves the inequality 37, < b.
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b) Let R be a reaping family. Fix any f € w”. We can assume that flw] =* w.
Let A C w infinite and coinfinite. Then there is B € R such that B C* f~![A] or
B C* f~Hw \ A]. In either case it is clear that f[B] is co-infinite. Then we have 3 < «.

Now let D C [w]“ be a family of cardinality less than v. By Lemma [l there is a
partition (P, : n € w) such that for all A € D and for all n € w, AN P, is infinite. Define
a function f(k) = n if and only if £ € P,. It is clear that for all A € D it holds that
f[A] = w. This proves that ¢ < 3. O

Proposition 5. Let .7, 7 be ideals on w. If I <g 7, then 3( 7) < 3(F). Similarly,
if 7 <kp /, then ﬁfm(/) < 3fiN(j)

Proof. We only prove the first part of the proposition since the second one is completely
analogous. Let D be a witness for 3(.#), and let ¢ € w*” be a witness for & <x #. We
will see that D is also a witness for 3(_#). Pick any f € w*. For ¢ o f there is A € D
such that @ o f[A] € &, s0 o Hpo fIA]] € Z, but f[A] C ¢ p o f[A]], which implies
flAle 7. O

Theorem 16. If .% is an ideal on w such that for some n,k € w there exists a coloring
¢ 1 [w]™ = k whose homogeneous sets are in the ideal .7, then §f,(-#) < max{d,v,}.

Proof. Recall that max{t,,0} = hom, the minimum cardinality of a family H C [w]“ such
that for any coloring ¢ : [w]® — k there is a homogeneous set in H (see (9), Theorem
3.10). Fix ‘H a family witnessing the minimality of hom. Moreover, we require the family
H to be hereditarily a witness for hom, that is, forany A € H, Ha ={B € H : BC A} is
a witness for hom for colorings on [A]2. Let ¢ : [w]® — k be such that any homogeneous
set belongs to the ideal. Let f € w® be an arbitrary finite to one function. We can assume
that flw] € . First, define a new coloring ¢} : [w]" — 2 as ©}(ko,..., k1) = 0 if
f(ki) # f(k;) for ¢ # j, and 1 otherwise. Let A € H a go(}—homogeneous. Since f is finite to
one, and A is infinite it can not be the case that for some {ko, ..., k,_1} € [A]" there are
i # j such that f(k;) = f(k;),so f | Aisinyective. Now define a coloring ¢ : [A]* — k as
©i(kos .- kn1) = p(f(ko) .., f(ka-1)), and let B € H 4 an infinite pj-homogeneous set,
which exists by our choice of H. By definition of gp}, we have that f[B] is a p-homogeneous
set, so f[B] € .Z. O

Relative to general bounds on 3(.#) there is the following.
Proposition 6. For any ideal .7, 3(.) < max{t,,3pin(-7)}.

Proof. Let R be a o-reaping family and D a witness for §;,,(-#), both of minimum possible
cardinality. For each X € R, let ¢x : w — X be a biyection. Define B =RU{px[A]: A €
D, X € R}. We claim that B is a witness for 3(.#). Pick any f € w”. Then there is a set
X € R such that there is an n € w for which X C f~![n], or for all n € w the intersection
X N f~Yn] is finite. In the first case we are done. In the second case consider the finite to
one function fopx : w — w. Then there is a set A € D such that fopx[A] € 7, so px[A]
is as required for the function f. Clearly B has cardinality at most max{t,,3pm(-#)}. O

Theorem 17. If .# is a meager ideal, then min{r,0} < 34 (F).



CHAPTER 2. SMASHING NUMBER FOR IDEALS. 18

Proof. Let D C [w]* be a family of cardinality less than min{t,0}. By the Jalali-Naini-
Talagrand theorem (see T heorem@ from Chapter 1), there is a finite to one function g € w*
witnessing fin <zp .#. Let X € [w]* be such that g~ '[X] and w\ g~ *[X] are both infinite.
Let {a : k € w) be the increasing enumeration of g7'[X]. Let v : w — w be a function with
the property that for all n € w, there is a ¢ € X such that ¢7'(¢) C {an, @ny1, ..., am)}-
Since |D| < t, by Lemmal[l]there is a partition (P, : n € w) of w into infinitely many infinite
sets such that for all A € D and n € w, AN P, is infinite. Fix a partition (P, : n € w)
having this property. For each A € D define a function f4 : w — w as f4(0) = 0 and:

fan+1)=min{k:€cw: k> fa(n)AVie n+1,v(n+ 1)]P,NANk #0}

Since |D| < 0, there is a strictly increasing function ¢ : w — w which is not dominated
by {fa: A € D}. Now define a function ¢ : w — w as follows:
ay if for some k € w, m € P, N (k)
¢(m) = . (2.2)
n(m) in other case.

Where n: J,, P \ ¢(m) — w \ g7 '[X] is a biyective function. It is clear that ¢ is a finite
to one function. We claim that for all A € D, ¢[4] € #*. Fix A € D. Note that for any
n € w such that fa(n) < ¢(n), it is the case that for all i € [n,v(n)], AN P, Ne(n) #0,
which implies that for all i € [n,r(n)] it happens that AN P, N (i) # (), since ¢ is an
increasing function, so for each ¢ € [n,v(n)] there is k € A such that ¢(k) = a;. More
explicitly, for every n such that fa(n) < ¢(n), we have that {a,,...,a,m} € ¢[A]. Since
the inequality fa(n) < ¢(n) occurs for infinitely many n € w, there are infinitely many n
such that {an,...,a,m)} € ¢[A]. By the choice of v, this means that there are infinitely
many 4 such that ¢g71(i) C ¢[A], which implies that ¢[A] is . -positive. O

Corollary 1. For any meager ideal ., min{t,,0} < jsin(5).

Proof. J. Aubrey has proved in (2)) that min{t, 9} = min{t,, 0}, which implies the corollary.
0

The above results give some general bounds for the Borel ideals, but in some cases it
is possible to get some improvements.

Proposition 7. The following holds in ZFC:
a) 3(conv) =rt,.
b) v <j3(nwd) <r,.
¢) 3fin(EDyin) = 2.

Proof. a) It is well known that t, is the minimum cardinality of a family R C [w]¥ such
that for every bounded sequence of reals (a,, : n € w) there is X € R such that (a, : n € A)
converges to some real (see (9), Theorem 3.7). This is equivalent if we replace sequence of
reals by sequence of rationals.
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b) The second inequality follows from the previous item, the fact that conv <y nwcﬂ
and Proposition [5] For the first inequality, let us recall the cardinal invariant deq defined
by Cichoni in (22]), which is defined as the minimum cardinality of a family S C [w]* such
that there is no one to one function f : w — Q such that for all A € S, f[A] is dense. It
was proved by J. Cichoni that deq < ¢, and in (3) it was proved that in fact the equality
holds, that is v = deq. Then, the first inequality follows immediately from v = deq.

c) To see that 37;,(EDyin) < 0, let D be a dominating family of interval partitions of
w. Let us assume that each P € D is of the form P = ([i",i7,,) : n € w). We claim that
F={{il :n €w}:P e D}}is a witness for 34i,(EDyi,). Pick any f: w — A finite to
one function. Define recursively a function ¢ : w — w as follows:

1. p(0) =0.

2. Suppose (i) is defined for all i < n. Let a,, = max{i € w: (Fk < p(n —1))(f(k) €
(A);)}, and define A, = Ulgan(A)l

em+1)=min{k €w: f'[A,] Ck}+1 (2.3)

Consider the partition Z, = ([p(n), p(n + 1)) : n € w). Then for each k € w, Y[(A)]
is covered by at most two consecutive intervals from Z,. Indeed, for & € w let n; be
the minimum such that f([¢(ng), o(nr +1))) N (A), # 0. Then by the definition of ¢,
FH(A))] C [p(ng), o(nk +2)). Let P = ([in,ins1) : 1 € w) € D be an interval partition
dominating Z,. We claim that f[{i, : n € w}] N (A); has at most two elements. Since
each interval from P contains an interval from Z,, it follows that every two consecutive
intervals from Z,, are contained in two consecutive intervals from P. Then, since f~![(A);]
is covered by two consecutive intervals from Z,, it is as well covered by two consecutive
intervals from P. That is, for all k € w, there is ny € w such that f~'[(A)g] C [ing, ings)-
This implies that (A)y N f{{in : 7 € W} C f[{ing, ing,, }]- This proves that 37, (ED) < 0.

Now consider a family D C [w]“ of cardinality less that 9, and for each A € D define a
strictly increasing function f, : w — w such that:

1) fa(0) = 0.
2) lim, oo [AN[fa(n), fa(n+1))] = 0.

For each A € D, let Z4 = ([fa(n), fa(n+ 1)) : n € w) be the partition defined by f4.
Since {Z4 : A € D} has cardinality less than d by Lemma [4] there is an interval partition
Z = (I, : n € w) such that for all A € D, there are infinitely many intervals from 7
containing an interval from Z,. We can assume that for all n € w, |Z,,| < |Z,41]. For
each n € w, let e, be the increasing enumeration of Z,,, and define (k) = (|Z,.|, e, (k)),
where m is such that k& € Z,,. We claim that for all A € D, p(A) € SDjEm. Indeed,
since there are infinitely many intervals from Z containing an interval from Z,, we have
that limsup,,_, . |[A NZ,| = oo, which implies that limsup,,_, . |p(ANZ,)| = oo, and by
the definition of ¢ it holds that ¢(A NZ,) C (A)4,|, which in turn implies that ¢(A) is
positive. This proves that 0 < 3¢, (EDyin)

[

!This Katétov relation follows from the fact that every convergent sequence is a nowhere dense subset,
so the inclusion function is a witness for conv <g nwd
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Corollary 2. For any analytic p-ideal %, it holds that min{t,,0} < 3:,(-#) <0.

Proof. Let .# be an analytic p-ideal. The first inequality follows from Corollary [I} since
every analytic p-ideal is meager. The second inequality follows from the fact that every
analytic p-ideal contains a copy of £Dy;, and by Proposition [5

O

Note that the previous corollary implies that whenever 0 < t, then 34, (%) = 0.
Corollary 3| from Chapter 3, shows that for every analytic p-ideal .# the inequality t, =
37in(-#) < 0 is consistent with ZFC, so we might conjecture that min{t,,d} = j4in (&)
whenever .# is an analytic p-ideal.

Question 2. Is it true that for any analytic p-ideal & it holds that 3, (-#) = min{t,,0}?

However, the results from Chapter 4 imply that the inequality v < 3p,(-#) = 0 is
consistent with ZFC, for all F,, ideal .# at the same time, so in particular, this holds for
summable ideals, which are analytic p-ideals. So the answer to Question 3 is that it is
not true for all analytic p-ideals. We can still ask the following weakening of the previous
question:

Question 3. Is there an analytic p-ideal & for which it holds that 34, (-#) = min{t,,0}?

The answer of this question is given in the positive by Proposition [9] of this chapter.

For the next proposition, we consider the cardinal invariant t,,+ defined as the minimum
cardinality of a family RP C [w]“ such that for any partition (A4, : n € w) of w into infinite
sets there is X € RP such that either: for all n € w A,, N X is finite or there is n € w such
that X C* A,,. It is easy to see that v < v,y < t,.

Proposition 8. The following holds in ZFC:
1. 3(Fin x Fin) = 3¢n(Fin x Fin) = tp4,4.
2. 3(ED) = 37in(ED) = max{tyar,0}.
3. max{tyert, 0} < 37m(R) < 3(R) < max{r,,0}.

Proof. 1. Let us prove first that 37;,(Fin x Fin) < v,44. Let RP be a witness for t,,,;.
Let f : w — w X w be a finite to one function, and consider the partition given by
A, = f1{n} x w]. Let X € RP such that there is n € w, X C* A,, or for all
n € w, A, N X is finite. Then f[X] € Fin x Fin. This proves that RP is a witness
for 3 i, (Fin x Fin).

To prove tpet < 3fin(Fin x Fin), let F’ be a witness for 3 ¢, (Fin X Fin), and modify it
to obtain a family F such that for any A € F, the family Fy = {X € F: X C A}
is a reaping family relative to A. Note that this can be done in such a way that
|F| < max{3mn(Fin x Fin),t}. Now pick any partition of w into infinite sets, say
A= (A, :n € w), and for each n € w, let e, : w — A,, be the increasing enumeration
of A,. Define a function f; : w = w X w as fz(k) = (n,e,'(k)), where n € w is
such that k € A,,. Let B € F be such that f;[B] € Fin x Fin. We have three cases:
1) f4B] is contained in finitely many verticals from w x w; 2) fz[B] intersects each
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vertical in finitely many points; 3) There is n € w such that f;[B] € DU, {n}xw,
where D is disjoint from |J, ., {k} X w and intersects each vertical in finitely many
points. Let us deal with case 1) first. Since Fp is a reaping family relative to B,
there is C' € Fp such that there is k& < n such that C' C f;[{n} X w] = A,
which finishes the case. For case 2) there is nothing to do, since B intersects each
A, in a finite set. For the third case, let C' € Fp be such that C' C f;l[D] or
CC f;[ngn{k} X w]. Then proceed as in case 1) or case 2) taking C' instead of
B. Now, we have proved that t,q+ < max{t, 3, (Fin x Fin)}, but v < 4+, which
implies that t,.+ < 3fin(Fin x Fin). This finishes the proof of t,,+ = 3in(Fin X Fin).
The case for the equality 3(Fin x Fin) = t,,,; follows similar lines.

2. Since €D <kp Fin x Fin and €D <gp EDypn, by Proposition , item ¢) from
Proposition [7| and the previous item, it follows that max{t,u¢, 0} < 3£:n(ED). To
prove the other inequality, let RD’ C [w]“ be a witness for ty,., and modify it to
obtain a family RD such that for each A € RD, the family RDy = {B € RD :
B C A} is a family of selectors for finite partitions of the set A, and also a reaping
family relative to A. It is clear that the family RD can be find with cardinality
max{tyq, 0}. Let f:w — w X w be a finite to one function. We can assume that
flw] € ED*. Consider the sets A, = f~'[{n} x w]. There is B € RD such that
either: for all n € w, X N A, is finite, or there is n € w such that B C A,,. In
the second case we are done, since f[B] C {n} x w. In the first case, consider the
partition of B into finite sets given by F,, = B N A,. Since RDp is a family of
selectors for partitions of B into finite sets, there is C' € RDp which intersects each
F, in at most one element. Then f[C] intersects each vertical from w x w in at
most one element, so f[C] € £D. It follows that 37, (ED) < max{ty,, 0}. The
same argument works to prove that 3(£D) < max{ty,+, 0}, so we have the following
sequence of inequalities:

maX{tparm D} < 3fzn(gD) < Z)(ED) < maX{tparta D}

It follows that 3(ED) = 3in(ED) = max{tye, 0}.

3. For the inequality 3 ¢, (R) < max{t,, 0} apply Theoremwith the coloring used for
the definition of the Random Graph. To see the inequality max{tpa¢, 0} < 3rin(R),
note that R <gp £D, then by Propositionwe have max{tpqr¢,0} < 3fin(R). On the
other hand, by Proposition [6] we have that 3(R) < max{t,,3m(R)} < max{t,,d}.

]

Proposition 9. 3¢,(2) = 3i»,(SC) = min{t,,d}.

Proof. The inequality min{d,t,} < 37, (Z) follows from Corollary [I] Since SC <gp
Z, by Proposition [ we have that 37in(Z) < 37in(SC). The inequality 37in(SC) <
min{t,, 9} follows from the facts that conv <xp SC and EDy;, <kp SC, Proposition
and Proposition [5] O



Chapter 3

More about .#-ultrafilters.

3.1 Two questions of J. Flaskova.

Let us recall the following theorem due to Vojtas:

Theorem 18. An ultrafilter U on w is rapid if and only if U has non-empty intersection
with every summable ideal.

In (30)), between several results, J. Flagkova proves the following refinement of Vojtas
theorem:

Theorem 19. There is a family D of summable ideals with cardinality 0 such that an
ultrafilter is rapid if and only if it has non-empty intersection with every ideal from D.

Then she asks the following two questions:

Question 4. What is the minimal size of a family D of summable ideals such that an
ultrafilter U is rapid if and only if it has non-empty intersection with each ideal in D?

Question 5. Is it true that whenever the cardinality of D |a family of summable ideals| is
less than 0, then there exist an ultrafilter on the natural numbers which is an J;-ultrafilter
for every Z, € D, but not a rapid ultrafilter?

By theorem [19] we know that such cardinality is at most 9. The first section of this
chapter proves that in fact the equality holds. In sections 3.3 to 3.5, we establish the
consistency in the positive way of Question [5 showing that in the Rational Perfect Set
model, for any family D of summable ideals with cardinality less than ?, there is an
ultrafilter which is an #-ultrafilter for every .# € D, although there is no rapid ultrafilter
in such model. Results from Chapter 4 will show that Question [5| is in fact independent
from ZFC.

3.2 0 1s the best.

For the sake of simplicity, let us say that a family D of summable ideals is a Vojtas family
if an ultrafilter is rapid if and only if it has non-empty intersection with each member from
D. The main theorem of this section can be stated as follows:

22
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Theorem 20. 0 is equal to the minimum cardinality of a Vojtds family.

Since Theorem [19] means that 0 is an upper bound for the minimum cardinality of a
Vojtas family, we only have to prove the following:

Proposition 10. No family D of summable ideals on w of cardinality less than 0 is a
Vojtas famaly.

Proof. 1t is enough to prove that given any non-empty family of summable ideals of
cardinality less than 0, there is an ultrafilter meeting each ideal in the family, but still
there is a tall summable ideal avoiding the ultrafilter. Fix D = {.7, : @ < A} an arbitrary
family of tall summable ideals such that A\ < 9, and for a € A, let g, : w — R be a
function from which .#, is defined. Let E be the set of even natural numbers. For each
F e [A\]<%\ {0}, define a function 1 on E as follows:

Yr(0) =0
Yrp(n+2) =min{k € w: k> ¢Yp(n) and (Va € F)(Vi > k)

(9a(1) <1/(2"(n +2)%))}

Since {¢Yp : F € [\]<*\ {0}} has cardinality less than 9, there is a function f : F — w
which is not dominated by {¢p : F' € [A\|<¥ \ {0}}. We can assume that for all n € E,
f(n+2)— f(n) >n? and we can define the following function:

(n) = fn)ifne E
fln=1)4+n—-12ifn¢FE

For each F' € [A]<¥ \ {0}, let Ar be the set where ¢, is dominated by f, that is
Arp={n€ E :¢¥r(n) < f(n)}. Note that the family {Ap : F' € [\]<¥\ {0}} is a centered
family. Indeed, pick Fy,...,F, € [A]“\ {0}. By the definition of the functions ¢p we
have that if F' C G, then ¢¥r < ¢, so in particular, if ¥ g, g, (k) < f(k), then we have
Yp (k) < f(k) fori=0,...,n,andso k € AgN...NA,.

Now, for I € [A]<\ {0} let Br be the set (Jycy4, [f(Kk), f(k +1)). Finaly, take the
family G = {Bp : F € [\]<* \ {0}}. It follows that G is a centered family, by the previous
paragraph.

Let us see that G has non-empty intersection with each ideal in D. For a € A\, we claim
that By, € #,. This follows easily from the definition of 1{,) and A(,;. We have that for
all n € Agay, Yiay(n) < f(n) = f(n), and by the definition of V1ay, for every k > 0y (n),
ga(k) < 52, so in particular, for every n € A,y and every k > f(n), ga(k) < sz We
have the following:
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What remains is to find a tall summable ideal .# which has empty intersection with
some ultrafilter extending G. Consider the following function from w to R,

}Ww:{1ﬁnemjm»

it ne [f(k), f(k+1)

Let .#, be the corresponding summable ideal. We claim that G C f,:“. Pick any
Br € G. Then,

Y hm)y=) Y. hm

ne€BFp n€Ar [ me[f(n),f(n+1))

:an—bkl—ﬂjo

Then we have G C .7, so G U % can be extended to an ultrafilter . Obviously .,
and U satisfy our requirements. O

Now, Theorem [20] follows immediately by Theorem [19] and Proposition

3.3 Rational Perfect set forcing and p-ideals.

Definition 17. Let .Z be an ideal on w and let U be an ultrafilter on w. We say that U is
an (&, p)-point provided U is an & -ultrafilter and a p-point at the same time.

Recall from the Preliminaries the definition of the Rational Perfect set forcing, denoted
by PT. The following lemmas are well known properties of the Rational Perfect set forcing.
We refer the reader to (52) for details of the proofs. Also, recall the definition of the
isomorphism ¢r : w< — split(7T").
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Lemma 5. The Rational Perfect set forcing satisfies the Axiom A. In particular, it is
proper.

Lemma 6 (Continuous reading of names). Letf be a PT-name for a function from w to
w, T € PT a condition and g € w* such that T IF “f < ¢”. Then there is T' < T, and a
family {hs : s € split(1T")} C w* such that for all s € split(T") and for all but finitely many
k € sucep(s), it holds that T | s~k |- “f | (|s|+n) = hy | (|s| +n)”.

Lemma 7. Let T € PT be a condition, and A, B a partition of the splitting nodes of T'.
There is a stronger condition T" < T such that split(T") C A or split(7") C B.

Theorem 21 (p-point preservation). Let U be p-point. Then U generates a p-point in the
generic extension by PT.

The following lemma will be useful in the proof of Theorem [22] since it will enable us
to use Lemma [6]

Lemma 8. Let . be an analytic p-ideal. Then there exists a function gy : w — w such
that for any ultrafilter U, U is a weak & -ultrafilter if and only if for every finite to one
f < gy there is A € U such that f[A] € 7.

Proof. We prove only the non-trivial direction. Let ¢ be a Iscsm such that & = Exh(yp).
Note that for any n € w there is k € w such that for all i > k, ¢({i}) < 5= (recall that
& is a tall ideal). Recursively construct a sequence (k,, : n € w) such that for all i > k,,
o({i}) < 2% and k, < k,11. Then define gs(n) = k,. Let us see that g, is a witness
for the lemma. Let f € w® be an arbitrary finite to one function. If g, <;; f, then it

follows that D,,<; = {i € w : g+(i) < f(i)} € U, and note that for any ¢« € D, <,
o(L(0)}) < 1/% 50 for any n € w

o(f[Dg,<flNn) < > o{i}) <

JEfIDg ;<flNn
. 1 1
Z e({f(i)}) < 5 < Z 5
i€Dg ;4 f(1)<n i€Dg 4 ¢, f(1)<n i€Dg 4
1
27
the same way it can be proved that ¢(f[Dy,<s] \ n) < ZieDgygf,f(i)zn 5;, which implies
that lim, o @(f[Dy, ;]\ n) =0, s0 f[Dy,<f] € F. If f <y gr, then there is h € w*
such that h < g, and f =, h. By hypothesis, there is A € U such that h[A] € .. Define
B=An{necw: f(n) =h(n)} €U, then we have f[B]| = h[B] € .J. O

Then, by the lower semicontinuity of ¢, it follows that o(f[Dy,<¢]) <> .cp ;2 In
- 9.9<

Finally, we will need to make use of the p-point game.

Definition 18 (p-point game). Given an ultrafilter U, the two players game G(U) is
defined as a sequence of choices were, at round n, Player I chooses an element from the
ultrafilter, A, € U, and Player II chooses a finite subset F,, € [A,]<“, and Player II wins
if and only if U,,c, Fn €U:
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Player]‘AOGM‘ ‘A1€Z/{‘ ‘AQGZ/[‘
Player 11 | | Fo € [Ag]™ | | Fy € [A]™ ] | 5 € [Ay]™

The following well known characterization of p-points will be useful in proving that the
forcing preserves (&, p)-points.

Lemma 9 (C. Laflamme, see (47)). Let U be an ultrafilter on w. Then U is a p-point if
and only if Player I has no winning strategy in the p-point game.

Proof. We ask the reader to consult C. Laflamme’s article (47). Another good reference
is W. Wohofsky master thesis (68)), pages 53-59. O

Now we are ready to prove the following. We want to remark that (&, p)-points and
weak (&, p)-points are exactly the same.

Theorem 22. Let & be an anlytic p-ideal and U an (&, p)-point. Then in the generic
extension by the Rational Perfect set forcing U generates an (& ,p)-point.

Proof. Fix U an (., p)-point. Let f be a PT-name and p € PT a condition such that
plF “f € w”. By Lemma , we can assume that p IF “f < g,”. By the remark right
before this theorem, and by Theorem [21], ¢ remains as a p-point in the generic extension,
we can assume that p I- f is finite to one” (the case when f has a restriction on which it
is constant follows immediately). By using the continous reading of names, we can assume
that for any s € split(p) there is a function hy € w* such that for all n € w and for all
but finitely many k € succ,(s), p | s™k IF f (Is| +m) = hs | (|s| +n). Since U is an
S -ultrafilter, for every s € split(p) we find Ay € U such that hs[As] € #. Note that hy
is not necesarily a finite to one function, but since i/ is a p-point, we can assume that
hs | A is either constant or finite to one. Now, by Lemma [7, we can as well assume that

the condition p has one of the following properties:
a) For all s € split(p) the restriction hy | A is finite to one, or
b) For all s € split(p) the restriction hy | A is constant as.

Let us consider first the case a). Since .# is a p-ideal and for all s € split(p) we have
hs[As] € #, then there is Z € .# such that for all s € split(p), hs[As] € Z. By taking
off finitely many elements of each A,, we can assume that for all s € split(p) we have
hs[As] € Z. Making use of the p-point game we will construct two sequences {F,, : n € w}
and {7}, : n € w} such that:

1. To <o p

2. Foralln € w, Ty IF “f[F,] € 27, and Ty <pi1 Th.
3. Unew Fn €U.

4. T, = ,ew T is a condition.

The construction is as follows:
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i) Player I starts playing Ay = Agp), and define Ty = p.

ii) Suppose Player IT has answered with a set Fy C Ag. Let kg € w be big enough so that
for all i € sucey, (st(75))\ko it holds that T" [ st(Tp) i I- “f | (max(Fo)+1) = hsyry) |
(max(Fy)+1). Note that this implies that for all i > ko, Ty | st(Tp) i - “f[Fy] € Z7.
Then define

T, = U To | st(Tp) i

i€succry (st(T0))-i>ko
And Player I responds with A; = (,.;<1 A, \ (max(Fp) + 1).

iii) Suppose at move number n and Player I has played

An= () App (s \ (max <U Fk> +1)

sEnsn k<n

Suppose Player II responds with a set F,, C A,. Then, let k, € w be big enough
such that for all r € 7, (n=") and all i € succr, (1) \ k,, it holds that T, | i I+
“f I (max (Upen Fr) +1) = h, | (max (U<, F) +1)7. Note that this implies that
for each r € @, (n=") and i € sucey, () \ kn, Ty, | 774 IF “f[F,] € Z”. Then define
T, as follows:

Ton= U U T | pr,(s) i

sen<n iesuccr, (1, (8)),i>kn

By construction it follows that Tj,q IF “f [F,,] € Z”. Let Player I play the set

A= [ Aps, 0\ (max (U Fk> +1)

s€(n+1)Sn+l k<n

By Lemmal9] this is not a winning strategy for Player I, so there is a play where Player
IT wins the game. Let {F,, : n € w} and {7}, : n € w} be the sequences obtained by Player
I in this play, and T, = (., Tn-

Claim. T, IF “f (Unew Fn] € Z7. Following the construction of the three sequences, it is
not hard to see that T,, 1 IF “f[F,] C Z”. But for all n, T,, < T,,, so the claim is true for 7,,.

Now let us deal with case b). Fist note that there is no condition ¢ < p such that
the set {a,s : s € split(q)} is finite. To prove this assume it is false and apply Lemma
finitely many times, then recall that the function f is a finite to one function to arrive at
a contradiction. By using this remark it is possible to find a stronger condition ¢ < p such
that Z = {as : s € split(q)} € #. The rest follows the same lines of the previous case.
Using the p-point game again we construct two sequnces {F), : n € w} and {T,, : n € w}
such that condition (2)-(5) of the construction for case a) hold, and condition (1) is changed
to (1’) Ty < q. The strategy for player I is defined in the same way as it was in the
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previous case. Then the condition T;, and the set | J, ., F obtained in this way satisfy
T “flUpe Fu) € 27
O

3.4 A preservation theorem for (.7, p)-points.

In this section we prove the following preservation theorem for (., p)-points.

Theorem 23. Let .Z be an analytic p-ideal such that . = Fin(p) = Exh(yp), for some
Iscsm defining .9 . Let (Pg, Qﬁ : B < ) be a countable support iteration of proper forcing
notions such that for all § < o, Pg is proper, preserves (Z,p)-points and also Pg I+
“Qg is proper and preserves (&, p)-points’. Then P, preserves (&, p)-points.

 Recall that given a P-name f for a real, a pair ((p, : n € w), h) is an interpretation for
fifforalln e w, p,IF “f [ n=h[n”. We need a strengthening of this property.

Definition 19. Let f be a P-name for a finite to one function from w to w. A fine
interpretation for [ is a pair ((p, : n € w),h) such that (p, : n € w) is a decreasing
sequence, h is a finite to one function and for alln € w, p, IF “f In="h|n".

It is easy to see that if f is forced to be a finite to one function, then given a condition
p, we can find a fine interpretation for f below p. In order to prove Theorem l we need
the following technical definition and the lemma following the definition.

Definition 20. Let PxQ be a two step iteration, and Zetf be a PxQ-name and (p,q) € P+Q
a condition such that (p,q) IF “f € w”. Let ({(rn, : n € w), h) be an interpretation of f
below (p,q), where r, = (Pn,Gn). Let T be a well ordering of P Q. Suppose Gp is a
generic filter for P over V. Then, in V[Gp|, define a decreasing sequence (t, : n € w) of
conditions in Q[Gp] which interprets f as follows:

1. Define n* = sup({—1} U{n € w:p, € Gp}). If n* = —1, define t_1 = 155,
2. Forn € w, if n < n*, then t, = ¢,[Gp].

3. Forn € w, if n > n*, then define t,, to be $,|Gp|, where $, is such that there is
u, € P such that (up,s,) € Px Q is the C-first extension of (up_1,$n-1) such that
u, € Gp and $,|Gp| decides the value of f [ n

The sequence (t; : i € w) defined in V[Gp| is said to be the derived sequence from
(rp - n € W), Gp and f, and we write d¢, ((r, : 1 € W), f) to denote this sequence. The
P-name of this sequence will be denoted by 6((r, : n € W), f). If 6((ry : n € W), f) is a
P-name for a derived sequence in V|G|, then define by int(6((rn : m € W), f), f) a P-name
of the interpretation in V|Gp] of f by the sequence 3y ({1 1 m € w), 1)

It is easy to see that if g = int((7, f), f), and 7 interprets f as h, then p interprets ¢
as h.



CHAPTER 3. MORE ABOUT .#-ULTRAFILTERS. 29

Lemma 10. Let P« Q be a forcing iteration, f o P x Q-name for a finite to one Junction,
and (p,4) € P* Q a condition. Let ({(r, : n € w),h) be a fine interpretation for f below
(p,q), where r, = (pn,Gn). Then there exists a derived sequence 5 = (5(<rn 'n € w, f))
such that the pair (5,int(8, f)) is forced to be a fine interpretation for f in V[Gp], and
moreover, int(0, f) is interpreted by (p, : n € w) as h.

Proof. We follow the same notation as in Definition 20, Let G C P be a generic filter over
V, and define n* = sup({—1} U {n € w : p, € G}). Define § as a P-name for a sequence
(t, : n € w) of conditions in Q[G] such that the following holds:

For all n € w, if n < n*, then t,, = ¢,[G], and for all natural number n > n*, define
tn to be $,[G], where §, is such that there is u,, € P such that (uy,, s,) € Px Q is the
first C-first extension of (u,_1, $,—1) such that u, € G, and s,[G| decides the value
of f7'(n) and f | n. Let g € w” be the function such that t, IF “f [ n =g | n
Define int(d, f) as a P-name for g.

By definition of 4 and the definition of z"nt(g, f), it follows that the pair (6,int (6, f))
is forced to a fine interpretation of f in V[G], since int(d, f) is actually the name of the
function g. It is easy to see that (p, : n € w) interprets int(d, f) as h. ]

The next lemma can be seen as an intermediate step in the proof of Theorem [23] but
we consider that it is more readable to write it as a separate lemma.

Lemma 11. Let % be an ideal defined by a lscsm ¢ such that 9 = Fin(p) = Exh(p).
Let U be an (S, p)-point. Let P x Q be a two step iteration of proper forcings such that P
preserves (&, p)-points. Let f be a P x Q-name for a finite to one function from w to w.
Let (p,q4) € P x Q be a condition and ((r, : n € w), ho) be a fine interpretation of f below
the condition (p,q). We can assume that v, = (pn,Gn). Let M < H(0) be a countable
elementary submodel such that p, f,P * Q,U, ({rn :n €w),hg) € M, and let Z € U be a
pseudointersection of U N M. Let m € w be such that (ho[Z]) < m. Then for alln € w,
there are the following:

1) An (M,P)-generic condition pu.

2) A P-name 3,.

3) A P-name h,, for a finite to one function from w to w.

4) A P-name t,, for a sequence of conditions in Q[Gp)].
Such that:

i) pm < po-

i) pam - “5, < ¢ and ppg - “5, € Q[Gp] N M[Gp)”.

i1) pam forces that (tn, hn) € M[Gp| is a fine interpretation of f below 3, and such that
p(hnl2]) < m.
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iv) paq Ik G IF “f T=hy [ 077

Proof. Fix a natural number n € w. We need to find the objects in clauses 1)-4). First
note that by Lemma 10, we can find inside M a P-name for a fine derived sequence
6 = 0((rn : n € w), f) such that int(0, f) is interpreted by (p, : n € w) as hy. For short,
denote by h the name int(é, f).

Let G C P be a generic filter over V. By hypothesis, & remains as an (., p)-point
in V[G], and by elementarity, M[G| F U is an (&, p)-point. So for each k € w, there are
u, < p and X, € U such that uy, IF “p(h[X}]) < 17, since .# = Exh(p). Clearly this can
by done inside M, so we assume these two sequences are in M. Let X € M NU be a
pseudointersection of (X : k € w). Now, working in M, define by recursion a sequence of
natural numbers (k; : | € w) as follows:

1) kg =0

2) Forall i <k, X\ ki1 C X,

3) For all i > kyyq, p; IF “h [ ky = ho | k)
)

4) For all i < ky, there is ™' < w; < p; such that ul™ - “p(A[X; \ ka]) < m —
max{p(ho[F]) : F C k; A p(ho[F]) <m}”.

Note that 4) can be achieved since A is forced to be finite to one and h[X;] € & =
Exh(yp) is forced by u;. Conditions 1)-3) are trivial.

Assume the sequence (k; : j € w) has been constructed. Without loss of generality, we
can assume that Y = J;, [k3j11, ksj2) € U. Let jo be such that Z \ ksj, € X NY (recall
that Z is a pseudointersection of M NU, and X NY € U N M). Note that for any [ > j()
we have [k3_1,k341) N Z = 0. Fix one of such {. We claim that u3l+1 I+ “go(h[Z]) <m’

Since u?’“rl < Pky» by 3) above we have,
w I 4B ] kg = ho | kst
Which in turn implies,
up I “RIZ N k] = holZ N ki)

and so,

uiljl I+ “gp(h[Z Nks—1]) < max{p(hoF]) : F C ks A p(holF]) < m}” (3.1)
Also, by 2) and the choice of | we have

Z\ k31 CXNOY N\ kg1 € Xy, \ Faiga (3.2)

note that since Z N [k3;_1, k3;11) = 0, the following holds,

uftt Ik “p(h[Z]) < e(RZ \ kail) + @(h[Z N ks]) =
p(AZ \ k3i1]) + @(AlZ N kyia])” (3.3)
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Note that (3.1)) implies the following:
uzl;lrl IF “m — max{@(ho[F]) : F C kg A p(ho[F]) <m} <m — gp(h[Z N k3_1])”
This inequality, joint with 4), gives the following:

U o (h[ Xy, \ kaia]) < m = @(h[Z 0 k1))
or equivalently,

up I “o(h[ Xy, \ karia]) + @(h[Z N kgio1]) < m”
by (3.2) and the monotonicity of ¢, we have that,

up R “p(h[Z\ ksi]) + @(AIZ N ksi—a]) < m”
Finally by (3.3) we get,
ui?l“l I “o(h[Z]) < m”
Now let [ > jg be a natural number big enough so that n < k3_1, and let ¢ < uigl be
an (M, P)-generic condition. Define the following:

a) In M, let §,, be the P-name dy,,.

b) In M, let £, be a P-name for the fine derived sequence 8((r} : i € w), f), where
Tl = Titk,, for all i € w.

¢) In M, let h, be the P-name h.
d) Define pys = q.

We claim that pay, Sp, h,, and t,, are as required.

Conditions 1) - 4) are easily seen to be hold by the construction. Condition 7), follows
from the fact that pys < pr,, < po. The first part of ii) follows from a) and (pg,,, G,,) <
(p,q) and the choice of §,. The second part of condition i) follows from the fact that
((pr, dr) + k € w) € M, ppyy < iy, and 8, = Gy, _ _

Let us see condition 4ii). By definition 6((r} : ¢ € w), f), is a fine interpretation of f.
To see that 5((7“; D€ w), f) is forced to be below 3§, by pa, let G C P be any generic
filter such that pyq € G. By definition r{, = (pry, dry, ). Since py < p,, and py € G,
it follows that the first term of 0((r} : i € w)) is ¢y, [G] = 3,]G], and all the remaining
terms are below the first one since §((r} : i € w), f) is a decreasing sequence. To see that
pam IF “p(hn]Z]) < m”, recall that [ > jo, pag < uiﬂjl and uifjl I “o(h[Z]) < m”.

To see that condition v) holds, just note that n < ks;—1, (Pa1, Sn) < (Disyys diy,) and

(Phays Qi) 1F “F 1 Kozt = ho | kg

which implies

P lF G I “f T hy = ho [ k3"
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and also,

Dhgy IF “P [ gy = h [ kgy = ho | ks

so it follows that

P lF G lF “f [ kg = hy | k"

since n < k31, the required property follows.
O

Before proving Theorem [23] we introduce some notation and conventions to be used in
the proof. Given a countable support iteration P = <IP’n,Qn : n € w) which is factorized
as P =P, % I@’[nﬂyw), and a condition p € P, we denote by (po, P ) the factorization of
the condition p relative to P, * If”[nJer). In a similar way, if (r, : n € w) is a sequence of
conditions in P, we denote by (r} ,'f’ﬁ’w)) the factorization of the condition 7, relative to
P, * ]13’[%17“,). On the other hand, consider P factorized as IP,, * @n+1 * IF’[,HQM) and G, C P,
a generic filter over V. We will be translating Q,41[G,]-names in V[G,] to P, -names
names in V', and vice versa. In this setting, when working in V[G,,], we consider Q,41[G,,]
as the evaluation of the P,,-name @n+1, and ]?’[Mg,w) [G,] as a suitable QnH[Gn]—name for
the residual iteration after P, ; = P, * Q,41, or more exactly, for the quotient P, /G,
where G, 11 C P,y is a generic filter over V. So, when working in V[G,,], we will write
Qn+1[Gn] * IF’HH[G,L] for the quotient forcing P,,/G,, in V[G,,]. The point of this is the two
step factorization of P, /G,,, so we can apply the previous lemma in V[G,,], and then make
a translation of elements from V[G,] to P,-names in V. Finally, we will be making an
abuse of notation when referring to the P,-name f: when talking about f in the extensions
given by IP,, we implicitly assume that we are taking about an appropiated P, ,)-name
which is equivalent to f after forcing with P, ) on the generic extension by P,.

Proof of Theorem[23. Let us assume all the hypothesis in the statement of Theorem [23]
First note that we can assume that the iteration has length w, since every real appears in
a successor stage or in a countable cofinality stage, so we assume P, = (P,,, Q,:n e w).
Let U be an (.#, p)-point, f a P,-name for a function from w to w and p € P,, a condition.
First note that by Theorem [14] we have that U generates a p-point after forcing with Py,
so we can assume that p |- “U generates a p-point”. If there is a condition ¢ < p and
X € U such that ¢ IF “f I X is constant’, then we are done. Otherwise, there is ¢ < p
and there exists A € U such that f [ A is forced to be finite to one by ¢, so we can assume
that f is finite to one. Let M < H(f) be a countable elementary submodel such that
f,Uu,p,P, € M. Fix Z € U a pseudointersection of Y " M. In M, let ((r, : n € w), ho) be
a fine interpretation for f below p, and assume @(ho[Z]) < m for some fixed m € w. For
each n € w, we assume r, has the form (r* : k € w). We will construct by recursion four
sequences (g, : 1 € W), (S, :n € W), (hy :n € w) and (f,, : n € w) such that the following
holds:

a) Forn =0, qo is a (M, Py)-generic condition.
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b) For all n € w, g, is (M, P,)-generic and ¢, = (qo, - - -, ¢n), where ¢, is a P,,_;-name
for n > 0.

¢) For all positive n € w, h,, is a P,_;-name and ¢,y IF “h,, € M[Gp, ,]”.

d) For all positive n € w, t, is a P,_;-name for a decreasing sequence of conditions in
P[n w) [GIP’ ]

e) E‘or all'positive n € w, $, is a P,,_;-name and ¢,,_; forces that s, is a condition in
]P)[nvw) [Gpnfl] m M[G]Pnfl]'

f) For all positive n € w, g,y forces that (f,, h,) € M[Gp, ] is a fine interpretation
of f below §,,.

g) For all positive n € w, q,_; forces that p(h,[Z]) < m.

h) For all positive n € w, go_1 IF “$, Ik “f [ n=h, [ 7.

51

and qo < r{.

7

)
)
i) For all positive n € w, ¢,—1 IF “¢, < §
j) Forall n € w, g, IF “8p40 < 877 )7

Suppose first we have succeeded in the above construction and consider the condition
¢ = U,eo @n- Note that by construction of ¢ we have ¢ < go. We claim that ¢ I-
“o(f[Z]) < m”. Tt is enough to prove q IF “(¥n € w)(f | n = hy | n)”, since by g), this
would imply that ¢ forces the measure of the initial segments of f [Z] to be smaller than
m, and by the lower semicontinuity of ¢, this implies that o(f [Z]) is at most m. First
note that for any positive n € w, it holds that ¢ $,4+1 < g, 15,. To see this fix a positive
n € w. Clause j is equivalent to write ¢, (¢, IF “S,41 < ‘éﬁ,w)”- This, together with
Gn—1 IF “gn < 557 (see clause 1)) and the factorization s, = (57, 5], ) gives the conclusion
that ¢, 8,41 < ¢,_15,. Then, note that this implies that for all & > n, it holds that
qr Sk+1 < ¢, 15n. This implies that for all k € w, ¢ | k = Gk < ¢, 15, | k, which means
that ¢ < . 18n. Since clause h) is equivalent to ¢, {3, IF ¢ f n=h, | n”, we conclude
that g IF “ f [ n= B I n”. Finally, since n was an arbitrary positive natural number, we
conclude that ¢ IF “(Vn € w)(f 'n=h, | n).

Let us construct the sequences. We start defining $o = po, ho = ho and fy = (ry :
n € w). Consider the factorization P = Py % ]fp[w)- Regarding this factorization, any
condition r in P, is factored as r = (rg,71,4)). For the sequence (r, : n € w) we will
write 7, = (ry, Tlw)- Then note that all conditions from Lemma 11 are satisfied for .7,

o, Py *IP’M u, f, = (P0:Ppw))s ({rn :m € w), ho), Z, m and M. So for n =1, by an

application of Lemma 11 we get g, §1, h1, t1 that satisfy conditions 1)-4) from Lemma
11, and such that conditions ¢) — iv) are adapted as follows:

1) gm <1 is a (M, Py)-generic condition.

2) qm - “51 § p[l’w)” and aqm I+ “51 S ]fD[LW) [GPO] N M[G]po]”.
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3) quq forces that (t1, h1) € M[Gp,] is a fine interpretation of f below 3y, as well as
p(hi[Z]) <m.

4) qu b “si Ik “f T 1=y [ 177,

Now define ¢o = qum, $1 = S1, hy = izl, and {; just as was obtained. Let us see
that conditions a) to j) are satisfied. Condition a) and b) follows trivially from 1) above.
Condition c¢) follows from 3) above. Condition d) follows from 3) above. Condition e)
follows from 2) above. Condition f) and g) follow from 3) above. Condition h) is condition
4) above. Condition i) follows from 1) and 2). Condition j) follows from 2).

Now assume that we have constructed ¢,,_1, $,, hn and fn with the required properties.
Consider the factorization P, = P,,_; * Qn * I~P’[n+17w). Let G,,_1 C P,_1 be a generic filter
over V such that ¢,_1 € G,_1. Then let s, = $,[Gn_1], hn = hn[Gn_l] and t,, be the
evaluations of &,, h, and £, respectively, by the filter G,_;. We work in M|G,—1]. Then
we have that Q, (Gr1] * ]fb[nJer) [Gn_1] € M[G,,_1]. Moreover,

M[Gp_1] E (&, hy) is a fine interpretation of f below s,
and
VIGn-a] E o(h,][Z]) <m
Summarizing, we have the following:
1. Sp = (887 Sﬁ,w))a fa ja ‘Pau; @n[Gn—l] * IF>[n—|—1,u.)) [Gn—l] S M[Gn—l]
2. (tn, hy) € M[G,_1] is a fine interpretation of f below s,,.
3. Z is a pseudointersection of M[G,,_1] NU and ¢(h,[Z]) <m

Then we are in conditions to apply Lemma 11 for n + 1 and s,, taking the place of the
condition p in the lemma. We get the following:

1) A (M[Gn_1],Qn[G,_1])-generic condition AM[Gr_1] -

2) A Qn[Gn,l]—name 8n41 for a condition in
IP>[7er1,cu) [Gn—l] [GQH[Gn,l]] nM [Gn—l] [GQH[Gn,I]]-

3) A Qn[Gn,l]—name ﬁnﬂ for a finite to one function from w to w.

4) A Qn[Gn,l]—name fnﬂ for a sequence of conditions in I@[nﬂ,w) [anl][G@n[Gn,l]]'
And such that the following hold:

D) g, 1 < 5 is a (M[Gp_1], Qn[Gro1])-generic condition.

11) qM[anl] “_ “gn"l‘]- S Sﬁ,w)” a’nd qM H_ “gn‘f‘l E ED[“+17W) [Gn_l][GQn[anlﬂmM[Gn_l][G.Qn[anl]]”'
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iii) gag, . forces that (fni1,hns1) € M[Gp HG@”[Gn_ﬂ] is a fine interpretation of f

below 8,41, as well as ¢(h,11[Z]) < m.
V) qmiGn_) IF “Spar IF “SFrn+1)=hp [ (n+1)7.

All of these happen regarding V[G,,_1] and M|G,,_1], and the construction was achieved
by only assuming that ¢,_1 € G,,_1, and so everything above is forced by ¢,_1. Now, going
back to V', we define the corresponding P,-names:

(67

B

) n as a P,_j-name for ¢uyq,_,)-

)
7) pasal, g% Qn—name for ﬁn+1-

)

Spi1 as a P, g% Qn -name for §,.1.

0) thi1asa P, g% Q,-name for tn+1

Finally, define ¢, = ¢,—1 ~¢,. Checking that these names are as required is routine as
for case n = 1. This finishes the construction of the sequences, and therefore, the proof of
Theorem 23]

]

3.5 Answer to Question [5]

Now we are in condition to answer Question [5| stated at the begining of the chaper. We
only state a remark that help us to prove a slightly more general result.

Lemma 12. Let . an analytic p-ideal. There is a summable ideal ¢ such that ¢ C 7.

Proof. Let ¢ be the a submeasure for .#. Define Z = {n € w : p({n}) = 0}. Now, for
n ¢ Z, define g(n) = ¢({n}), and for n € Z, define g(n) = 1/2". The lower semicontinuity
of ¢ implies that %, C .¥. O

It is clear that if ¢ C .# areideals, and U is a _Z -ultrafilter, then ¢/ is an .#-ultrafilter
as well.

Theorem 24. [t is consistent that there is no rapid ultrafilter but given any family D of
analytic p-ideals such that |D| < 0, there is an ultrafilter U which is an & -ultrafilter for
all & €D.

Proof. First note that for all summable ideal .#,, it holds that .# = Fin(g) = Exh(g). The
forcing P, is an wy-length countable support iteration of the Rational Perfect set forcing,
over a model of ZFC 4+ CH. Theorem states that Rational Perfect forcing preserves
(., p)-points whenever .# in an analytic p-ideal, and Theorem [23| makes sure that these
(#, p)-ultrafilters are preserved along the iteration. Recall that in the Rational Perfect
model the dominating number is equals to wy. So let D be a family of cardinality at most
wy of tall analytic p-ideals. Since every real appears before a stage of cofinality w, it can be
assumed that each ideal in D belongs to the ground model. By Lemmal[12] for every .# € D
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there is a summable ideal _# (.#) such that ¢ (%) C .#. Define D' = { 7 (.¥): & € D}.
Since this ideals are from the ground model, there is an ultrafilter / that is an (%, p)-point
for every ideal .# € D/, for example, let U be a Ramsey ultrafilter. This ultrafilter remains
as an (£, p)-point for every .# € D in the forcing extension by P, . O

As a consequence, we answer Question [2] from Chapter 2:

Corollary 3. It is relatively consistent with ZFC that for every analytic p-ideal &, v, =
3fm(f) < 0.

3.6 Final remarks

Let us recall that T. Bartoszyriski and S. Shelah have proved that in the Rational Perfect
set model, the Hausdorff ultrafilters are dense in the Rudin-Blass ordering (see (5)).

Theorem 25 (T. Bartoszynski and S. Shelah, see (5))). In the Rational Perfect set model,
Hausdorff ultrafilters are dense in the Rudin-Blass ordering.

Theorem [24] implies the same fact for a broader class of ideals. First let us recall the
Near Coherence of Filters principle:

Definition 21 (Near Coherence of Filters principle(NCF), A. Blass, see (8))). Let U and
V be two wultrafilters on w. Then there is a finite to one function f : w — w such that

) =fv).
Theorem 26 (A. Blass, S. Shelah, see (I1))). The Near Coherence of Filters holds in the

Rational Perfect set model.

Let .# be any analytic p-ideal, and apply Theorem [24] with the family D = {.#} to
obtain an .#-ultrafilter . Now let V be an arbitrary ultrafilter on w. By Theorem [26]
there is a finite to one function f € w* such that f(U) = f(V). Since f(U) is a #-ultrafilter
and f(U) = f(V) <gp V, we are done. We have proved the following:

Corollary 4. [t is relatively consistent with ZFC that for any analytic p-ideal, .7 -ultrafilters
are dense in the Rudin-Blass ordering. Actually, this holds in the Rational Perfect set
model.

Also, recall that C. Laflamme and J. Zhu, in their article The Rudin Blass ordering of
ultrafilters from 1998 (see (48)), have proved in ZFC that there is an ultrafilter & with no
Rudin-Blass predecessors which are rapid. In particular, no predecessor of U is a g-point,
equivalently, a weak D y,-ultrafilter. Corollary [4 implies that it is not possible to prove
the same for Z-ultrafilters whenever .# is an analytic p-ideal.

Recall that given two ideals .# and ¢ on w, we say that .# is Katétov below _¢#,
denoted by & <g _Z, if there is a function f : w — w such that for all A € 7,
f7YA] € #. If the function f is required to be finite to one, then we say that .# is
Katétov-Blass below ¢, and it is denoted by ¥ <yxp _#. For a given ideal .# and an
ultrafilter U, it is easily seen that ¢/ is an #-ultrafilter if and only if % £, U*. Similarly,
U is a weak S-ultrafilter if and only if .# £, U*. Using this terminology, Laflamme and
Zhu’s theorem can be restated as follows:
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Theorem 27 (C. Laflamme, J. Zhu, see (48)). There exists an ultrafilter U such that for
all finite to one f € w”, EDyiy, <kp f(U)*.

Thus, it follows trivially that for any Borel ideal .# <xp EDy;p, there is an ultrafilter
for which any Rudin-Blass predecessor V <pp U, its dual ideal is Katétov-Blass above .#,
that is . <gp V*. However we do not know of a Borel ideal . £xp Dy, having this

property.

Definition 22. Let . be a tall ideal on w. We say that & is Laflamme-Zhu if there
1s an ultrafilter U all of whose Rudin-Blass predecessors are such that its dual ideal is
Katétov-Blass above of . We say that & is trivially Laflamme-Zhu if & <k EDfin.

The previous remarks lead us to ask the following:

Question 6. Does there exist a Borel or analytic tall ideal other than EDyy, which is
non-trivially Laflamme-Zhu?

Question 7. Is there a critical ideal & for the Borel (analytic) Laflamme-Zhu ideals, i.
e., such that any ideal ¢ 1is Laflamme-Zhu if and only if ¢ <gp I ?

Question 8. In case there is an analytic ideal ¥ ﬁKB EDyip, which is Laflamme-Zhu, let
LZgorer and LZ pnqiytic be the families of all Borel and analytic ideals which are Laflamme-
Zhu, respectively. What is the structure of the Katétov-Blass order restricted to such
classes?

In the case of an affirmative answer to Question such ideal can not be Katétov-
Blass above the ideal conv generated by convergent sequences of rationals in Q N [0, 1],
since p-points are characterized as the conv-ultrafilters. Also, by Corollary [4] such an ideal
can not be an analytic p-ideal. In particular it can not be a summable ideal. In (36)) it
has been proved that Hausdorff ultrafilters are exactly the G.-ultrafilters, which together
with Theorem [25| imply that any Lafflame-Zhu ideal can not be Katétov-Blass above the
ideal Gy., the ideal on [w]? of graphs with finite chromatic number.



Chapter 4

Every maximal ideal may be Katétov
above of all F, ideals

4.1 Introduction.

In the introduction it was mentioned how useful the Katétov order is when classifying the
combinatorial properties of ultrafilters. In this chapter we prove that the combinatorics
of ultrafilters can be so complicated that the class of F, ideals is not enough to provide
combinatorial information of ultrafilters.

The classical results about the non-existence of certain kind of ultrafilters, such as
Ramsey ultrafilters (46)), p-points (67), g-points (51)), nwd-ultrafilters (60) and rapid ultrafilters
(51), all of these equivalent to saying that all ultrafilters are above of some(or many) critical
ideal, give a measure of the strength of the Katétov order to classify ultrafilters.

However, the existence of .#-ultrafilters for some Borel ideal .# was open (39)). Recently,
0. Guzméan Gonzalez and M. Hru8ak proved in ZFC the existence of an Fs, ideal for
which the generic existence of .#-ultrafilters holds (see (32)). They also proved that the
complexity can not be lowered, since it is consistent that for all Fs ideals generic existence
does not hold, and raised the question about the existence of an F, ideal .# for which .#-
ultrafilters exist.

We will give an answer to the previous question by showing that every maximal ideal
may be Katétov above of all F, ideals (i.e., there is no .Z-ultrafilters for any F,-ideal):

Main Theorem. It is relatively consistent with ZFC that there is no .#-ultrafilter
for any F, ideal .#. Moreover, it is relatively consistent with ZFC that there is no weak
S -ultrafilter for any F, ideal .#.

The main theorem also implies a solution to a widely known problem. Recall that
Hausdorff ultrafilters were defined in the introduction. An ultrafilter is Hausdorff if the
ultrapower of the natural numbers modulo the ultrafilter, when considering the topology
induced by the discrete topology on w, is a Hausdorff space. These ultrafilters have been
extensively studied, for example in (24} 25 (6 26; B1: [B). It is not hard to see that an
ultrafilter ¢ is Hausdorff if and only if for any pair of functions f,g € w®, there is A € U

38
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such that either f | A =g [ A or f[A] N g[A] = 0. Many results about their existence
have been proved under additional assumptions to ZFC(see for example (25; 56} 26)). T.
Bartoszyniski and S. Shelah have proved (5]) that in the Rational Perfect set model they are
dense in the Rudin-Blass ordering. In recent work, these ultrafilters have been considered
in (38) in the construction of a countably compact group without non-trivial convergent
sequences. But the question about their existence remained elusive for many years. Results
of D. Meza Alcantara and M. Hrusak (36) imply that in the model we construct there is
no Hausdorff ultrafilter, giving an answer to the problem.

Additionally, the model we construct gives another solution to a question raised by M.
Benedikt, giving another model where there is no ultrafiter with property M.

4.2 More preliminaries.

Recall that a family G is groupwise dense if it is open and dense in the ordering ([w]¥, C*),
and for every partition of w into finite sets (I, : n € w), there is an infinite A C w such that
Unea In € G. The groupwise density number, g, is defined as the minimum cardinality of
a collection of groupwise dense families with empty intersection:

g = min{|I"| : (VG € I')(G is groupwise dense) & ﬂF =0}

It has been proved that the inequality u < g implies that for any two nonprincipal
ultrafilters & and V, there is a finite to one function f € w* such that f(U) = f(V). This
last assertion is known as the Near Coherence of Filters:

Definition 23 (Near Coherence of Filters, NCF). For any two nonprincipal ultrafilters on
w, U and V), there is a function f € w such that f(U) = f(V)

Reformulating the remark before the definition, we have the following:
Theorem 28 (A. Blass, see (9)). The inequality u < g implies the NCF principle.
Proof. We refer the reader to (9), from Definition 9.14 to Remark 9.19. [

This highly counterintuitive statement has been proved to be relatively consistent with
ZFC, and in fact, it holds in the model obtained by a countable support iteration of the
Rational Perfect set forcing (I1)) or the Blass-Shelah forcing (10). These two models are
in fact models of the stronger inequality u < g. We will see in Section 5 that the model
we present here is in fact a model for the inequality u < g. The NCF principle has many
interesting consequences, among them we mention the following:

Theorem 29 (see (L10; I}, @)). The Near Coherence of Filters principle implies the
following:

1. The Rudin-Keisler (in fact, Rudin-Blass) order of ultrafilters is downward directed.

2. u<oll

!'The dominating number, denoted by 0, is defined as the minimum cardinality of a <*-dominating
family on w®, where g <* f if there is n € w such that for all k¥ > n, g(k) < f(k).



CHAPTER 4. KATETOV ORDER AND F, IDEALS. 40

3. For any ultrafilter U, there is a finite to one function f € w* such that f(U) is
p-point (p-points are dense in the Rudin-Blass order).

4. There are no q-points.

For more details the reader may consult (10 115 [9)).
A function ¢ : P(w) — R is a lower semicontinuous submeasure, lscsm for short, if ¢
satisfies the following:

1. For all A € P(w), ¢(A) > 0.

2. For all A, B € P(w), (AU B) < p(A) + ¢(B).

3. For all A € P(w), lim,, 0o (A Nn) = p(A).

4. For all A, B € P(w), if A C B then ¢(A) < ¢(B).

It is a well known theorem of Mazur (49), that every F, ideal is the family of all subsets
of w with finite p-measure, where ¢ is a suitable lower semicontinuous submeasure.

Returning to the Katétov order, as we mentioned in the introduction many combinatorial
properties of ultrafilters can be stated as not being Katétov above of some ideal .#, for a
suitable ideal .# (equivalently, as being an .#-ultrafilter).

As mentioned earlier in the introduction, Hausdorff ultrafilters are those for which the
discrete topology on w induces a Hausdorff topology on the ultraproduct of w modulo the
ultrafilter. These ultrafilters can be characterized as the Gy.-ultrafilters, where Gy, is the
ideal on [w]? of graphs with finite chromatic number, which is defined as follows:

Gre ={A C [w]” : x(4) < o0}

where x(A) is the chromatic number of the graph (w, A). It turns out the function ch
is a lscsm, so the ideal Gy, is an F, ideal. The reader may consult (36; [50) for details.
We need the following proposition:

Proposition 11 (see (40))). Let U be an ultrafilter on w. The following are equivalent:
1. U is a Hausdorff ultrafilter.

2. For any two functions f,g € w¥, there is A € U such that either f | A=g [ A or
flAJ N g[A] = 0.

3. G x U,

Proof.

(1)==(2) Assume U is a Hausdorff ultrafilter, and let f, g € w* be two functions. Consider
[flu and [gly. If [flu = [g]u, then there is A € U such that f [ A=g¢g [ A. If [f]u # 9)u,
since w* /U is Hausdorff, there are disjoint sets A, B € [w]“ such that A*NB* =0, [f],, € A*
and [gly € B*. This means that there are X,Y € U such that f[X] C A and g[ |C B
Define Z = X NY € U. Then f[Z] C A and g[Z] C B, which implies f[Z] N g[Z] = 0.
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(2)=(3) Let f:w — [w]? be a function. Define g;(n) = min(f(n)) and g, = max(f(n)).
Then apply hypothesis (2), and note that the first option is not possible, so there is A € U
such that ¢1{A] N g2[A] = 0. This implies that f[A] C By, (a)g(a], Where By, a],g,14 is the
complete bipartite graph defined by ¢;[A] and go[A], which has chromatic number 2, so
By 1a1,:14) € Gge- Note that this implies that A C f~[By, (4],g,14]] & U™

(3)=(1) Let f,g € w® be such that [f]yy # [g]u. Then there is A € U such that for
all n € A, f(n) # g(n). Fix one of such sets A € U and define h : w — [w]* as
h(n) = {f(n),g(n)} if n € A, and h(n) = {0,1} if n ¢ A. Since G. £x U*, there is
X € Gy, such that h™'[X] ¢ U*, that is, h~'[X] € U. Note that we can assume that X
is a bipartite graph, since every graph with finite chromatic number can be covered by
a finite number of bipartite graphs. Define Z = h™}[X] N A € U. Since we assumed X
to be bipartite, there are disjoint sets B,C € [w]” such that X C Bg ¢, so in particular
h|Z] C Bp,c. This implies that f[Z] C B and g[Z] C C. Coming back to the ultrapower,
this means that [f],; € B* and [g], € C*, and B* N C* = 0. O

Another ideal which is important for us is the Solecki ideal S. This ideal was defined
by S. Solecki in (62) when dealing with Fatou’s property, and is defined on the set  of
clopen subsets of 2¢ with Lebesgue measure 1/2. It is generated by the family of sets
{ACQ:NA#0}. Tt was proved by S. Solecki in (62) that this ideal is in fact an F,
ideal. In (36) it was proved that S is critical with respect to the Fubini property, which is
an equivalent formulation of the property M when talking about ultrafilters. The following
proposition summarizes all we need to know for our purposes, details can be found in (36)):

Proposition 12. Let U be an ultrafilter on w. The following are equivalent:
LS Exl.

2. (Property M) For any € > 0 and any sequence (A, : n € w) of Borel subsets of 2, if
p(Ay) > € for all n € w, then there is B € U such that (), .5 An # 0.

The forcing notions we are working with are variations of the Rational Perfect set
forcing, which is adapted to destroy the & -ultrafilterness of ultrafilters from the ground
model whenever .# is an F, ideal, while keeping the main combinatorial properties of the
standard Rational Perfect forcing, such as preserving p-points and destroying groupwise
dense families from the ground model. In order to achieve this, we make use of the lower
semicontinuous submeasure associated to a given F), ideal.

4.3 Results.

The main theorem is stated as follows:

Theorem 30 (Main theorem). [t is relatively consistent with ZFC that for no F, ideal
S there are Z -ultrafilters. Actually, it is consistent with ZFC that there is no weak ¥ -
ultrafilter for any F, ideal 7.
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Now we list the questions we are answering. All questions are answered in the negative,
that is, their negation is relatively consistent with ZFC.
The first one that is answered directly by Main Theorem is the following one from (32):

Question 9 (see (32)), Problem 18). Is there an F, ideal & for which & -ultrafilters exist?
By Proposition [11] of the previous section, we also answer the following question:
Question 10 (see (26)). Do Hausdorff ultrafilters exist in ZFC?

In close relation with this question is the following, which appears as an open problem
in the introduction from (56)). A positive semiring is a triple (A, ®, ®) which satisfies the
following conditions

1. ®: Ax A — A is associative and commutative.

2. ® : Ax A— Ais associative and distributive with respect to ®.

3. For all a,b € A, there is a unique ¢ such that a @c=bora=5b® c.
4. fa®c=0band b c = a, then a = b.

If A C pw is a positive semiring and in addition the following holds, then we say that
A is an ultrafilter semiring:

1. A is invariant, that is, for any f € w* and any U € A, f(U) € A.
2. Forallid € Aand f,g € w*, fU)® gUU) = (f + 9)U).
3. Foralld € Aand f,gew”, fU)@gUU) = (f9)U)

It is a nice theorem in (56) that any ultrafilter semiring is a non-standard model of the
natural numbers, and also that a subset A C [w which is an ultrafilter semiring should
consist only of Hausdorff ultrafilters. Then, the non-existence of Hausdorff ultrafilters
implies the non-existence of ultrafilter semirings, which anwers the following question:

Question 11 (see (50), Introduction). Does the existence of proper ultrafilter semirings
follow from ZFC?

The fourth question answered, although partially, appears in (28]):

Question 12 (see (28), Open problem 8). Do (H)-ultrafilters (and (S)-ultrafilters) exist
in ZFC?

Here, (S)-ultrafilters refer to the .7 ,-ultrafilters, where .7, is the ideal defined by
the sets with finite ¢-measure, where p(A) = 3, ., =5, which is a lscsm, so the ideal
Hn is an Fy ideal. Meanwhile (H)-ultrafilters refer to Z-ultrafilters, where Z is the
density zero ideal, which is defined as A € Z if and only if lim,, . |A N n|/n =0, for any
A C w. The ideal Z is not an F, ideal, but an F,s ideal. Our theorem does not apply
for this ideal. There are in fact several reasons for this. One of them is that p-points
are also characterized as conv-ultrafilters, where conv is the ideal generated by convergent
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sequences of rationals in 2¢, and conv <y Z, so any conv-ultrafilter is a Z-ultrafilter (we
refer the reader to (I3)) for details). Since the model we present here is obtained by a
countable support iteration of proper forcings where each iterand preserves p-points, there
are p-points in our model, therefore there are Z-ultrafilters.

The following question appears as part of the text in section 3 from (29):

Question 13 (see (29), section 3). Do weak & -ultrafilters exist for some summable ideal
I

Also, the following question from (30) is answered (D denotes a family of summable
ideals):

Question 14 (see (30)), question 5.2). Is it true that whenever the cardinality of D is less
than d then there exists an ultrafilter on the natural numbers which is an y-ultrafilter for
every S, € D, but not a rapid ultrafilter?

In (7)), it was asked if ultrafilters with property M exist in ZFC:
Question 15 (see(7; 60)). Is there in ZFC an ultrafilter with property M?

It was proved by Shelah that every ultrafilter with property M is a nowhere dense
ultrafilter, so in his model for the non-existence of nowhere dense ultrafilters there are
no ultrafilters with property M either, which anwers Benedikt’s question. However, by
Proposition [12] we have that an ultrafilter has property M if and only if it is an S-
ultrafilter. It was also proved in (37) that S <x nwd. So in our model we have no ultrafilter
with property M, yet nowhere dense ultrafilters exist (every p-point is a nowhere dense
ultrafilter).

4.4 The forcing.

Definition 24. Let S C w<¥. The tree generated by S, denoted by gt(S), is defined as all
the sequences in w<¥ contained in some element of S,

gt(S) ={tew: (s € 9)(t C s)}

Definition 25. Let . be an F, ideal and ¢ a lscsm defining . Let T € PT be a
superperfect tree. We say that T has p-block structure provided there is S C split(T') such
that the following holds:

1. T = gt(9).
2. st(T) € S.
3. There is {FT :s € S} C [w]<¥ such that the following holds:

(a) For all s € S, |s| = min(FYT).
(b) Foralls €S, (T | s)pr C split(T).
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(c) For all s,t € S, if s G t, then max(FT) < min(F}l).

(d) For all s,t € S, if s G t, then o(FT) < o(FT).

(e) For allt € T and n € w, there is s € S extending t such that (FT) > n.

(f) For all s,t € S such that t properly extends s and t has minimal length, if
r € (T T 8)ysl,je)y 8 a splitting node, then r € (T | s)pr.

For each s € S, the set of nodes (T' | s)pr will be called a @-block of s in T. Also, for
s € S, define ny(s,T) = max(FT).

Strictly speaking, n;(s, T') should depend on the set S giving T" a p-block structure, but
we omit it since we are dealing with only one ¢-block structure on a condition at a time.
Note that condition (3)(c) implies that for such s,t € S, (T' [ s)pr N (T [ )pr = 0. Also
note that the previous definition may allow more than one S C split(T) giving a @-block
structure to T, but we are only interested in the existence of such structure. Condition
(3)(f) joint with (1) imply that for any ¢ € split(T'), there is s € S such that t € (T' [ s)pr.
We want to point out that conditions (3)(c) and (3)(f) are useful in proving Lemma [21]

Definition 26. Let .7 be an F, ideal and ¢ a lscsm defining .. Define PT(p) as the set
of all trees in PT which have a p-block structure, with the order given by the set inclusion,
that is, for T, S € PT(p), it holds that S <T if and only if S C T.

The first fact we prove about this forcing is that it is proper. Recall that a forcing P
satisfies the Axiom A provided it has the following properties:

1) There is a sequence of partial order relations (<,: n € w) such that for all n € w,
<n1C€<, and <pC<

2) For all p € P, A C P a maximal antichain and n € w, there is ¢ <,, p which is
compatible with at most countably many elements from A.

3) If (p, : n € w) is such that p, 1 <, p,, then there is p, such that p, < p, for all
n cw.

Lemma 13. The forcing PT(p) satisfies Axiom A, therefore, it is proper.

Proof. The proof is a standard fusion argument. For n € w and T € PT(p), with
S C split(T') giving a p-block structure to T', define @-split,,(T') as follows:

@-split,(T) = {s € S : s has minimal length and satisfies p(F) > n}
Then, for T}, T € PT(p), define Ty <,, T} if the following holds:
1. 75 <Tj.

2. There are Sy C split(Ty) and Sy C split(T,) giving p-block structure to 77 and 75,
respectively, such that conditions (3) and (4) below hold:

3. -split, (Th) = @-split,,(T3).
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4. For all s € p-split,(T}), FI12!s = Fhils,
It is not hard to see that these orderings satisfy the conditions of Axiom A. O

The following definition provides two reals which will be useful. The generic real which
serves to make g big, and the function which destroys the .#-ultrafilterness for ultrafilters
from the ground model. Recall that the definition of superperfect tree we are working with
requires the nodes of any superperfect tree to be strictly increasing sequences of natural
numbers, so the generic real %4, defined below is a strictly increasing sequence, which
allows the real fgen to be well defined.

Definition 27. Let G C PT(p) be a generic filter over the ground model. The generic
real added by PT(p) is defined as igep = | JG. Also, define foen(k) =n+ 1 if and only

if k€ [Zgen(n), Tgen(n + 1)).
Lemma 14. For all X € [w]* NV, it holds that PT(p) I “fyen[X] € £,

Proof. Pick some X € [w]” and m € w. Let T € PT(p) be a condition with ¢-block
structure given by S. Let n € w be an arbitrary positive natural number, and s € S with
@©(FT) > n. It is easy to construct a condition 7" <, T | s such that for all k € FT",
f € (T and m € sucer(f), it happens that X N [f(k —1),m) # 0. Then T" forces that
for all k € FT'| [Zgen(k — 1), Zgen(k)) N X # 0, which implies that FT" C f,.,[X]. Since
FT' has measure bigger than n, so does fgen[ . ]

The following two lemmas are an adaptation of the construction used in Proposition
3.3 from (52) to the present forcing. The essence of the lemma is the same, it is only a
little bit more involved. Recall the definition of the orderings <,, from the proof of Lemma
, and note that for the case of n = 0, given two conditions T}, Ty € PT(p), Ty <o T3

means that st(7}) = st(1») and FSF"&T) Fg;%Tg)

Lemma 15. Let & be a PT(p)-name for an infinite subset of w, and T € PT(p) be a
condition. Then there is T" <o T such that for each f € (T") .z  there is a set Xy C w
st(T!)

such that for all n € w, for all but finitely many k € succy: (f):
T fTkIF“cnn=X;Nn"

Proof. We prove this lemma by induction on the size of F;;(T). If ]Fi(T)| = 1, the argument
is exactly as for the usual Rational Perfect set forcing, which goes briefly as follows:
if F ) has only one element, it must be |st(T')|, and (T)F?;(T) = {st(T)}. For each

ke succT(st(T)), pick ap < T | st(T)"k which forces & Nk to be some set z; C k. By
a compactness argument, there is {k, : n € w} C sucer(st(T)) and Y C w such that
limpey, 2k, = Y. Define T" = |, o, @r, and Xgvy = Y. The required condition follows
trivially by construction of 7".

Now assume that |F3Tt(T)| = n + 1, and the lemma is true for all conditions S with

FSSZ(S) of size at most n. For each k € succr(st(T)), let Ty, <o T | st(T)“kﬂ which satisfies

2Note that SN split( F'st(T)"k) U {st(T | st(T)"k)} gives p-block structure to T' | st(T) "k, with
Ist(T) "k
Fst(T (stzT) Sy = Flhy \{st(D)}-
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the required condition for T' [ st(7) "k from the lemma. Also, note that this can be done
such that if S C split(T})) gives p-block structure to Ty, then for all r € Si \ {st(1})},
it holds that (F,’*) > ¢(Fj ). This is to make sure that the tree 7" defined below is
in fact a condition, since it has to satisfy point 3(d) from Definition 25| We can assume
in addition that for all k& € sucer(st(T)), T forces the value of & Nk to be some z; C k
(since Ty satisfies the required condition for T' [ st(Tk), it is sufficient to prune finitely
many successors from the stem of Tj). Making again a compactness argument, we find
Y Cw and {k, : n € w} such that lim,e, 2, =Y. Define 7" = J, o, Tk, and Xy =Y.

By induction hypothesis, it holds that Fi’(“T y =ty (St(T() )k for all k € sucer(st(T)), so

FT C {|s|}u Fg;’zT )» Which implies that FI' C FT". In fact, we have FT = FT", O

Lemma 16. Let U be an ultrafilter, © a PT(p)-name for an infinite subset of w, and
T € PT(p) a condition. Then there is T" < T such that:

1. Either: T' <o T, or there is k € sucer(st(T)) such that T" < T | st(T)"k
2. @(FiéT/)) > @(Fi(T))/Q-
3. For each f € (T")pr  there is a set Xy C w such that for all n € w, for all but
st(T)
finitely many k € sucer(f):

"1 FR I Senn = Xp0n

4. Fxactly one of the following happens:
(a) Foralle(T’)FTE , Xrel.
(b) For all f € (T )FT/ ,w\Xrel.

_FT

Proof. Let T" <y T be a condition given by Lemma . Then we have that F g;ET,) = Fr)

We claim the following:
Claim. There are 7" <q 17" and A, B such that:

1. Fst(T“):Fg;(T)ZAUBandAﬂB:(/).

2. Forall f e (T")4, X;elU.
3. Forall f € (T")p, w\ Xy € U.

Proof of Claim. We proceed by induction on the size of Fg;(T, (which is equal to F' t(T))

If Fst 7 has only one element, the result follows immediately from the construction of
condltlon T in the proof of Lemma, [15]
Now assume |FsTtET,)| = n -+ 1 and that claim is true for all conditions S € PT(p) such

that Fg(s) has size at most n. Then, for each k € succy (st(T")), pick Ty <o T" | st(T")"k
such that there are Ay and By satisfying:

L Fhh = Fal ok = AU By, and A, 0 By, = 0.
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2. For all f € (Ty)a,, Xr€U.
3. Forall f € (Ty)p,, w\ X;€U.

This can be done by induction hypothesis. Then there are A and B such that for
infinitely many k € succy (st(T")), Ay, = A and By, = B. Let us say that H C succp (st(T"))
is infinite and such that for all k € H, A;, = A and B, = B. Also, since T" <, T satisfies the
condition of Lemma , we can define 7" = J,cy Tr and Xgypry = Xoperry. I Xgprmy €U,
define A = AU {|s|} and B = B, otherwise define A = A and B = BU {|s|}. This finishes
the proof of the claim.

Now, let 7" <y T" and A, B as given by the claim. Then ¢(A) > ¢( st(T))/2 or
©(B) > p(FT s(r))/2. Let C Dbe the one with bigger measure. If st(T”) € C, then we
construct a condition 7" <, T" which safisfies the conclusion recursively as follows: assume
C ={[st(T")| = mo < ... <m;}, and for i = 0, define Sy =T" [ st(T") = T". Suppose
S; is defined, and for each f € (S;),, and k € succs,(f), let 775 € (Si)m,,, such that
[Tk Crsg, and define S;4q = Ufe(S Y, UkEsuccs o) Si | r¢k. The condition S; is the one
we are looking for, that is, 7" = S;.

If st(T") ¢ C, then pick k € sucers(st(T")) and construct 7" < T" | st(T")"k in the
same way as in the previous case, but starting with Sy = 7" [ r for some r € (T")minc)
and st(T")"k C r. Everything else goes over as before. ]

Lemma 17. Let T € PT(yp) be a condition, with @-block structure given by S. Ifc: S — 2
is a coloring, then there is T" < T with p-block structure given by S" C S such that ¢ | S’
18 constant.

Proof. There are two cases:

Case 1. There are t € T and n € w for which all r € S extending ¢, with ¢(F!) bigger than
n, are all of the same color. Fix tq one of such nodes in T" and let 5 € S be a node
extending t, such that ¢(FL) > n. Then define T" =T | ro.

Case 2. For all t € T and for all n € w, there are u,v € S extending t of the two colors
with (FT) > n and ¢(FTF) > n. Then construct S’ recursively adding nodes in S
as follows: fix a color, fix a node of that color, and then start adding nodes s € S
of the same color, joint with their corresponding (7' [ s)pr, repeat infinitely many
times taking care that you extend the maximal nodes of each (1" | s)pr you added to
an r € S with ¢(FT) big enough and with the color you choose, and making every
node from (7" [ s),,(s,r) a splitting node. Then consider 7" = gt(5").

]

Lemma 18. LetU be an ultrafilter, T € PT(p) be a condition, & be a PT(p)-name. Then
there is T' < T such that for all s € split(T"), there is Xs; C w satisfying the following two
conditions:

1. FExactly one of the following happens:
(a) For all s € split(T"), X, € U.
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(b) For all s € split(T'), w\ Xs € U.

2. For all s € split(T"), for all n € w and for all but finitely many k € succr/(s),
T | sTklF“tnn=X;Nn"

Proof. We make use of the orderings <,, defined in Lemma . Let T € PT(yp) be a
condition. We define two sequences (T}, : n € w) and (S, : n € w) such that:

1. S, gives a ¢-block structure to T,.
2. Ty < T satisfies conditions (1)-(4) from Lemma [16]

3. Suppose T, is defined. For s € @-split,(T,,), and f € (T, | $)n,(s.1)+1, Pick 7(s, f) €
Sy, such that f C r(s, f) and gp(Fg(”; n>2- (o(FI») +1). Then apply Lemma
to get a condition T} sy < T), | r(s, f) satisfying conditions (1)-(4) from Lemma |16

Note that go(FSj;’(gi{) f))) > @(FT) + 1. Then define

Tn+1 = U U Tr(s,f)

s€p-splitn (Tn) fE(Tn TS)n1<s,Tn)+1

Finally, define S, 11 = S, N split(T,11).

Let 7" = (,e, Tn and S" = |, ¢-split,(T,). Note that step (3) of the previous
construction guaranties that, regarding conditions (2)-(4) from Lemma [16] we are taking
care of all splitting nodes in 7", since each splitting node from 7" belongs to (T,,+1 [ 7) i

for some r € p-split,,(T,,) and n € w, and all the splitting nodes in (7”),r  satisfy the

st(T!)
conditions due to the choice of Ty. Then condition (2) from this lemma holds for 77 | s

for all s € S’, but for some nodes s € S, the nodes from (7" [ s)pr satisfy clause (1)(a)
and for some other nodes s € S, the nodes from (1" [ ) satisfy clause (1)(b). Now
consider the coloring ¢ over S’ given by ¢(s) = 1 if and onlsy if Xy € U. Then apply the
previous lemma to get a condition 7" < T with -block structure given by some S” C 5’
such that ¢ [ S” is constant. The condition 7" satisfies the conclusion. H

Lemma 19. Let @ be a PT(p)-name for a function from w to w, and T € PT(p) be a
condition which forces & to be bounded by g € w*. Then there are T' < T and S C split(T")
which gives p-block structure to T', such that for all s € S:

For each r € (T" | S)FST/ there is a function f. € w* such that for all n € w, for all
but finitely many k € sucer:(r):

T 17 klE“z [ (r|+n)=f | (Ir| +n)”
Proof. The proof of this lemma is essentially the same of Lemmal[I8] but with the omission
of the ultrafilter. O]

For the purpose of the Propositions [13] [[4] and [I5] we define other order relations C,,.
Recall the functions pp : w<* — split(T) from section 2.
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Definition 28. Let R,T € PT(p). Define R C,, T if the following holds:
1. R<T.
2. For all s € n=", or(s) = og(s)
3. For all s € split(T), if s € R then s € split(R).
The only property that we need from these relations is the following:

Lemma 20. Let (T, : n € w) be a sequence such that for all n € w, T,, € PT(p),
T,v1 E, T, and S, = T, NSy gives p-block structure to T,, where Sy gives p-block
structure to Ty. Then there is T, € PT(¢p) such that for alln € w, T,, < T,.

Proof. Let us fix some notation: for r € split(7T,,), denote by (i”»™ : n € w) the increasing
enumeration of succr, (r). Let Sy C Ty be such that Sy gives p-block structure to Tj.
Define T,, = (e, Tn and S, = T, N Sy. We will prove that for all s € S,,, all the nodes
from (7, | S)FSTO are splitting nodes in T,,. For any s € split(T,), define ny, € w as the
minimum natural number such that s € g, (n="). By clause (3) from Definition 4.12,
we know that for all m € w, FJ™ = F[°, so for all m € w, the nodes from (T, | ) prm
are all splitting nodes in T,. Pick an arbitrary node s € S,. Define [, = |F1°| — 1 and
let (jo...,Ji.) be the increasing enumeration of FI0. Let r € (T, | s) 7o be an arbitrary
node. Then there is £ € {0,...,[s} such that r € (T, [ s);,. Note that this means that
for some m € w, r € @7, ((ns + m)="+*) which implies that for m € w big enough,
r € o1, ((ns +m)="F). Fix mg one of such m € w and let ¢, € (ny+mg)=<"** be such
that 7 = o7, ., (t-). By the definition of the functions 7;, this implies that for all [ € w,
PT g s ( emgiins (1) extends the (14-1)"
successor of 7 in Ty, ymgtit1, that is, o1, . (¢71) extends rog e ot Also, by
clause (2) from Definition 4.12, we have that for all h € w, o7, . ..., (t;) belongs to
Tyt mo+i+h+1, which implies that o7, .., (¢,71) belongs to T,,. Since this is true for all
[ € w, r is an splitting node in T,,. Given that r € (T,, | s) FTo Was an arbitrary node, it
follows that all the nodes from (7, [ s) o are splitting nodes in T,,.

Let us check clause (1) from Definition 25 Pick an arbitrary node ¢ € T,,, and let
r € split(T,) be such that t & r. Then r € split(Ty), and by clause (3)(f), there is
s € Sy such that r € (T | S)FSTO. If t C s we are done. Otherwise, following the same
notation from the previous paragraph, consider the natural numbers n, and [,. Note that
the inclusions s & ¢t & 7 hold, so t € (Ty | 8)[s|ni(s,10)- Also note that ji, = ni(s, Tp).
Then, the nodes from ¢, ., ((ns + I;)"**) are nodes from (T, 44, | ) . This implies
that, for all natural number m > n, +1,+ 1, the nodes from ¢, (m™*=*1) are nodes from
Sm = Tm N Sy, due to clause (2) from Definition 4.12 and clause (3)(f) from Definition
25\ Let k > ng + ls + 1 big enough so r € ¢z, (k=F). Then, for one node ¢ € k"1 we
have that r C ¢r, (t') and ¢g, (t') € Sk, which, due to condition (2) from Definition 4.12,
appears in all the remaining conditions of the sequence (T}, : n € w). This implies that ¢
has an extension in S, namely, the node @z, (') (since t Cr C o, (t') € S,).

Now, for s € S, define F7» = F’o. Condition (2) from Definition [25] follows from
the fact that st(Ty) = st(7,,) for all n € w and the fact proved in the first paragraph of

t,~1) is a splitting node extending r, and ¢,
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this lemma. By the same fact, conditions (3)(a)-(3)(f) are easily seen to be inherited to
condition 7T,, and S,,,. L]

Proposition 13. The forcing PT(p) has the Laver property.

Proof. Let g € w* be any increasing function, & a PT(p)-name for a function from w to
w and T a condition such that T IF “(Vn € w)(2(n) < g(n))”. We prove that there is
h € (|w]=¥)* such that for all n, |h(n)| < f(n), where f(n) = |[n="|.

Let 7" < T be a condition given by Lemma Define two sequences (T}, : n € w), and
(B, :n € w) as follows:

1. Ty <o T" and Tj decides the value of #(0). This can be done by dropping finitely
many successors from st(7”).

2. Foralln e w, T,,11 E,4q T

3. Foralln € w, |B,| < f(n), and T, IF “&(n) € B,”.

By the previous lemma, there is T, such that for all n € w, T,, < T,,.
Suppose the sequences are defined up to the n** element. Define T, as follows. For
each t € or, ((n+ 1)=") let Ry <o T), | t which decides the value of @(n + 1) to be

m;*, which is found by dropping finitely many successors from st(7}, | t). Then define

Tust = Ureon, uenyenss) B and Bast = {m, : s € o, (n -+ 1)<01)),

Condition (2) follows from the fact that we are pruning the condition 7, in the
horizontal direction, keeping all the splitting nodes extending the nodes which are not
pruned. Condition (3) follows immediately from definition of 7,,.;. Since T,, < T,, for all
n € w, it follows from condition (3) that for all n € w, T, IF “Z(n) € B,”. O

Proposition 14. The forcing PT(p) does not add splitting reals.

Proof. Let & be a PT(p)-name for an infinite subset of w, and T" € PT(y) a condition.
We follow the same lines as in the proof of the previous proposition, but we make some
changes. We start with 7" < T given by Lemma where U is a fixed ultrafilter. We
can assume that the first option from condition 1 of Lemma (18| holds. Then we replace
the sequence (B, : n € w) by a sequence of natural numbers (m,, : n € w), and clause (3)
from Lemma [I3] by the following:

(3’) For all n € w, T}, IF “m,, € 2.

The construction of the sequences is as follows. Assume the sequences are build up
to the n'® term. Then for each s € ¢r, ((n + 1)="*1) we have that X, € U, so there is
Mptr1 € ﬂsem((nﬂ)gnﬂ)Xs and m,, < m,1. Let Ry <o T}, | s which forces m,,, € ,
which can be found by dropping finitely many successors from the stem of 7T, | s. Define
T = Usewn((nﬂ)gnﬂ) R,. By applying Lemma , we get T,, such that for all n € w,
T, <T,. Then T, IF “{m, :n € w} C z”". O

Proposition 15. The forcing PT(p) preserves p-points.
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Proof. Let & be a PT(yp)-name for an infinite subset of w and U a p-point on w. Let
Ty < T be a condition given by Lemma [18] We can assume that point (a) from item (1) of
Lemma [18 holds. We make use of the p-point game, Definition We will give a strategy
for Player I on which she and Player II will construct two sequences (T,, : n € w) and
(B, : n € w) such that T, is a condition in PT(y), B, is a finite subset of w, conditions
(1) and (2) from the proof of Proposition |13|hold, and (3) is replaced by the following:

(3") Thar IF “B, C2”
The construction is as follows:
i) Player I starts playing the set Ay = Xyn)-

ii) Suppose Player II has answered with set By C X r,). Then let ky be big enough so
that for all i € suceq, (st(Ty)) \ ko it holds that Tj [ st(To) i Ik “& N (max(By) +1) =
Xet(ryyN(max(By) + 1). Note that this implies that for all i € succy,(st(Tp)) \ ko,
To | st(To) i Ik “By € 7. Then define

T1 = U TO r St(T[))AZ

i€sucer, (st(To)),i>ko

And Player I responds with A; = (,c;<1 Xor (s \ Bo-

iii) Suppose at move number n and Player I has played

An = ﬂ XgaTn(s) \ U By,

sensn k<n

Suppose Player II responds with a set B,, C A,. Then, let k, € w be big enough
such that for all 7 € ¢z, (n=") and all i € succr, (1) \ ky, it holds that T, | r™i IF
“t N (max(B,) + 1) = X, N (max(B,) + 1)”. Note that this implies that for each
r € or,(nS") and i € succr, (1) \ kn, T,, | "t IF “B, € 7. Then define T}, as

follows:
Ton= | U T | r,(s)7i

sen=m i€succr, (1, (s)),i>kn

By construction it follows that 7,1 IF “B,, C 2”. Let Player I play the set A,.1 =
mse(nﬂ)ﬁnﬂ X‘PT,H_l(S) \ ngn B,

Since Player I can not have a winning strategy, there should be a play in which Player
IT wins. Let (T, : n € w) and (B, : n € w) be the sequences constructed by Player I and
Player II along such play. Then J, ., B, € U, and each T,, forces that | J,_, B, C . By
Lemma [20] let T, be such that for all n € w, T, < T,,. Then it follows that T, forces
Unew Bn € 2. O
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4.5 Forcing the Near Coherence of Filters Principle.

We prove the stronger fact u < g. Then, by Theorem 28, we have that NCF follows as a
consequence. The proof follows the same lines as in the Rational Perfect forcing, we only
take care that the trees we get in the construction are indeed conditions of our forcings.

The following definition was given in (I1]) for the Rational Perfect set forcing. Here we
use it for the version we are working with.

Definition 29. A condition T € PT(p) has interval structure if there is a partition of w
into intervals (I, : n € w) such that:

1. For alln € w, max(I,) < min(l,41).

2. If s € split(T'), and max(s) € I, then for all k > n, I N succr(s) contains exactly
one element.

3. For all s € split(T), and k € succy(s), if k € I, then there is r € split(T) such
that sk C r and max(r) € I,,.

Lemma 21. The conditions T € PT(p) with interval structure are dense.

Proof. Let T € PT(p) be any condition, and let S C split(T) be a set of nodes giving T" a
-block structure. Recursively construct a sequence (i : k € w), and two partial functions
t:wxsplit(T) — T and r : w x split(T) — split(T') as follows:

1. ip = 0 and ¢; = max(st(T)) + 1.

2. Suppose the sequences are defined up to n. Then let 7,,1 be big enough such that
for all s € split(T), if max(s) < i,, then there are t(n,s) an immediate successor
of s such that i,, < max(t(n,s)) < i,+1 and r(n,s) € split(T) with minimal length
extending t(n, s) with max(r(n, s)) < 41

Let us fix some notation: for T' € PT(y), a non-empty set H € [split(T)]<* and k € w,
define T' | [H, k] = User Unesucep(s)nsi I 1 87 n. Now define two sequences (T, : n € w)
and (H, : n € w) as follows:

1. Define Ty = T | [{st(T)},i1] and Hy = {st(Ty)}

2. Suppose T, is defined. Then define H,,1 = H, U{r(n+1,s) : s € H,}, and define
Tn+1 = Tn[Hn—l—l; in—i—?]-

Now, for each n € w, let k, € w be the minimum natural number such that o7, (n=")

is contained in Hy, . To prove the existence of such natural number, first note that for all
n € w, every node from {r(n+1,s) : s € H,} is a splitting node extending some node from
H,, and every node from H, has an extension in {r(n+1,s) : s € H,}. So each set H,;
has one more extension to all the nodes from H,,, besides those already included in H,,.
This implies that at some point, H}, contains a subset isomorphic to n=", and for such &,
each node from Hj, is a splitting node in T}, so pr, | n=" gives the isomorphism between
n=" and a subset of Hj. Now note that for all [ > k,, T; C,, Ty,. In particular, for all
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n € w, Ty,,, En Tk,. Then apply Lemma [20] to (T}, : n € w) to see that T, = (), o, Tk, is
a condition which is below all the conditions 7},. Condition T, is the one we are looking
for, along with the interval partition {[i,,i,4+1) : n € w}. To see that this partition gives
interval structure to 7, note that split(T,) = |J,, Hn» and recall clause (2) from the
definition of the functions ¢ and r.

[

Lemma 22. The wy-step iteration with countable support of PT(p) forces the inequality
u<g.

Proof. Let us first prove that PT(yp) adds a real which is contained in every groupwise
dense family from the ground model. Let us fix some notation: let 7" € PT(p) be a
condition and S C split(T) giving ¢-block structure to T. For s € S define I, = |FT| — 1,
and FI'\ {|s|} = {m{ < ... <mj } be the increasing enumeration of F \ {s}.

We will prove that &,.,[w] € G for any groupwise dense family from the ground model.
Fix a groupwise dense family G in the ground model, and let " € PT(y) be a condition.
By the previous lemma, there is 77 <, T" that has interval structure given by (I, : n € w).
Let S" C split(T') be a set of nodes giving T” a -block structure. Then there is an
infinite A C w such that UneA I, € G. We can assume that 0 € A, since G is closed
under finite modifications of its elements. Also, note that max(st(7)) € I, according
to the construction of 7" in the proof of Lemma 21} Now consider the tree T” given by
all the nodes from 7" whose image is contained in the union of finitely many consecutive
intervals from (I, : n € A). Let us see that 7" is in fact a condition in PT(p). First,
note that the tree 7" has the same stem as condition 7", since each interval I,, after the
one containing max(st(7”)) contains one successor from st(7”), and we add all the nodes
whose maximum is in some I,, with n € A. Denote by s the stem of T”. Now, recall the
definition of I, and note that for all {k; < ... < k;,} € [A]*, with k; > 0, there are two
sequences 11 C 1o C ... C 1y, and 1 Cty C ... C ¢, such that:

1. Foralli € {1,2,... 1}, ri,t; €T,

2. t; is an immediate successor of s = st(7”) in 7" (in fact, in 7", by the following point).
3. Forallie {1,2,...,l}, t; C r; and max(t;), max(r;) € I,.

4. For all i € {1,2,...,1}, t;41 is an immediate successor of 7;.

5. Forallie {1,2,...,1}, 7 € (T)ms, where s = st(1").

Then note that this implies that for all m € Fg;ET,), the nodes from (7"),, are all

splitting nodes, so we have FSTtE/T,,) = FSTtET,). Now, for r € <T/I)maX(F§;E'Tu)) and k €

sucern(r), if k € Iy with [ € A, then there is ¢ € S’ such that ™~k C ¢ and max(¢) € I;, by
construction of 77, so t € T”. Now apply the same argument that works for the stem of
T" to see that F)" = F". It is clear how to extend the argument to the whole tree T".

It follows that 7" is below T" and forces @4, € [T"]. By construction of T”, it follows
that 7" IF “Zgen[w] € U, e n”> 50 T" IF “Tgen|w] € G”.
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Finally, to prove that u < g holds in the model, let {G, : @ € w;} be a collection
of groupwise dense families in V[G]. We will find a set X € [w]* which is contained in
all of them. By a reflection argument, there is an w;-closed subset C' of wy such that for
all @ € C, each family Gg reflects as a groupwise dense family. Fix one of such o € C.
Then for all 8 € wy, GsNVI[G,] € V[G,] is groupwise dense, so by the previous argument
2 [w](the generic real added by Q) is almost contained in some X5 € Gg N V[G,], for

gen

all 3 € wy. Then ., [w] € Gs for all B € w;. Then we have g = wy. The equality u = w,
follows from Proposition [15[and the p-point preservation theorem along countable support

iterations, Theorem [14] m
The following corollary finishes the proof of the main theorem of this chapter.

Corollary 5. Let P = (Pa,Qa L« € wq) be a countable support iteration where each
iterand is of the form PT(p), where ¢ runs over all the lscsm that appear in the intermediate
steps, and each lscsm is taken care of cofinally often. Then P forces the NCF principle,
and the following statements hold in this model:

i) There is no & -ultrafilter for any F, ideal ..
ii) There is no weak & -ultrafilter for any F, ideal 7.
iit) In particular, there is no Hausdor(f ultrafilter.

Proof. Denote by 'gaen the real fgen added by the a-th step of the iteration(see Definition
7).

Since u < g in the model, the NCF principle holds in it. Let U be an arbitrary ultrafilter.
By item (3) of Theorem [29] there is a p-point V which is Rudin-Keisler(actually, Rudin-
Blass below) below U. Then it suffices to show that V is not an .#-ultrafilter for any F,
ideal .Z, that is, for any F, ideal ., . <gp V*. This, togheter with V* <gpp U*, results
in & <gp U* for any F, ideal .#. Fix an F, ideal .# and a lscsm ¢ defining .#. By a
standard reflection argument, we find o € wy such that ¥V N V|[G,] is a p-point in V[G,],
where G, is a generic filter for P,. By the p-point preservation theorem, V remains as a p-
point in V[Gp]| for all 5 > a. Since the iterands repeat a given submeasure cofinally often,
there is § > « such that QB is the forcing PT(p) for the previously fixed Iscsm . Then
we have that Pg,, = Pg * Qg forces that f2 [V]N.# = (), so V is not an .Z-ultrafilter in

gen

V[Gp41]. Since V remains the same up to V[G,,], V is not an Z-ultrafilter in V[G,,]. O

Regarding Question [2| from Chapter 3, we have the following corollary. Note that since
our forcings preserve p-points, and any p-point in the forcing extension has character wy,
we have that t, = w; holds in our model.

Corollary 6. [t is relatively consistent with ZFC that for any F,-ideal . it holds that
min{v,, 0} < 3pin(F) = 0. In particular this holds for any summable ideal.
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4.6 Additional remarks.

As pointed out in the introduction, the existence of many classes of .Z-ultrafilters has
been studied by several people. In his paper, Baumgartner investigated the existence of
some #-ultrafilters, and provided sufficient conditions for their existence. He worked on
p-points, discrete, scattered, measure zero, nowhere dense and ordinal ultrafilters, and
established several consistency results about their existence. However, he left open the
question about their existence in ZFC-alone.

Let us recall the classical theorem of Ketonen (43) stating that the equality 0 = ¢ is
equivalent to the generic existence of p-points, and Canjar’s theorem ([16)) establishing the
equivalence between generic existence of Ramsey ultrafilters and the equality cov(M) = c.
J. Brendle has several results of the same flavor (12)). He has proved that generic existence
of nowhere dense ultrafilters is equivalent to the cardinal equality cof(M) = ¢, and that
generic existence of measure zero ultrafilters is equivalent to the equality cof(£, M) = c.
These results were later extended by J. Blobner and J. Brendle in (13]), providing a broad
study about the generic existence by introducing the cardinal invariant ge(.# ), which serves
as a starting point to investigate the generic existence of .#-ultrafilters for several ideals .#,
relating these cardinal invariants to more well known cardinal invariants of the continuum.
All of these results provide ZFC-independent statements for the existence of .#Z-ultrafilters.
The first example in ZFC was due to O. Guzman Gonzalez and M. Hrusék, providing an
F,s, ideal for which generic existence is a theorem of ZFC. They also proved that for Fjs
ideals, it is consistent that generic existence does not hold, so regarding generic existence,
F,5, is the simplest complexity that can be obtained in ZFC. However, the question about
the existence of an F45 ideal .# for which the simple existence of .#-ultrafilters is a theorem
of ZFC is still unsolved.

J. Flaskova has investigated .#-ultrafilters for .# being a summable ideal, mainly under
assumptions as Martin’s Axiom for countable orders or o-centered orders (28; 29; [30).
Recall that .# is a summable ideal if there is a function ¢ : w — R™ which induces a
measure for subsets of w by summing the values of g over the elements of A C w, such
that the elements of .# are those with finite measure, that is, A € ¢ if and only if
Y nea 9(n) < oco. It is worth mentioning her ZFC theorem stating the existence of friendly
S jp-ultrafilters (29), where %), is the summable ideal defined by g(n) = 1/(n + 1)
(U is a friendly #-ultrafilter if for any one to one f € w®, there is A € U such that
f[A] € #). Also, she points out a similar theorem of A. Gryzlov for the density zero ideal
Z: the existence of friendly Z-ultrafilters is provable in ZFC. The main theorem of this
chapter says that Flaskova’s theorem is optimal when considering the natural extension
from friendly to weak .#-ultrafilters.

The non-existence of Hausdorff ultrafilters in our model constrasts with the theorem
proved by T. Bartoszynski and S. Shelah in the Rational Perfect set model, where Hausdorft
ultrafilters are dense in the Rudin-Blass order (5)). This situation is not exclusive to the
Hausdorff ultrafilters, since Corollary 4 from Chapter 3 says that .#-ultrafilters are dense
in the Rational Perfect set model whenever .# is an analytic p-ideal.



Chapter 5

Two applications of parametrized
diamonds.

In this chapter we show two applications of parametrized diamond principles in order to
answer two questions of D. Monk.

A family B C [w]” is an ideal independent family if no set X € B is almost contained
in the union of finitely many elements from B\ {X}.

The cardinal invariant s,,,, is defined as the minimum cardinality of a maximal ideal
independent family:

Spmm = min{|B| : B is a maximal ideal independent family)} (5.1)

It is easy to see that an ideal independent family B is maximal if and only if for any
X € [w]¥, there is F' € [B]<“ such that X C* [J F or there are A € B and F' € [B]<“ such
that A\ JF C* X, so in particular this implies t < §,,,,.

In May 2013, it was asked by Donald Monk in a conference at the Ben-Gurion University
of Negev, if s,,,, was equal to u. Here we answer this question by showing that ? < s,,,,.
Since in the Rational Perfect set model it holds that u < 0, the consistency of the inequality
U < Sy, follows. Also, we prove that the diamond principle ) (ta;b)lﬂ implies the
existence of a maximal ideal independent family of cardinality w;. This results were joint
work with O. Guzman Gonzalez and appeared in a joint paper together with A. W. Miller
in (I5).

Given a partial order (P, <) with maximal element 1p, we say that a family 7T is a tree
if 1p € T and for any s € T, the set predr(s) = {r € T : r > s} is well ordered by the
inverse ordered defined by >. The family of all these trees can be ordered by end-extension,
which is defined as S < 7 if and only if S C 7 and for all s € S, preds(s) = predr(s).
It can be easily seen that this order has maximal elements, so we can talk about maximal
trees without ambiguity.

"'We refer the reader to the sections 1.2 and 1.4 Preliminaries chapter for the definition of sequential
composition of two cardinal invariants and the parametrized diamond principles.
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The cardinal invariant tv is defined as the minimum cardinality of a maximal tree on
(lw], €%,
tv = min{|7|: 7 C [w]” is a maximal tree} (5.2)
The following lemma gives a characterization of when a tree 7 C [w]“ is a maximal
tree, and will be used in some sections below. We omit the proof since it is easy.

Lemma 23. A tree T C [w]* is a maximal tree if for any A € [w]* one of the following
happens:

1. There is X € T such that X C* A.
2. There are X,Y € T such that AC* XNY.

D. Monk asked if the size of maximal trees on the boolean algebra P(w)/fin can be
consistently be smaller than the continuum. We anwer this question in the positive by
showing that pm)(ts;?) implies the existence of maximal trees with cardinality w;. We
provide two constructions which differ notably in the shape of the tree constructed. These
results are joint work with G. Campero Arena, M. Hrusak and F. E. Miranda Perea, and
appeared in (14).

5.1 Ideal independent families.

In this section we answer the question of D. Monk of whether the equality u = s,,,, by
proving that in fact the inequality 0 < s,,,, follows from ZFC.

Theorem 31 (J. C. M., O. Guzman Gonzalez, A. W. Miller). max {0,t} < s,

Proof. Given a maximal ideal independent family Z, it is easy to see that the following
family of sets is a reaping family:
{AN\UF :Fe[Z]["“NA€T\F}
It remains to prove that 9 < s,,,,. Assume otherwise that s,,, < 0, and let A be a
witness for this. Note that w =* | J.A, so we can assume that indeed the equality holds. Let

{A,, : n € w} C Abe such that its union is w. Define Cy = Ay and Cp,41 = A,11 \ U<, Ai-
For each F € [A]<“ and B € A\ (FU{A, : i <w}), define a function as follows:

orp(n) =min{k €ew: (35 >n)(C; N B ﬂk:\UF #0)}

Since the family A is ideal independent, the functions ¢rp are always well defined. Let
ho be an increasing function not dominated by

{opp : FE[A™Y, Be A\ (FU{A4;:i<w})}.

Define D,, = C,,\ ho(n). Now for each F' € [A]<¥, whenever it is possible, define a function
as follows:

gr(n) =min{k € w: (3j = n)(D; Nk\ | JF # 0)}
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This is defined for n, otherwise

U D =@\ holi)) €| JF

jzn jzn

But then for some j > n such that A; ¢ F' we would have

A JAuJF

1<j

which contradicts that A is an ideal independent family.
Let hy > hg be an increasing function not dominated by any totally defined pg for
F € [A]=¥ and such that C,, N [ho(n), hi1(n)) is nonempty for all n.
Let
Y = [ J(Cun[ho(n =J Dunhi(n

new new

Let’s see that AU {Y} is an ideal independent family.

Claim 1. For all F € [A]<“, Y ¢*[JF.
If the function @f is not defined, then Y NJ F is finite. Otherwise, by the definition
of the function ¢p, if ¢r(n) < hi(n), then for some j > n we have D; N ¢pr(n) \ |J F # 0,
which implies
0#D;nha(n)\| JF S D;nin()\| JFCY.

Since this happens for infinitely many j and the family {D; : j € w} is disjoint, we are
done.

Claim 2. For any F' € [A]<“\ {0} and B € A\ F, we have BZ* Y U{JF.
If B = A, for some n this is clear. Otherwise, by the definition of ¢ 5 and the choice
of hy, we have that if org(n) < ho(n), then for some j > n,

0 # C;inBnepsm)\|JF € C¢;nBnh(j)\|JF.

IfmeC;NnBNhy(j)\UF, then m ¢ Y U[J F. Since this happens infinitely many times,
we are done. O

The following proposition shows that the existence of ideal independent families with
cardinality smaller than the continuum is consistent. We use a parametrized diamond
principle to produce an ideal independent family of cardinality w;. Since this principle
holds in the Sack’s model, in the Sack’s model there is an ideal indepenedent family of
cardinality smaller than the continuum.

Proposition 16 (O. Guzman Gonzalez, J. Cancino Manriquez). $pm) (tr;0) implies
Smm = W1.
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Proof. We need to define a function F into ([w]*)* x Bor((w*)“") such that for all a € w,
, F'Jaisin L(R). For each o < wy, let e, : w — a be an enumeration of o in L(R)F By
a suitable coding, we can assume that the domain of F' is the set

U W] x (w]*)*

acwy

Given (A,Z) € [w]* x ([w]*)* proceed as follows. If Z is not an ideal independent family,
define F(A,Z) = (w,e), where ¢(X) for X € [w]“ is the enumeration of X. Otherwise,
define Bg = L..tn) \ Ui<y, Leati)- For each n, let Zg C BZ be an infinite subset such that
for all g # ea( ), ZE N 14 is finite P, and let ¢z, be a recursive enumeration of an . Then
define A, = [ZI N AJ]. Now define a function f, 7 : [w]* — w* as follows: if X € [w]*
reaps A, for all n, then define

fAj(X)(n):min{kEw:X\kgAn\/(X\k)ﬂAn:(Z)}

Otherwise define f, 7(X) to be the identity function. Finally, the value of F in (A,Z) is

given by F(A,Z) = ((A, :n € w), f47)- Let g:wi — [w]” X w” be a $rr)(to;0)-guessing
sequence for F'. We can assume that for all a the set A, in g(a) = (Aa, h «) 18 coinfinite.
Recursively define an ideal independent family as follows:

1) Start with a partition of w into infinitely many infinite sets 7, = (I, :n € w).

2) Suppose we have defined Z, = (I3 : 8 < o). Now define I, as follows:

I = |J B2\ 2 [Aa \ ha(n)

new

Let Z,41 be the family (I5: 8 < a). Finally, let Z = (I, : a € w;) be the family obtained
by the above recursion. Let’s see that Z is a witness for §,,,,.

Claim 1. 7 is an ideal independent famlly We proceed by induction on a € w.
Clearly Z, is ideal independent. Assume Ia is ideal independent. Then Ia+1 is ideal
independent:

a) For all H € [a]<¥, I, ¢* UH. Let n € w be such that H is contained in

{ea(0),.. . ealn)}, s0 Ugey Is € U<y BI" By the definition of I, 1o \ U<, BZC“ i
infinite.

b) Forall H € [a]< and 8 € a\ H, Iy €* Io U,y I,- Let n be such that 5 = e, (n).
By the choice of 7% we have that for any 7 € a\ {0}, ZI‘* N I, is finite, so

n

in particular, ZIQ NU,en Iy is finite. Also by the construction of I,, BZa N1, N

2Recall that every countable ordinal can be embedded into Q, so every countable ordinal can be seen
as a subset of Q, and by definition of L(R) any of such subsets codifying a countable ordinal is an element
of L(R), so the function e, can be found in L(R).

37 C BZ should be found in a recursive way and should depend only on 7
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cpza [As \ ho(n)] is finite. This both facts together give 90;“ [Aa \ ha (M) \ Lo UU, e Iy

is infinite. Since gZa[Ay \ ha(n)] \ <1a UUen IW> C I\ (Ia UU.en IV>, we are
done.

Claim 2. 7 is maximal. Pick any X € [w]¥. If g guesses (X, (I, : o € wy)) in 7, then
we have that A, o-reaps (X,, : n € w) and h, almost dominates the function I = fx z (A,).
There are two cases:

i) There are infinitely many n € w such that A, C* X,,. Pick one n such that I(n) <
h(n). Then A, \h (n) C X, so o' [A +\ hy(n)] C X N BY'. Then by the definition
of I,, Bn D C LUk "[Ay\ hy(n)] € I,UX, which implies I._,y € X UL, U[J,

z<n )

ii) For almost all n € w A, C* w\ X,,. Then for almost all n, QOZV [A,\ hy(n)] C ng \ X,
so for almost all n, X N Zn' C 1, and for finitely many n, A, C* X, so b A\

h.(n)] C* ZINX C BI” nx, Wthh implies By? \ X C* BI” \cp [A,\ hy(n)] C I,
Putting all this together we have that X C* I, U Uzgk B;, for some k € w.

5.2 Maximal trees.

In this section we addrress the second question of D. Monk by proving that {pg)(t,;0)
implies the existence of a maximal tree on P(w)/fin of cardinality w;. The first construction
was given by M. Hrusék, and it looks like a broom of height w; and width w;. The second
construction uses the same diamond principle, and gives a maximal tree of height w; and
width w;.

Theorem 1 (M. Hrusak). $pm)(ts;0) implies that there is a maximal tree of size w.

Proof. First, for every o € wy, fix a bijection e, : w — «, and for a set A € [w]* and
a countable C*-decreasing sequence X of subsets of w such that Xo C* A, denote by
P(A, X) C A a pseudo-intersection found in a Borel way.

By a suitable coding, we can assume that the domain of the function F'is (¢, (([w]*)®)*x
W], For (X5 : 8 < a),Z) € (([w]*)*)* x [w]*, we define F((X5: 3 < a),Z) as follows
(where for 8 < o, X5 = (X5, 17 < a)):

1. If (Xgp: B < ) is not an AD family or does not cover w, or if one of the sequences
Xp is not a C*-decreasing, let

F((X3: B <a),Z) = (w,1d).

Here @ denotes sequence which takes constant value w and Id denotes a function
from [w]* to w* which takes every set to the identity function. In other words, this
is the irrelevant case.
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2. If (Xgo: B < a)is an AD family and covers w, and every Xg is a C*-decreasing
sequence, define Ay = X, (0),0, and for n > 0, A, = Xgo \ U,c, Xea@0- Let
H,:w— P(An,)zea(n)) be the increasing enumeration of P(An,Xea(n)). Then let
7 = (Z, :n € w), where

Zy = H,' [P(An, Xeo () N Z].
Now, define a function ¢ : W] — w* as follows:

(a) If A € [w]* does not o-reap Z, then define 0z(A) = Id.

(b) If A € [w]* o-reaps Z, then define ¢7(A) = hz 4, defined by
hza(n) =min{k €w:Z,\ACkor Z,NACk}.

Finally, define F((X5: 8 < ), Z) = (Z, ©3z).

Let g : w1 — [w]¥ X w* be a guessing function for the function F. Let D, € [w]|* and
he € W be such that g(a) = (Da, ha). We are going to construct sequences (X, : @ € wy),
where )?a = (Xa,y 17 € wy) is a C*-decreasing sequence of infinite subsets of w and such
that {X,0: @ € wi} is an AD family. The construction is as follows:

1. Start with a sequence (Xn :m € w) such that Xn is a C*-decreasing sequence, and
{X,0:n € w} is a partition of w into infinite sets.

2. Suppose X5 = (X5, : v < @) has been constructed for all # < a. Define A3 =
Xea(0),0, and for n > 0, Ay = X (n) \ Ujcn Xea@0- Let HY be the increasing
enumeration of P(Az,)zea(n)). Then define X, (n)a = Xe,(n),at1 = Hy[Da]. Now,

for n € w, let a®,al € H2[D, \ ho(n)] be distinct natural numbers and define
Xoo ={ad : n € w} and X,y10 = {a), : n € w}. Finally, let X, and X, 1 be
C*-decreasing sequences of length o + 2 whose first element are X, and X110,

respectively.

Now for every infinite o € wy, define two sets BY, B} as follows:
B = XagUU,e, A2\ H2 Do\ ha(n)];
B, = Xat10U Unew A7 \ H [Da \ ha(n)].
Claim 1. The family {B%, B! : a € w;} is an incomparable family. For a fixed « it is clear
that B and B} are incomparable. For 8 < a, note that Xz,;0 C* Bj, but X0 €* B,
On the other hand, note that Xo4i0 €* Bj.

Now define the following tree T
T = U {Xa,ﬁ : ﬁ € wl} U {BgmBé OS [(’U?wl)}
acwi

Claim 2. 7 is a maximal tree. Let Z € [w]” be an arbitrary set. Let o € w; such
that ¢ guesses the branch ((X, : @ € w;),Z) in . Then F((X5: 8 < a),2) = (Z, ©3z)
is dominated by g(a) = (Da,hs), which means that for all n € w, D, o-reaps Z and
©7(Dqy) < hy. There are two cases:
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Case 1. There is n € w such that D, C* Z,,. Then

Xeatmya = Hi[Da) € H[Z0) = Z 0 P(A, Xy | @) € Z

Case 2. For all n € [w], D, N Z, is finite. Then for all n € w,
Zn N Dy \ ho(n) =10
This implies that for all n,
HS[Dy\ ha(n)]NZN A% =10
Which in turn implies:

Z € Upew A5\ Hy[Dao \ ha(n)]

new
This implies that Z C B2 N B..
O

Theorem 2. $pry(ty;0) implies that there is a tree T C [w]” of height w and size wy
which is maximal both as a subtree of ([w]*, C*), and as a subtree of P(w).

Proof. Recall that a tree T C [w]* is an ideal-tree if for any A € T, the family {AN B :
B € T ANA ¢* B} generates a proper ideal Ty, on A. We shall, in fact, be constructing
and ideal-tree.

Given f € 2<“1 let us say that f codes a family of sets F if for all X € F there is a
limit ordinal a € dom(f) such that for n € w, n € X if and only if f(a+n) = 1. For each
limit @ € wy fix a bijection e, : w — lim(a). If v is limit and f € 2% codes an ideal-tree
T, let {A, : n € w} be the enumeration of T given by

A, ={m: f(ea(n) +m) = 1}.

Also, in this proof, for a given set X € [w]¥, the symbol X plays two roles according to
the context: it denotes the set X, and also denotes the increasing enumeration of X, that
is, for n € w, X(n) is the nth element of X.

Now, it is easy, yet tedious, to show that there is a Borel function H : 2* — ([w]¥)¥
such that if f codes an ideal-tree then H(f) = (Z, : n € w) is such that

1. {Z, :n € w} is pairwise disjoint
2. Z, CA,, and
3. Z, N1 is finite for every I € Zy4, .

Having fixed all that, define a function F : [w]* x 2<%t — [w]* x w* as follows}

4A very simple coding turns such a function into a function with domain 2! - use the first w bits to
code the first coordinate of F' and the rest on the second coordinate.
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1. If f € 2% does not code an ideal-tree, or if « is not a limit ordinal, let F\(X, f) =
(@,Id).

2. If o is limit and f € 2% codes an ideal-tree T, let {A,, : n € w} be the enumeration
of T given above and let {Z,, : n € w} be the pairwise disjoint refinement of {4, :
n € w} given by H(f). Furthermore, let Y,, = Z'[Z, N X], and define a function

Px.p) ¢ W] = w* by:
(a) If W € [w]* does not o-reap (Y, : n € w), let px p(W) = Id.
(b) If W € [w]” does o-reap (Y,, : n € w), let
px.ny(W)(n) =min{k cw: W\Y, Ckor WNY, Ck}.

Then define F(X, f) = ((Yn : n € w), oix,p))-

w

Let g : w; — [w]Y X w* be a guessing function for F. For a € wy, let X, € [w]¥ and
he be such that g(a) = (Xa, hy). For every a € wy, let D, C X, be an infinite co-infinite
subset in X,. Recursively construct three sequences (7 : f € wy), (fs : B € wy) and
(ag : B € wy) such that:

1. (75 : B € wy) is a sequence of countable ideal-trees.
2. For all 3, fz € 2% and codes the tree 7.
3. {ap: B € w} is an increasing continuous sequence of countable ordinals.
4. For all B € wi, fz C fat1.
The construction is as follows:

1. (Base step:) Start with a countable ideal-tree Ty of heigth w, such that w € Ty, the
successors of every A € T form an almost disjoint family of infinite subsets of A such
that for any finite F' C w, there are incomparable tg,t; € To such that F' C tq N ty.
Let fo € 2?0 code 7.

2. (Successor step:) Suppose that the ideal-tree T3 has been defined, enumerated as
above as {A, : n € w}, and coded by an fz € 2%4. Let

Bs = w\ | Zu[Xa, \ hay ().

necw

Let m € w be such that A,, = w (in the fixed enumeration of 7). Let Cy,C; C
Zm \ Zm[Da,) be disjoint sets such that w\ (CoUC1UBgU Z,,[ D) is infinite. Then
define

Tar1 =T U{Zn[Day \ hay(n)] :n € wp U{BsUCy, Bg U C1},

and let fziq € 294+ be a sequence extending fs coding Ta. ;.
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3. (Limit step:) If 3 is a limit ordinal and the trees 7, have been defined for all v < £,

let Ts = U, 5T fs = U, -5 fy and ag = sup{a, : v < B}. Note that this way fg
codes Tjp.

(The sets D, are used to prove that in every step of the recursion the trees T,.; are

ideal-trees).
Finally, let T = U, ., Ta, and let f = J,c,, fa € 2" be the branch that codes all of 7.

Obviously, 7 is a tree, being an increasing union of trees. Also no finite set can be
added to T by the construction of 7j.

Claim. T is a maximal tree in P(w). Let X € [w]“ be arbitrary. Since g guesses every
branch stationarily often, there is # such that g guesses (X, f) in ag. Then 73 is coded
by f I ag = fz. Consequently, Dg o-reaps (Z,'[Z, N X] : n € w) and @(xfja,)(Xa,)(n) <
has(n) for every n € w.

If there is n € w such that X,, C* Z,'[Z, N X], then

Zn[Day \ hay(n)] € Zy 0 X.

(Recall that Z,[Dg, \ hay(n)] € T).
If for all n € w, X, N Z,'[Z, N X] is finite, then for all n € w,

Doy N Z 2y N X] C hay(n).
This implies that for all n € w,
Zn[Dag \ hay(n)] N X =10
which in turn implies,

X C W\ Unew ZnlDp \ hay(n)] = By

By the construction of (75 : 5 € wy), X C (Bg U Cy) N (Bz U ), both of which are
elements of 7.
To finish the proof note that, by the construction, 7 has height w. n



Open questions.

This chapter is a compilation of several questions that were raised on the research of the
results previously presented.
In relation to #-ultrafilters, the following question is of interest:

Question 16. Is there, in ZFC, an F,s ideal for which % -ultrafilters exist?
Another question that arises by the results of Chapter 4, is the following:

Question 17. How can we characterized the pairs of F, ideals % and # such that it is
consistent that 7 -ultrafilters exist while ¢ -ultrafilters do not exist?

Some examples of such pairs of ideals are the following;:
1. €D and Gy..

2. €D and SH/(p41).

3. €Dyyy, and Gy

4. EDyip and S /(n41).

We hope that a deeper understanding of the forcings PT(p) and the kind of reals they
add serve to answer the Question 18.
Also, there is a long standing classical question regarding rapid ultrafilters and ¢-points:

Question 18. Is it consistent that rapid ultrafilters exist, but there is no q-point?

We hope that results from Chapter 4 help in driving the answer of this question.

We have seen in the results of chapters 3 and 4 that for any F, p-ideal .# it holds that
min{v,, 0} < 3pin(#) <0, with both strict inequalities being consistent for all F,, p-ideals
at the same time. In relation to this we have the following question:

Question 19. Is it true that for any two F, p-ideals % and _#, it holds that () =
3rin(F) 7

Let us consider C a class of ideals and let us define the 3 ;,-spectrum of the class C as
follows

srin-spec(C) = {3 (F) : F € C}
Let us denote by F, the class of F}, ideals, by F,p the class of F, p-ideals, An, the
class of analytic p-ideals, and Bo the class of Borel ideals. Then we can ask the following:

65
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Question 20. How comlpex can be §ti,-spec(C) for C € {F,,F,p, An,,Bo}?

Note that the results presented in this thesis imply the following possibilities are
consistent (besides the trivial case when CH holds):

L. 3fin-spec(Fy) = {w1, w2}
(Fo) = {ws2}.

3rin-spec(Fop) = {wi}.
(Fop) = {w2}.
(An,)

3fin-spec(An,) = {wy, ws}.

3 fin-SpEC

dfin~-SPEC

@9"?’;9"!\3

3rin-spec(An,) = {w} .
In the same direction, we ask the following:

Question 21. Is it consistent that there is a countable family (&, : n € w) of Borel
or analytic ideals such that for all n € w it holds that F11 <g I, and jpin(F) <

3fin(fn+1> ¢

Let us recall that Theorem [I6] says that whenever .# is an ideal for which there is
¢ : [w]™ — k for some n, k € w such that all the p-monochromatic sets belong to the ideal,
then 3, (.#) < max{r,,0}. This lead us to ask the following:

Question 22. Is there an ideal % such that ZFC proves max{t,,0} < jin(F)?

Question 23. Is it consistent that there is a Borel or analytic ideal % such that max{t,,0} <

Next we reproduce the questions mentioned in the last section from Chapter 3.

Definition 30. We say that .7 is Laflamme-Zhu if there is an ultrafilter U all of whose
Rudin-Blass predecessors are such that its dual ideal is Katétov-Blass above of .. We say
that .7 s trivially Laflamme-Zhu if % <gp EDip,.

Question 24. Does there exist a Borel or analytic tall ideal other than EDy;, which is
non-trivially Laflamme-Zhu?

Question 25. Is there a critical ideal & for the Borel (analytic) Laflamme-Zhu ideals, i.
e., such that any ideal ¢ is Laflamme-Zhu if and only if ¢ <gxp 9%

Question 26. In case there is an analytic ideal & £ g ED gy which is Laflamme-Zhu, let
LZ goret and LZ anqiyiic be the families of all Borel and analytic ideals which are Laflamme-
Zhu, respectively. What is the structure of the Katétov-Blass order restricted to such
classes?

Regarding the results from Chapter 5, the following questions remain open:
Question 27. [s 0 < tt?

Question 28. Is s5,,,, < u consistent? What about i < §,,,, ?
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