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Introduccion

La teoria de ecuaciones diferenciales parciales estocasticas (EDPEEED es un campo que
en las dltimas décadas ha tenido grandes avances. Debemos tomar en cuenta que las
EDPESs son de gran utilidad en distintas disciplinas, desde la economia hasta la fisica,
pasando por sistemas biolégicos; esto se debe a que las EDPEs pueden estudiar los
sistemas como lo hacen las ecuaciones diferenciales parciales (EDPs), sino también al
hecho de que lo hacen de forma mas general dado que en las EDPEs se consideran la
evolucion de estos sistemas dindmicos en presencia de ruido de fondo o incertidumbre
en la observacion de estos fendmenos. Para una mirada amplia a este campo se pueden
consultar los libros de Da Prato y Zabczyk [5], Lototsky y Rosovsky [16] y Chow [4],
donde se discute la teoria de EDPEs y sus aplicaciones a profundidad.

En ese sentido, una aplicacion natural es la siguiente: dado un sistema de un fenémeno,
que conocemos como se comporta y por ende la ecuaciéon que lo describe; suponga
ademas que la ecuacién depende de uno o varios parametros, y que desconocemos
dichos paramteros. Ahora para entender de manera completa el fenémeno es necesa-
rio estimar los parametros. En la practica, es necesario ajustar los parametros con
las observaciones anteriores para hacer predicciones en la evolucién del sistema. Por
otro lado, asumiendo ahora que conocemos los valores reales de los parametros, una
pregunta obvia seria si estos valores ajustan de buena manera a los datos empiricos.
Entonces las estimacion de parametros, en particular de los estimadores maximo ve-
rosimiles (MLEED, para ecuaciones diferenciales parciales estocésticas (EDPESs) se ha
vuelto un tema reciente de investigacion. A diferencia de la estimacién de parametros
en las ecuaciones diferenciales ordinarias estocasticas (SODESED hay muchos proble-
mas abiertos dado que los problemas son de distinta indole y estos tienen su origen en
la estructura de las EDPEs. Aun asi hay demasiados articulos y textos que tratan el
tema, por ello recomendamos leer el ultimo capitulo del libro de Lototsky y Rosovsky
[16] y el articulo de Cialenco [3].

También hay que notar que tanto en el articulo de Liu y Lototsky [14] (asi como en
el libro de este ltimo) y de Cialenco [3], la estimacién de pardmetros se ha enfocado
en EDPEs del tipo parabdlicas ya que suelen tener propiedades que hacen mas facil

INotemos que formalmente deberia escribirse EEDDPPEE por ser la abreviatura de un plural pero
al ser una abreviatura de cuatro palabras es impractico por lo que optaremos por EDPEs.

EPor sus siglas en inglés.

Bidem



6 Introduction

su estudio, aunado a que muchos sistemas importantes son del tipo parabdlico. En
este trabajo nos abocaremos a estudiar en particular la estimacion de dos parametros
en el caso particular de la ecuacién de onda unidimensional (que es una ecuacién del
tipo hiperbdlico) que tiene un ruido aditivo en espacio y tiempo.

La ecuacién de onda

Ut = Ugg,

uw(0) = ug, u(0) = uy,

es la principal ecuacién hiperbdlica, y uno de los tres ejemplos béasicos que se usan
en un primer curso de EDPs para poder conocer las distintas técnicas que se usan
para estudiar a este tipo de ecuaciones. Esta ecuacion tiene muchas modificaciones
(ver capitulos 7y 12 de Evans [6]) que describen ciertos fenémenos. En este trabajo,
veremos el caso de la ecuacién unidimensional con amortiguamiento (este se modela
anadiendo un término dependiente de u;), es decir,

Ut = Uge — AU,
u(0) = ug, u(0) = uy,
donde a es el coeficiente de amortiguamiento. Hay que notar que a > 0, si se toma

a < 0, no es un amortiguamiento sino una amplificacién.

En este trabajo nos enfocaremos en la ecuacion

0*u 0*u du ~

5 =M tA HoW(t), 0<t<T, 0<x<

8t2 1 8372 + 2 at to ( )7 ) ,
donde W es un movimiento browniano cilindrico (|1.1.1)). Con condiciones iniciales y
de frontera

\ )\1 > 1, |>\2| < 1; o> 0; (001)
du
U|t:0 = a = 0, U,|x:0 = u|ac:7r = 0, (002)
t=0

estas condiciones se explicaran en el capitulo 2. En este caso tenemos dos parame-
tros A1 y A9, donde A; representa la velocidad de propagacion de la onda y Ay el
amortiguamiento o amplificacion de la onda.

Los estimadores de esta ecuacién han sido estudiados por Liu y Lototsky [14], en
su articulo ellos ven como calcularlos, prueban que son consistentes (convergen con
probabilidad 1) y que son asintéticamente normales (convergen en distribucién a una
normal de media cero con cierta varianza). Estos estimadores Xl, NTY /)\\2, ~,r dependen
de la cantidad de elementos que se pueden calcular de la descomposicién de la solucién
como suma espectral de Fourier y de la ventana de tiempo [0, T] de observacion.

En este trabajo, ademds de dar a detalle los resultados de Liu y Lototsky [14] (ellos
solo ven cuando se toman més elementos de la descomposicion espectral y en una
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ventana de tiempo fijo), también presentamos un resultado original del estimador de
la velocidad cuando no hay amortiguamiento. Mas atin, consideramos el caso donde se
toman mas elementos de la descomposicion espectral y la ventana de tiempo tiende
a infinito, se conservan ambas propiedades (consistencia y normalidad asintética).
No solo eso, sino de la misma forma que Delgado, Cialenco y Kim ([2]) prueban la
normalidad asintética por medio del método de Malliavin-Stein, nosotros probamos
para ambos casos (ambos pardmetros pero una ventana de tiempo finita y solo el
pardmetro de velocidad sin amortiguamiento con una ventana que tiende a infinito)
la normalidad asintética. Y no solo eso, siguiendo también a Delgado, Cialenco y
Kim ([2]), ellos prueban que el estimador discretizado para la ecuacién del calor tiene
unas propiedades similares pero en un sentido mas débil, nosostros probamos que el
estimador de la velocidad discretizado (sin presencia de amortiguamiento) también
cumple esas propiedades débiles que sirven para modelacién.

Asi organizamos esta tesis de la siguiente forma. El primer capitulo es para definir el
movimiento browniano cilindrico, y de la definicién de la integral con respecto a este
ruido y la formula de [t6 con respecto a esta integral. Ademads, enunciamos un teorema
de existencia y unicidad de soluciones para sistemas de segundo orden que sera de
utilidad para el problema en el que trabajamos. Y al final de dicho capitulo hablamos
del teorema de Girsanov y sus generalizaciones. Este tltimo tema es importante para
calcular los estimadores de maxima verosimilitud para las EDPEs. Al final explicamos
el método general para calcular los estimadores maximo verosimiles para EDPEs.

El segundo capitulo se enfoca a probar a detalle todo el articulo de Liu y Lototsky [14],
en el cual nos basamos para obtener los otros resultados que estan en el trabajo. Vemos
las soluciones explicitas a la ecuacion (y a su descomposicién espectral). Encontramos
los estimadores maximo verosimiles y probamos las dos propiedades que cumplen.
Finalmente vemos el caso sin amortiguamiento. En realidad, en ese caso vemos los
mismos resultados de Liu y Lototsky para una ventana de tiempo fija, pero luego
usando un método similar a Delgado, Cialenco y Kim ([2]), probamos que el estimador
de la velocidad cumple ambas propiedades cuando la ventana de tiempo tiende infinito
aunado a tomar mas elementos de la descomposicién espectral (es decir, N — 00).

En el tercer capitulo, usaremos el método de Malliavin-Stein para probar la norma-
lidad asintotica. Primero introducimos las nociones basicas del célculo de Malliavin
y los resultados que usamos para probar la normalidad. Y finalmente siguiendo el
enfoque de [2] probamos para ambos casos, ambos pardmetros y ventana de tiempo
fija, y solo el parametro de la velocidad y la ventana de tiempo que tiende a infinito,
aunado a N — 0o en ambos casos, se cumple la normalidad asintdtica.

Una versiéon discretizada del estimador para la velocidad es introducido en el cuarto
capitulo. Primero probamos varios lemas preliminares para que al final probemos el
resultado principal de ese caitulo, es decir, que el estimador discretizado es consiste-
nete y asintéticamente normal, en un sentido mas débil.

En el ultimo capitulo, vemos simulaciones de la solucion de la ecuacion y el desempeno
de los estimadores. Observamos que los estimadores en efecto son una buena estima-
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cién de los paramatros y coinciden con los resultados tedricos vistos en anteriores
capitulos. También incluimos las conclusiones del trabajo. Ademéas hemos agregado
al final un apéndice que contiene unos resultados basicos de probabilidad y el cédigo
computacional que se usd para las simulaciones.

Por 1ultimo, hay que recalcar que hay pocos articulos que estudien con mas ahinco la
ecuacion de onda y sus estimadores méaximo verosimiles, mas que el mencionado de Liu
y Lototsky [14]. Ellos mismos generalizan dicho resultado en su articulo [15] para una
ecuacion hiperbdlica general con amortiguamiento, prueban que en ese caso con dos
parametros, los estimadores méaximo verosimiles son consistentes y asintoticamente
normales, con el tiempo fijo (pero en un caso tan general la solucién es una solucién
generalizadzﬂ). Y otros resultados en otro enfoque distinto son los obtenidos por
Jandk (ver [9] y [10]) donde ve las propiedades de los estimadores de minimo contraste
(MCEED; él prueba que esos estimadores son consistentes y asintoticamente normales
cuando T" — oo, hay que notar que estos estimadores son obtenidos de una forma
muy distinta a la descrita en este trabajo.

HUna solucién generalizada puede ser una distribucién de Schwartz y no necesariamente una funcién.
BPor sus siglas en inglés.
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Introduction

The theory of Stochastic Partial Differential Equations (SPDEs) is a mathematical
field that have gone through major advances during the past few decades. From the
practical point of view, SPDEs are tremendously useful in different disciplines, from
economics to physics, passing by biological systems; this is due to SPDEs can describe
the systems or the phenomena the same way the Partial Differential Equations (PDEs)
do, but also the fact that the description is more general due to SPDEs consider the
evolution of dynamical systems in the presence of white noise or spatial-temporal
uncertainties whilst observing these phenomena. For a depth discussion of the theory
of SPDEs and their various applications, we refer to the textbooks of Da Prato and
Zabczyk [5], Lototsky and Rosovsky [16], and Chow [4].

In that sense, a natural application is the following: Consider a system of pheno-
menon, and assume we know its behavior and therefore the partial equation that
describes it; suppose in addition that the equation depends on one or several para-
meters, and that we do not know the values of these parameters. Now the problem
for a complete understanding of the phenomena is to estimate these parameters. In
practice, it is usually necessary to fit the parameters using the previous observations,
this will allow us to use it to make predictions of the evolution of the system. At other
hand, assuming now that we know the true value of the parameters, a natural ques-
tion is whether these true values fit well to the empirical data. Thus, the estimation
of parameters, in particular the estimation using the maximum likelihood estimators
(MLEs), for stochastic partial differential equations (SPDEs) have become an aided
research field. In opposition to the estimation of parameters for stochastic ordinary
differential equations (SODEs), the estimation of parameters for SPDEs there are
many open problems since they are of different nature and usually more involved in
the nature of SPDEs. Even so there are many papers and textbooks that deal with the
subject, we refer to the last chapter of Lototsky and Rosovsky’s book [16], Prakasa
Rao’s paper [20] and Cialenco’s paper [3].

It should also be noted that both in the Liu and Lototsky’s paper [14] (as well as in
the book from the last author) and Cialenco’s paper [3], the estimation of parameters
have focused on parabolic SPDEs because they usually have better properties that
make them easier to work with, added to the fact that many important equations
and systems are of the parabolic type. In this work, we study the estimation of two
parameters in the particular case of the one-dimensional stochastic wave equation
(that is a hyperbolic equation) that has an additive spatial-temporal noise.

The one-dimensional wave equation,

Uy = Ugy,
w(0) = wug, u(0) =uy,

is the principal PDE of the hyperbolic type and constitutes one of the three major
examples that are studied in a first PDEs course, jointly with the Laplace and Heat
equations. These examples of PDEs serve to study the different techniques to work
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with each family of equations. The wave equation has several modifications (see [6])
that describe several phenomena. In this work, we will study the one-dimensional case
with damping (this is introduced via a term depending on u;), i.e.,

Ut = Ugy — AUy,
uw(0) = ug, u(0) = uy,

where a > 0 is the damping coefficient. We note that if a < 0, then the equation
describes an amplification.

In this work we focus in the following equation:

0*u 0*u ou :

5 =AM st toW(T), 0<t<T, 0<a<

gz~ Mg gy T, Dz
where W is a cylindrical Brownian motion (1.1.1)). With initial and boundary condi-
tions like following

VA >1 (A<l 0>0; (0.0.3)
0
Ulpmo = 8—1: B =0, gm0 = U|p=r = 0; (0.0.4)

we will specify this conditions on the second chapter. In this case, we have two pa-
rameters A\; y A9, where \; represents the speed propagation of the wave and A,
characterizes the damping (or amplification, if Ay > 0 ).

The MLESs have been studied by Liu and Lototsky [14], in their paper they saw how to
calculate them and as well as they proved the estimators are consistent (they converge
a.e.) and asymptotic normal (they converge in distribution to a zero-mean normal
distribution ). This estimators :\\17 NTY /)\\27 ~r depend on the amount of elements that
can be calculated from the spectral decomposition (note that the solution can be seen
as a Fourier series) and on the window time [0, 7] of the observation.

In this work, in addition to giving the detailed results from Liu and Lototsky [14]
(they only see the case taking more elements from spectral decomposition with a fixed
time window ), we present an original theorem about the speed estimator without pre-
sence of damping. Indeed, we consider the case where we take more elements from the
spectral decomposition and the window time tends to infinity and we prove that the
estimator fulfills both properties (consistency and asymptotic normality). Further-
more, following the ideas of Delgado, Cialenco y Kim [2] we prove the asymptotic
normality using the Malliavin-Stein approach. Note that we prove it for both cases
(the two parameters with a fixed window time and only the speed parameter with the
window time tends infinity). Additionally, in Delgado, Cialenco and Kim ([2]) they
proved that a discretized version of the estimator for the heat equation fulfills both
properties in a weaker sense. Then, we obtain a similar result: the discretized speed
estimator (without presence damping) fulfills both properties in a weaker sense.

We organize this thesis in the following form. The first chapter is used to define the
cylindrical Brownian motion, the integral with respect to it and the 1to’s formula
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with respect to this integral. In addition, we enunciate a theorem of existence and
uniqueness of the solution useful for the purposes of solving the problem we are
dealing with. At the end of the chapter we talk about the Girsanov’s theorem and its
generalizations. This topic is important to calculate the MLEs of SPDEs. Finally we
sketch the general method to calculate the MLEs.

The second chapter focuses on study in detail the Liu and Lototsky’s paper [14], on
which we rely to obtain another results in this work. We show the explicit solutions
and the spectral decomposition. We find the MLEs and prove that they fulfill both
properties. Finally, we look closely the case without damping. Indeed, we get the
same results from Liu and Lototsky for a fixed window time. Moreover, using a similar
method as in Delgado, Cialenco and Kim [2], we prove that the speed estimator satisfy
both properties when the window time tends to infinity and letting N goes to infinity.

In the third chapter, we apply the Malliavin-Stein approach to prove the asymptotic
normality. First, we introduce some basic notions of Malliavin calculus and enunciate
some results we use to show normality. Finally following the approach from [2] we
prove the asymptotic normality for two cases: the first case where we consider two
parameters and a fixed window time and we let N goes to infinity. The second case
considers only the speed parameter, but in this case the window time tends to infinity
and we let N goes to infinity.

A discretized version of the MLE for the speed is introduced in chapter fourth. We
first present some preliminary lemmas, afterward we prove the main result of this
chapter: the consistent and asymptotic normal in a weaker sense for this estimator.

In last chapter we present some simulations of the solution to the equation and the
performance of the MLEs. We observe that the MLEs provides a nice estimator for
the parameters and agrees with the theoretical results from previous chapters. We
also include in this chapter our conclusions. We have also added an appendix that
contains a couple of basics results of Probability theory and the computational code
that was used to make the simulations and calculate the MLEs.

Finally, it must be emphasized that there are few articles that study deeper the sto-
chastic wave equation and its MLEs, except the already mentioned Liu and Lototsky’s
paper [I4]. They generalize this result (see [15]) for a general one-dimensional hyper-
bolic equation with damping, they prove that the MLEs in that case are consistent
and asymptotic normal with fixed time (but in this case so general they use a gene-
ralized solution). In a very different approach, Jandk (see [9] and [10]) found the
minimum contrast estimators (MCEs) for the stochastic wave equation and proved
that both estimators are consistent and asymptotic normal when 7" — 00; we note
that this approach is completely different from the one described here, therefore the
estimators are too.

B A generalized solution could be a Schwartz distribution and not necessarily a function.
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Capitulo 1

Preliminaries

This chapter is devoted to introduce some basic results from the theory of SPDEs
that we will use to study the wave equation and its maximum likelihood estimators
(MLEs). First we introduce the stochastic integral on a Hilbert space and how it
is constructed based on [7] Then we enunciate a specific theorem of existence and
uniqueness to a second-order SPDE which is taken from [4]. The last section is about
the Girsanov’s theorem and its generalizations and the approach to find the MLE for
a SPDE using the Girsanov’s theorem and the section is based on sixth chapter of [16]
and [3]. We will omit the proofs in this chapter, but we will indicate the references
for each case.

1.1. Stochastic integral and Ito’s formula

Let H, K be real separable Hilbert spaces with inner products (-,-)y , (-,")x and
1 1
norms |||z = (-,-)% and |||, = (-, -) &, respectively.

Throughout all the work let (2, .%,{%;}i>0,P) be a filtered probability space, where
the filtration {.% };>o satisfies the usual conditions

1. %, contains all null sets,that is to say, is a complete o-algebra (or o-field).

2. P = NgstF s, that is, is right continuous.

Now we will introduce the cylindrical Brownian motion (cylindrical Wiener process)
and the Q)-Wiener process. Then we will sketch the construction of the integral respect
to the cylindrical Wiener process. The construction of the integral with respect to
()-Wiener process is similar and it can be seen in [4] and [7].

Definition 1.1.1. [7, Definition 2.5] A cylindrical Brownian motion W = W (t),
t >0, over a Hilbert space H is a linear mapping

W f = Wi ()

13



14 CAPITULO 1. PRELIMINARIES

from H to the space of zero-mean Gaussian processes such that, for every f,g € H
and t,s >0, {Wy(t) }i>0 is a one-dimensional Brownian motion and

E(W;(t)W,(s)) = min(t, s)(f, 9) u- (1.1.1)

Note that a cylindrical Brownian motion can be represented as a P-a.s. convergent
series

Wi(t) =D (f. ) tWi (1)

k>1

where {hy, k > 1} is an orthonormal basis in H, and {W, ()}, is a collection of
real independent standard Brownian motions since the {hj}r>1 are orthonormal.

Moreover, if wy, k > 1, are independent standard Brownian motions, then

Fe ) U i) mw(t) (1.1.2)

is a cylindrical Brownian motion, where we define W, () = wy(t).

Definition 1.1.2. Let H be a separable Hilbert space considered as a measurable space
with its Borel o-field B(H). We fixt T > 0 and let (2,7 ,{.Z }1>0,P) be a filtered
space and {My}i<r be an H-valued process adapted to the filtration {.F }i>¢, i.e.,
M :QxT — H is a measurable function and for everyt < T, My = M(-,t) : Q@ — H
is a measurable function from (Q, %) to (H,B(H)). Assume that M, is integrable,
E[|| M| ;] < oo. Then M, is called a martingale if for any 0 < s <,

E[M;|.Fs] = M, P—a.s.

We denote L(K, H) the set of all linear and bounded operators from K to H and
Lo(Kq, H) the set of all Hilbert-Schmidt operators from K¢ to H, that is,

Lo(Kg,H)={L e L(Ky, H Z | Le;| < oo},

where {e;};>1 is an orthonormal basis (ONB) in K¢ and K denote the space Kg =
QK = {Q%v v € K} equipped with the scalar product

Zyiufj Ufj)K
j=1 "7

where {f;};>1 is an ONB of K, @ is a symmetric non-negative definite trace-class
operator on K or () = Ix, and Qf; = v;f;.

We denote the E(L(K, H)) the class of L(K, H)-valued elementary process adapted
to the filtration {F;}:<r that are the form

o(t,w) = d(w) Loy (¢ +Z¢y Lt 11 (2),
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where 0 =ty <t < ... <t, =T, ¢,0;, 7 = 1,...,n, are respectively Fy-measurable
and F;,-measurable L£y(Kgq, H)-valued random variables such that ¢(w),¢;(w) €
L(K,H), 7 = 1,...n (it is known that L(K,H) C Lo(Kg,H)). If @ = I, then
¢; are in fact Lo(K, H)-valued random variables.

We shall say that an elementary processes ¢ € E(L(K, H)) is bounded if it is bounded
in EQ(KQ, H)

Now, we define the It6 cylindrical stochastic integral of an elementary process ¢ with
respect to a cylindrical Wiener process W, by

(/Ut qb(s)dW(S)) (h) = "Z_l (W@f(h)(tﬂl At) — Ws (h) (t; A t)) 7

J]=

fort € [0,7] and h € H. Remember that ¢}(w) : H — K is the adjoint of the operator
¢(w) . It can be proved the isometry property, that is to say,

EKA%@mmﬁwfzéﬁwﬂww&w<m

for bounded elementary process.

Now, the next step is to extend the integral to more general integrands. First, let
Ao(Kg, H) be a class of Ly(K, H)-valued processes measurable as mappings from
([0,T] x Q,B([0,T]) ® F) to (Lo(Kq, H),B(Ls(Kq, H))), adapted to the filtration
{Fi}+<r and satisfying the condition

T
E [ 1000 < o
0

It is clear that the bounded elementary processes are in Ao(Kq, H). Ay(Kg, H) is a
Hilbert space if it is equipped with the norm

1
T 2
HMM%m—@AHMwQ%mﬁ>-

It can be shown that the bounded elementary process are dense in Ay(Kg, H) (for Q
trace-class or Q = If).

Now, we can define the stochastic integral. For an elementary process we have

Ei?(ﬁ[¢@mwuo<QQQ=EAWWW$ﬁda

where {e;};>1 is an ONB for H. Then we define the stochastic integral fg o(d)dW (s)
of a bounded elementary process as follows

[ owan «/¢ ) ) (e
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The isometry property tell us Hfot gb(d)dW(s))

L2(0LH) = ||¢||A2(K,H)-

Now, by a density argument we can define the stochastic integral of a process in
Ao(K, H) with respect to a cylindrical Wiener process W (t) in a Hilbert space K is
the unique isometric extension of the mapping

¢®%AM@W@

from the class of bounded elementary process to L*(§2, H) to mapping from Ay(K, H)
to L*(Q, H), such that the image of ¢(t) = ¢l () + Z;";Ol Gl (10,4, (F) 18

[y

n—

i (Ww (i1 AT) = Wee (et /\t))

=1 J

I\
o

Moreover, the integral is a continuous square-integrable martingale in H.

Then the integral could be extended to a larger class of integrands. The extension is
to processes ¢(t) such that

T
P(Arwuw;m@mdv<m)=1-

Finally, we recall that there are versions of the Martingale representation theorem
and the Fubini theorem for this integral, but we will omit them. We only will present
the Ito’s formula for the cylindrical Wiener process.

Theorem 1.1.3. Let H, K real separable Hilbert spaces, and W (t) be a K-valued
cylindrical Wiener process on a filtered probability space. Assume that a stochastic
process X (t), 0 <t < T, is given by

+AM@@+AE@@W$I

where X (0) is a Fo-measurable H-valued random variable, 1 (s) is a H-valued Fi-
measurable P-a.s. Bochner integrable process on [0,T],

t
[ I6@lyds <o, Peas
0

and ¢ is such that P (fOT H(b(t)HiQ(K@H) dt < oo) =1.

Assume that a function F : [0,T] x H — R is continuous and its Fréchet partial
derivatives Fy, F, F,, are continuous and bounded on bounded subsets of [0,T] x H.

DNote that the first integral is a Bochner integral and the second one is the Ito integral defined in
the last section.
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Then the following Ito’s formula holds:
F(X(0)) = FO.X(O0) + [ (Fa(s, X)), ()W (5))

+/0 {Ft(s,X(s)) + (Fals, X(@)), ¥(s))

+ %t'r[Fm(s,X(:c))¢(5)(¢(5>)*]}ds’
P-a.s. for all t € [0,T].

The proof of the last theorem and the construction detailed of the integral can be
found on the second chapter of [7]. The definition of a Bochner integral can be seen
in [22, Section V.5]

1.1.1. Finite Ito’s Formula

Now we enunciate the well-known [t6’s Formula in two variables. This result can be
extend to more variables, but we only need the two-variable version. The statement
can be found in [19], and its proof is similar to the one-dimensional case.

Let B(t,w) = (B1(t,w), Ba(t,w)) denote the 2-dimensional Brownian motion. Assume
each of the processes e;(t,w) and f;;(t,w), for i, j = 1,...,n, satisfies

L. fi;(t,w) is Br x .#-measurable.
2. fij(t,w) is F adapted.
3.
T
P[/ fé(s,w)ds < oo| =1.
0

We also assume that e; is .%;-adapted and

T
IP[/ lei(s,w)|(s,w)ds < oo] = 1.
0
Then we can define the following 2 1t0’s processes

dX, = eidt + fi1dBy + f12dBs
dXy = exdt + fo1dBy + fodBs

Or, in matrix notation simply

dX(t) = Edt + FdB(t),
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where

so=[ae] == o] re i g o= BEG)

Theorem 1.1.4. [19, Theorem 4.2.1 2-dimensional It6’s Formula] Let
dX(t) = Edt + FdB(t)

be a 2-dimensional Ito’s process as above. Let g(t, x1,x2) = (91(t, X1, X2), ..., Gp(t, T1, T2))
be a C? map from [0,00) x R? into RP. Then the process

Y(t,w) = g(t, X(1))

15 again an 1to’s process, whose kth-component, Yy, is given by

1 2
dn;:@ﬁmxmﬁ+§:g%ﬁgﬂd&+—§:(a%(LXMXﬂXﬁ

ot 24 - O0z;0x;

1.2. Existence and uniqueness of the solution of
SPDEs

Now, we will enunciate the theorem of existence and uniqueness for a second-order
equation (we will see it as a first-order system). In [4], chapter 6 the author discusses
the existence of a solution (mild and strong) for a first-order equation. But we only
need the result for a second-order equation. So, we will introduce certain notions
before stating [4, Theorem 6.8.4] to prove the existence of the solution.

Let V C H be a reflexive Banach space with dual space V'. So we have the next
inclusions

VcHCV,

where we consider them continuous and dense. Following the previous notation, let
the norms in V, H, and V' be denoted by |||y, ||-| and |||, respectlvely The inner
product of H and the duality scalar product between V and V' will be denoted by

<,>Hand<,>v.

Let Ty(w) : V = V' [ IL(hw) : VXV =V and 5(,w) : V x V' — Lo(Kg, H)
a.e. (t,w) € Qp = [0,T] x Q. W is a K-valued Q-Wiener process with @ : K — H
satisfying (@) < oo (that is to say a trace class operator).

Consider the Cauchy problem in V'

0?
% = Ftut + H(Ut,'l}t) + Et(ut,’l)t)dW( ) (121)
v =g, 2o _ (1.2.2)

ot
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for t € [0, T, where v, = %ut, and g € V, h € H are the initial data. We rewrite this

equation as the first-order system

dut = 'Utdt,
dvy = [Ftut + Ht(uta Ut)]dt + Et(“t; Ut)dW(t)> (1~2-3>

Up = 3, U0:h7

or, in the integral form

t
Uy = g+/ veds,
0

t t
vy =h+ / [Csus + g (us, vg)]ds + / s (us, ’us)dW(s)H
0 0

up =g, vo=h.

(1.2.4)

To establish the solution for the non-linear system, first Chow [4] proved the theorem
for the linear case, that is to say,

dut = Utdt,

Ug = 9, vo = h,

where f; is a predictable H-valued process. And use it to prove the theorem for the
general case.

We shall impose the next conditions on I'; ,II; and >;:

C.1 Let I'; be a continuous family of closed random linear operators with domain
D(T) (independent of ¢,w) dense in H such that I'; : V — V' and, for any
v eV, Ty is an adapted continuous V' -valued process.

C.2 For any u,v € V there exists a > 0 such that

(o o)ol < alfully lolly . () € Q.

C.3 There exists > 0 such that, for any v € V,

(T, v)y < —=BlolZ, ae(t,w) € Q.

C.4 Let I‘; = %Ft :V — V' and there is a constant oy such that, for any v € V,

Ty, )y < ay o],  ae(t,w) € Q.

ZNote again that the first integral is a Bochner integral.
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C.5 For any u € V,v € H, let II;(u,v) and ¥;(u,v) be F-adapted processes with
values in H and Lo(Kq, H), respectively. Suppose there exist positive constants
b, by such that

B[ [ (0.0 +1=0.0) )] <.

and

2

P 2 ~
[T )|+ S| <o+l + o) ae(tw) € .

where IT; (u, v) = I, (u, v) — I1,(0,0) and 3, (u, v) = %y(u, v) — (0, 0).

C.6 For any u,v’ € V and v,v" € H, there is a constant by > 0 such that the
Lipschitz condition holds:

P
< by
Q

/ ’ 2 / 2
HHt(U,U)—Ht(U,’U) V+HU_U )7

2 / ’ /
—i—HZt(u,v)—Et(u,v) u—u

a.e. (t,w) € .

A strong solution (or simply solution) to this problem is such that u, v are in Lo(Qr; V)
and Lo (S2r; H) respectively, and

<w¢m:4%@H+A<%¢Ma
(0 )z = (o Wi + / (T, ) s

+Ammmmwm@+l@w%mmwwm

forall p € H and v € V.

Theorem 1.2.1. [J, Theorem 6.8.4] Let all the siz conditions above hold true. Then,
for g € V.h € H, the nonlinear problem (1.2.3) has a unique solution (u;v) with
u € Ly(Q;C([0,T];V)) and v € Lo(2;C([0,T); H)) such that the energy equation
holds:

t
[vell* = (g, ug) = |[B]|* = (Tog, g) + 2/ (Fus, ug)ds
0
t ¢
+2/ (Hs(us,vs),vs>ds+2/ (vg, s (ug, vg)dWy) (1.2.6)
0 0

2
4 / 1 1ty 02) 3 ds
0

We will use this theorem to prove the existence of the solution in the next chapter.
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1.3. Girsanov’s theorem and MLE calculation

This section is devoted to enunciate and prove the Girsanov’s theorem. Secondly we
discuss two generalizations of the Girsanov’s theorem. And finally, we write a brief
sketch of how the MLEs for a SPDE can be calculated using the Girsanov’s theorem.

Theorem 1.3.1 (Girsanov’s Theorem). Let w(t) be a standard Brownian motion,
and let h = h(t) be a random process such that E[fOT h%(s)ds] < oo and

Eexp (/OT h(s)dw(s) — %/OT h?(t)dt) _1 (1.3.1)

On the original stochastic basis (2, F,{Fi}i>0,P), define a new probability measure

P by
~ T 1 T
P(A)=E [Aexp ( / h?(s)dw(s) — 3 / hZ(t)dt)} ,
0 0
for A € F. Then the process X = X (t) defined by

is a standard Brownian motion on (2, F,{F: >0, P)

Demostracion. Define the process

Z(t) = exp ( /0 ' h(s)dw(s) — % /0 ' h?(t)dt) .

dZ = hZdw,
and by (1.3.1), Z is a martingale. Fix u € R, s € (0,T'), and , for ¢ > s, define

g(t) = XX Q1) = (1) Z(1), F(1) = E(g(t)|F,),

By It6’s formula,

where E is the expectation with respect to the measure P. From straightforward

computations, we have

E[G()|F]
Z(s)

which allow us to switch between E and E in our computations. To complete the

proof, we need to show that

F(t) = (1.3.2)

F(t) = e 7 (=92, (1.3.3)
By It6’s formula,

1 1w
dg = ipugdX — ?gdt = —ipughdt 4+ ipdw — ?gdt,

2
dG = gdZ + Zdg + iugZhdt = (h + ip)gZdw — %gZdt,
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or, since G(r) = g(r)Z(r), r > s, and G(s) = Z(s),

G(t) = Z(t) +/ (h(r) +ip)G(r)dw(r) — %2/ G(r)dr (1.3.4)

Taking E(-|Fs) on both sides of (|1.3.4]) cancels the stochastic integral, and then (|1.3.2))

results in

F()Z(s) = Z(s) — % / F(r)Z(s)dr, or F(t) =1— % / F(r)dr,

which is the same as (|1.3.3)). O

A natural question is the importance of this result. The answer is not easy, but consi-
der two processes X (t) and Y (t) defined by stochastic ordinary differential equations

dX (t) = A(t, X ())dt + o(t, X (£))dw(?),
dY (t) = a(t, Y (£))dt + o(t, X (t))dw(t),

where w is a standard Brownian motion, the functions a, A, o satisfy the usual con-
ditions to satisfy existence of a unique strong solution. Under the next assumptions:

1. The initial condition is the same for both equations.

2. The diffusion coefficient ¢ is the same in both equations, and is bounded away
from zero, o(t,x) > oo > 0.

We can try to figure it out with Girsanov’s theorem, that if PX and PY are the
measures generated by X and Y in C((0,7);R), then

dP7 (Y) = exp (/0 A(t,Y(t)i - a(t,Y(t))dY(t) 1/0 A%(t,Y(t) —a <t’Y(t))dt) .

Py a?(t, Y (1)) 2 a?(t, Y (1))

(1.3.5)

The formal proof can be found in Lipster and Shiryaev [13, Theorem 7.19]. This result
is important, because we can calculate the likelihood ratio of the estimator(s), with
the measures generated by the projections of the solution.

Now, we introduce some concepts from [I3] before to enunciate the generalization
of Girsanov’s theorem to calculate the likelihood ratio and obtain the maximum
likelihood estimators. Note that the chapter 7 from [13] is dedicated to generalizations
of the Girsanov’s theorem; we recall that depending on the process, it could be needed
a different generalization of the Girsanov’s theorem.

Definition 1.3.2. [13, Definition 4.2.7] A process & = (&, F) is called of the difus-
sion type relative to the Wiener process Wy, if € is a process that satisfies

dé = aft,w)dt + B(t,w)dW (t),
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where oy, By are nonanticipative process with

T
IP’[/ |l |dt < o0] =1
0

T
IP’[/ Bdt < o] = 1,
0
and the functionals o(t,w) and B(t,w) are Ff-measurable for almost all s,0 < s < T

Consider a random It6 process € = (&, .%;) that satisfies
dé; = a(t,w)dt +dW(t), & =0,

where «; is such that
T
IED[/ luldt < o0] = 1.
0

Denote by (Cr, Br) a measurable space of the continuous function z = (Xj), s < T,
with zo = 0, and let pg, iy be measures in (Cr, Br) corresponding to the processes

§= (58){8§T}7 and W = (WS){SST}:
pe(B) =Pw:£{ € B], pw(B)=Pw:W € BJ.
By

dpig dpw
—(t,r) and —(t,z
Gota) and ()

we denote Radon-Nikodym derivatives of the measure pi;¢ w.r.t. pew and pw w.r.t.
fire. In the case t = T the T-index will be omitted.

Theorem 1.3.3. [153, Theorem 7.6] Let & = (&, %), be a process of the diffusion
type with

dé; = a(t,w)dt +dW(t), & =0;

if ]P’[fDT aZdt < oo] = 1, then the process ki (W), 0 < t < T, is the unique solution to
the equation

k(W) =1+ / t s (W)t (W) AW (1.3.6)

and we have

%(t, W) =exp (/t as(W)dW, — l/t oz?(W)ds) (P —a.s.) (1.3.7)

dpyy 2
e 1.0 = o ([ oo -3 [[aon) ®oas) (38)
IP’[/OT @ (W)dt < o0] = Mexp ( /Ot s (€)dW, — %/Ot 02(€)ds) (1.3.9)

This specific theorem will allow us to calculate the likelihood radio for the wave
equation and obtain the MLEs.



24 CAPITULO 1. PRELIMINARIES

1.3.1. Sketch of Inference for SPDEs with MLEs

This subsection is based on the sixth chapter of Lototsky and Rozovsky ([16]) and
the Cialenco’s paper([3]). We only sketch the procedure to calculate the estimators
for parabolic equations, where we will use a similar theorems as above. Let be G a
regular bounded domain in R?, H = Ly(G) a separable Hilbert space with an ONB,
W a cylindrical Wiener process, and Ag ,A; linear differential operators on H.

Consider the equation
du(t,z) + (Ao + A10)u(t, x)dt = dW (t), (1.3.10)

with 0 € R. We will consider only diagonizable equations, that is, such that Ay, A;
have pure point spectrum and eigenfunctions {h;} where the solution can be seen as

u(t,z) =Y up(t)hy(z). (1.3.11)

We denote the eigenvalues of kg, 14 the eigenvalues of Ay and A;. for simplicity we
denote nx(6) = K + Ovg. So using the decomposition it can be proved that uy is the
solution of the equation

The explicit solution is u(t) = uy(0)e @ 4 fot e OE=3) dapy (s).

Now, we want to estimate 6 using the observations
UM = {uy(t) : t € [0,T),k=1,..,N}.

N§ .
It can be assured the process UMY generates a measure P;”. And we can write the

likelihood ratio as
Py’

_ N9
- g (U,

Lnr(0)

And using independence, we obtain

= IED%T N,0o
LN,T(Q) = H poo (o™ )(Uk,60)~
k=17 kT

And using one of the Girsanov’s theorem generalizations(in this case we are using
(11.3.5)) we get

- i) i) /0 “it, (t)dt> .
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Now, we can obtain the estimator with 0= méxg Ly (). Since the function log is in-
creasing and we will find the maximum of Ly () finding the maximum of log Ly r(6).

The consistency and asymptotic normality of the estimator are proved using specific
versions of Strong Law of Large Numbers and Central limit theorem for stochastic
processes. In our case, we will enunciate them in the next chapter.

In general, this procedure needs a parabolic equation and many other hypothesis that
we omitted. This procedure is not only for estimate one parameter; several parameters
can be estimated using this method. Many regimes can be explored, but in general
the are two main regimes, one such that 7T fixed and see how the estimator behaves
as N — oo (taking more elements in the spectral decomposition), or as T' — oo (the
time window tens to infinity). Note that we will explore for one case a regime such
that N, T — oo.
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Capitulo 2

Stochastic wave equation and its
MLEs

This chapter is the center of this work. We will study the solution of the stochastic
damped wave equation and its MLEs. The main purpose of this chapter is to prove
that the estimators are consistent and asymptotic normal. This result is proved in
the last two sections of the chapter, where we study the MLEs in different regimes.

2.1. Problem Statement and Solution to the Equa-
tion

Before studying the estimators of the stochastic version of one-dimensional damped
wave equation we need some background results about the equation. In this sec-
tion, first we establish the equation and the space where the solution takes values.
Afterward, we study the existence and uniqueness of the solution to the equation.
Furthermore, for our purposes it is important to write the solution as a Fourier sum
of solutions of a second-order It0’s equation. This decomposition will serve after to
study the MLEs.

Consider the equation

0%u 0%u ou -
w:)\lﬁJr)\QaJraW(t),0<t<T,0<:c<7r, (2.1.1)

where W is a cylindrical Brownian motion over Ly((0, 7)). For simplicity, we assume

VA > (<1, 0>0; (2.1.2)
0
Ulp—g = 0_1: tio =0, U|geo = U|z=r =0; (2.1.3)

27
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Remark 2.1.1. Note first that Ay, the parameter of damping, could be positive for
an amplification and negative for a strict damping.

The basic one-dimensional non-stochastic wave equation has the following form:

Pu 5 0%u

22~ 9a?
Where ¢ is the speed parameter and it needs to be positive, ¢ > 0. In this case, we
use \; = c* to simplify. The two conditions /A1 > 1, |Xo| <1 are imposed to sure
that the solution is a real stochastic function, we will see this in detail in the proof of

theorem |2.1.4) and its precedent lemmas.

And finally, the boundary and initial conditions are the easiest to prove the existence of
solution. To obtain a solution to a non-homogeneous boundary and initial conditions
we need to apply variation of the parameters or Duhamel’s principle.

This equation can be interpreted as a system of two first-order It6’s equations

du = vdt, dv = (AU, — \v)dt + cdW(t). (2.1.4)

For v € R, define the Hilbert space H” as the closure of the set of smooth compactly
supported functions on (0, 7) with respect to the norm

1/2 i
11l = (ZW?) . where fk,z\ﬁ / /() sin(kz)dz. (2.1.5)
™ Jo

k>1

Note that each of the functions sin(kx) belongs to every H?, and if f is twice
continuously-differentiable on (0, 7) with f(0) = f(7) = 0, then, after integrating by
parts twice we can prove that |fi| < k™ sup,c . |f”()|, so in particular, f € H'.
More generally, every f € H?Y can be identified with a sequence {fx, k > 1} of real
numbers such that >, o, k%7 f7 < oo. Even though f is a generalized function when
v < 0, we will still occasionally write f = f(z), keeping in mind a generalized Fourier

series representation f(x) = /2/m >, fisin(kz).
Given v > 0, f € H 7 and g € H"”, we define

(f,9) = kagk§

k>1

if f,g € L2((0,7)), then )
(f,9) :/0 f(x)g(z)dz.

In other words, (-, -) is the duality between H7 and H " relative to the inner product
in H° = Ly((0,7)). Note that

H?" C Ly((0,m)) C H7,
where all are embeddings.

First we write the definition of a solution to (2.1.1]).
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Definition 2.1.2. An adapted process u € Ly (2 x (0,T) x (0,7)) is called a solution
of (2.1.1)) if there exists an adapted process v such that

1. v e Ly(Q Lo((0,T); HY);

2. For every twice continuously-differentiable on (0,7) function f = f(x) with

f(0) = f(m) =0, the equalities

t (2.1.6)
(v(t,-), f) :/0 (AuCult, ), f7) + Xa(u(t, ), f))ds + Wi(t)

hold for all t € [0,T] on the same set of probability one.

With in hand now we will show the existence of the solution to the wave equation.
Be aware that we need to calculate the explicit solutions to the system of the equations
in order to see the properties of the estimators. Therefore, we will find the explicit
solutions based on [14].

Now, we will use theorem to prove existence and uniqueness. In our problem
weset V=H' V' = H ' and H = H° = Ly(0,7). The operators are I, = )\18‘9—;2,
Iy (ug, v) = Agvy y 3y = 0. And we use homogeneous initial conditions. So the system
can be written as:

du = vdt,
dv = (MUgze — Aov)dt + odW (t) =: (T'y(u) + i (u, v))dt + X, dW (t)
ug = 0, vo = 0.

Since the operator )\188—;2 does not depend on time and it is only a two partial deri-
vatives with respect to x, we have that and hold. From II; is a projection
and X, is constant, we can deduce directly that and hold. We can prove the
conditions [C.2] and [C.3] with the next inequalities; let u,v € V then we have,

[(Tyu, v)y| = A /7r Ugr0dz| = M| /7r U VAT |
0 0
= A1l g [0zl g < A flully llolly
and
Tty == [ vewnds = =l
0
> = MGy ol = =MC olfy

In the last inequality we used the Poincaré inequality, i.e., [|v.|3 > C ||v]|3, since v €
H" and (0,7) is bounded. And we used ||v,| 5 < |Jull},, since V is the Sobolev space
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W, 2, and |[v||?, < ||v||?, this inequality holds because we have the representation

1/2
11y = (21@1 khfl?) ‘
Then by [1.2.1] there is a unique solution of (2.1.1)) that satisfies

But we will write the proof of existence from [I4] because it gives more information
about the solution to the equation what is necessary for the analysis of the estimators.
First, we prove a lemma.

Lemma 2.1.3. If

0t
At = [—/\lk% AA ’

fort >0, then

L gt {—% sin(lxt) + g cos(lxt) sin({xt)

exp(At) = ae 2 —\i k2 sin(£yt) % sin({xt) + g cos(lt) |’

where the exponential function of a matriz F is define as exp(F) =, %F”

Demostracion. First, we calculate the characteristic polynomial of the matrix

— 1 t
—/\1]{32t )\2t — U
= /JJ(,U/ — )\2t> + )\1]€2t = ,LL2 — )\gt,u + )\1]€2t2.

det(At — pl) = ‘

Therefore, its eigenvalues are

Aot & \/A3t2 — 4\ K212
/"L =

2
_ t/\g + /A3 — 4Nk
5 :
By assumption ([2.1.2]),
)\2
ME? > f (2.1.7)

for all kK > 1. Define

/\2
O =\ Mk2 — ZQ' (2.1.8)

A A
[ = 7% +ilt, pe = 7% — il

Finally, we have

And the eigenvalues are

o1 N
LT | T 2
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Diagonalizing A, we have
0 t
Al = {—ngt Mzt]
1 1) o0]f1 117

-—ialt 4 2105
—2z'€k % % 0 M2 _'L% 1 ’
and we finally have

L [1 1] [exp(p) 0 £
At) = t
exp(AL) —2il;, | & QH 0 exp(u2) ”7 1
0

t

| eXp(Ml exp( Mz
—2ily, _— exp(p1) —exp (12)| | =5

_ 1 [ Bexp(m) — Bt exp(ua) - exp(ul) + exp(f2)
il |14 exp(yu) — E32 exp(u) —H2 exp(iu) + £ exp(uz)

L e _—% sin({xt) + Ek cos({xt) sin(£xt)

0 I — A1 k2 sin(lyt) 22 sin(lyt) + Cp cos(ft) |

We can now prove the existence theorem from [14].

Theorem 2.1.4. [14, Theorem 2.1] Under assumptions (2.1.2)) and (2.1.3)), equation
(2.1.1)) has a unique solution and, for every v < 1/2,

u € Ly(Q; Lo((0,T); HY)); v € Lo(% Lo((0,T); H'1)). (2.1.9)

Demostracion. If we take the functions f(z) = /2/7sin(kz) in and write
up(t) = (u(t,-), f), v(t) = (v(t,-), ), wg = Wy. Then
t t t
ug(t) :/ vi(s)ds, vi(t) = —)\1]{32/ uk(s)ds+)\2/ vi(s)ds + owg(t), (2.1.10)
0 0 0

We introduce the vector

Uk Uk

Uy, = Uy(t,w) = {“’“} = {“’“} .

In a similar way to [19, Example 5.1.3], we can write (2.1.10)) in a matrix form:

dUL(t) = AX ()dt + Kdwy(t), (2.1.12)
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where

i fa) 4= e )=l

and wy, is an 1-dimensional Brownian motion. We can rewrite (2.1.12)) as
exp(—At)dUy(t) — exp(—At) AU (t)dt = Kdwy(t).

We use the 2-dimensional version of the Ito’s formula Applying this result to
the two coordinate functions gy, go of

g:[0,00) x R? — R? given by g(t,x1,29) = exp(—At) Ej .

We obtain that
d(exp(—At)Uk(t)) = (—A) exp(—At)Ux(t)dt + exp(—At)dU(t).
So that
U (t) = exp(At)Ux(0) + /Ot exp(A(t — s))Hdwg(s).

Substituting the matrices and using the last lemma, we conclude that the solution of

@.1.10) is
g ! A2
u(t) = ﬁ_/ e (=9 gin (Ce(t — s))dwg(s),
k

U 0 . \ (2.1.13)
v(t) = 7 /0 ez (t=9) <€k cos (Cx(t — s)) + ?2 sin (€4(t — s)))dwk(s).

Note that the variance of both processes are bounded for all ¢t € [0,7], i.e., there
exists a number C(T") = C(T, A\, A2) such that,

() = B[ ([ ¥ (- 9)aun(s) ]

o2 ¢
= —2E[/ e*2(=%) gin? (C(t — s))ds}
bk 0
2 ¢ 2
< 0—21@[ / e’\z(t_s)ds} — s220(r)y = 2 CE)
gk 0 )\1]{32 — %

Z_zE[ 0 <e%2(t—8) <£k cos (Cx(t — s)) + % sin (Cx(t — s))))gds]
k
< Tt ﬁ)%ﬁ:[ / t eW*S)ds] < aQJE[ / t e&(t*)ds] — 52C(T).
4 2 0 - 0
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In summary the variances are bounded by

2
Eui(t) < o*,2C(T) = A"kf(ng . Eul(t) < o*0(T). (2.1.14)
IR =

Then using the representation ([2.1.5)), we can write the Gaussian processes

u(t,z) = \/g > ur(t)sin(kz), ot z) = \/g > " vi(t) sin(ka) (2.1.15)

k>1 k>1

and these processes satisfy (2.1.6) and (2.1.9) by [1.1.4, Uniqueness of the solution
follows from the completeness of the system {/2/msin(kz), k > 1} in La((0,)).
Moreover, note that

=

T
||U||L2(Q;L2((0,T);Hv)): E/o Zk‘%’ui(t)>

k>1

T 3
= (> k" / Euz(t)>
k>1 0

1

T 2
_ Zk%) s

k>1

if and only if 2y —2 < —1, i.e., v < 1/2. And similarly v € Ly (Q; Lo((0,T); H7Y)) if
and only if v < 1/2. O

2.2. Maximum Likelihood Estimators

We now will see how to make the estimation of the parameters \; and \s.

By (2.1.10]), we have
t t t
uk(t):/ v(s)ds, vk(t):—)\llcQ/ uk(s)ds+)\2/ or(s)ds + owe().  (2.2.1)
0 0 0

For each k > 1, the processes ug, vi, and wy generate measures P, P}, P}’ in the space
C((0,7);R) of continuous, real-valued functions on [0, 7). Since wy, is a continuously-
differentiable function, the measures P} and P}’ are mutually singular. On the other
hand, we can write

dvk(t) = Fk(U)dt—f—O'dwk, (222)

where Fy(v) = —\ k2 fot vi(8)ds + Xaug(t) is a non-anticipating functional of v. Thus,
the process v is a process of diffusion type. Further analysis shows that the measure



34 CAPITULO 2. STOCHASTIC WAVE EQUATION AND ITS MLES

P is absolutely continuous with respect to the measure P}, and using (|1.3.8))

Py
apPy

k (vp) = exp (é/o (= Mk ug(t) 4+ Aovp(t)) dog(t)

(2.2.3)
1 T

2 2
“ 57, (= Mk ug(t) + Xove(t)) dt).
Since the processes wy are independent for different k, so are the processes vi. The-
refore, the measure P* generated in C((0,T); RY) by the vector process {vy, k =
1,...,N} is absolutely continuous with respect to the measure P“" generated in
C((0,T); RY) by the vector process {wy, k=1,..., N}, and the density is

PN ~r dP}
o 1) = L G (o)

k=1

N 1 T

= H eXp (;/ ( - /\lk'QUk(t) + )\ka(t))d’vk(t)
k=1 0
1 g 2 2
~ 202 (= Ak un(t) + Agug(t))"dt (2.2.4)

— (%Z/O )\1k Uk; + )\ka( ))dvk(t)
~ 53 Z/ — AikPug(t) + Moup(t ))th>;

the corresponding log-likelihood ratio is

N T
1
ZN(Al, )\2) = ; Z (/0 ( — AlkiQUk(t) + )\QUk(t))dUk(t)
’“=1T (2.2.5)
1 2
— @ ( — A1k2uk(t) + >\2Uk(t)) dt) .
Introduce the following notations:
N T
<]1N = Zk}4/ U/z t t, JQ’N == Z/ Ui(t)dt
k=10
JlgN—Zk’z/ ukt Vi t)dt'
(2.2.6)

Biy=— Z/ﬁ/ (t)doy(t &N—Zk / (t)duwy (t);
By — Z /0 or()dv(t), Ean — Z /0 o (t)dwg (1)
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Note that the numbers J and B are computable from the observations of u; and vy,
k=1,...,N, and also by (2.2.1), (2.1.3)), and by integration by parts we have

N

Biy=—Y K /0 ug () doy,(t)

k=1

S ; 12 /OT g (£) (= A K2y, () dt + Aovy () dt + odwy(t))

N T
=)\ Z k4/ wp(t)dt — Ay Z k? / u(t)o(t)dt — o Z k? / ug (t)dwy(t)
k=1 70 0

= >\1J1,N - )\2<]12,N - Ufl,Na
T
0

N
J127N = Z k?2/ uk(t)vk(t)dt
k=1

Therefore

Bin = MJiny — NJiony —0&in, Bon = —AMJign + Aadon + 0o N, (2.2.7)
N
1
J12’N = 5 Z kQUi(T) (228)
=1

We consider the problem of estimating simultaneously both A\; and Ay from the ob-
servations

{ug(t), ve(t) :k=1,...,N, t €[0,T]}.
Proposition 2.2.1. The maximum likelthood estimators XLN, XQ,N satisfy

/)\\1,N _ By nJan + Bs NJIQ,N, /):27N _ By nJia.n + B2,N<]1,N. (2.2.9)

JlNJ2N J12N

2
Jl,NJZ,N - J12,N

Demostracion. We know that maximum likelihood estimators Xl, N, 3\\2, ~ satisfy

0Zn (A1, A2)
O\

0Zn (A1, A2)

= d
0 an D

>\1:/>\\1,N7>\2:X2,N

= O’
>\1:/>\\1,N7>\2:X2,N

Note that the log-likelihood ([2.2.5) can be rewritten as

1 1 1
Iy = ;()\IBLN + N By N — §>\%J1,N + MAeJiag N — §>\§J2,N>-
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And the partials derivatives are

0Zx (M1, A 1

% = E(Bl’N — NN+ >\2J12,N)
1

OZxn(A1, A 1

% = §<BQ’N + M Jig N — >‘2J2,N>
2

Thus, after equaling to zero, we obtain that estimators satisfy the system:

0=DBin —MnJin+ AnTiznN,
0=DBony+ A nJigny — XonSon.

Or in a matrix form

~hn Jun] [Mv| _ [-Bin
Jion  —hn] | AN —Byn| -

M| _ [=hx Jun] [~Buy
Ao N Jion —Jan —Byn|-

Therefore

Finally, we get

El,N _ 1 —Jon —Jun|| Bin
Ao, N JinJon — Iy |[—hen —Sin] [ —Ben
ELN _ 1 JonBin + JioanBan
Ao.N JinJon = Ty [Nr2vBin + JinBaon

or, after solving the system of equations,

~ By nJon + BanJian S BinJian + BanJin

)\1 N — 2.N — (2 2 10)
7 5 , , 5 2.
Jl,NJZ,N - J12,N JLNJZN - J12,N

Moreover, we define

9%Zn ?Zn

e o | L =Sy Jn| 1 9
DZN()\M)Q) — | 9%Zy 2zZy | — ; Jon —Jdon| ; (JLNJ2,N - J12,N) > 0.
OX20M BAg ’ ’

Note that DZy > 0 by the Cauclgly—SChwarz inequality and the linear independence
between u; and v,. Beside that danN = —Jin <0, then Zy(A1 v, A2n) is a relative
1

maximum of Zy. O

2
And note that using (2.2.7) and defining Dy = TN the first estimator can be

Ji,nJ2.N
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seen as

SV By nJon + BanJion
l,N - 2

Jl,NJQ,N - J127N

(/\IJLN - >\2J12,N - Ufl,N)Jz,N

JinJan — J1227N
(=AiJion + Aadon + 0&on)Ji1aN
+ 2
Jl,NJQ,N - J12,N
—JonJion + JonJio N
JinJon — J1227N

2
JLNJZN - J12,N

:)\1 +/\2

2
JinJon — Jio N
=& nJon + S nTioN

+o
J17N<]27N _ J1227N (2211)
— Jon + J
Ao Si,nJoN 52,1; 12,N
Jl,NJ2,N - J12’N
— J- J
=\ +to fl,N 2,N2 + 52,N 12,1\/2
Jl,NJ2,N - J12,N Jl,NJZN - J12,N
JinJon <—§1N Jia,N )
=M+o e A 1N
U NN — Ty \ Jin SN
1 &N Jia,N
=\ ’ — ).
vt 1= Dy ( Jin e JinJoN
In a similar way, we have
~ — J + J
Sow = Ao 40 f}N ?’N _é:;,QN LN
LNVIRN 1N (2.2.12)

1 So.N Jia,n
— )\ N 2N
2 . Dy <J2,N LN Jl,NJQ,N>

2.3. Consistency and asymptotic normality of the
estimators

We will prove various theorems that describes the asymptotic behavior of the esti-
mators, where we will see the estimators are consistent and asymptotic normal in
distinct regimes. But before, we formulate two lemmas, the Slutsky’s theorem and
versions of the strong law of large numbers and the central limit theorem that we will
use in the proof of the lemmas.

We will use a particular case of Kolmogorov’s strong law of large numbers (see, for
example, Shiryaev [21, Theorem IV.3.2]). We will enunciate the Kolmogorov’s version
and then prove the particular case.
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Theorem 2.3.1 (Kolmogorov’s Strong Law of Large Numbers). Let &, k > 1, be
independent random variables with finite second moments, and let there be positive
numbers b,, such that b, 1 oo and

=\ Var¢,
by

n=1

Then
S, — ES,

7 —0 (P-a.s.),

where S, = >0, &

Theorem 2.3.2 (Strong Law of Large Numbers). Let &, k > 1, be independent
random variables with the following properties:

» £ =0, E& >0,
s There exist real numbers ¢ > 0 and o > —1 such that

lim &k °E&; = c.
k—o0

Then, with probability one,

N
tm Ekzl En _
N 92
N—o0 Zk:l ]Efk

2
If, in addition, E& < ¢ <]E§,§> for all k > 1, with ¢; > 0 independent of k, then,
also with probability one,

N 9
218 _
N=voo 3 oy EER

Now we can prove the particular version that we will use.

Demostracion. Let b, = >, EE&Z, given that E& > 0, then b, 1 co. Note that for
N sufficiently large we have that E&Z ~ ck®if k > N. Moreover, for N sufficiently
large we also have b, = >} E§Z ~ con®™, if n > N. Therefore,

— Vard, -~ E¢2

2 - 2

n=1 b" n=1 b
E€2 — K¢’
- b2 +Z 2
n=1 n=N T
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So we can conclude

N
i 2=t gy SN g, S —ESy

=0,
N—oo Zk 1]E£k " Nooo by N—oo by

with probability one. Now taking £2 and the same sequence b,, we have the next
estimation,

o~ Vargy o~ E€, — [EG)
IR P

Now, we can conclude

D&, S g, ES

N%oo Z Egk: N—o0 bN N—o0 bN

L EN )

N=ro0 Zk  E&R

with probability one. O

Y

Next, we can present a particular case of martingale (central) limit theorem. The
general case can be found in Jacod and Shiryaev [8, Theorem VIII.4.17] or Liptser
and Shiryaev [12, Theorem 5.5.4(11)].

Theorem 2.3.3 (Central Limit Theorem). Let wy = wy(t) be independent standard
Brownian motions and let fi, = fi(t) be adapted, continuous, square-integrable pro-
cesses such that

Yoy F28)

lim
N=voo Zk 1Efo fk

in probability. Then

lfm Zk 1f0 Ji(t)dwy ()
—00 1/2
(SRS )

= N(0,1)

mn distribution.
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For T' > 0 and Ay € R, define

AT _
APeT) =4 1 225 (2.3.1)
Z, lf )\2 - 0

Note that A(Xe,T) > 0 for all T > 0 and Ay € R.

Lemma 2.3.4.

0'2 A2 0'2 . .
Eul(t) = Pl (edt — 1) — CIpE T (Ao cos(2€yt) + 20, sin(20kt) — No)  if Ay £ 0
) o2 sin(2€yt) . .
z 5~ g > if A2=10

2

(/O Ao\ 1
o227 ) (Mo
<2 * 8£§>A2(6 )
2

2 2
1
+ (U— _ Ao ) (A2 cos(20yt) + 20, sin(20,t) — Ng)  if A # 0

Evp(t) = 2, 802 ) N3+ 403
A 1
%m(}\g sm(%kt) — 2€k COS(QE]J) + 26],3)
k A2 k
2 - s =0

moreover, we have

O'ZA()\Q, T)

T
lim k:2E/ u (t)dt =
0 A1

k—o0

T
HmE/)ﬁ@ﬁ:aMM%ﬂ
0

k—o0

Demostracion. By straightforward calculations, we get

2

Euin) = 8 | [ H s - i) |
= [ [ e -

207 J, 205 Jo
_ ;_;,% Ot Ny — ;_23 ot e cos(26r)dr
2
:%%(em—l)
0.2

_ W(Az cos(20xt) + 20, sin(20xt) — Ag),
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when Ay # 0. If Ay =0, we get

2

— Z—gE Uot sin® (£, (t — 5))d5}

2

t 2 t
7 / ds — — cos(%k(t —5))ds
0

262 203
o2 [t o2 [t

=— [ dr — — 20,r)d
252/0 r 252/0 cos(20,r)dr
0_2 _isin(ﬁkt)
2027 202 2y

Now, we know limy, oo K2FEu2 () < limy_,o k? UQ%G) = ”2§I(T) by [2.1.4} so {k*Eui(t) }x>1

is bounded, and we can use the dominated convergence theorem(CDT) to calculate:

T T T
lim k*E / up(t) = lim [ K*Eui(t)dt = / Iim (k*Eui (t))dt
0 0

k—00 k—oo Jq k—o0
( T 2
lfm k2 (——— (et — 1)
_ o .
=\~ spramE e s + 2sin(2) — )\2)>dt
2 k
) e 2 (W - gelit) gt if A = 0
I (e =) dt it £0
fOT "—Qt) dt if A = 0
I it if A\ £0_ o —e*:T‘;%‘AQT if Ay # 0
2A1 I tat ifA =0 2\ | Z2 if Ay = 0
- 0214()\2, T)

At
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And similarly

Evi(t) = Z_iE [(/0 o2 (t=9) (ﬁk cos (0(t — s)) + % sin (€5, (t — s)))dwk(s)> :|

2

°E [/Ot ) (U cos (L4(t — 5) + % sin (0 (t — s))>2ds}

A

t
0_2

-2
G Jo
o2

-2
e Jo

eter <€k cos (Ekr) + % sin (fﬂ)) 2dr

t t

o2
"2 cos? (Cer)dr 42—

1z e’\”ﬁk% sin (ﬁkr) cos (Kk'r) dr
k Jo

2 t 2

o e’\”% sin? (ﬁkr) dr

+ —
G Jo

)\20’2

o2 [t o2 [t t
= — / M dr + — / " cos (%kr) dr + / ™" sin (%kr)dr
2 Jo 2 Jo 20, Jo

252 [t 252 [t
+ 826(; / M dr — 82; / e cos (2€k7“)dr
k Jo k Jo
0.2 )\30.2 t \ 0.2 )\202 t
— (— + eMrdr + (— — 22 ) ™" cos (20,r)dr
2 82 ) /0 (2 802 /0
)\20.2 t
+ / e gin (%kr)dr
2€]€ 0
o Ao\ 1, o Ao? 1
_(Z Lt <__ ) Ao cos(20
(3+ 32 >)\2<6 47 ~ 5 ) e Pecosad)
)\20’2 1
20y, A3+ 403

+ 2£k Sln(2£kt) - )\2) + (/\2 sm(%kt) — 2€k COS(ZK]J) + 2£k);

when Ay # 0. If Ay = 0, we get

2

Z_%E (/Ot (fk cos (gk(t — 3))>dwk(8))

Euvi(t) =

2t 2 gt

= U—/ ds — U—/ cos(20y(t — s))ds

2 Jo 2 Jo

o2 [t 2 pt
= —/ dr — —/ cos(20yr)dr

2 Jo 2 Jo

o o?sin({yt)
— —t _

2" 2 20,
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Now, we know that {EvZ(¢)}1>; is bounded by , and we can use CDT to compute:

T T T
lim E / vi(t) = lim [ Eoi(t)dt = / lfm (]Ev,f(t))dt
0 0

k—o00 k—o00 0

( T ) 0.2 )\ ot
/0 Jm, (—+ 52 )M(e -1
2

+ (U— _ Mo ) ! (Ao cos(20xt) + 205, sin(205,t) — Xo)  if Ay # 0

= 2 802 ) N3+ 402
)\20’2 1
—— ————(Agsin(24,t) — 24 20pt) + 20 )dt
20, /\%+4€%( o Sin(20,t) g coS(205t) + 20%)
\ o Tmy e (ét — gl Sm(‘kt ) dt if Ay = 0
(e - 1)) dt if ho #£0
Jy () at if Ay = 0
:U_ fo /\212 D gt if)\g;&O:a_Q WTT\%MT if Ay #0
2 | fil tdt if =0 2 |2 if Ay =0
= O'QA()\Q,T).
m
Lemma 2.3.5. If {c;}32, is a convergent sequence, we define ¢ := limcy,. Then
| N
Jim Zk =

2
J&EEOWZM

Demostracion. Let be € > 0, there exists Ny such that |c; — ¢| < e, if £ > Nj. So, if
N > Ny, we have

1 N 1 N1 1 N
oo S la—dt 5 D e —d
k=1 k=1 k=N1

N —N;
N

N
< sup{|cx — cl}w1 +¢e
— &,

as N — 00, because sup{|cx — c|} < oo and N is fixed. For the second limit we have

1 2. 1 G 2
&ﬁom;kc—éznwm;k
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In a similar way, if Ny is such that |c; —c| < ¢, for £ > N;. Then we have, for N > Ny,

N
%Zk%k_ Zk2 N32k2|ck—c|—l— Z E*|ci — cf
k=1 k=N

Ny +1)(2N; + 1
< supfJe — oy DN T ]

NIV A DEN +1) = Ni(Ny + DN +1)
6N? ’

and with that in hand we can show that |+ S0 k2cp — +5 Sop, k2¢| < § as N —

0. O

Theorem 2.3.6 (Slutsky’s theorem). Let {X,,, Y, }n>1 a sequence of random variables
such that X, converges in distribution to X and Y, converges in probability to a
constant c. Then,

XY, —cX,, X,+Y,— X,+c asn — oo,
both convergences in distribution.

Lemma 2.3.7. If X; is an one-dimensional process defined as X; = fotg(s)dW
where g : [0,00) = R is a deterministic function, we have the next equality

2

B[] =3 ([ ) — s

Demostracion. Let Y, = Xt4 = f(X;) and note we can write X; = p,dt + o, dW;, where
py = 0 and o, = g(t). By the It6’s formula, we have

(of 102 of
1y, = ( L xom+ 522 x00 )dt+ o (X,

= 6X7g*(t)dt + 4X]g(t)dW,.

Taking expectations on both sides, we get

E[X{] = E[6 / X2g%(s)ds] + B / AX3 g(s)dW]
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Lemma 2.3.8. The following limits hold
§in

. N . _
]%1_I)noo By 1, A}l_I)ﬂ()O By 0, (2.3.2)
. Jan . &N
]%1_I)noo Eloy 1, A}l_I)HOO Elon 0, (2.3.3)
with probability one and
5 AN, T')
3 )
]\}I—Iil)oN Ejl N = CT —3)\1 s (234)
lim N7'EJyn = 02A(No, T). (2.3.5)
N—o0
Moreover, we have the following limits in distribution
. {18
lim ’ =N(0,1 2.3.6
. §o,N
lim ’ = N(0,1). 2.3.7
Demostracion. From [2.3.4] we know
4 AN, T
lim k’E / Wl (t)dt = 02M, (2.3.8)
k—o00 0 )\1
and using [2.3.5] we get
AN, T)
2 2 2 )
dim N© SEJ, N = dim —Zk / k2l (t)dt = o o (2.3.9)

Using ([2.1.14)) and m, note that
T T
K'E / t)dt = K'E / t)dt < 3k* / (Eui (t))*dt
0 0

4
<3k:4/ K

—
Cy
—>$ask—>oo,then
1

= 302C*(T)T

k4

and since )

T
sup k4E/ up(t)dt < .
k 0

1
We will apply the strong law of large numbers; take &, = <k2 fOT ukdt> * . First note

that all the assumptions in SLLN holds. In particular, if we define a; := %
k

DNote that E&L < ck'E fo uidt using Cauchy-Schwarz inequality; therefore sup{E&}} exists. Mo-
reover, since E€Z > 0 and Efk —c¢> 0, by - 2.3.4] then min{(E&3)? > 0.
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then E&! < ay(EEZ)?, so applying the second result

T
lim Jin — lim 22\21 k* 0 ui(t)dt — lm Zk 1 §k
N—oo EJLN N—o0 lecvzl Ek4 OTUi(t)dt N—o0 Zk 1E§k

=1 (2.3.10)

with probability one. Similarly, we take & = k? fo updwy(t), and we can verify all
the conditions in the SLLN, therefore

T
N—o0 EJl,N N—o00 Zk 1Ek4 . (t)dt
D DY TS X R S et S
Nooo SO BR [ uf(t)dw(t) N 3L BEE

with probability one. Now, taking f(t) = k*us(t) by the central limit theorem and
(2.3.10]), we have the following limit

TR DAY ffukdwku)

(2.3.11)

I

lim
N—o00 1/]:E<]1]V N‘)oo \/Zk 1Ek4 0 (t)dt
(2.3.12)
d
= lim izt Jo fiduelt = N(0,1)
—00
VELES f,zdt
in distribution. Similarly, from [2.3.4]
T
lfm IE/ vi(t)dt = 0? ANy, T), (2.3.13)
k—o0 0
and by we get
lim N7'EJyy = lim —Z]E/ t)ydt = o2 ANy, T). (2.3.14)

Using (2.1.14)) and note that
T T T
]E/ v,%(t)dt:E/ Evp(t)dt < 3/ (Ev?(t))%dt
0 0 0
T
<3 / o?C*(T)dt = 30*C*(T)T,
0

therefore

T
supE/ vi(t)dt < oo,
k 0

1

and similarly to (2.3.10)) and ([2.3.11)); by the SLLN, we use first &, = <fOT v,%dt) * and

then &, = fOT vrdwy(t) , we have

, - . LN
el AR L ) A (2:3.15)
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both with probability one. The central limit theorem, using fi(t) = vi(t), implies

lim = N(0,1)

N%m*/EJZN

in distribution. O]

Now, we can prove the consistency and asymptotic normality of both estimators.
Theorem 2.3.9. [7], Theorem 3.1] Under assumptions (2.1.2)) and (2.1.3)),

Ifm Ay = lfim Aoy =

Nl_{HOO )\1,N A, Nl_I}(l)o >\2,N A2

with probability one and

—~ 3\
: 3/2 ) = o
i Ny = A) =N (0’ A(AQ,T)) ’

- 1
. 1/2 _ — -
1\}1—1& N (dan —d) =N (0’ AN, T))

i distribution.

Demostracion. We have seen in (2.2.11]) and (2.2.12)) that

R 1 _
MN=MA+o0 < L + 52,NM> ;
1-Dnx \ Sin JinJoN (2.3.16)
Now = Ay + 0 <€2,N_§N J12,N) o
% ? 1—-Dn \Jon b JinJoN
We define
el — 1
~ ) if >\2 7é 07
A, T) = 2Xs
T .
ES, if Ag =

Note that the next limit holds

o (22T — 1) — 5% (N cos(20,T) + 26, 5in(26,T) — Ng) i Ao # 0

, , 202 A24+-402)02
lim kug(T) = lim { 5%/ - (o468 .
e\ 2 40, 2

2X21

2T if g =0 A

A1 2

B {“—2(6A2T —1) A A0 02A(N,T)

Then [2.3.5] implies
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and, by the strong law of large numbers (taking & = kux (7)),

. Jion
lim

=1
N—o0 ]EJIQ,N

with probability one. Then (2.3.2)), (2.3.3)), (2.3.4)) and (2.3.5)) imply

I Jion I Jun EJuy N Ehy
N—oo Jy N NoooEJiony N EJony Jon
02A(Ny, T) 1
* * * 1
2\ 02A(N, T)
A(Xy, T)
T 2MA, T
. Jia.n ~ tm Jon EJigy 1 N3 EJyn (2.3.17)
Nooo J1y NowEJioy N N2EJiy Jin
02A(N\y, T) 3\
*—2>\1 *0*—J2A()\2,T) * 1
= 07
lim Dy =0,

N—o0

all with probability one. By (2.3.2), (2.3.3), (2.3.17) we have the following limits

SGn  &Gwn Elw

= —0x1=0, 2.3.18
Jin  Ehin Jin ( )
Jia.n Soon EJon Jiogn
: == : — = 0x1x0=0, 2.3.19
SN JinJaon  Edon Jon Sin ( )
Loy (2.3.20)
1-Dy 1 7 e

as N — oo, with probability one. And it follows the consistency of the first estimator.
In a similar way we can prove the second estimator is consistent, because we have

v Sn Ehby
Jon  Elen Jan

ey G Bhxdew oy AQeT)

S vy Ehy Sin Jon 2020 AN, T)

as N — oo, with probability one. By Slutsky’s theorem, (2.3.4),(2.3.2)) and (2.3.6),

the following limit exists in distribution

ERSWY ISHY N3 EJin 3\
NESLN MLV N 7, 2.3.23
Jiv JELN\ ELN SN 02A(N, T') ( )

—0x1=0, (2.3.21)

§

=0, (2.3.22)
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where Z ~ N(0,1). And finally applying again Slutsky’s theorem and using the limits,
we have

3 1
i N2 <_
N1~I>r<l>o Ul—DN

Z, (2.3.24)

in distribution, where Z ~ N(0,1). And similarly, by (2.3.5)), (2.3.3)), and (2.3.7), we

have the following limit in distribution

16N SN N EJZN 1
Nz — ’ —7, 2.3.25
JQ,N VEJZ,N EJQN JQN 02A()\2,T) ( )

using the Slutsky’s theorem, where Z ~ N (0,1). And we can conclude

1
m N1/2 — -
]\}1 ooN ()\QN )\2) N (0, A()\Q,T>> .

]

Definition 2.3.10. Let {Fy}gco denote a parametric family of distributions on a
space X , each where € © C R? indexes the distribution. Suppose that each Py has
a density given by pf. Then the Fisher information associated with the model is the
matrix given by

Ty = Eg[(Volog ps(X)) (Ve log pe(X))'],

where the score function Vglogpe(X) is the gradient of the log likelihood at 6 (impli-
citly depending on X ) and the expectation Ey denotes expectation taken with respect
to Pg.

Intuitively, the Fisher information captures the variability of the gradient Vg log pyg(X);
in a family of distributions for which the score function has high variability, we in-
tuitively expect estimation of the parameter 6 to be easier—different 6 change the
behavior of Vj log py(X )—though the log-likelihood functional 8 — Ey[log pe(X)] va-
ries more in 6.

Finally, let us also compute the Fisher information related to de N(vk) Since the
estimators depend on N, T then the Fisher information too, therefore we will put
theses sub-indexes to the Fisher information related to both estimators. For simplicity,
set Up = 0. Namely,

I o AP oy
[IN7T]i,j = / (a)\z lOg W(’U )) (al 0g — de,N (Uk)) ddP

a2 dPv N
=— 1 apw
/ NN, 8 qpu )
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Thus, the Fisher information matrix has the form

INT:L[ Sy KEf aR(d] =500, PELfy w(t)on(t)d]
| = Sl REL weOun(t)dr] S L R (2]

o2

_r { E[Jin]  —E[Jizn]
o? |=ElJizn]  E[Jon]

But using the results from [2.3.9| and [2.3.8] we know that

E[J; ] =~ N3‘72‘43(—if’T), E[Jon] = No? Ao, T), E[Jion] =~ NA(%T), as N — 00
which yields
| Zn.r| = E[J1 N|E[Jo,n] — (E[J12,5])?
~ N4U4A2<A2’T) NQAQ(AQ’T), as N — co. (2.3.26)

3\ AN

In particular, note that Zy r — 0o, when N — oo.

2.4. The case without damping

We have seen the two estimators are consistent and asymptotic normal when 7T is

fixed. Now, we will study the case Ay = 0 and show that the estimator of \; (or simply

A) is consistent and asymptotic normal, as N — oo (both). Consider the equation
0%u 0%u

w:)\@+aW(t),O<t<T,0<x<7r, (2.4.1)

where W is a cylindrical Brownian motion over Lq((0,)). For simplicity, we assume

VA>1, o> 0; (2.4.2)
ou
U|t:0 = E . = 0, 'Lb|x:0 = U‘x:ﬂ = 0, (243)

Remember that this equation can be interpreted as a system of two first-order [t0’s
equations
du = vdt, dv = g, dt + cdW (t). (2.4.4)

And remember that uy(t) = (u(t,-), f), v(t) = (v(t,-), f), wx = Wy, where f(x) =
\/2/msin(kx). And wuyg, vy, are solutions of the system

ug(t) :/0 vk(s)ds, vg(t) = —)\k2/0 ug(s)ds + owy(t). (2.4.5)
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Moreover, by we know that

wy(t) = % /0 : sin (L (t — s)) dwi(s), -
wlt) = 7 [ (fucos (ule = ) (o),
and
Eul(t) = Z_i (% - %) (2.4.7)
Evl(t) :"; _ % Q(j:t). (2.4.8)

where ¢}, = VAk2 = V/Ak. Using the same notation for Byp = — S| k? fOT ug(t)dvg(t),
Ine = Som K OT w(t)dt and yn, = Son | k? fo ug(t)dwy(t). But in this case, we
have

BN,T = )\JN,T - UfN,T-

and therefore we have the following likelihood ratio

’l)

L a

apun U =]
o
SIc

w
k

( / " (= Mue(®) den(t)
1

“ 57 ) A%%i(t)dt) (2.4.9)

A= [T
= exp (— 2 E /0 k2w, (t)dvg(t)
k=1
N "
- — E k t)dt |;
20?2 £ /0 ui(t)dt )

the corresponding log-likelihood ratio is

1 A2
Znr(A) = ;(ABN,T - —JN,T>. (2.4.10)

From where we get the estimator

v = T (2.4.11)
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Moreover, we can compute the Fisher information related to %(vk). For simplicity,
set u(0) = 0. Namely,

dpN |?
deN
82 10 deN
on2 08 gpuw.N

1 4 2(
== ElJyr] = 22]{;/ Elug (t)]dt

1 al k:4a T_2 cos(20,T) — 1
o? o 802

dpN

INT = ’—lOg

dp*N

T
NN312>\ as N — oo.

In particular, note that Zyr — oo as N — oo when T is fixed, or N,T — oo .

Lemma 2.4.1. From|2.4.6, we have the following limaits

) Qt ) ) 0.2
M B0 =35 i Ei) =2t

Moreover, the next limits also hold

T 272 T 212
. 2 2 o T , 9 o T
kh_)rgok E/O ug (t)dt = o kh—{goE/o v (t)dt ==
Now, we can prove the asymptotic behavior of the estimator.
Lemma 2.4.2. The following limits hold
INT EnT
Ii — =1, Ii — =0 2.4.12
Nl—r>noo EJN,T " Nooo ]EJN,T ’ ( )
with probability one and
2772
, _3 o T
]&%ON EJvr = T (2.4.13)
Moreover, we have the following limit in distribution
lim —T_ _ N(0,1) (2.4.14)

N—oo /]EJN,T

Demostracion. From [2.4.1, we know

o [T o272
klg&k E/O uy (t)dt = IV (2.4.15)
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and using [2.3.5} we get

22
3 o 2 2 T
lim NUEJyg = lim —§ :k / 22 (t)dt = o (2.4.16)

Using ([2.1.14)) and [2.3.7] note that
T T T
E'E / up(t)dt = k*E / Eug (t)dt < 3k* / (Eui(t))?dt
0

0 0
T 2
T
< 3k* / az%dt = 30°C*(T)T—
0 k

. 4
and since %; — % as k — oo, then
k

T
sup k:4IE/ up (t)dt < oo.
k 0

We will apply the strong law of large numbers; take & = (k‘2 fOT ukdt> ® First note

that all the assumptions in SLLN holds. In particular, if we define a; := %ﬁg%,
k
then E¢! < a1(E&Z)?, so applying the second result
et t)dt No&
lim YT _ LAl “’“< M oy 2 &g (2.4.17)

m 1
N—o0 EJN,T N—o0 Zk 1 Ek4 O ( )dt N Z;cvzl Eg}%

with probability one. Similarly, we take & = k2 fOT urdwy(t), and we can verify all
the conditions in the SLLN, therefore

T
i vt ~ m S K [, “kdwk(t)
Nooo EJyr  Nooo Zk  Ek4 0 w2 (t)dt

Nooe SN Rk [T 2 (0 dwg(t) | Vo Son BE nE&k

with probability one. Now, taking fi(t) = k*ux(t) by the central limit theorem and
(2.4.17)), we have the following limit

, Ent o, Zk 1k2 fo ukdwk()
lim ——— lim
VBT S e w0
— lim Zk 1f0 fkdwk
N—oo
TSR [ st

(2.4.18)

Y

(2.4.19)
=N(0,1)

in distribution.
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Theorem 2.4.3. Under assumptions (2.4.2)) and (2.4.3),

lfim Ay = A
N—oo

with probability one and

~ 12X
7 3/2 _
NhgioN/ (Anr = A) _N<0’ TQ)

. distribution.

Demostracion. Note that

N Byr AT — 08N T ENT
A = — = ’ — = \—0=. 2.4.20
T INT INT N ( )
By (2.4.12) we have the following limit
EJ
Svr _ Svr BIve g g 0, (2.4.21)

I, - EJnr JINnr

as N — oo, with probability one. And it follows the consistency. By Slutsky’s theorem,
(2.4.13),(2.4.12)) and ([2.4.14)), the following limit exists in distribution

3 &N &N N3 EJyr 12
N3 SN _ f Ty ==z 9.4.92
It VEIn7 | EJvr INnT o?1? ( )
where Z ~ N(0,1). And finally applying again Slutsky’s theorem and using the limits,
we have

, s EnT 12X
]\}1_120 _N2UJN,T = — WZ’ (2.4.23)
in distribution, where Z ~ N (0, 1). O

2.4.1. Other asymptotic regime

We will focus on the main result in this section. To the best of our knowledge, the
asymptotic properties of Ay r have not studied when N, T — oo (both) Relying in
the previous results and the Fisher information, we know the rate of convergence to
the normal distirbution.

But first, we write the Burkholder-Davis-Gundy inequality and the Linderberg’s con-
dition to prove the central limit theorem. After that, we are ready to prove the main
result.

2 This regime is called long time and large space.
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Theorem 2.4.4 (Burkholder-Davis-Gundy Inequality). For every p € (0,00), there
exist two positive real numbers, c, and C,, such that, for every continuous square-
integrable martingale M = M (t) with values R® and M (0) = 0, and for every stopping
time T,
e, B(M)P%(1) < Esup |[M(t AT)[P < C,E(M)P/*(7).
t

In particular, if w is a standard Brownian motion and f is an adapted process, then

/OTf<S)dw(8) <ok </0T f 2(8)d8>p/2.

A proof of this result can be found in [I1], theorem IV.4.1].

E sup
0<t<T

Theorem 2.4.5 (Lindeberg’s Condition). Let { X, 1 }n>01<k<n @ triangular array of
random variables, such that EX,; =0 and >} _, ]EXik = 1. If the triangular array
satisfies the Lindeberg’s condition, that is,

lim Y B [XZ Ly, 0] =0,
k=1

for every € > 0, then the next limit holds in distribution

n
S”:E Xogk — 2, as n — 0o,
k=1

where Z ~ A (0,1).

The proof of the Lindeberg’s condition can be found in [21, Theorems I11.5.1 and
I11.5.2].

Now, we can prove the asymptotic properties of the estimator XMT in the new regime.
Theorem 2.4.6. The estimator XN,T 15 strongly consistent, that is,

lim XMT =\, with probability one, (2.4.24)
N, T—o0

and asymptotically normal, i.e., the next limit holds

lim TN? (XN,T - A) = N(0,12)), (2.4.25)

N, T—0

i distribution.

Demostracion. We note that

Swr — A = —0&iNT (2.4.26)
JinT
oS K I ()
Yy ket fy ()t
o axer Y Var () (2.4.27)

Sy Var (xir) a4 [ ud(t)dt’
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where .
XkT i= k2/ wg(t)dwg(t).
0

From ([2.4.7)), we have

r o (T?  cos(20,T) -1 o?T?
ﬁVar(Xk,T) = kQ/O Eus (t)dt = Y (Z + ( SIZi) ) o k — oo,

and thus,

N3 2T2
Z\/ar XkT) o % N — 0. (2.4.28)

Using the last two lines we can deduce that
Var (xnr) NPT 1440

~ N — o
25 TN Nogirh
(chvzl Var (Xk,T)> 7
38\
= W as N — oo.

Moreover, using and Jensen’s inequality (see |[Apéndice]), we get that

T 1 T 2 T
FVaur <k;4 / ()dt) il (k4 / ui(t)dt> < k'T / Eug (t)dt
0 0 0
2
r Tlo? [t sin(20t)
— kT3 [ E2ud(1)]dt = k4T/ (L mER ) g
3 [ ol =37 [ (50

_ 3Tk 0" /T (t2 _ tsin(20t) N sin2(2€kt)) @t
0

7 2 20, 162
_ 3Tk*e* (T N sin(26,T) — 20, T cos(2¢,T) T sin(44,T)
I 6 40 3202 6403
T4t
— W, as k — o0,
(2.4.29)

i.e., Var <k4 fo ug(t dt) ~ k* 7;;"24 as k — 0o. Moreover, in a similar way as [2.3.5] we

can prove limy_,oo WZQLI Var <k4 fOT ui( )dt) = 10)\2 Zk , Var (k4 fo ui (t dt)

4 4
N5%as]\f—>oo.

Hence, for N sufficiently large we have,

= Var © NPT o X
bovr) 7 = Z NG4C\LT4 - = — < (5 < o0,
N o T2 N4
=N <Zk:1 Var (Xk,T)) N=N; 14422 N=N;
> Var <N4 fO u3 (t dt) 0o NATAg4 .

1
~ 222
N 2 — Z N6 4T <Gy g _N2 < 00,
=N (Zkzl\/ar (Xk:,T)) N=N; 14432 NoN;
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where C,Cy > 0 are some constantﬂ independent of T'. Note that for a fixed N we
have that

202 (T2 cos(24nT)—1
Var (xn.r) N% (T + S%V )

N 27 N o cos(20,T)— 27
(EEvwton) (S (5 257)

Var(XN,T)
(285 Var(xer))

ded for fixed N. Similarly for a fixed N we have that

(2.4.30)

Var(xN’T)
(i Var )
Var(N4 o uN( )dt)
(3o Var(xer))”

> 1s boun-

and since s converges to zero as T' — oo, then

is bounded.

Hence,

o0

Var (xnr) oo,
Zl <Zk | Var (Xk:T)>2 )

> Var (N4f0 ui (¢ dt)

=1 (fo:l Var (Xk,T)>2

both are bounded for every T' € R, in particular if 7" > Tj. Using the uniform
boundedness of the above series, and employing the strong law of large numbers, we
deduce that for every € > 0 and T' > Ty, there exists Ny > 0 independent of T such
that for N > N,

< 00,

N
O ey XbT
ch\;l Var (Xk,T)

with probability one. Therefore,

<e,

N
Zk 1var<XkT) 1‘<8
Zk 1k4 0 Uk( )dt

’ a Zk 1 Xk,T o Z]]fv 1 Var (Xk:,T)
lim =0 and lim 7
N,T—o0 Z Var (Xk T) N,T—o0 Z uz(t)dt
with probability one. From here, and using , the proof of (2.4.24]) is complete.

=1 (24.31)

Next, we will prove asymptotic normality property (2.4.25)), starting with represen-
tation

Ar - A= oS Xk . 1 ‘ SO, Var(xr)
) = 1/2 1/2 N g4 (T 2 )
<Z£f:1 Var(Xk,T)) (Zév:1 Var(Xk,T)) Zk:l k 0 Yk (t)dt
(2.4.32)
Let us consider the first term in (2.4.32)). We will show that
N
w- lim O oy it = N(0,0?).
N, T—o0

(Z;jjﬂ Var(Xk,T)) v

BNote that we will denote by C with subindexes generic constants that may change from line to
line.
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By Burkholder-Davis—Gundy inequality and Cauchy—Schwartz inequality, we have

Exyr =E (k2 /O ' uk(t)dwk(t)> < C1k°RE ( /0 ' ui(t)dt)

T
< C1k*T / Eug (t)dt,
0

for some C > 0. By (2.4.29)), there exists k1 > 0 such that for all £ > kq, EX%,T ~

Cy k42T/\2" for some C5 > 0, and hence there exists N; > 0 such that for all N > N; ,

4 2

ZEXM ~ CyNT* 2

k=1

20?7

for some C'5 > 0, independent of N, and T. We will verify the classical Lindeberg
condition, namely that for every ¢ > 0,

N 2
) Ek:l E (kaT1{|Xk,T|>8VZkN1 Var(xk’T)}>
lim ~
N,T—o0 > k=1 Var(xxr)
By Cauchy-Schwartz inequality and Chebyshev inequality,

=0.

1/2

N N
2 1/2
;E (Xk’Tl{KkyTlx Z£_1Var(xk,T)}) ; EX.r) P |xxr| > ¢

Zk:l EXk,T
- e? ZIJQ)VZI Var(Xk,T)

Consequently,

N 2
Zk:l E (Xk,T1{|X,9,T>s Z,@V:l\/ar(ka)}) < Zivzl EXi,T
N = 2
=1 Var(xer) g2 (Effv_l Var(Xk,T))

_GNT g

9 N6g4T4
14472

1
20462—]\7, asN,T—>oo.

, as N — o

Thus,

N
2=t X 1 N(0,1). (2.4.33)
N 1/2 N,T—o0
(Zkzl Var(Xk,T))

We also note that

N 1/2 1/2
(ZVar(Xk,T)> (Z k:4/ Eu; (t) > ~

w

Q
~
z

as N, T — oo,

S‘
DO
>



2.4. THE CASE WITHOUT DAMPING 29

then

im TN ! = 124 (2.4.34)
T (S varta) ?

In view of the strong law of large numbers (2.4.31]), we have proved that

Zszl Kt oT uj (t)dt
im =
N.T—o0 Z]kvzl k4 foT Eui (t)dt

with probability one . Finally, combining the last limit, (2.4.33), (2.4.34)), and using
Slutsky’s theorem, (12.4.25|) follows at once. This completes the proof.

O
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Capitulo 3

Asymptotic normality of the MLE
by Malliavin-Stein’s approach

In this Chapter, we use the so-called Malliavin-Stein’s approach to provide another
proof of the asymptotic normality of both estimators. The first section are basic con-
cepts of Malliavin calculus and some important results to prove asymptotic normality.
The last two sections are devoted to prove the asymptotic normality for both esti-
mators when 7T is fixed and for the case of the speed estimator without presence of
damping .

3.1. Elements of Malliavin calculus

In this section, we recall some facts from Malliavin calculus associated with a Gaussian
process. For more details, we refer to [I§]. Let 7" > 0 be given. We consider the space
H = L*([0,T] x M), where M is a counting measure on N, namely, for v € H,

v(t) =) uk(),

where vg(t) := v(t, k) for every k € N. We endow H with the inner product and the
norm

(u,v)y = Z/o up(t)vp(t)dt, and ||jv|l, =+ (v,v)%, wveH. (3.1.1)

We fix an isonormal Gaussian process W = {W (h)}ney on H, defined on a suitable
probability space (§2,.#,P), such that .# = o(W) is the o-algebra generated by W.
Denote by Cp°(R"), the space of all smooth functions on R™ with at most polynomial
growth partial derivatives. Let S be the space of simple functionals of the form

F=fWh),....W(h,), feCR", heH, 1<i<n.

61
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As usual, we define the Malliavin derivative D on S by

DF = Z@xz v W(h,)hi, Fe€S. (3.1.2)

We note that the derivative operator D is a closable operator from LP(2) into
LP(Q;H), for any p > 1. Let D'? p > 1, be the completion of S with respect to
the norm

171, = (E[IFF] +E[IDFI5 ).
Also, for I of the form

F= f (W (ﬂ[o,tl]) ). '7W (I]-[O,tn])) ) t17 s Jtn S [O,TL

we define the Malliavin derivative of F' at the point ¢ as

D, W (o) 5o W (Tposn1)) Lo (8), ¢ €00, 77,

where 14 denotes the indicator function of set A. For simplicity, from now on, we
define W(t) := W (1j4), t € [0,7], to represent a standard Brownian motion on
[0,T]. If F is generated by a collection of independent standard Brownian motions
{Wg, k> 1} on [0,T], we define the Malliavin derivative of F' at the point ¢ by

D\F = ZDth ZZ

k=1 i=1

Next, we denote by 4, the adjoint of the Malliavin derivative D (as defined in (3.1.2)))
given by the duality formula

(t1), - Wilt) Touy (), t€[0,T). (3.1.3)

E(d(v)F) = E (v, DF)y)

for I € D" and v € D(§), where D(d) is the domain of 8. If v € L*(Q; H) N D(4) is
a square integrable process, then the adjoint d(v) is called the Skorokhod integral of
the process v (cf. [18]), and it can be written as

5(v) = /0 o(E)dW (£).

Now, the next theorem tell us how to calculate the Malliavin derivative for the Sko-
rokhod integral of the process v (in particular the derivative for an It6 integral).

Proposition 3.1.1. [18, Theorem 1.5.8] Suppose that v € L*(Q;H) is a square inte-
grable process such that v(t) € D2 for almost all t € [0,T]. Assume that the two pa-
rameter process { Dyv(s)} is square integrable in L? ([0,T] x Q;H). Then, 6(v) € D2
and

D, (6(v)) = v(t) +/O Dw(s)dW(s), te[0,T]. (3.1.4)
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Next, we present a connection between Malliavin calculus and Stein’s method. For
symmetric functions f € LQ([O,T]Q), q > 1, let us define the following multiple
integral of order ¢

T t1 tg—1
L =a [ W) [Caw) [ awe) s ),
0 0 0
with 0 <) <ty <--- <t, <T. Note that [,(f) is also called the g-th Wiener chaos

[17, Theorem 2.7.7].

Definition 3.1.2. The total variation of two random variables F' and G in R?, de-
noted by dry (F,G), is

dry(F,G) = sup |P[F € B]-P|G € B]|,

BEB(RY)
We present the next result about an upper bound for the total variation of a ¢-th

multiple integral and a Gaussian random variable.

Proposition 3.1.3. [17, Theorem 5.2.6] Let ¢ > 2 be an integer, and let F' = 1,(f)
be a multiple integral of order q such that E(F?) = o2 > 0. Then, for N' = N(0,0?),

2 1 )

The last proposition could help us to bound the total variation between F' and a
Gaussian random variable by the Variance of the Malliavin derivative. Finally, we
present the main result that we will use to prove the asymptotic normality of the
estimators. It tells us that the asymptotic normality can be equivalent to the asym-
ptotic behavior of the total variation between the sequence F,,, that we want to prove
its asymptotic normality, and the normal distribution.

Theorem 3.1.4. [17, Corollary 5.2.8] Let Fx = I,(fn), N > 1, be a sequence of
random variables for some fived integer q¢ > 2. Assume that E(F%) — o® > 0, as
N — o00. Then, as N — oo, the following assertions are equivalent:

1. Fy -5 N = N(0,02);

2. dTV (FN,N) — 0.

3.2. Asymptotic normality of the MLEs

In this section, we will prove the asymptotic normality of both parameters by using
the tools and results described above. Furthermore, with the same lemmas we can
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prove the case Ay = 0. First we introduce some previous lemmas before introducing
the main theorem of the section.

As before, let ug = 0, and for convenience, in this section we will use the following

notations (recall (2.2.11]) and (2.2.12))):

SHY kz fo Uk )dw (1)

FN = =
Jin LR [ dd(t)dt

Fy = S Zk 1]€2 fo ug(t dwk ) &N
EJin > HE f R

Go e So.N Zk 1fo vt dwk )
N = =
Jo.N Zk 1f

Gy = fon Zk 1fo ui(t dwk ) _ SN
EJZN Zk:l]Efo k 512\/ ’

where R%, := EJi n, S = EJs n.

Now, to prove the main theorem of this chapter, we will prove a couple of lemmas.
Lemma 3.2.1. For any process ® = {®,}scpq such that /Var(®,) is integrable on

[0,¢], it holds that
¢ ¢
\/Var (/ @Sds) S/ / Var(®;,)ds
0 0

Demostracion. First note that the next equality holds

t t t
Var (/ CIDSds) :/ / Cov(Dg, @,.)dsdr.
0 0o Jo
Indeed, we have

t 2 t t t ot
E (/ Cbsds> =E (/ CIDSds/ @Tdr) =E (/ / @SCIDrdsdr)
0 0 0 o Jo
t pt
:/ / E(®,®,)dsdr
o Jo

t t
= / / (COV((I)S, o)+ E@S]E@T)dsdr
o Jo

¢ pt ¢ ¢
:/ / Cov(®,, ®,)dsdr + (E/ CIDSdS) (E/ @Tdt),
0o Jo 0 0

t t 2 t 2
Var </ @sds) =E (/ q)sd:;) — (E/ CIDSds>
0 0 0
t pt
:/ / Cov(®s, O, )dsdr.
0o Jo

and we get
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And finally, by Cov(X,Y) < v/Var Xv/VarY for all X, Y r.v., it follows that

t t t
Var (/ <I>sd5> :/ / Cov(®g, @, )dsdr
0 o Jo

t gt t 2
< / / \/Var ®,\/Var ®,dsdr = (/ v/ Var <I>sd5>
o Jo 0

Lemma 3.2.2. The next limits hold

4
lim k* Var(u2(t)) = 25 B(Mg, 1), lim Var(u()) = 0*B(ha. 1),
—00

k—o0 )\1

where

2X2 )

2

(e>‘2t—1)2 i )\ 0
B(/\g,t):{ if Ao #

Moreover, we have

I}LI&FZkS Var(u SA%B()\Q,t> and hrn —Zl\/ar vi(t)) = 0*B(Ag, 1).

Demostracion. By Lemma [2.3.7], we have
Var(uj(t)) = Efuy] — E*[ug]
= 3E?[uz] — E*[uz] = 2E*[uj]
2
Ao cOS(204t) + 20, sin(20yt) — A2)> if Ay # 0

2 (oAt
(2;2132; (e —1) - (/\§+41£2 62(

= 2
o2 sin (20t .
(7 -=22))
Thus,
( 2
Y Aot 1
(2&@ (e ) .
A i 4 0_2 9 if )\2 7é 0
kh_}rgok Var(u; (t)) = kh_)rgok‘ 29 _ W(AQ cos(20xt) + 20, sin(20xt) — A2)
2
o2 sin (24t .
(=)
2
0'2 3
., (52 gem —1)) if A £0
(£4) if Ay = 0
4
= 2 B t).

A
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And to prove the second conclusion, note that

Zk4 N5 N4 N® N

3 307
then limy_, % 25:1 k= % And we can conclude in a similar way as in Lemma
2.3.5] that
8 o
kll_)rgo—Zk Var(ug (t 5)\23(/\2, t).

Again, by Lemma [2.3.7, we have
Var(vi (t)) = E[v] — E?[v}]
= 3E*[v] — E*[v}] = 2E*[v}]

(072 * A&ﬁi )Ag(em D

o Mo? 1
(T - 802 )Ag i V2 eos(2hd)
)\202 1
20, N3+ 403

2
o2 o2 sin({yt) .
(5t - o) if Ay = 0

20,

if Ay £ 0

2
(Ao sin(26xt) — 205, cos(20xt) + 2&))

Thus,
lim Var(vi(t)) = lim 2E*[v7]

k—o00 k—o00

c o] 20\ _ 4
lim NZVar(vk(t)) = 0" B(Ag,1).

O

Lemma 3.2.3. Let H be the space endowed with the inner product defined in the last
section. Let D be the Malliavin derivative defined in (3.1.3). Then, we have

1 2
\/Var (5 HRNDFNHH> — 40, as N — oo.

~ 2
v (3 swpn]) 0. 0o
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Demostracion. We start by computing the Malliavin derivative of F v. If r <t and
for 1 <k < N, then

oy,
D, pug(t) = 0 Drk i ez =9 gin (ﬁk(t — 3))dwk(s)

= TR gin (Ce(t — 7).
Uy,

Moreover, one has that D, jui(t) = 0 if j # k or r > t. Therefore, for » < T and
1<j < N, we have by (B.14),

~ 1 . 1
DyiFy = 57 72u;(r) + o S K[ Dyjug(t)dwg(t)

N

1 .2 g -2 —Q(t—’r‘) .

= R—2j u;(r) + m] e sin (fj(t — T))dwj(t). (3.2.1)
VN r
We continue by setting
=12 2 o2
A= HRNDFNHH — R%||DEV|Z2,

and in view of (3.2.1), we obtain

T 2
A=R% / {—k:Q W(r) + ; ;2 kQ/ (1) gin (C(t — T))dwk(t)] dr
kLl r

1 T
R—2k4uz(7’) + 2&%/{4%(7“) / (=) gin (Ce(t — 7)) dwy(2)
N N T

0'2 T A2 2
+ -k (/ e (™ gin (C(t — r))dwk(t)) dr
ékRN r
=. Al + AQ + Ag.

By Lemma and using that Var(} ", X;) < m) " Var(X;) for m € N, we

have
1 N
\/Var (§||RNDFN||a> <

<\/Var(A1) + v/ Var(Ay) + \/Var(A3)>

wl& | S

(B1 + B2 + Bj3),
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where
- N 1/2
By = i Var (Z k%i(r))] dr
N JO k=1
o T N T, 1/2
By := QR—%V i Var (Z k4€k1uk(7°)/ ez (7" gin (et — T))dwk(t)>] dr
k=1 "
o2 T N T, 2\ 1"
By = R_%[/O Var <Z K2 (/ e (t=1) gip (C(t — r))dwk(t)) )] dr.
k=1 "

For By, by the independence of {uy}r>1,

LT 1/2
B, = h (Z k® Var (ui(r))) dr,
N YO \k=1

and note that {5 Z,]::l k® Var(uz(t))}n>1 is bounded, then by CDT we have

T 4

LW 1/2 . X
§ 8 2 _ o Z ..
]\}1_r>r(1>o i [m 321 k° Var (uk(r))] dr = /0 (5—)\%3()\2, 7")) dr =: K,

1/2

that is, [ [25:1 k® Var (ui(r))] ~ N3k, as N — oo , because 0 < K; < 0.

Thus, by Lemma [2.3.8],

L[ 1/2
B, = T <Z k® Var (ui(r))) dr
NJo \i

5
NEEE\LLCE
= 5AOa.T)

30 2,
N 31

—0 as N — oo. (3.2.2)

For B,, we note that u; and w; are independent if k # [. Therefore, we rewrite By as

1/2

By - ;—;/OT [ o~ E ar <uk(r) /rTe?@—” sin (ék(t—r))dwk(t))] dr.

/2
k=1 k

We define Iy 5,(T, 1) := frTe%(t_’") sin ((x(t — 7)) dwy(t) By straightforward calcula-
tions, we have that

Var (uk(r) / ¢ F(1) gin (C(t — r))dwk(t)) <E [u}(r) (T (T,7))°]

=E

WE(rE| (I (T, 7))’ ‘ﬁ]]

T—r
= E[u;(r)] / e sin® ({yt)dt.
0
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Note that
1t T—r 22 (et —1)(e2 T — 1) if Ay £0
lim —Euj(r)] / e sin® ({t)dt = 4’\2%’\%( ) ) . 27 =: IC5(r).
koo (3 0 fT?r(T —r) if Ap =0
Thus,

1/2

o IS~ R e [ " Ks(r)y
Nh_I)Iloo i [ﬁ;k EE[uk(T)]/O e sin® ({t)dt d’r:/o ( 5 > dr =: Ky,
1/2

_r /
fo [ k=1 g2 Elui(r)] foT e*2! sin’ (Ekt)dt} ~ N3Ky as N — oo , because
0< ICQ < 0. Thus by Lemma [2.3.8]

20 [T [SL KE Ter 2
B, < oo ZKQ]E[uz(r)]/ M sin® (Ot)dt|  dr
vJo D K 0
QO'Ng]CQ
Ne A0 T] —0 as N — oo. (3.2.3)
3%

Let us now consider Bs. Since wy, and w; are independents for k # j, we have

o2 (T [ N T 2\ 11/2
B3 = o Var (Z ke </ e (=) gin (C(t — r))dwk(t)) )] dr
N JOo | k=1 r
o T[N 97 1/2
o
:—2/ stf,:A‘Var(/ 62(t ”sm(ﬁ;ﬂf—r dwy(t )
RN 0 | k=1 r

O'2 TIX T A2
< = Z k8€,;4IE (/ ez ") gin (ﬁk(t - r dwk
RN 0 | k=1 r
o2 T X 211/
== 3Zk8€k4E2</ e2(t T)sm(fkt—r dwy(t )
RN 0 | k=1 r
o2 (T [ N T—r 271/2
= —2/ 32 k8€,;4 (/ ™2t gin? (ﬁkt) dt> dr.
By Jo | o 0
Note that
]{34 T—r 2 CT22 5 6/\2(T—7°) -1 2 it A 0
lim —- </ 2! sin? (ﬁmﬁ)dt) = 4;‘22)‘1 ( Y ) _ ’ 75 =: IC5(r).
k—o00 6 0 W(T 7“) if )\2 =0
Thus,

1/2
. RIS 41{54 o Aot o2 ’ ’ K3(r) 2
]\}1_13100 i [ﬁZk g (/0 €2 sin (Ekt)dt) dr /0 < = > dr =: K3,
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571/2
that is to say, fo {Zk 1% L ( OT " Mt gin? (E;J)dt) 1 ~ N%ng as N — oo, because
0 < K3 < co. Thus, by Lemma 2.3.8],

1/2

_r 2
By < — BZ k‘gf_ (/ et sin (Ekt) dt) ] dr.
~ 2N2K3
W — 0 as N — 0. (324)
31

Finally, combining (3.2.2)), (3.2.3) and (3.2.4)), we have that for every € > 0, there
exist one constant NO >0 such that for all N > Ny,

B+ By + By <e.
This proves the first conclusion.

Now we compute the Malliavin derivative of G y. If r <tand for 1 <k < N, then

t
= EDM 6%2(1575) 0, cos (Ly(t —s)) + ﬁsin Ui(t — 8)) )dwyg(s
, (t—s) (t—s) (s)
gk- 0 2
g X2 r A .
- Ee 5 (= (Ek cOS (ﬁk(t—r)) + ésm (ﬁk(t—r))>.

Moreover, one has that D, ;ju,(t) = 0 if j # k or r > t. Therefore, for » < T and

1 <7 < N, we have by (3.1.4)),

~ 1
DTJ‘GN = g ] 52 Z/ DTJ’Uk dwk( )

Nkl

D, pvi(t)

1
- )+ g / D, vy (8)dw, (2)

1 o T A
— . - 22 (t—r) _ A2 _ .
SJQVUJ(T) + L5 /T e <€k cos (0(t — 1)) + 5 Sin (Cr(t r)))a(lw] (t))
3.2.5
We continue by setting

A%{ﬁﬂﬁﬂi:%wﬁw%

We define 1o, (T, r) := fTT e (=) <€k cos (0y(t — 7)) + 22 sin (04 (¢ — r)))dwk(t) and
in view of (3.2.1)), we obtain

T N 1 2
A/:SZ/ |:—U — 1 2TT:| dr
N 0 ; SJQV k( Est 2,\ ( )

T N 2
1 o
:/O kz:; [%U;E(T) + 2@1@(7”)]27)\2(71 T) €252 (]2 >\2(T T’))

= A] + Ay + A,

dr
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By Lemma |3.2.1] we have

\/Var (%HSND@Nna) < \/73 (\/var(A;) +/Var(4y) + \/var(A;))
\/3

<5 (B;+B;+B;>,
where
- N 1/2
B, = 5 / Var Zvi(r} dr
Sy Jo k=1
. N 1/2
B/2 =2 02 / Var Zﬁglvk(r)lg (T ) dr
Sy Jo e
/ 2T N 1/2
By = o Var | Y 4.7 (I, (T, 7)) dr
~N Jo P

For By, by the independence of {vj}x>1,

N 1/2
’ 1 /T Z V ( 2( )) d
B, = — ar (v (r T,
sk \& ’
and note that {+ SN Var(vi(t))}ns1 is bounded, then by CDT we have

lim

T
N—oo 0

N 1/2 T 1
[% ;Var (U,%(r))] dr = /0 <U4B()‘27 7”)) “dr =: IC/D

1/2 , ,
Le., fOT SN Var (u%(r))} ~ N:2K; as N — oo , because 0 < K < oo. Thus, by

Lemma !

N 1/2
c1 " s )
B, = 7 ) <;k Var (uk(r))> dr

N2k,

~ N : 2.
NU2A(>\2,T)—>0 as N — oo (3.2.6)

For B,, we note that v, and w; are independent if k # [. Therefore, we rewrite B, as

1/2

, 20 (T al _
BQZS_]ZV/O [;Zkzvar(Uk(r)szz(Tﬂ")) dr.
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By straightforward calculations (and taking ¥#;(t,r) = 3 t=1) (Ek cos (Ce(t — 1)) +

22 sin (¢4 (t — r)))), we have that
1@0)(KT¢MLTMwA0>1

Var (Uk(r) / T”//k(t,r)dwk(t)) <E

T 2
~F Ug(r)E[( / ﬂf/k(t,r)dwk(t)) )32]]
T—r
= E[vi(r)] V2 (t,0)dt.
0
T—r
lim %E[U%(T)] V2(t,0)dt = 02 ANy, 1) ANy, T — 1) =2 K (7).
k—o0 Ek 0
Thus,
T 1 N 1 T—r 1/2 T 1
/ 1 1 9 9 _ « 2 .y
Jim | [N;%E[vk(r)] % (t,O)dt] dr /0 <1c2 (7“)) dr =: KCh,

—r 1/2 1 !
that is to say, fOT [fo:l FE[v(r)] OT V2 (t, O)dt} ~ N2K, as N — oo , because
k

0 < Ky < 00. Thus, by Lemma [2.3.8]

9 T[N 1 T—r 1/2
’ g 2 2
B<g | ;gmmﬂo¢mm4 dr
20Nz
olvake —0 as N — oo. (3.2.7)

= No2A(, T)

Let us now consider Bj. Since w; and w; are independents for k # j, we have

0'2 T N T 2 V2
B, = R_?V/o Var (; 02 </r %g(t,r)dwk(t)) )] dr

1/2

o2 (T[X T 2
= g/o 2624 Var (/ “//k(t,r)dwk(t)> dr
L k=1 T

2 T 1/2

o [ N T 4
< — > IR ( / YA r)dwk(t)> dr
SN 0 | k=1 r

1/2

o2 [T [ N T 2
— _2/ 3 (B </ “//k(t,r)dwk(t)) dr
SN 0 | k=1 r

1/2
9 /

o T[ N T—r 2
- = / 3 4 < "//,f(t,o)dt) dr.
Sy o | o 0
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Note that
1 T—r 2 ~ ,
;imﬁ( %f(t,omt) = BT — 1) = K3 ()
oo k 0
Thus,
T N 1 T—r 271/2 T 1
1f —N" = 2(¢.0)dt dr = “(r)) dr =: K.
o [ ([ eeom) | ae [ () oo

2 1/2 1 ! /
Le. , fOT SV % < OT_T V2 (t, O)dt> 1 ~ N2K; as N — oo, because 0 < K3 < oo.

Thus, by Lemma [2.3.8]

1/2

) o2 (T N T—r 2
By < = / 3y 4! ( ”//,f(t,O)dt) dr.
Sy Jo | = 0
2]\[l !
TN L0 as N o oo (3.2.8)

= No2A(h,T)
Finally, combining (3.2.6)), (3.2.7) and (3.2.8), we have that for every ¢ > 0, there

exist one constant Ny > 0 such that for all N > N,
B, + By + B, < e.
This completes the proof. O]

Now we will prove the asymptotic normality of Ry Fy and SyGy.

Theorem 3.2.4. The next limits hold in distribution

RNFN — N(O, 1),
SNGN — N(O, 1)

as N — o0.

Demostracion. Note that E (R%ﬁ,%) = 1. We split Ry Fy into

RyFy = Ry (FN - ﬁN) + RyFy. (3.2.9)

We note that

-~ R J
Ry(Fy — Fy) = Jlfjv %IJVV <1 _ }%’QN) .
s N

From Lemma [2.3.§]
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with probability 1. On the other hand, by Lemma [3.2.3] we have

&in
Ry

Because, by Lemma |3.2.3| and Proposition [3.1.3 we have that
lim dTV (RNﬁN,N(O, 1)) =0.
N—o0

— RnFy —>N(O 1), as N — .

Consequently, Theorem implies that
w-lim RyFy =N (0,1). (3.2.10)

N—oo

Hence, by Slutsky’s theorem, we deduce that Ry (Fy — F\N) 40 ,as N — oo, which
consequently implies that

Ry(Fy — Fy) — 0, as N — 0o, in probability. (3.2.11)
And finally, combined with and , implies that
w-lim Ry Fy = N(0,1).
Similarly, note that E (S%@%) =1 and

. 2
Sn(Gy — Gy) = Sy fon <1 - J”) .

J27N SN SJQV
From [2.3.8],
s2, oy
—_— 1, 1- — 0, as N —
JQ,N S2

with probability 1. On the other hand, by Lemma [3.2.3] we have

%N = Sy Fy —>N(0 1), as N — oo.
N

By Lemma [3.2.3| and Proposition [3.1.3] we have that
lim dTV (SNGN,N(O, 1)) = 0.

N—o0

Consequently, Theorem [3.1.4] implies that
w-lim SyGy = N (0,1). (3.2.12)

N—o0

Hence, by Slutsky’s theorem, we deduce that Sy (Gy — @N) 250, as N — oo, which
consequently implies that

Sy(Gy —Gy) — 0, as N — 0o,  in probability. (3.2.13)

And finally, (3:2.12) combined with SyGx = Sy (GN . GN) + SyGy and (B213),
implies that
w- lim SNGN = N(O, 1).
N—o0

And the proof is complete. O]
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Corollary 3.2.5. Under assumptions and , the next limits hold
ngr;oN?'/Z(AlN -\ =N (o, %) :
dim NY2Qon — Aa) =N (o,m)
in distribution.

The last result can be used also to prove the case Ay = 0. And we get the next
corollary.

Corollary 3.2.6. When Ay = 0 and under assumptions (2.4.3) and (2.4.2)), the next
limit holds

~ 12X
lim N*?Ay —\) =N (0, —1> :

N—oo T2

i distribution.

3.3. The case without damping

We now consider the equation (|2 and the results from the section

As before, let ug = 0, and for convenience, in this section we will use the following

notations (recall (2.2.11]) and (2.2.12))):

5\ K t)d Fy(N,T
FN,T:)\N,T—)\:—UZkl fo Uk Wy, )::_ 1(V, )77

Sk [T ud(t)dt Fy(N,T)
~ _ K fo u(t dwk( ) F{(N,T)
FN,T = N 1 - - R2 )
Zkzl k Efo k NT

where Ry, :=EJy n.

Lemma 3.3.1. Let H be the space endowed with the inner product defined in the last
section. Let D be the Malliavin derivative defined in (3.1.3). Then, we have

1 2
\/Var (5 HRMTDFN,TH ) — 40, as N,T — oo.
H

Demostracion. We start by computing the Malliavin derivative of Fy. Ifr <t and
for 1 <k <N,

t

D, pui(t) = %Drk i sin (€5,(t — s)) dwg(s)

= %sm (Ce(t —1)).
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Moreover, one has that D, jui(t) = 0 if j # k or r > t. Therefore, for » < T and

1 <7 < N, we have by (3.1.4)),

DrjFnr =

Zk? / D, jug,(t)dwy (t)

——j%u;
RJZVT J R?VT k=1
1
= )+ i [ ey (0
RN,T RN,T T
1, A
= ——Jj u;(r) + T sin (€;(t — 7)) dw;(t). (3.3.1)
RN,T JRN,T T

We continue by setting
fa 2 2 a 2
A= HRN,TDFN,THH = Ry ol DEnrl3

and in view of (3.3.1]), we obtain
A=R%, / Z

-5

2

T
R2 gkR%\/TkQ/T sin (€4(t — T))dwk(t)] dr

1 o T
— 2 k4 / in (Cx(t — r))dwg(t
R?V,T uy(r) + e ug(r) i sm( i ( r)) wi(t)

o2 T 2
+ PR k4 (/ sin (€5, (t — T))dwk(t)) dr
k*VN, T T
=. Al —+ A2 -+ Ag.

By Lemma [3.2.1 we have

1 ~ 3

\/Var (§||RN’TDFN,T||'2H> < \/7_ <\/ Var(A;) + v/ Var(A,) + \/Var(A3)>
3
\/7_ (B1 + By + Bs),
where
1/2

1 ’ - 4,2

By = Var Zk w;(r) dr
Ry Jo =
. N . 1/2
o 4y-1 .

By :=2—3 / Var Zk: 0y uk(r)/ sin (C(t — 1)) dwy(t) dr

RN,T 0 k=1 r

Var <i K2 ( / ' sin (€4(t — T))dwk(t)) 2)] " dr.

o2 T
Bg = —R2
N,T JO
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For By, by the independence of {uy}x>1,

1/2

1 [T
B, = RQ—/ (Z k® Var (u%(r))) dr,
NrJo \i

and note that S"n_, k® Var(u(t)) ~ N5 then we have

T[ N . ) 1/2 : 0_2 T . 0_2T2
k° Var (ui(r dr ~ N2 / tdr = N2———, as N — oo
/0 ; ( k( )) \/1—0/\ 0 2m)\

Thus, by Lemma [2.3.8]

. /N 1/2
B, = 72 / (Z k® Var (uk(r))) dr
N1 Jo \io,
N% O'2T2 1
N32"\§2/\ =C— —0 as N, T — oco. (3.3.2)
12X 2

For By, we note that u; and w; are independent if k # [. Therefore, we rewrite B, as

20 [T |~ kS T 2
B, = 7 /O L;Evar (uk(r) / sin (ék(t—r))dwk(t))] dr.

By straightforward calculations, we have that

W2 (r) ( / " sin (6t - r))dwk(t)) 2]
ui(r)E[ (/T sin (4 (t — r))dwk(t))Z ]gz}]

= E[u;(r)] /o B sin® ({y.t)dt.

Var (uk(r) / ' sin (€5, (t — r))dwk(t)) <E

=E

Note that
) k,4 ) T—r i 0.2
Jim S E{(r) /0 sin? (4t dt = (T — )
Thus,
T[N 4 T—r 1/2 T 1
k . 5 O
/ [Z B [ s (ékt)dt] r= NG [ (=)'
o o %k 0 0

oT?

— N3
Tk

as N — oo.
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Thus, by Lemma [2.3.8]

1/2

20 (T | DL k8 T—r
Br= 1 / > B / 2t sin® (Lt)dt|  dr
R k=1 G 0
oN3 1
NW:CE—)O aSN,T—>OO. (333)

12X

Let us now consider Bs. Since wy and w, are independents for k # j, we have

o2 T N T 2\ 112
B; = fE / Var Z k2 </ sin (€5, (t — r))dwk(t)) dr
N,T JO k=1 r
2 T[N . 97 1/2
=— / Z kS04 Var (/ sin (€5,(t — r))dwk(t)) dr
RN 0 _ r
1/2

< ;—2 ZW ‘g (/ sin (£ (t — r))dwk(t))4] dr
_ K* 0 YE? ( / ' sin (€5, (t — T))dwk(t))Ql " dr

T—r 2 1/2
86‘ (/ sin? (fkt)dt) ] dr.

i

Note that
, kf4 T=r . 9 2 02 9
kh—g)log (/0 sin (&t)dt) = W(T_ r)°.
Thus,
/ 3y K </ sin’ (£kt)dt) dr ~ N3 / T — r)dr,
0 k=1 gk 0 4 g)\2 0
T2
= nNi 7 , as N — o0
3
2¢/5M?
Thus, by Lemma [2.3.8]
—r 271/2
By < [32/&@ 4 ( / sin? (ekt)dt) ] dr.
é ch2
2 1
N;;{;;\ =C——0 as N, T — oco. (3.3.4)
2

12X
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Finally, combining (3.3.2)), (3.3.3) and (3.3.4), we have that for every ¢ > 0, there

exist two independent constants Ny, Ty > 0 such that for all N > Ny and T > Ty,
Bi + By + B3 < .

This completes the proof. n

Theorem 3.3.2. The next limit holds in distribution

RN,TFN,T — N(O, 1),

as N, T — oo.
Demostracién. Note that E (R]QV7TZ$]%,T) = 1. We split Ry rFy.r into

RyrEyt = Ry <FN,T — ﬁN,T) + RN,TF\N,T- (3.3.5)
We note that

Ryr(Fno — F\N,T) =

From ([2.4.31)),

Rir Fi(N,T) _ Fa(N.T)
Fy(N,T) Ry R, )

2
Ryr

—_— 1

Fy(N,T)
Ry 0 T TR,
with probability 1. On the other hand, by Lemma [3.3.1] we have

Fi(N,T)
Ry
Since, by Lemma and Proposition [3.1.3 we have that

lim dTV (RN,TF\]\LT,N(O, 1)) =0.

N, T—o00

Consequently, Theorem implies that
w- lim RyFy =N (0,1). (3.3.6)

N, T—o0

— 0, as N,T — o

= RyrFynr -5 N(0,1), as N,T — .

Hence, by Slutsky’s theorem, we deduce that Ry (Fnr — ﬁN,T) LN ,as N — 00,
which consequently implies that

Ryr(Fnr — ﬁN,T) — 0, as N,T — oo, in probability. (3.3.7)

And finally, (3.3.6)) combined with (3.3.5) and (3.3.7)), implies that
w- lim RN,TFN,T = N(O, 1)

N, T—o0

0
Corollary 3.3.3. In the case of (2.4.1) and under assumptions (2.4.3) and (2.4.2)),

the next limit holds
Im TN*?Avr—A) =N (0,12)),

N, T—o0

mn distribution.
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Capitulo 4

Asymptotic properties of the
discretized MLE

In this section, we study statistical properties of the discretized version of MLE of
the speed without presence of damping . These properties are consistency and
asymptotic normality both in a weaker sense. Before that we state the main results of
this chapter, we prove several lemmas that we will use in the proof of these properties.

Towards this end, we assume that the Fourier modes u(t), k > 1, are observed at a
uniform time grid

i=1,...,M.

T
O:t0<t1<"'<t]u:T, WithAtI:ti—ti_lzﬁ,

We consider the discretized MLE XN, v defined by

A = Zk: VRS gt )[Uk(t)_vk(ti—l)].
7 Zk 1k42, L uj(tio) At

We are interested in studying the asymptotic properties of XM M, as N, M — oc.

For simplicity of writing, we also introduce the following notations:

En = i\f: K’ ﬁ/[:uk(ti—ﬁ (wi(t:) — wi(ti-1)) , En = Z k‘z/ (t)dwi(t),
k=1 =1

I = il&iui(z&il)m, Iy = Zk4/ ul(t)dt,
k;l 4 i;l , T2 o

Vi = ;k izluk(ti_l)Ll (wnt) — ety 1)) dt, T = (m) .

81



82 CAPITULO 4. ASYMPTOTIC PROPERTIES OF THE DISCRETIZED MLE

4.1. Technical lemmas

A key step in the proofs of the main results is to write XM v in the following way.
Lemma 4.1.1. The following equality holds

)\VN,M UfN,M

vy — A= - . 4.1.1
M IN M IN.M ( )

Demostracion. Note that
ti
vp(t;) — vp(tiog) = —/\k'z/ u(s)ds + o(wg(t;) — wr(ti—1))
ti—1

= —\k? / ’ (up(s) — up(tio1)) ds — MNePug(t; — ti_1) At
+ o(wg(t;) — wi(ti—1)).

Multiplying by kQuk(ti_l) and summing over 1 << M and 1 <k < N, we get

N M
Z k? Z w(tiz1) [k(t) — ve(tiz1)] = AV — AInm + o€,
k=1 =1

and, finally

AVt + AINv — 0&n,
IN,Mm
)\VN,M USN,M

=+ — .
IN,Mm INMm

ANM =

]

Now, we present several important technical results before the main result of this
chapter.

Definition 4.1.2. The double factorial of an odd number n is defined as:
ntl
2

nll=JJ@k—1)=n(n—2)(n-4)..3-1

Lemma 4.1.3. Let X ~ N(0,s%) a random variable where EX? = s*> and | € N,
then the next equality holds.

EX? =% . (21 — 1)L,
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Demostracion. By straightforward calculations, we get

EX? = / 2%e 2s2dx— 2%e 2s2dx
s\ 2w s\ 2T
282l 0
= t2l6_7dt (substitute x = st)
vV 2T 0
= 20—1 t“"“e zdt (integrate arts
-y | (integrate by parts)
= 5%(20 — 1)232[72 T2 gy s*(21 — 1EX*2
vV 271' 0 '

Then recursively,
EX? = (21 — 1)EX*2
= s2(21 — 1)s*(21 — 3)...s*(1)E[X?] = s* - (21 — 1)!L.
O

The last lemma is a analogous result to [2.3.7 for a X normal random variable; note
for a process like X; = fo s)dWs, where g : [0,00) — R is a deterministic function,
we can use the Ito’s formula to prove this statement.

Corollary 4.1.4. If X ~ N (0, s?) where EX? = s%, then
EX? = C(l) - (EX?)".
Lemma 4.1.5. For 0 <t < s <T and k,l € N, we have that

E(ug(t)u(s)) = 2;2 tcos(li(t — s)) + % (sin(lx(t — 8)) — sin(l(t + 9))) | ,
(4.1.2)
E|ug(t) — ur(s)|* < C(1) (66" T')t — o', (4.1.3)
Elug(t) + ur(s)[* < C(1) (6%6:2)' T, (4.1.4)
for some C(1),C(l) > 0.

Demostracion. By the 1t0’s isometry, we have
2

Elug(t)ug(s)] = 2—2/ sin(lg(t — 7)) sin(lg(s — r))dr

= %2 [cos(r(t — s)) — cos({(t + s — 2r))| dr
0

t
= — {t cos(ly(t — s) / cos({y(t + s — 27’))dt]
26 0

tcos(l(t — s)) + L (sin(l(s —t)) — sin(lx(s + t)))} ,

_g 2y
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for s < t. As far as (4.1.3) and (4.1.4), since uy(t) — ux(s) and ug(t) + uk(s) is a
Gaussian random variable, it is enough to prove (4.1.3) and (4.1.4]) for [ = 1, by the
last lemma. We note that for ¢t < s,

Elup(t) — u(s)|* = B (t) + Bui(s) — 2E[ux(t)ur(s)]]

t sin(20t) s sin(26;s)
S TSR 2 PR cos((t —
27t Tz ag o reestli =)

0.2

_Ki

1 . .
A (sin(lr(s —t)) — sin(lx(s +1))) |
= Z_i (‘t(l — cos(ly(t —s)))| + %|t — 5|

sin(4x(t + s)) cos(lx(t — ))
n k T k

+ g (sn(La(s — 1)) = sin((a(s + 1) D

k
= Z—z (‘t(l — cos(lx(t — s)))‘ + %|t — 5]

1 cos(li(t —s))

sin(Cx(t + 5)) (— —)

+ 1A 1A

+ % i (€t — s>>|>

< Z_g (t’(cos(O) — cos(by(t — s)))‘ + %|t _ s

+ %| cos(0) — cos(li(t — s))| + %|t - 8|>

0.2

1 1

< E <t€k|t — 5|+ 5(1 + Cp)|t — s| + §|t — s|)
< Co®l' Tt — s,

for some C' > 0; note that in the last inequality we used the fact that sine and cosine

functions are Lipschitz. Thus (4.1.3) is proved. Similarly for E|uy(t) + ux(s)|? and the

proof is complete. n

Now we present the Isserlis’ theorem or its generalization also known as Wick’s pro-
bability theorem. We only present the result for a four-dimensional Gaussian vector.

Lemma 4.1.6 (Isserlis’ theorem). Let (X1, X, X3, X4) be a zero-mean Gaussian vec-
tor. Then

E[X1 X2 X35X,] = B[X1X]E[X5X,] + E[X1 X3]E[X2X,] + E[X, X, JE[X5.X,]
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Demostracion. We introduce the notation X := (X, Xy, X3, X}), and C = [C;; =
Cov(X;, X;)] the covariance matrix. Since the vector is centered, its Laplace transform
is such that

Ele® ] = eXp[ sTCsl,

for every s € R*. The homogeneous terms of degree 4 with respect to s from both
sides coincide, hence

4l

B(" X)) = 55

——(s7Cs)? = 3(s7'Cs)?.

Note that

2
(s7Cs)? (Z Cijsi 3]>

= E Cz’jcklsisjsksl‘

ijkl

Note the product s1$28354 appears on the right side of the equality for every (i, j, k, )
such that {7, j, k,1} = {1,2,3,4}, that is 8 times. Thus the contribution of s1s95354
to 3(sTC's)? is

24(C12C34 + C13C + C14Co3)51525354.

On the other hand

E((s" X)) =Y E[X;X; X, Xi]si5;551,

ijkl

hence E[X;X,X3Xy|s1808384 appears for every (i,j,k,l) such that {i,j k,I} =
{1,2,3,4}, that is, 4! = 24 times. To sum up,

24E[X1 X2 X3Xy] = 24(C12C54 + C13Co4 + C14C53),

which concludes the proof since C; ; = Cov(X;, X;) = E[X,;X}].
[

Lemma 4.1.7. For each T > 0, N, M € N, there exist constants C1,Csy,C3 > 0
independent of M such that

T2N4

Eléna — Enl? = Cy A (4.1.5)
T5N6
T5N6

as N — oo.
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Proof of Lemmal[{.1.7. Since ug, k > 1, are independent, and taking into account

that
T
0

Zkz [Z ug(tio1) (we(t;) — we(ti—1)) —/0 uk(t)dwk(t)]

k=1 =1

— Z k4E Z Uk(ti—l) (wk(tl) — wk<ti_1)) — /0 uk(t)dwk(t)

we have that

2

E‘gN,M - §N|2 =K

and hence, by (4.1.3]), there exist constants C1,Cy > 0, such that
k4
Elénn — Enl* < Cy Z Z/ T|ti—q — t|dt

N
4\ T3 N4
= — | =~ 17—
Cl(;ek>M M

as N — oo. Hence, (4.1.5) follows at once.
Next we will prove (4.1.6). We note that

Zk4 (Zui(ti_l)(ti —ti) —/0 ui(t)dt)‘
=> KE Z/ (up(tim1) — up(t)) dt
k=1 i=1 Jti—1

Consequently, letting U;(t) := u2(t;_1) — ui(t), k > 1, we continue
E|Jn . — JIn|? —ZkSZE / dt‘
+2ZkSZE/ U;(s)dsdt

1<J ti—1 tg 1

E|lJvy — In]* =E

= [1 -+ IQ.
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Note that by Cauchy-Schwartz inequality,

E|U(t)] = Elud(ti1) — w2 ()2 = Elug(tim) — ug(t)Plug(tior) + ui(t)?
< (Blug(tir) — w7 (Elug(tior) +un()]) 2.

Moreover, by (4.1.3]) and (4.1.4),

E|UZ(t)] < 16, °T?|t — s|, for some ¢; > 0. (4.1.8)

Again by Cauchy-Schwartz inequality and (4.1.8)), we have that

N M
=) K> E
k=1 i=1
N N TS5
S ClT2 Z kS)\I;S Z(tl — tz;l)g =C Z kgelzgm
k=1 i=1
Turning to I, we first notice that

E|U()U;(s)| = B[ (u(tir) = ud(6)) (1) — w(s)) |
)

— B[ (uelti1) = un(t)) (un(ti1) + u(t)) (un(ty1) = () (un(ts 1) + wn(s))
= B[ (uelti-1) = un(t)) (un(t-1) = un(s)) wn (i1 )ue(t-1)|

| (ui(ti1) = wn(0)) (wn(t1) = wels)) (unlti1)un(s)

+E| (te(ti-1) = un() (un(t-1) = wels)) ue(t)un(t;0)|

| (unlti1) = up(®)) (unltj1) = uls)) un(B)us(s)]

By the Wick’s Lemma, we continue

= E [(ug(ti1) — ug(t)) (ug(ti-1) + ue ()] E [(ur(tj-1) — ur(s)) (ur(tj-1) + ux(s))]
+ E [(ur(ti-1) — u(t)) (ur(tj—1) — ur(s)] E [(ur(tiz1) + ur(t)) (ur(tj-1) + ur(s))]
+ E [(ur(tio1) — u(t)) (ur(tj—1) + ur ()] E [(ur(tio1) + ur(t)) (ur(ti—1) — ur(s))]
= J1+ Jo+ Js.

E|Ui(1)U;(s)|

For J;, we have

E (ug(ti1) — ur(t)) (ug(tj—1) — ur(s)) = E (ug(tio1)ur(tj-1)) — E (ug(ti-1)ur(s))
— E (ur()ur(tj-1)) + E (ug(t)ux(s)) -
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By (.1.2), fori < jandt <s(t; 1 <t <t; 1 <s),

2

E (up(ti1) — un(t)) (ue(tj-1) — un(s)) = 202

[ti_l cos(l(ti1 —tj—1))

* TZ(Sin(&“(til = tj-1)) = sin(l(tio + t]-,l))> —ti—y cos(li(ticn — 8))

+ L (sin(€y(tic1 — 5)) —sin(l(ti—1 + s))) — tcos(li(t — tj_1))

20,
+ QL& (sin(ly(t —tj-1)) — sin(€(t + t;-1))) + tcos(€(t — s)) + %&(Sin@k(t — )
— sin(x(t + 5)))
< ool °T,

for some ¢, > 0. By similar arguments, we also obtain
E (up(ti1) + up(t)) (u(tj-1) +ur(s)) < sl *T,

for some ¢3 > 0. Thus,
J2 S C4€I;4T2,

for some ¢4 > 0. By analogy, one can treat J; and J3, and derive the following upper
bounds:
Jl < C5€;4T2, Jg < C6£;4T2,

for some cs5, cg > 0. Finally, combining the above, we have

N t; t;
L<eT?Y Kt / / dtds
k=1 tji—1 Jti—1

i<j Vb
N 4
g)—al
< cg ko0, A for some c¢7,cg > 0.
k=1

Thus, using the estimates for Iy, I5, we conclude that

N
T5 T4 N6T5
L+ < c92k8<£,;3—2+€,;4— ,
p M M M

as N — oo and hence (4.1.6) is proved. The estimate (4.1.7) is proved by similar

arguments,

>:C'2

2

ElVyul|* =E

Z ]{34 Z uk(tifl) /t i (uk(t) — uk(ti,l)) dt

LSE Zuk(ti—l) /.ti (up(t) — up(t;—q)) dt

2

WE

k=1

WE

PE[Y /t () up(tir) — u2(ti_)) dt

i
I
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Letting U; () = wg(t)ug(ti_1) — ui(ti—1), we have

E[Vyul|* = Zk8Z]E‘/ dt'2+22k8Z]E/ / s)dsdt
1= ti—1

1<)

= I, + 1.
Note that by Cauchy-Schwartz inequality,
EJU2(t)] = Bl (ti1) — wn (8t ) | = Elug (1) — wn(t) (1)
< (Blu(tion) = un(®)*) " (Blue(tin)|)".
Moreover, by (4.1.3)) and (2.4.7),
E|U(t)| < ¢ 6;°T?|t — s|, for some ¢; > 0. (4.1.9)
Again by Cauchy-Schwartz inequality and , we have that

N M t 2 N M t
L=) K'Y E / U, (t)dt ngSZ(ti—ti_l)/ E|U2(t)|dt
k=1 i=1 tiza k=1
N

N M
/ T°
S C1T2 E kS)\I;S E (tz — tifl)g =C E k8£k3M2
k=1 i=1

k=1

Turning to I, we first notice that
E|U; ()0 (3)] = E| (w3 (ti1) = un(tun(tir)) (w(ti1) = unls)uits 1)) |
— B (urtio1) = wn(t)) un(tior) (et 1) = uels)) et )]
By the Wick’s Lemma, we continue

E|U; (1)U;(s)] = E[(un(ti-1) — un(t)) un(tio)] E [(un(tj-1) — ui(s)) wr(tj-1)]
( (

)
+ E [(un(tio1) — ur(t)) ur(tj—1)] B [ug(tio1) (un(tj—1) — un(s))]
+ E [(un(tio1) — ur(t)) (ur(tj—1) — we(s))] B [un(timy)ur(tj-1)]

But similarly to the case of E\U( JU;(s)|, we have

J;SC;TQ kSE > / / dtds
1 Jti—1

1<J

< ¢y Z kgﬁ,;‘lﬁ, for some ¢, ¢ > 0.

Thus, using the estimates for [ 1, Ié, we conclude that

N
S T NOT
L h<cy k(G GE T M) o
k=1

as N — oo and hence (4.1.7)) is proved. O
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Proposition 4.1.8. Let X,Y, Z be random variables, and assume that Z > 0 almost
surely. For any e >0 and 6 € (0,£/2), the following inequalities hold true.

P(|Y/Z| >¢) <P([Y| >0)+P(|Z — 1| > (¢ — d)/e), (4.1.10)
sup |[P(X +Y <uz) — Cb(x)‘ <sup |P(X <z)— Cb(x)‘ +P(|Y]|>¢)+e, (41.11)

z€R z€R

sup |[P(Y/Z < x) — @(m)‘ < sup

z€R z€R

P(Y < z) — @(x)] FP(Z -1 > ) +e, (4.1.12)
where ® denotes the distribution function of a standard Gaussian random variable.

Demostracion. Let € > 0 and § € (0,£/2), then we have the next contentions hold
{IY/Z] > e} C{lY[ >0}y n{|Z] < é/e} c{[Y]| >} n{lZ = 1] > (¢ = 0)/e)}.

Now (4.1.10) follows.

Now, we will prove 4.1.11] Note that the assertion is trivial for ¢ > 1, so we shall
assume € € (0,1) in the following. First, we will find a lower bound for P(X + Y <
t) —®(t). If X <t—e¢, then we have X +Y <torY > e. Hence

PX <t—e] <PX+Y <t]+P[|Y]|> e (4.1.13)

Furthermore,

D(t) — Bt —&)| = \/LQ_W /t: e rdr <e.
Together with this implies
PX+Y <t]—-®(t) > —-|PIX <t—¢c]—P(t—¢)| —P[|Y]|>¢] —¢
Then we have the following lower bound

PX +Y <t]—®(t) > —sup{|P[X < s] —®(s)|} —P[|Y]| >¢] —e.

seR

Similarly, we obtain the following upper bound(using that P[X +Y <t—¢] <P[X <
t+P|Y]|>e]lorif X+Y <t—¢, then we have X <torY < —¢ ):

PX +Y <t] — ®(t) <sup{|P[X <s]—P(s)|} +P[|Y| >e]+e

seR
And this concludes the proof for 4.1.11]

Now, we will prove 4.1.12] Note that the assertion is trivial for ¢ > 1, so we shall
assume ¢ € (0,1) in the following. First, we will find a lower bound for P(Y/Z <
t) — ®(t) with ¢t > 0. If Y < (1 — ¢), then we have Y/Z <t or Z <1 — e. Hence

PlY < t(1—¢)] <P[Y/Z <] +P[|Z — 1| > €. (4.1.14)
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Furthermore,

(1) — B(t(1 — )] < min{ 3, 1le—— exp[~5*(1 — 2)7]}

V27 2
1 1
S ml’n{a, \/—2_7T€(1 - 5)_1} S T.

Together with this implies
PY/Z <t]—®(t) > —|P[Y <t(l—¢)]—P(t(1l —¢))| —P[|Z — 1] > ¢] —e.
For t < 0 we have, if Y < ¢(1 + ¢), then we have Y/Z <t or Z > 1+ ¢. Hence

PlY <t(1+¢)] <P[Y/Z <t]+P[|Z—1| > €] (4.1.15)

(NI

exp[— 1152] < e(2me)”

[@(t(1 +¢)) — (1) < t|e 5

1
<.
V2 o
Together with this implies:
PY/Z <t]—®(t) > —|P[Y <t(1+¢e)]—P(t(1+¢))|—P[|Z -1 >¢] —e.

Then we have the following lower bound

PY/Z <t] — ®(t) > —sup{|P[Y < s] —®(s)|} —=P[|Z — 1| > ¢] — .

seR

Similarly, we obtain the following upper bound:

PY/Z < 1] — ®(t) < sup{|P[Y < 5] — O(s)|} + B[|Z — 1| > ] + €.

seR
And this concludes the proof. O]

4.2. Asymptotic properties

In this chapter we prove the asymptotic weak consistency of the estimator and an
asymptotic normality result for the discretized estimator.

Remark 4.2.1. As a direct consequence of (2.4.16)), (2.4.17) and (2.3.11]), we have

that
im g—N
N—oo N302T2

with probability one.

. In

With these at hand, we are ready to show that XN, v is a weakly consistent estimator
of \.
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Theorem 4.2.2. Assume (2.4.2)) and (2.4.3)). Then,
/)\\N,M — A\, in probability, (4.2.2)

as N, M — oo whilst T is fixed.
Demostracién. Let L :=P (‘/)\\N,M — )\‘ > 5). In view of (4.1.1)), we note that

LSIP( UfN’M‘ >5/2> +IP’(‘>\JVN’M' >5/2>.

INM N,.M
Consequently, for an arbitrary fixed § € (0,¢/2), we have, using (4.1.10]),
L<P <A|VN,M| - 5) —l—IP’( [ - 5)

N3o27Y2 N3o7?2
JNM 8—25
2P| |—2—= —1
w2 (|t 1> )
=. L1 + L2 + 2L3

By Chebyshev’s inequality, and (4.1.7), we have that, for some constant (that may
depend on 0) C1(6) > 0,

as N — oo. As far as Lo, we write

[Envr — En| €] ,
L2§P<W>5/2 —|—]P) N30'T2 >5/2 ==. L21—|—L22.

Again by Chebyshev inequality, and using (4.1.5)), we get Loy ~ Cy(d)/(T*N?), as
N — oo for some Cy(6) > 0. On the other hand, by (4.2.1]), Loy — 0, as N — oo. We
treat L similarly:

|JN,M_JN‘ e—20 JN €—20
N3g27Y? ~ 2e * N3g27? ~ 2e

L3§P( >=f L3y + Lso.

In view of (4.1.6), and Chebyshev inequality, we have the asymptotic behavior

T

M’

as N — oo. By (4.2.1)), we get that L3s — 0, as N — oo. Hence, combining all the
above bounds, we conclude that

- T 1
L~Cle) <M+W>,

as N — oo. Clearly, L — 0 for every € > 0, as N, M — oo when 7T fixed. This
concludes the proof. O

L31 ~ 03 (5)
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Next we prove an asymptotic normality result for discretized MLE XN, M- As one may

expect, the rate of convergence of /)\\N7 v agrees with those from continuous time setup,
and thus asymptotically is optimal in the mean-square sense. As usual, we will denote
by ® the cumulative probability function of a standard Gaussian random variable.

Theorem 4.2.3. Assume (2.4.2) and (2.4.3). Then,

sup |P <N3/20T ()\ — XMM) < x) — @(x)’ — 0, (4.2.3)

z€R

as M — oo and N sufficiently large whilst T is fized.
Demostracion. We denote the left hand side of (4.2.3) by K, and using ([4.1.1)), we

write it as WV
P (N3/20TU€N’M EEGERNS x) — O(z)|.

N,M

K =sup
z€eR

Using (4.1.12)), we continue

_ UgN,M —)\VN7M JN,M
=: Kl +K2+€.

Consequently, by applying (4.1.11]) , we obtain
Ky <sup

v
P (e =) 20

AV
+P <]\;3/];[% > 8) +2€ = Kl,l +K1’2 +K173 +28

Note that (2.4.14)) implies that

, v
wdim Nagr = N O

Thus, K11 — 0, as N — oco. By Chebyshev inequality and by (4.1.5)) and (4.1.7]), we

deduce

vt —
*P(W”

T3N3

N
KLQ ~ 01(5)— K1’3 ~ 02(5) Wi y

M?
for some Cy(g),Ca(e) > 0 and N sufficiently large.

Similarly,

Jn € |JN,M—JN| € .
fﬁﬁp(ﬁ@ﬁ6—4>§>+PC7ﬁﬁﬁ—>a = faa ot Kz

By (4.2.1), K31 — 0, as N — oo. On the other hand, by (4.1.6)),
T3N3

K271 ~ 03(5) M s
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for N sufficiently large. Combining all the above, we conclude

N T3N3
M M )’

k<o) (3 +

for V sufficiently large. Since ¢ > 0 was chosen arbitrarily, and since Cs(¢) is inde-
pendent of M, we conclude that K — 0, as M — oo for NN sufficiently large and T'
fixed. The proof is complete. O
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Simulations

5.1. Simulation of the Solution

This section is devoted to show simulations of the solution of the equation (2.1.1)) and
show the properties of the discretized versions of the estimators proved in the second
chapter, and most importantly the verification of the results of the fourth chapter.

First, we introduce the simulated trajectories of the solution , then the discretiza-
tion of both estimators and finally we simulate the discretized version of the speed
estimator studied in the previous chapter.

We will simulate the trajectories of the solution using its Fourier modes (or its spectral
decomposition). Remember that the solution to the equation (2.1.1)) can be seen as
the following Fourier sum,

u(t,x) = \/gi u(t) sin(z).

Where uy, are the solution to the system [2.1.10} Since the {ug};>1 are solutions to a
second-order Ito’s equation, we can use well-known methods to calculate its trajecto-
ries for every k. With this in mind, we can simulate the trajectories for many wu; and
calculate the trajectory of v with this finite sum of the Fourier modes of .

Note that the accurateness of the simulated trajectories of the solution depends on the
how many Fourier modes are taken to calculate u, how accurate are the simulations
of the Fourier modes {uy}x>r>1 and how fine is the partition of the space. We will
try to use a large number of Fourier modes to calculate the solution and a very fine
partition of the space to achieve a good simulation of the solution.

First, we assume that the Fourier modes {u(t), vg(t) }x>1, are observed at a uniform
time grid

T

O=th<t1 <.. <tM:T, with At :=t; —t,_4 :M,Z:L,M

95
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We consider the discretized MLEs Xl, ~,m and /):2, ~,u defined by,

3 _ BinmJanm + BenovJiznou 5\ _ BinmJiony + BanvJing
LN,M = , AoNM = .
Jl,N,MJQ,N,M - ‘]122,N,M Jl,N,MJQ,N,M - ‘]122,N,M
(5.1.1)
Where
N M N M
Jinm = Z K Z up (tio) A, Jon = Z Z vi(tio1)At,
=1 i1 k=1 i=1
N M
Jio N = Z k? Z wg(ti—1)vg(tizr) At;
k=1 =1
N M
Binu = — Z k? Z wg(ti—1) [ve(ti) — vk (tiz1)],
et (5.1.2)

SiNM = Z k? Z wp(tiz) [we(ti) — wi(tiz1)];

N M

By Ny = Z v (1) [ve(t:) — vk (tiz1)],

1 =1

=

M= 1
M=

SN = O (tio1) [wi(ti) — we(tio1)].

o

i=1

—
-
Il

Now, we will simulate the Fourier modes {u(t),vi(t)} for 1 < k < N. Remembering
that {ug(t),vx(t)} are solutions of the system ([2.1.10]), we can simulate that system
by the Euler method with the next expressions:

uk<ti+1) = uk(tz) + Uk(ti)At,
Ok(ti1) = vi(ts) — Mk wg(t) At + Aoug (8) At + o (wi(ti1) — wi(t)),
uk(to) = 0 ’Uk(to) = O,

for i = 1,..,M, where At = t; ., —t; = % and wy(t;41) — wi(t;) ~ N (0, At). Note
that the Milstein method give us the same expressions.

For example, a simulation of the solutions to the system, when k£ = 5,10 and the
parameters are \; = 10, A\ = 0,5, 0 =2, M = 1000, and T" = 1, can be seen in figure

5.1l
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0.050- 000

o 0.025- EI 0.00-

0.000- -0.02-

0025 | I I | I I I I
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 075
time time

(a) Solution for us (b) Solution for u1g

Figura 5.1: Solutions for Fourier modes k = 5,10

Using a uniform space grid 0 = 2o < 21 < ... < xp = m, with Az = 1,1 —2; = 3,
1 =1,..., P, we can calculate a approximation of the solutions:

u(t;, xj) = \/%Zuk(tl) sin(kx;), v(t;,z;) = \/%ka(tl) sin(kx;).

These are a pair of simulations of the solution could be seen in figure [5.2] where the
parameters are A\; = 10,1,5,0,5, Ay = 0, 0 = 2, M = 1000, N = 100, and 7" = 1.
Notice the larger the parameter the faster the solution increases.
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Figura 5.2: Solutions with distinct speed parameter, z-axis is spatial, y-axis is spatial
and z-axis is the value of the solution

5.2. Simulation of the Estimators

Now, we can calculate all the terms in (5.1.2]) and obtain the discretized MLEs, for
N, M and o fixed. We present now two examples of the simulation of the solutions
of the equation and the discretized MLEs. First we fixed 7" = 1, M = 10000 and
N = 100.

In the first example, the parameters are Ay = 10, Ay = 0,3, and ¢ = 2. Note for
both parameters we can visualize the consistency of both estlmators in figure
And then we calculate 100 estimations and make two histograms of N3 ()\1 N.M — )\1)
and N2 ()\2 N — A2) in figure E Note the weak asymptotic normality of the 100
estimations.
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Speed_estimator
5

=
'

X
=
'

Damping_estimator

2‘5 5ID
N

(a) Consistency of first estimator

20-

=
=

=
in

=

99

1 i 1 i
0 25 50 75
N

(b) Consistency of second estimator

Figura 5.3: Asymptotic consistency of both estimators when N € {1, ..,100}

. ] ™
W'

i
100

06-
M 15-
204 - — Z [] [ T
_ .
02- L
( 1» <‘7 B 05- =
00- 1] 00-
2 1 0 : 2 05 00 05
estimations_speed estimations_damping
(a) Histogram for the first estimator (b) Histogram for the second estimator
Figura 5.4: Histogram of both estimators with 100 estimations.
In the second example, we use the parameters, A\; = 50, Ay = —,5, and ¢ = 0,8. In

figure 5.5, we visualize the consistency on both cases. And we present the histogram
of 100 simulation of both estimators in figure [5.6]
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i T
5 d8- g
o £-1-
£ 3
w o
[} |
<46- 2
[ o
: £
o a
44-
a-
42_ I 1 I 1 I I 1 1 I I
0 25 50 75 100 0 25 50 75 100
N N
(a) Consistency of first estimator (b) Consistency of second estimator

Figura 5.5: Asymptotic consistency of both estimators when N € {1, ..,100}

Ge+)7 -
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-2e-07 e-07 0e+00 1e-07 2e-07 -25e-08 0.0e+00 25808
estimations_speed estimations_damping

(a) Histogram for the first estimator (b) Histogram for the second estimator

Figura 5.6: Histogram of both estimators with 100 estimations.

In both examples we can see how the consistency is appreciated with at least taking
100 terms of the Fourier decomposition. But the asymptotic normality is not well
appreciated with a larger o. But note for the second example the empirical descrption
fits better the Gaussian distribution.

Finally, we will focus in the discretized speed estimator without damping. It was
defined by:

XNM: Zk 1"52 Zz Uk (tioa) [ve(t:) _Uk’@i*l)]'
’ Zk 1/<?4Zz 1u1<;( 1) At

We have proved the next theorem in the previous chapter.
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Theorem 5.2.1. Assume and . Then,
:\\N,M — A, in probability, (5.2.1)
as N, M — oo whilst T s fized. Moreover, the discretized estimator also fulfills
suﬂg P (N?’/QUT ()\ — XMM) < x) — @(m)’ — 0, (5.2.2)
ze

as M — oo and N sufficiently large whilst T is fized.

The next simulations are made with two different pair of parameters. We fixed T' = 1,
M = 10000 and N = 100; and the first example is with the next parameters A = 5,
and ¢ = 0,8, and the second one is with the next parameters A\ = 20, and ¢ = 3.
First we will see the consistency of the estimator on both cases in figure [5.7 It is
very similar to the case with damping and the estimator tends asymptotically to the
true value when N > 80 approximately. And finally, we show the weak asymptotic

28-

(\V’ TSP 26-

Speed_estimator
5
Speed_estimator
[
b4

0 % 50 75 100 0 % 50
N N
(a) First case (b) Second Case

Figura 5.7: Asymptotic consistency as N — oo.

normality on both cases. The histograms for both cases can be seen in figure |5.8|

100
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— a0 _
15- []
L
W T
Z10 Z L, _ z _
2 £ 10-
@ O —
= =
0s- L
20-
00- 0
10 05 00 05 10 002 001 0.00 001 002
estimations_speed estimations_speed
(a) Histogram for the first case (b) Histogram for the second case

Figura 5.8: Histogram for both cases with 100 estimations.

Not that in this case the asymptotic normality can be appreciated better, because we
use the normalized estimator, i.e., N3/2¢Y ()\ — /\N7M>.

And finally we present three histograms for different number of M (partition fineness).
In this case, the next parameters are fixed, T'=1, N =100, A =1 and ¢ = 0,5. We
used a dyadic partition, i.e., M = 28 2 215 We present this histograms in figure
b.9l Note that as M is greater than 1000 the empirical distribution closely resembles
to a normal distribution but as M is greater than 1000 the histogram fits better the
empirical distribution and therefore it is more similar to the Gaussian distribution.
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10 05

T~ T THW

2 0.0
estimations_speed estimations_speed

(a) Histogram for M = 28 = 256 (b) Histogram for M = 2! = 2048

000~
1.0 05 0.0 05 10 15

estimations_speed

(c) Histogram for M = 2! = 32768

Figura 5.9: Histogram for estimations as M — oo.
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Capitulo 6

Conclusions

We now will discuss the final conclusions of this work. Our first objective of this work
was to prove in detail the Liu and Lototsky’s paper [14] what we did in the first three
sections of second chapter. In addition, we wanted to prove again the asymptotic
normality to illustrate the Malliavin-Stein’s approach, since this method is a good
alternative to the classical ones of usual stochastic analysis. This method can be
seen in the first two sections of the third chapter. But after dealing with the above
indicated sections and their results, it was seen that it was possible to extend these
results in the same way that Cialenco, Delgado and Kim [2] did for the heat equation.

Thus, we advocated to study the case without damping, that is to say, the usual
wave equation but with white noise, because it seemed handier than the general case.
Based on [2] and studying the case without damping, we proved that both properties
(consistency and asymptotic normality) hold in a new regime, the proof can be seen
in the last section of the second chapter. This new regime gives us certainty when
we want to calculate the MLE at distinct times, since the larger the window time
the better in addition with taking a large amount of Fourier modes. We also used
the Malliavin-Stein’s approach in this case to prove again the asymptotic normality
in this new regime. And finally, most importantly we have achieved results on how
the discretized version of the speed MLE behaves on fourth chapter. This last results
have a direct application, since one can simulate or compute the speed of a wave
in presence of interference or white noise with the certainty that the estimator is
an excellent approximation of the real value, and we can apply distinct statistical
techniques to know the real value based on this discretized MLE.

And finally, we discuss possible generalizations. First, notice that a usual solution
for the wave equation does not exist for R? if d > 4. Then we need to deal with a
generalized solutionE] for the case d > 4. Base on that, we can think that our results
only can be generalized for dimension 2 and 3.

Going back to [I4] and based on the results from subsection [2.4.1} we are sure that the

@MRecall a generalized solution could be a Schwartz distribution and not necessarily a function.

105
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new results we have proven for the one-dimensional wave equation without damping
can be generalized. In other words, we are sure that if we take one-dimensional wave
equation with strictly damping (not amplification, i.e., Ay < 0) then it is possible
to prove that both estimators hold the usual conditions (consistency and asymptotic
normality) in the new regime. Thus, we could study both MLEs at distinct times. It
is necessary to emphasize that it seems more complex to generalize the results to the
discretized versions of both estimators in presence of damping.

What remains to be said is that there is still much to investigate. The most important
thing is that all these results give us certainty when performing simulations or when
we are dealing with real data and we want to know the specific data of our model, in
this case with the stochastic wave equation.
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Apéndice

Simulation code

Here is the code that was used on section [5] The code is divided in three parts, the
first part is to simulate the system uy, vy, for a fixed k£ > 1, using the Euler method on
the interval [0, 1]. The second part calculates the discretized integrals used in (5.1.2),
given uyg, vy, for a fixed £k > 1. And finally, the third part calculates the discretized
MLEs, for M and N fixed, graphs the behavior of the discretized MLEs as N — oo
and makes and histogram for many simulations of the discretized MLEs, for M and
N fixed.

nmnn

First part of the code

nmnn

equation <- function(cl,c2,sig,m,k){
nnn
Function to calculate the 2-dimensional system for a fixed k
the parameters
are:
cl,c2,sig from the equation
m is the length of the grid
k is the number of the system we want to solver

the function returns a matrix of 3 rows a m+l columns
the first row is u_k
the second row is v_k
and the third one is w_k
delt=1/m
a <- matrix(c(0) ,nrow = 3,ncol = m+1)
for(i in 1:m){
j=i+1
b=rnorm(1,0,sqrt(delt))
all,jl=all,il+a[2,i]*delt
al2,jl=al2,i]-c1*(k"2)*a[1l,i]l*xdelt+c2*al[2,i]l*delt+sig*b
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al3,jl=b+al3,1i]
}

a

#####tExamples of the graph for a solution

k=equation(10,.5,2,1000,5)

deltal=1/1000 ###inverse of m

cl <- seq(0,1, by=deltal) ####time grid

plot(ctl,k[1,],type = "1", xlab = "time",ylab = "u_5") ###plot
of u_b

###given c1=10,c2=0.5,sigma=2 and m=1000

kl=equation(10,.5,2,1000,20) ###now u_20

plot(cl,k1[1,],type = "1", xlab = "time",ylab = "u_10") ###
plot of u_20

###same parameters

#####plot of the solution
solution <- function(cl,c2,sig,m,n){
nmnn
Function to calculate the solution for [0,1]x[0,pil
are:
cl,c2,sig from the equation
m is the length of the grid for both time and space
n is the number of the systems we want to use to calculate
the solution

the function returns a matrix of m+1 rows and m+1 columns
where the entrace [i,j] means the approximation of u(t_i,x_

j)
nmnn
delta=1/m
ml=m+1
c <- seq(0,1, by=delta)
d <- matrix(c(0) ,nrow = n,ncol = ml)

for(i in 1:n){
a=ecuacion(cl,c2,sig,m,i)
for(j in 1:m1){

dli,jl=all,j]

}
}
e <- seq(0,pi,by=deltax*pi)
f <- matrix(c(0),nrow = ml, ncol = mil)
g <- c(1:n)
for(i in 1:m1){

for( j in 1:m1){
h=sin(e[j]l*g)



69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

107

108

109

110

Appendix 109

fli,jl=sqrt(2/pi)*sum(g*d[,1i])
}

#####example of solution
z=solution(10,0.5,2,1000,100)

###parameters c1=10,c2=0.5,sigma=2 and m=1000
###3and N=100

delta=1/1000 ###inverse of the grid

c <- seq(0,1, by=delta) ###partition of the time

e <- seq(0,pi,by=delta*pi) ###partition of the space

c2=c[1:121] ####cutting the time because the solutions grows
rapidly

z2=2[1:121,1:1001] ####adapting the matrix to the new time

###we call plotly library

library(plotly)

plot_ly(x=e,y=c2,z=22,type="surface") ####plot of the solution
###x is spcae, y is time, and z is the solution

nnn

Second part

the calculation of the discretized integrals given the system
calculated by the first function
we calculate the six integrals that we need for estimate the

estimators
nnn

#####from the solution of the system with parameters cl,c2,sig
,m,k
####we approximate the integral u_k"2 with respect to t in the
interval (0,1)
####and we multiplicate it by k74
integralu2dt <- function(a,k,m){
nnn
Function the mentioned integral
are:
a is the system we had simulated
k is the number of the system
m is the number of the grid

the function returns the approximate integral
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delt=1/m
c <- cQ)

for(i in

1:m){

Appendix

cl[il=((al1,i]) "2)*delt

}

k~4*xsum(c)

#####same parameters
####we approximate the integral v_k"2 with respect to t in the
interval (0,1)

integralv2dt <-

Function
are:

a is the
k is the
m is the

the mentioned

system we had
number of the
number of the

function(a,k,m){

integral

simulated
system
grid

the function returns the approximate integral

nnn

delt=1/m

c <- cQ)
for(i in

1:m){

c[il=((al2,1i]) "2) *xdelt

¥

sum (c)

#####same parameters
####we approximate the integral u_kv_k with respect to t in

the interval (0,1)
####multiplied by k™2

integraluvdt <-
delt=1/m

c <- cQ)

for(i in 1:m){
cl[il=((al2,i])*(all1,i]))*delt

¥

(k~2)*sum(c)

#####same parameters

function(a,k,m){

####we approximate the integral u_k with respect to v_k in the
interval (0,1)
####multiplied by k™2
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integraludv <- function(a,k,m){
nnn
Function the mentioned integral
are:
a is the system we had simulated
k is the number of the system
m is the number of the grid

the function returns the approximate integral

c <- cQ)

for(i in 1:m)A{
clil=((al1,il))*(al2,i+1]-al2,i])

3

(k~2) *sum(c)

#####same parameters
####we approximate the integral v_k with respect to t in the
interval (0,1)
integralvdv <- function(a,k,m){
"o
Function the mentioned integral
are:
a is the system we had simulated
k is the number of the system
m is the number of the grid

the function returns the approximate integral

c <- cQ)

for(i in 1:m){
clil=((al2,i]))*(al2,i+1]-a[2,i])

}

sum (c)

#####same parameters
####we approximate the integral u_k with respect to w_k in the
interval (0,1)
####multiplied by k™2
integraludw <- function(a,k,m){
nnn
Function the mentioned integral
are:
a is the system we had simulated
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k is the number of the system
m is the number of the grid

the function returns the approximate integral

c <- cQ)

for(i in 1:m){
cl[il=((all,i]))*(al3,i+1]1-al3,1i]1)

3

(k~2)*sum(c)

#####same parameters
####we approximate the integral v_k with respect to w_k in the
interval (0,1)
integralvdw <- function(a,k,m){
nnn
Function the mentioned integral
are:
a is the system we had simulated
k is the number of the system
m is the number of the grid

the function returns the approximate integral

c <- cQ)

for(i in 1:m){
clil=((al2,i]))*(al8,i+1]1-a[3,i])

3

sum (c)

Third part of the code

#####We make a estimation of the parameters
#####using the first n fourier terms of the solution
####with a grid of lenght m in the interval (0,1)
####the original equation has parameters cl, c2 and sigma
estimators <- function(mn,cl,c2,sig,m){

nnn

Function that calculates the estimators

the parameters are:

n number or fourier terms calculated

cl, c2,sig parameters of the original equation

m the number of the length grid
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the function returns a vector with the real parameters and
then the estimators

nnn

d <- matrix(c(0),nrow=7, ncol = n)

for(i in 1:n){
#####simulate the system for every term of the fourier

series
a=equation(cl,c2,sig,m,i)
####we calculate the integrals for every system
e <- cQ)
e[l]l=integralu2dt(a,i,m)
e[2]=integralv2dt(a,i,m)
e[3]=integraluvdt(a,i,m)
e[4]=integraludv(a,i,m)
e[b5]=integralvdv(a,i,m)
e[6]l=integraludw(a,i,m)
e[7]=integralvdw(a,i,m)
for(j in 1:7){
dlj,il=elj]

}

X

######sum all the integrals

jin=sum(d[1,])

j2n=sum(d[2,])

ji2n=sum(d [3,])

biln=-sum(d[4,])

b2n=sum(d [5,])

xiln=sum(d[6,])

xi2n=sum(d[7,1)

######calculate the estimators

cln=(bln*j2n+b2n*j12n)/(jln*j2n-((ji2n) ~2))

c2n=(bln*j12n+b2n*jin)/(jiln*j2n-((j12n) "2))

z <- c(cl1,c2,cln,c2n)

z ####vector of real parameters and estimators

}

####Two examples
estimators (100,10,-0.5,2,10000)
estimators (100,10,0,2,10000)

####### Note

####cl must be greater or equal to 1 and c2 is between 1 and
-1

estimators2 <- function(mn,cl,c2,sig,m){
nnn

Function that calculates the estimators

113
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the parameters are:

n number or fourier terms calculated

cl, c2,sig parameters of the original equation
m the number of the length grid

the function returns a matrix of two rows and n columns,

the first row is C_{1,i} for every i=1,...,n

and the second is C_{2,i}

d <- matrix(c(0) ,nrow=7, ncol = n)

for(i in 1:n){
#####calculate for every the system
a=equation(cl,c2,sig,m,i)
####calculate the integrals for every i
e <- c(Q)
e[l]l=integralu2dt(a,i,m)
e[2]=integralv2dt(a,i,m)
e[3]=integraluvdt(a,i,m)
e[4]l=integraludv(a,i,m)
e[5]=integralvdv(a,i,m)
e[6]l=integraludw(a,i,m)
e[7]=integralvdw(a,i,m)
for(j in 1:7){

dlj,il=elj]

}

}

######calculate all the terms to obtain the estimators

jl1<-c O

j2<-c O

j12<-c()

bl<-c ()

b2<-c ()

xil<-c()

xi2<-c ()

for (j in 1:mn){
jiljl=sum(d[1,1:j1)
j2[jl=sum(d[2,1:j])
j12[jl=sum(d[3,1:31)
b1[jl=-sum(d[4,1:3])
b2[jl=sum(d[5,1:j])
xi1[jl=sum(d[6,1:j])
xi2[jl=sum(d[7,1:j])

}

#####t##calculate the vectors of the estimators

cln=(b1*j2+b2%j12)/(j1*xj2-((j12)"2))

c2n=(b1xj12+b2*3j1)/(j1*j2-((j12)°2))

c=c(cln,c2n)

Appendix
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d=matrix(c,ncol = n,nrow = 2,byrow = TRUE)
d
}
###Example of the two estimators plot of them and how they
are asymptic to the real
###parameters
w=estimators2(100,50,-.5,0.8,10000)
z=c(1:100)
plot(z,w[1,], type = "1", col="blue",main = "C_{1,N} as N->
infty", xlab = "N", ylab = "C_{1,N}")
abline(h = 50,col="red")
plot(z,w[2,], type = "1", col="blue",main = "C_{2,N} as N->
infty", xlab = "N", ylab = "C_{2,N}")
abline(h = -.5,col="red")
estimators3 <-function(o,n,cl,c2,sig,m){
nnn
Function that calculates o the estimators
the parameters are:
n number or fourier terms calculated
cl, c2,sig parameters of the original equation
m the number of the length grid
the function returns a matrix of two rows and o columns,
the first row is o estimations of C_{1,N} and the second

row

is o estimatons of C_{2,N}

nonn

cldif <- c()

c2dif <- c()

for(i in 1:0){
a=estimators(mn,cl,c2,sig,m)
cldif [il=a[1]-a[3]
c2dif [i]l=a[2] -a[4]

}

c=c((n~(3/2))*c1dif ,(n"(1/2))*c2dif)
d=matrix(c,ncol = o,nrow = 2,byrow = TRUE)
d

###Example of o estimations of both estimators

115
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y=estimators3(100,100,10,0,2,10000)

####Histograms of both parameters

hist(y[1,],freq = FALSE, main = "100 estimations", xlab = "N
~(3/2)*(Cc_{1,N}-\lambda_1)", ylab = ”density")
hist(y[2,],freq = FALSE ,main = "100 estimations", xlab = "N~ (1

/2)*(C_{2,N}-\1lambda_2)", ylab = "density")
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