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❢♦"♠❛❝✐♦♥❡*✱ ("❛♥*❢♦"♠❛❝✐♦♥❡* ② ❣❡♥❡"❛❞♦"❡* ✐♥✜♥✐(❡*✐♠❛❧❡*✱ ❝✉"✈❛* ② *✉♣❡"✜❝✐❡*

✐♥✈❛"✐❛♥(❡*✱ ❢✉♥❝✐♦♥❡* ✐♥✈❛"✐❛♥(❡*✱ ❝♦♦"❞❡♥❛❞❛* ❝❛♥C♥✐❝❛* ② ("❛♥*❢♦"♠❛❝✐♦♥❡* ❡①✲

(❡♥❞✐❞❛*✳

❊❧ *❡❣✉♥❞♦ ❝❛♣5(✉❧♦ ♥♦* ✐♥("♦❞✉❝❡ ❧❛ ♥♦❝✐C♥ ❞❡ ✐♥✈❛"✐❛♥③❛ ❞❡ ✉♥❛ ❊❉❖ ❜❛❥♦

✉♥ ❣"✉♣♦ ❞❡ ▲✐❡ ❞❡ ("❛♥*❢♦"♠❛❝✐♦♥❡* ✉♥✐♣❛"❛♠1("✐❝♦✳ ❉❡ ❡*(❛ ❞❡✜♥✐❝✐C♥ *✉"❣❡ ❡❧

❈"✐(❡"✐♦ ■♥✜♥✐(❡*✐♠❛❧ ♣❛"❛ ❧❛ ■♥✈❛"✐❛♥③❛✱ ❡❧ ❝✉E❧ ♥♦* *✐"✈❡✱ ❡♥("❡ ♦("❛* ❝♦*❛*✱ ♣❛✲

"❛ ❡♥❝♦♥("❛" ❧♦* ✐♥✜♥✐(❡*✐♠❛❧❡* ❛❞♠✐(✐❞♦* ♣♦" ✉♥❛ ❊❉❖✳ ❆❧ ❡*(✉❞✐❛" ❧❛* ❊❉❖✬*

❞❡ ♣"✐♠❡" ♦"❞❡♥ *❡ ♠✉❡*("❛ 2✉❡ ♣♦❞❡♠♦* ❡♥❝♦♥("❛" *✉ *♦❧✉❝✐C♥ ❣❡♥❡"❛❧ ②❛ *❡❛

♠❡❞✐❛♥(❡ ❡❧ ✉*♦ ❞❡ ❝♦♦"❞❡♥❛❞❛* ❝❛♥C♥✐❝❛* ♦ ❞❡(❡"♠✐♥❛♥❞♦ ✉♥ ❢❛❝(♦" ✐♥(❡❣"❛♥(❡✳

❊♥ ❡❧ (❡"❝❡" ❝❛♣5(✉❧♦ *❡ ❞❡♠✉❡*("❛ ✉♥ (❡♦"❡♠❛ 2✉❡ ♣"✉❡❜❛ 2✉❡ ♥♦ ❡* ♥❡✲

❝❡*❛"✐♦ ❡♥❝♦♥("❛" ❡①♣❧5❝✐(❛♠❡♥(❡ (♦❞❛* ❧❛* ❝✉"✈❛* ❞❡ ✉♥ ❣"✉♣♦ ❛❞♠✐(✐❞♦ ♣♦"

✉♥❛ ❊❉❖ ♣❛"❛ ❞❡(❡"♠✐♥❛" ❝✉E❧❡* ❝✉"✈❛* ✐♥✈❛"✐❛♥(❡* *♦♥ *♦❧✉❝✐♦♥❡* ✐♥✈❛"✐❛♥(❡*✳

❉✐❝❤♦ (❡♦"❡♠❛ ❞✐❝❡ 2✉❡ ❧❛* *♦❧✉❝✐♦♥❡* ✐♥✈❛"✐❛♥(❡* ❞❡ ✉♥❛ ❊❉❖ *❡ ❡♥❝✉❡♥("❛♥

❡*❡♥❝✐❛❧♠❡♥(❡ "❡*♦❧✈✐❡♥❞♦ ❡❝✉❛❝✐♦♥❡* ❛❧❣❡❜"❛✐❝❛* ♦❜(❡♥✐❞❛* ❞❡ ❧❛ ❊❉❖ ❞❛❞❛ ②

✺



✻ ■♥"#♦❞✉❝❝✐)♥

❧♦# ✐♥✜♥✐'❡#✐♠❛❧❡# ❞❡❧ ❣-✉♣♦ ❞❡ ▲✐❡ ❞❡ '-❛♥#❢♦-♠❛❝✐♦♥❡# ✉♥✐♣❛-❛♠3'-✐❝♦✳

▲❛# #♦❧✉❝✐♦♥❡# ✐♥✈❛-✐❛♥'❡# #♦♥ ❡#♣❡❝✐❛❧♠❡♥'❡ ✐♥'❡-❡#❛♥'❡# ♣❛-❛ ❧❛# ❊❉❖✬# ❞❡

♣-✐♠❡- ♦-❞❡♥✱ ②❛ <✉❡ #✐ ❡①✐#'❡♥ #♦❧✉❝✐♦♥❡# #❡♣❛-❛'-✐❝❡# ②✴♦ ❡♥✈♦❧✈❡♥'❡#✱ 3#'❛#

#♦♥ #♦❧✉❝✐♦♥❡# ✐♥✈❛-✐❛♥'❡# ♣❛-❛ '♦❞♦ ❣-✉♣♦ ❞❡ ▲✐❡ ❞❡ '-❛♥#❢♦-♠❛❝✐♦♥❡# ✉♥✐♣❛-❛✲

♠3'-✐❝♦ ♥♦ '-✐✈✐❛❧ ❛❞♠✐'✐❞♦ ♣♦- ❧❛ ❊❉❖✳

❙❡ ❝♦♠♣❛-❛-A ❧❛ #♦❧✉❝✐B♥ ❡♥❝♦♥'-❛❞❛ ♣♦- ♠3'♦❞♦# ❝♦♥✈❡♥❝✐♦♥❛❧❡# ② ❧❛ ❡♥❝♦♥✲

'-❛❞❛ ♣♦- ❣-✉♣♦# ❞❡ ▲✐❡ ♣❛-❛ ❊❉❖✬#✱ ❡#'❛❜❧❡❝✐❡♥❞♦ ✉♥❛ -❡❧❛❝✐B♥ ❡♥'-❡ ❛♠❜❛#✳

❆❧❣✉♥♦# ❡❥❡♠♣❧♦# <✉❡ #❡ ❛♥❛❧✐③❛♥ ❜❛❥♦ ❡#'❛ ✐❞❡❛✱ #♦♥ ❧❛ ❡❝✉❛❝✐B♥ ❞❡ ❇❧❛#✐✉# ②

❧❛ ❡❝✉❛❝✐B♥ ❞❡ ❈❧❛✐-❛✉'✳

❊♥ -❡#✉♠❡♥✱ ❡#'❛ '❡#✐# #❡ ♣-❡#❡♥'❛♥ -❡#✉❧'❛❞♦# ❣❡♥❡-❛❧❡# ❡♥ ❧❛ ❝♦♥#'-✉❝❝✐B♥

❛❧❣❡❜-❛✐❝❛ ② ❡❧ #✐❣♥✐✜❝❛❞♦ ❣❡♦♠3'-✐❝♦ ❞❡ #♦❧✉❝✐♦♥❡# ✐♥✈❛-✐❛♥'❡# ❞❡ ❊❉❖✬#✳

❖❜❥❡$✐✈♦(

▲♦# ♦❜❥❡'✐✈♦# ❞❡ ❧❛ '❡#✐# #♦♥✿

✶✳ ❊♥❝♦♥'-❛- ❧❛ '-❛♥#❢♦-♠❛❝✐B♥ ✐♥✜♥✐'❡#✐♠❛❧ ✭❣-✉♣♦✮ ❛ '-❛✈3# ❞❡ ❧♦# ✐♥✜♥✐'❡✲

#✐♠❛❧❡# ❞❡❧ ♠✐#♠♦✳ ❙❡"✐❡$ ❞❡ ▲✐❡ ♦ (❱■ ♣❧❛♥/❡❛❞♦ ❡♥ ❡❧ ("✐♠❡" ❚❡♦"❡♠❛

❋✉♥❞❛♠❡♥/❛❧ ❞❡ ▲✐❡

✷✳ ❉❡'❡-♠✐♥❛- ❝✉❛♥❞♦ ✉♥ ❣-✉♣♦ ❡# ❛❞♠✐'✐❞♦ ♣♦- ✉♥❛ ❊❉❖✱ ❡# ❞❡❝✐-✱ ❝✉❛♥❞♦

❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉-✈❛# #♦❧✉❝✐B♥ ❞❡ ❧❛ ❊❉❖ ❡# ✐♥✈❛-✐❛♥'❡ ❜❛❥♦ ❞✐❝❤♦ ❣-✉♣♦✳

❈"✐/❡"✐♦ ■♥✜♥✐/❡$✐♠❛❧ ♣❛"❛ ❧❛ ■♥✈❛"✐❛♥③❛ ❞❡ ✉♥❛ ❊❉❖

✸✳ ❊♥❝♦♥'-❛- ❡①♣❧P❝✐'❛♠❡♥'❡ '♦❞♦# ❧♦# ❣-✉♣♦# ❛❞♠✐'✐❞♦# ♣♦- ✉♥❛ ❊❉❖ ②✱ -❡✲

❝P♣-♦❝❛♠❡♥'❡✱ ❡♥❝♦♥'-❛- ❧❛ ❊❉❖ ❛❞♠✐'✐❞❛ ♣♦- ✉♥ ❣-✉♣♦ ❞❡ '-❛♥#❢♦-♠❛✲

❝✐♦♥❡#✳ ❈"✐/❡"✐♦ ■♥✜♥✐/❡$✐♠❛❧ ♣❛"❛ ❧❛ ■♥✈❛"✐❛♥③❛ ❞❡ ✉♥❛ ❊❉❖

✹✳ ❊♥❝♦♥'-❛- ❧❛ #♦❧✉❝✐B♥ ❣❡♥❡-❛❧ ❞❡ ✉♥❛ ❊❉❖ ❞❡ ♣-✐♠❡- ♦-❞❡♥ <✉❡ #❡❛ ✐♥✲

✈❛-✐❛♥'❡ ❜❛❥♦ ✉♥ ❣-✉♣♦ ❞❡ '-❛♥#❢♦-♠❛❝✐♦♥❡#✳ ❈♦♦"❞❡♥❛❞❛$ ❈❛♥;♥✐❝❛$ ②

❋❛❝/♦" ■♥✈❛"✐❛♥/❡

✺✳ ❊♥❝♦♥'-❛- #♦❧✉❝✐♦♥❡# ✐♥✈❛-✐❛♥'❡# ❞❡ ✉♥❛ ❊❉❖ ❞❡ ♠❛♥❡-❛ ❝♦♥#'-✉❝'✐✈❛✳

✻✳ ❊♥❝♦♥'-❛- #♦❧✉❝✐♦♥❡# ✐♥✈❛-✐❛♥'❡# ❞❡ ✉♥❛ ❊❉❖ #✐♥ -❡#♦❧✈❡- ❧❛ ♠✐#♠❛ ❊❉❖

♦ ❛❧❣✉♥❛ ♦'-❛✳ ❚❡♦"❡♠❛ ♣❛"❛ ❙♦❧✉❝✐♦♥❡$ ■♥✈❛"✐❛♥/❡$

✼✳ ❊♥❝♦♥'-❛- #♦❧✉❝✐♦♥❡# ✐♥✈❛-✐❛♥'❡# ❞❡ ✉♥❛ ❊❉❖ ❞❡ ♣-✐♠❡- ♦-❞❡♥ <✉❡ #❡❛♥

#❡♣❛-❛'-✐❝❡# ②✴♦ ❡♥✈♦❧✈❡♥'❡#✳ ❚❡♦"❡♠❛ ♣❛"❛ ❙♦❧✉❝✐♦♥❡$ ■♥✈❛"✐❛♥/❡$



❚❛❜❧❛ ❞❡ ◆♦(❛❝✐+♥

ϕ : G → H ❍♦♠♦♠♦#✜%♠♦ ❞❡ ❣#✉♣♦%❀ ♣,❣ ✶✵

x∗ = X(x; ǫ) ●#✉♣♦✴❝♦♥❥✉♥4♦ ❞❡ 4#❛♥%❢♦#♠❛❝✐♦♥❡% ✉♥✐♣❛#❛♠84#✐❝♦❀ ♣,❣ ✶✵

❖(ǫ2) ❘❡%✐❞✉♦ ❞❡ ♦#❞❡♥ ♠❛②♦# ❛ ✷ ❞❡ ❧❛ ❡①♣❛♥%✐>♥ ❞❡ ❚❛②❧♦#❀ ♣,❣ ✶✸

x+ ǫξ(x) ❚#❛♥%❢♦#♠❛❝✐>♥ ✐♥✜♥✐4❡%✐♠❛❧ ❞❡ ✉♥ ❣#✉♣♦❀ ♣,❣ ✶✸

ξ(x) ■♥✜♥✐4❡%✐♠❛❧ ❞❡ ✉♥ ❣#✉♣♦ ❞❡ 4#❛♥%❢♦#♠❛❝✐♦♥❡%❀ ♣,❣ ✶✸

❳ = ❳(①) ●❡♥❡#❛❞♦# ✐♥✜♥✐4❡%✐♠❛❧ ❞❡ ✉♥ ❣#✉♣♦❀ ♣,❣ ✶✻

y∗i = Yi(x, y, y1, ..., yi; ǫ) ❑✲8%✐♠❛ ❡①4❡♥%✐>♥ ❞❡❧ ❣#✉♣♦❀ ♣,❣ ✸✺

η(k)(x, y, y1, ..., yk) ■♥✜♥✐4❡%✐♠❛❧ ❦✲8%✐♠♦ ❡①4❡♥❞✐❞♦❀ ♣,❣ ✸✺

❳

(k)
●❡♥❡#❛❞♦# ✐♥✜♥✐4❡%✐♠❛❧ ❦✲8%✐♠♦ ❡①4❡♥❞✐❞♦❀ ♣,❣ ✸✺

∇ =

(

∂

∂x1
,

∂

∂x2
, ...,

∂

∂xn

)

❖♣❡#❛❞♦# ❣#❛❞✐❡♥4❡❀ ♣,❣ ✶✼

D

Dx
❖♣❡#❛❞♦# ❞❡#✐✈❛❞❛ 4♦4❛❧❀ ♣,❣ ✸✸

✼



✽ ❚❛❜❧❛ ❞❡ ◆♦(❛❝✐+♥

yk = y(k) =
dky

dxk
❦✲#$✐♠❛ ❞❡*✐✈❛❞❛ ❞❡ ② *❡$♣❡❝/♦ ❞❡ ①❀ ♣3❣ ✸✷

y(n) = f(x, y, y′, ..., y(n−1)) ❊❉❖ ❞❡ ♥✲#$✐♠♦ ♦*❞❡♥❀ ♣3❣ ✸✾



❈❛♣#$✉❧♦ ✶

 !❡❧✐♠✐♥❛!❡(

❊!"❡ ❝❛♣'"✉❧♦ ✐♥"-♦❞✉❝❡ ❧❛! ✐❞❡❛! ❜0!✐❝❛! ❞❡ ❣-✉♣♦! ❞❡ ▲✐❡ ❞❡ "-❛♥!❢♦-♠❛❝✐♦✲

♥❡! ♥❡❝❡!❛-✐❛! ♣❛-❛ ❡❧ ❡!"✉❞✐♦ ❞❡ ❧❛! ♣-♦♣✐❡❞❛❞❡! ❞❡ ✐♥✈❛-✐❛♥③❛ ❞❡ ❧❛! ❡❝✉❛❝✐♦♥❡!

❞✐❢❡-❡♥❝✐❛❧❡!✳

❙❡ ❞❡♠✉❡!"-❛ ❡❧ :-✐♠❡- ❚❡♦-❡♠❛ ❋✉♥❞❛♠❡♥"❛❧ ❞❡ ▲✐❡ ❡❧ ❝✉❛❧ ♥♦! ❞✐❝❡ =✉❡ ❧❛

"-❛♥!❢♦-♠❛❝✐>♥ ✐♥✜♥✐"❡!✐♠❛❧ ❡! ✐♥❞✐!♣❡♥!❛❜❧❡ ♣❛-❛ ❞❡"❡-♠✐♥❛- ❡❧ ❣-✉♣♦ ❞❡ ▲✐❡

❞❡ "-❛♥!❢♦-♠❛❝✐♦♥❡! ✉♥✐♣❛-❛♠@"-✐❝♦✳

❆!' ❧❧❡❣❛♠♦! ❛ =✉❡ ❡①✐!"❡♥ ❞♦! ❢♦-♠❛! ♣❛-❛ ❡♥❝♦♥"-❛- ❞❡ ♠❛♥❡-❛ ❡①♣❧'❝✐"❛

❞✐❝❤♦ ❣-✉♣♦ ❞❡!❞❡ !✉ "-❛♥!❢♦-♠❛❝✐>♥ ✐♥✜♥✐"❡!✐♠❛❧✿

✭✐✮ ❊①♣-❡!❛♥❞♦ ❡❧ ❣-✉♣♦ ❡♥ "@-♠✐♥♦! ❞❡ ✉♥❛ !❡-✐❡ ❞❡ ♣♦"❡♥❝✐❛!✱ ❧❧❛♠❛❞♦ ❙❡"✐❡$

❞❡ ▲✐❡✱ ❡❧ ❝✉❛❧ ❡! ❞❡!❛--♦❧❧❛❞♦ ❞❡!❞❡ ❡❧ ❣❡♥❡-❛❞♦- ✐♥✜♥✐"❡!✐♠❛❧ ❝♦--❡!♣♦♥❞✐❡♥"❡

❛ ❧❛ "-❛♥!❢♦-♠❛❝✐>♥ ✐♥✜♥✐"❡!✐♠❛❧❀

✭✐✐✮ ❘❡!♦❧✈❡- ❡❧ ♣-♦❜❧❡♠❛ ❞❡❧ ✈❛❧♦- ✐♥✐❝✐❛❧ ♣-❡!❡♥"❛❞♦ ❡♥ ❡❧ :-✐♠❡- ❚❡♦-❡♠❛ ❋✉♥✲

❞❛♠❡♥"❛❧ ❞❡ ▲✐❡✳

❙✐ ❝♦♥♦❝❡♠♦! ✉♥ ❣-✉♣♦ ❛❞♠✐"✐❞♦ ♣♦- ✉♥❛ ❊❉❖✱ ♣♦❞❡♠♦! -❡❞✉❝✐- ✉♥ ❣-✉✲

♣♦ ✉♥✐♣❛-❛♠@"-✐❝♦ ❛❧ ❣-✉♣♦ ❞❡ "-❛!❧❛❝✐♦♥❡! ❝♦♥ ❧❛ ✐♥"-♦❞✉❝❝✐>♥ ❞❡ ❝♦♦-❞❡♥❛❞❛!

❝❛♥>♥✐❝❛!✳ ❉❡❜✐❞♦ ❛ =✉❡ ✉♥❛ ❡❝✉❛❝✐>♥ ❝♦♥!❡-✈❛ ❡❧ ❣-✉♣♦ ❞❡ !✐♠❡"-'❛!✱ ❡! ✐♥❞❡✲

♣❡♥❞✐❡♥"❡ ❞❡ ❧❛ ❡❧❡❝❝✐>♥ ❞❡ ❧❛! ✈❛-✐❛❜❧❡!✳

:❛-❛ ❡♥❝♦♥"-❛- ❡❧ ❣-✉♣♦ ❛❞♠✐"✐❞♦ ♣♦- ✉♥❛ ❡❝✉❛❝✐>♥ ❞✐❢❡-❡♥❝✐❛❧ ♥❡❝❡!✐"❛-❡✲

♠♦! !❛❜❡- ❝♦♠♦ ♣-♦❧♦♥❣❛- ❧❛ ❛❝❝✐>♥ ❞❡❧ ❣-✉♣♦ ❞❡ "-❛♥!❢♦-♠❛❝✐♦♥❡! =✉❡ ❛❝"L❛

❡♥ ❡❧ ❡!♣❛❝✐♦ ❞❡ ❧❛! ✈❛-✐❛❜❧❡! ✐♥❞❡♣❡♥❞✐❡♥"❡! ② ❞❡♣❡♥❞✐❡♥"❡! ♣❛-❛ =✉❡ "❛♠❜✐@♥

❛❝"✉❡ !♦❜-❡ ❧❛! ❞❡-✐✈❛❞❛! ❞❡ ❡!"❛!✳ :♦- !✉♣✉❡!"♦ ❡❧ !✐❣✉✐❡♥"❡ ♣❛!♦ ❡! ♣-♦❧♦♥❣❛-

♦ ❡①"❡♥❞❡- !✉ ❣❡♥❡-❛❞♦- ✐♥✜♥✐"❡!✐♠❛❧✳

✾



✶✵ ❈❆"❮❚❯▲❖ ✶✳ "❘❊▲■▼■◆❆❘❊❙

✶✳✶✳ ●#✉♣♦'

❉❡✜♥✐❝✐♦♥ ✶✳✶ ❯♥ ❣%✉♣♦ (G,φ) ❡* ✉♥ ❝♦♥❥✉♥-♦ G ♥♦ ✈❛❝0♦ ❞❡ ❡❧❡♠❡♥-♦* ❝♦♥

✉♥❛ ❧❡② ❞❡ ❝♦♠♣♦*✐❝✐6♥ φ ❡♥-%❡ ❡❧❡♠❡♥-♦* 7✉❡ *❛-✐*❢❛❝❡ ❧♦* *✐❣✉✐❡♥-❡* ❛①✐♦♠❛*✿

✭✐✮  !♦♣✐❡❞❛❞ ❞❡ ❝❡!!❛❞✉!❛ ✿ =❛%❛ ❝✉❛❧❡*7✉✐❡%❛ ❡❧❡♠❡♥-♦* ❛ ② ❜ ❞❡ ●✱ φ(❛✱❜) ❡*

✉♥ ❡❧❡♠❡♥-♦ ❞❡ ●✳

✭✐✐✮  !♦♣✐❡❞❛❞ ❞❡ ❛,♦❝✐❛-✐✈✐❞❛❞ ✿ =❛%❛ ❝✉❛❧❡*7✉✐❡%❛ ❡❧❡♠❡♥-♦* ❛✱❜ ② ❝ ❞❡ ●✱

φ(❛, φ(❜✱❝)) = φ(φ(❛✱❜), ❝)✳
✭✐✐✐✮ ❊❧❡♠❡♥-♦ ✐❞❡♥-✐❞❛❞ ✿ ❊①✐*-❡ ✉♥ B♥✐❝♦ ❡❧❡♠❡♥-♦ ❞❡ ● ❧❧❛♠❛❞♦ ✐❞❡♥-✐❞❛❞✱ ❞❡✲

♥♦-❛❞♦ ❝♦♠♦ ✧❡✧✱ -❛❧ 7✉❡ ♣❛%❛ ❝✉❛❧7✉✐❡% ❡❧❡♠❡♥-♦ ❛ ❞❡ ●✱

φ(❛✱❡) = φ(❡✱❛) = ❛✳

✭✐✈✮ ❊❧❡♠❡♥-♦ ✐♥✈❡!,♦ ✿ =❛%❛ ❝✉❛❧7✉✐❡% ❡❧❡♠❡♥-♦ ❛ ❞❡ ● ❡①✐*-❡ ✉♥ B♥✐❝♦ ❡❧❡♠❡♥-♦

✐♥✈❡%*♦ ❛

−1
❡♥ ● -❛❧ 7✉❡

φ(❛, ❛−1) = φ(❛−1, ❛) = ❡✳

❉❡✜♥✐❝✐)♥ ✶✳✷ ❙❡❛ ❙ ✉♥ *✉❜❝♦♥❥✉♥-♦ ♥♦ ✈❛❝0♦ ❞❡ ✉♥ ❣%✉♣♦ (G,φ)✳ ❉❡❝✐♠♦*

7✉❡ (S, φ) ❡* ✉♥ *✉❜❣%✉♣♦ ❞❡ (G,φ)✱ ❡❧ ❝✉❛❧ *❡ ❞❡♥♦-❛ ❝♦♥ ❙≤●✱ *✐ ❧❛* *✐❣✉✐❡♥-❡*

❞♦* ❝♦♥❞✐❝✐♦♥❡* *❡ *❛-✐*❢❛❝❡♥✳

✭❛✮ s−1 ∈ S ♣❛%❛ ❝✉❛❧7✉✐❡% s ∈ S✳
✭❜✮ φ(s, t) ∈ S ♣❛%❛ ❝✉❛❧❡*7✉✐❡%❛ s, t ∈ S✳

❉❡✜♥✐❝✐)♥ ✶✳✸ ❙❡❛♥ (G,φ) ② (H,µ) ❞♦* ❣%✉♣♦*✱ ❞❡❝✐♠♦* 7✉❡ ✉♥ ❤♦♠♦♠♦%✲

✜*♠♦ ❞❡ ❣%✉♣♦* ❡* ✉♥❛ ❢✉♥❝✐6♥ ϕ : G −→ H -❛❧ 7✉❡ ♣❛%❛ ❝✉❛❧❡*7✉✐❡%❛ g1, g2 ∈ G
ϕ(φ(g1, g2)) = µ(ϕ(g1), ϕ(g2))✳

⋆ ❖❜.❡/✈❛❝✐)♥ ❙❡ *✐❣✉❡ ✐♥♠❡❞✐❛-❛♠❡♥-❡ ❞❡ ❧❛ ❞❡✜♥✐❝✐6♥ 7✉❡ ϕ ♠❛♥❞❛ ❡❧

❡❧❡♠❡♥-♦ ✐❞❡♥-✐❞❛❞ ❞❡ ● ❡G ❛❧ ❡❧❡♠❡♥-♦ ✐❞❡♥-✐❞❛❞ ❞❡ ❍ ❡H ✱ ♣✉❡*-♦ 7✉❡

ϕ(❡G) = ϕ(φ(g, ❡G)) = ϕ(φ(❡G, g)) = µ(ϕ(❡G), ϕ(g)) = µ(ϕ(g), ϕ(❡G))✱ ② ♣♦%

✭✐✐✐✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐6♥ ✶✳✶ -❡♥❡♠♦* 7✉❡ ϕ(❡G) = ❡H ✳

❉❡ K*-♦ B❧-✐♠♦ ❝♦♥❝❧✉✐♠♦* 7✉❡

µ(ϕ(g), ϕ(g−1)) = ϕ(φ(g, g−1)) = ϕ(❡G) = ❡H ✱ ② ♣♦% ✭✐✈✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐6♥ ✶✳✶

-❡♥❡♠♦* 7✉❡ ϕ(g−1) = ϕ(g)−1
✳

✶✳✷✳ ●#✉♣♦' ❞❡ ❚#❛♥'❢♦#♠❛❝✐♦♥❡'

❉❡✜♥✐❝✐)♥ ✶✳✹ ❙❡❛ ❉ ✉♥ ❞♦♠✐♥✐♦ ✭*✉❜❝♦♥❥✉♥-♦ ❛❜✐❡%-♦ ② ❝♦♥❡①♦ ❞❡ ✉♥

❡*♣❛❝✐♦ ✈❡❝-♦%✐❛❧✮ ② ①❂✭x1, x2, ..., xn✮∈ ❉⊂ R
n
✳ ❊❧ ❝♦♥❥✉♥-♦ ❞❡ -%❛♥*❢♦%♠❛❝✐♦♥❡*

①

∗ = ❳(①; ǫ), ✭✶✳✶✮

❞❡✜♥✐❞♦ ♣❛%❛ ❝❛❞❛ ① ❡♥ ❉✱ ❞❡♣❡♥❞✐❡♥-❡ ❞❡ ✉♥ ♣❛%M♠❡-%♦ ǫ ∈ ❙⊂ R✱ ❝♦♥ φ(ǫ, δ)
❞❡✜♥✐❡♥❞♦ ✉♥❛ ❧❡② ❞❡ ❝♦♠♣♦*✐❝✐6♥ ❞❡ ♣❛%M♠❡-%♦* ǫ ② δ ❡♥ ❙✱ ❢♦%♠❛ ✉♥ ❣%✉♣♦ ❞❡

-%❛♥*❢♦%♠❛❝✐♦♥❡* ❡♥ ❉ *✐✿

✭✐✮ =❛%❛ ❝❛❞❛ ♣❛%M♠❡-%♦ ǫ ❡♥ ❙ ❧❛* -%❛♥*❢♦%♠❛❝✐♦♥❡* *♦♥ ❜✐②❡❝-✐✈❛* ❡♥ ❡❧ ❝♦♥✲

❥✉♥-♦ ❉✱ ❡♥ ♣❛%-✐❝✉❧❛% ♣❛%❛ ①

∗ ∈❉✳

✭✐✐✮ ❙ ❝♦♥ ❧❛ ❧❡② ❞❡ ❝♦♠♣♦*✐❝✐6♥ φ ❢♦%♠❛ ✉♥ ❣%✉♣♦ (G,φ)✳



✶✳✷✳ ●❘❯&❖❙ ❉❊ ❚❘❆◆❙❋❖❘▼❆❈■❖◆❊❙ ✶✶

✭✐✐✐✮ ①

∗ = ① ❝✉❛♥❞♦ ǫ = ❡✱ ❡, ❞❡❝✐- ❳(①; ❡) = ①✳

✭✐✈✮ ❙✐ ①

∗
❂❳✭①❀ǫ✮✱ ①∗∗

❂❳✭①

∗
❀δ✮✱ ❡♥3♦♥❝❡, ①∗∗ = ❳(①;φ(ǫ, δ)✮✳

❉❡✜♥✐❝✐(♥ ✶✳✺ ❯♥ ❣-✉♣♦ ❞❡ 3-❛♥,❢♦-♠❛❝✐♦♥❡, ❞❡✜♥❡ ✉♥ ❣-✉♣♦ ❞❡ ▲✐❡ ❞❡

3-❛♥,❢♦-♠❛❝✐♦♥❡, ✉♥✐♣❛-❛♠;3-✐❝♦ ✭ǫ✮ <✉❡ ❛❞❡♠=, ,❛3✐,❢❛❝❡ ❧♦, ❛①✐♦♠❛, ✭✐✮✲✭✐✈✮

❞❡ ❧❛ ❉❡✜♥✐❝✐B♥ ✶✳✹✿

✭✈✮ ǫ ❡, ✉♥ ♣❛-=♠❡3-♦ ❝♦♥3✐♥✉♦✱ ❡, ❞❡❝✐-✱ ❙ ❡, ✉♥ ✐♥3❡-✈❛❧♦ ❡♥ R✳ ❙✐♥ ♣;-❞✐❞❛ ❞❡

❣❡♥❡-❛❧✐❞❛❞✱ ǫ = 0✱ ❝♦--❡,♣♦♥❞❡ ❛❧ ❡❧❡♠❡♥3♦ ✐❞❡♥3✐❞❛❞ ❡✳

✭✈✐✮ ❳ ❡, ✐♥✜♥✐3❛♠❡♥3❡ ❞✐❢❡-❡♥❝✐❛❜❧❡ ❝♦♥ -❡,♣❡❝3♦ ❛ ① ❡♥ ❉ ② 3❛♠❜✐;♥ ❡, ✉♥❛

❢✉♥❝✐B♥ ❛♥❛❧G3✐❝❛ ❞❡ ǫ ❡♥ ❙✳

✭✈✐✐✮ φ(ǫ, δ) ❡, ✉♥❛ ❢✉♥❝✐B♥ ❛♥❛❧G3✐❝❛ ❞❡ ǫ ② δ✱ ǫ ∈ ❙✱ δ ∈ ❙✳

❊❥❡♠♣❧♦2 ❞❡ ❣5✉♣♦2 ❞❡ ▲✐❡ ❞❡ 85❛♥2❢♦5♠❛❝✐♦♥❡2 ✉♥✐♣❛5❛♠;85✐❝♦

✭✶✮ ❯♥ ●$✉♣♦ ❞❡ ❚$❛+❧❛❝✐♦♥❡+ ❡♥ ❡❧ /❧❛♥♦✿

❳(x, y; ǫ) = (x∗, y∗) = (x+ ǫ, y)✱ ǫ ∈ R✳

◆♦3❡♠♦, <✉❡ ❳(x∗, y∗; δ) = (x+ ǫ+ δ, y) ② ❳(x, y;φ(ǫ, δ)) = (x+φ(ǫ, δ), y)✳
❉❡ ❧❛ ♣-♦♣✐❡❞❛❞ ✭✐✈✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐B♥ ✶✳✹ 3❡♥❡♠♦, <✉❡ ❳(x∗, y∗; δ) = ❳(x, y;φ(ǫ, δ))✳
I♦- ❧♦ 3❛♥3♦ φ(ǫ, δ) = ǫ+ δ✳

❆❤♦-❛ ✉,❛♥❞♦ ❧❛ ♣-♦♣✐❡❞❛❞ ✭✐✐✐✮ 3❡♥❡♠♦, <✉❡ (x+ e, y) = ❳(x, y; e) = (x, y)✱
❞❡ ❞♦♥❞❡ ❝♦♥❝❧✉✐♠♦, <✉❡ e = 0✳

❊,3❡ ❣-✉♣♦ ❝♦--❡,♣♦♥❞❡ ❛ ♠♦✈✐♠✐❡♥3♦, ♣❛-❛❧❡❧♦, ❛❧ ❡❥❡ x✳ ❊♥ ❧❛ ✜❣✉-❛ ❧❛

❝✉-✈❛ γ -❡♣-❡,❡♥3❛ ❧♦, ❝❛♠❜✐♦, ❞❡ ① ,♦❜-❡ ❧♦, ❡❧❡♠❡♥3♦, ❞❡❧ ❣-✉♣♦✳
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✭✷✮ ❯♥ ●#✉♣♦ ❞❡ ❍♦♠♦+❡❝✐❛/ ❡♥ ❡❧ 1❧❛♥♦✿

❳(x, y; ǫ) = (x∗, y∗) = (αx, α2y)✱ 0 < α < ∞✳

❆'✉) φ(α, β) = αβ ② ❡❧ ❡❧❡♠❡♥/♦ ✐❞❡♥/✐❞❛❞ ❡ = 1✳ ❊5/❡ ❣7✉♣♦ ❞❡ /7❛♥5❢♦7♠❛✲

❝✐♦♥❡5 /❛♠❜✐=♥ ♣✉❡❞❡ 5❡7 7❡♣❛7❛♠❡/7✐③❛❞♦ ❡♥ /=7♠✐♥♦5 ❞❡ ǫ = α− 1✿

❳(x, y; ǫ) = (x∗, y∗) = ((1 + ǫ)x, (1 + ǫ)2y)✱ −1 < ǫ < ∞✳

◆♦/❡♠♦5 '✉❡ ❳(x∗, y∗; δ) = ((1 + ǫ)(1 + δ)x, (1 + ǫ)2(1 + δ)2y) ②
❳(x, y;φ(ǫ, δ)) = ((1 + φ(ǫ, δ))x, (1 + φ(ǫ, δ))2y)✳

❉❡ ❧❛ ♣7♦♣✐❡❞❛❞ ✭✐✈✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐D♥ ✶✳✹ ♦❜/❡♥❡♠♦5

1 + φ(ǫ, δ) = (1 + ǫ)(1 + δ) = 1 + ǫ+ δ + ǫδ✳

F♦7 ❧♦ /❛♥/♦ φ(ǫ, δ) = ǫ+ δ + ǫδ✳

❆❤♦7❛ ✉5❛♥❞♦ ❧❛ ♣7♦♣✐❡❞❛❞ ✭✐✐✐✮ /❡♥❡♠♦5 '✉❡

((1 + e)x, (1 + e)2y) = ❳(x, y; e) = (x, y)✱ ❞❡ ❞♦♥❞❡ ❝♦♥❝❧✉✐♠♦5 '✉❡ e = 0✳

❊♥ ❧❛ 5✐❣✉✐❡♥/❡ ✜❣✉7❛ 5❡ ♠✉❡5/7❛♥ ❧♦5 ❝❛♠❜✐♦5 ❞❡ ① 5♦❜7❡ ❧♦5 ❡❧❡♠❡♥/♦5 ❞❡❧

❣7✉♣♦✱ 7❡♣7❡5❡♥/❛❞♦5 ♣♦7 ❧❛ ❝✉7✈❛ γ✳



✶✳✸✳ ❚❘❆◆❙❋❖❘▼❆❈■❖◆❊❙ ■◆❋■◆■❚❊❙■▼❆▲❊❙ ✶✸

✶✳✸✳ ❚$❛♥'❢♦$♠❛❝✐♦♥❡' ■♥✜♥✐0❡'✐♠❛❧❡'

❉❡✜♥✐❝✐&♥ ✶✳✻ ❈♦♥%✐❞❡)❡ ✉♥ ❣)✉♣♦ ❞❡ ▲✐❡ ❞❡ .)❛♥%❢♦)♠❛❝✐♦♥❡% ✉♥✐♣❛)❛♠3✲

.)✐❝♦ ✭ǫ✮

①

∗ = ❳(①; ǫ) ✭✶✳✷✮

❝♦♥ ✐❞❡♥.✐❞❛❞ ǫ = 0 ② ❧❡② ❞❡ ❝♦♠♣♦%✐❝✐;♥ φ✳ <♦) ❡❧ .❡♦)❡♠❛ ❞❡ ❚❛②❧♦) ♣♦❞❡♠♦%

❡①♣❛♥❞✐) ✭✶✳✷✮ %♦❜)❡ ǫ = 0✱ ♦❜.❡♥❡♠♦% ✭♣❛)❛ ❛❧❣✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡ ǫ = 0✮

①

∗ = ①+ ǫ

(

∂❳

∂ǫ
(①; ǫ)

∣

∣

∣

∣

ǫ=0

)

+
ǫ2

2

(

∂2
❳

∂ǫ2
(①; ǫ)

∣

∣

∣

∣

ǫ=0

)

+ . . .

= ①+ ǫ

(

∂❳

∂ǫ
(①; ǫ)

∣

∣

∣

∣

ǫ=0

)

+❖(ǫ2). ✭✶✳✸✮

❙❡❛

ξ(①) =
∂❳

∂ǫ
(①; ǫ)

∣

∣

∣

∣

ǫ=0

✭✶✳✹✮

▲❛ .)❛♥%❢♦)♠❛❝✐;♥ ①+ ǫξ(①) ❡% ❧❧❛♠❛❞❛ ❧❛ ,-❛♥/❢♦-♠❛❝✐&♥ ✐♥✜♥✐,❡/✐♠❛❧ ❞❡❧

❣)✉♣♦ ❞❡ ▲✐❡ ❞❡ .)❛♥%❢♦)♠❛❝✐♦♥❡% ✭✶✳✷✮❀ ❧❛% ❝♦♠♣♦♥❡♥.❡% ❞❡ ξ(①) %♦♥ ❧❧❛♠❛❞❛%

❧♦% ✐♥✜♥✐,❡/✐♠❛❧❡/ ❞❡ ✭✶✳✷✮✳

▲❡♠❛ ✶✳✼

❳(①; ǫ+∆ǫ) = ❳(❳(①; ǫ);φ(ǫ−1, ǫ+∆ǫ)). ✭✶✳✺✮

❉❡♠♦$%&❛❝✐*♥

❯%❛♥❞♦ ✭✐✈✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐;♥ ✶✳✹ ② ✭✐✐✮✱ ✭✐✈✮✱ ✭✐✐✐✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐;♥ ✶✳✶✿

❳(❳(①; ǫ);φ(ǫ−1, ǫ+∆ǫ)) = ❳(①;φ(ǫ, φ(ǫ−1, ǫ+∆ǫ)))

= ❳(①;φ(φ(ǫ, ǫ−1), ǫ+∆ǫ))

= ❳(①;φ(0, ǫ+∆ǫ))

= ❳(①; ǫ+∆ǫ). �

❚❡♦-❡♠❛ ✶✳✽ ✭!"✐♠❡" ❚❡♦"❡♠❛ ❋✉♥❞❛♠❡♥-❛❧ ❞❡ ▲✐❡ ✮✳ ❊①✐%.❡ ✉♥❛ ♣❛)❛♠❡.)✐✲

③❛❝✐;♥ τ(ǫ) .❛❧ L✉❡ ❡❧ ❣)✉♣♦ ❞❡ ▲✐❡ ❞❡ .)❛♥%❢♦)♠❛❝✐♦♥❡% ✭✶✳✷✮ ❡% ❡L✉✐✈❛❧❡♥.❡ ❛ ❧❛

%♦❧✉❝✐;♥ ❞❡❧ ♣)♦❜❧❡♠❛ ❞❡❧ ✈❛❧♦) ✐♥✐❝✐❛❧ ♣❛)❛ ❡❧ %✐%.❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡% ❞✐❢❡)❡♥❝✐❛❧❡%

❞❡ ♣)✐♠❡) ♦)❞❡♥

d①∗

dτ
= ξ(①∗), ✭✶✳✻✮

❝♦♥

①

∗ = ① cuando τ = 0 ✭✶✳✼✮
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❊♥ ♣❛&'✐❝✉❧❛&

τ(ǫ) =

∫ ǫ

0

Γ(ǫ⋆)dǫ⋆ ✭✶✳✽✮

❞♦♥❞❡

Γ(ǫ) =
∂φ(a, b)

∂b

∣

∣

∣

∣

(a,b)=(ǫ−1,ǫ)

✭✶✳✾✮

②

Γ(0) = 1. ✭✶✳✶✵✮

❬ǫ−1
❞❡♥♦'❛ ❡❧ ❡❧❡♠❡♥'♦ ✐♥✈❡&9♦ ❞❡ ǫ✳❪

❉❡♠♦$%&❛❝✐*♥

;&✐♠❡&♦ ♠♦9'&❡♠♦9 <✉❡ ✭✶✳✷✮ ❝♦♥❞✉❝❡ ✭✶✳✻✮✱ ✭✶✳✼✮✱ ✭✶✳✽✮✱ ✭✶✳✾✮✳ ❊①♣❛♥❞✐❡♥❞♦

❡❧ ❧❛❞♦ ✐③<✉✐❡&❞♦ ❞❡ ✭✶✳✺✮ ❡♥ ✉♥❛ 9❡&✐❡ ❞❡ ♣♦'❡♥❝✐❛9 ❡♥ ∆ǫ ❛❧&❡❞❡❞♦& ❞❡ ∆ǫ = 0
'❡♥❡♠♦9 <✉❡

❳(①; ǫ+∆ǫ) = ①∗ +
∂❳(①; ǫ)

∂ǫ
∆ǫ+❖((∆ǫ)2) ✭✶✳✶✶✮

❞♦♥❞❡ ①

∗
❡9'D ❞❛❞♦ ♣♦& ✭✶✳✷✮✳ ❊♥'♦♥❝❡9 ❡①♣❛♥❞✐❡♥❞♦ φ(ǫ−1, ǫ+∆ǫ) ❡♥ ✉♥❛ 9❡&✐❡

❞❡ ♣♦'❡♥❝✐❛9 ❡♥ ∆ǫ ❛❧&❡❞❡❞♦& ❞❡ ∆ǫ = 0✱ '❡♥❡♠♦9

φ(ǫ−1, ǫ+∆ǫ) = φ(ǫ−1, ǫ) + Γ(ǫ)∆ǫ+❖((∆ǫ)2)

= Γ(ǫ)∆ǫ+❖((∆ǫ)2)

❞♦♥❞❡ Γ(ǫ) ❡9'D ❞❡✜♥✐❞♦ ♣♦& ✭✶✳✾✮✳ ❈♦♠♦ ❝♦♥9❡❝✉❡♥❝✐❛✱ ❞❡9♣✉G9 ❞❡ ❡①♣❛♥❞✐& ❡❧

❧❛❞♦ ❞❡&❡❝❤♦ ❞❡ ✭✶✳✺✮ ❡♥ ✉♥❛ 9❡&✐❡ ❞❡ ♣♦'❡♥❝✐❛9 ❡♥ ∆ǫ ❛❧&❡❞❡❞♦& ❞❡ ∆ǫ = 0✱
♦❜'❡♥❡♠♦9

❳(①; ǫ+∆ǫ) = ❳(①∗;φ(ǫ−1, ǫ+∆ǫ))

= ❳(①∗; Γ(ǫ)∆ǫ+❖((∆ǫ)2))

= ❳(①∗; 0) + ∆ǫΓ(ǫ)
∂❳

∂δ
(①∗; δ)

∣

∣

∣

∣

δ=0

+❖((∆ǫ)2)

= ①

∗ + Γ(ǫ)ξ(①∗)∆ǫ+❖((∆ǫ)2). ✭✶✳✶✷✮

■❣✉❛❧❛♥❞♦ ✭✶✳✶✶✮ ② ✭✶✳✶✷✮ ✈❡♠♦9 <✉❡ ①

∗ = ❳(①, ǫ) 9❛'✐9❢❛❝❡ ❡❧ ♣&♦❜❧❡♠❛ ❞❡❧ ✈❛❧♦&

✐♥✐❝✐❛❧ ♣❛&❛ ❡❧ 9✐9'❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡9 ❞✐❢❡&❡♥❝✐❛❧❡9

d①∗

dǫ
= Γ(ǫ)ξ(①∗) ✭✶✳✶✸✮

❝♦♥

①

∗ = ① en ǫ = 0. ✭✶✳✶✹✮

❙✐ ❡✈❛❧✉❛♠♦9 ✭✶✳✶✸✮ ❡♥ ǫ = 0✱ ❡9 ❞❡❝✐&

d①∗

dǫ

∣

∣

∣

∣

ǫ=0

= Γ(0) ξ(①∗)|ǫ=0✱ ❡♥'♦♥❝❡9

ξ(①) = Γ(0)ξ(❳(①, 0)) = Γ(0)ξ(①)✱ ♣♦& ❧♦ <✉❡ 9❡ ❝♦♥❝❧✉②❡ <✉❡ Γ(0) = 1✳
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▲❛ ♣❛%❛♠❡(%✐③❛❝✐,♥ τ(ǫ) =
∫ ǫ

0
Γ(ǫ′)dǫ′ ♥♦/ ❧❧❡✈❛ ❛ ❧♦ /✐❣✉✐❡♥(❡

Γ(ǫ)ξ(①∗) =
d①∗

dǫ

=
d①∗

dτ

dτ

dǫ
por la regla de la cadena

=
d①∗

dτ

d

dǫ

∫ ǫ

0

Γ(ǫ′)dǫ′

=
d①∗

dτ
Γ(ǫ) por el Teorema Fundamental del Calculo

4♦% ❧♦ (❛♥(♦

d①∗

dτ
= ξ(①∗)✱ ❧♦ 6✉❡ ♥♦/ ❝♦♥❞✉❝❡ ❛ ✭✶✳✻✮✱✭✶✳✼✮✳

❉❡❜✐❞♦ ❛ 6✉❡

∂ξ
∂xi

(①)✱ i = 1, 2, . . . , n✱ ❡/ ❝♦♥(✐♥✉❛✱ /❡ /✐❣✉❡ ❞❡❧ (❡♦%❡♠❛ ❞❡

❡①✐/(❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞ ♣❛%❛ ✉♥ ♣%♦❜❧❡♠❛ ❞❡ ✈❛❧♦% ✐♥✐❝✐❛❧ ✭4❱■✮ ♣❛%❛ ✉♥ /✐/(❡♠❛

❡❝✉❛❝✐♦♥❡/ ❞✐❢❡%❡♥❝✐❛❧❡/ ❞❡ ♣%✐♠❡% ♦%❞❡♥✱ 6✉❡ ❧❛ /♦❧✉❝✐,♥ ❞❡ ✭✶✳✻✮✱ ✭✶✳✼✮✱ ② ♣♦%

❧♦ (❛♥(♦ ❞❡ ✭✶✳✶✸✮✱ ✭✶✳✶✹✮✱ ❡①✐/(❡ ② ❡/ F♥✐❝❛✳ ➱/(❛ /♦❧✉❝✐,♥ ❡/ ✭✶✳✷✮✱ ❝♦♠♣❧❡(❛♥❞♦

❧❛ ❞❡♠♦/(%❛❝✐,♥✳ �

❊❧ 4%✐♠❡% ❚❡♦%❡♠❛ ❋✉♥❞❛♠❡♥(❛❧ ❞❡ ▲✐❡ ♠✉❡/(%❛ 6✉❡ ❧❛ (%❛♥/❢♦%♠❛❝✐,♥ ✐♥✜✲

♥✐(❡/✐♠❛❧ ❝♦♥(✐❡♥❡ ❧❛ ✐♥❢♦%♠❛❝✐,♥ ❡/❡♥❝✐❛❧ ♣❛%❛ ❞❡(❡%♠✐♥❛% ✉♥ ❣%✉♣♦ ❞❡ ▲✐❡ ❞❡

(%❛♥/❢♦%♠❛❝✐♦♥❡/ ✉♥✐♣❛%❛♠N(%✐❝♦✳

❊❥❡♠♣❧♦( ■❧✉(+,❛+✐✈♦( ❞❡❧ 1,✐♠❡, ❚❡♦,❡♠❛ ❋✉♥❞❛♠❡♥+❛❧ ❞❡ ▲✐❡

✭✶✮ ●$✉♣♦ ❞❡ ❚$❛,❧❛❝✐♦♥❡, ❡♥ ❡❧ 1❧❛♥♦

4❛%❛ ❡❧ ❣%✉♣♦ ❞❡ (%❛/❧❛❝✐♦♥❡/

x∗ = x+ ǫ, ✭✶✳✶✺✮

y∗ = y, ✭✶✳✶✻✮

❧❛ ❧❡② ❞❡ ❝♦♠♣♦/✐❝✐,♥ ❡/ φ(a, b) = a+ b✱ ② ǫ−1 = −ǫ✳ ❊♥(♦♥❝❡/ ∂φ(a,b)
∂b

= 1 ② ♣♦%

❧♦ (❛♥(♦ Γ(ǫ) ≡ 1✳
❙❡❛ ① = (x, y)✳ ❊♥(♦♥❝❡/ ❡❧ ❣%✉♣♦ ✭✶✳✶✺✮✱✭✶✳✶✻✮ ❡/ ❳(①; ǫ) = (x+ ǫ, y)✳ 4♦% (❛♥(♦
∂❳
∂ǫ

(①; ǫ) = (1, 0)✳ 4♦% ❡❧❧♦

ξ(①) =
∂❳

∂ǫ
(①; ǫ)

∣

∣

∣

∣

ǫ=0

= (1, 0).

❊♥ ❝♦♥/❡❝✉❡♥❝✐❛ ✭✶✳✻✮✱✭✶✳✼✮ /❡ ❝♦♥✈✐❡%(❡ ❡♥

dx∗

dǫ
= 1,

dy∗

dǫ
= 0, ✭✶✳✶✼✮

❝♦♥

x∗ = x, y∗ = y en ǫ = 0. ✭✶✳✶✽✮
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❊# ❢%❝✐❧ ♥♦+❛- .✉❡ ❧❛ #♦❧✉❝✐1♥ ❛❧ 2-♦❜❧❡♠❛ ❞❡❧ ❱❛❧♦- ■♥✐❝✐❛❧ ✭2❱■✮✭✶✳✶✼✮✱✭✶✳✶✽✮

❡# ✭✶✳✶✺✮✱✭✶✳✶✻✮✳

✭✷✮ ●$✉♣♦ ❞❡ ❍♦♠♦,❡❝✐❛0

2❛-❛ ❡❧ ❣-✉♣♦ ❞❡ ❤♦♠♦+❡❝✐❛#

x∗ = (1 + ǫ)x, ✭✶✳✶✾✮

y∗ = (1 + ǫ)2y, −1 < ǫ < ∞, ✭✶✳✷✵✮

❧❛ ❧❡② ❞❡ ❝♦♠♣♦#✐❝✐1♥ ❡# φ(a, b) = a+ b+ab✱ ② ǫ−1 = − ǫ
1+ǫ

✳ ❆.✉G

∂φ(a,b)
∂b

= 1+a
② ♣♦- +❛♥+♦

Γ(ǫ) =
∂φ(a, b)

∂b

∣

∣

∣

∣

(a,b)=(ǫ−1,ǫ)

= 1 + ǫ−1 =
1

1 + ǫ
.

❙❡❛ ① = (x, y)✳ ❊♥+♦♥❝❡# ❡❧ ❣-✉♣♦ ✭✶✳✶✾✮✱✭✶✳✷✵✮ ❡# ❳(①; ǫ) = ((1+ ǫ)x, (1+ ǫ)2y)✳

2♦- +❛♥+♦

∂❳
∂ǫ

(①; ǫ) = (x, 2(1 + ǫ)y) ②

ξ(①) =
∂❳

∂ǫ
(①; ǫ)

∣

∣

∣

∣

ǫ=0

= (x, 2y).

❈♦♠♦ -❡#✉❧+❛❞♦ ✭✶✳✻✮✱✭✶✳✼✮ #❡ ❝♦♥✈✐❡-+❡ ❡♥

dx∗

dǫ
=

x∗

1 + ǫ
,

dy∗

dǫ
=

2y∗

1 + ǫ
, ✭✶✳✷✶✮

❝♦♥

x∗ = x, y∗ = y en ǫ = 0. ✭✶✳✷✷✮

2♦- #✉♣✉❡#+♦ ❧❛ #♦❧✉❝✐1♥ ❛❧ 2❱■ ✭✶✳✷✶✮✱✭✶✳✷✷✮ ❡# ✭✶✳✶✾✮✱✭✶✳✷✵✮✳

❊♥ +K-♠✐♥♦# ❞❡ ❧❛ ♣❛-❛♠❡+-✐③❛❝✐1♥

τ =

∫ ǫ

0

Γ(ǫ′)dǫ′ =

∫ ǫ

0

1

1 + ǫ
dǫ′ = log(1 + ǫ),

❡❧ ❣-✉♣♦ ✭✶✳✶✾✮✱✭✶✳✷✵✮ #❡ ❝♦♥✈✐❡-+❡ ❡♥

x∗ = eτx,

y∗ = e2τy, −∞ < τ < ∞,

❝♦♥ ❧❛ ❧❡② ❞❡ ❝♦♠♣♦#✐❝✐1♥ φ(τ1, τ2) = τ1 + τ2✳

✶✳✹✳ ●❡♥❡&❛❞♦&❡* ■♥✜♥✐.❡*✐♠❛❧❡*

❉❡✜♥✐❝✐(♥ ✶✳✾ ❊❧ ❣❡♥❡-❛❞♦- ✐♥✜♥✐1❡2✐♠❛❧ ❞❡ ✉♥ ❣-✉♣♦ ❞❡ ▲✐❡ ❞❡ +-❛♥#✲

❢♦-♠❛❝✐♦♥❡# ✉♥✐♣❛-❛♠K+-✐❝♦ ①

∗ = ❳(①; ǫ) ❡# ❡❧ ♦♣❡-❛❞♦-

❳ = ❳(①) = ξ(①) · ∇ =

n
∑

i=1

ξi(①)
∂

∂xi

✭✶✳✷✸✮
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❞♦♥❞❡ ∇ ❡& ❡❧ ♦♣❡)❛❞♦) ❣)❛❞✐❡♥-❡✱

∇ =

(

∂

∂x1
,

∂

∂x2
, . . . ,

∂

∂xn

)

; ✭✶✳✷✹✮

♣❛)❛ ❝✉❛❧6✉✐❡) ❢✉♥❝✐8♥ ❞✐❢❡)❡♥❝✐❛❜❧❡ F (①) = F (x1, x2, . . . , xn)✱

❳F (①) = ξ(①) · ∇F (①) =
n

∑

i=1

ξi(①)
∂F (①)

∂xi

.

◆♦-❡♠♦& 6✉❡ ❳① =
∑n

i=1 ξi(①)❡i = ξ(①)✱ ❞♦♥❞❡ ❧♦& ❡i &♦♥ ❧♦& ✈❡❝-♦)❡& ❝❛✲

♥8♥✐❝♦&✳

❙❡ &✐❣✉❡ 6✉❡ ✉♥ ❣)✉♣♦ ❞❡ ▲✐❡ ❞❡ -)❛♥&❢♦)♠❛❝✐♦♥❡& ✉♥✐♣❛)❛♠@-)✐❝♦✱ ❡❧ ❝✉❛❧ ❞❡✲

❜✐❞♦ ❛❧ A)✐♠❡) ❚❡♦)❡♠❛ ❋✉♥❞❛♠❡♥-❛❧ ❞❡ ▲✐❡ ❡& ❡6✉✐✈❛❧❡♥-❡ ❛ &✉ -)❛♥&❢♦)♠❛❝✐8♥

✐♥✜♥✐-❡&✐♠❛❧✱ ❡& -❛♠❜✐@♥ ❡6✉✐✈❛❧❡♥-❡ ❛ &✉ ❣❡♥❡)❛❞♦) ✐♥✜♥✐-❡&✐♠❛❧✳ ❊❧ &✐❣✉✐❡♥-❡

-❡♦)❡♠❛ ♠✉❡&-)❛ 6✉❡ ❡❧ ✉&♦ ❞❡❧ ❣❡♥❡)❛❞♦) ✐♥✜♥✐-❡&✐♠❛❧ ✭✶✳✷✸✮ ♥♦& ❧❧❡✈❛ ❛ ✉♥

❛❧❣♦)✐-♠♦ ♣❛)❛ ❡♥❝♦♥-)❛) ❧❛ &♦❧✉❝✐8♥ ❡①♣❧H❝✐-❛ ❛❧ A)♦❜❧❡♠❛ ❞❡ ❱❛❧♦) ■♥✐❝✐❛❧

d①∗

dǫ
= ξ(①∗), ✭✶✳✷✺✮

❝♦♥

①

∗ = ① en ǫ = 0. ✭✶✳✷✻✮

❚❡♦%❡♠❛ ✶✳✶✵ ❊❧ ❣)✉♣♦ ❞❡ ▲✐❡ ❞❡ -)❛♥&❢♦)♠❛❝✐♦♥❡& ✉♥✐♣❛)❛♠@-)✐❝♦

①

∗ = ❳(①; ǫ) ❡& ❡6✉✐✈❛❧❡♥-❡ ❛

①

∗ = ❡

ǫ❳
① = ①+ ǫ❳①+

ǫ2

2
❳

2
①+ . . .

= [1 + ǫ❳+
ǫ2

2
❳

2 + . . .]①

=

∞
∑

k=0

ǫk

k!
❳

k
① ✭✶✳✷✼✮

❞♦♥❞❡ ❡❧ ♦♣❡)❛❞♦) ❳❂❳✭①✮ ❡&-N ❞❡✜♥✐❞♦ ♣♦) ✭✶✳✷✸✮ ② ❡❧ ♦♣❡)❛❞♦) ❳

k = ❳❳

k−1
✱

k = 1, 2, . . .❀ ❡♥ ♣❛)-✐❝✉❧❛) ❳

kF (①) ❡& ❧❛ ❢✉♥❝✐8♥ ♦❜-❡♥✐❞❛ ❛❧ ❛♣❧✐❝❛) ❡❧ ♦♣❡)❛❞♦)

❳ ❛ ❧❛ ❢✉♥❝✐8♥ ❳

k−1F (①), k = 1, 2, . . . ✱ ❝♦♥ ❳

0F (①) ≡ F (①)✳

❉❡♠♦$%&❛❝✐*♥

❙❡❛

❳ = ❳(①) =

n
∑

i=1

ξi(①)
∂

∂xi
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②

❳(①∗) =
n

∑

i=1

ξi(①
∗)

∂

∂x∗
i

❞♦♥❞❡

①

∗ = ❳(①; ǫ) (∗)
❡' ❡❧ ❣*✉♣♦ ❞❡ ▲✐❡ ❞❡ /*❛♥'❢♦*♠❛❝✐♦♥❡' ①

∗ = ❳(①; ǫ)✳ ❉❡❧ /❡♦*❡♠❛ ❞❡ ❚❛②❧♦*✱

❡①♣❛♥❞✐❡♥❞♦ (∗) ❛❧*❡❞❡❞♦* ❞❡ ǫ = 0✱ /❡♥❡♠♦'

①

∗ =

∞
∑

k=0

ǫk

k!

(

∂k
❳(①; ǫ)

∂ǫk

∣

∣

∣

∣

ǫ=0

)

=

∞
∑

k=0

ǫk

k!

(

dk①∗

dǫk

∣

∣

∣

∣

ǫ=0

)

.

◆♦/❡♠♦' :✉❡ ♣❛*❛ ❝✉❛❧:✉✐❡* ❢✉♥❝✐;♥ ❞✐❢❡*❡♥❝✐❛❜❧❡ F (①)✱

d

dǫ
F (①∗) =

n
∑

i=1

∂F (①∗)

∂x∗
i

dx∗
i

dǫ
=

n
∑

i=1

ξi(①
∗)
∂F (①∗)

∂x∗
i

= ❳(①∗)F (①∗).

=♦* ❧♦ /❛♥/♦ '❡ '✐❣✉❡ :✉❡

d①∗

dǫ
= ❳(①∗)①∗,

d2①∗

dǫ2
=

d

dǫ

(

d①∗

dǫ

)

= ❳(①∗)❳(①∗)①∗ = ❳2(①∗)①∗,

② ❡♥ ❣❡♥❡*❛❧✱

dk①∗

dǫk
= ❳k(①∗)①∗, k = 1, 2, . . . .

❈♦♠♦ ❝♦♥'❡❝✉❡♥❝✐❛

dk①∗

dǫk

∣

∣

∣

∣

ǫ=0

= ❳k(①)① = ❳k
①, k = 1, 2, . . .

❧♦ ❝✉❛❧ ♥♦' ❝♦♥❞✉❝❡ ❛ ✭✶✳✷✼✮✳ �

=♦* ❧♦ /❛♥/♦ ❧❛ ❡①♣❛♥'✐;♥ ❡♥ '❡*✐❡' ❞❡ ❚❛②❧♦* ❛❧*❡❞❡❞♦* ❞❡ ǫ = 0 ❞❡ ✉♥❛

❢✉♥❝✐;♥ ❳(①; ǫ) ❧❛ ❝✉❛❧ ❞❡✜♥❡ ✉♥ ❣*✉♣♦ ❞❡ ▲✐❡ ❞❡ /*❛♥'❢♦*♠❛❝✐♦♥❡' ①

∗ = ❳(①; ǫ)
✭❝♦♥ ❧❛ ❧❡② ❞❡ ❝♦♠♣♦'✐❝✐;♥ φ(a, b) = a+ b✮ ❡' ❞❡/❡*♠✐♥❛❞♦ ♣♦* ❡❧ ❝♦❡✜❝✐❡♥/❡ ❞❡

'✉ /D*♠✐♥♦ ❖(ǫ)✱ ❡❧ ❝✉❛❧ ❡' ❡❧ ✐♥✜♥✐/❡'✐♠❛❧

∂❳

∂ǫ
(①; ǫ)

∣

∣

∣

∣

ǫ=0

= ξ(①). ✭✶✳✷✽✮

❊♥ *❡'✉♠❡♥ ❤❛② ❞♦' ❢♦*♠❛' ♣❛*❛ ❡♥❝♦♥/*❛* ❡①♣❧G❝✐/❛♠❡♥/❡ ✉♥ ❣*✉♣♦ ❞❡ ▲✐❡

❞❡ /*❛♥'❢♦*♠❛❝✐♦♥❡' ✉♥✐♣❛*❛♠D/*✐❝♦ ✭ǫ✮ ❞❡'❞❡ '✉ /*❛♥'❢♦*♠❛❝✐;♥ ✐♥✜♥✐/❡'✐♠❛❧✿

✭✐✮ ❊①♣*❡'❛* ❡❧ ❣*✉♣♦ ❡♥ /D*♠✐♥♦' ❞❡ ✉♥❛ '❡*✐❡ ❞❡ ♣♦/❡♥❝✐❛' ✭✶✳✷✼✮ ❧❧❛♠❛❞❛ '❡*✐❡

❞❡ ▲✐❡✱ ❧❛ ❝✉❛❧ ❡'/I ❞❡'❛**♦❧❧❛❞❛ ❞❡'❞❡ ❡❧ ❣❡♥❡*❛❞♦* ✐♥✜♥✐/❡'✐♠❛❧ ✭✶✳✷✸✮ ❝♦**❡'✲

♣♦♥❞✐❡♥/❡ ❛ ❧❛ /*❛♥'❢♦*♠❛❝✐;♥ ✐♥✜♥✐/❡'✐♠❛❧❀
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✭✐✐✮ ❘❡'♦❧✈❡+ ❡❧ ♣+♦❜❧❡♠❛ ❞❡❧ ✈❛❧♦+ ✐♥✐❝✐❛❧ ✭✶✳✷✺✱✶✳✷✻✮✳ ❆9✉; ✉♥♦ ❡♥❝✉❡♥<+❛ ♣+✐♠❡✲

+♦ ❧❛ '♦❧✉❝✐>♥ ❣❡♥❡+❛❧ ❡①♣❧;❝✐<❛ ❞❡❧ '✐'<❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡' ❞✐❢❡+❡♥❝✐❛❧❡' ❞❡ ♣+✐♠❡+

♦+❞❡♥ ✭✶✳✷✺✮✳

❈♦"♦❧❛"✐♦ ✶✳✶✶ ❙✐ F (①) ❡' ✐♥✜♥✐<❛♠❡♥<❡ ❞✐❢❡+❡♥❝✐❛❜❧❡✱ ❡♥<♦♥❝❡' ♣❛+❛ ✉♥

❣+✉♣♦ ❞❡ ▲✐❡ ❞❡ <+❛♥'❢♦+♠❛❝✐♦♥❡' ①

∗ = ❳(①; ǫ) ❝♦♥ ❣❡♥❡+❛❞♦+ ✐♥✜♥✐<❡'✐♠❛❧

❳ =
∑n

i=1 ξi(①)
∂

∂xi

✱ '❡ ❝✉♠♣❧❡ 9✉❡✿

F (①∗) = F (eǫ❳①) = eǫ❳F (①). ✭✶✳✷✾✮

❉❡♠♦$%&❛❝✐*♥

❉❡❧ ❚❡♦+❡♠❛ ✶✳✶✵ <❡♥❡♠♦' 9✉❡

①

∗ = eǫ❳①,

♣♦+ ❧♦ 9✉❡

F (①∗) = F (eǫ❳①),

♦❜<❡♥✐❡♥❞♦ ❛'; ❧❛ ♣+✐♠❡+❛ ✐❣✉❛❧❞❛❞✳

I❛+❛ ❧❛ '❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞✱ ♥♦<❡♠♦' 9✉❡ ❡①♣❛♥❞✐❡♥❞♦ F (①∗) '♦❜+❡ ǫ = 0 ♣♦+ ❡❧

❚❡♦+❡♠❛ ❞❡ ❚❛②❧♦+✱ ② ❞❡❧ ❚❡♦+❡♠❛ ✶✳✶✵ ♦❜<❡♥❡♠♦'

F (①∗) =

∞
∑

k=0

ǫk

k!

(

dkF (①∗)

dǫk

∣

∣

∣

∣

ǫ=0

)

=
∞
∑

k=0

ǫk

k!
(❳kF (①))

=

∞
∑

k=0

(ǫ❳)k

k!
F (①)

= eǫ❳F (①). �

❈♦♠♦ ❡❥❡♠♣❧♦ ❝♦♥'✐❞❡+❛♠♦' ❡❧ ❣+✉♣♦ ❞❡ +♦<❛❝✐>♥

x∗ = x cos ǫ+ y sin ǫ, ✭✶✳✸✵✮

y∗ = −x sin ǫ+ y cos ǫ. ✭✶✳✸✶✮

dx∗

dǫ
= −x sin ǫ+ y cos ǫ;

dy∗

dǫ
= −x cos ǫ− y sin ǫ.

❊❧ ✐♥✜♥✐<❡'✐♠❛❧ ♣❛+❛ ✭✶✳✸✵✱✶✳✸✶✮ ❡'

ξ(①) = (ξ1(x, y), ξ2(x, y)) = (ξ(x, y), η(x, y))

=

(

dx∗

dǫ

∣

∣

∣

∣

ǫ=0

,
dy∗

dǫ

∣

∣

∣

∣

ǫ=0

)

= (y,−x).
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❊❧ ❣❡♥❡'❛❞♦' ✐♥✜♥✐-❡.✐♠❛❧ ♣❛'❛ ✭✶✳✸✵✱✶✳✸✶✮ ❡.

❳ = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
= y

∂

∂x
− x

∂

∂y
. ✭✶✳✸✷✮

▲❛. .❡'✐❡. ❞❡ ▲✐❡ ❝♦''❡.♣♦♥❞✐❡♥-❡. ❛ ✭✶✳✸✷✮ ❡.

(x∗, y∗) = (eǫ❳x, eǫ❳y).

❳x = y; ❳

2x = ❳y = −x.

9♦' ❧♦ -❛♥-♦

❳

4nx = x, ❳

4n−1x = −y, ❳

4n−2x = −x, ❳

4n−3x = y, n = 1, 2, . . . ;

❳

4ny = y, ❳

4n−1y = x, ❳

4n−2y = −y, ❳

4n−3y = −x, n = 1, 2, . . .

❈♦♠♦ ❝♦♥.❡❝✉❡♥❝✐❛

x∗ = eǫ❳x =

∞
∑

k=0

ǫk

k!
❳

kx

=

(

1− ǫ2

2!
+

ǫ4

4!
+ . . .

)

x+

(

ǫ− ǫ3

3!
+

ǫ5

5!
+ . . .

)

y

= x cos ǫ+ y sin ǫ.

❉❡ ♠❛♥❡'❛ .✐♠✐❧❛'

y∗ = eǫ❳y =

∞
∑

k=0

ǫk

k!
❳

ky

=

(

ǫ− ǫ3

3!
+

ǫ5

5!
+ . . .

)

(−x) +

(

1− ǫ2

2!
+

ǫ4

4!
+ . . .

)

y

= −x sin ǫ+ y cos ǫ.

✶✳✺✳ ❈✉%✈❛( ② ❙✉♣❡%✜❝✐❡( ■♥✈❛%✐❛♥2❡(

❉❡✜♥✐❝✐'♥ ✶✳✶✷ 9❛'❛ ✉♥❛ .✉♣❡'✜❝✐❡ F : D ⊂ R
n −→ R✱ ❞❡❝✐♠♦. =✉❡ F (①)

❡. ✉♥❛ .✉♣❡'✜❝✐❡ ✐♥✈❛'✐❛♥-❡ ♣❛'❛ ✉♥ ❣'✉♣♦ ❞❡ ▲✐❡ ❞❡ -'❛♥.❢♦'♠❛❝✐♦♥❡. ❞❡ ✉♥

♣❛'@♠❡-'♦ ①

∗ = ❳(①; ǫ) .✐ ② .B❧♦ .✐ F (①∗) = 0 ❝✉❛♥❞♦ F (①) = 0✳

❉❡✜♥✐❝✐'♥ ✶✳✶✸ 9❛'❛ ✉♥❛ ❝✉'✈❛ F : D ⊂ R
2 −→ R✱ ❞❡❝✐♠♦. =✉❡ F (x, y) ❡.

✉♥❛ ❝✉'✈❛ ✐♥✈❛'✐❛♥-❡ ♣❛'❛ ✉♥ ❣'✉♣♦ ❞❡ ▲✐❡ ❞❡ -'❛♥.❢♦'♠❛❝✐♦♥❡. ❞❡ ✉♥ ♣❛'@♠❡-'♦

x∗ = X(x, y; ǫ) = x+ ǫξ(x, y) +O(ǫ2),

y∗ = Y (x, y; ǫ) = y + ǫη(x, y) +O(ǫ2), ✭✶✳✸✸✮
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❝♦♥ ❣❡♥❡'❛❞♦' ✐♥✜♥✐,❡-✐♠❛❧

❳ = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
, ✭✶✳✸✹✮

&✐ ② &)❧♦ &✐ F (x∗, y∗) = 0 ❝✉❛♥❞♦ F (x, y) = 0✳

❚❡♦$❡♠❛ ✶✳✶✹

✭✐✮ ❯♥❛ &✉♣❡4✜❝✐❡ ❞❡ ❧❛ ❢♦4♠❛ F (①) = xn − f(x1, x2, . . . , xn−1) = 0✱ ❡& ✉♥❛

&✉♣❡4✜❝✐❡ ✐♥✈❛4✐❛♥:❡ ♣❛4❛ ①

∗ = ❳(①; ǫ) &✐ ② &)❧♦ &✐

❳F (①) = 0 cuando F (①) = 0. ✭✶✳✸✺✮

✭✐✐✮ ❯♥❛ ❝✉4✈❛ ❞❡ ❧❛ ❢♦4♠❛ F (x, y) = y− f(x) = 0✱ ❡& ✉♥❛ ❝✉4✈❛ ✐♥✈❛4✐❛♥:❡ ♣❛4❛

✭✶✳✸✸✮ &✐ ② &)❧♦ &✐

❳F (x, y) = η(x, y)− ξ(x, y)f ′(x) = 0

❝✉❛♥❞♦ F (x, y) = y − f(x) = 0✱ ❡& ❞❡❝✐4 &✐ ② &)❧♦ &✐

η(x, f(x))− ξ(x, f(x))f ′(x) = 0 ✭✶✳✸✻✮

❉❡♠♦$%&❛❝✐*♥

❈♦♠♦ F (①) = 0 ❡& ✉♥❛ &✉♣❡4✜❝✐❡ ✐♥✈❛4✐❛♥:❡✱ ❡♥:♦♥❝❡& F (①∗) = 0✱ ♣♦4 ❧♦ >✉❡

0 = ❳F (①∗) = ❳(eǫ❳F (①)) =

n
∑

i=1

ξi(①)
∂

∂xi

(eǫ❳F (①))

=

n
∑

i=1

ξi(①)e
ǫ❳ ∂

∂xi

F (①) = eǫ❳
n

∑

i=1

ξi(①)
∂

∂xi

F (①)

= (eǫ❳)(❳F (①)).

❡♥:♦♥❝❡& ❳F (①) = 0✳
❉❡ ♠❛♥❡4❛ 4❡❝@♣4♦❝❛ &✐ ❳F (①) = 0✱ ❡♥:♦♥❝❡& ❳

nF (①) = 0 ♣❛4❛ n = 1, 2, . . .

F (①∗) =

∞
∑

k=0

ǫk

k!
❳

kF (①)

= F (①) +

∞
∑

k=1

ǫk

k!
❳

kF (①)

= 0 +

∞
∑

k=1

ǫk

k!
(0)

= 0
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!♦# ❧♦ %❛♥%♦ F (①∗) = 0
❆)* F (①) = 0 ❡) ✉♥❛ )✉♣❡#✜❝✐❡ ✐♥✈❛#✐❛♥%❡✳ �

❈♦♠♦ ❡❥❡♠♣❧♦ ❝♦♥)✐❞❡#❡♠♦) ❡❧ ❣#✉♣♦ ❞❡ ❤♦♠♦%❡❝✐❛)

x∗ = eǫx, ✭✶✳✸✼✮

y∗ = eǫy. ✭✶✳✸✽✮

❉❡ ❛@✉* %❡♥❡♠♦) @✉❡

ξ(x, y) =
∂❳(x, ǫ)

∂ǫ

∣

∣

∣

∣

ǫ=0

=
∂(x∗, y∗)

∂ǫ

∣

∣

∣

∣

ǫ=0

=
∂(eǫx, eǫy)

∂ǫ

∣

∣

∣

∣

ǫ=0

= (eǫx, eǫy)|ǫ=0

= (x, y)

❊❧ ❣❡♥❡#❛❞♦# ✐♥✜♥✐%❡)✐♠❛❧ ❝♦##❡)♣♦♥❞✐❡♥%❡ ❡)

❳ = x
∂

∂x
+ y

∂

∂y
.

❯♥❛ #❡❝%❛ y − λx = 0, x > 0, λ = cte✱ ❡) ✉♥❛ ❝✉#✈❛ ✐♥✈❛#✐❛♥%❡ ♣❛#❛

✭✶✳✸✼✮✱✭✶✳✸✽✮ ❞❡❜✐❞♦ ❛ @✉❡ ❳(y − λx) = y − λx = 0 ❝✉❛♥❞♦ y − λx = 0❀ ✉♥❛
♣❛#F❜♦❧❛ y − λx2 = 0, λ = cte✱ ♥♦ ❡) ✉♥❛ ❝✉#✈❛ ✐♥✈❛#✐❛♥%❡ ♣❛#❛ ✭✶✳✸✼✮✱✭✶✳✸✽✮

②❛ @✉❡ ❳(y − λx2) = y − 2λx2 6= 0 ❝✉❛♥❞♦ y − λx2 = 0✳
!❛#❛ ❡♥❝♦♥%#❛# ❝✉#✈❛) ✐♥✈❛#✐❛♥%❡) y− f(x) = 0 ♣❛#❛ ❡)%❡ ❣#✉♣♦✱ ♣#✐♠❡#♦ ❡♥❝♦♥✲

%#❛♠♦) ❧❛ )♦❧✉❝✐I♥ ❣❡♥❡#❛❧ u(x, y) ❞❡ ❧❛ ❡❝✉❛❝✐I♥ ❞✐❢❡#❡♥❝✐❛❧ ♣❛#❝✐❛❧

x
∂u

∂x
+ y

∂u

∂y
= 0

❧❛ ❝✉❛❧ ❡)

u(x, y) = F
(y

x

)

❞♦♥❞❡ ❋ ❡) ✉♥❛ ❢✉♥❝✐I♥ ❛#❜✐%#❛#✐❛ ❞❡ y/x✳ ❊♥%♦♥❝❡) ❧❛) ❝✉#✈❛) ✐♥✈❛#✐❛♥%❡) ✐♥❝❧✉✲
②❡♥ ❛ ❧❛) ❝✉#✈❛)

y − λx = 0, λ = cte, x > 0 o x < 0.

▲❛ )♦❧✉❝✐I♥ ❣❡♥❡#❛❧ ❞❡ ✉♥❛ ❡❝✉❛❝✐I♥ ❞✐❢❡#❡♥❝✐❛❧ ♦#❞✐♥❛#✐❛ ❡)%F #❡♣#❡)❡♥%❛❞❛

❣❡♦♠M%#✐❝❛♠❡♥%❡ ♣♦# ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉#✈❛)❀ ❧❛ ✧)♦❧✉❝✐I♥ ❣❡♥❡#❛❧✧❞❡ ✉♥❛ ❡❝✉❛✲

❝✐I♥ ❞✐❢❡#❡♥❝✐❛❧ ♣❛#❝✐❛❧ )❡ ✈❡ ❝♦♠♦ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ )✉♣❡#✜❝✐❡)✳

❉❡✜♥✐❝✐(♥ ✶✳✶✺ ❯♥ ❣#✉♣♦ ❞❡ %#❛♥)❢♦#♠❛❝✐♦♥❡) ❡) ❛❞♠✐%✐❞♦ ♣♦# ✉♥❛ ❡❝✉❛✲

❝✐I♥ ❞✐❢❡#❡♥❝✐❛❧✱ )✐ ❧❛ %#❛♥)❢♦#♠❛❝✐I♥ ❞❡❧ ❣#✉♣♦ ♠❛♥❞❛ ❝✉❛❧@✉✐❡# ❝✉#✈❛✭)✉♣❡#✜❝✐❡✮

)♦❧✉❝✐I♥ ❛ ♦%#❛ ❝✉#✈❛✭)✉♣❡#✜❝✐❡✮ )♦❧✉❝✐I♥✳ ❊♥ ♣❛#%✐❝✉❧❛# ✉♥ ❣#✉♣♦ ❞❡ %#❛♥)❢♦#✲

♠❛❝✐♦♥❡) ❛❞♠✐%✐❞♦ ♣♦# ✉♥❛ ❡❝✉❛❝✐I♥ ❞✐❢❡#❡♥❝✐❛❧ ❞❡❜❡ ❞❡❥❛# ✐♥✈❛#✐❛♥%❡) ❛ ✉♥❛
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❢❛♠✐❧✐❛ ❞❡ ❝✉+✈❛-✭-✉♣❡+✜❝✐❡-✮ -♦❧✉❝✐3♥✳

❉❡✜♥✐❝✐&♥ ✶✳✶✻ ▲❛ ❢❛♠✐❧✐❛ ❞❡ -✉♣❡+✜❝✐❡- ω(①) = constante = c ❡- ✉♥❛

❢❛♠✐❧✐❛ ✐♥✈❛+✐❛♥7❡ ❞❡ -✉♣❡+✜❝✐❡- ♣❛+❛ ①

∗ = ❳(①; ǫ) -✐ ω(①∗) = constante = c∗

❝✉❛♥❞♦ ω(①) = c✳

❉❡✜♥✐❝✐&♥ ✶✳✶✼ ▲❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉+✈❛- ω(x, y) = constante = c ❡- ✉♥❛ ❢❛✲

♠✐❧✐❛ ✐♥✈❛+✐❛♥7❡ ❞❡ ❝✉+✈❛- ♣❛+❛ ✭✶✳✸✸✮ -✐ ω(x∗, y∗) = constante = c∗ ❝✉❛♥❞♦

ω(x, y) = c✳

❚❡♦/❡♠❛ ✶✳✶✽

✭✐✮ ❯♥❛ ❢❛♠✐❧✐❛ ❞❡ -✉♣❡+✜❝✐❡- ω(①) = constante = c ❡- ✉♥❛ ❢❛♠✐❧✐❛ ✐♥✈❛+✐❛♥7❡

❞❡ -✉♣❡+✜❝✐❡- ♣❛+❛ ①

∗ = ❳(①; ǫ) -✐ ② -3❧♦ -✐ ❳ω = Ω(ω) ♣❛+❛ ❛❧❣✉♥❛ ❢✉♥❝✐3♥

✐♥✜♥✐7❛♠❡♥7❡ ❞✐❢❡+❡♥❝✐❛❜❧❡ Ω(ω)✳

✭✐✐✮ ❯♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉+✈❛- ω(x, y) = constante = c ❡- ✉♥❛ ❢❛♠✐❧✐❛ ✐♥✈❛+✐❛♥7❡

❞❡ ❝✉+✈❛- ♣❛+❛ ✭✶✳✸✸✮ -✐ ② -3❧♦ -✐ ❳ω = ξ(x, y)
∂ω

∂x
+ η(x, y)

∂ω

∂y
= Ω(ω) ♣❛+❛

❛❧❣✉♥❛ ❢✉♥❝✐3♥ ✐♥✜♥✐7❛♠❡♥7❡ ❞✐❢❡+❡♥❝✐❛❜❧❡ Ω(ω)✳

❉❡♠♦$%&❛❝✐*♥

❙❡❛ ω(①) = c ✉♥❛ ❢❛♠✐❧✐❛ ✐♥✈❛+✐❛♥7❡ ❞❡ -✉♣❡+✜❝✐❡- ♣❛+❛ ①

∗ = ❳(①; ǫ)✳ ❊♥7♦♥✲
❝❡-

ω(①∗) = eǫ❳ω(①)

= ω(①) + ǫ❳ω(①) +
ǫ2

2
❳

2ω(①) + . . .

= c∗ = C(c; ǫ).

@♦+ ❧♦ 7❛♥7♦ ❳ω(①) = Ω(ω) ♣❛+❛ ❛❧❣✉♥❛ ❢✉♥❝✐3♥ Ω(ω) ❝✉❛♥❞♦ ω(①) = c✳ ❙❡ -✐❣✉❡
A✉❡ ❳

2ω = Ω′(ω)❳ω = Ω′(ω)Ω(ω)✱ ❡7❝✳
❉❡ ♠❛♥❡+❛ +❡❝D♣+♦❝❛✱ -✉♣♦♥❣❛♠♦- A✉❡ ❳ω = Ω(ω) ♣❛+❛ ❛❧❣✉♥❛ ❢✉♥❝✐3♥ ✐♥✜♥✐✲

7❛♠❡♥7❡ ❞✐❢❡+❡♥❝✐❛❜❧❡ Ω(ω)✳ ❊♥7♦♥❝❡- ❳2ω = Ω′(ω)Ω(ω) ② ❳

nω = fn(ω) ♣❛+❛

❛❧❣✉♥❛ ❢✉♥❝✐3♥ fn(ω)✱ n = 1, 2, . . . ✳ ❈♦♠♦ ❝♦♥-❡❝✉❡♥❝✐❛ -✐ ω(①) = c✱ ❡♥7♦♥❝❡-

ω(①∗) = eǫ❳ω(①)

= ω(①) + ǫ❳ω(①) +
ǫ2

2
❳

2ω(①) + . . .

= ω(①) +

∞
∑

n=1

ǫnfn(ω(①))

n!

= c+

∞
∑

n=1

ǫnfn(c)

n!

= cte = c∗. �
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"❛$❛ ❡♥❝♦♥)$❛$ ❧❛ ❢❛♠✐❧✐❛ ✐♥✈❛$✐❛♥)❡ ❞❡ 0✉♣❡$✜❝✐❡0 ✭❝✉$✈❛0✮ ♣❛$❛ ✉♥ ❣$✉♣♦

❞❡ ▲✐❡ ❞❡ )$❛♥0❢♦$♠❛❝✐♦♥❡0✱ 0✐♥ ♣9$❞✐❞❛ ❞❡ ❣❡♥❡$❛❧✐❞❛❞ ♣♦❞❡♠♦0 0✉♣♦♥❡$ :✉❡

Ω(ω) = 1✳ ❊0)♦ 0❡ 0✐❣✉❡ ❞❡❧ ❤❡❝❤♦ ❞❡ :✉❡ 0✐ ω(①) = c ❡0 ✉♥❛ ❢❛♠✐❧✐❛ ✐♥✈❛$✐❛♥)❡

❞❡ 0✉♣❡$✜❝✐❡0✱ ❡♥)♦♥❝❡0 F (ω(①)) = F (c) )❛♠❜✐9♥ ❧♦ ❡0✱ ♣❛$❛ ❝✉❛❧:✉✐❡$ ❢✉♥❝✐?♥ F ❀

❳F (ω(①)) = F ′(ω)❳ω = F ′(ω)Ω(ω)✱ ❛0A :✉❡ )♦♠❛♥❞♦ F ′(ω) = 1
Ω(ω) ✱ )❡♥❡♠♦0

:✉❡ ❳F (ω) = 1✳❬❆0✉♠✐♠♦0 :✉❡ Ω(ω) 6= 0✱ ❞❡ ♦)$❛ ❢♦$♠❛ ❝❛❞❛ 0✉♣❡$✜❝✐❡ ❡♥ ❧❛

❢❛♠✐❧✐❛ ✐♥✈❛$✐❛♥)❡ ❞❡ 0✉♣❡$✜❝✐❡0 ❡0 ❡♥ 0A ♠✐0♠❛ ✉♥❛ 0✉♣❡$✜❝✐❡ ✐♥✈❛$✐❛♥)❡ ♣❛$❛

①

∗ = ❳(①; ǫ)✳❪

❈♦♥0✐❞❡$❡♠♦0 ♥✉❡✈❛♠❡♥)❡ ❡❧ ❣$✉♣♦ ❞❡ ❤♦♠♦)❡❝✐❛0 (x∗, y∗) = (eǫx, eǫy)✳ ▲❛
❢❛♠✐❧✐❛ ✐♥✈❛$✐❛♥)❡ ❞❡ ❝✉$✈❛0 ω(x, y) = c $❡0✉❡❧✈❡

❳ω = x
∂ω

∂x
+ y

∂ω

∂y
= 1,

❝✉②❛ 0♦❧✉❝✐?♥ ❣❡♥❡$❛❧ ❡0

ω(x, y) = log(x) + f
(y

x

)

♣❛$❛ ✉♥❛ ❢✉♥❝✐?♥ ❛$❜✐)$❛$✐❛ f ✳

"♦$ ❧♦ )❛♥)♦✱ ❝✉❛❧:✉✐❡$ ❢❛♠✐❧✐❛ ❞❡ ❝✉$✈❛0

F (ω) = F
(

log(x) + f
(y

x

))

= cte = c ✭✶✳✸✾✮

❡0 ✉♥❛ ❢❛♠✐❧✐❛ ✐♥✈❛$✐❛♥)❡ ❞❡ ❝✉$✈❛0 ♣❛$❛ ❡❧ ❣$✉♣♦ ❞❡ ❤♦♠♦)❡❝✐❛0 ♣❛$❛ ❝✉❛❧:✉✐❡$

❡❧❡❝❝✐?♥ ❞❡ F, f ✳

❈♦♠♦ ♣$✐♠❡$ ❡❥❡♠♣❧♦ ❡0❝♦❣❡♠♦0 F (ω) = e2ω ② f( y
x
) = 1

2 log(1 + ( y
x
)2) ❡♥

✭✶✳✸✾✮✳ ❆❧ ❞❡0❛$$♦❧❧❛$ )❡♥❡♠♦0

ω(x, y) = log(x) +
1

2
log

(

1 +
(y

x

)2
)

= log(x) +
1

2
log

(

x2 + y2

x2

)

= log(x) +
1

2
log(x2 + y2)− 1

2
log(x2)

= log(x) +
1

2
log(x2 + y2)− log(x)

=
1

2
log(x2 + y2)

"♦$ ❡❧❧♦ F (ω) = F ( 12 log(x
2 + y2)) = e2(

1
2 log(x2+y2)) = elog(x

2+y2) = x2 + y2✳
◆♦)❛♠♦0 :✉❡ ❡♥ ♣❛$)✐❝✉❧❛$ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✐$❝✉♥❢❡$❡♥❝✐❛0 x2 + y2 = cte = r2 ❡0

✉♥❛ ❢❛♠✐❧✐❛ ✐♥✈❛$✐❛♥)❡ ❞❡ ❝✉$✈❛0 ♣❛$❛ ❡0)❡ ❣$✉♣♦✳
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❙✐ $♦♠❛♠♦( ❛❤♦*❛ F (ω) = eω ② f( y
x
) = 0 ❡♥ ✭✶✳✸✾✮✱ $❡♥❡♠♦(

ω(x, y) = log(x) + 0

= log(x)

❈♦♠♦ ❝♦♥(❡❝✉❡♥❝✐❛ F (ω) = F (log x) = elog x = x.
❆(9 ❧❛ ❢❛♠✐❧✐❛ ❞❡ *❡❝$❛( x = cte ❡( ✐♥✈❛*✐❛♥$❡ ♣❛*❛ ❡($❡ ❣*✉♣♦✳

❈♦♠♦ @❧$✐♠♦ ❡❥❡♠♣❧♦ ❝♦♥(✐❞❡*❛♠♦( F (ω) = e2ω ② f( y
x
) = 1

2

(

log(1 + ( y
x
)2) + arctan( y

x
)
)

❡♥ ✭✶✳✸✾✮✱ ❧♦ ❝✉❛❧ ♥♦( ❧❧❡✈❛ ❛

ω(x, y) = log(x) +
1

2

(

log(1 +
(y

x

)2

) + arctan
(y

x

)

)

= log(x) +
1

2

(

log

(

x2 + y2

x2

)

+ arctan
(y

x

)

)

= log(x) +
1

2
log(x2 + y2)− 1

2
log(x2) +

1

2
arctan

(y

x

)

= log(x) +
1

2
log(x2 + y2)− log(x) +

1

2
arctan

(y

x

)

=
1

2

(

log(x2 + y2) + arctan
(y

x

))

❊♥$♦♥❝❡(

F (ω) = F

(

1

2

(

log(x2 + y2) + arctan
(y

x

))

)

= e2(
1
2 )(log(x

2+y2)+arctan( y

x ))

= elog(x
2+y2)+arctan( y

x )

= elog(x
2+y2)earctan(

y

x )

= (x2 + y2)earctan(
y

x ).

❯(❛♥❞♦ ❝♦♦*❞❡♥❛❞❛( ♣♦❧❛*❡( ❡♥ ❧❛ ❡①♣*❡(✐E♥ ❛♥$❡*✐♦*✱ ♦❜$❡♥❡♠♦( F (ω) = r2eθ✳
G♦* ❧♦ $❛♥$♦ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❡(♣✐*❛❧❡( ❧♦❣❛*9$♠✐❝❛( r2eθ = cte ❡( ✐♥✈❛*✐❛♥$❡ ♣❛*❛

❡($❡ ❣*✉♣♦✳

✶✳✻✳ ❋✉♥❝✐♦♥❡* ■♥✈❛.✐❛♥/❡*

❉❡✜♥✐❝✐&♥ ✶✳✶✾✳ ❯♥❛ ❢✉♥❝✐E♥ ✐♥✜♥✐$❛♠❡♥$❡ ❞✐❢❡*❡♥❝✐❛❜❧❡ F (①) ❡( ✉♥❛ ❢✉♥✲

❝✐E♥ ✐♥✈❛*✐❛♥$❡ ♣❛*❛ ❡❧ ❣*✉♣♦ ❞❡ ▲✐❡ ❞❡ $*❛♥(❢♦*♠❛❝✐♦♥❡(

①

∗ = ❳(①; ǫ) ✭✶✳✹✵✮

(✐ ② (E❧♦ (✐ ♣❛*❛ ❝✉❛❧M✉✐❡* ❣*✉♣♦ ❞❡ $*❛♥(❢♦*♠❛❝✐♦♥❡( $❡♥❡♠♦( M✉❡

F (①∗) ≡ F (①).
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❙✐ F (①) ❡% ✉♥❛ ❢✉♥❝✐+♥ ✐♥✈❛-✐❛♥.❡ ❞❡ ✭✶✳✹✵✮✱ ❡♥.♦♥❝❡% F (①) ❡% ❧❧❛♠❛❞❛ ✉♥❛

✐♥✈❛-✐❛♥.❡ ❞❡ ✭✶✳✹✵✮ ② F (①) %❡ ❞✐❝❡ ;✉❡ ❡% ✐♥✈❛-✐❛♥.❡ ❜❛❥♦ ✭✶✳✹✵✮✳

❚❡♦$❡♠❛ ✶✳✷✵✳ F (①) ❡% ✐♥✈❛-✐❛♥.❡ ❜❛❥♦ ✭✶✳✹✵✮ %✐ ② %+❧♦ %✐

❳F (①) ≡ 0.

❉❡♠♦$%&❛❝✐*♥

F (①∗) ≡ eǫ❳F (①) ≡
∞
∑

k=0

ǫk

k!
❳

kF (①)

≡ F (①) + ǫ❳F (①) +
ǫ2

2!
❳

2F (①) + . . . . ✭✶✳✹✶✮

❙✉♣♦♥❣❛♠♦% ;✉❡ F (①∗) ≡ F (①)✳ ❉❡ ❧❛ ❡❝✉❛❝✐+♥ ❛♥.❡-✐♦- %❡ %✐❣✉❡ ;✉❡

0 ≡ ǫ❳F (①) +
ǫ2

2!
❳

2F (①) + . . .

≡
[

ǫ❳+
ǫ2

2!
❳

2 + . . .

]

F (①)

≡
[ ∞
∑

k=1

ǫk

k!
❳

k

]

F (①)

❊♥.♦♥❝❡% ❳

kF (①) ≡ 0 ♣❛-❛ k = 1, 2, . . .✱ ② ♣♦- ❧♦ .❛♥.♦ ❳F (①) ≡ 0✳
❘❡❝C♣-♦❝❛♠❡♥.❡✱ %❡❛ F (①) .❛❧ ;✉❡ ❳F (①) ≡ 0✳ ❊♥.♦♥❝❡% ❳nF (①) ≡ 0✱ n =
1, 2, . . .✳ D♦- ❧♦ .❛♥.♦ ❞❡ ✭✶✳✹✶✮✱ .❡♥❡♠♦% ;✉❡ F (①∗) ≡ F (①). �

❚❡♦$❡♠❛ ✶✳✷✶✳ D❛-❛ ✉♥ ❣-✉♣♦ ❞❡ ▲✐❡ ❞❡ .-❛♥%❢♦-♠❛❝✐♦♥❡% ✭✶✳✹✵✮✱ ❧❛ ✐❞❡♥.✐✲

❞❛❞

F (①∗) ≡ F (①) + ǫ ✭✶✳✹✷✮

%❡ ❝✉♠♣❧❡ %✐ ② %+❧♦ %✐ F (①) ❡% .❛❧ ;✉❡

❳F (①) ≡ 1. ✭✶✳✹✸✮

❉❡♠♦$%&❛❝✐*♥

❙❡❛ F (①) .❛❧ ;✉❡ ✭✶✳✹✷✮ %❡ ❝✉♠♣❧❡✳ ❊♥.♦♥❝❡%

F (①) + ǫ = F (①) + ǫ❳F (①) +
ǫ2

2!
❳

2F (①) + . . . .

D♦- ❧♦ .❛♥.♦✱ ❳F (①) ≡ 1✳
❉❡ ♠❛♥❡-❛ -❡❝C♣-♦❝❛✱ %❡❛ F (①) .❛❧ ;✉❡ %❡ ❝✉♠♣❧❡ ✭✶✳✹✸✮✳

❊♥.♦♥❝❡% ❳

nF (①) ≡ 0✱ n = 2, 3, . . .✳
D♦- .❛♥.♦ F (①∗) ≡ eǫ❳F (①) ≡ F (①) + ǫ❳F (①) ≡ F (①) + ǫ. �
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✶✳✼✳ ❈♦♦%❞❡♥❛❞❛* ❈❛♥+♥✐❝❛*

❙✉♣♦♥❣❛♠♦* +✉❡ ❤❛❝❡♠♦* ✉♥ ❝❛♠❜✐♦ ❞❡ ✈❛3✐❛❜❧❡ ✭✉♥♦ ❛ ✉♥♦ ② ❝♦♥7✐♥✉❛♠❡♥7❡

❞✐❢❡3❡♥❝✐❛❜❧❡ ❡♥ ❛❧❣9♥ ❞♦♠✐♥✐♦ ❛♣3♦♣✐❛❞♦✮

② = Y (①) = (y1(①), y2(①), . . . , yn(①)). ✭✶✳✹✹✮

>❛3❛ ❡❧ ❣3✉♣♦ ❞❡ ▲✐❡ ❞❡ 73❛♥*❢♦3♠❛❝✐♦♥❡* ✉♥✐♣❛3❛♠@73✐❝♦

x∗ = X(x, y; ǫ) = x+ ǫξ(x, y) +O(ǫ2),

y∗ = Y (x, y; ǫ) = y + ǫη(x, y) +O(ǫ2), ✭✶✳✹✺✮

❡❧ ❣❡♥❡3❛❞♦3 ✐♥✜♥✐7❡*✐♠❛❧ ❳ =
∑n

i=1 ξi(①✮
∂

∂xi
❝♦♥ 3❡*♣❡❝7♦ ❛ ❧❛* ❝♦♦3❞❡♥❛❞❛*

① = (x1, x2, . . . , xn) *❡ ❝♦♥✈✐❡37❡ ❡♥ ❡❧ ❣❡♥❡3❛❞♦3 ✐♥✜♥✐7❡*✐♠❛❧

❨ =

n
∑

i=1

ηi(②)
∂

∂yi

❝♦♥ 3❡*♣❡❝7♦ ❛ ❧❛* ❝♦♦3❞❡♥❛❞❛* ② = (y1, y2, . . . , yn) ❞❡✜♥✐❞♦ ♣♦3 ✭✶✳✹✹✮✳ ❊♥7♦♥❝❡*

❨ = ❳ ♣❛3❛ 7❡♥❡3 ❧❛ ♠✐*♠❛ ❛❝❝✐D♥ ❞❡ ❣3✉♣♦✳ ❊❧ ✐♥✜♥✐7❡*✐♠❛❧ ❝♦♥ 3❡*♣❡❝7♦ ❛ ❧❛*

❝♦♦3❞❡♥❛❞❛* ② ❡*

η(②) = (η1(②), η2(②), . . . , ηn(②)) = ❨②.

❚❡♦(❡♠❛ ✶✳✷✷✳ ❊❧ ♦♣❡3❛❞♦3 ✐♥✜♥✐7❡*✐♠❛❧ ❝♦♥ 3❡*♣❡❝7♦ ❛ ❧❛* ❝♦♦3❞❡♥❛❞❛* ②

❡*7E ❞❛❞♦ ♣♦3 ❧❛ ❡①♣3❡*✐D♥ η(②) = ❳②✳

❉❡♠♦$%&❛❝✐*♥

❯*❛♥❞♦ ❧❛ 3❡❣❧❛ ❞❡ ❧❛ ❝❛❞❡♥❛✱ 7❡♥❡♠♦*

❳ =

n
∑

i=1

ξi(①)
∂

∂xi

=

n
∑

i,j=1

ξi(①)
∂yj(①)

∂xi

∂

∂yj

=

n
∑

j=1

ηj(②)
∂

∂yj
= ❨

❞♦♥❞❡

ηj(②) =

n
∑

i=1

ξi(①)
∂yj(①)

∂xi

= ❳yj , j = 1, 2, . . . , n. �



✷✽ ❈❆"❮❚❯▲❖ ✶✳ "❘❊▲■▼■◆❆❘❊❙

❚❡♦#❡♠❛ ✶✳✷✸✳ ❈♦♥ &❡(♣❡❝+♦ ❛ ❧❛( ❝♦♦&❞❡♥❛❞❛( ② ❞❛❞❛ ♣♦& ✭✶✳✹✹✮✱ ❡❧ ❣&✉♣♦

❞❡ ▲✐❡ ❞❡ +&❛♥(❢♦&♠❛❝✐♦♥❡( ✭✶✳✹✺✮ ❡(

②

∗ = eǫ❨②.

❉❡♠♦$%&❛❝✐*♥

❉❡ ❧❛( ❡❝✉❛❝✐♦♥❡( F (①∗) = eǫ❳F (①) ② ✭✶✳✹✹✮✱ ♦❜+❡♥❡♠♦(

②

∗ = Y (①∗) = eǫ❳Y (①) = eǫ❳Y = eǫ❨②. �

❉❡✜♥✐❝✐1♥ ✶✳✷✹✳ ❯♥ ❝❛♠❜✐♦ ❞❡ ❝♦♦&❞❡♥❛❞❛( ✭✶✳✹✹✮ ❞❡✜♥❡ ✉♥ ❝♦♥❥✉♥+♦ ❞❡

❝♦♦&❞❡♥❛❞❛( ❝❛♥A♥✐❝❛( ♣❛&❛ ❡❧ ❣&✉♣♦ ❞❡ ▲✐❡ ❞❡ +&❛♥(❢♦&♠❛❝✐♦♥❡( ✉♥✐♣❛&❛♠B+&✐❝♦

✭✶✳✹✺✮ (✐ ❡♥ +B&♠✐♥♦( ❞❡ +❛❧❡( ❝♦♦&❞❡♥❛❞❛( ❡❧ ❣&✉♣♦ ✭✶✳✹✺✮ (❡ ❝♦♥✈✐❡&+❡ ❡♥

y∗i = yi, i = 1, 2, . . . , n− 1, ✭✶✳✹✻✮

y∗n = yn + ǫ. ✭✶✳✹✼✮

❚❡♦#❡♠❛ ✶✳✷✺✳ F❛&❛ ❝✉❛❧G✉✐❡& ❣&✉♣♦ ❞❡ ▲✐❡ ❞❡ +&❛♥(❢♦&♠❛❝✐♦♥❡( ✭✶✳✹✺✮ ❡①✐(✲

+❡ ✉♥ ❝♦♥❥✉♥+♦ ❞❡ ❝♦♦&❞❡♥❛❞❛( ❝❛♥A♥✐❝❛( ② = (y1, y2, . . . , yn) +❛❧ G✉❡ ✭✶✳✹✺✮ ❡(

❡G✉✐✈❛❧❡♥+❡ ❛ ✭✶✳✹✻✮✱✭✶✳✹✼✮✳

❉❡♠♦$%&❛❝✐*♥

❉❡❧ ❚❡♦&❡♠❛ ✶✳✷✵ +❡♥❡♠♦(

y∗i = yi(①
∗) = yi(①)

(✐ ② (A❧♦ (✐

❳yi(①) ≡ 0, (i)

i = 1, 2, . . . , n − 1✳ ▲❛ ❡❝✉❛❝✐A♥ ❞✐❢❡&❡♥❝✐❛❧ ♣❛&❝✐❛❧ ❧✐♥❡❛❧ ❤♦♠♦❣B♥❡❛ ❞❡ ♣&✐♠❡&

♦&❞❡♥

❳u(①) = ξ1(①)
∂u

∂x1
+ ξ2(①)

∂u

∂x2
+ . . .+ ξn(①)

∂u

∂xn

= 0

+✐❡♥❡ n−1 (♦❧✉❝✐♦♥❡( ❢✉♥❝✐♦♥❛❧♠❡♥+❡ ✐♥❞❡♣❡♥❞✐❡♥+❡( ♣❛&❛ u(①)✳ ➱(+❛( (♦❧✉❝✐♦♥❡(
(♦♥ n − 1 ❝♦♥(+❛♥+❡( ❡(❡♥❝✐❛❧❡( (y1(①), y2(①), . . . , yn−1(①)) G✉❡ ❛♣❛&❡❝❡♥ ❡♥ ❧❛

(♦❧✉❝✐A♥ ❣❡♥❡&❛❧ ❞❡❧ (✐(+❡♠❛ ❞❡ n ❡❝✉❛❝✐♦♥❡( ❞✐❢❡&❡♥❝✐❛❧❡( ♦&❞✐♥❛&✐❛( ❞❡ ♣&✐♠❡&

♦&❞❡♥

d①

dt
= ξ(①),

&❡(✉❧+❛❞♦ ❞❡ ❧❛( ❡❝✉❛❝✐♦♥❡( ❝❛&❛❝+❡&N(+✐❝❛(

dx1

ξ1(①)
=

dx2

ξ2(①)
= . . . =

dxn

ξn(①)
.
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➱#$♦ ♣'♦❞✉❝❡ ❧❛# n− 1 ❝♦♦'❞❡♥❛❞❛# /✉❡ #❛$✐#❢❛❝❡♥ ✭✶✳✹✻✮✳

▲❛ ❝♦♦'❞❡♥❛❞❛ ❝❛♥9♥✐❝❛ yn(①) #❡ #✐❣✉❡ ❞❡❧ ❚❡♦'❡♠❛ ✶✳✷✶✿

y∗n = yn(①
∗) = yn(①) + ǫ

#✐ ② #9❧♦ #✐

❳yn(①) ≡ 1. (ii)

?♦' ❧♦ $❛♥$♦✱ v(①) = yn(①) ❡# ✉♥❛ #♦❧✉❝✐9♥ ♣❛'$✐❝✉❧❛' ❞❡ ❧❛ ❡❝✉❛❝✐9♥ ❞✐❢❡'❡♥❝✐❛❧

♣❛'❝✐❛❧ ❧✐♥❡❛❧ ♥♦ ❤♦♠♦❣B♥❡❛ ❞❡ ♣'✐♠❡' ♦'❞❡♥

❳v(①) = ξ1(①)
∂v

∂x1
+ ξ2(①)

∂v

∂x2
+ . . .+ ξn(①)

∂v

∂xn

= 1,

② #❡ ❡♥❝✉❡♥$'❛ ❞❡$❡'♠✐♥❛♥❞♦ ✉♥❛ #♦❧✉❝✐9♥ ♣❛'$✐❝✉❧❛' ❞❡❧ ❝♦''❡#♣♦♥❞✐❡♥$❡ #✐#$❡♠❛

❝❛'❛❝$❡'C#$✐❝♦ ❞❡ n+ 1 ❡❝✉❛❝✐♦♥❡# ❞✐❢❡'❡♥❝✐❛❧❡# ♦'❞✐♥❛'✐❛# ❞❡ ♣'✐♠❡' ♦'❞❡♥

dv

dt
= 1,

d①

dt
= ξ(①). �

❚❡♦%❡♠❛ ✶✳✷✻✳ ❊♥ $B'♠✐♥♦# ❞❡ ❝✉❛❧/✉✐❡' ❝♦♥❥✉♥$♦ ❞❡ ❝♦♦'❞❡♥❛❞❛# ❝❛♥9♥✐❝❛#

② = (y1, y2, . . . , yn)✱ ❡❧ ❣❡♥❡'❛❞♦' ✐♥✜♥✐$❡#✐♠❛❧ ❞❡❧ ❣'✉♣♦ ❞❡ ▲✐❡ ❞❡ $'❛♥#❢♦'♠❛✲

❝✐♦♥❡# ✉♥✐♣❛'❛♠B$'✐❝♦ ✭✶✳✹✹✮ ❡#

❨ =
∂

∂yn
.

❉❡♠♦$%&❛❝✐*♥

❚❡♥❡♠♦# /✉❡

❨ =

n
∑

i=1

ηi(②)
∂

∂yi
.

❊♥ $B'♠✐♥♦# ❞❡ ❝♦♦'❞❡♥❛❞❛# ❝❛♥9♥✐❝❛#✱ ❞❡ (i) ② (ii) #❡ #✐❣✉❡ /✉❡

ηi(②) = ❳yi = 0, i = 1, 2, . . . , n− 1;

ηn(②) = ❳yn = 1.

?♦' ❧♦ $❛♥$♦ ♦❜$❡♥❡♠♦#

❨ =
∂

∂yn
. �
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❊❥❡♠♣❧♦' ❞❡ ❈♦♥❥✉♥,♦' ❞❡ ❈♦♦-❞❡♥❛❞❛' ❈❛♥/♥✐❝❛'

❊♥ R
2
♣♦♥❡♠♦( x1 = x✱ x2 = y ② ❡+✐-✉❡+❛♠♦( ❧❛( ❝♦♦2❞❡♥❛❞❛( ❝❛♥4♥✐❝❛(

❝♦♠♦ y1 = r✱ y2 = s✱ ❛(5 -✉❡ ❡♥ +62♠✐♥♦( ❞❡ ❝♦♦2❞❡♥❛❞❛( ❝❛♥4♥✐❝❛( ✉♥ ❣2✉♣♦

❞❡ ▲✐❡ ❞❡ +2❛♥(❢♦2♠❛❝✐♦♥❡( (❡ ❝♦♥✈✐❡2+❡ ❡♥

r∗ = r,

s∗ = s+ ǫ,

❝♦♥ ❣❡♥❡2❛❞♦2 ✐♥✜♥✐+❡(✐♠❛❧ ❨ =
∂

∂s
✳

✭✶✮ ●!✉♣♦ ❞❡ ❍♦♠♦)❡❝✐❛-

@❛2❛ ❡❧ ❣2✉♣♦ ❞❡ ❤♦♠♦+❡❝✐❛(

x∗ = eǫx,

y∗ = e2ǫy, ✭✶✳✹✽✮

❡❧ ❣❡♥❡2❛❞♦2 ✐♥✜♥✐+❡(✐♠❛❧ ❡( ❳ = x
∂

∂x
+ 2y

∂

∂y
✱ ❞❛❞♦ -✉❡

ξ(x, y) =
∂x∗

∂ǫ

∣

∣

∣

∣

ǫ=0

= eǫx|ǫ=0 = x

η(x, y) =
∂y∗

∂ǫ

∣

∣

∣

∣

ǫ=0

= 2eǫy|ǫ=0 = 2y

▲❛ ❝♦♦2❞❡♥❛❞❛ ❝❛♥4♥✐❝❛ r(x, y) (❛+✐(❢❛❝❡

❳r = x
∂r

∂x
+ 2y

∂r

∂y
= 0.

▲❛ ❝♦22❡(♣♦♥❞✐❡♥+❡( ❡❝✉❛❝✐♦♥❡( ❞✐❢❡2❡♥❝✐❛❧❡( ❝❛2❛❝+❡25(+✐❝❛( (❡ 2❡❞✉❝❡♥ ❛

dy

dx
=

2y

x

❉❡ ❞♦♥❞❡

∫

dy

y
= 2

∫

dx

x

log y = 2(log x+ C)

y = Cx2

y

x2
= C

@♦2 ❡❧❧♦ ❧❛ (♦❧✉❝✐4♥ ❡( r(x, y) =
y

x2
= constante.
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▲❛ ❝♦♦&❞❡♥❛❞❛ ❝❛♥*♥✐❝❛ s(x, y) ,❛-✐,❢❛❝❡

❳s = x
∂s

∂x
+ 2y

∂s

∂y
= 1. ✭✶✳✹✾✮

❯♥❛ ,♦❧✉❝✐*♥ ♣❛&-✐❝✉❧❛& ❞❡ ✭✶✳✹✾✮ ❡, s(x, y) = s(x) ❧❛ ❝✉❛❧ ,❛-✐,❢❛❝❡

x
ds

dx
= 1

ds

dx
=

1

x
∫

ds =

∫

dx

x

8♦& ❧♦ -❛♥-♦

s(x, y) = log x,

② ❡❧ ❣&✉♣♦ ❞❡ ❤♦♠♦-❡❝✐❛, ✭✶✳✹✽✮ -✐❡♥❡ ❝♦♦&❞❡♥❛❞❛, ❝❛♥*♥✐❝❛, (r, s) =
( y

x2
, log x

)

✳

✭✷✮ ●!✉♣♦ ❞❡ ❘♦(❛❝✐♦♥❡-

8❛&❛ ❡❧ ❣&✉♣♦ ❞❡ &♦-❛❝✐♦♥❡,

x∗ = x cos ǫ− y sin ǫ,

y∗ = x sin ǫ+ y cos ǫ, ✭✶✳✺✵✮

❡❧ ❣❡♥❡&❛❞♦& ✐♥✜♥✐-❡,✐♠❛❧ ❡, ❳ = x
∂

∂y
− y

∂

∂x
✱ ②❛ C✉❡

ξ(x, y) =
∂x∗

∂ǫ

∣

∣

∣

∣

ǫ=0

= (−x sin ǫ− y cos ǫ)|ǫ=0 = −y

η(x, y) =
∂y∗

∂ǫ

∣

∣

∣

∣

ǫ=0

= (x cos ǫ− y sin ǫ)|ǫ=0 = x

❈♦&&❡,♣♦♥❞✐❡♥-❡♠❡♥-❡

❳r = x
∂r

∂y
− y

∂r

∂x
= 0.

C✉❡ ❞❛ ♣❛,♦ ❛ ❧❛, ,✐❣✉✐❡♥-❡, ❡❝✉❛❝✐♦♥❡, ❞✐❢❡&❡♥❝✐❛❧❡, ❝❛&❛❝-❡&E,-✐❝❛,

dy

dx
= −x

y
∫

ydy = −
∫

xdx

y2

2
= −x2

2
+ C

C = x2 + y2

c =
√

x2 + y2
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♣♦$ ❧♦ &✉❡

r =
√

x2 + y2.

❉❡ ❧❛ +✐❣✉✐❡♥/❡ $❡❧❛❝✐1♥

❳s = x
∂s

∂y
− y

∂s

∂x
= 1.

✉♥❛ +♦❧✉❝✐1♥ ♣❛$/✐❝✉❧❛$ ❡+ s(x, y) = s(y)✱ &✉❡ +❛/✐+❢❛❝❡

x
ds

dy
= 1

❊♥/♦♥❝❡+ ✉♥ ❝❛♥❞✐❞❛/♦ ♣❛$❛ s(x, y) ❡+ ✉♥❛ +♦❧✉❝✐1♥ ❞❡

ds

dy
=

1

x
=

1
√

r2 − y2
∫

ds =

∫

dy
√

r2 − y2

6♦$ ❧♦ /❛♥/♦

s = θ = arcsin
y

r
.

▲❛+ ❝♦♦$❞❡♥❛❞❛+ ❝❛♥1♥✐❝❛+ +♦♥ ❝♦♦$❞❡♥❛❞❛+ ♣♦❧❛$❡+

(r, s) = (r, θ) =
(

√

x2 + y2, arcsin
y

r

)

,

❡♥ /8$♠✐♥♦+ ❞❡ ❧♦+ ❝✉❛❧❡+ ❡❧ ❣$✉♣♦ ❞❡ $♦/❛❝✐♦♥❡+ ✭✶✳✺✵✮ ❡+ ❡①♣$❡+❛❞♦ ❡♥ ❧❛ ❢♦$♠❛

❢❛♠✐❧✐❛$

r∗ = r,

θ∗ = θ + ǫ.

✶✳✽✳ ❚$❛♥'❢♦$♠❛❝✐♦♥❡' ❊①0❡♥❞✐❞❛'

❈♦♥+✐❞❡$❡♠♦+ ♥✉❡✈❛♠❡♥/❡ ❡❧ +✐❣✉✐❡♥/❡ ❣$✉♣♦ ❞❡ ▲✐❡ ❞❡ /$❛♥+❢♦$♠❛❝✐♦♥❡+✿

①

∗ = (x∗, y∗) = ❳(①, ǫ) = (X(x, y; ǫ), Y (x, y; ǫ))

= ❳(x, y, ǫ) = (X(①; ǫ), Y (①; ǫ)).

❙❡❛

yk =
dky

dxk
, k = 1, 2, . . .

❱❛♠♦+ ❛ ❡①/❡♥❞❡$ ❛❧ ❣$✉♣♦ ❛♥/❡$✐♦$ ❛ ✉♥ ❡+♣❛❝✐♦ (x, y, y1, . . . , yk)✱ k = 1, 2, . . . ,
❞❡♠❛♥❞❛♥❞♦ &✉❡ 8+/❡ ♣$❡+❡$✈❡ ❧❛+ ❝♦♥❞✐❝✐♦♥❡+ &✉❡ $❡❧❛❝✐♦♥❡ ❧❛+ ❞✐❢❡$❡♥❝✐❛❧❡+

dx, dy, dy1, dy2, . . .✿

dy = y1dx,
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②

dyk = yk+1dx, k = 1, 2, . . .

❊♥ ♣❛&'✐❝✉❧❛&✱ ❜❛❥♦ ❧❛ ❛❝❝✐0♥ ❞❡❧ ❣&✉♣♦ ❞❡ '&❛♥4❢♦&♠❛❝✐♦♥❡4✱ ❧❛4 ❞❡&✐✈❛❞❛4 '&❛♥4✲

❢♦&♠❛❞❛4 y∗k, k = 1, 2, . . . , ❡4'9♥ ❞❡✜♥✐❞❛4 4✉❝❡4✐✈❛♠❡♥'❡ ♣♦&

dy∗ = y∗1dx
∗,

dy∗k = y∗k+1dx
∗,

❞♦♥❞❡ x∗
❡4'9 ❞❡✜♥✐❞♦ ❝♦♠♦ ❛&&✐❜❛✳ ❊♥'♦♥❝❡4

dy∗ = dY (①, ǫ) =
∂Y

∂x
(①; ǫ)dx+

∂Y

∂y
(①; ǫ)dy,

dx∗ = dX(①, ǫ) =
∂X

∂x
(①; ǫ)dx+

∂X

∂y
(①; ǫ)dy.

❈♦♠♦ ❝♦♥4❡❝✉❡♥❝✐❛✱ ❞❡ ❧❛ ❡❝✉❛❝✐0♥ dy∗ = y∗1dx
∗
❧❧❡❣❛♠♦4 ❛

∂Y

∂x
(①; ǫ)dx+

∂Y

∂y
(①; ǫ)dy = y∗1

[

∂X

∂x
(①; ǫ)dx+

∂X

∂y
(①; ǫ)dy

]

.

❙✉4'✐'✉②❡♥❞♦ dy = y1dx ❡♥ ❧❛ ❡❝✉❛❝✐0♥ ❛♥'❡&✐♦&✱ ✈❡♠♦4 >✉❡

y∗1 = Y1(x, y, y1; ǫ) =

∂Y
∂x

(①; ǫ) + y1
∂Y
∂y

(①; ǫ)
∂X
∂x

(①; ǫ) + y1
∂X
∂y

(①; ǫ)
.

❉❡✜♥✐❝✐'♥ ✶✳✷✼ ❊❧ ♦♣❡.❛❞♦. ❞❡.✐✈❛❞❛ 2♦2❛❧ ❡4'9 ❞❡✜♥✐❞♦ ♣♦&

D

Dx
=

∂

∂x
+ y1

∂

∂y
+ y2

∂

∂y1
+ . . .+ yn+1

∂

∂yn
+ . . . ; ✭✶✳✺✶✮

❞❛❞❛ ✉♥❛ ❢✉♥❝✐0♥ ❞✐❢❡&❡♥❝✐❛❜❧❡ F (x, y, y1, y2, . . . , yl)✱

D

Dx
F (x, y, y1, y2, . . . , yl) = Fx + y1Fy + y2Fy1

+ y3Fy2
+ . . .+ yl+1Fyl

.

❚❡♦.❡♠❛ ✶✳✷✽ ❊❧ ❣&✉♣♦ ❞❡ ▲✐❡ ❞❡ '&❛♥4❢♦&♠❛❝✐♦♥❡4 ✉♥✐♣❛&❛♠D'&✐❝♦ ✭✶✳✸✸✮

4❡ ❡①'✐❡♥❞❡ ❛ 4✉ k✲D4✐♠❛ ❡①'❡♥4✐0♥✱ k ≥ 2✱ ❡❧ ❝✉❛❧ ❡4 ❡❧ 4✐❣✉✐❡♥'❡ ❣&✉♣♦ ❞❡ ▲✐❡

❞❡ '&❛♥4❢♦&♠❛❝✐♦♥❡4 ✉♥✐♣❛&❛♠D'&✐❝♦ ❛❝'✉❛♥❞♦ ❡♥ ❡❧ ❡4♣❛❝✐♦ (x, y, y1, . . . , yk)✿

x∗ = X(x, y; ǫ),

y∗ = Y (x, y; ǫ),

✳

✳

✳

y∗i = Yi(x, y, y1, . . . , yi; ǫ) =
DYi−1

Dx
DX(x,y;ǫ)

Dx

, i = 1, 2, . . . , k, ✭✶✳✺✷✮
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❞♦♥❞❡

Y0 = Y (x, y; ǫ).

❉❡♠♦$%&❛❝✐*♥

▲❛ ♣)✉❡❜❛ ,❡ ❤❛). ♣♦) ✐♥❞✉❝❝✐1♥ ,♦❜)❡ i✳

3)♦❜❡♠♦, ❧❛ ❜❛,❡ ✐♥❞✉❝6✐✈❛ ✭i = 1✮✳

❊, ,✉✜❝✐❡♥6❡ ♣)♦❜❛) <✉❡ ❧❛ ♣)♦♣✐❡❞❛❞ ❞❡ ❝❡))❛❞✉)❛ ,❡ ♣)❡,❡)✈❛ ❡♥ ❧❛ ♣)✐♠❡)❛

❡①6❡♥,✐1♥ ❞❡❧ ❣)✉♣♦ ✭✶✳✸✸✮ ❛❧ ❡,♣❛❝✐♦ (x, y, y1)✳ ▲❛, ❞❡♠., ♣)♦♣✐❡❞❛❞❡, ❞❡ ✉♥

❣)✉♣♦ ❞❡ ▲✐❡ ❞❡ 6)❛♥,❢♦)♠❛❝✐♦♥❡, ✉♥✐♣❛)❛♠A6)✐❝♦ ,❡ ,✐❣✉❡♥ ✐♥♠❡❞✐❛6❛♠❡♥6❡ ❞❡

❧❛ ❝❡))❛❞✉)❛ ♣❛)❛ ❧❛ ♣)✐♠❡)❛ ❡①6❡♥,✐1♥✳

❙✐ φ(ǫ, δ) ❞❡✜♥❡ ❧❛ ❧❡② ❞❡ ❝♦♠♣♦,✐❝✐1♥ ❞❡ ❧♦, ♣❛).♠❡6)♦, ǫ ② δ✳ ❙✉♣♦♥❣❛♠♦, <✉❡

①

∗∗ = ❳(①∗; δ)✳ ❊♥6♦♥❝❡, ❞❡ ❧❛ ♣)♦♣✐❡❞❛❞ ❞❡ ❝❡))❛❞✉)❛ ❞❡❧ ❣)✉♣♦ ✭✶✳✸✸✮✱ ,❡ ,✐❣✉❡

<✉❡ ①

∗∗ = ❳(①;φ(ǫ, δ))✳ 3❡)♦ y∗∗1 ,❛6✐,❢❛❝❡ dy∗∗ = y∗∗1 dx∗∗
✳ ❈♦♠♦ ❝♦♥,❡❝✉❡♥❝✐❛

y∗∗1 = Y1(x, y, y1;φ(ǫ, δ)) =

∂Y
∂x

(①;φ(ǫ, δ)) + y1
∂Y
∂y

(①;φ(ǫ, δ))
∂X
∂x

(①;φ(ǫ, δ)) + y1
∂X
∂y

(①;φ(ǫ, δ))
=

DY (x, y;φ(ǫ, δ))

Dx
DX(x, y;φ(ǫ, δ))

Dx

.

❍✐♣16❡,✐, ❞❡ ✐♥❞✉❝❝✐1♥ ✭i = k✮

▲❛ k✲❡,✐♠❛ ❡①6❡♥,H♦♥ ❞❡❧ ❣)✉♣♦ ✭✶✳✸✸✮✱ ①

∗ = (x∗, y∗, y∗1 , . . . , y
∗
k) ❡, ✉♥ ❣)✉♣♦

❞❡ ▲✐❡ ❞❡ 6)❛♥,❢♦)♠❛❝✐♦♥❡, ✉♥✐♣❛)❛♠A6)✐❝♦✳

3♦) ❞❡♠♦,6)❛) ♣❛)❛ i = k + 1✳

◆✉❡✈❛♠❡♥6❡ ,1❧♦ ♣)♦❜❛)❡♠♦, ❧❛ ♣)♦♣✐❡❞❛❞ ❞❡ ❝❡))❛❞✉)❛ ♣❛)❛ ❧❛ (k+1)✲A,✐♠❛

❡①6❡♥,✐1♥ ❞❡❧ ❣)✉♣♦ ✭✶✳✸✸✮ ♦ ❞✐❝❤♦ ❞❡ ♦6)❛ ♠❛♥❡)❛ ♣❛)❛ ❧❛ ♣)✐♠❡)❛ ❡①6❡♥,✐1♥ ❞❡❧

❣)✉♣♦ ①

∗ = (x∗, y∗, y∗1 , . . . , y
∗
k)✱ ❞❡❜✐❞♦ ❛ <✉❡ ❧❛, ❞❡♠., ♣)♦♣✐❡❞❛❞❡, ❞❡❧ ❣)✉♣♦

,❡ ,✐❣✉❡♥ ❞❡ A,6❛✳

❚♦♠❛♠♦, ♥✉❡✈❛♠❡♥6❡ ❛ φ(ǫ, δ) ❝♦♠♦ ❧❛ ❧❡② ❞❡ ❝♦♠♣♦,✐❝✐1♥ ❞❡ ♣❛).♠❡6)♦, ǫ ② δ✱ ②
①

∗∗ = ❳(①∗; δ)✳ ❨ ❞❡ ❧❛ ♣)♦♣✐❡❞❛❞ ❞❡ ❝❡))❛❞✉)❛ ❞❡❧ ❣)✉♣♦ ①

∗ = (x∗, y∗, y∗1 , . . . , y
∗
k)✱

,❡ ,✐❣✉❡ <✉❡ ①

∗∗ = ❳(①, φ(ǫ, δ))✳
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"♦$ %❧'✐♠♦✱ '❡♥❡♠♦- .✉❡ dy∗∗k = y∗∗k+1dx
∗∗

② .✉❡ dyk = yk+1dx✱ ♣♦$ ❧♦ .✉❡

y∗∗k+1 = Yk+1(x, y, . . . , yk+1;φ(ǫ, δ)) =
dy∗∗k
dx∗∗

=
dYk(x, y, . . . , yk;φ(ǫ, δ))

dX(x, y;φ(ǫ, δ))

=

∂Yk

∂x
dx+ ∂Yk

∂y
dy + ∂Yk

∂y1
dy1 + . . .+ ∂Yk

∂yk
dyk

∂X
∂x

dx+ ∂X
∂y

dy

=

∂Yk

∂x
dx+ ∂Yk

∂y
y1dx+ ∂Yk

∂y1
y2dx+ . . .+ ∂Yk

∂yk
yk+1dx

∂X
∂x

dx+ ∂X
∂y

y1dx

=

[

∂Yk

∂x
+ y1

∂Yk

∂y
+ y2

∂Yk

∂y1
+ . . .+ yk+1

∂Yk

∂yk

]

dx
[

∂X
∂x

+ y1
∂X
∂y

]

dx

=

DYk(x, y, y1, . . . , yk;φ(ǫ, δ))

Dx
DX(x, y;φ(ǫ, δ))

Dx

. �

❉❡✜♥✐❝✐&♥ ✶✳✷✾ ▲❛ ❦✲-.✐♠❛ ❡①2❡♥.✐&♥ ❞❡ ✭✶✳✸✸✮ ❡-'9 ❞❛❞❛ ♣♦$

x∗ = X(x, y; ǫ) = x+ ǫξ(x, y) +O(ǫ2),

y∗ = Y (x, y; ǫ) = y + ǫη(x, y) +O(ǫ2),

y∗1 = Y1(x, y, y1; ǫ) = y1 + ǫη(1)(x, y, y1) +O(ǫ2),

✳

✳

✳

y∗k = Yk(x, y, y1, . . . , yk; ǫ) = yk + ǫη(k)(x, y, y1, . . . , yk) +O(ǫ2), ✭✶✳✺✸✮

'✐❡♥❡ ❝♦♠♦ -✉ ✐♥✜♥✐'❡-✐♠❛❧ k✲=-✐♠♦ ❡①'❡♥❞✐❞♦

(ξ(x, y), η(x, y), η(1)(x, y, y1), . . . , η
(k)(x, y, y1, . . . , yk)), ✭✶✳✺✹✮

❝♦♥ ❝♦$$❡-♣♦♥❞✐❡♥'❡ ❣❡♥❡$❛❞♦$ ✐♥✜♥✐'❡-✐♠❛❧ k✲=-✐♠♦ ❡①'❡♥❞✐❞♦

❳

(k) = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
+ η(1)(x, y, y1)

∂

∂y1
+ . . .

+η(k)(x, y, y1, . . . , yk)
∂

∂yk
, k = 1, 2, . . . ✭✶✳✺✺✮

❚❡♦6❡♠❛ ✶✳✸✵ ❊❧ ✐♥✜♥✐2❡.✐♠❛❧ ❦✲-.✐♠♦ ❡①2❡♥❞✐❞♦ ❡-'9 ❞❛❞♦ ♣♦$

η(k)(x, y, y1, . . . , yk) =
Dηk−1

Dx
− yk

Dξ(x, y)

Dx
, k = 1, 2, . . . , ✭✶✳✺✻✮

❞♦♥❞❡

η(0) = η(x, y).
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❉❡♠♦$%&❛❝✐*♥

❉❡ ✭✶✳✺✷✮✱ ✭✶✳✺✸✮ ② ✭✶✳✺✶✮✱ ,❡♥❡♠♦0 1✉❡

Yk(x, y, y1, . . . , yk; ǫ) =
DYk−1

Dx
DX(x,y;ǫ)

Dx

=

D[yk−1+ǫη(k−1)+O(ǫ2)]
Dx

D[x+ǫξ(x,y)+O(ǫ2)]
Dx

=

[

yk + ǫDη(k−1)

Dx

]

[

1 + ǫDξ(x,y)
Dx

] +O(ǫ2)

= yk + ǫ

[

Dη(k−1)

Dx
− yk

Dξ(x, y)

Dx

]

+O(ǫ2)

= yk + ǫη(k) +O(ǫ2),

❧♦ 1✉❡ ♥♦0 ❧❧❡✈❛ ❛ ✭✶✳✺✻✮✳ �

❙✐❣✉✐❡♥❞♦ ❝♦♥ ❧♦0 ❛♥,❡;✐♦;❡0 ❡❥❡♠♣❧♦0✿

✭✶✮ ❯♥ ●&✉♣♦ ❞❡ ❚&❛.❧❛❝✐♦♥❡.

?❛;❛ ❡❧ ❣;✉♣♦ ❞❡ ,;❛0❧❛❝✐♦♥❡0

x∗ = X = x+ ǫ,

y∗ = Y = y,

,❡♥❡♠♦0 1✉❡

y∗1 =

(

dy

dx

)∗
=

dy∗

dx∗ = Y1 =
y1

∂Y
∂y

∂X
∂x

= y1

(

1

1

)

= y1,

② ❡♥ ❣❡♥❡;❛❧

y∗k =

(

dky

dxk

)∗
=

dky∗

dx∗k
= Yk =

yk
∂Yk−1

∂yk−1

∂X
∂x

= yk
∂Yk−1

∂yk−1

= yk





∂
(

yk−1
∂Yk−2

∂yk−2

)

∂yk−1



 = yk
∂Yk−2

∂yk−2
= . . . = yk

∂Y

∂y

= yk, k = 1, 2, . . . .
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❊♥$♦♥❝❡( ❧❛ k✲,(✐♠❛ ❡①$❡♥(✐0♥ ❞❡ ,($❡ ❣3✉♣♦ ❞❡ $3❛(❧❛❝✐♦♥❡( ❡($6 ❞❛❞♦ ♣♦3

x∗ = x+ ǫ,

y∗ = y,

y∗i = yi, i = 1, 2, . . . , k.

❉❡ ❧❛ ❢03♠✉❧❛ ✭✶✳✺✸✮ ② ❧❛ ✐❣✉❛❧❞❛❞ ❛♥$❡3✐♦3 $❡♥❡♠♦( ?✉❡

y∗k = yk + ǫη(k) +O(ǫ2)

= yk.

@♦3 ❧♦ ?✉❡ ❧❧❡❣❛♠♦( ❛ ǫη(k) = 0✳ ❈♦♥❝❧✉✐♠♦( ?✉❡ η(k) = 0, k = 1, 2, . . . ✳

❚❛♠❜✐,♥ ♣♦3 ❡❧ ❚❡♦3❡♠❛ ✶✳✸✵ ② ❞❛❞♦ ?✉❡ (ξ, η) = (1, 0)✱ ♦❜$❡♥❡♠♦(

η(k) = yk
∂η(k−1)

∂yk−1
= yk





∂
(

yk−1
∂η(k−2)

∂yk−2

)

∂yk−1





= yk
∂η(k−2)

∂yk−2
= . . . = yk

∂η

∂y
= yk(0)

= 0

✭✷✮ ❯♥ ●&✉♣♦ ❞❡ ❍♦♠♦.❡❝✐❛2

@❛3❛ ❡❧ ❣3✉♣♦ ❞❡ ❤♦♠♦$❡❝✐❛(

x∗ = X = eǫx,

y∗ = Y = e2ǫy,

$❡♥❡♠♦( ?✉❡

y∗1 =

(

dy

dx

)∗
=

dy∗

dx∗ = Y1 =
y1

∂Y
∂y

∂X
∂x

= y1
e2ǫ

eǫ
= eǫy1,

② ❡♥ ❣❡♥❡3❛❧

y∗k =

(

dky

dxk

)∗
=

dky∗

dx∗k
= Yk =

yk
∂Yk−1

∂yk−1

∂X
∂x

=
yk
eǫ

∂Yk−1

∂yk−1

=
yk
eǫeǫ





∂
(

yk−1
∂Yk−2

∂yk−2

)

∂yk−1



 =
yk
e2ǫ

∂Yk−2

∂yk−2
= . . . =

yk
ekǫ

∂Y

∂y

=
yke

2ǫ

ekǫ
= e(2−k)ǫyk, k = 1, 2, . . . .
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❆#✉% ❧❛ k✲)*✐♠❛ ❡①/❡♥*✐1♥ ❞❡ )*/❡ ❣4✉♣♦ ❞❡ ❤♦♠♦/❡❝✐❛* ❡*/9 ❞❛❞♦ ♣♦4

x∗ = eǫx,

y∗ = e2ǫy,

y∗i = e(2−i)ǫyi, i = 1, 2, . . . , k.

❉❡ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥/❡4✐♦4 *❡ *✐❣✉❡ ✐♥♠❡❞✐❛/❛♠❡♥/❡ #✉❡

y∗k = yk + ǫη(k) +O(ǫ2)

e(2−k)ǫyk = yk + ǫη(k) +O(ǫ2)

yk

(

e(2−k)ǫ − 1
)

= ǫη(k) +O(ǫ2)

❯*❛♥❞♦ ❧❛ ❘❡❣❧❛ ❞❡ ▲✬❍@♣✐/❛❧ ♥♦* #✉❡❞❛

ĺım
ǫ→0

yk(2− k)e(2−k)ǫ = ĺım
ǫ→0

yk

(

e(2−k)ǫ − 1

ǫ

)

= ĺım
ǫ→0

η(k)

A♦4 ❧♦ /❛♥/♦

η(k) = (2− k)yk, k = 1, 2, . . . .

❯*❛♥❞♦ ❡❧ ❚❡♦4❡♠❛ ✶✳✸✵ ❝♦♥ (ξ, η) = (x, 2y)✱ ♥♦* ❞❛

η(k) = yk
∂η(k−1)

∂yk−1
− yk = yk

(

∂η(k−1)

∂yk−1
− 1

)

= yk





∂
(

yk−1
∂η(k−2)

∂yk−2
− yk−1

)

∂yk−1
− 1





= yk

(

∂η(k−2)

∂yk−2
− 2

)

= . . . = yk

(

∂η

∂y
− k

)

= yk(2− k)



❈❛♣#$✉❧♦ ✷

■♥✈❛$✐❛♥③❛ ❞❡ ✉♥❛ ❊❉❖ ②

❛♣❧✐❝❛❝✐♦♥❡2

●!❛❝✐❛% ❛ ❧❛ ♣!♦❧♦♥❣❛❝✐+♥ ❞❡❧ ❣❡♥❡!❛❞♦! ✐♥✜♥✐/❡%✐♠❛❧ ♣♦❞❡♠♦% ❝❛!❛❝/❡!✐③❛!

❝✉❛♥❞♦ ✉♥❛ ❊❉❖ ❡% ❛❞♠✐/✐❞❛ ♣♦! ✉♥ ❣!✉♣♦✳ ❊%/❡ !❡%✉❧/❛❞♦ ❡% ❝♦♥♦❝✐❞♦ ❝♦♠♦

❡❧ ❈!✐/❡!✐♦ ■♥✜♥✐/❡%✐♠❛❧ ♣❛!❛ ❧❛ ■♥✈❛!✐❛♥③❛ ❞❡ ✉♥❛ ❊❉❖ ② ♥♦% %✐!✈❡✱ ❡♥/!❡ ♦/!❛%

❝♦%❛%✱ ♣❛!❛ ❡♥❝♦♥/!❛! ❧♦% ✐♥✜♥✐/❡%✐♠❛❧❡% (ξ(x, y), η(x, y)) ❛❞♠✐/✐❞♦% ♣♦! ❧❛ ❊❉❖
yn = f(x, y, y1, . . . , yn−1) !❡%♦❧✈✐❡♥❞♦ ✉♥ %✐%/❡♠❛ ❞❡ ❊❉<✬% ❧✐♥❡❛❧❡% ❤♦♠♦❣?♥❡❛%
❞❡♥♦♠✐♥❛❞♦ ❡❝✉❛❝✐♦♥❡' ❞❡)❡*♠✐♥❛♥)❡'✳

❆❞❡♠A% ❞❡ ?%/♦✱ ❡❧ ❝!✐/❡!✐♦ ♥♦% ❞✐❝❡ B✉❡ /♦❞❛ ❊❉❖ ♣✉❡❞❡ %❡! !❡❞✉❝✐❞❛ ❛

♦!❞❡♥ ✉♥♦ ♠❡❞✐❛♥/❡ ♠?/♦❞♦% ❝♦♥%/!✉❝/✐✈♦%✳

❆❧ ❡%/✉❞✐❛! ❧❛% ❊❉❖✬% ❞❡ ♣!✐♠❡! ♦!❞❡♥ %❡ ♠✉❡%/!❛ B✉❡ ♣♦❞❡♠♦% ❡♥❝♦♥/!❛!

❧❛ %♦❧✉❝✐+♥ ❣❡♥❡!❛❧ ❞❡ ?%/❛% ❞❡%❞❡ ❡❧ ✐♥✜♥✐/❡%✐♠❛❧ ❞❡ ✉♥ ❣!✉♣♦ ❛❞♠✐/✐❞♦✱ ②❛ %❡❛

♠❡❞✐❛♥/❡ ❡❧ ✉%♦ ❞❡ ❧❛% ❝♦♦!❞❡♥❛❞❛% ❝❛♥+♥✐❝❛% ❛❞❡❝✉❛❞❛% ♦ ❞❡/❡!♠✐♥❛♥❞♦ ✉♥

❢❛❝/♦! ✐♥/❡❣!❛♥/❡ %✐♥ ❤❛❝❡! ✉%♦ ❞❡ ❛❧❣✉♥❛ %♦❧✉❝✐+♥ ♣❛!/✐❝✉❧❛! ❞❡ ❧❛% ♠✐%♠❛%✳

✷✳✶✳ ■♥✈❛'✐❛♥③❛ ❞❡ ✉♥❛ ❊❝✉❛❝✐/♥ ❉✐❢❡'❡♥❝✐❛❧ ❖'✲

❞✐♥❛'✐❛

❉❡✜♥✐❝✐&♥ ✷✳✶ ❊❧ ❣!✉♣♦ ❞❡ ▲✐❡ ❞❡ /!❛♥%❢♦!♠❛❝✐♦♥❡% ✉♥✐♣❛!❛♠?/!✐❝♦ ✭ǫ✮

x∗ = X(x, y; ǫ) = x+ ǫξ(x, y) +O(ǫ2),

y∗ = Y (x, y; ǫ) = y + ǫη(x, y) +O(ǫ2), (⋆)

❡% ❛❞♠✐/✐❞♦ ♣♦! ❧❛ ❊❉❖ ❞❡ ♦!❞❡♥ ♥

y
n
= f(x, y, y1, . . . , yn−1), ✭✷✳✶✮

✸✾
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❞♦♥❞❡

yk =
dky

dxk
, k = 1, 2, . . . , n.

&✐ &✉ n✲*&✐♠❛ ❡①.❡♥&✐/♥✱ ❞❡✜♥✐❞❛ ♣♦3 ✭⋆✮ ② ✭✶✳✺✸✮ ♣❛3❛ k = n✱ ❞❡❥❛ ✐♥✈❛3✐❛♥.❡ ❛

❧❛ &✉♣❡3✜❝✐❡ ❞❡✜♥✐❞❛ ♣♦3 ✭✷✳✶✮✳

▲❛ ✐♥✈❛3✐❛♥③❛ ❞❡ ❧❛ &✉♣❡3✜❝✐❡ ✭✷✳✶✮ ❜❛❥♦ ❧❛ n✲*&✐♠❛ ❡①.❡♥&✐/♥ ❞❡ ✭⋆✮ &✐❣♥✐✜❝❛
D✉❡ .♦❞❛ ❝✉3✈❛ &♦❧✉❝✐/♥ y = Θ(x) ❞❡ ❡&.❛ &❡ .3❛♥&❢♦3♠❛ ❡♥ ❛❧❣✉♥❛ ♦.3❛ ❝✉3✈❛

&♦❧✉❝✐/♥ y = φ(x; ǫ) ❞❡ ❧❛ ♠✐&♠❛ ❜❛❥♦ ❧❛ ❛❝❝✐/♥ ❞❡ ❞✐❝❤♦ ❣3✉♣♦✳ ❆❞❡♠H&✱ &✐ ✉♥❛

.3❛♥&❢♦3♠❛❝✐/♥ ✭⋆✮ ❝♦♥✈✐❡3.❡ ❝✉❛❧D✉✐❡3 ❝✉3✈❛ &♦❧✉❝✐/♥ y = Θ(x) ❞❡ ✭✷✳✶✮ ❡♥ ♦.3❛

❝✉3✈❛ &♦❧✉❝✐/♥ y = φ(x; ǫ)✱ ❡♥.♦♥❝❡& ❧❛ &✉♣❡3✜❝✐❡ ❡& ✐♥✈❛3✐❛♥.❡ ❜❛❥♦ ✭⋆✮ ❝♦♥

yk =
∂kφ(x; ǫ)

∂xk
, k = 1, 2, . . . , n.

❯♥❛ ❝✉3✈❛ &♦❧✉❝✐/♥ y = Θ(x) ❞❡ ✭✷✳✶✮ &❛.✐&❢❛❝❡ Θ(n)(x) = f(x,Θ(x),Θ′(x),
. . . ,Θ(n−1)(x)) ② ♣♦3 ❧♦ .❛♥.♦ &❡ ❡♥❝✉❡♥.3❛ ❡♥ ❧❛ &✉♣❡3✜❝✐❡ ✭✷✳✶✮ ❝♦♥

y = Θ(x), yk = Θ(k)(x), k = 1, 2, . . . , n✳

❙❡ &✐❣✉❡ ✐♥♠❡❞✐❛.❛♠❡♥.❡ D✉❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ .♦❞❛& ❧❛& ❝✉3✈❛& &♦❧✉❝✐/♥ ❞❡ ✭✷✳✶✮

❡& ✐♥✈❛3✐❛♥.❡ ❜❛❥♦ ✭⋆✮ &✐ ② &/❧♦ &✐ ❞✐❝❤❛ ❊❉❖ ❛❞♠✐.❡ ❡❧ ❣3✉♣♦ ✭⋆✮✳

❚❡♦#❡♠❛ ✷✳✷ ✭❈3✐.❡3✐♦ ■♥✜♥✐.❡&✐♠❛❧ ♣❛3❛ ❧❛ ■♥✈❛3✐❛♥③❛ ❞❡ ✉♥❛ ❊❉❖✮✳ ❙❡❛

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
(⋆⋆)

❡❧ ❣❡♥❡3❛❞♦3 ✐♥✜♥✐.❡&✐♠❛❧ ❞❡ ✭⋆✮✳ ❙❡❛ ✭✶✳✺✺✮ ❝♦♥ k = n ❡❧ ❣❡♥❡3❛❞♦3 ✐♥✜♥✐.❡&✐♠❛❧

n✲*&✐♠♦ ❡①.❡♥❞✐❞♦ ❞❡ ✭⋆⋆✮ ❝✉❛♥❞♦ η(k)(x, y, y1, . . . , yk) ❡&.H ❞❛❞♦ ♣♦3 ✭✶✳✺✻✮ ❡♥

.*3♠✐♥♦& ❞❡ (ξ(x, y), η(x, y)) ♣❛3❛ k = 1, 2, . . . , n✳ ❊♥.♦♥❝❡& ✭⋆✮ ❡& ❛❞♠✐.✐❞❛ ♣♦3

✭✷✳✶✮ &✐ ② &/❧♦ &✐

❳

(n)(yn − f(x, y, y1, . . . , yn−1)) = 0,

❡& ❞❡❝✐3

η(n)(x, y, y1, . . . , yn) = ❳
(n−1)f(x, y, y1, . . . , yn−1) = 0 ✭✷✳✷✮

❝✉❛♥❞♦ yn = f(x, y, y1, . . . , yn−1)✳

❉❡♠♦$%&❛❝✐*♥

❙❡ &✐❣✉❡ ❞✐3❡❝.❛♠❡♥.❡ ❞❡ ❧❛ ❉❡✜♥✐❝✐/♥ ✷✳✶ ② ❞❡❧ ❚❡♦3❡♠❛ ✶✳✶✹ ✭✐✮ ❛♣❧✐❝❛❞♦ ❛

❧❛ n✲*&✐♠❛ ❡①.❡♥&✐/♥ ❞❡❧ ❣3✉♣♦ ✭⋆✮✳ �

❉❡ ♠❛♥❡3❛ ♠H& ❣❡♥❡3❛❧✱ ✉♥❛ ❊❉❖ F (x, y, y1, . . . , yn) = 0 ❛❞♠✐.❡ ✭⋆✮ ❝♦♥

❣❡♥❡3❛❞♦3 ✐♥✜♥✐.❡&✐♠❛❧ ✭⋆⋆✮ &✐ ② &/❧♦ &✐

❳

(n)F (x, y, y1, . . . , yn) = 0 cuando F (x, y, y1, . . . , yn) = 0. ✭✷✳✸✮
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❆❧❣✉♥♦& ❊❥❡♠♣❧♦& ❞❡❧ ❈.✐0❡.✐♦ ■♥✜♥✐0❡&✐♠❛❧ ♣❛.❛ ❧❛ ■♥✈❛.✐❛♥③❛ ❞❡

✉♥❛ ❊❉❖

✭✶✮ ●$✉♣♦ ❞❡ ❚$❛,❧❛❝✐♦♥❡,

▲❛ $♦❧✉❝✐*♥ ❣❡♥❡.❛❧ ❞❡ ❧❛ ❊❉❖ ❞❡ ♣.✐♠❡. ♦.❞❡♥

y1 = F (x) ✭✷✳✹✮

❡$

y =

∫

F (x)dx+ C ✭✷✳✺✮

❖❜$❡.✈❛♠♦$ <✉❡ ❡❧ ❧❛❞♦ ❞❡.❡❝❤♦ ❞❡ ✭✷✳✹✮ ♥♦ ❞❡♣❡♥❞❡ ❞❡ y✳ ❊♥ ♣❛.>✐❝✉❧❛. ❡❧ ❣.✉♣♦

❞❡ ▲✐❡ ❞❡ >.❛$❧❛❝✐♦♥❡$ ✉♥✐♣❛.❛♠?>.✐❝♦ (ǫ)

x∗ = x, ✭✷✳✻✮

y∗ = y + ǫ, ✭✷✳✼✮

❡$ ❛❞♠✐>✐❞♦ ♣♦. ✭✷✳✹✮ ②❛ <✉❡ ❜❛❥♦ ✭✷✳✻✮✱✭✷✳✼✮✱ >❡♥❡♠♦$ <✉❡

y∗1 =
dy∗

dx∗ =
dy

dx
= y1 y F (x∗) = F (x), ✭✷✳✽✮

❆$G <✉❡ ❜❛❥♦ ✭✷✳✻✮✱✭✷✳✼✮ ❧❛ $✉♣❡.✜❝✐❡ y1 = F (x) ❡$ ✐♥✈❛.✐❛♥>❡ ❡♥ ❡❧ ❡$♣❛❝✐♦

(x, y, y1)✳
❆❞❡♠I$ ❡$ ❢I❝✐❧ ✈❡. <✉❡ ❧❛ ❊❉❖

dy

dx
= f(x, y)

❡$ ✐♥✈❛.✐❛♥>❡ ❜❛❥♦ ✭✷✳✻✮✱✭✷✳✼✮ $✐ ② $*❧♦ $✐ ♣❛.❛ ❝✉❛❧<✉✐❡. ✈❛❧♦. ❞❡❧ ♣❛.I♠❡>.♦ ǫ

f(x∗, y∗) ≡ f(x, y + ǫ) ≡ f(x, y),

❡$ ❞❡❝✐.✱ f(x, y) ❡$ ✐♥❞❡♣❡♥❞✐❡♥>❡ ❞❡ y ♦✱ ❡<✉✐✈❛❧❡♥>❡♠❡♥>❡✱ f(x, y) ≡ F (x) ♣❛.❛
❛❧❣✉♥❛ ❢✉♥❝✐*♥ F (x)✳ K♦. ❧♦ >❛♥>♦ ❧❛ .❡❞✉❝❝✐*♥ ❞❡ ✭✷✳✹✮ ❛ ✭✷✳✺✮ ❡$ ❡<✉✐✈❛❧❡♥>❡ ❛

❧❛ ✐♥✈❛.✐❛♥③❛ ❞❡ ✭✷✳✹✮ ❜❛❥♦ ✭✷✳✻✮✱✭✷✳✼✮✳

❇❛❥♦ ❧❛ ❛❝❝✐*♥ ❞❡ ✭✷✳✻✮✱✭✷✳✼✮ ✉♥❛ ❝✉.✈❛ $♦❧✉❝✐*♥ y = Θ(x) ❞❡ ✭✷✳✹✮ $❡ >.❛♥$❢♦.✲
♠❛ ❡♥ ✉♥❛ ❝✉.✈❛ y∗ = Θ(x∗) ❧❛ ❝✉❛❧ ❝♦..❡$♣♦♥❞❡ ❛ ❧❛ ❝✉.✈❛ $♦❧✉❝✐*♥ y = Θ(x)−ǫ
❞❡ ✭✷✳✹✮✳

K♦. ❧♦ >❛♥>♦✱ ❞❡ ❧❛ ✐♥✈❛.✐❛♥③❛ ❞❡ ✭✷✳✹✮ ❜❛❥♦ ✭✷✳✻✮✱✭✷✳✼✮ ✈❡♠♦$ <✉❡ $✐ y = Θ(x)
❡$ ✉♥❛ $♦❧✉❝✐*♥ ♣❛.>✐❝✉❧❛. ❞❡ ✭✷✳✹✮ ❡♥>♦♥❝❡$ y = Θ(x)+C ❡$ ❧❛ $♦❧✉❝✐*♥ ❣❡♥❡.❛❧

❞❡ ❧❛ ♠✐$♠❛ ❊❉❖ ♣❛.❛ ✉♥❛ ❝♦♥$>❛♥>❡ ❛.❜✐>.❛.✐❛ C✳
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✭✷✮ ●$✉♣♦ ❞❡ ❍♦♠♦,❡❝✐❛0

▲❛ ❊❉❖ ❞❡ ♣*✐♠❡* ♦*❞❡♥

y1 = F
(y

x

)

, ✭✷✳✾✮

❝♦♠✉♥♠❡♥+❡ ❧❧❛♠❛❞❛ ✉♥❛ ❡❝✉❛❝✐%♥ ❤♦♠♦❣+♥❡❛✱ ❛❞♠✐+❡ ❡❧ ❣2✉♣♦ ❞❡ ▲✐❡ ❞❡ ❤♦✲

♠♦+❡❝✐❛7 ✉♥✐♣❛2❛♠8+2✐❝♦ (α)

x∗ = αx, ✭✷✳✶✵✮

y∗ = αy, ✭✷✳✶✶✮

❞❡❜✐❞♦ ❛ <✉❡

y∗1 =
dy∗

dx∗ =
αdy

αdx
= y1, y F

(

y∗

x∗

)

= F
(y

x

)

.

❇❛❥♦ ❧❛ ❛❝❝✐?♥ ❞❡ ✭✷✳✶✵✮✱✭✷✳✶✶✮ ✉♥❛ ❝✉2✈❛ 7♦❧✉❝✐?♥ y = Θ(x) ❞❡ ✭✷✳✾✮ 7❡ +2❛♥7✲

❢♦2♠❛ ❡♥ ✉♥❛ ❝✉2✈❛ y∗ = Θ(x∗) ❧❛ ❝✉❛❧ ❝♦22❡7♣♦♥❞❡ ❛ ❧❛ ❝✉2✈❛ 7♦❧✉❝✐?♥

y =
1

α
Θ(αx)

❞❡ ✭✷✳✾✮✳ ❙❡ 7✐❣✉❡ <✉❡ 7✐ y = Θ(x) ❡7 ✉♥❛ 7♦❧✉❝✐?♥ ♣❛2+✐❝✉❧❛2 ❞❡ ✭✷✳✾✮✱ ② ❧❛ ❝✉2✈❛

y−Θ(x) = 0 ♥♦ ❡7 ✉♥❛ ❝✉2✈❛ ✐♥✈❛2✐❛♥+❡ ❜❛❥♦ ✭✷✳✶✵✮✱✭✷✳✶✶✮ ✭❡7 ❞❡❝✐2✱ Θ(x) 6= λx
♣❛2❛ ❛❧❣✉♥❛ ❝♦♥7+❛♥+❡ ✜❥❛ λ✮✱ ❡♥+♦♥❝❡7

y =
1

C
Θ(Cx)
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❡# ❧❛ #♦❧✉❝✐*♥ ❣❡♥❡-❛❧ ❞❡ ✭✷✳✾✮ ♣❛-❛ ✉♥❛ ❝♦♥#5❛♥5❡ ❛-❜✐5-❛-✐❛ C✳

❊❧ ❣❡♥❡-❛❞♦- ✐♥✜♥✐5❡#✐♠❛❧ ♣❛-❛ ✭✷✳✶✵✮✱✭✷✳✶✶✮ ❡# ❳ = x
∂

∂x
+ y

∂

∂y
✳ ▲❛ ❝♦♦-❞❡✲

♥❛❞❛ ❝❛♥*♥✐❝❛ r(x, y) #❛5✐#❢❛❝❡

❳r = x
∂r

∂x
+ y

∂r

∂y
= 0.

▲❛ ❝♦--❡#♣♦♥❞✐❡♥5❡# ❡❝✉❛❝✐♦♥❡# ❞✐❢❡-❡♥❝✐❛❧❡# ❝❛-❛❝5❡-@#5✐❝❛# #❡ -❡❞✉❝❡♥ ❛

dy

dx
=

y

x

▲♦ A✉❡ ♥♦# ❧❧❡✈❛ ❛

∫

dy

y
=

∫

dx

x

log y = log x+ C

y = Cx

C♦- ❡❧❧♦

r(x, y) =
y

x
= constante.

▲❛ ❝♦♦-❞❡♥❛❞❛ ❝❛♥*♥✐❝❛ s(x, y) #❛5✐#❢❛❝❡

❳s = x
∂s

∂x
+ y

∂s

∂y
= 1.

❯♥❛ #♦❧✉❝✐*♥ ♣❛-5✐❝✉❧❛- ❞❡ ❧❛ ❡❝✉❛❝✐*♥ ❛♥5❡-✐♦- ❡# s(x, y) = s(y) ❧❛ ❝✉❛❧ #❛5✐#❢❛❝❡

ds

dy
=

1

y
.

C♦- ❧♦ 5❛♥5♦

∫

ds =

∫

dy

y

s(x, y) = log y

❆#@✱ ❧❛ -❡❞✉❝❝✐*♥ ❞❡ ♦-❞❡♥ ❞❡ ✭✷✳✾✮ ❞❡#❞❡ ❧❛ ✐♥✈❛-✐❛♥③❛ ❜❛❥♦ ✭✷✳✶✵✮✱✭✷✳✶✶✮ #❡

-❡❛❧✐③❛ ❡#❝♦❣✐❡♥❞♦ ❧❛# ❝♦♦-❞❡♥❛❞❛# ❝❛♥*♥✐❝❛# ✭❈❛♣@5✉❧♦ ✶✳✼✮

r =
y

x
, ✭✷✳✶✷✮

s = log y, ✭✷✳✶✸✮

❝♦♠♦ ♥✉❡✈❛# ❝♦♦-❞❡♥❛❞❛#✳ ❊♥5♦♥❝❡# ❧❛ ❊❉❖ ✭✷✳✾✮ ❡# ✐♥✈❛-✐❛♥5❡ ❜❛❥♦ ❡❧ ❣-✉♣♦

❞❡ ▲✐❡ ❞❡ 5-❛♥#❢♦-♠❛❝✐♦♥❡# ✉♥✐♣❛-❛♠L5-✐❝♦ (ǫ)

r∗ = r,

s∗ = s+ ǫ.
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!♦# ❧♦ %❛♥%♦ (❡ (✐❣✉❡ ❞❡(❞❡ ❡❧ ♣#✐♠❡# ❡❥❡♠♣❧♦ 1✉❡ ❡♥ %2#♠✐♥♦( ❞❡ ❧❛( ❝♦♦#❞❡♥❛❞❛(

❝❛♥4♥✐❝❛( ✭✷✳✶✷✮✱✭✷✳✶✸✮ ❧❛ ❊❉❖ ✭✷✳✾✮ ❞❡❜❡ (❡# ❞❡ ❧❛ ❢♦#♠❛

ds

dr
= G(r)

♣❛#❛ ❛❧❣✉♥❛ ❢✉♥❝✐4♥ G(r)✳ !♦# %❛♥%♦ (✉ (♦❧✉❝✐4♥ ❣❡♥❡#❛❧ ❡(

s =

∫

G(r)dr + C,

♦✱ ❡♥ %2#♠✐♥♦( ❞❡ ❧❛( ❝♦♦#❞❡♥❛❞❛( (x, y)✱

y = e
∫ y

x G(r)dr+C .

G(r) ❡(%B ❞❡%❡#♠✐♥❛❞❛ ❝♦♠♦ (✐❣✉❡✿

ds =
1

y
dy, dr = − y

x2
dx+

1

x
dy.

!♦# ❧♦ %❛♥%♦

G(r) =
ds

dr
=

y1
ry1 − r2

=
F (r)

rF (r)− r2
,

❞♦♥❞❡ F (r) ❡(%B ❞❛❞❛ ♣♦# ❧❛ ❊❉❖ ✭✷✳✾✮✳

✷✳✶✳✶✳ ❚$❛♥'❢♦$♠❛❝✐-♥ ❞❡ ❙♦❧✉❝✐♦♥❡' ❞❡ ✉♥❛ ❊❉❖

❇❛❥♦ ❧❛ ❛❝❝✐4♥ ❞❡ ✉♥ ❣#✉♣♦ ❞❡ ▲✐❡ ❞❡ %#❛♥(❢♦#♠❛❝✐♦♥❡( ✉♥✐♣❛#❛♠2%#✐❝♦ ✭ǫ✮
❛❞♠✐%✐❞♦ ♣♦# ✉♥❛ ❊❉❖✱ ✉♥❛ ❝✉#✈❛ (♦❧✉❝✐4♥ ❡( %#❛♥(❢♦#♠❛❞❛ ❡♥ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡

❝✉#✈❛( (♦❧✉❝✐4♥ ❞❡ ✉♥ ♣❛#B♠❡%#♦ (✐ ❧❛ ❝✉#✈❛ (♦❧✉❝✐4♥ ♥♦ ❡( ✐♥✈❛#✐❛♥%❡ ❜❛❥♦ ❡❧

❣#✉♣♦✳ ❆❤♦#❛ ❞❡#✐✈❛#❡♠♦( ✉♥❛ ❢4#♠✉❧❛ ♣❛#❛ 2(%❛ ❢❛♠✐❧✐❛ ❞❡ (♦❧✉❝✐♦♥❡( ❞❡ ✉♥

♣❛#B♠❡%#♦ ❣❡♥❡#❛❞❛( ❞❡(❞❡ ✉♥❛ (♦❧✉❝✐4♥ ❝♦♥♦❝✐❞❛✳ ❙✉♣♦♥✐❡♥❞♦ 1✉❡ ❡❧ ❣#✉♣♦ ❞❡

▲✐❡ ❞❡ %#❛♥(❢♦#♠❛❝✐♦♥❡( ❞❡ ✉♥ ♣❛#B♠❡%#♦ ❡( ♣❛#❛♠❡%#✐③❛❞♦ %❛❧ 1✉❡ ❡( ❞❡ ❧❛ ❢♦#♠❛

x∗ = X(x, y; ǫ) = eǫ❳x, ✭✷✳✶✹✮

y∗ = Y (x, y; ǫ) = eǫ❳y, ✭✷✳✶✺✮

❝♦♥ ❣❡♥❡#❛❞♦# ✐♥✜♥✐%❡(✐♠❛❧

❳ = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
. ✭✷✳✶✻✮

❈♦♥(✐❞❡#❡♠♦( ✉♥❛ (♦❧✉❝✐4♥ y = Θ(x) ❞❡ yn = f(x, y, y1, . . . . . . , yn−1)

✭❝♦♥ yk = dky
dxk ✱ k = 1, 2, . . . , n✮ ❧❛ ❝✉❛❧ ♥♦ ❡( ✉♥❛ (♦❧✉❝✐4♥ ✐♥✈❛#✐❛♥%❡ ❝♦##❡(♣♦♥✲

❞✐❡♥%❡ ❛ ✭✷✳✶✻✮✳ ▲❛ %#❛♥(❢♦#♠❛❝✐4♥ ✭✷✳✶✻✮ %#❛♥(❢♦#♠❛ ✉♥ ♣✉♥%♦ (x,Θ(x)) ❞❡♥%#♦
❞❡ ❧❛ ❝✉#✈❛ (♦❧✉❝✐4♥ u = Θ(x) ❡♥ ❡❧ ♣✉♥%♦ (x∗, y∗) ❝♦♥

x∗ = X(x,Θ(x); ǫ), ✭✷✳✶✼✮

y∗ = Y (x,Θ(x); ǫ). ✭✷✳✶✽✮
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"❛$❛ ✉♥ ✈❛❧♦$ ✜❥♦ ǫ✱ ❧❛- ❡❝✉❛❝✐♦♥❡- ✭✷✳✶✼✮✱✭✷✳✶✽✮ ❞❡✜♥❡♥ ✉♥❛ $❡♣$❡-❡♥:❛❝✐;♥ ♣❛✲

$=♠❡:$✐❝❛ ❞❡ ❧❛ ♥✉❡✈❛ ❝✉$✈❛ -♦❧✉❝✐;♥ ❝♦♥ x ❥✉❣❛♥❞♦ ❡❧ $♦❧ ❞❡ ✉♥ ♣❛$=♠❡:$♦✳ ❊♥

❧❛ -✐❣✉✐❡♥:❡ ✜❣✉$❛ -❡ ♠✉❡-:$❛ ❧❛ :$❛♥-❢♦$♠❛❝✐;♥ ❞❡ ✉♥❛ ❝✉$✈❛ -♦❧✉❝✐;♥✱ ❞♦♥❞❡

✉♥❛ ❞✐-:✐♥:❛ ❝✉$✈❛ -♦❧✉❝✐;♥ y = φ(x; ǫ) ❞❡ y
n
= f(x, y, y1, . . . , yn−1) ❝♦$$❡-♣♦♥❞❡

❛ ❝❛❞❛ ✈❛❧♦$ ❞❡❧ ♣❛$=♠❡:$♦ ǫ✳

❯♥♦ ♣✉❡❞❡ ❡❧✐♠✐♥❛$ x ❞❡ ✭✷✳✶✼✮✱✭✷✳✶✽✮ -✉-:✐:✉②❡♥❞♦ ❧❛ :$❛♥-❢♦$♠❛❝✐;♥ ✐♥✈❡$-❛

❞❡ ✭✷✳✶✹✮✱ ❡- ❞❡❝✐$✱

x = X(x∗, y∗;−ǫ)

❡♥ ✭✷✳✶✽✮✿

y∗ = Y (X(x∗, y∗;−ǫ),Θ(X(x∗, y∗;−ǫ)); ǫ),

= Y (e−ǫ❳x∗,Θ(e−ǫ❳x∗); ǫ). ✭✷✳✶✾✮

▲❛ ❡❝✉❛❝✐;♥ ✭✷✳✶✾✮ ♥♦- ❧❧❡✈❛ ❛ ✉♥❛ $❡❧❛❝✐;♥ ❡♥:$❡ ❧❛- ❝♦♦$❞❡♥❛❞❛- x ❡ y ❞❡ ❧❛

♥✉❡✈❛ ❝✉$✈❛ -♦❧✉❝✐;♥✱ ❧❛ ❝✉❛❧ ❞❡♥♦:❛♠♦- ♣♦$ y = φ(x; ǫ)✳

❚❡♦#❡♠❛ ✷✳✸ ❙✉♣♦♥❣❛♠♦-

✭✐✮ y = Θ(x) ❡- ✉♥❛ -♦❧✉❝✐;♥ ✭❝✉$✈❛ -♦❧✉❝✐;♥✮ ❞❡ ❧❛ ❊❉❖ ❞❡ ♦$❞❡♥ ♥✱

yn = f(x, y, y1, . . . . . . , yn−1)✱ ❝♦♥ yk = dky
dxk ✱ k = 1, 2, . . . , n❀

✭✐✐✮ ▲❛ ❊❉❖ yn = f(x, y, y1, . . . . . . , yn−1)✱ ❝♦♥ yk = dky
dxk ✱ k = 1, 2, . . . , n ❛❞♠✐:❡

✭✷✳✶✹✮✱✭✷✳✶✺✮❀

✭✐✐✐✮ y = Θ(x) ♥♦ ❡- ✉♥❛ -✉♣❡$✜❝✐❡ ✐♥✈❛$✐❛♥:❡ ❞❡ ✭✷✳✶✹✮✱✭✷✳✶✺✮✳
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❊♥$♦♥❝❡(

y = Y (eǫ❳x,Θ(eǫ❳x);−ǫ)

= Y (X(x, y; ǫ),Θ(X(x, y; ǫ));−ǫ)

❞❡✜♥❡ ✐♠♣❧/❝✐$❛♠❡♥$❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ (♦❧✉❝✐♦♥❡( ❞❡ ✉♥ ♣❛34♠❡$3♦ y = φ(x; ǫ) ❞❡

❧❛ ❊❉❖ yn = f(x, y, y1, . . . . . . , yn−1)✱ ❝♦♥ yk = dky
dxk ✱ k = 1, 2, . . . , n✳

❉❡♠♦$%&❛❝✐*♥

❯(❛♥❞♦ ❡❧ ❤❡❝❤♦ ❞❡ ;✉❡ y = Θ(x) ❡( (♦❧✉❝✐♦♥ ❞❡ ❧❛ ❊❉❖ yn = f(x, y, y1, . . . . . . , yn−1)✱
② ✉(❛♥❞♦ ❧❛( ❡❝✉❛❝✐♦♥❡( ✭✷✳✶✹✮✱✭✷✳✶✺✮ ② (✉( $3❛♥(❢♦3♠❛❝✐♦♥❡( ✐♥✈❡3(❛( $❡♥❡♠♦(

❡❧ (✐❣✉✐❡♥$❡ ❞❡(❛33♦❧❧♦✿

y = Y (x∗, y∗;−ǫ)

= Y (eǫ❳x, eǫ❳y;−ǫ)

= Y (eǫ❳x, eǫ❳Θ(x);−ǫ)

= Y (eǫ❳x, eǫ❳Θ(e−ǫ❳x∗);−ǫ)

= Y (eǫ❳x, eǫ❳e−ǫ❳Θ(x∗);−ǫ)

= Y (eǫ❳x,Θ(eǫ❳x);−ǫ)

= Y (X(x, y; ǫ),Θ(X(x, y; ǫ));−ǫ),

❞♦♥❞❡ E($❛( ♥✉❡✈❛( ❡❝✉❛❝✐♦♥❡( ❣❡♥❡3❛♥ ✉♥❛ 3❡❧❛❝✐F♥ ❡♥$3❡ x ❡ y ❞❡ ❧❛ ♥✉❡✈❛ ❝✉3✈❛

(♦❧✉❝✐F♥ y = φ(x; ǫ)✱ ❧❛ ❝✉❛❧ ❞❡✜♥❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ (♦❧✉❝✐♦♥❡( ✉♥✐♣❛3❛♠E$3✐❝❛ ❞❡

❧❛ ❊❉❖ yn = f(x, y, y1, . . . . . . , yn−1). �

✷✳✷✳ ❊❉❖✬& ❞❡ )*✐♠❡* ❖*❞❡♥

❆❤♦3❛ ❝♦♥(✐❞❡3❡♠♦( ❧❛( ❛♣❧✐❝❛❝✐♦♥❡( ❞❡ $3❛♥(❢♦3♠❛❝✐♦♥❡( ✐♥✜♥✐$❡(✐♠❛❧❡( ❛❧

❡($✉❞✐♦ ❞❡ ✉♥❛ ❊❉❖ ❞❡ ♣3✐♠❡3 ♦3❞❡♥

y′ = f(x, y)

[

y′ =
dy

dx

]

. ✭✷✳✷✵✮

❆(✉♠✐♠♦( ;✉❡ ❧❛ ❊❉❖ ✭✷✳✷✵✮ ❛❞♠✐$❡ ✉♥ ❣3✉♣♦ ❞❡ ▲✐❡ ❞❡ $3❛♥(❢♦3♠❛❝✐♦♥❡( ✉♥✐✲

♣❛3❛♠E$3✐❝♦

x∗ = X(x, y; ǫ) = x+ ǫξ(x, y) +O(ǫ2),

y∗ = Y (x, y; ǫ) = y + ǫη(x, y) +O(ǫ2), (•)

❝♦♥ ❣❡♥❡3❛❞♦3 ✐♥✜♥✐$❡(✐♠❛❧

❳ = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
, (••)
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▼♦$%&❛&❡♠♦$ ❝+♠♦ ❡♥❝♦♥%&❛& ❧❛ $♦❧✉❝✐+♥ ❣❡♥❡&❛❧ ❞❡ ❧❛ ❊❉❖ ✭✷✳✷✵✮ ❞❡$❞❡ ❡❧ ✐♥✜✲

♥✐%❡$✐♠❛❧ (ξ(x, y), η(x, y)) ❞❡ ✉♥ ❣&✉♣♦ ❛❞♠✐%✐❞♦ ✭•✮ ❞❡$❞❡ ❞♦$ ♣✉♥%♦$ ❞❡ ✈✐$%❛✿

✭✐✮ ✉$♦ ❞❡ ❝♦♦&❞❡♥❛❞❛$ ❝❛♥+♥✐❝❛$❀

✭✐✐✮ ❞❡%❡&♠✐♥❛❝✐+♥ ❞❡ ✉♥ ❢❛❝%♦& ✐♥%❡❣&❛♥%❡✳

▲❛ $♦❧✉❝✐+♥ ❣❡♥❡&❛❧ ❞❡ ✭✷✳✷✵✮✱ ♦❜%❡♥✐❞❛ ✉$❛♥❞♦ ❝♦♦&❞❡♥❛❞❛$ ❝❛♥+♥✐❝❛$ ♦ ❞❡%❡&✲

♠✐♥❛♥❞♦ ✉♥ ❢❛❝%♦& ✐♥%❡❣&❛♥%❡✱ ♥♦ ❞❡♣❡♥❞❡ ❞❡❧ ❝♦♥♦❝✐♠✐❡♥%♦ ❞❡ ✉♥❛ $♦❧✉❝✐+♥

♣❛&%✐❝✉❧❛& ❞❡ ❧❛ ♠✐$♠❛✳

✷✳✷✳✶✳ ❈♦♦%❞❡♥❛❞❛* ❈❛♥+♥✐❝❛*

❉❛❞♦ ❝✉❛❧D✉✐❡& ❣&✉♣♦ ❞❡ ▲✐❡ ❞❡ %&❛♥$❢♦&♠❛❝✐♦♥❡$ ✉♥✐♣❛&❛♠E%&✐❝♦ ✭•✮✱ ❡①✐$%❡♥
❝♦♦&❞❡♥❛❞❛$ ❝❛♥+♥✐❝❛$ (r(x, y), s(x, y))✱ ❞❡%❡&♠✐♥❛❞❛$ &❡$♦❧✈✐❡♥❞♦ ❡❧ $✐❣✉✐❡♥%❡

$✐$%❡♠❛

❳r = 0,

❳s = 1,

%❛❧ D✉❡ ✭•✮ $❡ ❝♦♥✈✐❡&%❡ ❡♥ ❡❧ ❣&✉♣♦ ❞❡ %&❛$❧❛❝✐+♥

r∗ = r,

s∗ = s+ ǫ. ✭✷✳✷✶✮

❊♥ %E&♠✐♥♦$ ❞❡ ❧❛$ ❝♦♦&❞❡♥❛$ ❝❛♥+♥✐❝❛$ ❧❛ ❊❉❖ ✭✷✳✷✵✮ $❡ ❝♦♥✈✐❡&%❡ ❡♥

ds

dr
=

sx + syy
′

rx + ryy′
= F (r, s) =

sx + syf(x, y)

rx + ryf(x, y)
. ✭✷✳✷✷✮

▲❛ ✐♥✈❛&✐❛♥③❛ ❞❡ ❧❛ ❊❉❖ ✭✷✳✷✵✮✱ ② ♣♦& ❧♦ %❛♥%♦ ❞❡ ❧❛ ❊❉❖ ✭✷✳✷✷✮✱ ❜❛❥♦ ✭✷✳✷✶✮

D✉✐❡&❡ ❞❡❝✐& D✉❡ ❋✭&✱$✮ ♥♦ ❞❡♣❡♥❞❡ ❞❡ $✳ L♦& ❧♦ %❛♥%♦ ❧❛ ❊❉❖ ✭✷✳✷✷✮ ❡$ ❞❡ ❧❛

❢♦&♠❛

ds

dr
= G(r) =

sx + syf(x, y)

rx + ryf(x, y)
. ✭✷✳✷✸✮

❊♥ ❝♦♥$❡❝✉❡♥❝✐❛ ❧❛ $♦❧✉❝✐+♥ ❣❡♥❡&❛❧ ❞❡ ❧❛ ❊❉❖ ✭✷✳✷✵✮ ❡$%N ❞❛❞❛ ♣♦&

s(x, y) =

∫ r(x,y)

G(ρ)dρ+ C, C = constante. ✭✷✳✷✹✮

❆❧❣✉♥♦$ ❡❥❡♠♣❧♦$ $♦♥

✭✶✮ ❊❝✉❛❝✐(♥ ▲✐♥❡❛❧ ❍♦♠♦❣1♥❡❛

▲❛ ❊❉❖ ❧✐♥❡❛❧ ❤♦♠♦❣E♥❡❛ ❞❡ ♣&✐♠❡& ♦&❞❡♥

y′ + p(x)y = 0 ✭✷✳✷✺✮
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❛❞♠✐&❡ ❡❧ ❣*✉♣♦ ❞❡ ▲✐❡ ❞❡ &*❛♥0❢♦*♠❛❝✐♦♥❡0 ❞❡ ❤♦♠♦&❡❝✐❛ ✉♥✐♣❛*❛♠4&*✐❝♦ (α)

x∗ = x,

y∗ = αy,

②❛ 6✉❡

y∗1 + p(x∗)y∗ =
dy∗

dx∗ + p(x)αy = α
dy

dx
+ p(x)αy

= α

(

dy

dx
+ p(x)y

)

= α (y′ + p(x)y)

= α ∗ 0 = 0.

❉❛❞♦ 6✉❡ (ξ, η) = (0, y) &❡♥❡♠♦0 6✉❡ ❳ = y
∂

∂y
✱ ❞❡ ❛6✉✐ ♦❜&❡♥❡♠♦0 ❧❛0 ❝♦♦*❞❡✲

♥❛❞❛0 ❝❛♥;♥✐❝❛0

❳r = y
∂r

∂y
= 0 → ∂r

∂y
= 0 → r = F (x),

❡♥ ♣❛*&✐❝✉❧❛* *❂①✳

❳s = y
∂s

∂y
= 1 → ds =

dy

y
→ s = log y.

❊♥ &4*♠✐♥♦0 ❞❡ ❧❛0 ❝♦♦*❞❡♥❛❞❛0 ❝❛♥;♥✐❝❛0 ❝♦**❡0♣♦♥❞✐❡♥&❡0

r = x,

s = log y,

❧❛ ❊❉❖ ✭✷✳✷✺✮ 0❡ ❝♦♥✈✐❡*&❡ ❡♥

ds

dr
=

y′

y
= −p(r),

❛0F 6✉❡ ❧❛ 0♦❧✉❝✐;♥ ❣❡♥❡*❛❧ ❞❡ ✭✷✳✷✺✮ ❡0&G ❞❛❞❛ ♣♦*

s(x, y) = log y = −
∫ x

p(ρ)dρ+ C,

♦

y = Ce−
∫

x p(ρ)dρ, C = cte.

✭✷✮ ❊❝✉❛❝✐(♥ ▲✐♥❡❛❧ ◆♦ ❍♦♠♦❣2♥❡❛

▲❛ ❊❉❖ ❧✐♥❡❛❧ ♥♦ ❤♦♠♦❣4♥❡❛ ❞❡ ♣*✐♠❡* ♦*❞❡♥

y′ + p(x)y = g(x) ✭✷✳✷✻✮
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❛❞♠✐&❡ ❡❧ ❣*✉♣♦ ❞❡ ▲✐❡ ❞❡ &*❛♥0❢♦*♠❛❝✐♦♥❡0 ❞❡ ❤♦♠♦&❡❝✐❛ ✉♥✐♣❛*❛♠4&*✐❝♦ (ǫ)

x∗ = x, ✭✷✳✷✼✮

y∗ = y + ǫφ(x), ✭✷✳✷✽✮

❞♦♥❞❡ u = φ(x) ❡0 ✉♥❛ 0♦❧✉❝✐;♥ ♣❛*&✐❝✉❧❛* ❞❡ ❧❛ ❡❝✉❛❝✐;♥ ❤♦♠♦❣4♥❡❛ ❛0♦❝✐❛❞❛

u′ + p(x)u = 0.

❊0&♦ ❡0 ❞❡❜✐❞♦ ❛ >✉❡

y∗1 + p(x∗)y∗ − g(x∗) = ǫφ′(x) + y1 + p(x) (y + ǫφ(x))− g(x)

= y1 + p(x)y − g(x) + ǫφ′(x) + p(x)ǫφ(x)

= ǫ (u′ + p(x)u) = ǫ(0)

= 0

❈♦♠♦ (ξ, η) = (0, φ(x))✱ ❡❧ ❣❡♥❡*❛❞♦* ✐♥✜♥✐&❡0✐♠❛❧ ❝♦**❡0♣♦♥❞✐❡♥&❡ ❛ ✭✷✳✷✼✮✱✭✷✳✷✽✮

❡0

❳ = φ(x)
∂

∂y

♦❜&❡♥❡♠♦0 ❧❛0 ❝♦♦*❞❡♥❛❞❛0 ❝❛♥;♥✐❝❛0

❳r = φ(x)
∂r

∂y
= 0 → ∂r

∂y
= 0 → r = F (x),

❡♥ ♣❛*&✐❝✉❧❛* *❂①✳

❳s = φ(x)
∂s

∂y
= 1 → ds =

dy

φ(x)
→ s =

y

φ(x)
.

❊♥ &4*♠✐♥♦0 ❞❡ ❧❛0 ❝♦♦*❞❡♥❛❞❛0 ❝❛♥;♥✐❝❛0

r = x,

s =
y

φ(x)
,

♣♦❞❡♠♦0 *❡❞✉❝✐* ❧❛ ❊❉❖ ✭✷✳✷✻✮ ❞❡ ❧❛ 0✐❣✉✐❡♥&❡ ❢♦*♠❛✳ ❙❛❜❡♠♦0 >✉❡ dx = dr ②

dy = sφ′(r)dr + φ(r)ds✱ ② 0✉0&✐&✉②❡♥❞♦ ❡♥ ✭✷✳✷✻✮ ♦❜&❡♥❡♠♦0

sφ′(r)dr + φ(r)ds

dr
+ sφ(r)p(r) = g(r)

[sφ′(r) + sφ(r)p(r)] + φ(r)
ds

dr
= g(r)

s [φ′(r) + φ(r)p(r)] + φ(r)
ds

dr
= g(r)

s ∗ 0 + φ(r)
ds

dr
= g(r)

φ(r)
ds

dr
= g(r).
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❆#$ ❧❛ ❊❉❖ #❡ +❡❞✉❝❡ ❛

ds

dr
=

g(r)

φ(r)
,

♣♦+ ❧♦ 1✉❡ #✉ #♦❧✉❝✐3♥ ❣❡♥❡+❛❧ ❡#67 ❞❛❞❛ ♣♦+

s(x, y) =
y

φ(x)
=

∫ x g(ρ)

φ(ρ)
dρ+ C

♦

y = φ(x)

∫ x g(ρ)

φ(ρ)
dρ+ Cφ(x), C = cte.

✷✳✷✳✷✳ ❋❛❝%♦'❡) ■♥%❡❣'❛♥%❡)

❯♥❛ ❊❉❖ ❞❡ ♣+✐♠❡+ ♦+❞❡♥ ✭✷✳✷✵✮ ♣✉❡❞❡ #❡+ ❡#❝+✐6❛ ❡♥ ❢♦+♠❛ ❞✐❢❡+❡♥❝✐❛❧

M(x, y)dx+N(x, y)dy = 0 ✭✷✳✷✾✮

❞♦♥❞❡ f(x, y) = −M(x,y)
N(x,y) ✳ ❙✐

ω(x, y) = constante ✭✷✳✸✵✮

❡# ❧❛ #♦❧✉❝✐3♥ ❣❡♥❡+❛❧ ✭❢❛♠✐❧✐❛ ❞❡ ❝✉+✈❛# #♦❧✉❝✐3♥✮ ❞❡ ✭✷✳✷✵✮✱ ❡♥6♦♥❝❡#

N
∂ω

∂x
−M

∂ω

∂y
= 0. ✭✷✳✸✶✮

❆#✉♠✐♠♦# 1✉❡ ❧❛ ❊❉❖ ✭✷✳✷✵✮ ❛❞♠✐6❡ ✉♥ ❣+✉♣♦ ❞❡ ▲✐❡ ❞❡ 6+❛♥#❢♦+♠❛❝✐♦♥❡# ✉♥✐✲

♣❛+❛♠G6+✐❝♦ ✭•✮✳ ❊♥6♦♥❝❡# ✭•✮ ❞❡❥❛ ✐♥✈❛+✐❛♥6❡ ❛ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉+✈❛# #♦❧✉❝✐3♥

✭✷✳✸✵✮✳ ❙✐♥ ♣G+❞✐❞❛ ❞❡ ❣❡♥❡+❛❧✐❞❛❞✱ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉+✈❛# #♦❧✉❝✐3♥ ✭✷✳✸✵✮ #❛6✐#❢❛❝❡

❳ω = ξ(x, y)
∂ω

∂x
+ η(x, y)

∂ω

∂y
= 1 ✭✷✳✸✷✮

♣❛+❛ ❡❧ ❣❡♥❡+❛❞♦+ ✐♥✜♥✐6❡#✐♠❛❧ ✭••✮✳ ❊❧ #✐#6❡♠❛ ❞❛❞♦ ♣♦+ ✭✷✳✸✶✮ ② ✭✷✳✸✷✮ ♣✉❡❞❡

+❡#♦❧✈❡+#❡ ♣❛+❛ ❧❛# ❞❡+✐✈❛❞❛# ♣❛+❝✐❛❧❡# ❞❡ ♣+✐♠❡+ ♦+❞❡♥

∂ω

∂x
=

M

Mξ +Nη
,

∂ω

∂y
=

N

Mξ +Nη
. ✭✷✳✸✸✮

K❡+♦ dω = ∂ω
∂x

dx+ ∂ω
∂y

dy ❡# ✉♥❛ ❞✐❢❡+❡♥❝✐❛❧ ❡①❛❝6❛✳ K♦+ ❧♦ 6❛♥6♦ #❡ #✐❣✉❡ 1✉❡

µ(x, y) =
1

Mξ +Nη
✭✷✳✸✹✮

❡# ✉♥ ❢❛❝6♦+ ✐♥6❡❣+❛♥6❡ ♣❛+❛ ✭✷✳✷✾✮✳ K♦+ ♦6+♦ ❧❛❞♦ 6❡♥❡♠♦# ❡❧ #✐❣✉✐❡♥6❡ 6❡♦+❡♠❛✿
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❚❡♦#❡♠❛ ✷✳✹ ❙✐ µ(x, y) ❡% ✉♥ ❢❛❝+♦- ✐♥+❡❣-❛♥+❡ ❞❡ ✭✷✳✷✾✮✱ ❡♥+♦♥❝❡% ❝✉❛❧✲

8✉✐❡- (ξ(x, y), η(x, y)) 8✉❡ %❛+✐%❢❛❣❛ ✭✷✳✸✹✮ ❞❡✜♥❡ ✉♥ ❣❡♥❡-❛❞♦- ✐♥✜♥✐+❡%✐♠❛❧

❳ = ξ(x, y) ∂
∂x

+ η(x, y) ∂
∂y

❛❞♠✐+✐❞♦ ♣♦- ❧❛ ❊❉❖ ❞❡ ♣-✐♠❡- ♦-❞❡♥ y′ = f(x, y)✳

❉❡♠♦$%&❛❝✐*♥

❈♦♠♦ µ(x, y) ❡% ❢❛❝+♦- ✐♥+❡❣-❛♥+❡ ❞❡ M(x, y)dx+N(x, y)dy = 0 ❡♥+♦♥❝❡% ❧❛

❡❝✉❛❝✐B♥ ❞✐❢❡-❡♥❝✐❛❧ µMdx+ µNdy = 0 ❡% ❡①❛❝+❛✱ ♣♦- ❧♦ 8✉❡

∂(µM)

∂y
=

∂
(

M
Mξ+Nη

)

∂y
=

∂
(

N
Mξ+Nη

)

∂x
=

∂(µN)

∂x
✳

❉❡-✐✈❛♥❞♦ ❡%+❛% ❡①♣-❡%✐♦♥❡% ❧❧❡❣❛♠♦% ❛

NηMy −M2ξy −MNηy −MηNy

(Mξ +Nη)2
=

MξNx −NξMx −NMξx −N2ηx
(Mξ +Nη)2

❉❡%❛--♦❧❧❛♥❞♦ ❧♦ ❛♥+❡-✐♦-✿

N(ξMx + ηMy)−M(ξNx + ηNy) +MN(ξx − ηy) +N2ηx −M2ξy = 0

F♦- ♦+-♦ ❧❛❞♦ ❳ = ξ ∂
∂x

+ η ∂
∂y

❡% ❛❞♠✐+✐❞♦ ♣♦- ❧❛ ❊❉❖ y′ = f(x, y) %✐ ② %B❧♦

%✐ ❳

(1)(y′ − f(x, y)) = 0✳ ❊♥+♦♥❝❡%✿

❳

(1)(y′ − f(x, y)) = ❳

(1)

(

y′ +
M

N

)

= ξ
∂(y′ + M

N
)

∂x
+ η

∂(y′ + M
N
)

∂y
+ η(1)

∂(y′ + M
N
)

∂y1

=
ξNMx −MξNx + ηNMy − ηMNy

N2
+ ηx − M

N
ηy +

M

N
ξx − M2

N2
ξy

=
N(ξMx + ηMy)−M(ξNx + ηNy) +MN(ξx − ηy) +N2ηx −M2ξy

N2

= 0

❈♦♠♦ ❝♦♥%❡❝✉❡♥❝✐❛ X = ξ ∂
∂x

+η ∂
∂y

❡% ❛❞♠✐+✐❞♦ ♣♦- ❧❛ ❊❉❖ y′ = f(x, y). �

❚❡♦#❡♠❛ ✷✳✺ F❛-❛ ❝✉❛❧8✉✐❡- ❢✉♥❝✐B♥ ξ(x, y)✱ ❡❧ ❣-✉♣♦ ❞❡ ▲✐❡ ❞❡ +-❛♥%❢♦-♠❛✲

❝✐♦♥❡% ✉♥✐♣❛-❛♠I+-✐❝♦ ❝♦♥ ❣❡♥❡-❛❞♦- ✐♥✜♥✐+❡%✐♠❛❧

❳ = ξ(x, y)

[

∂

∂x
+ f(x, y)

∂

∂y

]

✭✷✳✸✺✮

❞❡❥❛ ✐♥✈❛-✐❛♥+❡ ❛ ❝❛❞❛ ❝✉-✈❛ %♦❧✉❝✐B♥ ❞❡ ❧❛ ❊❉❖ ❞❡ ♣-✐♠❡- ♦-❞❡♥ y′ = f(x, y)✳
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❉❡♠♦$%&❛❝✐*♥

❙❡❛ y = Θ(x) ✉♥❛ ❝✉(✈❛ *♦❧✉❝✐.♥ ❞❡ y′ = f(x, y)✳ ❊♥2♦♥❝❡*

y′ = Θ′(x) = f(x,Θ(x)). ✭✷✳✸✻✮

❈♦♥*✐❞❡(❡♠♦* ❡❧ ❣❡♥❡(❛❞♦( ✐♥✜♥✐2❡*✐♠❛❧ ❳ ❞❛❞♦ ♣♦( ✭✷✳✸✺✮✳ ❊♥2♦♥❝❡*

❳(y −Θ(x)) = ξ(x, y) [f(x, y)−Θ′(x)] .

<♦( ❧♦ 2❛♥2♦ *✐ y = Θ(x)✱ ❡♥2♦♥❝❡*

❳(y −Θ(x)) = ξ(x,Θ(x)) [f(x,Θ(x))−Θ′(x)] .

= 0 de (2·36).

❈♦♠♦ ❝♦♥*❡❝✉❡♥❝✐❛ y − Θ(x) = 0 ❡* ✉♥❛ ❝✉(✈❛ ✐♥✈❛(✐❛♥2❡ ♣❛(❛ ❡❧ ❣(✉♣♦ ❞❡ ▲✐❡

❞❡ 2(❛♥*❢♦(♠❛❝✐♦♥❡* ✉♥✐♣❛(❛♠@2(✐❝♦ ❝♦♥ ❣❡♥❡(❛❞♦( ✐♥✜♥✐2❡*✐♠❛❧ ✭✷✳✸✺✮✳ �

❉❡ ❧♦* ❚❡♦(❡♠❛* ✷✳✹ ② ✷✳✺ ✈❡♠♦* E✉❡ ❞♦* 2✐♣♦* ❞❡ ❣(✉♣♦* ▲✐❡ ❞❡ 2(❛♥*❢♦(✲

♠❛❝✐♦♥❡* ✉♥✐♣❛(❛♠@2(✐❝♦* *♦♥ ❛❞♠✐2✐❞♦* ♣♦( ❝✉❛❧E✉✐❡( ❊❉❖ ❞❡ ♣(✐♠❡( ♦(❞❡♥

y′ = f(x, y)✳

✭✐✮ ●!✉♣♦% ❞❡ ▲✐❡ *!✐✈✐❛❧❡% ✉♥✐♣❛!❛♠0*!✐❝♦% ❝♦♥ ❣❡♥❡(❛❞♦(❡* ✐♥✜♥✐2❡*✐♠❛❧❡*

❳ = ξ(x, y) ∂
∂x

+η(x, y) ∂
∂y

*♦♥ *✐❡♠♣(❡ ❛❞♠✐2✐❞♦* ♣♦( y′ = f(x, y) *✐ η
ξ
≡ f(x, y)✳

❆E✉I ❝❛❞❛ ❝✉(✈❛ *♦❧✉❝✐.♥ ❞❡ y′ = f(x, y) ❡* ✉♥❛ ❝✉(✈❛ ✐♥✈❛(✐❛♥2❡ ② ❝❛❞❛ ❝✉(✈❛

✐♥✈❛(✐❛♥2❡ ❡* ✉♥❛ ❝✉(✈❛ *♦❧✉❝✐.♥ ❞❡ y′ = f(x, y)✳ ❊*2❡ 2✐♣♦ ❞❡ ❣(✉♣♦ ♥♦ ♥♦* *✐(✈❡

♣❛(❛ (❡❞✉❝✐( y′ = f(x, y) ♣♦( ❝✉❛❞(❛2✉(❛ ❞❡❜✐❞♦ ❛ E✉❡ ♣❛(❛ ❡♥❝♦♥2(❛( ❧❛* ❝♦♦(✲

❞❡♥❛❞❛* ❝❛♥.♥✐❝❛* ❞❡❧ ❣(✉♣♦ ❡* ♥❡❝❡*❛(✐♦ ❡♥❝♦♥2(❛( ♣(✐♠❡(♦ ❧❛ *♦❧✉❝✐.♥ ❣❡♥❡(❛❧

❞❡ y′ = f(x, y)✳

✭✐✐✮●!✉♣♦% ❞❡ ▲✐❡ ♥♦ *!✐✈✐❛❧❡% ✉♥✐♣❛!❛♠0*!✐❝♦% ❝✉②♦* ✐♥✜♥✐2❡*✐♠❛❧❡* (ξ(x, y), η(x, y))

♥♦ *❛2✐*❢❛❝❡♥ ❧❛ ❡❝✉❛❝✐.♥ ❛❧❣❡❜(❛✐❝❛ F
(

x, y, η(x,y)
ξ(x,y)

)

≡ 0 ❡♥ 2♦❞♦ ❞♦♠✐♥✐♦ ❡♥ R
2

♣❡(♦ *❛2✐*❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐.♥ ❞❡ ✐♥✈❛(✐❛♥③❛

❳

(1)F (x, y, y′) = ❳(1)(y′−f(x, y)) = 0 cuando F (x, y, y′) = y′−f(x, y) = 0.

❊♥ ❡*2❡ ❝❛*♦ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉(✈❛* *♦❧✉❝✐.♥ ❞❡ y′ = f(x, y) ❡* ✐♥✈❛(✐❛♥2❡✱ ♣❡(♦ ✉♥❛

❝✉(✈❛ *♦❧✉❝✐.♥ ❛(❜✐2(❛(✐❛ ❞❡ y′ = f(x, y) ♥♦ ❡* ✉♥❛ ❝✉(✈❛ ✐♥✈❛(✐❛♥2❡✳ ❊*2❡ 2✐♣♦

❞❡ ❣(✉♣♦ ❡* L2✐❧ ♣❛(❛ (❡❞✉❝✐( y′ = f(x, y) ♣♦( ❝✉❛❞(❛2✉(❛ *✐❡♠♣(❡ E✉❡ ♣♦❞❛♠♦*

(❡*♦❧✈❡( ❧❛ ❊❉❖

dy
dx

= η
ξ
✳

✷✳✸✳ ❊❝✉❛❝✐(♥ ♣❛+❛ ❧♦. ✐♥✜♥✐0❡.✐♠❛❧❡. ❞❡ ✉♥❛ ❊❉❖

✷✳✸✳✶✳ ❊❉❖ ❞❡ ♣*✐♠❡* ♦*❞❡♥

❉❡❧ ❚❡♦(❡♠❛ ✷✳✷ ✈❡♠♦* E✉❡ ❧❛ ❊❉❖ ❞❡ ♣(✐♠❡( ♦(❞❡♥ y′ = f(x, y) ❛❞✲

♠✐2❡ ❡❧ ❣(✉♣♦ ❞❡ ▲✐❡ ❞❡ 2(❛♥*❢♦(♠❛❝✐♦♥❡* ✉♥✐♣❛(❛♠@2(✐❝♦ ❝♦♥ ❣❡♥❡(❛❞♦( ✐♥✲
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✜♥✐%❡'✐♠❛❧ ❳ = ξ(x, y) ∂
∂x

+ η(x, y) ∂
∂y

'✐ ② ',❧♦ '✐ η(1) = ξfx + ηfy ❝✉❛♥❞♦

y′ = f(x, y)✱ ❞♦♥❞❡ ❡❧ ♣3✐♠❡3 ❣❡♥❡3❛❞♦3 ✐♥✜♥✐%❡'✐♠❛❧ ❡①%❡♥❞✐❞♦ ❡'%6 ❞❛❞♦ ♣♦3

η(1) = ηx + (ηy − ξx)y
′ − ξy(y

′)2✳

8♦3 ❧♦ %❛♥%♦ y′ = f(x, y) ❛❞♠✐%❡ ❳ = ξ(x, y) ∂
∂x

+ η(x, y) ∂
∂y

'✐ ② ',❧♦ '✐

(ξ(x, y), η(x, y)) '❛%✐'❢❛❝❡ ηx + (ηy − ξx)f − ξyf
2 − ξfx − ηfy = 0✳

➱'%❛ ❡❝✉❛❝✐,♥ ❡' ❧❧❛♠❛❞❛ ❧❛ ❡❝✉❛❝✐%♥ ❞❡(❡)♠✐♥❛♥(❡ ♣❛3❛ ❧❛' %3❛♥'❢♦3♠❛❝✐♦✲

♥❡' ✐♥✜♥✐%❡'✐♠❛❧❡' ❛❞♠✐%✐❞❛' ♣♦3 y′ = f(x, y)✳

❊' ❢6❝✐❧ ♥♦%❛3 =✉❡ ♣❛3❛ ❝✉❛❧=✉✐❡3❛ ξ(x, y)✱ ❧❛ ❡❝✉❛❝✐,♥ η(x, y) = ξ(x, y)f(x, y)
3❡'✉❡❧✈❡ ❧❛ ❡❝✉❛❝✐%♥ ❞❡(❡)♠✐♥❛♥(❡✳

8❛3❛ ❝✉❛❧=✉✐❡3 ξ(x, y)✱ ❧❛ ❡❝✉❛❝✐,♥ η(x, y) = ξ(x, y)f(x, y)+χ(x, y) ♥♦' ❧❧❡✈❛
❛ ❧❛ '♦❧✉❝✐,♥ ❣❡♥❡3❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐,♥ ηx + (ηy − ξx)f − ξyf

2 − ξfx − ηfy = 0✱
❞♦♥❞❡ χ(x, y) ❡' ❧❛ '♦❧✉❝✐,♥ ❣❡♥❡3❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐,♥ ❞✐❢❡3❡♥❝✐❛❧ ♣❛3❝✐❛❧ ❧✐♥❡❛❧ ❞❡

♣3✐♠❡3 ♦3❞❡♥ χx + fχy − fyχ = 0✳

❈♦♠♦ ❝♦♥'❡❝✉❡♥❝✐❛ ❡❧ ♣3♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥%3❛3 %♦❞♦' ❧♦' ❣3✉♣♦' ❞❡ ▲✐❡ ❞❡

%3❛♥'❢♦3♠❛❝✐♦♥❡' ❛❞♠✐%✐❞♦' ♣♦3 ✉♥❛ ❊❉❖ ❞❡ ♣3✐♠❡3 ♦3❞❡♥ ❞❛❞❛ ♣♦3 y′ = f(x, y)✱
'❡ 3❡❞✉❝❡ ❛ ❡♥❝♦♥%3❛3 ❧❛ '♦❧✉❝✐,♥ ❣❡♥❡3❛❧ ❞❡ ❧❛ ❊❉8 ❛♥%❡3✐♦3✳ 8❡3♦ ♣❛3❛ ♣♦❞❡3

❡♥❝♦♥%3❛3 ❞✐❝❤❛ '♦❧✉❝✐,♥ ❣❡♥❡3❛❧ ❞❡❜❡♠♦' ❝♦♥♦❝❡3 ❧❛ '♦❧✉❝✐,♥ ❣❡♥❡3❛❧ ❞❡ ❧❛ ❊❉❖

❞❡ ♣3✐♠❡3 ♦3❞❡♥ ❞❛❞❛✳ ❙✐♥ ❡♠❜❛3❣♦✱ ✉♥❛ '♦❧✉❝✐,♥ ♣❛3%✐❝✉❧❛3 χ ❞❡ ❧❛ ❊❉8

χx + fχy − fyχ = 0,

♦ ❞❡ ❢♦3♠❛ ❡=✉✐✈❛❧❡♥%❡✱ (ξ, η) ❞❡

ηx + (ηy − ξx)f − ξyf
2 − ξfx − ηfy = 0,

❝♦♥ η 6= ξf ✱ ♥♦' ❧❧❡✈❛ ❛❧ ❣3✉♣♦ ❞❡ ▲✐❡ ✉♥✐♣❛3❛♠F%3✐❝♦ ❛❞♠✐%✐❞♦ ♣♦3 ❧❛ ❊❉❖ ❞❛❞❛✱

② ♣♦3 ❧♦ %❛♥%♦ ❛ ❧❛ '♦❧✉❝✐,♥ ❣❡♥❡3❛❧ ❞❡ ❧❛ ♠✐'♠❛ ❡❝✉❛❝✐,♥ ♠❡❞✐❛♥%❡ ❝✉❛❞3❛%✉3❛'✳

❉❡'❛❢♦3%✉♥❛❞❛♠❡♥%❡ ✉♥❛ '♦❧✉❝✐,♥ ♣❛3%✐❝✉❧❛3 χ ❞❡ χx+ fχy − fyχ = 0 ♥♦ ♣✉❡❞❡

❡♥❝♦♥%3❛3'❡ ♠❡❞✐❛♥%❡ ✉♥ ♣3♦❝❡❞✐♠✐❡♥%♦ ❞❡❞✉❝%✐✈♦ ❞❡❜✐❞♦ ❛ '✉ ❝♦♠♣❧❡❥✐❞❛❞✳

✷✳✸✳✷✳ ❊❉❖ ❞❡ ♥✲*+✐♠♦ ♦/❞❡♥

❉❡❧ ❚❡♦3❡♠❛ ✷✳✷ ♣❛3❛ ❧❛ ✐♥✈❛3✐❛♥③❛ ✈❡♠♦' =✉❡ ❧❛ ❊❉❖ ❞❡ ♥✲F'✐♠♦ ♦3❞❡♥

yn = f(x, y, y1 . . . , yn−1) ❛❞♠✐%❡ ❡❧ ❣3✉♣♦ ❞❡ ▲✐❡ ❞❡ %3❛♥'❢♦3♠❛❝✐♦♥❡' ✉♥✐♣❛✲

3❛♠F%3✐❝♦ ❝♦♥ ❣❡♥❡3❛❞♦3 ✐♥✜♥✐%❡'✐♠❛❧ ❳ = ξ(x, y) ∂
∂x

+ η(x, y) ∂
∂y

'✐ ② ',❧♦ '✐

❳

(n) [yn − f(x, y, y1 . . . , yn−1)] = 0 ❝✉❛♥❞♦ yn = f(x, y, y1 . . . , yn−1)✱ ❞♦♥❞❡

❳

(n) = ξ(x, y) ∂
∂x

+ η(x, y) ∂
∂y

+ η(1)(x, y, y1)
∂

∂y1
+ . . .+ η(n)(x, y, y1, . . . , yn)

∂
∂yn

❡' ❡❧ ♥✲F'✐♠♦ ❣❡♥❡3❛❞♦3 ✐♥✜♥✐%❡'✐♠❛❧ ❡①%❡♥❞✐❞♦✳
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❘❡❝♦&❞❡♠♦) *✉❡ η(k)(x, y.y1, . . . , yk) = Dη(k−1)

Dx
− yk

Dξ(x,y)
Dx

✱ k = 1, 2, . . .✱

❞♦♥❞❡ η(0) = η(x, y)✳ /♦& ❧♦ 1❛♥1♦✱ ❧❧❡❣❛♠♦) ❛

η(n) −
[

ξ
∂f

∂x
+ η

∂f

∂y
+ η(1)

∂f

∂y1
+ . . .+ η(n−1) ∂f

∂yn−1

]

= 0 ✭✷✳✸✼✮

❝✉❛♥❞♦ yn = f(x, y, y1 . . . , yn−1)✳

❊❧ )✐❣✉✐❡♥1❡ 1❡♦&❡♠❛ ❡) ♣&♦❜❛❞♦ ❡♥ ❇❧✉♠❛♥ ✭✶✾✽✾✮✳

❚❡♦#❡♠❛ ✷✳✻✳ ❊❧ ❦✲C)✐♠♦ ❣❡♥❡&❛❞♦& ✐♥✜♥✐1❡)✐♠❛❧ ❡①1❡♥❞✐❞♦ 1✐❡♥❡ ❧❛) )✐❣✉✐❡♥✲

1❡) ♣&♦♣✐❡❞❛❞❡)✿

✭✐✮ η(k) ❡) ❧✐♥❡❛❧ ❡♥ yk✱ k = 2, 3, . . .✳
✭✐✐✮ η(k) ❡) ✉♥ ♣♦❧✐♥♦♠✐♦ ❡♥ y1, y2, . . . , yk ❝✉②♦) ❝♦❡✜❝✐❡♥1❡) )♦♥ ❧✐♥❡❛❧❡) ❤♦♠♦✲

❣C♥❡♦) ❡♥ (ξ(x, y), η(x, y)) ❤❛)1❛ )✉) ❞❡&✐✈❛❞❛) ♣❛&❝✐❛❧❡) ❞❡ ❦✲C)✐♠♦ ♦&❞❡♥✳

❉❡❧ 1❡♦&❡♠❛ ❛♥1❡&✐♦& )❡ )✐❣✉❡ *✉❡ )✐ f(x, y, y1 . . . , yn−1) ❡) ✉♥ ♣♦❧✐♥♦♠✐♦ ❡♥

y1, y2, . . . , yn−1✱ ❡♥1♦♥❝❡) ✭✷✳✸✼✮ ❡) ✉♥❛ ❡❝✉❛❝✐K♥ ♣♦❧✐♥♦♠✐❛❧ ❡♥ y1, y2, . . . , yn−1

❝✉②♦) ❝♦❡✜❝✐❡♥1❡) )♦♥ ❧✐♥❡❛❧❡) ❤♦♠♦❣C♥❡♦) ❡♥ (ξ(x, y), η(x, y)) ② )✉) ❞❡&✐✈❛❞❛)

♣❛&❝✐❛❧❡) ❤❛)1❛ ❡❧ ♥✲C)✐♠♦ ♦&❞❡♥✳ ❉❡❜✐❞♦ ❛ *✉❡ ♣❛&❛ ❝✉❛❧*✉✐❡& ❊❉❖ ❞❡ ♥✲C)✐♠♦

♦&❞❡♥ yn = f(x, y, y1 . . . , yn−1) ♣♦❞❡♠♦) ❛)✐❣♥❛& ✈❛❧♦&❡) ❛&❜✐1&❛&✐♦) ❛ ❝❛❞❛ ✉♥❛

❞❡ ❧❛) y1, y2, . . . , yn−1 ❡♥ ❝✉❛❧*✉✐❡& ♣✉♥1♦ ✜❥♦ ①✱ )❡ )✐❣✉❡ *✉❡ ❡❧ ❝♦❡✜❝✐❡♥1❡ ❞❡

❝❛❞❛ 1C&♠✐♥♦ ♣♦❧✐♥♦♠✐❛❧ ❡♥ ✭✷✳✸✼✮ ❞❡❜❡ ❞❡)❛♣❛&❡❝❡&✳ ❊)1♦ ♥♦) ❧❧❡✈❛ ❛ ✉♥ )✐)1❡♠❛

❞❡ ❡❝✉❛❝✐♦♥❡) ❞✐❢❡&❡♥❝✐❛❧❡) ♣❛&❝✐❛❧❡) ❧✐♥❡❛❧❡) ❤♦♠♦❣C♥❡❛) ♣❛&❛ (ξ(x, y), η(x, y))✳
❊)1❡ )✐)1❡♠❛ ❧✐♥❡❛❧ ❞❡✜♥❡ ❡❧ ❝♦♥❥✉♥1♦ ❞❡ ❡❝✉❛❝✐♦♥❡' ❞❡)❡*♠✐♥❛♥)❡' ♣❛&❛ ❧♦) ✐♥✲

✜♥✐1❡)✐♠❛❧❡) ❛❞♠✐1✐❞♦) ♣♦& ❧❛ ❊❉❖ ❞❡ ♥✲C)✐♠♦ ♦&❞❡♥ yn = f(x, y, y1 . . . , yn−1)✳
❊)1❡ ❝♦♥❥✉♥1♦ ❡)1O )♦❜&❡❞❡1❡&♠✐♥❛❞♦ )✐ n ≥ 2 ❞❡❜✐❞♦ ❛ *✉❡ ❡❧ ♥P♠❡&♦ ❞❡ ❡❝✉❛✲

❝✐♦♥❡) ❞❡1❡&♠✐♥❛♥1❡) ❡) ♠❛②♦& *✉❡ ✷ ✭❡❧ ♥P♠❡&♦ ❞❡ ✐♥❝K❣♥✐1❛) ξ ② η✮✳

❙✐ f(x, y, y1 . . . , yn−1) ♥♦ ❡) ✉♥ ♣♦❧✐♥♦♠✐♦ ❡♥ y1, y2, . . . , yn−1✱ ♣♦❞❡♠♦) )❡✲

❣✉✐& ❞❡&✐✈❛♥❞♦ ✉♥ ❝♦&&❡)♣♦♥❞✐❡♥1❡ ❝♦♥❥✉♥1♦ ❞❡ ❡❝✉❛❝✐♦♥❡) ❞❡1❡&♠✐♥❛♥1❡) ❞❡)❞❡

✭✷✳✸✼✮ ❜❛)❛❞♦ ❡♥ ❧❛ ✐♥❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛) ✈❛&✐❛❜❧❡) y1, y2, . . . , yn−1 ❡♥ ✭✷✳✸✼✮✳

❚❡♦#❡♠❛ ✷✳✼✳ ❈♦♥)✐❞❡&❡♠♦) ✉♥❛ ❊❉❖ ❞❡ 1❡&❝❡& ♦&❞❡♥ ❞❡ ❧❛ ❢♦&♠❛

y3 = g(x, y)y2 + h(x, y, y1). ✭✷✳✸✽✮

❙✐ ✭✷✳✸✽✮ ❛❞♠✐1❡ ❡❧ ❣❡♥❡&❛❞♦& ✐♥✜♥✐1❡)✐♠❛❧ ❳ = ξ(x, y) ∂
∂x

+ η(x, y) ∂
∂y

✱ ❡♥1♦♥❝❡)

ξy = 0, ηyy = 0.

❉❡♠♦$%&❛❝✐*♥

❊❧ ❝&✐1❡&✐♦ ❞❡ ✐♥✈❛&✐❛♥③❛ ♣❛&❛ ❧❛ ❡❝✉❛❝✐K♥ y3 = g(x, y)y2 + h(x, y, y1) ❡)✿

❳

(3) (y3 − g(x, y)y2 − h(x, y, y1)) = −ξ(gxy2 + hx)− η(gyy2 + hy)− η(1)hy1
− η(2)g + η(3)

= 0,
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❞♦♥❞❡ η(1), η(2), η(3) ❡%&'♥ ❞❛❞❛% ♣♦* η(k)(x, y, y1, . . . , yk) =
Dηk−1

Dx
− yk

Dξ(x,y)
Dx

♣❛*❛ k = 1, 2, 3✳ ❊♥ ♦&*❛% ♣❛❧❛❜*❛%✿

η(1) = ηx + y1ηy − y1ξx − y21ξy

η(2) = ηxx + 2y1ηxy − y1ξxx − 2y21ξxy + y21ηyy − y31ξyy − 2y2ξx + y2ηy − 3y1y2ξy

η(3) = ηxxx + 3y1ηxxy − y1ξxxx + 3y21ηxyy − 3y21ξxxy + y31ηyyy − 3y31ξxyy

−y41ξyyy + 3y2ηxy − 3y2ξxx + 3y1y2ηyy − 9y1y2ξxy − 6y21y2ξyy − 3y22ξy

+y3ηy − 3y3ξx − 4y1y3ξy.

❯%❛♥❞♦ ❧❛% ❢2*♠✉❧❛% ❛♥&❡*✐♦*❡% ❞❡ η(1), η(2), η(3) ② %✉%&✐&✉②❡♥❞♦❧❛% ❡♥ ❧❛ ❡❝✉❛❝✐2♥

❞❡ ✐♥✈❛*✐❛♥③❛✱ ♦❜&❡♥❡♠♦% ❧❛% %✐❣✉✐❡♥&❡% ✐❣✉❛❧❞❛❞❡%✿

−3ξy(y2)
2 = 0 ... (1)

−4ξy(y1y3) = 0 ... (2)

(3ξyg + 3ηyy − 9ξxy)(y1y2) = 0 ... (3)

❉❡ ❧❛% ❡❝✉❛❝✐♦♥❡% ✭✶✮ ② ✭✷✮ ♦❜&❡♥❡♠♦% A✉❡ ξy = 0✱ ② %✉%&✐&✉②❡♥❞♦ ❡%&❡ B❧&✐♠♦

✈❛❧♦* ❡♥ ❧❛ ❡❝✉❛❝✐2♥ ✭✸✮ ❧❧❡❣❛♠♦% ❛ ηyy = 0✳ �

❊❥❡♠♣❧♦

❊❝✉❛❝✐%♥ ❞❡ ❇❧❛+✐✉+

D❛✉❧ ❘✐❝❤❛*❞ ❍❡✐♥*✐❝❤ ❇❧❛%✐✉% ❢✉❡ ✉♥ ✐♥❣❡♥✐❡*♦ ❛❧❡♠'♥ ❡%♣❡❝✐❛❧✐③❛❞♦ ❡♥ ♠❡✲

❝'♥✐❝❛ ❞❡ ✢✉✐❞♦%✳ ❙✉ ♣*✐♥❝✐♣❛❧ ❝♦♥&*✐❜✉❝✐2♥ ❢✉❡ ♣*♦♣♦*❝✐♦♥❛* ❧❛% ❜❛%❡% ♠❛&❡♠'✲

&✐❝❛% ♣❛*❛ ❡❧ ❡%&✉❞✐♦ ❞❡❧ ❛**❛%&*❡ ❛ &*❛✈L% ❞❡ ❧❛ &❡♦*M❛ ❞❡ ❝❛♣❛ ❧M♠✐&❡✳

▲❛ %♦❧✉❝✐2♥ ♣❛*❛ ❧❛ ❝❛♣❛ ❧M♠✐&❡ ❧❛♠✐♥❛* %♦❜*❡ ✉♥❛ ♣❧❛❝❛ ♣❧❛♥❛ ❢✉❡ ♦❜&❡♥✐❞❛

♣♦* ❇❧❛%✐✉% ❡♥ ✶✾✵✽ ❡♠♣❧❡❛♥❞♦ ✉♥❛ ❡①♣❛♥%✐2♥ ❡♥ %❡*✐❡% ❞❡ ♣♦&❡♥❝✐❛%✳ D❛*❛ ✉♥

✢✉❥♦ ❜✐❞✐♠❡♥%✐♦♥❛❧ ❡♥ ❡%&❛❞♦ ❡%&❛❜❧❡ ❝♦♥ ❣*❛❞✐❡♥&❡ ❞❡ ♣*❡%✐2♥ ❞❡%♣*❡❝✐❛❜❧❡✱ ❧❛%

❡❝✉❛❝✐♦♥❡% ❞❡ ❣♦❜✐❡*♥♦ %❡ *❡❞✉❝❡♥ ❛✿

y3 +
1

2
yy2 = 0 ✭✷✳✸✾✮

❝♦♥ ❝♦♥❞✐❝✐♦♥❡% ❞❡ ❢*♦♥&❡*❛

y1(0) = y(0) = 0

y1(∞) = 1

❯%❛*❡♠♦% ❡❧ ♠L&♦❞♦ ❛♥&❡% ❞❡%❝*✐&♦ ♣❛*❛ ❡♥❝♦♥&*❛* ❡❧ ❣*✉♣♦ ❛❞♠✐&✐❞♦ ♣♦* ❧❛

❡❝✉❛❝✐2♥ ✭✷✳✸✾✮✳

❊❧ ❝*✐&❡*✐♦ ❞❡ ✐♥✈❛*✐❛♥③❛ ♣❛*❛ ❧❛ ❡❝✉❛❝✐2♥ ❞❡ ❇❧❛%✐✉% ❡%

η(3) +
1

2
y2η +

1

2
yη(2) = 0 cuando y3 = −1

2
yy2, ✭✷✳✹✵✮
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❞♦♥❞❡ η(2), η(3) ❡&'(♥ ❞❛❞♦& ❝♦♠♦ ❡♥ ❧❛ ❞❡♠♦&'-❛❝✐/♥ ❞❡❧ ❚❡♦-❡♠❛ ✷✳✼✳

❊♥'♦♥❝❡& ✭✷✳✹✵✮ ❡& ❧❛ ❡❝✉❛❝✐/♥ ♣♦❧✐♥♦♠✐❛❧

[

ηxxx +
1

2
yηxx

]

+

[

3ηxxy − ξxxx + yηxy −
1

2
yξxx

]

y1

+

[

3ηxyy − 3ξxxy +
1

2
yηyy − yξxy

]

(y1)
2 +

[

ηyyy − 3ξxyy −
1

2
yξyy

]

(y1)
3

− ξyyy(y1)
4 +

[

3ηxy − 3ξxx +
1

2
yξx +

1

2
η

]

y2

+

[

3ηyy − 9ξxy −
3

2
yξy

]

y1y2 − 6ξyy(y1)
2y2 − 3ξy(y2)

2 = 0. ✭✷✳✹✶✮

❊❧ ❝♦♥❥✉♥'♦ -❡&✉❧'❛♥'❡ ❞❡ ❡❝✉❛❝✐♦♥❡& ❞❡'❡-♠✐♥❛♥'❡& ♣❛-❛ (ξ(x, y), η(x, y)) ❡&✿

ηxxx +
1

2
yηxx = 0, ✭✷✳✹✷✮

3ηxxy − ξxxx + yηxy −
1

2
yξxx = 0, ✭✷✳✹✸✮

3ηxyy − 3ξxxy +
1

2
yηyy − yξxy = 0, ✭✷✳✹✹✮

3ξxyy +
1

2
yξyy − ηyyy = 0, ✭✷✳✹✺✮

ξyyy = 0, ✭✷✳✹✻✮

3ηxy − 3ξxx +
1

2
yξx +

1

2
η = 0, ✭✷✳✹✼✮

3ηyy − 9ξxy −
3

2
yξy = 0, ✭✷✳✹✽✮

ξyy = 0, ✭✷✳✹✾✮

ξy = 0. ✭✷✳✺✵✮

❉❡❜✐❞♦ ❛ C✉❡ ❧❛ ❊❉❖ ✭✷✳✸✾✮ ❡& ❞❡ ❧❛ ❢♦-♠❛ ✭✷✳✸✽✮ &❡ &✐❣✉❡ ✐♥♠❡❞✐❛'❛♠❡♥'❡

❞❡❧ ❚❡♦-❡♠❛ ✷✳✼ C✉❡ ξy = 0✱ ηyy = 0✳ H♦- ❧♦ '❛♥'♦ ❡❧ ❝♦♥❥✉♥'♦ ❞❡ ❡❝✉❛❝✐♦♥❡&

❞❡'❡-♠✐♥❛♥'❡& -❡&✉❧'❛♥'❡ ❞❡ ✭✷✳✹✶✮ &❡ -❡❞✉❝❡ ❛ ✭✷✳✹✷✮✱✭✷✳✹✸✮✱✭✷✳✹✼✮✳

❚♦♠❛♥❞♦

∂
∂y

❞❡ ✭✷✳✹✸✮ ②

∂2

∂x∂y
❞❡ ✭✷✳✹✼✮✱ ❧❧❡❣❛♠♦& ❛

∂

∂y

(

3ηxxy − ξxxx + yηxy −
1

2
yξxx

)

= 0

3ηxxyy − ξxxxy + yηxyy + ηxy −
1

2
yξxxy −

1

2
ξxx = 0

ηxy −
1

2
ξxx = 0
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② #❛♠❜✐(♥ ❛

∂2

∂x∂y

(

3ηxy − 3ξxx +
1

2
yξx +

1

2
η

)

= 0

3ηxxyy − 3ξxxxy +
1

2
yξxxy +

1

2
ηxy = 0

ηxy = 0

❊+ ❞❡❝✐/ ♦❜#❡♥❡♠♦+ ❡❧ +✐❣✉✐❡♥#❡ +✐+#❡♠❛✿

ηxy −
1

2
ξxx = 0

ηxy = 0,

❝✉②❛ +♦❧✉❝✐5♥ ❡+

ηxy = ξ′′(x) = 0.

❆❞❡♠7+ ✭✷✳✹✸✮ +❡ +❛#✐+❢❛❝❡✳ ❊♥#♦♥❝❡+

ξ = α+ βx,

η = γy + a(x).

❙✉+#✐#✉②❡♥❞♦ ❧♦ ❛♥#❡/✐♦/ ❡♥ ❧❛ ❡❝✉❛❝✐5♥ ✭✷✳✹✼✮ ♥♦+ ❧❧❡✈❛ ❛

1

2
βy +

1

2
(γy + a(x)) = 0

1

2
(y(β + γ) + a(x)) = 0

a(x) + y(β + γ) = 0,

▲❧❡❣❛♠♦+ ❛ y(β + γ) = 0✱ a(x) = 0❀ ❡+ ❞❡❝✐/✱ a(x) = 0 ② γ = −β✳ ◆♦ +✉/❣❡♥

♠7+ /❡+#/✐❝❝✐♦♥❡+ ❞❡+❞❡ ✭✷✳✹✷✮✳ E♦/ ❧♦ #❛♥#♦ ❧❛ ❡❝✉❛❝✐5♥ ❞❡ ❇❧❛+✐✉+ ✭✷✳✸✾✮ +5❧♦

❛❞♠✐#❡ ✉♥ ❣/✉♣♦ ❞❡ ▲✐❡ ❞❡ #/❛♥❢♦/♠❛❝✐♦♥❡+ ❜✐♣❛/❛♠(#/✐❝♦ ❝♦//❡+♣♦♥❞✐❡♥#❡ ❛ ❧♦+

✐♥✜♥✐#❡+✐♠❛❧❡+

ξ = α+ βx,

η = −βy,

❞♦♥❞❡ α, β +♦♥ ❝♦♥+#❛♥#❡+ ❛/❜✐#/❛/✐❛+✳
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❈❛♣#$✉❧♦ ✸

❈♦♥#$%✉❝❝✐)♥ ❞❡ ❙♦❧✉❝✐♦♥❡#

■♥✈❛%✐❛♥$❡#

❙✐ ✉♥❛ ❊❉❖ ❛❞♠✐*❡ ✉♥ ❣-✉♣♦ ❞❡ ▲✐❡ ❞❡ *-❛♥1❢♦-♠❛❝✐♦♥❡1 ✉♥✐♣❛-❛♠4*-✐❝♦✱

❡♥*♦♥❝❡1 1❡ ♣✉❡❞❡♥ ❝♦♥1*-✉✐- 1♦❧✉❝✐♦♥❡1 ❡1♣❡❝✐❛❧❡1 1✐♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥*♦ ❞❡ ❧❛ 1♦✲

❧✉❝✐8♥ ❣❡♥❡-❛❧ ❞❡ ❧❛ ❊❉❖✳ ❚❛❧❡1 1♦❧✉❝✐♦♥❡1 1♦♥ ❝✉-✈❛1 ✐♥✈❛-✐❛♥*❡1 ❞❡❧ ❣-✉♣♦✱ ②

♣♦- ❧♦ *❛♥*♦ 1♦♥ ❞❡♥♦♠✐♥❛❞❛1  ♦❧✉❝✐♦♥❡ ✐♥✈❛*✐❛♥+❡ ✳ ◆♦-♠❛❧♠❡♥*❡ ✉♥ ♥>♠❡-♦

✜♥✐*♦ ❞❡ ❝✉-✈❛1 ✐♥✈❛-✐❛♥*❡1 ❞❡❧ ❣-✉♣♦ *❡-♠✐♥❛♥ 1✐❡♥❞♦ 1♦❧✉❝✐♦♥❡1 ✐♥✈❛-✐❛♥*❡1 ❞❡

❧❛ ❊❉❖✳

❚❛♠❜✐4♥ 1❡ ❞❡♠✉❡1*-❛ ✉♥ *❡♦-❡♠❛ A✉❡ ♣-✉❡❜❛ A✉❡ ♥♦ ❡1 ♥❡❝❡1❛-✐♦ ❡♥❝♦♥✲

*-❛- *♦❞❛1 ❧❛1 ❝✉-✈❛1 ❞❡ ✉♥ ❣-✉♣♦ ❛❞♠✐*✐❞♦ ♣♦- ✉♥❛ ❊❉❖ ♣❛-❛ ❞❡*❡-♠✐♥❛- ❧❛1

1♦❧✉❝✐♦♥❡1 ✐♥✈❛-✐❛♥*❡1❀ ② ♥♦1 ❞✐❝❡ A✉❡ ❧❛1 1♦❧✉❝✐♦♥❡1 ✐♥✈❛-✐❛♥*❡1 1❡ ❡♥❝✉❡♥*-❛♥

-❡1♦❧✈✐❡♥❞♦ ❡❝✉❛❝✐♦♥❡1 ❛❧❣❡❜-❛✐❝❛1 ♦❜*❡♥✐❞❛1 ❞❡1❞❡ ❧❛ ❊❉❖ ② ❧♦1 ✐♥✜♥✐*❡1✐♠❛❧❡1

❞❡❧ ❣-✉♣♦✳

▲❛1 1♦❧✉❝✐♦♥❡1 ✐♥✈❛-✐❛♥*❡1 *✐❡♥❡♥ ❣-❛♥ ✐♠♣♦-*❛♥❝✐❛ ♣❛-❛ ❧❛1 ❊❉❖✬1 ❞❡ ♣-✐✲

♠❡- ♦-❞❡♥✱ ②❛ A✉❡ ❧❛1 1♦❧✉❝✐♦♥❡1 1❡♣❛-❛*-✐❝❡1 ②✴♦ ❡♥✈♦❧✈❡♥*❡1 1♦♥ 1♦❧✉❝✐♦♥❡1

✐♥✈❛-✐❛♥*❡1 ♣❛-❛ *♦❞♦ ❣-✉♣♦ ♥♦ *-✐✈✐❛❧ ❛❞♠✐*✐❞♦ ♣♦- ❧❛ ❊❉❖✳

✸✳✶✳ ❙♦❧✉❝✐♦♥❡+ ■♥✈❛/✐❛♥0❡+

❊♥ ❡1*❡ ❝❛♣E*✉❧♦ ✈❛♠♦1 ❛ ❝♦♥1✐❞❡-❛- ✉♥❛ ❊❉❖ ❞❡ ♦-❞❡♥ ♥

y(n) = f(x, y, y′, . . . , y(n−1)) = 0 ✭✸✳✶✮

❞♦♥❞❡

yk = y(k) =
dky

dxk
, k = 1, 2, . . . , n,

✺✾
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② ✉♥ ❣&✉♣♦ ❞❡ ▲✐❡ ❞❡ -&❛♥/❢♦&♠❛❝✐♦♥❡/ ✉♥✐♣❛&❛♠3-&✐❝♦

x∗ = X(x, y; ǫ) = x+ ǫξ(x, y) +O(ǫ2),

y∗ = Y (x, y; ǫ) = y + ǫη(x, y) +O(ǫ2), ✭✸✳✷✮

❝♦♥ ❣❡♥❡&❛❞♦& ✐♥✜♥✐-❡/✐♠❛❧

❳ = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
, ✭✸✳✸✮

❉❡✜♥✐❝✐'♥ ✸✳✶ y = φ(x) ❡/ ✉♥❛ +♦❧✉❝✐'♥ ✐♥✈❛1✐❛♥2❡ ❞❡ ✭✸✳✶✮ ❝♦&&❡/♣♦♥✲

❞✐❡♥-❡ ❛❧ ❣❡♥❡&❛❞♦& ✐♥✜♥✐-❡/✐♠❛❧ ✭✸✳✸✮ ❞❡❧ ❣&✉♣♦ ✭✸✳✷✮ ❛❞♠✐-✐❞♦ ♣♦& ✭✸✳✶✮ /✐ ②

/=❧♦ /✐

✭✐✮ y = φ(x) ❡/ ✉♥❛ ❝✉&✈❛ ✐♥✈❛&✐❛♥-❡ ❞❡ ✭✸✳✷✮❀

✭✐✐✮ y = φ(x) &❡/✉❡❧✈❡ ✭✸✳✶✮✳

▲❛ /✐❣✉✐❡♥-❡ ❞❡✜♥✐❝✐=♥ ❡/ ✉♥❛ ✈❡&/✐=♥ ❣❡♥❡&❛❧✐③❛❞❛ ❞❡ ❧❛ ❞❡✜♥✐❝✐=♥ ❛♥-❡&✐♦&✿

Φ(x, y) = 0 ❞❡✜♥❡ ✉♥❛ /♦❧✉❝✐=♥ ✐♥✈❛&✐❛♥-❡ ❞❡ ✭✸✳✶✮ ❝♦♠♦ &❡/✉❧-❛❞♦ ❞❡ /✉

✐♥✈❛&✐♥③❛ ❜❛❥♦ ✭✸✳✷✮ /✐ /❡ ❝✉♠♣❧❡♥ ❧❛/ ❝♦♥❞✐❝✐♦♥❡/ /✐❣✉✐❡♥-❡/✿

✭✐✮ Φ(x, y) = 0 ❡/ ✉♥❛ ❝✉&✈❛ ✐♥✈❛&✐❛♥-❡ ❞❡ ✭✸✳✷✮❀

✭✐✐✮ Φ(x, y) = 0 &❡/✉❡❧✈❡ ✭✸✳✶✮✳

❉❡ ❡/-❛ E❧-✐♠❛ ❞❡✜♥✐❝✐=♥ ❞❡ ✉♥❛ /♦❧✉❝✐=♥ ✐♥✈❛&✐❛♥-❡ /❡ /✐❣✉❡ F✉❡ Φ(x, y) = 0
❡/ ✉♥❛ /♦❧✉❝✐=♥ ✐♥✈❛&✐❛♥-❡ ❞❡ ✭✸✳✶✮ &❡❧❛❝✐♦♥❛❞❛ ❛ /✉ ✐♥✈❛&✐❛♥③❛ ❜❛❥♦ ✭✸✳✷✮ /✐ ②

/=❧♦ /✐

✭✐✮ Φ(x, y) = 0 ❡/ ✉♥❛ /♦❧✉❝✐=♥ ❞❡ ❧❛ ❊❉❖ ❞❡ ♣&✐♠❡& ♦&❞❡♥ y′ =
η(x, y)

ξ(x, y)
❀

✭✐✐✮ Φ(x, y) = 0 &❡/✉❡❧✈❡ y(n) = f(x, y, y′, . . . , y(n−1))✳

❙✉♣♦♥✐❡♥❞♦ F✉❡ Φ(x, y) = 0 ❡/ ✉♥❛ ❝✉&✈❛ ✐♥✈❛&✐❛♥-❡ ❞❡ ✭✸✳✷✮✱ ♣♦& ❡❧ ❚❡♦&❡♠❛

✶✳✶✹ ✭✐✮ -❡♥❡♠♦/ F✉❡ ❳Φ(x, y) = ξΦx + ηΦy = 0✱ ② ❛/M

η(x,y)
ξ(x,y) = −Φx

Φy
= y′✳

❊/ ❞❡❝✐& Φ ❡/ /♦❧✉❝✐=♥ ❞❡ y′ = η(x,y)
ξ(x,y) ✱ ♣♦& ❧♦ F✉❡ /❡ ❝✉♠♣❧❡ ❡❧ ✐♥❝✐/♦ ✭✐✮✳

❆❤♦&❛ ❡❧ ✐♥❝✐/♦ ✭✐✐✮ /❡ /✐❣✉❡ ✐♥♠❡❞✐❛-❛♠❡♥-❡ ❞❡❧ ♣✉♥-♦ ✭✐✐✮ ❞❡ ❧❛ ❞❡✜♥✐❝✐=♥ ❛♥-❡✲

&✐♦&✳

✸✳✷✳ ❚❡♦&❡♠❛ ♣❛&❛ ❙♦❧✉❝✐♦♥❡0 ■♥✈❛&✐❛♥3❡0

❯♥❛ ❢♦&♠❛ ♣❛&❛ ❡♥❝♦♥-&❛& /♦❧✉❝✐♦♥❡/ ✐♥✈❛&✐❛♥-❡/ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮ &❡❧❛❝✐♦♥❛❞❛

❛ /✉ ✐♥✈❛&✐❛♥③❛ ❜❛❥♦ ❡❧ ❣&✉♣♦ ✭✸✳✷✮ ❡/ ♦❜-❡♥❡& ♣&✐♠❡&♦ ❧❛ /♦❧✉❝✐=♥ ❣❡♥❡&❛❧

g(x, y;C) = 0 ✭✸✳✹✮

❞❡ ❧❛ ❊❉❖

y′ = η(x, y)/ξ(x, y)
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✭❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉,✈❛. ✐♥✈❛,✐❛♥0❡. ❞❡ ✉♥ ♣❛,2♠❡0,♦ ❞❡ ✭✸✳✷✮✮ ② ❡♥0♦♥❝❡. .✉.0✐0✉✐,

✭✸✳✹✮ ❡♥ ❧❛ ❊❉❖ ✭✸✳✶✮ ♣❛,❛ ❡♥❝♦♥0,❛, ❝✉2❧❡. ✈❛❧♦,❡. ❞❡ C = C∗
❤❛❝❡♥ >✉❡ ✭✸✳✹✮

,❡.✉❡❧✈❛ ❧❛ ❊❉❖ ✭✸✳✶✮✳ ❈✉❛❧>✉✐❡,❛ ❞❡ ❡.0♦. ✈❛❧♦,❡. ❞❡ C = C∗
♣,♦❞✉❝❡ ✉♥❛

.♦❧✉❝✐@♥ ✐♥✈❛,✐❛♥0❡

Φ(x, y) = g(x, y;C∗) = 0

❞❡ ✭✸✳✶✮ ,❡❧❛❝✐♦♥❛❞❛ ❛ .✉ ✐♥✈❛,✐❛♥③❛ ❜❛❥♦ ✭✸✳✷✮✳

D,♦❜❛,❡♠♦. >✉❡ ❣❡♥❡,❛❧♠❡♥0❡ ❡. ✐♥♥❡❝❡.❛,✐♦ ,❡.♦❧✈❡, ❧❛ ❊❉❖ y′ = η(x, y)/ξ(x, y)
♦ ❝✉❛❧>✉✐❡, ♦0,❛ ❊❉❖ ♣❛,❛ ❡♥❝♦♥0,❛, ❧❛. .♦❧✉❝✐♦♥❡. ✐♥✈❛,✐❛♥0❡. ❞❡ ✭✸✳✶✮ ,❡❧❛❝✐♦✲

♥❛❞❛. ❛ ❧❛ ✐♥✈❛,✐❛♥③❛ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮ ❜❛❥♦ ❡❧ ❣,✉♣♦ ✭✸✳✷✮✳

❚❡♦#❡♠❛ ✸✳✷ ❙✉♣♦♥❣❛♠♦. >✉❡ ❧❛ ❊❉❖ y(n) = f(x, y, y′, . . . , y(n−1)) = 0
❛❞♠✐0❡ ❡❧ ❣,✉♣♦ ❞❡ ▲✐❡ ❞❡ 0,❛♥.❢♦,♠❛❝✐♦♥❡. ✉♥✐♣❛,❛♠I0,✐❝♦ ✭✸✳✷✮ ❡♥ ❡❧ ❞♦♠✐♥✐♦

❉⊂ R
2
✳ ❙✐♥ ♣I,❞✐❞❛ ❞❡ ❣❡♥❡,❛❧✐❞❛❞ ❛.✉♠✐♠♦. >✉❡ ξ(x, y) 6= 0 ❡♥ ❉✳ ❙❡❛

Ψ(x, y) =
η(x, y)

ξ(x, y)
, ❨ =

∂

∂x
+Ψ(x, y)

∂

∂y
=

1

ξ(x, y)
❳,

②

yk = ❨k−1Ψ, k = 1, 2, . . . , n.

D❛,❛ ❧❛ ❊❉❖ ✭✸✳✶✮ ❝♦♥.✐❞❡,❛♠♦. ❧❛ ❢✉♥❝✐@♥ ❛❧❣❡❜,❛✐❝❛ Q(x, y) ❞❡✜♥✐❞❛ ♣♦,

Q(x, y) = yn − f(x, y, y1, . . . , yn−1) = ❨
n−1Ψ− f(x, y,Ψ,❨Ψ, . . . ,❨n−2Ψ)

✭✸✳✺✮

❡♥ ❡❧ ❞♦♠✐♥✐♦ ❉✳ ❚,❡. ❝❛.♦. .✉,❣❡♥ ♣❛,❛ ❧❛ ❡❝✉❛❝✐@♥ ❛❧❣❡❜,❛✐❝❛ Q(x, y) = 0✿
✭■✮ Q(x, y) = 0 ♥♦ ❞❡✜♥❡ ❝✉,✈❛. ❡♥ ❉❀

✭■■✮ Q(x, y) ≡ 0 ❡♥ ❉❀

✭■■■✮ Q(x, y) = 0 ❞❡✜♥❡ ❝✉,✈❛. ❡♥ ❉✳

❊♥ ❡❧ ❝❛.♦ ✭■✮ ❧❛ ❊❉❖ ✭✸✳✶✮ ♥♦ 0✐❡♥❡ .♦❧✉❝✐♦♥❡. ✐♥✈❛,✐❛♥0❡. ,❡❧❛❝✐♦♥❛❞❛. ❛ .✉

✐♥✈❛,✐❛♥③❛ ❜❛❥♦ ✭✸✳✷✮✳

❊♥ ❡❧ ❝❛.♦ ✭■■✮ ❝✉❛❧>✉✐❡, .♦❧✉❝✐@♥ ❞❡ ❧❛ ❊❉❖ y′ = η(x, y)/ξ(x, y)✱ ❡. ❞❡❝✐,✱

❝✉❛❧>✉✐❡, ❝✉,✈❛ ✐♥✈❛,✐❛♥0❡ ❞❡ ✭✸✳✷✮✱ ❡. ✉♥❛ .♦❧✉❝✐@♥ ✐♥✈❛,✐❛♥0❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮

,❡❧❛❝✐♦♥❛❞❛ ❛ .✉ ✐♥✈❛,✐❛♥③❛ ❜❛❥♦ ✭✸✳✷✮✳

❊♥ ❡❧ ❝❛.♦ ✭■■■✮ ✉♥❛ .♦❧✉❝✐@♥ ✐♥✈❛,✐❛♥0❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮ ,❡❧❛❝✐♦♥❛❞❛ ❛ .✉ ✐♥✈❛✲

,✐❛♥③❛ ❜❛❥♦ ✭✸✳✷✮ ❞❡❜❡ .❛0✐.❢❛❝❡, Q(x, y) = 0 ②✱ ,❡❝Q♣,♦❝❛♠❡♥0❡ 0♦❞❛ ❝✉,✈❛ >✉❡

❝✉♠♣❧❛ ❝♦♥ Q(x, y) = 0 ❡. ✉♥❛ .♦❧✉❝✐@♥ ✐♥✈❛,✐❛♥0❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮ ,❡❧❛❝✐♦♥❛❞❛

❛ .✉ ✐♥✈❛,✐❛♥③❛ ❜❛❥♦ ✭✸✳✷✮✳

❉❡♠♦$%&❛❝✐*♥

❙✐ y1 = y′ = η
ξ
= Ψ✱ ❡♥0♦♥❝❡. yk = y(k) = ❨k−1Ψ, k = 1, 2, . . . , n✳ D♦, ❧♦

0❛♥0♦ ✉♥❛ .♦❧✉❝✐@♥ ✐♥✈❛,✐❛♥0❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮ ,❡❧❛❝✐♦♥❛❞❛ ❛ .✉ ✐♥✈❛,✐❛♥③❛ ❜❛❥♦

✭✸✳✷✮ ❞❡❜❡ .❛0✐.❢❛❝❡, ❧❛ ❡❝✉❛❝✐@♥ ❛❧❣❡❜,❛Q❝❛✿

Q(x, y) = 0
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❙❡ $✐❣✉❡ ✐♥♠❡❞✐❛,❛♠❡♥,❡ ❞❡ ✭■✮✱ 1✉❡ $✐ Q(x, y) = 0 ♥♦ ❞❡✜♥❡ ❝✉5✈❛$ ❡♥ ❉✱ ❡♥✲

,♦♥❝❡$ ❧❛ ❊❉❖ ✭✸✳✶✮ ♥♦ ,✐❡♥❡ $♦❧✉❝✐♦♥❡$ ✐♥✈❛5✐❛♥,❡$ 5❡❧❛❝✐♦♥❛❞❛$ ❛ $✉ ✐♥✈❛5✐❛♥③❛

❜❛❥♦ ✭✸✳✷✮✱ ② ✭■■✮ $✐ Q(x, y) ≡ 0 ❡♥ ❉ ❡♥,♦♥❝❡$ ,♦❞❛ $♦❧✉❝✐C♥ ❞❡ y′ = η
ξ
❡$ ✉♥❛

$♦❧✉❝✐C♥ ✐♥✈❛5✐❛♥,❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮✳ ✭❈❧❛5❛♠❡♥,❡ ❳Q = 0 ❝✉❛♥❞♦ Q ≡ 0✮✳

❊♥ ❡❧ ❝❛$♦ ✭■■■✮ ❝♦♥$✐❞❡5❛♠♦$ ❝✉❛❧1✉✐❡5 ❝✉5✈❛ 1✉❡ ❝✉♠♣❧❛ ❝♦♥ Q(x, y) = 0✳
F♦5 ❝♦♥$,5✉❝❝✐C♥ ,❛❧ ❝✉5✈❛ ❡$ ✉♥❛ ❝✉5✈❛ $♦❧✉❝✐C♥ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮✳ ❊$,❛ ❝✉5✈❛ ❡$

✉♥❛ $♦❧✉❝✐C♥ ✐♥✈❛5✐❛♥,❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✮ 5❡❧❛❝✐♦♥❛❞❛ ❛ $✉ ✐♥✈❛5✐❛♥③❛ ❜❛❥♦ ✭✸✳✷✮

$✐

Qx +Qyy
′ = 0

5❡$✉❡❧✈❡ ❧❛ ❊❉❖ y′ = η(x,y)
ξ(x,y) ✳ ❊$,♦ ❡$ ✈❡5❞❛❞❡5♦ $✐ ❨Q = 0 ❝✉❛♥❞♦ Q = 0✱ ❧♦

❝✉❛❧ ♠♦$,5❛5❡♠♦$ ❝♦♠♦ $✐❣✉❡✿

❉❡❜✐❞♦ ❛ 1✉❡ ❧❛ ❊❉❖ ✭✸✳✶✮ ❛❞♠✐,❡ ✭✸✳✷✮✱ $❡ $✐❣✉❡ 1✉❡ ❧❛ ❡❝✉❛❝✐C♥ ❞❡ ✐♥✈❛✲

5✐❛♥③❛

η(n) = ξ
∂f

∂x
+ η

∂f

∂y
+ η(1)

∂f

∂y1
+ . . .+ η(n−1) ∂f

∂yn−1
(∗)

❞❡❜❡ ♠❛♥,❡♥❡5$❡ ♣❛5❛ ❝✉❛❧❡$1✉✐❡5❛ ✈❛❧♦5❡$ ❞❡ (x, y, y1, . . . , yn) ② ,❛❧ 1✉❡

yn − f(x, y, y1, . . . , yn−1) = 0

❞♦♥❞❡ ❡♥ ,H5♠✐♥♦$ ❞❡❧ ♦♣❡5❛❞♦5 ❞❡5✐✈❛❞❛ ,♦,❛❧

D

Dx
✱

η(1) =
Dη

Dx
− y1

Dξ

Dx
,

η(k) =
Dη(k−1)

Dx
− yk

Dξ

Dx
, k = 2, 3, . . . , n.

❙❡❛ yk = ❨

k−1Ψ✱ k = 1, 2, . . . , n✳ ❊♥,♦♥❝❡$ ❧❛ ❊❉❖ ✭✸✳✶✮ $❡ ❝♦♥✈✐❡5,❡ ❡♥

Q(x, y) = 0 ② ❡❧ ♦♣❡5❛❞♦5 ❞❡5✐✈❛❞❛ ,♦,❛❧ $❡ ❝♦♥✈✐❡5,❡ ❡♥

D

Dx
≡ ❨✱ ❞❡❜✐❞♦ ❛

1✉❡ ♣❛5❛ ❝✉❛❧1✉✐❡5 ❢✉♥❝✐C♥ G(x, y, y1, . . . , yj)✱ j < n✱ ,❡♥❡♠♦$ 1✉❡

DG

Dx

∣

∣

∣

∣

yk=❨k−1Ψ, k=1,2,...,j+1

=

(

∂G

∂x
+ y1

∂G

∂y
+ y2

∂G

∂y1
+ . . .+ yj+1

∂G

∂yj

)∣

∣

∣

∣

yk=❨k−1Ψ, k=1,2,...,j+1

= ❨G(x, y,Ψ, . . . ,❨j−1Ψ),

❡$ ❞❡❝✐5✱

DG

Dx
≡ ❨G
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❝✉❛♥❞♦ yk = ❨k−1Ψ✱ k = 1, 2, . . . , j+1✳ *♦+ ❧♦ -❛♥-♦ .✐ yk = ❨k−1Ψ✱ k = 1, 2, . . .✱
❡♥-♦♥❝❡.

η(1) = ❨η −Ψ❨ξ

= ❨(ξΨ)−Ψ❨ξ

=

[

∂(ξΨ)

∂x
+Ψ

∂(ξΨ)

∂y

]

−Ψ❨ξ

= [ξxΨ+ ξΨx +ΨξyΨ+ΨξΨy]−Ψ❨ξ

= [ξ(Ψx +ΨΨy) + Ψ(ξx +Ψξy)]−Ψ❨ξ

= [ξ❨Ψ+Ψ❨ξ]−Ψ❨ξ

= ξ❨Ψ.

❆❤♦+❛ ♠♦.-+❛+❡♠♦. ✐♥❞✉❝-✐✈❛♠❡♥-❡ 5✉❡

η(k) = ξ❨kΨ, k = 1, 2, . . . , n.

❙✐ η(k) = ξ❨kΨ✱ ❡♥-♦♥❝❡.

η(k+1) = ❨η(k) − (❨kΨ)(❨ξ)

= ❨(ξ❨kΨ)− (❨kΨ)(❨ξ)

= ξ❨k+1Ψ.

❈♦♠♦ ❝♦♥.❡❝✉❡♥❝✐❛ .✐ ❧❛ ❊❉❖ ✭✸✳✶✮ ❛❞♠✐-❡ ✭✸✳✷✮✱ ❡♥-♦♥❝❡. ❞❡ ✭✯✮ .❡ .✐❣✉❡ 5✉❡

♣❛+❛ ❝✉❛❧5✉✐❡+ ❝✉+✈❛ 5✉❡ ❝✉♠♣❧❛ ❝♦♥ Q(x, y) = 0✱ -❡♥❡♠♦. [ξ 6= 0]

❨

nΨ =
∂f

∂x
+

η

ξ

∂f

∂y
+ (❨Ψ)

∂f

∂y1
+ . . .+ (❨n−1Ψ)

∂f

∂yn−1
✭✸✳✻✮

❡✈❛❧✉❛❞♦ ❡♥ yk = ❨k−1Ψ✱ k = 1, 2, . . . , n− 1✳ *❡+♦ ❞❡ ✭✸✳✺✮ -❡♥❡♠♦.

❨Q ≡ Qx +
η

ξ
Qy ≡ ❨nΨ−

[

∂f

∂x
+

η

ξ

∂f

∂y
+ (❨Ψ)

∂f

∂y1
+ . . .+ (❨n−1Ψ)

∂f

∂yn−1

]

❡✈❛❧✉❛❞♦ ❡♥ yk = ❨k−1Ψ✱ k = 1, 2, . . . , n− 1✳ ❊♥-♦♥❝❡. ❞❡ ✭✸✳✻✮ ♦❜-❡♥❡♠♦. 5✉❡

❨Q = 0 ❝✉❛♥❞♦ Q = 0✳ �

✶✳ ❈♦♠♦ ✉♥ ♣+✐♠❡+ ❡❥❡♠♣❧♦ ❝♦♥.✐❞❡+❡♠♦. ❧❛ ❊❉❖ ❧✐♥❡❛❧ ❤♦♠♦❣E♥❡❛ ❞❡ ♦+❞❡♥

♥ ❝♦♥ ❝♦❡✜❝✐❡♥-❡. ❝♦♥.-❛♥-❡.

y(n) + a1y
(n−1) + . . .+ an−1y

′ + any = 0 ✭✸✳✼✮

❊♥❝♦♥-+❛♠♦. -♦❞❛. ❧❛. .♦❧✉❝✐♦♥❡. ✐♥✈❛+✐❛♥-❡. ❞❡ ✭✸✳✼✮ +❡❧❛❝✐♦♥❛❞❛. ❛ .✉ ✐♥✈❛✲

+✐❛♥③❛ ❜❛❥♦ -+❛.❧❛❝✐♦♥❡. ❡♥ x ② ❤♦♠♦-❡❝✐❛. ❡♥ y ♣+♦❞✉❝✐❞❛. ♣♦+ ❡❧ ❣❡♥❡+❛❞♦+

✐♥✜♥✐-❡.✐♠❛❧ ❳ = α( ∂
∂x

) + βy( ∂
∂y

) ❝♦♥ ❝♦♥.-❛♥-❡. ❛+❜✐-+❛+✐❛. α, β✳

❊. ❢L❝✐❧ ✈❡+ 5✉❡ ❧❛ ❡❝✉❛❝✐M♥ ✭✸✳✼✮ ❛❞♠✐-❡ ❞✐❝❤♦ ❣❡♥❡+❛❞♦+ ✐♥✜♥✐-❡.✐♠❛❧✱ ♣✉❡. .✐

-♦♠❛♠♦.

F (x, y, y′, . . . , y(n−1), y(n)) = y(n) + a1y
(n−1) + . . .+ an−1y

′ + any = 0
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"❡♥❡♠♦' (✉❡

❳

(n)F = α
∂F

∂x
+ βy

∂F

∂y
+ η(1)

∂F

∂y1
+ . . .+ η(n)

∂F

∂yn

= anβy +

(

Dη

Dx
− y1

Dα

Dx

)

an−1 +

(

Dη(1)

Dx
− y2

Dα

Dx

)

an−2 + . . .+

(

Dη(n−1)

Dx
− yn

Dα

Dx

)

= anβy + an−1βy1 + an−2βy2 + . . .+ a1βyn−1 + βyn

= β (any + an−1y1 + an−2y2 + . . .+ a1yn−1 + yn) = β(0)

= 0

❙❡❛ λ = β
α
✳ ❊♥"♦♥❝❡' Ψ = η

ξ
= λy, ❨ = ∂

∂x
+ λy( ∂

∂y
)✳

❈♦♠♦ ❝♦♥'❡❝✉❡♥❝✐❛✱

y(k) = ❨

k−1Ψ = ❨k−2(❨Ψ) = ❨k−2(λ2y)

= ❨

k−3(❨λ2y) = ❨k−3(λ3y) = . . . = ❨(λk−1y)

= λky, k = 1, 2, . . . , n. ✭✸✳✽✮

❙✉'"✐"✉②❡♥❞♦ ✭✸✳✽✮ ❡♥ ✭✸✳✼✮ "❡♥❡♠♦'

Q(x, y) = ❨

n−1Ψ+ a1❨
n−2Ψ+ . . .+ an−1❨

0Ψ+ any

= λny + a1λ
n−1y + . . .+ an−1λy + any

= (λn + a1λ
n−1 + . . .+ an−1λ+ an)y

= p(λ)y = 0,

❞♦♥❞❡ p(λ) = λn + a1λ
n−1 + . . .+ an−1λ+ an✳

9♦: ❧♦ "❛♥"♦ ♦❜"❡♥❡♠♦' ❧❛ ❡❝✉❛❝✐=♥ ♣♦❧✐♥♦♠✐❛❧ ❝❛:❛❝"❡:?'"✐❝❛ p(λ) = 0✱ ❧❛ ❝✉@❧

λ ❞❡❜❡ '❛"✐'❢❛❝❡: '✐ y 6= 0✿

p(λ) = λn + a1λ
n−1 + . . .+ an−1λ+ an = 0 ✭✸✳✾✮

❈✉❛❧(✉✐❡: '♦❧✉❝✐=♥ λ = r ❞❡ ✭✸✳✾✮ ♥♦' ❞❡❥❛ ✉♥❛ '♦❧✉❝✐=♥ ✐♥✈❛:✐❛♥"❡ ❞❡ ✭✸✳✼✮✳ ❊♥

"F:♠✐♥♦' ❞❡❧ ❚❡♦:❡♠❛ ✸✳✷✱ ❈❛'♦ ✭■■✮ ❝♦::❡'♣♦♥❞❡ ❛ λ '❡: ✉♥❛ :❛?③ ❞❡ p(λ) = 0❀
❡❧ ❈❛'♦ ✭■■■✮ ❝♦::❡'♣♦♥❞❡ ❛ λ ♥♦ '❡: :❛?③ ❞❡ p(λ) = 0 ② ❡♥ ❡'"❡ ❝❛'♦ y = 0 ❡'

❧❛ '♦❧✉❝✐=♥ ✐♥✈❛:✐❛♥"❡ ":✐✈✐❛❧✳ ❊♥ ❡❧ ❈❛'♦ ✭■■✮ ❧❛ '♦❧✉❝✐=♥ ✐♥✈❛:✐❛♥"❡ ❡' ❝✉❛❧(✉✐❡:

'♦❧✉❝✐=♥ ❞❡ y′ = ry✱ ❡' ❞❡❝✐:✱ y = Cerx, p(r) = 0✳
❆❞❡♠@'✱ '✐ y = erx :❡'✉❡❧✈❡ ✭✸✳✼✮✱ ❡♥"♦♥❝❡' ❧❛ ❊❉❖ ✭✸✳✼✮ ❛❞♠✐"❡

❳ = α
∂

∂x
+ (βy + γerx)

∂

∂y

♣❛:❛ ❝♦♥'"❛♥"❡' ❛:❜✐":❛:✐❛' α, β, γ✳ ❙❡❛ λ = β
α
✱ υ = γ

α
6= 0✳ ❊♥"♦♥❝❡' Ψ = η

ξ
=

λy + υerx, ❨ = ∂
∂x

+ (λy + υerx) ∂
∂y

✳ 9♦: ❧♦ "❛♥"♦

y(k) = ❨k−1Ψ = υ(rk−1+λrk−2+. . .+λk−2r+λk−1)erx+λky, k = 1, 2, . . . , n.
✭✸✳✶✵✮
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❈♦$$❡&♣♦♥❞✐❡♥+❡♠❡♥+❡✱

Q(x, y) = p(λ)

[

υ

λ− r
erx + y

]

❙✉"❣❡♥ ✹ ❝❛)♦)✿

✭✐✮ ❙✐ p(λ) 6= 0✱ υ = 0✱ ❡♥.♦♥❝❡) Q(x, y) = 0 ❣❡♥❡"❛ ❧❛ )♦❧✉❝✐0♥ ."✐✈✐❛❧ y = 0 ❞❡

✭✸✳✼✮✳

✭✐✐✮ ❙✐ p(λ) 6= 0✱ υ 6= 0✱ ❡♥.♦♥❝❡) Q(x, y) = 0 ❣❡♥❡"❛ ❧❛ )♦❧✉❝✐0♥ ❝♦♥♦❝✐❞❛

y = Cerx ❞❡ ✭✸✳✼✮ ♣❛"❛ ✉♥❛ ❝♦♥).❛♥.❡ ❛"❜✐."❛"✐❛ ❈✳

✭✐✐✐✮ ❙✐ r ❡) ✉♥❛ "❛;③ )✐♠♣❧❡ ❞❡ p(λ) = 0 ② λ = r✱ ❡♥.♦♥❝❡) Q(x, y) 6= 0 ② ♣♦" ❧♦

.❛♥.♦ ♥✐♥❣✉♥❛ )♦❧✉❝✐0♥ ❞❡ ✭✸✳✼✮ ❡) ♦❜.❡♥✐❞❛ ✭❈❛)♦ ■✮✳

✭✐✈✮ ❙✐ p(λ) = 0 ② r ♥♦ ❡) ✉♥❛ "❛;③ )✐♠♣❧❡ ❞❡ p(λ) = 0✱ ❡♥.♦♥❝❡) Q(x, y) ≡ 0
② ❝✉❛❧@✉✐❡" )♦❧✉❝✐0♥ ❞❡ y′ = λy + υerx ❣❡♥❡"❛ ✉♥❛ )♦❧✉❝✐0♥ ❞❡ ✭✸✳✼✮✳ ❙✐ λ 6= r✱
❡♥.♦♥❝❡) ❡).❛ )♦❧✉❝✐0♥ ✐♥✈❛"✐❛♥.❡ ❡) y = C1e

rx + C2e
λx

♣❛"❛ ❝♦♥).❛♥.❡) ❛"✲

❜✐."❛"✐❛) C1, C2❀ )✐ λ = r✱ ❡♥.♦♥❝❡) ❧❛ )♦❧✉❝✐0♥ ✐♥✈❛"✐❛♥.❡ ❝♦""❡)♣♦♥❞✐❡♥.❡ ❡)

y = C1e
rx + C2xe

rx
♣❛"❛ ❝♦♥).❛♥.❡) ❛"❜✐."❛"✐❛) C1, C2✳

C♦" ♠D.♦❞♦) ❝♦♥✈❡♥❝✐♦♥❛❧❡) ♣♦❞❡♠♦) ❡♥❝♦♥."❛" ❧❛ )♦❧✉❝✐0♥ ❣❡♥❡"❛❧ ❞❡ ❧❛

❡❝✉❛❝✐0♥ ✭✸✳✼✮ ❝♦♥ ❡❝✉❛❝✐0♥ ❝❛"❛❝.❡";).✐❝❛ p(λ) ✭✸✳✾✮ .♦♠❛♥❞♦ ❡♥ ❝✉❡♥.❛ ❧♦) )✐✲

❣✉✐❡♥.❡) ❝❛)♦)✿

✭❛✮ ❙✐ .❡♥❡♠♦) y1(x), y2(x), . . . , yn(x)✱ n )♦❧✉❝✐♦♥❡) ❧✐♥❡❛❧♠❡♥.❡ ✐♥❞❡♣❡♥✲

❞✐❡♥.❡) ✭❡) ❞❡❝✐" )✐ {yi(x) : i = 1, . . . , n} ❢♦"♠❛ ✉♥ ❝♦♥❥✉♥.♦ ❢✉♥❞❛♠❡♥.❛❧ ❞❡

)♦❧✉❝✐♦♥❡) ♣❛"❛ ❧❛ ❊❉❖ ✭✷✳✼✮✱ ❡♥.♦♥❝❡) ❧❛ )♦❧✉❝✐0♥ ❣❡♥❡"❛❧ ❡) ❞❡ ❧❛ ❢♦"♠❛

y = c1y1(x) + c2y2(x) + . . .+ cnyn(x)

❞♦♥❞❡ yi(x) = eλix
✱ ② ❧❛) λi )♦♥ )♦❧✉❝✐♦♥❡) "❡❛❧❡) ② ❞✐).✐♥.❛) ❞❡ p(λ) ♣❛"❛

i = 1, 2, . . . , n✳ C♦" ❧♦ .❛♥.♦ .❡♥❡♠♦)

y = c1e
λ1x + c2e

λ2x + . . .+ cne
λnx =

n
∑

i=1

cie
λix.

❝♦♠♦ )♦❧✉❝✐0♥ ❣❡♥❡"❛❧✳

✭❜✮ ❙✐ ❡①✐).❡ λ∗
"❛;③ ❞❡ p(λ) ❞❡ ♠✉❧.✐♣❧✐❝✐❞❛❞ k✱ ❝♦♥ 1 < k ≤ n✱ ❡♥.♦♥❝❡)

y = xi−1eλ
∗x

❡) )♦❧✉❝✐♦♥ ❞❡ ❧❛ ❡❝✉❛❝✐0♥ ♣❛"❛ ❝❛❞❛ i = 1, . . . , k✳ ❙✐♥ ♣D"❞✐✲

❞❛ ❞❡ ❣❡♥❡"❛❧✐❞❛❞ )✉♣♦♥❣❛♠♦) @✉❡ λ∗ = λ1 ② @✉❡ ❧❛) "❡).❛♥.❡) λi✱ ❡) ❞❡❝✐"✱

λ2, . . . , λn−k+1✱ )♦♥ "❛✐❝❡) "❡❛❧❡) ② ❞✐).✐♥.❛) ❞❡ p(λ)✳ ❊♥.♦♥❝❡) ♥✉❡)."❛ )♦❧✉❝✐0♥

❣❡♥❡"❛❧ @✉❡❞❛ ❞❡ ❧❛ )✐❣✉✐❡♥.❡ ♠❛♥❡"❛

y =

k
∑

i=1

cix
i−1eλ1x +

n
∑

j=k+1

cje
λj−k+1x.

❆);✱ ♦❜)❡"✈❛♠♦) @✉❡ ❧❛) )♦❧✉❝✐♦♥❡) ✐♥✈❛"✐❛♥.❡) )♦♥ ❝❛)♦) ♣❛".✐❝✉❧❛"❡) ❞❡ ♥✉❡)."❛

)♦❧✉❝✐0♥ ❣❡♥❡"❛❧✳
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✷✳ ❈♦♠♦ &❡❣✉♥❞♦ ❡❥❡♠♣❧♦ ❝♦♥&✐❞❡1❡♠♦& ❧❛ ❡❝✉❛❝✐3♥ ❞❡ ❇❧❛&✐✉&✱ ❞❡ ❧❛ ❝✉❛❧

6❛♠❜✐8♥ ❤❛❜❧❛♠♦& ❡♥ ❡❧ ❝❛♣:6✉❧♦ ✷✳✸✳✷ ② ❡♥❝♦♥61❛♠♦& ✉♥ ❣1✉♣♦ ❛❞♠✐6✐❞♦ ♣♦1

8&6❛ ✉&❛♥❞♦ ❡❧ ❈1✐6❡1✐♦ ■♥✜♥✐6❡&✐♠❛❧ ♣❛1❛ ❧❛ ■♥✈❛1✐❛♥③❛ ❞❡ ✉♥❛ ❊❉❖✳

y′′′ +
1

2
yy′′ = 0 ✭✸✳✶✶✮

❧❛ ❝✉❛❧ ❛❞♠✐6❡ ❡❧ &✐❣✉✐❡♥6❡ ❣❡♥❡1❛❞♦1 ✐♥✜♥✐6❡&✐♠❛❧

❳ = (αx+ β)
∂

∂x
− αy

∂

∂y
✭✸✳✶✷✮

♣❛1❛ ❝♦♥&6❛♥6❡& ❛1❜✐61❛1✐❛& α, β✱ ②❛ G✉❡ 6♦♠❛♥❞♦ ❛

F (x, y, y1, y2, y3) = y3 +
1
2yy2 = 0✱ ❧❧❡❣❛♠♦& ❛

❳

(3)F = (αx+ β)
∂F

∂x
+ (−αy)

∂F

∂y
+ η(1)

∂F

∂y1
+ η(2)

∂F

∂y2
+ η(3)

∂F

∂y3

= (−αy)

(

1

2
y2

)

+

(

Dη(1)

Dx
− y2

D(αx+ β)

Dx

)(

1

2
y

)

+

(

Dη(2)

Dx
− y3

D(αx+ β)

Dx

)

=
−αyy2

2
+ (−3αy2)

(

1

2
y

)

+ (−3αy3 − αy3)

= −4α
(yy2

2

)

− 4αy3 = −4α
(

y3 +
yy2
2

)

= −4α(0)

= 0

H❛1❛ α = 0✱ 6❡♥❡♠♦& G✉❡ ❳ = β ∂
∂x

② ♣♦1 ❡❧❧♦ ❨ = ∂
∂x

✳ H♦1 ❡❧ 6❡♦1❡♠❛ ❛♥6❡1✐♦1

❝♦♥❝❧✉✐♠♦& G✉❡ Q(x, y) = −f(x, y, 0, 0) = 1
2y(0) = 0✱ ❛&: ❡&6❛♠♦& ❡♥ ❡❧ ❈❛&♦ ■■ ②

❝✉❛❧G✉✐❡1 &♦❧✉❝✐3♥ ❞❡ y′ = 0 ❡& &♦❧✉❝✐3♥ ✐♥✈❛1✐❛♥6❡ ❞❡ ❧❛ ❡❝✉❛❝✐3♥ ❞❡ ❇❧❛&✐✉&✳ ❆&:

❧❛ &♦❧✉❝✐3♥ ✐♥✈❛1✐❛♥6❡ 1❡&✉❧6❛♥6❡ ❡& y = cte = C ♣❛1❛ 6♦❞❛ ❝♦♥&6❛♥6❡ C✳ H❛1❛

α 6= 0✱ &❡❛ λ = β
α
✳ ❊♥6♦♥❝❡& ✉♥❛ &♦❧✉❝✐3♥ ✐♥✈❛1✐❛♥6❡ y = φ(x) &❛6✐&❢❛❝❡✿

y′ =
n

ξ
=

−αy

αx+ β
=

−αy

αx+ αλ
= − y

x+ λ
✱ ❝✉②❛ &♦❧✉❝✐3♥ ❣❡♥❡1❛❧ ❡&

y =
C

x+ λ
✭✸✳✶✸✮

❞♦♥❞❡ C ② λ &♦♥ ❝♦♥&6❛♥6❡& ❛1❜✐61❛1✐❛&✳ ❙✉&6✐6✉②❡♥❞♦ ✭✸✳✶✸✮ ❡♥ ✭✸✳✶✶✮✱ ❡♥❝♦♥✲

61❛♠♦& G✉❡

y3 +
1

2
yy2 = − 6C

(x+ λ)4
+

1

2

(

C

x+ λ

)(

2C

(x+ λ)3

)

= −C2 − 6C

(x+ λ)4
= 0

❊♥6♦♥❝❡& C2 − 6C = C(C − 6) = 0✱ ♣♦1 ❧♦ 6❛♥6♦ C = 0 ♦ C = 6✱ ❧♦ ❝✉❛❧ ❣❡♥❡1❛

&♦❧✉❝✐♦♥❡& ✐♥✈❛1✐❛♥6❡&

y = 0, y =
6

x+ λ
✭✸✳✶✹✮
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❞❡ ✭✸✳✶✶✮ )❡❧❛❝✐♦♥❛❞❛0 ❛ 0✉ ✐♥✈❛)✐❛♥③❛ ❜❛❥♦ ✭✸✳✶✷✮✳

❆❧8❡)♥❛8✐✈❛♠❡♥8❡✱ ❞❡)✐✈❛♠♦0 ❧❛0 0♦❧✉❝✐♦♥❡0 ✐♥✈❛)✐❛♥8❡0 ✭✸✳✶✹✮ ✉0❛♥❞♦ ❡❧ ❚❡♦)❡✲

♠❛ ✸✳✷ ♣❛)❛ α 6= 0✳ ❆?✉@✿

Ψ = − y

x+ λ
, ❨ =

∂

∂x
− y

x+ λ

∂

∂y
,

❨Ψ =
2y

(x+ λ)2
, ❨

2Ψ = − 6y

(x+ λ)3

❊♥8♦♥❝❡0 Q(x, y) =
y2

(x+ λ)2
− 6y

(x+ λ)3
, Q(x, y) = 0 ❞❛♥ ♣❛0♦ ❛ ❧❛0 0♦❧✉❝✐♦♥❡0

✐♥✈❛)✐❛♥8❡0 ✭✸✳✶✹✮✿

0 =
y2

(x+ λ)2
− 6y

(x+ λ)3

=
y

(x+ λ)2

(

y − 6

x+ λ

)

= 0

❉❡ ❛?✉@✱ ❧❧❡❣❛♠♦0 ❛

y

(x+ λ)2
= 0✱ y =

6

x+ λ
✳ ❆0@

y = 0, y =
6

x+ λ

◆♦8❡ ?✉❡ 0✐ ♥♦ ♣♦❞❡♠♦0 ♦❜8❡♥❡) ❧❛ 0♦❧✉❝✐F♥ ❣❡♥❡)❛❧ ❞❡ ❧❛ ❊❉❖ y′ = η
ξ
❡♥8♦♥❝❡0

❞❡❜❡♠♦0 ✉0❛) ❡❧ ❛❧❣♦)✐8♠♦ ❞❡0❛))♦❧❧❛❞♦ ❡♥ ❡❧ ❚❡♦)❡♠❛ ✸✳✷ ♣❛)❛ ❞❡8❡)♠✐♥❛) 0♦✲

❧✉❝✐♦♥❡0 ✐♥✈❛)✐❛♥8❡0 ❞❡ ❊❉❖ ✭✸✳✶✮ )❡❧❛❝✐♦♥❛❞♦ ❛ 0✉ ✐♥✈❛)✐❛♥③❛ ❜❛❥♦ ✭✸✳✷✮✳

❙✐ ❜✐❡♥ ❧♦❣)❛♠♦0 ❡♥❝♦♥8)❛) ✉♥❛ 0♦❧✉❝✐F♥ ✐♥✈❛)✐❛♥8❡ ♣❛)❛ ❧❛ ❡❝✉❛❝✐F♥ ❞❡ ❇❧❛✲

0✐✉0✱ ❡♥❝♦♥8)❛) 0♦❧✉❝✐♦♥❡0 ♣❛)8✐❝✉❧❛)❡0 ❞❡ ❧❛ ♠✐0♠❛ )❡?✉✐❡)❡ ♠J8♦❞♦0 ♠❛0 ❝♦♠✲

♣❧❡❥♦0 ❝♦♠♦ ❛♣)♦①✐♠❛❝✐♦♥❡0 ♥✉♠J)✐❝❛0✳ L♦) ❡❧❧♦✱ ❤❛❜)N ♦❝❛0✐♦♥❡0 ❞♦♥❞❡ 0❡)N ♠❛0

❝♦♥✈❡♥✐❡♥8❡ ✉0❛) ❣)✉♣♦0 ❞❡ ▲✐❡ ❞❡ 8)❛♥0❢♦)♠❛❝✐♦♥❡0 ♣❛)❛ ❡♥❝♦♥8)❛) 0♦❧✉❝✐♦♥❡0

❞❡ ✉♥❛ ❊❉❖✳

✸✳✸✳ ❙♦❧✉❝✐♦♥❡* ✐♥✈❛-✐❛♥.❡* ♣❛-❛ ❊❉❖✬* ❞❡ ♣-✐♠❡-

♦-❞❡♥

❊♥ ❡❧ ❝❛0♦ ❞❡ ✉♥❛ ❊❉❖ ❞❡ ♣)✐♠❡) ♦)❞❡♥

F (x, y, y1) = 0 ✭✸✳✶✺✮

0F❧♦ 8✐❡♥❡ 0❡♥8✐❞♦ ❝♦♥0✐❞❡)❛) 0♦❧✉❝✐♦♥❡0 ✐♥✈❛)✐❛♥8❡0 ♣❛)❛ ✉♥ ❣❡♥❡)❛❞♦) ✐♥✜♥✐8❡✲

0✐♠❛❧ ♥♦ 8)✐✈✐❛❧ ✭✸✳✸✮ ❛❞♠✐8✐❞♦ ♣♦) ✭✸✳✶✮✱ ❝✉❛♥❞♦ Q(x, y) = F (x, y, η(x,y)
ξ(x,y) ) 6= 0

❡♥ ❉ ✭0✐ Q(x, y) ≡ 0 ❡♥ ❉✱ ❡♥8♦♥❝❡0 ❧❛ ❝♦))❡0♣♦♥❞✐❡♥8❡ ❢❛♠✐❧✐❛ ✉♥✐♣❛)❛♠J8)✐❝❛

❞❡ 0♦❧✉❝✐♦♥❡0 ✐♥✈❛)✐❛♥8❡0 ❡0 ✉♥❛ 0♦❧✉❝✐F♥ ❣❡♥❡)❛❧ ❞❡ ✭✸✳✶✺✮✮✳ L❛)❛ 8❛❧ ❣❡♥❡)❛❞♦)
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✐♥✜♥✐%❡'✐♠❛❧ ♥♦ %,✐✈✐❛❧✱ ❞❡❧ ❚❡♦,❡♠❛ ✸✳✷ ❡①%❡♥❞✐❞♦ '❡ '✐❣✉❡ 7✉❡ %♦❞❛ ❝✉,✈❛ 7✉❡

'❛%✐'❢❛❝❡

Q(x, y) = F

(

x, y,
η(x, y)

ξ(x, y)

)

= 0 ✭✸✳✶✻✮

❡' ✉♥❛ '♦❧✉❝✐=♥ ✐♥✈❛,✐❛♥%❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✺✮✳

❈♦♥'✐❞❡,❡♠♦' ❡❧ ❝♦♥❥✉♥%♦ ❞❡ %♦❞❛' ❧❛' ❝✉,✈❛' '♦❧✉❝✐=♥ ❡♥ ❡❧ ♣❧❛♥♦ xy ✭♣❧❛♥♦

❢❛'❡✮ ❞❡ ✉♥❛ ❊❉❖ ✭✸✳✶✺✮ ❞❡ ❧❛ ❢♦,♠❛

y1 = f(x, y) ✭✸✳✶✼✮

(F (x, y, y1) = y1 − f(x, y))✳ ❊'%❡ ❝♦♥❥✉♥%♦ ♣✉❡❞❡ ✐♥❝❧✉✐,  ❡♣❛$❛%$✐❝❡ ✱ 7✉❡ '♦♥

❝✉,✈❛' 7✉❡ ♠❛,❝❛♥ ❧❛ ❢,♦♥%❡,❛ ❡♥%,❡ ❞♦♠✐♥✐♦' ❝♦♥ ❞✐'%✐♥%♦ ❝♦♠♣♦,%❛♠✐❡♥%♦ ❞✐✲

♥G♠✐❝♦ ✭❝✉,✈❛' ❢❛'❡✮ ❡♥ ✉♥ '✐'%❡♠❛ ❞✐♥G♠✐❝♦✳

❉♦' '♦❧✉❝✐♦♥❡' ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✼✮ ❝♦♥ ❞✐'%✐♥%♦ ❝♦♠♣♦,%❛♠✐❡♥%♦ ❞✐♥G♠✐❝♦✱ ♥♦ ♣✉❡✲

❞❡♥ '❡, ♠❛♣❡❛❞❛' ✉♥❛ ❡♥ ❧❛ ♦%,❛ ♣♦, ❝✉❛❧7✉✐❡, ❣,✉♣♦ ❞❡ ▲✐❡ ❞❡ %,❛♥'❢♦,♠❛❝✐♦♥❡'

❛❞♠✐%✐❞❛' ♣♦, ❧❛ ❊❉❖ ✭✸✳✶✼✮✳ ❉❡❜✐❞♦ ❛ 7✉❡ ✉♥ ❣,✉♣♦ ❞❡ %,❛♥'❢♦,♠❛❝✐♦♥❡' ❛❞♠✐✲

%✐❞♦ ♣♦, ❧❛ ❊❉❖ ✭✸✳✶✼✮ ♠❛♣❡❛ ❝✉❛❧7✉✐❡, '♦❧✉❝✐=♥ ❡♥ ♦%,❛ '♦❧✉❝✐=♥ ❞❡ ❧❛ ♠✐'♠❛

❡❝✉❛❝✐=♥✱ '❡ '✐❣✉❡ 7✉❡ ✉♥❛ '❡♣❛,❛%,✐③ ❡' ✉♥❛ '♦❧✉❝✐=♥ ✐♥✈❛,✐❛♥%❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✼✮

♣❛,❛ %♦❞♦' ❧♦' ❣,✉♣♦' ❞❡ ▲✐❡ ❞❡ %,❛♥'❢♦,♠❛❝✐♦♥❡' ❛❞♠✐%✐❞♦'✳

❯♥❛ ❡♥✈♦❧✈❡♥%❡ ❞❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉,✈❛' ❞❡ ✉♥ ♣❛,G♠❡%,♦ ❡♥ ❡❧ ♣❧❛♥♦✱ ❡'

✉♥❛ ❝✉,✈❛ 7✉❡ ❡♥ ❝❛❞❛ ♣✉♥%♦ ❡' %❛♥❣❡♥%❡ ❛ ✉♥❛ ❝✉,✈❛ ❞❡ ❧❛ ❢❛♠✐❧✐❛✳

L♦, ❡❧ ♠✐'♠♦ ❛,❣✉♠❡♥%♦ 7✉❡ ❡❧ ❞❡ ❧❛' '❡♣❛,❛%,✐❝❡'✱ '❡ '✐❣✉❡ 7✉❡ ❧❛' '♦❧✉❝✐♦✲

♥❡' ❡♥✈♦❧✈❡♥%❡' ✭'✐ ❡①✐'%❡♥✮ ♣❛,❛ ✉♥❛ ❊❉❖ ✭✸✳✶✺✮ ❞❡ ♣,✐♠❡, ♦,❞❡♥ ❞❡❜❡♥ '❡,

'♦❧✉❝✐♦♥❡' ✐♥✈❛,✐❛♥%❡' ♣❛,❛ ❝✉❛❧7✉✐❡, ❣,✉♣♦ ❞❡ ▲✐❡ ❞❡ %,❛♥'❢♦,♠❛❝✐♦♥❡' ❛❞♠✐✲

%✐❞♦✳ ❙✐ ❧❛ ❊❉❖ ✭✸✳✶✺✮ ❛❞♠✐%❡ ✉♥ ❣,✉♣♦ ❞❡ ▲✐❡ ❞❡ %,❛♥'❢♦,♠❛❝✐♦♥❡' ♥♦ %,✐✈✐❛❧

✉♥✐♣❛,❛♠N%,✐❝♦ ❝♦♥ ❣❡♥❡,❛❞♦, ✐♥✜♥✐%❡'✐♠❛❧ ❳ = ξ(x, y) ∂
∂x

+ η(x, y) ∂
∂y

✱ ❡♥%♦♥❝❡'

❳

(1)F = ξFx + ηFy + [ηx + (ηy − ξx)y
′ − ξy(y

′)2]Fy′ = 0

❝✉❛♥❞♦

F (x, y, y′) = 0

②

F

(

x, y,
η(x, y)

ξ)x, y)

)

6= 0 para toda x, y.

L♦, ✉♥❛ '✐♠♣❧❡ ❡①%❡♥'✐=♥ ❞❡❧ ❚❡♦,❡♠❛ ✸✳✷ '❡ '✐❣✉❡ 7✉❡ ❧❛' '♦❧✉❝✐♦♥❡' ✐♥✈❛,✐❛♥%❡'

❞❡ ❧❛ ❊❉❖ ✭✸✳✶✺✮ ,❡❧❛❝✐♦♥❛❞❛' ❛ '✉ ✐♥✈❛,✐❛♥③❛ ❜❛❥♦ ❳ '♦♥ ❧❛' ❝✉,✈❛' ❞❡✜♥✐❞❛'

♣♦, ❧❛ ❡❝✉❛❝✐=♥ ❛❧❣❡❜,❛✐❝❛

F

(

x, y,
η(x, y)

ξ(x, y)

)

= 0.

L♦, ❧♦ %❛♥%♦ ✉♥❛ '♦❧✉❝✐=♥ ❡♥✈♦❧✈❡♥%❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✺✮ '❛%✐'❢❛❝❡ ❧❛ ❡❝✉❛❝✐=♥ ❛♥✲

%❡,✐♦, ♣❛,❛ %♦❞♦ ❳ ❛❞♠✐%✐❞♦ ♣♦, ❧❛ ❊❉❖ ✭✸✳✶✺✮✳
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✭■✮ ❈♦♠♦ ✉♥ ♣(✐♠❡( ❡❥❡♠♣❧♦ ❝♦♥.✐❞❡(❛♠♦. ❧❛ ❊❉❖ ❞❡ ♣(✐♠❡( ♦(❞❡♥

y′ = y2 ✭✸✳✶✽✮

❧❛ ❝✉❛❧ ❛❞♠✐:❡ ❳1 = ∂
∂x

, ❳2 = x ∂
∂x

− y ∂
∂y

✳

❚♦♠❛♥❞♦ F (x, y, y′) = y′ − y2 = 0✱ ♦❜:❡♥❡♠♦. ❳

(1)F = ξ ∂F
∂x

+ η ∂F
∂y

+ η(1) ∂F
∂y1

✳

>♦( ❧♦ :❛♥:♦ ❳

(1)
1 = 0 ②

❳

(1)
2 = −y(−2y) + (−y′ − y′)

= 2y2 − 2y′ = 2(y′ − y2) = −2(0)

= 0

❉❡ ❳1 .❡ .✐❣✉❡ A✉❡ ✉♥❛ .♦❧✉❝✐B♥ .❡♣❛(❛:(✐③ y = φ(x) ❞❡ ✭✸✳✶✽✮ ❞❡❜❡ .❛:✐.❢❛❝❡(✿

y′ =
η

ξ
= φ′(x) = 0 o φ(x) = C1 = const.

❙✉❜.:✐:✉②❡♥❞♦ ❧♦ ❛♥:❡(✐♦( ❡♥ ❧❛ ❊❉❖ y′ = y2 ❧❧❡❣❛♠♦. ❛ C1 = 0✱ ❡. ❞❡❝✐( y = 0✳
❉❡ ❢♦(♠❛ ❛❧:❡(♥❛:✐✈❛

Q(x, y) =
η(x, y)

ξ(x, y)
− f(x, y) = −y2 = 0,

❧❛ ❝✉❛❧ ♥♦. ❝♦♥❞✉❝❡ ❛❧ H♥✐❝♦ ❝❛♥❞✐❞❛:♦ ♣♦.✐❜❧❡ y = 0✳
❉❡ ❳2 .❡ .✐❣✉❡ A✉❡ ✉♥❛ .♦❧✉❝✐B♥ .❡♣❛(❛:(✐③ y = φ(x) ❞❡ ✭✸✳✶✽✮ ❞❡❜❡ .❛:✐.❢❛❝❡(✿

y′ =
η

ξ
= −y

x
.

❙✉❜.:✐:✉②❡♥❞♦ ❡♥ ❧❛ ❊❉❖ y′ = y2 ♦❜:❡♥❡♠♦. −y

x
= y2 B

−y

x
− y2 = 0

−y

(

1

x
+ y

)

= 0

y = 0, y = − 1

x
.

❆❧:❡(♥❛:✐✈❛♠❡♥:❡

Q(x, y) = −y

x
− y2 = 0,

❧❛ ❝✉❛❧ ♥♦. ❝♦♥❞✉❝❡ ❛ ❧♦. ❝❛♥❞✐❞❛:♦. y = 0✱ y = − 1
x
✳

❉❡❜✐❞♦ ❛ A✉❡ y = − 1
x
♥♦ ❡. ✉♥❛ .♦❧✉❝✐B♥ ✐♥✈❛(✐❛♥:❡ ❞❡ ❳1✱ ②❛ A✉❡

Q(x, y) = −y2 = −
(

− 1
x

)2
= − 1

x2
6= 0✱ ❡.:❛ ♥♦ ♣✉❡❞❡ .❡( ✉♥❛ .❡♣❛(❛:(✐③ ❞❡

✭✸✳✶✽✮✳ ➱.:❛ .♦❧✉❝✐B♥ ❡. ✉♥❛ .♦❧✉❝✐B♥ ♣❛(:✐❝✉❧❛( ❞❡ y′ = y2 ❛.♦❝✐❛❞❛ ❝♦♥ .✉

.♦❧✉❝✐B♥ ❣❡♥❡(❛❧

y = − 1

x+ C
, C = const., C = 0.
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▲❛$ ❝✉'✈❛$ $♦❧✉❝✐,♥ ❞❡ ✭✸✳✶✽✮ $♦♥ ✐❧✉$6'❛❞❛$ ❛ ❝♦♥6✐♥✉❛❝✐,♥✱ ❡♥ ❞♦♥❞❡ ✈❡♠♦$ 9✉❡

y = 0 ❡$ ❞❡ ❤❡❝❤♦ ✉♥❛ $❡♣❛'❛6'✐③✳

❆♥❛❧✐③❛♥❞♦ ♥✉❡✈❛♠❡♥6❡ ❡$6❛ ❡❝✉❛❝✐,♥ ♥♦6❛♠♦$ 9✉❡ ❛❧ '❡$♦❧✈❡'❧❛ ♣♦' ❡❧ ♠>✲

6♦❞♦ ❞❡ $❡♣❛'❛❝✐,♥ ❞❡ ✈❛'✐❛❜❧❡$ ♦❜6❡♥❡♠♦$ ❧♦ $✐❣✉✐❡♥6❡✿

dy

dx
= y′ = y2

dy

y2
= dx con y 6= 0

∫

dy

y2
=

∫

dx

−1

y
= x+ C

y =
−1

x+ C

❆$C✱ ❧❛ $♦❧✉❝✐,♥ ❣❡♥❡'❛❧ ❞❡ y′ = y2 ❡$ y =
−1

x+ C
✱ ♠✐❡♥6'❛$ 9✉❡ $✉ $♦❧✉❝✐,♥

$✐♥❣✉❧❛' ❡$ y = 0✱ ❧♦ 9✉❡ ❝♦♥❝✉❡'❞❛ ❝♦♥ ♥✉❡$6'♦ ❛♥D❧✐$✐$ ♠❡❞✐❛♥6❡ ❣'✉♣♦$ ❞❡ ▲✐❡✳
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✭■■✮ ❈♦♠♦ %❡❣✉♥❞♦ ❡❥❡♠♣❧♦ ❝♦♥%✐❞❡0❛♠♦% ❧❛ ❊❉❖ ❞❡ ♣0✐♠❡0 ♦0❞❡♥

y′ =
x
√

x2 + y2 + y(x2 + y2 − 1)

x(x2 + y2 − 1)− y
√

x2 + y2
, ✭✸✳✶✾✮

❧❛ ❝✉❛❧ ❛❞♠✐:❡ ❡❧ ❣0✉♣♦ ❞❡ 0♦:❛❝✐;♥ ❳ = y ∂
∂x

− x ∂
∂y

✳

▲❛% ❝✉0✈❛% ✐♥✈❛0✐❛♥:❡% F (x, y) = 0 ❞❡ ❡%:❡ ❣0✉♣♦ %❡ ❡♥❝✉❡♥:0❛♥ 0❡%♦❧✈✐❡♥❞♦

❳F = y ∂F
∂x

− x∂F
∂y

= 0✳

▲❛% ❡❝✉❛❝✐♦♥❡% ❝❛0❛❝:❡0>%:✐❝❛% %❡ 0❡❞✉❝❡♥ ❛

dx

y
=

dy

−x

∫

ydy =

∫

−xdx

y2

2
= −x2

2
+ c1

x2 + y2 = 2c1

❊%:❛% ❝✉0✈❛% ✐♥✈❛0✐❛♥:❡% %♦♥ ❝>0❝✉❧♦%

x2 + y2 = c2.

❊♥:♦♥❝❡% ✉♥❛ %❡♣❛0❛:0✐③ ❞❡❜❡ %❛:✐%❢❛❝❡0 ❡%:❛ ❡❝✉❛❝✐;♥✳ ❉❡%♣✉B% ❞❡ %✉❜%:✐✲

:✉✐0❧❛ ❡♥ ✭✸✳✶✾✮ ♦❜:❡♥❡♠♦%

− x

y
=

η

ξ
= y′ =

xc+ y(c2 − 1)

x(c2 − 1)− yc
,

❉❡%❛00♦❧❧❛♥❞♦

−x

y
=

c(x+ yc)− y)

c(cx− y)− x

−xc(cx− y) + x2 = yc(x+ yc)− y2

−x2c2 + x2 = y2c2 − y2

c2(−x2 − y2) = −x2 − y2

c2 =
−x2 − y2

−x2 − y2

c2 = 1

❛%> D✉❡ c = 1✳ E♦0 ❧♦ :❛♥:♦ ❧❛ %❡♣❛0❛:0✐③ ❡%

x2 + y2 = 1

❉❡ ♠❛♥❡0❛ ❛❧:❡0♥❛

Q(x, y) = −
(

x

y
+

x
√

x2 + y2 + y(x2 + y2 − 1)

x(x2 + y2 − 1)− y
√

x2 + y2

)
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② Q(x, y) = 0 ♥♦% ❧❧❡✈❛ ❛

Q(x, y) =
x2(x2 + y2 − 1)− xy

√

x2 + y2 + yx
√

x2 + y2 + y2(x2 + y2 − 1)

y
[

x(x2 + y2 − 1)− y
√

x2 + y2
] = 0

=
(x2 + y2)(x2 + y2 − 1)

y
[

x(x2 + y2 − 1)− y
√

x2 + y2
] = 0

❉❡ ❞♦♥❞❡ x2 + y2 = 0 , x2 + y2 − 1 = 0
-♦. ❧♦ /❛♥/♦ ❧❛ 0♥✐❝❛ %♦❧✉❝✐,♥ ✐♥✈❛.✐❛♥/❡ ② ♣♦. ❧♦ /❛♥/♦ ❧❛ 0♥✐❝❛ %❡♣❛.❛/.✐③ ♣♦%✐❜❧❡

❡% ❡❧ ❝7.❝✉❧♦✿

x2 + y2 = 1 ✭✸✳✷✵✮

❊% ❢@❝✐❧ ♥♦/❛. A✉❡ ✭✸✳✷✵✮ ❡% ✉♥ ❝✐❝❧♦ ❧7♠✐/❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✶✾✮✳ ▲❛% /7♣✐❝❛% ❝✉.✈❛%

%♦❧✉❝✐,♥ ❞❡ ✭✸✳✶✾✮ %♦♥ ✐❧✉%/.❛❞❛% ❛ ❝♦♥/✐♥✉❛❝✐,♥✳

❙✐ A✉❡.❡♠♦% .❡%♦❧✈❡. ❧❛ ❡❝✉❛❝✐,♥ ✭✸✳✶✾✮ ♣♦. ♠H/♦❞♦% ❝♦♥✈❡♥❝✐♦♥❛❧❡%✱ ♥♦/❛♠♦%

♣.✐♠❡.♦ A✉❡ ♥♦ ❡% ❡①❛❝/❛✱ ② ♣♦. ❧♦ /❛♥/♦ /❡♥❡♠♦% A✉❡ ❜✉%❝❛. ✉♥ ❢❛❝/♦. ✐♥/❡❣.❛♥✲

/❡ ❛❞❡❝✉❛❞♦ ✭%✐ ❡% A✉❡ ❡①✐%/❡✮✱ ❧♦ A✉❡ ❤❛❝❡ ♠@% ❝♦♠♣❧❡❥♦ ❡♥❝♦♥/.❛. %✉ %♦❧✉❝✐,♥✳

❙✐♥ ❡♠❜❛.❣♦ ❡♥ ❧❛ %❡❝❝✐,♥ ✷✳✷✳✷ ❧♦❣.❛♠♦% ❞❡/❡.♠✐♥❛. ✉♥ ❢❛❝/♦. ✐♥/❡❣.❛♥/❡ ♣❛.❛
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❝✉❛❧&✉✐❡) ❊❉❖ ❞❡❧ .✐♣♦ y′ = f(x, y)✳ ❈♦♠♦ ♣♦❞❡♠♦4 ♦❜4❡)✈❛) ❛❧ ✐❣✉❛❧ &✉❡ ❡♥ ❡❧

❝❛4♦ ❞❡ ❧❛ ❡❝✉❛❝✐9♥ ❞❡ ❇❧❛4✐✉4✱ ❛ ✈❡❝❡4 ❡4 ♠<4 =.✐❧ ✉4❛) ❡❧ ♠>.♦❞♦ ❞❡ ▲✐❡✳

✭■■■✮ ❈♦♠♦ .❡)❝❡) ❡❥❡♠♣❧♦ ❝♦♥4✐❞❡)❛♠♦4 ❧❛ ❡❝✉❛❝✐9♥ ❞❡ ❈❧❛✐)❛✉.✱ ❧❛ ❝✉❛❧ ♣♦✲

4❡❡ ✉♥❛ 4♦❧✉❝✐9♥ 4✐♥❣✉❧❛) &✉❡ )❡4✉❧.❛ 4❡) .❛♠❜✐>♥ ❧❛ ❡♥✈♦❧✈❡♥.❡ ❞❡ ❞✐❝❤❛ ❡❝✉❛❝✐9♥

② ♣♦) ❡♥❞❡ ❧❛ ❝❛♥❞✐❞❛.❛ ♣❡)❢❡❝.❛ ♣❛)❛ 4❡) ✉♥❛ 4♦❧✉❝✐9♥ ✐♥✈❛)✐❛♥.❡✳

F (x, y, y1) = xy1 +
m

y1
− y = 0, ✭✸✳✷✶✮

❞♦♥❞❡ m ❡4 ✉♥❛ ❝♦♥4.❛♥.❡✳

❊4.❛ ❡❝✉❛❝✐9♥ ❛❞♠✐.❡

❳ = 2x
∂

∂x
+ y

∂

∂y
. ✭✸✳✷✷✮

♣✉❡4 4✐ F (x, y, y1) = 0✱ ❡♥.♦♥❝❡4

❳

(1)F = 2xy1 − y + (y1 − 2y1)

(

x− m

y21

)

= 2xy1 − y − y1x+
m

y1

= xy1 +
m

y1
− y = 0.

❯♥❛ 4♦❧✉❝✐9♥ ❡♥✈♦❧✈❡♥.❡ ❞❡ ✭✸✳✷✶✮ ❞❡❜❡ 4❛.✐4❢❛❝❡) ✭✸✳✶✻✮ ♣❛)❛ y1 =
η

ξ
=

y

2x
✿

Q(x, y) = F
(

x, y,
y

2x

)

= x
( y

2x

)

+
2xm

y
− y

=
y

2
+

2mx

y
− y = 0.

❆4M y =
y

2
+

2mx

y
✱ ♦ ❞❡ ♦.)❛ ❢♦)♠❛

y =
y2 + 4mx

2y

2y2 = y2 + 4mx

y2 = 4mx ✭✸✳✷✸✮

N♦) ❧♦ .❛♥.♦✱ y2 = 4mx ❡4 ❧❛ =♥✐❝❛ 4♦❧✉❝✐9♥ ❡♥✈♦❧✈❡♥.❡ ♣♦4✐❜❧❡ ❞❡ ❧❛ ❊❉❖ ✭✸✳✷✶✮✳

▼❡❞✐❛♥.❡ ❡❧ ✉4♦ ❞❡ ❧❛4 ❝♦♦)❞❡♥❛❞❛4 ❝❛♥9♥✐❝❛4 (r, s) =

(

y√
x
, ln(

√
x)

)

✱ ❧❛

✐♥✈❛)✐❛♥③❛ ❞❡ ✭✸✳✷✶✮ ❜❛❥♦ ✭✸✳✷✷✮ ♥♦4 ❧❧❡✈❛ ❛ 4✉ 4♦❧✉❝✐9♥ ❣❡♥❡)❛❧✿

y = cx+
m

c
, ✭✸✳✷✹✮
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❞♦♥❞❡ c ❡& ✉♥❛ ❝♦♥&*❛♥*❡ ❛+❜✐*+❛+✐❛✳ ◆♦*❛♠♦& 1✉❡ ❧❛ ♣❛+4❜♦❧❛ ✭✸✳✷✸✮ ❡& ❧❛ ❡♥✲

✈♦❧✈❡♥*❡ ❞❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❧<♥❡❛& +❡❝*❛& ✭✸✳✷✹✮✱ ♣✉❡& ❞❛❞❛ ❧❛ ❢❛♠✐❧✐❛ ❞❡ +❡❝*❛&

F (x, y, c) = xc+
m

c
− y = 0,

❚♦♠❛♠♦& ❧❛ ❞❡+✐✈❛❞❛ ♣❛+❝✐❛❧ +❡&♣❡❝*♦ ❛ c

∂F (x, y, c)

∂c
= Fc(x, y, c) = x− m

c2
= 0

❉❡ ❞♦♥❞❡ ♦❜*❡♥❡♠♦& 1✉❡ c =

√

m

x
✱ &✉&*✐*✉②❡♥❞♦ ❡❧ ✈❛❧♦+ ❞❡ c ❡♥ F (x, y, c)

y =

√

m

x
x+

√

x

m
m

=
mx+ xm√

mx
=

2mx√
mx

= 2
√
mx

❊& ❞❡❝✐+ ❧❧❡❣❛♠♦& ❛ y2 = 4mx✳

▲❛& ❝✉+✈❛& &♦❧✉❝✐D♥ ❞❡ ✭✸✳✷✶✮ &♦♥ ✐❧✉&*+❛❞❛& ❛ ❝♦♥*✐♥✉❛❝✐D♥✱ ♣❛+❛ m = 1✳
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◆♦$❡♠♦' (✉❡ ❧❛ ❡❝✉❛❝✐.♥ ❞❡ ❈❧❛✐2❛✉$ '❡ 2❡'✉❡❧✈❡ ❞❡ ❧❛ '✐❣✉❡✐♥$❡ ♠❛♥❡2❛✿

❉❡ ❧❛ ❡❝✉❛❝✐.♥ ♦2✐❣✐♥❛❧

y = xy′ +
m

y′
,

❞❡2✐✈❛♠♦' 2❡'♣❡❝$♦ ❞❡ ①

y′ = xy′′ + y′ − my′′

(y′)2
,

❞❡ ❞♦♥❞❡ $❡♥❡♠♦' (✉❡

0 =

(

x− m

(y′)2

)

y′′,

♣♦2 ❧♦ $❛♥$♦

y′′ = 0 o x =
m

(y′)2
.

❊♥ ❡❧ ❝❛'♦✱ y′′ = 0✱ ✐♥$❡♥❣2❛♥❞♦ $❡♥❡♠♦' (✉❡ y′ = C✱ ♣♦2 ❧♦ (✉❡ '✉'$✐$✉②❡♥❞♦

❡♥ ❧❛ ❡❝✉❛❝✐♦♥ ♦2✐❣✐♥❛❧ ♥♦' (✉❡❞❛

y = Cx+
m

C
,

❧❛ ❝✉❛❧ ❡' ❧❛ '♦❧✉❝✐.♥ ❣❡♥❡2❛❧✳

❊♥ ❡❧ ♦$2♦ ❝❛'♦✱ x =
m

(y′)2
✱ ❧❧❡❣❛♠♦' ❛ y′ = ±

√

m

x
✳ ❘❡'♦❧✈✐❡♥❞♦ ❡'$❛ ❡❝✉❛❝✐.♥

♣♦2 '❡♣❛2❛❝✐.♥ ❞❡ ✈❛2✐❛❜❧❡' ♦❜$❡♥❡♠♦'

y2 = 4mx,

(✉❡ ❡' ❧❛ '♦❧✉❝✐.♥ '✐♥❣✉❧❛2✳

◆♦$❛♠♦' (✉❡ ❡'$❛' '♦❧✉❝✐♦♥❡' ❝♦✐♥❝✐❞❡♥ ❝♦♥ ❧❛' ❛♥$❡2✐♦2❡'✱ ② ❡♥ ♣❛2$✐❝✉❧❛2✱ ❧❛

'♦❧✉❝✐.♥ ✐♥✈❛2✐❛♥$❡ ♦❜$❡♥✐❞❛ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ '♦❧✉❝✐.♥ '✐♥❣✉❧❛2 ♣❛2❛ ❧❛ ❡❝✉❛❝✐.♥

❞❡ ❈❧❛✐2❛✉$✳

✸✳✸✳✶✳ ❊❝✉❛❝✐(♥ ❞❡ ❈❧❛✐.❛✉/ ❡♥ ❈♦♦.❞❡♥❛❞❛1 ❈❛♥(♥✐❝❛1

❉❛❞❛ ❧❛ ❡❝✉❛❝✐.♥ ❞❡ ❈❧❛✐2❛✉$

F (x, y, y1) = xy1 +
m

y1
− y = 0 . . . (∗)

♥❡❝❡'✐$❛♠♦' ❡♥❝♦♥$2❛2 ❧❛' ❝♦♦2❞❡♥❛❞❛' ❝❛♥.♥✐❝❛' (r, s) ♣❛2❛ ❡❧ ❣2✉♣♦ ❞❡ ▲✐❡ ❝♦♥

❣❡♥❡2❛❞♦2 ✐♥✜♥✐$❡'✐♠❛❧

❳ = 2x
∂

∂x
+ y

∂

∂y

❊♥ ❡❧ ❝❛♣A$✉❧♦ ✶✳✼ ✈✐♠♦' (✉❡ '❡ ❝✉♠♣❧❡♥ ❧❛' ✐❣✉❛❧❞❛❞❡'✿

❳r = 0

❳s = 1
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❉❡ ❡$%❛ ♠❛♥❡)❛ r(x, y) $❛%✐$❢❛❝❡

❳r = 2x
∂r

∂x
+ y

∂r

∂y
= 0 . . . (a)

❞❡ ❞♦♥❞❡ ♦❜%❡♥❡♠♦$ ❧❛$ $✐❣✉✐❡♥%❡$ ❡❝✉❛❝✐♦♥❡$ ❞✐❢❡)❡♥❝✐❛❧❡$ ❝❛)❛❝%❡)3$%✐❝❛$

dy

dx
=

y

2x

❘❡$♦❧✈✐❡♥❞♦

∫

dy

y
=

1

2

∫

dx

x

log y =
1

2
(log x+ C0)

y = C1

√
x

y√
x

= C1

❆$3 r(x, y) =
y√
x
= cte ✳ ✳ ✳ ✭✶✮

▲❛ ❝♦♦)❞❡♥❛❞❛ ❝❛♥<♥✐❝❛ s(x, y) ❞❡❜❡ $❛%✐$❢❛❝❡)

❳s = 2x
∂s

∂x
+ y

∂s

∂y
= 1 . . . (b)

❚♦♠❛♠♦$ ✉♥❛ $♦❧✉❝✐<♥ ♣❛)%✐❝✉❧❛) ❞❡ (b)✱ s(x, y) = s(x) @✉❡ ❝✉♠♣❧❡

2x
ds

dx
= 1

ds

dx
=

1

2x
∫

ds =
1

2

∫

dx

x

s =
1

2
log x

A♦) ❧♦ %❛♥%♦ s(x) = log
√
x ✳ ✳ ✳ ✭✷✮

❉❡ ✭✶✮ ② ✭✷✮ ♦❜%❡♥❡♠♦$ ❧❛$ ❡❝✉❛❝✐♦♥❡$ x = e2s✱ y = res✳

❆❤♦)❛ )❡❞✉❝✐♠♦$ ❧❛ ❡❝✉❛❝✐<♥ (∗) ❞❡ ❧❛ $✐❣✉✐❡♥%❡ ♠❛♥❡)❛✳

❚❡♥❡♠♦$ @✉❡

dx = 2e2sds, y

dy = resds+ esdr = es(rds+ dr),
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② ♣♦$ ❧♦ &❛♥&♦

res = e2s
(

es(rds+ dr)

2e2sds

)

+m

(

2e2sds

es(rds+ dr)

)

res =
es

2

(

rds+ dr

ds

)

+
2mesds

rds+ dr

res =
res

2
+

es

2

dr

ds
+

2mesds

rds+ dr

es

2

(

r − dr

ds

)

= 2mes
(

ds

rds+ dr

)

(

r − dr

ds

)(

r +
dr

ds

)

= 4m

r2 −
(

dr

ds

)2

= 4m

dr

ds
=

√

r2 − 4m

❆❤♦$❛ $❡,♦❧✈❡$❡♠♦, ❧❛ ♥✉❡✈❛ ❡❝✉❛❝✐2♥ ❞✐❢❡$❡♥❝✐❛❧ ❝♦♥ ❧❛, ❝♦♦$❞❡♥❛❞❛, ❝❛♥2♥✐❝❛,

✭$✱,✮

∫

dr√
r2 − 4m

=

∫

ds

ln | r +
√

r2 − 4m | = s+ C2

e(ln|r+
√
r2−4m|) = e(s+C2)

r +
√

r2 − 4m = C3e
s

r2 − 4m = (C3e
s − r)2

❱♦❧✈✐❡♥❞♦ ❛ ❧❛, ✈❛$✐❛❜❧❡, ♦$✐❣✐♥❛❧❡, ✭①✱②✮ &❡♥❡♠♦,

y2

x
− 4m =

(

C3

√
x− y√

x

)2

−4m = C2
3x− 2C3y

y =
−4m− C2

3x

−2C3

y =
2m

C3
+

C3x

2

y =

(

C3

2

)

x+
m

(

C3

2

)

❚♦♠❛♥❞♦ ❈ =
C3

2
✱ ❡♥&♦♥❝❡,
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y = ❈x+
m

❈

"✉❡ ❡% ❧❛ %♦❧✉❝✐+♥ ❣❡♥❡.❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐+♥ ❞❡ ❈❧❛✐.❛✉1 (∗)✳



❈♦♥❝❧✉&✐♦♥❡&

❊♥ ❡#$❡ $❡①$♦ ❤❡♠♦# ✉#❛❞♦ ❧♦# ❝♦♥♦❝✐♠✐❡♥$♦# ❛♣0❡♥❞✐❞♦# ❡♥$0❡ ♦$0❛# ❝♦✲

#❛# ♣❛0❛ ❝♦♥#$0✉✐0 #♦❧✉❝✐♦♥❡# ❛ ❧❛# ❊❉❖✬# ♣♦0 ♠❡❞✐♦ ❞❡ ❧❛# $0❛♥#❢♦0♠❛❝✐♦♥❡#

✐♥✜♥✐$❡#✐♠❛❧❡# ② $❛♠❜✐9♥ ❧♦❣0❛♠♦# ❡♥❝♦♥$0❛0 $0❛♥#❢♦0♠❛❝✐♦♥❡# ✐♥✜♥✐$❡#✐♠❛❧❡#

❛❞♠✐$✐❞❛# ♣♦0 ✉♥❛ ❊❉❖ ❞❛❞❛ ✉#❛♥❞♦ ❡❧ ❛❧❣♦0✐$♠♦ ❞❡ ▲✐❡✳

❙✐ ✉♥❛ ❊❉❖ ❛❞♠✐$❡ ✉♥ ❣0✉♣♦ ❞❡ ▲✐❡ ❞❡ $0❛♥#❢♦0♠❛❝✐♦♥❡# ✉♥✐♣❛0❛♠9$0✐❝♦✱

❡♥$♦♥❝❡# ♣♦❞❡♠♦# 0❡❞✉❝✐0 #✉ ♦0❞❡♥ ❞❡ ♠❛♥❡0❛ ❝♦♥#$0✉❝$✐✈❛ ❞❡ ✉♥♦ ❡♥ ✉♥♦ ♠❡✲

❞✐❛♥$❡ ❡❧ ✉#♦ ❞❡ ❝♦♦0❞❡♥❛❞❛# ❝❛♥@♥✐❝❛# ♦ ✐♥✈❛0✐❛♥$❡# ❞✐❢❡0❡♥❝✐❛❧❡#✳ ❆❞❡♠B# ❧❛

#♦❧✉❝✐@♥ ❞❡ ❧❛ ❊❉❖ ❞❛❞❛ #❡ ❡♥❝✉❡♥$0❛ ♣♦0 ❝✉❛❞0❛$✉0❛# ❛❧ 0❡#♦❧✈❡0 ❧❛ ❊❉❖ 0❡✲

❞✉❝✐❞❛✳

❈♦♥♦❝❡0 ❧❛ ✐♥✈❛0✐❛♥③❛ ❞❡ ✉♥❛ ❊❉❖ ❞❡ ♣0✐♠❡0 ♦0❞❡♥ ❜❛❥♦ ✉♥ ❣0✉♣♦ ❞❡ ▲✐❡ ❞❡

$0❛♥#❢♦0♠❛❝✐♦♥❡# ✉♥✐♣❛0❛♠9$0✐❝♦ ❡# ❡F✉✐✈❛❧❡♥$❡ ❛ ❡♥❝♦♥$0❛0 ✉♥ ❢❛❝$♦0 ✐♥$❡❣0❛♥$❡

♣❛0❛ ❧❛ ❊❉❖✳

❆#G✱ ❡❧ ♠9$♦❞♦ ❞❡ ▲✐❡ 0❡#✉❧$❛ ♠✉② ✈❛❧✐♦#♦ ♣✉❡# ♥♦# ❜0✐♥❞❛ ❧❛ ♣♦#✐❜✐❧✐❞❛❞ ❞❡

♦❜$❡♥❡0 #♦❧✉❝✐♦♥❡# ❡①❛❝$❛# ❞❡ ✉♥❛ ❣0❛♥ ❝❛♥$✐❞❛❞ ❞❡ ❊❉❖✬# ❞❡ ♣0✐♠❡0 ♦0❞❡♥ ❡

✐♥❝❧✉#♦ ❡♥ ❛❧❣✉♥❛# ♦❝❛#✐♦♥❡# 0❡❞✉❝❡♥ ❧❛ ❝❛♥$✐❞❛❞ ❞❡ ❝B❧❝✉❧♦# ❢❛❝✐❧✐$❛♥❞♦ ❧♦# ♣0♦✲

❝❡#♦# $0❛❞✐❝✐♦♥❡❛❧❡#✳

❙✐ ✉♥❛ ❊❉❖ ❞❡ ♣0✐♠❡0 ♦0❞❡♥ ❛❞♠✐$❡ ✉♥ ❣0✉♣♦ ❞❡ ▲✐❡ ❞❡ $0❛♥#❢♦0♠❛❝✐♦♥❡#

✉♥✐♣❛0❛♠9$0✐❝♦ ❡♥$♦♥❝❡# ♣♦❞❡♠♦# ❞❡$❡0♠✐♥❛0 #✉# #♦❧✉❝✐♦♥❡# ✐♥✈❛0✐❛♥$❡# #✐♥ ❧❛

♥❡❝❡#✐❞❛❞ ❞❡ 0❡#♦❧✈❡0 ♦$0❛ ❊❉❖ ♣♦0 ♠❡❞✐♦ ❞❡❧ ❚❡♦0❡♠❛ ✸✳✷✳

❆♥$❡ $♦❞♦ ❡#$♦✱ ❝♦♥❝❧✉✐♠♦# F✉❡ ❧❛# #♦❧✉❝✐♦♥❡# #❡♣❛0❛$0✐❝❡# ② ❧❛# ❡♥✈♦❧✈❡♥✲

$❡# #♦♥ #♦❧✉❝✐♦♥❡# ✐♥✈❛0✐❛♥$❡# ♣❛0❛ ❝✉❛❧F✉✐❡0 ❣0✉♣♦ ❞❡ ▲✐❡ ❞❡ $0❛♥#❢♦0♠❛❝✐♦♥❡#

✉♥✐♣❛0❛♠9$0✐❝♦ ❛❞♠✐$✐❞♦ ♣♦0 ✉♥❛ ❊❉❖ ❞❡ ♣0✐♠❡0 ♦0❞❡♥✳ ❈♦♠♦ ❝♦♥#❡❝✉❡♥❝✐❛ ♦❜✲

#❡0✈❛♠♦# F✉❡ $❛❧❡# #♦❧✉❝✐♦♥❡# #❡ ❝♦♥#$0✉②❡♥ #✐♥ ❞❡$❡0♠✐♥❛0 ❧❛ #♦❧✉❝✐@♥ ❣❡♥❡0❛❧

❞❡ ❞✐❝❤❛ ❊❉❖✳

✼✾
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❬✶❪ ❉✳ ❆✈❡❧❧❛✱ ❖✳ ▼❡♥❞♦③❛✱ ❊✳ ❙3❡♥③✱ ▼✳❏✳ ❙♦✉6♦ ✭✷✵✶✺✮✱ ●=✉♣♦? ■✱ ❚❡①6♦?✱

C❛♣❤✐=♦?✳

❬✷❪ ●✳❲✳ ❇❧✉♠❛♥✱ ❙✳ ❑✉♠❡✐ ✭✶✾✽✾✮✱ ❙②♠♠❡6=✐❡? ❛♥❞ ❉✐✛❡=❡♥6✐❛❧ ❊N✉❛6✐♦♥?✱

❙♣=✐♥❣❡=✲❱❡=❧❛❣✱ ◆❡✇ ❨♦=❦✳

❬✸❪ ❋✳ ❖❧✐✈❡=✐ ✭✷✵✶✵✮✱ ▲✐❡ ❙②♠♠❡6=✐❡? ♦❢ ❉✐✛❡=❡♥6✐❛❧ ❊N✉❛6✐♦♥?✿ ❈❧❛??✐❝❛❧ ❘❡✲

?✉❧6? ❛♥❞ ❘❡❝❡♥6 ❈♦♥6=✐❜✉6✐♦♥?✳

❬✹❪ ▼✳ ❊=✐❦??♦♥ ✭✷✵✵✽✮✱ ❙②♠♠❡6=✐❡? ❛♥❞ ❈♦♥?❡=✈❛6✐♦♥ ▲❛✇? ❖❜6❛✐♥❡❞ ❜② ▲✐❡

●=♦✉♣ ❆♥❛❧②?✐? ❢♦= ❈❡=6❛✐♥ C❤②?✐❝❛❧ ❙②?6❡♠?✳

❬✺❪ ❏✳ ❙6❛==❡6 ✭✷✵✵✷✮✱ ❙♦❧✈✐♥❣ ❉✐✛❡=❡♥6✐❛❧ ❊N✉❛6✐♦♥? ❜② ❙②♠♠❡6=② ●=♦✉♣?✳

❬✻❪ ❖✳ C❛❧♠❛? ❱❡❧❛?❝♦✱ ❏✳ ❘❡②❡? ❱✐❝6♦=✐❛ ✭✷✵✵✽✮✱ ❈✉=?♦ ❞❡ ●❡♦♠❡6=a❛ ❉✐❢❡✲

=❡♥❝✐❛❧✱ C❛=6❡ ✶✳ ❈✉=✈❛? ② ❙✉♣❡=✜❝✐❡?✳

❬✼❪ C❡6❡= ❏✳ ❖❧✈❡=✱ ❆♣♣❧✐❝❛6✐♦♥? ♦❢ ▲✐❡ ●=♦✉♣? 6♦ ❉✐✛❡=❡♥6✐❛❧ ❊N✉❛6✐♦♥?✱ ❙❡✲

❣✉♥❞❛ ❊❞✐❝✐d♥✱ ❙♣=✐♥❣❡=✲❱❡=❧❛❣✱ ◆❡✇ ❨♦=❦✱ ✶✾✽✻✳

❬✽❪ ●❡♦=❣❡ ❇❧✉♠❛♥✱ ■♥✈❛=✐❛♥6 ❙♦❧✉6✐♦♥? ❢♦= ❖=❞✐♥❛=② ❉✐✛❡=❡♥6✐❛❧ ❊N✉❛6✐♦♥?✱

❙■❆▼ ❏♦✉=♥❛❧ ♦♥ ❆♣♣❧✐❡❞ ▼❛6❤❡♠❛6✐❝?✱ ❱♦❧✳ ✺✵✱ ◆♦✳ ✻ ✭❉❡❝✳✱ ✶✾✾✵✮✱ ♣♣✳ ✶✼✵✻✲
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