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Abstract

This thesis deals with the geometrical structures that underlie the parameter space of a
physical system. We begin by introducing the Berry phase, connection and curvature.
The Berry phase is the flux of the Berry curvature and emerges in a quantum system when
we traverse adiabatically a circuit in parameter space. After understanding this object,
we present the quantum metric tensor which encodes how distances are measured in
parameter space in a gauge-invariant manner. It turns out that both the Berry curvature
and the quantum metric tensor can be obtained, respectively, as the imaginary and real
part of the quantum geometric tensor. The description can be broadened to include
also a non-Abelian gauge structure that appears when considering degenerate quantum
states. All these results are then cast in terms of Hermitian operators that generate
displacements in parameter space, which will later turn out to be of special importance.
Later, we introduce a path integral approach to treat the quantum geometric tensor and
prove the equivalence between this description and the initial perspective based on the
Hilbert space.

Once the basic tools have been presented, we introduce a novel phase space formu-
lation of the parameter space geometry whose protagonist is the Wigner function. We
establish the Abelian and non-Abelian descriptions and illustrate the approach with two
examples.

In the following part, with the help of the classical analogs of the generators of
displacements in parameter space, we reformulate the Hannay curvature, which is the
classical analog of the Berry curvature. After this, we reach the central part of the work
by introducing the classical analog of the quantum metric tensor, a novel object that
measures the distance in the parameter space of a classical integrable system. Then,
we present an equivalent time-dependent approach that arises from the semiclassical
approximation of the path integral approach to the quantum geometric tensor.

We devote a good part of this thesis to the presentation of examples that illustrate
the use of the different formulations and help us establish a comparison between the
quantum and classical results. This will form the basis for the analysis of the Dicke and
Lipkin-Meshkov-Glick models, where we use the quantum and classical metric tensors
and their scalar curvatures to study quantum phase transitions in the thermodynamic
limit, as well as their precursors for finite sizes of the system.

Finally, we find a relativistic Runge-Lenz vector for a modified Klein-Gordon equation
that preserves the SO(4) symmetry. We describe its extraction from the N' = 4 super
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Yang-Mills theory through a particular Higgs mechanism and connect its symmetries
with those of the relativistic harmonic oscillator.



Resumen

Esta tesis trata sobre las estructuras geométricas subyacentes al espacio de parametros
de un sistema fisico. Comenzamos presentando la fase de Berry, su conexiéon y curvatura.
La fase de Berry es el flujo de la curvatura de Berry y aparece en un sistema cuéntico
cuando recorremos adiabaticamente un circuito en el espacio de parametros. Después
de entender este objeto, introducimos el tensor métrico cuantico, el cual codifica como
se miden las distancias en el espacio de pardmetros en una forma invariante de norma.
Vemos que tanto la curvatura de Berry como el tensor métrico cuantico pueden obten-
erse, respectivamente, como la parte imaginaria y real del tensor geométrico cuéntico.
Esta descripcién puede ampliarse para incluir una estructura de norma no Abeliana que
aparece al considerar estados cuanticos degenerados. Todos estos resultados se formulan
luego en términos de operadores Hermitianos que generan desplazamientos en el espacio
de parédmetros, que seran luego de especial importancia. Posteriormente, introducimos
el enfoque de integral de trayectoria del tensor geométrico cuantico y demostramos la
equivalencia entre esta descripcion y el enfoque inicial basado en el espacio de Hilbert.

Ya que las herramientas basicas fueron introducidas, presentamos una nueva formu-
laciéon en el espacio fase de la geometria del espacio de parametros cuyo protagonista
es la funcion de Wigner. Establecemos las descripciones Abelianas y no Abelianas e
ilustramos el enfoque con dos ejemplos.

En la siguiente parte, mediante los analogos clasicos de los generadores de desplaza-
mientos en el espacio de pardmetros, reformulamos la curvatura de Hannay, que es el
analogo clasico de la curvatura de Berry. Después, llegamos a la parte central del trabajo
al introducir el andlogo clasico del tensor métrico cuéntico, un objeto nuevo que mide la
distancia en el espacio de pardmetros de un sistema integrable clasico. Luego, presenta-
mos una fomulacion equivalente dependiente del tiempo y que surge de la aproximacion
semiclasica del enfoque de integral de trayectoria del tensor geométrico cuantico.

Dedicamos una buena parte de esta tesis a presentar ejemplos que ilustren el uso
de las diferentes formulaciones y nos ayuden a establecer una comparacion entre los
resultados cuanticos y clasicos. Esto formaré la base para el analisis de los modelos
de Dicke y de Lipkin-Meshkov-Glick, donde usamos el tensor métrico cuéntico y clasico
y sus curvaturas escalares para estudiar las transiciones de fase cuanticas en el limite
termodinamico, asi como sus precursores para tamanos finitos del sistema.

Finalmente, encontramos un vector relativista de Runge-Lenz para una ecuacion de
Klein-Gordon modificada que preserva la simetria SO(4). Describimos su obtencion
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a partir de la teorfa super Yang-Mills N/ = 4 mediante cierto mecanismo de Higgs y
conectamos sus simetrias con las del oscilador armoénico relativista.
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Introduction

There is a deep interplay between geometry, information theory and quantum mechanics
[1]. A fundamental element in geometry is the metric tensor which allows to measure
distances. A metric of great interest that is defined for statistical spaces is the Fisher
metric. This metric plays an important role in the study of information in quantum
mechanics [2], where it is called Bures metric [3] for mixed states, and Fubini-Study
metric, or quantum geometric tensor for pure states [4]. When the real part of this
tensor is taken, the quantum metric tensor is obtained; Provost and Vallee [5] motivated
the definition of this quantum metric by requiring that the distance induced by the inner
product in Hilbert state space be gauge independent with respect to the parameter space.
On the other hand, the imaginary part of the quantum geometric tensor gives rise to
the Berry curvature [6], which was given a formal geometric interpretation by Simon |7]
and is central in the study of adiabatic phenomena. The celebrated Berry phase appears
as the flux of the Berry curvature through the enclosed area of a circuit in parameter
space that is adiabatically traversed. The Berry phase was seen to possess a classical
counterpart, the Hannay angle [8], and the relation between them was established by
Berry through the semiclassical approximation of the wave function [9]. The Berry phase
was later generalized for a non-adiabatic evolution and for general quantum states in the
framework of the projective Hilbert space [10]|. Likewise, the Fubini-Study distance was
shown to induce a measure of speed in the projective Hilbert space for a general evolution
[11, 12].

Nowadays, the quantum metric tensor and the Berry curvature have found a broad
range of applicability in quantum mechanics, as well as in other areas of physics like
condensed matter and information theory. For example, information theory concepts like
fidelity are deeply related to the quantum metric tensor and can be used to predict phase
transitions in quantum systems [13]. Also, divergences that appear in the components of
the quantum metric metric tensor are intimately related to quantum phase transitions
[14-20]; for instance, there is a complete study of the Riemannian geometry associated
with the spin XY chain in a transverse field [15, 21], where different types of singularities
in the metric and curvature are described, and experiments that can account for these
phenomena are suggested [21]. The quantum metric tensor has also great relevance in
the study of superfluids [22], Bogoliubov quasiparticles |23|, and more recently, it has
proven to be an essential element in quantum computation [24-26] and complexity [27].

The geometric perspective has also been fruitful in the understanding of other branches

XV



xvi Introduction

of physics. For instance, in thermodynamics it has evolved since the proposals of Wein-
hold and Ruppeiner [28-31], until the more recent geometrothermodynamics [32, 33|,
which has even been applied to black holes and cosmology. Therefore, the relation be-
tween geometric objects and physical properties has been successfully implemented and
has been found to possess a great predictive power. It also leads to a deeper insight of
the physical phenomena under consideration. In this spirit, different experiments have
been proposed to measure the quantum metric [34-38].

Another area of interest that departs from the previous topics is the study of NV = 4
super Yang-Mills theory (SYM), which is central to theoretical high energy physics. Re-
cent developments in the integrability of ' =4 SYM have made possible the complete
calculation of all tree-level amplitudes as well as up to fourth order loops in perturbation
theory [39]. This was accomplished by using a duality symmetry in momentum space.
The integrability has its origins in the existence of generators of symmetries that trans-
form the fields in the internal space of the theory. In this context, in [40] it was raised
the question about the possibility of constructing a consistent relativistic quantum field
theory that preserves the analogous of the Runge-Lenz vector of the attractive Coulomb
potential in classical mechanics. The answer to this question is that it is indeed possible
and that the theory is precisely N' = 4 SYM processed by a Higgs mechanism that gives
mass to some scalars fields.

In this work, our first purpose is to delve deeper into the study of the quantum geo-
metric tensor. To do this, we will relate and illustrate two approaches to its computation
and introduce a new formulation in terms of the Wigner function formalism. A second
purpose is the investigation of a classical analog of the quantum metric tensor. Our
motivation is that information from parameter space can be retrieved through classical
methods since quantum systems may possess features that are attainable through the
computation of classical geometric objects that have a similar structure as the quan-
tum ones. This will lead us to the application of the quantum and classical methods to
the analysis of many-body systems that are important in quantum optics and nuclear
physics. Our last purpose is to obtain a relativistic hydrogen-like theory from N = 4
SYM which will preserve the SO(4) symmetry that is lost in the usual minimal-coupling
prescription. This will motivate the consideration of a Higgs mechanism on the La-
grangian of A = 4 SYM, and then to the application of the enhanced symmetry to the
solution of the resulting equation.

The structure of the thesis is as follows. Chapter 1 provides an overview of the
fidelity approach to quantum phase transitions and summarizes some geometrical con-
cepts that are relevant for this work. Chapter 2 deals with the quantum construction of
the parameter space geometry. The Berry phase, connection, curvature, as well as the
quantum metric tensor and quantum geometric tensor are described. Two approaches
are introduced and are proved to be equivalent. In Chapter 3, we present a Wigner
function formulation of the Abelian and non-Abelian quantum geometric tensors and
complement the concepts with two examples. In Chapter 4, we introduce the Hannay
angle, connection and curvature, and propose the classical analog of the quantum metric
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tensor. These classical objects are obtained from a semiclassical approximation of their
quantum counterparts and different expressions to compute them are presented. Chap-
ters 5 and 6 treat several examples using the two approaches to the quantum and classical
geometric quantities. In Chapters 7, 8 and 9, we study the quantum phase transitions in
the Dicke and Lipkin-Meshkov-Glick models through the use of the quantum metric ten-
sor, its classical analog, and their scalar curvatures. In Chapter 10, we introduce a Higgs
mechanism on the N' = 4 super Yang-Mills theory that yields a relativistic equation for
the Coulomb potential that preserves the SO(4) symmetry, and thus, allows us to build
a relativistic Runge-Lenz vector to find the solutions. We illustrate the Kustaanheimo-
Stiefel duality between this system and the relativistic harmonic oscillator and relate
their constants of motion. Finally, some conclusions and directions for future research
are laid out in Chapter 11.






Chapter 1

Quantum phase transitions and
geometry

The goal of this chapter is to provide a brief account of the basic tools to understand the
fidelity approach to quantum phase transitions, as well as some notions of Riemannian
geometry that will be used throughout this work. These two apparently different subjects
will be seen to merge in the next chapter, where important concepts such as the Berry
curvature and the quantum metric tensor appear.

1.1 Fidelity approach to quantum phase transitions

A quantum phase transition is characterized by a change in the analytic properties
of the ground state. As opposed to classical phase transitions (thermodynamic phase
transitions), it is usually said that quantum phase transitions occur at zero temperature
to remark that they are not driven by thermal fluctuations, but by fluctuations associated
with the Heisenberg uncertainty principle [41]. In this sense, a quantum phase transition
can occur when the parameters that appear in the Hamiltonian are varied.

In the context of quantum many-body systems, the main focus is on second-order
phase transitions, also known as continuous phase transitions. In terms of the Ehrenfest
classification scheme, we say that an nth-order quantum phase transition occurs when
the nth derivative is the lowest order derivative which is discontinuous. Usually, second-
order phase transitions occur in many-body systems in the limit where the system’s
extension becomes infinite (thermodynamic limit), thus leading to a non-analyticity at
a critical value z = x, in the ground state energy. The non-analyticity could be either
the limiting case of an avoided level-crossing or an actual level-crossing [41].

Given that drastic changes in the ground state occur at a quantum phase transition,
we expect that a measure of the degree of similarity between quantum states can provide
a characterization of that phenomenon. In this respect, we can use a concept borrowed
from quantum information: the fidelity. This quantity measures the closeness between
two quantum states, yielding the value of unity if both states are the same, or zero in
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case they are orthogonal. Given two pure quantum states, denoted as |1);) and |1)9), the
fidelity F is the modulus of their overlap, i.e. [13],

F(1,102) = [(¥r]th2)]. (1.1)

It is worth noting that unlike the overlap, the fidelity is the same regardless of the phases
of each state!. The fidelity has the following properties:

F (b, 1bs) Wb
F(Upr, Uta) = F (1,12
f(¢1®901>¢2®902) :‘/—-.d)lad}Q ]:(()017@2)’ (12)

where U represents a unitary transformation and [¢), |¢) are the states of different
subsystems. Fidelity can also be used to compare mixed states described by the density
matrices p; and ps. The most widely-used definition in this case is the Uhlmann fidelity
[44] given by

F(p1sp2) = "Tr\// pr1p2/ pr- (1.3)
This definition satisfies the properties (1.2). For pure states, we have p; = [¢1) (11| and
p2 = |12) (12|, and the Uhlmann fidelity reduces to (1.1).
A closely related concept to fidelity is the Fubini-Study distance [45, 46]. Consider the
quantum states [¢1) and |is), then the Fubini-Study distance between them is defined
as

dps(Pr1,92) = /2 = 2[(Un]en)| = /2 — 2F (¢1,2). (1.4)

It can be shown that it satisfies the three axioms of a distance function [1]:

drs(¥1,12) =0 <= |t1) = [th),
dps(V2, 1) = dps(1,1)2),
drs(P1,¥3) < dps(¥1,v2) + drs(ia, 13). (1.5)

To gain more intuition about the fidelity and the Fubini-Study distance, we can easily
establish an analogy with basic concepts of Euclidean geometry. Let & and y be two
unit vectors in R2. The Euclidean distance between these two vectors can be obtained

lz—yll=V(x-y) (x-y)=v2-2x-y, (1.6)

where x-y denotes the scalar product. If # is the angle between the vectors, we know that
@ -y = cosf. Therefore, comparing (1.6) with (1.4), we see that the fidelity is analogous
to the cosine of the angle between the vectors, whereas the Fubini-Study distance is
analogous to the Euclidean distance.

!There is an alternative definition of fidelity given by |(t1|12)|? (see [42, 43]). However, in this work
we will employ (1.1) only
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Now, when the states under consideration in the evaluation of the Fubini-Study
distance (1.4) are infinitesimally separated such that |¢) = [¢) and |¢9) = [¢) + [0v),
then the Fubini-Study metric, also known as the quantum metric tensor, is obtained. We
will see the emergence of this object in the next chapter following the work of Provost
and Valle [5]. It is worth mentioning that the Fubini-Study metric can also be shown to
appear when the Fisher metric, which is used in information theory to provide a measure
of distance in a statistical manifold, is extended to a complex projective space [2].

Finally, regarding the generalization to mixed states, if equation (1.4) is evaluated
with the Ulhmann fidelity (1.3) instead of (1.1), then we obtain the so-called Bures
distance [47]. The infinitesimal expansion of this distance results in the Bures metric,
which is in general not easy to calculate due to the presence of the symmetric logarithm
derivative operator |3].

1.2 Elements of Riemannian geometry

We now provide a brief account of the basic geometric tools that will later be useful for
analyzing the parameter space of a given system. The differential-geometric construction
begins with the concept of manifold. A (differentiable) manifold M of dimension N is
a topological space that locally resembles RY. In this sense, we can assign coordinates
r, = {z'}, i = 1,...,N) to an open subset A, C M that provide a one-to-one map
bo : Ao — RY such that the image ¢,(A,) is open in RY. The pair {A,, @, } is called a
chart. We further require that the union of all the charts |, A, cover the manifold, and
that where two charts intersect, the map (¢, o qb/gl) is infinitely differentiable, meaning
that the charts are smoothly sewn together [48].

At this point, we introduce the Einstein summation convention to write compact
expressions for sums by omitting the symbol Y. In this way, when the same index
appears two times, one as a subscript and the other as a superscript, a sum is implied.
We call this a contraction. For example, the expression Vw; means Zf\il Viw;.

We now proceed to the introduction of tensors on a manifold. We begin with the con-
cept of a vector. A (contravariant) vector at a point P is an object whose N components
{V'} transform as

i i oz j
ViV = @V (1.7)
under a change of coordinates x — 2’ = 2/(z). Here, the derivatives are evaluated at P.
The set of all the vectors that are defined at P is known as the tangent space Tp. The
(coordinate) basis of this vector space is the set of directional derivatives at P, therefore,
a vector V is written as V = V'9;, where 0; := 822..
Analogously, we define a covariant vector, or one-form, as an object whose N com-
ponents {w;} transform as

ox?

/_
Wi — w; = ij

(1.8)
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under the change of coordinates + — 2’ = 2/(x). The set of all the one-forms at a given
point P is called the cotangent space T and its (coordinate) basis is formed by the
differential displacements dz*, thus, a one-form is expanded as w = w;dx’.

More generally, we define a tensor of rank (m,n) as an object whose components

T“""";l_.jn transform as
P i, 00 et dahdah (1.9)
J1dn Judn gk Oxkm Ox'i ox'in biln )

under the change of coordinates x — ' = 2/(z). In this case, the tensor is expressed as
T = Til"'i*;l_.,jn@il ®---®0;, ®dr" ®---®da!. We readily recognize that vectors are
(1,0) tensors and one-forms are (0, 1) tensors. It is important to note that an object with
no free indices, like the contraction Viw;, is invariant under coordinate transformations
due to the properties (1.7) and (1.8). Such an object is called a scalar and is a (0,0)
tensor.

A fundamental object in Riemannian geometry is the metric tensor g;;(z), which
allows us to measure distances on the manifold M. The metric is a symmetric (0, 2)
tensor, hence, its components transform as

Dt O
T (1.10)

/ —_—
9is = 9ij = ox't 0x"

under the change + — 2’ = 2/(z). The metric tensor defines an inner product over M
which is invariant under coordinate transformations: V - W = g¢;;V'W7. This, in turn,
allows us to define the (squared) norm |[V||* = V-V, and as a consequence, to measure
distances. The metric is also non-degenerate, i.e., V - W = 0 for all V only if W = 0.
In particular, this means that the matrix with elements g;; is invertible at every point.
Denoting the components of the inverse metric as g/, we have that g*g,; = d7. With
this at hand, we can find the infinitesimal (squared) distance between two points whose
coordinates are z and = 4 dzx as

ds? = gi;(x)da'da’. (1.11)

Other tensors of interest are differential forms, or n-forms, which are completely
antisymmetric (0,7n) tensors. To discuss their properties, we first introduce the wedge
product defined as

dz' Ada? = é(dauZ ®dz! —da! @ dz') = —da’ A da'. (1.12)

Naturally, dz* A dz* = 0. Under the coordinate transformation z — 2’ = 2/(z), we see
that dz’ A dz? transforms as [49)

dz" 9x" Oz Ox”
dzk dxt Ozl Ot

dz' Ada? — da”* Ada? = ( > da® A da!, (1.13)
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which is precisely the transformation rule of an area element. An n-form w defined on
the manifold M is then expressed as

1 . :
W = =W, dz’t A Adat, (1.14)
n

where the coefficients w,...;, are completely antisymmetric. The dimension of the vector
space A"(x), which contains all the n-forms at a point P with coordinates z, is (]Z ) =
% The wedge product can be used to operate between differential forms. If w is
an m-form and 7 is an n-form, then

(m +n)! , . , ,
w /\ /'7 - m!n! w[il"‘i7rlnim+1"'im+’n]dx21 /\ e /\ dxz /\ dxzm+1 /\ T /\ de7IL+7L (1'15)
gives as a result an (m + n)-form, where [- - -] performs the antisymmetrization of the

indices contained inside the brackets. Also,
wAn=(=1)""nAw. (1.16)

The n-forms can be differentiated with the aid of the exterior derivative. This operation
takes n-forms into (n + 1)-forms as

' i1 Wipei AT AT A Ada™, (1.17)
n

1 . :
d (—wil.‘.i"dx“ ARREWA de”) = (n+1)9,

The exterior derivative of the wedge product of an m-form w and an n-form 7 is
dlwAn) =dwAn+(—1)"w Adn. (1.18)

Furthermore, d(dw) = 0. The exterior derivative allows us to state an important result
that generalizes the fundamental theorem of calculus: the Stokes theorem. It says that
given an (n — 1)-form w and an orientable n-dimensional manifold €2, then

/dw _ /w, (1.19)

Q o0

where 02 is the boundary of €.

Finally, we can characterize the local behavior of our manifold M with the Riemann
tensor R’ ;. This object can be constructed from second derivatives of the metric
combined in a specific way and it contains all the information about the curvature in
the vicinity of a given point. Essentially, it arises from the commutator of the covariant
derivatives which are formed from a metric-compatible and symmetric connection, i.e.,
the Levi-Civita connection (for more details, see [48]). In two dimensions, which will be
the case for the models that we analyze in Chapters 7, 8, and 9, the Riemann tensor has
only one independent component, and thus, its contraction R = ¢ R*,,. known as the
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scalar curvature (or Ricci scalar) provides an invariant measure of the curvature. Using
local coordinates x = (x!, 2?), the scalar curvature can be computed as [50]

1

V9

a9 {L(Q_@L_%H

R=-—(A+B) (1.20)

where

~ 02! V9 \gn 0x* Ozl
0 1 0g12  O0gni 9120911
— | [tz I Ji27Jll 1.21
Ox? L/ﬁ ( ozt dx? gy 0zt )]’ (121)

and ¢ is the determinant of the metric.

As a first example to illustrate the concept of scalar curvature, let our manifold M
be a sphere with radius a. We take as our coordinates the polar and azimuthal angles,
hence, x = {z'} = (0,¢), (: = 1,2). The infinitesimal squared distance between two
points on the sphere is given by

ds® = a?dé? + a*sin® 0 d¢?, (1.22)
from which we can extract the metric tensor
9ij = ((102 a? s?n2 9) ' (1.23)
Using equation (1.20), we find the scalar curvature
R % (1.24)

This result indicates that a sphere has a positive constant curvature. Furthermore,
increasing the radius makes the curvature smaller, as we intuitively expect, and in the
limit @ — oo the scalar curvature approaches to zero, which is the curvature of a plane.

As our second example, we consider the Lobachevsky space H? |51|. Taking as our
coordinates x = {z'} = (p,0), (i = 1,2), the distance element is

ds? = a*(dp* + sinh® pd6?), (1.25)

where a > 0 is a constant. The metric tensor is

a? 0
ij = ( 0 a’sinh?p)’ (1.26)
and its resulting scalar curvature is

2
The negative scalar curvature means that this manifold has hyperbolic geometry, thus
having a saddle-like shape at each point.



Chapter 2

Quantum geometric tensor

In this chapter, we summarize the basic results concerning the emerge of the Berry
phase [6] and the quantum metric tensor, and the associated geometric structure that
naturally appears. We remark the important feature that all the geometric quantities
can be rewritten in terms of the generators of translations in parameter space, and
note that this will later prove to possess great relevance. Then, we introduce the path
integral approach to the quantum geometric tensor and prove our first result: that the
expressions obtained under this formulation are the same that those obtained with the
generator approach. Finally, we provide the different ways of computing the objects that
encode the geometry of the parameter space.

2.1 The Berry phase, connection and curvature

The notion of adiabaticity is usually introduced through a system with a Hamiltonian
H(z) that depends on some parameters z(t) = {z‘}, i = 1,..., M, which at the same
time have a dependence on time!. We say that we are in the adiabatic regime when
the time it takes the parameters to change appreciably is much longer compared to the
natural time scale of the system [4]. Moreover, the parameters change in a form which
is independent of the dynamics of the system. The adiabatic theorem states that if a
quantum system begins in the Hamiltonian’s eigenstate |n(z)), then after an adiabatic
evolution where the parameters change from = to x 4+ dx, the system will remain in the
same state eigenstate, assuming that the nth energy level is non degenerate. In this
work, we restrict ourselves to the consideration of the adiabatic regime. Generalizations
of some of the geometric structures that will be introduced and some aspects of the
parameters’ choice can be found in [10] and [52], respectively.

The time evolution in the adiabatic approximation is obtained by solving the instan-
taneous Schrédinger equation

H(z)|n(2)) = Ea(2)In(x)). (2.1)

! Along this work, the parameters z(t) will be denoted as x to simplify notation.

7
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The result is that during evolution, the state will acquire a dynamic phase

t

o (t) = exp —% / At B, (1)) | (2.2)

and a so-called geometric phase

Yu(t) = /tdt’z'<n %> = /tdt’i(n]h). (2.3)

0 0

If the system is taken through a closed curve C' : {z' = z'(t) |t € [0,T]} in parameter
space, the geometric phase can be written as

() = f dat A (2.4)
C
where
A = z<n %> = i(n|Oin). (2.5)

We see that this introduces a one-form A(™ that in local coordinates is expressed as
A = Aﬁ") dz" (we use the Einstein summation convention), and thus,

Y (C) = 7{ A, (2.6)

This geometric phase 7, (C) is known as Berry phase [6]. Using Stokes theorem, we can
cast it in the form

Y (C) = / F), (2.7)

with F™ = dA™ and ¥ a surface such that C = 9. In local coordinates, the two-form
F™ ig ]
F = 5 et A dad (2.8)

where

F = 9,40 — 9,4, (2.9)

We assume that we are working with an orthonormal set of states such that (m|n) = 0,,,.
Taking the derivative of this condition with respect to z¢, we see that

(0im|n) = —(m|0in), (2.10)
and letting m = n, we conclude that

Re(n|o;n) = 0. (2.11)
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This indicates that Ag") = i(n|0;n) is real, hence,

A™ = _Im(n|om). (2.12)

]

Of course, this also entails that Fi(f) is real and can be written as

F =i ((0m|9;n) — (9;n]0m)) = —Im ((9;n|0;n) — (9;n]0m)) . (2.13)

[
iAn

We know that two states differing by a phase are equivalent, so the state |n') = e"**|n)

yields the same expectation value as |n) for any observable. We see that both AE"),
and Fi(;l), and thus the Berry phase, remain invariant under this phase transformation.
However, if we allow the phase to depend on the parameters x, i.e., we perform the local
phase transformation

n) — ') = *@n), (2.14)
we see that
AP 5 A = A 9, (2.15)
(n) (n) __ a(n)
Fij — Fij = F@'j ) (2.16)

This transformation is reminiscent of the Abelian U(1) gauge transformation of electro-
magnetism, thus A is really a connection one-form (Berry connection), and F™ is
its curvature two-form (Berry curvature) |7, 53]. Notice that the Berry phase remains
invariant too.

2.2 Quantum metric tensor

We can easily see that the distance in Hilbert space naturally induces a metric. The
square of this distance between quantum spaces infinitesimally close is given by

dL*(n(z),n(z + é6z)) = (n(z + dx) — n(z)|n(x + oz) — n(z)). (2.17)
Expanding this function to second order, we see that
dL*(n(z),n(x + dx)) = 'yi(;)éxiéxj, (2.18)

where ") = 1 ((9m|0jn) + (9;n|9;n)). This might lead us into thinking that the sym-

)
metric matrix %(77) is the natural choice of metric for our parameter space. However, this

“metric” is not invariant under the U(1) gauge transformation
In) — |n') = @ p), (2.19)

Provost and Valle [5] noticed that another term can be added to %(;L) such that now we
have a gauge invariant metric, also known as the quantum metric tensor:

9% = Re ((9m|d;n) — (Fn|n) (n|o;n)) , (2.20)
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and hence, the appropriate (squared) distance ds? between the two infinitesimally near
quantum states is now given by

ds® = gg-l)dxiéxj, (2.21)

which can also be written in terms of the quantum fidelity F(xz,z + dz) = [(n(z +
dz)|n(x))| as

ds* =2 — 2F(z,x + o). (2.22)
Therefore, as anticipated in Chapter 1, ds = \/ 2 — 2F(z,x + 0x) is the infinitesimal
() is also called the Fubini-Study

1]

version of the Fubini-Study distance which is why g
metric.

The fact that gg-l) is actually a tensor of rank (0, 2) is easily proved, since it is evident
from (2.20) that under the change of parameters z* — z’" = z''(x), it transforms as

wmy OxF 02t
(n) _ (n)
9 9t g M

(2.23)

Besides, it is positive semidefinite [4], so that the length of any curve C' on the parameter

space is
I(C) = / \/ggb)éxiéxj > 0. (2.24)
c

2.3 Abelian and non-Abelian quantum geometric ten-
sor

The (Abelian) quantum geometric tensor for the nth non-degenerate quantum state is
defined as

GZ(;?) = (9;n|0;n) — (Oin|n)(n|o;n). (2.25)
It is easily seen that it can be separated as
) _ () L om)
Gi =95 — 55 (2.26)

so that the metric and the Berry curvature can be extracted from the quantum geometric
tensor as

g =ReG, F = 2ImG. (2.27)

ij

We can as well introduce the non-Abelian quantum geometric tensor [54]. This
object is a generalization of the quantum geometric tensor (2.25) to degenerate states of
a quantum system. Let us consider a Hamiltonian H that depends on a set of M adiabatic
parameters z = {z'}, and suppose that the nth energy level is g, times degenerate, i.e.,

~

H(z)|ni(z)) = Eo(x)|n(z)), I=1,2,..,0n, (2.28)
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Assuming that we have chosen an orthonormal set of eigenstates on the nth subspace,
(ny(x)|ns(x)) = 01y, the non-Abelian quantum geometric tensor is defined as

K=1

G, = (Omi] (1—Z|nK nK|) 0;n5). (2.29)

Of course, in the non-degenerate case g, = 1, this non-Abelian tensor reduces to the
Abelian one (2.25). Under the unitary phase transformation

n1(x)) = [ng(x Z ny (2 (), (2.30)

where U}’}) (x) are the entries of a unitary matrix of dimension g, X g,, the geometric
tensor (2.29) transforms as

gn

Gz]IJ - ngu = Z UKI ngLUXLI) (2.31)

K,L=1

From this tensor, we can extract the non-Abelian quantum metric tensor

gz(jI)J (GZLIJ + GE;JI) (2'32)
and the non-Abelian Wilczek-Zee curvature [55]

Fity =i (GE?I)J - GZ‘E) : (2.33)

In the degenerate case, the application of the adiabatic theorem gives as a result that
at the end of a cyclic evolution, the system will remain in the nth subspace acquiring a
dynamical phase (the same as in the Abelian case), and a geometric phase (Wilczek-Zee
factor [55]) which now is

V =P exp 1'7{,401) : (2.34)
C

where P denotes path-ordering and A™ is the matrix one-form
A = A g (2.35)
with elements
AP = i(ng|0iny). (2.36)

It is easily found that under the unitary transformation (2.30), the one-form A trans-
forms as

A . A4) — )t g(n)gr(n) + iU(”)T(dU(”)), (2'37)
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or in component form,
AWy 41 = gt A g gt g,u ). (2.38)

This is precisely the transformation associated with a connection of the non-Abelian
gauge group SU(N). The corresponding non-Abelian curvature two-form F™ is written
as

1 . 4
F = §F§j Jda' A da?, (2.39)

where the matrix elements of Fi(jn) are given by (2.33). In differential-form notation, the
Wilczek-Zee curvature takes on the familiar form

F™ = dA™ — A0 A A0 (2.40)
or, in terms of components,

Y =0,AM — ;A" — (A, A, (2.41)

v

The Wilczek-Zee curvature is not gauge-invariant, as opposed to the Abelian case; it
transforms as
FW o v — gt piy ), (2.42)

However, due to the cyclic property of the trace, TrF™ is gauge-invariant.

From now on, when using the term quantum geometric tensor, we only refer to the
Abelian tensor (2.25), except in Chapter 3, where both the Abelian and non-Abelian
geometric tensors are treated.

2.4 Generator approach to the quantum geometric ten-
sor
Now, we introduce the concept of generator of translations in parameter space, also

known as adiabatic gauge potentials [56]. First, note that the displaced state |n(x +0x))
is given, to first order in dx by

In(z + 6x)) = |n(x)) + din(x))da’, (2.43)

so we can rewrite this displacement in terms of the unitary translation operator 7 (dx) =

’G 6z'. Notice that the unitarity of 7(dz) implies that all G;, which we shall call
generators of translations in parameter space (or simply, generators), are Hermitian.
Thus, our G; will satisfy the differential equation

ihd;|n(z)) = Gy|n(z)). (2.44)
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This simple, but crucial observation, enables us to rewrite all the geometric quantities
we have defined so far in terms of the G;:

AP = (G, (2.45)
) _ i({(;. Gi])n = Im (_lq@. Gi)) ) (2.46)
ij hZ iy il/in FLQ 1y Ml/n ) .

08" = 3 (3UC Gl — (GalGiha ) = Re [ (GG — (C0u(G0,) | 21

where (X),, = (n|X|n) is the expectation value of the operator X with respect to the
state |n). Notice that the Hermiticity of the generators is consistent with the reality of
the Berry connection, the curvature, and the metric. Furthermore, if we define

AG; = G — (Gi)n, (2.48)
and AG = A(A}i(Sxi, we can see that the distance takes the form

dI? = Re l%mé)m] | (2.49)

i.e., the distance is the variance of the complete generator G =G0zt F inally, we note
that by virtue of (2.44), the action of the operator AG; on the state |n) can be written
as

AG;In) = (maj - <(;j>n) n) = ik (aj + z‘A§”’> In), (2.50)

which resembles the structure of a covariant derivative Dj(n) =0, +z’A§-n) with connection

Al

J

2.5 Path integral approach to the quantum geometric
tensor

In this section, we briefly present a path integral approach to the quantum geometric
tensor. This approach was first introduced in [57] for the quantum metric tensor in the
context of gauge-gravity duality, and was later generalized to include both the metric
and the Berry curvature in [58].

Consider a quantum system in the time interval ¢ € (—o0,0) which is described
through the path integral formulation by a Hamiltonian H (q(t), p(t); z), where ¢ = {¢"}
and p = {p,}, a = 1,..., N are the coordinates and the momenta, and z = {x} with
1=1,..., M is a set of M adiabatic parameters. Suppose that at ¢t = 0, a perturbation is
turned on such that the system will now be described by a Hamiltonian H' = H + O;0x"
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during the time interval ¢t € (0,00). The functions O;(¢) are known as Hamiltonian

deformations and are given by
OH
O;(t) = ( ) . (2.51)
a.p

ox?

In order to compare the ground states |0) and |0') of H and H’, respectively, we use
the fidelity F(x,z + dx) = |(0'|0)]. A treatment of the kernel (¢, 00|¢q, —00) in the path
integral formalism leads to [58]

(exp (5 Jo dt 0;0z') >0

(0'10) = (2.52)
<exp< [ dt Obx )>1/2
where the expectation value (A) is taken in the ground state of H as
L i
(o= [ DDy A pia)ex |5 [ at i 1) (2.53)

and Zy = [ DgDpexp [% ffooo dt (pq — H)} . An expansion of the fidelity F(z,z + dz) to
second order yields [58|

Fla,z +6) = 1 — %Gg_)) (2)627627, (2.54)

where
0 e’}

60 = [ an ] e (10000, 1o = OultolOo) (259

0
is the quantum geometric tensor for the ground state |0). Assuming time-reversal sym-

metry for the two-point functions, (O;(—t1)O;(—t2))e = (O;(t1)O;(t3))e, the quantum
metric tensor can be obtained as the real part of (2.55):

gg))( )=— hlz dtl/dt2 <%<{@i(f1)7@j(t2)}>o— <@i(t1)>0<@j(t2)>o>, (2.56)

—00 0

where {-,-} is the anticommutator. On the other hand, taking the imaginary part of
(2.55) as Fi(jo)(x) = —QImGE?) (x), we get the Berry curvature:

F(0)<

Nw —
|
8\0

dt, / dts ([Os(t1), O;(t2)]o. (2.57)
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with [+, -] the commutator.

We must mention that equation (2.55) was obtained under a path integral formula-
tion, however, it may be as well evaluated traditionally using operators acting on states
of the Hilbert space of the system. As a matter of fact, it turns out that (2.55) can be
used to find the quantum geometric tensor not only for the ground state, but for any
excited state |n) as follows:

65 (w) = / . [ dt: (10000t} ~ (OOt ). (259

The expectation values that appear here are naturally taken in the nth eigenstate of the
Hamiltonian, i.e., {-),, = (n|-|n). The following section is devoted to prove this fact and
to establish the relation between expressions (2.25) and (2.58).

2.6 Equivalence between the two approaches

Here, we present the first result of our work: the proof that equations (2.25) and (2.58)
are indeed the same. This was not proved in reference [58]; the equivalence between
these two approaches was only shown through some examples.

Let us start with equation (2.58) and try to get to (2.25). First, we move to the
Schrédinger picture where the operators are time- independent. This means that the
Heisenberg operator O;(t) will be written as O;(t) = eilt@e= 111t where O; is the
Schrodinger operator O;(t = 0). From the second term in the above expression, we
clearly see that (O;(,)), = (n|er 1 Qe w11 |n) = (n|O;|n), since we can apply the first
exponential to the left and the second to the right, canceling each other out. Now, we
use the same manipulation and we find that the first term takes the form

(Oi(t1)O;(ta))n = e~ #En21) () Oy it 3 20, ). (2.59)

We now insert the identity operator 1 = 3 |m)(m| between the two exponentials inside
the bracket, which results in

A A~

(Oi(t)O,(t ZeﬁEm B t=0) (0| O, [m) (m| O; ). (2.60)

The sum in this expression runs over all the allowed values of m, however, if we split the
sum as Y., enEn=EE70 (0] O lm) (m|O;n) + (n|Oi|n)(n|O;n), it is obvious that
the integrand in (2.58) reduces to

(Oi(t)O5(t2))n = (Ot )a(O4(t2))n = Y erEn == (] O ) (m| Ojn),  (2.61)

m#n
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and thus, the quantum geometric tensor takes the form

0 o
1 i A .
65 =~ 3= | [ an [t om0 m i) 262
0

m#n oo

We have completely isolated the time-dependence and now we wish to integrate it. We
notice that the integrand is oscillatory, and therefore, it is not well-defined in the limits
—oo and oo, however, it is possible to apply a convenient regularization that is often
used in field theory. Having in mind the ranges of t; and ¢y, we establish the following
prescription to make sense of the integral:

0

dt, /dt2 et (Bm=En)(t2=t1) _ Jip dt, /dt2 o (Bm—Bn+id)(tz—t1) _ _ h
0 0

(Em - En)2.
(2.63)

This prescription will be used along this work multiple times. Taking this result into
account, (2.62) turns into

e—0t
—0

é\o

(n]Oslm) (m|O; )
G = 1 (2.64)
J g;n (Em — En)?
This is known as the perturbative form of the quantum geometric tensor [13|. This
expression is relevant because divergences are explicitly seen to occur when level-crossing
takes place, i.e., when there is some value of the parameters © = x* such that E,,(z*) =
E,(z*), which may be a signature of a quantum phase transition [41]. In (2.64), we have
removed the time-dependence of the operators, but a disadvantage of this formulation is
that we now have to take the expectation values of the Hamiltonian deformations over
all the quantum states of the system, which is not in general an easy task.

From (2.64), it is straightforward to arrive at the quantum geometric tensor that
Provost and Vallee [5] first obtained. Differentiating the Schrodinger equation, we get

that (O;n|m) = (o Hlm) o) (m|ojn) = (IO Al gy # n, which leads to

G =" (@mlm) (m|ojm) = > (@mlm)(m|0;n) — (Dn|n)(n|o;n). (2.65)
m#n m

We have added and subtracted one term to complete the sum. In this expression, we
readily recognize the identity operator 1 = )  |m)(m/|, hence, the quantum geometric
tensor finally takes the form

G = (9m|0yn) — (Dm|n) (n|on), (2.66)

which is just equation (2.25).
Summarizing, the expressions to compute the quantum geometric tensor for the nth
state are:
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1. Provost and Vallee

G(x) = (Bim|9;n) — (Gin|n)(n|d;n). (2.67)
2. Generator approach
n 1 AA A .
GEJ')(ZE) TR <<GiGj>n - <Gi>n<Gj>n> : (2.68)
3. Perturbative form . .
oy _ N~ (lOim) (m|O;n)
Gy () = ngﬁn Bm— B2 (2.69)

4. Path integral approach

G0 (a 1/ dt, / ts ((O(t)05(12), — (O WlO,(12)) . (270)

0

Each of these expressions possesses advantages and disadvantages, and it depends on
the system at hand to decide which one will be used. Naturally, once the quantum
geometric tensor has been obtained, the quantum metric and the Berry curvature can be
extracted from its real and imaginary parts as (2.27). In the next chapter, we introduce
yet another approach to arrive at the quantum geometric tensor in both the Abelian and
non-Abelian cases.






Chapter 3

Phase space formulation of the
quantum geometric tensor

In this chapter, we present another important result of this work: the Wigner function
formulation of the Berry and Wilczek-Zee connections, as well as of the Abelian and non-
Abelian quantum geometric tensor. We briefly describe the Wigner function formalism,
and then, tackle the issue of incorporating in this description the geometric objects
that describe the parameter space. As an illustration of the phase space formulation, we
provide two illustrative examples: the generalized harmonic oscillator and two symmetric
coupled harmonic oscillators. The results presented here have been published in [59].

3.1 Wigner function formalism

Let us first introduce the basic elements of the phase space formulation of quantum
mechanics, also known as the Wigner function formalism [60-63]. Given an operator

Q(q, p; x) that depends on ¢ = {¢*}, p = {Pu}, (a = 1,...,N) and a set of parameters
r={x'}, (i=1,..., M), its Wigner transform is

[e.9]

Qlg, p; ) = /dNyeipfiy<q+%

—00

Q4. p; )

- 3). (3.1)

where the variables ¢ = {¢}, p = {p.} are the eigenvalues of the operators ¢ and p,
respectively, and p -y = Zivzl pay®. The Wigner transform has the following property
of composition of two operators )1 and Qs:

o0

W/qudengm (3.2)

TT(Q1Q2) = !

where Q; and Qs are the corresponding Wigner transforms of Ql and QQ.

19
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The Wigner function W,(q, p; z) of a quantum state |n(x)) is defined as the Wigner
transform of the density operator p,(z) = |n(z))(n(z)| modulo a constant, i.e.,

ate)) (nte)a - §)

= o | e o (o Ba)vi (o= i) 63

— 00

1 r _ipy Y
Wh(q,p;7) = i)™ /dNye C <q+§

— 00

Using (3.2) with Q1 — pn and Qs — O, we immediately see that the expectation value
of the operator O can be written as

oo

(O)n = Tx(pn0) = /qudeWn(q,p; 2)O(q, p; ), (3.4)
which resembles the average of the function O(q,p;z) over the phase space variables.

This is why the Wigner function is dubbed as a quasiprobability distribution, since it is
real but not positive everywhere. Two last properties that we need are

/qudeWn(q,p;x)Il, (3.5)
and .
1
dYqd p Wi (g, p; ) = : :

The first is obtained setting O—1in (3.4) and recognizing that the Wigner transform
of the identity operator is 1, whereas the second one can be derived setting O — p,, in

(3.4).

3.2 Phase space formulation of the parameter space
geometry

We now use the Wigner function formalism to provide expressions for the quantum metric
tensor and the Berry curvature in both the Abelian and non-Abelian cases. Some years
ago, in reference [64], the author conjectured a phase-space formulation of the Berry
curvature but did not prove it. Moreover, his treatment requires the use of action-angle
variables, and thus, is restricted to the treatment of integrable systems. In contrast
to this, we provide a step-by-step deduction which does not incorporate action-angle
variables. The basic tool is a function of phase space that encodes all the relevant
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information about the parameter space geometry and gives rise to the quantum geometric
tensor. An advantage of our approach is that we can get the quantum metric without
recourse to the wave function, since it only requires the Wigner function of the system
which can be experimentally measured [65].

3.2.1 Abelian case

We first consider the Berry connection for a non-degenerate energy F,, that corresponds
to the |n) state. As we have seen in Section 2.3, this gives rise to an Abelian gauge
structure where the group U(1) underlies the construction. The Berry connection is
given by

A = i(n|om). (3.7)
It is easily recognized that it can be rewritten as
A™ = T A, (3.8)

where the operator Agn) is defined by
A = i|a.n) (n]. (3.9)

This operator is non-Hermitian, and therefore, its Wigner transform

AE")(q,p;w)zi/dNyewﬁy<q+g8¢n><nq—%>

Ii/dNyeip’iy iUn <q+%;x) (08 (q—g;x> (3.10)

—00

is a complex function of phase space coordinates. If we take the derivative of equation
(3.3) with respect to the parameter z°, we find that

oW, =i 7 &y F o, (a+ Liw) v (a— Lio)
e o (-5 o

Thus, comparing with (3.10), we arrive at

1 1
oW, = —— AW = g
i(QWh)NAZ i(2mrh)N A
2
= TmA™. (3.12)

(2wh)N
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We can now use (3.2) with Q) — 1 and Q, — AE") to relate the phase space function
A™ with the Berry connection A™ as

[e.¢]

n 1 n
A = @)V / dgdVp A" (g, p; ). (3.13)

—00

This is precisely the expression of the Berry connection in the phase space formalism.
Under the U(1) gauge transformation |n(z)) — |n/(x)) = e |n(x)), the function AE")
transforms as

AP A = A (2rB)N W0, (3.14)

and as a consequence, the Berry connection AE”) has the expected gauge transformation
property (2.15)
A 5 A =A™ 9N, (3.15)

We must point out that only the real part of the function .AZ(") contributes to the Berry
connection Agn). This is straightforward to prove:

o0 [e.9]

1 1
A _ N, N (n) / N dN p T A™
" = G /d qdVpReA"™ + COE AV qdVpImA!
1 . (), g ]O N g
_—(27771)]\’ /d qd" pReA; +28l dVqd p W,
1 [ N N (n)
= ——— . -1
R /d qd " pReA;", (3.16)

where we used (3.12) and the normalization of the Wigner function (3.5).
Now, we analyze the quantum geometric tensor. We define the operator Gl(»?) as

A

Am) — ( jm)f _ A(0)) 4(n)
G = (Ai _ A ) A, (3.17)
and see that the (Abelian) quantum geometric tensor can be obtained as
() _ m.Aln)
G = TrGl. (3.18)
From here, if we use the relation A™" — A" = —ig,5, and in equation (3.2) we set
Q1 — —idipn and Q2 — A we find that

G = _; / AN qdp W, A, (3.19)

v

—00
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or, using (3.12),

() _ 2 N N (n)) 4(n)
G =~y /d qdpTm (A7) A, (3.20)

Thus, we have a formulation of the quantum geometric tensor in terms of the phase
space functions A§”) only. Therefore, the AE") encode the relevant information of the
parameter space of a system.

With the quantum geometric tensor at hand, we can extract its real and imaginary
parts to get the quantum metric and the Berry curvature. Hence, the metric tensor takes

the form o

(n) _ o) _ 2 NN (n) (n)
or, by virtue of (3.12),
ourm)N [
g = % / AN qd p 9, W, 0; W, (3.22)

On the other hand, the Berry curvature can be written as

o0

(n) _ _ m_ 4 N, N (n) (n)
By = -2 = oo / a¥gdpIm (A") Re (A™). (3.23)

—00

We want to remark that the phase space formulation to find the quantum metric
tensor (equation (3.22)), does not require the wave functions, it is sufficient to know the
Wigner functions which can actually be obtained from certain functional equations in
phase space [66]. On the other hand, the Berry connection and curvature do require the
knowledge of the wave function.

3.2.2 Non-Abelian case

To treat the non-Abelian case, we define an operator AE?} such that the Wilczek-Zee
connection can be obtained from its trace as

A — e A (3.24)
The operator turns out to be R
Az(?} = i|O0ing)(nil, (3.25)
and its Wigner transform is
(n) ) — N, ,—&u Y. x Y.
AiIJ(q7p7x) _Z/d ye h iwnJ (Q‘|‘§a$) wnl (q—§,$’> . (326)

—00
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Through the use of (3.24) and (3.2), we get the Wilczek-Zee connection in terms of the
phase space function A(I 7 as

(e 9]

m _ 1 N N

—00

This expression is the non-Abelian counterpart of (3.13). The Af?} are the entries of a
Hermitian matrix of dimension g,, X g,. To see this, we first present the definition of the
non-diagonal Wigner functions W, ;:

Wors = o [ @0 s (04 Jia) iy (o= o). 29

—0o0

Thus, from equation (3.27), it follows that
A = ALY + i h)N 0 W1 (3.29)

Substituting this in (3.27) and using the normalization of the non-diagonal Wigner func-
tions 66|,

o0

/ qude Wn[J = (SIJ, (330)
we find that A"} = A",
Now, under the SU(N) gauge transformation (2.30), the phase space function AE?}
transforms as

A — A = Z [Um AL ULy +i(27rh)NUI(?I)*WnLKaiU£Z)] , (3.31)
K,L=1

and, as a consequence, the Wilczek-Zee connection has the expected transformation law

(2.38)

gn 9n
Alpy = A = Y URTARLUL 1) U oUi. (3:32)
K,L=1 K=1

Now, the non-Abelian quantum geometric tensor (2.29) can be written as
G, = TG, (3.33)
where the operator GE?I) 7 1s defined as

G, = —io P, A (3.34)
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and P, = 9" UInr)(ng| is the projection operator onto the nth subspace. Setting
Q1 — —id,P,, and Q, — Ag% in (3.2), we find
GE;I)J /qudN Z aWnKKA][J (3.35)

To cast this expression entirely in terms of A(ﬁ)], we use the relation

(27rh)

ImAY, = OWkk, (3.36)

which stems from (3.26) and (3.28). Therefore, substituting (3.36) in (3.35), we arrive
at the non-Abelian quantum geometric tensor:

oo i .
Now, we can extract the non-Abelian quantum metric tensor using (2.32) and get

gz(;‘ll)J = W / d¥gd"p Z Im (AzKK> (AjIJ A]JI) (3.38)

—00

or, we can cast it entirely in terms of Wigner functions through (3.29) and (3.36) as

(n) (2mh)™ [ NN
Gij1) = T d¥qd™p Z oWk kOgWr. (3.39)

K=1

—00

On the other hand, the Wilczek-Zee curvature is obtained from (3.37) using (2.33), and
it takes the form

o0

Fl(]T?J (27T2h) / d¥qd"p Z Im( ZK)K> (.A]U + A > : (3.40)

—0o0

In this way, we have formulated the basic geometric structures that underlie the param-
eter space in both the non-degenerate and degenerate systems.

3.3 Illustrative examples

In this section, our aim is to present two simple systems that can be treated with the
phase space formulation. First, we analyze the generalized harmonic oscillator whose
geometric tensor has an Abelian geometrical structure, and then, we study a set of three
coupled harmonic oscillators that has a degenerate spectrum, and thus, gives rise to a
non-Abelian quantum geometric tensor.
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3.3.1 Generalized harmonic oscillator

The Hamiltonian of the generalized harmonic oscillator is
S Y ~2
H =3 [X¢+Y(ap+pd) + Zp°] (3.41)

where the adiabatic parameters are v = {z'} = (X, Y, Z) withi = 1,2, 3. The Schrédinger
equation takes the form

Zh% A%,

—1hYq

di, N Xq? Y
2 dg¢? dg

5 zh;) Vn = Epthp, (3.42)

and the resulting wave function is

/ Y 2
Un(q;z) = <%>1 4Xn (q %) exp (—;qu) , (3.43)

where w = vV XZ — Y? is the frequency, so this system has an oscillatory behavior as
long as XZ — Y2 > 0. Moreover, x,(£) are the Hermite functions

Xa(€) = (2'nV/m) "2 €2 H, (), (3.44)

with H,(¢) the nth Hermite polynomial. The energy is restricted to take the values
E,=(n+1/2)hw (n=0,1,2,...), and of course, no degeneracy exists.

The Wigner function of the generalized harmonic oscillator can be obtained from
that of the simple harmonic oscillator through the transformation

Q_é% P_¢Z@+§Q, (3.45)

which casts the associated classical Hamiltonian H = 1(X¢* + 2Yqp + Zp?) into the
standard form

1
H = 5(P? +w*Q?). (3.46)
Thus, the Wigner function is [66]
R Gt D Y
W, (q,p;x) = ¢ L,(N), (3.47)

where A = 4H/(hw) and L, (\) are the Laguerre polynomials.

We now compute the phase space function A§"’ using equation (3.10). Through the
use of the following properties of the Hermite functions,

dx.  /n In+1
d€ - 2Xn—1 2 XTL+17
n In+1
SXn = \/;Xn—l + 9 Xn+15 (348)




Hllustrative examples 27

we arrive at

A = WQZZ [iai ()= +a, (%) (E + 20+ W) | - (3.49)

Here, W, is the Wigner function (3.47), and the =) are

=3 = /n(n — D)W, a0 £/ (0 +1)(n+2)Wiiom, (3.50)

where

1 T ipt %
Whton = Sy / dy e s (q + %J) (1 (q — %737) , n=>2 (3.51)

are the non-diagonal Wigner functions [66]

-1 n+12 P 2
Wn—?ﬂ’b = ( ) ( ZWQ) 6_%L£Lz—)2()‘>7
n(n — 1)wh?w

(—1)™12(P +iwQ)?

Wison = e 2L\, 3.52
2 \/(n + 1)(n+ 2)7h?w w M ( )

with L%Q)O\) the associated Laguerre polynomials. Substituting (3.49) in (3.13) and
using the orthogonality of the non-diagonal Wigner functions,

o)

/ dgdp Whia, =0, (3.53)

—0o0

we find the Berry connection A™ = Agn)dxi, whose three components are

() () _ N1 m_ 1\ Y
A7V =0, A, —<n—|—2> 55 Ay = (n—|—2) 570 (3.54)

Moreover, the components of the Berry curvature are found as Fi(]ﬁ) = @Ag-n) - 0]-141@),
resulting in

Fas “(“+§>£ﬁ>f% “(“+5>@ﬁ’f% = \ntg) e B9

We finally find the quantum metric tensor. The derivative of the Wigner function
(3.47) with respect to the parameter z* is

dL,(\)

=D
O, =~ e L, () — 2T | g, (3.56)



28 Phase space formulation of the quantum geometric tensor

thus, substituting it in (3.22) we find that

ol
g = 7; dqdpawaw

—00

m\y

dgdpe™

4h

drL,\?
<Ln— dA) NN, (3.57)

Taking the required partial derivatives, and then, applying the transformation

|h\Z . IBNZ (Y . w
7=\ 5 sing, p= S <_E sin ¢ + ~ ¢os gb) : (3.58)
and the fact that
/dq/dp /d¢/d)\ (3.59)

we can recast the integral in terms of the variables (¢, \). The integral in ¢ is easily
carried out, and for the integral in A we need to use the relation

r L,
/dm%—A (L — 20101A ) =2(n*+n+1), (3.60)

after which we find the quantum metric tensor:

72 —2YZ 2Y? - XZ
—2YZ  4XZ  —2XY |. (3.61)
Y2 X7 —2XY = X?

(n) n? +n+1
0o 320t

3.3.2 Three coupled harmonic oscillators

We now analyze a system of coupled harmonic oscillators which possesses a non-Abelian
parameter space structure for excited states. Our aim here is to compute the non-Abelian
quantum metric tensor.

Let us consider the Hamiltonian

~ R k’ ) . X X R
H = Z Ga) ) (@1 = G2)* + (G2 — G3)* + (45 — @1)?] , (3.62)

where the parameters are x = {2} = (k, k'), i = 1,2. We begin by uncoupling the
oscillators by means of the transformation

N 1 1 1

AN

Q|=|"v " u|la] (3.63)
1 2 1 q

Q3 NG —\/g NG q3
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and similarly for the momenta. The resulting Hamiltonian reads

A

3
]' H2 2 A2
H= ;(Pa + w2Q?), (3.64)

where the frequencies are w; = Vk, ws = wy = vk + 3k’. The system is then separable,
and thus, the wave function is

1/1n1,n2,n3(91, 42, 43; ZE) = ¢n1(Q1; I)MLQ(QZ I)¢n3(Q3§ $)7 (3-65)

with n, = 1,2, .... The individual wave functions v, have the form

Va(Qu; ) = (%)1/4 — (\/743) exp __Q2) (3.66)

where H, (£) are the Hermite polynomials, and the energy takes the values
1
Enl,nz,n3 = <n1 + 5) hw1 + (n2 +ns + 1)7%)2 (367)
To compute the non-Abelian quantum metric tensor, we choose the first excited-state
wave functions g 1 and 1 1,0 which have the same energy E; = %hwl +2hw,y, and there-

fore, constitute a degenerate set with g; = 2. Using the notation {11)r} = (¥0,0,1,%0,1,0)
with I,J = 1,2, we obtain the non-diagonal Wigner functions using equation (3.28):

Wy =

\8

(2rh)? dye” whvw ( g,:c> Vg (q - %,x) . (3.68)

—00

At this point, it is useful to make the change of integration variables y — Y as

1 1 1

Y1 731 V3 ?5 Y1

ol=1"v Y v|lwl, (3.69)
1 2 1

Y3 G —\/; 7)) \¥s

so that the integral can be separated into three independent pieces which are easily
performed. The resulting non-diagonal Wigner functions are

W = (W;)S(Ag — 1)6_%7

Waye = %%(Pz — iwyQ2)(Ps + iwng)e_M,

W21 = %%(Pg + iws @) (Ps — iwz@:a)e_%,

Wiy ! (Az — L™ 3, (3.70)

~ (wh)?
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where \, = 4H,/(hw,) and H, = (P?+w?Q?)/2. We substitute these functions in (3.39)
and find the non-Abelian quantum geometric tensor, whose components are

1 (H+L B
1 1 w w. w
g§j£1<x>=g§j§2<x>=3—2< P 7;)

Wy Wy

00
i) = bt = (7 ) (3.71)



Chapter 4

Classical analog of the quantum
geometric tensor

We devote this chapter to the description of the classical counterparts of the geomet-
ric objects that appeared in the quantum realm. First, we review the Hannay angle,
connection, and curvature. Then, we introduce one of the most important results of
this work: the notion of the classical generator of translations in parameter space which
will allow us to find the classical analog of the metric tensor. We corroborate that our
proposed classical metric tensor satisfies the desired properties and then obtain it from
the semiclassical approximation of the path integral approach introduced in Chapter 2.
After this, we prove the equivalence of the generator and time-dependent approaches
which parallels that of their quantum counterpart, and finally, we provide the differ-
ent expressions to compute the Hannay curvature and the classical metric tensor. The
results of this chapter have been published in references [67] and [68].

4.1 The Hannay angle, connection and curvature

To formulate the adiabatic theorem in classical mechanics, we require an integrable
system with a Hamiltonian H(q,p;z) that depends on the parameters x = {z'}, i =
1,..., M, where ¢ = {¢°} and p = {p.}, a = 1,...,N are the coordinates and their
canonical momenta, respectively. Since we have an integrable system, we can introduce
action-angle variables I = {I,} and ¢ = {¢“} that satisfy Hamilton’s equations with
respect to the transformed Hamiltonian [69]

05 (q, I; x)
ot

where H(I;x) = H(q(¢,I;2),p(¢, I;2);2) and S®) (g, I;x) is the generating function of
the canonical transformation (g, p) — (¢, I). The subscript indicates that the derivative
is taken with respect to the parameters leaving (g, ) fixed, and the superscript « labels
different branches of the multivalued generating function. Also, we have used the Einstein

K(¢,I;x) = H(I;2) + = H(I;x) + (8;5), 1d", (4.1)

31
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summation convention over the index i. Using the chain rule and selecting the branch
0 < ¢ < 27, we can easily see that

(0:9)q.1 = —Gi, (4.2)

with
Gi(¢, 1 x) = pa(0:q”) g1 — (035 g,1- (4.3)

Here, too, we are using the Einstein summation convention over a. The adiabatic theorem
states that the action variables I, remain invariant during the slow evolution of the
parameters and that the angle variables change while the system is taken through a
closed curve in parameter space is

Age = / dt’ W (I 7) — a% f da (Gi(o, I: 7)), (4.4)
0 C
where w*(I;x) = 0H(I;x)/01, and
LT |
(F(0.1:) = ooy O/ 4% £(6,1:2) (4.5

is the torus average of the function f. The first term in (4.4) represents a dynamical
change, while the second is a geometric change called the Hannay angle [8] and denoted
as A¢%. In analogy to the quantum case, we introduce the one-form

so that using Stokes theorem, the ath Hannay angle can be written as

BG(C) =~ | (47)

by

where F'is a two-form such that FF = dA and C' = 0X. In terms of components,
1 i j

with
Fij = 0;A; — 0;A; = ((0ipa)$,1(950")g,1 — (0jPa),1(050" ) g,1)- (4.9)

Now, consider the infinitesimal canonical transformation
q*(x) = ¢"(z + 0x) = ¢*(x) + d¢", (4.10)

pa(2) = pal(z + 62) = po(z) + Opa, (4.11)
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where B '
0¢" = ¢"(2') — ¢"(z) = (0iq") 107", (4.12)
Spa = pa(‘%,) - pa(l') = (aipa)¢,15$i7 (4'13)

with 2’ = = + dz. Note that the variation d¢® leaves the action-angle variables fixed,
and can be written in terms of the more familiar virtual and total variations, d¢* =
¢(x) — q*(x) and §¢* = ¢'*(z") — q*(x), respectively, as

8¢ = 8¢ — 0¢°. (4.14)

We set out to prove the crucial result that the G; are the generators of this infinitesimal
canonical transformation, i.e.,

“ " 0G;

(04" g1 =", Gitgp = I (4.15)
0G;

(aipa)¢,] - {pau Gi}q,p - _((“)_qa‘ (416)

In the first place, we differentiate the defining relation of a canonical transformation,
Pa0q” — Ld¢" =5, (4.17)

with respect to z' leaving (¢, 1) fixed. Here, f = S(q,[;z) — ¢*I,, and the virtual
variation ¢ is taken at fixed time (frozen parameters). We get

(0Pa)$.100" + Pad(950") 5.1 = 0(0:S) .1, (4.18)

where we used the fact that & commutes with 8;. Next, we perform the virtual variation

of (4.3) which yields
0G; = 0pa(05q) g1 + Pad (Diq%) g1 — 0(D;S) 4.1 (4.19)
Now, we combine this equation with (4.18), resulting in
0G; = —(0iPa) 6,106 + (0:4")$,10Pa. (4.20)
On the other hand, if we consider G; as a function of (g, p), it follows that

0G; ~ 0G; ~
= “ . 4.21

6G,

Comparing these two previous equations, we find (4.15) and (4.16). Therefore, since the
G; generate translations in parameter space, they are the classical analogs of the quantum
operators G;. Furthermore, using (4.15) and (4.16), we can write the components of the
two-form F' (4.9) as

Fy =—{Gi, G;}). (4.22)
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Notice that written in this form, we can clearly see that Fj; is the classical analog of
the Berry curvature (2.46), and that the torus average (-) is the classical analog of the
expectation value (-),.

Finally, we address the issue of gauge transformations. In this case, the analog of
the quantum local phase transformation (2.19) is a parameter-dependent angle shift [9]
given by the canonical transformation
ONI; )

oI, ’

=1, ¢"=¢"+ (4.23)

which has the generating function [69]
B(¢, I'2) = "I, + MI'; ). (4.24)
Note that this angle variable shift may depend on I, which is analogous to having a
different Berry phase for each n. The transformation from (q,p) to (¢,I) gives the
Hamiltonian (4.1) '
K(¢, I;x) = H(I;2) — Gi(¢, I; 2)i". (4.25)
Then, the transformation (¢, I) — (¢, I’) yields
OF: I
K'(¢, I'2) = K(¢/, I';2) + (—2(? ’x)) :
t d=¢(¢',I’;x)
where K(¢',I';2) = K(¢(¢/, I'; x), I'; ). Hence, combining both Hamiltonians, we get

(4.26)

K'(¢, I';z) = H — [Gi - (8F?>} it (4.27)
ox’
This expression defines the generator G'(¢/, I'; x) as
oF:
G(¢ I 2) =G — (axj’> . (4.28)
Applying the chain rule on (4.24), we find
Gi(d, I';x) = Gi — O\ (4.29)
The new components of the one-form are then
Ai(Ihz) = (GY), (4.30)

where G, = G}(¢/,I';x) and (-) indicates the torus average over the angle variable ¢'.
Using (4.29) we can see that

ne 1 27TN, (AT x) — (O L))
) _(27T)N0/d ¢ [Gild' Isa) = (OMI'52))r]
1 27w —bl 1 2m—pN .
~(2m)N _Z dg _b/N d¢™ [Gi(¢, I x) — (O:M(I; )1

=(Gi) — %\, (4.31)
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where we performed the change of angle variables ¢'* — ¢%, defined b* = OA({;x)/01,,
and used the periodicity of p,, (9;¢*)s.r and (0;5)e,; in each angle variable which implies
the periodicity of G;. The function (9;5)4 s is seen to be periodic by writing

N

S(q. I;x) = Salga, I; ). (4.32)

a=1
If we use the definition of the action variable I,
Sa(@+2m, [;2) — Su(¢, [;x) = 2w, (4.33)

where S, (¢, I; ) = Sqa(q(¢, I; x), I; z), and differentiate with respect to z*, the periodicity
(0;5)4.1 is evident. We have found that the one-form components A; transform as

so the one-form A defines an Abelian connection [9]. On the other hand, F' = dA is the
curvature associated with this connection and it is left gauge invariant, since

F'=dA = dA — d*°) = dA. (4.35)

4.2 Classical analog of the quantum metric tensor

Now that we have introduced the classical generators G;, and in complete analogy
with the quantum case (2.49), it is natural to define the distance between the points
(q(x), p(x)) and (g(x) + g, p(x) + 3p) of phase space as

ds? = ((AG)?), (4.36)

where AG = AG;0x%, with AG; = G; — (G;). Hence, expanding (4.36), we find that the
distance takes the form

Therefore, we define the classical analog of the quantum metric tensor as
9ii(L;x) = (GiGj) — (Gi)(Gj). (4.38)

From now on, we will refer to it as classical metric.

We can easily verify that our classical metric: (i) transforms as a tensor under the
change of parameters, (ii) it is gauge invariant, and (iii) it is positive semidefinite. To
prove the first property, we note from (4.3) that given the transformation z* — 2" =
2''(z), the generator G; changes as

O’
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This result, together with the definition (4.38) leads to

, , ok Ox!
gij(];x) = O %gm(ﬂx)- (4.40)

The proof of property (ii) is readily carried out by considering the transformations (4.29)
and (4.31). We find that the first term of the classical metric transforms as

(GiG5)" = (GiG;) = (Gi)(9;A) = (G5)(:A) + (0:M)(9;). (4.41)

Despite this term being a symmetric tensor, it should not be considered as a classical
metric candidate, since it is clearly not gauge invariant. We see that, analogously to the
Provost quantum metric (2.20), the second term (G;)(G;) compensates this change and
we are left with

gi;(I's2) = (GiG;) — (Gi)(G;) = gi;(1; ). (4.42)

Regarding the third property, it is easy to see from expression (4.36) that dL? > 0
since the variance (AG)? is non-negative. Thus, our classical metric (4.38) is positive
semidefinite. Moreover, we observe that the classical analog of the quantum persistence
of the system in the state |n), is the invariance of the action variable I. Finally, note
that from (4.15) we can see that

{¢", AG:} = (9, — Ai)q", (4.43)

which, in an analogous manner to the quantum case (cf. (2.50)), resembles the structure
of a covariant derivative D; = 0; — A; with connection A;.

4.2.1 Behavior under canonical transformations

So far, we have seen how the classical metric tensor behaves under parameter transfor-
mations z° — 2'* = z'*(z), however, nothing has been said about the transformation
properties of the generators and the classical metric under canonical transformations. In
some problems, it may be easier to work with a special set of phase space coordinates,
thus, the rule for the transformation of generators constitutes a crucial result of this
work. We must say that the quantum counterpart of this problem was not considered,
although it might be developed through the use of unitary transformations, at least those
that correspond to linear canonical transformations [70].

As we know, the generators of displacements in the parameters of phase space coor-

dinates (g, p) are (4.2)
Gi=— (asi) , (4.44)
ozt )

where the function S(q, I;z) effects the transformation from the original variables (g, p)
to the action-angle variables (¢, I). Now, consider the canonical transformation (¢, p) —
(@, P) performed by a type-2 generating function F' = F(q, P;x). We might as well
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introduce the generator of displacements in the parameters of the variables (@), P), which

are given by
- 08
G, =— . .
; ( ax’) : (4.45)
Q?I

where S(Q, I;z) is the generating function of the transformation (Q, P) — (¢, ). Our
goal is to find the relation between the functions G; and él Given that there are
three transformations involved in the process, we need to know the rule for composing
canonical transformations through their generating functions. It turns out that the
resulting generating function S is |71, 72]

S(q. I;z) = S(Q, I;2) + F(q, Pyx) — QP (4.46)

For our purposes, it is convenient to cast this composition rule as a function of the
variables (Q, I; x) as follows:

S(Q,I;x) = S(q(Q, I;x), I;2) — F(q(Q, I;2), P(Q, I;2);2) + Q"Po(Q, I;x).  (4.47)

We take the derivative of this expression with respect to 2 with the aid of the chain rule
and find that

) GG, (), - 1Ge),. ()
ox? o1 99" ) 1 . ox? o1 oxt ol 99" ) p. ox’ 01

aF) (8Pa) (8F) 1 (8Pa)
+ ) Q=) . (4.48)
(8Pa - ox’ oI ox’ WP oxt or

Using the following equations of a type-2 canonical transformation

oS oF oF
Pa = y Pa = 5 Qa - ( > ) 4.49
(aqa>l,x <aqa)P,x ap‘l q,T ( )
we arrive at
) (), (@), [ (55),, - ()
(81; )Q,I Oz Q.1 Ox a1 Ox Q.1 Ox QI
oF 0P,
(), ) ),
oxt 0P ox? 0.1

which simplifies to

oS (85) (aF)
_ — A — A . (4.51)
<8xl> o1 oz’ ol oxt WP

Identifying the generators G; and G; through (4.44) and (4.45), we arrive at the desired

formula OF
@:@—( J . (4.52)
ox P
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This apparently simple relation contains a powerful result: if the generating function
of the transformation (¢,p) — (@, P) does not depend on the parameters x, then the
classical metric resulting from G; is the same as that obtained with G;. Thus, if the
description of the system in question is simpler in terms of the coordinates (Q, P) rather
than in coordinates (q,p), and the type-2 generating function of the (¢,p) — (Q, P)
transformation does not depend on parameters, then the metric can be found through
the formula g; = (G;G;) — (G;)(G,). Tt is worth noting the inhomogeneous charac-
ter of equation (4.52), as opposed to the homogeneous tensor transformation rule for
parameters (4.39).

4.3 Time-dependent approach to the classical metric
and curvature

In this section, we introduce a time-dependent approach to the classical metric and the
Hannay curvature [68]. This formulation is the classical analog of the path integral
approach of Section 2.5, and actually stems from the semiclassical approximation of
equations (2.56) and (2.57), as we will show next.

Let us recall the expressions for the quantum metric tensor and the Berry curvature:

0 0
1 14 A . .
gg»))(w) T TR / dtl/dt2 (§<[Oi(t1)oj(t2)]+>o - <Oi(t1)>0<oj(t2)>0) , (4.53)
— 00 0
1 0 0
@) = o [ dn [ 6 (00,0, (454
— 00 O
where [, ]+ stands for the anticommutator and [-,-]_ for the commutator. We assume

that the Heisenberg equations of motion for the N position and N momentum operators,

dge i dp, i
= ——¢°“. H = —— H =1,...,.N 4.
dt h[q ) ]a dt h[paa ]a , @ 9 3 ( 55)

can be integrated, so that (t) = {¢*(¢)} and p(t) = {p.(t)} can be expressed as functions
of the initial (Schrodinger) operators ¢ = ¢(t = 0) and p = p(t = 0), and time. In this
way, the Hamiltonian deformation O;(t) will read

~

Oi(t) = Oi(d(do, o, t;2), Pldo. Po. 1 7). £ ). (4.56)
Thus, the expectation values appearing in (4.53) and (4.54) can be written as
(Oit))o = (%o()|Oi(t) |40 ()
= /dQO ¥5(q0;2)O; (Qm —ihaiqoﬂf;x) Yo(qo; @), (4.57)
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and as

([Oi(t1)O;(t2)]x)o = (o(2)|[Oi(t1), O (t2)] £ |vho ()
Z/dNC]oW;(QO;x)

0 0
X |:O7, (q(]?_?'ha_q()?tlum) O <QOJ_Zha t27 ) :|i¢0(q07x)'
(4.58)

In the spirit of Berry’s work [9], we use the semiclassical approximation of the wave
function for an integrable system with N degrees of freedom [73, 74]:

oo ) = Y ey (do, Joy ) exp {hs(a)(q(),lo;x)} : (4.59)

(67

where

(a(a)<%,fo;$))2 = (2;)]\, det [

3¢8(a>(qO, [03575)] (4.60)

oql

and o denotes the branch of the multi-valued function S®)(go, Ip; ) which generates
the transformation (qo, po) — (¢, Io). Since the action I, remains constant, we may set
Iy = I. Substituting (4.59) in (4.57) and (4.58), and taking into account that terms
coming from different branches are suppressed due to a strongly oscillating behavior, we
arrive at

~ 0 0 0(a 0,] T ()
((’)i(t)>0_/(d q Zd t[ Do )a(;lg )] O; <qo,%,t;x) +O(h), (4.61)

and

A ) 0D (0, I;
([Oi(11)O;(t2)))o :/ o v 2 det [ : 820 >]

o8 98
| A o 22 4 L O (4.62
X |:Oz <QO7 aqo ’ 1,[L’> JOJ <QOa 8(]0 ) 27x>:|i ( ) ( 6 )

We replace <5 — by po , following the transformation equations of the canonical trans-
formation to actlon angle variables. For bosonic operators, we must replace the anticom-
mutators by products of functions, and the commutators by iA times the non-equal-time
Poisson brackets

(011). O (1) :i<ao t1) 00, (t2) aoi(tl)aoj(tg)) (469

0d5 opgy) opsy 046

as>
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If, on the other hand, we are dealing with fermionic operators, we replace the anticom-
mutators by Poisson brackets, and the commutators by products. Assuming the bosonic
case and neglecting terms of order O(h), we have that

<@( ) / d 4o Zd [3¢o(aaQ0,[ QT)] Oz (qo,p(()a),t;JJ), (464)

QO

. ’ 0 0(x 0, [;x
([O(1)O;(t)].)o ~ /d {0 > [ % 8q )]

QO
X O <QO7p0 )7t17 > Oj (q07péa)7t2;x) ) (465)

and

~ ~ 80a 0,[.17
(OuOsts) o= it [ S0 > et [¢< o )]

X {Oi (qO,péa),tl;x> ,0; (CJmpéa),tQ;x) } (4.66)

We now choose the branch defined by 0 < ¢y < 27 which makes ¢y, and therefore,
p(()a) single-valued. In addition to this, we effect the change to the angle variable in the

integrals. Thus,

2 1 N .
(O~ G [ @60 01(anpm.tix), (4.67)
([0i(t1) O; ()] 4 )0 ~ (zj)N / d¥ ¢ Oi(go, po, t1; )O; (o, po, ta; ), (4.68)

<[@i(t1>@j(t2)]7>0 ~ih /dN% {0i(q0, po, t1; 7), O;(qo, po, to; )} (4.69)

1
(2m)N
Denoting by (-)o the torus average of over the initial angle Varlables N Jd¥eo (-
can cast the above equations as

(O(t))o =~ (Oi(t))o, (4.70)
([Oi(t1)O0;(t2)] 4 )0 = 2(0;(t1)O;(t2))o, (4.71)
([Oi(t1)O;(t2)]-)o = ih{{O;(t1), O;(t2) }o. (4.72)

where O;(t) = O;(qo, po, t; x) are the deformation functions

0.~ (2) wr
X q,p
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obtained solving Hamilton’s equations and then expressing the solutions in terms of
initial conditions (qo,po) and time, which in turn, must be written in terms of initial
action-angle variables (¢o, I) and time.

Plugging (4.70) and (4.71) into (4.53), we arrive at

1
95?(33) = ﬁgzj([;x)’ (4.74)
where
0 [e’e)
wstria) = [ dr [t (00,6~ Oeho(Os) (479
—00 0
is the classical metric. Substituting (4.70) and (4.72) in (4.54), we find
1
F(a) ~ (), (4.76)
where
0 [e%e)

%w@:/m/mqmm@mmm (4.77)

is the Hannay curvature. In these expressions, it is understood that the action variable I
is quantized according to the corrected Bohr-Sommerfeld rule, also called the Einstein-
Brillouin-Keller (EBK) rule [74]

I, = (n v “Z) h, (4.78)
where p, are the Maslov indices |73]. Previous works [9, 75| had already obtained the
relation (4.76), however, neither of them tackled the classical analog of the quantum
metric tensor.

4.4 Equivalence between the two approaches

In this section, we prove a crucial result of our work: the equivalence between the time-
dependent approach to the classical metric and the Hannay curvature, and the generator
approach. This justifies our initial proposal of the classical metric (4.38).

Consider an integrable system of N degrees of freedom with Hamiltonian H(q, p; x),
where ¢ = {¢*} and p = {p,} with @ = 1,..., N are the phase space coordinates and
r={z'} withi=1,..., M is a set of M adiabatic parameters. The classical deformation

functions .
0, (a ) (4.79)
x q?p
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are functions of ¢, p and the parameters x. In the periodic motion regime, action-angle
variables (¢, I) can be introduced and any function of ¢ and p will be itself periodic [76],
thus, it can be expanded in Fourier series in terms of the angle variables ¢. Using the
compact notation O;(t) = O;(q(t), p(t); x), we have that

O;(t) =Y _ pllem ot (4.80)
where ¢y = (¢}, ...¢0 ) are the initial angle variables, w = (w?, ..., w™V) are the frequencies

derived as w* = 0H/01,, and the ﬁr(f) are the Fourier coefficients of the time-independent
deformation functions O; = O;(qo, po; x), i.e.,

2

8 = B0 (1:0) = sy [ @Y 0 (481)
0

where n = (ny,...,ny), and every n, runs over all the integers.

4.4.1 Classical metric

We begin with the classical metric (4.75). We first consider the torus average of the

2
1 L
<Ol(t)>0 = (27)]\[ /dN¢0 Zﬁr(:)ezn-(¢o+wt)
0 n
1 27
_ Z Béi)ein-wt (QW)N /dNQSO ein~¢0
" 0
=" BVem s, 0 = By (4.82)
From equation (4.81), we conclude that
1 2m
(O = [ #noi= o (4.83)

0

Therefore, as in the quantum case, the average of a single deformation function turns
out to be time-independent.
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Now, we consider the two-time average and expand it as follows:

2
1 . -
<Oi<t1)oj(t2>>0 = 20~ /ngbo Zﬁr(:)em'(%""ml) Z@(@j’)em (po+wtz2)
0 n n'
2
= Zﬁ(l pinwii i’ wta (_2 1)N /dN(;§0 i(n+n’)-do
s
0
- ZB( m wt m wtg(sn n
= 60 V43 DY) et (4.84)
n#0
Thus, equations (4.83) and (4.84) lead to
(05(t1)O;(t2))o — (Oi(1))o = BYpY ettt (4.85)

n#0

Substituting (4.85) in (4.75), it is now easy to isolate the time dependence, just as in
the quantum case. Hence,

0 00
Zﬁ / dt, / dty emeltite) (4.86)
—00 0
and upon using the regularization (2.63)
0 00 )
/ dt, / dty emeti=ta) — o (4.87)
—00 0
we find that 0 o)
5711 ﬁ—jn
9ij = 0 (4.88)
n#0

This expression tells us that from the Fourier coefficients of the time-independent defor-
mation functions O;, and the frequencies w,, we can compute the classical metric. To
better understand the result, let us use (4.81) and rewrite it as

<Oi€*in'¢o>0 <O .ein'¢0>0
Gij = Z ’ .

(n-w)?

(4.89)
n#0

Remarkably, this expression for the classical metric is similar to equation (2.64) that
corresponds to the quantum metric. Now, we consider the following relation

H(qo(¢o, 15 2), po(o, I; x); ) = H(I; x), (4.90)
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and differentiate it with respect to z. We get

N a
S5 G8) (o) () |+GE) - (),
= \OU ) pye \OT' ) 44 Opoa ) g0 \ 0T ) 4o 1 92" / 4.0 ox' /|

The generators of parameter displacements (G; are readily identified through equations
(4.15) and (4.16). Thus,

N
S\ a) . Goe) (o). (5g) | ro=(G), oo
045 ) py.e \OP0a/ 4 oa /) gy.0 \NOG ) 1o ozt J,

a=1

The first term is the Poisson bracket of H with the generator G;, hence,

0OH
0= (G) — 1. G (4.99)

Next, we take advantage of the canonical invariance of Poisson brackets and compute
them in terms of action-angle variables to get

OH N (8Gi)
O, = )+ e : 4.94
(81’7’)1 a 8¢8 Iz ( )

=1

where we have used the fact that w* = 90H/0I. With this at hand, we can rewrite one
of the averages that appear in (4.89) as

: OH . N oG .
oo — —in-¢o a i —in-do
(Ose )0 (8xi)l<e >o+;w <a¢86 >0

OH al 0G; _,
— a/ Tt _—in-gg 4.
(3xi)15"»0+2w <8¢86 >0. (4.95)

a=1

Now, we separate the ath degree of freedom in the average of the second term and
perform an integration by parts as follows:

27 o
oG, _, 1 . oG, . .
<_a€—m~¢o> — ~ /dN_ICbO e—zzb;ﬁanwg/dgbg _ae—maqso
99§ o (2m) ord
0 0
27 ) o
1 . b A o
- N /dN_lQSO e Zbra 098 | Gyeadd +ina/d¢8 Gie”Ma%
) )
0 0
27
Mg Cin
~ 2oV / 470 Gie™m®
0

= ing(Gie”™ %), (4.96)
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where in the third line we have used the fact that G is periodic in every ¢f. Therefore,
substituting this into (4.95), we find that

4 0OH
(O™ )y = < x%) On0 + (Z inaw > i€

0OH
- ( ) Sno +i(n - w){Giem ™90, (4.97)
ozt ),
Similarly, the other average appearing in (4.89) turns out to be
<Oje ¢0>0 = (%)I 5n,0 — z(n : (,U)<Gj€ ¢0>0. (498)
Substituting these averages in (4.89) and noticing that n # 0, we arrive at
9ij = Z(Gie_in'¢°>o<Gjei"'¢°>o7 (4.99)
n#0
so adding and subtracting the term with n = 0, we get
gij = O _{Gie ) (Gie™ ) — (G)o(G)o. (4.100)

n

Expanding the first term, we find that

2m 2m
. . 1 ; 1 I ined,
Z<Gz~e‘”¢0>o<G]~e’"'¢°>o=Z(2@ / 400 Gie ™ oy v [ ashae
n n 0
dN¢O dN¢0 G G/ m (¢6—%0)

- (27T dN¢0 dN¢0 G G/ (27T)N5 (gbo gbo)
27
- / d¥ ¢y GiG;
- (27T)N 0Ty
0
= (GiGj)o. (4.101)
Putting this result in (4.100), we arrive at
9i; = (GiGj)o — (Gi)o{G)o- (4.102)

Finally, due to the gauge invariance of the metric, we can pick any angle to carry out
the torus average, not necessarily the initial angle ¢y. Thus,

gi; = (GiG;) — (Gi)(G), (4.103)
which is precisely equation (4.38).
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4.4.2 The Hannay curvature

Now, we consider the Hannay curvature. Naturally, due to (4.80) being expressed in
terms of action-angle variables, we compute the Poisson bracket as

DO:(1) 00,(ts)  DO:(11) O, (1)
{0:(0) O5(f2)} = Z{ goi 0L 0L, 0o }

(4.104)

The average of the first term is

<Z ag¢§1 6%1152 > ZZB in- ‘“tlma 0 <5(3 in wtg) <ei(n+n/)-¢)0>o

n,n/ a=1

o ZZB in- wtllna 9 <B(J in wtg) 5n’,—n
n,n/ a=1

=> Zﬁ i, (j <5£j%e’i"'“t2> , (4.105)
n a=l1

and the average of the second term is obtained with ¢ <> t5 and 7 <> j:

(tl) 8(9 t2 'mwtg (%) 71nwt1
<a:1 ol, 04} >0 ZZB m“az (55 )

n a=l1

_ Z Z@(_] —in- wtgznaa (6(2 in- wtl) 7 (4106)

n a=l1

where in the last line we made change n — —n. Now, subtracting (4.106) from (4.105),
we recognize the derivative of a product, hence,

({0i(t1), O;4(t2) })o = Z Zzna <B(l einw(ti— tz))

n a=l1
= ZZma < BW (,)L inw(ti— t2)) (4.107)
n#0 a=1
The Hannay curvature then is
0 o)
Sy, i (8069, [ an [aemetoe ), (4.108)
n#0 a=1 o 0

and using the result of the time integral (4.87) we arrive at

ZZ a [Bn ﬁ(;2]7 (4.109)

n#0 a=1
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or

—in-¢o Ojein-% 0
sz"a[ { (n> 5)2 ) ] : (4.110)

n#0 a=1

Taking into account equations (4.97) and (4.98), the Hannay curvature takes the form

Y Y (G nGie o) (@.11)
n#0 a=1
Considering again the null n = 0 term and expanding the product, we get

Fyj = Ay; + Byj, (4.112)

where

Zﬁ: "< : _z”¢°>0<Gj6"”'¢°>o (4.113)

a

and

ZZzna e o) <aa§_;jem¢°>. (4.114)
a 0

n a=1

We manipulate the first term as follows:

N 2 2w
L — . 1 N Z —’L’n ¢0 1 N , Zn(bg
Azg = Zzllna—@ﬂ) /d Do —— T (QW)N/d ¢0 Gje
n a= 0 )
Yoo f 2G; 0 .7
R (27T>N/ e [81: 0768(6%%)] W/ Ay Gl oo
n a=1 0 /
Yooy F (oc. 0 (1 T
- N d N o in-(¢y—co)
21 (27T)N/d bo 01, O ((%)N/d b0 G <Ze ))]
a= 0 i ] -
ooy T (oc. 0 [ 1 T
LG / o0 | 31, 3 ((QW)N / " ¢ G}(%)NfF(N)(sbécbo))]
a=1 0 i a s
27
_i 1 / v, 0G19C,
S = 2m)N 01, 0
a= 0
N
aa, an>
B a) (4.115)
(55,
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Similarly, the second term yields

9G; 0G,
<Za¢0 L >0. (4.116)

Thus, the Hannay curvature turns out to be

N
B B 0G; 0G;  0G; 0G;
E] - AZ] + B’LJ - < ;1 <8Ia a¢8 a¢8 aIa) >Oﬂ (4117)
which reduces to
Fij = —={{Gi, G;})o. (4.118)

Once again, due to gauge invariance, we have
Fij = —({Gi,G;}), (4.119)

which is equation (4.22).
Summarizing, the different ways of computing the classical metric and the Hannay
curvature are

1. Generator approach

9i5(1; x) = (GiG;) — (Gi)(G}), (4.120)
(L) = —=({Gi, Gj})- (4.121)

2. Decomposition in Fourier modes

Oie—in‘% Ot %o
gii(Lx) =) < (n%); ) (4.122)
n#0
Fy(I; ) sz i€ " )00 M) (4.123)
z] 5 aaI (n.w>2 . .

3. Time-dependent approach

gij(I;) = _/dtl/dtQ ((O@-(tl)Oj(tz))o— <Oi(t1)>o<oj(t2)>o>, (4.124)
Fy(I:x) = / dty / dty ({O:(t1), O;(t2) Mo (4.125)

It is worth noticing the remarkable similarity between these expressions and those on
the quantum side (2.68 - 2.70).



Chapter 5

Examples of the generator approach to
the classical metric

In this chapter, we illustrate the application of the formulas to compute the quantum
connection, curvature, and metric as well as their classical counterparts. The classical
results are obtained under the generator approach and every system that is considered
presents a distinctive feature. We see how the classical metric contains all, or almost all
the information of the parameter space provided that we establish some identification
rules for the action variables. Furthermore, in some cases, the Berry curvature is zero,
and as a consequence, information about the parameter space cannot be read from this
quantity. Therefore, in these cases the quantum metric tensor and its classical analog
come into play and help one see the underlying parameter geometry. The results of this
chapter have been published in [67].

5.1 Generalized harmonic oscillator

The generalized harmonic oscillator is the archetypal system where one can exactly
calculate the connection, curvature, and metric. It was analyzed by Berry and Hannay
in their seminal works [8, 9]. In the first subsection, we present the standard results of
the generalized harmonic oscillator. In the second subsection, we add a linear term in the
position and show that the system is still exactly solvable regardless of the magnitude
of the coupling parameter.

5.1.1 Standard generalized harmonic oscillator

The Hamiltonian of this system is

~ 1 R L L R
H = 5 [(X@+Y(ap+pq) + Zp°] . (5.1)

The parameters are z = {2} = (X,Y, Z) with i = 1,2,3, and in order to have periodic
motion we restrict ourselves to the subspace defined by X Z —Y? > 0. The wave function

49
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is found to be

w \1/4 w iYq?
oy (@ W _ 2
Un(g; ) (Zh> Xn (q Zh> exp ( 2Zh) : (5.2)
where w = VX Z —Y? and
n —1/2 ¢
xal8) = (2Mlvm) ™ P H () (5:3)
with H,(§) the nth Hermite polynomial. The energy eigenvalues are E,, = (n + 1/2)hw

(n=0,1,2,...).
Now, the quantum connection, curvature, and metric can be computed using the
following property of the Hermite functions:

[ 1
[aeei©=n+y 54
The components of the Berry connection (2.5) are
1\ 1 1\ Y
A — g A = )= oA = — ) = .
1 0’ 2 n+2 QW’ 3 n+2 2ZCU (55)

From these, we get the components of the Berry curvature (2.9),

Fas “(”*ﬁm Fa “(”*9@ B ==(nty) g G0

And, finally, using (5.2) we get the components of the quantum metric tensor,

72 —2YZ 2Y?-XZ
—2YZ  4AXZ  —2XY . (5.7)
Y2 - XZ —2XY = X2

(n)_n2+n+1
v 32wt

We see that these results agree with those found for the same system in Chapter 3 using
the Wigner function formalism.

On the other hand, for the classical calculation we need first to express the solution
of the equations of motion in terms of action-angle variables. We get [69]

q(¢, I;2) = \/%Sinqb, p(o, [;x) = \/% (—%singb—k%cosqﬁ) , (5.8)

so that in terms of these variables the Hamiltonian has the form H = [w. In order to
find the generators G;, we can integrate their defining equations (4.15,4.16) which yields
Y A
Gl=——q¢*— —
! 12t~ 22
X, N Y
_2w2q 2W2 qp?
Xy , XZ-2v*?
q- +

47 w? 47 w?

G

Gy =— qp- (5.9)
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Of course, we could have found the generating function S(g, I, z) of the canonical trans-
formation (¢, p) — (¢, ), and then use G; = (p0;q)s 1 — 0:S4 1. The generating function
in terms of action-angle variables is [69]

1y
S(¢, I;x) = ———sin® ¢ + I(¢ + sin ¢ cos ). (5.10)
w
Thus, the generators are

17z
G1 = — —=sin¢cos ¢,

2w?
s
Gy = S:;Mﬁ (Ycosop+wsing),
Isin ¢ 9 .
Gs =57 [(XZ —2Y?)cosp — 2Ywsin ] . (5.11)

Upon substitution of ¢(¢, I;x) and p(¢, I;z) into (5.9) we reproduce the above expres-
sions. The components of the classical Hannay connection A; = (G;) are

A =0, Az:%’ , 3:—%. (5.12)
Thus, the curvature turns out to be
Fo3 = —%, 31 = —%7 12 = —%7 (5.13)
and the metric tensor has the form
2 Z* —2YZ 2Y?-XZ
9ii = 5., —2YZ 4X7 —2XY ) (5.14)

Y2 - X7Z —-2XY X?
Some observations are in order:

1. The quantum results might have been obtained using the expressions for the gen-
erators in terms of ¢ and p and quantizing with the appropriate symmetrization
taking care of the Hermitian nature of the generators G;.

2. We could have also found the curvature directly by taking the Poisson brackets of
the generators in the form of (5.9) or (5.11) since they are canonical invariants.

3. The action variable is quantized as I = (n+ 1/2)h. The substitution of this result
in the classical Hannay connection and curvature yields

A, F.
AW =2 ) T 5.15
1 h ? 1] h ? ( )

which are precisely the relations found by Berry in [9]. See also (4.76).
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4. For the metrics, we have to use the identification I* — (n? +n + 1)h? to get

0 Gij
g = T3 (5.16)

which is the relation (4.74). The quantization rule I = (n + 1/2)h does not give
the correct result for the metric tensor since 12 = (n? + n + 1/4)h%. We will see
that this mismatch is a common feature to all the examples that we consider,
indicating that powers of the action variable should be quantized by adding some

correction. It is important to remark that even in the case of the harmonic oscillator
H = (p*/2m + kq?/2) this effect is observed.

5. The determinants of both the quantum and classical metric are zero, which indi-
cates that the Hamiltonian involves more parameters than the effective ones. This
can be seen through a change of parameters x — z’ that has the same form as
that of the Cartesian to spherical coordinates. The effect of this transformation in
parameter space is to make zero one row and column of the metric tensors. In fact,
the metrics have rank two and hence, in order to have non-vanishing determinants,
we must leave one of the parameters fixed (but different from zero).

5.1.2 Linear term

Now, we add a linear term in the position with coupling parameter W to the previous
Hamiltonian:

~ 1 R L o R .
H =2 [X§+Y(ap+pd) + 2] + Vg (5.17)

If we set W = 0, we recover the generalized harmonic oscillator. We take as our parame-
ters x = {x'} = (W, X,Y, Z) with ¢ = 0,1,2,3. Now, the Schrodinger equation acquires
an extra term

ZR W,

dvn (X—q2 — zh%) Uy + Waqh, = Epiby, (5.18)

and this modifies the wave function

(g ) = (%)M o Kq + %) %J exp (-25/2";) | (5.19)

Through the use of the properties of Hermite polynomials we calculate the connection,
curvature, and metric. The connection is

n+%+WQZ

(n+3)Y Wx
2w 2hwt’

Ap) =AY =0, A = 2Zw | 2har

Ay =~

(5.20)
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From here, we get the six independent components of the curvature which are displayed
in matrix form as

00 0 0 0 0 WZw? —WYw?
g _nts 00—z Y |1 0 0 -W2z2 Wz
T g 0020 0 =X | T het | -WZw? w222 0 —W2y?
0 -Y X 0 WYw? —W2YZ W2y?2 0
(5.21)
The metric tensor turns out to be
0 0 0 0
m) _n*+n+1[0 Z* —2YZ 2Y*-XZ
Ji T T3ah |0 —2YZ  4XZ  —2XY
0 2Y2—XZ —2XY X2
Zuw* —W Z2w? 2WY Zw? —WY?2u?
n+3 | —W2z22? Ww2z3 —2W2Y 72 W2y2z
T | 2owvzer —owtyze wezevi4 xz) —wrv(t+ xz) | 0%
—WY2?  W2Y2Z WY (Y2 + XZ) W2XYy?

We see that taking W = 0 in the above expressions and eliminating the corresponding
row and column of the tensors, the results match the standard generalized harmonic
oscillator.

For the classical analogs, we use the position and momentum in terms of action-angle
variables which can be found almost in the same way as in the previous example.

1217 . W2z 1217 Y | w WY
q<¢71737>_ TSIH¢_?7 p(¢7[,$)— T(—ESIH¢+ECOS¢)+7,

(5.23)
so that the Hamiltonian now reads H = Jw — W?Z/2w? with w = VXZ —Y?2. The
generating function S of the transformation to action-angle variables is

2
S(p,I;x) = —% (\/%Singb— %) + I(¢ + sin ¢ cos ¢), (5.24)

and the generators GG; written in compact form are

C.lo, ;) = fiw)ap + ()" + hap + hu()a (5.25)

where ¢ = q(¢, I;x) and p = p(¢, [; x) are given by (5.23) and

w 0 (Z
file) T 2707 (Z) ’

Y 10 (Y
9:0) =7 50+ 55, (z) ’

hil@) Z% aiz‘ (§> - aii (%) ' (5.26)
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It can readily be verified that if the parameter W is fixed to zero, we recover the gener-
ators (5.9). With these expressions at hand, we can get the connection,

I w2z 1y w2y
Ag=A; =0, Ag=— 4+ 2 p——_-—=° 2 ° 9
0 1 =0, 27 9w + 2w’ 3 27w 2w’ (5.27)
the curvature,
0 O 0 0 0 0 WZw? —WYuw?
_ I ]jo 0o -Z Y n 1 0 0 -W?*z2 W?yYZ
Y43 |0 Z 0 —X Wb | —WZw?r  W32Z2 0 -W2y? |’
0o -y X 0 WYw? —-W?2YZ W?2y? 0
(5.28)
and the metric tensor,
0 0 0 0
L I’ |o 72 —2YZ 2Y? - X7
95 =34 0 —2vz  axz  —axy
0 2Y?2-XZ —2XY X2
Zuw* ~W Z2w? QWY Zw? ~WY?2,?
+ 1 —W Z2w? w273 —2W?y Z? w?2y?2z (5.29)
O | 2WY Zw? —2W2Y 2?2 WEAZ(3Y? P+ XZ) -WAY(Y?+XZ) | '\
-WY?2w? W?Y*Z WY (Y?+XZ) W2Xy?

Notice again the different quantization of powers of the action variable. In this case,
the action variable in the metric tensor appears both linearly and squared, but only the
squared action is quantized in a distinct manner. Finally, it is easy to find that the
determinants of the metrics (5.22) and (5.29) are zero and their rank is three.

5.2 Quartic anharmonic oscillator

Here, we consider the Hamiltonian of the quartic anharmonic oscillator

g Pk Ay

H = % + §q + aq (530)
with parameters z = {z'} = (m, k, ), i = 1,2,3. We focus on a perturbative treatment
for 0 < A < 1, since the analytical solutions for the eigenvalue problem cannot be
obtained. Also, we restrict ourselves to considering only the ground state wave function
and its energy in powers of A up to third order.

First of all, notice that the definition of the Berry connection (2.12) and curvature
(2.13) requires that we take the imaginary part of an inner product [4]. However, since
the wave function that we consider is real, we have as a result a zero connection, and
thus, a zero curvature. This will happen too in the remaining examples.
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The ground state energy and wave function of Hamiltonian (5.30) can be obtained
using the standard perturbation theory |77, 78|. Nevertheless, through the more efficient
non-linearization method [79] we can easily find corrections to arbitrarily large powers
of A\. The dimensionless form of the eigenvalue problem considered in [79] is

(- + X 42X ) ) = et (X), (531

Of course, we can return to our eigenvalue problem with all the dimensions through the
following change of variables

h\ mwo 2F
=——— X=4/— = — 5.32
7 12m2wy’ V' & © huwg’ (5:32)

where wy = \/k/m. The non-normalized ground state wave function for the dimension-
less Hamiltonian is, to third order in -,
2

1 1
B(X) = 7 1= g XP (X2 43) 4 5y XP (3X° 4 26X + 93X° + 252)

1
- m’ySXQ (X' + 17X° + 141X° 4 813X* + 2916 X% + 7992) | + O(y"),
(5.33)

and the corresponding energy is

3 21 333
=1+=7— 7+ 7+ 0. 5.34
e=147— 357 T4 00 (5.34)
For more details about the features of the asymptotic series, we refer the reader to the
standard references of Bender and Wu [80, 81|. After returning to our original variables

and normalizing, we find that

W(g;x) = e FT [ Jmeo  Pilgr) e Paao)
mh 384/ TmTwitho 884736 v/ mm1Bw3h?

P .
- SULL ] +0O(Y), (5.35)
339738624 {/mm 2w A1
hwo h’ Th 377
Ey = A — )\ )\3 )\4 ) )
O T T 3oz T T536mie | 24576m0t +OW) (5.36)

where

Pi(q; 7) =4m>wiq* + 12hmweq® — 9R?,
Py(q; x) =48m*wiq® 4+ 416hm>wiq® + 1272R%m2wiq* + 3384h>mwyq® — 467Th*,
Ps(q; 2) = 64m°wiq"? + 1088hm°wiq™ + 8592h*m*wyq®
+ 48288R°m3wiq® + 154524R*m>wiq* + 419076A°mweq® — 729153R°. (5.37)
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To compute the quantum metric tensor, it is sufficient to consider the expression

9 = (90|90 — (Dl (]0;) (5.38)

due to the reality of the wave function. We find the components

o_ 1, 3h ,  59R o0

T =50 T N | 16384mekE (X,

o 1 h , 143R2 e

N2 =30k~ " 519v/miks A 63samzkt (A%,

o h \ 2142 ,  2353R3 ;

= — + T OO,

N8 o8Bk 4006m2k? 580824/ m5 k2 ()
1 11% 78512

o = — A 2 L O(N

92 =312 ~ Moo 7 91somks (X,

o h 89K2 Ly 384113 o0

I8 T osmke 12288mik? 580824/ m3k 1L ’
1372 31143 57227hA

9% = 2 + O, (5.39)

T 6144mk® 19988V ko + 21233664m2kS

It is important to remark that the metric tensor is correct up to one order less than the
wave function since there are components which require the calculation of a derivative
with respect to A. Another observation can be made regarding the determinant of the
metric. We can easily find that

det gl = O(N%). (5.40)

However, if we fix the mass and only take as our parameters x = {z'} = (k, \) with
¢ = 1,2, the determinant of this reduced 2 x 2 metric is

O)red h 35k 48935h"

(O)red _ — + )2

" 196608mk? 3145728V m3 k13 2717908992m2k?

det g + 0\, (5.41)

Let us now turn to the classical calculation. The tool that we use is canonical
perturbation theory |76, 82|. The central idea of this method is that we can divide our
Hamiltonian in two parts:

H = Hy+ \H,, (5.42)

where 0 < A < 1. It is assumed that we can find the position and momentum for the
system with unperturbed Hamiltonian Hj in terms of action-angle variables (¢q, Ip). In
this case, we take

Ho=L 1 Z2¢, (5.43)

and
H, == (5.44)
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The solution (g, p) in terms of old action-angle variables (¢, Iy) is well-known:

[ 21y .
Q(¢0,Io;l‘) = mc;) sin ¢y, p(ébo,[o;x) = v/ 2mwyly cos ¢y, (5-45)
0

where wy = /k/m is the unperturbed frequency. The problem is to find the canonical
transformation from old action-angle variables (¢, Iy) to the new set (¢, 1) such that
now the perturbed Hamiltonian H can be written only in terms of 7, i.e.,

H(q(¢, I;x),p(o, I;z);2) = E(I; x). (5.46)

This canonical transformation is generated by the type 2 function W(¢y, I; x),

W<¢0, [, .Z') = (ﬁo[ + )\Wl((ﬁo, I, ill') + )\2W2(¢0, [, Q?) + )\3W3(¢0, [, .T,') + 0()\4), (547)
and the Hamiltonian F/(I;z) will be expressed as
E(I;x) = Eo(I;2) + AEL(I; 2) + N Ey(I; 7) + N E3(I; 1) + O(\Y). (5.48)

From the equations of the canonical transformation, ¢ = OW/0I and Iy = OW/0¢g, we
can find that

oW I; oW. I; oOW. I;
660 1) = 6y + AT 2 OWaO0 1) 30 OO0 T30) 4 531y (5.49)
and
Wi (o, I; x) o OWa (o, I; x) 3OW3(o, I; ) 4
Iy(po, ;) =+ \————— N ——————— + N —————— + O(\7). (5.50
0<¢0 $) (9(;50 a¢0 8¢0 ( ) ( )
The results of canonical perturbation theory are
E(I;z) = (Pu(do, I; 7))o, (5.51)
OW (oo, I;
wO(I7I>% - <(I)/L(¢07-[;I>>0_q)#(¢07[;x)7 H= 1727"'7 (552)

where wo(l;x) = (0Hy/0Iy)1,=r and the symbol (-); denotes the average with respect
to the angle variable ¢g. In our case, wo(l;2z) = wy = +/k/m. The function P, is
just the unperturbed Hamiltonian H, evaluated at the new action variable I, which is
®o(I;x) = Iwy. The function P, is the perturbation H; written in terms of the old angle
¢o and the new action I, i.e.,

q*(¢o, I; x) B I?sint ¢,

q)1(¢07];1;) = Al - 6m2w2 .
: 0

(5.53)

The functions ®5 and ®3 can be obtained by the Taylor series expansion of the Hamil-
tonian, and they are
oW, 0H,
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(5.55)

1 (oWi\?O*H, oW, 0H,
(I)3(¢07[7x)_§(8¢0> BYE + a¢0 oI :

Also, since we have only one degree of freedom, the W, can be easily calculated by
integrating (5.52). It turns out that

I?sin* ¢ (8 sin? gy — 3)

144m*w ’

Qy(po, ;) = —

I*sin ¢ (320 sin® ¢ — 144 sin ¢y — 25)

) Iyz)= 5.56
e (8 5in 2y — sin 46y)
8sin 2¢y — sin 4¢q
4% Ix) =
1(¢07 7'%') 192m2w8 )
I3(—384 sin 2¢ + 132sin 4y — 32sin 6y + 3 sin 8¢hy)
1% I;x) =
2(%0, 1;.2) 55206mwf ’
I4(9264 sin 2¢9 — 4101 sin 4¢g + 1624 sin 6¢9 — 441 sin 8¢py + 72 sin 10y — 5 sin 12¢)
Wa(go, I z) = 5308416m5w7 '
m UJO
(5.57)
With this at hand, we are able to calculate the energy series:
I? 1713 1251*
E=1Iwy+ A5 — N s O(\"). 5.58
“o+ Memzz = 0amig T Tamasmeag T O (5.58)

Notice that all the expressions we have found so far are written in terms of the old angle
variable ¢y and the new action variable I. In order to compute the metric tensor, we
need to find the generators G; = p(0;q) 1 — (0:5)e,1, where the derivatives are taken at
fixed new action-angle variables (¢, I). This requires the manipulation of the derivatives
to write them in the most convenient form for computation. Another issue to address is
that we must find the generating function S of the transformation from variables (g, p)
to (¢,1) and it is not evident how to do it, since we only have the function W that
performs the transformation (¢g, In) — (¢, I).

The first issue is solved by noting that given a function f(¢o, I; ), we can differentiate
the expression f(¢g, I;2) = f(é(do, I; x), I; x) with respect to the parameters x to find

of _(Of 0¢ of
(%)W - (a—qﬁ)m (%)W * (%Lr (5:59)

Now, we still have to apply a cyclic property to write the derivative of f with respect to
¢ at our convenience. This can be done through the identity

O\ (0F/060)1a
<a¢)1,x = (06/060)1. (5.60)
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Hence, we are finally able to express everything in terms of derivatives that we can

calculate:
(af> :(a_f> ~ (0f/0¢0)14 (8_¢) (5.61)
Ox' ) yp \0x' )y 1 (00/0¢0)1e \Ox' ),

The second issue can be solved by noting that we already have the position and mo-
mentum in terms of the old action-angle variables (5.45). This leads us into thinking that
we may first attempt to perform a transformation (¢, p) — (¢, ly) through a generating
function Sy(q, Ip; ), and then perform the transformation (¢g, In) — (¢, I) through our

W (o, I;x). The resulting generating function S for the composition of two canonical
transformations is [71, 72]

S(q,];:x) = So(q,]();llf) +W(¢0,[; 27) — ¢0]0, (562)

and the function Sy (which we write in terms of old action-angle variables for convenience)
is

So(qbg, ]0, I) = ]0(¢0 + sin ¢0 COS gbo) (563)

With these results at hand, we can now compute the classical metric g;; = (G,G;) —
(G;)(G;) through the use of (5.61) making f = g or f = S. The generators G; are given
in Appendix A. Notice that since we have everything written in terms of the old angle
¢o, we need to calculate the averages that appear in the metric by making the change of
variable

0
¢ = ¢(¢o, [;x), do = (—¢) doy. (5.64)
8¢0 Iz
After taking all this into account, we find the components
I? I3 4774
= — A \? O(N°
I =noe T Nore s | 32768mAks (X,
I? 713 347714
- — A 2 O3
N2 = 3omk e’ /mBks A 08304m2kt (X,
I3 10374 151°
- — A 2 O3
I8 = o015k 7 16384/ (A%,
I? 1173 191974
= -\ 2_ "eme )\3
92 =302 T N es kT A S0012mEs o),
I3 43974 , TP
_ _ O\
928 = o 1ATARemk " 4608Vt | (A%,
6514 8915 13062116
933 2 + O(\?). (5.65)

T 73728mkd 147456 m3k? + 382205952m2k6

We can easily see that in order to match the quantum and classical metrics, we should
set for the ground state: I?/h* =1, I?/h® = 3/2. However, for powers greater or equal
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to 4, we cannot find the appropriate quantization. For instance, equating each of the
terms of both metrics that contain /4, we find six different results:

I4
o7 & 2.4, 24328, 2.4466, 2.4544, 2.4726, 2.5106, (5.66)

whereas for I°, we have

I5
5 A 41797, 4.2868, 4.3574. (5.67)

Moreover, this quantization does not allow us to recover the energy (5.36). Indeed, it
can be seen that the energy series follows the quantization

LA RS O O R Y O (A R
ho 2] Rm2 2 4 B 2 68 2/’ '

which for the ground state reduces to

I 1 r 1 B 2

= =2 ===, (5.69)

h 20 R 2 R 34
This result was determined by proposing a polynomial in n of the same degree as the
power of the action variable and using the expression for the energies of the first four
excited states given in [83]. It is important to comment that we have found the non-
trivial result that through classical calculations we have reproduced the structure of
the quantum metric. The mismatch is present since the quantum metric includes the
quantum perturbative effects which the classical perturbative method fails to reproduce,
hence the need of the empirical rules of quantization of the action variable. Finally, we
should remark that the method based on canonical perturbation theory applied to the
generalized harmonic oscillator with a linear term provides the same results.

5.3 Two-dimensional isotropic harmonic oscillator in
polar coordinates

This is a very illustrative example since the isotropic harmonic oscillator in two dimen-
sions can be effectively reduced to a one degree of freedom by using the conservation of
angular momentum. For this system, the Schrodinger equation reads

h [ 02 10 1 0? k o
_%<ﬁ+25+ﬁﬁ)‘“§”’_w' (5.70)

We take as our parameters the mass and the spring constant x = {2’} = (m, k) with
i = 1,2. The wave function can be separated in an angular part ©(f) and a radial
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part ¢ (r; x), such that ¥(r,6;x) = ¢(r; 2)O(0). In particular, for the ground state with
energy F = hw, the radial function is

2 ”;ke—@”, (5.71)

Y(r;w) =

whereas the angular part is only ©(0) = 1/4/27. By convention, the normalization is
taken separately so that the condition

(0|0 — /d9|@(9)|2/drr|¢(r;x)|2 _ (5.72)

means that every integral should be equal to one. Thus, in the simple case of the ground
state the effective wave function is ¥ (7; z) and the inner product of two functions is given

by
(Flg) = / drrf*(rs2)g(r ). (5.73)

Since the wave function (5.71) is not complex, we automatically know that the connec-
tion, and consequently, the curvature, are zero. On the other hand, the metric tensor

takes the form
(0) 1 12 lk
9% =16\ L] (5.74)

mk k2
The classical calculation is more involved, since it requires the knowledge of the equa-
tion of the orbit. We will follow an explicit approach which will be useful to summarize
some steps in the next example. The first step is to obtain the action-angle variables for

the system. The Hamiltonian is
2 2
Py Py k o
H=-"4+ """ 4 —r°, 5.75
2m + 2mr? * 2" ( )

Using conservation of energy and angular momentum, we can see that

pr=\/2mE — m2w?r? — L2/r2, py = L = constant, (5.76)

where w = \/k/m. From here, we get the angular action variable,

1
2m

On the other hand, the radial action variable is defined as

1 1
= - 2,202 _ 2 /,2
I, QWfdrpr 27rj§dr V2mE — m2w?r? — L2/r2, (5.78)
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A standard procedure to solve this integral (which will be used in the Coulomb problem
too) is to rewrite it as the sum of three integrals, M, M, and Mj [69]

My + My + M.
oot = +Ms (5.79)
where
mE — m2w?r? mE L?
M, = @ dr , My= ¢pdr—, Mz=— ¢ dr——, 5.80
N S Ea IR R L S

with A = 2mFE — m?w?r? — L?/r?. The first term is the integral of a total differential, so

2 E_ 222_L2 2
Mlzjéd(r\/m me /T):(). (5.81)

2

The second integral, My, appears precisely when, through conservation of energy, one
tries to solve for the motion r = r(t), i.e.,

2
% (%) + m;”zﬁ + 2;; -y (5.82)
This leads to
\/z - / dr (5.83)

We use the change of variable s = r? to turn the integral into

E d
1/%5/ i . (5.84)
\/Es — mT“QSQ - L2

2m

Since this leaves a second degree polynomial inside the radical, we can make use of the
trigonometric substitution

E w22
s=—— <1 —/1- 7z o0 oc) (5.85)
to simplify everything. Evaluating the indefinite integral in a cycle, this becomes
E E Ex
My=— ¢da=—21) = — .
2= fda=gem =T, (5.56)

since (5.85) indicates that in the phase space corresponding to r, the angle a moves 27
until r returns to its initial value. Now, notice that Mj is the quadrature corresponding
to the orbit equation

L? dr\?  mw? L?
Sy (@) r? + =F. (5.87)
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To solve this integral, we make the usual change of variable u = 1/r and then we set

mE w2 L?
u’ = Iz (1 + /1= 7 cos ﬁ) : (5.88)
When we evaluate it in a cycle, we find
1 L
My =3 fasr = -en =i, (5.50)

because (5.88) returns to its initial value after § has advanced 27. So, we conclude that

I = % (@ _ |L|7r) - % (g - |L|) | (5.90)

By inverting this relation, we get the energy expressed in terms of the action variables
as
E =w(2], + Iy). (5.91)

The frequencies associated with the radial and angular motion are, respectively,

OE OF
= = — =uw. .92
8 2w, wy I, w (5.92)

Wy =

We would like to express the energy in terms of a single action variable which is the
one that will correspond to the principal quantum number [76]. In order to do this, we
consider the canonical transformation (¢, ¢g, I, Iy) — (@1, ¢9, 1, I2) generated by the
type 2 function

E5(¢r, b, 11, I2) = <¢9 - %) I + ¢, 1. (5.93)
The equations of the transformation imply that
E=2wl, ¢3=0¢r, (5.94)

with w; = 0 and wy = 2w. Therefore, we have reduced our system to one effective degree
of freedom. In what follows, we refer to I only as I, and to ¢, as ¢.

Now we need to construct the generating function following a procedure that parallels
the previous one. After the elimination of the angular degree of freedom through the
conservation of angular momentum, we find that the function S which is the solution to
the Hamilton-Jacobi equation has the form

S(r,E;x) = /dr V2mE — m2w?r? — L2/r2. (5.95)

We can read the result from the previous paragraphs:

r/2mE — m2w?r? — L2 /r?
2

S(r,E;x) = + 2—a(r E;z) — uﬁ(r E;x), (5.96)
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where o and 6 should be substituted from (5.85) and (5.88) in terms of r, E and the
parameters x. If we compare (5.85) with (5.83), we get that

a = 2uwt, (5.97)
and thus we find that the solution for the motion r(¢) is given by

E 2[2
r2(t) = (1 —/1- wEQ cos 2wt> : (5.98)

mw?

From here, it is seen that a = 2wt is the angle variable ¢ = ¢, corresponding to the
radial degree of freedom. Furthermore, from (5.87) we find that S = 26, so the orbit

r(0) is given by
1 E 2L2
= (1 141 - L cos 20) , (5.99)

r2(0)  L* - E?

which represents an ellipse with its geometrical center located at the origin. In order
to proceed with the calculation of the classical analog of the metric tensor, we need to
express the position r, the momentum p,, and the generating function S in terms of
action-angle variables. The rewriting of (5.98) using (5.94) results in

r(o, [;x) = %(1—\/1—L2/4]2005¢>1/2, (5.100)

and, since p, = mr,

po(6, I ) =\ 217 /mb— Y L= LA sin g o (5.101)
(1 — /1= L2/412COS¢>

Moreover, the generating function becomes

S(¢,I;x) =1(1— L*/AI*)sing + I¢ — |L|6(¢, I; ). (5.102)

Now, we must relate the “physical angle” 6 with the angle variable ¢. A straightforward
comparison of the solution r(¢, I; x) and the orbit (¢, I; x) shows that

1 41?
= —(14++/1— L?/412cos 20). 5.103
1 — /1 —L2%/4I%cos ¢ LZ( / ) ( )

Hence, we see that the “physical angle” # does not depend on the parameters x, and this
leads us to conclude that the generating function does not depend on x either, i.e.,

S(¢,I)=1(1— L?/AI*)sin¢ + I1¢ — |L|6(o, I). (5.104)
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Therefore, the generators G; are reduced to G; = p,0;r. Remembering that 2! = m and

2% = k, we find that
/1AL
G = / sing _ e (5.105)

)

dm
1— L2/4[21 sing  7Tp,
Gy = = ——. 5.106
=Y £ (5.106)
Finally, this allows us to compute the classmal metric tensor which has the form
Y
9ij = T35 (L R (5.107)
mk k2

According to the EBK quantization rule [74], we should have L = 0 and I = h for the
ground state, hence

mk k2

Gl

and we see again that it differs from (5.74) by a factor of 2.

5.4 'Two-dimensional attractive Coulomb problem

Now we address the two-dimensional attractive Coulomb problem whose Schrodinger
equation is
o> 10 102
_(EWTE+F%5
with k¥ > 0. The parameters that we consider are z = {2} = (m, k) with i = 1,2.
According to Zaslow and Zandler [84], the spectrum is given by

) v-"y_ po (5.109)
r

]{32
Ep=—— o n=123,... (5.110)
2h? (n - 2) 2

Just as in the previous case, for the ground state, separation of variables dictates that
the angular function ©(0) is 1/v/27. On the other hand, the radial wave function is

dmk _2mk,

Y(r;z) = 2 e w2l (5.111)

We know that this will yield a zero connection so we move to the calculation of the
quantum metric tensor. The inner product for this Hilbert space has the same form as
(5.73), and this gives the metric tensor

© 1 (w wF
g =5 ) (5.112)

mk k2
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For the classical computation, we consider the Hamiltonian

2 2
D; L k
T 2m | 2mr? (5.113)

We know from the previous section that in order to calculate the classical metric, we
require the motion as a function of time, r(¢), and the orbit equation, r(¢). However, we
know that r(¢) cannot be explicitly obtained for the Coulomb problem [76], so we must
work with the eccentric anomaly v rather than with the angle variable ¢. The equation
r(t) is obtained, in principle, in two steps. First, we use Kepler’s equation

wt =1 — esin, (5.114)

78E3

to find ¢(t). Here, w = —= is the frequency of revolution (remember that £ < 0

1
k
for the bounded problem), and e = (/1 + % is the eccentricity of the ellipse. Then,
we substitute this result in the equation that defines the eccentric anomaly

k
r= —ﬁ(l—ecosw). (5.115)
It is straightforward to prove that the angle variable that corresponds to the radial degree
of freedom is ¢, = wt, just as we would anticipate from (5.114). On the other hand, the
orbit equation r(#) is given by

1
 mk1+ecosf’

r(0) (5.116)

and we know that it represents an ellipse with one of its foci located at the origin. We
now use the same technique as the previous section to find the action variables for the

system [69]. They are
mk?
L=/ =%, 1= L. 5.117
| Ll 1= 1L (5.117)

mk?
F=———. 11
2([,, -+ [9)2 <5 8)

The frequencies for each degree of freedom are

From here we get

1 |—8E3
WT:WQZE m .

(5.119)

Again, we would like to express the energy in terms of a single action variable. In this
case, we consider the canonical transformation (¢,, ¢g, I, Iy) — (¢1, P2, I1, I5) generated
by

F2(¢7’7¢97II712) - (¢0_¢r>]1 +¢7’IQ' (5120)
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This implies that

mk?

- = ¢, 5.121
2122 ) ¢2 Qb ( )

and w; =0, wy = w,. We will omit the subscript and refer to I, and ¢ simply as I and
¢, respectively. Carrying a similar procedure as that used in the previous section, we
find that the generating function S is

S, Iyx) = Iesiny + Iy — LO(, I; ), (5.122)

where e is expressed as /1 — L2/I2. Since the angle variable ¢ does not appear explicitly,
we need to calculate the averages in the definition of the metric by making the change
of variable of integration

=1 —esiny — d¢ = (1 —ecos)dy, (5.123)
where e also takes values from 0 to 27 in one period of motion. Furthermore, we need to

check if there is a dependence of the parameters in the expression 6(¢), I; ). To do this,
we only need to compare (5.115) with (5.116) to conclude that

E=-—

(5.124)

From this expression, it is clearly seen that 6 does not depend on the parameters z, so
we have G; = p,0;r. The position and momentum in terms of (¢, [; x) are

2 mk esiny

1
Liz)=——(1-— (), [ ) = ————. 5.125
r(¢7 73:) mk( ecosdj)’ p (¢ x) I 1_ ecosw ( )
This allows us to calculate the generators,
I r
Gy = —Ssingp = L1, (5.126)
m m
I -
Gy = _?e sint = —TZ , (5.127)
and finally, the metric,
Ptk
95 = — <L R (5.128)
mk k2

Notice the resemblance of the metrics for the isotropic harmonic oscillator (5.107) and
the attractive Coulomb problem (5.128). In Section 5.6, we will shed light on this issue
through the Kustaanheimo-Stiefel transformation. We remind that the EBK rule [85]
tells us that for the two-dimensional hydrogen atom we must have exactly [ = (n—1/2)h
and L = (h, with n =1,2,3,..., and £ = 0,4+1,£2,...,+(n — 1). For the ground state,
this means that the metric tensor is

P oz on

mk k2

which differs from (5.112) by a factor of 4.
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5.5 Two-dimensional anisotropic harmonic oscillator

In this section we consider the two-dimensional anisotropic harmonic oscillator which
has two degrees of freedom and three parameters. The Hamiltonian is
Pu 0y, ku s

. k,
H ==t 002 297

g 50 (5.130)

and we take our parameters to be x = {z'} = (m, ky, k,) with i = 1,2,3. The angular
momentum of this system is not conserved, so it cannot be reduced to a single degree of
freedom, unless of course, the two spring constants are made equal.

For the quantum calculation, we employ the ground state only for simplicity. The
normalized ground state wave function is just the product of the wave functions for each
coordinate since the system is separable [86],

V(u,v;x) = (@)M (@)1/4 exp (—@uQ) exp (—@zﬂ) . (5.131)

2h
The inner product of two functions is now expressed as a double integral,

(flg) = /du/dvf*(u,v;a:)g(u,v;x). (5.132)

Of course, once again the connection and curvature are zero. On the other hand, the
quantum metric tensor is

2 1 1
1 m? mky  mky
0) _ 1 1
P-sli & o (5.133)
1 1
mky 0 @

Now, moving to the classical quantities, we know that the Hamiltonian for this system
can be expressed as
H = Lw, + Lyw,, (5.134)

where I, and I, denote the action variable of the respective coordinate, and where
wy = Vku/m and w, = \/k,/m. The coordinates and the momenta are easily written
in terms of action-angle variables as

21 21
\/TL]CUSingﬁua U(¢07[v;x) = \/TLI{ZUSin¢U

Pu(Gu, Lu; ) = A/ 2L,/ mky cOS @y, Dy(G0 Ly; ) = ) 21,0/ Mk, COS ¢y, (5.136)

U(bu, Lus ) = (5.135)

and
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The generating function is just the sum of the functions for each degree of freedom [76],

S(Puy Gy Luy Iy) = Lu(Py + sin ¢y, cos ¢y,) + 1,(dy + sin ¢, cos ¢y). (5.137)

We see immediately that it does not depend on the parameters, so the generators will
only be G; = p,0;u + p,0;v. From here, we get the metric tensor

241z 12 12

T T
9i=% | m w0 |- (5.138)

32 12 “ 12

iy 0

According to the EBK quantization rule, the actions are I, = (n, + 1/2)h and I, =
(ny+1/2)h, where n,,n, = 0,1,2,.... Since we are considering the ground state only, the
actions become I, = I, = h/2. Again, we notice a discrepancy between the quantum and
classical results. On a side note, in the case of an isotropic oscillator, i.e., k, = k, = k,
the quantum metric tensor takes the form (cf. (5.74)),

1 (4 L
mk k2

whereas its classical counterpart turns out to be (cf. (5.107))

LA 13 (me
gij (b = ko = k) = =0 (L ) (5.140)

mk k2

5.6 Mapping of metrics through the Kustaanheimo-
Stiefel transformation

The Kustaanheimo-Stiefel (KS) transformation allows one to relate the harmonic oscil-
lator and the attractive Coulomb problem [87, 88]. In particular, we utilize the two-
dimensional mapping (also known as the Levi-Civita transformation) to obtain in a
straightforward manner the metric tensor of the Coulomb problem through the trans-
formation rule of a second rank tensor. In this section, the barred parameters belong to
the Coulomb problem.
Let us start with the attractive Coulomb Hamiltonian
2, .2 T
gt k (5.141)

2m /22 + y2’

where k& > 0.
The KS transformation is defined by

dt
r=u®—0v?, y=2uv, T = u? 4+ 0% (5.142)
s
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Notice that besides the transformation of coordinates, there is a time rescaling too. The
momenta transform according to
Dy = UPy — UPy D, = UPy, + UPy (5 143)
T2 402" T 2(u 4+ 0?) '
The energy of the Coulomb problem (an integral of motion) in terms of variables (u, v, s)
is _

2 2
= p,t+p k
FE = U L — 5.144
8m(u? +v?)  u?+v? ( )

or, after rearranging,

o
8m
In order to have periodic orbits, we restrict ourselves to the bounded case so we take
E < 0. The above expression resembles the energy of the two-dimensional isotropic
harmonic oscillator with mass m = 4m and spring constant ¥ = —2F. To verify that
this is indeed the appropriate Hamiltonian, we can apply the KS transformation directly

on the equations of motion for (5.141) which will take the form

k= — BE(u® +v?). (5.145)

,  Du

Uu lmv Py u, ( )
?)/ == p/ = 2[;?). (!)14!)
47?1’ Y

where the prime denotes differentiation with respect to the time s. Therefore, we see
that the transformation yields the Hamiltonian

2 2

pr+ps ko, 9
H==—-"4_ =F. 5.148
5 +2(u + v9) ( )

So far, we have made the following identifications
m=4m, k=-2E, E=k. (5.149)
It can easily be shown [87] that the angular momenta of the two systems are related as
L =2L. (5.150)

Furthermore, the action variable is the same for both systems, since

TN a5y

Thus, the spring constant k is given by

k= —. (5.152)
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Now, we are ready to obtain the metric tensor of the attractive Coulomb problem
using the tensor transformation rule

_ ok oz
gij = %@gkl, (5.153)
or, in matrix form, B
G = ATGA, (5.154)

where A is the Jacobian matrix

om  Om 4 0
_[am ok | _
A= (% %> = (E N E (5.155)
om Ok 12 12

Rewriting the metric tensor (5.107) in terms of the barred parameters and carrying out
the matrix product (5.154) we get

 poq(L L
6= — <1 ) (5.156)

mk k2

which is precisely the metric of the Coulomb problem (5.128).






Chapter 6

Examples of the time-dependent
approach to the classical metric

In this chapter, we employ the path integral approach to the quantum geometric tensor
[58] and its classical time-dependent counterpart [68] to analyze some models. We see
once again that the classical quantities contain all, or almost all, the parameter space
structure modulo some identifications on the action variables. Moreover, some advan-
tages of the time-dependent approach are manifest, such as not requiring explicitly the
generating function of the transformation to action-angle variables. The results of this
chapter have been published in [68].

6.1 Symmetric coupled harmonic oscillators

We begin by analyzing two coupled harmonic oscillators with Hamiltonian

N k o . K. .
H =501 +55) + 56 + @) + 5 (@ — 6)” (6.1)
This system has been extensively employed to analyze quantum entanglement [89-91]
and as a model toward understanding circuit complexity [26]. We take as our adiabatic

parameters z = {z'} = (k, k’). The corresponding deformation operators are

A 0H 1 ) . oH 1

01:%25((%"—(]%), 02281{;,—5(@1_@2)- (62)

To compute the expectation values that are required, we need to introduce new coordi-
nates (@1, Q2) and momenta (P, P,) given by

i = Qi+ Q) &= (G- Q). (6.3)

~

1 . .
p1 = E (P, — P), (6.4)

(P1+P2), D2 =

73
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such that the Hamiltonian acquires the diagonal form

o lop2 pe Wi Ay | WE A
—2( 1t 2)"‘2@1"‘2@2, (6.5)
where the frequencies are

wi=k, wi=k+2K. (6.6)

Given that the system is now separable, we can cast the position of the diagonal system
in terms of time-dependent annihilation and creation operators b,(t) and b (t) (a = 1,2)
as

L(1) = (th bat). 6.7
Qult) =[5 (50 + (o) (6.7
This, in turn, allows us to express the operators O;(t) in terms of by (1) angl bl (t). 1 akmg
into account the time dependence, the operators read by(t) = b ¢ wal b T(t) = bfeiwal
with which the resulting integrands Ag«)) = (Oi(t1), O;(t2))o — (O4(t1))o ( i(t2))o are
2 2
© _ i B it
A = @e 1(t1 t2)+8_w%€ 2(t1 t2)7
O o 2iwr(t1—t2)
12 4(,(.)% ?
AO _ P i) (6.8)
2 w2

2

Plugging this in (2.55) and using the prescription (2.63) for the time integrals, we find
the quantum geometric tensor for the ground state (which in this case is equal to the
quantum metric tensor due to the lack of an imaginary part)

1 1 2
o I [ata o
9ij° = 29 : (6.9)
b2 wi% wi%

The metric has a non-vanishing determinant det g( ) = 1/(256wiwd). Of course, due
to the reason stated above, the Berry curvature is zero. For a general state |m,n),
(m,n=0,1,2,...), the quantum metric is

1 m24+m+1 4 2+n+1 2(n24+n+1)

(mn) A oA I
s T 32 12(nQ+n+1) ’ 4(n2+2n+1) : (6.10)
Wy wg

In the classical case, we use the Hamiltonian

k:/

1 k
H= 5@l +pm)+ 5 +a) + 5 (0 - ) (6.11)

2
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A transformation analogous to (6.3) and (6.4) casts the Hamiltonian in the diagonal form
2 2

H = %(Pf + P3) + 2-Q3 + %Q3. The solution as a function of time is easily expressed

in terms of normal coordinates as

P,
Q1(t) = Qo coswyt + -1 sin wqt

(t) = -
Pl(t> = P10 COS wlt — lelO Sinwlt
P
Q2<t> = QQO COS wgt + -2 sin wgt
Wa
Pg(t) = PQO COS (JJQt — CUQQQQ sin O.)Qt, (612)

where we have taken the initial conditions Q1(0) = Q19, P1(0) = Pjg, and similarly for
Q2 and P.

First, we compute the Hannay curvature. The deformations functions O; = 0H /0x!
are written in terms of the normal coordinates as

1 PlO <P10 sin2 wlt + WlQlO sin let) n P20 (P20 sin2 CUQt + OJQQQ() sin 20)21;)

O(t) = =
1(#) 2 w? w3
+ Q3 cos® wit + Q3 cos® wat |,
Py sin wot t)?
02 (t) _ ( 20 SN W + MQQQO COS Wo ) . (613)

w)
The Poisson bracket of the O; evaluated at different times turns out to be

2sinwy(t1 — to)[Pog sin watq + wo@Qog cos watq ]| Pag sin wato + wo(Qog cOS wats
{O1(12), Oaft)} = 222l — 2] ot ]

wy
(6.14)
where we have taken advantage of their canonical invariance and calculated them with
respect to the initial conditions (Q, Fp) rather than (qo, po). Since the system is separable
in normal coordinates, we can easily express the initial conditions in terms of initial
action-angle variables as

Q10(¢7I) = \/ 2w——:1SiH¢10, P10(<Z57 [) = /2w 1 cos @19, (6-15)

and similarly for Q99 and Pyg. Substituting in (6.14), we find that

4]2 sin WQ(tl — tg) sin(w2t1 -+ Qﬁgo) Sin(wgtg + sz())
- 2
W

{O1(t1), Oa(ta) } =

. (6.16)

The next step is to compute the average. Since we have two degrees of freedom, the
torus average of a function f(¢) takes the form

- 1 2 2
(o= / Ao / A6 £(9) (617)
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thus,

{OL(12), Oa(ta) )y = —25m 2wl =) (6.18)

w3

All that remains to compute the unique element of the curvature is to perform the time
integrals. We see that

0 [e%¢}
1
Fi, = _w_22 / dt, /dt2 sin 2wy (t; — ta) = 0, (6.19)
2
0o 0

due to our regularization prescription (2.63).
We now compute the classical metric. Making use of (6.12), we find the O; as
functions of time and initial action-angle variables:

I sin? (wlt + qblo) I SiIlQ((,UQt + szo)

Ol (t) - + :
w1 Wy
21, sin?(wot
Oy(t) = 2 sin (wat + (%520)' (6.20)
w2
We begin by evaluating the average of each O;:
[ae [ g, [Tsintlat+ o) | Tosin?(at + )
sin”(wt + sin®(wot +
(O1(t))o = /d¢1o/d¢20 [ 1 8in” (w ) b 2 90 }
w1 Wy
_ hws £ b 61
2wiwo .
i i 21, sin®( $20)
sin”(wot +
(Oa(t))o :/dqu/d@o { 2 2 20 ]
)
0
I
T Wy 6.22
%) ( )

The averages of the products of O; evaluated at different times are

TPw? cos 2wy (ty — t1) + Taw? cos 2wa(te — t1) + 2(Iwy + Ihw;)?

(O1(t1)O1(t2))o = i |
I (211wo + 215wy + Iowy cos 2wa(ta —
(O1(t1)Os(t2))o = 2 [211wo 2 14 2 21 o(t2 1)]’
W1y
12 [cos 2wy (ty — t1) + 2
(Os(11)Os(ta))o = 21005 22ll2 = 1) 2] .

2w?
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The component g¢q; is

0 oo
1 (Ifcos 2wy (ty —ty) I3 cos 2wty —t
911:—/dt1/dt2 1 (I cos w12( o — t1) 4 J5eos w22( o — t1)
8 Wi w;
—00 0

W
===+ 6.24
5 (Z+2), (6:24)

1 1
Wy Wy

whereas the component g;5 is

0

i I3 cos 2wo(to — t
912:—/01751/(1752 [ 2 008 2ws(ts — 1)

4w
—00 0
IQ
= 165]4. (6.25)
2
Finally, we find the component gss:
0 o0 [2 5 ( )
COS 2ws(ta — 11
=— [ dty [ dty |2
922 / 1 / 2 [ 202
—00 0
12
= 8—54 (6.26)
2
The resulting classical metric has the form
22 2p2
1 [+ 3% —F
9= | o 2| (6.27)
B I
whose determinant is
det Uik (6.28)
et gij = ———, )
g 256wiws;

and it is always different from zero. Comparing the classical and quantum metrics, (6.27)
and (6.10) respectively, we see that they are related as

m,n Gij
95" =75 (6.29)

as long as we make the identifications I? = (m? + m + 1)h? and I3 = (n? + n + 1)k%
This confirms relation (4.74).
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6.2 Linearly coupled harmonic oscillators

We now present a different system that is also important in the study of entanglement
[92-94]. The Hamiltonian under consideration is

v lo, 5 A, B, C.
H = (07 +3) + 54 + 56 + = G162 (6.30)
2 2 2 2
where the parameters are x = {z'} = (A, B,C) with A # B. This Hamiltonian is not a
particular case of (6.1), so it must be treated separately.

We begin with the computation of the quantum metric. The deformation operators
associated with the parameter space are

/\2 A A
A q A q A 41492
O1(t) = £, O,(t) =2, O4t) = 22, (6.31)
2 2 2
The first step, as we have seen, is to carry out the diagonalization of the Hamiltonian.
With that purpose, we introduce the transformation

G = Qrcosa+ Qysina, Gy = —0Q; sina + Qs cos a, (6.32)
p1 = Py cosa+ Pysina, Do = —Psina+ P, cos a), (6.33)

c

Here, tana = ﬁ €2+ 1 — ¢ with e = 224, Since tana € (—1,1), the angle is restricted
as —7 < a < 7. Once the transformation is effected, we end up with the Hamiltonian

1 . R 2 2
H:§(P12+P22)+%Qf+% 2 (6.34)

where the normal frequencies are
C C
wi=A- 3 tana, w; = B+ 5 tan a. (6.35)

The transformations (6.32) and (6.33) help us treat the three deformation operators at
once by applying the chain rule:

~0H

Oi — N

Ox!

= lef@-wl + wgég@-c@ — (w% - w%)@ng@-a, (6.36)

and from here, we can write the Qa in terms of creation and annihilation operators
as in (6.7), but with the frequencies (6.35). The integrands Ag-)) = (0;(t1), O;(t2))o —

A ~

(Oi(t1))0(O;(t2))o can then be obtained and have the form

A g2 [ 010501 i (11—t
(%) 2
Do , 2,22
w22 Jw2 672%}2(1‘/177&) + a@aaj&(wZWI:};z) 6*1(W1+w2)(t17t2) . (637)
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Substituting this in (2.55), we get the quantum metric tensor

(0) @wl@jwl 8iCU28jWQ 9.0 1 w1 Wa 1
)= adia | = (| —+— ) — =1, 6.38
i 8w? * 8w3 T diad;a 4 \ wo * Wy 2 (6.38)
which explicitly reads
1 1 Li; 1 (w w 1
) _ M. N ij (2 - 6.39
Jii 32wi Y * 32wy * 4 (w2 — w?)’ {4 (UJQ - W1> 2} 7 (639
where the matrices M;;, N;; and L;; are
X (14 p)? v? —(L+pv
Mi; = v (1-p? —(Q=pyr|,
—(I+py —(1—py v
' 1-p? v (A-pp
Nij =7 vio (L+p)? A+ |,
Q=—pv A+pr V2
R V1Y
Ly=1-v* v —uv|, (6.40)
pr o —py g

. _ . € — . —_ 1 . .
with © = cos2a = Wers) and v = sin 2« = Since the quantum geometric tensor

is real, we have a vanishing Berry curvature
) _
F;7=0. (6.41)

For a general state |m,n), (m,n =0,1,2,...), one gets the quantum metric

9, = it ——=5—7—Nij +
J 32wi J 32ws J 4 (w? — w? We Wi

(e DY (oo 2) 1) o

and the Berry curvature

)2

Fimm) = o, (6.43)

ij
We now compute the classical metric and the Hannay curvature. The Hamiltonian
of the system is, naturally,

B C
—4 4+ —q1ge.- (6.44)

1 A
HZ—@%W@+—ﬁ+2 5

2 2
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As in the quantum case, we can use transformations analogous to (6.32) and (6.33) to
diagonalize the Hamiltonian. The deformation functions will then take the form

Oi = lef@-wl + WQaniCL)Q + (w% — w%)QlQQGiOZ. (645)

The normal coordinates can be expressed in terms of initial action-angle variables (¢, )
and time as

%@—w%%MM+mxa_m. (6.46)

This allows us to form the integrands A;; = (O;(t1)O;(t2))o — (Oi(t1))0(O;(t2))o which
turn out to be

I L
A :éawlajwl cos|2w (t1 — ta)] + ;amajwz cos[2wy(t1 — t2)]
LI
+w2j@g—uﬁf@a@aaﬁwgh—¢gymw@@1—@ﬂ. (6.47)
)

Plugging them in (4.75), we obtain the classical metric

&wlajwl 2 @wgang 9 w1 wWa
ij = I5+ L, | —+ — ) 00, 6.48
gj SQJ% 1 8(,()% 2 + 142 W + W « ja ( )
which explicitly reads
112 [22 I 1, wp | w2
= My 4 2 Ny 2 (P2 6.49
Jij 32(J.Jil it 32&)3 it 4 (w% — w%)Q %)) * w1 ! ( )

where the matrices M;;, N;; and L;; are the same as those of the quantum case (6.40).
We now want to compare the quantum and classical metrics, (6.42) and (6.49), respec-
tively. By using the Bohr-Sommerfeld quantization rule I; = (m + %) h, I, = (n + %) h,

and the identifications I? = (m? + m + 1)h?, I3 = (n®* + n + 1)h?, we find the relation

m,n 1 Lz j
%):ﬁ%__Tiﬁ? (6.50)

8(wi — wi
instead of our semiclassical relation (4.74). We see that the extra term in (6.50) does not
involve the quantum numbers m, n, it only contains parameters and is of order 2. The
reason behind this result is the ambiguity of operator ordering in some of the expectation
values. They are

2 2

AA A a i)
R (Q2PIQ1 Po)mn = — (6.51)

<Q1p2é2pl>m,n - 4 )

whereas the corresponding averages in the classical setting are

(Q1P2Q2P1)0 =0, (Q2P1Q1F%)0 = 0. (6.52)
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Finally, we compute the Hannay curvature. We need the non-equal-time Poisson
brackets, which we choose to calculate in terms of the initial normal coordinates (Qo, Fp):

<{Ol(t1), O](tg)}>0 = — ]1 COS[Wl (tl — tg)] <482-w18jw1 sin[wl(tl — tg)]

2 ,12)\2
+ 81-04@-on Sil’l[wg(tl — tg)])
wWi1lwso

- ]2 COS[WQ (tl - tg)] (48@&)26]'(,&)2 sin[w2(.t1 - tg)]

(wi —w3)”

+ @a(?ja
Wi1Wo

sinfwy (t; — tQ)]). (6.53)

Substituting this in (4.77), we finally get that the Hannay curvature is zero, which
coincides with its quantum counterpart.

6.3 Singular Euclidean oscillator

We now present the singular Euclidean oscillator. This model has been used in the
study of quantum rings, which are semiconductor ring-shaped systems [95, 96]. The
Hamiltonian of this oscillator is

2 2 2..2
yo o wr
= 4+ — ) 6.54
5 +2r2+ 5 ( )

H =

We first solve for the ground state and then compute the quantum metric tensor. After
that, we set out to solve the corresponding classical system and find the classical metric.
At the end, we compare both results and establish some prescriptions for the action
variables.

To solve the system, we shall restrict ourselves to the two-dimensional case, so we
can introduce a polar coordinate system as

x=rcosf, y=rsin. (6.55)
The Hamiltonian then reads
2 2 2 2,.2
P, Pyt wer
H==" 6.56
2 + 2r2 + 2 ( )

where we clearly see that 6 is a cyclic coordinate and hence its conjugate momentum
pe is a constant. The time-independent Schrodinger equation for the singular Euclidean
oscillator is

oz Tror o T

2r2+ 2

v 1w 1% 2 {E_<042 w%?)]w_o_ 657
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We can easily separate the angular part by substituting ¢(r, ) = R(r)©(f). This results

m
eiw

o) = (=0,41,+2, .. (6.58)

and the radial equation

2R 1dR 2 B2 4 o2 W
TR [E—( ra +”T)}R=0. (6.59)

dr2 ' rdr | R2 22 2

The normalization condition on the wave function is

2 0o

() :/d9|®(9)|2/drr|R(r)|2: 1. (6.60)

0 0

As is usual, we require both the angular and the radial wave functions to be normalized.
We see from (6.58) that the angular wave function automatically fulfills this condition,
so we are only left effectively with the radial wave function. This means that our inner
products will be of the form

o0

(flg) = / drrf*(r)g(r). (6.61)

0

Since we are only interested in the ground state, we set £ = 0. From (6.59) we expect
that when » — oo, we can recover the harmonic oscillator wave function. To account for
the behavior for all r, we make the following ansatz

Ro(r) = Nrfe~ 3", (6.62)

where N is a normalization constant, and [ is a parameter we must determine. We plug
our ansatz in (6.59), which leads to

— o + 1B+ 2r%[Ey — (B + 1)wh] = 0. (6.63)
Equating each coefficient of a power of r to zero, we find that
B=a/h, Ey=(a+hw. (6.64)

We only need to find the constant N by solving the condition

w7‘2
/ drrRi(r) = N? / drr'te " = 1. (6.65)
0 0
We obtain
2w W\ 2k
N=,—— (= 6.66
ol (%) (h) ’ (6.66)
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where I'(2) is the gamma function [97]
['(z) = /dttz_le_t, Rez > 0. (6.67)
0

Hence, the radial ground state wave function reads

20) w % [e] w .2
R — <_> re 2" 6.68
O(T) al (%) A rre ( )
which has the energy
Ey = (a+ hw. (6.69)

We can readily corroborate that these results reduce to the two-dimensional harmonic
oscillator (see [98]) when we take the limit o — 0:

2 w .2
Eo(a=0) = hw, Ry(rja=0) = \/%}e*ﬁr . (6.70)
Now that we have the solution, we proceed to compute the quantum metric tensor
using (2.20):
955 (x) = Re ({(Dth0|0;v00) — (0:tbol4b0) (Yoldy440)) - (6.71)
We take as our parameters x = {2’} = (w,), i = 1,2. The fact that we have a real

wave function implies that the Berry connection (and, of course, the Berry curvature) is
zero |4]; hence, the second term vanishes, and the metric tensor simplifies to

g§f)(f€) = (0;v0]|0;10). (6.72)

Plugging the wave function (6.68) in this expression, we find the following components:

0 o+ h
911 = Ao
©___1
12 = Ahw’
(0) o ¢1(1 + Oz/h)
90 = o (6.73)
where 1 (2) is the trigamma function defined as [97]
d2
Pr(z) = 2 InT'(2), (6.74)

which has the series representation

hEH=Y — (6.75)

(z+n)?

n=0



84 Examples of the time-dependent approach to the classical metric

The determinant of the quantum metric tensor is

(3 (1+5)-1
16h2w? ’
and it is different from zero for any «. By taking the limit, we can see that it only

approaches zero when o — oo.
In the classical setting, we consider the Hamiltonian

(6.76)

det gg-) ) —

R el | uh

H—;—i— 5,2 + 5 (6.77)
and try to find the classical analog of the quantum metric tensor and the Berry curvature
proposed in [67]. We note that in order to have orbits with a fixed energy E, the condition
E > w+/p; + o2 needs to be fulfilled. This guarantees that the energy is greater than
the minimum of the effective radial potential. Due to the presence of the parameter o,
the Runge-Lenz vector will not be a constant of motion, and hence, the orbit will precess

[76]. The action variables of the singular Euclidean oscillator are [95]

1

Iy = 2—}{019]?9:2?9,
v
1

E  pe
[r:_ d r = 5 T A
or PP T 50T

(6.78)

where py = \/pg +a? = \/192 + a?. The condition for the orbits is then £ > wpy. From
these expressions, we see that the energy in terms of action variables can be written as

E=uw (217,—1-\/]92—1-042) : (6.79)

Given that py is a constant of the motion, the generating function that solves the time-
independent Hamilton-Jacobi equation is given by |76]

S(r,0,E,pg) = peb + /drpT. (6.80)

From here, we get the angle variables [95]

E D /2B — p2 — wirt
Py = (ﬁ) + (ﬁ) (8_) =0 — 2% arcsin (o +wr*)y/ = 2}79 v
ape r,0,F OF 7,0,p0 ape I, 2p9 (E + wp@)r

5 (83) <8E) res E — w¥r? (6.81)
r=| == — = —arcsin ——. .
oF ,0,p0 oL, Po V E? — WQ@%

We notice that we can solve for r from the second equation:

1/2
(E + / E? — w?p}sin ngT)
= _ (6.82)
w
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From the definition of the angle variable, we know that ¢, = w,t — 3, where w, =
OFE /01, = 2w, and 3 is a constant related to the initial position. With this result at
hand, we can easily write the radial coordinate r and its conjugate momentum p, = 7 as

1/2
[E + VE? — wPpg sin(2wt — ﬁ)]
w ?

V E? — w?pj cos(2wt — ) (6.83)
[E + / E? — w?p; sin(2wt — ,6’)] v

The next step is to use the initial conditions to solve for 5. Setting 7(0) = ry and
p-(0) = pro, we can solve for the sine and cosine:

r(t) =

pr(t) =

WroPro , E — wr?
——, sinf = ——.
/E? — W2p2 E? — 022
Now, we find the explicit form of the deformation functions O; expanding the trigonomet-

ric functions in (6.83) and substituting the above relations. Recall that the parameters
we chose are z = {z'} = (w, a). Thus,

cos ff = (6.84)

0, — oH _ 2 E + wropyo sin 2wt — (E — w?r2) cos th’
Ow w
0H « aw?
Oy=—=—= . 6.85
7T 0 12 E+wropysin 2wt — (E — w?r2) cos 2wt (6.85)

We still need to write the initial conditions, rq and p,q, in terms of initial action-angle
variables (&0, ®a0, Ir0, Igo) as

1/2
[E + / E? — w?p}sin gbm] /T2 — 202 cos
ro = » , Do = g 008 $ro 7, (6.86)
[E + /E? — w?pi sin ¢r0}

where F is given by (6.79). Finally, we substitute these expressions in (6.85) to find that

E + \/E? — w2psin(¢,g + 2wt
ou(t) = PG 4 200),
2
aw
Os(t) = . 6.87
2(1) E + /E? — w?p2 sin(¢pp + 2wt) ( )

Notice that, despite its appearance, Oq(t) is continuous everywhere, since the denomi-
nator is never zero. Introducing the parameter a = /1 — w?p3/E?, which has the range
0 < a < 1, we can recast (6.87) in the form

E
O1(t) = ” [1+ asin(¢.o + 2wt)],
aw? 1
E 1+ asin(¢, + 2wt)

Ou(t) = (6.88)
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The formula (4.77) for the Hannay curvature requires the evaluation of the Poisson
bracket {O;(t1), Os(t2)} with respect to the initial conditions. We take advantage of the
canonical invariance of the bracket and choose to evaluate it in terms of action-angle
variables, i.e.,

001 (t1) 005(ta) 001 (t1) 005 (ts)

8¢7"0 a]ro a]7’0 8¢r0 (689)

{01(t1), Oa(ta) } =

Since the O;(t) do not depend on ¢gg, we omitted the derivatives with respect to it in
this expression. Now, given (6.87) we can compute the Poisson bracket taking care of
including the dependence on I, of E and a. We obtain

(O1(1), Os(t)} = daw? sinw(ty — to) {Cosw(tl — t9) + asinfw(t; + t3) + b } |

E [1+ asin(¢yo + 2wty))?
(6.90)
The torus average of a function f(¢g) for the two degrees of freedom, ¢, and ¢go, is
1 2w 2w
(o= 5z [ Ao [ dono flen). (6:91)
0 0

However, the functions O;(t) do not depend on ¢g, thus, the average is taken only with
respect to ¢.9. The average of the Poisson bracket, then, is

20w? sin 2w(ty —tp) 20w
Ev1—a? Do

The final step is to integrate this expression with respect to both ¢; and t5. The result
is easily found using the regularization prescription (2.63). We have that

({O1(t1), Oa(t2) })o =

sin 2w(t; — ta). (6.92)

0 00

2
F12 = & / dtl/dtg SIIIQW 1 — tg) O (693)
0

just as in the quantum case.
To compute the quantum metric tensor, let us evaluate the torus averages. We begin
with the average of each O;:

2
(O4(t)) = ;ﬂ / Ao O (1) = 2£ / Ao [1 -+ @ 5in(ry + 2wt)] = f O (69)
0 0
1 27 9 27 d¢
_ o aw r0 o %
(O2(D)o = o / 90 02l0) = 375 / 1+ asin(g,o +2wt) Py (6.95)
0

0
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Now, we compute the average of the product of O; evaluated at different times:

21

(OU)O(E))o = o- / Ao Or (1101 (£2)

0
2

E2
- / Ao [1 + asin(éo + 20t )] [1 + asin(ég + 2wts)]
2mw
0
E2 2
= [1+ %cosQw(tz —11)

W
E2 E2 _ w2 ~2
=z + Q—WQPG cos 2w (ty — t1). (6.96)

21

(O1(t1)Os(t2))o = % /d¢ro O1(t1)Os(t2)

0
27

aw /d¢ 1 4 asin(¢,o + 2wty)
"1+ asin(¢ro + 2wis)

1
V1—a?
oF «Q

= — — — (F — wpy) cos 2w(ty — t1). (6.97)
Do Po

= aw [1 — cos 2w(ty — t1)

2w
1

(O:(1)Os(t2))o = 5 / dro Os(t1)Os (1)

0
21

% / dero
C27E? ) [1+4 asin(¢.o + 2wty)] [1 + asin(¢ng + 2wts)]

0

_ofuw! 1 1

R [Ml—a%oszw(tg—tl)
a?w? 1

= ) 6.98
Epg 1 — a?cos?w(ty — t1) ( )
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With these results, we can start calculating the classical metric. The component g;; is

0 00
E*  E? W% E?
gi1 = — / dtl/dtg [E + 2—w2p9COS2w<t2 —tl) - —

w2

2

0 e
20
— w pe /dtl/dt2 cos 2w(ty — t1)
)

B W 1
2w? 4w
E2 _ Wzﬁg
8w
_ R+ LIf+ o

2w? ’

(6.99)

whereas the component g;s is

gi12 = —

é\o

7 E
dtl /dtg |:— - = (E wpg) COS 2(4)( 9 — tl) — OZ_
s Do Do

0 00
= ii (E — wpe) / dt, /dt2 cos 2w(ty — t1)
Do
0

—0o0

«
= E—
" 4wp, Do ( wpo)

B —al,
2wy 17 + a?

We see that in both calculations the divergent terms cancel, analogous to the different
examples that appear in [58|. Now, the component gss is

(6.100)

oo

0
1 a’w?
= dt dt —
G2z = / 1/ 2 [ Epg 1 — a?cos?w(ty —t1) 7 }
0

a’w? V1 —a?
= — /dtl/dtg {1_ } (6.101)
[e'e] 0

7 1 —a?cos?w(ty — ty)

where we have left the function inside the brackets in terms of a for easier manipulation.
Given the complicated form of the integral and that the divergent terms do not seem to
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be canceled, we try an expansion in Fourier series on the second term so that we have
to integrate only trigonometric functions as the prescription (2.63) indicates. Defining
T =ty — t; and the function f(7) as

£(T) = L (6.102)

1 —a2cos2wT’

we Fourier expand it

- onrT
(1) = 0—20 +;cncos ( n; ) : (6.103)
where
2 7 T
cnzl—D/de(T)cos< ”; ) n=0,1,2,.., (6.104)
0

and P is such that f(T'+ P) = f(T). Notice that the function f(7") is not singular
because of the condition 0 < a < 1. Since we are dealing with an even function of T,
there is no need to include the sine terms in the series. The period P is easily seen to
be 7/w, hence, the expression for the nth coefficient of the series is

w/w
2w cos 2nwT
= — | dT ) 6.105
¢ T / 1 —a?cos?wT ( )
0
Here are listed the first three Fourier coeflicients:
2
Co = —F—,
V1—a?
2 n 4 4
c = — Sy
! Vi—a2 a?VJ/1—a2 a?
16 n 2 16 n 8 . 16 (6.106)
Cog = —— — —_—t )
TTd T ite avite @ aVisa
With the Fourier expansion, the component g99 of the classical metric is
0 00
0 L a1 vi— @ ! N 2nwT
g22 = 153 1 2 — —a ﬁ+;cncos nw
—00 0 -
0 o)
a’w? >
=——= V1 — a? ch / dtl /dtg COS an(tg — t1>
po n=1 —00 0
a? > c
— — /1 —a2 -
A nzl n?
Q2w = oy,
—. (6.107)

=t
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Here, it is evident how the divergent terms cancel each other. A closed expression for goo
can be given provided that we use the expression for the nth Fourier coefficient (6.105)
and interchange the sum and integral symbols:

T /w
a’w? 2. cos 2nwT 1
= dT . 6.108
922 2npe B / (Z n? 1 — a?cos? wT) ( )

0 n=1

Noting that the quadratic Bernoulli polynomial, By(z) = 2? — z + %, has the series
representation |99

1 <= cos2nmz
n=1

we can set x = wT'/m to get

> 2nwT 272
PP [ e (6.110)
n? 6 T

n=1

which, upon substitution into (6.108), yields

o2w? (7 w?
= -7, — wZ —7s . 6.111
g22 %0 E <6 1 — wiy + . 3) ( )

The three integrals that appear are

T /w
I, = / dT L
e 1 —a?cos2wT’
0
w/w T
Iy = dT
2 / 1 —a?cos?2wT’
0
w/w 7
I3 = dT . 112
3 / 1 —a?cos?wT (6.112)

0

The first and the second have the simple results

E 2 ’F
wvV1l—a? wpy

2w2y/1 — a? B 2w3py’

11:

whereas the third one turns out to be

71.2

v
I3 = ——F+—— | — + Li 6.114
3 wgm |:3 + 125‘| ) ( )
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with = 22=2/1=¢" hounded between 0 and 1. The function Lis(2) is the dilogarithm

defined as [99]
0

Liy(2) = /dt@, (6.115)

z

or, equivalently,

[e.9] n

) z
Lip(z) = ) 5 <1 (6.116)
n=1
Substitution of a gives
nE [m? E — wpy

I3 = — +Lisg | =———— ). 6.117
3 w4ﬁ9 lS + 2 <E+wﬁ9):| ( )

Thus, the metric component goo simplifies to

a? I,

= —Li . 6.118
T (175) (6:118)

The determinant of the classical metric is

04212 ]59 1,
det g = 22 11422 1 ) e, 6.119
I g K +fr) 12(fr+pe) } (6119)

We now set out to compare the quantum and classical metrics. It is easily verified
that the components ¢g;; and gi2 of both metrics follow the rule g;; = thg.)) provided
that we use the quantization conditions

h h?
I, = 2 I? = R Iy = 0. (6.120)

Regarding the component g9o of the classical metric, we expand it in a Taylor series in
I, and find

I 312 1113 2514 13715 49I°
=L _r ro_ ro_ 4+ 0O(I7). 6.121
92 = 5 T 502 T 3608 T 9604 T 60005 24008 (27) (6.121)

In order to contrast this result with the quantum computation, we try an expansion on
the trigamma function that appears in the element gég). We first define the variable
z = a/h, and employ the recurrence relation

Vil +2) = ¥i(2) — > (6.122)

22

Now, we make use of the asymptotic expansion of the trigamma function [97]:

111 1 1 1
I I S SR O ] 6.123
B~ e T s a0 T <29> ’ (6.123)
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which is valid when z — oo, or, equivalently, when /o — 0. This yields

N TR h
hQ (0) ~ _
92 0 T80 T o4 T 12008

+ O(R"). (6.124)

If we want to match the classical and quantum results, we should set the following
quantization rules:

b}

L/h=1/2, I}/W* =1/3, I}/n* =3/22, I}/h* =0, I}/h° = I

(6.125)
Notice that, analogous to the quartic anharmonic oscillator that appears in [67], we
have different quantization conditions for every power of the action variable. This only
indicates that in order to get a better concordance, the semiclassical approximation must
get further contributions from superior powers of A. Another possibility to compare the
quantum and classical results is to take I, = h/2, which is suggested by the matching of
the other metric components. Using this condition, we get

ho 3K 1IR3 25h 137H 4975
I.=h/2,I,=0)= — — — — O(h").
gex [210=0)= 1= = 50 5t ogsa8 ~ 15360 | 192000° _ 1536008 (6<12>6)

We can see that the first term is in perfect agreement with the quantum expression
(6.124). In Table 6.1, subsequent terms corresponding to higher powers of i are shown
for both the classical and quantum case.

Power of h Classical gao Quantum gég)
2 —5 ~ —0.09375 —3=-0.125
3 3 ~ 0.03819 - ~ 0.04166
4 — 1=~ —0.0162 0

Table 6.1: Comparison of the classical and quantum gy components of the metric. In the classical

case, we have taken I, = h/2.

6.4 Spin-half particle in an external magnetic field

We now consider a spin 1/2 particle in a magnetic field which varies adiabatically. This
system was studied by Berry [6], who found the famous result that the geometrical phase
is proportional to the solid angle subtended by the curve that the magnetic field vector
traces in space during its adiabatic evolution. We would like now to address the classical
counterpart of this system. To do so, we follow the analysis of Gozzi, Thacker and
Rohrlich [100, 101], and from there, we compute the classical metric and the Hannay
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curvature. We work with two complex Grassmann variables such that ¥,y + ¥pp, = 0,
(a,b = 1,2) to treat the spin from a classical standpoint (for details, see Appendix B).
The Lagrangian of the systems is

L = itp'p — T M(B), (6.127)
where ¢ = (¢1,12)", B = (By, By, Bs) and

3 .
. Bg Bl - ZBQ
M(B) = Bo' = , 6.128
(B)=2 B (Bl—i—iBg B, ) .

with ¢! the Pauli matrices. To build the associated Hamiltonian, we must find the
momenta [I,. We define them using the right derivative as

<_
0
I, = L—— = i), (6.129)
M
so that the Hamiltonian is
H =Ty, + Mytpy — L = T M (B)1p. (6.130)

Hence, in expanded form, the Hamiltonian reads
H = Bsypihr + (B1 — iBa)Y1¢s + (B1 + iBa) Y31 — Bshyiba. (6.131)
The Poisson brackets of two functions f(1,¢*) and g(v,1*) are defined as
2

9 0 9 0
{f9} =i g+ f g |, (6.132)
2\ Vo500 T ov 00

which leads to the following fundamental brackets:

{¢aa ¢b} = {¢:’ @Z);} = O’ {%7 ¢Z} = iéab- (6133)

To compute the classical metric, we take as our adiabatic parameters the three com-
ponents of the magnetic field, i.e., x = {2'} = (By, By, Bs). First, we need the functions
O;(t), which are easily found to be

o= (5 )¢ = 3w tn() = B (o). (6.134)
'

a,b

Since the Hamiltonian couples both degrees of freedom, it is necessary to find the normal
modes by diagonalizing M through a unitary matrix U given by

B1—iB2 B1—iB>
U= | V2B(B-Bs) +/2B(B+Bs) | (6.135)
VB-B,  _JBiB;

V2B V2B
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This yields

- Q0 B 0
M=UMU = = : (6.136)
0 Q 0 —B

where B = \/B} + B2 + BZ. The diagonalization procedure induces the transformation

Y = U1, so that the transformed Lagrangian and Hamiltonian now read

L = i({5r + P3t2) — Qb — Qo (6.137)
The momenta of the normal modes are
-
_ P -
I, = L— =iy, (6.139)
O
and the equations of motion turn out to be
J}a = {H7 &a} = _Z-Qazz;aa QZZ = {Ha 7/;2} = Z'Qcﬂ;;? (6140)
which possess the solutions
Va(t) = a(0)e ™", i (t) = Py (0)e™ ", (6.141)
Thus, the action variables are
1 ~ X ~ ~
= 5 § T ()u(0) = 55(0)4(0), (6.142)

and the Hamiltonian takes the simple form
H = 91[1 -+ QQ[Q - B(Il - [2) (6143)

We can find the angle variables as

: 0OH
a — = Qa; 144
b= 51 (6.144)
which implies that
¢a(t) = Qut + Gao, (6.145)

where ¢q0 = ¢,(0). Hence, the solutions in terms of initial angle variables and time are
Da(t) = o (0)e w0 e 2t (6.146)

and their corresponding complex conjugate. They allow us to express the O;(t) in terms
of normal coordinates as

O(t) = Pi(t)o"p(t) = YT (OUT U (t) = PH(8)5 (1), (6.147)
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where we have defined 6¢ = U'To'U. Substituting (6.146), we find the O; in terms of
initial conditions as

T (AT, (=)t i(ao—dbo) ~i
:E :%(0)%(0)6( a= )t ilPa0—dr0) 5 (6.148)
The &% are
& _BlB3+iBgB & _BzB3fiBlB
51— B By/B3+B3 52 — B B+/B2+B}
~ | _BiB3—iByB B ’ "~ | _ByB3+iBB By ’

B\/B%+B§ B B /B%+B§ B
By VPitH

5 = \/ﬁ 13 : (6.149)
B B

We now calculate the average of O;(t):

D))o =D Ui(0)y(0)e! P57 (G0 o)), (6.150)
a,b

Since (e!($a0=9w0)) s = §,, we have that
D)o =D 0a(0)0a(0)50n = D> _ ToFsa- (6.151)
The remaining average is (O;(t1)0,(t2))o. We find

(O;(t1) tg 0= Z ¢ ) ( )@bd( Je i{(Qa—)t1+(Qe— Qd)tﬂalba- d< i(¢a0_¢b0+¢c0_¢d0)>'
a,b,c,d
(6.152)
Taking into account that

((Pa0=drot0e0=0u0) )y = 515 + Ga10020c20a1 + Gazlp10c16az, (6.153)

this simplifies to

(Oi(11)O5(t2) o—D (0)2(0)54, 5%
+¢1( )¢2( )@/JQ(O)@Zl(O)ei(Ql 2= t2)012021
L0500 (05 (0)a(0)e— @z 51 (6.154)

Further simplification can be made by realizing that in the second line we can move
¥3(0) to the left of ¥,(0) at the cost of a minus sign, and similarly with ¢7(0) in the
third line. This manipulation results in

(Oi(t1)O;(t2))o _ZI 164,63, — Iy [ei(QﬁQQ)(tl 2)51,55, + e ()0 1t2)0210{2]

(6.155)
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Hence, the integrands A;;(t1,t2) = (O;(t1)O0;(t2))o — (Oi(t1))0(O;(t2))o reduce to
Aij (tly t2) — 1,1, [ei(Ql—Qz)(tl—tz)(}iza—%l + e_i(Ql—QQ)(tl—tQ)a-;la-{Q} 7 (6_156)

which, integrated in time gives

]112 ~i ~7 ~i o~
9ij = TuRB? (‘7120%1 + 05,01 ) . (6.157)

Expressed in matrix form, the classical metric tensor is

B} +B; —DBiB, —BiBs
9ij=—5p1 | —BiB: Bi+B; —DByBs |- (6.158)
—B\Bs —ByBs B} + Bj

In order to compare this result with the quantum metric tensor, we need to remem-
ber that the quantum system is described by a two-dimensional Hilbert space which is
spanned by the eigenstates with spin projections +1/2 and —1/2. The calculations will
not be shown here, but they can be consulted in [4]. The result, in spherical coordinates,
is

, 00 0
9 = gz.(j—):Z 01 o |, (6.159)
0 0 sin®@

where @ is the polar angle between the magnetic field B and the z axis. Using the tensor
transformation rule, we find that in Cartesian coordinates, the quantum metric tensor
has the form

B2+ B2 BB, —BBs
_ 1
g =g = 1gi | BB Bi+Bi —BiBs |- (6.160)
“B\Bs —ByB; B2+ Bl

Notice that the quantum and classical metric tensors are related by

This shows that the classical metric reproduces the parameter structure of its quantum
counterpart. Finally, it is not difficult to verify that the determinant of (6.158) is zero.
We can obtain a non-vanishing determinant fixing one parameter, for instance, By =
By = const., which has the effect of eliminating the first row and column of (6.158).
Hence, we are left with a reduced metric

(6.162)

LI, (B?+ B2 —-B),B
g;‘;d(BlzBl()): 12( 10 3 2 3>’

C2B*\ _B,B, B2+ B2
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with determinant 979 12
I 1 BlO

det gred(B Byo) = 156

(6.163)

which is different from zero as long as By # 0.

To compute the Hannay curvature, we recall that the Poisson brackets are invariant
under unitary transformations [101], which allows us to take the bracket with respect to
the normal coordinates as

o 0 o 0
{O0i(t1),0;(ta)} =i Oi(t1) —=————0;(t2) + O;(t1) ——————0,(t2)
! Z 0U7(0) D (0) Oa(0) D (0) 7
(6.164)
This yields
{O (tl t2 =1 Z ¢b abc(tlu t2> (¢b0_¢60)7 (6165)
a,b,c
where
N;g)c(thb) = _ei[(ﬂa*Qc)tlJr(Qb*Qa)tz}6365-5(1 + (2 =Qa)t1+(Qa Qc)tQ]O-lZmch_ (6.166)

The average results in
{Oi(t1), 0;(t2)} O—ZZ[b (e t) (=) 5t 5] 4 o= (Qam)(i—t2) 5t 57 ]

= Z(Il — ) [61(91— )(t1—t2)0§2551 e i(Q1—Q2)(t1—t2)5é15{2} (6.167)
and, upon integration with respect to t; and t,, it is found that
i i i
by = @(Il — ) (‘721‘7{2 - 012‘7%1) (6.168)

In terms of components, we have

(I — )
283

(I — 1)
283

(L — 1)

Foa =
23 213

By, F3 = By, Fip = Bs, (6.169)
which matches the result that Gozzi and Thacker [100] found using the standard defini-
tion of the Hannay curvature. It is easily seen that the relationship between the classical

and quantum curvatures is

Fy=—(L—L)FS) = (I = L)FS. (6.170)






Chapter 7

Application to the Dicke model

In this chapter, we analyze the parameter space geometry of the Dicke model with the
aid of the classical and quantum metrics, as well as their corresponding scalar curva-
tures. This is the first place where the developed geometric tools are applied to the study
of quantum phase transitions. In particular, through the application of the truncated
Holstein-Primakoff transformation, we find that in the thermodynamic limit, the clas-
sical and quantum metrics have the same divergent behavior near the quantum phase
transition, as opposed to their corresponding scalar curvatures which approach the same
value there. We also see that under resonance conditions, both scalar curvatures show a
divergence at the critical point.

The Dicke model [102] is a well-known model in quantum optics. It describes a
collection of N two-level atoms interacting with one mode of a bosonic field inside a
cavity. Its quantum and classical dynamics have been explored [103-105], and it has been
widely studied in the context of quantum and classical chaos [106-111], entanglement
and fidelity-related measures [112-117].

The Hamiltonian of the Dicke model is

N A A N N
H = wy . +wila + ——(al + a)(J. + J_), (7.1)

VN

where wy is the splitting of the two levels, w is the frequency of the bosonic mode, A is
the coupling of the dipole interaction between the field and the atoms, @ and a' are the
creation and annihilation operators of the field, and jz, ji = jx + ijy are the collective
spin operators. Also, we have chosen i = 1. We see that the operator J2? = jﬁ + j; + jf
commutes with the Hamiltonian, which implies that the total pseudospin is conserved
and we can restrict ourselves, as usual, to the consideration of the maximum pseudospin
j = N /2. This has the effect of treating the collection of N two-level atoms as a single
(N + 1)-level system with pseudospin j = N/2 [106, 107]. We are interested in the
thermodynamic limit j — oo, where the system undergoes a quantum phase transition
at the critical coupling A = A\, = @ that separates the normal phase, A < A, and the
superradiant phase, A > A..

99
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7.1 Analysis in the thermodynamic limit

7.1.1 Normal phase

To describe the system in the thermodynamic limit, we follow the work of Emary and
Brandes [106, 107|. We first use the Holstein-Primakoff transformation [118]

bT\/2j — bib, =\/2j —btbb, J, =0bb— 3 (7.2)

which is a way to associate the bosonic operators b and b! to the angular momentum
operators .J,, Jy. After performing this transformation, the Dicke Hamiltonian takes the

form
X n . bth btb -
H = —jwy + wob'b +wa'a + Na' +a) | b 1—7+\/1—71)
J J

Next, we expand the square roots and take the limit 7 — oo, keeping only the zeroth
order term in 1/j. This leads to the effective Hamiltonian

~

H, = —jwy + wob'd + wala + Aal + a)(bT +b), (7.4)

which is valid for A < ., i.e., the normal phase. It is important to mention that
this approach is valid only in the low energy region where the classical Hamiltonian
corresponding to (7.1) has regular dynamics [110]. The term proportional to j, which
is dominant as j increases, is identified as the ground state energy of the model in the
normal phase. From (7.4), we readily recognize that this Hamiltonian corresponds to
two coupled harmonic oscillators, as can be explicitly seen by applying the operator
transformation

iy = b+ b y = iy 2 (bt — b 7.5
q2 \/2_WO< + )7 b2 ? 2( )7 ( )

which casts it in the position-momentum representation as

~ . (w + wo)

1/ . . R .
Hy = —jwo = ="+ <p? + P54+ WGt + wids + 4h/wwg Q1Q2>- (7.6)

We can uncouple the two oscillators by going to the normal coordinates ((:21,@2)
through the transformation

q1 _ [ coson sin oy, 6:21 7 (77)
o —sina, €OSa, Q)
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and similarly for the corresponding conjugate normal momenta (ﬁ’l, f’g) The angle «,

is such that
4)\/
VW0 (7.8)

2

tan 2a,, = 5

with tan «,, € (—%, %), and we assume that wy # w. After performing this transforma-

tion, the Hamiltonian acquires the form

. (w+ wo)

. 120 A - -
Hy = —jug = 20 4+ 5 (P4 P+ 3,01 +43,03) (7.9)

where the two (squared) normal frequencies are

1
g = 5 {aﬂ +wi — \/(w2 —wi)?+ 16/\2ww0] ,

1
£ = 5 {wz + w + \/(w2 —wi)2+ 16)\2ww0} : (7.10)

We clearly see that at the critical coupling A\, = ¥ ZWO, the normal frequency &;,, vanishes

and the system reduces effectively to only one normal mode. This feature signals the
quantum phase transition of the model [106, 107].

7.1.2 Superradiant phase

In the case of the superradiant phase (A > \.), one can derive an effective Hamiltonian
H, by letting the field and the set of atoms acquire macroscopic occupation numbers;
one way to achieve this is by displacing the bosonic operators that appear in (7.3) and
demanding that the linear terms in @ and a' vanish. After expanding the square roots
and changing to the position-momentum representation, we arrive to the Hamiltonian
for the superradiant phase which reads [106, 107|

4

w +8)\2

i (227 W) 4N+ w? 1
2w 2 w?

SO o 16A* o
+5 <p1 +p§ + w2q% + qg + 2WCUO q1q2> . (711)
As in the normal phase, we use the transformation (7.7), which casts the Hamiltonian
in the form

. (20?2 Wiw AN +w? 1 /- R R R
Hy=—j (— 8‘3\2> - —— t3 (Pf + Py 461,07 + gngg) : (7.12)
where now the rotation angle «y is such that
2 3
tan 20, = - 0 (7.13)

164 — w4’
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and we have assumed that A # 4+w/2. The two resulting (squared) normal frequencies

are
1] 1604 + w4 1624 — wt\?
6?5 = 5 T — (T) -+ 4w2w§
1] 160 + wt 1624 — wt\ 2
€5 = 2T e " (T) ety (7.14)

Notice, once more, that at the critical coupling A\ = ., the frequency e, vanishes.
Indeed, it can be easily verified that H,(\.) = H,()\.). Furthermore, looking at the
dominant term of order j in the Hamiltonians (7.6) and (7.11), we can read off the
ground state energy for both phases:

E, —wo, A< A

—_— = 2 .

J — (% + %) ;o A> A
This normalized ground state energy exhibits a discontinuity in its second derivative
at A = )., which is precisely the hallmark of the quantum phase transition in this
model. Interestingly, the main features of the transition were reproduced using only the
quadratic approximation coming from the truncated Holstein-Primakoff transformation.
This is one of the main virtues of this approach, which was precisely exploited by Emary
and Brandes in their remarkable papers [106, 107|. We are also taking advantage of this
simple method as a first step toward the understanding of the underlying geometry of

the parameter space. In reference [119], some shortcomings of the truncated Holstein-
Primakoff transformation are addressed.

(7.15)

7.2 Classical and quantum metric tensors

Our aim is now to compute the classical and quantum metrics for the normal and su-
perradiant phases, and compare them to see how well the classical metric captures the
essential information of the quantum system. After that, we analyze the scalar cur-
vatures of both metrics. We fix wy = const. and take as our adiabatic parameters the
frequency w and the strength of the dipole coupling A, which results in a two dimensional
parameter manifold with coordinates z = {z'} = (w, \), i = 1, 2.

7.2.1 Normal phase

We begin our computation of the classical metric tensor for the normal phase using the
time-dependent approach (4.75). The Hamiltonian of the normal phase is the classical
counterpart of (7.6),

Hn,cl = _ij - (716)

w + wo 1
(wtwo) : )4 5(10? +13 + W) + wogs +AAV Wi Q1QQ)-
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The deformation functions associated with the parameters are

0H,, .. o)
Oy = 8,l:wq§+/\ _Oqlq%
W w

8an
Ogp, = 8)\’ L = 2\/wwo q1q2, (7.17)

where we have ignored the terms that do not depend on (q,,p,) since they would not
contribute to the metric integrands Ay;(t1, t2) := (O (t1) Ojn(t2))0— (Oin(t1))0(Ojn(t2))o-
Actually, we can deal with both deformation functions simultaneously as in Section 6.2,
and write them as

Om(t) = 51nQ%(t)31-51n + 82,1@3 (t)az€2n =+ (€§n — g%n)Ql (t)QQ(t)&ozn, (718)

where the Q,(t), (a = 1,2) are the normal coordinates that uncouple the two harmonic
oscillators through the transformation (7.7), and ¢,, are the normal frequencies (7.10).
The next step is to write the Q,(¢) as functions of the initial conditions (Qq0, Pao) and
time as

P,
Qa(t) = Quo cOS Egnt + 0

sin €gnt, (7.19)

an

and then, the initial conditions in terms of initial action-angle variables (¢q0, ;) as

21, .
Qa0 = Sin @q0, Py = /21,64, COS ¢ug. (7.20)
€

an

Now, we use the classical torus average to form the integrands A;;(t1,t2) which turn
out to be

1 1
Aij(tl, tg) 2581'61”8]'61”[1 COS [2€1n(t1 — tg)] + §8i€2n8j52n12 COS [2€2n(t1 — tQ)]

E)Z-ozn&an
R (€, — egn)2 o8 [2e1, (11 — t2)] cos [2e9, (1 — t2)]. (7.21)
E1n€on
With the regularization prescription (2.63), we carry out the time integrals and finally
obtain the classical metric for the normal phase, whose components are

. 0i€1n0j€1n

g ai€2naj€2n
ij =
J 82

2+ 2 + 810,050, (Eﬁ + gﬂ) LI, (7.22)

86%71 €on €in
It is clear from this expression that the appearance of €1, in the denominator causes
a divergence in the metric components at \. = W;TO, since 1, vanishes at the critical
coupling (see equation (7.10)); this property of the classical metric signals the quantum
phase transition in the Dicke model.

We now compute the quantum metric tensor (2.56) for the normal phase. From the
Hamiltonian (7.6), we obtain the corresponding deformation operators, which can be
written in compact form as

@m(t) - 51n@%(t)ai51n + 52n@§ (t>az€2n + (5371 - 5%)@1(75)@2(75)8@047” (723)
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where Q,(t), (a = 1,2) are the operators corresponding to the normal modes of the diag-
onal Hamiltonian, which can be written in terms of annihilation and creation operators
as

Qu(t) = == (Bloe'™"" + buge ™" (7.24)

1
V2
With these operators at hand, we can compute the combination %<{@m(t1), Oin(ta)})o—

(Oin(t1))0(Ojn(t2))o and then use the integral regularization (2.63) to arrive at the com-
ponents of the quantum metric tensor, which turn out to be

g(o) = £1 jgl ‘|‘ =2 J€2 + 87,05710]@71 |:Z (i + Ei) - _:| . (725)

% 2 2
! 8€1n 85271 Ean €1n 2

We notice, as with the classical metric, that the frequency ¢;,, appears in the denominator
in equation (7.25), causing a divergence when A = \. and signaling the quantum phase
transition in the Dicke model. Moreover, with both metrics at our disposal (equations
(7.22) and (7.25)), we find the relation
1
0

9 = gij — 5dion0jom, (7.26)
where the identifications I} = Iy = 1/2 and I? = I? = 1 were made. We observe that the
quantum metric (7.25) has an extra parameter-dependent term that does not appear in

its classical analog; this term has been related to an anomaly arising from the ordering
of the operators in the quantum case [68].

7.2.2 Superradiant phase

The treatment of the superradiant phase is analogous to that of the normal phase in
both the classical and quantum settings; the difference lies in the explicit expressions of
the rotation angle (7.13) and the normal frequencies (7.14) in terms of the parameters.
The classical counterpart of the Hamiltonian (7.11) is

(22 wiw AN+ 1y, . 16,
Hsoq=—j <_ 8)\2) - 9w + 2 <p1 TPy twigy + o2 ¢5 + 2wwo Q1Q2> )
(7.27)
and its deformation functions are
0H, 4 1614
O = aw’ = wq; — Fqi + Wo G142,
O0H, ., 32)\3

By following the same steps as in the normal phase, we arrive at the classical and
quantum metrics, which turn out to be

. aif?lsajéls 2 ai52saj€23

€1s €2s
gij — 85%5 1 85‘%8 [22 + @ozsajozs (— -+ _) [1[27 (729)

€2s €1s
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and

(0) aiflsaj€1s ai52saj52s 1 (e E2s 1
o= + OiagOias | = | —+ — ) — =, 7.30
Jis 8e2, 8e2, toasde 4 \ g9, + €1s 2 (7.30)

respectively. We see that these metrics have the same form as those of equations (7.22)
and (7.25), and hence satisfy the relation (7.26), but with the normal frequencies €5 and
€95 and the rotation angle a;. Remarkably, due to the presence of €1, in the denominators
of (7.29) and (7.30), both metrics exhibit a divergence at A = A, which reveals the
existence of the quantum phase transition.

To gain more insight into this, in Figure 7.1 (a), (b), and (¢) we show the components
of the classical and quantum metrics for both phases and fixed values of w and wy. Clearly,
we see that both metrics diverge at \., which signals the quantum phase transition,
however, the metric component gso of the classical metric at A = 0 shows a different
behavior than its quantum counterpart; this can be attributed to the anomalous extra
term that appears in (7.25), making the classical metric more sensitive to the vanishing
of the coupling term in the Hamiltonian (7.6).

The scalar curvatures, computed with the aid of equation (1.20), for both the classical
and quantum metrics are shown in Figure 7.1 (d). We observe some features from the
plots. First, the agreement between them is good in the superradiant phase (A > A.).
Second, an important difference between them appears in the normal phase (A < \.):
while in the quantum case the scalar curvature takes a constant value very close to —4,
in the classical case the scalar curvature possesses a minimum around A = 0.16. Such a
difference can be related to the behavior of the component g0 at that phase. It would
be interesting if an analysis of the exact model, for finite j, presents this behavior, as
will be the case with the anisotropic Lipkin-Meshok-Glick in the next chapter. And
third, in the limit A — A, both scalar curvatures approach each other and tend to —4.
Notice, however, that for A = A. they are not defined since the classical and quantum
Hamiltonians used to compute the metrics are not valid at that point. This behavior
of the scalar curvatures when A\ — A\, suggests that the singularity of the classical and
quantum metrics at the phase transition could be created by the coordinates used. It
is worth mentioning that the scalar curvature of the quantum metric resembles the one
found in reference [17], the only difference being the method used to compute it and an
overall sign due to a convention in formula (1.20).

7.2.3 Metrics under resonance

A special important case of the Dicke model is that of resonance, i.e., when w = wy. We
are unaware of previous geometric analyses in this case. In order to treat it, we take
the limits a,, — 7/4 and wy — w in the classical and quantum metrics corresponding to
the normal phase (equations (7.22) and (7.25)), whereas in the superradiant phase we
only set wy — w in the associated metrics (equations (7.29) and (7.30)). The resulting
metric components in terms of the parameters are greatly simplified, and we find that
in the normal phase, the components g2 and goo of the classical and quantum metrics
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Figure 7.1: Metric components and scalar curvature of the classical metric (solid blue) and the
quantum metric (dashed red) as a function of A when wy = 1 and w = 0.8. All the components show a
divergence at the phase transition (dotted orange) with critical coupling A. = 0.447, whereas the scalar

curvature does not.

perfectly match when the identifications I? = I3 = 1 and I; = I, = 1/2 are used. These
components are

(0) . )\(4)\2 — 3w2)

= = 7.31

12 = Jiz 8w(w? — 4\2)?’ (7.31)
4N% 4 W2

g =g = —— o (7.32)

4(w? —4X2)2
On the other hand, the g;; components do not match, as we can see below

o = 16A%w3 — 8A2W° + W™ 4+ A2y/w? — 4X2(8\* — 6)\%w? + 2uw?) (7.33)

o 320202 (w2 — 4)2)%/2 ’ ’
40— —16X5 4 48\ 1w? — 23X%w" + 3w — wVWw? — AA2(4N* — 3N2w? + w?) (7.34)
11 16w2(w2 _ 4)\2)5/2 (w + M) . .

In the superradiant phase, the classical and quantum metric components are more
complicated and do not match, however, it can be seen that all of them diverge at the
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critical coupling \. = w/2. We show in Figure 7.2 (a), (b), and (c) the components of the
metrics under the resonance condition w = wy. We can see that the component g;; has
a divergence at A\ = 0. Moreover, we observe that in the normal phase, the components
g12 and goo of the classical metric are exactly the same as those of the quantum metric,
just as we mentioned earlier. It is also worth noting that both metrics show the same
behavior in the limiting cases A — A\, and A — oo.

In Figure 7.2 (d), we show the scalar curvatures associated with the classical and
quantum metrics. We notice that the scalar curvature in the classical case presents a
divergence at A\ = 0, which is inherited from the g;; metric component. Once again,
we see that the effect of the anomaly is to get rid of that behavior in the quantum
result. Additionally, in contrast to the non resonant analysis, both scalar curvatures
diverge at the quantum phase transition in exactly the same way. There is, however, an
alternative approach to the metrics under the resonance condition. One could set wg = w
in the Hamiltonian from the very beginning, and from there, derive the corresponding
O;. The resulting deformation operators are different from those we have used and lead
to different expressions for both the classical and quantum metrics as functions of w and
A. As a matter of fact, it turns out that both metrics have zero scalar curvature in the
whole range of w and A, which is not particularly illuminating. We are unaware of the
physical reason behind this result and consider that it deserves further analysis.

To conclude, we would like to stress the fact that both the classical and quantum
metrics exhibit a divergent behavior at the phase transition for the resonant and non-
resonant cases. This is a remarkable result since it shows that the classical metric can be
used to get a first insight into the information contained in the quantum metric tensor.
On the other hand, according to the (classical and quantum) scalar curvatures, the
metric for the resonant case involve a genuine singularity, whereas in the non-resonant
case there seems to be a spurious singularity. This effect could be a consequence of the
fact that the Holstein-Primakoff approximation fails at the quantum phase transition
[119]. Then, in order to clarify this point it would be valuable to carry out a study of the
parameter space of the Dicke model for finite j using the original Hamiltonian (7.1). This
model has features that make the study for finite j subtle, although some authors have
successfully employed techniques that can be implemented numerically and allow the
exploration of the system in various regimes (including chaotic regions) [105, 108, 109].
In the classical setting, we could explore the mean-field Dicke Hamiltonian constructed
with coherent states using as a first approach the perturbative analysis developed in [67]
to find corrections to the quadratic approximation in the thermodynamic limit. The
results should then be compared with the quantum counterpart using a perturbative
approach to the quantum metric tensor [120]. Besides, the chaotic region could be
approached through the study of the adiabatic gauge potential (which is deeply related
to the quantum metric tensor), since it has been found recently that it serves as a
sensitive measure of quantum chaos [121].
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Figure 7.2: Metric components and scalar curvature of the classical metric (solid blue) and the
quantum metric (dashed red) for the resonant case as a function of A when w = 0.8. All of them show

a divergence at the phase transition (dotted orange) with critical coupling A. = 0.4.



Chapter 8

Application to the anisotropic
Lipkin-Meshkov-Glick model

In this chapter, we study the parameter space geometry of the anisotropic Lipkin-
Meshkov-Glick (LMG) model. Some quantum information concepts like fidelity and
fidelity susceptibility have already been applied to the study of classical and quantum
phase transitions in this model [114, 122-128|, but a complete geometrical characteriza-
tion of the parameter space geometry is lacking. To do so, we analyze both the classical
and the quantum metrics as well as their scalar curvatures. First, we consider the ther-
modynamic limit using Bloch coherent states in the classical case and the truncated
Holstein-Primakoff transformation on the quantum side, and see that the classical met-
ric is exactly the same as its quantum counterpart after making an identification of the
action variable. Two of the three metric components show a divergence at the quantum
phase transition and the scalar curvature is also singular there. Nevertheless, we find
that the metric is not invertible in one phase of the system, and as a consequence, the
scalar curvature is not defined in that phase. We finally perform a numerical analysis
for finite sizes of the system that shows the precursors of the quantum phase transition
and allows their characterization as functions of the parameters and of the system’s size.

The LMG model consists of A" mutually interacting spin-half particles that are also
affected by a transverse magnetic field. It was first introduced in the context of nu-
clear physics [129-131], and it has been deeply studied through various analytic and
numerical techniques [128, 132-136]. It has also been used as a model for Floquet time
crystals [137], in the study of out-of-time order correlators [117], and to illustrate the
orthogonality catastrophe and its relation to quantum speed limit [138|.

The Hamiltonian that we shall consider is [123]

H= —hZa; N Z(aﬁca; +0,07), (8.1)

1<j

where {0’ }, @ = x,y,2 are the Pauli spin matrices for the ith spin, h,~ are real pa-
rameters, and we have set h = 1. From here, it is customary to define the pseudospin
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(collective spin) operators as Jo = >, 0% /2 and cast the Hamiltonian into the form
A A 17/ - o
H=—2hJ, -~ (Jj n 7J§> , (8.2)
J

where, as usual, we restrict ourselves to the maximum pseudospin representation with
j = N/2. We also consider h > 0 and —1 < v < 1, and analyze the system in the
thermodynamic limit 7 — oo where a quantum phase transition occurs.

8.1 Analysis in the thermodynamic limit

The description of the LMG model when 7 — oo begins by taking the expectation value
of the Hamiltonian (8.2) in spin coherent states |z) given by [117, 124, 139, 140]

Zj+

9 = e (8.3)

(14|22

where |j, —j) is the state with the lowest pseudospin projection and z is a complex

number parameterized in terms of the two angles of the Bloch sphere as z = €'® tang
(for details, see Appendix C). The function thus obtained is
. 1
H,(0,0) := (z|H|z) = —2hJ, — ;(Ji + 7J§)7 (8.4)

and it defines the classical energy surface where the dynamics of the pseudospin vector
J = j(sin 6 cos ¢, sin O sin ¢, cos ) will take place. Explicitly, in terms of the angles (0, ¢),
the function

H,. = —j[2hcos § + sin® 0(cos® ¢ + v sin® @)] (8.5)

possesses two extrema, each of them defining a phase of the system. The two phases are:

e Symmetric phase: 6, = 0. It corresponds to a classical pseudospin vector aligned
with the z axis. The ground state energy is E, := H.(0, ¢9) = —2hj.

e Broken phase: 6y = cos™'h with ¢9 = 0 or ¢9 = m. It corresponds to two
possible configurations of the pseudospin vector, signaling two ground states with
degenerate energy E, := Hy(cos ' h,0) = Hy(cos ' h,m) = —(1 + h*)j. In this

case, the classical pseudospin is not aligned with the z axis.

The ground state energy E, = E,(h) is thus the piecewise function

E, {—(1+h2), h<1

5 8.6
J —2h, h>1 (8.6)

which has a discontinuous second derivative at h = 1, signaling a second order quantum
phase transition [41]. The region h > 1 corresponds to the symmetric phase where
the ground state is unique, whereas the region A < 1 is the broken phase which has a
degenerate ground state energy.
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8.1.1 Symmetric phase

To carry out the analysis of the symmetric phase in the thermodynamic limit, we will
use the Holstein-Primakoff transformation [118]:

. ata ata -
Jr =/2j 1—Td, J_ = +/2ja 1—— J, =j—ala, (8.7)
J 2)
which is then truncated to zeroth order in 1/j under the assumption that 7 — oco. Hence,

we have ) ) R
Jo~/2ja, J_~+/2ja4l, J.=j—adla. (8.8)

Taking this into account and using Jp=J, + z'jy, the resulting quadratic Hamiltonian
that corresponds to (8.2) is

A 1+~

H o~ —2hj — (147 —2h)ala =T (@ +a?), (8.9)
which in terms of Q and P can be written as
H o~ —h—2hj+ (h—~)P? + (h— 1)Q* (8.10)

From (8.9), it is clear that the Hamiltonian can be diagonalized through the Bogoliubov
transformation from operators (a,a') to (b, b") as

A

i = coshab+sinhabdl, af =sinhab+ coshab', (8.11)

with tanh 2a = . By doing this, the Hamiltonian takes the form

2h

N ~ao 1
H o~ —h—2hj+2y/(h—1)(h — 7)(bTb—l—§). (8.12)

It is readily noted here that at the phase transition, h = 1, the frequency of the resulting
harmonic oscillator vanishes.

8.1.2 Broken phase

In the case of the broken phase, we need to perform a rotation around the y axis to align
the z axis with the pseudospin ground state configuration. Hence, we shall transform
the operators (J,,.J,, J.) to a new set of operators (J., J, J) as

) Yy Yz
J, cosfy 0 sinb, j;
| = 0 1 0 . (8.13)

>
>

—sinfy 0 cosby J!

N
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where cosfy = h and sinfy = +/1 — h?, which is the ground state configuration that
corresponds to (g, ¢g) = (cos™* h,0). Thus, the Hamiltonian of the broken phase turns
out to be [132, 133|

H =—202J +20/1—h2J — 1(1 — h?)J”?
J
1 ~ A A A A o
- [h2Jf F AT R L) + w;f] . (8.14)

Next, we apply the truncated Holstein-Primakoff transformation (8.8) to these rotated
operators to find the quadratic Hamiltonian for the broken phase. The resulting Hamil-
tonian is given by

H ~—(1+h%)j+(1-~)P?+ (1 -h)Q* (8.15)

or, in terms of the creation and annihilation operators b and bf,

H ~ —(1+h%)j+2/(1 = h2)(1—7) (ETH%). (8.16)

We observe once more that at the critical point, h = 1, the frequency of the resulting
harmonic oscillator vanishes, which signals the quantum phase transition. Now that
we have at hand the effective quadratic Hamiltonians for both the symmetric and the
broken phase, we proceed to the calculation of the classical and quantum metric tensors.

8.2 Classical and quantum metric tensors

We are now ready to compute the classical and quantum metrics in the thermodynamic
limit j — oo. In what follows, we take z = {2’} = (h,7), i = 1,2 to be the adiabatic
parameters. To build the classical metric, we nee to derive the deformation functions
from the Hamiltonian (8.4). They are

 0H,

= = —2
O, o Jz,
0H, J;
O, o ; (8.17)

At this point, we introduce canonical coordinates for the description of the classical
system. It is easy to see that the coordinates (¢, J,) are canonical in the sense that they
reproduce the angular momentum algebra {J;, J;} = €;;Ji,, where

_0f9g _Of 9
9= 5507 ~ a7 00

Then, we perform a canonical transformation and move to the (Q, P) representation,

where
Q=+/2(j — J.)cos o, P =+/2(j — J,)sin ¢. (8.19)

(8.18)
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After this, the resulting classical LMG Hamiltonian is

(8.20)

Hy = —2hj + h(P? + Q%) — (P2 + Q?) (1_ pP? —i-‘Qz).

4j
In Figure 8.1, we can see the level curves of the classical Hamiltonian H,. in terms of
the (@, P) coordinates for the two different phases of the model. Once the mean field
Hamiltonian H is constructed with the coherent states, the analysis is purely classical
in terms of fixed points and their stability. This highlights the importance of the classical
methods for quantum systems.

Hcl 15 ‘ ‘ Hcl
2.72 1.0 0.69
2.04 0.5 0.46
1.36 0.23
P 0.0 P 00
0.68 0
0 05 -0.23
0} 1 N -0.68 -1.0 -0.46
_1_5k\ /ﬁ -1.36 _1_5K\\ /A -0.69
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Q Q

-0.92
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Figure 8.1: Phase space corresponding to the classical Hamiltonian H; for v = 0.1 and (a) h = 1.3,
or (b) h =0.3. In (a), the red point is the only minimum; this is the symmetric phase. On the other
hand, in (b), the red point becomes a local maximum and the green points appear as two degenerate

minima; this is the broken phase.

8.2.1 Metrics for the symmetric phase

We first consider the symmetric phase. The quadratic Hamiltonian associated with
(8.20) is

Hy o~ —2hj+ (h—~)P* + (h — 1)Q* (8.21)
Notice that when @) = P = 0, only the ground state energy of the symmetric phase,
E, = —2hj, survives. We need to express the deformation functions (8.17) in terms of

initial action-angle variables and time. To do this, we find the solution to the equations
of motion of (8.21), which are

P
Q(t) =Qo cos wt + — sin wt,
w
P(t) =Py cos wt — wQp sin wt, (8.22)
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where we have identified the frequency as w = +/(h — 1)(h — 7). From here, we readily

find the action-angle variables (¢, I) and write the initial conditions in terms of them

as

21/ h—7v . 2Ivh —1

———singy, Py =/ —F=—— cos¢y. 8.23
\/m CbO 0 h — ’y ¢0 ( )

We substitute (8.23) in (8.22) and use (4.75) to find the classical metric. The resulting
metric components are
I? [ 11— } 2
g11 ) )

Qo =

T332 (h—1)(h—~
_ IPl—9)
T R -0
922 = m (8.24)

We see that at the quantum phase transition, A = 1, the components g;; and g diverge.
Besides, one can easily note that the determinant of the classical metric is zero.

Now, to compute the quantum metric in the thermodynamic limit, we use the Hamil-
tonian (8.2) which leads to the deformation operators

. OH .
= —— —2
01 ah Jza
. 0H J?
= —__Y 8.25

Recall that when j — oo, the truncated Holstein-Primakoff transformation allows us
to cast the angular momentum operators in the (@), P) representation, as suggested by
equation (8.8). Thus, the deformation operators read

Oy =P+ Q*—2j—1,
O, = —P2. (8.26)
We express them in terms of creation and annihilation operators and time, and read off

the spectrum from the effective quadratic Hamiltonian (8.10). This information is then
substituted into equation (2.56), which yields the following metric components:

i = 5 [(h—ln_uz— J

49 = |
2 32(h = 1)(h =)
1
99 = o (8.27)

32(h —7)*
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This quantum metric has already been obtained in reference [17] by using another
method, hence, we corroborate it with our approach. We also see that the metric de-
terminant is zero, which was noted in the same reference and implies that information
geometry is ill-defined in the symmetric phase of this model. Comparing equations (8.24)
and (8.27), it is easy to see that the classical and quantum results have exactly the same
parameter dependence and that the classical metric reproduces the singularities of the
quantum metric. Moreover, both metrics match perfectly if the identification 2 = 1
is made. This is a remarkable result, because the classical metric is easier to compute:
it only requires the parameterization of the canonical coordinates (@, P) in terms of
action-angle variables (see equation (8.23)), instead of the introduction of creation and
annihilation operators. Furthermore, it uses the classical average instead of expectation
values of operators.

8.2.2 Metrics for the broken phase

For the broken phase, the classical Hamiltonian is obtained by taking the expectation
value of equation (8.14) in spin coherent states |z), which leads to

Hy=—j(1+h*) 4+ (1—7)P°+(1-h*)Q?

+ %vl “RQP+ Q)1 - %
+ 4%.(132 +Q°) VPP +RPQ* — (1 - 1) (P + Q%] . (8.28)

The quadratic approximation of this Hamiltonian is given by
L= —j(l+ R+ (1—7)P*+ (1 - 1*)Q* (8.29)

In this case, the evaluation of H/, at Q = P = 0 yields the broken phase ground state
E, = —j(1+h?). The deformation functions are the same as (8.17), however, they must
be expressed in terms of rotated quantities, in which case they take the following form:

O, =2V1— h2J, —2hJ.,
J/2
_v

O =
2 j

(8.30)

From here, we move to the position-momentum representation through the transforma-
tion (8.19) and find that the deformation functions are

O} = h(P* + Q%) +2v/j5(1 — h2)Q — 2hj — h,
0y = - P2 (8.31)
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We use (8.22) and (8.23), and substitute (8.31) into (4.75), which yields the metric
components

) £ onw-q)
m“_¢a_h%u—vf+%{u—h%0—vﬂ’

 Ph(h? )
M= A —n)(1—7)2
go2 = m o

As for the quantum metric in the broken phase, we use the deformation operators (8.25),
rewrite them in terms of the rotated angular momenta (8.13), and use the truncated
Holstein-Primakoff transformation (8.8) to compute the metric. The resulting quantum
metric tensor is

. ; 1] hh2=r) )
g1’ = 2\/(1—h2)(1—7) +32 {(1—]12)(1—7)1 ’
0 _ h(h? — )
N2 T A - 21— )2
0_ 1

922 = 21 =) (8.33)

Again, it is remarkable that both the classical and quantum metrics have the same
parameter structure and match perfectly with the identifications I = 1/2 and I? =
1. In contrast to the symmetric phase, both metrics are now invertible and have the
determinants

]3
det i — )
9 S A=) — )y
det g = J (8.34)

64y/(1 = h?) (1 —7)%

which, at the critical point, h = 1, diverge. This is a new result, since reference [17] did
not analyze the broken phase of the model. Thus, we have found that the broken phase
has a well-defined metric structure that allows a further geometric characterization with
the aid of the scalar curvature. In addition to this, we see once more that the classical
metric provides the same information as its the quantum counterpart but with a simpler
method. The scalar curvature for either of these two metrics can be computed with
equation (1.20), giving as a result

Th* — (9y — 2)h? — 4(1 — )

SOV ) T

(8.35)




Classical and quantum metric tensors 117

From this expression, we observe that for large values of j (as expected in the thermo-
dynamic limit), the scalar curvature practically takes on the constant value —4, and it
diverges at h = 1, which indicates the presence of the quantum phase transition. It is
interesting to observe that the singularity of the metric is independent of the coordinate
system for this phase since it also appears in the scalar curvature. To investigate more
details of this phenomenon, we consider in the next section a numerical analysis for finite

VE

8.2.3 Finite-size analysis

We now want to address the effects of having a finite j directly and without resorting
to any approximations. The Hamiltonian (8.2) can be numerically diagonalized, so
we can compare the classical metric (equations (8.24) and (8.32)) with the quantum
metric (equations (8.27) and (8.33)) for a given value of j and see how well the analytic
computation via the truncated Holstein-Primakoff transformation agrees with the exact
quantum metric tensor!. We obtain the numerical results by employing the so called
perturbative form (2.64), which reads

ICES <0‘§9Ei’">_<’fE’?;'O>. (8.36)
n#0 n 0

The evaluation of this formula requires the time-independent deformation operators,
as opposed to equation (2.56), but at the cost of summing over all the elements of
the eigenspace of H. The Wolfram Mathematica code that was used to implement
equation (8.36) is shown in Appendix D. In Figure 8.2, we show the three components
of the quantum metric tensor for j = 100 and the scalar curvature obtained through
numerical differentiation over a mesh in the parameter space (see Appendix D). We see
the appearance of peaks near h = 1, which we identify as the precursors of the quantum
phase transition. This is most clearly seen in Figure 8.3, where we show the quantum
metric and its scalar curvature for a fixed v and different values of 7. We notice that
the peaks of the metric components and the scalar curvature become narrower and get
closer to h = 1 as j increases, which corroborates their identification as the precursors
of the quantum phase transition.

In Figure 8.4, we compare the classical metric in the thermodynamic limit with the
exact quantum metric tensor for 7 = 500 and v = —0.5. We see that the agreement
between them is acceptable as long as we are not close to the phase transition, where
the Holstein-Primakoff approximation fails [128|. At the transition, the analytic metric
components g and g1 show a divergence that is not present in their finite j counterparts
coming from equation (8.36). Nevertheless, they still bear a resemblance given that, as
we mentioned, the exact metric components have peaks that grow and get closer to

In this context, by “exact” we mean that we can reach sufficiently high digit accuracy with the use
of numerical diagonalization.
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(¢ ()

Figure 8.2: Metric components and scalar curvature for j = 100. The plots clearly show the presence

of the precursors of the quantum phase transition. The critical line h = 1 is shown in cyan.

h =1 as j increases. Actually, this suggests that for large values of j and h = 1, the
components g;; and g5 will evolve to a divergent behavior. On the other hand, go9 does
not seem to have such a good agreement with its analytic counterpart near the phase
transition; this is because goo (see equations (8.24) and (8.32)) is not sensitive to the
critical value h = 1, unlike the other components. For the scalar curvature, we see in
Figure 8.4 (d), that the analytic plot has a divergence at h = 1, and that it does not exist
in the region h > 1, which was expected from equation (8.35). However, the numerical
result indicates that the scalar curvature is smooth after h = 1 and Figure 8.3 shows
that the slope of the descending curve for h > 1 gets steeper as j increases. Thus, for
large values of 7 and h = 1, the scalar curvature will be an almost vertical line that falls
off to large negative values. This dissimilar behavior between the analytic and numerical
results is a consequence of the failure of the Holstein-Primakoff truncation at h = 1.

To better understand the behavior of the numerical quantum metric and its scalar
curvature, we close this section by presenting a fundamental result of our work: an
analysis of the quantum metric and its scalar curvature near the phase transition for
finite 5. In Figure 8.5, we plot the height of the peaks of the metric components as a
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Figure 8.3: Quantum metric tensor and its scalar curvature for different values of j when v = —0.5.

The peaks in the components g11 and g2 become narrower as j increases.

function of h while we fix v = —0.5%2. The curves that interpolate the points have the
following form:

) 911 peak
(peak) 1.5333
= —22.5317 4 22 8.37
911 + (]’L . 1)2 ( )
® gio peaks
cak 0.1990
glEe™ ) = 0.0608 + —
ca 0.0048
glbek2) — _0,0103 — — (8.38)

® (9o peaks

g — 0.0498 — 0.0142R + 0.0042h2,

g% — 0.0046 — 0.0042h + 0.0019h2,

gibet3) — 0.0207 — 0.0125h — 0.0194A%. (8.39)
2The peaks are numbered from left to right (see Figures 8.3 and 8.4).
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Figure 8.4: Metric components and scalar curvature of the classical (or quantum) metric in the
thermodynamic limit (solid blue) and the exact quantum metric for j = 500 (dashed black) as a
function of h when v = —0.5. The g11 and g12 components of the thermodynamic limit diverge at the

phase transition (dotted orange), while the quantum metric is always smooth.

From the functions (8.37) and (8.38), it is clear that in the limit A = 1, the metric
components g;; and gyo exhibit a divergent behavior, which is in accordance with the
corresponding classical (or quantum) metric components in the thermodynamic limit.

In Figure 8.6, we plot the height of the peaks as a function of j for v = —0.5. A linear
relation between these quantities is evident when using a log-log scale. The function we
use to fit the points is

ln(gi(;)eak)) =mln(j) + n, (8.40)

where the parameters m and n are shown in Table 8.1 for every peak. We reproduce the
value m ~ 1.3 for the metric component g;; that was obtained in references [123, 132,
133]. In addition to this, we analyze the other components, finding that the sum of the
m values for the two peaks of gi5 is 1.3142, which is a similar result to that of the g1,
component. This is because g;2 has mixed information about the parameters h and .
Accordingly, the m values of ggo do not relate with those of the other components.
Now, we study the scalar curvature for two representative values of v. This will
allow us to characterize R for finite j and infer its behavior in the j — oo limit. We first
analyze the behavior of the extrema as functions of h. In Figure 8.7, we plot the two
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Peak m n
g'peak) 1.3103 -0.7480
glbeakd) 0.6549 -2.2513
glpeak?) 0.6593 -4.1853
gpeak) -0.0081 -3.1676
gpeak?) -0.0037 -6.0269
glpeaks) 0.0731 -4.9007

Table 8.1: Values of m and n in equation (8.40) for v = —0.5. Notice that the two peaks of g2 have

the property that their values of m sum up to 1.3142, which is close to the m value of g1; peak.

peaks of R for v = —0.5 and v = —0.1. One of the peaks is a local minimum (peak 1)
and the other is a maximum (peak 2). The functions that interpolate the points of the
minima are

2.197
(peak 1) — = -3407 - ——M
R (h,~y 0.5) 3.407 0795
1.525
(peak )~ — —(0.1) = —3.443 — — 41
R,y = =01) = =3448 — 7= (8.41)
whereas for the maxima they are
3.674
(peak2)(p ~ — _(0)5) = —-2072 4 """~
RP5 (R y = —05) St oA
2.145
RPeak2)(p v = —0.1) = —2.685 + ———. 8.42
(. ) T h=0073 (842)

At h = 1, where the quantum phase transition appears in the thermodynamic limit, the
first peak of R takes the value of —4.631 when v = —0.5 and —4.630 when v = —0.1,
whereas the second peak goes to —0.370 when v = —0.5 and to —0.371 when v = —0.1.
The value of the first peak in both cases is very close to the one predicted by the truncated
Holstein-Primakoff approximation. Also, notice that at A = 1, the minima for the two
different values of + are similar, which is also the case for the maxima. This is seen in
Figure 8.7, where both lines intersect.

If we now analyze the value of the peaks as a function of j, we can fit the data for
the minima as follows:

3.882
j08127

6.100
§O-879”

R(peakl)(j7,y = —0.5) = —4.645 —

RPekD (o = —(.1) = —4.655 — (8.43)
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For the maxima, the functions take the form

3.408
RO (4 = —0.5) = —0.365 + —,
0
4.749
RPRD(j y = —0.1) = —0.360 + ——. (8.44)
0

We show in Figure 8.8 the behavior of the two peaks of R as a function of j when
v = —0.5 and v = —0.1. Two main features are seen. First, the minimum (peak 1)
grows as j increases and the maximum (peak 2) decreases with j. Second, the functions
(8.43) reveal that the minimum reaches a value around —4.6 when j — oo, whereas the
maximum (8.44) goes to —0.36. This is also confirmed by equations (8.41) and (8.42),
since the limits h = 1 and j — oo predict the same results. The persistence of both
peaks when j — oo seems to indicate that the scalar curvature is not singular in the
thermodynamic limit; perhaps a more detailed analysis for higher values of j can help
understand this issue. Nevertheless, it is important to remark that despite the scalar
curvature’s smoothness for finite j, its peaks function as precursors of the quantum phase
transition.

A comment can be made regarding the change of sign in the maximum of R. Solving
the condition RP®*2) = ( yields the value of j for which the maximum is zero. When
~v = —0.5, this value is j = 25, while for v = —0.1, the result is 7 = 35. This indicates
a local change in the geometry of the parameter space, i.e., a change in curvature from
spherical-type to hyperbolic-type, although we do not attribute any special interpretation
to those values of j.

We close by remarking that in reference [123|, the authors found the fidelity suscep-
tibility related to the parameter h, however, we contributed with the exploration of the
parameter v through the other two components of the quantum metric tensor. In this
way, we closed the geometric study with the analytic and numerical computation of the
scalar curvature, as well as with the analysis of their peaks.
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Figure 8.5: Peaks of the components of the quantum metric as functions of A when v = —0.5. The

value of j is indicated for each point. The g;; component has only one peak, gi2 has two peaks, and
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Figure 8.7: Peaks of the scalar curvature as functions of h for v = —0.5 and v = —0.1. The values of
7=12,16,20,24,28,32,40,50,75,100,125,175,250,300,500 were considered. In both plots, j grows with h.
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Figure 8.8: Peaks of the scalar curvature as functions of j for v = —0.5 and v = —0.1. The minimum

is shown in (a) and the maximum is shown in (b).






Chapter 9

Application to a modified
Lipkin-Meshkov-Glick model

In this chapter, we present a Lipkin-Meshkov-Glick (LMG) model with a linear term in
J,. In this case, the parameter space provides an invertible metric in both phases, and
therefore, a well-defined scalar curvature across the parameter space. We first build the
classical Hamiltonian using Bloch coherent states and find its fixed points. We will focus
on the quantum phase transition that appears in the highest energy state, so we com-
pute the quantum geometric tensor for this state using the truncated Holstein-Primakoff
transformation. As a result, we observe a divergence in the metric components at the
phase transition and we find that the Berry curvature only exists in one of the phases.
We then compute the scalar curvature and show that it has a singularity at the phase
transition. We then contrast the analytic results with their finite-size counterparts ob-
tained through exact numeric diagonalization, and find a good agreement between them,
except in points near the phase transition where the Holstein-Primakoff approximation
ceases to be valid. We finally include a detailed analysis of the precursors of the quantum
phase transition that appear in the metric and its scalar curvature.

The modified LMG model that we propose has the Hamiltonian

Ao = QJ. + Q.+ %J (9.1)

where J,,. = (1/2) 3, ag(f;g,,z are the collective pseudo-spin operators and j = N /2, with
j coming from the eigenvalue j(j 4 1) of the total spin operator J? = J? + j; +J2.
Also, Q, Q, and §, are real parameters, and we put 2 = 1. We begin by studying the
properties of this model when 7 — o0, i.e., the thermodynamic limit.

9.1 Analysis in the thermodynamic limit

The classical LMG Hamiltonian, which gives an exact description of the quantum system
for j — oo, is obtained by taking the expectation value of Hyyg/j in Bloch coherent

127
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states [2) = (1+ |z|2)7j =+ |j, —j), where [j, —j) is the state with the lowest pseudo-
spin projection, and j+ is the raising operator (for details, see Appendix C). Defining
z = e " tan g, the classical LMG Hamiltonian has the simple form

(2| Himc2)
J

H, = = —Qcosf + Q,sinfcosp + &, sin? 0 sin? ¢, (9.2)

or, in terms of the canonical variables

Q =+/2(1—cosf)cosp, P = —+/2(1—cosb)sin ¢, (9.3)

it reads

H,(Q,P) = g (PP 4+ Q%) —Q+QQ4/1 - % + &, P? (1 — y) . (9.4)

We now set out to find the fixed points of the Hamiltonian (9.4). To simplify the
analysis, we consider only two independent parameters (£, and &,), setting from now
on 2 = 1. Notice that the Hamiltonian (9.2) is invariant under ¢ — —¢, which has as
a consequence the invariance of (9.4) under P — —P. This implies that all the fixed
points are doubly degenerate if ¢ # 0 or ¢ = 7.

The fixed points of (9.4) are found by imposing the conditions Q=0and P=0on
the Hamilton equations in the region 0 < 0 < 7, 0 < ¢ < 27, which means that

y _ OHa _r _ 2 2 N Q.Q B

Q=5 =5 |2 -&2P+Q" - 4) | "

5 _8Hcl _l 9 QxQ2 B — - - -

pP= 50 — 2 [@P Q+¢4_(P2+Q2> /4 — (P2 + Q?) 29@] =0, (9.5)

The valid solutions of this system are:

1. For any value of €2, and &,;:

o x;=(Q,P) = ( 2+ ﬁ,O) with (61, ¢1) = (arccos (—\/ﬁ) ,O).

® X9 = (QQ,PQ) = (_,/2 - \/%70) with (92a¢2) = <arccos (\/ﬁ) 77T)’

Q2+1
2

B S R
® X3 = <Q37 P3) - ( \/gy(zgyfl)’ fyy(zfyl))

with (03, ¢3) = (arccos <—$> , ArCCOS (—\/495”;—1>) and sin ¢3 = /1 — cos? ¢s.

2. For &, < —
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5 / AN Qs 462-02 -1
o Xy = (Q5,FP3) = ( Va6, 1) gyy(zgy—l))
with (05, ¢%) = (arccos (—%) , ArCCOS (— \/%)) and sin ¢ = —4/1 — cos? ¢f.
Yy
3. For §, > —”QEH :

. - Q. . 462-02 -1
® X4 = (Q47 P4) - ( /g—y(2£y_1)7 §yy(2§y_1) )
with (04, ¢4) = (arccos (—%) , arcCos ( Z§_1>) and sin ¢y = /1 — cos? ¢y.

:

C o o Q. 162-02 1
® Xy = (Q4>P4> - <\/€y(2§y_1)’ §yy(2€y—1))

with (0, ¢),) = (arccos (—%) , Arccos (\/fé__l)) and sin ¢}, = —4/1 — cos? ¢).

The energies h; = H,(x;) associated with each fixed point are given in Table 9.1.

Point Energy
X3 V2 +1
X2 - \/W
x3 and X} (46 + Q% +1)/(4&)
x4 and x) (465 + Q2 +1)/(48,)

Table 9.1: Classical energies at each fixed point.

Some properties of the energies are:

e The energies hy and hy are defined for any value of €2, and §,.

e The energy hs is only defined in the region &, < —~ 92“2“ H, where it satisfies hgy < hs.

/02
e The energy hy is only defined in the region §, > Q;H, where it satisfies hy > hy.

Each of the curves &, = j:—”Qj”le is the separatrix between different regions which cor-
respond to different quantum phases of the LMG model in the thermodynamic limit.
Accordingly, for a fixed §,, the values ), = +8,, = +,/4£2 — 1 represent the critical
coupling at which the quantum phase transition occurs. To understand this, we show in
Figure 9.1 the energies as functions of €2, for a fixed &,. In (a), for negative &,, we clearly
see that the ground state energy has the value hg when —Q,. < Q, < Q,., while it takes
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the value hy when Q, < —Q,. or €1, > €,.; this indicates the presence of a quantum
phase transition in the ground state. However, for positive ,, the ground state energy
is given only by hs in the whole region, as clearly shown in (b), thus, no phase transition
appears in this case.

Regarding the highest energy, for negative §,, we see in (a) that it takes the value
hy for any €2, so it does not present a phase transition. On the other hand, when ¢, is
positive, (b) shows that the highest energy is hy4 in the region —Q,. < Q, < Q,., whereas
for Q, < —Q. or Q, > .., it takes the value h;; therefore, we have a quantum phase
transition in this case.

In what follows, we only consider positive values of &, so that we have the quantum
phase transition occurring in the highest energy state. Due to the symmetries of the
model, reversing the sign of £, would generate an analogous description for the ground

/02
state. For &, < M, the highest energy state is unique and we call it the symmetric

2
V2+1

5— the highest energy state is doubly degenerate

phase. On the contrary, when £, >
and we call it the broken phase.

h h
| 6 | | 6 |
~._ 4 a ~__“ a
N a a a
o e | | O,
6 4 252 4 6 6 4 252 4 6

6 a 6 a

— hy — h3 — hy — hy

Figure 9.1: Classical energies as functions of €, when (a) &, = —2.3 and (b) &, = 2.3. The energies
hs and h4 are only defined in the region —4.490 < Q, < 4.490 whose extreme values are marked with
the dashed gray lines.

We show in Figure 9.2 the expectation values of some observables in Bloch coher-
ent states and their comparison with the expectation values taken in the highest energy
eigenstate. The quantum phase transition manifests as a discontinuity in the first deriva-
tive of the plots at Q.. = 4.490 for (b), (c), and (d), whereas as a discontinuity in the
second derivative at €,. = 4.490 for (a). The coherent states give an excellent description
of the system even for j = 128.

To further illustrate the quantum phase transition, we show in Figure 9.3 the fixed
points Xj, Xa, x4, and xj. We can see how the fixed points move and how the phase
space trajectories change around them when the parameter 2, is varied leaving &, fixed.
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Figure 9.2: Comparison of the expectation values of different observables taken in the highest energy
eigenstate (dashed blue) and in spin coherent states (solid orange) for j = 128 and &, = 2.3. The critical
values £€,. = £4.490 are signaled with the gray dashed lines.

The green point is x5 and it corresponds to the ground state of the system; as we know,
for positive values of £, the ground state does not present a quantum phase transition,
thus preserving a center stability. The two blue points are x4 and x/j, and for €, < .,
they correspond to the highest energy states; they are stable center points in this region.
As we increase (),, we see that the two blue points become closer until they disappear
at the phase transition when Q, = €),.. Finally, the red point is x; and it corresponds
to the highest energy state when €2, > (.., where it is stable center point. However,
note that at 2, = €1, it changes its stability, becoming an unstable hyperbolic point for
Q, < Q. and having a positive Lyapunov exponent given by

A= VIFE (26, - I+ D). (9:6)

Figure 9.4 shows the Lyapunov exponent of x; as a function of the parameters €2, and
&y It is important to mention that the Hamiltonian (9.4) is integrable and thus has
regular dynamics. The Lyapunov exponent is therefore not associated to chaos but to
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an instability.

In the quantum domain, the instability of x; is associated with an excited-state
quantum phase transition (ESQPT). A main signature of ESQPTs is the divergence of
the density of states at an energy denoted by E.. In the mean-field approximation, it
has been shown that this energy coincides with the energy of the classical system at the
saddle point [141, 142|, in this case, E. = jHq(x1) = jh1 = j/Q2 + 1. In Figure 9.5, we
show the density of states for the LMG model taking j = 256, {, = 2 and 2, = 0.774.
These parameters correspond to the unstable region where there is a non-zero Lyapunov
exponent (see Figure 9.4). The peak in the density of states associated with the ESQPT
is clearly visible at h;, marked with a vertical red dashed line.
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Figure 9.3: Level curves of the classical LMG Hamiltonian H.(Q, P) = E for different values of €,
and fixing £, = 2. The green point is x and is stable; the blue points are x4 and x/; and are also stable;
the red point is stable when Q, > Q.. (d), but unstable when Q, < Q,. ((a) and (b)), where it has a

positive Lyapunov exponent.
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Figure 9.4: Lyapunov exponent for the critical point x; as a function of the coupling parameters €2,

and &,. The black zone indicates a null Lyapunov exponent.
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Figure 9.5: Density of states when ¢, = 2 and 2, = 0.2, for j = 256. The red dashed line indicates
the classical energy hy = /02 + 1 = 1.265 where the ESQPT takes place.
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9.2 Quantum geometric tensor for the LMG model

In this section, we study the geometry of the ground state and the highest energy states
of the LMG model. While the semiclassical analysis performed above employing SU(2)
coherent states provides rich and valuable information about the system, it is not well
suited to study the geometry of the parameter space of this system. As shown in Ap-

£/ Q22+1

pendix E, the metric obtained employing coherent states is ill-defined for §, < ¥—
since it has a vanishing determinant. To overcome this difficulty, we first compute the
quantum metric tensor and its scalar curvature in the thermodynamic limit via the
truncated Holstein-Primakoff transformation [118]. This approximation becomes exact
in this limit as long as we are not close to a phase transition, where spurious divergences
may appear [128]. After the analytic computation, we carry out an exact diagonalization
and compare the analytic and numeric results.

In what follows, we take z = {2} = (Q, §,) with i = 1, 2 as the adiabatic parameters.
As we said before, we only focus on positive values of ,, so that the phase transition
occurs for the highest energy state.

9.2.1 Ground state

We begin our analysis with the ground state, which corresponds via the classical Hamil-
tonian (9.4) to the fixed point x5 (the green one in Figure 9.3) with angular coordinates

o 1 . . . .
(02, p2) = (arccos ( \/@) ,7T). The first step is to align the classical pseudospin of
the ground state with the 2z axis. To do this, we perform a rotation of the spin operators
around the y axis as follows [132, 133]

J, cosfy 0 sinb, JZ,
=1 o 1 o0 | (9.7)

>

—sinfy 0 cosb, J!

I\

With this rotation, the Hamiltonian (9.1) takes the form

H=1+0J + i—%’jf, (9.8)

which is suitable for applying the Holstein-Primakoff transformation that maps angular
momentum operators into bosonic operators as

. R ata R ata
J =ata— g, er:\/2jAH/1—a2—j, J = /2] 1-%&. (9.9)

It is readily verified that this representation satisfies the SU(2) algebra as long as [a, a'] =
1. Now, we consider the thermodynamic limit j — oo and expand the square roots
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retaining only the zeroth order term in 1/;j [123, 132, 133]. The Cartesian components
of the angular momentum turn out to be

j;g\/g(aua), j;:—i\/g(af—d), J =afa—j. (9.10)

In principle, we may substitute these expressions into equation (9.8) and perform a
Bogoliubov transformation to creation and annihilation operators (l;, ZA)T) that diagonalize
the Hamiltonian. However, for illustrative purposes, we make first the intermediate
transformation Q = \% (dT + d), P= \/Li (&T — &) to find that the Hamiltonian takes the

form
. VR FT14+26,\ A, V2
Ho~—j Qg+1+< ”2 i 5?’)132 2 Q2 (9.11)

This suggests the use of the following transformation

1/4 1/4
A V14+92+2 PPN - 1+ Q2 PO
Qz( i ””+25y> (0t +0), P=i 5 (" -2),
1+02 4(,/1+Q§+25y)
(9.12)
that will cast the Hamiltonian (9.11) into the harmonic oscillator
N A1
He~—j Qg+1+\/m;+1(\mg+1+zgy) (bTb+§), (9.13)

which has the frequency w = \/\/Qi +1 <\/Q§ +1+ 2@) and energy £ = —j/02 + 1

The quantum metric tensor can now be calculated with the aid of equation (2.64) setting
n = 0 and employing the operators

aﬁLMG :j _ 1 j/ + Qx j/
o, T 1t 2417

Ot Iy _ I} (9.14)
9y J i’

provided that they are expressed in terms of (l;, I;T) to act on the eigenstates of H. After
doing this, we find the components

. 292
gi1 = J f
2 QQ+17/4\/\/Q2 +2§y 8 (02 + 1) (\/92 +2§y)
_ R
gi12 = —
82 +1) (VE 1+ 25y>
1
922 = 7 (9.15)

8(VEFT+2)
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and the determinant

9 (9.16)

_ J
- 5/2°
16 (92 +1)7* (w/Q%; 1+ 2§y>
V2+1

We see that a singularity appears in all the components when §, = —¥——. Also, we
observe that gy, consists of two terms, one of them is proportional to 7 and dominant
as j — oo. Retaining all the terms and using equation (1.20), we find that the scalar
curvature associated of the metric (9.15) simplifies to

R=—4. (9.17)

Remarkably, the scalar curvature is constant despite the non-trivial dependence of the
metric components on the parameters. Furthermore, there is no sign of the singularity
that appeared in the metric, at least in the region of the parameter space under con-
sideration. We must mention that if we had considered only the dominant term in j
in g;1 for the computation of the scalar curvature, the result would have been different;
therefore, we choose to retain all the terms. This constant negative curvature signals
that the parameter space of the ground state possesses a hyperbolic geometry and is
isomorphic to the Lobachevsky space [51].

In Figure 9.6, we plot the metric components and the scalar curvature for §, = 2.3
and j = 120. We see that the numeric results agree well with their analytic counterparts
coming from the Holstein-Primakoff approximation. Figure 9.7 shows a map of the
scalar curvature for different values of j, where we see a tendency to the analytic result
as j increases. Notice that the singularity predicted by the metric components (9.15) is
outside the range of the parameters employed in the plots (£, > 0).
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Figure 9.6: Metric components and scalar curvature for the ground state when j = 120 and &, = 2.3.
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Figure 9.7: Scalar curvature map of the ground state for different values of j.
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9.2.2 Highest energy state

We now study the highest energy state for which the quantum phase transition occurs.
We divide the parameter space into regions above and below the separatrix, and thus,
treat each phase separately. The energy of the maximum is (see Figure 9.1)

4&y

VR Q> Q.

48240241
E R0, < Qe
h— { ’ (9.18)
j

The energy F), and its first derivative are continuous as a function of €2, at the critical
point 2, = ., whereas its second derivative presents a discontinuity. This signals a
second order quantum phase transition.

9.2.2.1 Symmetric phase

\/Q2+1

We begin with the region in parameter space for §, < ¥—— (symmetric phase). Here,
the procedure to find the quantum metric tensor is similar to that of the ground state.
The angular coordinates of the corresponding fixed point x; (the red one in Figure

9.3) are (01,¢1) = (arccos (— \/11_93) ,0), and the rotation that aligns the classical

pseudospin with the z axis is

J, cosfy 0 —sinb, J!
= 0 1 0 J . (9.19)

sinf; 0 cosf; J!

>
>

<
<

>

0

Making use of the truncated Holstein-Primakoff transformation, we arrive at the quadratic
Hamiltonian

X V2 +1-2 o2+
H~j Qg+1—< et '5y>P2— e Q> (9.20)

2 2

which is a harmonic oscillator with frequency w = \/ V2 +1 <\/ 02 +1-— 2§y> and

energy E = j1/Q2 + 1. Notice that there is a minus sign in the last two terms of equation
(9.20) due to this fixed point being a maximum of energy, although the dynamics is still
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oscillatory. The components of the metric are

2Q2
g = J + S
22+ 1) VE T2, 8(Q2+1) P (Vaz+i- zgy)
_ Sl
Ji12 = ok
2+ 1) (VT2
1
G22 = 5 (9.21)
8 (VEFT-2,)
and the determinant is
g= J . (9.22)

16 (02 +1)7/1 (,/Qg T1- 2§y)5/2

We can easily identify a singularity in all the components of the metric and the determi-

nant which occurs at &, = ~ P . This is precisely the critical point where the quantum
phase transition takes place, and confirms the usefulness of the quantum metric tensor
to detect a quantum phase transition. With the quantum metric tensor (9.21) at hand,
we compute its scalar curvature with the aid of (1.20) and find

R=—4 (9.23)

which again means that the underlying geometry is hyperbolic.

9.2.2.2 Broken phase

Now, when &, > —”Q+ (broken phase), there are two fixed points that correspond to
the highest energy (the blue ones in Figure 9.3). Choosing x4, which has the angular
coordinates (04, ¢4) = <arccos (—%) , ArCcCos ( $y )), the rotation that aligns the

V421

classical pseudospin with the z axis is

J, cosgy —singy 0 cosfy 0 —sinf, j;
Jy| =1 sings cosps 0 0 1 0 j; . (9.24)
J, 0 0 1 sinfy; 0 cosfy J !

Following similar steps as with the normal phase, we find that the quadratic Hamiltonian
now is

Al GUG-R-1), % 455—93—1<M )
TS 182 -1 2 (462 — 1)

166, — 86 + Q2 +1 .,

4¢, (462 - 1)
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This Hamiltonian has the form of a generalized harmonic oscillator. In order to remove
the crossed term in ) and P, we make the further linear transformation

S [ Mg -2 o) L -1 e J
= P - P |
Q \/ ig-1 @ \/2£y @-2-1 " J (467 = 1) ’

(9.26)

The Hamiltonian then turns into a simple harmonic oscillator

L A2+ Q241 0 P?oW?

H=j—% _* - Q" 9.27

with frequency w = /4£2 — Q2 — 1 and energy F = j %. Again, two minus signs
appear since we are considering a maximum of energy, although the dynamics is still
oscillatory.

The resulting expressions for the metric components in this case are cumbersome,
however, all of them are singular at points on the separatrix. Also, the computation of
the scalar curvature via equation (1.20) yields a cumbersome expression. In Figure 9.8,
we show the quantum metric tensor and its scalar curvature as well as their numeric
counterparts, observing a good agreement between them, except for g;; near €, = 0.
This component has a maximum at €2, = 0 which is not observed in the result of the
analytic Holstein-Primakoff calculation and it seems to be related to the vanishing of <jr>
when 2, changes sign as observed in Figure 9.2 (b). In any case, this strong difference
does not affect much the scalar curvature, which approaches to zero in the broken phase
in both the analytic and numeric results. We must say, as explained in detail in Appendix
F, that the numerical evaluation of the metric demands extremely high precision (from
15 to 60 decimal digits), involving extensive computational resources.

Now, it turns that under the analytic computation the broken phase exhibits a Berry
curvature, whose only component is given by

B 2j +1 N 167 — Q2 +1
A2, /A2 — Q2 -1 168 (42— 02 —1)

We observe, as expected, that the Berry curvature is also singular at the separatrix. On
the other hand, the numeric analysis yields a zero Berry curvature. The reason for this
discrepancy is that the Berry phase appeared due to the rotation that was performed to
align the highest energy state with the classical pseudospin, introducing in this way the
crossed term in @ and P in the Hamiltonian (9.25).

In Figure 9.9, the plots of the metric components and the scalar curvature for the
highest energy state are shown in 3D, while Figure 9.10 contains their maps. We see
that in the symmetric phase, the scalar curvature has a value around -4, just as the
Holstein-Primakoff calculation predicts. However, as €2, decreases, the scalar curvature
begins growing, passes the separatrix, takes small positive values, reaches a maximum
and then descends to near zero values.

Fip = (9.28)
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Figure 9.8: Comparison of the metric components and the scalar curvature with the analytic results
for £, = 2.3 and j = 96. The inset shows the g;; component in logarithmic scale. The agreement is
excellent except near to the quantum phase transition (dashed gray). Notice the difference in g11between
the analytic and numeric curves as 0, — 0. Also, the analytic plots show a divergence at Q. due to

the unreliability of the truncated Holstein-Primakoff approximation at that point.

Now a question arises. How can we interpret the change of sign near the separatrix?
Does it mean that there is a change in the topology of the parameter space and that it
switches between a closed and an open shape? To answer this, we must recall that a
fundamental quantity in the study of two-dimensional surfaces is the Gaussian curvature
K, which is related to the scalar curvature as K = R/2. It is defined as the product of
the two principal curvatures, k1 and ko, which quantify the bending of the surface along
each direction [143]. If both principal curvatures, k1 and ks, have the same sign, then
the Gaussian curvature is positive and the local geometry is spherical. On the contrary,
when both principal curvatures have opposite signs, the Gaussian curvature is negative
and the surface is locally hyperbolic. A change in topology would imply that the metric
becomes singular at some point [144], which means that its determinant should vanish
there. Since we do not observe that the metric determinant is zero (see Figure 9.9 (e)),
we conclude that a change in topology does not take place. Instead, there is only a sign
change in one of the two principal curvatures, x; or ko, producing a local change between
dome-like and saddle-like shapes.

In Figure 9.11, we show the plots of the quantum metric tensor and its scalar cur-
vature for various values of j when &, = 2.3. We can see how the peaks of the metric
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components get sharper and closer to the critical value €2,. = 4.490 as j increases, thus
anticipating that in the limit j — oo they will diverge (they are the precursors of the
quantum phase transition for finite j). Also, the maximum of the scalar curvature gets
closer to the separatrix, and the transition region between the asymptotic values —4 on
one side and 0 on the other becomes thinner, suggesting that a discontinuity will appear
at €, in the thermodynamic limit. In the next section, we carry out a detailed analysis
to extract more relevant information about this behavior.
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(e) g in log scale

Figure 9.9: Metric components, determinant, and scalar curvature for the highest energy state with

V1492

J = 32. The cyan line is the separatrix §, = ~—
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Figure 9.10: Maps of the metric components and the scalar curvature for the highest energy state
with j = 32.
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Figure 9.11: Metric components and scalar curvature for the highest energy state with £, = 2.3 and
j = 32,48,64,96, 128. The inset shows the g1; component in logarithmic scale.
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9.2.3 Analysis of the peaks

We now analyze the peaks of the metric components and the scalar curvature to infer
their behavior in the thermodynamic limit. We consider three interesting cases: (i) fixing
¢, = 2.3, (ii) fixing Q, =0, and (iii) fixing &, = 0.5.

9.2.3.1 Case1l: { =23

In Figure 9.12, we plot the peak (maximum or minimum) of every metric component
and of the scalar curvature as a function of (2, for §, = 2.3 and increasing values of j.
The functions used to fit the data are:

2.051
(max)
= 0582+ —
a8 T, — 449002
. 2.966
(min)
—2249 - ————

12 (Q, — 4.490)2°

() _ 11704 0931
922 (Q, — 4.490)2°
R™M*) — _(0.083 + 2.470 ¢ 035 (9.29)

We see that at the critical point, ,. = 4.490, the metric components are singular,
just as the analytic formulas (9.21) predict. On the other hand, the maximum of the
scalar curvature takes the value 0.416. This is an indication that the maximum of the
scalar curvature persists and that there is not a singularity when 5 — oo, but rather a
discontinuity produced by a sudden change of sign across the quantum phase transition,
which is implied by the increasing slope of R seen in Figure 9.11 (d).

Next, in Figure 9.13, we show the peaks of the metric components and the scalar
curvature as functions of j. In this case, the functions used to fit the data are:

max )

log(g11 —3.102 + 1.267 log(j),
log (g™ —3.134 + 1.349log(j),

)
log(g{3™)) = —2.702 + 1.3941og(§),

i 1.563
R = 0.418 + G 001306 (9.30)

1I1

In the thermodynamic limit j — oo, the metric components diverge, whereas the scalar
curvature approaches 0.418, which agrees with the prediction of the previous analysis
when 2, = Q... Once again, this confirms that R is not singular across the quantum
phase transition and that it just presents a sudden sign change, i.e., a discontinuity. As
a consequence, it can be said that the singularity that appears in the metric is removable
and is not a true singularity of the parameter space.
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Figure 9.12: Behavior of the maximum of each metric component and the scalar curvature with
respect to ), for & = 2.3. The points correspond to j = 32,48, 64, 96, 128, 160, 192, 256, 300, 384, 512.

9.2.3.2 Case 2: (2, =0

Now, we analyze the value of the metric components g;; and g99, and the scalar curvature
when €, = 0. The plots are shown in Figure 9.14 and the functions that fit the data
are:

g% = (—0.013 + 0.9765)?,
g% = 0.005 + 0.0057,
0 _ 1
0.131 + 0.238;

(9.31)

Notice that gi» does not appear because its value at €2, = 0 is zero. Remarkably, the
scalar curvature goes to zero as 7 — oo, which is precisely the prediction of the coherent-
state approach shown in Appendix E (see equation E.6).

9.2.3.3 Case 3: {, =05

Finally, we show in Figure 9.15 the peaks of the metric components g;; and g9, as
well as the scalar curvature for § = 0.5. This case is particularly interesting, since
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Figure 9.13: Maximum of each metric component and the scalar curvature with respect to j for
£, = 2.3.

at £, = 0.5 the peaks of the quantum metric tensor and the scalar curvature occur at
2, = 0 regardless of the value of j. The functions used to fit the data in Figure 9.15 are:

log(g?)) = —0.480 + 1.325log(5),
log(g9y) = —1.881 + 1.327 log(j),

3.430
—2.183 + —

R .
(]2 _ 6_206)0.284

(9.32)

In this case, in the thermodynamic limit j — oo, the metric components also diverge,
whereas the scalar curvature approaches —2.183. This is a limiting point, over the
separatrix, where R takes an intermediate value between the asymptotic ones in the two
phases (0 and -4). Once again, this confirms that R is not singular at the quantum phase
transition.

In summary, in this chapter we obtained a geometrical characterization of the mod-
ified LMG model with the aid of the quantum metric tensor and its scalar curvature.
In particular, our analysis for finite j allows us to deduce that the second-order quan-
tum phase transition in this model is indicated by the sudden sign chane in the scalar
curvature. Thus, the singularity predicted by the analytic scalar curvature at €1, is a
consequence of the unreliability of the truncated Holstein-Primakoff approximation in a
close vicinity of the phase transition. In this sense, one may try to use the resummation
of the Holstein-Primakoff series proposed in [145] and see if the results obtained with
this technique coincide with the numerical predictions.
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Chapter 10

Relativistic Coulomb problem from
N = 4 super Yang-Mills

In this chapter, we analyze how to generalize the Runge-Lenz (RL) vector to the rela-
tivistic Coulomb problem. In Section 5.4, we discussed the two-dimensional attractive
Coulomb problem in the non-relativistic setting. Although we did not use it, the RL
vector can be introduced to find straightforwardly the equation of trajectory. In the rel-
ativistic case, the minimal coupling prescription on the Klein-Gordon equation destroys
the SO(4) symmetry and hence no RL vector exists. Thus, our interest is the modi-
fication of the coupling prescription to allow for a RL vector that restores the SO(4)
Symmetry.

We see in this chapter that N' = 4 super Yang-Mills (SYM) gives rise to a modified
Klein-Gordon equation by means of a specific Higgs mechanism. In particular, we present
the simplest spontaneous breaking of symmetry that allows one to extract this integrable
system where the Coulomb potential is coupled to both the mass and the energy of the
particle. Then, we see the deduction of this equation from a modified action principle for
a relativistic particle. Next, we obtain the RL vector and show that it generates, along
with the angular momentum, the SO(4) algebra, providing the relativistic spectrum
of the modified Klein-Gordon equation. Our results confirm previous analyses using
different approaches [146-148]. We finally make use of the Kustaanheimo-Stiefel (KS)
transformation and show that the relativistic spectrum of the hydrogen-like atom in two
dimensions is related to the relativistic harmonic oscillator spectrum in two dimensions.
Again, we confirm the analysis where the spectrum of the relativistic harmonic oscillator
was constructed by directly solving the modified Klein-Gordon equation [149]. The
results of this chapter have been published in references [150] and [151].

10.1 Modified Klein-Gordon equation from N =4 SYM

Our interest in this section is to make more transparent the extraction of the modi-
fied Klein-Gordon equation (Klein-Gordon equation with scalar and vector potentials of

153
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equal magnitude, which is useful to describe the pseudospin symmetry in atomic nuclei
[152]) from N/ = 4 SYM. The usual Klein-Gordon equation describing a charged spinless
particle in a Coulomb field is obtained by the minimal coupling prescription 8, — D,, =
Oy + %Auv where a particular reference frame is chosen to have A* = (—a/r,0),

10 i\’ 9 me 2
<E§_ﬁ_> 6+ V2 — (7) 6= 0. (10.1)
Expanding, we get
1 0% ) 2ioe O a? me 2
i — = =0. 10.2
028t2+v¢+ 8t+h2c2r2¢ (h) ¢ (10.2)
Now, the modified Klein-Gordon equation includes a non-minimal coupling through the
mass,
10 i a)’ 9 mec o 2
=== = - =0. 10.
(c@t hcr) S+VY (h hcr) ¢=0 (10.3)

Expanding this equation, it can be seen that the modification of the mass results in the
cancellation of the quadratic potential term,

1%

2
e VQH-

2204 0 2am me\ 2
o - (

L2 7) ¢=0. (10.4)

For future treatment, we write the relativistic form of this equation,
2
0,06 — 2iA,0" — A, Al — (m - ﬁ) 6 =0, (10.5)
r

where i = ¢ =1 and the metric is 7, = diag(—1,1,1,1).

To undertake the spontaneous breaking of symmetry that will allow us to extract
the above equation, we consider only the bosonic sector of N' = 4 SYM which has the
following Lagrangian density [153]

L=Tr {——F“”FW— ZD o, D", +g—z (®,, D] } (10.6)

7,7=1

Here, the six scalar fields are N x N traceless Hermitian matrices in the adjoint repre-
sentation of SU(N). The action of the covariant derivative on a generic field W is given
by

D,W = 0,W —igl[A,, W], (10.7)

where under a gauge transformation U, the gauge field A, and the scalar fields ®;
transform as

o, - UDUT, A, - UAUT - é(@NU)UT, (10.8)
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and as usual, the field strength F),, is defined by the commutator of the covariant deriva-
tives .
po_d

w=y

The resulting equations of motion are [154]

[D,,D,] = 9,A, — 0,A, —ig[A,, A (10.9)

6

D, F"" =gy [®;, D"®;], (10.10)
=1
6
D,D"®; = g* ) [, [®;, D). (10.11)
j=1

We choose to work with the group SU(2) for simplicity. Therefore, the fields will be
expressible in terms of the Pauli matrices 7% as

o 1 (Y & « 1 A AL A
L e I Py Z w0 10.12)
2 2\¢f -9 22 \4l 1Az A

]

where ®F = &} 4+i®2. We introduce the Higgs mechanism by giving a vacuum expecta-
tion value v to ®; [148, 155, 156]

1 [®Y+ 0
== " , (10.13)
2 0 —dY—v
and taking the other fields as
1[0 & o 1A 0
By = - 2), @, =0,i=3456 A, =A"" =_["* . (10.14)
2\d5 0 "2 2 0 -4

Now, the Lagrangian (10.6) reads

1 1 1 '
L=— Py = 10,0, 0"0f — 20, 800"P] + %A“((Ig@ud); — ©50,9;)
2 2
- %¢5<IDQ+A#A“ - gZ(Cfo +0)2D; Y. (10.15)

Here, we have defined A, = Ai and F,, = 0,4, —0,A,. A crucial step is to implement
the constraint N
P+ —-=0 (10.16)
r

in the previous Lagrangian. After the strong implementation of the constraint, we ob-
tain?

1 1 '
L= S Fy = 0,070'07 + %A“(@;@ud); — $F0,P;)
2 2 2
- %@2-@;,4“14” - gz (v - %) o5 0F (10.17)

!This constraint can be interpreted as a second class constraint in Dirac’s sense.
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up to a boundary term. Thus, the field content of our theory has been reduced to one
vector field A, and one complex scalar ®,. It is worth noting that this Lagrangian is
not Lorentz-invariant unless the coupling « is allowed to transform in such a way that
it cancels the contribution of 1/r.

The equation of motion for the scalar field ®; arising from (10.17) is

0,0" Dy —ig(0,A") Dy — 2igA,0'd, — g? A, A D, — ¢*(v + @), =0.  (10.18)

Of course, the equation for ®; will be the complex conjugate of this one. Denoting
®, = ¢ and taking the Coulomb potential A* = (—a/r,0) with g = 1,% this equation

becomes
«

2
0,0"p — 24,0 — A, Alg — (m _ —) b =0, (10.19)
r
which is clearly (10.5). We see that the vacuum expectation value of ®; is the mass m
of the scalar field ¢, and that the imposed constraint provides the non-minimal coupling
m — m — «/r necessary to enhance the symmetry of the field theory from SO(3) to
SO(4). The Lagrangian (10.17) can be rewritten as
11 1 1 1 )\ 2
L==|—=F"E,, — =(D,d) (D" ——( ——) | 10.20
5 |17 Fw = D000 - 5 (m=2) we] . 020
where the covariant derivative is given by D, = 0, — ¢A,. We can recognize this as one
half the Lagrangian for scalar electrodynamics with modified mass. Now, we obtain the
equation of motion for the gauge field (10.10),

— D, 0MAY +07(0 - A) = %(¢ 9" — ' 8) — A”|o|2. (10.21)
The application of the divergence to (10.21) reveals that the conserved current is
7: * * QU 12
= L6 — 6 00) — AP, (10.22)
which means that the density p is
1 o
p=5(0"00—000") + —lol”. (10.23)
On the other hand, if we set A* = (—a//r,0) in the equation of motion (10.21), we find
o} 1 @
V2 (2) = 2000 — 0007 + 1ol (10.24)
which implies
p=V? (%) , (10.25)

just as expected, or, upon integration,

/d3rp = —47a. (10.26)

2This is equivalent to absorbing the coupling constant into .
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10.2 Modified relativistic particle

In this section, we will see how the equation (10.19) possesses an enhanced symmetry
SO(4) that allows to write it in a Schrodinger-like form. We start by considering the
action for a relativistic particle with electromagnetic coupling

1
S = /dTL = /dT (—mc\/—nu,,ab“i*” + —AM.%"“) . (10.27)
c
The momentum p,, conjugate to z* is

oL mct,

1
= + A, (10.28)

Pu= Bin N

Therefore, by considering the square of p, — A, /c, we obtain the constraint

1 1
<pu - EAM) (p” - EA“) +m?*c® =0. (10.29)

Taking A* = (—a/r,0), the constraint reads

200 a?
(P°)* + =—p" + i p> —m?*c* = 0. (10.30)

If we apply the quantization prescription p, — —ihd, and let this constraint act on a
scalar field ¢, we obtain (10.1). Following the method of separation of variables, we write
the wave function as

b(r 1) = exp (—%Et) o(r). (10.31)

This leads to the stationary Klein-Gordon equation with Coulomb potential that has the
well known spectrum [148, 157]

—-1/2

For = 1+(n—(£+1/2)+\/(€+1/2)2—72) |

n=0,1,2,.., (10.32)

where 7 = a/hc. We can see the breaking of the n? degeneracy of the hydrogen atom
due to the appearance of the orbital quantum number ¢ in the spectrum.

The classical stationary problem with conserved angular momentum L and energy
E = ¢p° is given by the constraint (10.30)

(E+afr)
-z (p? + L*/r?) +m?*c® = 0. (10.33)
The solutions of this equation for bounded orbits are rosettes [158], in contrast with the
non-relativistic problem where the orbits are ellipses |76]. As a consequence, the RL
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vector is not conserved. Now comes the question of finding the action that upon the
application of the previous method, will yield the modified Klein-Gordon equation that
possesses the SO(4) symmetry. It is clear from (10.3) that the mass should be affected
by the addition of the potential, so that now

2 1
S = /dTL: /dT [—mC\/— <1 — O; ) NudhaY + —A,a"
mc?r c

This action corresponds to a relativistic particle interacting with a Coulomb potential
in a curved spacetime described by the conformally flat metric

(10.34)

o 2
Guv = (1 - mc27“> Nuw - (1035)

The momentum now becomes

a T 1
—me(1- ) ” ZA 10.36
DPp = mc ( mecr \/W + o ( )

so that

LN (= tar) sz (1 =2 ) =0 (10.37)
Pu 28 ) \P T e me2r/) '

Again, taking A* = (—a/r,0), the constraint is reduced to

9 9
(1°)? + 220 4 $ _pP—m2? =0, (10.38)

which reproduces the modified Klein-Gordon equation (10.4) after quantization. Apply-
ing separation of variables in the resulting equation (10.4), we find

2

E 9 20F 2om mce 2
— o = 0. 10.39
h2c2(p+vgo+h202r¢+ 77127"(’0 (h) v ( )

This can be cast in the form of a Schrédinger-like equation

)VZ@ — o= (E—-md)yp (10.40)
r

with the spectrum [148]

2
E,=m(1- 7
n2+,y2

2

), n=123,... (10.41)

It is noteworthy that we have recovered the degeneracy since the orbital quantum number
¢ does not appear in this formula. This points to the existence of an additional integral
of motion, i.e., the relativistic generalization of the RL vector which will enable us to
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recover the hidden SO(4) symmetry. In this case, the constraint (10.38) leads to the

classical problem

2 2 /.2
pe+ L*/r 200 9
Ejeam ¢ LT (10.42)

The quantum and classical equations suggest that we should make the identifications
E/4+m < 2m,, E—mc® < E,, 2a < a,, (10.43)

to recover a Schrodinger equation with mass my, energy Fs, and coupling constant c.
Notice that under the previous substitutions, the spectrum (10.41) can be easily obtained
from that of the hydrogen atom. In the next section, we will construct the relativistic
RL vector and obtain the energy levels a la Pauli [159].

10.3 Relativistic SO(4) algebra using the relativistic
Runge-Lenz vector

In this section, we obtain the relativistic RL vector associated with the modified rela-
tivistic Coulomb problem and we show that the orbit can be reconstructed using this
conserved quantity. We then proceed to the construction of the infinitesimal Noether
symmetries generated by the relativistic RL vector. We also describe the complete SO(4)
algebra generated by the angular momentum and the RL vector and recover the correct
relativistic spectrum of the corresponding hydrogen-like atom. We shall take units such
that h =c=1.
Using as a model the non-relativistic construction [76] we find

d ar
S lpxL—(E —]:o, 10.44
SlpxL—Eem = (10.44)
where L is the angular momentum that generates the SO(3) algebra. This indicates that
the relativistic generalization of the RL vector is

A=pxL—(E+m) . (10.45)

r

The vector A enhances the symmetry from SO(3) to SO(4), and in this way we have
shown that the non-minimal coupling m — m — a/r, or equivalently, the transformation
to a conformally flat space with metric (10.35) allows us to restore the SO(4) symmetry
in the relativistic case. Notice that by taking the non-relativistic limit of the RL vector,

we obtain

2
Ayp=px L -2 (10.46)
T

which is the usual RL vector with a coupling constant twice as larger. We observe that
the analogous procedure to obtain the classical non relativistic orbit of the Coulomb
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problem can also be implemented in the relativistic case. If we take the dot product of
the RL vector with r, we get

ar -r

A-r=Arcos=(pxL)-r—(E+m) : (10.47)
r
. 1 a(E+m) A
ally +m
- = 1 . 10.4
r L? +a(E+m) cos (1048)

This is precisely the equation of an ellipse with one of its foci at the origin. The eccen-
tricity and semi-latus rectum are given, respectively by

A L?

e — = 10.49
‘ a(E+m)’ P a(E+m)’ ( )
while the semi-major and semi-minor axes are
L*(E L?
_ ol Erm) , (10.50)
a*(E +m)? — A? Va2(E+m)? — A2

Now, we focus on the infinitesimal transformations associated with the position z°
and the canonical momentum p° that are generated by our relativistic RL vector. We
find that

ox' = {a", A} =2(e-r)p’ — 2'(e-p) — (r- p)€,

' = (O = gt et = (B mya (S-S,

The RL vector also acts on the magnitude r as

51 = {\/Zai,afv} ::EE;lggfl;fl-(e-;»r. (10.51)
These infinitesimal symmetries do not exactly correspond with the symmetry transfor-
mations previously written in [40]. A crucial difference is that in the approach given
in [40] the symmetry transformation acts in a dual momentum space (dual conformal
transformation) that is appropriate to reveal the symmetries of scattering amplitudes in
SYM theory.

We turn to the spectrum. It turns out that it can also be constructed from the
relativistic SO(4) algebra generalizing the non relativistic result as presented in [160].
We introduce a redefinition of the RL vector (10.45)

2 1 r
Fm E+m@x X p) —2a-

Al

This vector A’ satisfies
A H|=0, L-A=AL
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and
—m

E
A? =4 |+ ——(1+ LY. 10.52
0+ (14 I (10.52)
We can see that the corresponding relativistic algebra closes as
[Li, Lj] = degjn Ly,
[A, Lj] = iesji Ay,

E —

E+m
Defining
E+m
D=,-———A
\/ 4(E —m)
and
1 1
M:§(L—D), NZE(L—I—D),

it is easy to show that the original algebra splits into the product of two SO(3) algebras
(M, Mj] = iejuMy, [Ny, Nj] = icijx Ni,

with the constraint
M? = N2 (10.53)

The operator M? + N? will have the eigenvalues 2¢(¢ + 1) with £ = 0, 1,2, ... because of
the constraint (10.53). On the other hand, we can find that

M2+N2:%lL2—%A’2} _ ! (E+moﬂ+1),
—m

where we used (10.52). With this at hand, we can find the spectrum

B, —m (1 _ L"z) | (10.54)

n? + o?

This is the same spectrum that we obtained through the identifications (10.43) and that
is reported in [148|, reproduced here with n = 2¢ 4+ 1. Due to the hidden symmetry
lying under this non-minimal coupling which reveals the existence of the relativistic RL
vector, N =4 SYM is dubbed as the “hydrogen atom quantum field theory” [161].
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10.4 Relativistic Kustaanheimo-Stiefel duality

In this section, we relate the wave functions and the spectra of the modified Coulomb
problem and the modified relativistic harmonic oscillator. We consider the illustrative
case of two dimensions (for the treatment of an arbitrary number of dimensions see
[150]). At the end, we see how the integrals of motion of both problems are related by
the KS duality.

The KS transformation relates the original variables (z,y,t) with new ones (u,v, s)
by [87]

dt

r=u’—0v%, y=2uv, e =u4vi=r (10.55)
s

We denote by ¢(u,v,s) the field that results from evaluating the original field in terms
of the new variables,

o(u,v,8) = d(x(u,v),y(u,v),t(s)). (10.56)

Then, the transformation of the differential operators is

0¢  0dds 1 96

B 9sdi W@+ ?0s (1057)
D¢ 1 0%
= 10.58
o2 (u? 4 v?)? 0s?’ ( )
2p= 55 Vio 10.59
where 25 93
.
Vad ou? * ov? (10.60)
Thus, the modified Klein-Gordon equation (10.4) becomes
1 9%¢ 1 9 - 2t oo 2am - (meNZ o
TR e ) O R T g e ) (R ) 970 (108D

The separation (10.31) in terms of new variables is

S

o(u,v,s) =exp —%E/ds/ (u? +v*) | ¢(u,v). (10.62)

Substituting it in (10.61) we get
ﬁ2
4(E/+m)

This is the stationary Schrodinger equation for a two-dimensional harmonic oscillator
with mass 2(E/c* + m), energy 2«, and frequency

[ E —mc?

V2g — (E —mc®)(u? +v*)p = 2ap. (10.63)
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Now, the time-dependent Schrédinger equation for the harmonic oscillator is

h? 9 MUJQ 2 NE - ag
— T Vi T o) = ih, (10.65)
where _ _
£(u,v,s) = exp (—%53) o(u,v) = exp (—%Qas) o(u,v). (10.66)

Using (10.62) to substitute @ in terms of ¢ we get

s
= 7

&(u,v,s) =exp % 2008 — E/ds' (u? +v°) | | é(u,v,s)

— exp {-%ﬁxsﬂ 3,0, ). (10.67)

Here, F'(s) is the generating function of the canonical (and non-holonomic) KS transfor-
mation on the extended phase space [162]. Thus, we have related the wave functions ¢
of the Coulomb problem (written in terms of new variables) with the wave functions & of
the harmonic oscillator. It is also seen that the wave function ¢ solves both stationary
equations. A final word of caution is that there will be sums in (10.67) over both £ and
2« so the correspondence between the two wave functions is not one-to-one.

Now, we try to establish the relation between the spectra of the modified relativistic
harmonic oscillator and the modified Coulomb problem. In the Schrédinger case, the re-
lation between the harmonic oscillator mass, coupling constant, energy, and angular mo-
mentum (Mg, ks, E, L) and the same variables of the Coulomb problem (mg, as, Fs, Lg)
is

M, = dm,, ky=—2F,, & =a, L,=2L,. (10.68)

We know that the identification (10.43) allows us to map the relativistic problem onto
the non relativistic one, so this suggests the following steps to recover the spectrum of the
modified relativistic Coulomb problem from that of the modified relativistic harmonic
oscillator:

1. Make the identification (10.43) in the modified relativistic harmonic oscillator spec-
trum.

2. Apply the KS duality (10.68).

3. Make again the identification (10.43) in the opposite sense to obtain the modified
Coulomb problem spectrum.

We start with the spectrum of the modified relativistic harmonic oscillator in two di-
mensions [149]

(&) + M)(E — Mc?)?
h2k

= (4¢+2|L] +2)*, ¢=0,1,2,.... (10.69)
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After carrying out step 1, we get the Schrodinger spectrum of the two-dimensional har-
monic oscillator

k
Es=h °(2 Ll+1). 10.70
e 121+ 1) (10.70)

Now, step 2 yields
2

mgQx
_ s 10.71
2h%(q + |L| +1/2)% ( )

which is the spectrum of the non relativistic two-dimensional hydrogen atom. Finally,
implementation of step 3 results in

E, =

272
E=mc |1 — , 10.72
(g + L] +1/2)% ++2 (10.72)

where v = a/he. By making n = ¢+ |L|, we readily recognize this as the spectrum of the
modified relativistic Coulomb problem in two dimensions. With these results at hand,
we are able to build the relativistic KS transformation duality (cf. (10.68)):

E/+m = ;1(5/62 + M),
E —mc® = —k,
o= %(5 ~ M), (10.73)

which performs the mapping

2 2 200

S/C’Qrﬁij(uz—i-vz):g—McQ = E/c];ﬂ_T:E_mCQ' (10.74)

Let us now address the issue of how the integrals of motion of both problems are
related. We start with the non-relativistic case and then through the replacements
(10.43) we move to the modified relativistic problem. We have already seen that the
energy of a system becomes the coupling constant of the other one, so we analyze only
the remaining integrals of motion. For the two-dimensional Coulomb problem, they are
the Runge-Lenz vector A, and the angular momentum L. The Runge-Lenz vector is

Ay = ap) — ypep et
sx — y My — ﬁ,

e +y

msagy

Asy = ypi — TPzPy — ———/——>
a2+ y?

and the angular momentum reads L, = zp, — yp,. On the other hand, for the two-
dimensional harmonic oscillator we can find a conserved tensor Cy;; whose components
are |76]

(10.75)

Pu k.
+ Su’,

Coyy =
= oM, "2
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PP, k
0512 = QMS + §U'U,
P? kE
= — 10.
C1522 2M3+2U 9 ( 076)

and the angular momentum £, = up, — vp,. A straightforward calculation employing
the non-relativistic KS duality (10.68) shows that the mapping is

P2 +k 9 Agr Qg

Cs = “ — a0
oM, T2 2m5+ 2

(10.77)
Finally, we apply (10.43) to find the relativistic mapping:
P2 N [ A, N
U =t
ElE+ M 2 E/c2+m ’
E/E+M 2 E/cc+m’
P2 N ko, A, N
= =+«
2+ M 2 E/c2+m ’
L=2L.

(10.78)






Chapter 11

Conclusions

In this thesis, we have studied the geometry of a given system’s parameter space from
classical and quantum points of view. We did this with the aid of the quantum met-
ric tensor and the Berry curvature on the quantum side, and with the classical metric
and the Hannay curvature on the classical side. Different formulations of these impor-
tant geometric objects have been presented and have been thoroughly discussed and
exemplified, showing their relevance in the study of quantum and classical systems.

In Chapter 2, we mainly described the basic elements of the parameter space geom-
etry, i.e., the quantum metric tensor and the Berry curvature. Our contribution here
was the proof of the equivalence between the original Hilbert space formulation of the
quantum geometric tensor (2.25) and the path integral approach (2.58). The proof is
fundamental because it puts on a solid ground this approach and opens its confident ap-
plicability to different quantum systems. As a byproduct, we saw that the path integral
approach can be used for a general quantum state, not only for the ground state.

Chapter 3 contains an important addition to the literature of the quantum geometric
tensor. We presented a novel formulation in the phase space that accounts for the Abelian
and non-Abelian quantum geometric tensor. The phase space function A;(q, p; ) was
shown to possess all the relevant information of the parameter space, and remarkably, it
was seen that to build the quantum metric tensor we only require the Wigner functions.

Chapter 4 is at the heart of this thesis. We introduced for the first time the classical
analog of the quantum metric tensor with the simple, but crucial observation, that the
displacements of the parameters in the phase space coordinates are canonically gener-
ated. In this way, we established a parallelism with the quantum expressions, and thus,
proposed the classical metric. We also contributed with the introduction of the time-
dependent approach to the Hannay curvature and the classical metric, and showed how
both of them emerged from the semiclassical approximation of their quantum counter-
parts. Here, too, we provided the proof of the equivalence of both approaches, which
validates our initial proposal of the classical metric.

In the examples presented in Chapters 5 and 6, we explored a wide range of systems
to get acquainted with the quantum and classical methods and established a comparison
between them. We particularly highlight the quartic anharmonic oscillator and the spin-
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half particle in an external field. In the first case, we proposed an algorithm to adapt
canonical perturbation theory to the computation of the classical metric and found a
good agreement with the quantum metric. As for the second case, the use of Grassmann
variables allowed us to reproduce the quantum results.

The application of the geometric methods to the study of quantum phase transitions
in the Dicke and Lipkin-Meshkov-Glick models was carried out in Chapters 7, 8 and 9.
The analysis is especially relevant, because it shows that the classical description of the
parameter space geometry is powerful and contains all, or almost all the elements as its
quantum counterpart. For the Dicke model, the classical metric and its scalar curvature
were obtained for the first time. In the Lipkin-Meshkov-Glick model, we obtained the
quantum and classical metrics in the thermodynamic limit, and showed that from the
finite-size analysis, it can be inferred that the scalar curvature does not diverge at the
critical point, although it clearly indicates a precursor of the quantum phase transition.

Finally, in Chapter 10, our contribution was the construction of the Higgs mechanism
on the N' = 4 super Yang-Mills theory that accounts for the emergence of a hydrogen-like
relativistic theory. We saw that the hidden SO(4) symmetry in this system is restored,
and through the introduction of a relativistic Runge-Lenz vector, we found the quantum
and classical solutions. We also built the infinitesimal canonical transformations gener-
ated by the relativistic Runge-Lenz vector and we were able to reconstruct the spectrum
of the system by means of a natural identification of relativistic and non-relativistic
quantities. As an additional contribution, we employed the Kustaanheimo-Stiefel trans-
formation to relate the spectra of the modified relativistic harmonic oscillator and the
modified relativistic Coulomb problem, thus promoting the duality between these sys-
tems to the relativistic realm.

Many interesting lines for future research are opened with this work. For instance,
the application of the path integral formulation to excited states may have interesting
implications in field theory which are worth studying. Regarding the phase space for-
mulation, a further analysis of the quantum geometric tensor might shed light on the
parameter space of many-body systems and quantum optics models where the Wigner
function formulation is heavily used, and in this sense, it may be useful in the quest
for chaos indicators. As often seen along this work, the classical metric contains all,
or almost all the information of the parameter space of a given system. Therefore, the
classical methods can be used in a variety of many-body models by employing different
tools such as coherent states, Grassmann variables and perturbation theory with the
hope that the analysis of the deviations from the quantum results can help understand
how quantum corrections arise. Naturally, the geometric analysis is not restricted to the
metric tensor only and more elements such as its geodesics, its Riemann tensor, and a
variety of scalars in higher-dimensional parameter spaces can be further examined with
the hope that a connection with the phenomenon of entanglement, which is of great
relevance in quantum information, can be found.
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Appendix A

Classical generators for the quartic
anharmonic oscillator

In this appendix, we give the expression for the generators GG; of the quartic anharmonic
oscillator (see Section 5.2) with Hamiltonian

2k A
H=2 122424

Al
om 21 Tyt (A1)

The parameters are z = {z'} = (m,k,\), i = 1,2,3. To order O(A\?), the generator G,
has the form

Gi(¢o, I;x) = ajp + ain A + 041'2)\2, (A.2)
where in the case i = 1:

1 sin ¢ cos ¢g
Qp=— ——p

Y

2m
I? sin® ¢ cos ¢ (2 cos ¢y — 3)

= — ,
H 48/ m3k3

I3 cos (647 sin ¢y — 329 sin 3¢y + 125 sin 5y — 30 sin Ty + 3 sin 9y

S A3
2 27648m2k? - (A3)
while for ¢ = 2:
1 sin ¢ cos ¢q
gg = — —————
20 2 )
I?sin 269 (7 cos 2¢g — cos 4y — 12)
Q] = — :
. 192v/mk?
I? cos ¢y (583 sin ¢y — 221 sin 3¢ + 65 sin 5y — 12 sin Tehy + sin Ighg)
gy = — (A.4)

9216mk4 ’
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and for 7 = 3:

I? cos ¢ (9 sin ¢y — sin 3¢y)
gy = — ,
v 96+/mk>
I3 cos ¢ (551 sin ¢y — 167 sin 3¢ + 35 sin 5y — 3sin 7y

13824mk3 ’
I sin 2¢ (4547 cos 2¢9 — 1696 cos 4dg + 446 cos 6 — T2 cos 8Py + 5 cos 10¢ — 5480)

a =
i 8847361/ k9

Q31 =

(A.5)



Appendix B

Grassmann variables

The Grassmann variables are anticommuting numbers. In physics, they appear in the
path integral formulation of a fermionic field [53]. When quantizing a classical theory,
one promotes the phase space variables (¢, p) to operators (¢, p) acting on states |¢) that
belong to a Hilbert space. Additionally, the fundamental Poisson brackets

{qa’ qb}P = 07 {pa;pb}P = Oa {qaapb}P = 51()1 (Bl)
are promoted to commutation relations through the replacement {-,-}p — #[, -], which
means that

[qAaa qAb] = Oa [ﬁavﬁb] = 07 [qAaaﬁb] = 27151? (BQ)

Nevertheless, this process applies only to bosonic degrees of freedom. In the case of
fermions, we must take into account the Pauli exclusion principle, and as a consequence,
we must impose the anticommutation relations

{0} =0, {Pain} =0, {q".pv} = ihdy. (B.3)

The classical version of such a theory requires anticommuting numbers, thus, the product
between two Grassmann numbers 6 and ¢’ satisfies

00’ = —0'0, (B.4)

which implies that % = 0. If we have a set of n generators § = {6y, ...0,,} that satisfy
the anticommutation relations

(6,0} =0, (i,j=1,..n), (B.5)

then the set of linear combinations of  with c-number coefficients (usual commuting
numbers) is called a Grassmann number, and the algebra generated by 6 is called the
Grassmann algebra A". Therefore, a function f € A™ has the expansion

FO)=fot+ D> fili+ > fii0b5+ .+ D> finbibih + .. + fronbr.0n,  (B.6)

1<j 1<j<k
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where the coefficients f;;... are completely antisymmetric. Of course, a Grassmann num-
ber §; commutes with a c-number.
Two types of linear operators can be introduced to differentiate a function f(#): the

—

left derivative ;3- f(6) and the right derivative f(6)-9-. Their action on the generators
yields

— —
Byt 0=, @
The derivatives anticommute with 6;, thus the Leibniz rule takes the form
— — —
%(Gﬂk) = Z—Zjﬂk — ng—gj = 0,0k — 0ir0;, (B.8)

and analogously for the right derivative. For higher orders, the following relations hold:

QT

0 0 0 0 0o 0 0 0. (B.9)
J

26,00, " 90,06, " 26,00, " 6,06,

If besides the n generators 6 of the Grassmann algebra A", we add n more generators
denoted as 6* and introduce an involution *, then the resulting algebra A?" has the
properties

{92'7 0;} = 07
(07)" =0,
(firwinliy - 05,)" = fi ., 05 -+ 07, (B.10)

*
i1 ln

where is the complex conjugate of f;,..;, .



Appendix C

Bloch coherent states

The Bloch coherent states (or SU(2) coherent states) [139, 140| can be defined through
a displacement operator parameterized by a complex number (. In units where A = 1,
the displacement operator is A )

Q(¢) = e+, (C.1)

The form of this operator is reminiscent of the corresponding displacement operator for
the harmonic oscillator coherent states. In the case of angular momentum, the role of
the creation and anmhﬂatlon operators is played by J+ and J_, respectively. Choosing
the parameterization ( = —e —i9 it is easy to see that the operator Q(C ) takes the form

A

Q(C) — efiQ(jz sin ¢p—J,, cosqﬁ)’ (CQ)

which represents a rotation by an angle 6 around the axis n = (sin ¢, — cos ¢, 0).
Now, using the disentangling theorem for angular momentum operators [140], we can
recast €2(¢) in a more useful form as

Q(C) _ 6{j+—(*j, _ ezj+€ln(1+\z|2)jze—z*j7’ (Cg)

where, if ( = 2e7, then z is parameterized as z = " tan §. Following the convention of
reference [140] a Bloch coherent state |z) is defined by the apphcatlon of the displacement
operator (C.1) to the state with the lowest angular momentum projection, i.e.,

|2) = Q(Q)|j, —j) = ¥+ emUFRER =27 5 gy (C.4)

We can get rid of two operators by noticing that the only contribution in the series
expansion of the rightmost exponential is the identity. Thus, we are left with

|Z> _ ezJ+€ln(1+\z| VJ2 ‘,] >

_ eZJ+€—]1H 1+]2]2) ’], >

1 2Jy s ;
= WG 1. =4)- (C.5)
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Expanding the remaining exponential and using

Sl Eeept oo .

we finally arrive at the expression of the Bloch coherent states in terms of |j, m) states:

B 1 J 2 1/2Zj+m -
9= X () ©n

m=—j

With this equation at hand, it is not hard to show that the overlap between two Bloch

coherent states is ,

(14 2%2")%
(L+ (=) (1 + [=/2)7
which implies that (z|z) = 1. Furthermore, their completeness relation has the form

2+ 1 /d@dqﬁ sind|2)(z] = 1, (C.9)

(z1') =

(C.8)

where the parameterization z = e~ tang has been used.

One of the most important features of the Bloch coherent states is that the expecta-
tion values of the angular momentum components take on a simple and intuitive form.
Let us first consider the expectation value of J,. Using (C.7), we get

. 1 J 2j 1/2 J 2 1/2 A
Jz - = *j+m/ J+m -’ /Jz .’
G = s X () Y ((FL) i)

m/=—j m=—j
1 Y N
-t 2, ()
L (% 1 L2
= g Elal?b — g~ 2%
(1+|Z|2)2];(k:) 2l J<1+|Z|2>2J;(k)|21
209 % .
|Z’2 0 2] ok ‘ 1 2] .
N / TS L 12\25 . C.10
(1+ [22)% a(|2]) ; i |2 ‘7(1 INED ; k |z ( )

Recognizing the binomial expansion

S ()lept = o+ 2 c)

k=0
we arrive at

. | 2|2 , - .
(2| J:|2) = W@J)(l + )P~
11—z
= — . C.12
T+ P (C.12)
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Proceeding in an analogous fashion with j+ and J_, we find that

2z*

z|J —

A 22

J_|z) =j——
Gl = i

2Rez

J, ‘ ,

G = i3 1o
2Imz

j .
) = ~i5

; 11—z

J.|z) = — : C.13
Gl = it (C.13)

which upon using the parameterization z = e~ tan can be recast as

(2| J,|z) = je'?sin 6,
(2| J_|z) = je " sin 6
(2]J4]2) = jsinf cos ¢
(2]J,|2) = jsin@sin ¢,
(2]J.]z) = —j cos 0. (C.14)

These expressions allow us to define the classical angular momentum variables J,,.J,,,
and J, as the corresponding expectation values (z|.J,|2), (z|J,]2), and (z|.J,|z). Thus,
we see that J? +.J7 4 J7 = j°. The canonical coordinates can be found by requiring that
(Js, Jy, J,) satisfy the SU(2) algebra

{Ji, J]} = iEiijk. (Cl5)

It turns out that the pair (¢, —jcos@) = (¢, J,) is canonical in this sense, therefore,
writing the angular momentum variables as

Jo =/j?—J2cos¢p, J,=+/7%2— J%sing, (C.16)

we can readily see that the Poisson brackets

8Ji0J;  9J; 9J;
96 0. 0J. 0¢

reproduce the relations (C.15). The canonical pair (¢, J.) can be thought of as the action-
angle variables of the classical Hamiltonian Hcl that corresponds to H J,, which in

terms of the canonical coordinates Q@ = /2(j + J,) cos¢, P = 2(j + J.)sin ¢ has
the form of the harmonic oscillator, i.e., Hy o $(P? + Q?).






Appendix D

Wolfram Mathematica codes

Here, we show the codes to compute the quantum metric tensor in the anisotropic LMG
model (see Chapter 8) for a given j and a specified mesh in A and «y . The code was first
run using a kernel for each metric component, then the determinant was computed, and
finally, the scalar curvature.

D.1 Quantum metric tensor

SetDirectory [NotebookDirectory[]];

j=20;

Jp = IdentityMatrix[2j+1];

Im = IdentityMatrix[2]+1];

Jz = IdentityMatrix[2j+1]; Do[Do[Jz[[j-m+1, j-mp+1]] = mpKroneckerDelta[m, mp] , {mp, j, -3, -1}], {m, 3, -3, -1}]
Do[Do[Jp[[j-m+1, j-mp+1]] =~/ ((3-mp) (j+mp+1))KroneckerDelta[m, mp+11, {mp, j, -3, -1}], {m, 3, -3, -1}]
Do[Do[Im[[j-m+1, j-mp+1]] =~/ ((3+mp) (j-mp+1))KroneckerDelta[m, mp-11, {mp, j, -3, -1}], {m, 3, -3, -1}]
Ix = Simplify[(1/2) (IJp+Im)];

Jy = Simplify[(1/ (2I)) (IJp-Im)];

H=simplify[-2hJz- (1/3) (Ix.Ix+¥Jy.Jy)];

01=-2Jz;

02=-(1/3) (3y.Iy);

Quantum metric for the ground state

Gliground[x_, y_] := Module[{Hnum, system, Ener, vec}, Hnum=H /. {h->Xx, y>y};

system = Transpose [SortBy [ Transpose [ Eigensystem[Hnum] |, First]];

Ener = Part[system, 1];

vec[m_] :=Part[system, 2, m];

Sum|[ (vec[1].01.vec[m])?/ (Ener[[m]] - Ener[[1]])?, {m, 2, 25 +1}]]
Gl2ground[x_, y ] := Module[(Hnum, system, Ener, vec}, Hnum=H /. {h->x, ¥y > y};

system = Transpose [SortBy [ Transpose [Eigensystem[Hnum] |, First]];

Ener = Part[system, 1];

vec[m_] :=Part[system, 2, m];

sum[ ((vec[1].01.vec[m]) (vec[m].02.vec[1])) / (Ener[[m]] - Ener[[1]1])2, {m, 2, 2§ +1}]]
G22ground[x_, y ] := Module[{Hnum, system, Ener, vec}, Hnum=H /. {h->x, y>y};

system = Transpose [SortBy [ Transpose [Eigensystem[Hnum] |, First]];

Ener = Part[system, 1];

vec[m_] :=Part[system, 2, m];

Sum|[ (vec[1].02.vec[m])?/ (Ener[[m]] - Ener[[1]])?, {m, 2, 23 +1}]]
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h e [ai,af] with step size Al
v € [bi,bf] with step size A2

ai=0.6;

af=1.2;

bi=-0.6;

bf = -0.4;

Al = 0.001;

A2 = 0.001;

hline = Table[m, {m, ai, af, a1}];

yline = Table[m, {m, bi, bf, a2}];

Gl11 = Array[@ &, {Length[hline] - Length[yline], 3}];

i=1;

Do[Do[Part[Gl1, i] = {hline[[m]], yline[[n]], Gllground[hline[[m]], yline[[n]]]};
i++, {n, 1, Length[yline]}], {m, 1, Length[hline]}] // AbsoluteTiming

Export["G11_j26.csv", Gl11]

Clear[Jp, im, Jx, Jy, Jz, H, 01, 02, hline, yline, Gll]

D.2 Determinant

SetDirectory [NotebookDirectory[]];
datG11 = Import["G11_j26.csv"];
datG12 = Import["G12_j26.csv"];
datG22 = Import["G22_j20.csv"];

Number of pointsin h

N1 = 601;

Number of pointsin y

N2 = 201;

Determinant

G = Array [0 &, {N1N2, 3}];
Do[Part[G, i] = {datG11[[i, 1]], datG11[[i, 2]], datG11[[i, 3]] »datG22[[i, 3]] - datG12[[i, 3]]2}, {i, 1, N1N2}]
Export["G_j20.csv", G|

Clear[datG1l, datGl2, datG22, G]
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D.3 Scalar curvature

SetDirectory [NotebookDirectory[]];
datgll = Import["G11l_7j20.csv"];
datgl2 = Import["G12_7j20.csv"];
datg22 = Import["G22 j20.csv"];
datg = Import["G_j20.csv"];

h e [ai,af] with step size Al
y € [bi,bf] with step size A2

ai=0.6;

af=1.2;

bi=-0.6;

bf = -0.4;

Al =0.001;

A2 =0.001;

hline = Table[m, {m, ai, af, A1}];
yline = Table[m, {m, bi, bf, A2}];

Converts the metric and determinant from 3-column format to mesh format

gll = Array [0 &, {Length[hline], Length[yline]}];
gl2 = Array [0 &, {Length[hline], Length[yline]}];
g22 = Array [0 &, {Length[hline], Length[yline]}];
g =Array[0 &, {Length[hline], Length[yline]}];

Ain = Array [0 &, {Length[hline], Length[yline]}];
Bin = Array [0 &, {Length[hline], Length[yline]}];
R = Array [0 &, {Length[hline], Length[yline]}];

k=1;
Do[Do[

gl1[[i, j]1] =datgll[[k, 3]11;

g12[[i, j]1] =datgl2[ [k, 3]11;

822[[i, j]1] =datg22[[k, 3]11;

gl[i, j11 =datg[[k, 3]];

k++, {j, 1, Length[yline]}], {i, 1, Length[hline]}]
Clear[k]




182 Wolfram Mathematica codes

Computation of the scalar curvature

Der10G11 = NDSolve” FiniteDifferenceDerivative [{1, @}, {hline, yline}, gi1];
Der@1G11 = NDSolve” FiniteDifferenceDerivative [{@, 1}, {hline, yline}, gl1];
Der10G12 = NDSolve' FiniteDifferenceDerivative[{1, @}, {hline, yline}, g12];
Der10G22 = NDSolve’ FiniteDifferenceDerivative[{1, 0}, {hline, yline}, g22];

Do[Do[Ain[[i, j11=(1/(Velli, 11)) ((g12[[i, 311 /g11([i, j11) Der@1GI1[[i, j]] -Der10G22[[i, j11);
Bin[[i, j11=(1/(Velli, j11)) (2Der10G12[[i, j]]-Der@1611[[i, j11- (g12[[i, j11/g11([[i, j11) Der1@G11[[i, j11), {j, 1, Length[yline]}],
{i, 1, Length[hline]}]

A = NDSolve  FiniteDifferenceDerivative[{1, @}, {hline, yline}, Ain];
B = NDSolve” FiniteDifferenceDerivative[{@, 1}, {hline, yline}, Bin];

Do[Do[R[[i, 311 = (1/ (v&I[i, 311)) (AL[i, 311 +B[[i, 311), {3, 1, Length[yline]}], (i, 1, Length[hline]}]

Clear[gll, g12, g22, g, Ain, Bin, Der1@G11, Der@1G1l, Der10G12, Der10G22, A, B]

Converts the scalar curvature from mesh format to 3-column format

datR = Array [0 &, {Length[hline] - Length[yline], 3}];

k=1;
Do[Do[

Part[datR, k] = {hline[[i]], yline[[j]], R[[i, j11}; k++, {j, 1, Length[yline]}], {i, 1, Length[hline]}]
Clear[k]

Clear[R]
Export[“R_j20.csv", datR]

Clear[datgll, datgl2, datg22, datg, datR]




Appendix E

Quantum geometric tensor for Bloch
coherent states in the modified LM G
model

In this section, we compute the quantum geometric tensor for the modified LMG model
(see Chapter 9) using Bloch coherent states. These states are parameterized by the
complex number z = e~ tang and are given by

i) S~ )
|2) = Tx ey > dDljm), (E.1)
m=—j
where "
. 29 . f N
V) = ( . +j ) sin/*™ 3 cos’ ™™ 3 eTiIHme, (E.2)
] m

The angles on the Bloch sphere are functions of the parameters, i.e., § = 0(z) and
¢ = ¢(z), with z = {2’} = (2,,&,), i = 1,2. The coherent state |z) that corresponds to
the highest energy state has the coordinates:

o (04,04) = (arccos (—ﬁ) , ATCCOS (—ggﬂ;_l)) for £, > @

o (0h,¢1) = (arccos (— \/11+_Q%) ’0> for £, < VB

The quantum geometric tensor for the coherent state |z) is given by

J J J
ng) = (0:2|0;2) — (0;2]2)(2]|0;z) = Z Dyl — Z Oy cly) Z ;).
m=—j m=—j n=—j

(E.3)
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With this at hand, we find the metric tensor, its determinant, and the Berry curvature
for both phases.

Voz+1
-For &, > :f

2

(broken phase):

F =% ,
2 28,/18 -0 -1
g —d 46, -1
Uo24gue -2 -1y
O 2,
2 2§, (4 — Q2 — 1)’
g(z) _ l Qi +1
2281 -x2 -1y
-2
g = J (E.4)

I6E(AE2 — 2 — 1)

Voz+1
-For &, < s

2

(symmetric phase):

Fl(QZ) =0,
g = Jg 1
11 2 (Qg + 1)27
95 =0,
9% =0,
g¥ =0. (E.5)

£/ Q241

Since for the symmetric phase, §, < 5—, the determinant of the metric is zero,

the scalar curvature is not defined there. On the other hand, in the broken phase,

&y > 92“2” +1, it is possible to compute it using (1.20), which yields

R=4/j. (E.6)

In Figure E.1, we plot the resulting quantum metric tensors and their scalar curvature.
In [5], the authors found the scalar curvature for the Bloch coherent states taking (6, ¢)
as parameters, obtaining the same result (E.6). Due to the invariant nature of R under
coordinate transformations, we conclude that the metric (E.4) is actually the metric of
a sphere (see Chapter 1) in more complicated coordinates.



185

— H-P - Numeric Coherent gn
&1l ) — : Q)
1 75 6 "
8000}, —5¢
\\\ L - H—P
60007 -10
\ a 15 - Numeric
4000' AN _20
N\ Coherent
2000¢ —-25¢
-30
0 - Q,
0 1 2 3 4 5 6
(a) (b)
822 R
60¢
Of== : - Q)
3 L5 6
00 yop il '.
40’ N “\
300 T Numeric i ot v
20¢ Coherent i Coherent
/ \ _3f .
10} Sl
< N . _4 B
00 5 6Q’
() (d)

Figure E.1: Comparison of the quantum metric tensor and the scalar curvature obtained with the

truncated Holstein-Primakoff approximation (solid black), coherent states (dot-dashed orange), and
exact diagonalization (dashed blue). We fixed j = 96 and &, = 2.3.






Appendix F

Precision considerations in the
modified LMG model

In this section, our aim is to give some details regarding precision requirements for the
computation of the quantum metric tensor in the modified LMG model (see Chapter
9). We only explore the energy levels, which is sufficient to provide insight into the
phenomenon. To that end, consider the following Hamiltonian

H* =Q,J, + éJj (F.1)
j

This Hamiltonian has an exact degeneracy when €2, = 0, in contrast to the LMG Hamil-
tonian (9.1). In Figure F.1, we show the energy of the four upper eigenstates for both
Hamiltonians. We notice that the energy levels begin getting together near the critical
2, where the quantum phase transition takes place in the thermodynamic limit.

To further characterize the level crossing for both Hamiltonians, we take the logarithm
of the difference in energies between the maximum state (n = 2j+1) and the state closest
to the maximum (n = 2j). We show in Figure F.2 the plots for j = 32 and &, = 2.3.
Some crucial features can be observed from the plots. As Figure F.2 (a) and (c) clearly
show, machine precision of 15 decimal digits is not enough to have a good resolution of
the energy difference; as a consequence, the computation of the quantum metric tensor
is affected, since the denominator of equation (2.64) blows up. Now, if we raise the
machine precision to a digit accuracy of 60', then Figure F.2 (b) and (d) are obtained.
We thus see that the energy difference of the two upper levels of the LMG Hamiltonian
(9.1) is now resolved, as opposed to the Hamiltonian H *, which continues unresolved
due to its exact degeneracy. This brief analysis shows the importance of incorporating
digit accuracy in the numerical computations, otherwise, the results would show a high
degree of noise and conclusions could not be extracted with certainty. Naturally, as j
increases, the precision requirement and the computing time is higher. This restricts the
possibility to study higher values of j.

IThe Wolfram Mathematica 12.1 software was used to undertake this task.
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. ) | .
5 " -5 5

— 2j+1 — 2j — 2j-1 — 2j-2 — 2j+1 — 2j — 2j-1 — 2j-2

QO

(a) (b)

Figure F.1: Expectation value of Hyyg taken in the upper four eigenstates (a), and of H* (b). We
fixed j = 32 and &, = 2.3. The levels begin getting together near Q. = 4.490.
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()
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Figure F.2: Energy difference between the states n = 2j +1 and n = 2j (blue) and between the states
n=2j—1and n = 2j—2 (black) for the Hamiltonian Hy\q ((a) and (b)) and for the Hamiltonian H*
((c) and (d)). We fixed j = 32 and &, = 2.3. The Hamiltonian H* presents a level crossing at 2, = 0,
in contrast to HLMc,, which has an avoided crossing there. The plots in the left column were computed

with machine precision, whereas those in the right have a precision of 60 decimal digits.
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