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Resumen

El cambio climático, como resultado de la contaminación por combustibles fósiles, el
crecimiento de la población y el aumento del consumo de energía, requiere la exploración
y aprovechamiento de recursos energéticos renovables. Debido a su mayor densidad
energética en comparación con otras fuentes renovables, la energía proveniente del oleaje
ha sido propuesta como un recurso potencial para mitigar los impactos del calentamiento
global. Sin embargo, a pesar de ser una de las fuentes más abundantes de energía
renovable, la energía del oleaje permanece en su mayor parte desaprovechada. Esto se
debe a una mayor tendencia hacia otras energías renovables, una �nanciación limitada
para su investigación, la inmadurez de las tecnologías actuales y la falta de una tecnología
�able y rentable para su extracción.

En este sentido, el dispositivo de Columna de Agua Oscilante o por sus siglas en
ingles OWC (Oscillating Water Column) es un sistema esencial para la extracción de
energía del oleaje. Debido a su principio de funcionamiento simple y su adaptabilidad,
se puede utilizar como una estructura �ja (costera) o �otante (en alta mar). Para un
funcionamiento óptimo, la cámara del dispositivo OWC juega un papel importante para
lograr un mejor rendimiento. Normalmente, la con�guración de la cámara se elige para
producir una columna de agua con una frecuencia natural de oscilación que coincida
con la del olaje más común en el área donde se desplegará el sistema. Sin embargo, la
variabilidad de las condiciones del mar, como la direccionalidad del oleaje, los cambios
en la profundidad debido a las variaciones de las mareas y las altas fuerzas ejercidas
por oleaje en condiciones extremas, pueden comprometer el correcto funcionamiento del
dispositivo. Por lo tanto, para garantizar un funcionamiento adecuado, la con�guración
de la cámara OWC debe ajustarse de manera e�ciente en relación con su entorno.

El enfoque principal de esta tesis es hacia el análisis de la con�guración de la cámara
OWC, la dirección del oleaje incidente y la compresibilidad del aire dentro de la cámara
con el �n de responder a tres preguntas: (i) ¾Qué in�uencia tiene el espesor de la pared
frontal en la e�ciencia hidrodinámica?; (ii) ¾Cómo afecta la dirección del oleaje incidente
al rendimiento del sistema?; y considerando estos dos últimos aspectos (iii) ¾Qué efecto
tiene la compresibilidad del aire sobre el rendimiento hidrodinámico?

Para explorar estos aspectos, se han desarrollado modelos analíticos y numéricos en
el dominio de la frecuencia utilizando técnicas teóricas basadas en la teoría de lineal del
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oleaje. El primero es el método semi-analítico de expansión de funciones características
(eigenfunction expasion method, EEM, por sus siglas en inglés), que utiliza la continuidad
del potencial de velocidades y el �ujo, así como la propiedad ortogonal de las funciones
características, para reducir el problema de valores en la frontera (boundary value
problem, BVP, por sus siglas en inglés) a un sistema lineal de ecuaciones algebraicas. El
otro es el método del elementos de frontera (boundary element method, BEM, por sus
siglas en inglés), que es un enfoque numérico basado en la aplicación de una ecuación
integral. En este caso, el BEM con elementos de orden superior se utiliza para obtener
la variación de potencial y �ujo en las fronteras del dominio.

A lo largo de esta tesis, cinco estudios se describen. En primer lugar, se investigan los
efectos en el rendimiento debido al espesor de la pared frontal y los per�les del fondo de
la cámara usando el BEM. Los resultados demuestran que el uso de una barrera frontal
gruesa tiene un impacto signi�cativo en la e�ciencia hidrodinámica. Esto se explica
por el hecho de que la transmisión de energía del oleaje incidente hacia la columna
de agua interna debido al movimiento orbital de las partículas de agua se reduce para
barreras gruesas. Después, se investiga la interacción de oleaje oblicuo con un dispositivo
OWC �jo en tierra. Los resultados en este caso indicaron que al aumentar el ángulo de
incidencia del oleaje, la frecuencia a la que se produce la resonancia aumenta, lo que
ofrece bene�cios para la extracción de energía en dispositivos �jos en condiciones donde
la dirección del oleaje varía.

Posteriormente, se lleva a cabo un análisis para investigar los cambios en las curvas de
e�ciencia y la frecuencia de resonancia causados por diferentes con�guraciones de la pared
posterior y frontal de un dispositivo OWC asimétrico �jo-�otante. Después, se examinan
la oblicuidad del oleaje y el grosor de la barrera frontal para analizar su in�uencia
combinada en el rendimiento de un sistema OWC �jo en tierra. Los resultados muestran
que la banda de e�ciencia hidrodinámica puede reducirse considerablemente y el valor
de la frecuencia resonante puede modi�carse. El último aspecto de esta disertación está
dedicado a un análisis tridimensional de la interacción de oleaje incidente perpendicular
con un dispositivo OWC �jo. Los hallazgos revelan una in�uencia sustancial en el ancho
de banda de captura, la frecuencia de resonancia y la elevación de la super�cie libre
dentro del dispositivo debido al diseño de la cámara y la compresibilidad del aire.

Para cada caso de estudio, se presentan los detalles de formulación matemática,
procedimientos de solución, discusiones y conclusiones. Finalmente, se destacan las
conclusiones generales y propuestas para estudios futuros.
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Abstract

Climate change, as a result of fossil fuel pollution, population growth and increased
energy consumption, necessitates the exploration and harvesting of renewable energy
resources. Due to its higher energy density when compared to other renewable sources,
ocean wave energy has been suggested as a potential resource for mitigating the impacts
of global warming. However, despite being one of the most abundant sources of renewable
energy, ocean energy remains mostly unharnessed. This is owing to a wider tendency
towards other clean resources, limited research funding, the unmatured staged of current
technologies and the lack of a reliable and cost-e�ective energy extraction technology
from sea waves.

In this regard, the Oscillating Water Column (OWC) device is an essential system
for extracting wave energy. Due to its simple operation principle and adaptability, it can
be utilized as �xed (coastal) or �oating structures (o�shore) to absorb energy from the
waves. For an optimal operation, the OWC chamber plays a signi�cant role to achieve
better performance. Typically, the chamber con�guration is chosen to produce a water
column with a natural frequency of oscillation that matches that of the most common
wave at the area where the OWC will be deployed. However, the variability of the
sea state conditions, such as wave directionality, changes in water depth due to tidal
variations and high loads exerted by extreme waves, can compromise the device correct
operation. Therefore, to ensure appropriate operation, the OWC chamber con�guration
must be e�ciently tuned in relation to the wave environment.

The main focus of this thesis is towards the analysis of the OWC chamber
con�guration, incident wave direction and linear air compressibility in order to answer
three research questions: (i) what in�uence does the thickness of the front wall have
on hydrodynamic e�ciency?; (ii) how the incoming wave direction a�ects the system
performance?; and by considering these last two aspects (iii) What e�ect does air
compressibility have on the hydrodynamic performance?

To explore these questions, analytical and numerical frequency domain models have
been developed using theoretical techniques based on linear wave theory. The �rst one
is the semi-analytic matched eigenfunction expansion method (EEM), which uses the
continuity of velocity potential and �ux, as well as the orthogonal property of the
eigenfunctions, to reduce the boundary value problem (BVP) to a linear system of
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algebraic equations. The other is the boundary element method (BEM), which is a
numerical approach based on the application of an integral equation. In this case, the
BEM with higher-order elements is utilized to account for the variation of potential and
�ux on the boundaries.

Throughout this thesis, �ve case studies are provided. First, the e�ects of the front
wall thickness and chamber bottom pro�les on the performance are investigated by means
of the BEM. The results demonstrate that using a thick front barrier has a signi�cant
impact on hydrodynamic e�ciency. This is explained by the fact that the transmission
of energy from the incoming wave to the internal water column due to the orbital wave
motion is reduced for thick barriers. Then, the interaction of oblique sea waves with a
land-�xed OWC device is investigated. The results, in this case, indicated that increasing
the wave angle of incidence, increases the wave frequency at which resonance occurs,
which o�ers bene�ts to wave power extraction in real sea conditions for �xed devices.

Subsequently, an analysis is carried out to investigate changes in e�ciency curves
and resonance frequency caused by the di�erent rear and front wall con�gurations of an
asymmetric �xed-detached OWC device. Then, the obliquity of the water waves and the
thickness of the front barrier are both examined to analyse their combined in�uence on
the performance of a �xed-land OWC system. The results show that the hydrodynamic
e�ciency band may be considerably reduced and the resonant frequency value modi�ed.
The last aspect of this dissertation is devoted to a three-dimensional (3D) analysis of the
interaction of perpendicular incident waves with an onshore OWC device. The �ndings
reveal a substantial in�uence on the captured width bandwidth, resonance frequency
and free surface elevation within the chamber due to the chamber design and linear air
compressibility.

For each case of study, the details of mathematical formulation, solution procedures,
discussions and conclusions are presented. Finally, general conclusions and proposals on
the scope of future studies are highlighted.
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Chapter 1

Introduction

1.1 Background

In recent years, electricity needs have grown substantially as a result of the exponential
growth of the human population, and the usage of fossil fuels to meet these demands is
projected to continue for at least the �rst half of the century (González-Santaló; 2009).
However, due to the huge quantity of carbon dioxide (CO2) emitted into the atmosphere,
which contributes to the accumulation of greenhouse gases and is one of the major drivers
of climate change, its use is being called into question.

This situation has compelled numerous countries to launch research e�orts into
obtaining energy from renewable and clean sources such as wind, solar, geothermal,
hydrogen, ocean, etc. These sustainable sources provide a huge and nearly endless supply
of energy with low global warming emissions and with a variable energetic potential
depending on location. In this regard, according to Vicinanza et al. (2013), ocean energy
is the cleanest, safest, inexhaustible and predictable of all mentioned sources, and may be
considered a vital alternative for sustainable development. Ocean energy is classi�ed into
several types based on its energy resources, namely ocean wave energy, ocean thermal
energy, energy from ocean currents, and tidal energy. Ocean wave energy, in particular, is
abundant across the planet, and in recent years it has witnessed tremendous development
and become highly signi�cant because of the enormous energetic potential inherent in
the seas.

1.2 Wave energy

Ocean wave energy has the potential to produce vast amounts of clean, safe, and reliable
renewable energy (Evans; 1976), but it is now a mostly underexploited resource. The
World Energy Council estimates that the yearly quantity of wave energy throughout the
world is around 17.5 PWh, which is comparable to the projected annual global energy
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CHAPTER 1. INTRODUCTION

by NOAA at a spatial resolution of 30 arc-minutes and a temporal
resolution of 3 h. Spectra are only available for selected geographical
points and so itwas necessary to use spectral parameters to quantify
the global wave power resource. The outputs used were: peak
period ðTpÞ; significant wave height ðHsÞ; and mean direction of the
waves ðQmÞ.

2.1. Calculating power density and WEC power

In order to calculate power from these three spectral parameters
it was necessary to assume a dominant spectral shape for the
world’s oceans. The PiersoneMoskowitz (PM) spectrum was
chosen since locations with high wave power (which are of most
interest) will be exposed to long fetch. The spectrum defined
according to the Bretschneider formulation (rather than as a func-
tion of wind speed as for PM) was used for this study:

Sðf Þ ¼ A
f 5
exp

�
� B
f 4

�
(1)

where

B ¼ 5
4T4

p
(2)

A ¼ H2
s
4
B (3)

The nth spectral moment of the spectrum is defined as:

mn ¼
ZN
0

f nSðf Þdf (4)

which, for n � 4, can be calculated [42] by:

mn ¼ A
4
B

n
4�1G

�
1� n

4

�
(5)

The wave power per unit length of wave crest (“power density”)
can then be calculated:

p ¼ rg2

4p
m�1 (6)

where the density of water was taken as r ¼ 1025 kg m�3; and
g ¼ 9:81 ms�2 is the acceleration due to gravity.

The power density is converted into a directional power density
vector taking its direction from Qm:

p ¼
�
p,sin Qm
p,cosQm

�
(7)

In addition to the power density, the power output ðJÞ from an
illustrativeWEC, the Pelamis P2, was calculated at each point on the
WW3 grid by linearly interpolating the published Pelamis power
matrix [4] to each Tp and Hs value.

2.2. Initial statistical data compression

The method used to calculate the power incident on each land
mass (Section 3) cannot be performed for each 3-h time-step from
theWW3model due to its computational expense. Therefore, mean
values were calculated for each one-month period: pðy;mÞ andJðy;mÞ
(where y and m denote the year and month).

Means of longer time periods were subsequently calculated
using the methodology outlined in Section 3.3. Fig. 1 shows the
global distribution of annual mean power density. The arrows on
the plot show the mean best direction (i.e. the direction of the
means of the power density vectors). This demonstrates that the
locations of most interest for wave power are on the west coast of
land masses, as waves flow primarily fromwest to east. This figure
compares well to those produced by Cornett [13] and Barstow et al.
[7]. Wave power is predominantly found between the 40th and
60th lines of latitude north and south, with a larger proportion in
the southern hemisphere.

An interesting result of applying the WEC power matrix to
calculateJ is that the locations of the best extractable resource are

Fig. 1. Annual mean wave power density (colour) and annual mean best direction (/). The land buffers used to quantify the resource are also shown, coloured by continent (see
Section 3). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

K. Gunn, C. Stock-Williams / Renewable Energy 44 (2012) 296e304 297

Figure 1.1: Global annual mean wave power density (colour) and annual mean best
direction (arrows), taken from Gunn and Stock-Williams (2012).

consumption of 16 PWh (Boyle; 2012). The global annual mean wave power density and
annual mean best direction calculated by Gunn and Stock-Williams (2012) are shown
in Fig. 1.1. Thus, if e�ciently harnessed, wave energy may supply the majority of the
world's electricity requirement by 2030.

Apart from its accessibility, wave power has additional bene�ts; since much of
the world's population lives in the vicinity of coastal regions, it reduces the distance
between energy production and consumption; thus, reducing losses and investments in
transmission lines. Contrary to alternative sources, such as wind, electricity and solar
energy, the installation of wave energy systems does not require the use of highly valuable
areas or landscapes (Fagley et al.; 2013). Furthermore, because wave energy is so capable
of providing huge amounts of clean and renewable energy, it is an ideal source of energy
e�ciency in densely populated coastal areas.

However, considering this kind of energy involves extremely particular research,
because water waves generate large amplitudes in certain places only. Moreover, its
unpredictability is another disadvantage; nevertheless, it may be moderately controlled.
Water waves are therefore a unique phenomenon occurring in each coastal location, with
a single di�erence in the amplitude and time period.

In recent years, scientists and engineers have been working in this �eld to develop
e�cient systems for extracting energy from waves. More than a thousand patents
had been registered by the 1980s, and the number has grown signi�cantly since then
(McCormick; 2010). Essentially, the development of this type of technology has been
based on the research and construction of structures that have the property of converting
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Figure 1.2: Technologies for harnessing wave energy, adapted from Falcão (2010).

wave energy into mechanical and electrical energy. Each system o�ers bene�ts and
drawbacks that are assessed based on economic feasibility and construction circumstances
in a speci�c location.

In this respect, Vantorre et al. (2004) pointed out that for a given sea state, a
successful wave absorber should meet four criteria: �rst, the frequency to which the
converter is most sensitive should coincide with the main frequency in the wave spectrum;
second, it should be possible to adapt this frequency of the system to variations of the
sea state; third, the converter must be capable of absorbing the energy of other wave
components with acceptable e�ciency; and forth, if the performance of the absorber is
a�ected by the wave direction, the same principles apply to the directional distribution.

1.3 Wave energy technology

Various studies have o�ered alternative approaches to classifying wave power systems.
They took account of the geometry and direction of the wave energy, position and
mode of motion, power take-o� (PTO) mechanism, wave-structure interaction, mooring
dependency, etc. An example of this is the classi�cation of Falcão (2010), Fig. 1.2, based
largely on the working principle of these devices, which focuses on projects where the
prototype stage has been achieved or where at least some development work has been
done. Another example is the classi�cation based on the most common technologies
(IRENA; 2014), which are described below.
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Figure 1.3: Types of WECs depending on their working principle, adapted from
Sergiienko (2018).

1.3.1 Working principle

The operational principle speci�es how energy from an incoming wave�eld is extracted
through contact with a wave energy converter (WEC). The WEC bene�ts from the
oscillatory or circular motion of the waves to transform the associated kinetic and
potential energy into usable mechanical or electrical energy. As shown in Fig. 1.3, WECs
are classi�ed into three types: oscillating water columns (OWCs), oscillating bodies, and
overtopping devices.

An OWC device is a �xed or �oating hollow structure which consists of a partially
submerged open-end box made of concrete or steel with trapped water and air columns.
Due to the incoming incident waves, the water column inside the structure has alternative
pressure �uctuations that run the trapped air above the internal free surface through a
turbine, which eventually drives the electrical generator to produce electricity. One of
the primary bene�ts of this system is that the PTO mechanism is placed above water
level, preventing direct contact with water.

Oscillating bodies are articulated, �oating structures with a PTO system that
absorb wave energy as a result of dynamic �uid-structure interaction (Lattanzio and
Scruggs; 2011). O�shore devices are essentially oscillating bodies that are either �oating
or (in rare cases) totally submerged. They make use of the stronger wave regimes seen
in deeper water (typically more than 40 m water depth). O�shore WECs are more
complicated in general because, in addition to mooring issues, access for maintenance and
the requirement for long underwater electrical cables have hampered their development,
and only recently certain systems have reached the full-scale demonstration stage (Falcão
and Henriques; 2016).

An overtopping device is a wave collector that extracts energy from the oceans.
Water at the wave crest is captured and introduced into a reservoir, where it is stored at
a level higher than the average free-surface level of the surrounding sea. The potential
energy of the stored water is transformed into usable energy using conventional low-
head hydraulic turbines. The hydrodynamics of overtopping devices are signi�cantly
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Figure 1.4: Schematic diagram of the types of WECs depending on their size and
orientation relative to the incident wave direction.

nonlinear, and their operation is comparable to that of a hydropower plant but applied
to an o�shore �oating platform.

1.3.2 Orientation

Depending on the dimensions and orientation with respect to the propagating wave,
WECs can be grouped as follows, Fig. 1.4:

� Terminator is a kind of device that has its principal axis parallel to the incident
wave crest (perpendicular to the predominant wave direction)

� Attenuator devices are �oating wave energy converters that are oriented parallel
to the direction of wave travel.

� Point absorber is a �oating device that their horizontal dimensions are much
smaller than the wavelength and can absorb power regardless of the direction of
wave propagation.

1.3.3 Power take-o� mechanism

The PTO of a WEC is the mechanism with which the absorbed energy by the primary
converter (for example, the enclosed chamber for an OWC or a point absorber buoy) is
transformed into useable electricity, Fig. 1.5. The PTO system is a critical system within
any WEC since it a�ects not only directly how e�ciently the absorbed wave power is
converted into electricity but also contributes to the mass, the size and the structural
dynamics of the WEC (Pecher and Kofoed; 2017a).

The types of PTO systems can be classi�ed into �ve main categories and are described
as follows:
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Figure 1.5: Di�erent main paths for wave energy to electricity conversion, adapted from
Pecher and Kofoed (2017b).

� Air turbines are employed for converting wave power into mechanical power.
They are mostly used to equip OWC devices where, due to the oscillating water
level induced by the ocean waves, the oscillating air pressure in an enclosed chamber
drives a turbine. The main challenge in this system comes from the bidirectional
nature of the �ow; however, almost all OWC prototypes tested so far have been
equipped with self-rectifying air turbines that convert an alternating air�ow into a
unidirectional rotation.

� A hydraulic PTO system is often the solution chosen to interface the WEC with
the electrical generator since they are well suited to absorb energy when dealing
with large forces at low frequencies. The concept is based on the traditional
hydraulic system but, in this particular case, in a reversed motion. Here, the
movement of the body feeds energy into a hydraulic motor, which in turn translate
the energy to an electrical generator.

� Hydro turbines are employed in overtopping devices or hydraulic pump systems
using seawater as �uid. In overtopping type of devices, the water reaching over a
ramp accumulates in a basin where its potential energy is converted using low-head
turbines and generators (Pecher and Kofoed; 2017a). This system has the bene�t
of being a mature technology that has been employed for many decades for power
generation, they can operate at e�ciency values of an excess of 90% and require
low maintenance.

� A direct mechanical drive PTO system consists of translating the mechanical
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energy of an oscillating body subjected to waves into electricity by means of an
extra mechanical system driving a rotary electrical generator. The mechanical
conversion systems can comprise a gearbox, pulleys and cables and a �ywheel can
be integrated into a rotation-based system so as to accumulate or release energy
and thereby smooth out power variations (Yoshida et al.; 2012).

� In a direct electrical drive system, the mechanical energy captured by the
primary converter is directly coupled to the moving part of a linear electrical
generator. For example, a translator, which is equipped with alternating polarity
magnets, is coupled to a buoy and the ocean waves induce a heaving motion to this
system with respect to a stationary stator equipped with coils, inducing electrical
current in the stator.

1.3.4 Application

Finally, regarding the location, WEC can be categorized into three groups:

� Onshore devices are built and �xed on land which avoids the use of a mooring
system and long underwater electrical cables. The location may be on the coastline
or integrated into structures such as breakwaters which can reduce the initial,
operational and maintenance costs.

� Nearshore devices are predominantly �xed on a gently sloping seabed on relatively
shallow water. This shallow water typically varies between 10 to 20 m at a distance
of between 0.5 and 2.0 km from the coastline.

� O�shore devices are generally in deep water, which can be de�ned as tens of meters
water depth, water depth greater than 40 m, or depth exceeding one-third of the
wavelength (Drew et al.; 2009). Being deployed in deep water makes these types of
devices to be exposed to a greater wave power potential, often making them more
cost-e�ective. However, the deeper the water, the more challenging and costly
becomes the construction, the deployment of a mooring system, the sub-sea cables
that lay on the seabed and, once in operation, the access for maintenance.

Among the few full-size prototypes that have been built and deployed in open water,
most of these are or were located near the coast, and they are sometimes referred to as
�rst-generation devices. In general, these devices are placed on the seabed or attached
to a rocky cli�. As mentioned above, these devices designed to operate on the coastline
have the advantage of being easier to install and maintain and do not require a deep-
water mooring system or long underwater electrical cables. On the shore, they encounter
less energetic swell but this may be compensated in part by the natural concentration of
wave energy due to refraction and/or di�raction (provided the device is suitably located
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for that purpose). In this respect, the most common �rst-generation device is the OWC
device, which is the most studied, best developed and one of the few systems that in
multiple times has reached the full-size prototype stage (Falcão; 2010). More details
regarding the background and characteristics of this WEC type will be provided in the
following chapter.
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Chapter 2

Thesis

2.1 Motivation

Due to its adaptability, OWC systems may be designed to be installed on the shore or
integrated into ocean structures such as land-�xed or pile-supported breakwaters. The
Mutriku Oscillating Water Column Energy Plant, located in Gipuzkoa (northern Spain),
is an example of this, where 16 OWC units that are 4.5 m wide, 3.1 m depth, and
10 m high were built on a 100 m boomerang-shaped breakwater. However, the initial
performance expectations of the plant have not been ful�lled because the breakwater
that houses the OWC units was mainly designed to protect the harbour and not for
wave energy harnessing.

Other related factors are that the boomerang-shaped breakwater that houses the
OWC power plant is north-northeast oriented, causing each of the sixteen chambers to
face the incoming sea waves at a distinct angle. As a result, while the structural design
of the chambers remains the same, the pneumatic power produced by each of the 14
Wells turbines in operation varies. Furthermore, the location is frequently lashed by
storms, and before completion of the power station, two storms hit the OWC plant and
a further storm produced severe structural damage to a number of the OWC chambers.
As a consequence, the front face of each chamber was reinforced by employing precast
concrete slabs to withstand the wave loads, and its front wall thickness now doubled the
length of the chambers. This implementation was done to secure the integrity of the
structure without taking into account the in�uence that this additional design setting
may have on device performance. Therefore, motivated by the case of Mutriku, the main
focus of this work is the evaluation of the in�uence that the front wall thickness of an
OWC chamber and the wave directionality have on the OWC hydrodynamic performance.
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2.2 General objective

The main objective of this work is to theoretically model the problem of water wave
interaction with an OWC device for di�erent con�gurations. The mathematical models
are based on the linear wave theory. The eigenfunction expansion method and the
boundary element method with a second-order discretization are employed to obtain a
solution to each two or three-dimensional problem.

2.2.1 Speci�c objectives

To perform these tasks, the following speci�c objectives were targeted:

� To propose a mathematical model of the water wave-OWC device interaction.

� To determine the appropriate boundary conditions of the BVP.

� To numerically solve the BVPs employing the matched EEM.

� To numerically solve the BVPs using the BEM with quadratic elements.

� To analyze the degree of accuracy of the theoretical solutions.

� To compare and recover the results reported in the literature.

� To analyze the in�uence of the chamber con�guration on the hydrodynamic
performance of the OWC device.

� To investigate the e�ect on the OWC performance of oblique waves.

� To study the impact of air compressibility on the OWC performance.

Such tasks require an understanding of:

� Linear wave theory.

� Hydrodynamics of OWC.

� Eigenfunction expansion method.

� Boundary element method.

� Numerical tools (Fortran, MATLAB and GMSH).
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2.3 Thesis outline

This thesis is conformed of a compilation of works published or under review, with the
exception of Chapters 1�4 and 10. Chapter 3 presents the background and literature
review of existing OWC technologies. This includes experimental, numerical and
analytical studies, as well as a review of the reported environmental impacts caused
by WECs and the economics of wave energy. The critical review of literature speci�c to
the research work presented in this thesis is expanded in Chapters 5�9. Then, in Chapter
4, associated concepts of the linear theory of ocean waves are presented.

In Chapter 5, the e�ect on the e�ciency, added mass and radiation damping of the
front barrier thickness of a land-�xed OWC device are analyzed by means of the BEM
with quadratic elements. Then based on the physical dimensions of the OWC plant in
Mutriku, the in�uence of four di�erent bottom pro�les on the hydrodynamic e�ciency
are investigated.

The interaction of oblique water waves with a land-�xed OWC device is examined in
Chapter 6. Here, both the matched EEM using dual series relations and the BEM with
higher-order elements are utilized to solve the associated BVP. The in�uence of wave
directionality and linear air compressibility on the e�ciency are discussed.

The in�uence of the chamber con�guration of an asymmetric, �xed-detached OWC
device on its performance was investigated in Chapter 7. The solution to the radiation
and scattering BVP was obtained by both the matched EEM and BEM, and the e�ects
on device performance of adding a step under the OWC chamber and a re�ecting wall
in the downstream region were also investigated.

In Chapter 8, the combined e�ects on the hydrodynamic performance of the wave
directionality and the thickness of the front barrier are investigated for a land-�xed OWC
device. By means of the matched EEM and BEM, a solution to the BVP was achieved.
Furthermore, a case of study for a single chamber of the Mutriku OWC plant considering
the above-mentioned aspects is presented.

Then, a 3D BEM with nine-noded quadrilateral elements is presented in Chapter 9
to obtain a solution of the interaction of water waves with an onshore OWC device. The
capture width, hydrodynamical coe�cients and free surface elevations are analysed for
di�erent OWC geometric parameters of the chamber.

Finally, in Chapter 10 the main conclusions and contributions to the research �eld
made throughout this thesis are commented on, and some recommendations for future
work are provided.
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2.5 Comments

All of the articles in this thesis are identical in content to the original articles that were
published or submitted, except for the following points:

� The formatting and referencing have been changed to ensure that the thesis follows
a uniform structure throughout.

� To improve readability, the locations of the �gures and tables may change from the
�nal published version of the articles.

� Each publication's table, �gure, and equation numbers have been updated to
incorporate the chapter number.
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Literature review

The goal of this chapter is to provide background information and a literature review
of the existing OWC technologies. This covers experimental, numerical, and analytical
studies of the parameters in�uencing their power absorption e�ciency, as well as some
research studies into the reported environmental impacts produced by WECs and the
economics of wave energy.

3.1 Oscillating Water Column device

The Oscillating Water Column concept is probably unique among the several suggested
systems for wave energy extraction, Fig. 3.1. An OWC device consists of two main
parts; a partially or completely submerged collecting chamber, which is a concrete or
steel structure, and a PTO mechanism. Due to wave action, the trapped air inside
the collecting chamber is alternatively compressed when the water column rises and
rari�ed when the column lowers, forcing the air to �ow through a turbine connected to a
generator. OWC collectors can also exist in nature, such as blowholes in cli�s, although
they lack an optimal shape that can be exploited economically (Heath; 2012).

The system of energy extraction is usually an air turbine (although hydraulic pumps
are also an alternative), and for simpli�cation purposes, the type of air turbine normally
selected is the self-rectifying one, where it does not matter if the collector breathes or
exhales the air inside the chamber because the turbine is driven in the same direction.
The combination of a Wells turbine with an induction generator is the most commonly
used form of energy extraction (Heath; 2012). Thus, the ease with which the OWC
device may be coupled with an air turbine is what makes it an appealing technology.

In practice, an OWC device o�ers numerous advantages: it contains few moving parts,
none of which are submerged; it is a versatile device that may be utilized in a variety of
locations, such as a �xed device on the coastline or o�shore as a �oating device; also, the
use of an air turbine eliminates the need for gearboxes; it is reliable; it is relatively easy

28



CHAPTER 3. LITERATURE REVIEW

Waves

Capture chamber

Turbine

Air is compressed 
inside the chamber

Figure 3.1: Schematic layout of oscillating water column system.

to maintain; and, it uses marine space e�ciently. Perhaps, the only drawback of this
type of device is that constructions located on and near the coastline can have a negative
visual impact. In this regard, the ability to apply the concept of an OWC device in a
variety of settings is important as it allows the acceptance and progressive growth of this
type of WEC.

3.1.1 Background

The whistling buoy, which was employed as a navigational aid, was the earliest known
application of the concept of an oscillating water column. This was used as an auditory
warning device and was viewed as a replacement to the conventional Bell buoys in the
19th century. Later, J. M. Courtney in New York patented the whistle buoy, and in
1885, in Scienti�c American, it was reported that 34 buoys were functioning throughout
the US coast (Heath; 2012; Masuda; 1986). More than half a century later, Yoshio
Masuda developed and installed in Japan the �rst OWC device that drove a turbine
to generate electricity (Falcão; 2010). This unit was installed in Osaka Bay and the
electricity generated provided power to navigation lights.

In the 1970s, a team led by the International Energy Agency (IEA) investigated
OWC devices mounted on a �oating barge named Kaimei (Masuda; 1979), Fig. 3.2.
The 800-tonne and 80-metre-long barge was moored o� the shore of Yura in Yamagata
Prefecture, Japan. In the project, thirteen OWC devices were installed on the barge,
eight of which had a nominal output of 125 kW (Falcão and Henriques; 2016). Aside
from Japan, which acted as the primary partner, contributions were made by the United
Kingdom, Canada, Ireland, and the United States.

Subsequently, many OWC devices were developed and tested in Japan, India, China,
Norway, Portugal, and the United Kingdom between 1980 and 1990. The largest of
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Figure 3.2: The Kaimei device (Falcão and Henriques; 2016).

them was constructed in the Sakata Port, Japan. This �ve-chamber device was built as
part of a breakwater, which was a box-shaped concrete structure that was set in situ
before being sunk and �lled with ballast. The device was commissioned in 1989 and
was equipped with a Wells tandem turbine, generating 60 kW (Ohneda et al.; 1991).
For many years, this system was the �rst case of integrating a WEC with a breakwater,
which also assisted in lowering project costs (Falcão and Henriques; 2016).

Furthermore, Queen's University in Belfast developed an OWC device with a 75 kW
turbine located in Islay, Scotland. This plant was connected to the grid and operated
between 1991 and 2000, Fig. 3.3. As a continuation of the prototype in Islay, the Queen's
University team designed the LIMPET plant, which was built near the original facility
(Heath et al.; 2000). The prototype was built in a relatively sheltered gully, with the
LIMPET plant facing south and with a nominal power of 500 kW. At the same time
that LIMPET was being developed, the company Eletricidade dos Açores built a 400
kW OWC device on the island of Pico, Portugal (Falcão; 2000). This plant was operated
intermittently by the Centro de Energia do Oleagem and supplied crucial data for the
further development of OWC devices.

As stated above, �oating devices designed by Yoshio Masuda in Japan were the
�rst OWCs deployed in open waters: the navigation buoys and the large barge Kaimei.
Masuda realized that the energy conversion of the Kaimei device was extremely poor and
designed an alternative geometric system for a �oating OWC: the Bent Back Duct Buoy
or BBDB. The duct of the BBDB device is bent backwards in relation to the direction of
the incident waves, which was considered to be bene�cial when compared to the forward-
facing form of the duct (Masuda and Mccormick; 1987). In this manner, the length of
the water column could be increased to achieve resonance while maintaining the depth
of the �oating construction within acceptable limits. Then, in Ireland, Ocean Energy
developed a device similar to the one initially proposed by Masuda (Energy; n.d.), which
was designed at a quarter of the original scale and with over 20,000 hours of open-ocean
testing.
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Figure 3.3: Shoreline OWC device on the island of Islay, Scotland (Falcão and Henriques;
2016).

On the other hand, the Australian company Oceanlinx developed an alternative
design of a �oating OWC device called the MK3. This model is a one-third scale version
of the original 2.5 MW device. Other full-size OWC prototypes were built in Norway
(at Toftestallen, near Bergen, 1985 (Bønke and Ambli; 1986)), and India (Vizhinjam,
near Trivandrum, Kerala State, 1990 (Ravindran and Koola; 1991)); whereas smaller
OWC prototypes were built o� the coast of Islay, the United Kingdom, and in China
(Whittaker et al.; 1993).

Design and construction are two of the most essential aspects of �xed OWC devices,
as well as the most economically in�uential. Integrating an OWC plant with a breakwater
for coastal protection o�ers numerous advantages: �rst, construction expenses are shared,
and second, access to the power plant for construction, operation, and maintenance is
greatly simpli�ed.

This was done successfully for the �rst time at the port of Sakata, Japan, as previously
stated, and subsequently in Mutriku, Basque Country, Spain, where the Basque Energy
Agency built an OWC device adopting this same concept (Torre-Enciso et al.; 2009). The
wave power plant in Mutriku consists of 16 units that comprise the section of an OWC
breakwater and are the �rst multiple OWC plant that allows researchers to examine the
interaction between its components and their complexity in control. Furthermore, it is
the only OWC breakwater device now in service that delivers electricity to the electrical
grid on a regular basis (Ibarra-Berastegi et al.; 2018).

Furthermore, Boccotti (2007a) presented a new design for an OWC installed in a
breakwater, with the collecting chamber being long in the direction of the wave crest
and narrow in its cross-section. This section of the OWC is U-shaped, with the outer
aperture facing vertically and the design has the bene�t of increasing the overall length
of the water column without lowering the aperture below the free surface. Currently, this
sort of OWC-breakwater device is now being built at the Italian port of Civitavecchia,
consisting of 17 caissons and 136 OWCs, and it is expected that this concept will be
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adopted in new breakwaters in Italy (Falcão and Henriques; 2016). Finally, in Yongsoo,
South Korea, a �xed OWC device with a nominal output of 500 kW was built. This
plant is 37 m long and 31.2 m wide and is equipped with two axial �ow turbines of 250
kW each (Falcão and Henriques; 2016).

3.1.2 Review of research studies

Over the last few decades, a number of analytical, computational, and experimental
approaches for studying the hydrodynamic e�ciency of an OWC device have been
developed. Early theories for OWC devices focused on rigid-body models in an attempt
to predict their performance. Evans (1978) demonstrated how rigid-body theory may
be applied to a simple OWC model. In his study, he claimed that, at least in long
waves, the internal �uid motion could be modelled as a solid mass with the free surface
acting as a light rigid piston. By taking into account a spatial variation of the free
surface motion, Falcão and Sarmento (1980) sought to improve this concept of an OWC
by allowing for greater pressure at the free surface. Later, Evans (1982) examined an
arbitrary number of �xed chambers enclosing an internal free surface that functioned
as a system of OWC devices. In 1985, Falnes and McIver (1985) provided a further
generalisation of the work by Evans (1982) allowing the possibility of movement of the
rigid bodies and designing a wave energy absorption system with an unlimited number
of oscillating bodies and internal pressure distributions. These concepts were used by
Smith (1983) to a simple 2D model of an OWC and the matched EEM to solve the BVPs
was employed. The studies listed above are the fundamental works for developing broad
theories on oscillating pressure systems.

Evans and Porter (1995) used the matching EEM and the Galerkin technique to
investigate the hydrodynamic performance of an OWC device consisting of a thin rigid
surface piercing barrier near a vertical wall. Experimentally, Boccotti (2003) suggested a
new wave energy absorber that can be tuned such that the interior water column remains
in resonant condition in any sea state by adjusting the air amount in an enclosed chamber.
Later, Boccotti (2007c) presented an OWC model with an extra duct that improves
performance compared to the standard OWC device for both long and short wind waves.
In this sense, Boccotti (2007b) analysed an OWC system that is connected to the sea
through a small opening. In this model, waves cannot enter the chamber and the water
column oscillations are due to the wave pressure on the small opening. Hong et al. (2004)
investigated the motion and the drift force of a �oating OWC device in regular waves by
the BEM.

The addition of projecting walls in front of the entrance of an OWC device may cause
waves to concentrate as a result of refraction, re�ection, and di�raction. This idea aims
to cause resonance of the harbour area surrounded by the walls (Ikoma et al.; 2016). This
modi�cation can improve the frequency bandwidth of the useful power extraction of the
device and may be regarded as an alternative for improving its performance. Count and
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Evans (1984) developed a theoretical model to predict the hydrodynamic performance
of a WEC with projecting sides. Their �ndings show that adding a harbour causes
signi�cant changes, which are intended to be highly bene�cial. Malmo and Reitan (1985,
1986a,b) used the matched EEM to examine the performance of a single and several OWC
systems near a re�ecting wall or in a canal with uniform water depths. McIver and Evans
(1988) developed an approximation theory for the performance of a series of OWCs into a
re�ecting wall of constant depth using the approach of matched asymptotic expansions.
Ikoma et al. (2011) presented an OWC device with an arti�cial harbour enclosed by
projecting walls to increase the e�ectiveness of wave power absorption. Under a random
sea state, Daniel Raj et al. (2019) conducted experimental research into the e�ect of
resonant length and opening angle of harbour walls integrated with an OWC system.

Analysing the in�uence of the OWC geometry and surrounding bathymetry has been
the subject of extensive study for many researchers. Wang et al. (2002) investigated
the hydrodynamic performance of an OWC device with arbitrary topography near the
shoreline by using both numerical and experimental techniques. They found that when
the slope of the bottom increases, the peaks of the capture-width ratios move to lower
frequency values, and they inferred that the in�uence of a change in water depth on the
hydrodynamic performance is also substantial. A 3D BEM for the numerical modelling
of the OWC plant on the Island of Pico/Azores was performed by Brito-Melo and
Sarmento (2002). The in�uence of front wall geometry on the hydrodynamic e�ciency
of a �xed OWC device was experimentally examined by Morris-Thomas et al. (2006).
They concluded that the overall peak hydrodynamic e�ciency is not greatly in�uenced
by the front wall geometry. A theoretical analysis of an OWC device with a gap on
its fully submerged front wall was carried out by �entürk and Özdamar (2012). They
showed that it is possible to increase the e�ciency with a surface piercing barrier type
front wall when appropriate geometrical parameters are considered.

Rezanejad et al. (2013) investigated the role of stepped bottom topography in
increasing the e�ciency of a nearshore OWC device. The authors reported that
signi�cant e�ects on the e�ciency of the device are observed when a step bottom
pro�le is introduced outside of the chamber. In a 2D nonlinear numerical wave �ume,
Ning et al. (2015) investigated the hydrodynamic performance of a �xed OWC device
based on a time-domain higher-order BEM. The hydrodynamic performance of the
OWC chamber with and without a bottom slope was examined, and it was shown
that the geometric characteristics of the air chamber had a substantial impact on the
hydrodynamic e�ciency. Iino et al. (2016) conducted research on how variations in
motion direction impact the water column in an inclined OWC device.

John Ashlin et al. (2016) experimentally studied the e�ect of the bottom pro�le of
an OWC device on its hydrodynamic performance. Flat, circular curve and sloping
bottom pro�les were evaluated in a wave �ume, and it was discovered that the OWC
device with a circular curve bottom pro�le performed better in terms of e�ective wave
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energy conversion and wave ampli�cation factor within the chamber. Based on the
work by Boccotti (2007c), Vyzikas et al. (2017) proposed a new U-OWC design with a
slope. They showed that the proposed modi�cation to the conventional OWC system by
including a toe protection unit enhanced the e�ciency of the classic model. Rezanejad
et al. (2017) numerically and experimentally studied the in�uence of turbine damping
and wave period in the performance of an OWC device in both regular and random wave
conditions. The e�ect of the radius and �nite wall thickness of the tubular structure
was studied by Zheng et al. (2020). They demonstrated that an OWC device with a
thinner chamber wall o�ers bene�ts to wave power extraction in terms of a broader
primary band of e�ciency curves. Using the coupled EEM�BEM, Koley and Trivedi
(2020) analyzed the hydrodynamic performance and e�ciency of an OWC device placed
on an undulated seabed. A 2D BEM model for studying the response of an OWC device
in general bathymetry regions was carried out by Belibassakis et al. (2020).

3.2 Environmental impacts

One of the primary motivations behind the development of marine energy converters is
their environmental advantages over traditional generation methods. WECs do not emit
gaseous, liquid or solid pollutants and therefore, under typical working circumstances,
its energy is practically a non-polluting source. It should be noted, however, that no
power generating technology is exempt from creating environmental impacts, and that
limited experience with WECs provides only an incomplete picture of their potential
implications (Thorpe and Unit; 1999).

In this sense, the deployment of WECs can have a variety of environmental e�ects.
Some of these e�ects may be bene�cial, while others may be potentially adverse.
As a result, one of the major problems confronting renewable energy generation,
particularly wave energy, is assessing the potential environmental impacts that might
be created throughout the construction, operation and decommissioning phases of the
plant. Speci�cally, as noted by Mendoza et al. (2019), these may have an in�uence
on hydrodynamics, geomorphology, chemical characteristics of seawater and sediments,
biotic interactions, and socioeconomic aspects.

Many of the impacts are largely in�uenced by their mode of operation and location,
Table 3.1. For example, in the case of an onshore OWC device, such as the Mutriku wave
power plant, Mendoza et al. (2019) identi�ed the main following biophysical interactions:

� Hydrodynamics: changes in wave energy distribution and water circulation.

� Geomorphological: changes in erosion patterns and sediment properties.

� Chemical: changes in the distribution of gases and nutrients.
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Table 3.1: Interactions between devices and the surrounding environment, with the
expected adverse impact intensity: No impact, Very low, Low, Medium,
High, adapted from Mendoza et al. (2019).

Interactions Floating Submerged Bottom Onshore
Far �eld sediment transport

properties

Local sediment transport

properties

Current direction

Wave energy distribution

Wave turbulence

Habitat

Ecological interactions

Electromagnetism

Noise and vibration

Nutrients

Water quality

Fishing

Recreation

Scenic value and mental health

� Biotic: changes in behaviour and population density and ecological connectivity
and new habitat creation.

� Socio-economic: landscape disruption, tourism and �sheries impact.

As a result, even though wave energy is a clean source of energy, WECs can locally
alter biophysical habitats, and by modifying the surrounding wave environment, changes
can be created over a longer distance from the installation. The magnitude of the
impacts may be proportional to the scale of the development and may vary depending
on the nature of the place chosen (Frid et al.; 2012). Therefore, proper scienti�c
investigations should accompany the licensing of commercial-scale installations of these
devices, reducing the risk of making environmental mistakes owing to a lack of knowledge.

3.3 Economics of wave energy

Nowadays, the development of WEC devices to capture ocean energy is still in its early
phases, and as a result, they are frequently seen as �nancially unviable. In fact, due
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to this early phase, it is di�cult to predict the costs and performance of the devices
and the rest of the installation, and the simplicity in most existing economic studies
generates uncertainty in investors (Astariz and Iglesias; 2015). However, this renewable
energy source, like tidal energy or o�shore wind energy, presents an enormous potential
for electricity production (Astariz and Iglesias; 2015).

The commercialization of WECs is hampered primarily by two factors: high cost
and low energy conversion e�ciency (Zhang and Ning; 2019). At the moment, a MWh
generated by wave power is more expensive than a MWh generated by conventional
sources or most other renewables, therefore wave power plants can only be economically
feasible if subsidized (Astariz and Iglesias; 2015). However, the economics of WECs
may be improved by enhancing system e�ciency, and in this regard, emphasis has
been devoted to device hydrodynamic e�ciency and annual output power improvement
through device shape optimization. Energy production can be maximized if the design
of WECs devices, including their form and array, among other factors, is promoted.

The main costs in a wave energy plant are the following: pre-operating cost,
construction costs, operational expenditure (OPEX), and decommissioning costs. The
pre-operating cost includes the costs of preliminary studies, projects, environmental
impact assessment, consenting procedures, etc. It is di�cult to determine a generic value
for this cost since it mainly depends on the kind of installation, location and particular
characteristics of the project (often considered as 10% of the capital expenditure
(CAPEX)) (Astariz and Iglesias; 2015). The construction cost includes developing,
manufacturing, and installing the device. The cost of operation and maintenance
(OPEX) is crucial in the economic analysis, but estimating this cost is a complicated
procedure due to a lack of expertise in wave energy installation. Finally, decommissioning
expenses include the costs of uninstalling and removing equipment when the WEC has
reached the end of its useful life. This is estimated to be 0.5 - 1% of the initial investment
(Astariz and Iglesias; 2015).

The levelised cost of electricity (LCoE), which incorporates all expenses associated
with the system life-cycle, is one of the most signi�cant indicators for energy investment
(Sergiienko; 2018) and is expressed by

LCoE =
CapEx +

∑Y
y=0 PV(OpExy)∑Y

y=0 PV(AEpy)
, (3.1)

where PV indicates a present value, AEP is the annual energy production and Y is a
total number of operation years. The LCoE is the ratio of total lifetime expenses versus
total expected outputs, expressed in terms of the present value equivalent (Astariz and
Iglesias; 2015). This measure allows to properly assess the expenses of a speci�c energy
conversion technology and to be compared with other systems. It should be noted
that LCoE is only valid in comparisons of power generation options under comparable
economic conditions and should not be used to compare energy-generating projects that
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Figure 3.4: Shoreline and nearshore cost split, adapted from The Carbon Trust (2005).

would attract signi�cantly di�erent power purchase prices or tax rates, such as projects
in di�erent countries (Pecher and Kofoed; 2017).

Studies that analyze the economics of installing OWC devices have been conducted by
(The Carbon Trust; 2005; Draycott et al.; 2018; Green et al.; 1983). As a �rst-generation
device, OWCs have the longest track record of deployment of any of the wet renewable
technologies (The Carbon Trust; 2005). Nonetheless, despite the fact that grid-connected
facilities have been operating for some years, an OWC market has not been established.
The Marine Energy Challenge study (The Carbon Trust; 2005) indicates that near-shore
OWC devices may reach a stage where they can function within the UK framework
for renewable power generation without further government funding within a realistic
timeframe. However, without a more coherent approach and some �nancial assistance,
the OWC sector will not deliver improvements in performance and cost. In their study,
they conducted a comparison between shoreline and nearshore OWC devices, taking into
account factors such as cost, site �exibility, production feasibility, and weather condition
susceptibility, among others, Fig. 3.4. They found that shoreline OWC technology will
never achieve as low a power price as nearshore OWC systems, but it can still play a
role in serving isolated communities where there is power price premium.

On the other hand, Draycott et al. (2018) carried out a coupled techno-macro-
economic model to assess the macro-economic bene�t of installing a 5.25 MW farm
of OWC in selected areas in Scotland and Portugal. According to their analysis, the
project development will immediately boost various sectors related to the construction,
installation, and operation of the devices, as well as those related to insurance and project
management. Furthermore, their coupled techno-macro-economic model emphasizes
the bene�t of this type of projects and provides additional information to investors,
policymakers and funding agencies.

As previously stated, the technology in the OWC devices has shown to be
available and e�ective; nevertheless, there has not been much acceptance since, despite
its e�ectiveness, this sort of technology is still somewhat expensive. Among the
numerous reasons for this are that projects are frequently small, thus project costs are
disproportionately expensive; limited volumes entail high equipment costs; and, �nally,
weak power grids in suitable coastal areas need high connection costs. The challenge
for the industry is to get to the point where these constraints no longer apply and these
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sorts of projects are truly commercial. The governments involved have acknowledged this
issue, and in Scotland and Portugal, in particular, there are substantial support tari�s for
power generated by this sort of technology. Being a renewable energy system, the main
constraint to the acceptance of WECs in commercial operations is the cost of the energy
generated, which is now being addressed. The combination of early public support and
industry commitment to improve competitiveness indicates that OWC devices will be
part of future clean energy generation systems.
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Chapter 4

Background theory

This chapter summarizes the fundamental aspects of water waves and hydrodynamics
that are the conceptual basis for the development of the theoretical models of the present
work. First, a brief explanation of the type of ocean waves is given, then the governing
equations for �uid �ow are listed and a short description of the velocity potential and
the Bernoulli equation are explained; �nally, the governing equations and boundary
conditions that constitute the linear wave theory are presented.

4.1 Ocean Waves

The waves on the ocean surface can be caused by a mix of several disturbing and
restoring factors, see Fig. 4.1. Thus, in general, tides might be thought of as very
long period waves, and disturbances such as earthquakes that generate tsunamis could
also be considered waves. However, the waves used by WECs are often created by wind
blowing over the surface of the ocean (Pecher and Kofoed; 2017).

Water waves always begin as little ripples and grow in size owing to the sustained
energy input from the wind. As long as the wind blows, the waves reach a limit beyond
which they do not grow owing to energy losses such as white-capping that balance out
the energy input from the wind. In this scenario, the waves are considered to be fully
developed. The extent to which a sea develops is determined by both the wind speed and
the distance, or fetch, across which the wind has been blowing. However, after the wind
stops blowing, the waves continue to exist and can travel over extremely long distances
with little energy loss. In this state, they are typically known as swell waves because the
wind that caused them is no longer present.

It is common to divide waves into wind waves generated by local winds and swell
waves formed by no longer blowing winds. While the distinction between wind and swell
waves is useful for debate, they are basically two extremes of a wave continuum. In fact,
all waves are both created by the e�ect of previous wind and a�ected by the local wind.
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Figure 4.1: The types of waves that may occur in the ocean, adapted from World
Meteorological Organisation (1998).

Although separating waves into wind and swell waves may be a helpful tool for describing
the conditions of a particular location in the ocean, this is only an abstraction, as the
hydrodynamics of wind and swell waves are identical.

4.2 Water Wave Mechanics

A basic ocean wave is typically regarded as a sinusoidal variation at the water surface
and can be de�ned by its height, H, which is the vertical distance from the wave crest
to the wave trough, a wavelength, λ, which is the distance between two similar points
of the wave and the wave period, T , which is the time taken for the wave to repeat.
Other useful wave parameters are wave steepness (s = H/λ), which is often used to
distinguish between linear and non-linear waves, wave number (k = 2π/λ) and wave
frequency (ω = 2π/T ).

The suitability of the di�erent wave theories based on the wave steepness (H/gT 2)
and the relative water depth (h/gT 2) is shown in Fig. 4.2. It is worth mentioning that it
is extremely complex to apply any theory, except linear theory, to irregular waves and it
is usual to apply linear wave theory beyond the boundaries illustrated in Fig. 4.2, while
acknowledging that it is not fully accurate.

4.2.1 Dispersion Relationship

One of the most distinguishing characteristics of ocean waves is that they are generally
dispersive, which indicates that the energy in the wave does not travel at the same
velocity as the wave pro�le (Dean and Dalrymple; 1991; Pecher and Kofoed; 2017). For
example, the e�ect of dispersion can be observed when the wave paddles in a wave tank
stop generating waves. Due to the wave energy, waves appear to be left behind the main
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wave and travel at a slower pace than the wave crests. The velocity of a wave crest is
called the wave celerity, c, and the velocity of the energy propagation is typically called
the group velocity, cg, de�ned by

cg =
1

2

(
1 +

4πh/λ

sinh
(
4πh/λ

)) c, (4.1)

while wave celerity is given by

c =
λ

T
=

gT

2π
tanh

(
2πh

λ

)
, (4.2)

which is called the dispersion equation and de�nes the wavelength based on the wave
period and water depth.

4.2.2 Water Wave Motions

The variation in water surface elevation is the consequence of the elliptical movement
of the water particles which extends far below the water surfaces, with the amplitude of
motion diminishing exponentially with depth, as shown in Fig. 4.3. The water particle
movements in deep water are circular, but as the water depth decreases, they become
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Figure 4.3: Classi�cation of progressive waves based on their wavelength relative to the
depth of water through which they are passing, adapted from Garrison (2009).

more elliptical. In particular, the variation in water particle motion is dependent on the
water depth relative to the wavelength, and this is frequently used to de�ne three regions
of water depth:

� deep water, where the seabed has no e�ect on the waves and where the water depth
is usually higher than half the wavelength;

� shallow water requires a water depth of less than 1/20th of a wavelength and has
no change in horizontal water particle motion with water depth;

� intermediate depth that exists between these two extremes.

However, it is important to note that these limits are somewhat arbitrary, and because
they are dependent on the wavelength, the concept of water depth is not �xed. As a
result, extreme caution should be taken in determining which reference wavelength should
be utilized to establish the relative depth.

4.3 Review of hydrodynamics

4.3.1 Conservation of mass

The conservation of mass applied to �uid �ow is expressed by the equation of continuity.
This equation expresses the fact that the internal time rate of decrease of mass within a
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control volume equals the net �ux of mass through the surface area of the volume. The
equation can be written in di�erential form as

∂ρ

∂t
+∇ · (ρV ) = 0, (4.3)

where the nabla operator is de�ned in Cartesian coordinates by

∇ ≡ ∂

∂x
i+

∂

∂y
j+

∂

∂z
k, (4.4)

the �uid velocity vector is
V = ui+ vj+ wk (4.5)

and ρ is the density of the medium. In water, for a 1×106 Nm−2 increase in pressure
results in a 0.05% change in density of water. Therefore, it will be assumed henceforth
that water is incompressible. From Eq. (4.3), the conservation of mass equation for an
incompressible �uid can be stated simply as

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0, (4.6)

which must be true at every location in the �uid. This equation is also referred to as
the continuity equation, and the �ow �eld satisfying Eq. (4.6) is termed a non-divergent
�ow.

4.3.2 Conservation of Momentum and Energy

Newton's second law of motion applied to �uid motion can be paraphrased as the time-
rate of change of linear momentum of the �uid is equal to the sum of the external forces
acting on the �uid (McCormick; 2010). For incompressible �ow, this statement can be
expressed mathematically by

m
DV

Dt
= m

(
∂V

∂t
+ V · ∇V

)
=
∑

F, (4.7)

where m is the mass of the �uid in a control volume and F is an external force acting
on the mass in the control volume. The term DV /Dt is used to represent the total time
derivative of the velocity. In Eq. (4.7) there are two types of �uid acceleration: the �rst
(∂V /∂t) is called the local acceleration and exists only if there is a velocity variation in
time and; the second, (V · ∇V ) is called the convective acceleration, and exists because
of a change in �ow geometry.

On the other hand, the external forces acting on the �uid are body forces, such as
the gravitational force (−ρgk), and surface forces, which include those due to pressure
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gradient (−∇P ) and shear stress (µ∇2V ), where g is the gravitational constant, p the
pressure and µ the dynamic viscosity.

Applied to incompressible �ow, the expression in Eq. (4.7) is

ρ

(
∂V

∂t
+ V · ∇V

)
= −ρgk−∇P + µ∇2V. (4.8)

This expression is a form of the Navier-Stokes equations. It represents three equations,
one in each of the component directions and due to the convective acceleration term, Eq.
(4.8) is nonlinear, without an existing general solution so far.

When the viscous forces are neglected (µ = 0), the �ow is said to be inviscid. For
an inviscid �ow, the Navier-Stokes equations reduce to a form called Euler's equations,
which is expressed as follows

ρ

(
∂V

∂t
+ V · ∇V

)
= −ρgk−∇P. (4.9)

However, like the Navier-Stokes equations, Euler's equations are nonlinear because of the
convective acceleration and, therefore, there is no general solution to Euler's equations.

4.3.3 Velocity Potential

Let us de�ne the value of the line integral of V as ϕ:

ϕ =

∮
V · dl =

∮
(udx+ vdy + wdz) , (4.10)

where the quantity V ·dl is a measure of the �uid velocity in the direction of the contour
at each point, ϕ is related to the product of the velocity and length along the path
between two points.

For the value of ϕ to be independent of path, that is, for the �ow rate between two
points to be the same no matter how the integration is carried out, the terms in the
integral must be an exact di�erential dϕ

ϕ =

∮
dϕ =

∮ (
∂ϕ

∂x
dx+

∂ϕ

∂y
dy +

∂ϕ

∂z
dz

)
, (4.11)

where where dϕ is the exact di�erential of ϕ and, therefore, by equating Eq. (4.10) and
(4.11) results

u =
∂ϕ

∂x
, (4.12a)

v =
∂ϕ

∂y
, (4.12b)
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w =
∂ϕ

∂z
. (4.12c)

To ensure that this scalar function must be zero:

∇× V = 0 =

(
∂w

∂y
− ∂v

∂z

)
i+

(
∂u

∂z
− ∂w

∂x

)
j+

(
∂v

∂x
− ∂u

∂y

)
k, (4.13)

where the curl of the velocity vector is referred to as the vorticity ω.
Therefore, the velocity vector V can be conveniently represented as

V = ∇ϕ, (4.14)

and expresses the vector quantity by the gradient of a scalar function ϕ for a �ow with
no vorticity.

4.3.4 The Bernoulli equation

Basically, the Bernoulli equation is an integrated form of Euler equations of motion
and provides a relationship between the pressure �eld and kinematics. Retaining our
assumptions of irrotational motion and incompressible �uid, the governing equations of
motion in the �uid for the x− z plane are the Euler equations (4.9)

∂u

∂t
+ u

∂u

∂x
+ w

∂u

∂z
= −1

ρ

∂p

∂x
, (4.15a)

∂u

∂t
+ u

∂w

∂x
+ w

∂w

∂z
= −1

ρ

∂p

∂z
− g. (4.15b)

From Eq. (4.13) the irrotationality condition gives

∂u

∂z
=

∂w

∂x
. (4.16)

Thus, the Eqs. (4.15) can be rewritten as

∂u

∂t
+

∂
(
u2/2

)
∂x

+
∂
(
w2/2

)
∂x

= −1

ρ

∂p

∂x
, (4.17a)

∂w

∂t
+

∂
(
u2/2

)
∂z

+
∂
(
w2/2

)
∂z

= −1

ρ

∂p

∂z
− g. (4.17b)

Now, since a velocity potential exists for the �uid, we have

u =
∂ϕ

∂x
, w =

∂ϕ

∂z
. (4.18)
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Therefore, if we substitute these de�nitions into Eqs. (4.17), we obtain

∂

∂x

[
∂ϕ

∂t
+

1

2

(
u2 + w2

)
+

p

ρ

]
= 0, (4.19a)

∂

∂z

[
∂ϕ

∂t
+

1

2

(
u2 + w2

)
+

p

ρ

]
= −g, (4.19b)

where it has been assumed that the density is uniform throughout the �uid. Integrating
the x equation yields

∂ϕ

∂t
+

1

2

(
u2 + w2

)
+

p

ρ
= C ′(z, t), (4.20)

where the constant of integration C ′(z, t), varies only with z and t. Similarly, integrating
the z equation yields

∂ϕ

∂t
+

1

2

(
u2 + w2

)
+

p

ρ
= −gz + C(x, t). (4.21)

Examining these two equations, which have the same quantity on the left-hand sides,
shows clearly that

C ′(z, t) = −gz + C(x, t). (4.22)

Thus C cannot be a function of x, as neither C ′ nor (gz) depend on x. Therefore,
C ′(z, t) = −gz + C(t), and the resulting equation is

∂ϕ

∂t
+

1

2

(
u2 + w2

)
+

p

ρ
+ gz = C(t), (4.23)

where the function C(t) is referred to as the Bernoulli term and is a constant for steady
�ows.

4.4 Linear wave theory

Linear wave theory is the core theory of ocean surface waves used in ocean and coastal
engineering. This theory is a mathematical formulation of the propagation of gravity
waves on the surface of an ideal �uid. It assumes that the water depth is uniform, and
the �uid �ow is incompressible, irrotational and inviscid. Furthermore, it considers that
wave height is small compared to the wavelength. Although the theory is somewhat
basic, the kinematic wave properties derived from the theory agree quite well with those
actually observed. In this section, the governing di�erential equation, and the relevant
linearized boundary conditions are presented.
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4.4.1 Governing equation

Under the assumption of irrotational motion and incompressible �uid, a velocity potential
exists which should satisfy the continuity equation (4.6)

∇ · V = ∇ · ∇ϕ = 0, (4.24)

and where the divergence of a gradient leads to the Laplace equation, which must hold
throughout the �uid, Fig. 4.4,

∇2ϕ =
∂2ϕ

∂x2
+

∂2ϕ

∂y2
+

∂2ϕ

∂z2
= 0. (4.25)

4.4.2 Boundary Conditions

Kinematic boundary conditions

The mathematical expression for the kinematic boundary condition may be derived
from an equation that describes a surface that constitutes a boundary. A �xed or
moving surface can be expressed in terms of a mathematical expression of the form
F (x, y, z, t) = 0. If the surface varies with time, like the water surface, then the total
derivative of the surface with respect to time would be zero on the surface

DF (x, y, z, t)

Dt
= 0 =

∂F

∂t
+ u

∂F

∂x
+ v

∂F

∂y
+ w

∂F

∂z
(4.26)

or

−∂F

∂t
= V · ∇F = V · n |∇F |, (4.27)

where the unit vector normal to the surface is given by n = ∇F/|∇F |.
Rearranging Eq. (4.27):

V · n =
−∂F

∂t

|∇F |
, (4.28)

where

|∇F | =

√(
∂F

∂x

)2

+

(
∂F

∂y

)2

+

(
∂F

∂z

)2

.

This condition requires that the component of the �uid velocity normal to the surface be
related to the local velocity of that surface. For a surface with no time variation, then
V · n = 0, which means that the velocity component normal to the surface is zero.
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∇2φ = 0

Governing differential equation

Velocity components

Boom boundary condition 
(kinematic requirement)

LBC

Lateral boundary condition 
(LBC) (pseudo boundary)

Kinematic free surface 
boundary condition

Dynamic free surface 
boundary condition

w

u

z

Figure 4.4: Two-dimensional water waves speci�ed as a BVP, adapted from Dean and
Dalrymple (1991).

The bottom boundary condition

In general, the lower boundary of our region of interest is the bed pro�le described as
z = h(x) for a two-dimensional case where the origin is located at the still water level
and h represents the depth. For an impermeable bottom, V · n = 0 as the bottom does
not move with time; however, there exist some cases where it does, such as earthquake
motions. Thus, the surface equation for the bottom is F (x, y) = z+h(x) = 0, therefore

V · n = 0, (4.29)

where

n =
∇F

|∇F |
=

dh
dx
i+ 1k√(
dh
dx

)2
+ 1

(4.30)

and simplifying we obtain

u
dh

dx
+ w = 0 on z = −h(x). (4.31)

In terms of the velocity potential, ϕ(x, z, t), the above equation is written as

∂ϕ

∂x

dh

dx
+

∂ϕ

∂z
= 0 on z = −h(x). (4.32)

Kinematic free surface boundary condition

In this case, the free surface of a wave can be described as F (x, y, z, t) = z−η(x, y, t) = 0,
where η(x, y, t) is the displacement of the free surface about the horizontal plane, z = 0.
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Substituting F on Eq. (4.28), the kinematic boundary condition at the free surface is

V · n =
∂η
∂t√(

∂η
dx

)2
+
(

∂η
dy

)2
+ 1

on z = η(x, y, t), (4.33)

where

n =
−∂η

∂x
i− ∂η

∂y
j+ 1k√(

∂η
∂x

)2
+
(

∂η
∂y

)2
+ 1

. (4.34)

Carrying out the dot product yields

w =
∂η

∂t
+ u

∂η

∂x
+ v

∂η

∂y
on z = η(x, y, t). (4.35)

Finally, substituting the velocity potential, we obtain

∂ϕ

∂z
=

∂η

∂t
+

∂ϕ

∂x

∂η

∂x
+

∂ϕ

∂y

∂η

∂y
on z = η(x, y, t). (4.36)

Dynamic free surface boundary condition

Free surfaces, such as the air-water interface, cannot support variations in pressure across
the interface and hence must respond in order to maintain the pressure as uniform. An
additional condition, termed as a dynamic boundary condition, is thus required on any
free surface or interface, to prescribe the pressure distribution on this boundary.

As the dynamic free surface boundary condition is a requirement that the pressure
on the free surface is uniform along with the waveform, the unsteady Bernoulli equation
(4.23) with p = constant is applied on the free surface z = η(x, t)

∂ϕ

∂t
+

1

2

(
u2 + w2

)
+

p

ρ
+ gz = C(t), (4.37)

where p is a constant and usually taken as gauge pressure, p = 0. The integration
constant C(t) does not play an essential role and can be eliminated by rede�ning the
velocity potential by

∂Φ

∂t
=

∂ϕ

∂t
− C(t).

Summarising, in terms of the velocity potential Φ the governing equation for
irrotational wave motion is expressed as

∂2Φ

∂x2
+

∂2Φ

∂y2
+

∂2Φ

∂z2
= 0 on − h(x) ≤ z ≤ η(x, y, t) (4.38)
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and the three boundary conditions

∂Φ

∂t
+

1

2

[(
∂Φ

∂x

)2

+

(
∂Φ

∂z

)2
]
+ gη = 0 on z = η(x, y, t), (4.39a)

∂Φ

∂z
=

∂η

∂t
+

∂Φ

∂x

∂η

∂x
+

∂Φ

∂y

∂η

∂y
on z = η(x, y, t), (4.39b)

∂Φ

∂x

dh

dx
+

∂Φ

∂z
= 0 on z = −h(x). (4.39c)

Finally, linearization is performed on Eqs. (4.39a)-(4.39b) by evaluating them on
z = η(x, t) and expanding the value of the condition at z = 0 (a known location) by
the truncated Taylor series (see Dean and Dalrymple (1991); Dingemans (1997) for a
detail explanation). Thus, the linear equations for water waves are given below for
two-dimensional horizontal wave propagation over an uneven bottom:

∇2Φ = 0 on − h(x) ≤ z ≤ 0, (4.40a)

∂Φ

∂t
+ gη = 0 on z = 0, (4.40b)

∂Φ

∂z
=

∂η

∂t
on z = 0, (4.40c)

∂Φ

∂x

dh

dx
+

∂Φ

∂z
= 0 on z = −h(x). (4.40d)
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Chapter 5

The In�uence of the Front Wall

Thickness on the Hydrodynamic

E�ciency of a Land-Fixed OWC

Device

The focus of this chapter is on the e�ect of the chamber con�guration on the OWC
hydrodynamic e�ciency by using a numerical approach. In practice, the OWC chamber
design plays a key role in achieving better e�ciency. The geometrical shape of the
chamber is often selected to generate a column whose natural frequency of oscillation
matches that of the most frequently occurring wave at the site where the OWC will
be deployed. In this regard, the unpredictability of sea state conditions might have an
impact on OWC feasibility since, once built, the size and shape of the structure are
di�cult to change.

However, whereas other parameters such as chamber length, submergence, and incli-
nation have been researched, the thickness of the front wall in land-�xed OWC devices
has not been extensively investigated. The fundamental idea of this chapter is that us-
ing a thick front barrier can have a signi�cant impact on hydrodynamic e�ciency. As
a result, this chapter gives insights into the performance of a land-�xed OWC device
and answers the following research question: What e�ect does the thickness of the front
barrier have on maximum hydrodynamic e�ciency curves of land-�xed OWC devices?

This chapter consists of the published journal article:

Medina Rodríguez A.A., Blanco Ilzarbe J.M., Silva Casarín R., Izquierdo Ereño U.
(2020). �The In�uence of the Chamber Con�guration on the Hydrodynamic E�ciency of
Oscillating Water Column Devices�. Journal of Marine Science and Engineering.
8(10): 751. https://doi.org/10.3390/jmse8100751.
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The In�uence of the Chamber Con�guration on the Hydrodynamic
E�ciency of Oscillating Water Column Devices

Ayrton Alfonso Medina Rodríguez, Jesús María Blanco Ilzarbe, Rodolfo Silva Casarín
and Urko Izquierdo Ereño

Abstract

Based on the two-dimensional linear wave theory, the e�ects of the front wall thickness
and the bottom pro�le of an Oscillating Water Column (OWC) device on its e�ciency were
analyzed. Using the potential �ow approach, the solution of the associated boundary value
problem was obtained via the boundary element method (BEM). Numerical results for several
physical parameters and con�gurations were obtained. The e�ects of the front wall thickness
on the e�ciency are discussed in detail, then, various con�gurations of the chamber bottom are
presented. A wider e�ciency band was obtained with a thinner front wall. In a real scenario
having a thinner front wall means that such a structure could have less capacity to withstand
the impact of storm waves. Applying the model for the case of the Mutriku Wave Energy Plant
(MWEP), �ndings showed that the proposed bottom pro�les alter the e�ciency curve slightly;
higher periods of the incoming water waves were found. This could increase the e�ciency of
the device in the long-wave regime. Finally, the numerical results were compared with those
available in the literature, and were found to be in good agreement.

5.1 Introduction

It has been suggested that wave power has the potential to provide most of the world's electricity
needs in the short term (Izquierdo et al.; 2019). A wide variety of systems have been proposed, of
which only a few have reached full-scale prototype deployments (Ahamed et al.; 2020). Among
the deployed systems, the OWC system has been shown to be one of the most promising devices.
It is probably the system that has been most studied and is one of the few to have been tested
at full-scale. OWCs can be located o�shore, near-shore or on the shoreline, and placed on the
seabed or �xed to a rocky cli� (Falcão and Henriques; 2016). Since the design and construction
of OWCs are strongly site-dependent, their location and anchorage points are of the most critical
aspects, as well as the most in�uential in economic terms.

In light of this, installing an OWC device into a breakwater was seen as a means to provide
many bene�ts and thus encourage further development of OWC technology (Vicinanza et al.;
2019). The breakwater provides shelter and contributes to coastal protection by reducing wave
re�ection. An OWC power plant within a breakwater has the advantage of being relatively
easy to install and maintain, having no mooring systems and underwater electric cables. With
construction and maintenance costs shared, and the operation of the power plant being easier,
energy extraction is more cost-e�ective. Although the waves found near the coast are less
energetic, this can, in part, be compensated by the natural concentration of wave energy due
to shoaling, refraction and di�raction (Polinder and Scuotto; 2005).
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The �rst integrated breakwater-OWC system was built in the port of Sakata, Japan, in 1990
(Torre-Enciso et al.; 2009). Subsequently, the Basque Energy Agency (Ente Vasco de la Energía
or EVE for its acronym in Spanish) employed this concept in Mutriku, The Basque Country,
Spain, opening the Mutriku Wave Energy Plant in July 2011, Fig. 5.1. This plant consists of 16
units built onsite that are 4.5 m wide, 3.1 m depth, and 10 m high (above Maximum Equinoctial
Spring Tide Low Water). For each unit, a hole of 0.75 m diameter leads to a Wells turbine and
electrical generator of 18.5 kW (Garrido et al.; 2015), yielding the total 296 kW with a 100 m
breakwater. The MWEP section of the breakwater is the �rst multiple OWC plant in the world
and is currently the only OWC device in operation that regularly supplies power to the grid.
However, regarding its performance, the initial expectations have not been met because of the
poor design in some of the chambers that provide moderately di�erent pressure at the inlet of
their turbines (Ibarra-Berastegi et al.; 2018). This is because the breakwater that houses the
Wells turbines was manly designed to maximizing the protection of Mutriku harbour and not
for wave energy harnessing.

In this context, another factor contributing to the plant's reduced electricity output could
be the changes made to the front face of the original design. The area is regularly a�ected
by severe storms and during the construction of the power plant, three storms hit the MWEP
producing severe structural damage to a number of the OWC chambers (Medina-Lopez et al.;
2015). As a consequence, the front face of the chambers was reinforced to withstand the wave
loads, using prefabricated concrete slabs, so that now the thickness of the front wall has doubled
the length of the chambers, Fig. 5.2. This alteration was made to save the structure of the
plant, but without considering the e�ect that this would have on the device performance. The
main focus of this work is, therefore, the evaluation of the in�uence that the front wall thickness
of an OWC-breakwater system has on its hydrodynamic performance as an OWC.

It is important to note that the success of the OWC system will depend on the coupling
between the chamber and the power take-o� (PTO) system. In this sense, a good turbine
design, an e�ective control strategy and the matching of the turbine to the OWC collector
to ensure e�cient collector operation are essential (Heath; 2012). Furthermore, the peak
performance of most OWC systems occurs at resonance, which takes place when the incident
wave frequency coincides with the natural frequency of the converter. Therefore, to operate
optimally at resonance, the OWC chamber design plays a signi�cant role to obtain higher
e�ciencies. Typically the chamber geometrical con�guration is chosen to produce a column
whose natural frequency of oscillation coincides with that of the most occurring wave at the
location where the OWC will be installed (Delmonte et al.; 2016). In this sense, the variability
of sea state conditions can in�uence the OWC feasibility, because, once installed, the size and
shape of the structure can be hardly modi�ed.

Over the last years, a variety of analytical, numerical and experimental techniques have been
employed to study the e�ects of the geometrical con�guration of an OWC on its hydrodynamic
e�ciency. Wang et al. (2002) studied the hydrodynamic performance, both numerically and
theoretically, of an OWC device with arbitrary topography near the shoreline. They reported
that as the bottom slope increases, the peaks in capture-width ratios become lower frequency
values, concluding that a change in water depth at the shoreline has a signi�cant e�ect
on the hydrodynamic performance of an OWC. The e�ect of front wall geometry on OWC
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(a)
I

e Mutriku Wave 
Energy Plant

(b)

(c)

Figure 5.1: Location and turbo-generators of the MWEP. (a) Location of the harbour
at Mutriku (source: Google Maps (Google Maps 2020; n.d.)). (b) Bird's eye view of
Mutriku harbour and the OWC-breakwater system. (source: geoEuskadi (GeoEuskadi,
Infraestructura de Datos Espaciales (IDE) de Euskadi; n.d.)). (c) Mutriku Wells Turbo-
generators (source: EVE (Ente Vasco de la Energía; n.d.)).

60



CHAPTER 5. THE INFLUENCE OF THE FRONT WALL THICKNESS ON THE

HYDRODYNAMIC EFFICIENCY OF A LAND-FIXED OWC DEVICE

 
4 

section), with interference concentrated more in the 
area of the shipping channel. 

From an energy perspective, there is no great 
difference between the two locations. The deciding 
factor was therefore the interference caused in the 
shipping route (obviously enough, since the whole 
purpose of the project was to improve access to the 
harbour!). 

Figure 4. Bird´s eye view of the breakwater - Spring-2008 
 
The Mutriku wave energy plant consists of 16 

chambers; in each one, the top opening is connected to 
a turbo-generator set with a rated capacity of 18.5 kW, 
giving a total capacity of 296 kW. 

Wells fixed-pitch turbines have been used, which are 
more robust and simpler with a symmetrical blade 
design that means that they always rotate in the same 
direction, regardless of the direction of the air flow 
through the turbine, so no device is needed to rectify 
the air flow. 

There are two five-blade rotors that turn in 
solidarity, separated by the generator, which is air 
cooled. The turbine set also has an inertia drive so that 
the output capacity curve is as smooth as possible.  

The turbogenerator set, which in Mutriku is 
positioned vertically (unlike the two aforementioned 
prototypes) has a butterfly valve at the bottom so that 
the chamber can be isolated if necessary. This is 
electrically activated with gravity closing, so that if the 
connection to the power grid fails, the valve closes 
automatically.  

 At the top of each turbogenerator there is a noise 
attenuator. 

Each turbogenerator set has fresh water injectors 
which regularly clean the blades of any small 
accumulations of encrusted salt. 

The turbine is relatively small — 2.83 metres high 
by a maximum width of 1.25 metres, with a weight of 
approximately 1,200 kg — which means that assembly 
and disassembly operations are not complicated, even 
when the turbine is removed in a single piece. 

In the electrical layout of the plant, the sixteen 
turbines are separated for control purposes into two 
groups of eight. The purpose is to help rectify the 
output capacity curve. Control of each turbine takes 
into account the pressure reading inside the chamber at 

any given moment in order to fix the rotation speed of 
each turbine and optimise the power taken off.  

 

 
Figure 5. Wells turbine tested at LIMPET. 
 
The generator has a voltage of 450V. Because the 

turning speed of the turbine, and therefore of the 
generator, is not fixed but can vary across a wide range, 
the output signal from the generator is rectified and 
subsequently converted back to alternating current at 
50 Hz in phase with the power grid. It only has to be 
raised to 13.2 kV to be fed into the local power 
distribution network. 

The cost of the sixteen turbogenerators, control and 
power conditioning elements, transformer centre and 
power take-off line, together with the studies and tests 
for design of the plant, and alterations to the original 
breakwater design and subsequent testing, comes to €2 
million. 

The energy output for the plant was estimated by 
combining model test information from Voith Hydro 
Wavegen’s test tank with full scale turbine data 
measured at the LIMPET OWC. To facilitate model 
testing the annual scatter diagram of sea states at 
Mutriku were reduced to a set of 14 representative 
spectra with an associated significance. This was 
achieved by combining scatter diagram cells with the 
same period into a single spectrum with the same total 
power as the constituent spectra. The representative 
spectra were reproduced in the wave tank at a nominal 
scale of 40:1 and the pneumatic power capture 
measured with due compensation being made for air 
compressibility. The representative spectra and annual 
average pneumatic power capture for each collector 
chamber in the MOWC are shown in figure 6. 
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(a) (b)

Figure 5.2: Comparison between the original and the present-day design of the integrated
breakwater-OWC system in Mutriku. (a) View of the MWEP in 2008 (Reproduced with
permission from Torre-Enciso et al. (2009)). (b) Mutriku OWC (source: EVE (Ente
Vasco de la Energía; n.d.)).

hydrodynamic e�ciency was analyzed by Morris-Thomas et al. (2006). Their experimental
study concluded that the overall peak in hydrodynamic e�ciency is not in�uenced greatly by
the front wall geometry. Martins-rivas and Mei (2009) presented a theoretical model for a
cylindrical OWC installed on a cli� coast. It was found that air compressibility helps optimize
the power absorption e�ciency while the angle of incidence signi�cantly a�ects the waves outside
the chamber but not the averaged response inside or the capture length of energy absorption.
�entürk and Özdamar (2012) carried out a theoretical analysis of an OWC which had a gap in
its fully-submerged front wall. They showed that it is possible to increase the e�ciency of an
OWC with a surface piercing, barrier-type front wall when appropriate geometrical parameters
are taken into consideration.

Rezanejad et al. (2013) analyzed the impact of stepped bottom topography in the e�ciency
of a nearshore OWC device. They reported that there are signi�cant e�ects when there is a
stepped bottom pro�le outside of the chamber. Ning et al. (2015) studied the performance of a
�xed OWC device based on a time-domain higher-order BEM in a 2D fully nonlinear numerical
wave �ume. They investigated the hydrodynamic performance, with, and without, a bottom
slope in the OWC chamber, and reported that the geometric parameters of the air chamber
have a signi�cant in�uence on hydrodynamic e�ciency. The con�guration of the bottom pro�le
on the hydrodynamic performance of the OWC was investigated experimentally by John Ashlin
et al. (2016). Flat, circular, curved and sloped bottom pro�les were tested in a wave �ume.
It was found that the OWC with a circular curved bottom pro�le was more e�ective in wave
energy conversion, as was the wave ampli�cation factor inside the chamber. The e�ects of
the incident wave amplitude and geometric parameters on the hydrodynamic e�ciency of a
�xed OWC were investigated by Ning, Wang, Zou and Teng (2016). They concluded that
the incident wave amplitude and the bottom slope have a small in�uence on the resonant
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frequency, while the optimal hydrodynamic e�ciency increases with an increase of bottom
slope. A theoretical model based on linear potential �ow theory to study the performance of
a circular cylindrical OWC along a vertical coast/breakwater without the thin-wall restriction
was proposed by Zheng, Zhang and Iglesias (2019). The authors concluded that the incident
wave direction and the thickness of the circular chamber wall both play an important role
in the wave power captured by the OWC. By employing the eigenfunction matching method,
Zheng, Antonini, Zhang, Greaves, Miles and Iglesias (2019) developed a theoretical model to
evaluate the hydrodynamic performance of multiple circular cylinder OWCs installed along a
vertical straight coast. It was found that due to the e�ects of constructive wave interference
from the OWCs array and the coast, the hydrodynamic performance of the OWC devices
was enhanced signi�cantly for a certain range of wave conditions. Zheng et al. (2020) studied
the e�ect of the radius of the entrance to the chamber and the �nite wall thickness of the
tubular-structure. They demonstrated that wave power extraction is greater with a thinner
chamber wall thickness, mainly in terms of a broader primary band of e�ciency curves. Using a
coupled eigenfunction expansion�BEM, Koley and Trivedi (2020) analyzed the hydrodynamic
performance and e�ciency of an OWC device placed on an undulated seabed. They concluded
that the OWC structural design and bottom pro�le can signi�cantly increase the hydrodynamic
e�ciency. A 2D BEM model for analyzing the OWC's response in general bathymetry regions
was carried out by Belibassakis et al. (2020). They showed that the e�ects of the bottom slope
and curvature on the OWC performance could be important, especially when the wave climate
leads the site-speci�c optimal design to low resonance frequencies.

5.2 Aims and Methodology

In the specialized literature, there still remains a lot to be investigated regarding the
improvement of the OWC e�ciency by modifying its structural con�guration. To the authors'
knowledge, a numerical study for analyzing the interaction of water waves with an OWC-
breakwater system considering a wide front barrier has not been examined in the past. The
fundamental hypothesis of the present work is that the hydrodynamic e�ciency can be highly
a�ected when a thick front barrier is employed. This reduction to the e�ciency could be
explained by the fact that the transfer of energy from the incoming wave to the internal free
surface due to the orbital wave motion is reduced. A reduction in energy transmission then
may lead to a decrease in the internal free surface oscillation for driving the air column, which
consequently diminishes the output power.

Furthermore, by following the same idea of a wide front barrier but now considering the
physical dimensions of a chamber in the MWEP, three di�erent bottom pro�les inside the
chamber are then proposed to analyze their in�uence on the hydrodynamic e�ciency. These
proposed varying bottom pro�les are a slope, a cycloid and an ellipse. This proposal is motivated
by the fact that a curve bottom pro�le can exhibit better performance in terms of wave energy
conversion and wave ampli�cation inside the chamber, as it was experimentally studied by John
Ashlin et al. (2016). For this purpose, a numerical study for analyzing these curved pro�les
inside the chamber is also proposed.
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Thus, this work examines the two-dimensional hydrodynamic interaction of ocean waves
with an OWC device. Linear wave theory for a constant sea depth is employed and the
viscous e�ects and the nonlinear air compressibility are neglected. The associated Boundary
Value Problem (BVP) is then solved by the BEM employing three noded quadratic elements.
The present formulation is novel in addressing the in�uence of a wide front wall and the
use of BEM with a second-order discretization. The main interest of this work a) lies on
the analysis of the bandwidth reduction on the e�ciency curves due to an increment on
the front wall thickness, and then, b) based on the geometric dimensions of the MWEP, to
study alternatives for increasing the e�ciency by considering a modi�cation in the bottom
pro�le inside the OWC chamber. Numerical estimates for the hydrodynamic e�ciency and
the radiation susceptance and radiation conductance coe�cients are presented for a range of
di�erent parameters. Furthermore, numerical results for particular cases are validated with the
previous results obtained by Evans and Porter (1995) for a thin vertical surface-piercing barrier
next to a vertical wall, and �entürk and Özdamar (2012) for an OWC with a gap on a fully
submerged front wall.

5.3 The Boundary-Value Problem

For the present study, the Cartesian coordinate system was chosen, with the x−axis
corresponding to the opposite direction of the wave propagation and the z−axis corresponding
to the upward direction. The origin of the coordinate system lies on the undisturbed free surface
and the left-vertical wall inside the chamber. The OWC is this rigid wall, situated at x = 0,
extending down to the sea bottom and complemented by a vertical, surface-piercing barrier, at
x = b, with a thickness w and a draft ha, as shown in Fig. 5.3. The front barrier is denoted by
Lb = {(x, z) : (x = b,−ha ≤ z ≤ 0) ∪ (b < x < b+w, z = −ha) ∪ (x = b+w,−ha ≤ z ≤ 0)}, at
the left side of the chamber entrance, the vertical length of the gap between the immersed tip of
the barrier and the bottom is de�ned by Lg = {(x, z) : x = b,−he ≤ z ≤ −ha}, the rigid vertical
wall by Sw = {(x, z) : x = 0,−h < z < 0}, the internal free surface inside the water column by
Si = {(x, z) : 0 ≤ x ≤ b, z = 0}, the external free surface by Sf = {(x, z) : b+w ≤ x ≤ ∞, z = 0}
and the bottom by Sb = {(x, z) : (0 < x < b, z = −h) ∪ (x = b,−h < z < −he) ∪ (b < x <
b+ w, z = −he) ∪ (x = b+ w,−h < z < −he) ∪ (b+ w < x <∞, z = −h)}.

The �uid is assumed to be inviscid and incompressible and linear wave theory is applied,
ignoring the e�ect of surface tension. By assuming an irrotational �ow and simple harmonic
in time with angular frequency ω, there is thus a velocity potential Φ(x, z, t) with Φ(x, z, t) =
Re{ϕ(x, z)e−iωt}, where Re{ } denotes the real part of a complex expression and t is the time.
The spatial velocity potential ϕ then satis�es the Laplace equation

∂2ϕ

∂x2
+
∂2ϕ

∂z2
= 0, (5.1)

along with the no-�ow boundary condition on the solid boundaries such as the barrier, the rigid
vertical wall and the bottom described by

∂ϕ

∂n
= 0 for (x, z) ∈ Sb, Sw and Lb, (5.2)
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Figure 5.3: De�nition sketch of an OWC device with a thick front wall.

together with the continuity of pressure and horizontal velocity given by

ϕ− = ϕ+ and
∂ϕ

∂x−
= −∂ϕ

∂x+
for (x, z) ∈ Lg on

{
x = b,

x = b+ w.
(5.3)

Inside the chamber, by imposing a pressure distribution over the internal free surface
P (t) and after considering simple harmonic motions for the free surface η̄ = Re{ζe−iωt} and
P (t) = Re{pe−iωt}, the dynamic and kinematic free surface boundary conditions are

ϕ+
ig
ω
ζ = − i

ρω
p on z = 0, 0 < x < b, (5.4a)

∂ϕ

∂z
+ iωζ = 0 on z = 0, 0 < x < b, (5.4b)

and on the external free surface with p = 0

ϕ+
ig
ω
ζ = 0 on z = 0, b < x <∞, (5.5a)

∂ϕ

∂z
+ iωζ = 0 on z = 0, b < x <∞. (5.5b)

Thus, by combining Eqs. (5.4) and (5.5), the internal and external linearized free surface
boundary conditions are

∂ϕ

∂z
−Kϕ =

 iωp
ρg on z = 0, 0 < x < b,

0 on z = 0, b < x <∞,
(5.6)

respectively, where K = ω2/g, with g being the gravitational constant and ρ the seawater
density.
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Here, as described by Evans and Porter (1995), the potential is decomposed into two parts
as follows

ϕ(x, z) = ϕS +
iωp
ρg

ϕR. (5.7)

The scattered potential ϕS represents the solution of the scattering of an incident wave
coming from x = +∞ in the absence of an imposed pressure on the internal free surface inside
the chamber, satisfying Eqs. (5.1)�(5.6) with p = 0; while the radiated potential ϕR represents
the solution of the radiation problem due to the pressure imposed on the internal free surface
and satis�es Eqs. (5.1)�(5.6) with Eq. (5.6) replaced by

∂ϕR

∂z
−KϕR = 1 on z = 0, 0 < x < b, (5.8)

which is due to an oscillating pressure distribution on the internal free surface in the absence
of incoming waves.

The Sommerfeld radiation condition describes the far �eld boundary condition for the
di�raction and radiation problems as follows:

∂ϕD,R

∂x
− ikϕD,R = 0 as x→ +∞, (5.9)

where ϕD represents the di�racted potential that together with the incident potential ϕI

composed the scattered potential ϕS , while k represents the wave number and is the real root
of the wave dispersion relation given by

ω2 = gk tanh kh, (5.10)

whose solution of this expression can be easily determined by a root-�nding algorithm.
On the other hand, the time harmonic induced volume �ux across the internal free surface,

Q(t) = Re{qe−iωt} (see Evans and Porter (1995)) is given by

q =

∫
Si

∂ϕ

∂z
dx = qS +

iωp
ρg

qR, (5.11)

where qS and qR are the volume �uxes across Si in the scattering and radiation problems,
respectively. Thus, by using the continuity of volume �ux across the internal free surface and
the gap between the barrier tip and the sea bottom, we obtain

qS,R =

∫
Si

∂ϕS,R

∂z
dx = −

∫
Lg

∂ϕS,R

∂x
dz. (5.12)

Finally, the volume �ux qR for the radiation problem is separated into real and imaginary
parts as follows

iωp

ρg
qR = −

(
B̃ − iÃ

)
p = −Zp, (5.13)

where Z = B̃− iÃ is a complex admittance and Ã and B̃ are analogous to the added mass and
the radiation damping coe�cients of the forced oscillation of a rigid body system immersed in
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an ideal �uid and, following Evans and Porter (1995), are called the radiation susceptance and
the radiation conductance parameters, respectively, described by

Ã =
ω

ρg
Re{qR}, (5.14a)

B̃ =
ω

ρg
Im{qR}, (5.14b)

where Im{ } denotes the imaginary part of a complex expression.

E�ciency Relations

Since in practice it may be easier to control the volume �ux through the turbines than the
pressure drop across it (Evans; 1982), a linear relationship between these two without a phase
lag is assumed,

q = (Λ− iϱ) p, (5.15)

where Λ is a real control parameter, related to the damping induced to the air�ow by the linear
turbine and ϱ = ωV0/ (γpa) represents the e�ect of compressibility of air in the chamber with V0
being the air volume inside the chamber, γ the speci�c heat ratio of air equal to 1.4 and pa the
atmospheric air pressure (Rezanejad et al.; 2017). The sign in Λ is taken to be positive since,
in contrast to Eq. (5.13), the pressure forces and volume �uxes are both measured vertically
upwards. Equation (5.15) assumes that the pressure inside the chamber is uniform and the air
exits to the atmosphere through the turbine, a characteristic of Wells turbines that has been
widely investigated for OWC devices. Using Eqs. (5.11), (5.13) and (5.15) an expression for
the pressure in the chamber can be found

p =
qS

Λ + Z − iϱ
. (5.16)

The total rate of working of the pressure forces inside the OWC is basically Q(t) × P (t).
By averaging this over one period, the mean power absorbed per unit width of pressure
distribution is obtained

W =
1

2
Re{p∗q}, (5.17)

where ∗ denotes complex conjugate. Now, by using Eqs. (5.11) and (5.13) on this last expression,
we obtain

W =
1

2
Re
{
p∗
(
qS − Zp

)}
=

1

2

(
Re{p∗qS} − B̃|p|2

)
. (5.18)

The expression (5.18) can be re-written in the form

W =
1

8
qS∗qSB̃−1 − 1

2
B̃

(
p− qS

2B̃

)∗(
p− qS

2B̃

)
=

|qS |2

8B̃
− B̃

2

∣∣∣∣∣p− qS

2B̃

∣∣∣∣∣
2

, (5.19)
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where if B̃−1 exists, the maximum work is

Wmax =
|qS |2

8B̃
, (5.20)

when

p =
qS

2B̃
, (5.21)

showing that Λ = (Z − iϱ)∗ for maximum power.
By combining previous Eqs. (5.16) and (5.19), it is �nally obtained Eq. (5.22):

W =
|qS |2

8B̃

[
1−

(
|Λ− Z + iϱ|
|Λ + Z − iϱ|

)2
]
. (5.22)

Now, in order to optimize the power conversion e�ciency, the last term in the square
brackets must be minimized. As in �entürk and Özdamar (2012), this can be done by �nding
the optimum value of Λ, which can be evaluated by applying zero value to the derivative for
the squared-right term inside the brackets of Eq. (5.22) with respect to Λ, and thus obtaining

Λopt = |Z − iϱ| =
(
B̃2 +

(
Ã+ ϱ

)2)1/2

. (5.23)

Therefore, the maximum value of extracted work at this condition becomes,

Wopt =
|qS |2

8B̃

[
1− Λopt − B̃

Λopt + B̃

]
, (5.24)

where Ã, B̃ and Λ are function of the angular frequency ω which means that for each wave
frequency, the turbine parameter must be altered appropriately to satisfy Eq. (5.23).

Thus, the expression for maximum e�ciency is expressed as

ηmax =
Wopt

Wmax
=

2B̃

Λopt + B̃
, (5.25)

where the maximum hydrodynamic e�ciency is bounded by 0 ≤ ηmax ≤ 1. From
expression (5.23), it is clear that when the radiation susceptance parameter is zero and the
air compressibility term is neglected, it results in Λopt = B̃, Wopt = Wmax and ηmax = 1,
thus implying that the device has e�ectively absorbed all of the incident wave energy. In this
situation, the free surface inside the OWC chamber is characterized by a piston-like resonant
mode and the PTO damping optimization is satis�ed (Michele et al.; 2019). To remain at this
condition, the rate of energy extraction must equate to the rate of radiation damping while
the internal free surface must remain in a state of resonance. Physically, this requires that
the radiated waves, resulting from the oscillatory heave motion of the internal free surface,
superpose and cancel the incident and scattered waves; in this instance, the device has thereby
captured all of the incident wave energy (Morris-Thomas et al.; 2006).
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Now, as in Evans and Porter (1995) the non-dimensionalised quantities µ and ν to represent
the radiation susceptance and radiation conductance coe�cients are de�ned as

µ =
ρg

ωb
Ã, (5.26a)

ν =
ρg

ωb
B̃, (5.26b)

respectively, where the radiation conductance coe�cient ν is related to the transfer of energy
into the system, while the radiation susceptance coe�cient µ to the energy that remains un-
captured (Rezanejad et al.; 2013).

Therefore, by substituting these coe�cients into Eq. (5.25), the e�ciency ηmax is

ηmax =
2(

1 +
(µ
ν

)2)1/2
+ 1

, (5.27)

which is independent of the incident wave power and only depends on the radiation solution of
the volume �ux q.

5.4 Solution

In this section, the BEM is used to solve the BVP in the frequency domain. In order to
solve the governing equation together with the appropriated boundary conditions, a quadratic
distribution of variables along each element is considered. The integral representation of the
solution for the Laplace equation (5.1) at any point source P̄ inside the domain Ω in terms of
the boundary values of ϕ and ∂ϕ/∂n is given by

α(P̄ )ϕ(P̄ ) +

∫
Γ
ϕ(q̄)

∂ψ(P̄ , q̄)

∂nq̄
dΓq̄ =

∫
Γ
ψ(P̄ , q̄)

∂ϕ(q̄)

∂nq̄
dΓq̄, (5.28)

where ϕ is the unknown �ow potential; ∂ϕ/∂n is the derivative of the potential relative to
normal unit vector on the boundary Γ; dΓ is the length of an in�nitesimal piece of Γ; q̄ an
arbitrary point; while ψ and ∂ψ/∂n are the fundamental solution of Laplace equation and its
normal derivative at point q̄ of the boundary, respectively; and α = θ/2π, where θ is the internal
angle of the corner in radians (Katsikadelis; 2002).

The fundamental solution of Laplace equation is given by

ψ =
1

2π
ln r, (5.29)

where r is the distance between the source P̄ and the arbitrary point q̄.
Now, discretizing the boundary into a series of NE elements, Eq. (5.28) can be written as

αiϕi +
NE∑
j=1

∫
Γ
ϕ
∂ψ

∂n
dΓ =

NE∑
j=1

∫
Γ
ψ
∂ϕ

∂n
dΓ. (5.30)
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In order to de�ne the values of ϕ and ∂ϕ/∂n on each element, three noded quadratic elements
are employed, Fig. 5.4. The variables ϕ and ∂ϕ/∂n are thus written in terms of interpolation
functions, φ̂1,2,3, which are function of a homogeneous coordinate ξ as follows

ϕ(ξ) = φ̂1ϕ
1 + φ̂2ϕ

2 + φ̂3ϕ
3, (5.31a)

∂ϕ(ξ)

∂n
= φ̂1

∂ϕ1

∂n
+ φ̂2

∂ϕ2

∂n
+ φ̂3

∂ϕ3

∂n
, (5.31b)

where the superscript indicates the number of the node, while the interpolation functions are
given by

φ̂1 =
1

2
ξ (ξ − 1) , (5.32a)

φ̂2 =
1

2
(1− ξ) (1 + ξ) , (5.32b)

φ̂3 =
1

2
ξ (1 + ξ) , (5.32c)

with the dimensionless coordinate ξ varying from −1 to 1. Now, carrying out the integrals from
Eq. (5.30) over an element j, these can be written as

∫
Γj

ϕ
∂ψ

∂n
dΓ =

[∫
Γj

φ̂1
∂ψ

∂n
dΓ,

∫
Γj

φ̂2
∂ψ

∂n
dΓ,

∫
Γj

φ̂3
∂ψ

∂n
dΓ

]
·


ϕ1

ϕ2

ϕ3

 , (5.33)

and ∫
Γj

ψ
∂ϕ

∂n
dΓ =

[∫
Γj

φ̂1ψdΓ,

∫
Γj

φ̂2ψdΓ,

∫
Γj

φ̂3ψdΓ

]
·


∂ϕ1

∂n
∂ϕ2

∂n
∂ϕ3

∂n

 . (5.34)

Here, it is observed that in order to solve the integrals Eqs. (5.33) and (5.34), the calculation
of the Jacobian is required since they are a function of the boundary Γ in the x− z plane, while
the interpolation functions are a function of ξ. This transformation is given by

dΓ =

√(dx
dξ

)2

+

(
dz

dξ

)2
 dξ = |J |dξ, (5.35)

where J indicates the Jacobian and can then be substituted into Eqs. (5.33) and (5.34).
Additionally, in order to calculate the value of Eq. (5.35), the variation of the x and z
coordinates in terms of ξ must be also known. This can be carried out in the same way as
the variables ϕ and ∂ϕ/∂n, with the use of the quadratic interpolation de�ned by

x = φ̂1x
1 + φ̂2x

2 + φ̂3x
3, (5.36a)
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Figure 5.4: Schematic diagram of the modeling of the boundary with quadratic elements.

z = φ̂1z
1 + φ̂2z

2 + φ̂3z
3, (5.36b)

where again the superscript indicates the number of the node. Thus, Eq. (5.30) can be written
as

αiϕi +
NE∑
j=1

[
hij1 , h

ij
2 , h

ij
3

]
·


ϕ1

ϕ2

ϕ3


j

=
NE∑
j=1

[
gij1 , g

ij
2 , g

ij
3

]
·


ϕ1n
ϕ2n
ϕ3n


j

, (5.37)

where

hijk =

∫ 1

−1
φ̂k(ξ)

∂ψ

∂n
|J |dξ, (5.38a)

gijk =

∫ 1

−1
φ̂k(ξ)ψ|J |dξ, (5.38b)

with k = 1, 2 and 3 and hijk and gijk are estimated by using a Gauss integration method with
ten points to account for the quadratic variation of the element geometry, the potential and
�ux. More details regarding the numerical procedure for solving these integrals can be found
in Dominguez (1993); Brebbia and Dominguez (1992).

Furthermore, as explained by Dominguez (1993), in order to consider the possibility of
having di�erent values of ϕn at node 3 of an element and at node 1 of the next adjoining
element, the �uxes are arranged in a 3×NE array where a position is held for each nodal value
of every element. However, in the case of the potential ϕ, its value is always considered unique
in the connection between two elements. Therefore, the values of ϕ can be arranged in an N
array, where N is the number of nodes equal to 2NE for closed boundaries. Thus, Eq. (5.37)
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can be written as

αiϕi +
[
Ĥ i1, ... Ĥ iN

]
·


ϕ1

...
ϕN


j

=
[
Gi1, ... GiNE

]
·



ϕ1nϕ2n
ϕ3n


1

...ϕ1nϕ2n
ϕ3n


NE



j

, (5.39)

with Ĥ ij being equal to the h1 term of an element plus the h3 term of the previous element for
odd nodes and equal to the h2 term of the corresponding element for the central nodes. On the

other hand, Gij are 1×3 matrices with the elements
[
gij1 , g

ij
2 , g

ij
3

]
. Therefore, the whole system

of equations can be simply written as follows

HΦ = GΦn, (5.40)

where H is a square matrix N ×N , Φ is an N × 1 vector, G is a rectangular matrix N × 3NE
and Φn is an 3NE × 1 vector.

Furthermore, as previously described by Rezanejad et al. (2013), in order to avoid the
numerical errors arising from the cases where a very thin front wall of the device is considered,
the method of subdomains is used to solve the BVP by applying the BEM separately to each of
its regions (Katsikadelis; 2002; Becker; 1992). The domain is then divided into three separate
regions which have a common interface boundary on both lateral sides of the front wall as shown
in Fig. 5.5a. For each subdomain the following vectors are de�ned: in region R1

� Φ1
1, Φn

1
1 Nodal values on Γ1 of the external boundary.

� Φ1
12, Φn

1
12 Nodal values on the interface Γ12,

where the superscript denotes the region, while the subscript denotes the corresponding external
boundary or interface. The number of the nodal points on Γ1 and Γ12 are N1 and N12,
respectively. In region R2

� Φ2
2, Φn

2
2 Nodal values on Γ2 of the external boundary.

� Φ2
12, Φn

2
12 Nodal values on the interface Γ12.

� Φ2
23, Φn

2
23 Nodal values on the interface Γ23,

where the number of the nodal points on Γ2, Γ12 and Γ23 are N2, N12 and N23, respectively. In
region R3

� Φ3
3, Φn

2
3 Nodal values on Γ3 of the external boundary.

� Φ2
23, Φn

2
23 Nodal values on the interface Γ23,
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with N3 and N23 being the number of the nodal points on Γ3 and Γ23, respectively.
Since ϕ is unknown on either side of the interfaces Γ12 and Γ23, the number of boundary

unknowns in each subdomain is:

� Region 1: N1 on Γ1 and N12 on Γ12.

� Region 2: N2 on Γ2, N12 on Γ12 and N23 on Γ23.

� Region 3: N3 on Γ3 and N23 on Γ23.

On the other hand, for ϕn, which is de�ned on the three nodes of each element, it is given
by:

� Region 1: M1 = 3NE1 on Γ1 and M12 = 3NE12 on Γ12.

� Region 2: M2 = 3NE2 on Γ2, M12 = 3NE12 on Γ12 and M23 = 3NE23 on Γ23.

� Region 3: M3 = 3NE3 on Γ3 and M23 = 3NE23 on Γ23,

where NEj denotes the number of elements depending on the boundary or interface.
Furthermore, in order to match the regions and to obtain the same number of unknowns

and equations, the physical consideration of continuity of the potential and �ux at the interfaces
Eq. (5.3) should be made. Thus, assuming that the nodes in Γ12 of R1 and R2, and the nodes
in Γ23 of R2 and R3 are in perfect contact, Fig. 5.5b, the following physical consideration at
the interfaces can be made:

� Continuity of the potential: The values of the potential on each side of the interface
separating two subdomains must be equal{

Φ1
12 = Φ2

12,

Φ2
23 = Φ3

23.
(5.41)

� Continuity of the �ux: The outcoming �ux from one subdomain is equal to the incoming
�ux in the adjacent subdomain. Thus, the �ux along the normal of the interface requires{

Φn
1
12 = −Φn

2
12,

Φn
2
23 = −Φn

3
23,

(5.42)

where the minus signs in the right hand side of Eq. (5.42) indicate that the two �ux
vectors at the common interface of adjacent subdomains are in opposite directions.

Therefore, the matrix equation for each boundary subdomain is as follows: for the boundary
subdomain R1 [

[H]11 [H]112

] [Φ1
1

Φ1
12

]
=
[
[G]11 [G]112

] [Φn
1
1

Φn
1
12

]
, (5.43)
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while for the boundary subdomain R2

[
[H]212 [H]22 [H]223

]Φ2
12

Φ2
2

Φ2
23

 =
[
[G]212 [G]22 [G]223

]Φn
2
12

Φn
2
2

Φn
2
23

 , (5.44)

and for the boundary subdomain R3

[
[H]33 [H]323

] [Φ3
3

Φ3
23

]
=
[
[G]33 [G]323

] [Φn
3
3

Φn
3
23

]
. (5.45)

Equations (5.43)�(5.45) of the three subdomains may then be combined in a single matrix
equation as

[H]11 [H]112 0 0 0 0 0

0 0 [H]22 [H]212 [H]223 0 0

0 0 0 0 0 [H]33 [H]323





Φ1
1

Φ1
12

Φ2
2

Φ2
12

Φ2
23

Φ3
3

Φ3
23


=

[G]11 [G]112 0 0 0 0 0

0 0 [G]22 [G]212 [G]223 0 0

0 0 0 0 0 [G]33 [G]323





Φn
1
1

Φn
1
12

Φn
2
2

Φn
2
12

Φn
2
23

Φn
3
3

Φn
3
23


, (5.46)

where the left-hand side matrix and vector have dimensions of N ×N and N × 1, respectively,
with N = N1+N2+N3+2N12+2N23, while the right-hand side matrix and vector of N×3NE
and 3NE × 1, respectively, with 3NE =M1 +M2 +M3 + 2M12 + 2M23. Now, since the nodes
on Γ12 and Γ23 are in perfect contact, the matrices can be further arranged by combining the
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coe�cients of the related variables as follows

[H]11 [H]112 0 0 0 0 0

0 [H]212 [H]22 0 [H]223 0 0

0 0 0 0 [H]323 [H]33 0





Φ1
1

Φ1
12

Φ2
2

0
Φ2

23

Φ3
3

0


=

[G]11 [G]112 0 0 0 0 0

0 − [G]212 [G]22 0 [G]223 0 0

0 0 0 0 − [G]323 [G]33 0





Φn
1
1

Φn
1
12

Φn
2
2

0
Φn

2
23

Φn
3
3

0


. (5.47)

Finally, after inserting the boundary conditions speci�ed in Eqs. (5.2), (5.6), (5.8) and (5.9),
and shifting the known variables to the right-hand side and the unknowns to the left-hand side,
a matrix of the following form is obtained

[A] {X} = {B}, (5.48)

where {X} is a vector consisting of all the unknown values on the external boundary and on the
interfaces of dimension N×1; [A] is known square coe�cient matrix of dimensions N×N whose
columns are columns of H and columns of G after a change of sign or sum of two consecutive
columns of G with the opposite sign when the unknown is the unique �ux at the interfaces at
a node connecting two elements (Dominguez; 1993); while {B} is a known vector of dimension
N × 1.

5.5 Results and Discussion

In this section, numerical results based on the BEM discussed in the previous section are
presented. First, by considering a thick front wall and ignoring the in�uence of the air
compressibility (i.e., ϱ = 0), the e�ect of the chamber con�guration on the hydrodynamic
e�ciency, radiation susceptance and radiation conductance coe�cients is analyzed. Then,
based on the physical dimensions of a single chamber of the MWEP, the e�ects of three di�erent
bottom pro�les and the air compressibility on the e�ciency are studied. It should be mentioned
here that in order to minimize the e�ect of local disturbances at the far-�eld boundary, for the
boundary discretization the distance between the front wall and the far-�eld boundary was
considered to be 4 times the water depth h.

On the other hand, before performing the rest of the numerical calculations, a convergence
analysis was carried out. In Table 5.1, the results of the hydrodynamic e�ciency η, radiation
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Figure 5.5: Boundary element discretization of the composite domain. (a) Separation of
the BVP into three regions. (b) Discretization of the three regions.

Table 5.1: Values of hydrodynamic e�ciency ηmax, radiation susceptance coe�cient µ
and radiation conductance coe�cient ν computed for di�erent number of nodes N with
ha/h = 0.125, b/h = 1.0 and w/b = 0.5.

N
Kh = 3.8329 Kh = 2.2657 Kh = 1.2054 Kh = 0.5074

η µ ν η µ ν η µ ν η µ ν

560 0.2808 −0.2926 0.0484 0.4335 −0.3595 0.1035 0.8621 −0.6287 0.7299 0.9425 0.6507 1.2787
480 0.2814 −0.2940 0.0488 0.4337 −0.3598 0.1037 0.8622 −0.6295 0.7312 0.9425 0.6519 1.2806
400 0.2822 −0.2957 0.0492 0.4340 −0.3602 0.1039 0.8624 −0.6305 0.7329 0.9424 0.6534 1.2830
328 0.2833 −0.2982 0.0499 0.4343 −0.3608 0.1042 0.8626 −0.6318 0.7352 0.9423 0.6556 1.2861
256 0.2848 −0.3018 0.0508 0.4349 −0.3616 0.1046 0.8629 −0.6338 0.7386 0.9422 0.6587 1.2906
200 0.2856 −0.3071 0.0519 0.4370 −0.3644 0.1061 0.8636 −0.6373 0.7451 0.9418 0.6649 1.2978

susceptance µ and radiation conductance ν for four di�erent Kh values are given. It is observed
that around 480 nodes (240 quadratic elements) are enough to ensure convergence of the
numerical results within three decimal places and also to avoid numerical instabilities that
arise when the front wall thickness w tends to zero. Therefore, in the present calculations, all
the BVPs are discretized through 480 nodes.

5.5.1 Front Wall Thickness

To validate the numerical method described here, the numerical results for the limiting case of
Evans and Porter (1995) were used. In the case of ha/h = 0.125, b/h = 1, while w and he tending
to zero, the e�ciency obtained by the present formulation was compared with the corresponding
results of Evans and Porter (1995) for an OWC device with a horizontal topography, as shown
in Fig. 5.6a. The circles in Fig. 5.6a depict the results of Evans and Porter (1995), whereas the
line represents the results calculated by the present method. It can be seen that both results
are in good agreement.

The numerical results of the e�ciency ηmax versus Kh for di�erent thickness ratios
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w/b(= 2.0, 1.5, 1.0, 0.5, and 0.01) in a �at bottom (without considering he) are shown in Fig.
5.6a. In this �gure, it is seen that by increasing the thickness of the front barrier, the bandwidth
of the e�ciency curves is reduced and their �rst peak frequency value is shifted to lower values
of the non-dimensional frequency Kh. This reduction in the e�ciency is explained by the fact
that the energy transfer due to the wave motion over small periods is reduced when the front
barriers are greater in thickness. However, in a real scenario, during severe storm events, or
during times of high water levels, the front barrier is subjected to high loads, due to direct wave
action (Viviano et al.; 2016; Pawitan et al.; 2019; Viviano et al.; 2019; Pawitan et al.; 2020),
and a slender front wall cannot o�er protection to the whole system, as occurred at the MWEP
(Medina-Lopez et al.; 2015). Therefore, special consideration should be given to this structural
aspect.

On the other hand, Fig. 5.6b shows the e�ect on e�ciency of di�erent submergance ratios
ha/h(= 0.125, 0.250, 0.500, and 0.750), together with a front barrier of the same thickness as
the OWC chamber (i.e., w/b = 1.0). In this �gure, it is observed that the e�ective area of
e�ciency, under the curve, and the magnitude of the �rst natural frequency, both increase
when the front wall ha/h decreases. Nevertheless, for a relatively small ha/h, and considering
that changes in water depth due to tidal variations and extreme waves may take place, a small
draft may mean that the trough of a wave propagates below the front wall. This should be
considered at the design stage, since in this situation the pressure within the chamber would
be equivalent to the atmospheric pressure, causing the power available inside the OWC device
to be zero and thus decreasing the e�ciency.
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Figure 5.6: Hydrodynamic e�ciency versus Kh. (a) For various thickness ratios w/b
with ha/h = 0.125 and b/h = 1.0. (b) For di�erent submergence ratios ha/h with
w/b = 1.0 and b/h = 1.0.

The variation of the radiation susceptance and radiation conductance coe�cients versus Kh
when ha/h = 0.125 and b/h = 1.0 for di�erent values of w/b(= 2.0, 1.5, 1.0, 0.5, and 0.01) is
shown in Figs. 5.7a and 5.7b, respectively. In Fig. 5.7a it is observed that the frequencies for
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which µ is zero are related to the peaks of maximum e�ciency shown in Fig. 5.6a, which is
also evident from the maximum e�ciency Eq. (5.27). Figure 5.7a also shows that when the
thickness ratio w/b increases, the range of the non-dimensional frequency Kh for which µ is
negative also increases. As previously mentioned, the radiation susceptance µ is related to Ã
which is analogous to the added mass of the forced oscillation of a rigid body system. In this
sense, the above-mentioned negative values in µ are may be due to the relevance of the free-
surface e�ects of the internal free surface enclosed by the rigid wall and the surface-piercing
front barrier. Negative values in the added mass are a common phenomenon in the theory
of submerged and �oating moving bodies in a �uid, such as when one or more elements of a
structure enclose a portion of the free surface or two-dimensional cylinders are close to the free
surface (McIver and Evans; 1984; McIver and McIver; 2016). Furthermore, as demonstrated by
Falnes (1983), negative added mass occurs when an oscillating body produces a water motion
where the associated potential energy is greater than the associated kinetic energy.

Figure 5.7b shows that the peaks in the radiation conductance ν are associated with those
observed in Fig. 5.6a. Together with Fig. 5.7a, this shows that by increasing the radiation
conductance coe�cient ν, with respect to the radiation susceptance coe�cient µ, an increase
in the power extraction capacity can be attained. In this sense, the radiation conductance
coe�cient ν indicates the degree to which the system absorbs energy at di�erent frequencies.

Figures 5.7c and 5.7d show the numerical results of the radiation susceptance and radiation
conductance coe�cients, respectively, versus Kh with w/b = 1.0, b/h = 1.0 and for di�erent
submergance ratios ha/h(= 0.125, 0.250, 0.500, and 0.750). In Fig. 5.7c it is observed that by
increasing the front wall draft ha with respect to h, the value of Kh for which µ �rst become
zero decreases, which is associated with the �rst resonance frequency inside the chamber, while
the range of Kh for negative values of µ increases. On the other hand, Fig. 5.7d shows that
a larger draft decreases the frequency at which this resonance occurs. It can also be observed
that the peak resonance become more prominent the further the barrier is submerged. With a
large draft, conditions are similar to those in a closed tank with parallel sides, where a second
resonance mechanism occurs when the incident wave frequency is such that the �uid inside the
chamber is excited into an antisymmetric sloshing mode (Evans and Porter; 1995). In this case,
the sloshing frequencies occur at values of the dimensionless wave number kb = nπ, with n
being the sloshing mode. For the case presented in Fig. 5.7d, it is observed that the second
peaks in ν due to the �rst sloshing frequency take place close to Kh ≈ π.

Figure 5.8a plots the numerical results of the e�ciency ηmax versus Kh for various wall to
front barrier spacing ratios b/h(= 1.0, 0.5, 0.25, and 0.125) with ha/h = 0.125 and w/b = 1.0
with in a �at bottom. As reported by Evans and Porter (1995); Rezanejad et al. (2013), large
motions inside the chamber occur when the �uid between the front barrier and the back wall is
excited by the incident wave into a resonant piston-like motion inside the OWC. An estimation
of this natural frequency of oscillation can be obtained for small values of b/h and so the water
contained between the walls can be regarded as a solid body. By employing simple hydrostatic
modelling gives that the expected resonance occurs at Kh ≈ h/ha. In the present case, this
resonance would occur at Kh = 8, which is seemed to be approached for smaller values of
b/h. On the other hand, for a longer chamber, the frequency at which this resonance occurs
is smaller. Physically, this is due to the fact that by increasing the length of the device, the
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horizontal distance a typical �uid particle must travel during a period of motion increases. This
can also be obtained in the vertical direction by increasing the draft of the front wall. As a
consequence, a decrease in the value of Kh at which resonance occurs is caused, and since an
increase in b/h allows more local �uid motion inside the chamber, this leads to a breakdown in
the solid-body model of resonance, and the amplitude of oscillation decreases.

Figure 5.8b illustrates the condition when a step, as long as the front wall, is placed below
the latter with ha/h = 0.125, b/h = 1.0 and w/b = 1.0. First, a comparison of the present
formulation with the limiting case of �entürk and Özdamar (2012) of an OWC device with
a gap in its fully submerged thin front wall, together with the nondimensional parameters
ha/h = 0.125, he/h = 0.625 , b/h = 1.0 and w/b = 0.01, is shown in Fig. 5.8b. It can be
seen that both results agree very well. Then, it can be observed that the smaller the distance
between the front wall and the step, the lower the magnitude of the non-dimensional frequency
Kh at which resonance occurs. This is similar to the trend observed when the draft of the front
wall is increased without considering the step, Fig. 5.6b. A larger gap leads to a wider range
of frequency bandwidth as it increases the transference of energy due to wave motion.

The numerical results for the radiation susceptance and radiation conductance coef-
�cients versus Kh when ha/h = 0.125 and w/b = 1.0 for di�erent values of b/h(=
1.0, 0.5, 0.25, and 0.125) are shown in Figs. 5.9a and 5.9b, respectively. In Fig. 5.9a, it is
observed that when the wall to front barrier spacing is su�ciently small, compared to the
depth h, the range of the non-dimensional frequency Kh for which the radiation susceptance
is negative decreases. Thus, when a small draft is considered, the b/h ratio is important for
the occurrence of negative values of the radiation susceptance coe�cient. On the other hand,
Fig. 5.9b shows that when the length of chamber b increases with respect to the depth h,
the radiation conductance coe�cient peaks are maximum for longer periods. Consequently,
since ν is a measure of the transfer of energy into the system, it may be bene�cial to design the
chamber length of the OWC device so that the range of frequency bandwidth in the radiation
conductance coincides with the most occurring wave period of a particular location and thus
exploit the available wave energy as much as possible.

Figures 5.9c and 5.9d show the radiation susceptance and radiation conductance coe�cients,
respectively, versus Kh for various step to bottom ratios he/h with ha/h = 0.125, b/h = 1.0
and w/b = 1.0. On one hand, Fig. 5.9c shows that the variation from positive to negative in
the radiation susceptance increases when the vertical spacing between the step and the front
wall decreases. On the other hand, Fig. 5.9d shows an increasing and narrowing peak for
the radiation conductance coe�cient, as the gap is reduced, decreasing the magnitude of the
resonance frequency.

Figures 5.10a and 5.10b show a comparison of the present formulation with the experimental
results obtained by Morris-Thomas et al. (2006) and Wang et al. (2018), respectively. First, in
the case of a thick front wall considered by Morris-Thomas et al. (2006), the OWC dimensions
employed in the calculations are h = 0.92 m, b = 0.64 m ha = 0.15 m and w = 0.08 m,
while in the case of comparison with Wang et al. (2018), the dimensions are h = 0.80 m, b =
0.55 m ha = 0.14 m and w = 0.04 m. From Figs. 5.10a and 5.10b, it is observed that by
comparing the maximum theoretical e�ciency and the experimental e�ciency, the discrepancy
is signi�cant. The numerical solutions overpredict the hydrodynamic e�ciency since it neglects
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Figure 5.7: The radiation susceptance and radiation conductance coe�cients versus
Kh. (a) The radiation susceptance coe�cient for various thickness ratios w/b with
ha/h = 0.125 and b/h = 1.0. (b) The radiation conductance coe�cient for various
thickness ratios w/b with ha/h = 0.125 and b/h = 1.0. (c) The radiation susceptance
coe�cient for di�erent submergance ratios ha/h with w/b = 1.0 and b/h = 1.0. (d) The
radiation conductance coe�cient for di�erent submergance ratios ha/h with w/b = 1.0
and b/h = 1.0.

79



CHAPTER 5. THE INFLUENCE OF THE FRONT WALL THICKNESS ON THE

HYDRODYNAMIC EFFICIENCY OF A LAND-FIXED OWC DEVICE

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

b/h =1.0
b/h =0.500
b/h =0.250
b/h =0.125

(a)

0 0.5 1 1.5 2 2.5 3
Kh

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

2
m

a
x

he/h=1/4

he/h=3/8

he/h=1/2

he/h=5/8

he/h=5/8 and w/b=0.01

Thin front wall Sentürk and Özdamar (2012)

(b)

Figure 5.8: Hydrodynamic e�ciency versus Kh. (a) For various wall to front barrier
spacing ratios b/h with ha/h = 0.125 and w/b = 1.0. (b) For various step to bottom
ratios he/h with ha/h = 0.125, b/h = 1.0 and w/b = 1.0.

the wave nonlinearity and the viscous dissipation, but the resonant frequencies and the shapes of
the hydrodynamic e�ciency curves predicted by the present numerical method agree well with
each experiment (Ning et al.; 2015; Ning, Wang, Zou and Teng; 2016). It should be pointed out
that the present formulation is based on the assumption of an ideal �uid and, therefore, viscous
e�ects and �ow separation due to the front wall are apparently the main cause of di�erence
between the experimental and numerical results. Furthermore, another factor contributing to
this discrepancy may be attributed to the rate of energy extraction modelled by the PTO system
and the energy loss through it by viscous dissipation during the experiments.

In this sense, it is worth mentioning that ηmax = 1 theoretically means that the OWC device
e�ectively captures all the incident wave energy, a condition that in practice is not feasible,
due to the radiated wave generated by the oscillatory motion of the internal free surface, the
scattering waves by the device and various viscous damping previously mentioned (Ning et al.;
2015). Thus, in a real scenario, a value of ηmax = 1 could never be achieved because of the
energy loss through viscous dissipation as the �uid �ow interacts with the chamber geometry
and the PTO modelling. It should be mentioned that the e�ect of vortex and �ow separation,
which occur near the front wall, can be simulated well by introducing an arti�cial viscous
damping term to the dynamic free surface boundary condition inside the OWC chamber and
thus, to account for the energy loss due to vortex shedding and �ow separation as previously
reported by Ning et al. (2015); Ning, Wang, Zou and Teng (2016); Ning, Wang, Gou, Zhao and
Teng (2016); Wang et al. (2018); Wang and Ning (2020).
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Figure 5.9: The radiation susceptance and radiation conductance coe�cients versus Kh.
(a) The radiation susceptance coe�cient for various wall to front barrier spacing ratios
b/h with ha/h = 0.125 and w/b = 1.0. (b) The radiation conductance coe�cient for
various wall to front barrier spacing ratios b/h with ha/h = 0.125 and w/b = 1.0.
(c) The radiation susceptance coe�cient for various step to bottom ratios he/h with
ha/h = 0.125, b/h = 1.0 and w/b = 1.0. (d) The radiation conductance coe�cient for
various step to bottom ratios he/h with ha/h = 0.125, b/h = 1.0 and w/b = 1.0.
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Figure 5.10: Hydrodynamic e�ciency versus (a) Kh and (b) kh. (a) Comparison with
experimental results obtained by Morris-Thomas et al. (2006) for a thick front wall. (b)
Comparison with experimental and numerical results obtained by Wang et al. (2018).

5.5.2 Bottom Pro�le

In this subsection, an analysis is made, based on the physical dimensions of the MWEP and
on the highest and lowest tidal levels, Fig. 5.11. The in�uence of di�erent bottom pro�les,
the linear turbine damping and the linearized air compressibility inside the chamber on the
hydrodynamic e�ciency are evaluated. However, it should be noted that in this study the
e�ect of the non-linear phenomena that occur in the interaction between the waves, the OWC
device and the trapped air inside the chamber, such as viscous �ow separation, turbulence, wave
breaking and thermodynamic processes, are not taken into account. These aspects may play
an important role in the performance of the OWC when variations in the bottom chamber are
considered.

The varying bottom pro�les proposed are de�ned in the interval 0 ≤ x ≤ b and given by:

z = −h(x) =


(
ha−h

b

)
x− ha, Sloped bottom,(

h−ha
b

)√
b2 − x2 − h, Elliptical bottom,

(5.49)

while the cycloidal bottom is given by the parametric equation

x(θ̂) = r̂
(
θ̂ + sin θ̂ − π

)
+ b, (5.50a)

z(θ̂) = r̂
(
cos θ̂ + 1

)
− h, (5.50b)

with 0.56416 ≤ θ̂ ≤ π and r̂ = 1.51759 m.
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Figure 5.11: De�nition sketch of a single chamber in the Mutriku Wave Energy Plant
(Dimensions in meters. Chamber width = 4.5 m; HEST = Highest equinoctial spring
tide and LEST = Lowest equinoctial spring tide).

In Fig. 5.12, the numerical results for 1:1 sloped bottom pro�le with di�erent linear
turbine damping coe�cients, Λ, are compared with the experimental results obtained by John
Ashlin et al. (2016) for a wave steepness Hw/λ varying from 0.0320 to 0.0371. Regarding the
numerical results presented here, it is worth noting that these are independent of the wave
height since linear wave theory was employed for the formulation of the BVP. In order to
perform the calculations, the OWC dimensions are those used by John Ashlin et al. (2016) in
their experiments; these are h = 0.500 m, ha = 0.200 m, b = 0.300 m, w = 0.012 m, a chamber
width of l = 0.471 m and a distance from the internal free surface to the top of the chamber
of s = 0.400 m. In order to see better the agreement between the results, the least-squares
method was applied to the experimental data presented by John Ashlin et al. (2016) to obtain
a best-�t second-order polynomial curve. Figure 5.12 shows that the numerical solution and
the experimental results of John Ashlin et al. (2016) are in good agreement for a linear turbine
damping coe�cient Λ = 5 × 10−4 m4·s/kg. However, it is observed that by comparing the
maximum theoretical e�ciency obtained from Eq. (5.27) and the experimental e�ciency, the
discrepancy is high. Therefore, special attention should be paid to turbine damping, as well as
non-linear e�ects, in order to make an adequate estimation of the power absorption of an OWC
device.

Figures 5.13a�d show the numerical results of the maximum ηmax versus the incoming wave
period T for the cases when the HEST and LEST take place and the linearized air compressibility
is considered. The range of wave period used in these �gures is related to mean wave periods
reported by Ibarra-Berastegi et al. (2018). In Figs. 5.13a and 5.13c the maximum e�ciency
was obtained from Eq. (5.25) with ϱ = 0, while in Figs. 5.13b and 5.13d, the optimum
value of the damping coe�cient (Λopt), calculated from Eq. (5.23), was employed to obtain the
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Figure 5.12: Hydrodynamic e�ciency versus period T for di�erent values of linear turbine
damping coe�cient Λ, without considering the step.

hydrodynamic e�ciency by considering the linearized air compressibility inside the chamber. In
all the �gures it can be seen that the e�ciency band shifts slightly to the right as the bottom of
the chamber becomes steeper, generating a slightly higher e�ciency for higher periods. Figures
5.13a and 5.13b show that for incoming wave periods of less than 8 s, the �at bottom inside
the chamber gives maximum e�ciency. As reported by John Ashlin et al. (2016), this is due
to the higher re�ection generated by the curved bottom, together with the energy re�ection
caused by the front and back walls of the OWC device, for shorter wavelengths. The cycloidal
and elliptical bottoms decrease the e�ciency because these pro�les reduce the section of the
entrance of �uid particles, obstructing the waves and leading to a decrease in the internal free
surface oscillation which drives the air column. This consequently diminishes the output power.
The natural frequency of the system is seen to alter slightly for the di�erent bottom pro�le
con�gurations. Figures 5.13c and 5.13d show the e�ciency in the case of the lowest equinoctial
spring tide. As expected, compared with the HEST, the period at which resonance takes place
is reduced due to the lower front wall draft, ha = 0.60 m. Furthermore, as observed in Fig.
5.6b, Fig. 5.13c shows that the e�ciency e�ective area under the curve increases with a shorter
front wall draft. However, in the case of Mutriku, where signi�cant wave heights of 4 m are
common (Ibarra-Berastegi et al.; 2018), this small draft increases the possibility that the wave
trough propagates below the front wall, and thus reduces e�ciency. Regarding the e�ect of the
volume of air inside the chamber, compared with Fig. 5.13b, Fig. 5.13d shows that e�ciency
is signi�cantly reduced when the air volume is larger. Comparing Fig. 5.13d to Fig. 5.13c
shows that the period at which resonance occurs is independent of the damping condition and
is mostly determined by the natural frequency of the water column.
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Figure 5.13: Hydrodynamic e�ciency in the cases of HEST and LEST versus T for
di�erent bottom pro�les. (a) Maximum e�ciency versus T with ϱ = 0 for various
bottom pro�les with h = 7.90, ha/h = 0.646, b/h = 0.392 and w/b = 2.145 in the case of
the HEST. (b) Maximum e�ciency versus T for various bottom pro�les with h = 7.90,
ha/h = 0.646, b/h = 0.392 and w/b = 2.145. in the case of the HEST. (c) Maximum
e�ciency versus T with ϱ = 0 for various bottom pro�les with h = 3.40, ha/h = 0.176,
b/h = 0.392 and w/b = 2.145 in the case of the LEST. (d) Maximum e�ciency versus T
for various bottom pro�les with h = 3.40, ha/h = 0.176, b/h = 0.392 and w/b = 2.145
in the case of the LEST.
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5.6 Conclusions

The e�ects of the chamber con�guration of an OWC device on e�ciency were numerically
analyzed, using the BEM, employing quadratic elements. Comparisons were made of
these numerical results with theoretical limiting cases obtained by Evans and Porter (1995)
and �entürk and Özdamar (2012) for a thin front wall and very good agreement was achieved.
Numerical estimates for the hydrodynamic e�ciency and the radiation susceptance and
radiation conductance coe�cients were then obtained for di�erent physical con�gurations.
Experimental results reported by Morris-Thomas et al. (2006) and Wang et al. (2018) were
compared with those obtained by the present formulation; resonance frequencies and shapes of
the hydrodynamic e�ciency curves were found to be in good agreement. The main conclusions
drawn from this study are as follows:

� By increasing the thickness of the front barrier, the bandwidth on the e�ciency curves
is reduced. This reduction in e�ciency could be related to the fact that the transfer
of energy from the incoming wave to the internal free surface, due to the orbital wave
motion, is reduced for short wave periods when the front barrier is thicker.

� For a thick front barrier, a further reduction in the e�ciency e�ective area under the
curve is obtained when the front wall draft is increased.

� When the OWC chamber length-water depth ratio b/h is decreased, the period of
maximum hydrodynamic e�ciency is shorter. Consequently, an OWC chamber in which
the range of frequency bandwidth in ηmax coincides with the predominant wave period
of a particular location, will mean the available wave power will be made better use of.

� It was observed that the incorporation of a step below the front wall reduces the
bandwidth on the e�ciency. This step gives a similar e�ect as that observed when the
draft of the front wall is increased in an OWC with a completely �at bottom.

� It was also observed that when the wall to front barrier spacing is su�ciently small,
compared to the depth, the range of the non-dimensional frequency Kh, for which the
radiation susceptance coe�cient is negative, is signi�cantly reduced.

� By comparing the maximum theoretical e�ciency with the experimental e�ciency
reported by John Ashlin et al. (2016) for a wave steepness H/λ varying from 0.0320
to 0.0371, the discrepancy is seen to be high. Therefore, special attention should be
paid to turbine damping, as well as to non-linear e�ects, in order to make an adequate
estimation of the power absorption of an OWC.

� When sloped, cycloidal or elliptical bottom pro�les in a chamber of the MWEP were
considered, it was seen that the e�ciency band slightly shifts to longer periods, as the
bottom of the chamber becomes steeper, generating slightly higher e�ciency for longer
wavelengths.
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� For small periods, it was found that compared with the �at bottom, the sloped, cycloidal
and elliptical bottoms diminish the hydrodynamic e�ciency. This is due to the reduction
of the part of the chamber entrance for the �uid particles, obstructing the waves and
leading to a decrease in the internal free surface oscillation which drives the air column.

� It was observed that in the case of LEST in the MWEP, the e�ciency band becomes wider
as the draft is reduced. However, when the air volume inside the chamber is greater, the
e�ciency is signi�cantly reduced.

� By comparing the di�erent bottom pro�les, it was found that the period in which
resonance occurs is almost independent of the bottom geometrical con�guration and it is
mostly determined by the natural frequency of the water column.

This paper is only a numerical investigation on the hydrodynamic performance of an OWC
device based on the linear wave theory. Experimental investigations that include the non-
linearities on the air compressibility and the turbine damping should be carried out in the
future. Finally, it is hoped that the results of this study may provide valuable information for
the clean and e�cient harnessing of marine renewable energy.
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Chapter 6

The E�ect of Oblique Waves on the

Hydrodynamic E�ciency of a

Land-Fixed OWC device

It has been revealed in the previous chapter, that the chamber con�guration strongly in�uences
the OWC hydrodynamic performance when water waves propagate normally to the device.
However, in real sea conditions, the direction of the water waves is not always perpendicular to
the OWC chamber transverse axis. The most well-known example is the Wave Energy Plant
in Mutriku, Spain, where the direction of the water waves is mostly oblique with respect to the
combined OWC�breakwater system. In this example, the breakwater that houses the OWC
power plant has a boomerang-shaped design oriented to the north-northeast, which causes the
chambers to face the predominantly north-western arriving sea waves at varied angles. Thus,
although the chambers' structural design is identical, the power that the turbines generate
varies.

In this chapter, in order to investigate the in�uence of oblique waves on hydrodynamic
e�ciency, two theoretical approaches are presented to provide possibilities to study the perfor-
mance of integrated OWC-breakwater systems in various sea states. Thus, the purpose of the
present chapter is to provide some insight into the following research question: Is the direction
of the incoming water waves important for the hydrodynamic e�ciency of a land-�xed OWC
device?

This chapter consists of the published journal article:

Medina Rodríguez A.A., Martínez Flores A., Blanco Ilzarbe J.M., Silva Casarín R. (2021).
�Interaction of oblique waves with an Oscillating Water Column device�. Ocean Engineering.
228: 108931. https://doi.org/10.1016/j.oceaneng.2021.108931.
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Interaction of Oblique Waves with an Oscillating Water Column Device

Ayrton Alfonso Medina Rodríguez, Alejandro Martínez Flores, Jesús María Blanco Ilzarbe
and Rodolfo Silva Casarín

Abstract

The interaction of oblique water waves with a land-�xed Oscillating Water Column (OWC)
type wave energy converter is examined. Two-dimensional linear wave theory is used to
formulate the mathematical problem. The matched eigenfunction expansion method (EEM)
using dual series relations and the Boundary Element Method (BEM) with quadratic elements
are utilized to solve the associated boundary value problem (BVP). The novelty of the present
work lies on addressing the in�uence of oblique water waves on the OWC e�ciency and the use
of dual series relations to solve this type of BVP. Variations of the hydrodynamic e�ciency with
the wave angle of incidence, and with the chamber length and front barrier draft to water depth
ratios are discussed. Both analytical and numerical results were found to be in good agreement.
Findings revealed that by increasing the angle of incidence, a broader hydrodynamic e�ciency
band and a higher wave frequency at which resonance occurs are both obtained. This aspect
may o�er bene�ts to wave power extraction in real sea conditions for �xed OWC devices.
Finally, cases published in the specialized literature were recovered and very good agreement
was achieved.

6.1 Introduction

In order to attenuate the e�ect of global warming and meet the electricity demands of the
rapidly increasing world population, a prompt conversion from fossil fuel energy systems to
renewable energy technologies is required. In this sense, wave energy has been suggested as
a potential renewable source to provide most of the world electricity needs in the short term
(Izquierdo et al.; 2019). A wide variety of technologies have been proposed over the past few
decades, among which the OWC device has been proven to be one of the most promising systems
for ocean wave energy harvesting. The OWC device is a unique system among wave energy
converters (WECs) since it only consists of two main parts: a partially submerged collecting
chamber and a power take-o� (PTO) mechanism which is located above sea level and thus
evades direct exposure to the seawater. It also posses a simple working principle where due to
the wave action, the water column inside the collecting chamber vertically oscillates, driving
the con�ned air volume back and forth through a turbine coupled to a generator (Falcão and
Henriques; 2016).

However, despite its simplicity, one of the greatest issues of this kind of WEC is the
economical aspect (Lin et al.; 2015). For the sake of encouraging the development of OWC
technology, its installation into a breakwater has been extensively investigated in the last few
decades (Vicinanza et al.; 2019). This integration provides several bene�ts: with an OWC
power plant integrated into a breakwater, energy extraction becomes more cost-e�ective since
installation and maintenance costs are shared, the operation of the power plant becomes easier
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Table 6.1: Summary of past investigations on non-cylindrical OWCs.

Researchers Wave incidence direction Type of OWC Solution method used

Evans and Porter (1995) Perpendicular Land-�xed EEM and Galerkin method
Wang et al. (2002) Perpendicular Onshore BEM and Experimental
Morris-Thomas et al. (2006) Perpendicular Onshore Experimental
�entürk and Özdamar (2012) Perpendicular Onshore EEM and Galerkin method
Rezanejad et al. (2013) Perpendicular Nearshore BEM and EEM
Ning et al. (2015) Perpendicular Land-�xed Higher-order BEM
John Ashlin et al. (2016) Perpendicular Land-�xed Experimental
Ning, Wang, Zou and Teng (2016) Perpendicular Land-�xed Experimental
Rezanejad et al. (2017) Perpendicular Shoreline �xed BEM and Experimental
Malara et al. (2017) Perpendicular and Oblique Land-�xed BEM and EEM
Koley and Trivedi (2020) Perpendicular Land-�xed Coupled EEM - BEM
Belibassakis et al. (2020) Perpendicular Land-�xed BEM

and the utilization of mooring systems and underwater electric cables is avoided. Additionally,
due to the energy absorption into the OWC chamber, both the hydraulic performance of
the breakwater to coastal protection by reducing the wave re�ection and the disturbance
in the navigation of vessels at harbour entrances are improved. Taking into account these
aspects, integrated OWC-breakwater systems for wave-power conversion can turn into a reliable
wave-energy technology with the potential to become commercially successful shortly. For
this purpose, further research should be carried out to attain a better understanding of the
relationship among OWC structural design, the control strategy of the PTO mechanism, wave
climate and hydraulic performance and thus to demonstrate the economic potential of OWC-
breakwater systems by achieving competitive costs and high reliability.

In the specialized literature, most studies on OWC systems focus on their interaction
considering that waves propagate normally towards the device (Evans and Porter; 1995;
Morris-Thomas et al.; 2006; �entürk and Özdamar; 2012; Rezanejad et al.; 2013; Koley and
Trivedi; 2020), Table 6.1. However, in real sea conditions, water waves direction is not always
perpendicular with respect to the OWC chamber transverse axis (Jin et al.; 2012). For instance,
this is the case of the Mutriku Wave Energy Plant (MWEP), where the water waves direction
is mainly oblique with respect to the integrated OWC-breakwater system. In this particular
case, the breakwater that houses the OWC power plant is oriented to the north-northeast and
follows a boomerang-shaped design, which makes the chambers to face the mostly north-western
incoming sea waves at a varying angle and to interact with di�erent waves due to changes in the
nearby bathymetry (Ibarra-Berastegi et al.; 2018). The total pressure generated at the chambers
is therefore relatively di�erent and a distinct incoming air�ow on each of the 14 working Wells
turbines is thus generated. As a consequence, even though the structural design is the same
among the chambers, the electricity generated by the turbines varies. Thus, motivated by the
aforementioned points, this work investigates the in�uence of the wave angle of incidence on
the hydrodynamic performance of an integrated OWC-breakwater system.

Previous studies have investigated the in�uence of the OWC structural characteristics on its
hydrodynamic performance with the aid of analytical, experimental and numerical techniques
(Wang et al.; 2002; Morris-Thomas et al.; 2006; Martins-rivas and Mei; 2009; �entürk and
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Özdamar; 2012; Rezanejad et al.; 2013; Ning et al.; 2015; John Ashlin et al.; 2016; Ning,
Wang, Zou and Teng; 2016; Zheng, Zhang and Iglesias; 2019; Zheng, Antonini, Zhang, Greaves,
Miles and Iglesias; 2019; Zheng et al.; 2020; Koley and Trivedi; 2020; Belibassakis et al.; 2020;
Medina Rodríguez et al.; 2020). By using a numerical approach, the hydrodynamic performance
of an OWC device with arbitrary topography near the shoreline was analyzed by Wang et al.
(2002). In their work, the authors showed that a modi�cation in water depth at the shoreline
has a signi�cant e�ect on the OWC hydrodynamic performance. Morris-Thomas et al. (2006)
experimental studied the e�ect of front wall geometry on the OWC hydrodynamic e�ciency and
concluded that the peak values of the hydrodynamic e�ciency are not signi�cantly in�uenced
by the front barrier geometry. Martins-rivas and Mei (2009) developed a theoretical model for
a vertical OWC installed on a straight and cli�-like coast. The authors found that the shore
re�ection roughly doubles the energy absorption, while the considered PTO produces a higher
e�ciency over a broad frequency band.

By using the EEM and a Galerkin approximation, the hydrodynamic e�ciency of an OWC
with a gap in its fully-submerged front wall was analyzed by �entürk and Özdamar (2012). The
authors showed that by selecting the appropriate geometrical parameters, it is possible to obtain
improvements on the OWC hydrodynamic e�ciency. The impact of stepped bottom topography
on the e�ciency of a nearshore OWC device was analyzed by Rezanejad et al. (2013). In their
work, it was found that signi�cant e�ects on the OWC hydrodynamic performance occur when
a stepped bottom pro�le outside of the chamber is considered. Ning et al. (2015) carried out
a time-domain analysis of the performance of a �xed OWC device based on a higher-order
BEM in a 2D fully nonlinear numerical wave �ume. The authors investigated the in�uence of
the bottom slope on the hydrodynamic e�ciency and concluded that the chamber geometric
con�guration has a signi�cant e�ect on the hydrodynamic performance. John Ashlin et al.
(2016) experimentally investigated the in�uence of the bottom pro�le con�guration on the OWC
hydrodynamic performance. By testing four di�erent bottom pro�les (�at, circular, curved and
sloped) in a wave �ume, the authors found that the circular curved bottom pro�le inside the
chamber was more e�ective for wave energy conversion. Ning, Wang, Zou and Teng (2016)
investigated the e�ects of the incident wave amplitude and the geometric parameters on the
hydrodynamic e�ciency of a �xed OWC. The authors reported that an increase in the bottom
slope can increase the optimal hydrodynamic e�ciency while the incident wave amplitude and
the bottom slope have a minor e�ect on the resonant frequency. An analysis of the three-
dimensional e�ects a�ecting the U-OWC performance was developed by Malara et al. (2017).
The authors showed that 3D e�ects are signi�cant when the device width is smaller than 20 m,
resulting in an improvement in power output per unit width. Zheng, Zhang and Iglesias (2019)
carried out a theoretical model to study the performance of a circular cylindrical OWC along a
vertical coast/breakwater considering the thickness of the chamber wall. It was found that the
angle of incidence and the thickness of the chamber wall both a�ect the wave power captured
by the OWC. Zheng, Antonini, Zhang, Greaves, Miles and Iglesias (2019) employed the EEM
to develop a theoretical model for the evaluation of the hydrodynamic performance of multiple
circular cylinder OWCs located along a vertical straight coast. The authors found that the
hydrodynamic performance of the OWC devices was enhanced signi�cantly for a certain range
of wave conditions due to the constructive wave interference from the OWCs array and the
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coast. Zheng et al. (2020) analyzed the in�uence of the entrance radius of the OWC chamber
and the wall thickness of the tubular-structure. They showed that a thinner chamber wall
thickness results in a higher wave power extraction in terms of a broader bandwidth of e�ciency
curves. Koley and Trivedi (2020) employed a coupled EEM-BEM to analyze the hydrodynamic
performance of an OWC device located on an undulated seabed and concluded that the OWC
structural con�guration and bottom pro�le play a signi�cant role in the hydrodynamic e�ciency.
Belibassakis et al. (2020) employed a 2D BEM model for analyzing the OWC's response in
general bathymetry regions and found that the bottom slope and curvature can be relevant
to the OWC performance. By using the BEM, the e�ects of the front wall thickness and the
bottom pro�le of an OWC device on its e�ciency were analyzed by Medina Rodríguez et al.
(2020). The authors showed that by increasing the thickness of the front barrier, the bandwidth
on the e�ciency curves is signi�cantly reduced.

The EEM to obtain dual series relations that are then solved by applying the least square
method has been successfully employed to analyze the scattering and radiation of water waves
by segmented breakwaters or vertical barriers (Dalrymple and Martin; 1990; Losada et al.;
1992; Abul-Azm; 1996; Lee and Chwang; 2000; Sahoo et al.; 2000; Choudhary and Martha;
2016, 2017). The latter method was developed by Kelman and Koper (1973) to solve dual
series relations, and its convergence was approached theoretically by Feinerman and Kelman
(1974). By using variational methods and the EEM, Dalrymple and Martin (1990) determined
the re�ection and transmission coe�cients due to the interaction of water waves with a long
linear array of o�shore breakwaters. Losada et al. (1992) analysed the propagation of oblique
incident waves through a rigid vertical thin barrier in water of uniform �nite depth. They
matched the horizontal components of the velocity at the right and left sides of the thin barrier
and at the gap to obtain the corresponding dual series relations. Abul-Azm (1996) investigated
the wave re�ection and dynamic displacement of a submerged �exible breakwater and showed
that the proposed submerged breakwaters are generally less e�ective in re�ecting waves than
the surface-piercing breakwaters. The scattering and radiation of surface waves by several types
of permeable vertical porous barriers in �nite water depth were studied by Lee and Chwang
(2000). Sahoo et al. (2000) studied the wave trapping by vertical porous barriers and the
wave generation by vertical porous wavemakers in front of the end-wall of a semi-in�nitely long
channel. With the help of a perturbation analysis, the scattering of water waves by bottom
undulation in the presence of di�erent kinds of thin vertical barriers was solved by Choudhary
and Martha (2016).

The objective of this paper is to extend the work done by Evans and Porter (1995) on
the OWC�water wave interaction by considering oblique incidental waves. This is in order to
analyse its in�uence on the e�ciency bandwidth and thus provide further possibilities to improve
the performance and design of integrated OWC-breakwater systems in various sea states. To
the authors' knowledge, both theoretical and numerical studies for analysing the interaction of
oblique water waves with a 2D integrated OWC-breakwater system have not been examined
in the past. The fundamental hypothesis of the present work is that the angle of incidence
has a signi�cant in�uence on the hydrodynamic e�ciency band as important as the length
of the chamber and front barrier's draft. Therefore, this work examines the two-dimensional
hydrodynamic interaction of oblique water waves with an OWC device.
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Under the potential �ow approach, linear wave theory is employed and the viscous e�ects
and the nonlinear air compressibility are neglected. Two di�erent mathematical techniques are
presented to solve the associated BVP. The �rst one is the well-known semi-analytic matched
EEM which leads to dual series relations to obtain the correct matching conditions at the
front barrier. These relations are solved by a least-squares technique to �nd the amplitudes
of the propagating and evanescent wave modes both upwave and down-wave. The second
one is the BEM, which is a numerical technique based on an integral equation formulation.
The BEM with a second-order discretization will be employed in this work and is used to
compare the results with the ones found from the semi-analytic method. The main objectives
of this work lie a) on the analysis of the bandwidth modi�cation on the e�ciency curves due to
oblique incident waves interacting with an OWC device and b) the reduction on the maximum
hydrodynamic e�ciency due to the trapped air column inside the chamber. Analytical and
numerical calculations for the hydrodynamic e�ciency are presented for a range of di�erent
parameters. Furthermore, analytical and numerical outcomes for particular cases are compared
with previous results obtained by Evans and Porter (1995).

6.2 Problem Formulation

The Cartesian coordinate system was chosen with the x− y plane on the mean position of the
free surface and the z−axis pointing upwards. The origin of the coordinate system is situated on
the undisturbed free surface and the left-rigid vertical wall. The OWC consists of this left-rigid
wall, located at x = 0, and complemented by a vertical, surface-piercing barrier at x = b, with
a draft ha, as shown in Fig. 6.1. The 2-dimensional case is considered, with the OWC being
in�nitely long and parallel to the incoming wave crest. The domain considered was separated
into two regions: Region 1 (0 ≤ x ≤ b,−h ≤ z ≤ 0) and Region 2 (b ≤ x <∞,−h ≤ z ≤ 0). The
front wall is denoted by Lb = {(x, z) : (x = b,−ha ≤ z ≤ 0)}, the gap between the immersed
tip of the front barrier and the sea bottom is given by Lg = {(x, z) : x = b,−h ≤ z ≤ −ha},
the left-rigid wall by Sw = {(x, z) : x = 0,−h < z < 0}, the free surface inside chamber by
Si = {(x, z) : 0 ≤ x ≤ b, z = 0}, the external free surface by Sf = {(x, z) : b ≤ x ≤ ∞, z = 0}
and the �at bottom by Sb = {(x, z) : (0 < x <∞, z = −h)}.

The �uid was assumed to be inviscid and incompressible, and the wave motion was
considered to be represented adequately by the linearized wave theory, disregarding surface
tension e�ects. The wave incidence angle (θ) is de�ned by the angle between x−axis and the
direction of wave propagation. By assuming an irrotational �ow, we de�ne a simple harmonic
in time velocity potential Φ(x, z, t) = Re{ϕ(x, z)e−iωt+iκy}, where Re{ } denotes the real part of
a complex expression, ω is the angular frequency, κ = k sin θ, k is the wavenumber of the plane
progressive wave and t is the time. The spatial velocity potential ϕ then satis�es the Helmholtz
equation

∂2ϕ

∂x2
+
∂2ϕ

∂z2
− κ2ϕ = 0, (6.1)

along with the no-�ow boundary condition on the solid boundaries such as the bottom, the
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Figure 6.1: De�nition sketch of the interaction of an OWC device with oblique waves.

front barrier and the left-rigid vertical wall described by

∂ϕ

∂n
= 0 for (x, z) ∈ Sb, Lb and Sw. (6.2)

Together with the continuity of pressure and horizontal velocity across the vertical plane
separating the �uid regions

ϕ− = ϕ+ and
∂ϕ

∂x−
=
∂ϕ

∂x+
on x = b, −h ≤ z ≤ −ha. (6.3)

A pressure distribution P (t) over the internal free surface is imposed and after considering
simple harmonic motions for the pressure and the free surface

(
P (t), η̄(t)

)
= Re{(p, ζ) e−iωt},

the internal and external linearized free surface boundary conditions are

∂ϕ

∂z
−Kϕ =

 iωp
ρg on z = 0, 0 < x < b,

0 on z = 0, b < x <∞,
(6.4)

respectively, with K = ω2/g, ρ being the seawater density and g the gravitational constant.
The potential is then decomposed into a scattered and a radiated potential as in Evans and

Porter (1995) as follows

ϕ(x, z) = ϕS +
iωp
ρg

ϕR, (6.5)

where the ϕS is the solution of the scattering of an incident wave coming from x = +∞ in the
absence of an imposed pressure on the internal free surface, satisfying Eqs. (6.1)�(6.4) with
p = 0; while ϕR represents the solution of the radiation problem due to an oscillating pressure
distribution imposed on the internal free surface in the absence of incoming waves and satis�es
Eqs. (6.1)�(6.4) with Eq. (6.4) replaced by

∂ϕR

∂z
−KϕR = 1 on z = 0, 0 < x < b. (6.6)
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Additionally, for the di�raction and radiation problems, the Sommerfeld radiation condition
is applied at the right end of the domain as follows:

∂ϕD,R

∂x
− ik cos θϕD,R = 0 as x→ +∞, (6.7)

with ϕD being the di�racted potential that together with the incident potential ϕI composed
the scattered potential ϕS , while k is the wavenumber and real root of the wave dispersion
relation given by

ω2 = gk tanh kh. (6.8)

Similar to the velocity potential, the time harmonic induced volume �ux across the internal
free surface, Q(t) = Re{qe−iωt} is decomposed into scattering and radiation volume �uxes qS

and qR, respectively, across Si as follows

q =

∫
Si

∂ϕ

∂z
dx = qS +

iωp
ρg

qR, (6.9)

and since the continuity of volume �ux should be ensured across the internal free surface and
the gap bellow the barrier tip, we obtain

qS,R =

∫
Si

∂ϕS,R

∂z
dx =

∫
Lg

∂ϕS,R

∂x
dz. (6.10)

Furthermore, the radiation volume �ux qR is decomposed into real and imaginary parts
as follows

iωp

ρg
qR = −

(
B̃ − iÃ

)
p = −Zp, (6.11)

with Z = B̃ − iÃ being a complex admittance, while the real coe�cients Ã and B̃ are related
to the added mass and the radiation damping coe�cients in a rigid body system, respectively
(Evans and Porter; 1995). These coe�cients are then called the radiation susceptance and the
radiation conductance parameters (Evans and Porter; 1995) described by

Ã =
ω

ρg
Re{qR}, (6.12a)

B̃ =
ω

ρg
Im{qR}, (6.12b)

respectively, with Im{ } denoting the imaginary part of a complex expression.
Now, by assuming a linear relationship between the volume �ux through the turbine and

the pressure drop across it (Evans; 1982), we have

q = (Λ− iϱ) p, (6.13)

where Λ is a real control parameter, associated with the linear turbine damping induced to the
air�ow. Air compressibility is modelled assuming a linearized isentropic relationship, with the
trapped air within the chamber being an ideal gas and where the compression-expansion process
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is adiabatic and reversible. Thus, the quantity ϱ = ωV0/ (γpa) represents the compressibility of
the trapped air with V0 being the air volume, γ the speci�c heat ratio of air equal to 1.4 and pa
the atmospheric air pressure (Rezanejad et al.; 2017). After combining Eqs. (6.9), (6.11) and
(6.13), the imposed internal pressure yields

p =
qS

Λ + Z − iϱ
. (6.14)

By averaging over one wave period the total rate of work done by the pressure forces inside
the OWC, Q(t)× P (t), it gives

W =
1

2
Re{pq}, (6.15)

where the horizontal bar (−) denotes the complex conjugate. Now, after using Eqs. (6.9) and
(6.11) in Eq. (6.15) and simplifying, we obtain

W =
1

2
Re
{
p
(
qS − Zp

)}
=

1

2

(
Re{pqS} − B̃|p|2

)
=

|qS |2

8B̃
− B̃

2

∣∣∣∣∣p− qS

2B̃

∣∣∣∣∣
2

, (6.16)

where if B̃−1 exists, the maximum work results

Wmax =
|qS |2

8B̃
, when p =

qS

2B̃
, (6.17)

with Λ = (Z − iϱ) for maximum power.
Combining Eqs. (6.14) and (6.16) gives

W =
|qS |2

8B̃

[
1−

(
|Λ− Z + iϱ|
|Λ + Z − iϱ|

)2
]
. (6.18)

To optimize the power conversion e�ciency, the optimum value of Λ must be determined.
This value is obtained by applying zero value to the derivative for the squared-right term inside
the brackets of Eq. (6.18) with respect to Λ (�entürk and Özdamar; 2012), yielding

Λopt = |Z − iϱ| =
(
B̃2 +

(
Ã+ ϱ

)2)1/2

(6.19)

and substituting the above expression into Eq. (6.18) gives

Wopt =
|qS |2

8B̃

[
1− Λopt − B̃

Λopt + B̃

]
, (6.20)

with Ã, B̃ and Λ being function of the angular frequency ω.
Hence, the expression for the maximum hydrodynamic e�ciency is of the form

ηmax =
Wopt

Wmax
=

2B̃

Λopt + B̃
, (6.21)
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with ηmax in the range of 0 to 1. In the ideal case of ηmax = 1, it indicates that the OWC device
has e�ectively captured all of the incident wave energy, the internal free surface is excited in
a piston-type resonant mode and the PTO damping optimization is satis�ed (Michele et al.;
2019). Such condition will remain if the rate of energy extraction equates to the rate of radiation
damping while the state of resonance in the internal free surface is preserved, which requires
that the radiated waves, superpose and cancel the incident and scattered waves (Morris-Thomas
et al.; 2006).

Following Evans and Porter (1995), we now de�ne the non-dimensionalised quantities µ and
ν as follows

µ =
ρg

ωb
Ã, (6.22a)

ν =
ρg

ωb
B̃, (6.22b)

which represent the radiation susceptance and radiation conductance coe�cients, respectively.
The radiation conductance coe�cient ν represents the energy transfer into the system, while
the radiation susceptance coe�cient µ the energy that remains un-captured (Rezanejad et al.;
2013).

Finally, after substituting the above coe�cients into Eq. (6.21), the hydrodynamic e�ciency
ηmax gives

ηmax =
2[

1 +
(µ
ν + ρg

ωb
ϱ
ν

)2]1/2
+ 1

. (6.23)

This last expression is independent of the incident wave power and only depends on the radiated
volume �ux qR. Now, by neglecting the e�ect of the air compressibility, i.e., ϱ = 0, it gives rise
to the expression previously reported by Evans and Porter (1995)

ηmax =
2[

1 +
(µ
ν

)2]1/2
+ 1

. (6.24)

6.3 Solution method

6.3.1 Matched Eigenfunction Expansion Method

In this subsection, the solution method for the radiation and the scattering problems are
described. First, for the radiation problem, the spatial velocity potentials in the two regions
are expanded in terms of the appropriate eigenfunctions as given by

ϕR1 (x, z) = BR
0 cos kxxΨ0(z) +

∞∑
n=1

BR
n cosh knxxΨn(z)−

1

K
, (6.25a)

ϕR2 (x, z) = AReikx(x−b)Ψ0(z) +

∞∑
n=1

AR
n e

−knx(x−b)Ψn(z), (6.25b)
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for Region 1 and 2, respectively, and where the term −1/K on ϕR2 (x, z) is included to satisfy
Eq. (6.6), while kx =

√
k2 − κ2 and knx =

√
k2n + κ2 for n = 1, 2,... . Additionally, the

eigenfunction Ψn for n = 0, 1,... is given by

Ψn(z) =
1√
Nn

cos kn (z + h) , for n = 0, 1, 2, ..., (6.26)

where

Nn =
1

2

[
1 +

sin 2knh

2knh

]
, for n = 0, 1, 2, .... (6.27)

Wavenumber k indicates the positive real root, and ikn for n ≥ 1 indicates the purely imaginary
roots of the dispersion relation in k given by Eq. (6.8). The coe�cients AR, AR

n for n = 1, 2,...
and BR

n for n = 0, 1,... are the unknown constants to be determined. The eigenfunction Ψn is
orthonormal with respect to the inner product

⟨Ψn,Ψm⟩ = 1

h

∫ 0

−h
Ψn(z)Ψm(z)dz = δnm, (6.28)

with δnm being the Kronecker delta.
On the other hand, regarding the scattering problem, as described previously for

the radiation problem, the velocity potentials are also expanded in terms of appropriate
eigenfunctions. These are expressed as follows

ϕS1 (x, z) = BR
0 cos kxxΨ0(z) +

∞∑
n=1

BR
n cosh knxxΨn(z), (6.29a)

ϕS2 (x, z) =
(
e−ikx(x−b) +Reikx(x−b)

)
Ψ0(z) +

∞∑
n=1

AR
n e

−knx(x−b)Ψn(z), (6.29b)

where the associated eigenvalue and eigenfunction are the same as de�ned above.
The far-�eld behaviour of the radiated and scattered potentials are respectively of the form

ϕR ∼ AReikx(x−b)Ψ0(z), as x→ +∞, (6.30)

ϕS ∼
(
e−ikx(x−b) +Reikx(x−b)

)
Ψ0(z), as x→ +∞, (6.31)

where AR represents the radiated wave amplitude due to the forcing on the internal free surface,
while R being the scattered wave amplitude with |R| = 1 since due to the OWC structure all
the incident wave energy is re�ected (Evans and Porter; 1995).

Application of the second matching condition Eq. (6.3) at x = b with the velocity potentials
described by Eqs. (6.25a) and (6.25b), together with the boundary condition at the barrier, Eq.
(6.2), applied to both velocity potentials, adding their corresponding results and exploiting the
orthonormality of the eigenfunctions as de�ned in Eq. (6.28), results

AR = iBR
0 sin kxb, (6.32a)
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AR
m = −BR

m sinh kmxb, for m ≥ 1. (6.32b)

Next, by using the upstream potential, Eq. (6.25b), Eq. (6.2) at Lb is:

ikxA
RΨ0(z)−

∞∑
n=1

knxA
R
nΨn(z)dz = 0 at the barrier (6.33)

and after subtituting Eqs. (6.25a) and (6.25b) into the �rst matching condition Eq. (6.3) and
making use of Eqs. (6.32a) and (6.32b), yields

(1 + i cot kxb)A
RΨ0(z) +

∞∑
n=1

AR
n (1 + coth knxb)Ψn(z) +

1

K
= 0. (6.34)

Equations (6.33) and (6.34) are known as dual series relations (Sneddon; 1966) and can be
combined to make a single mixed boundary condition. This condition is expressed as F (z) = 0
for −h ≤ z ≤ 0, where

F (z) =

{
ikxARΨ0(z)−

∑∞
n=1 knxA

R
nΨn(z)dz for − ha ≤ z ≤ 0,

(1 + i cot kxb)ARΨ0(z) +
∑∞

n=1A
R
n (1 + coth knxb)Ψn(z) +

1
K for − h ≤ z < −ha.

(6.35)
To determine the AR and AR

n , di�erent techniques such as collocation and least squares can be
employed (Dalrymple and Martin; 1990). Here, the method of minimal squares is implemented,
which requires: ∫ 0

−h
|F (z)|2dz to be minimum. (6.36)

Minimizing the above with respect to the AR
n leads to the following expression∫ 0

−h
F
∂F (z)

∂AR
n

dz = 0, for m ≥ 0, (6.37)

where F is the complex conjugate of F . This condition of minimum integral can also expanded
as: ∫ −ha

−h
F
∂F (z)

∂AR
n

dz +

∫ 0

−ha

F
∂F (z)

∂AR
n

dz = 0, for m ≥ 0, (6.38)

where from Eq. (6.35), we obtain

∂F (z)

∂AR
= ikxΨ0(z),

∂F (z)

∂AR
n

= −knxΨn(z), for − ha ≤ z ≤ 0, (6.39a)

∂F (z)

∂AR
= (1 + i cot kxb)Ψ0(z),

∂F (z)

∂AR
n

= (1 + i coth knxb)Ψn(z), for − h ≤ z < −ha.

(6.39b)
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After substituting Eqs. (6.39) and the conjugate of F (z) from Eq. (6.35), into Eq. (6.38),
the following expressions are then obtained:

AR

[(
1 + cot2 kxb

)∫ −ha

−h
Ψ0(z)Ψ0(z)dz + k2x

∫ 0

−ha

Ψ0(z)Ψ0(z)dz

]
+

∞∑
n=1

AR
n

[
(1 + i cot kxb) (1 + coth knxb)

∫ −ha

−h
Ψn(z)Ψ0(z)dz + ikxknx

∫ 0

−ha

Ψn(z)Ψ0(z)dz

]
+

1

K
(1 + i cot kxb)

∫ −ha

−h
Ψ0(z)dz = 0, (6.40a)

AR

[
(1 + i cot kxb) (1 + coth kmxb)

∫ −ha

−h
Ψ0(z)Ψm(z)dz − ikxkmx

∫ 0

−ha

Ψ0(z)Ψm(z)dz

]
+

∞∑
n=1

AR
n

[
(1 + coth knxb) (1 + coth kmxb)

∫ −ha

−h
Ψn(z)Ψm(z)dz + knxkmx

∫ 0

−ha

Ψn(z)Ψm(z)dz

]
+

1

K
(1 + cot kmxb)

∫ −ha

−h
Ψm(z)dz = 0, for m ≥ 1. (6.40b)

By truncating Eqs. (6.40) to Nem terms and solving for the Nem values of AR
n simultaneously,

a complex (Nem + 1) × (Nem + 1) system of equations for the determination of the unknowns
is then obtained. Finally, a similar solution procedure as described above can be used for the
scattering problem.

6.3.2 Boundary Element Method

Boundary integral equation

In this subsection, our focus is the BEM to solve the associated BVP in the frequency domain.
The boundary integral equation for the representation of the Helmholtz expression (Eq. 6.1) is
given by

α(P̄ )ϕ(P̄ ) +

∫
Γ
ϕ(q̄)

∂ψ(P̄ , q̄)

∂nq̄
dΓq̄ =

∫
Γ
ψ(P̄ , q̄)

∂ϕ(q̄)

∂nq̄
dΓq̄, (6.41)

with ϕ being the unknown velocity potential; ∂ϕ/∂n is the derivative of the potential relative

to normal unit vector on the boundary Γ; P̄ (x, z) and q̄
(
ξ̂, η̂
)
are, respectively, the source

and �eld points inside the domain Ω; dΓ is the length of an in�nitesimal piece of Γ; ψ and
∂ψ/∂n represent, respectively, the fundamental solution of Helmholtz equation and its normal
derivative at point q̄ of the boundary; and the parameter α = ϑ/2π, with ϑ being the angle in
radians between points P̄ and q̄ (Katsikadelis; 2002).

The fundamental solution of Helmholtz equation is

ψ =
K0 (kr sin θ)

2π
, (6.42)
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where K0 being the zeroth-order modi�ed Bessel function of the second kind and r =√(
x− ξ̂

)2
+ (z − η̂)2 is the distance between the source P̄ and the arbitrary point q̄. This

expression satis�es Eq. (6.1) and it could also have been written in terms of Hankel functions
(Brebbia and Dominguez; 1992).

For the case of normal incidence, the spatial velocity potential ϕ satis�es the Laplace
equation

∂2ϕ

∂x2
+
∂2ϕ

∂z2
= 0, (6.43)

whose fundamental solution is given by

ψ =
1

2π
ln r. (6.44)

Discretization of the boundary integral equation

By subdividing the boundary of the computational domain into NE boundary elements, Eq.
(6.41) can then be discretized as

αiϕi +

NE∑
j=1

∫
Γ
ϕ
∂ψ

∂n
dΓ =

NE∑
j=1

∫
Γ
ψ
∂ϕ

∂n
dΓ. (6.45)

with i indicating the boundary node, while j the boundary element. In the above expression,
the values of ϕ and ∂ϕ/∂n are assumed to have a three-noded quadratic variation on each
element. For this purpose, these variables are written in terms of interpolation functions, φ̂1,2,3,
as a function of a homogeneous coordinate ξ, thus

ϕ(ξ) = φ̂1ϕ
1 + φ̂2ϕ

2 + φ̂3ϕ
3, (6.46a)

∂ϕ(ξ)

∂n
= φ̂1

∂ϕ1

∂n
+ φ̂2

∂ϕ2

∂n
+ φ̂3

∂ϕ3

∂n
, (6.46b)

whilst the variation of the x and z coordinates in terms of ξ is given by

x = φ̂1x
1 + φ̂2x

2 + φ̂3x
3, (6.47a)

z = φ̂1z
1 + φ̂2z

2 + φ̂3z
3, (6.47b)

and the interpolation functions are of the form

φ̂1 =
1

2
ξ (ξ − 1) , φ̂2 =

1

2
(1− ξ) (1 + ξ) , φ̂3 =

1

2
ξ (1 + ξ) , (6.48)

with ξ varying from -1 to 1 and where the superscript indicates the number of the node. After
using Eqs. (6.46a) and (6.46b), the integrals from Eq. (6.45) can be written as

∫
Γj

ϕ
∂ψ

∂n
dΓ =

[∫
Γj

φ̂1
∂ψ

∂n
dΓ,

∫
Γj

φ̂2
∂ψ

∂n
dΓ,

∫
Γj

φ̂3
∂ψ

∂n
dΓ

]
·


ϕ1

ϕ2

ϕ3

 , (6.49)
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and ∫
Γj

ψ
∂ϕ

∂n
dΓ =

[∫
Γj

φ̂1ψdΓ,

∫
Γj

φ̂2ψdΓ,

∫
Γj

φ̂3ψdΓ

]
·


∂ϕ1

∂n
∂ϕ2

∂n
∂ϕ3

∂n

 . (6.50)

To compute the above integrals, the calculation of the Jacobian is required since they are a
function of Γ, while the interpolation functions are ξ-dependent. Thus, we have

dΓ =

√(dx
dξ

)2

+

(
dz

dξ

)2
 dξ = |J |dξ, (6.51)

where the Jacobian J can now be inserted into Eqs. (6.49)-(6.50).
Hence, the discretized boundary integral expression (Eq. 6.45) can be written as

αiϕi +
NE∑
j=1

[
hij1 , h

ij
2 , h

ij
3

]
·


ϕ1

ϕ2

ϕ3


j

=
NE∑
j=1

[
gij1 , g

ij
2 , g

ij
3

]
·


ϕ1n
ϕ2n
ϕ3n


j

, (6.52)

with

hijk =

∫ 1

−1
φ̂k(ξ)

∂ψ

∂n
|J |dξ, (6.53a)

gijk =

∫ 1

−1
φ̂k(ξ)ψ|J |dξ, (6.53b)

where k = 1, 2 and 3, whilst the integrals hijk and gijk are computed by applying a 10-point
Gaussian quadrature rule. Details of the above theory can be found in Dominguez (1993).

We now de�ne the arrangement for �uxes and potentials on each element. As in Dominguez
(1993), �uxes hold a unique nodal value on every element so the possibility of having di�erent
values between adjoining elements is considered, while velocity potentials always hold a unique
value in the connection between two adjoining elements. Hence, �uxes are arranged in a 3×NE
array while velocity potentials in an N array, where N is the number of nodes equal to 2NE
for closed boundaries. This leads to the following representation of Eq. (6.52) as

αiϕi +
[
Ĥ i1, ... Ĥ iN

]
·


ϕ1

...
ϕN


j

=
[
Gi1, ... GiNE

]
·



ϕ1nϕ2n
ϕ3n


1

...ϕ1nϕ2n
ϕ3n


NE



j

, (6.54)
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Figure 6.2: BVP discretization. (a) Two-region domain. (b) Discretization of the two
regions.

where the coe�cients Ĥ ij are equal to the h1 term of a j−element plus the h3 term of the
(j − 1)−element for odd nodes, while for central nodes the coe�cients Ĥ ij are equal to the
h2 term of the corresponding j element. The coe�cients Gij are 1×3 matrices de�ned by[
gij1 , g

ij
2 , g

ij
3

]
. Then, Eq. (6.54) can be simpli�ed as

HΦ = GΦn, (6.55)

with H and G being square (N ×N) and rectangular (N × 3NE) matrixes, respectively, while
Φ and Φn are vectors with dimensions N × 1 and 3NE × 1, respectively.

Matching of the subdomains

The two-region domain with a common boundary on the gap below the front barrier is shown
in Fig. 6.2a. Following Rezanejad et al. (2013), the method of subdomains is used to match the
regions and to avoid numerical instabilities associated with the considered thin front wall of the
OWC device. Thus, aiming to match the regions, the continuity of velocity potential and �ux
at the common interface should be made (Katsikadelis; 2002; Becker; 1992). For this purpose,
the nodes in the common interface Γ12 of Regions 1 and 2 are assumed to be in perfect contact,
Fig. 6.2b. These continuity velocity potential and �ux conditions are

Φ1
12 = Φ2

12. (6.56a)

Φn
1
12 = −Φn

2
12, (6.56b)

respectively.
Then, boundary conditions de�ned by Eqs. (6.2), (6.4), (6.6) and (6.7), are inserted into

Eq. (6.52) and the known variables are shifted to the right-hand side while the unknowns to
the left-hand side. Thus, the following matrix is obtained

[A] {X} = {B}, (6.57)
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Table 6.2: Values of the maximum hydrodynamic e�ciency ηmax, radiation susceptance
coe�cient µ and radiation conductance coe�cient ν computed for di�erent number of
evanescent modes Nem with ha/h = 0.125, b/h = 1.0 and θ = 0◦.

Nem
Kh = 0.5 Kh = 1.5 Kh = 2.5 Kh = 3.5

ηmax µ ν ηmax µ ν ηmax µ ν ηmax µ ν

5 0.8324 0.7625 0.7753 0.9884 -0.2205 1.0109 0.5842 -0.4923 0.2230 0.8294 0.0989 0.0993
10 0.8332 0.7657 0.7811 0.9868 -0.2391 1.0282 0.5761 -0.4948 0.2189 0.8042 0.1336 0.1214
20 0.8336 0.7670 0.7837 0.9862 -0.2480 1.0421 0.5728 -0.4964 0.2175 0.7909 0.1726 0.1493
30 0.8343 0.7644 0.7835 0.9864 -0.2474 1.0445 0.5750 -0.4955 0.2185 0.8016 0.1687 0.1518
40 0.8337 0.7672 0.7843 0.9863 -0.2492 1.0505 0.5732 -0.4972 0.2181 0.7945 0.1957 0.1715
50 0.8337 0.7672 0.7843 0.9863 -0.2490 1.0509 0.5733 -0.4976 0.2182 0.7923 0.1990 0.1729
60 0.8337 0.7672 0.7841 0.9864 -0.2484 1.0512 0.5735 -0.4973 0.2184 0.7901 0.2017 0.1739
70 0.8336 0.7671 0.7839 0.9865 -0.2479 1.0513 0.5738 -0.4974 0.2185 0.7890 0.2027 0.1741

where [A] is a square matrix of dimensions N×N ; {X} is a N×1 vector containing the unknown
values of the velocity potential or �uxes on the boundaries and the common interface; and {B}
is a known vector of dimension N × 1 (Dominguez; 1993).

6.4 Convergence study

Before performing the numerical calculations, a convergence analysis for both EEM and
BEM was carried out. First, in Table 6.2, the results obtained by the matched EEM for the
maximum hydrodynamic e�ciency ηmax, radiation susceptance µ and radiation conductance
ν for di�erent values of the non-dimensional frequency Kh(= 0.5, 1.5, 2.5 and 3.5) are given.
The choice of the number of evanescent modes Nem must be done carefully, as small values for
Nem lead to truncation errors especially when large incidence wave angles are considered. From
Table 6.2 it is observed that around 50-60 evanescent modes are enough to ensure convergence
of the analytical results within three decimal places. Thus, in the present calculations, Nem in
a range between 50-60 is employed. Then, in Table 6.3, the results of ηmax, µ and ν for the
same Kh values are given for di�erent number of nodes N . In this case, around 528 nodes (264
quadratic elements) ensure enough convergence of the numerical results within three decimal
places. Therefore, 528 nodes are selected to discretize the BVP.

6.5 Validation

To validate the analytical and numerical methods described here, the numerical results
for the limiting case of Evans and Porter (1995) were used. In Figs. 6.3a and 6.3b, in the
case of b/h = 1.0 for ha/h(= 0.125, 0.5) and ha/h = 0.5 for b/h(= 0.25, 0.5), respectively,
the hydrodynamic e�ciency results obtained by the present formulations were compared with
the corresponding results of Evans and Porter (1995) for an OWC device with a horizontal
topography and normal wave propagation. The black dots in Figs. 6.3 depict the results of
Evans and Porter (1995), whereas the blue dashed line represents the results calculated by the
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Table 6.3: Values of the maximum hydrodynamic e�ciency ηmax, radiation susceptance
coe�cient µ and radiation conductance coe�cient ν computed for di�erent number of
nodes N with ha/h = 0.125, b/h = 1.0 and θ = 45◦.

N
Kh = 0.5 Kh = 1.5 Kh = 2.5 Kh = 3.5

ηmax µ ν ηmax µ ν ηmax µ ν ηmax µ ν

400 0.6911 1.0190 0.6335 0.9774 0.4341 1.4103 0.9283 -0.6068 1.0516 0.5964 -0.5430 0.2549
432 0.6914 1.0151 0.6317 0.9776 0.4309 1.4058 0.9277 -0.6063 1.0455 0.5950 -0.5404 0.2526
464 0.6917 1.0118 0.6302 0.9777 0.4281 1.4021 0.9271 -0.6058 1.0403 0.5938 -0.5382 0.2507
496 0.6920 1.0090 0.6290 0.9779 0.4258 1.3988 0.9267 -0.6054 1.0358 0.5927 -0.5363 0.2490
528 0.6922 1.0066 0.6279 0.9780 0.4238 1.3960 0.9263 -0.6050 1.0320 0.5919 -0.5346 0.2476
560 0.6924 1.0045 0.6270 0.9781 0.4220 1.3936 0.9259 -0.6046 1.0287 0.5911 -0.5332 0.2464
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Figure 6.3: Maximum hydrodynamic e�ciency versus non-dimensional frequencies Kh
with θ = 0◦. Comparison with previous results obtained by Evans and Porter (1995) (a)
For b/h = 1.0 and ha/h = 0.125 and 0.5. (b) For ha/h = 0.5 and b/h = 0.25 and 0.5.

EEM and the black dashed line the results obtained by the BEM. It can be seen that in both
�gures the results are in good agreement.

6.6 Results and Discussion

In this section, numerical results based on previously discussed EEM and BEM are presented.
The e�ects of the incidence wave angle, the chamber con�guration and the linearized air
compressibility on the maximum hydrodynamic e�ciency are commented. In the case of the
BEM, to minimize the e�ect of local disturbances at the far-�eld boundary, a distance of 4
times the water depth h between the front barrier and the far-�eld boundary was considered.
In both formulations, the water depth was 7.90 m as in Medina Rodríguez et al. (2020) with a
wave period T bounded by 2.50 ≤ T ≤ 30 s.
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6.6.1 E�ect of the angle of incidence

The analytical and numerical results of the maximum hydrodynamic e�ciency ηmax versus the
non-dimensional frequency Kh for di�erent angles of incidence θ(= 15◦, 30◦, 45◦, 60◦ and 75◦)
are shown in Figs. 6.4a�c. In these �gures, it is observed that the greater the angle of incidence
θ, the smaller the incoming wave period at which the OWC resonates. It is also observed that
with an increase in θ, the bandwidth of the e�ciency curves is increased. This aspect of the
e�ciency curves may be bene�cial when selecting the location of an integrated OWC-breakwater
system. In practice, an OWC device with a range of frequency bandwidth coincident with the
most predominant wave period and direction of a particular location can make better use of
the available wave energy. On the other hand, it is observed that, in general, the analytical
and numerical results are in good agreement, especially for small frequencies and when a short
wave angle of incidence is considered.

The variations of the maximum hydrodynamic e�ciency versus the angle of incidence θ
in the range of 0◦ ≤ θ ≤ 90◦ for di�erent values of Kh(= 0.625, 1.25 and 2.50) are shown in
Figs. 6.5a�c. It is observed that for small frequencies, ηmax drops as θ tends to 90◦, while
for large values of Kh, the curves �rst increase up to a peak and then drop. Furthermore, as
expected, the maximum hydrodynamic e�ciency becomes zero when θ = 90◦ due to the null
excitation of the inside water column by the parallel incident waves.

The analytical results of ηmax versus the non-dimensional frequency Kh and the angle of
incidence θ are shown in Figs. 6.6a�f. In these �gures, the previous results from Figs. 6.4
and 6.5 are also shown with their corresponding curves and labels. First, in Figs. 6.6a�b,
two zones with high values of the hydrodynamic e�ciency are observed. The �rst one, with
a boomerang-shaped, is due to large motions in the internal water column that occur when
the �uid is excited by the incident wave into a resonant piston-like motion (Evans and Porter;
1995). This red-big zone of peak hydrodynamic e�ciency may provide valuable information
for the e�cient harnessing of wave energy of OWC devices since, as previously mentioned, an
integrated OWC-breakwater system can be designed to coincide with the prevailing wave climate
of a particular location and thus to optimize the use of the available wave energy resource. On
the other hand, the second red zone, located on the left corner for relatively small angles of
incidence (0◦ ≤ θ ≤ 40◦), is due to the excitation into an antisymmetric sloshing mode on the
internal free surface produced by the incident wave frequency. In this situation, the sloshing
frequencies occur at values of the dimensionless wavenumber kb = nπ, with n being the sloshing
mode. For this case, it is observed that this peak in ηmax due to the �rst sloshing frequency
occurs close to Kh ≈ π.

Then, in Figs. 6.6c�d for ha/h = 0.25 with b/h = 0.5 and Figs. 6.6e�f for ha/h = 0.5
with b/h = 0.75 a single red zone of high maximum hydrodynamic e�ciency is observed. In
comparison with the one observed in Figs. 6.6a�b, these two red areas are smaller. This is
because a higher front wall draft to water depth ratios ha/h were considered, and a smaller gap
leads to a narrower range of frequency bandwidth as it reduces the energy transfer near the free
surface due to wave motion.
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Figure 6.4: Maximum hydrodynamic e�ciency versus Kh for di�erent incidence wave
angles θ. (a) For ha/h = 0.125 and b/h = 1.0. (b) For ha/h = 0.25 and b/h = 0.5. (c)
For ha/h = 0.5 and b/h = 0.75.
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Figure 6.5: Maximum hydrodynamic e�ciency versus θ with Kh = 0.625, 1.25 and 2.50.
(a) For ha/h = 0.125 and b/h = 1.0. (b) For ha/h = 0.25 and b/h = 0.5. (c) For
ha/h = 0.5 and b/h = 0.75.
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Figure 6.6: Maximum hydrodynamic e�ciency as function of θ and Kh. (a)-(b) For
ha/h = 0.125 and b/h = 1.0. (c)-(d) For ha/h = 0.25 and b/h = 0.5. (e)-(f) For
ha/h = 0.5 and b/h = 0.75.
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6.6.2 E�ect of the chamber con�guration

Figures 6.7a, c and e plot the results of ηmax versus the non-dimensional frequency Kh for
various wall-to-front barrier spacing ratios b/h(= 1, 1/2, 1/4 and 1/8). Similar to the case when
normal wave incidence is considered (Evans and Porter; 1995), in these plots, it is observed that
for a longer chamber relative to the water depth, the frequency at which resonance occurs is
smaller. This is because, with an increase in the OWC chamber length, the water particle
motions inside the chamber during one period of motion also increase, thus decreasing the value
of the non-dimensional frequency Kh at which resonance occurs. As previously reported by
Evans and Porter (1995) and Rezanejad et al. (2013), large heaving motions inside the chamber
occur when the internal water column is excited by the incident wave into a resonant piston-
type motion. For normal incidence, the natural frequency of these large oscillations can be
reasonably estimated for small values of b/h, so the water contained inside the chamber can be
regarded as a solid body. By using a simple hydrostatic approach, it results that the expected
resonance occurs at Kh ≈ h/ha. These resonances are supposed to occur at Kh = 8, Kh = 4
and Kh = 2, for Figs. 6.7a, c and e, respectively. On the other hand, Figs. 6.7b, d and f show
the results of ηmax versus the non-dimensional frequency Kh for di�erent submergence ratios
ha/h(= 0.125, 0.25, 0.5 and 0.75). Similar to the case when b/h increases, when the front wall
draft to water depth ratio ha/h increases, it allows a larger �uid motion inside the chamber and
the vertical distance a water �uid particle must travel during a period of oscillation increases;
therefore, the frequency at which resonance occurs is smaller.

6.6.3 In�uence of the trapped air inside the OWC chamber

The analytical and numerical results for the maximum hydrodynamic e�ciency versus Kh
for di�erent air column height to chamber length ratio hc/b(= 0.5, 1.0 and 1.5) are shown in
Fig. 6.8a. For the calculation of the trapped air volume V0, the chamber width was kept �xed
during the calculations and, based on the physical dimensions of a single chamber of the MWEP
(Medina Rodríguez et al.; 2020), a value of 1.5 times b was considered. In Fig. 6.8a, it is found
that as hc/b increases, the overall hydrodynamic e�ciency decreases; in other words, as air
compressibility (accounted for by the isentropic model) is taken into account, less energy from
the waves is absorbed. This can also be clearly inferred from Eq. (6.23), where it is seen that
as the air volume inside the chamber increases, the optimum damping induced to the air�ow
by the linear turbine also increases, and hence ηmax decreases.

Since air compressibility in the OWC chamber is known to greatly a�ect the power output
of full-sized devices, it must be addressed in all the preliminary stages of OWC system design
(Falcão and Henriques; 2019). The e�ect of air compressibility is known to increase with
chamber height above the water free surface, so it should not be neglected in full-scale devices
with chamber heights of several meters (Sarmento and Falcão; 1985) since signi�cant errors in
determining the device performance may result (López et al.; 2020). However, as explained by
Sarmento and Falcão (1985), it should be pointed out that due to viscous losses in the �ow
through the turbine, air compression and expansion are more complicated and likely to deviate
considerably from an isentropic process, as considered in this work.
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Figure 6.7: Maximum hydrodynamic e�ciency versus Kh for di�erent wall to front
barrier spacing ratios b/h and for di�erent submergance ratios ha/h. (a) For ha/h =
0.125 and θ = 45◦. (b) For b/h = 1.0 and θ = 45◦. (c) For ha/h = 0.25 and θ = 30◦.
(d) For b/h = 0.5 and θ = 30◦. (e) For ha/h = 0.5 and θ = 15◦. (f) For b/h = 0.75 and
θ = 15◦.
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Figure 6.8: Maximum hydrodynamic e�ciency with ha/h = 0.125 and b/h = 1.0. (a)
Versus Kh for di�erent air column ratios hc/b and θ = 45◦. (b) Versus Kh for di�erent
angles of incidence θ with hc/b = 1.0. (c) Versus Kh and θ with hc/b = 1.0.
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On the other hand, in Fig. 6.8b, the hydrodynamic e�ciency versus Kh for di�erent values
of the wave angle of incidence θ(= 15◦, 30◦, 45◦, 60◦ and 75◦) with hc/b = 1.0 is shown. As in
Fig. 6.4a, it is observed that the e�ciency band increases when θ increases, with a positive
sloped trend for very high angles. Additionally, under the in�uence of linear air compressibility,
numerical and analytical results in Fig. 6.8b show that the maximum hydrodynamic e�ciency
peak value decreases when less oblique water waves interact with the OWC chamber. Finally,
Fig. 6.8c shows the analytical results for the variation of the maximum hydrodynamic e�ciency
as a function of the angle of incidence θ and the non-dimensional frequency Kh, together with
the curves from Fig. 6.8b for hc/b = 1.0. Compared with Fig. 6.6a, in Fig. 6.8c it is easier to
observe the damping e�ect of the linearised air compressibility on the e�ciency since the peaks
on ηmax are signi�cantly reduced when the phenomena of resonance due to the excitation of
the OWC and sloshing occur.

As mentioned before, a theoretical value of ηmax = 1 means that the OWC device
successfully captures all the incident wave energy. However, this is not achievable in practice,
since dissipative energy processes such as the generation of radiated waves by the oscillatory
water motion inside the chamber, the scattering of waves produced by the water waves-OWC
device interaction, viscous dampings, among others, occur (Ning et al.; 2015). In this sense,
investigations such as those carried out by Ning et al. (2015); Ning, Wang, Zou and Teng
(2016); Ning, Wang, Gou, Zhao and Teng (2016); Wang et al. (2018); Wang and Ning (2020)
have satisfactorily accounted for the energy losses due to vortex shedding and �ow separation,
which occurs near the front wall, by introducing an arti�cial viscous damping term into the
dynamic free surface boundary condition inside the OWC chamber.

6.7 Conclusions

The e�ects on the maximum hydrodynamic e�ciency due to the wave angle of incidence
and the chamber con�guration of an OWC device were analyzed. The matched EEM using
dual series relations and the BEM with three-noded quadratic elements were employed to
solve the associated BVP. Comparisons were performed between these two methods and an
optimal agreement was achieved, especially for relatively small angles of incidence. Apart
from its simplicity, the use of the least-squares technique for solving the dual series relations
demonstrates to be an e�cient method for the calculation of the hydrodynamic e�ciency
of an OWC device when a thin front wall is considered. However, the choice of evanescent
modes in the EEM must be done carefully, as a small number of them may lead to truncation
errors when large angles of incidence at high frequencies are considered. Furthermore, the
theoretical cases addressed by Evans and Porter (1995) for a thin front wall in the case of normal
wave incidence were satisfactorily recovered by both analytical and numerical formulations.
Analytical and numerical calculations for the maximum hydrodynamic e�ciency were then
obtained and analyzed for di�erent physical con�gurations.

The results revealed that by increasing the wave angle of incidence, the bandwidth of the
e�ciency curves and the wave frequency at which resonance occurs both increase. This can
be an important characteristic for the wave energy extraction since in a real scenario OWC
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devices receive incoming waves at varying angle. As expected, it was observed that for water
wave propagation parallel with respect to the OWC chamber, the maximum hydrodynamic
e�ciency is zero due to the null excitation of the internal water column by the parallel incident
waves. Furthermore, it was observed a signi�cant area of high hydrodynamic e�ciency that
provides the possibility of a more e�cient wave energy extraction depending on the diverse
incoming wave directions and frequencies of a particular site. The e�ect of the air volume
inside the chamber was analyzed by modifying the trapped air volume and it was found that
the maximum hydrodynamic e�ciency is reduced when the air volume increases. For oblique
waves, when the OWC chamber length-water depth ratio (b/h) is decreased, the wave period
of maximum hydrodynamic e�ciency is shorter, a similar trend to that reported by Evans
and Porter (1995) for normal wave incidence. Regarding the e�ect of the front wall draft, the
maximum hydrodynamic e�ciency bandwidth signi�cantly increases when the front wall draft
to water depth ratio (ha/h) decreases.

Additionally, special consideration should be given to the fact that a thin front barrier
was considered in this work. In practice, thin front barriers cannot provide protection to OWC
systems since they are continuously subjected to high loads due to direct wave action, especially
during severe storm events and times of high water levels (Viviano et al.; 2016; Pawitan et al.;
2019; Viviano et al.; 2019; Pawitan et al.; 2020; Medina-Lopez et al.; 2015). This paper is only
an analytical and numerical investigation on the OWC hydrodynamic performance based on
linear wave theory. Further theoretical investigations and experimental campaigns that include
other geometrical aspects, energy losses through viscous dissipation, non-linearities on the air
compressibility and the turbine damping should be carried out in the future. Finally, it is
hoped that the results of this work may encourage the further study of the OWC technology
and provide valuable information for e�cient wave energy harnessing.
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Chapter 7

The In�uence of the Chamber

Con�guration on the E�ciency of a

Fixed-Detached OWC Device

As discussed in the previous chapters, employing a narrow front barrier in a �xed OWC
device is more bene�cial in terms of a broader frequency range for wave energy absorption.
However, during severe storm events, the front barrier is subjected to large stresses owing to
direct wave action, and a narrow front wall cannot o�er protection to the entire system. This
structural element should thus be carefully studied to enable e�cient wave energy harvesting
and coastal protection, especially when OWC systems are proposed to be incorporated into
maritime structures such as breakwaters.

The incorporation of an OWC device into a �xed-detached breakwater (hereafter referred
to as a �xed-detached OWC device) has several advantages: construction and maintenance
costs are shared; energy absorption into the OWC collecting chamber contributes to coastal
protection; allows the exchange of water and sediment between their seaside and lee side; and
is less sensitive to water depth than that of conventional systems. For these reasons, this
chapter seeks to �nd an answer to the following research question: How does the con�guration
of the front and back walls impact the performance of a �xed-detached OWC device?

This chapter consists of the published journal article:

Medina Rodríguez A.A., Silva Casarín R., Blanco Ilzarbe J.M. (2021). �A theoretical study

of the hydrodynamic performance of an asymmetric �xed-detached OWC device�. Water. 13:
2637. https://doi.org/10.3390/w13192637.
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A theoretical study of the hydrodynamic performance of an asymmetric

�xed-detached OWC device

Ayrton Alfonso Medina Rodríguez, Rodolfo Silva Casarín and Jesús María Blanco Ilzarbe

Abstract

The chamber con�guration of an asymmetric, �xed-detached Oscillating Water Column
(OWC) device was investigated theoretically to analyze its e�ects on hydrodynamic perfor-
mance. Two-dimensional linear wave theory was used, and the solutions for the associated
radiation and scattering boundary value problems (BVPs) were derived through the matched
eigenfunction expansion method (EEM), and the boundary element method (BEM). The results
for the hydrodynamic e�ciency and other important hydrodynamic properties were computed
and analyzed for various cases. Parameters, such as the length of the chamber and the thickness
and submergence of the rear and front walls were varied. The e�ects on device performance of
adding a step under the OWC chamber and re�ecting wall in the downstream region were also
investigated. A good agreement between the analytical and numerical results was found. Thin-
ner walls and low submergence of the chamber were seen to increase the e�ciency bandwidth.
The inclusion of a step slightly reduced the frequency at which resonance occurs, and when a
downstream re�ecting wall is included, the hydrodynamic e�ciency is noticeably reduced at low
frequencies due to the near trapped waves in the gap between the OWC device and the rigid
vertical wall.

7.1 Introduction

Ocean wave energy is renewable and pollution-free, resource with the potential to mitigate the
e�ects of global warming and contribute to meet the world's growing demand for electricity.
This globally available energy source is estimated at about 2.1 TW (Gunn and Stock-Williams;
2012), or 18 400 TWh per year, approximately 80% of the 2018 world's demand for electricity
(Calheiros-Cabral et al.; 2020). By use of wave energy converters (WECs), this energy source
can be collected and transformed into electricity. In recent decades a broad range of WEC
technologies has been proposed, with the Oscillating Water Column (OWC) device emerging as
one of the most successful systems for wave energy harvesting.

The OWC di�ers from other technologies in its simple operating principle and adaptability
for a range of locations (on the coastline, in the nearshore region or o�shore). Thus, OWC
systems have been researched most often, with full-scale prototypes being developed a number of
times (Falcão; 2010). The system essentially consists of two components: a partially submerged
hollow structure into which water enters through a bottom opening, and a Power Take-O�
(PTO) mechanism, which converts the wave energy into electrical energy. Typically, the PTO
system is a Wells turbine, which is the only moving element of the mechanism and which is
above the level of the seawater to avoid direct exposure. The hollow chamber has a water
column and an air column. The working principle is analogous to a piston in a cylinder; the
trapped water inside is forced to oscillate up and down by the wave action. This alternately
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compresses and rare�es the air, trapped above the water column, and drives the air�ow back
and forth across the turbine in a duct that is coupled to a generator (Falcão and Henriques;
2016).

In an OWC system, wave energy is absorbed by a hydrodynamic mechanism involving
relatively complex di�raction and radiation wave processes (Falcão; 2010). In recent years, many
researchers have studied the hydrodynamic performance of the OWC device using theoretical
analysis, experimental tests and numerical simulations. Pioneering studies of wave energy
absorbers based on rigid body models were performed by Evans (1976, 1981); Mei (1976); Falnes
and McIver (1985). Earlier, studies of the parameters a�ecting the hydrodynamic e�ciency of
land �xed OWC devices were conducted by Evans and Porter (1995, November 1997); Wang
et al. (2002); Morris-Thomas et al. (2006); �entürk and Özdamar (2012); Rezanejad et al.
(2013).

Pile-supported OWC structures, with hydrodynamic behavior similar to �xed-detached
devices, have been widely studied as a means of extracting wave energy for electricity generation
and reducing wave transmission, mainly through the mechanisms of wave re�ection (Sarmento;
1992; Iturrioz et al.; 2014, 2015; He and Huang; 2016; He et al.; 2016, 2019; Sundar and
Sannasiraj; 2021). The performance of pile-supported and land-�xed OWC devices were
analyzed in experiments by Sarmento (1992). A pile-supported OWC-type breakwater was
experimentally investigated by He et al. (2016). They found that greater pneumatic damping
increased energy extraction, but that with less pneumatic damping energy dissipation was more
e�cient in vortex-induced energy loss. He and Huang (2016) investigated the hydrodynamic
performance of a pile-supported OWC structure in front of a vertical wall, demonstrating
that this system can serve as a wave absorber to reduce the wave re�ection from vertical
walls. He et al. (2019) employed the matched EEM to investigate the hydrodynamics of
a pile-supported OWC breakwater. Their results showed that by adjusting PTO damping
for maximum power, adequate power extraction and wave transmission is possible, whereas
optimizing PTO damping for minimal wave transmission signi�cantly lowers power extraction.
The combined e�ect of the chamber geometry and wave conditions on the performance of �xed-
detached and asymmetric OWC devices was investigated by Simonetti et al. (2017). Qu et al.
(2021) performed experimental tests to study an integrated OWC-pile-supported permeable
breakwater and found that, compared with a non-permeable scheme, wave power generation
and environmental protection performance were better.

Extensive investigations have been conducted on o�shore �xed OWC system performance
(Elhana�, Fleming, Macfarlane and Leong; 2017a; Elhana�, Macfarlane, Fleming and Leong;
2017; Elhana�, Fleming, Macfarlane and Leong; 2017b; Elhana� and Kim; 2018; Zabihi et al.;
2019). Elhana�, Macfarlane, Fleming and Leong (2017) performed both experimental test and
numerical simulations of a 3D o�shore stationary OWC device subjected to regular waves.
They showed that the total power extraction e�ciency of an o�shore OWC is considerably
overestimated by 2D and wave �ume modelling, especially for wave frequencies greater than the
chamber resonant frequency. Elhana�, Fleming, Macfarlane and Leong (2017b) investigated
the e�ects of the underwater front and rear lips on the hydrodynamic performance of an
o�shore stationary OWC, using a computational �uid dynamics (CFD) model. They concluded
that by selecting an appropriate submergence ratio of the asymmetric lips and lip thickness,
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the total hydrodynamic e�ciency is considerably increased for a broad bandwidth frequency.
Experimental tests were carried out by Zabihi et al. (2019) on a �xed o�shore OWC model to
study the e�ect of the wave spectrum shape on its e�ciency. An analytical model to analyze
the e�ects of a skirt on an OWC device integrated into an o�shore wind turbine monopile
was carried out by Michele et al. (2019). Through both experimental tests and numerical
simulations, Deng et al. (2019) studied the hydrodynamic performance of an o�shore-stationary
OWC device with an immersed horizontal bottom plate. By means of the EEM, Deng et al.
(2020) made a theoretical study of an asymmetric, o�shore-stationary OWC device with an
outstretched bottom plate. They found that the bottom plate provides an additional resonance
mechanism that can be adjusted to o�er a wider bandwidth with high performance.

There is still a lot to be investigated regarding the improvement of the hydrodynamic
e�ciency of �xed-detached OWC devices by modifying the geometric parameters of the chamber.
To the best of the authors' knowledge, a theoretical study into the interaction of water waves
with a �xed-detached OWC device with asymmetric thick rear and front walls, with a step
and a re�ecting wall, has not been reported. Apart from absorption of wave energy, �xed-
detached OWC devices can be used to protect maritime structures and human activities from
wave attack, as well as to enable water exchange and sediment transport (He et al.; 2016).
They may, however, be a�ected by severe storms, which can cause serious structural damage,
as was the case with the Mutriku Wave Energy Plant (Medina-Lopez et al.; 2015). Therefore,
the thickness of the back and front barriers that comprise the OWC chamber must be designed
to withstand wave loads and save the structure, while the e�ect that this would have on the
device performance must be also considered.

Compared to experimental and CFD approaches, this theoretical investigation has the
advantage of quickly evaluating di�erent parameters of a �xed-detached OWC device. The
main objectives of this analysis were to examine modi�cations in bandwidth on the e�ciency
curves, and the shifting of the peak resonant frequency due to di�erent rear and front wall
con�gurations, chamber size and the length of the gap between the OWC chamber and the
re�ecting wall.

The present study is organized as follows: Section 7.2 de�nes the physical problems
corresponding to the water wave radiation and scattering by a �xed-detached OWC device,
based on the potential �ow theory. In Section 7.3 the methodologies for solving the BVPs are
presented. First, the matched EEM is described, where the eigenfunction expansions along
with their orthogonal properties, the continuity of velocity potential and �ux are used to reduce
the BVP into a linear system of algebraic equations. Then the BEM, which is a numerical
technique based on an integral equation formulation and boundary discretization, is presented.
In this work, the BEM with three-noded elements is used to account for the variation of the
potential and �ux on the boundaries. Section 7.4 describes the procedure for obtaining the
energy relations. In Sections 7.5 and 7.6, convergence and truncation analyses are carried out,
respectively, and a comparison is made with the experimental results of He et al. (2016); He
and Huang (2016). Section 7.7 shows the results for various modelled cases. Finally, in Section
7.8, the main conclusions of this study are drawn.
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7.2 Boundary value problem

Figure 7.1 shows the �xed-detached OWC device, the �uid and the Cartesian coordinate system,
with the vertical coordinate, z, measured positively upwards and the undisturbed free surface
located at z = 0. The waves approach the device from the positive x direction. The device
is composed of two partially immersed front and rear walls, separated by distance b. The rear
wall is located at x = −w1, with a draft, a1, and a thickness, w1, while the front wall is located
at x = b, with draft a2 and thickness w2. A step under the OWC device is considered with a
height h− he. There is assumed to be a turbine connecting the trapped air inside the chamber
and the atmosphere.

The BVP is divided into �ve regions, as shown in Figure 7.1 and the boundaries are denoted
by:

� The rear wall by Br = {(x, z) : (x = −w1,−a1 ≤ z ≤ 0)∪ (−w1 < x < 0, z = −a1)∪ (x =
0,−a1 ≤ z ≤ 0)}.

� The front wall by Bf = {(x, z) : (x = b,−a2 ≤ z ≤ 0) ∪ (b < x < fw, z = −a2) ∪ (x =
fw,−a2 ≤ z ≤ 0)} where fw = b+ w2.

� The internal free surface inside the chamber by Fi = {(x, z) : (0 ≤ x ≤ b, z = 0)}.

� The external free surface by Fe = {(x, z) : (−∞ < x < −w1, z = 0) ∪ (fw < x < ∞, z =
0)}.

� The bottom by Bd = {(x, z) : (−∞ < x < −w1, z = −h) ∪ (x = −w1,−h ≤ z ≤
−he) ∪ (−w1 < x < fw, z = −he) ∪ (x = fw,−h ≤ z ≤ −he) ∪ (fw < x <∞, z = −h)}.

OWC
Chamber

h

a2
b

a1
x

z

w1 w2

(0,0)

Incident waves

1 2 3 4 5

he

Figure 7.1: Side view of the interaction of a �xed-detached OWC device with water
waves.

The �uid is inviscid and incompressible, and the velocity potential theory is applied. The
wave motion is represented by linearized wave theory, disregarding surface tension e�ects. A
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simple harmonic �ow with angular frequency ω is assumed, where the velocity potential is
de�ned by Φ(x, z, t) with Φ(x, z, t) = Re{ϕ(x, z)e−iωt}, with Re{ } denoting the real part of
a complex expression. Under these assumptions, the spatial velocity potential ϕ satis�es the
Laplace equation (

∂2

∂x2
+

∂2

∂z2

)
ϕ = 0. (7.1)

The no-�ow boundary conditions are applied at the bottom and the two barriers as

∂ϕ

∂n
= 0 for (x, z) ∈ Bd, Br and Bf , (7.2)

The continuity of pressure and horizontal velocity on the common interfaces of the �ve
regions are given by

ϕ1 = ϕ2 and
∂ϕ1
∂x

=
∂ϕ2
∂x

on x = −w1 and − he ≤ z ≤ −a1, (7.3a)

ϕ2 = ϕ3 and
∂ϕ2
∂x

=
∂ϕ3
∂x

on x = 0 and − he ≤ z ≤ −a1, (7.3b)

ϕ3 = ϕ4 and
∂ϕ3
∂x

=
∂ϕ4
∂x

on x = b and − he ≤ z ≤ −a2, (7.3c)

ϕ4 = ϕ5 and
∂ϕ4
∂x

=
∂ϕ5
∂x

on x = fw and − he ≤ z ≤ −a2. (7.3d)

The linearized internal and external free surface boundary conditions are

∂ϕ

∂z
−Kϕ =

 iωp
ρg on Fi,

0 on Fe,
(7.4)

respectively, where p is the harmonic pressure distribution in the internal free surface,K = ω2/g,
where g is the gravitational constant and ρ the seawater density.

The velocity potential is separated into a scattered potential ϕS and a radiated potential
ϕR, as proposed by Evans (1982),

ϕ(x, z) = ϕS +
iωp
ρg

ϕR, (7.5)

where ϕS satis�es Eqs. (7.1)�(7.4) with p = 0 inside the chamber; while ϕR satis�es Eqs. (7.1)�
(7.4) with Eq. (7.4) replaced by

∂ϕR

∂z
−KϕR = 1 on Fi. (7.6)

The Sommerfeld radiation condition is imposed at the left and right-hand ends (x→ ±∞)
of the domain

∂ϕD,R

∂x
∓ ikϕD,R = 0 as x→ ±∞, (7.7)
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where ϕD represents the di�racted potential, which together with the incident potential ϕI ,
composed the scattered potential ϕS , while the wavenumber k = 2π/λ is the positive real root
of the wave dispersion relation given by

ω2 = gk tanh kh, (7.8)

and λ is the wavelength.
The time harmonic induced volume �ux across Fi is also decomposed into scattering and

radiation volume �uxes, qS and qR, respectively, as follows

q =

∫
Fi

∂ϕ

∂z
dx = qS +

iωp
ρg

qR. (7.9)

7.3 Solution method

7.3.1 Matched Eigenfunction Expansion Method

De�nition of velocity potentials

The solution technique for the radiation and scattering problems based on the matched EEM is
explained in this subsection. For the radiation problem, the method of separation of variables
is used to determine the velocity potentials in the �ve regions represented by the eigenfunctions
expansions as

ϕR1 (x, z) = BRe−ik(x+w1)Ψ0(z) +
∞∑
n=1

BR
n e

kn(x+w1)Ψn(z), (7.10a)

ϕR2 (x, z) =

[
CR
0 +DR

0

x

w1

]
χ̂0(z) +

∞∑
n=1

[
CR
n

cosh γ̂nx

cosh γ̂nw1
+DR

n

sinh γ̂nx

sinh γ̂nw1

]
χ̂n(z), (7.10b)

ϕR3 (x, z) =
(
FR
0 cos k̂x+GR

0 sin k̂x
)
Ψ̂0(z)+

∞∑
n=1

[
FR
n cosh k̂nx+GR

n sinh k̂nx
]
Ψ̂n(z)−

1

K
, (7.10c)

ϕR4 (x, z) =

[
HR

0 + IR0
(fw − x)

w2

]
χ̃0(z) +

∞∑
n=1

[
HR

n

cosh γ̃n (fw − x)

cosh γ̂nw2
+ IRn

sinh γ̃n (fw − x)

sinh γ̂nw2

]
χ̃n(z),

(7.10d)

ϕR5 (x, z) = AReik(x−fw)Ψ0(z) +
∞∑
n=1

AR
n e

−kn(x−fw)Ψn(z), (7.10e)

130



CHAPTER 7. THE INFLUENCE OF THE CHAMBER CONFIGURATION ON

THE EFFICIENCY OF A FIXED-DETACHED OWC DEVICE

for regions 1 to 5, respectively, where γ̂n = nπ/ (he − a1) and γ̃n = nπ/ (he − a2) for n = 0, 1,...
. Additionally, the term −1/K on ϕR1 was introduced to satisfy Eq. (7.6) and the coe�cients
AR and BR, AR

n and BR
n for n = 1, 2,... and CR

n , D
R
n , F

R
n , GR

n , H
R
n and IRn for n = 0, 1,... are

the unknown constants to be determined. The eigenfunctions Ψ, χ̂, Ψ̂ and χ̃ are de�ned by

Ψn(z) =
1√
Nn

cos kn (z + h) , for n = 0, 1, 2, ..., (7.11a)

Ψ̂n(z) =
1√
N̂n

cos k̂n (z + he) , for n = 0, 1, 2, ..., (7.11b)

χ̂n(z) =
1√
Ŵn

cosnπ

(
z + he
he − a1

)
, for n = 0, 1, 2, ..., (7.11c)

χ̃n(z) =
1√
W̃n

cosnπ

(
z + he
he − a2

)
, for n = 0, 1, 2, ..., (7.11d)

where

Nn =
1

2

[
1 +

sin 2knh

2knh

]
, for n = 0, 1, 2, ..., (7.12a)

N̂n =
1

2

[
1 +

sin 2k̂nhe

2k̂nhe

]
, for n = 0, 1, 2, ..., (7.12b)

Ŵ0 =

[
1− a1

he

]
, (7.12c)

Ŵn =
1

2

[
1− a1

he

]
, for n = 1, 2, .... (7.12d)

W̃0 =

[
1− a2

he

]
, (7.12e)

W̃n =
1

2

[
1− a2

he

]
, for n = 1, 2, .... (7.12f)

with k0 = −ik and k̂0 = −ik̂, where ikn and ik̂n for n ≥ 1 indicate the imaginary roots of the
dispersion relation given by Eq. (7.8), while for k̂ this is given by

ω2 = gk̂ tanh k̂he. (7.13)

The eigenfunctions in Eqs. (7.10) are orthonormal with respect to the inner product

⟨Ψn,Ψm⟩ = 1

h

∫ 0

−h
Ψn(z)Ψm(z)dz = δnm, (7.14a)

⟨Ψ̂n, Ψ̂m⟩ = 1

he

∫ 0

−he

Ψ̂n(z)Ψ̂m(z)dz = δnm, (7.14b)
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⟨χ̂n, χ̂m⟩ = 1

he

∫ −a1

−he

χ̂n(z)χ̂m(z)dz = δnm, (7.14c)

⟨χ̃n, χ̃m⟩ = 1

he

∫ −a2

−he

χ̃n(z)χ̃m(z)dz = δnm, (7.14d)

where δnm is the Kronecker delta.
As described for the radiation problem earlier, the velocity potentials for the scattering

problem are also expressed by the appropriate eigenfunctions. The expansion of velocity
potential ϕR2 and ϕR4 remain the same as in the case of the radiation problem, while for velocity
potentials in regions 1, 3 and 5, these are expressed as follows

ϕS1 (x, z) = T e−ik(x+w1)Ψ0(z) +
∞∑
n=1

BS
n e

kn(x+w1)Ψn(z), (7.15a)

ϕS3 (x, z) =
(
FS
0 cos k̂x+GS

0 sin k̂x
)
Ψ̂0(z)+

∞∑
n=1

(
FS
n cosh k̂nx+GS

n sinh k̂nx
)
Ψ̂n(z), (7.15b)

ϕS5 (x, z) =
(
e−ik(x−fw) +Reik(x−fw)

)
Ψ0(z) +

∞∑
n=1

AS
ne

−kn(x−fw)Ψn(z), (7.15c)

where the associated eigenvalues and eigenfunctions are the same as de�ned above.
The far-�eld behaviour of the scattered and radiated potentials is given by

ϕR ∼ BRe−ik(x+w1)Ψ0(z), as x→ −∞, (7.16a)

ϕR ∼ AReik(x−fw)Ψ0(z), as x→ +∞, (7.16b)

ϕS ∼ T e−ik(x+w1)Ψ0(z), as x→ −∞ (7.17a)

ϕS ∼
(
e−ik(x−fw) +Reik(x−fw)

)
Ψ0(z), as x→ +∞ (7.17b)

where AR and BR represents the amplitude of the radiated wave to ±∞, respectively, while
R and T are the amplitude of the re�ected and transmitted waves in the scattering problem,
respectively.
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Matching of regions

Applying of the second matching condition Eq. (7.3a) at x = −w1 on the velocity potentials
described by Eqs. (7.10a) and (7.10b), together with the boundary condition Eq. (7.2) at
x = −w1 and −h ≤ z ≤ −he and −a1 ≤ z ≤ 0 applied to the velocity potential Eq. (7.10a),
adding their results, exploiting the orthonormality of the eigenfunctions as de�ned in Eq. (7.14a)
and truncating the in�nite series up to N terms, we have

BR
m =

(
1

kmhw1

)
DR

0

∫ −a1

−he

χ̂0(z)Ψm(z)dz−
(

1

kmh

) N∑
n=1

γ̂n

[
CR
n tanh γ̂nw1 −DR

n coth γ̂nw1

]
×∫ −a1

−he

χ̂n(z)Ψm(z)dz, for m ≥ 0, (7.18)

Next, by using the �rst matching condition of Eq. (7.3a) at x = −w1 with the velocity
potentials, Eqs. (7.10a) and (7.10b), exploiting the orthonormality of the eigenfunctions as
de�ned in Eq. (7.14c) and truncating the in�nite series, we obtain

BR
0

∫ −a1

−he

Ψ0(z)χ̂m(z)dz +
N∑

n=1

BR
n

∫ −a1

−he

Ψn(z)χ̂m(z)dz −
[
CR
m −DR

m

]
h = 0, for m ≥ 0.

(7.19)
By applying the second matching condition of Eq. (7.3b) at x = 0 in the velocity potentials

of Regions 2 and 3, Eqs. (7.10b) and (7.10c), respectively, in conjunction with the application
of boundary condition Eq. (7.2) at x = 0 and −a1 ≤ z ≤ 0 in the velocity potential Eq. (7.10c),
adding their results, making use of the orthonormality of the eigenfunctions as given by Eq.
(7.14b) and truncating the in�nite series up to N terms, gives

GR
0 −

(
1

k̂hew1

)
DR

0

∫ −a1

−he

χ̂0(z)Ψ̂0(z)dz −

(
1

k̂he

)
N∑

n=1

DR
n

[
γ̂n

sinh γ̂nw1

]
×∫ −a1

−he

χ̂n(z)Ψ̂0(z)dz = 0, for m = 0 (7.20a)

GR
m −

(
1

k̂mhew1

)
DR

0

∫ −a1

−he

χ̂0(z)Ψ̂m(z)dz −

(
1

k̂mhe

)
N∑

n=1

DR
n

[
γ̂n

sinh γ̂nw1

]
×∫ −a1

−he

χ̂n(z)Ψ̂m(z)dz = 0, for m ≥ 1 (7.20b)

Next, by applying the �rst matching condition of Eq. (7.3b) at x = 0 on Eqs. (7.10b) and
(7.10c), multiplying by χ̂m, integrating from −he to −a1, and using the orthonormal properties
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of the eigenfunction χ̂m (Eq. 7.14c), we obtain

CR
0 − FR

0

∫ −a1

−he

Ψ̂0(z)χ̂m(z)dz −
N∑

n=1

FR
n

∫ −a1

−he

Ψ̂n(z)χ̂m(z)dz+

1

K

∫ −a1

−he

χ̂m(z)dz = 0, for m = 0. (7.21a)

CR
m

[
he

cosh γ̂nw1

]
− FR

0

∫ −a1

−he

Ψ̂0(z)χ̂m(z)dz −
N∑

n=1

FR
n

∫ −a1

−he

Ψ̂n(z)χ̂m(z)dz+

1

K

∫ −a1

−he

χ̂m(z)dz = 0, for m ≥ 1. (7.21b)

Then, applying the second matching condition of Eq. (7.3c) at x = b in the velocity
potentials Eqs. (7.10c) and (7.10d), together with the application of boundary condition Eq.
(7.2) at x = b and −a2 ≤ z ≤ 0 in the velocity potential Eq. (7.10c), adding their results,
making use of the orthonormality of the eigenfunctions as given by Eq. (7.14b) and truncating
the in�nite series up to N terms, we obtain

− k̂he

[
FR
0 sin k̂b−GR

0 cos kb
]
+

1

w2
IR0

∫ −a2

−he

χ̃0(z)Ψ̂0(z)dz+

N∑
n=1

γ̃n

[
HR

n tanh γ̃nw2 + IRn coth γ̃nw2

] ∫ −a2

−he

χ̃n(z)Ψ̂0(z)dz = 0, for m = 0, (7.22a)

k̂mhe

[
FR
m sin k̂b+GR

m cos kb
]
+

1

w2
IR0

∫ −a2

−he

χ̃0(z)Ψ̂m(z)dz+

N∑
n=1

γ̃n

[
HR

n tanh γ̃nw2 + IRn coth γ̃nw2

] ∫ −a2

−he

χ̃n(z)Ψ̂m(z)dz = 0, for m ≥ 1. (7.22b)

By using the �rst matching condition of Eq. (7.3c) at x = b with the velocity potentials,
Eqs. (7.10c) and (7.10d), exploiting the orthonormality of the eigenfunctions, as de�ned in Eq.
(7.14d), and truncating the in�nite series, we have

[
FR
0 cos k̂b+GR

0 sin k̂b
] ∫ −a2

−he

Ψ̂0(z)dzχ̃m(z)dz +
N∑

n=1

[
FR
n cosh k̂b+GR

n sinh k̂b
]
×∫ −a2

−he

Ψ̂n(z)dzχ̃m(z)dz −
[
HR

m + IRm

]
he +

1

K

∫ −a2

−he

χ̃m(z)dz = 0, for m ≥ 0, (7.23)

Then, by applying the second matching condition of Eq. (7.3d) at x = fw on the velocity
potentials of Regions 4 and 5, Eqs. (7.10d) and (7.10e), respectively, in conjunction with the
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application of boundary condition Eq. (7.2) at x = fw and −h ≤ z ≤ −he and −a2 ≤ z ≤ 0
on the velocity potential Eq. (7.10e), adding their results, making use of the orthonormality of
the eigenfunctions as given by Eq. (7.14a) and truncating the in�nite series, we obtain

AR
m =

(
1

kmhw2

)∫ −a2

−he

χ̃0(z)Ψm(z)dz +

(
1

kmh

) N∑
n=1

IRn

[
γ̃n

sinh γ̃nw2

]
×∫ −a2

−he

χ̃n(z)Ψm(z)dz, for m ≥ 0, (7.24)

Finally, by using the �rst matching condition of Eq. (7.3d) at x = fw with the velocity
potentials, Eqs. (7.10d) and (7.10e), exploiting the orthonormality of the eigenfunctions as
de�ned in Eq. (7.14d), and truncating the in�nite series, yields

AR

∫ −a2

−he

Ψ0(z)χ̃m(z)dz +

N∑
n=1

AR
n

∫ −a2

−he

Ψn(z)χ̃m(z)dz − heH
R
0 = 0, for m = 0. (7.25a)

AR

∫ −a2

−he

Ψ0(z)χ̃m(z)dz +
N∑

n=1

AR
n

∫ −a2

−he

Ψn(z)χ̃m(z)dz −
[

he
cosh γ̃nw2

]
HR

m = 0, for m ≥ 1.

(7.25b)
Thus, Eqs. (7.18)�(7.25b) provide a linear system of algebraic equations for solving the

unknowns. The procedure for solving the scattering problem is similar to that of the radiation
problem described above.

Fixed-detached OWC device near a re�ecting wall

In this subsection, the interaction of water waves with a detached OWC device near a rigid,
vertical wall is analyzed. For this case, the OWC device is at a �nite distance, L, from the
re�ecting wall, as shown in Figure 7.2. The velocity potentials in 2, 3, 4 and 5, Eqs. (7.10b)�
(7.10e), and the boundary conditions, remain the same as in the previous subsection, except
for the radiation condition at the left-hand end, which is now given by

∂ϕ1
∂x

= 0 on x = −w1 − L and − h ≤ z ≤ 0, (7.26)

and the velocity potential ϕ1 now has the following form

ϕR1 (x, z) = BR cos k(x+ w1 + L)

cos kL
Ψ0(z) +

∞∑
n=1

BR
n

cosh kn(x+ w1 + L)

cosh knL
Ψn(z), (7.27)

Through the application of the matching conditions, as in Eqs. (7.3a)�(7.3d), along with the
orthogonality conditions de�ned in Eqs. (7.14a)�(7.14d), a system of equations to determine

135



CHAPTER 7. THE INFLUENCE OF THE CHAMBER CONFIGURATION ON

THE EFFICIENCY OF A FIXED-DETACHED OWC DEVICE

1 2 3 4 5

OWC
Chamber

h

a2
b

a1
x

z
(0,0)

Incident waves

L

Reflecting
Wall

w1 w2

Figure 7.2: Side view of the interaction of water waves with a �xed-detached OWC device
near a vertical wall.

of the unknowns is obtained. This is similar to that shown in Eqs. (7.18)�(7.25a), with only a
di�erence in Eq. (7.18), which now takes the following form:

BR
m =

(
1

kmhw1 tanh knL

)
DR

0

∫ −a1

−he

χ̂0(z)Ψm(z)dz

−
(

1

kmh tanh knL

) N∑
n=1

γ̂n

[
CR
n tanh γ̂nw1 −DR

n coth γ̂nw1

] ∫ −a1

−he

χ̂n(z)Ψm(z)dz,

for m ≥ 0. (7.28)

7.3.2 Boundary Element Method

Boundary integral equation

The Laplace equation, (7.1), in its boundary integral representation is given by

α(X)ϕ(X) +

∫
Γ
ϕ(Y )

∂ψ(X,Y )

∂nY
dΓY =

∫
Γ
ψ(X,Y )

∂ϕ(Y )

∂nY
dΓY , (7.29)

where ϕ and ∂ϕ/∂n represent, respectively, the unknown velocity potential and its normal

derivative with respect to the �eld point Y
(
ξ̂, η̂
)
on the boundary Γ; X (x, z) is the source

point inside the domain Ω; α = τ/2π, where τ is the angle in radians between points X and Y
(Katsikadelis; 2002); ψ represents the fundamental solution of Laplace equation given by

ψ =
1

2π
ln r. (7.30)

where r =

√(
x− ξ̂

)2
+ (z − η̂)2 is the distance between points X and Y ; and ∂ψ/∂n is its

normal derivative at point Y in Γ.
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Figure 7.3: Meshing and matching of the regions with nodes arranged in an anti-clockwise
direction.

The boundary integral equation (7.29) is then discretized by subdividing the boundary Γ
into a number of boundary elements NE as follows

αiϕi +
NE∑
j=1

∫
Γ
ϕ
∂ψ

∂n
dΓ =

NE∑
j=1

∫
Γ
ψ
∂ϕ

∂n
dΓ. (7.31)

with i indicating the boundary node and j the boundary element. The boundary is then divided
into curved quadratic elements, where ϕ and ∂ϕ/∂n are assumed to have three di�erent values
in each element, see Medina Rodríguez et al. (2020).

The �uxes will then have a single nodal value for each element, as explained by Dominguez
(1993). Thus, the possibility of di�erent values between neighbouring elements is considered,
but in the connection between two adjacent elements, the velocity potentials only have a single
value. Therefore, �uxes are organized in a 3×NE array, whereas the velocity potentials are
in an Nbem array, where Nbem is equivalent to the number of nodes equal to 2NE for closed
boundaries (Medina Rodríguez et al.; 2021).

Matching of subdomains

The radiation and scattering BVPs are divided into three regions as shown in Figure 7.3, with
common interfaces on both sides of Region 2. Since the far-�eld boundaries at ±∞ must be
placed far enough from the OWC chamber to avoid the e�ect of local disturbances, the domain
as a whole becomes very long and numerical problems associated with the integration of the
fundamental solution over long distances arise (Katsikadelis; 2002). The subdomain method is
employed to overcome these numerical issues. This also helps to avoid numerical instabilities
that appear when the wall thickness is very small (Rezanejad et al.; 2013).

The subdomain method is used to match the regions at the common interfaces. To obtain
the �nal solution matrix, each subdomain is treated separately to form matrices that are coupled

137



CHAPTER 7. THE INFLUENCE OF THE CHAMBER CONFIGURATION ON

THE EFFICIENCY OF A FIXED-DETACHED OWC DEVICE

together according to the relevant boundary conditions. The continuity of the velocity potential
and the �ux at the interfaces should therefore be de�ned, to match the regions (Katsikadelis;
2002; Becker; 1992). For this purpose, the nodes in the left and right interfaces are assumed
to be in perfect contact, as shown in Figure 7.3. These velocity potential and �ux continuity
conditions at the interfaces are given by

Φ− = Φ+, (7.32a)

Φn− = −Φn+, (7.32b)

respectively.
The previously de�ned boundary conditions, Eqs. (7.2), (7.4), (7.6), (7.7) and (7.26), are

then used, and the unknowns variables are shifted to the left-hand side, while the known
variables to the right-hand side. Then, the matrix below is obtained

[A] {X} = {B}, (7.33)

where the square matrix [A] has dimensions of Nbem × Nbem; the vector of unknown velocity
potentials or �uxes {X}, with dimensions Nbem×1,; and the known vector {B} has dimensions
of Nbem × 1 (Dominguez; 1993).

7.4 E�ciency relations

As proposed by Evans (1982), the radiation volume �ux qR is divided into real and imaginary
parts as,

iωp

ρg
qR = −

(
B̂ − iÂ

)
p = −Zp, (7.34)

where Z = B̂− iÂ is the complex admittance, while the real coe�cients Â and B̂ are given by

Â =
ω

ρg
Re{qR}, (7.35a)

B̂ =
ω

ρg
Im{qR}, (7.35b)

which are related to the added mass and the radiation damping in a rigid body system,
respectively (Evans and Porter; 1995).

Applying Green's theorem to the radiation potential and its conjugate yields∫
U

(
ϕR

∂ϕ̄R

∂n
+ ϕ̄R

∂ϕR

∂n

)
dS = 0, (7.36)

where U is the closed boundary composed of U = Bd+Br +Bf +Fi+Fe+F+∞+F−∞, where
F+∞ and F−∞ are the imposed far-�eld boundaries as x → ∞ and x → −∞, respectively, at
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−h < z < 0. By using the boundary conditions Eq. (7.2) and (7.3), the contributions from the
boundaries Bd, Br, Bf and Fe vanish. Then, with the aid of Eqs. (7.6), (7.16)a�b and (7.34),
the contributions from Fi, F+∞ and F−∞ are calculated and an expression for the radiation
damping B̂ as a function of the complex amplitudes of the right and left radiated waves AR

and BR, respectively, is obtained

B̂ =
Kkhω

ρg

(
|AR|2 + |BR|2

)
. (7.37)

Now, applying the Green's theorem on the radiation and the scattered potentials as in Eq
(7.36), and using the boundary conditions as in the previous case, a relation between the right
radiated amplitude AR and the induced volume �ux in the scattering problem qS is obtained
as follows

qS = −2iKkhAR, (7.38)

and is non-dimensionalised by the incident volume �ux as in Evans and Porter (1995), giving
rise to

|qS |
|qI |

=
|qS |

N
−1/2
0 kb sinh kb

. (7.39)

Equations (7.37) and (7.38) can be computed by solving the radiation problem alone and are
comparable to those derived by Evans Evans (1982) and used by Evans and Porter (1995);
Rezanejad et al. (2013). Equation (7.38) is linked to the volume �ux across Fi due to the
incident plus di�racted wave �elds, and is proportional to the amplitude of the radiated waves
in the direction from which the incident wave comes (Evans; 1982).

Now, by assuming that the pressure inside the chamber is uniform and the air exits to the
atmosphere through the turbine without a phase lag, we have

q = Λp (7.40)

where the real control parameter Λ is related to the linear turbine damping induced by the
air�ow. This is a general characteristic of Wells turbines, which with constant rotational speed,
show a linear relationship between pressure and volume �ow rate (Falcão et al.; 2012; Gato and
de O. Falcão; 1988).

After combining Eqs. (7.9), (7.34) and (7.40), the imposed internal pressure gives

p =
qS

Λ + Z
. (7.41)

Now, the total rate of work performed by the pressure forces inside the OWC, Q(t)× P (t),
is averaged over one wave period to obtain the total rate of power absorbed per unit width of
pressure distribution as

W =
1

2
Re{pq}, (7.42)
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where the horizontal bar (−) denotes the complex conjugate. Now, by inserting Eqs. (7.9) and
(7.34) into Eq. (7.42) and simplifying, we have

W =
1

2
Re
{
p
(
qS − Zp

)}
=

|qS |2

8B̂
− B̂

2

∣∣∣∣∣p− qS

2B̂

∣∣∣∣∣
2

, (7.43)

where if B̂−1 exists, the maximum work gives

Wmax =
|qS |2

8B̂
, for p =

qS

2B̂
, (7.44)

where Λ = Z for maximum power. Thus, after combining Eqs. (7.41) and (7.43), we obtain

W =
|qS |2

8B̂

[
1−

(
|Λ− Z|
|Λ + Z|

)2
]
. (7.45)

Now, the optimal power conversion e�ciency must be obtained. This is performed by
�nding the optimum value of Λ, by applying zero value to the derivative with respect to Λ for
the squared-right term inside the brackets of Eq. (7.45) (�entürk and Özdamar; 2012), thus
yielding

Λopt = |Z| =
(
B̂2 + Â2

)1/2
(7.46)

and after substituting the above expression into Eq. (7.45), we have

Wopt =
|qS |2

8B̂

[
1− Λopt − B̂

Λopt + B̂

]
, (7.47)

where Â, B̂ and Λ are a function of the angular frequency ω.
Hence, an expression for the maximum hydrodynamic e�ciency is given as

ηmax =
Wopt

Wmax
=

2B̂

Λopt + B̂
, (7.48)

with ηmax in the range 0 to 1.
As in Evans and Porter (1995), the following non-dimensionalised quantities are de�ned

µ =
ρg

ωb
Â, (7.49a)

ν =
ρg

ωb
B̂, (7.49b)

which represent the coe�cients of radiation susceptance and radiation conductance, respectively.
Finally, after inserting the above coe�cients into Eq. (7.48), the hydrodynamic e�ciency

ηmax gives

ηmax =
2[

1 +
(µ
ν

)2]1/2
+ 1

. (7.50)
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Table 7.1: Convergence of the maximum hydrodynamic e�ciency ηmax computed by
using the EEM for di�erent number of evanescent modes N with a1/h = a2/h = 0.5,
w1/h = w2/h = 0.125 b/h = 1.0 and he/h = 1 without the re�ecting vertical wall.

N
Kh = 0.5 Kh = 1.0 Kh = 1.5 Kh = 2.0 Kh = 2.5 Kh = 3.0 Kh = 3.5

ηmax

5 0.66955 0.98913 0.52865 0.24885 0.11934 0.05863 0.02973
10 0.67187 0.98611 0.52024 0.24406 0.11657 0.05699 0.02875
20 0.67273 0.98493 0.51725 0.24238 0.11562 0.05644 0.02842
30 0.67292 0.98465 0.51653 0.24198 0.11539 0.05630 0.02834
40 0.67303 0.98450 0.51620 0.24179 0.11529 0.05624 0.02831

Table 7.2: Calculation of the maximum hydrodynamic e�ciency ηmax by using the BEM
for di�erent distances at which the left and right radiation boundaries are truncated
a1/h = a2/h = 0.5, w1/h = w2/h = 0.125 b/h = 1.0 and he/h = 1 without the re�ecting
vertical wall.

Distance
Kh = 0.5 Kh = 1.0 Kh = 1.5 Kh = 2.0 Kh = 2.5 Kh = 3.0 Kh = 3.5

ηmax

2h 0.67335 0.98449 0.51433 0.23774 0.11040 0.05176 0.02482
3h 0.67335 0.98449 0.51432 0.23768 0.11029 0.05158 0.02457
4h 0.67335 0.98449 0.51432 0.23768 0.11029 0.05158 0.02456
5h 0.67335 0.98449 0.51432 0.23768 0.11029 0.05158 0.02456

7.5 Convergence and truncation analyses

A convergence study for both EEM and BEM was done prior to performing the computations
of the results. For the calculations, the water depth is assumed to be 7.90 m, and a wave period
T bounded by 2.50 ≤ T ≤ 30 s, as in (Medina Rodríguez et al.; 2020). In the case of the EEM,
see Table 7.1, a convergence analysis for the maximum hydrodynamic e�ciency ηmax is given
for di�erent values of the non-dimensional frequency Kh(= 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 and 3.5).
From Table 7.1, it can be seen that roughly 30 evanescent modes are adequate to ensure that
the analytical results converge to within three decimal places. However, it should be noted
that the OWC geometry is relevant for the convergence, and the number of equations needed
in the matched EEM, especially for the lower corners of the walls, since as �w1� and �w2�
decrease, more terms are needed. For the case without the step, the results converge faster, to
the desired accuracy even with 20 terms in the in�nite series sums. However, on average 30
terms are su�cient for the desired accuracy and, therefore, in the present calculations, N = 30
is used.

In Table 7.2, a truncation analysis was �rst carried out to avoid the e�ect of local
disturbances at the far-�eld boundaries. From Table 7.2, it is seen that at a distance of 4
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Table 7.3: Convergence of the maximum hydrodynamic e�ciency ηmax computed for
di�erent numbers of nodesNbem with a1/h = a2/h = 0.5, w1/h = w2/h = 0.125 b/h = 1.0
and he/h = 1 without the re�ecting vertical wall.

N
Kh = 0.5 Kh = 1.0 Kh = 1.5 Kh = 2.0 Kh = 2.5 Kh = 3.0 Kh = 3.5

ηmax

648 0.67318 0.98474 0.51493 0.23803 0.11048 0.05168 0.02462
716 0.67325 0.98464 0.51468 0.23789 0.11040 0.05164 0.02460
784 0.67331 0.98456 0.51448 0.23778 0.11034 0.05161 0.02458
852 0.67335 0.98449 0.51432 0.23768 0.11029 0.05158 0.02456
920 0.67338 0.98444 0.51418 0.23761 0.11024 0.05155 0.02455

times the water depth between the left and right faces of the OWC device and the left and
right far-�eld boundaries, respectively, the results converge to �ve digits. In Table 7.3, using
the BEM, the results of ηmax for the same Kh values are given for di�erent number of nodes
(N). In this case, around 800 nodes (400 quadratic elements) were determined to be su�cient
to achieve numerical results convergence to three decimal places. As a result, the three-region
BVP is discretized with around 800 nodes.

7.6 Comparison with experimental results

To validate the results obtained by the above-mentioned methods, the experimental results of He
et al. (2016) and He and Huang (2016) were employed. In Figure 7.4a, comparisons are shown
of the experimental data of He et al. (2016) and the present BEM results for the hydrodynamic
e�ciency versus b/λ with b/h = 1.0 and w1/h = w2/h = 0.025 for two di�erent values of
the walls draft to water depth ratio a1/h = a2/h. The damping coe�cients for these results
were Λ = 0.008 and Λ = 0.00005 m4·s/kg for a1/h = a2/h = 0.375 and a1/h = a2/h = 0.50,
respectively. To determine the damping coe�cient Λ, the method described by Rezanejad et al.
(2017) was employed. The ratio of slot opening to cross-sectional area of the OWC chamber
considered by He et al. (2016) were 0.625% and 1.875% for a1/h = a2/h equal to 0.5 and
0.375, respectively. In Figure 7.4b, the hydrodynamic e�ciency versus b/λ with b/h = 1.0,
a1/h = a2/h = 0.25 and w1/h = w2/h = 0.025 for two di�erent values of the rear face to
re�ecting wall distance to chamber length ratio L/b is compared against the results obtained by
He and Huang (2016). In this case, the damping coe�cients were Λ = 0.0018 and Λ = 0.0030
m4·s/kg for L/b = 0.24 and L/b = 0.97, respectively. Here, the opening ratio considered by He
and Huang (2016) was 1.25% in both cases.

From these �gures, it can be seen that the BEM results follow a similar trend to that observed
in the experimental data. However, for the case of the highest draft a1/h = a2/h = 0.5 with the
smallest opening ratio, 0.625%, as is the case of the PTO mechanism in He et al. (2016), the
di�erence is more signi�cant. This discrepancy obtained with the present results arises from
the assumption of an ideal �uid, where viscous e�ects and �ow separation due to the OWC
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Figure 7.4: Comparison of the present results for the hydrodynamic e�ciency ηmax with
the experimental results obtained by He et al. (2016) for a pile-supported OWC device
and He and Huang (2016) for an OWC device near a re�ecting vertical wall.

structure are ignored. This also leads to an overestimation of the hydrodynamic performance.
Other factors that also contribute to the discrepancy are the modelled PTO system, as well as
the energy loss through it by viscous dissipation during the tests.

7.7 Results and Discussion

Analytical and numerical results based on the previously described methodologies are provided
in this section. The in�uence of the rear and front walls thickness to water depth ratio
(w1/h,w2/h), the chamber length to water depth ratio (b/h), the rear and front walls draft
to water depth ratio (a1/h, a2/h), the step height to water depth ratio (he/h) and the chamber
to wall distance to water depth ratio (L/h) on the hydrodynamic performance are analyzed.

7.7.1 Asymmetric �xed-detached OWC device over a �at bottom

The theoretical results of the hydrodynamic e�ciency ηmax versus Kh for di�erent chamber
lengths b/h(= 1/4, 1/2, 3/4, and 1) are shown in Figure 7.5a. It can be seen in this �gure that
increasing the length of the chamber increases the bandwidth of the e�ciency curves. In this
regard, large motions occur in the internal water column when the �uid is excited into a resonant
piston-like motion by the incident wave (Evans and Porter; 1995). The natural frequency of
oscillation can be calculated for small values of the b/h ratio, allowing the water enclosed within
the chamber to be treated as a solid body. By simple hydrostatic modelling, it results that the
expected resonance occurs at Kh ≈ h/a1. For the cases shown in Figure 7.5a, this resonance
would occur at Kh = 2, which appears to be approached for small b/h. Furthermore, it is
observed that for large b/h ratios, the peak frequency value is shifted to lower frequencies.
This is because increasing the chamber length increases the horizontal distance a �uid particle
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Figure 7.5: Maximum hydrodynamic e�ciency ηmax versus the non-dimensional
frequency Kh for di�erent (a) lengths of the OWC chamber b/h, (b) thickness of the
rear and front walls, w1/h and w2/h, respectively. (c) thickness of the rear wall w1/h
and (d) thickness of the front wall w2/h.
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must travel during a period of motion, resulting in a reduction in the value at which resonance
occurs. Furthermore, since a longer chamber allows for a greater local �uid motion, the solid-
body concept of resonance breaks down, and the oscillation amplitude decreases (Evans and
Porter; 1995).

The results of the hydrodynamic e�ciency versus the non-dimensional frequency Kh for
di�erent thickness ratios of the front and rear walls w1/h = w2/h(= 1/8, 1/4, and 1/2) are
shown in Figure 7.5b. This �gure shows that the bandwidth of the e�ciency curves is reduced
as the thickness of the walls is increased, and their peak frequency value is moved to lower values
of the non-dimensional frequency Kh. This drop in e�ciency at medium and high frequencies
can be explained by the fact that the energy transfer due to wave motion for relatively small
wavelengths decreases as wall thickness increases. On the other hand, Figures 7.5c and 7.5d
show the variation of ηmax versus Kh for di�erent thicknesses of the rear and front walls,
respectively. Similar to Figure 7.5b, in these �gures is observed that the bandwidth of the
e�ciency and the peak frequency magnitude decrease when the thickness of the front or rear
walls increases. Furthermore, a second resonance peak that occurs when conditions are similar
to those in a closed tank with parallel walls is observed in Figure 7.5d. In such conditions, the
incidence wave frequency is such that the �uid in the chamber is excited in an anti-symmetric
sloshing mode (Evans and Porter; 1995). In this case, the sloshing frequencies are seen to occur
at values of the dimensionless wavenumber kb = nπ, with n being the sloshing mode. Thus,
the second peaks in ηmax caused by the �rst sloshing frequency occur at Kh ≈ π for b/h = 1.

Figure 7.6a shows the e�ect on the e�ciency of di�erent submergence ratios a1/h = a2/h(=
1/8, 1/4, 1/2, and 3/4) versus Kh. This �gure shows that the e�ective area under the e�ciency
curve and the magnitude of the natural frequency both increase when the walls submergence
ratio a1/h and a2/h decreases. However, while a small draft results in a better performance
for a wider frequency range, in practice, tidal �uctuations and extreme waves may compromise
its e�ectiveness since a small draft may mean that the trough of a wave propagates below the
front wall. In this instance, the pressure inside the chamber would be equivalent to the ambient
pressure, resulting in no power available within the OWC device. Furthermore, Figures 7.6b
and 7.6c show the variation of ηmax versus Kh for an asymmetric OWC device with di�erent
drafts of the front and rear walls, respectively. As in Figure 7.6a, these �gures show that the
bandwidth of the e�ciency and the peak frequency magnitude decrease when the submergence
of the front or rear walls increase. Additionally, in Figure 7.6b a second resonance mechanism
due to the �rst sloshing frequency at Kh ≈ π for b/h = 1 is observed.

Figures 7.7a�c show the analytical results for the radiation susceptance and radiation
conductance coe�cients, µ and ν, respectively, and the non-dimensional induced volume �ux due
to the scattering potential |qS |/|qI | versusKh for di�erent values of b/h(= 1/4, 1/2, 3/4, and 1).
Figure 7.7a shows that the peak and the range of positive values in the radiation susceptance
coe�cient increase when chamber length increases. From Figure 7.7b it is observed that the
bandwidth in the radiation conductance curves decreases as b/h increases, similar to the trend
observed in ηmax, see Figure 7.5a. Moreover, the zero values in µ are associated with the
peak values in ν, |qS |/|qI |, Figure 7.7c, and ηmax, due to the fundamental resonance inside the
chamber.
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Figure 7.6: Maximum hydrodynamic e�ciency ηmax versus the non-dimensional
frequency Kh for di�erent (a) submergence depths of the rear and front walls, a1/h and
a2/h, respectively. (b) submergence depths of the front wall a2/h and (c) submergence
depths of the rear wall a1/h.
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Figure 7.7: The in�uence of chamber length b/h on the (a) radiation susceptance
coe�cient, (b) radiation conductance coe�cient and (c) non-dimensional induced volume
�ux due to the scattering potential against Kh with a1/h = a2/h = 1/2 and w1/h =
w2/h = 1/8.
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Figure 7.8: Maximum hydrodynamic e�ciency ηmax versus the non-dimensional
frequency Kh for di�erent (a) lengths of the OWC chamber b/h, (b) thickness of the
rear and front walls, w1/h and w2/h, respectively. (c) thickness of the rear wall w1/h
and (d) thickness of the front wall w2/h.

148



CHAPTER 7. THE INFLUENCE OF THE CHAMBER CONFIGURATION ON

THE EFFICIENCY OF A FIXED-DETACHED OWC DEVICE

7.7.2 Asymmetric �xed-detached OWC device over a step

Figure 7.8a shows the analytical and numerical results of the hydrodynamic e�ciency ηmax

versus Kh for di�erent chamber lengths to water depth ratios b/h(= 1/4, 1/2, 3/4, and 1). This
�gure shows that the value of the resonance peak frequency decreases when the length of the
chamber increases and, compared to the case when he/h = 1 (Figure 7.5a), it is observed that
the step contributes to a reduction in the value of Kh at which resonance occurs.

Figure 7.8b shows the theoretical results of the hydrodynamic e�ciency versus the non-
dimensional frequency Kh for di�erent thickness ratios of the front and rear walls w1/h =
w2/h(= 1/8, 1/4, and 1/2). In this case, it is seen that a reduction in the bandwidth of
the e�ciency curves is obtained when the thickness of the walls increases. Moreover, it is
also observed that the magnitude of the resonance frequency Kh is reduced since, for a large
thickness, longer waves are needed to excite the internal water column. On the other hand, the
variation of ηmax versus Kh for di�erent thicknesses of the rear and front walls are shown in
Figures 7.8c and 7.8d, respectively. Again, it is observed that whether the thickness of the rear
or front wall increases, the resonance frequency Kh is reduced.

The e�ects of di�erent submergence ratios a1/h = a2/h(= 1/8, 1/4, and 1/2) on the
e�ciency versus Kh are shown in Figure 7.9a. It is observed that performance for higher
frequencies increases when the submergence ratio a1/h and a2/h decreases in the rear and front
walls, respectively. Compared to Figure 7.6a where a �at bottom is considered, in this case,
the value of the peak frequency is slightly decreased since the gap between the lip of the walls
and the bottom is reduced. On the other hand, the variations of ηmax versus Kh for di�erent
drafts of the front and rear walls are shown in Figures 7.9b and 7.9c, respectively. These �gures
show that the hydrodynamic performance is sensitive to variations in the draft of the walls,
reducing its magnitude for high frequencies as the submergence increases. In Figure 7.9b it is
also observed a second resonance mechanism at Kh ≈ π as in Figure 7.6b, while in Figure 7.9c
this will take place at Kh ≈ 2π since b/h = 1/2.

Figures 7.10a�c show the analytical results for the radiation susceptance and radiation
conductance coe�cients, µ and ν, respectively, and the non-dimensional induced volume �ux
due to the scattering potential |qS |/|qI | versus Kh for di�erent values of w1/h = w2/h(=
1/8, 1/4, and 1/2). In Figure 7.10a it is observed the peak in µ increases when the thickness
in the walls also increases, while the peak shifts to the lower-frequency side. However, it is
observed that the range of negative values increases as the thickness increases. Figure 7.10b
shows that the curve in the radiation conductance coe�cient becomes sharper as the thickness
increases, which indicates a reduction in the frequency range for the energy transfer into the
system. A decreasing trend in the peak of the non-dimensional induced volume �ux due to the
scattering potential when the thickness decreases is observed in Figure 7.10c.

7.7.3 Asymmetric �xed-detached OWC device near a re�ecting

wall

The analytical and numerical results of the hydrodynamic e�ciency ηmax versus Kh for an
OWC device in the presence of a re�ection wall with di�erent chamber length to water depth
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Figure 7.9: Maximum hydrodynamic e�ciency ηmax versus the non-dimensional
frequency Kh for di�erent (a) submergence depths of the rear and front walls, a1/h and
a2/h, respectively. (b) submergence depths of the front wall a2/h and (c) submergence
depths of the rear wall a1/h.
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Figure 7.10: The in�uence of the thickness in the rear and front walls, w1/h and w2/h,
respectively, on the (a) radiation susceptance coe�cient, (b) radiation conductance
coe�cient and (c) non-dimensional induced volume �ux due to the scattering potential
against Kh with a1/h = a2/h = 1/2, b/h = 3/4 and he/h = 3/4.

151



CHAPTER 7. THE INFLUENCE OF THE CHAMBER CONFIGURATION ON

THE EFFICIENCY OF A FIXED-DETACHED OWC DEVICE

ratios b/h(= 1/4, 1/2, 3/4, and 1) are shown in Figure 7.11a. Compared to Figure 7.5a, it is
observed that the e�ciency bandwidth is reduced when a re�ecting wall is considered. In this
case, it is observed that due to the near trapped waves in the gap between the OWC chamber
and the rigid vertical wall, a medium-height peak at low frequencies appears in the e�ciency
curves. This peak increases as the chamber length to water depth ratio increases. Furthermore,
a zero e�ciency value appears at 0.45< Kh <0.61 that reduces the possibility of wave energy
extraction at large periods.

The results of the hydrodynamic e�ciency versus Kh for various thickness ratios w1/h =
w2/h(= 1/8, 1/4, and 1/2) are shown in Figure 7.11b. It is observed that an increase in the
thickness of the walls, leads to both reduction of the bandwidth of the e�ciency curves and the
peak frequency value. Furthermore, it is seen that when w1/h and w2/h increase, the medium-
height peak slightly increases, while the zero e�ciency value is shifted to lower frequencies.

Figure 7.11c shows that with an increase in the rear wall thickness, the medium-height peak
at low frequencies and the resonant frequency value of maximum e�ciency both decrease. On
the other hand, in Figure 7.11d for b/h = 1/2, it is observed that the bandwidth of the e�ciency
curves is highly reduced and the medium-height peak is increased when the front wall thickness
increases. Furthermore, Figures 7.6a�d show a second resonance mechanism due to the �rst
sloshing frequency at Kh ≈ π.

The e�ect of di�erent draft ratios a1/h = a2/h(= 1/8, 1/4, and 1/2) on the e�ciency versus
Kh for a symmetric OWC device is shown in Figure 7.12a. It is observed that the peak resonant
frequency and the e�ciency bandwidth are signi�cantly reduced when the ratios a1/h and a2/h
increase. Furthermore, the frequency value of zero e�ciency increases and the peak at low
frequencies decreases when the submergence in the front and rear walls decreases.

The variations of maximum e�ciency ηmax versus the non-dimensional frequency Kh for
di�erent drafts of the rear and front walls are shown in Figures 7.12b and 7.12c, respectively.
In both of them, it is observed that by increasing the submergence of one of the walls, the
values of the frequency at which resonance occurs are decreased. However, in Figure 7.12b, the
e�ciency bandwidth is increased when the submergence of the front wall decreases, while the
peak at low frequencies decreases. On the other hand, in terms of the medium-height peak,
Figure 7.12c shows an opposite trend to that observed in Figure 7.12b.

The results of the hydrodynamic e�ciency versus the non-dimensional frequency Kh for
di�erent lengths of the gap between the rear and re�ecting walls L/h(= 1, 2, 3, and 4) are
shown in Figures 7.13a and 7.13b. In these two �gures, it is observed that the bandwidth of the
e�ciency increases, while the medium-height peak at low frequencies reduces when the distance
of separation between the �xed OWC and the re�ecting wall increases. It is also observed that
at L/h = 3 and 4, the shape of the curve tend to that observed in Figure 7.5a for b/h = 1,
although a peaky trend is observed for L/h = 4. All these aspects should be considered at the
design stage since the near trapped waves generated between the re�ecting wall and the OWC
device can reduce the e�ciency bandwidth of a �xed-detached OWC device at high periods.

The analytical results for the radiation susceptance and radiation conductance coe�cients, µ
and ν, respectively, and the non-dimensional induced volume �ux due to the scattering potential
|qS |/|qI | versus the non-dimensional frequency Kh for di�erent values of L/h(= 1, 2, 3, and 4)
are shown in Figures 7.14a�d. Figure 7.14a shows a decrease in the negative values of µ when the
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Figure 7.11: Maximum hydrodynamic e�ciency ηmax versus the non-dimensional
frequency Kh for di�erent (a) lengths of the OWC chamber b/h, (b) thickness of the
rear and front walls, w1/h and w2/h, respectively. (c) thickness of the rear wall w1/h
and (d) thickness of the front wall w2/h.
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Figure 7.12: Maximum hydrodynamic e�ciency ηmax versus the non-dimensional
frequency Kh for di�erent (a) submergence depths of the rear and front walls, a1/h and
a2/h, respectively. (b) submergence depths of the front wall a1/h and (c) submergence
depths of the rear wall a2/h.
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gap between the rear and re�ecting walls also decreases. As in Evans and Porter (November
1997), in Figures 7.14a and 7.14b it is observed that at resonance, the total variation from
positive to negative in the radiation susceptance coe�cient is related to the peak values of the
radiation conductance. Finally, from Figures 7.14b and 7.14c it is observed that the peak in ν
and |qS |/|qI |, respectively, at the fundamental resonance increase when L/h decrease.
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Figure 7.13: The in�uence of the length of the gap between the rear and re�ecting
walls L/h on the maximum hydrodynamic e�ciency ηmax versus the non-dimensional
frequency Kh with a1/h = a2/h = 1/8, b/h = 1 and w1/h = w2/h = 1/8.

7.8 Conclusions

The in�uence of the geometric parameters of an asymmetric �xed-detached OWC device on the
hydrodynamic e�ciency was theoretically analyzed. The BEM with quadratic elements and the
matched EEM were employed to solve the radiation and scattering problems. Comparisons were
made between these two methods and a good agreement was obtained. A comparison was made
between the experimental data of He et al. (2016); He and Huang (2016) giving a satisfactory
agreement. Results for di�erent hydrodynamic quantities of interest were then obtained for
di�erent physical con�gurations. The main conclusions of this study are:

� An increase in the chamber length leads to an increase in the bandwidth of the e�ciency
curves. This is similar to the �ndings for a land-�xed OWC device reported by Evans
and Porter (1995).

� By increasing the thickness of the rear and front walls, the bandwidth of the e�ciency
curves and their peak frequency value are reduced. This reduction in e�ciency, especially
for short wavelengths, is due to the decrease in energy transfer owing to the wave motion
when a large thickness is considered.
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Figure 7.14: The in�uence of the length of the gap between the rear and re�ecting walls
L/h on the (a) radiation susceptance coe�cient, (b) radiation conductance coe�cient
and (c) non-dimensional induced volume �ux due to the scattering potential against Kh
with a1/h = a2/h = 1/8, b/h = 1 and w1/h = w2/h = 1/8.
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� Both the e�ective area under the e�ciency curves and the magnitude of the natural
frequency increase when the submergence of the walls decreases. This is because a larger
gap between the front wall lip and the bottom allows more energy to be transferred to
the water column.

� Regarding the presence of a step, it was observed that this reduces the frequency at which
resonance occurs since the e�ect is similar to reducing the gap between the lip of the walls
and the bottom.

� When the separation distance is shorter, the near trapped and standing waves in the gap
of the OWC chamber and the re�ecting wall play a signi�cant role in the hydrodynamic
performance. It was observed that the e�ciency bandwidth is reduced, and a medium-
height peak appears at low frequencies.

� At low frequencies, the presence of constructive and destructive wave interference from
the OWC device and the waves re�ected by the wall results in zero e�ciency. This
phenomenon is extremely sensitive to changes in the OWC parameters and engineers
should take it into account when constructing a �xed-detached OWC device near a vertical
wall.

Finally, this work is only a theoretical investigation of the hydrodynamic performance of
a �xed-detached OWC device. The construction of a �xed-detached OWC device near a rigid
vertical wall may constitute an alternative for reducing the wave load on seawalls by absorbing
the incident wave energy and can be extended to include an array of �xed-detached OWC
devices. Numerical simulations and experimental tests of other geometrical conditions and
non-linearities on the air compressibility and turbine damping due to viscous e�ects should be
carried out in the future to improve the present results.
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Chapter 8

The E�ects of Directional Waves and

Chamber Con�guration on the

E�ciency of an OWC Device

So far, all calculations and analyses provided in this thesis for an OWC device have been
conducted by separating the impacts of front wall thickness and water wave directionality.
However, better performance of the OWC system will be assured by the right construction
of the OWC chamber to ensure its survivability and a good tuning of the OWC natural
frequency of oscillation with that of the oblique waves at the place where the OWC device
will be deployed. As a result, the primary goal of this chapter is to investigate the combined
impacts of oblique waves and chamber con�guration by using both numerical and analytical
approaches in order to answer the following research question: How much is the performance
of a land-�xed OWC device a�ected by both oblique sea waves and the thickness of the front
wall?

This chapter consists of the submitted journal article:

Medina Rodríguez A.A., Silva Casarín R., Blanco Ilzarbe J.M. (2021). �The in�uence

of oblique waves on the hydrodynamic e�ciency of an onshore OWC wave energy converter �.
Renewable Energy. Under Review.
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The in�uence of oblique waves on the hydrodynamic e�ciency of an onshore

OWC wave energy converter

Ayrton Alfonso Medina Rodríguez, Rodolfo Silva Casarín and Jesús María Blanco Ilzarbe

Abstract

In this work, the maximum theoretical hydrodynamic e�ciency of an onshore Oscillating
Water Column (OWC) device is investigated in relation to the incidence angle of the wave and
the con�guration of the chamber. Linearized water wave theory is used, and the full solution of
the associated boundary value problem (BVP) is achieved by using the matched eigenfunction
expansion method (EEM) and the boundary element method (BEM). This study is novel in
addressing the in�uence of oblique water waves on the e�ciency of an OWC with a thick front
barrier. The hydrodynamic e�ciency is analyzed for di�erent directions of wave incidence and
OWC chamber geometrical con�gurations. The semi-analytical and numerical approaches were
found to be in good agreement with cases published in the specialized literature. The results
show that both a thick front wall and a large incidence angle of the wave can signi�cantly
narrow the hydrodynamic e�ciency band and modify the resonant frequency.

8.1 Introduction

Ocean wave energy has been suggested as a potential renewable source for attenuating the
e�ect of global warming and supplying a signi�cant portion of the electricity needs of the
rapidly increasing world population (Pecher and Kofoed; 2017; Mishra et al.; 2020; Melikoglu;
2018). The estimated global energy resource for ocean waves is about 2.1 TW (Gunn and Stock-
Williams; 2012), corresponding to approximately 18 400 TWh available annually, and equivalent
to roughly 80% of the worldwide electricity demand in 2018 (Calheiros-Cabral et al.; 2020).
However, although ocean waves have demonstrated to be one of the most abundant renewable
energy resources, this clean resource remains virtually unharnessed (Howe and Nader; 2017).
This is due to a wider tendency towards other clean resources (Melikoglu; 2018), insu�cient
funding for research (Mishra et al.; 2020), the unmatured staged of current technologies and the
lack of a reliable and cost-e�ective energy extraction technology from sea waves (Sheng; 2019;
EC; 2016).

This clean resource energy has attracted numerous inventors who have proposed a wide
variety of wave extraction technologies. The earliest of such technology was reported in France
in 1799 by a father and a son named Girard, and to date, more than a thousand of wave
energy technologies have been patented (Falcão; 2010; Ross; 2012). Particularly, the navigation
buoys powered by wave energy, which were invented and developed in the 1940s by the former
Japanese navy o�cer Yoshio Masuda, are regarded as the most successful systems for wave
energy utilisation (Masuda; 1986; Sheng; 2019; Falcão; 2010). These navigation buoys are
known, under the current terminology of wave energy technologies, as (�oating) oscillating water
columns devices, although they were �rst known as Masuda devices following the inventor's
name (Sheng; 2019; Ross; 2012).
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The technology currently available for wave energy is divided into four categories. These are
attenuators, point absorbers, overtopping terminators, and oscillating wave column terminators
(Mahnamfar and Altunkaynak; 2017). Among the proposed wave energy converters (WEC),
the OWC stands out from the rest of technologies due to its practicability and inherent working
principle. The main advantage of this device versus most other WECs is its simplicity, probably
making it the most thoroughly studied system with the highest number of prototypes deployed
into the sea so far (Falcão; 2010). Basically, OWC systems consist only of two main components:
a partially submerged collecting chamber and a Power Take-O� (PTO) system, typically a
turbine whose rotor is the only moving part of the mechanism for the extraction of energy and
which is positioned above the water level to prevent direct exposure to seawater. It also posses
a basic working principle where the water column inside the collecting chamber is forced to
vertically oscillate like a piston due to the incident waves, driving the con�ned air�ow back
and forth through a turbine in a duct coupled to a generator and connected to the atmosphere
(Falcão; 2010; Service; 2007).

The OWC device is a worldwide well-established WEC system and it is expected to continue
contributing to the progression of wave energy harnessing (Doyle and Aggidis; 2019). Due
to its versatility, it possesses di�erent design variations (shore-mounted, sea-bed and �oating
systems) which allowed it to be deployed onshore, nearshore and o�shore. Particularly, the
onshore OWC system is a �xed wave converter, which is generally designed to be mounted
on the coast or integrated into already existing or in-development ocean structures such as
breakwaters (Teixeira and Didier; 2021; Howe and Nader; 2017; Vicinanza et al.; 2019). Since
one of the greatest issues of OWC systems is the economical aspect (Lin et al.; 2015), this
integration o�ers some cost-reduction advantages as construction and maintenance costs are
shared, the operation of the power plant becomes more accessible and it prevents the use of
mooring systems and underwater electric cables. Additionally, the energy absorption into the
OWC collecting chamber contributes to coastal protection, decreases the disruption of vessel
tra�c at port entrances and improves the hydraulic performance of the breakwater by reducing
the wave re�ection. Although less energetic waves are found compared to open and deep seas,
these are less costly to exploit and wave energy can be more naturally concentrated towards
the system due to shoaling, refraction and di�raction (Polinder and Scuotto; 2005).

The onshore OWC systems are basically designed to be a form of terminator device,
where their principal axis is perpendicular to the predominant wave direction to gather most
energy (Drew et al.; 2009). However, in real sea conditions, water waves direction is hardly
perpendicular with respect to the OWC chamber transverse axis (Jin et al.; 2012). This can be
in part due to the orientation of the OWC system and to the re�ection and refraction of the
waves generated by the shoreline and the surrounding bathymetry. The Mutriku Oscillating
Water Column Energy Plant, located in Gipuzkoa (northern Spain), is an example of this,
where the boomerang-shaped breakwater that houses the OWC power plant is north-northeast
oriented and makes the sixteen chambers face the mostly north-western incoming sea waves at
a di�erent angle (Ibarra-Berastegi et al.; 2018). As a result, although the structural design of
the chamber is the same, the pneumatic power produced on each of the 14 Wells turbines that
operate varies.

In this sense, a critical condition in achieving maximum pneumatic power at the turbine is
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by having the device operate as near to the resonance condition as possible. Resonance takes
place when the incident wave frequency coincides with the natural frequency of the converter.
For this purpose, the design of the OWC chamber plays an important role to operate optimally
at resonance. Usually, the geometrical con�guration of the chamber is chosen to generate a
column whose natural oscillation frequency coincides with that of the most occurring wave
at the position where the OWC will be installed (Delmonte et al.; 2016). In this sense, the
variability of sea state conditions can a�ect the feasibility of the OWC, since the size and shape
of the structure can hardly be modi�ed once built.

The absorption of wave energy by OWC systems is a technically complicated hydrodynamic
mechanism in which relatively complex di�raction and radiation wave processes take place
(Falcão; 2010). A large part of the work on onshore OWC systems published in the last three
decades was on theoretical hydrodynamics with a focus on the OWC-water wave interaction
considering normal wave propagation towards the device (Evans and Porter; 1995; Morris-
Thomas et al.; 2006; �entürk and Özdamar; 2012; Rezanejad et al.; 2013; Koley and Trivedi;
2020). Wang et al. (2002) investigated the hydrodynamic performance of an OWC type
shoreline-mounted wave energy device by using the BEM. The numerical model was validated
through an experimental campaign and the authors reported that as the bottom slope increases,
the peaks of the capture-width ratios will shift to lower values of frequency, while the e�ect
on the OWC performance due to the change in water depth at the shoreline is signi�cant.
Morris-Thomas et al. (2006) experimentally studied the e�ect of front wall geometry on the
OWC hydrodynamic e�ciency. They found that the front wall geometry does not greatly
in�uence the overall peak hydrodynamic e�ciency but it does a�ect the overall shape and
bandwidth of the e�ciency curve. Martins-rivas and Mei (2009) theoretically studied the e�ects
of coastline on wave power absorption of an OWC device installed on a straight coast. They
reported that the shore re�ection roughly doubles the energy absorption, while the considered
PTO produces a higher e�ciency over a broad frequency band. By carrying out experimental
campaigns, Dizadji and Sajadian (2011) studied various geometrical designs of an OWC system
to obtain the optimized con�guration for the maximum energy harness. The authors reported
that by decreasing the angle of the front wall, a considerable increment in the air out�ow from
the chamber is observed, while the parallel arrangement of the front and back walls resulted in
a relative maximization of the air out�ow. The theoretical analysis of an OWC with a gap on
its fully submerged front wall was studied by �entürk and Özdamar (2012) and found that by
choosing the appropriate geometrical parameters, it is possible to improve the OWC e�ciency
with a surface piercing barrier type front wall.

Rezanejad et al. (2013) analyzed the impact of stepped bottom topography in the e�ciency
of a nearshore OWC. In their work, the authors reported that the inclusion of a properly tuning
arti�cial step at the sea bottom could signi�cantly increase the capacity of power absorption.
The performance of a �xed OWC device based on a time-domain higher-order BEM in a 2D fully
nonlinear numerical wave �ume was investigated by Ning et al. (2015), and it was found that the
geometric parameters of the air chamber play a signi�cant role on the hydrodynamic e�ciency.
An experimental investigation of the in�uence of four di�erent bottom pro�les (�at, circular,
curved and sloped) on the OWC hydrodynamic performance was carried out by John Ashlin
et al. (2016). The authors concluded that the natural frequency of the system was unaltered by
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these four pro�les, while a better performance in terms of its e�ective wave energy conversion was
obtained for a circular curve bottom pro�le. Ning, Wang, Zou and Teng (2016) experimentally
studied the hydrodynamic performance of a �xed OWC device. The authors reported that the
bottom slope has a little in�uence on the resonant frequency, while the optimal hydrodynamic
e�ciency increases with an increase of bottom slope. Mahnamfar and Altunkaynak (2017)
performed both a numerical model and an experimental campaign to analyze the e�ect of
the OWC geometrical con�guration on its to optimization. Malara et al. (2017) carried out
a numerical analysis of the three-dimensional e�ects a�ecting the U-OWC performance and
showed that 3D e�ects are signi�cant when the device width is smaller than 20 m, which results
in an improvement in power output per unit width.

Zheng, Zhang and Iglesias (2019) proposed a theoretical model to study the performance
of a circular cylindrical OWC along a vertical coast/breakwater considering the thickness of
the chamber wall. It was found that the incidence wave direction and the thickness of the
chamber wall both in�uence the wave power captured by the OWC. A theoretical model to
evaluate the hydrodynamic performance of multiple circular cylinder OWCs installed along a
vertical straight coast was developed by Zheng, Antonini, Zhang, Greaves, Miles and Iglesias
(2019). The authors found that the OWC hydrodynamic performance of the array was enhanced
signi�cantly for a certain range of wave conditions due to the constructive wave interference from
the OWCs array and the coast. Zheng et al. (2020) developed an analytical model to study an
OWC integrated into a tubular structure. They demonstrated that a small wall thickness of the
chamber o�ers bene�ts for wave power extraction while increasing the height of the opening leads
to a broader e�ciency band. A coupled EEM-BEM analysis of the hydrodynamic performance
of an OWC device placed on an undulated seabed was carried out by Koley and Trivedi (2020)
and concluded that the OWC structural and bottom con�guration can signi�cantly enhance the
hydrodynamic e�ciency. Belibassakis et al. (2020) developed a 2D BEMmodel for analyzing the
OWC response in general bathymetry regions and showed that the e�ects of the bottom slope
and curvature on the performance can be relevant. Medina Rodríguez et al. (2020) numerically
analyzed the e�ects of the front wall thickness and the bottom pro�le of an OWC device on its
e�ciency and found that an increment on the thickness can signi�cantly reduce the e�ciency
bandwidth.

Recently, Teixeira and Didier (2021) developed a numerical analysis of an onshore OWC
device to investigate di�erences of random incident waves from regular ones in the OWC
performance. They reported that the OWC e�ciency of regular and random waves reaches a
di�erence of 28% around the resonance with small di�erences at high wave periods. A numerical
analysis of the performance of two OWC devices at the di�erent front and back wall slopes was
carried out by Gaspar et al. (2020) and found that an OWC with inclined walls is more e�cient
than an OWC with vertical walls. The in�uence of the compressibility e�ect on the air inside
the OWC chamber was investigated via a numerical model by Gonçalves et al. (2020) and the
authors showed that air compressibility, which is generally ignored in small scale experiments
and numerical simulations, has a signi�cant in�uence on the OWC performance. Zhu et al.
(2020) employed a 2D numerical wave tank based on the weakly compressible smoothed particle
hydrodynamics (SPH) method to investigate the performance of an OWC. The authors found
that an OWC with thinner walls has a better performance in terms of power absorption.
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Although the above-listed works have the ability to quantify the hydrodynamic performance,
both the water wave obliquity and the thickness of the front barrier are not accounted for by the
formulations for onshore land-�xed OWC systems. A further theoretical study of the previously
investigated onshore OWC studies is the model considered in this work and is restricted to
neither normal wave propagation nor a thin front wall OWC device. This is in order to examine
its e�ect on the OWC performance and thereby to provide additional possibilities for enhancing
the e�ciency of onshore OWC systems in di�erent sea states. The basic hypothesis of the
present research is that these two aspects play a signi�cant role in hydrodynamic e�ciency
band and the peak resonant frequency.

The linear wave theory for a constant sea depth is used under the potential �ow method and
the viscous e�ects and nonlinear air compressibility are ignored. To solve the associated BVP,
two di�erent mathematical techniques are presented. The �rst is the well-known semi-analytic
matched EEM, where, along with the orthogonal property of the eigenfunctions, the continuity
of velocity potential and �ux was used to reduce the BVP into a linear system of algebraic
equations. The other one is the BEM, which is a numerical technique based on the application
of an integral equation. Here, to account for the variation of the potential and �ux on the
boundaries, the BEM with three-noded elements will be used. Throughout this work, �ndings
obtained by these approaches are compared and validation is accomplished by recovering prior
reported cases of Evans and Porter (1995) and Medina Rodríguez et al. (2020). The aims of this
analysis are to examine the modi�cation in bandwidth on the e�ciency curves and the shifting
on the peak resonant frequency due to the obliquity of incident waves interacting with an OWC
system with a thick front wall. Analytical and numerical calculations for the hydrodynamic
e�ciency are then presented and analyzed for a range of di�erent non-dimensional parameters.

8.2 Boundary value problem

The �uid-OWC structure system and the Cartesian coordinate system with the z−axis pointing
upwards and the x − y plane on the mean position of the free surface are shown in Fig. 8.1.
The origin of the coordinate system is located on the undisturbed free surface in water of depth
h. The waves approach the land-�xed-OWC device from x direction making an angle θ with
the x−axis. The OWC is modelled by a surface-piercing barrier at x = b, with draft ha and
thickness w, and a rigid wall located at x = 0. The trapped air inside the chamber with a
height hc is assumed to be connected to the atmosphere by a turbine. To only consider the
2-dimensional case, the OWC is assumed to be in�nitely long and parallel to the incoming wave
crest.

The domain is separated into three regions: Region 1 (0 ≤ x ≤ b,−h ≤ z ≤ 0) de�nes the
�uid inside the OWC chamber; Region 2 (b ≤ x ≤ fw,−h ≤ z ≤ ha) delimits the �uid below
the front barrier; and Region 3 (b ≤ x <∞,−h ≤ z ≤ 0) the �uid out of the OWC structure.
We denote the thick-front barrier by Bb = {(x, z) : (x = b,−ha ≤ z ≤ 0) ∪ (b < x < fw, z =
−ha) ∪ (x = fw,−ha ≤ z ≤ 0)}, the rigid vertical wall by Bw = {(x, z) : x = 0,−h < z < 0},
the internal free surface inside the chamber by Fi = {(x, z) : 0 ≤ x ≤ b, z = 0}, the
external free surface by Ff = {(x, z) : fw ≤ x ≤ ∞, z = 0}, the �at bottom by Bd =
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{(x, z) : (0 < x < ∞, z = −h)} and the vertical length of the gap below the barrier by
Bg = {(x, z) : x = b,−h ≤ z ≤ −ha}.

OWC 
Chamber

b

z=-h

w
x

z

(0,0)

y

ha

Incident wave

θ
hc

Figure 8.1: De�nition sketch of the interaction of a thick front barrier OWC device with
oblique waves.

The seawater is assumed inviscid and incompressible, and the �ow is irrotational. The wave
motion is considered to be represented adequately by the linearized wave theory, disregarding
surface tension e�ects and hence potential theory is used. By assuming a simple harmonic
�ow with angular frequency ω, we de�ne a velocity potential Φ(x, z, t) with Φ(x, z, t) =
Re{ϕ(x, z)e−iωt+iκy}, where Re{ } denotes the real part of a complex expression, β = k sin θ,
k is the wavenumber of the plane progressive wave and t is the time. Under the assumptions
above, the spatial velocity potential ϕ satis�es the Helmholtz equation(

∂2

∂x2
+

∂2

∂z2
− β2

)
ϕ = 0, (8.1)

with the no-�ow boundary conditions applied at the bottom, the thick-front barrier and the
left-rigid vertical wall as

∂ϕ

∂n
= 0 for (x, z) ∈ Bd, Bb and Bw, (8.2)

respectively. The continuity of pressure and horizontal velocity on both lateral sides of the gap
are given by

ϕ− = ϕ+ and
∂ϕ

∂x−
=
∂ϕ

∂x+
on x = b and fw with − h ≤ z ≤ −ha, (8.3)

where fw = b+ w.
The internal and external linearized free surface boundary conditions are

∂ϕ

∂z
−Kϕ =

 iωp
ρg on z = 0, 0 < x < b,

0 on z = 0, fw < x <∞,
(8.4)
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respectively, where p is the harmonic pressure distribution in the internal free surface,K = ω2/g,
with g being the gravitational constant and ρ the seawater density.

Following the methodology proposed by Evans (1982), the velocity potential is separated
into a scattered potential ϕS and a radiated potential ϕR as follows

ϕ(x, z) = ϕS +
iωp
ρg

ϕR, (8.5)

where ϕS satis�es Eqs. (8.1)�(8.4) with p = 0 inside the chamber; while ϕR satis�es Eqs. (8.1)�
(8.4) with Eq. (8.4) replaced by

∂ϕR

∂z
−KϕR = 1 on z = 0, 0 < x < b. (8.6)

The Sommerfeld radiation condition is imposed at the right-hand end (x → +∞) of the
domain

∂ϕD,R

∂x
− ik cos θϕD,R = 0 as x→ +∞, (8.7)

where ϕD represents the di�racted potential that together with the incident potential ϕI

composed the scattered potential ϕS , while the wavenumber k is the positive real root of the
wave dispersion relation given by

ω2 = gk tanh kh. (8.8)

As previously done with the velocity potential, the time harmonic induced volume �ux across
Si is also decomposed into scattering and radiation volume �uxes, qS and qR, respectively, as
follows

q =

∫
Fi

∂ϕ

∂z
dx = qS +

iωp
ρg

qR, (8.9)

while the continuity of volume �ux across the internal free surface and the gap bellow the barrier
tip is ensured by

qS,R =

∫
Fi

∂ϕS,R

∂z
dx =

∫
Bg

∂ϕS,R

∂x
dz. (8.10)

In the next section, the solution procedures for the BVP are described.

8.3 Solution method

8.3.1 Matched Eigenfunction Expansion Method

De�nition of velocity potentials

In this subsection, the solution procedure for the radiation and the scattering problems based
on the matched EEM is described. In the case of the radiation problem, by employing the
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method of separation of variables, the velocity potentials in the three regions are represented
by the eigenfunctions expansions as

ϕR1 (x, z) = BR
0 cos kxxΨ0(z) +

∞∑
n=1

BR
n cosh knxxΨn(z)−

1

K
, (8.11a)

ϕR2 (x, z) =
∞∑
n=0

[
CR
n

cosh γnx (fw − x)

cosh γnxw
+DR

n

sinh γnx (fw − x)

sinh γnxw

]
χn(z), (8.11b)

ϕR3 (x, z) = AReikx(x−fw)Ψ0(z) +
∞∑
n=1

AR
n e

−knx(x−fw)Ψn(z), (8.11c)

for Regions 1, 2 and 3, respectively, and where kx =
√
k2 − β2, knx =

√
k2n + β2 and

γnx =
√(

nπ/ (h− ha)
)2

+ β2 for n = 0, 1,... . Additionally, the term −1/K on ϕR1 was

introduced to satisfy Eq. (8.6) and the coe�cients AR, AR
n for n = 1, 2,... and BR

n , C
R
n and

DR
n for n = 0, 1,... are the unknown constants to be determined. The eigenfunctions Ψ and χ

are de�ned by

Ψn(z) =
1√
Nn

cos kn (z + h) , for n = 0, 1, 2, ..., (8.12a)

χn(z) =
1√
Wn

cosnπ
(z + h)

h− ha
, for n = 0, 1, 2, ..., (8.12b)

where

Nn =
1

2

[
1 +

sin 2knh

2knh

]
, for n = 0, 1, 2, ..., (8.13a)

W0 =

[
1− ha

h

]
, (8.13b)

Wn =
1

2

[
1− ha

h

]
, for n = 1, 2, .... (8.13c)

with k0 = ik and ikn for n ≥ 1 indicates the purely imaginary roots of the dispersion relation in
k given by Eq. (8.8). The eigenfunctions Ψn and χn are orthonormal with respect to the inner
product

⟨Ψn,Ψm⟩ = 1

h

∫ 0

−h
Ψn(z)Ψm(z)dz = δnm, (8.14a)

⟨χn, χm⟩ = 1

h

∫ −ha

−h
χn(z)χm(z)dz = δnm, (8.14b)

where δnm is the Kronecker delta.
As described previously for the radiation problem, the velocity potentials for the scattering

problem are also expanded in terms of appropriate eigenfunctions. The expansion of velocity
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potential ϕR2 remains exactly the same as in the case of the radiation problem (Eq. 8.11b),
while for velocity potentials in Regions 1 and 3, these are expressed as follows

ϕS1 (x, z) = BR
0 cos kxxΨ0(z) +

∞∑
n=1

BR
n cosh knxxΨn(z), (8.15a)

ϕS3 (x, z) =
(
e−ikx(x−fw) +Reikx(x−fw)

)
Ψ0(z) +

∞∑
n=1

AR
n e

−knx(x−fw)Ψn(z), (8.15b)

where the associated eigenvalues and the eigenfunctions are the same as de�ned above.
In the special case of normal incidence (θ = 0◦), the expansion for the velocity potential

ϕR,S
2 in region 2 will take the following form:

ϕR,S
2 (x, z) =

(
CR
0 +DR

0

(fw − x)

w

)
χ0(z)+

∞∑
n=1

[
CR
n

cosh γnx (fw − x)

cosh γnxw
+DR

n

sinh γnx (fw − x)

sinh γnxw

]
χn(z).

(8.16)
The far-�eld behaviour of the scattered and radiated potentials is given by

ϕR ∼ AReikx(x−fw)Ψ0(z), as x→ +∞, (8.17)

ϕS ∼
(
e−ikx(x−fw) +Reikx(x−fw)

)
Ψ0(z), as, x→ +∞ (8.18)

where AR represents the amplitude of the radiated wave to +∞ while R the amplitude of the
re�ected wave in the scattering problem with |R| = 1 since all the incident wave energy is
re�ected due to the OWC structure.

Matching of the regions

Now, application of the second matching condition Eq. (8.3) at x = fw on the velocity
potentials described by Eqs. (8.11b) and (8.11c), together with the boundary condition Eq.
(8.2) at x = fw and 0 ≤ z ≤ −ha applied to the velocity potential Eq. (8.11c), adding their
corresponding results, exploiting the orthonormality of the eigenfunctions as de�ned in Eq.
(8.14a) and truncating the in�nite series after Nem terms, we have

AR = − 1

ikxh

Nem∑
n=0

DR
n γnx

sinh γnxw

∫ −ha

−h
χn(z)Ψ0(z)dz, for m = 0, (8.19a)

AR
m =

1

kmxh

Nem∑
n=0

DR
n γnx

sinh γnxw

∫ −ha

−h
χn(z)Ψm(z)dz, for m ≥ 1. (8.19b)

Next, by using the �rst matching condition of Eq. (8.3) at x = fw with the velocity
potentials, Eqs. (8.11b) and (8.11c), exploiting the orthonormality of the eigenfunctions as
de�ned in Eq. (8.14b) and truncating the in�nite series, we obtain

AR

∫ −ha

−h
Ψ0(z)χm(z)dz+

Nem∑
n=1

AR
n

∫ −ha

−h
Ψn(z)χm(z)dz− CR

mh

cosh γnxw
= 0, for m ≥ 0. (8.20)
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By applying the second matching condition of Eq. (8.3) at x = b on the velocity potentials
of Regions 1 and 2, Eqs. (8.11a) and (8.11b), respectively, in conjunction with the application
of boundary condition Eq. (8.2) at x = b and 0 ≤ z ≤ −ha on the velocity potential Eq.
(8.11a), adding their results, making use of the orthonormality of the eigenfunctions as given
by Eq. (8.14a) and truncating the in�nite series after Nem terms, results

BR
m = − 1

kmxh sinh kmxb

Nem∑
n=0

γnx

[
CR
n tanh γnxw +DR

n coth γnxw
] ∫ −ha

−h
χn(z)Ψm(z)dz = 0,

for m ≥ 0, (8.21)

with k0x = ikx.
Finally, applying the �rst matching condition of Eq. (8.3) at x = b on Eqs. (8.11a) and

(8.11b), multiplying by χm, integrating from −h to −ha and using the orthonormal properties
of the eigenfunction χm (Eq. 8.14b), we obtain

−
Nem∑
n=0

BR
n

cosh knxb

h

∫ −ha

−h
Ψn(z)χm(z)dz + CR

m +DR
m = − 1

Kh

∫ −ha

−h
χm(z)dz, for m ≥ 0.

(8.22)
Then, by substituting Eqs. (8.19a) and (8.19b) into Eq. (8.20), yields

CR
mh

cosh γmxw
+

1

ikxh

Nem∑
n=0

DR
n γnx

sinh γnxw

∫ −ha

−h
χn(z)Ψ0(z)dz

∫ −ha

−h
Ψ0(z)χm(z)dz−

Nem∑
n=0

DR
n γnx

sinh γnxw

Nem∑
l=1

1

klxh

∫ −ha

−h
χn(z)Ψl(z)dz

∫ −ha

−h
Ψl(z)χm(z)dz = 0, for m ≥ 0. (8.23)

and substituting Eq. (8.21) into Eq. (8.22), results

−cot kxb

kxh

Nem∑
n=0

[
CR
n γnx tanh γnxw +DR

n γnx coth γnxw
] ∫ −ha

−h
χn(z)Ψ0(z)dz

∫ −ha

−h
Ψ0(z)χm(z)dz+

Nem∑
l=0

[
CR
l γlx tanh γlxw +DR

l γlx coth γlxw
]Nem∑
n=1

coth knxb

knxh

∫ −ha

−h
χl(z)Ψn(z)dz

∫ −ha

−h
Ψn(z)χm(z)dz+

(
CR
m +DR

m

)
h = − 1

K

∫ −ha

−h
χm(z)dz, for m ≥ 0. (8.24)

Equations (8.23) and (8.24) provide a linear system of algebraic equations to solve for the
unknowns CR

n and DR
n . The unknowns AR, AR

n and BR
n can be obtained from Eqs. (8.19a),

(8.19b) and (8.21), respectively, once CR
n and DR

n are determined. In the case of normal
incidence, the linear system of algebraic equations for the determination of the unknowns is
given in Appendix 8.7. On the other hand, the solution procedure for the scattering problem is
similar to the one described above for the radiation problem.
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8.3.2 Boundary Element Method

Boundary integral equation

The boundary integral equation representation of Helmholtz expression (8.1) is of the form

α(X)ϕ(X) +

∫
Γ
ϕ(Y )

∂ψ(X,Y )

∂nY
dΓY =

∫
Γ
ψ(X,Y )

∂ϕ(Y )

∂nY
dΓY , (8.25)

where ϕ and ∂ϕ/∂n are, respectively, the unknown velocity potential and its normal derivative

with respect to the �eld point Y
(
ξ̂, η̂
)
on the boundary Γ; X (x, z) is the source point inside

the domain Ω; ψ and ∂ψ/∂n represent, respectively, the fundamental solution of Helmholtz
equation and its normal derivative at point Y in Γ; and α = τ/2π, where τ is the angle in
radians between points X and Y (Katsikadelis; 2002).

It follows that the fundamental solution of Helmholtz equation is given by

ψ =
K0 (kr sin θ)

2π
, (8.26)

where K0 is the modi�ed Bessel function of the second kind and zeroth order which satis�es

Eq. (8.1) and r =

√(
x− ξ̂

)2
+ (z − η̂)2 is the distance between points X and Y .

For normal incidence (θ = 0), the velocity potential ϕ is governed by the Laplace equation
given by (

∂2

∂x2
+

∂2

∂z2

)
ϕ = 0, (8.27)

whose fundamental solution is

ψ =
1

2π
ln r. (8.28)

Discretization of the boundary integral equation

The boundary integral equation (8.25) is then discretized by subdividing the boundary Γ into
Nbe boundary elements as follows

αiϕi +

Nbe∑
j=1

∫
Γ
ϕ
∂ψ

∂n
dΓ =

Nbe∑
j=1

∫
Γ
ψ
∂ϕ

∂n
dΓ. (8.29)

where the superscript i indicates the boundary node and j the boundary element. The boundary
is then divided into curved quadratic elements, where ϕ and ∂ϕ/∂n are assumed to have three
di�erent values on each element. To account for this variation, ϕ and ∂ϕ/∂n must be de�ned
in terms of interpolation functions, φ̂1,2,3, which are a function of a homogeneous coordinate ξ,
thus

ϕ(ξ) = φ̂1(ξ)ϕ
1 + φ̂2(ξ)ϕ

2 + φ̂3(ξ)ϕ
3, (8.30a)
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∂ϕ(ξ)

∂n
= φ̂1(ξ)

∂ϕ1

∂n
+ φ̂2(ξ)

∂ϕ2

∂n
+ φ̂3(ξ)

∂ϕ3

∂n
, (8.30b)

and the same de�nition must be performed on the x and z coordinates

x = φ̂1(ξ)x
1 + φ̂2(ξ)x

2 + φ̂3(ξ)x
3, (8.31a)

z = φ̂1(ξ)z
1 + φ̂2(ξ)z

2 + φ̂3(ξ)z
3, (8.31b)

with the interpolation functions de�ned by

φ̂1 =
1

2
ξ (ξ − 1) , φ̂2 =

1

2
(1− ξ) (1 + ξ) , and φ̂3 =

1

2
ξ (1 + ξ) , (8.32)

where ξ varies from -1 to 1 and the superscript indicates the number of the node on the
corresponding element. After inserting Eqs. (8.30a) and (8.30b) into Eq. (8.29), the calculation
of the Jacobian is required to compute the integrals. This is obtained by

dΓ =

√(dx
dξ

)2

+

(
dz

dξ

)2
 dξ = |J |dξ. (8.33)

Thus, Eq. (8.29) can now be written as

αiϕi +

Nbe∑
j=1

[
H ij

1 , H
ij
2 , H

ij
3

]
·


ϕ1

ϕ2

ϕ3


j

=

Nbe∑
j=1

[
Gij

1 , G
ij
2 , G

ij
3

]
·


ϕ1n
ϕ2n
ϕ3n


j

, (8.34)

where

H ij
k =

∫ 1

−1
φ̂k(ξ)

∂ψ

∂n
|J |dξ, (8.35a)

Gij
k =

∫ 1

−1
φ̂k(ξ)ψ|J |dξ, (8.35b)

with k = 1, 2 and 3. The integrals H ij
k and Gij

k are computed by applying a 10-point Gaussian
quadrature rule to account for the quadratic variation on each element (Dominguez; 1993).

As mentioned above, �uxes and potentials have a three noded variation. Following
Dominguez (1993), �uxes will have a unique nodal value on each element so the possibility
of having di�erent values between adjacent elements is considered, whereas velocity potentials
will always hold a unique value in the connection between two adjoining elements. Therefore,
�uxes are arranged in a 3×Nbe array while velocity potentials in an N array, where N is the
number of nodes equal to 2Nbe for closed boundaries. This leads to the following representation
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Figure 8.2: Discretization and matching of the regions.

of Eq. (8.34) as

αiϕi +
[
Ĥ i1, ... Ĥ iN

]
·


ϕ1

...
ϕN


j

=
[
Ĝi1, ... ĜiNbe

]
·



ϕ1nϕ2n
ϕ3n


1

...ϕ1nϕ2n
ϕ3n


Nbe



j

, (8.36)

where the coe�cients Ĥ ij are equal to the H1 term of a j−element plus the H3 term of the
(j − 1)−element for odd nodes, while for central nodes the coe�cients Ĥ ij are equal to the
h2 term of the corresponding j element. The coe�cients Ĝij are 1×3 matrices de�ned by[
Gij

1 , G
ij
2 , G

ij
3

]
. Then, Eq. (8.36) can be simpli�ed as

HΦ = GΦn, (8.37)

with H and G being square (N ×N) and rectangular (N × 3Nbe) matrixes, respectively, while
Φ and Φn are vectors with dimensions N × 1 and 3Nbe × 1, respectively.

Matching of the subdomains

The three-region domain with the common interfaces on both lateral sides of Region 2 is shown
in Fig. 8.2. Following Rezanejad et al. (2013), the method of subdomains is used to match the
regions and to avoid numerical instabilities. The continuity of velocity potential and �ux at
the common interfaces should therefore be de�ned in order to match the regions. (Katsikadelis;
2002; Becker; 1992). For this purpose, the nodes in the common interfaces Γ12 and Γ23 of
Regions 1�2 and Regions 2�3, respectively, are assumed to be in perfect contact, Fig. 8.2.
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These velocity potential and �ux continuity conditions are given by

Φ1
12 = Φ2

12, Φ2
23 = Φ3

23, (8.38a)

Φn
1
12 = −Φn

2
12, Φn

2
23 = −Φn

3
23, (8.38b)

respectively.
Boundary conditions previously de�ned in Eqs. (8.2), (8.4), (8.6) and (8.7), are then inserted

into Eq. (8.34) and the known variables are moved to the right-hand side while the unknowns
to the left-hand side. Then, the following matrix is obtained

[A] {X} = {B}, (8.39)

where [A] is a square matrix of dimensions N × N ; the vector {X} with dimensions N × 1
contains the unknown values of the velocity potential or �uxes on the boundaries and the
common interfaces; and {B} is a known vector of dimension N × 1 (Dominguez; 1993).

8.4 E�ciency relations

Following the decomposition of the radiation volume �ux qR into real and imaginary parts as
proposed by Evans (1982), we have

iωp

ρg
qR = −

(
B̂ − iÂ

)
p = −Zp, (8.40)

where Z = B̂− iÂ is the complex admittance, while the real coe�cients Â and B̂ are given by

Â =
ω

ρg
Re{qR}, (8.41a)

B̂ =
ω

ρg
Im{qR}, (8.41b)

and are called the radiation susceptance and the radiation conductance parameters, respectively,
and are related to the added mass and the radiation damping in a rigid body system (Evans
and Porter; 1995).

By assuming that there exists a linear relationship between pressure drop and the volume
�ow rate without a phase lag in the turbine connected to the OWC chamber, we have

q = (Λ− iϵ) p, (8.42)

where the real control parameter Λ is related to the linear turbine damping induced to the
air�ow. The term ϵ = ωV̂ / (γpa) has been introduced to account for the linear compressibility
of the trapped air inside the OWC chamber with V̂ being the air volume, γ = 1.4 is the speci�c
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heat ratio of air and pa the atmospheric air pressure (Rezanejad et al.; 2017). After combining
Eqs. (8.9), (8.40) and (8.42), the imposed internal pressure results

p =
qS

Λ + Z − iϵ
. (8.43)

Now, the total rate of work performed by the pressure forces inside the OWC, Q(t)× P (t),
is averaged over one wave period to obtain the total rate of power absorbed per unit width of
pressure distribution as

W =
1

2
Re{pq}, (8.44)

with the horizontal bar (−) denoting the complex conjugate. Now, by inserting Eqs. (8.9) and
(8.40) into Eq. (8.44) and simplifying, results

W =
1

2
Re
{
p
(
qS − Zp

)}
=

|qS |2

8B̂
− B̂

2

∣∣∣∣∣p− qS

2B̂

∣∣∣∣∣
2

, (8.45)

where if B̂−1 exists, the maximum work gives

Wmax =
|qS |2

8B̂
, for p =

qS

2B̂
, (8.46)

where Λ = (Z − iϵ) for maximum power. Thus, after combining Eqs. (8.43) and (8.45), we
obtain

W =
|qS |2

8B̂

[
1−

(
|Λ− Z + iϵ|
|Λ + Z − iϵ|

)2
]
. (8.47)

Now, the optimal power conversion e�ciency must be obtained. This is performed by �nding
the optimum value of Λ, which is obtained by applying zero value to the derivative with respect
to Λ for the squared-right term inside the brackets of Eq. (8.47) (�entürk and Özdamar; 2012),
thus yielding

Λopt = |Z − iϵ| =
(
B̂2 +

(
Â+ ϵ

)2)1/2

(8.48)

and after substituting the above expression into Eq. (8.47), results

Wopt =
|qS |2

8B̂

[
1− Λopt − B̂

Λopt + B̂

]
, (8.49)

where Â, B̂ and Λ are a function of the angular frequency ω.
Hence, an expression for the maximum hydrodynamic e�ciency can now be obtained as

ηmax =
Wopt

Wmax
=

2B̂

Λopt + B̂
, (8.50)

with ηmax in the range 0 to 1.
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Table 8.1: Maximum hydrodynamic e�ciency ηmax computed for di�erent number of
evanescent modes Nem with ha/h = 0.125, b/h = 1.0, w/b = 1.0 and θ = 60◦.

Nem
Kh = 0.5 Kh = 1.0 Kh = 1.5 Kh = 2.0 Kh = 2.5 Kh = 3.0 Kh = 3.5

ηmax

10 0.32826 0.33171 0.49410 0.20517 0.03628 0.00954 0.00286
20 0.32832 0.33203 0.49639 0.20382 0.03613 0.00949 0.00284
30 0.32838 0.33227 0.49809 0.20308 0.03606 0.00948 0.00284
40 0.32838 0.33226 0.49803 0.20309 0.03606 0.00948 0.00284
50 0.32838 0.33226 0.49805 0.20307 0.03606 0.00948 0.00284

As in Evans and Porter (1995), the following non-dimensionalised quantities are de�ned

µ =
ρg

ωb
Â, (8.51a)

ν =
ρg

ωb
B̂, (8.51b)

which represent the coe�cients of radiation susceptance and radiation conductance, respectively.
The radiation susceptance coe�cient µ represents the energy that remains un-captured while the
radiation conductance coe�cient ν accounts for the energy transfer into the system (Rezanejad
et al.; 2013).

Finally, after inserting the above coe�cients into Eq. (8.50), the hydrodynamic e�ciency
ηmax gives

ηmax =
2[

1 +
(µ
ν + ρg

ωb
ϵ
ν

)2]1/2
+ 1

, (8.52)

and by neglecting the e�ect of air compressibility, i.e., ϵ = 0, it results in the expression
previously reported by Evans and Porter (1995).

8.5 Results and Discussion

8.5.1 Convergence analysis

In this section, analytical and numerical results based on the previously discussed methods are
presented. The e�ects of the incidence wave angle (θ), the front wall thickness to chamber length
ratio (w/b), the chamber length to water depth ratio (b/h), the front wall draft to water depth
ratio (ha/h) and the trapped air column height to water depth ratio (hc/h) on the maximum
hydrodynamic e�ciency are analyzed. In all the calculations, the water depth is assumed to be
7.90 m as in (Medina Rodríguez et al.; 2020) with a wave period T in the range of 2.50 ≤ T ≤ 30
s.

Before performing the calculations, a convergence analysis for both EEM and BEM was
carried out. In the case of the EEM, see Table 8.1, the results obtained for the maximum
hydrodynamic e�ciency ηmax are given for di�erent values of the non-dimensional frequency
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Table 8.2: Maximum hydrodynamic e�ciency ηmax computed for di�erent number of
nodes N with ha/h = 0.125, b/h = 1.0, w/b = 1.0 and θ = 60◦.

N
Kh = 0.5 Kh = 1.0 Kh = 1.5 Kh = 2.0 Kh = 2.5 Kh = 3.0 Kh = 3.5

ηmax

316 0.33586 0.33624 0.49359 0.20449 0.03540 0.00913 0.00269
388 0.33478 0.33572 0.49467 0.20400 0.03546 0.00917 0.00271
460 0.33402 0.33536 0.49546 0.20368 0.03551 0.00920 0.00272
532 0.33346 0.33509 0.49602 0.20347 0.03555 0.00923 0.00273
604 0.33302 0.33488 0.49643 0.20331 0.03559 0.00925 0.00274

Kh(= 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 and 3.5). From Table 8.1 it is observed that around 30
evanescent modes are adequate to ensure convergence of the analytical results within four
decimal places; therefore, in the present calculations, Nem = 30 are employed. Then, in Table
8.2, by using the BEM, the results of ηmax for the same Kh values are given for di�erent
number of nodes (N). Here, to avoid the e�ect of local disturbances at the far-�eld boundary,
a distance of 4 times the water depth h between the right face of the front wall and the far-�eld
boundary was considered. In this case, around 532 nodes (256 quadratic elements) were found
to be enough for ensuring the convergence of the numerical results within three decimal places.
Therefore, the BVP is discretized through 532 nodes.

8.5.2 Validation

To validate the results obtained by the above-mentioned methods, the results for the limiting
cases of Evans and Porter (1995) and Medina Rodríguez et al. (2020) were employed. First, in
Fig. 8.3a, the hydrodynamic e�ciency versus Kh with b/h = 1.0, ha/h = 0.125 and θ = 0◦

for di�erent values of front wall thickness to chamber length ratio w/b are shown. On one
hand, for w/b = 0.01, the results obtained by the present formulations were compared with the
corresponding results of Evans and Porter (1995) for an OWC device with a thin front wall and
normal wave propagation. On the other hand, by using the EEM described above, calculations
were compared with results obtained by Medina Rodríguez et al. (2020) in the case of normal
incidence and di�erent values of w/b. In both cases, it can be seen that the results agree very
well.

Then, in Fig. 8.3a, the hydrodynamic e�ciency versusKh with ha/h = 0.50 and w/b = 0.01
for di�erent values of the chamber length to water depth ratio b/h are shown. In general, it
is observed that results agree very well, except for small values of b/h and Kh > 1, where
the semi-analytic results obtained by the EEM are not in a precise agreement with the results
obtained by Evans and Porter (1995) and the present BEM for θ = 1◦.

8.5.3 E�ect of the chamber con�guration

The numerical and analytical results of the maximum hydrodynamic e�ciency ηmax versus
the non-dimensional frequency Kh with ha/h = 0.125 and b/h = 1.0 for various angles of
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Figure 8.3: Maximum hydrodynamic e�ciency versus non-dimensional frequencies
Kh compared with previous results obtained by Evans and Porter (1995) and
Medina Rodríguez et al. (2020). (a) For b/h = 1.0, ha/h = 0.125, θ = 0◦ and di�erent
w/b ratios. (b) For ha/h = 0.5, w/b = 0.01 and various b/h ratios.

incidence θ(= 15◦, 30◦, 45◦, 60◦ and 75◦) and four di�erent front barrier thickness to chamber
length ratios w/b(= 0.5, 1.0, 1.5 and 2.0) are shown in Figs. 8.4a�d, respectively. It is observed
that the semi-analytical and numerical results obtained by, respectively, the EEM and the
BEM are in good agreement. Figures 8.4a-d show that the non-dimensional frequency Kh at
which resonance occurs increases when the angle of incidence increases, while the hydrodynamic
e�ciency bandwidth is signi�cantly reduced with an increase θ. It is also found that the
e�ciency in the entire Kh spectrum is signi�cantly diminished for large wave incidence angles
due to the null excitation of the oblique waves on the oscillating water column. It can be shown
that by comparing the Figs. 8.4a-d, an increase in the thickness of the front wall contributes to a
decrease in both the e�ciency bandwidth and the peak frequency value. For thick front barriers,
this decrease in performance is attributed to the fact that the energy �ow from the incoming
wave to the internal free surface is limited. A reduction in energy transfer corresponds to a
decrease in the internal free surface oscillation for driving the air column, which consequently
diminishes the output power.

The results of the maximum hydrodynamic e�ciency ηmax versus Kh with ha/h = 0.125
and w/b = 1.0 for various angles of incidence θ(= 15◦, 30◦, 45◦, 60◦ and 75◦) and four di�erent
chamber length to water depth ratios b/h(= 3/4, 1/2, 1/4 and 1/8) are shown in Figs. 8.5a�
d, respectively. By comparing these four �gures it is observed that a shorter chamber length
leads to an increment in the resonant peak frequency value. This is explained by the fact that
a shorter chamber length allows less local �uid motion inside the OWC, thus decreasing the
horizontal distance that a �uid particle must travel during a period of motion, which then leads
to an increment in Kh value at which resonance takes place. In comparison, for a shorter
chamber, a larger hydrodynamic e�ciency band is obtained. This is an important design factor
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Figure 8.4: Maximum hydrodynamic e�ciency versus Kh for di�erent incidence wave
angles θ with ha/h = 0.125 and b/h = 1.0. (a) For w/b = 0.5. (b) For w/b = 1.0. (c)
For w/b = 1.5. (d) For w/b = 2.0.
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for the optimization of an OWC system, as the available wave energy can be best used by an
OWC chamber that is designed to �t the prevailing wave period. On the other hand, it is noted
that the greater the angle of incidence, the greater the peak resonant frequency magnitude.
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Figure 8.5: Maximum hydrodynamic e�ciency versus Kh for di�erent incidence wave
angles θ with ha/h = 0.125 and w/b = 1.0. (a) For b/h = 3/4. (b) For b/h = 1/2. (c)
For b/h = 1/4. (d) For b/h = 1/8.

Figures 8.6a�c show the results of the maximum hydrodynamic e�ciency ηmax versus the
non-dimensional frequency Kh with b/h = 1.0 and w/b = 1.0 for various wave incidence
angles θ(= 15◦, 30◦, 45◦, 60◦ and 75◦) and three di�erent front wall draft to water depth ratios
ha/h(= 1/4, 1/2 and 3/4), respectively. In these �gures it can be seen that a wider performance
bandwidth is obtained by decreasing the immersion of the front wall, ha/h, whereas the value
of the peak resonant frequency is increased. Similar to a modi�cation in the chamber length, a
shorter draft decreases the vertical distance a �uid particle travels in a period of motion, thus
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leading to an increase of Kh at which resonance occurs. Regarding the in�uence of the angle of
incidence, it is observed that by increasing θ, the peak frequency values are shifted to the right.
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Figure 8.6: Maximum hydrodynamic e�ciency versus Kh with b/h = 1.0 and w/b = 1.0.
(a) For ha/h = 1/4. (b) For ha/h = 1/2. (c) For ha/h = 3/4.

8.5.4 E�ect of the wave angle of incidence

The variation of the maximum hydrodynamic e�ciency versus the angle of incidence θ in the
range of 0◦ ≤ θ ≤ 90◦ for di�erent values of Kh(= 1.0, 2.0 and 3.0) are shown in Figs. 8.7a�
d. It can be seen that for Kh = 1, compared with the cases of large Kh, ηmax is higher in
most of the range of θ. It is also observed that for both large Kh and large thickness ratio,
w/b, the hydrodynamic e�ciency curves drop fastly as θ increases. Additionally, the maximum
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hydrodynamic e�ciency becomes zero when θ tends to 90◦ since the inside water column is not
signi�cantly excited by the almost parallel incident waves.

0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
3

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

2
m

a
x

EEM

BEM

Kh = 1:0

Kh = 2:0

Kh = 3:0

(a)

0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
3

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

2
m

a
x

EEM

BEM

Kh = 1:0

Kh = 2:0

Kh = 3:0

(b)

0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
3

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

2
m

a
x

EEM

BEM

Kh = 1:0

Kh = 2:0

Kh = 3:0

(c)

0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
3

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

2
m

a
x

EEM

BEM

Kh = 1:0

Kh = 2:0

Kh = 3:0

(d)

Figure 8.7: Maximum hydrodynamic e�ciency versus θ for di�erent non-dimensional
frequencies Kh with ha/h = 0.125 and b/h = 1.0. (a) For w/b = 0.5. (b) For w/b = 1.0.
(c) For w/b = 1.5. (d) For w/b = 2.0.

The numerical results of ηmax versus the non-dimensional frequency Kh and the angle of
incidence θ for w/b(= 0.5, 1.0, 1.5 and 2.0) are shown in Figs. 8.8a�j. From Figs. 8.9a�j it can
be seen two areas of high values of the hydrodynamic e�ciency. The biggest one is due to large
motions inside the chamber that occurs when the �uid inside the chamber is excited by the
incident wave into a resonant piston-type motion. This area of high hydrodynamic e�ciency
will provide the opportunity to harness wave energy e�ectively as it shows that for a wide variety
of non-dimensional frequencies and incident wave directions, high values of ηmax are available.
On the other hand, the second red area, located on the left corner for relatively small angles of
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incidence (0◦ ≤ θ ≤ 40◦), is due to a resonance mechanism that occurs when the incident wave
frequency is such that the �uid inside the chamber is excited into an antisymmetric sloshing
mode. These sloshing frequencies occur at values of the dimensionless wavenumber kb = nπ,
with n being the sloshing mode. For this case, it can be seen that peak values in ηmax, due to
the �rst sloshing frequency, take place close to Kh ≈ π. Then, it is observed that by increasing
the front wall thickness, w/b, the above-mentioned areas of high hydrodynamic e�ciency are
signi�cantly reduced, with the biggest area limited to low values of Kh and θ < 60◦, while
the smallest area almost disappearing. As mentioned above, this is explained by the fact that
a thicker front wall reduces the energy transfer due to wave motion, leading to a reduction
in the inside water column oscillations for driving the trapped air. However, to consider a
very thin wall for obtaining a broader e�ciency band, as in Fig. 8.8a, is not feasible because
OWC systems will be exposed to heavy loads at periods of high water levels and extreme storm
events due to direct wave action (Viviano et al.; 2016; Pawitan et al.; 2019; Viviano et al.; 2019;
Pawitan et al.; 2020), which may lead to severe structural damage as occurred with the Mutriku
Wave Energy Plant (MWEP) (Medina-Lopez et al.; 2015).

8.5.5 In�uence of the trapped air inside the OWC chamber

The maximum hydrodynamic e�ciency ηmax versus Kh for di�erent air column height
to water depth ratios hc/h(= 0.75, 1.0, 1.5 and 2.0) and various incidence wave angles
θ(= 15◦, 30◦, 45◦, 60◦ and 75◦) are shown in Figs. 8.9a�d. By comparing these �gures, it
is observed that as hc/h increases, the peak values of maximal hydrodynamic e�ciency are
decreased for small wave angles. This is attributable to the fact that with a bigger trapped air
volume within the chamber, the optimum damping induced to the air�ow by the linear turbine
increases and, as clearly observed from Eq. (8.52), ηmax decreases. Furthermore, for large wave
angles, the e�ciency band is reduced and a spiky trend is observed. On the other hand, it
can be seen that an increment in the air column height hc/h does not seem to in�uence the
magnitude of the frequency at which resonance occurs.

8.5.6 Case of study: the MWEP

Hydrodynamic e�ciency is evaluated in this subsection based on the physical dimensions of a
single MWEP chamber. Two cases were studied based on the highest and lowest equinoctial
spring tides in the MWEP. The non-dimensional parameters ha/h, b/h, w/h and hc/h were
considered in all the cases and comparisons were made between the past and present front barrier
designs, Figs 8.10a and 8.10b, respectively. As reported by Medina-Lopez et al. (2015), severe
storms regularly impact the Mutriku Port and during the construction of the power plant, three
storms hit the MWEP producing severe structural damage to a number of the OWC chambers.
As a consequence, to survive the wave loads, the front wall of the chambers was strengthened
and now the thickness of the front wall has doubled the length of the chambers (see Fig. 8.10).
The purpose of this subsection is to theoretically analyze the e�ect of this alteration of the
structure on the device performance.
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(a) (b)

(c) (d)

(e) (f)

Figure 8.8: Numerical results for the maximum hydrodynamic e�ciency as function of
θ and Kh with ha/h = 0.125 and b/h = 1.0. (a)-(b) For w/b = 0.01. (c)-(d) For
w/b = 0.5. (e)-(f) For w/b = 1.0.
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(g) (h)

(i) (j)

Figure 8.8: Numerical results for the maximum hydrodynamic e�ciency as function of θ
and Kh with ha/h = 0.125 and b/h = 1.0. (g)-(h) For w/b = 1.5. (i)-(j) For w/b = 2.0.
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Figure 8.9: Maximum hydrodynamic e�ciency versus Kh for di�erent air column height
to water depth ratios hc/h with ha/h = 0.125, b/h = 1.0 and w/b = 1.0. (a) For
hc/h = 0.75. (b) For hc/h = 1.0. (c) For hc/h = 1.5. (d) For hc/h = 2.0.
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Figure 8.10: Sketch of a single chamber in the MWEP for the highest and lowest
equinoctial spring tides, HEST (black dimensions) and LEST (gray dimensions),
respectively.

First, Figs. 8.11a and 8.11b show the hydrodynamic e�ciency versus Kh for di�erent wave
angle of incidence with ha/h = 0.59, b/h = 0.39, w/h = 0.21 and hc/h = 0 and hc/h = 0.66,
respectively, for the highest equinoctial spring tide and the past front barrier design. It can
be seen that by considering the air column height hc/h, a second peak in the e�ciency curves
appears, while the resonant frequency value of the �rst peak in the e�ciency curves seems to be
not a�ected by the air column height hc/h. Then, in Figs 8.11c and 8.11d, the hydrodynamic
e�ciency versus Kh for various wave angles θ with ha/h = 0.65, b/h = 0.39, w/h = 0.84 and
hc/h = 0 and hc/h = 0.66, respectively, are shown for the highest equinoctial spring tide and
the present front barrier design. Compared with Figs. 8.11a and 8.11b, it is observed that due
to the longer front wall draft (ha/h) and thickness (w/h), the e�ciency band is notably reduced
and the values of the peak resonance frequencies are shifted to lower values. Again, the longer
the angle θ, the greater the magnitude of the peak resonance frequency.

Figures 8.12a and 8.12b show the hydrodynamic e�ciency versus Kh for di�erent incidence
wave angles θ with ha/h = 0.06, b/h = 0.91, w/h = 0.48 and hc/h = 0 and hc/h = 2.85,
respectively, for the lowest equinoctial spring tide and the past front barrier design. Now,
compared with the previous case, it is observed that a broader e�ciency band is obtained due
to the lower front wall draft, ha/h, that allows a higher wave energy transfer due to the orbital
motion. However, in Fig. 8.12b, since a higher trapped air column is considered, the peak values
and bandwidth of the hydrodynamic e�ciency are highly reduced. Furthermore, for very large
incidence wave angles, it can be seen that the e�ciency is close to zero. On the other hand, the
hydrodynamic e�ciency versus Kh for the present chamber design and the lowest equinoctial
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(c) Present day design with ϵ = 0.
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(d) Present day design with ϵ ̸= 0.

Figure 8.11: Maximum hydrodynamic e�ciency versus Kh for di�erent incidence wave
angles θ in the case of HEST. (a)-(b) For ha/h = 0.59, b/h = 0.39, w/h = 0.21 and
hc/h = 0 and hc/h = 0.66, respectively. (c)-(d) For ha/h = 0.65, b/h = 0.39, w/h = 0.84
and hc/h = 0 and hc/h = 0.66, respectively.
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(c) Present day design with ϵ = 0.
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(d) Present day design with ϵ ̸= 0.

Figure 8.12: Maximum hydrodynamic e�ciency versus Kh for di�erent incidence wave
angles θ in the case of LEST. (a)-(b) For ha/h = 0.06, b/h = 0.91, w/h = 0.48 and
hc/h = 0 and hc/h = 2.85, respectively. (c)-(d) For ha/h = 0.18, b/h = 0.91, w/h = 1.96
and hc/h = 0 and hc/h = 2.85, respectively.
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spring tide with ha/h = 0.18, b/h = 0.91, w/h = 1.96 and hc/h = 0 and hc/h = 2.85 are shown
in Figs. 8.12c and 8.12d, respectively. This time, for both �gures, due to the larger front wall
draft and thickness, the e�ciency bands are narrower, while the values of the peak resonant
frequencies are smaller and the e�ciency curves appreciably decrease for large wave angles.

8.6 Conclusions

Under the hypotheses of linearized wave theory, the maximum theoretical hydrodynamic
performance of an OWC wave energy converter is studied. The in�uence of the wave angle of
incidence and the OWC chamber con�guration on the hydrodynamic e�ciency were analyzed.
The solution to the problem was found by means of the matched EEM and the BEM using
quadratic elements. In the EEM, continuity conditions across the interfaces are used along
with the orthogonal property of the eigenfunctions to reduce the BVP into a linear system of
algebraic equations. These continuity conditions are also utilized to match the regions in the
BEM, where the BVP was discretized with three-noded elements. Convergence analyses were
satisfactorily performed for both EEM and BEM. Validation was carried out by comparisons
between these two methods and results published by Evans and Porter (1995); Medina Rodríguez
et al. (2020) and an optimal agreement was achieved. Furthermore, results obtained by EEM
and BEM demonstrated to agree very well. Several results of the OWCmaximum hydrodynamic
e�ciency for various non-dimensional parameters were then obtained and discussed. The main
conclusions drawn from this study are:

� An increase in the front wall thickness leads to a reduction in both the e�ciency
bandwidth and the value of the peak frequency. This reduction is explained by the fact
that for thick front barriers, the energy transfer from the incoming wave to the internal
free surface is decreased, resulting in a decrease in the internal free surface oscillation for
the driving of the air column.

� For oblique waves, when the OWC chamber length to water depth ratio b/h is decreased,
the e�ciency bandwidth increases, while the wave period of maximum hydrodynamic
e�ciency is shorter. This is a similar trend to that reported by Evans and Porter (1995)
for normal wave incidence.

� Regarding the front wall draft, the hydrodynamic e�ciency bandwidth and the peak
resonant frequency increase when the front wall draft to water depth ratio ha/h decreases.

� By increasing the wave angle of incidence, the wave frequency at which resonance occurs
also increases.

� For large incidence wave angles, where the wave crest is almost perpendicular to the
OWC chamber, the maximum hydrodynamic e�ciency notably decreases due to the null
excitation of the internal water column by the parallel incident waves.

� It was found that for a wide range of frequencies and angles of incidence, high
hydrodynamic e�ciency values ηmax are available, o�ering the ability for land-�xed
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OWC systems to e�ectively harvest wave energy based on the prevailing wave period
and direction of a particular location.

� By modifying the trapped air volume, it was found that for small angles of incidence, the
maximum hydrodynamic e�ciency is reduced when the air column height increases.

In general, the incidence wave angle and the front wall thickness of an OWC chamber
demonstrated to be two important aspects to be taken into account when analyzing the OWC
performance. More theoretical and experimental studies involving dissipative energy processes
(due to viscous e�ects, friction, �ow separation), thermodynamic process inside the chamber,
as well as others non-linear e�ects, should be carried out in the future in order to provide more
reliable estimates of the OWC performance under real conditions. In this sense, energy losses
due to vortex shedding and �ow separation that occur near the OWC front wall have been
previously considered by Ning et al. (2015); Ning, Wang, Zou and Teng (2016); Ning, Wang,
Gou, Zhao and Teng (2016); Wang et al. (2018); Wang and Ning (2020). Finally, the �ndings
of this work are intended to promote further analysis of OWC onshore technologies and provide
useful knowledge for the e�ective harnessing of wave energy.

8.7 Appendix

For normal incidence (θ = 0◦), the following expressions provide the linear system of algebraic
equations for the determination of the unknowns AR, AR

n , B
R
n , C

R
n and DR

n :

AR = − DR
0

ikxhw

∫ −ha

−h
χ0(z)Ψ0(z)dz −

1

ikxh

Nem∑
n=1

DR
n γnx

sinh γnxw

∫ −ha

−h
χn(z)Ψ0(z)dz, for m = 0,

(8.53a)

AR
m =
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0

kmxhw

∫ −ha
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χ0(z)Ψm(z)dz +

1

kmxh

Nem∑
n=1

DR
n γnx

sinh γnxw

∫ −ha
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χn(z)Ψm(z)dz, for m ≥ 1,

(8.53b)

BR
m = − DR

0

kmxhw sinh kmxb

∫ −ha

−h
χ0(z)Ψm(z)dz

− 1

kmxh sinh kmxb

Nem∑
n=1

γnx

[
CR
n tanh γnxw +DR

n coth γnxw
] ∫ −ha

−h
χn(z)Ψm(z)dz = 0, for m ≥ 0,

(8.54)
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Chapter 9

A Three-Dimensional Analysis of the

Hydrodynamic Performance of a

Land-Fixed OWC Device

In the previous chapters, two-dimensional studies were conducted to evaluate the performance
of OWC devices with various chamber con�gurations and wave directionality. However, the
essential quantity utilized to assess the performance of OWC systems in three-dimensional (3D)
model studies is the capture width (CW ), whose maximization leads to optimal wave energy
harvesting.

In 3D theoretical and experimental works, apart from the consideration that the front wall
in the OWC chamber is very narrow, air compressibility is often neglected due to practical
di�culties, even though it is known that these two aspects a�ect the performance of OWC
systems. Thus, the major goal of this chapter is to determine how the inclusion of linear air
compressibility a�ects the capture width and the hydrodynamic parameters of the OWC device
when a thick front wall is considered. As a result, this chapter is intended to o�er a solution
to the following research question using a 3D numerical approach: What is the in�uence of
chamber design and air compressibility on the hydrodynamic performance of a land-�xed OWC
device?

This chapter consists of the submitted journal article:

Medina Rodríguez A.A., Silva Casarín R., Blanco Ilzarbe J.M. (2021). �A 3D boundary

element method for analysing the hydrodynamic performance of a land-�xed oscillating water

column device�. Engineering Analysis with Boundary Elements. Under Review.
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A 3D boundary element method for analysing the hydrodynamic performance of

a land-�xed oscillating water column device

Ayrton Alfonso Medina Rodríguez, Rodolfo Silva Casarín and Jesús María Blanco Ilzarbe

Abstract

In this work, the theoretical hydrodynamic performance of an onshore Oscillating Water
Column (OWC) device, subjected to normal wave incidence, is investigated. Based on linear
surface-wave theory, the full solution of the boundary value problem (BVP) is obtained by
using a three-dimensional (3D) boundary element method (BEM) with nine-noded quadrilateral
elements. The method of subdomains is used to solve the BVP by applying the BEM separately
to each of its regions, and the continuity of velocity potential and �ux are used to match
the problem. The capture width, hydrodynamical coe�cients and free surface elevations are
analysed for di�erent OWC geometric parameters of the chamber. Numerical results for the
hydrodynamic performance were found to be in good agreement with cases reported elsewhere.
The �ndings show that the chamber con�guration and the linearized air compressibility have a
signi�cant impact on the capture width bandwidth, the resonant frequency and the free surface
elevation within the chamber.

9.1 Introduction

Of all the wave energy converters (WECs), the OWC is probably the most extensively
investigated device, and has the largest number of prototypes deployed in the sea to date
(Falcão; 2010). It is the only technology in which a central component of the device mimics
a naturally occurring structure; the blow holes found in limestone cli�s on the coast (Heath;
2012). Compared to most other WECs, the OWC system stands out because of its simplicity.
Basically, it consists of two main components: a partially submerged collecting chamber, made
of concrete or steel, which is open to the sea at the bottom, and a Power Take-O� (PTO)
system, which converts wave energy to mechanical or electrical energy. The PTO system is
typically a turbine, run by a rotor, which is the only moving part of the mechanism and which
is located above the water level to prevent direct exposure to seawater. The working principle
is similar to a moving piston; a water column is captured inside the chamber and is forced to
oscillate up and down by the wave action. This alternately compresses and rari�es the trapped
air, driving the air�ow back and forth through the turbine in a duct, which is coupled to a
generator and connected to the atmosphere (Falcão; 2010; Service; 2007).

The �rst OWCs were deployed in the sea in the 1960s and 1970s. These navigation buoys
and the Kaimei, a �oating testing platform that housed several OWCs, were developed in Japan
under the coordination of Yoshio Masuda (Falcão; 2010). The navigation buoys are regarded as
the most successful wave energy harvesting systems (Masuda; 1986; Sheng; 2019; Falcão; 2010).
Using modern wave energy system terminology, these buoys are classi�ed as (�oating) OWC
devices, but they were �rst known as Masuda devices after the inventor (Sheng; 2019; Ross;
2012).
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Other ocean wave power stations were later built in Norway, Japan, the UK, China and
elsewhere, most of which were OWC stations. In Europe, research and development of wave
energy increased after the decision taken by the European Commission, in 1991, to include it
in their R&D program on renewable energies (Falcão and Henriques; 2016). This led to the
design and development of the �rst two full-scale OWC �xed-structure plants, one on the island
of Pico, in the Azores, Portugal (Falcao; 2000; Falcão et al.; 2020), and the other on the island
of Islay, Scotland, UK (Heath et al.; 2001).

Due to its few moving components and simple working principle, the OWC system can be
adapted and used in a range of locations: on the coastline, in the nearshore region or �oating
o�shore. Onshore OWCs are �xed and deployed close to the coastline or can be built into coastal
structures, such as breakwaters (Teixeira and Didier; 2021; Howe and Nader; 2017; Vicinanza
et al.; 2019). While the costs involved in OWC systems are generally a disadvantage (Lin et al.;
2015), onshore OWC devices o�er some cost-reductions, as the installation and maintenance
are relatively cheap if the structure is easily accessible. Additionally, in near-shore areas and
coastal cli�s, due to the refraction, shoaling and di�raction processes, wave energy can be
more naturally concentrated towards some coastal sections (Polinder and Scuotto; 2005). The
absorption of energy into the OWC collecting chamber contributes to coastal protection, does
not interfere with vessel tra�c at port entrances and if integrated into a breakwater (Torre-
Enciso et al.; 2009; Cabral et al.; 2020; Rosa-Santos et al.; 2019), increases its hydraulic e�ciency
by minimizing wave re�ection. Thus, wave energy extraction using OWC systems can achieve
competitive costs and high reliability, to become trusted wave-energy technology.

Several theoretical and experimental studies have been conducted to analyse the
hydrodynamic aspects of OWC devices. Pioneering studies of wave energy absorbers based
on rigid body models were performed by Evans (1976, 1981); Mei (1976); Evans (1982); Falnes
and McIver (1985). Count and Evans Count and Evans (1984) developed a theoretical model for
studying the hydrodynamic performance of an OWC device equipped with projecting sidewalls.
The results demonstrated that the addition of a harbour can increase the performance of the
device. Evans and Porter analysed the performance of an OWC device consisting of a thin rigid
surface piercing barrier near a vertical wall Evans and Porter (1995) and a vertical, partially
immersed circular cylinder, open at either end Evans and Porter (November 1997), by using
the matched eigenfunction expansion and the Galerkin method in constant water depth.

The BEM has been employed in two and three dimensions to �nd a solution for the
interaction of incident waves with an OWC device (Brito-Melo et al.; 1999; Wang et al.;
2002; Delauré and Lewis; 2003; Hong et al.; 2004; Josset and Clément; 2007; Hasanabad; 2015;
Medina Rodríguez et al.; 2020). Wang et al. Wang et al. (2002) carried out a numerical study
on the hydrodynamic performance of a shoreline-mounted OWC device using the BEM. The
results were veri�ed by testing a physical model in a wave basin under regular wave conditions.
Using the potential �ow approach, Delauré and Lewis (2003) used a 3D BEM to analyse the
hydrodynamic properties of a bottom-mounted OWC power plant. Josset and Clément (2007)
used the 3D BEM to analyse the OWC hydrodynamic performance in time-domain. The
numerical method was applied to the wave energy power plant located on Pico Island, Azores,
to estimate the annual performance of the plant and �nd ways to improve its productivity.

Improving the e�ciency of the OWC devices is important for the commercialization of
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this technology, and therefore this has been the focus of intense study for many researchers.
Some of the investigations have concentrated on analysing the e�ect of the geometry of the
OWC chamber and the bottom con�guration on the performance of the device (Morris-Thomas
et al.; 2006; Dizadji and Sajadian; 2011; �entürk and Özdamar; 2012; Rezanejad et al.; 2013;
Ning et al.; 2015; John Ashlin et al.; 2016; Ning et al.; 2016; Mahnamfar and Altunkaynak;
2017). Dizadji and Sajadian Dizadji and Sajadian (2011) carried out experiments with di�erent
geometrical OWC designs, to obtain the optimum setup for harnessing ocean energy. The
authors reported that a substantial increase in air out�ow from the chamber was found by
decreasing the angle of the front wall. The con�guration of parallel front and back walls resulted
in a relative maximization of air out�ow. Rezanejad et al. (2013) analysed the impact of a step-
type bottom topography on the e�ciency of a nearshore OWC, concluding that the inclusion
of an arti�cial step in the sea bottom may lead to a signi�cant increase in the absorption of
power.

Ning et al. (2015) analysed the performance of a �xed OWC device, using a time-domain
higher-order BEM, in a two-dimensional (2D), fully nonlinear, numerical wave �ume. It was
found that the geometric parameters of the chamber play an important role in its hydrodynamic
performance. John Ashlin et al. (2016) focused on the e�ects of the bottom pro�le con�guration
on the hydrodynamic performance of the OWC. Flat, circular, curved and sloped bottoms were
tested, and the authors concluded that the natural frequency of the system was not changed
by these four pro�les, while the circular curved bottom pro�le provides better performance
in terms of its e�ective wave energy conversion. An experimental study of the hydrodynamic
performance of a �xed OWC device was performed by Ning et al. (2016). They found that
the bottom slope has a small e�ect on the resonant frequency, while increased steepness in the
slope of the bottom improves the hydrodynamic performance. To analyse the e�ect of the OWC
geometry on its optimization, Mahnamfar and Altunkaynak (2017) applied a numerical model
and experiments. Gaspar et al. (2020) conducted a numerical analysis of the performance
of two OWC devices with di�erent front and back wall slopes. They found that an OWC
with an inclined wall is more e�ective than a vertical-walled OWC system. To investigate the
e�ciency of an OWC, Zhu et al. (2020) employed a 2D numerical wave tank, using the weakly
compressible, smoothed particle hydrodynamics (SPH) method. They found that, in terms of
power absorption, an OWC with thinner walls is more e�cient.

In order to examine the variations in random waves from regular waves in the OWC
performance, Teixeira and Didier (2021) recently developed a numerical analysis of an onshore
OWC system. They reported that at high wave periods, the OWC e�ciency for regular and
random waves approaches a 28% di�erence around the resonance with slight variations. The
impact of the compressibility e�ect on the air within the OWC chamber was investigated by
Gonçalves et al. (2020) through a numerical model. The authors showed that air compressibility
has a major impact on the e�ciency of the OWC, something which is usually ignored in small-
scale experiments and numerical simulations.

In this work, the 3D interaction of normal incident waves with a thick-front wall OWC
device is investigated. Using the potential �ow method, the linear wave theory for a constant
sea depth is applied and the viscous e�ects and nonlinear air compressibility are disregarded. A
3D BEM with nine-noded quadrilateral panels is used to solve the corresponding BVP. These
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panels are discretised by nine nodes, with eight nodes placed on the edges, and one in the centre.
By applying the BEM separately to each of its regions, the subdomains approach is used to
solve the BVP and the continuity conditions of velocity potential and �ux are used to match the
subregions. This work also compares the present 3D results with the experimental data obtained
by Morris-Thomas et al. (2006) and Rezanejad et al. (2017) and the 2D analytical results of
Evans and Porter (1995). The study aims to analyse the bandwidth change on the capture
width curves, and the modi�cation of the peak resonant frequency and free surface elevation
due to the geometrical con�guration of the OWC chamber and the linear compressibility of the
trapped air. For a range of various non-dimensional parameters, numerical estimates for the
capture width, hydrodynamical coe�cients and free surface elevation are then provided and
analysed.

9.2 Boundary value problem

The OWC device-�uid system and the Cartesian coordinate system are shown in Fig. 9.1. The
origin of the coordinate system, O, is located at the intersection of the undisturbed free surface
water level, the back wall and the middle of the OWC chamber. This chamber is modelled by
a partially immersed front wall at x = b, with draft a and thickness w, and the back rigid wall,
located at x = 0, both of width d. Waves approach the device from the x direction in water
of depth h. Both the �uid and the OWC system are con�ned between two parallel walls, of
separation d (not shown in the �gure). The air within the OWC chamber is assumed to be
linked to the atmosphere by a turbine. The height of the chamber is detonated by c.

The front wall is denoted as Bb = {(x, y, z) : (x = b, |y| ≤ d/2,−a ≤ z ≤ 0) ∪ (b <
x < L, |y| ≤ d/2, z = −a) ∪ (x = L, |y| ≤ d/2,−a ≤ z ≤ 0)}, the back rigid wall by
Bw = {(x, y, z) : x = 0, |y| ≤ d/2,−h < z < 0}, the internal free surface inside the
chamber by Fi = {(x, y, z) : 0 ≤ x ≤ b, |y| ≤ d/2, z = 0}, the external free surface by
Ff = {(x, y, z) : L ≤ x ≤ ∞, |y| ≤ d/2, z = 0}, the �at bottom by Bd = {(x, y, z) : (0 <
x < ∞, |y| ≤ d/2, z = −h)} and the vertical plane area of the gap below the front barrier by
Bg = {(x, y, z) : x = L, |y| ≤ d/2,−h ≤ z ≤ −a}. The BVP is separated into two regions, with
Region 1 conformed by the OWC chamber and the gap below the front barrier, while Region 2
consists of the propagation zone of the external free surface.

The seawater is assumed to be inviscid and incompressible and the wave motion is considered
to be adequately represented by the linearized water wave theory, omitting the e�ect of surface
tension. By assuming a simple harmonic �ow with angular frequency ω, we de�ne a velocity
potential Φ(x, y, z, t) with Φ(x, y, z, t) = Re{ϕ(x, y, z)e−iωt}, where Re{ } denotes the real part
of a complex expression, and t is the time. Thus, the spatial velocity potential ϕ satis�es the
Laplace equation (

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
ϕ = 0, (9.1)

with the no-�ow boundary conditions applied at the bottom, the front barrier, the back and
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Figure 9.1: De�nition sketch of the 3D interaction of a land-�xed OWC device with
perpendicular incident waves.

lateral walls as
∂ϕ

∂n
= 0. (9.2)

By imposing a pressure distribution P (t) over the internal free surface, and after
considering simple harmonic motions for the free surface η̄ = Re{ζ(x, y, z)e−iωt} and P (t) =
Re{p(x, y, z)e−iωt}, the dynamic free surface boundary conditions are as follows

ϕ+
ig
ω
ζ = − i

ρω
p on z = 0, 0 < x < b, |y| ≤ d

2
, (9.3a)

ϕ+
ig
ω
ζ = 0 on z = 0, L < x <∞, |y| ≤ d

2
, (9.3b)

in the internal and external free surface (with p = 0), respectively. In the case of the kinematic
free surface boundary condition, this is of the form

∂ϕ

∂z
+ iωζ = 0 on z = 0, |y| ≤ d

2
, 0 < x < b, and L < x <∞. (9.4)

Therefor, by combining Eqs. (9.3) and (9.4), the internal and external linearized free surface
boundary conditions are

∂ϕ

∂z
−Kϕ =

 iωp
ρg on z = 0, 0 < x < b, |y| ≤ d

2 ,

0 on z = 0, L < x <∞, |y| ≤ d
2 ,

(9.5)
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respectively, where K = ω2/g, with g being the gravitational constant and ρ the seawater
density.

As proposed by Evans (1982), the velocity potential is decomposed as

ϕ(x, y, z) = ϕS +
iωp
ρg

ϕR, (9.6)

where ϕS and ϕR represent, respectively, the scattered and radiated velocity potentials. The
scattered potential ϕS satis�es Eqs. (9.1)�(9.5) with p = 0 inside the chamber; while the
radiated potential ϕR satis�es Eqs. (9.1)�(9.5) with Eq. (9.5) replaced by

∂ϕR

∂z
−KϕR = 1 on z = 0, 0 < x < b. (9.7)

Similarly, the scattered potential is separated into an incident part (ϕI) and a di�racted
(ϕD) part as

ϕS = ϕI + ϕD. (9.8)

where the incident potential ϕI is de�ned by

ϕI = − igA
ω

cosh k (z + h)

cosh kh
e−ikx, (9.9)

where A is the incident wave amplitude and the wavenumber k is the positive real root of the
wave dispersion relation, given by

ω2 = gk tanh kh. (9.10)

The di�racted and radiated potentials satisfy the Sommerfeld radiation condition at the far
�eld, given by

∂ϕ

∂x

D,R

− ikϕD,R = 0 as x→ +∞. (9.11)

Furthermore, the time harmonic induced volume �ux across the internal free surface (Fi) is
also separated into scattering and radiation volume �uxes, qS and qR, respectively, as follows

q =

∫
Fi

∂ϕ

∂z
dS = qS +

iωp
ρg

qR, (9.12)

and the continuity of volume �ux across Fi is ensured by

qS,R =

∫
Fi

∂ϕ

∂z
dS

S,R

. (9.13)
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9.3 E�ciency relations

Following the decomposition proposed by Evans (1982), the radiation volume �ux qR is
separated into real and imaginary parts as follows

iωp

ρg
qR = −

(
B̂ − iÂ

)
p = −Zp, (9.14)

where Z = B̂ − iÂ represents the complex admittance, while Â and B̂ are related to the added
mass and the radiation damping in a rigid body system, respectively. These are de�ned by

Â =
ω

ρg
Re{qR}, (9.15a)

B̂ =
ω

ρg
Im{qR} (9.15b)

and are called the radiation susceptance and radiation conductance parameters, respectively
(Evans and Porter; 1995).

By assuming that the volume �ux through the turbine is linearly proportional to the pressure
drop across the internal free surface, we have

q = (Λ− iΘ) p, (9.16)

where Λ is a real control parameter related to the damping induced by the linear turbine to the
air �ow. The term Θ = ωV0/ (γpa) represents the linear compressibility of the trapped air inside
the chamber with volume V0, γ = 1.4 is the speci�c heat ratio of air and pa the atmospheric air
pressure (Rezanejad et al.; 2017). An expression for the imposed internal pressure is obtained
after combining Eqs. (9.12), (9.14) and (9.16), thus resulting in

p =
qS

Λ + Z − iΘ
. (9.17)

The total rate of work done by the pressure forces inside the OWC is now averaged over one
wave period, to obtain the total rate of power absorbed per unit width of pressure distribution
as follows:

W =
1

2
Re{pq}, (9.18)

with p denoting the complex conjugate of p. Using Eqs. (9.12) and (9.14) into Eq. (9.18), the
following equation is obtained

W =
1

2
Re
{
p
(
qS − Zp

)}
=

|qS |2

8B̂
− B̂

2

∣∣∣∣∣p− qS

2B̂

∣∣∣∣∣
2

, (9.19)

Thus, if B̂−1 exists, the maximum work is

Wmax =
|qS |2

8B̂
, for p =

qS

2B̂
, (9.20)
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and Λ = (Z − iΘ) for maximum power. Now, after combining Eqs. (9.17) and (9.19), W can
be written as

W =
|qS |2

8B̂

[
1−

(
|Λ− Z + iΘ|
|Λ + Z − iΘ|

)2
]
. (9.21)

Then, to obtain the optimal power conversion e�ciency, the optimum value of Λ must be
calculated. As explained by �entürk and Özdamar (2012), this is obtained by applying zero
value to the derivative with respect to Λ for the squared-right term inside the brackets of Eq.
(9.21), thus giving

Λopt = |Z − iΘ| =
√
B̂2 +

(
Â+Θ

)2
(9.22)

and after the substitution of Eq. (9.22) into Eq. (9.21),

Wopt =
|qS |2

8B̂

[
1− Λopt − B̂

Λopt + B̂

]
(9.23)

is given.
Similar to the work of Evans and Porter (November 1997) for a vertical cylindrical OWC

device, the following non-dimensionalised quantities are de�ned

µ =
ρg

ωbd
Â, (9.24a)

ν =
ρg

ωbd
B̂, (9.24b)

which are, respectively, the radiation susceptance and radiation conductance coe�cients.
The capture width (CW ), which considers the total power absorbed by a WEC, is the

fundamental quantity used to evaluate the performance of OWC systems in 3D model analyses.
The CW is de�ned as the ratio of the mean wave power absorbed by the device to the mean
wave power per unit crest length of the incident wave (Pw) (Evans and Porter; November 1997).
The maximum CW is then given by

CWmax =
Wopt

Pw
, (9.25)

where Pw is given by

Pw =
ωρgA2

4k

[
1 +

2kh

sinh 2kh

]
. (9.26)

By substituting Eq. (9.23) into Eq. (9.25), the resulting maximum CW is then expressed by

CWmax =
|qS |2

4Pw
· 1

Λopt + B̂
. (9.27)

Since Eq. (9.23) is in units of Js−1, while the energy �ux of the incident waves Pw is in units
of Js−1m−1, hence, the CWmax, Eq. (9.27), has the dimensions of length (m).
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The hydrodynamic e�ciency, sometimes referred to as the relative capture width, is the
normalised CW with the representative dimension of the device. For a land-�xed OWC system
that is used as a terminator type WEC, this representative dimension is the width of the
chamber (d). An expression for the maximum hydrodynamic e�ciency can now be obtained as

ηmax =
Wopt

Wmax
=

2B̂
Λopt + B̂

, (9.28)

with ηmax in the range 0 to 1. Then, after inserting the coe�cients (9.24) into Eq. (9.28), the
hydrodynamic e�ciency ηmax is

ηmax =
2[

1 +
(
µ
ν + ρg

ωbd
Θ
ν

)2]1/2
+ 1

, (9.29)

and when the e�ect of air compressibility is omitted, i.e., Θ = 0, the expression reported by
Evans and Porter (1995) is recovered. In the following section, the solution procedure for the
radiation and scattering problem are described.

9.4 Method of solution

9.4.1 Boundary Element Method

Boundary integral equation

The boundary integral representation of the Laplace equation (9.1) for a boundary point i is
de�ned by

αiϕi +

∫
Γ
ϕ
∂ψ

∂n
dΓ =

∫
Γ
ψ
∂ϕ

∂n
dΓ, (9.30)

where ϕ and ∂ϕ/∂n are the unknown velocity potential and its normal derivative, respectively,
on the boundary Γ of the domain Ω, while ψ and ∂ψ/∂n represent the fundamental solution of
the Laplace equation and its normal derivative, respectively; and c, which is a free term, is a
parameter that depends on the shape of the boundary (Dominguez; 1993).

The fundamental solution of the Laplace equation in 3D (9.1) is of the form

ψ =
1

4πr
, (9.31)

and its normal derivative
∂ψ

∂n
= − 1

4πr2
∂r

∂n
, (9.32)

where r is the distance between the source and �eld points inside the domain. Equation (9.30)
is the boundary integral equation to be solved numerically.
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Figure 9.2: BVP discretization. (a) Discretization of Region 1 which is conformed by
the OWC chamber and the gap below the front barrier. (b) Nine-noded quadrilateral
element (nodes are ordered in the anticlockwise direction).

Discretization

The boundary surfaces of the two regions are discretized into a series of elements over which
the potential ϕ and the �ux ϕn are written in terms of their values at a series of nodal points.
In this work, quadrilateral type elements are chosen to discretize the domain, Fig. 9.2a. A
second order discretization is employed with a nine-noded quadratic variation on each element,
Fig. 9.2b. The variables ϕ and ϕn over each element j are de�ned in terms of their nine nodal
values as

ϕ(ξ, η) =
[
υ1(ξ, η), υ2(ξ, η) ... υ9(ξ, η)

]
·


ϕ1

ϕ2

...
ϕ9



j

= Υϕj , (9.33a)

∂ϕ(ξ, η)

∂n
= Υ

∂ϕj

∂n
, (9.33b)

where ϕj and ϕjn are vectors containing the nodal potentials and �uxes of the elements, and υ1,
υ2... υ9 are two dimensional polynomial interpolation functions (also called shape functions)
such that υk, for k = 1, 2, ..., 9, has a unit value at node k and zero at all other nodes of the
element. The element geometry can be de�ned from the position of the nodes, using the same
type of interpolation function. Thus, x, y and z coordinates can be expressed as

x(ξ, η) = Υxj , y(ξ, η) = Υyj and z(ξ, η) = Υzj , (9.34)
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with the interpolation functions given in terms of homogeneous coordinates ξ and η de�ned by

υ1 =
1

4
ξ (ξ − 1) η (η − 1) , υ2 =

1

2

(
1− ξ2

)
η (η − 1) , υ3 =

1

4
ξ (1 + ξ) η (η − 1) ,

υ4 =
1

2
ξ (1 + ξ)

(
1− η2

)
, υ5 =

1

4
ξ (1 + ξ) η (1 + η) , υ6 =

1

2

(
1− ξ2

)
η (1 + η) ,

υ7 =
1

4
ξ (ξ − 1) η (1 + η) , υ8 =

1

2
ξ (ξ − 1)

(
1− η2

)
and υ9 =

(
1− ξ2

)(
1− η2

)
, (9.35)

where ξ and η vary from -1 to 1, and the superscript in Eqs. (9.33) and 9.34 indicates the
number of the node on the corresponding element.

After discretizing the boundary Γ of the body Ω into NE elements and on each element the
boundary values are represented by Eq. (9.33), Eq. (9.30) can now be written for any nodal
point i as

αiϕi +
NE∑
j=1

[∫
Γj

∂ψ

∂n
ΥdΓ

]
ϕj =

NE∑
j=1

[∫
Γj

ψΥdΓ

]
∂ϕ

∂n

j

. (9.36)

The summation for j = 1 to NE indicates summation in all NE elements on the surface and
Γj is the surface of a j element. The variables ϕj and ϕjn stand for the nodal potentials and
�uxes on the element j. Equation (9.36) can then be written as

αiϕi +

N∑
m=1

H imϕm =

NE∑
j=1

Gij ∂ϕ

∂n

j

, (9.37)

where N is the total number of nodes and ϕm is the potential at node m. In Eq. (9.37), the
summation on the left-hand side extends over the nodes, since there is only one possible value
of the velocity potential per node, while on the right-hand side the summation extends over the
elements because when a node belongs to more than one element, it may have di�erent values
for the �ux of the di�erent elements. The in�uence coe�cients H im and Gij are

H im =
∑
l

∫
Γl

∂ψ

∂n
υk dΓ, (9.38a)

Gij =

∫
Γj

ψ υk dΓ, (9.38b)

where the summation over l extends to all the elements to which the node m belongs and k is
the number of the node m within the element l.

For the evaluation of the integrals H im and Gij , when the collocation point i is not on
the integration element j, these integrals are calculated using a standard Gaussian quadrature,
where the numerical integration formulae are given in terms of the homogeneous coordinates
ξ and η. Therefore, to transform the di�erential of surface in the cartesian system dΓ to the
homogeneous coordinate system, a change of coordinates is required.

A di�erential of area is given by

dΓ =

∣∣∣∣∂r∂ξ × ∂r

∂η

∣∣∣∣ dξ dη = |J | dξ dη (9.39)
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Figure 9.3: Matching of the regions on the gap at x = L.

with

∂r

∂ξ
=


∂x
∂ξ
∂y
∂ξ
∂z
∂ξ

 and
∂r

∂η
=


∂x
∂η
∂y
∂η
∂z
∂η

 (9.40)

where J is a reduced Jacobian, and its magnitude |J | is simply that of the normal vector at the
point. Thus, the integrals over the boundary elements can be written as

Gij =

∫
ξ

∫
η
ψ υk |J | dξ dη, (9.41a)

H im =

∫
ξ

∫
η

∂ψ

∂n
υk |J | dξ dη, dΓ, (9.41b)

which can be computed using the numerical integration formula. The lower and upper limits
of these integrals are, respectively, -1 and 1.

On the other hand, when the collocation point belongs to the integration element, the
required integrals over the boundary elements need some transformation before a numerical
formula is applied. In order to solve the integrals, the boundary elements are subdivided into
triangular regions with a corner point at the collocation node. For instance, in the case of a
rectangular element with a collocation point at a mid-size node, the element is subdivided and
a new system of coordinates is de�ned in such a way that the Jacobian becomes zero at the
collocation point. Thus, the transformed domain in the new system of coordinates is a square.
Then, in order to compute the integrals by using a standard Gaussian quadrature, the square
domain in the new system is transformed into a square with a length of the sides equal to 2 by
changing again the coordinates. More details regarding the above procedure can be found in
Dominguez (1993).
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Matching of subdomains

Figure 9.3 shows the two-region, 3D domain with a common interface on the gap Bg, below the
front barrier at x = L. Numerical instabilities may occur when a thin front wall OWC system
is considered, and can be avoided by using the method of subdomains. For the matching of
the regions, the continuity conditions of velocity potential and �ux at the common interface
are employed, and the nodes at this interface are assumed to be in perfect contact, Fig. 9.3
(Katsikadelis; 2002; Becker; 1992). These velocity potential and �ux continuity conditions are
of the form

Φ1
Bg

= Φ2
Bg
, (9.42a)

∂Φn

∂x

1

Bg

= −∂Φn

∂x

2

Bg

, (9.42b)

respectively, where Φ and Φn indicate the vectors containing the velocity potential and �ux
values, respectively.

As mentioned earlier, the �uxes and potentials have a nine-noded variation, where �uxes will
have a unique nodal value on each element so the possibility of having di�erent values between
adjacent elements is considered. Meanwhile, velocity potentials will always hold a unique value
in the connection between adjoining elements (Dominguez; 1993). Thus, �uxes are arranged in
a 9×NE array, and velocity potentials in an N array. Once the boundary conditions for the
radiation and scattering problems are applied and inserted into Eq. (9.37), the known variables
are moved to the right-hand side, and the unknowns to the left-hand side. Then, the following
matrix is obtained

[A] {X} = {B}, (9.43)

and the system can be solved to obtain the unknown boundary values. In Eq. (9.43), [A] is
a square matrix of dimensions N × N ; the vector {X} with dimensions N × 1 contains the
unknown values of the velocity potential or �uxes on the boundaries and the common interface;
and {B} is a known vector of dimension N × 1.

9.5 Truncation and convergence analyses

Truncation and convergence analyses were performed before carrying out the numerical
calculations. A water depth of 7.90 m and a wave period T , bounded by 2.50 ≤ T ≤ 30 s,
were considered in all the calculations. It is worth noting that the calculated performance is
not dependent on the wave amplitude in the numerical approach, as the linear wave theory was
implemented in formulating the problem. To generate the mesh, the 3D �nite element mesh
generator GMSH (Geuzaine and Remacle.; 2009) was employed.

Figures 9.4a�d show the variation of the hydrodynamic e�ciency with respect to the distance
at which the radiation boundary is truncated for four di�erent non-dimensional frequencies
Kh(= 0.5, 1.5, 2.5 and 3.5). For these cases, it can be seen that the results converge at a
distance of 3 to 5 times the water depth between the right face of the front wall and the far-�eld
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Figure 9.4: Hydrodynamic e�ciency against the length of Region 2 with a/h = 1/2,
b/h = 1, w/h = 1/2 and d/h = 1/2.

boundary. Therefore, a distance of 4 times the water depth h is considered in the calculations,
to minimize the e�ect of local disturbances.

Then, Tables 9.1 and 9.2 show the results obtained for the maximum hydrodynamic
e�ciency ηmax, the radiation susceptance µ and radiation conductance ν with Θ = 0 for
di�erent values of the non-dimensional frequency Kh(= 0.5, 1.5 and 2.5). The meshes for the
convergence analysis were carefully selected to have similar spacing (ds) between neighbouring
nodes in the x, y and z directions. The number of nodes N must be chosen carefully, as small
values for N lead to truncation errors, especially when a low number of elements are modelled
in the OWC chamber and the gap below the front wall. In Table 9.1 it is observed that around
10000 nodes, with an average spacing ds ≈ 0.31 m, are enough to ensure convergence of the
numerical results to an accuracy of three decimal places, when the chamber width to water depth
ratio d/h is equal to 1/2. On the other hand, in Table 9.2, for d/h = 2, it can be seen that
approximately 14500 nodes, ds ≈ 0.40 m, are needed to ensure convergence for the same number
of decimal places. Thus, in the present calculations, depending on the structural con�guration
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Table 9.1: Maximum hydrodynamic e�ciency ηmax, radiation susceptance µ and
radiation conductance ν computed for di�erent number of nodes N and average distance
between two neighbouring nodes ds with a/h = 1/2, b/h = 1, w/h = 1/2 and d/h = 1/2.

N ds (m)
Kh =0.5 Kh =1.5 Kh =2.5

ηmax µ ν ηmax µ ν ηmax µ ν

8836 0.34053 0.96244 -0.61633 1.53027 0.28159 -0.33080 0.05495 0.07062 -0.16313 0.00598
9124 0.32831 0.96235 -0.61690 1.52972 0.28152 -0.33071 0.05492 0.07061 -0.16309 0.00597
9412 0.31891 0.96226 -0.61745 1.52921 0.28145 -0.33062 0.05489 0.07059 -0.16306 0.00597
9916 0.31036 0.96226 -0.61744 1.52920 0.28146 -0.33062 0.05489 0.07059 -0.16305 0.00597
10676 0.30722 0.96226 -0.61743 1.52921 0.28146 -0.33062 0.05489 0.07059 -0.16306 0.00597
11052 0.29860 0.96226 -0.61750 1.52931 0.28144 -0.33062 0.05489 0.07059 -0.16306 0.00597

Table 9.2: Maximum hydrodynamic e�ciency ηmax, radiation susceptance µ and
radiation conductance ν computed for di�erent number of nodes N and average distance
between two neighbouring nodes ds with a/h = 1/2, b/h = 1, w/h = 1/2 and d/h = 2.

N ds (m)
Kh =0.5 Kh =1.5 Kh =2.5

ηmax µ ν ηmax µ ν ηmax µ ν

12844 0.43419 0.96178 -0.62127 1.52825 0.28023 -0.33027 0.05455 0.07001 -0.16285 0.00591
13492 0.43020 0.96178 -0.62126 1.52826 0.28023 -0.33027 0.05455 0.07001 -0.16285 0.00591
13924 0.41956 0.96178 -0.62127 1.52830 0.28023 -0.33028 0.05455 0.07001 -0.16285 0.00591
14508 0.40440 0.96228 -0.61754 1.52985 0.28131 -0.33066 0.05486 0.07052 -0.16307 0.00596
14932 0.39328 0.96226 -0.61771 1.52987 0.28126 -0.33065 0.05485 0.07049 -0.16306 0.00596
15164 0.39187 0.96226 -0.61769 1.52985 0.28126 -0.33064 0.05485 0.07049 -0.16306 0.00596

of the OWC device, di�erent numbers of nodes are selected to discretize the corresponding BVP.

9.6 Comparison with previous results

Figures 9.5a�c show a comparison of the present methodology with the 2D analytical results
of Evans and Porter (1995), and experimental data from Morris-Thomas et al. (2006) and
Rezanejad et al. (2017). From these �gures, it can be seen that the present results agree
very well with the 2D analytical results, while the agreement with the experimental results is
satisfactory.

It should be noted that the present numerical results are based on the assumption of an
ideal �uid, so viscous e�ects and �ow separation due to the front wall may contribute to the
discrepancy between the results and lead to an overstimation on the hydrodynamic performance.
Furthermore, the rate of energy extraction modelled by the PTO system, as well as the energy
loss through it by viscous dissipation during the tests, might also in�uence the results.
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Figure 9.5: Hydrodynamic e�ciency against the non-dimensional frequency Kh and
wave period T .
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9.7 Results and Discussion

In this section, the in�uence of the chamber con�guration and the linearized air compressibility
on the CWmax, hydrodynamical coe�cients and free surface elevation is analysed.

Figures 9.6a and 9.6b show the numerical results for the CWmax against the non-dimensional
frequency Kh for various ratios of chamber width to water depth d/h(= 1/4, 1/2, 1 and 2). It
can be seen that the e�ective area of the CWmax under the curves increases when the chamber
width ratio d/h increases. This is because the capture width indicates that the device is expected
to extract the power from a width of incident wave equal to the representative dimension of the
OWC device (d = 1.975, 3.95, 7.90 and 15.8 m). Furthermore, it is shown that the curves of
the maximum capture width increase to a maximum and then decrease. This peak is due to
large water motions inside the chamber that occur when the internal water column is excited
by the incident wave into a resonant piston-type motion. The OWC device is highly dependent
on wave frequency and performs well when interacting with waves that are closer to the natural
resonance frequency of the structure. Therefore, a clear understanding is required of the wave
frequency band available at a given potential site for an OWC plant. If the OWC performance
bandwidth is broad it implies the device will be e�cient over a wider range of frequencies.

Fig. 9.6b shows the e�ect of the air compressibility when the height of the trapped air
column is equal to the water depth. Comparing Figs. 9.6a and b it is seen that the capture width
bandwidth is broadened, while the value of the resonant peak frequency is slightly increased.
Thus, for the air chamber volume taken into account in this case, more energy from the waves
is absorbed for Kh values greater than the resonance frequency. In Fig 9.6a, this resonance
occurs at Kh = 0.4396, while in Fig 9.6b it occurs at Kh = 0.5205.

The three dimensional surface plots of the free surface elevation for a/h = 1/2, b/h = 1,
w/h = 1/2 and d/h = 1/2 are shown in Figs. 9.7a and 9.7b. It can be seen that at the
resonance peak frequency, the free surface elevations inside the chamber are similar, while at
Θ ̸= 0, resonance takes place when shorter wavelengths interact with the OWC structure.

Figures 9.8a and b show the numerical results of the capture width CWmax against the
non-dimensional frequency Kh for various ratios of chamber length to water depth b/h(=
1/4, 1/2, 3/4 and 1). It can be seen that the frequency at which resonance occurs decreases
as chamber length increases compared to water depth. Physically, this is due to the fact that
by increasing the length of the device, the horizontal distance that a typical �uid particle must
travel during a period of motion increases. As a consequence, the value ofKh at which resonance
occurs is reduced, and since an increase in b/h allows more local �uid motion within the chamber,
this leads to a breakdown in the solid-body model of resonance, and the amplitude of oscillation
decreases. On the other hand, Fig. 9.8b shows that when the linearized air compressibility is
considered, the CWmax is increased for medium frequency values and a trough in the CWmax

curves appears, which becomes more pronounced as the ratio b/h decreases.
The numerical results for the coe�cients of radiation conductance and radiation susceptance

against Kh for a/h = 1/2 and w/h = 1/2 for di�erent values of b/h(= 1/4, 1/2, 3/4 and 1)
are shown in Figures 9.8c and 9.8d, respectively. Figure 9.8c shows that when the length of
the chamber, b, increases with respect to the depth, h, the maximum radiation conductance
coe�cients last for longer. As a result, since ν is a measure of the transfer of energy into the
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Figure 9.6: Capture width with a/h = 1/2, b/h = 1 and w/h = 1/2 versus Kh for
di�erent chamber width to water depth ratios d/h(= 1/4, 1/2, 1 and 2).

(a) Θ = 0 and Kh = 0.4396. (b) Θ ̸= 0, c/h = 1 and Kh = 0.5205.

Figure 9.7: Free surface elevation with a/h = 1/2, b/h = 1, w/h = 1/2 and d/h = 1/2
at the resonant peak frequency.
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Figure 9.8: Capture width and radiation conductance and susceptance coe�cients with
a/h = 1/2, w/h = 1/2 and d/h = 1/2 versus Kh for di�erent chamber length to water
depth ratios b/h(= 1/4, 1/2, 3/4 and 1).
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system, it may be advantageous to design the chamber length of the OWC device so that the
range of frequency bandwidth in the radiation conductance corresponds with the most common
wave frequency of a given site, thereby maximizing the exploitation of the available wave energy.
On the other hand, Fig. 9.8d shows that when the chamber length is small, compared to the
water depth, the range of the non-dimensional frequencyKh for which the radiation susceptance
is negative decreases. In this sense, negative values in µ, which is related to the added mass,
are may be due to the e�ects of the internal free surface which is enclosed by the back and
the thick front walls. Negative added mass values are a common phenomena in the theory of
�oating and submerged moving bodies, as when one or more components of a structure enclose
a portion of the free surface or 2D cylinders are close to the free surface (McIver and Evans;
1984; McIver and McIver; 2016).

Figures 9.9a�f show the three dimensional surface plots of the free surface elevation for
a/h = 1/2, w/h = 1/2 and d/h = 1/2 for di�erent values of b/h(= 1/4, 1/2 and 3/4). First, it
can be observed that the free surface elevations inside the chamber are higher when the chamber
length to water depth ratios b/h are small. As mentioned earlier, by increasing the ratio b/h,
a larger local �uid motion inside the chamber is allowed, thus leading to a breakdown in the
solid-body model of resonance, and decreasing oscillation amplitude. Second, these �gures show
that the longer the OWC chamber, the longer the wavelength must be for the OWC device to
achieve resonance.

Figs. 9.10a and 9.10b show the e�ect on the CWmax due to di�erent ratios of front wall
submergence to water depth a/h = (1/8, 1/4, 1/2 and 3/4). In these �gures, it can be seen
that the e�ective area of CWmax, under the curve, and the magnitude of the �rst natural
frequency, both increase when the front wall submergence ratio a/h decreases. However, for a
relatively small a/h, and taking into account that changes in water level due to tidal �uctuations
and extreme waves can occur, a small draft can suggest that the trough of a wave propagates
below the front wall. This should be considered during the design process since, in this case,
the pressure inside the chamber would be equal to ambient pressure, implying that the power
available within the OWC system would be zero, resulting in decreased e�ciency. Regarding
the e�ect of the air compressibility, by comparing these �gures it is observed that the CWmax

bandwidth is increased when Θ is considered.
The numerical results for the radiation conductance and radiation susceptance coe�cients

against Kh for b/h = 1 and w/h = 1/2 for di�erent submergence ratios a/h =
(1/8, 1/4, 1/2 and 3/4) are shown in Figures 9.10c and 9.10d, respectively. Fig. 9.10c shows
that a larger draft decreases the frequency at which resonance occurs while the band is reduced.
It can also be observed that the peak resonance is more prominent as the barrier is more
submerged. With large submergence of the front wall, conditions are similar to those in a
closed tank of parallel sides, where a second resonance mechanism occurs when the incident
wave frequency is such that the �uid inside the chamber is excited into an antisymmetric
sloshing mode (Evans and Porter; 1995). The sloshing frequencies, in this case, occur at values
of the dimensionless wavenumber kb = nπ, with n being the sloshing mode. In Fig. 9.10c, it
can be seen that the second peaks in ν due to the �rst sloshing frequency take place close to
Kh = π. On the other hand, in Fig. 9.10d it can be seen that by increasing the front wall draft
a with respect to h, the value of Kh for which µ �rst becomes zero decreases, while the range
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(a) b/h = 1/4, Kh = 1.0060 and Θ = 0. (b) b/h = 1/4, Kh = 1.0060 and c/h = 1.

(c) b/h = 1/2, Kh = 0.6823 and Θ = 0. (d) b/h = 1/2, Kh = 0.7633 and c/h = 1.

(e) b/h = 3/4, Kh = 0.5205 and Θ = 0. (f) b/h = 3/4, Kh = 0.6014 and c/h = 1.

Figure 9.9: Free surface elevation with a/h = 1/2, w/h = 1/2 and d/h = 1/2.
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Figure 9.10: Capture width and radiation conductance and susceptance coe�cients with
b/h = 1, w/h = 1/2 and d/h = 1/2 versus Kh for di�erent front barrier draft to water
depth ratios a/h(= 1/8, 1/4, 1/2 and 3/4).
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of Kh for negative values of µ increases. These zero values in the radiation susceptance µ are
associated with the peak values in the maximum capture width, Fig. 9.10a.

The three dimensional plots of the free surface elevation ζ with b/h = 1, w/h = 1/2 and
d/h = 1/2 for di�erent values of front wall submergence ratio a/h(= 1/8, 1/4 and 3/4) are
shown in Figs. 9.11a�f. First, it can be seen that the free surface elevations inside the OWC
chamber are small when the front wall submergence to water depth ratios a/h are also small.
Then, the smaller the front wall submergence is, with respect to the water depth, the shorter
must be the wavelength for resonance to occur in the OWC chamber. It is shown that, in
each case, when the air compressibility is taken into account, the resonance frequency is higher
compared to the case when Θ = 0.

The numerical results of the maximum capture width CWmax against Kh for di�erent front
wall thickness to water depth ratios w/h(= 1/8, 1/4, 1/2 and 1) are shown in Figs. 9.12a and
9.12b. In these �gures, it can be seen that by increasing the thickness of the front wall, the
bandwidth of the capture width curves is reduced, while the peak frequency value is shifted to
lower values of the non-dimensional frequency Kh. This reduction in the maximum capture
width is explained by the fact that the energy transfer due to the wave motion for shorter
wavelengths is reduced when the front wall is thicker. On the other hand, comparing both
�gures, it is seen that the volume of the air chamber considered broadens the capture width
bandwidth and slightly increases the magnitude of the peak frequency value.

Figures 9.12c and 9.12d show the radiation conductance and radiation susceptance
coe�cients, respectively, against Kh for b/h = 1 and a/h = 1/2 for various ratios of front
wall thickness to water depth w/h(= 1/8, 1/4, 1/2 and 1). Figure 9.12c shows that the peaks
in radiation conductance are associated with those observed in Fig. 9.12a. In this sense, the
radiation conductance coe�cient represents the extent to which the device absorbs energy at
various frequencies. Together with Fig. 9.12d, this shows that by increasing the radiation
conductance coe�cient ν, with respect to the radiation susceptance coe�cient µ, the power
extraction capacity can be increased. Furthermore, Figs. 9.12c and 9.12d show that when the
ratio w/h increases, the peak values in ν also increase; however, the range of the non-dimensional
frequency Kh for which µ is negative also increases.

Figures 9.13a�f show the three dimensional plots of the free surface elevation for b/h = 1,
a/h = 1/2 and d/h = 1/2 for di�erent values of w/h(= 1/8, 1/4 and 1). It can be seen that
the thicker the front wall, the longer the wavelength must be, for the OWC device to reach
resonance. In addition, the greater the w/h ratio, the higher the free surface elevation at the
resonance frequency. Similar to the previous free water surface plots, it is observed that a
shorter wavelength is needed for the OWC device to reach the state of resonance when the air
compressibility is considered.

Figure 9.14 illustrates the e�ect of air compressibility on the OWC performance for di�erent
ratios of air column height to water depth c/h(= 1/2, 3/4, 1 and 3/2). Compared to the case
when the air compressibility is neglected, i. e., Θ = 0, it is found that air compressibility helps
optimize the power absorption and signi�cantly in�uences the capture width bandwidth. This
is a signi�cant aspect since it might be possible to increase the OWC performance for a wider
range of wave frequencies by designing the pneumatic chamber appropriately. When the height
trapped air is greater than the water depth, it is seen that the e�ective area under the capture
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(a) a/h = 1/8, Kh = 0.7632 and Θ = 0. (b) a/h = 1/8, Kh = 1.0060 and c/h = 1.

(c) a/h = 1/4, Kh = 0.6014 and Θ = 0. (d) a/h = 1/4, Kh = 0.7633 and c/h = 1.

(e) a/h = 3/4, Kh = 0.1968 and Θ = 0. (f) a/h = 3/4, Kh = 0.2778 and c/h = 1.

Figure 9.11: Free surface elevation with b/h = 1, w/h = 1/2 and d/h = 1/2.
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Figure 9.12: Capture width and radiation conductance and susceptance coe�cients with
b/h = 1, a/h = 1/2 and d/h = 1/2 versus Kh for di�erent front wall thickness to water
depth ratios w/h(= 1/8, 1/4, 1/2 and 1).
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(a) w/h = 1/8, Kh = 0.6014 and Θ = 0. (b) w/h = 1/8, Kh = 0.6823 and c/h = 1.

(c) w/h = 1/4, Kh = 0.5205 and Θ = 0. (d) w/h = 1/4, Kh = 0.6014 and c/h = 1.

(e) w/h = 1, Kh = 0.2778 and Θ = 0. (f) w/h = 1, Kh = 0.3587 and c/h = 1.

Figure 9.13: Free surface elevation with b/h = 1, a/h = 1/2 and d/h = 1/2.
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Figure 9.14: Capture width with b/h = 1, w/h = 1/2 and d/h = 1/2 against Kh for
di�erent ari column height to water depth ratios c/h = (1/2, 3/4, 1 and 3/2).

width curve is reduced, and a less hydrodynamic performance is achieved. On the other hand,
when the ratio of the height of the air column to the water depth is small, a trough in the
curve between the maximum values of CWmax appears and it becomes more prominent as c/h
decreases.

The three dimensional surface plots of the free surface elevation ζ with b/h = 1, w/h = 1/2
and d/h = 1/2 for di�erent ratios of air column height to water depth c/h(= 1/2, 3/4 and 3/2)
are shown in Figs. 9.15a�c. It can be seen that the magnitude of the free surface elevations inside
the OWC chamber are not signi�cantly a�ected by the variation in the height of the trapped
air. In addition, with the support of Fig. 9.7b, these �gures show that larger wavelengths are
needed for the OWC device to reach the resonance condition as c/h decreases.

9.8 Conclusions

The e�ects of the OWC chamber design and the linearized air compressibility on the OWC
performance were investigated in this work. The three dimensional BEM with nine-noded
quadrilateral panels were used to solve the associated BVP. The domain was separated into
two regions and the BEM was applied separately. Then, the subdomains were matched by the
application of the continuity conditions of velocity potential and �ux at the common interface.
Comparisons were performed with cases addressed by Evans and Porter (1995), Morris-Thomas
et al. (2006) and Rezanejad et al. (2017). Numerical calculations for the maximum capture
width, hydrodynamical coe�cients and free surface elevation were then obtained and analysed
for di�erent physical con�gurations.

Regarding the e�ect of the OWC chamber structural con�guration, the results showed that
by increasing the width of the OWC chamber, the wave frequency at which resonance occurs
is not modi�ed while the e�ective area of the capture width under the curve increases. It was
found that by increasing the chamber length compared to water depth, the frequency at which
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(a) c/h = 1/2 and Kh = 0.4396. (b) c/h = 3/4 and Kh = 0.4396.

(c) c/h = 3/2 and Kh = 0.6823.

Figure 9.15: Free surface elevation with b/h = 1, a/h = 1/2, w/h = 1/2 and d/h = 1/2.
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resonance occurs decreases while the capture width bandwidth is not signi�cantly modi�ed.
Furthermore, for a small b/h ratios, the peaks of radiation conductance coe�cient are

maximum for longer frequencies, while the range of negative values in the radiation susceptance
coe�cient is shortened. In the case of the front wall draft, it was found that the e�ective
area of capture width and the magnitude of the �rst natural frequency, both increase when
the front draft decreases. A larger draft also reduces the band in the radiation conductance
coe�cient, while increasing the range of negative values in the radiation susceptance coe�cient.
By increasing the thickness of the front wall, it was found that the bandwidth of the capture
width curves and the peak frequency value are reduced. An increase in the ratio w/h leads to
a decrease in the radiation conductance bandwidth, while an increase in the range of negative
values in the radiation susceptance is obtained. When the height of the trapped air column was
analyzed, it was seen that air compressibility increases the capture width bandwidth and the
magnitude of the peak resonant frequency.

On the other hand, in the case of the free surface elevation, for small b/h ratios, it was
observed that the amplitude of oscillation was higher, whereas for small a/h ratios the trend
was the opposite. Furthermore, for front wall thickness, it was observed that an increase in the
w/h ratio, increases the free surface elevation at the resonance frequency, while the wavelength
must be longer for the OWC device to achieve the state of resonance. Regarding the variation
of the air volume within the chamber, it was found that shorter wavelengths are needed for the
OWC device to reach the resonance condition when the air column height to the water depth
ratio increases. In general, when the air compressibility is taken into account, it was found that
to reach resonance, higher wave frequencies are needed.

In conclusion, the OWC chamber design and the air compressibility are two important
aspects to be taken into account when analysing the OWC capture width. Under the proposed
assumptions, the present 3D BEM model was seen to be a useful technique for obtaining a
solution to the BVP; however, more studies should be carried out in the future in order to
provide more reliable estimates of the OWC capture width, under real conditions. It is hoped
that the �ndings of this work will promote further 3D analysis of OWC onshore technologies,
and provide useful knowledge for the e�ective harnessing of wave energy.
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Chapter 10

Conclusion

10.1 Overall conclusions

The research work presented in this thesis is devoted to the theoretical study of the OWC wave
energy converter for di�erent con�gurations. The performance of land-�xed and �xed-detached
OWC devices were analysed using frequency-domain models within the framework of linear
wave theory. To obtain a solution, the matched EEM and the BEM were employed. The main
attention of this study was given to the e�ect of the chamber con�guration and wave direction
on the hydrodynamic performance.

First, by means of the BEM, the e�ects of the front wall thickness on the performance of a
land-�xed OWC device were analyzed. It turned out that a wider e�ciency band was obtained
with a thinner front wall. However, in practice, this geometrical aspect plays an important role
since a thinner front wall will be less capable to resist the impact of extreme waves. The model
was then applied to a single chamber of the Mutriku Wave Energy Plant, and it was found
that the proposed bottom pro�les modify the e�ciency curve slightly, giving the possibility of
improving the e�ciency of the device in the long-wave regime.

Then, the in�uence of wave direction on the hydrodynamic e�ciency of a land-�xed OWC
with a thin front barrier was investigated. The matched EEM using dual series relations and
the BEM were used, and an optimal agreement between these two techniques was achieved.
The �ndings revealed that by increasing the wave angle of incidence, the bandwidth of the
e�ciency curves and the resonance frequency both increase. This has advantages for wave
power extraction in real sea conditions where OWC devices receive incoming waves at di�erent
angles.

The impacts of front wall thickness on the performance of an asymmetric �xed-detached
OWC device were then investigated using the matched EEM and BEM. The e�ects of adding a
step under the OWC chamber and a re�ecting wall in the downstream region were also studied.
The results demonstrated that the presence of a re�ecting wall is important because, at low
frequencies, the presence of constructive and destructive wave interference from the OWC device
and the waves re�ected by the wall results in zero e�ciency. This phenomenon is very sensitive
to changes in the OWC parameters and can lead to restrictions in wave energy harvesting at
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long incident wavelengths.
By using the matched EEM and BEM, the combined e�ects of the front wall thickness and

wave direction on the performance of a land-�xed OWC device were analyzed. These semi-
analytical and numerical approaches were found to be in good agreement. The results showed
that both a thick front wall and a large incidence angle of the wave can signi�cantly narrow the
hydrodynamic e�ciency band and modify the resonant frequency.

Finally, a 3D BEM with nine-noded quadrilateral elements was employed to analyze
the in�uence of di�erent OWC geometric parameters on the capture width, hydrodynamical
coe�cients and free surface amplitude. It was found that the chamber con�guration and the
linearized air compressibility have a signi�cant impact on the capture width bandwidth, the
resonant frequency and the free surface amplitude within the chamber.

More detailed conclusions are provided in each article included in this thesis.

10.2 Original contributions

The main contributions of this thesis are as follows:

1. The development of a 2D multi-region BEM code with quadratic elements for analyzing
the in�uence on the performance of land-�xed and �xed-detached OWC devices when
interacting with perpendicular and oblique incident waves.

2. The development of a 3D multi-region BEM code with higher-order elements for analyzing
the capture width of a land-�xed OWC device.

3. The implementation of dual series relations in matched EEM to investigate the e�ect of
oblique waves in the performance of a land-�xed OWC device.

4. The use of the matched EEM to study the in�uence of thick front barriers and oblique
waves in the e�ciency of land-�xed and �xed-detached OWC devices.

5. Showing the signi�cance of waves direction in the OWC device e�ciency.

6. Demonstrating the e�ect of the thickness of the chamber barriers on the OWC device
e�ciency.

7. Investigating the variations on the device performance when a linear air compressibility
model is considered.

8. Identifying the variations on the device performance caused by an asymmetrical
con�guration of the rear and front walls of a �xed-detached OWC device.

9. Analyzing the in�uence of a re�ecting wall in the e�ciency of a �xed-detached OWC
device.

10. Highlighting the importance of chamber parameters and air compressibility in the free
surface elevation.
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(a)

(b)

Figure 10.1: Numerical wave generation in OpenFOAM (a) Velocity magnitude and (b)
Hydrostatic pressure of the interaction of water waves with a thick front barrier OWC
device.

10.3 Recommendations for future work

In order to validate the theoretical results, several areas for further research were identi�ed
throughout this thesis.

High-performance numerical models

The main assumption in this thesis is related to the small motion amplitude and the use of the
linear wave theory. However, dissipative energy processes (due to viscous e�ects, friction, �ow
separation), thermodynamic processes inside the chamber, as well as other non-linear e�ects,
should be considered to provide more reliable estimates of the OWC performance under real
conditions. Therefore, high-performance numerical models are required in order to identify the
limits of linear wave theory and increase the knowledge about OWC devices, Fig. 10.1.

Model-scale experiments

The laboratory testing of di�erent scale prototypes (1:25�1:20) should be conducted to validate:
(i) the hydrodynamic models of the OWC devices used in this thesis (land-�xed and �xed-
detached); (ii) the e�ect of the thickness of the front barrier on the resonant frequency; and (iii)
the in�uence of wave direction on the OWC performance, Fig. 10.2. In addition, there is a need
for experimental studies to model the PTO mechanism and the e�ect of air compressibility.
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(a) (b)

(c)

Figure 10.2: (a) Model scale of a thick front barrier OWC device and (b)-(c) testing in
the multidirectional wave tank of the Autonomous University of Campeche.
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Array performance

The �nal development stage of any wave energy converter is related to the performance of
a wave farm. The development of the array of OWC devices raises a number of research
questions including: how the arrangement and distance between OWCs that operate a�ect the
performance of the array? how the incoming waves at varying angles a�ect an integrated OWC-
breakwater system such as the Mutriku Wave Energy Plant? how an array of �xed-detached
OWCs can serve as a coastal protection measure while harnessing the energy from waves?
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