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𝑠 𝑝′𝑞′ = 𝑝′𝑑1𝑠1̂ + 𝑞
′𝑑2𝑠2̂

𝑒𝑗𝜔𝑡

𝛹𝑝𝑞 = 𝑒
−𝑗(𝑘𝑝𝑞

𝑥 𝑥+𝑘𝑝𝑞
𝑦
𝑦+𝑘𝑝𝑞

𝑧 𝑧)  

𝑘𝑝𝑞
𝑥 = 𝑘 sin 𝜃 cos 𝜑 +

2𝜋𝑝

𝑑𝑥
; 𝑘𝑝𝑞

𝑦
= 𝑘 sin 𝜃 sin 𝜑 +

2𝜋𝑞

𝑑𝑦
−

2𝜋𝑝

𝑑𝑥 tan𝛼

𝑘𝑝𝑞
𝑡 2

= 𝑘𝑝𝑞
𝑥 2 + 𝑘𝑝𝑞

𝑦 2
; 𝑘𝑝𝑞

𝑧 2 = 𝑘2 − 𝑘𝑝𝑞
𝑡 2

𝑘𝑝𝑞
𝑧 =

{
 

 √𝑘2 − 𝑘𝑝𝑞
𝑡 2
    𝑠𝑖 𝑘2 ≥ 𝑘𝑝𝑞

𝑡 2

−𝑗√𝑘𝑝𝑞
𝑡 2

− 𝑘2    𝑠𝑖 𝑘2 < 𝑘𝑝𝑞
𝑡 2

𝑝, 𝑞 = 0,±1,±2,… ,±∞ 𝑘𝑝𝑞
𝑧
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�⃗⃗� 𝑝𝑞
𝑇𝐸 =

1

√𝑑𝑥𝑑𝑦
(
𝑣𝑝𝑞

𝑡𝑝𝑞
�̂� −

𝑢𝑝𝑞

𝑡𝑝𝑞
�̂�)𝛹𝑝𝑞

�⃗⃗� 𝑝𝑞
𝑇𝑀 =

1

√𝑑𝑥𝑑𝑦
(
𝑢𝑝𝑞

𝑡𝑝𝑞
�̂� −

𝑣𝑝𝑞

𝑡𝑝𝑞
�̂�)𝛹𝑝𝑞

 

 

�⃗� 𝑖

�⃗� 𝑖 = �̂�𝑒−𝑗(�⃗� 0∙𝑟 )
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�̂� �⃗� 0 = 𝑘0(�̂� sin 𝜃 cos𝜑 + �̂� sin 𝜃 sin 𝜑 + �̂� cos 𝜃) 𝑟 = �̂�𝑥 +

�̂�𝑦 + �̂�𝑧

�⃗� 𝑡
𝑖 �⃗⃗� 𝑡

𝑖

�⃗� 𝑡
𝑖 =∑𝐴𝑟00�⃗⃗� 𝑟00𝑒

−𝑗𝑘00
𝑧 𝑧

2

𝑟=1

�⃗⃗� 𝑡
𝑖 =∑𝐴𝑟00𝑌𝑟00(�̂� × �⃗⃗� 𝑟00𝑒

−𝑗𝑘00
𝑧 𝑧)

2

𝑟=1

𝐴𝑟00 �⃗⃗� 𝑟00 𝑘00
𝑧

𝑌𝑟00

𝑒−𝑗𝑘00
𝑧 𝑧

�⃗� 𝑡
𝑟 �⃗⃗� 𝑡

𝑟

�⃗� 𝑡
𝑟 =∑∑∑𝑅𝑟𝑝𝑞�⃗⃗� 𝑟𝑝𝑞𝑒

𝑗𝑘𝑝𝑞
𝑧 𝑧

2

𝑟=1𝑞𝑝

�⃗⃗� 𝑡
𝑟 = −∑∑∑𝑅𝑟𝑝𝑞𝑌𝑟𝑝𝑞(�̂� × �⃗⃗� 𝑟𝑝𝑞𝑒

𝑗𝑘𝑝𝑞
𝑧 𝑧)

2

𝑟=1𝑞𝑝

𝑝, 𝑞 = 0,±1,±2,…

�⃗⃗� 𝑟𝑝𝑞

𝑅𝑟𝑝𝑞

𝑒𝑗𝑘𝑝𝑞
𝑧 𝑧
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𝑌𝑟𝑝𝑞

𝑌1𝑝𝑞 =
𝑘𝑝𝑞
𝑧

𝜔𝜇0
, 𝑌2𝑝𝑞 =

𝜔𝜀0

𝑘𝑝𝑞
𝑧

(𝑧 ≤ 0) �⃗� 𝑡
1 �⃗⃗� 𝑡

1

�⃗� 𝑡
1 = �⃗� 𝑡

𝑖 + �⃗� 𝑡
𝑟

�⃗� 𝑡
1 = (∑𝐴𝑟00�⃗⃗� 𝑟00𝑒

−𝑗𝑘00
𝑧 𝑧

2

𝑟=1

) + (∑∑∑𝑅𝑟𝑝𝑞�⃗⃗� 𝑟𝑝𝑞𝑒
𝑗𝑘𝑝𝑞
𝑧 𝑧

2

𝑟=1𝑞𝑝

)

�⃗⃗� 𝑡
1 = �⃗⃗� 𝑡

𝑖 + �⃗⃗� 𝑡
𝑟

�⃗⃗� 𝑡
1 = (∑𝐴𝑟00𝑌𝑟00(�̂� × �⃗⃗� 𝑟00𝑒

−𝑗𝑘00
𝑧 𝑧)

2

𝑟=1

) − (∑∑∑𝑅𝑟𝑝𝑞𝑌𝑟𝑝𝑞(�̂� × �⃗⃗� 𝑟𝑝𝑞𝑒
𝑗𝑘𝑝𝑞
𝑧 𝑧)

2

𝑟=1𝑞𝑝

)

(𝑧 ≥ 0) �⃗� 𝑡
2 �⃗⃗� 𝑡

2

�⃗� 𝑡
2 =∑∑∑𝑇𝑟𝑝𝑞�⃗⃗� 𝑟𝑝𝑞𝑒

−𝑗𝑘𝑝𝑞
𝑧 𝑧

2

𝑟=1𝑞𝑝

�⃗⃗� 𝑡
2 =∑∑∑𝑇𝑟𝑝𝑞𝑌𝑟𝑝𝑞

+ (�̂� × �⃗⃗� 𝑟𝑝𝑞𝑒
−𝑗𝑘𝑝𝑞

𝑧 𝑧)

2

𝑟=1𝑞𝑝

𝑝, 𝑞 = 0,±1,±2,…

�⃗⃗� 𝑟𝑝𝑞 𝑇𝑟𝑝𝑞
𝑌𝑟𝑝𝑞
+

𝑌𝑟𝑝𝑞
+
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𝑌𝑟𝑝𝑞
+ = 𝑌𝑟𝑝𝑞

𝑑
𝑌𝑟𝑝𝑞 + 𝑗𝑌𝑟𝑝𝑞

𝑑 tan(𝑘𝑝𝑞
𝑧 𝑑ℎ)

𝑌𝑟𝑝𝑞
𝑑 + 𝑗𝑌𝑟𝑝𝑞 tan(𝑘𝑝𝑞

𝑧 𝑑ℎ)

𝑌𝑟𝑝𝑞 𝑌𝑟𝑝𝑞
𝑑

𝑌1𝑝𝑞
𝑑 =

𝑘𝑝𝑞
𝑧 𝑑 

𝜔𝜇0
, 𝑌2𝑝𝑞

𝑑 =
𝜔𝜀0𝜀𝑟

𝑘𝑝𝑞
𝑧 𝑑

휀𝑟 𝑘𝑝𝑞
𝑧 𝑑 

𝑘𝑝𝑞
𝑧 𝑑 =

{
 

 √𝑘2 − (𝑘𝑝𝑞
𝑡 )

2
    𝑠𝑖 𝑘2 ≥ (𝑘𝑝𝑞

𝑡 )
2

−𝑗√(𝑘𝑝𝑞
𝑡 )

2
− 𝑘2    𝑠𝑖 𝑘2 < (𝑘𝑝𝑞

𝑡 )
2

𝑘 =
2𝜋

𝜆
= 𝜔√𝜇0휀0휀𝑟

�⃗� 𝑡

�⃗� 𝑡 = �⃗� 𝑡
1(𝑧 = 0) = �⃗� 𝑡

2(𝑧 = 0)

�⃗� 𝑡 = (∑𝐴𝑟00�⃗⃗� 𝑟00

2

𝑟=1

) + (∑∑∑𝑅𝑟𝑝𝑞�⃗⃗� 𝑟𝑝𝑞

2

𝑟=1𝑞𝑝

) =∑∑∑𝑇𝑟𝑝𝑞�⃗⃗� 𝑟𝑝𝑞

2

𝑟=1𝑞𝑝

 

�⃗� 𝑡 = 0⃗ 

−�̂� × �⃗⃗� 𝑡 = −�̂� × �⃗⃗� 𝑡
1(𝑧 = 0) = −�̂� × �⃗⃗� 𝑡

2(𝑧 = 0)
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−�̂� × �⃗⃗� 𝑡 = (∑𝐴𝑟00𝑌𝑟00�⃗⃗� 𝑟00

2

𝑟=1

) − (∑∑∑𝑅𝑟𝑝𝑞𝑌𝑟𝑝𝑞�⃗⃗� 𝑟𝑝𝑞

2

𝑟=1𝑞𝑝

) =∑∑∑𝑇𝑟𝑝𝑞𝑌𝑟𝑝𝑞
+ �⃗⃗� 𝑟𝑝𝑞

2

𝑟=1𝑞𝑝

 

𝑅𝑟𝑝𝑞 = 𝑇𝑟𝑝𝑞 = ∫ �⃗� 𝑡
𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑎

∙ �⃗⃗� 𝑟𝑝𝑞
∗  𝑑𝑠 

𝐴𝑟00 + 𝑅𝑟00 = 𝑇𝑟00

2∑𝐴𝑟00𝑌𝑟00�⃗⃗� 𝑟00

2

𝑟=1

=∑∑∑(𝑌𝑟𝑝𝑞 + 𝑌𝑟𝑝𝑞
+ )�⃗⃗� 𝑟𝑝𝑞 ∫ �⃗� 𝑡

𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑎

∙ �⃗⃗� 𝑟𝑝𝑞
∗  𝑑𝑠

2

𝑟=1𝑞𝑝

 

�⃗� 𝑡 �⃗� 𝑙𝑚𝑛

�⃗� 𝑡 =∑∑∑𝐹𝑙𝑚𝑛�⃗� 𝑙𝑚𝑛

2

𝑙=1𝑛𝑚

 

�⃗� 𝑙𝑚𝑛
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2∑𝐴𝑟00𝑌𝑟00𝐶𝑟00
𝐿𝑀𝑁∗

2

𝑟=1

=∑∑∑(𝑌𝑟𝑝𝑞 + 𝑌𝑟𝑝𝑞
+ )𝐶𝑟𝑝𝑞

𝐿𝑀𝑁∗ ∫ �⃗� 𝑡
𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑎

∙ �⃗⃗� 𝑟𝑝𝑞
∗  𝑑𝑠

2

𝑟=1𝑞𝑝

 

𝐶𝑟𝑝𝑞
𝐿𝑀𝑁 = ∫ �⃗� 𝐿𝑀𝑁

𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑎

∙ �⃗⃗� 𝑟𝑝𝑞
∗  𝑑𝑠

𝐶𝑟𝑝𝑞
𝐿𝑀𝑁

�⃗� 𝐿𝑀𝑁

2∑𝐴𝑟00𝑌𝑟00𝐶𝑟00
𝐿𝑀𝑁∗

2

𝑟=1

=∑∑∑(𝑌𝑟𝑝𝑞 + 𝑌𝑟𝑝𝑞
+ )𝐶𝑟𝑝𝑞

𝐿𝑀𝑁∗∑∑∑𝐹𝑙𝑚𝑛𝐶𝑟𝑝𝑞
𝑙𝑚𝑛

2

𝑙=1𝑛𝑚

2

𝑟=1𝑞𝑝

 

𝐹𝑙𝑚𝑛

[𝑌𝐿𝑀𝑁
𝑙𝑚𝑛][𝐹𝑙𝑚𝑛] = 2[𝐼𝐿𝑀𝑁] 

[𝑌𝐿𝑀𝑁
𝑙𝑚𝑛]

𝑌𝐿𝑀𝑁
𝑙𝑚𝑛 =∑∑∑(𝑌𝑟𝑝𝑞 + 𝑌𝑟𝑝𝑞

+ )𝐶𝑟𝑝𝑞
𝐿𝑀𝑁∗𝐶𝑟𝑝𝑞

𝑙𝑚𝑛

2

𝑟=1𝑞𝑝

𝐼𝐿𝑀𝑁 =∑𝐴𝑟00𝑌𝑟00𝐶𝑟00
𝐿𝑀𝑁∗

2

𝑟=1

𝐹𝑙𝑚𝑛 �⃗� 𝑡
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𝐹𝑙𝑚𝑛
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𝑑0

3

2𝑑0

3
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47 

 

 

 

 

 

 

 

 

 



  

 
48 

 
 

 

α

𝑘𝑧 ≫



  

 
49 

𝑘𝑥

(𝛿𝑇𝑥)

(𝛿𝑇𝑧 ≈ 0)
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𝐸𝐼
𝑑2𝑣

𝑑𝑥2
= −𝑀 
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Ʃ𝑀𝐴 = 0: −𝑞𝑏 (𝑎 +
𝑏

2
) + 𝑅2𝐿 = 0

𝑅2 =
𝑞𝑏

𝐿
(𝑎 +

𝑏

2
)

Ʃ𝑀𝐵 = 0: −𝑞𝑏 (𝑐 +
𝑏

2
) − 𝑅1𝐿 = 0

𝑅1 =
𝑞𝑏

𝐿
(𝑐 +

𝑏

2
)
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Ʃ𝐹𝑦 = 0: 𝑅1 + 𝑅2 − 𝑞𝑏 = 0

 

 

Ʃ𝐹𝑦 = 0: 𝑅1 − 𝑉1 = 0; 𝑉1 = 𝑅1
Ʃ𝑀𝑚𝑛 = 0: −𝑅1𝑥 + 𝑀𝐹1 = 0; 𝑀𝐹1 = 𝑅1𝑥

 

 

Ʃ𝐹𝑦 = 0: 𝑅1 − 𝑉2 − 𝑞(𝑥 − 𝑎) = 0; 𝑉2 = 𝑅1 − 𝑞(𝑥 − 𝑎)

Ʃ𝑀𝑚𝑛 = 0: −𝑅1𝑥 + 𝑞(𝑥 − 𝑎) (
𝑥−𝑎

2
) + 𝑀𝐹2 = 0; 𝑀𝐹2 = 𝑅1𝑥 − 𝑞

(𝑥−𝑎)2

2

 

 

Ʃ𝐹𝑦 = 0: 𝑅2 + 𝑉3 = 0; 𝑉3 = −𝑅2
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Ʃ𝑀𝑚𝑛 = 0: 𝑅2(𝐿 − 𝑥) − 𝑀𝐹3 = 0; 𝑀𝐹3 = 𝑅2(𝐿 − 𝑥)

𝐸𝐼
𝑑2𝑣

𝑑𝑥2
= −𝑅1𝑥  … (0 < 𝑥 < 𝑎)

𝐸𝐼
𝑑2𝑣

𝑑𝑥2
= −𝑅1𝑥 +

𝑞(𝑥 − 𝑎)2

2
  … (𝑎 < 𝑥 < 𝑎 + 𝑏)

𝐸𝐼
𝑑2𝑣

𝑑𝑥2
= −𝑅2(𝐿 − 𝑥)  … (𝑎 + 𝑏 < 𝑥 < 𝐿)

𝐸𝐼
𝑑𝑣

𝑑𝑥
=
−𝑞𝑏 (𝑐 +

𝑏
2
) 𝑥2

2𝐿
+ 𝐶1   … (0 < 𝑥 < 𝑎)

𝐸𝐼
𝑑𝑣

𝑑𝑥
=
−𝑞𝑏 (𝑐 +

𝑏
2
) 𝑥2

2𝐿
+
𝑞(𝑥 − 𝑎)3

6
+ 𝐶2   … (𝑎 < 𝑥 < 𝑎 + 𝑏)

𝐸𝐼
𝑑𝑣

𝑑𝑥
=
𝑞𝑏 (𝑎 +

𝑏
2
) (𝐿 − 𝑥)2

2𝐿
+ 𝐶3   … (𝑎 + 𝑏 < 𝑥 < 𝐿)

𝐸𝐼𝑣 =
−𝑞𝑏 (𝑐 +

𝑏
2
) 𝑥3

6𝐿
+ 𝐶1𝑥 + 𝐶4   … (0 < 𝑥 < 𝑎)

𝐸𝐼𝑣 =
−𝑞𝑏 (𝑐 +

𝑏
2
) 𝑥3

6𝐿
+
𝑞(𝑥 − 𝑎)4

24
+ 𝐶2𝑥 + 𝐶5   … (𝑎 < 𝑥 < 𝑎 + 𝑏)
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𝐸𝐼𝑣 =
−𝑞𝑏 (𝑎 +

𝑏
2
) (𝐿 − 𝑥)3

6𝐿
+ 𝐶3𝑥 + 𝐶6   … (𝑎 + 𝑏 < 𝑥 < 𝐿)

0 =
−𝑞𝑏 (𝑐 +

𝑏
2
) (𝑎 +

𝑏
2
)
2

2𝐿
+
𝑞 (𝑎 +

𝑏
2
− 𝑎)

3

6
+ 𝐶2

𝐶2 =
𝑞𝑏 (𝑐 +

𝑏
2
) (𝑎 +

𝑏
2
)
2

2𝐿
−
𝑞𝑏3

48
= 𝐶1

𝐸𝐼𝑣 =
−𝑞𝑏 (𝑐 +

𝑏
2
) 𝑥3

6𝐿
+
𝑞(𝑥 − 𝑎)4

24
+
𝑞𝑏 (𝑐 +

𝑏
2
) (𝑎 +

𝑏
2
)
2

𝑥

2𝐿
−
𝑞𝑏3𝑥

48

𝑥 = 𝑎 +
𝑏

2
:

𝐸𝐼𝑣𝑚𝑎𝑥 =
−𝑞𝑏 (𝑐 +

𝑏
2
) (𝑎 +

𝑏
2
)
3

6𝐿
+
𝑞𝑏4

384
+
𝑞𝑏 (𝑐 +

𝑏
2
) (𝑎 +

𝑏
2
)
3

2𝐿
−
𝑞𝑏3 (𝑎 +

𝑏
2
)

48

𝐸𝐼𝑣𝑚𝑎𝑥 =
−𝑞𝑏 (𝑎 +

𝑏
2
)
4

6𝐿
+
𝑞𝑏4

384
+
𝑞𝑏 (𝑎 +

𝑏
2
)
4

2𝐿
−
𝑞𝑏3 (𝑎 +

𝑏
2
)

48
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𝐸𝐼𝑣𝑚𝑎𝑥 =
𝑞𝑏 (𝑎 +

𝑏
2
)
4

3𝐿
−
𝑞𝑏4

128
−
𝑞𝑏3𝑎

48

𝑘′ =
𝑞𝑏

𝑣𝑚𝑎𝑥
=

𝐸𝐼𝑞𝑏

𝑞𝑏 (𝑎 +
𝑏
2
)
4

3𝐿
−
𝑞𝑏4

128
−
𝑞𝑏3𝑎
48

=
384𝐿𝐸𝐼

128 (𝑎 +
𝑏
2
)
4

− 3𝐿𝑏3 − 8𝐿𝑏2𝑎

 

𝛾 =
𝑆𝐿

𝐴𝐸

𝛾
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𝑑1
2 = 𝑢2 + (𝑎 +

𝑏

2
)
2

;         𝑑1 = √𝑢2 + (𝑎 +
𝑏

2
)
2

= 𝑑2

∆1= 𝑑1 − (𝑎 +
𝑏

2
) = ∆2

∆1 ∆2

𝛿 =
∆1

𝑎 +
𝑏
2

𝑆1 = 𝑆 + 𝐴𝐸𝛿 = 𝑆2.

𝑆1 𝑠1 = 𝑆1 cos 𝛼1

cos 𝛼1 =
𝑐𝑎𝑡𝑒𝑡𝑜 𝑎𝑑𝑦𝑎𝑐𝑒𝑛𝑡𝑒

ℎ𝑖𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑎
=
𝑢

𝑑1

𝑠1 = 𝑆1
𝑢

𝑑1

𝑄 = 2𝑆1
𝑢

𝑑1
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𝑘′′ =
𝑄

𝑢
=
2𝑆1

𝑢
𝑑1
𝑢

=
2𝑆1
𝑑1

=
2(𝑆 + 𝐴𝐸𝛿)

√𝑢2 + (𝑎 +
𝑏
2
)
2
=
2(
∆1𝐴𝐸
𝐿

+ 𝐴𝐸𝛿)

√𝑢2 + (𝑎 +
𝑏
2
)
2

𝑘′ 𝑘′′

𝑘 = 𝑘′ + 𝑘′′

𝑘 =
384𝐿𝐸𝐼

128 (𝑎 +
𝑏
2
)
4

− 3𝐿𝑏3 − 8𝐿𝑏2𝑎

+
2 (
∆1𝐴𝐸
𝐿

+ 𝐴𝐸𝛿)

√𝑢2 + (𝑎 +
𝑏
2
)
2

500[𝜇𝑚]

68.9[𝐺𝑃𝑎]

100[𝜇𝑚]

300[𝜇𝑚]

𝐼 =
𝑎𝑛𝑐ℎ𝑜 ∗ 𝑒𝑠𝑝𝑒𝑠𝑜𝑟3

12

2.5 ∗ 10−23[𝑚4]

1[𝜇𝑚]

𝐴 = 𝑎𝑛𝑐ℎ𝑜 ∗ 𝑒𝑠𝑝𝑒𝑠𝑜𝑟 3 ∗ 10−10[𝑚2]

𝛿 8 ∗ 10−6

∆𝟏 2[𝑛𝑚]

𝒌 = 𝟏. 𝟗𝟖𝟒𝟑 [
𝑵

𝒎
]
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𝑄 = 𝐶𝑉

 

𝑊∗(𝑉) = ∫𝑄𝑑𝑉

𝑉

0

= ∫𝐶𝑉𝑑𝑉

𝑉

0

=
𝐶𝑉2

2

𝐶 =
휀𝐴

𝑑

휀

𝑊∗(𝑉) =
휀𝐴𝑉2

2𝑑
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𝑑(𝑧) = 𝑔 − 𝑧
𝑇𝑟𝑎𝑏𝑎𝑗𝑜 = 𝐹𝑢𝑒𝑟𝑧𝑎 𝑒𝑙é𝑐𝑡𝑟𝑖𝑐𝑎 ∗ 𝑑𝑒𝑠𝑝𝑙𝑎𝑧𝑎𝑚𝑖𝑒𝑛𝑡𝑜 = 𝐹𝑒𝑑 

휀𝐴𝑉2

2𝑑
= 𝐹𝑒𝑑

𝐹𝑒(𝑉, 𝑧) =
휀𝐴𝑉2

2𝑑2
=

휀𝐴𝑉2

2(𝑔 − 𝑧)2

𝐹𝑚 = 𝑘𝑧

∑𝐹 = 0
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𝐹𝑚 = 𝐹𝑒

𝑘𝑧 =
휀𝐴𝑉2

2(𝑔 − 𝑧)2

𝑉 = √
2𝑘𝑧(𝑔 − 𝑧)2

휀𝐴

휀

𝑧 =
𝑔

3

𝑉𝑝 =
√2𝑘

𝑔
3
(𝑔 −

𝑔
3
)
2

휀𝐴
= √

8𝑘𝑔3

27휀𝐴

1.9843 [
𝑁

𝑚
]

2[𝜇𝑚]

휀
8.8542 ∗ 10−12 [

𝐹

𝑚
]

9 ∗ 10−8[𝑚2]

𝑽𝒑 = 𝟐. 𝟒𝟐𝟗[𝑽]
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𝑚
𝑑2𝑧

𝑑𝑡2
=∑𝑓𝑢𝑒𝑟𝑧𝑎𝑠

𝑚
𝑑2𝑧

𝑑𝑡2
= 𝐹𝑠 + 𝐹𝑑 + 𝐹(𝑡)

𝑚
𝑑2𝑧

𝑑𝑡2
= −𝑘𝑧 − 𝑏

𝑑𝑧

𝑑𝑡
+ 𝐹(𝑡)

𝑚
𝑑2𝑧

𝑑𝑡2
+ 𝑏

𝑑𝑧

𝑑𝑡
+ 𝑘𝑧 = 𝐹(𝑡) 

(𝑧(0) = 0,
𝑑𝑧(0)

𝑑𝑡
= 0)
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𝑚𝑠2𝑧(𝑠) + 𝑏𝑠𝑧(𝑠) + 𝑘𝑧(𝑠) = 𝐹(𝑠)

(𝑠2 +
𝑏

𝑚
𝑠 +

𝑘

𝑚
)𝑧(𝑠) =

𝐹(𝑠)

𝑚

𝑧(𝑠)

𝐹(𝑠)
=
1

𝑘

𝑘
𝑚

𝑠2 +
𝑏
𝑚
𝑠 +

𝑘
𝑚

(𝜔𝑛)

𝜔𝑛
2 =

𝑘

𝑚
;           𝜔𝑛 = √

𝑘

𝑚
 

2𝜉𝜔𝑛 =
𝑏

𝑚
;            𝜉 =

𝑏

2𝑚𝜔𝑛
=

𝑏

2𝑚√
𝑘
𝑚

=
𝑏

2√𝑚𝑘

𝑄 =
1

2𝜉
=

1

𝑏

√𝑚𝑘

=
√𝑚𝑘

𝑏
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𝑏 =
𝜇𝐿𝐵3

ℎ3
𝛽

𝛽
𝐵

𝐿
𝛽 = 0.42

1.9843 [
𝑁

𝑚
]

𝜌
2600 [

𝑘𝑔

𝑚3
]

300[𝜇𝑚]

𝑉𝑜𝑙 = 𝐿 ∗ 𝐵 ∗ 𝑒𝑠𝑝𝑒𝑠𝑜𝑟 9 ∗ 10−14[𝑚3]

𝑚 = 𝑉𝑜𝑙 ∗ 𝜌 2.34 ∗ 10−10[𝑘𝑔]

18.27 ∗ 10−6 [
𝑁 𝑠

𝑚2
]

2[𝜇𝑚]

𝜔𝑛 = 9.2086 ∗ 104 [
𝑟𝑎𝑑

𝑠
]

𝑏 = 0.00777 [
𝑁 𝑠

𝑚
]

𝑄 = 0.00277

𝑡𝑠 ≈
2𝑏ℎ3

3휀𝐴𝑉𝑠
2
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𝑡𝑠 ≈
2 ∗ 0.00777 ∗ (2 ∗ 10−6)3

3 ∗ (8.8542 ∗ 10−12) ∗ (90 ∗ 10−9) ∗ 102
= 520[𝜇𝑠]
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𝑧1 = 𝑟1 + 𝑗𝑥1 𝑧2 = 𝑟2 + 𝑗𝑥2
𝑧1 𝑧2

𝑧𝑖𝑛
(1)
= 𝑟𝑖𝑛

(1)
+ 𝑗𝑥𝑖𝑛

(1)
,       𝑧𝑖𝑛

(2)
= 𝑟𝑖𝑛

(2)
+ 𝑗𝑥𝑖𝑛

(2)

 

 

𝑧𝑖𝑛
(1)

𝑧𝑖𝑛
(2)
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𝑥𝑖𝑛
(1)
= 𝑥𝑖𝑛

(2)
= 0,       𝑟𝑖𝑛

(1)
≪ 𝑧0 ≪ 𝑟𝑖𝑛

(2)

𝑧𝑖𝑛
(1)
= 𝑟𝑖𝑛

(1)
𝑧𝑖𝑛
(2)
= 𝑟𝑖𝑛

(2)

𝐾 =
𝑟𝑖𝑛
(2)

𝑟𝑖𝑛
(1)

[
𝐴 𝐵
𝐶 𝐷

] = [
𝑎 𝑗𝑏
𝑗𝑐 𝑑

]

𝑧1 𝑧2

𝑧𝑖𝑛
(1,2)

=
𝑎(𝑟1,2 + 𝑗𝑥1,2) + 𝑗𝑏

𝑗𝑐(𝑟1,2 + 𝑗𝑥1,2) + 𝑑

𝑟𝑖𝑛
(1,2)

=
𝑟1,2

𝑑2 (1 − 2
𝑐
𝑑
𝑥1,2 +

𝑐2

𝑑2
(𝑟1,2

2 + 𝑥1,2
2 ))
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𝑥𝑖𝑛
(1,2)

=
𝑏𝑑 + (𝑎𝑑 − 𝑏𝑐)𝑥1,2 − 𝑐𝑎(𝑟1,2

2 + 𝑥1,2
2 )

𝑑2 (1 − 2
𝑐
𝑑
𝑥1,2 +

𝑐2

𝑑2
(𝑟1,2

2 + 𝑥1,2
2 ))

= 0

𝑏𝑑 + (𝑎𝑑 − 𝑏𝑐)𝑥1,2 − 𝑐𝑎(𝑟1,2
2 + 𝑥1,2

2 ) = 0 

𝑟1,2
2 + 𝑥1,2

2 =
𝑏𝑑 + (𝑎𝑑 − 𝑏𝑐)𝑥1,2

𝑐𝑎

𝑟𝑖𝑛
(1,2)

=
𝑎 𝑟1,2

𝑑 (1 −
𝑐
𝑑
𝑥1,2)

𝑎

𝑑
= 𝑛2 ,      

𝑐

𝑑
= 𝑦,      

𝑏

𝑑
= 𝑧

𝑧 + (𝑛2 − 𝑦𝑧)𝑥1,2 − 𝑦𝑛
2(𝑟1,2

2 + 𝑥1,2
2 ) = 0 

𝑥𝑖𝑛
(1,2)

= 0

𝑟𝑖𝑛
(1,2)

𝑟1, 𝑟2, 𝑥1 𝑥2

𝑧1 𝑧2 𝑟𝑖𝑛
(1)

𝑟𝑖𝑛
(2)
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𝑦2((𝑟1
2 + 𝑥1

2)𝑥2 − (𝑟2
2 + 𝑥2

2)𝑥1) − 𝑦((𝑟1
2 + 𝑥1

2) − (𝑟2
2 + 𝑥2

2)) + (𝑥1 − 𝑥2) = 0

𝑥1 − 𝑥2 =
𝑦(𝑟1

2(1 − 𝑦𝑥2) − 𝑟2
2(1 − 𝑦𝑥1))

(1 − 𝑦𝑥2)(1 − 𝑦𝑥1)

𝑟𝑖𝑛
(1,2)

=
𝑛2𝑟1,2

1 − 𝑦𝑥1,2

𝐾 =
𝑟𝑖𝑛
(2)

𝑟𝑖𝑛
(1)
=

𝑛2𝑟2
1 − 𝑦𝑥2
𝑛2𝑟1

1 − 𝑦𝑥1

=
 𝑟2(1 − 𝑦𝑥1)

 𝑟1(1 − 𝑦𝑥2)

𝐾 =
 𝑟2
 𝑟1
+
 𝑟2(𝑥2 − 𝑥1)

 𝑟1(1 − 𝑦𝑥2)
𝑦

1

𝐾
=
 𝑟1
 𝑟2
+
 𝑟1(𝑥1 − 𝑥2)

 𝑟2(1 − 𝑦𝑥1)
𝑦

𝐾 +
1

𝐾
=
 𝑟1
 𝑟2
+
 𝑟2
 𝑟1
+
𝑟1
2(1 − 𝑦𝑥2) − 𝑟2

2(1 − 𝑦𝑥1)

(1 − 𝑦𝑥2)(1 − 𝑦𝑥1)

𝑥1 − 𝑥2
 𝑟1 𝑟2

𝑦
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𝑟𝑖𝑛
(1)

𝑟𝑖𝑛
(2)

𝐾 +
1

𝐾
=
 𝑟1
 𝑟2
+
 𝑟2
 𝑟1
+
(𝑥1 − 𝑥2)

2

 𝑟1 𝑟2

 

βl
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𝑆𝑖𝑗 =
𝑉𝑖
−

𝑉𝑗
+|
𝑉𝑘
+=0

  𝑝𝑎𝑟𝑎 𝑖, 𝑗, 𝑘 = 1,2  𝑐𝑜𝑛  𝑘 ≠ 𝑗

𝑆11 =
𝑉1
−

𝑉1
+|
𝑉2
+=0

, 𝑆21 =
𝑉2
−

𝑉1
+|
𝑉2
+=0
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𝐶 =
휀𝑟휀0𝐴

𝑑

휀𝑟 휀0

휀𝑟 = 1, 휀0 = 8.8542 ∗ 10−12 [
𝐹

𝑚
] , 𝐴 = (50[µ𝑚])(200[µ𝑚]), 𝑑 = 1[µ𝑚]

𝐶 = 88.54[𝑓𝐹]

𝐶𝑖𝑛𝑡 =
88.54[𝑓𝐹]

2
= 44.27[𝑓𝐹]
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85 
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https://www.mems-exchange.org/


  

 
91 



  

 
92 
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𝜆0

𝜆0 = 2𝜋𝑟𝑚



  

 
94 

𝑟𝑚 =
𝜆0
2𝜋

=
2.998 ∗ 108 [

𝑚
𝑠 ]

(2𝜋)(12 ∗ 109[𝐻𝑧])
= 3.976[𝑚𝑚]
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96 
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𝑓0 =
1

2𝜋√𝐿𝑒𝑞𝐶𝑎𝑝

𝐿𝑒𝑞 𝐶𝑎𝑝
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𝑓0𝑚 =
1

2𝜋√𝐿𝑒𝑞(𝐶𝑎𝑝 + 𝐶𝑝𝑒𝑞𝑚)

𝐶𝑎𝑝 =
1

4𝜋2𝑓0𝑚
2 𝐿𝑒𝑞

− 𝐶𝑝𝑒𝑞𝑚

𝐿𝑒𝑞𝐶𝑎𝑝 =
1

4𝜋2𝑓0
2

𝐿𝑒𝑞 (
1

4𝜋2𝑓0𝑚
2 𝐿𝑒𝑞

− 𝐶𝑝𝑒𝑞𝑚) =
1

4𝜋2𝑓0
2
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𝐿𝑒𝑞 =
𝑓0
2 − 𝑓0𝑚

2

4𝜋2𝑓0
2𝑓0𝑚

2 𝐶𝑝𝑒𝑞𝑚

𝐿𝑒𝑞 = 1.0291[𝑛𝐻]

𝐶𝑎𝑝 =
1

4𝜋2(10.75[𝐺𝐻𝑧])2(1.0291[𝑛𝐻])
= 213[𝑓𝐹]

𝐿𝑒𝑞 = 931.4[𝑝𝐻],    𝐶𝑎𝑝 = 237.95[𝑓𝐹]

𝐴𝐵 =
1

𝑅𝐶𝑎𝑝
 

𝑅 =
1

𝐴𝐵𝐶𝑎𝑝
=

1

(4.548[𝐺𝐻𝑧])(237.95[𝑓𝐹])
= 924.05[Ω]
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δ 

𝜂𝑠 = 120𝜋√
𝜇𝑟
휀𝑟
= 120𝜋√

1

3.55
= 200.086[Ω]

𝐸𝐿 = 𝛽𝑙 =
2𝜋

𝜆
𝑙 =

2𝜋𝑓

𝑣𝑝
𝑙 =

2𝜋(10 ∗ 109[𝐻𝑧])

159.1132 ∗ 106 [
𝑚
𝑠 ]
(203 ∗ 10−6[𝑚]) = 0.025516𝜋[𝑟𝑎𝑑] = 4.593°

𝛽 𝜆 𝑙

𝑣𝑝 =
1

√𝜇𝜀

𝑅 = (377[Ω] + 377[Ω] + 200.086[Ω])//𝑅𝑝 = 924.05[Ω]

924.05 =
(954.086)𝑅𝑝

954.086 + 𝑅𝑝
;        𝑅𝑝 ≅ 29.4[𝑘Ω]
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휀𝑒 =
휀𝑟 + 1

2
+
휀𝑟 − 1

2

1

√1 + 12
𝑑
𝑊
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𝑍0 =
120𝜋

√휀𝑒 [
𝑊
𝑑
+ 1.393 + 0.667𝑙𝑛 (

𝑊
𝑑
+ 1.444)]

𝑍0 휀𝑒 휀𝑟

𝑍0 = 8.338[Ω]
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𝑦 = 𝑚𝑥 + 𝑏

𝑚 =
∑ 𝑥𝑖(𝑦𝑖 − �̅�)
𝑛
𝑖=1

∑ 𝑥𝑖(𝑥𝑖 − �̅�)
𝑛
𝑖=1

𝑏 = �̅� − 𝑚�̅�

�̅� =
1

𝑛
∑ 𝑥𝑖

𝑛

𝑖=1
 ,          �̅� =

1

𝑛
∑ 𝑦𝑖

𝑛

𝑖=1

 

�̅� = 3.104,     �̅� = 9.868,      𝑚 = −2.645,      𝑏 = 18.078

𝑓0[𝐺𝐻𝑧] = −2.645𝑟𝑚[𝑚𝑚] + 18.078
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𝑓0

 

 

𝑔0

3
=

2[𝜇𝑚]

3



  

 
110 

 

 



  

 
111 

𝐶 =
휀𝑟휀0𝐴

𝑑

휀𝑟 휀0

𝐶 =
휀𝑟1휀𝑟2휀0𝐴

휀𝑟2𝑑1 + 휀𝑟1𝑑2

휀𝑟1,2 𝑑1,2
휀𝑟1 =

1, 휀𝑟2 = 2.65,  휀0 = 8.8542 ∗ 10−12 [
𝐹

𝑚
] , 𝐴 = (50[µ𝑚])(200[µ𝑚]) = 10 ∗ 10−9[𝑚2], 𝑑1 =

𝑑2 = 1[µ𝑚]

휀𝑟 = 2.65

𝐶𝑠𝑢𝑝 = 64.284[𝑓𝐹], 𝐶𝑖𝑛𝑓 = 234.636[𝑓𝐹]

𝐶𝑠𝑢𝑝𝑇 =
64.284[𝑓𝐹]

2
= 32.142[𝑓𝐹],    𝐶𝑖𝑛𝑓𝑇 =

234.636[𝑓𝐹]

2
= 117.318[𝑓𝐹]
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𝐶𝑠𝑢𝑝𝐸𝑞 = 2 ∗ 32.142[𝑓𝐹] = 64.284[𝑓𝐹], 𝐶𝑖𝑛𝑓𝐸𝑞 = 2 ∗ 117.318[𝑓𝐹] = 234.636[𝑓𝐹]
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𝜆𝑔 =
𝑐

𝑓
=
2.998 ∗ 108[𝑚/𝑠2]

10[𝐺𝐻𝑧]
= 29.98[𝑚𝑚]
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𝑞 <
𝜆𝑔

6
=

𝜆0
6

√휀𝑟



  

 
118 

𝜆0 휀𝑟

𝑞 <
29.98[𝑚𝑚]

6 √2.65
= 3.07[𝑚𝑚]
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