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Chapter 1

Introduction

La descripcion precisa de la propagacion de ondas en la superficie de un fluido es
un tema de gran interés para fisicos y matematicos.

En el siglo XIX d’Alambert, Euler, Lagrange y Bernoulli establecieron el sistema
de ecuaciones que gobierna el movimiento de las ondas de superficie en un fluido
perfecto e irrotacional bajo el efecto de la gravedad.

Desde entonces existe una profunda investigacién dedicada al estudio de las
ondas en agua en una amplia gama de problemas que van desde los que atanen
a la ingenieria costera, la geofisica etc., hasta los que abordan aspectos teéricos
de las ecuaciones diferenciales parciales y del comportamiento cualitativo y cuan-
titativo de sus soluciones.

En anos recientes el progreso en el estudio tedrico y computacional del prob-
lema de ondas en agua obedece directamente a cuatro factores que, bajo distintos
niveles de interaccion a lo largo del tiempo, han generado una rica y basta teoria
de ondas de superficie en fluidos.

A continuacién se expone brevemente la naturaleza y la relevancia de estos
aspectos. Ademas, cuando corresponde, se indican las contribuciones que dentro
de esta tesis se realizan a los mismos.

l. El primer aspecto del que haremos mencién corresponde a la derivacion de
Modelos simplificados de ondas en agua.

Diversos cientificos e ingenieros se han enfocado en la derivacion de mode-
los simplificados de las ecuaciones de ondas en agua los cuales resultan
ser excelentes aproximaciones cualitativas y cuantitativas para el estudio de
problemas bajo diferentes regimenes fisicos.

Ejemplos de estos modelos en aguas someras son las ecuaciones: Korteweg-
de Vries (1895) [33], Boussinesq (1871) [34], Benjamin et al. (1972) [35],
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Serre (1953) [36], Green and Naghdi (1976) [37], Camassa and Holm (1993)
[38], Kadomtsev - Petviashvili (1970) [39] entre muchos otros.

Estos modelos son fruto de una abstraccion e idealizacién del fenémeno
fisico que se desea estudiar y que obedece a las leyes que rigen la materia
y a la basta teoria de la mecéanica de fluidos y principalmente al desarrollo
del analisis matematico, del calculo variacional y de métodos asintéticos.

La relevancia de la derivacion de estos modelos radica en que con cada uno
de ellos es posible capturar caracteristicas escenciales del fenébmeno que
se desea estudiar permitiento abstraer y discernir las cantidades importantes
gue rigen el movimiento de las ondas en diversos ambientes fSicos y también
bajo distintos tipos de longitud de onda.

» En la Seccion 2.1 se introduce un modelo que describe la propagacion
bidireccional de ondas en agua con profundidad variable. El modelo descrito
por (2.26) es un modelo, no local, que se enmarca en la teoria de ondas en
aguas someras, mantiene el término de dispersion exacta obtenido de la lin-
earizacion de las ecuaciones de Euler y describe los efectos de variaciones
de orden grande de la profundidad variable, relativo a la profundidad media
del fluido.

La introduccion de dicho modelo es el punto de partida de la investigacion y
en general puede afirmarse que la derivacion y estudio de nuevos modelos
de ondas en agua ha sido un factor clave para la solucién de problemas
gue atanen desde fendmenos geofisicos hasta aspectos teoficos sobre el
comportamiento de las ecuaciones diferenciales parciales y sus soluciones.

. Otro aspecto que ha sido muy relevante para el progreso de la teoria de

ondas en agua corresponde con el desarrollo del Analisis Asintético de los
operadores y de las soluciones.

Gran parte de los modelos que surgen en diversas aplicaciones a proble-
mas de la vida real estan descritos en terminos de ecuaciones diferenciales
parciales y estas ecuaciones raramente pueden resolverse analiticamente.

En ciertos casos, cuando pueda encontrarse una férmula de la solucién, no
existe en general una forma directa de analizarla y/o de calcularla. Con-
secuentemente, los métodos y andlisis asintéticos para el analisis del com-
portamiento de las soluciones y la discretizacion de los operadores € in-
tegradores que estan envueltos en las ecuaciones diferenciales parciales
se han convertido en procedimietos necesarios para el progreso en el en-
tendimiento de los fendmenos que modelan dichas ecuaciones.



Ejemplos de este tipo de analisis los podemos encontrar en la derivacion y
validacion de ecuaciones como Korteweg-de Vries y la ecuacion no lineal
de Schrodinger las cuales describen diferentes aspectos de la propagacion
de ondas no lineales en diferentes contextos como la éptica no lineal y los
plasmas.

» El modelo que se introduce en esta tesis se enmarca en la formulacion
Hamiltoniana del problema de ondas en agua la cual involucra al operador,
no local, Dirichlet-Neumann que presentamos en la Seccion 1.2 y Seccion
2.1.

Un problema que debe afrontarse al abordar dicha formulacion es que no
existe una férmula explicita de dicho operador para dominios con topografia
variable. Es por ello que el papel de la teoria de onda larga presentada en
la Seccion 1.3 junto con la teoria de perturbacion estandar del Hamiltoni-
ano son las herramientas matematicas que se utilizan para derivar diversas
aproximaciones de onda larga de dicho operador y con ello dar origen a los
modelos de onda larga clasicos que se conocen para fondo plano.

Dicho enfoque fue la base formal que dio origen a la aproximacién propuesta
en esta tesis para el caso de profundidad variable del operador Dirichlet
Neumann (2.25). EIl operador propuesto se construy6é de tal manera que
satisface caracteristicas estructurales que caracterizan el operador Dirichlet-
Neumann para fondo plano. Algunas de estas propiedades se muestran en
forma analitica y otras numéricamente en la Seccion 2.2.

Una contribucion muy importante y crucial para la continuacion de la inves-
tigacion fue la discretizacion en el espacio de Fourier del operador (2.25)
la cual se muestra en la Seccion 2.1 y se desarrolla detalladamente en el
Apéndice A ubicado en 2.5.

Otro aspecto que ha acompanado el desarrollo de la teoria y que ha sido
promotor y testigo de enormes progresos en el entendimiento del compor-
tamiento de las ondas en agua corresponde con el desarrollo de métodos
de medicion, recoleccion y tratamiento de datos de laboratorio.

La sofisticacion de las herramientas para la medicion de datos, ya sea en el
laboratorio en donde se puede reproducir de forma controlada el fendmeno
de interés observado en la naturaleza o bien in situ, ha hecho posible la
reproduccion de fenédmenos y la recoleccion de las cantidades cuantificables
del fendmeno observado a un orden de error casi imperceptible
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Algunos ejemplos de estos métodos que han resultado muy utiles para medir
la propagacion de las ondas en agua son, el Método de Schlieren sintético
y la Perfilometria por Transformada de Fourier. Ello representa un pro-
greso enorme para dar certeza y respaldo a los modelos teéricos y métodos
asint6ticos mencionados en el aspecto anterior.

Finalmente y no de menor importancia haremos mencion de un aspecto que
desde finales del siglo pasado hasta la actualidad se ha destacado en el
desarrollo de la teoria de ondas en agua, esto es, la Modelacion computa-
cional.

La enorme capacidad de computo que existe en la actualidad aunado a la
eficiencia, precision y estabilidad de esquemas numeéricos asi como al de-
sarrollo de lenguajes de programacion, han hecho posible la integracion de
las ecuaciones que gobiernan la evolucién de las ondas de superficie para
un fluido perfecto en un dominio con batimetria variable bajo determinadas
condiciones iniciales por periodos largos de tiempo.

Esta realidad computacional se perfila para los anos venideros en una herra-
mienta muy poderosa para adentrarse en problemas que superan la teoria 'y
la reproduccion controloda de los fendmenos en el laboratorio permitiéndo-
nos abordar cuestiones de muy diversa indole en el campo de la ciencia
reduciendo costos y esfuerzos.

» En la subseccion 2.4 se presentan los resultados de un andlisis espectral
del operador (2.25) para diferentes batimetrias. En la Seccion 2.5 se presen-
tan los resultados de la integracion numérica del sistema Whitham Boussi-
nesq para diferentes batimetrias. Las ecuaciones de evolucion asi como su
discretizacion en el espacio de Fourier, se desarrolla en la Subseccion 2.1.2
y en el Apéndice A ubicado en 2.5.

» Otro problema clasico de la teoria de ondas en agua que se aborda en la
tesis, en donde el calculo numérico juega un papel crucial, es la existencia
de soluciones correspondientes a modos transversales y modos atrapados
para geometrias no triviales del dominio del fluido, el cual corresponde a
un problema clasico en el area que abordaron Lamb, Kelland, Ursell y mas
recientemente Packhman, Greenhill, Groves, Evans, Minzoni, Linton, Mei,
Garipov, Zhevandrov etc.

En la Seccion 3.2 se muestra la comparacion del computo de soluciones
exactas existentes para canales rectos infinitos con seccion transversal tri-
angular, con los modos calculados numéricamente con nuestro operador
aproximado (3.12). Ver los resultados presentados en la Seccion 3.2.
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» En la Seccion 3.3.2 se aborda el estudio de ondas atrapadas en la su-
perficie de una plataforma continental que se extiende en una direccion es-
pacial en el dominio no acotado del fluido. Se presentan detalladamente las
comparaciones entre los resultados numéricos que se obtienen del operador
aproximado para este problema y las soluciones explicitas que presenta Mei
desde su enfoque de aguas someras.

De lo expuesto anteriormente se puede apreciar que en esta tesis se mues-
tran contribuciones principalmente en el primero, segundo y tercer aspecto. Sin
embargo los investigadores experimentales han empezado a mostrar interés en
probar el modelo en su laboratorio, esta oportunidad abre la posibilidad de una co-
laboracion en un futuro cercano y de esta manera cubrir el espectro de aplicacion
y extension del impacto del trabajo de investigacion desarrollado en esta tesis con:

% La introduccién de un modelo, que provee una idealizacion del fenémeno de
propagacion de ondas de agua en un fondo variable,

% las predicciones numéricas y los resultados que arroja el modelo propuesto
ante diversos cuestionamientos del fenémeno observado y finalmente,

% la posibilidad de probar el modelo con mediciones reales del laboratorio o en
la misma naturaleza lo cual es muy satisfactorio en este problema pues las
preguntas en los dominios de geometrias no triviales que se desea estudiar
y comprender trascienden el marco del analisis matematico formal.

1.1 Problema de ondas en agua

El problema de ondas en agua para un fluido ideal consiste en la descripcion del
movimiento de la superficie libre y la evolucién del campo de velocidades de un
fluido perfecto, incompresible e irrotacional bajo la influencia de la gravedad. El
fluido ocupa un dominio simplemente conexo bidimensional donde h es la profun-
didad media del dominio de fluido, 5(x) es fijo y denota el perfil de variacién del
fondo desde este valor y n(z,t) representa a la superficie libre del fluido y mide
la amplitud de la onda. El potencial de velocidad es una funcién armonica y en el
fondo del dominio el movimiento del fluido es tangencial. En la superficie libre, las
condiciones de frontera estan dadas por la ecuacion cinematica y la condicion de
Bernoulli.

Consideramos un fluido incompresible, irrotacional y sin viscosidad. Supo-
nemos que la Unica fuerza externa que actia sobre él es la fuerza de gravedad.
Suponemos ademas que la presion en la superficie del fluido es constante p = 0.
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Definimos y denotamos al dominio del fluido por :

Dy(B,m) = {(z,y) :x € R—ho+ B(z) <y <nlz, 1)} (1.1)
y a la frontera por:
ODy(B,n) = {(z,y) 1y =n(x,t) Ny = —ho + B(x)}, (1.2)

y suponemos que 3(z) < ho para todo = € R. Dada la condicién de incompresi-
bilidad:
diva = 0 en D,(B,1), (1.3)

y por la condicion de irrotacionalidad, el gradiente del potencial de velocidades, ¢,
nos determina el campo de velocidades del fluido:

u=Vypen Di(B,n), (1.4)

de esta manera obtenemos el sigiente sistema de ecuaciones mejor conocido
como ecuaciones de Euler.

Ap(x,y) = 0on Dy(3,1), (1.5)

con las condiciones de frontera
Ve-N(B)=0 (1.6)

eny = —hy + f(x) con N(B) = (1 + (83;6)2)‘%(—83;6, 1) es el vector normal
exterior en la frontera rigida y las condiciones en la superficie libre son:

Nt + NaPa — Py = 0 (1 7)

1 2 2 _
vt 5lent o) +9n=0 (1.8)
eny = n(x,t). Para una presentacién mas detallada de lacondicion de cinematica
y de la ecuacién de Bernoulli ver libro de Lamb, [42] y libro de Whitham, [68].

En esta tesis abordaremos la version periddica en la variable espacial de las
ecuaciones (1.5)-(1.6)). Por ello proponemos las siguientes condiciones de fron-
teran(z+ L,t) =n(z,t)and p(z+ L,y,t) = ¢(x,y,t) para algin periodo L > 0.
La razon de considerar este marco periddico se explica principalmente por dos
motivos, el mas importante es la representacion explicita que podemos obtener
del operador Dirichlet-Neumann para dominios periédicos y del cual hablaremos
mas adelante. La segunda razén es la implementacion y simulacién numérica de
las ecuaciones de evolucion por medio de un método espectral de Fourier.

Definimos

5(1’, t) = @('% 77(1’7 t)a t)
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Figure 1.1: Gréfico del problema de ondas en agua.

como el potencial definido en la superficie del fluido en el tiempo .

Una de las mayores dificultades que se presentan al intentar resolver el prob-
lema de valor inicial para las ondas en agua es que se trata de un problema de
frontera libre. Respecto a este problema debe notarse que, en cada tiempo ¢, el
dominio D, esta definido por la forma funcional de la superficie libre n(x,t). De
este modo si a un tiempo ¢ estan dados tanto 7(z,t) como ¢ en y = n(x,t), el
potencial ¢ en todo el dominio D, al tiempo ¢ queda determinado univocamente
al resolverse la ecuacién de Laplace para ¢ en D; tomando como condicion de
Dirichlet el potencial en la superficie libre: p(z,n(x,t)) = &(x,t) y como condicién
de Neumann la relacion (1.6).

Para las ondas en agua dos dimensionales (2D), donde la superficie evolu-
ciona como funcion de una variable espacial y del tiempo, hay varias técnicas que
pueden utilizarse para eliminar la coordenada vertical espacial y reducir el prob-
lema a la evaluacion del movimiento de la altura de la onda y del potencial de
velocidad en la superficie libre.

Métodos que han probado su efectividad en el problema 2D incluyen los mapeos
conformes y ecuaciones con integrales singulares que hacen uso de técnicas de
analisis complejo, ver A. Nachbin and G. Papanicolaou (1994) [57], B. Fornberg
(1980) [15], J. Dold (1992) [14], Zakharov (1968) [70], Radder (1992) [59].

1.1.1 Estado del arte de la formulacion Hamiltoniana

Uno de los avances mas relevantes que ha tenido el problema de ondas en agua
en épocas recientes se atribuye al descubrimiento de Zakharov en 1968 [70] de
que las ecuaciones que gobiernan el movimiento de un flujo irrotacional bajo la
influencia de la gravedad en un domino en dos y tres dimensiones poseen estruc-
tura Hamiltoniana. Mas tarde Broer [5] y Miles (1977) [54] obtuvieron de forma
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independiente el mismo resultado.

Zakharov mostr6 que la altura de la onda, 7, y el potencial de velocidad, ¢,
evaluado en la superficie libre son variables canodnicas conjugadas y formulé las
ecuaciones de ondas en agua como un sistema Hamiltoniano. Este derivacion no
es otra cosa que la formalizacion de la idea de que dada la naturaleza del flujo
potencial, es suficiente conocer la evolucién del perfil del fluido 7(z,t) en todo
tiempo y el potencial de velocidades en la frontera, £(x,t) a cada instante ¢ para
determinar el flujo en todo el dominio del fluido en el instante ¢. Craig and Sulem
en [10] emplearon estas variables e introdujeron el operador Dirichlet-Neumann
G(B,n) asociado con el potencial de velocidad en la frontera explicitamente en el
Hamiltoniano, el cual elimina la coordenada vertical de la formulacion.

Algunas generalizaciones y planteamientos relacionados también se deben a
Benjamin y Olver [3] quienes ademas aplicaron dicho formalismo para encontrar
las constantes de movimiento para el flujo potencial de frontera libre.

En trabajos relacionados, Radder [59] y Yoon y Liu [69] presentan expresiones
analogas para el flujo 2-D con topografia variable.

Expresiones analogas para el operador Dirichlet- Neumann en fondo variable
fueron derivadas mas recientemente por Craig, Guyenne, Nicholls y Sulem en [12],
en este articulo del ano 2005 los autores presentan una expansion del operador
Dirichlet Neumann lineal, (i.e. para un dominio con superficie plana que se gener-
aliza a 3D) y con variaciones del fondo. Suponiendo la validéz de la expansion
del operador Dirichlet-Neumann para amplitudes pequenas, realizan el calculo
recursivo del operador Dirichlet-Neumann para amplitudes de ondas arbitrarias,
en términos del operador Dirichlet-Neumann lineal para topografias arbitrarias del
fondo.

La formulacion Hamiltoniana de las ondas de agua ha sido extendida a fluidos
inviscidos con superficie libre que no son necesariamente flujos potenciales por
Lewis, Montgomery, Marsden y Ratiu ver,[46] y también a fluidos estratificados
con voriticidad ver T.S. Haut y M. J. Ablowitz [25].

Muchos autores han investigado la estructura Hamiltoniana de los modelos
de ondas de agua somera de forma independiente a la formulacién descrita por
Zakharov. De hecho, la ecuacion Korteweg-de Vies que discutimos brevemente
en la Seccion 1.3 fue escrita en un principio como un sistema Hamiltoniano por
Gardner [16], y resultados analogos son conocidos para otros modelos. Craig y
Groves [11] mostraron que la estructura Hamiltoniana para varios modelos de este
tipo (Kd-V, Boussinesq, shallow water) se derivan de la formulacién hamiltoniana
del flujo potencial de frontera libre. Sin embargo, como fue observado por Magri
[47], la ecuacion Kd-V y otros modelos integrables poseen mas de una estructura
Hamiltoniana
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1.2 Formulacion Hamiltoniana y Operador Dirichlet-
Neumann

En 1968, Zakharov mostré en [70], que el sistema descrito anteriormente en (1.5)-
(1.7), podia reformularse como un sistema Hamiltoniano de dimension infinita en
términos de las variables de superficie 1 y £ con las ecuaciones de Hamilton:

_sH
{ e _ % (1.9)

En 1993, W. Craig y C. Sulem en [10] introdujeron el operador Dirichlet-Neumann
G(5,n), explicitamente en el Hamiltoniano del sistema de ondas en agua.

H = %/}R(fG(ﬁm)éﬂLgnz’)dw (1.10)
El operador Dirichlet-Newmann, G (3, n) es definido como sigue:
(G(B,mE)(@) = (1 + (%un(x))*)2 Vp(, n(x) - N(n(x)), (1.11)

donde N(n(z)) = (1 + (8,n(2))?)"2(=0,n(x),1), z € Ry ¢ es la solucion del
problema con condiciones de frontera:

Ap(x,y) =0, para(z,y) € D, (1.12)
o(x,n(x)) =P(x), parar € R, (1.13)
8_g0($’ —ho+ B(x)) =0, paraz € R. (1.14)

on

De esta forma el operador G(3,n) transforma la condicién de Dirichlet sobre la
superficie libre en una condicion de Neumann la cual dicta la evolucion del perfil
de onda inicial.

Finalmente las ecuaciones de evolucién para el potencial en la superficie libre, &,
y para la evolucion del perfil de la frontera libre, 7, en la forma siquiente:

mo= G nk, (1.15)
1
& = —m(fi—(G(ﬂ,n)€)2+2m€xG(ﬁ,n)£)—977- (1.16)

R. Coifman y Y. Meyer derivaron en [6] una expansion analitica del operador
G(/3,7n) en potencias de 7:

donde G;(3,n) es homogéneo de grado j en 7.



10 CHAPTER 1. INTRODUCTION

Los operadores G involucran operadores pseudodiferenciales que podemos
definir como sigue:

Opol€)(x) = / o, k) d. (1.18)

donde o (z, k) es una funcién que depende de las variables espaciales x y las vari-
ables espectrales k. Podemos pensar al simbolo o (x, k) como una prescripcion de
como modificamos la funcion ¢ simultaneamente en espacio fisico y en el espacio
de numeros de onda.

A esta la representacion del operador pseudiferencial Op, se le conoce como
la representacion de Kohn-Nirenberg, ver libro de J. J. Kohn, y L. Nirenberg, (1965)
en [29]. Algunos ejemplos sencillos que ilustran la forma que adquiere el operador
para determinados funciones del simbolo son:

. Cono(x,k) = 1 obtenemos Op; = Id

. Con o(x, k) = X obtenemos Opy = A\ d

. Con o(z, k) = m(x) obtenemos (Op,,, f)(z) = m(x) f(z).
iv. Con o (x, k) = g(k) obtenemos (Op;)f = (g * f)(z).

De los ejemplos enunciados anterioremente es facil observar que todo esta bien
definido para f € L*(R).

Un operador pseudodiferencial generaliza la nocién de operador diferencial, los
cuales son aquellos que poseen simbolos de la forma polinomial en la variable de
Fourier k:

o(x, k) = bo(x) + bi(x)k + by(2)k?® + ... 4 b (2)E™. (1.19)

Una caracteristica importante que debe cumplir el simbolo es que éste no debe os-
cilar mucho, esto es que las derivadas del simbolo deben de estar acotadas para
concluir heuristicamente que el operador asi definido tiene sentido para cualquier
funcion f € S y cualquier eleccion razonable de o (incluidas distribuciones tem-
peradas). Coloquialmente hablando, queremos que o(z, k) se comporte como
un polinomio de algun orden m en la variable k, asi esperamos que el orden de
crecimiento decrezca cuando diferenciamos en k. Mas precisamente decimos que
o(x, k) es un simbolo de orden m y escribimos o € S™ si la funcién y todas sus
derivadas son del orden especifico:

9,0k o (2, k) ~ o(| k |™11) cuando k — oo

Existe una amplia literatura que clasifica a dichos operadores con base al
simbolo y sus propiedades de orden de derivacion respecto a las variables x y
k, ver M.E. Taylor [63], M-A. Shubin [61], L. Hormander [26].
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Un aspecto muy importante derivado en el articulo de W. Craig, P. Guyenne, D.
P. Nicholls y C. Sulem. en [12] son las expresiones de los términos en la expansion

Gr(B,n);

Go(8,m) = Dtanh(hoD)+ DL(p), (1.20)

G1(B,m) = DnD — GonGo, (1.21)
1

Gy(B,m) = §(G0D772D — D*n*Gy — 2GonGh), (1.22)

donde D = —10,.
El operador L(/3), que actua sobre la frontera libre £(z), se escoge de tal forma
que la expresion

~ cosh((y + ho)D)
Pla,y) = cosh(hoD)

§(x) + sinh(y D) (L(B)E) (), (1.23)

es una solucion al problema dado por la ecuaciones (1.5)- (1.8). Y de esta forma
podemos deducir una forma implicita de dicho operador como:

L(B) = —=B(B)A(B), (1.24)
donde
AB)E = / e sinh (B (x)k)sech(hk)E(k)dk, (1.25)
CB) = /R e cosh((—ho + B(x))k)E () dk, (1.26)
y

B(p)=C(B)~". (1.27)

El inverso B(/3) del operador C'(/3) esta bien definido, ver W. Craig, P. Guyenne,
D. P. Nicholls y C. Sulem. en [12].

Estos operadores A() y B() asi como también el operador D-N introducido
anteriormente entran en la clase de OPD’s definidos en (3.80) . En el Capitulo 2
de esta tesis se introducira una definicion de este tipo de operadores en dominios
periédicos.

En el trabajo realizado por W. Craig, P. Guyenne, D. P. Nicholls y C. Sulem. en
[12], obtienen expresiones explicitas aproximadas para el operador L(3) a partir
de una expansion del mismo:

L(B) = 272, Li(B) = Lo(B) + L1(B) + L2(B) + ..., (1.28)
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en donde L,;(/3) es homogéneo en 3 de orden j.

Lo(B) = 0, (1.29)
Li(B) = -—sech(hoD)BDsech(hyD), (1.30)
LQ(/B> = SeCh(hoD)ﬂD Slnh(hoD)[q(ﬂ) (131)

Aqui observamos lo siguiente, al expandir en su serie de Taylor sech(hoD), esto
es, sech(hyD) =1 — @ + ... obtenemos:

DL(B) = —DBD+0(y?) (1.32)

donde v = h%
Mas adelante hablaremos de un modelo derivado siguiendo esta expansion,
presentado en [1].

1.3 Teoria de onda larga

Un abordaje que ha mostrado ser muy prolifico en el estudio del problema de
ondas en agua es el régimen de onda larga, dicho escalamiento corresponde a
ondas en agua que poseen una longitud de onda que es grande en comparacion
con la profundidad media del dominio del fluido.

Este escalamiento es accesible experimentalmente y es de gran interés para
la ingenieria costera y los flujos geofisicos de gran escala, cabe mencionar que
un tsunami se estudia como una onda en aguas someras, para este ejemplo y
muchos mas ver: P. H. LeBlond y L. A. Mysak, [45], C.C. Me, M. Stiassnie y D. K.
P. Yue, [52], M. S. Longuet-Higgins, [44], M.C. Lin, W.J. Juang y T.K. Tsay [43] ¥
Klapp, J., Sigalotti, L. D. G., Medina, A., Lopez, A., y Ruiz-Chavarria, G. [30].

Estos modelos han sido ampliamente estudiados para el caso de profundidad
constante, las ecuaciénes Korteweg-de Vries y Kadomtsev-Petviashvili, son ejem-
plos que describen la formacion de solitones y sus interacciones.

Para entender dicho escalamiento es preciso realizar un proceso de adimen-
sionalizacion de las ecuaciones que consite en escribir las ecuaciones de ondas
en agua, luego entonces al operador G(3,7), de forma adimensional. El primer
paso es discernir las cantidades importantes que rigen el movimiento de las on-
das en el ambiente fisico que enmarca el problema y los cuales denotaremos como
parametros adimensionales. Estos son: la amplitud y longitud tipica de la onda y
la profundidad media del fluido. En el caso de profundidad variable también se ob-
servan las cantidades tipicas del perfil de batimetria del dominio del fluido, como
la amplitud media del perfil batimétrico.
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Figure 1.2: Cantidades tipicas del problema de ondas en agua.

Definimos los siguientes parametros adimensionales a partir de las cantidades
tipicas del problema que se muestran en la Figure 1.2:

B B
2’ ho’ ho

donde hg es la profundidad media del agua, [ es la escala horizontal tl'pica 7 es
un valor caracteristico de la amplitud de las ondas, ¢y = \/ghoy T = +, ¢y es
la velocidad de las ondas lineales en el limite de ondas largas [ — O S|endo
entonces T un tiempo caracteristico en la propagacmn de ondas largas.

Se define asf a las variables adimensionales z, , 7, gz5 y al operador D como

(1.33)

ST syt

T = l,n—ho,t—T (1.34)
1 B ) = .0
n—;( ) ¢ = Lﬂ) D = i (1.35)

Con estas variables y dado que conocemos la expansién del operador, G(5, 1),
es posible obtener diferentes Hamiltonianos que aproximan al Hamiltoniano aso-
ciado al problema de ondas en agua mediante la sustitucién del operador G(3, )
por aproximaciones del mismo dentro del Hamiltoniano y finalmente mediante las
ecuaciones canonicas pueden obtenerse modelos aproximados de las ecuaciones
de ondas en agua .

Lo que haremos a continuacion sera usar la expansion de G(/3,7) en potencias
de n que fueron desarrolladas por W. Craig, P. Guyenne, D. P. Nicholls y C. Sulem.
en [12] y expuestas en (1.20) -(1.22), con ello obtendremos los distintos modelos
de ecuaciones de ondas de agua somera para fondo variable en concordancia con
el trabajo de W. Craig and M. D. Groves en [11].

De acuerdo a la expansién analitica del operador G(3,7n) expuesta anterior-
mente y retomando Unicamente los términos de G y el primer término de G, de la
expansion, proponemos las siguientes aproximaciones del operador G(3,7) bajo
distintas consideraciones en las variaciones del fondo.

i) Suponiendo fondo plano, esto es, 6 = (. Consideramos G exacto mas la
aproximacion de onda larga, (” = 12 ,l la longitud tipica de la onda), para
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Figure 1.3: a) Onda tipo solitén al tiempo ¢t = 75.103, moviendose a la derecha.
b) Se muestra un acercamiento de la parte derecha del soliton en la Figura 1.3b.
Figura extraida del articulo de P. Acévez-Sanchez, A.A. Minzoni y P. Panay-
otaros en [1].

(G1. Asi obtenemos la aproximacién Boussinesq clasica, ver D. Moldabayeyv,
H. Kalisch, y D. Dutykh en [49].

G Aproz; = D tanh(hoD) + DnD (1.36)

i) Suponiendo una perturbacion pequena y suave en la topografia del fondo,
B, podemos hacer una expansion de Taylor del operador L(3) que aparece
en el término G,. De esta forma obtenemos una expresion explicita del
mismo, ademas del término correspondiente a la aproximacion de onda larga
para GG;. Obtenemos el modelo propuesto en [1].

G Aproz, = D tanh(hoD) — DD + DnD (1.37)

La necesidad de introducir un nuevo modelo como el presentado en (2.25) se
justifica principalmente por los motivos que ilustramos a continuacién

La primer motivacién surge de que en el modelo propuesto por Aceves, Min-
zoni, Panayotaros presentado en (1.37), no se observan fuertes efectos en la onda
de superficie, los efectos visibles estan muy atenuados, tal como se ilustra en la
imagenes Figure 1.3 y Figure 1.4 extraidas del articulo de los mismos autores en
[1]

Los autores en [1] concluyen que dicha expansion de primer orden en 3 no
es muy util para el estudio de este tipo de fendmenos. Asi mismo, otras opciones
que han estudiado diversos autores, entre ellos podemos citar a P. Guyenne y D.
Nicholls en [23], para desarrollar modelos de ondas en aguas someras con pro-
fundidad variable involucran expansiones de mayor orden en 3 lo que conlleva a
la derivacion de ecuaciones mas complicadas que a su vez acarrea las complica-
ciones inherentes a los términos con derivadas mas grandes por la dificultad de in-
tegrarlos numéricamente y de controlar la estabilidad de los esquemas numéricos.
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0 I\

Figure 1.4: a) Onda tipo solitén al tiempo ¢ = 125.103, sobre un fondo de
variacion rapida. Los autores promediarion la variacion del fondo para poder in-
troducir un perfil de esta manera en su modelo. b) Se muestra un acercamiento
a la Figura 1.4b. Figura extraida del articulo de P. Acévez-Sanchez, A.A. Min-
zoni y P. Panayotaros en [1].

1.4 Modelo Whitham-Boussinesq de onda larga para
profundidad variable.

En este trabajo proponemos un modelo Hamiltoniano no local para la propagacion
bidireccional de ondas en aguas someras que involucra operadores pseudodifer-
enciales que simplifican al operador lineal Dirichlet-Neumann en profundidad vari-
able. Nuestro analisis tiene su origen en la teoria general de profundidad variable
expuesta brevemente antes de [12], y a su vez a su simplificacién a una ecuacion
del tipo Boussinesq para onda larga y para pequefas variaciones del fondo ex-
puesta en [1].

En[1]la componente de profundidad constante en la parte lineal de la ecuacion
es también reemplazada por el término de dispersion exacta derivado de la lineal-
izacién de las ecuaciones de Euler, ello da lugar a la obtencidn de unas ecuaciones
que corresponden a un analogo bidireccional de la ecuacién de Whitham, para un
analisis mas detallado de dichas ecuaciones ver tambien, G. B. Whitham, [68],
Zakharov, [71] y D. Moldabayev, H. Kalisch, y D. Dutykh, [49].

Las ecuaciones de tipo Whitham para profundidad constante han recibido una
atencién especial en anos recientes, ver [49], y hay resultados en esas ecuaciones
que sugieren que un término en las ecuaciones que obedece a dispersion de
onda mas débil, produce comportamiento mas realistas de las ondas con ampli-
tudes mas altas. Las distintas versiones de modelos Whitham-Boussinesq poseen
ademas la otra ventaja de que evitan el problema del sistema de ecuaciones lin-
eales tipo Boussinesq de ser un problema mal planteado en el formalismo de las
ecuaciones diferenciales parciales.

En [1] los autores muestran que las correcciones de orden menor al operador
Dirichlet-Neumann en fondo variable en general sélo capturan efectos muy atenu-
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ados y poco concluyentes de la topografia en la propagacion de las ondas.

Para la obtencion de mejores resultados uno podria considerar expresiones
mas complicadas del operador Dirichlet-Neumann tales como expansiones de mayor
orden del perfil de variacion del fondo, ver Guyenne y Nicholls [23, 24] y Gouin et
al. [18] para una implementacion reciente, y [12] para expresiones semi-explicit
adionales.

De forma alternativa, nosotros proponemos un operador que posee una ex-
presion relativamente simple y que satisface algunas propiedades estructurales
del operador lineal Dirichlet Neumann exacto G (/3), con 3 la funcién que describe
la variacién de la profundidad. El operador Ag, = Approx(Go(/3)) que estamos
proponiendo es de la forma Ag, = sym(D tanh(h(x)D)). El sistema Whitham-
Boussinesq correspondiente a este operador se encuentra definido en la Seccion
2.1. Este operador es claramente una simplificacién ad-hoc del operador lineal
Dirichlet-Neumann, pero es lo suficientemente sencilla, y se reduce a la expresion
de profundidad constante. En la Seccion 2.1 discutiremos algunas propiedades
estructurales generales que debemos pedir al operador A¢, tales como simetria,
positividad y que su comportamiento asintotico para frecuencias de onda altas ten-
gan un comportamiento como el que describen en el operador de profundidad con-
stante. Estas propiedades son verificadas analiticamente o bien numéricamente
en la Seccion 2.2.

El analisis espectral realizado numéricamente a la matriz que obedece a una
discretizacién de la aproximacion del operador lineal Dirichlet-Neumann A, para
distintos perfiles (periddicos) de la variacién del fondo muestra dos efectos signi-
ficativos de la topografia sobre los modos normales. El primer efecto visible es que
los perfiles de los modos normales, en presencia de batimetria no trivial, muestran
una mayor pendiente. Los modos en los que este efecto es visible se encuentran
en el rango de frecuencias de baja a intermedia. Otro efecto visible es la modu-
lacion en la amplitud directamente relacionada con la topografia. Esta modulacion
es reportada en frecuencias intermedias.

La integracion numérica con del sistema Whitham-Boussinesq para profundi-
dad constante de dos ejemplos expuestos en [10] muestra una enorme similitud
cualitativa con la evolucion de las ondas modelada por Craig y Sulem en [10] us-
ando términos de mayor orden de la amplitud pequena en la expansién del op-
erador Dirichlet Neumann. Para el caso de profundidad variable vemos que la
velocidad de las crestas de onda se sigue de las variaciones en la profundidad del
fondo. También vemos como este efecto modifica la forma de los trenes de ondas
de Stokes.

En sintesis, el modelo que introducimos en esta tesis, incluye efectos de to-
pografia variable y es lo suficientemente simple para motivar futuros estudios
tedricos de las ondas de agua. Su validacion requiere de comparaciones con
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modelos mas precisos y/o con soluciones exactas que se conozcan en la literatura
para otros modelos. Uno de los objetivos del siguiente capitulo de esta tesis va
precisamente en esta direccién. También en un futuro a corto plazo se pretende
realizar un analisis analitico mas profundo de las ecuaciones y la comparacion
de nuestro modelo aproximado con el modelo semi-explicito propuesto por Craig,
Guyenne, Nicholls y Sulem en [12].

1.5 Modos transversales y modos atrapados en ge-
ometrias no triviales.

En el Capitulo 3 usaremos el modelo no local para la propagacion bidireccional de
ondas en aguas someras para profundidad variable que obedece a una simplifi-
cacion del operador lineal Dirichlet-Neumann introducido en el Capitulo 2 de esta
tesis y en [65] por Vargas-Magana y Panayotaros.

El analisis numérico espectral de la matriz asociada al operador A¢,, una
aproximacion de caracter ad-hoc al operador lineal Dirichlet-Neumann y que es
presentado en el Capitulo 2 para diferentes perfiles,periédicos, de la variacion de
la profundidad del fondo, muestra efectos significativos de la topografia en la forma
de los modos normales.

Esta nueva formulacién Hamiltoniana del problema de ondas de agua para
profundidad variable ha demostrado ser muy apropiada debido a la versatilidad
y simplicidad para la inclucion de variaciones fuertes y de orden grande de la
topografia del fondo y a su vez por la relativa simplicidad para medir sus efectos
en la propagacioén de las ondas.

Otro factor interesante de este enfoque es que involucra un operador pseudod-
iferencial (PDO) cuyo simbolo considera el perfil batimétrico exacto. En el Capitulo
2, calculamos los modos normales derivados del analisis espectral de dicho oper-
ador para distintas topografias y comparamos los resultados con los ampliamente
conocidos resultados para profundidad constante, ver R.M. Vargas-Magana y P.
Panayotaros [65]. Se muestran varios resultados muy reveladores sobre la defor-
macién de los modos normales que sugen cuando variamos el perfil topografico
en el simbolo del operador. Dicho analisis ha abierto la posibilidad de explorar
esta maquinaria en dos problemas clasicos muy interesantes acerca de modos
normales y modos atrapados en geometrias particulares.

El primer problema que estudiamos en éste Capitulo 3 son las soluciones co-
rrespondientes a los modos transversales en canales largos de longitud infinita con
seccidén transversal uniforme. Estos son modos normales que son independientes
de la dimension transversal del canal, i. e. son modos normales bidimensionales,
ver [65]. Las soluciones que se conocen para este problema son muy pocas y se
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restringen a algunas secciones transversales particulares, como son las secciones
con lados inclinados a un angulo de 45° y 30° con la horizontal, mas recientemente
Evans y Linton en [13], ver también Groves [22], obtuvieron el conjunto completo
de modos transversales para canales con secciones transversales semicirculares.

Las investigaciones con respecto a la propagacion de ondas largas en canales
con seccion transversal triangular uniforme fueron hechas por P. Kelland [31]. Mas
tarde Greenhill, [19] investigd la propagacion de ondas en canales triangulares
con una inclinacion de 30° con respecto a la horizontal. El asunto fue tratado
sistematicamente por Macdonald mas adelante en [51] quien establecié que una
solucién con la propiedad de ser una onda plana existe sélo para los angulos
v =45y v = 30°.

Este hallazgo no excluye la posibilidad de la existencia de un tipo de ondas
periodicas progresivas con frente de onda curvo para otros angulos, sin embargo
las ondas no podran ser descritas con la misma forma para el potencial ¢ presen-
tado aqui, ver J. V. Wehausen y E.V. Laitone, [67].

En el Capitulo 3 introdujimos un nuevo camino para el calculo de modos transver-
sales para canales de diferentes secciones transversales, presentamos aqui re-
sultados para secciones triangulares de angulos 45° y 30° y comparamos dichos
resultados con las soluciones exactas derivadas por Macdonald en [51], Lamb en
[42] articulo 261, Packhman en [58], y presentadas mas recientemente por Groves
en [22]. Referimos al lector en este respecto al articulo [65] para el caso mas sen-
cillo de un canal de seccion transversal rectangular. Una vez que damos la formu-
lacion de los problemas que abordamos en este capitulo y que mostremos la posi-
bilidad de abordar el problema de una variedad de canales de perfiles diferentes
en términos de un operador pseudodiferencial que corresponde con el operador
lineal Dirichlet-Neumann estudiado en [65], la primer parte del capitulo retoma el
analisis hecho para este caso pero ahora en el nuevo marco del problema que nos
interesa abordar en este capitulo.

El segundo problema que estudiamos en el Capitulo 3 de esta tesis es sobre
la existencia y el calculo de cierto tipo de soluciones que corresponde a ondas
armonicas propagandose en la direccion z sobre la seccidn transaversal y con
decaimiento de la solucién fuera de dicha region.

Los modos atrapadados de ondas en la superficie libre de un fluido homogéneos
han sido ampliamente estudiados y son bien conocidos. EIl primer tratamiento
matematico de las ondas de agua atrapadas sobre un fondo inclinado nos remite
a Stokes, quien proveyd una solucion explicita para los modos atrapados, o mejor
conocidos como, ondas de orilla sobre un fondo inclinado en [62], ver también
[40], Ursell (1952) [64] y Munk [56] quienes generaliza la solucion de Stokes a un
conjunto infinito de modos discretos, incluyendo a las 'ondas de orilla de Stokes
como los modos fundamentales. Es bien sabido también que una cresta subma-
rina puede atrapar ondas de agua ver nuevamente el trabajo pionero de Ursell [64],
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Garipov [17], A.M. Marin, R.D. Ortiz, R. D. and P. Zhevandrov. [48], M. |. Romero
Rodriguez and P. Zhevandrov, [60] y mas recientemente Bonnet-Ben et. al. [4].

Calcularemos numéricamente los modos atrapados como las eigenfunciones
que corresponden a eigenvalores puntuales debajo del espectro continup del oper-
ador que aproxima al operador Dirichlet-Neumann para el operador modificado de
Helmholtz en presencia de topografia no trivial del fondo. Esta aproximacion ad-
hoc se sigue de las ideas expuestas en [65] y que se enuncian en esta tesis como
una extension del operador Dirichlet-Neumann para dominios con fondo plano.

Existen pocos resultados generales sobre la naturaleza exacta del espectro
en dominios no acotados y dichos resultados involucran herramientas de analisis
profundo, y esta es la razon por la que el estudio de modos atrapados ha llamado
la atencién a muchos matematicos. Existen numerosos articulos de investigacion
gue abordan el estudio de ondas atrapadas desde diversos enfoques, podemos
encontrar articulos en donde se reporta por mediciones via satelite la presencias
de este tipo de ondas alrededor del mundo, tambien los hay sobre los diversos
tipos de ondas de agua, tales como, ondas de orilla, ondas atrapadas por encima
de cilindro verticales y horizontales de diferente radio o bien sobre distintos tipos
de protuberancias en el fondo, ver [40]. En muchos de esos articulos se trata
de abordar la existencia de este tipo de ondas atrapadas asi como también la
busqueda de cierto tipo de cotas en las frecuencias que permitan la presencia de
este tipo de ondas de orilla y modos atrapados. El objetivo de este capitulo es el
de mostrar un nuevo método para calcular estos modos atrapados de una forma
sencilla para cualquier geometria imaginable y que los resultados numeéricos den
certeza del tipo de onda que se esta calculando.

Unos de los principales objetivos de este capitulo recae en el hecho de que to-
dos los resultados que en el se presentan, mas alla de su importancia en oceanografa
e ingenieria nos arrojan elementos solidos para la validacién y la trascendencia de
este nuevo modelo, que es lo suficientemente sencillo para motivar mas estudios
tedricos en ondas de agua y también es lo suficientemente preciso y eficiente
numéricamente para superar pruebas mas fuertes con estudios experimentales
de ondas de agua en el laboratorio.
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CHAPTER 1. INTRODUCTION

Contribuciones de la Tesis

La derivacion y el estudio de un nuevo modelo no local para la propagacion
de ondas en aguas someras con profundidad variable en la teoria de onda
larga. Al modelo se le llam6: Modelo des ondas en agua Whitham -Boussinesq
para dominios con profundidad variable.

La discretizacién de una familia muy importante de operadores Pseudod-
iferenciales que aparecen en diversas ecuaciones de la fisica y de la Ge-
ometria, somo lo son los operadores que se denotan como a(z, D), donde
x es la variable fisica, D es el operador D = %836 cuyo simbolo es de la foma
o(x, k), donde « es la variable de Fourier.

La elaboracion de un cédigo numérico espectral para el computo de oper-
adores pseudodiferenciales con simbolo o (z, k) y o(z, k, A\g) donde A, esta
fijo.

La obtencion por medio de un andlisis asintotico de la segunda aproximacion
al tren de ondas periédico para la ecuacion Whitham-Boussinesq para fondo
plano. Dicha onda se le conoce como Ondas de Stokes.

La elaboracion de un cédigo numérico espectral para la integracion en el
tiempo de las ecuaciones diferenciales parciales de segundo orden con un
término no local que involucra el computo de operadores pseudodiferen-
ciales.

El analisis espectral del operador pseudodiferencial para diversas batimetrias
no triviales.

Calculo de modos transversales para geometrias no triviales.

Calculo de ModosAtrapados, los cuales se presentan en dominios no aco-
tados y consisten en ondas armonicas que se propagan sobre cordilleras
inmersas en el agua, con seccion transversal uniforme. Dichas ondas no
se atenuan o distorsionan al propagarse en la direccién de la cordillera y
poseen decaimiento exponencial fuera del area de la cordillera.

La exposicion de la derivacidn analitica de los modos transversales para las
geometrias no triaviales que se abordan en esta tesis y el modelado de las
mismas con la obtencion explicita de los parametros que las determinan.

Una extension y simplificacion de las ecuaciones de la teoria de ondas de
agua someras abordada por Mei para el estudio de ondas atrapadas en la
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superficie de una plataforma continental desde el enfoque del modelo de on-
das de agua somera y el modelado de las mismas para la obtencién explicita
de los parametros que las determinan.

% Andlisis del operador que describimos en el inciso anterior, calculo numérico
de las eigenfunciones que corresponden a dicho operador. Planteamiento
como modelo base para la calibracion de nuestro modelo pseudodiferencial.
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Chapter 2

A Whitham-Boussinesq water waves
model over variable depth

In this chapter we study the propagation of water waves in a channel of variable
depth using the long-wave asymptotic regime. We use the Hamiltonian formulation
of the problem in which the non-local Dirichlet-Neumann operator appears explic-
itly in the Hamiltonian, and propose a Hamiltonian model for bidirectional wave
propagation in shallow water that involves pseudo-differential operators that sim-
plify the variable-depth Dirichlet-Neumann operator. The model generalizes the
Boussinesq system, as it includes the exact dispersion relation in the case of con-
stant depth. Analogous models were proposed by Whitham for unidirectional wave
propagation. We first present results for the normal modes and eigenfrequencies
of the linearized problem. We see that variable depth introduces effects such as a
steepening of the normal modes with the increase in depth variation, and a mod-
ulation of the normal mode amplitude. Numerical integration also suggests that
the constant depth nonlocal Boussinesq model can capture qualitative features of
the evolution obtained with higher order approximations of the Dirichlet-Neumann
operator. In the case of variable depth we observe that wave-crests have variable
speeds that depend on the depth. We also study the evolutions of Stokes waves
initial conditions and observe certain oscillations in width of the crest and also some
interesting textures and details in the evolution of wave-crests during the passage
over obstacles.

The organization of this chapter is as follows. In Section 2 we present the
Hamiltonian formulation of the water wave problem and propose the Whitham-
Boussinesq model for variable depth. In Section 3 we discuss some general ideas
for simplifying the Dirichlet-Neumann operator and present a numerical spectral
analysis of the particular choice we use for different depth profiles. In Section 4 we
present numerical simulations of the Whitham-Boussinesq equations with constant
and variable depths.

25
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2.1 Hamiltonian formulation of the free surface prob-
lem and Whitham-Boussinesq models

We consider an ideal fluid, i.e. incompressible and inviscid, where the flow is as-
sumed to be irrotational and surface tension is neglected. The fluid occupies a two
dimensional time-dependent simply connected domain Dy, given by

Di(B,n) = {(z,y) : x € R, —hg + B(z) < y < n(z,t)},

whose boundaries are given by

IDy(B,n) == {(z,y) : y =n(z,t) andy = —ho + B(z)}, (2.1)

where hy is the mean depth, §(x) is the variation of the depth from this value, and
7 measures the perturbation of the free surface of the fluid from y = 0. We assume
B(x) < hg for every z € R.

We also assume that the only bulk force acting on the fluid mass is gravity and
that the pressure p at the free surface fluid is constant, p = 0. The Euler equations
for free surface potential flow is then

Om = 0yp — (0:m)(Op)  iny =n(,t) (2.3)
1

Op = —§|Vs0|2 —gn iny=n(z,t) (2.4)

Vp-N(B)=0 iny=—hy+B(x), (2.5)

where ¢ is the velocity potential and the velocity is given by u = V. g > 0is
the gravitational constant. Moreover N(f3) is the exterior unit normal on the rigid
boundary.

With the aim to apply a numerical analysis on the study of these equations we
will consider the spatially periodic version of equations (2.2)-(2.5), hence we will
assume periodic boundary conditions n(z + L,t) = n(z,t) and p(z + L,y,t) =
o(x,y,t) for some period L > 0.

V. Zakharov [70] showed that the water wave problem (2.2)-(2.5) can be re-
stated as a Hamiltonian system with infinitely degrees of freedom in terms of sur-
face quantities, the wave amplitude 7(x, t) and surface potential £ (x, t) = p(x, n(z,t),t),

namely as i
f()-(51)(F) e
<§ -1 0 5% @6)

The Hamiltonian can be expressed explicitly in terms of  and ¢ as

1
H = §/R(§G(ﬂ,n)§+gnz)dx, (2.7)
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see [11], where the operator G(/3,7) is defined as follows: consider the elliptic
problem

AQO(I, y) = 07 \V/ (iC, y) € Dt777 (28)
o(z,n(z)) =&(z), VazeR, (2.9)
g(g (x,—ho+ B(x)) =0, VzeR. (2.10)

If » and ¢ are sufficiently smooth and decay at infinity, then (2.8)- (2.10) admits a
unique solution and we can compute the normal derivative of the solution at the
surface y = 7. The Dirichlet-Neumann operator G(3, ) is then defined by

(G(B,m)E)(x) = (1 + (Dun(2))?)2Ve(z, n(x)) - N(n(z)),  (2.11)

1

where N(n(z)) = (1 + (0.n(x))*) 2 (—dn(x),1), = € R, is the exterior unit
normal at the free surface. The Dirichlet-Neumann operator G(3,7) is a linear
operator on £ and is symmetric. A similar definition applies to the periodic problem.

In [12], Craig, Guyenne, Nicholls and Sulem give an expansion of this operator
in the presence of non-trivial bottom topography

where the GG; are homogeneous of degree j in 7). The first terms are

Go(B,m) = Dtanh(hoD)+ DL(3), (2.13)
1
Go(B,m) = 5(0007720 — D*n*Gy — 2GonGy), (2.15)

where D = —i0,. The operators (; involve formal pseudo-differential operators of
the form
a(z, D)é(z) = / a(z, k)E(k)e* dk. (2.16)
R
where the function a(z, k) is the symbol of a(z, D).

At higher order, the G}, j > 2, are similarly obtained from Gy, using a recursion
formula. The recursion formula for the G; is the one obtained for a flat bottom,
where Go(0,7) = D tanh(hoD), see [11]. Variable depth effects are thus encoded
in the pseudo-differential operator L(/3).

The operator L(f) acting on the boundary data £(x), can be written in the
semi-explicit form, see [12]

L(B) = —B(B)A(B), (2.17)
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where the operators A(/3) and C(/3) are defined by
AB)E = /R e sinh(B(z)k)sech(hk)E(k)dk, (2.18)
C(B)¢ = /R e*cosh((—ho + B(x))k)E(k)dk, (2.19)

and B(3) = C(B)~!. The inverse B(f3) of the operator C(3) is well defined, see
Craig, et. al. in [12].

An alternative expression for L(3) is in powers of the depth variation § as
L(B) = ¥32,L;(B), where the L;(3) are homogeneous of order j in 3, and are

computed recursively, see [12]. The first two terms in the expansion are
Lo(B) = 0, (2.20)
Li(8) = —sech(hoD)BDsech(hyD). (2.21)

2.1.1 Long-wave approximations of the operator (5, )

We now consider different approximations of the operator G(3,7) in the Hamilto-
nian (2.7) and obtain different Hamiltonian shallow water wave models.

i) Assuming constant depth, 5 = 0, we consider the operator G in its exact
form and we add the Iong wave approximation for G, considering ¢ = 62,
where e = -L and § = 12, with [ the typical wavelength. We then obtain a
modification of the classical Boussinesq scaling regime, see [68],

D . .
G aprowy = —= tanh(ho\/eD) + DD, (2.22)
Ve
where D = %D and n = g We may call the resulting equation a “Whitham-
Boussinesq” model.

i) Assuming smooth and small depth variations, i.e. 8 ~ O(e), it is possible to
use an explicit expression of the L(3) operator as an expansion in powers of
B, see [12]. The long-wave limit uses (2.21),

hoD)?
SeCh(hoD):l—%—F...,

and we derive

%DL(/@) = —hyDAD + 0(7?), (2.23)
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with v = 2

Then we add the long-wave approximation of (G; described above, see P.
Acéves-Sachez, A. A. Minzoni and P. Panayotaros in [1].

D N o L
G apros, = 7 tanh(veD) — DBD + eDiD, (2.24)

with 3 = assuming v ~ 3 ~ €. This model was studied in [1].

h )
Another option is to approximate numericaly (2.17)-(2.19). This direction
seems to require some care due to the apparent cancelations of the ex-
ponentially increasing and decreasing symbols in the product of (2.17). We
hope to examine this in future work.

iii) Assuming depth variations of order larger than O(¢), we introduce a pseudo-
differential operator with a functional form that is similar to GGy and takes into
account the explicit function (), again using the long- wave approximation
of GG, above. In particular, we propose

G apross = Sym(% tanh(v/e(1 — §(x))D)) + eDiD, (2.25)

where —1 + B(az) is the vertical coordinate of the bottom, and Sym refers to
the symmetrized operator, discussed in more detail in the next section. The
linear part reduces to that of the Whitham-Boussinesq equation of (2.22) for

b =0.

The Hamiltonians arising from using G 4,020, G Aproz,» @nd G aproz, N (2.7) will
be denoted by H,, H, and H, respectively.
For instance

1

Hy =5 [ 1€(Sym(—Z tanh(Veh(a)D)) + €DID)E" + 17", (226

where & = 5 2" = Zandn* = L.

ecol ?

REMARK

Note that the symmetrization of (G, appears naturally in Hamilton’s equations of
motion. For instance, consider formally Hamilton’s equations ¢ = JV H, J the
canonical form, with the quadratic Hamiltonian H = %zTEz. Then Hamilton’s
equations are z = 3(E + E7)z.
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2.1.2 Spectral formulation and Galerkin truncations

As the Hamiltonians above involve pseudo-differential operators, it is natural to
consider Fourier spatial discretizations.

Let n(x,t) and &(x, t) be 2m-periodic real functions, 7y, &, k € Z, their respec-
tive Fourier coefficients. Then Hamilton’s equations become

Oy, = ;A—H
. ko kel. (2.27)
{ &, = —2H

On—

It is possible to assume k € Z \ {0} in these equations, since 7, = 50 =0
imply 0,70 = 0, atgo = 0. Thus 7y = 50 = 0 define an invariant subspace of (2.27).

Since 7, ¢ are real-valued functions, we also have 7)_; = 7; and é,k = &
Then we can make the change of variables from {7, &, | k € Z\ {0}}, to the
variables {7y, f},’;,ék, é,j | k € Z*T}, Vk € Z, and write (2.27) as

aﬂlk aH
% keZt. (2.28)
{ 0r&p, = aH

Galerkin truncations are obtained by considering

Oy, = i
t ag,éH k€ Jy, with Jyy = {1,...,M}. (2.29)
&), = ot

2.2 Spectral analysis for the operator
Sym(D tanh(h(z)D)

The main goal of this section is to present some numerical results on the spectral
analysis of the linear part of the Dirichlet-Neumann operator of the model (2.25).
We first present some general considerations leading to (2.25). The idea is to
define an operator that has a relatively simple expression and satisfies some struc-
tural properties of the exact linear Dirichlet-Neumann operator. Specifically, one
may define n model Dirichlet-Neumann operator, denoted by

A, = Approximate(Go(3)), that satisfies

i. (Agy)[f](z) isrealif f is real.

i AGO is a formally symmetric operator, that is (f, Ag,9) = (AGOf, g), where
(f.9) = Jg [ g dzis the standard L?—inner product, (f, g) fo f g dx for
27- perlodlc boundary conditions. f and g are in the domain of Ag,, see iii.



2.2. SPECTRAL ANALYSIS FOR THE OPERATORSY M (D TANH(H (X )D) 31

iii. The high frequency spectral asymptotics of A, are those of the constant
depth case. We make this more precise in the periodic case, requiring that
the generalized dispersion relation w, = +/\. v.s. K, where the )\, is the
xk—th eigenvalue of Ag, in increasing order, approach the constant depth
dispersion relation w,, = \/gr tanh(xkh) as k — oo. A similar convergence
condition should apply to the eigenfunctions.

iv. Ag, is a positive operator, that is (f, Ag,f) > c||f||*

When 5 = 0 all properties i)-iv) are satisfied by A, = D tanh(hoD).

The simple generalization of this operator A, = D tanh(h(z)D) is not in
general symmetric, but can be symmetrized to satisfy ii). Property i) is verified
below. Properties iii) and iv) are verified numerically below.

In the 27-periodic framework we let a(z, k) be 27-periodic function in the vari-
able = and define a(z, D) as

[e.e]

a(x, D)[g](x) = o= > alw, K)épe™. (2.30)
k=—oc0
Also
a(z, k) = Z e ay (k), (2.31)
AEZ

where a, (k) are the Fourier coefficients in the « variable
2w )
ay(k) = / a(z, k)e " de, N € Z. (2.32)
0

Then the quadratic form K, p), defined as

2

1
Ka@,p) = 5 i ¢a(x, D)¢ dx, (2.33)

becomes

1 2w T N A
Ku@p) = 5/ ga(z, D)¢dr = 5 > Eiabran(k)
0 [k, \ €72
e

= 5 D &bhaaa(V). (2.34)

[k,\ez?

Also, if ¢ is real-valued then [a(x, D)|¢ is also real-valued. Then [a(z, D)|¢ =
a(z, D), and
a(z, p) = a(w, —p), Vro,peR (2.35)
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ax(k) = ax(k) = ax(=k), a-x(k) = ax(=k) = ax(k), VA k€Z. (2.36)

It follows that, if a(x, D)¢ is real, then the quadratic form Kgym(a(z,0)) is

]- AN ~ an
Keyma@p) = - > Gelanw(k) + i a (V& (2.37)

[k,\]€Z2

We also describe the Galerkin truncations of the quadratic forms obtained from
a(x, D) and its symmetrization. We will use real and imaginary parts to obtain
real, symmetric bilinear forms. Let £ = (&, ..., &) as in (2.29), and consider the

Galerkin truncation Ké‘(@,D) of Ku(z,0),

1 FOE ax Fx Fxooa
K),py = y > |:£k1£k2ak1+k2<k2)+€k1€k2ak1+k2(k2>:|

[k1,k2]€ T3,

1 A A>l< ~ A* A Ak
+ E Z |:£k1£k2a*kl+k2 (k2) + £k1£k2afk1+k2 (k2)i|
[k1,k2]€J%,
= L@ (TS (L4 2.39
At ’ S* P (f]VI)* ) )
with P, S defined implicitly by (2.38), (2.38). P*, S* are the complex conjugates of
P, S respectively. To clearify what the matrix blocks P and S refer to, see Appendix
B.
Letting £ = 0 +iC, 0, ¢ € RM, we have KM p) Is equal to

a(z,

i(eT,(T) ( Re(P*+S5*+P+S) —Im(P*—S*+S—P) ) ( 0 )2_39)

o Im(P*+S*—S—P) —Re(P*—S*—S+P) )\ ¢
Letting
Mo b ( Re(P**-i- S*:r P+5) —Im(P:: — S: +S—P) )  (2.40)
Ir \ —Im(P*+8*—8—P) —Re(P*—8*—S+P)
and Mgy, = 3(M + MT), we then have

0
K& mia@oy = (07,¢") Maym ( ¢ ) . (2.41)

2.3 Second order Stokes waves

We present an asymptotic analysis for the computation of the second order travel-
ing wave solutions of the travelling Whitham-Boussinesq equations, better known
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in the water-wave literature as the second order Stokes waves train. This project
has been started with the colaboration of Dr. Carlos Garcia Azpeitia and the aim to
compute these waves is because as a further project we would like to present an
analysis of the global bifurcation of waves for the Whitham-Boussinesq equations.

As was shown by V. Zakharov [70] the water wave problem (2.2)-(2.5) can be
restated as a Hamiltonian system (2.6) with infinitely degrees of freedom in terms
of surface quantities, the wave amplitude 7(z,t) and surface potential £(z,t) =
o(z,n(x,t),t). Substituting (2.22) in (2.7) we get the Whitham-Boussinesqg equa-
tions for flat bottom topography

1
—& = g+ 5(&)” (2.42)

We impose the periodic boundary conditions in z. Hereafter, in the nondimension-
alized equation g = 1.

Looking for 27 /v-periodic solutions of the equations (2.42) is equivalent to the
zeros of the operator

F(n,&v) = Jv— <€) +VH(n,&) = < Ve, + gn + L(E,)? ) (2.43)

- H*(T%R?) — L*(T* R?).
Looking for traveling waves of the form (n, £)(7), where 7 = vt 4 z leads us to
the equations

1
—v€ = gn+5(€), (2.44)

vy = —Ko&" — (ng')’.

Actually, traveling waves of the form (2.44) are zeros of (2.43).
Indeed, the zeros of the operator

vE' +gn+ 5(£)? 20 al. 2 2/ al. 2
(V) = - H ;R L ; R#). 24
Py = (s TR ) R s 8. (2ds)
correspond to solutions of equations (2.44).
Let
f&v) = Ko&" —v*" = N(§) = 0,
where

N(&) = v€'¢" — (ng) = 3(ve"¢' +£7¢"/2).
The aim is to find the next approximation to the linear periodic wavetrain for
the Whitham-Boussinesq equation. This solution corresponds to an expansion in



34 CHAPTER 2. A WHITHAM-BOUSSINESQ WATER WAVES MODEL

a power series €. We look for a solution of the above equation as expansions of £
and v in power series

E(T) = &1 (1) + 265(7) + 363(1) + O(eY),
V=1y+ev + 62V2 + 0(53).

We then obtain
V€ = vplle+ (&1 + 2n&in) (81 + 285 vom + 2 + {(17) £+ 0()
and

3
N(©) = g€l + (16 + 3meiel + 3nghel + In€lel )  + 0

We use the inner product in L2_ as

such that
(sink7,sinj7) = ;.

To order ¢:
! 2~
Ko&y —v5&; = 0.

The operator K has eigenvalues
1
Ay = z tanh(hok) (2.46)
and eigenfunctions sin k7 for & € N. Then, the solutions are &, = sin kT,

1
& = 2 sin kT, Vo = \/ A

To O(&?):
(Ko — 19)& — 2vinpé) — 31p&1éf = 0.

Taking the inner product with £, we obtain
(Ko —15)€3,61) — 21w (€1, €7) — 3 (€167, €1) = 0.
Since (K, — 1) is self adjoint, we have

(Ko —19)&,&1) = (&, (Ko — 15)&]) = 0.
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Moreover, since
2

! &~ 1! ]‘ . .
- okr) sin(kr)dr = 0
(& ) 2k . sin(2k7) sin(k7)dr ,

we have 2v;1 (£, &) = 0, and that

V1:0.

To obtain &,, we consider

3
(Ko — 13)&) = =311y = 5% sin 2kT.

Thus, the solution & is of the form

= Bsin 2krT.
Using the equation (2.46), we have
3 %0} 31/0
B=—-—(M\yx—A = )
o7, P = W) "~ tanh(ho2k) — 2 tanh(hok)

To O(&?), using v; = 0, we have
Ko&s — ngg = 2&ivy + 5 (51) "4 3106165 + 3(1 + 1) &€y

On taking the inner product with £/, we have
<2”251 o+ S(EE! + Bl + 31+ )t > -0
Since (&7, &) = 1, we have

3
2uou2+§<<£1>2 16D 4 30 (€165, 1) + 3(1 4+ o) (€567, &7) = 0.

The inner products can be calculated, to give

11 2w »
<(§1) 1 1> m;/o sin (2k7>d7im'

B1 [* B
ren gy P4 -2 __ =
665 €0) = —gpy [ sintChrar =3



36 CHAPTER 2. A WHITHAM-BOUSSINESQ WATER WAVES MODEL

B1 [ B
Pl ¢ - _ —
(&7, &) = —4]{:%/0 cos(2kT) (cos(2kT) — 1) dr i

Therefore, we obtain

3
v = = (€€ &) + 200 (6161, €0) + 201+ wo) (6581, €1)]

3 (1 B+(1+ )B 3 1+(1 )B
T T \ak2 T % Y000k ) T T i \ 4k 0ok )

We conclude that at second order, the approximation of Stoke’s waves is

1 _B
(1) = 5? sin(k7) + 62m sin(2k7) 4+ O(e?)

Vvtanh k 3 1 B
=l VAR 29 — 4+ (1—1)= | +0(.
ko nk I \ 282 2%

Moreover, )
— B
(1) = ?8 cos(kT) — 82—]{7 cos(2kT).

From equation (2.42) we obtain the surface elevation as

2

— B
—n = (v + 1) (75 cos(kT) — 52—16 cos(Qk:T))

L (o) + 28 costarn)) + 0
2 k‘ COS T 2k’ COS T g,

or
2 2
el vy B € 9 3
n= cos(kT) + o cos(2kT) o5 08 (k1) + O(e?). (2.47)

2.4 Numerical spectra of Sym(D tanh(h(z)D)) for di-
fferent depth profiles

We now study the linear system corresponding to the quadratic part H, g of the
Hamiltonian H, of (2.26) with 27 —periodic boundary conditions. We have

1

Hog =3 /O ﬂ[f(Sym(D tanh(v/eh(x)D))E + n?]dx. (2.48)

The first term (the quadratic part of the kinetic energy) is of the form Kg(a(x,0))>
with Sym(a(x, D)) the model Dirichlet-Neumann operator Ag, = Go(3). We
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Figure 2.1: a) Gaussian family depth profile, and b) Step family depth
profile.

have that every A € o(G(f3)) corresponds to a frequency w(\) = v/ of the linear
system for (2.48).

In the numerical study below we use the Galerkin truncations given in (2.29),
but using real variables, see Appendix B in (2.5) formulation. The model Dirichlet-
Neumann operator A, is then represented by the matrix Mg, of (2.41). We
use

a(z, k) = % tanh(v/e(1 — B(x))k))k, (2.49)

and the following depth profiles: the one-parameter Gaussian family

1 2
—(z=m) 2.50

with ay = 2m, a3 = m,a3 =7 — 0.7, a4 = 7™ — 1, a5 = m — 1.3, see Figure 2.1a,
and the Step family

B(x) = Bi(x) =

0 for 0<z<m—d;,
CZ(ZL‘) = bl for 7T—di S$<W+di, (251)
0 for m+d; <z <2m,

with b, = 0.25, by = 0.35, b3 = 0.45, by = 0.5, b5 = 0.65, and dy = 1.5, dy = 1.4,
ds =1.3,dy = 1.2, d5 = 1.5, see Figure 2.1b.

Figure 2.2a and Figure 2.2b show a visual representation of the size of the
entries of M,,,, for the 35 and (5 bottom profiles of the Gaussian and Step families,
respectively, in a gray intensity color scale. We have used kj,., = 2° positive
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modes. The matrix Mg,,, for 5 = 0 is diagonal. Since we consider the real and
imaginary parts of every mode, Mgy, is 2M x 2M.

In Figure 2.2a and Figure 2.2b we see that for variable depth Mg, is not
diagonal. The larger entries are on the diagonal and the decay from the diagonal
is related to the amplitude and smoothness of 3(x) of (2.50) and (2.51). As the
depth S becomes flatter we recover the diagonal matrix seen for constant depth.

In Figure 2.2c and Figure 2.2d we show the matrices M, for the 35 and
(s profiles of Gaussian and Step families respectively with k., = 2'°. We see
an enlargement around the diagonal that finishes in a line, first the bright region
“opens” and then “closes” around the diagonal for larger k. This suggests that the
symbol of the constant depth operator dominates the behavior for large k. In other
words, the high frequencies do not feel the bottom topography. This behaviour,
can be expected, roughly speaking, from the asymptotic behaviour of the function
tanh(kh) for k, large enough.

In Figure 2.3 we show the generalized dispersion relation for different depths.
We plot w,. = /A, V.s. K, where the ), is the k—th eigenvalue of My (B). In
each figure we also plot the constant depth dispersion relation w,, = \/ gk tanh(hx).
As (3 approaches the constant depth profile in each of the two families considered
in Figure 2.3 we see that the eigenvalues approach the constant depth dispersion
relation in a monotonic way. Figure 2.3b and Figure 2.3d also indicate that the w,
obtained for different depth profiles are much closer for large enough «, i.e. for
large enough ~ we recover the constant depth dispersion.

We now indicate some effects of the topography on the eigenmodes of Mgy,
for different bottom profiles. The main effects are:

A. Steepening. In Figure 2.4 we plot the normal modes corresponding to the
first three eigenvalues of M,,,,, for the Gaussian topography (35, see (2.50). Each
eigenvalue )\, of Mg,,,, gives rise to two eigenmodes, one odd and one even.
We also compare these eigenmodes with the constant depth eigenmodes, cos(rk.x)
and sin(kz), K = 1,2, 3.... In Figure 2.5 the profile we see the steepening of the
first mode with increasing depth variation 3; of (2.50). The shapes are close but
topography leads steeper profiles. The steepening effect is observed for all lower
to intermediate modes. Truncating with k.. = 2°, we calculated that for modes
larger than x = 37 this effect is almost imperceptible. B. Modulation. In Figure
2.6 we show the amplitude modulation of the x = 15 mode, using k., = 27. The
range of wavelengths where this effect is clearly visible is roughly from x = 6 to
k = 30. Using kiree = 29, the effect is seen from k = 5 to x = 18. In both cases
the effect is seen for lower to intermediate modes. This locked range is around
the peak of the Fourier transform of 5. High frequencies are not affected in this
way by the bottom topography. In Figure 2.7 we see the Fourier amplitudes of the
k =1, 3, 5, and 7 modes, corresponding to Gaussian profile 5. As k increases,
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0 , 200 400 600 800 1000 O 200 400 600 800 1000
A A
c) d

Figure 2.2: Colormatrix representation of matrix Mgy, (A, k). Figure a)
shows M gym (85) and b) Mgy () with karq, = 28, Figure c) shows
Msym(B5) and d) Mgym(Cs) with kprer = 29, see (2.50), (2.51) for
exact analitic expression of bottom profiles.
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Figure 2.3: Generalized dispersion relation for Gaussian and Step
depth profiles compared with constant depth dispersion considering
e = 0.001 on B1, 33, B5 Figure a) kmax = 2% and b) kwax = 2'°.
1, (3, C5. Figure ¢) kmax = 28 and d) kyax = 21°.
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Figure 2.4: The even and odd x = 1, 2 and 3 eigenmodes for
s Gaussian bottom profile, see Figure (1a), with kyjq, = 26
and € = 0.001.
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Figure 2.5: Figure b) shows the k = 1 eigenmode for the Gaus-
sian depth profiles of Figure a), see Figure (1a).

the bandwidth becomes narrower. For instance, the x = 1 normal mode has a
bandwidth of 17 modes, that is the amplitudes of all the other modes are less than
or equal to 1076 (using a truncation with k.. = 26).

2.5 Numerical integration of the Whitham-Boussinesq
model

In this section we integrate numerically the system derived from the Hamiltonian
H,, using the model Dirichlet-Neumann operator Gaprox, 0f (2.25). In the constant
depth case H, reduces to H,.

We examine two types of experiments, the separation of an initial disturbance
into two counter-propagating waves, and the evolution of a Stokes wavetrain. We
report first that in the constant depth case, the Hy model seems to capture qual-
itatively the results from the higher order model of Craig and Sulem [10]. In the
variable depth case we see clear effects of the topography on the evolution of the
wave crests and a significant deformation of the Stokes wave.

We discretized the system spatially using the spectral representations intro-
duced in the previous sections. The Galerkin equations of motion are outlined in
Appendix A. We comment on the possibility of a more efficient evaluation of the dis-
cretized system in Section 5. Numerical integration is performed using a fourth-fifth
order Adams-Bashford/Moulton (ABM) predictor-corrector scheme, see [2]. Some
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Figure 2.6: The figure shows the k = 15 eigenmode for the
a) Flat bottom profile b) for the Gaussian bottom profile 51, c)
for B3 and d) for S5, from equation (2.50), see Figure (1a), with
knaz = 2%, € = 0.001.
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Figure 2.7: Fourier spectrogram of k = 1, 3, 5 and 7 eigenmodes
for 35 Gaussian profile, see Figure (1a), with kyjae = 25, € =
0.001.



2.5. NUMERICAL INTEGRATION OF THE WHITHAM-BOUSSINESQ MODEL 45

details are in Appendix A.

In all the numerical experiments below we consider smooth initial conditions for
n and £&. We choose the time step At so that the relative error in the energy vs.
t, 'EtE;OE“', is less than 1073, In the case of variable topography we calibrated the
accuracy of the integration using as initial conditions some of the normal modes
computed in Section 3. The numerical scheme was implemented in MATLAB.

We first consider the propagation of a modulated wave packet using the initial

conditions of [10]

no(z) = 0.01 e 2@ cos(10z), (2.52)
§o(z) = 0, Vo €[0,27]. (2.53)

The depth is constant at h = 1.

In Figure 2.8 we show the evolution of the free surface based on Hamiltonian
flow of H,. Specifically, in Figure (8c) we show 7(x,t) in the time interval from
t = 0tot = 120. We use the time step At = 0.0001 and 2° Fourier modes. The
nonlinearity parameter is ¢ = 0.01 (note that ¢ also appears in the linear terms.
This is due to the long-wave scaling).

Figure 2.8a shows the wave profiles n(x,t) att = 0 and t = 120. We see the
splitting of the initial wave profile into two waves traveling in opposite directions.
After some time we observe the interference of the two packets due to the periodic
boundary conditions. We observe the same qualitative behavior as in the numerical
results presented in [10] by Craig and Sulem. The wave-crests in each wave packet
have constant speeds. The evolution of the energy is indicated inFigure 2.8b . This
quantity is conserved very well throughout the computation, with a relative error of
O(1073). The numerical scheme is seen to be slightly dissipative and we need to
use a time step that is small enough to result in a small relative error in the energy.

Figure 2.9 shows the evolution of the free surface n(z, t) using Hs and the initial
conditions (2.52), (2.53), but now with variable depth 5, see (2.50). The integra-
tion is from ¢ = 0 to ¢t = 120, and we use kyax = 2°, time step At = 0.0001, and
e = 0.01. Figure 2.9c shows the free surface profile during the propagation through
a variable depth channel. As in the constant depth case, we see the splitting of the
initial wave profile into two wave-packets traveling in opposite directions. Neverthe-
less in this case we observe that the wave-crests have variable speed, and travel
faster in the regions of higher depths. This behavior was expected because it is
well known that the water wave travel faster in depth water than in shallow water.

The second numerical experiment used as initial condition a second-order ap-
proximation of the Stokes wavetrain of the full Euler equations used in [10],

no(z) = acos(\x) + pga® cos(2z), (2.54)
&o(z) = wvacosh(A(ny + h))sin(A\z) + vea® cosh(2A(no + h)) sin(2\2(R.55)
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Figure 2.8: a) The dashed line shows the initial wave amplitude profile,
the dot-dashed line shows the wave amplitude profile at time ¢ = 120. b)
The logarithm of the relative energy error from¢ = 0 to t = 120. c¢) Evo-
lution of the free surface ng(z,t) = 0.01 e~ 5(@=m)® cos(10z), &(z) = 0,

using Ho, with constant depth h = 1.0
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Figure 2.9: a) The dashed line is the initial wave amplitude profile, the
dot-dashed line shows the wave amplitude profile attime ¢ = 120. b) The
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of the free surface 7 (z,t) = 0, 0le3(@=m? cos(10x), & (x) = 0, using
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Figure 2.10: a) The dashed line shows the initial wave amplitude profile,
the dot-dashed line shows the wave amplitude at time ¢ = 120. b) The
logarithm of the relative energy error from ¢ = 0 to ¢ = 120. c) Evolution
of the second-order approximation Stokes wavetrain using Ho, and \ =
5, a = 0.065, h = 1.0 (constant depth).

where

1 3 w 3 3w
= =Acoth(h\) [ 1+ —————— TSN )
pz = o coth( >< +2s,inh(>\h)>’ T Nsinh(hy) T Ssihi(hn)

(2.56)
and a = 0.065, A = 5.

In Figure 2.10 we show 7(x,t) based on the equations for H, with constant
depth h = 1. Specifically in Figure 2.10c we plot n(z,t) in the time interval from
t =0tot = 120 in the (x,t)-plane using At = 0.0001. In Figure 2.10a we show
the initial wave profile compared to the profile at ¢ = 120. The computation was
performed with a resolution of 25 Fourier modes, using ¢ = 0.065 (this was also
the value of the amplitude a of (2.54). In Figure (10b) we verify the conservation of
energy. We observe the same qualitative behavior seen in the numerical results of
[10] by Craig and Sulem. The wave amplitude stays near the traveling wave profile,
with some oscillations in the width of the crests, as in [10].

Figure 2.11 shows the evolution of the free surface n(z, t) using Hs, the same
initial condition given by (2.54) and (2.55), but with variable depth 5, as in (2.50).
The time integration is from ¢ = 0 to t = 120, and we use kyax = 2°, time step
At = 0.0001, and € = 0.065. Figure 2.11 ¢ shows the free surface as the Stokes
wavetrain propagates through a channel with the variable Gaussian depth profile
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Figure 2.11: a)The dashed line shows the initial wave amplitude
profile, the dot-dashed line shows the wave amplitude profile at
time ¢ = 120. b) The logarithm of the relative energy error from
t = 0tot = 120. c) Evolution of the second-order approximation
Stokes wavetrain using Hs, and A = 5, a = 0.065, depth profile

By = %1.36_(1’_“)2, see (2.50).

(5 of (2.50). At the initial time the solution is a slightly perturbed Stokes wavetrain,
and the propagation is shown as in Figure 2.10c. However, as time progresses and
the wave starts to feel the bottom topography, it develops stronger deformations
that start to destroy its shape. The deformation involves changes in the speed and
height of some of the crests which roughly follow the topography.

We conclude with some remarks on the accuracy of the numerical integrations.
The dependence of our results on the numerical time step At is indicated in Figure
2.12 , where we see the wave profiles at time =120 obtained using the time steps
At = 0.01, At = .001, and At = .0001. The relative energy error decreases
noticeably as we decrease the time step. In Figure 2.13 we show the dependence
of the results on k. = M. Results obtained with kyjee = 2, karee = 27, and
karaw = 28 for the depth profile 35 are almost identical. Similar results were ob-
tained for the depth profile (5. It then appears that ka.. = 2° gives reliable results,
and that decreasing the time step is more important for increasing the accuracy.
(Computations with At of order 1074, ky. = 2° were not possible because of
storage limitations in our computer). This is a important reason to move to other
programming language different from MATLAB an by this way improve the effi-
ciency of the numerics computations. One of the member of the jury was surpriced
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Figure 2.12: a) The dashed line shows the initial wave amplitude
profile, the continuous lines in different colors show the wave am-
plitude at time ¢ = 120, with kpsqr = 26, and time steps At = .01
(magenta), t=.001(red), A t=.0001 (black). Figure b) Shows the
logarithm of the relative error from ¢t = 0 to t = 120 for different
time steps At = .01, At = .001, and At = .0001.

with this incovenient, considering that 2%is not a large number in computational ca-
pacity terms. Nevertheless, we consider that, a time step of 10~ is small enough
to overpass the storage of computation in some computers as Macbook Air with
lets say 30G available of storage at the moment of our computations.

Appendix A

We now display the equations of motion derived from the Hamiltonians Hs, see
Hamiltonian (2.26), and H;, the corresponding Hamiltonian with (2.24). The cor-
responding Galerkin approximations, see (2.29)), are denoted by H}and HM,
respectively.
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Hamilton’s equations for the Hamiltonian H¥ are

8ﬁk k 1 - € ron S 5

E = % tanh(\/gk)(%fk) + 4—7_(_2 k; (—/{lﬁfklﬁfkﬁrk + kklfklﬁmk@y)
+ N, (M) €M (EM)), (2.58)

a_ék — _i A M aMNx FM FM N\ i

ot - 27_[_7716 +N2,k(n 7(77 ) 75 7(5 ) )’ k= 17"'7M' (259)

(2.60)

The N (7™, (BM)*, €M (EM)*) are the nonlinear terms calculated from (2.29).
They are given by

(

Mol Mo
_#( E k1§1§1771+k1 + Z k1£k1ni1+kl>7 k= 17
k1 1 k1= 2
= (= Z k& e, + Z ke kS, My +
Nij = = 6= . (26
Z kkr&o 2 pn, )y k=2, M — 1,
k1= k+1
47r2 Z lelﬂ”M k1> k=
L =1
( M— A M .
gz ( Z o (1 + k2)&G, &y + kZQ ko(=1+4 k)&, 1 4p,), k=1,
2=1 2
M-k
5o (= Z ko (k = k2)&pliois + 3. k2(k+k2)5k25k+k2
_ k2 1 ko=1
N = o ,
+ Z kQ(_k + k2)§k2§ik+k2>’ k= 2,..., M —1,
ko=k+1
M-1 A
_# Z kZ(M - k?)szgM—kza k= M7
L k=1

(2.62)
with 4 = (1, ..., i), (72)" = (A5, ..., M3, similarly for £ and (€M),

Hamilton’s equations for H, differ from those for H¥ in the linear part. The
spectral representation of H37 in the real variables p = Re( My = Re(1y ooy ks oy Tar ),
= Im@™) = Im(f, . ks -y ), 0 = Re(EM) = Re(&y, ... €y nn),
¢ = Im(EM) = Im(&, ... &, ....&m), k € Ju, yields the following system in
R*M:

+ N (p, 7,6, ). (2.63)

N DD
I
N
|
_ O
o5
~
SN
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NEeal(p 7 0. () denotes the nonlinear terms, as in (2.61), (2.62), and

> 7\ —imm((P)T - PT + P*—P) Sym (Ca2)

with P, Cy; = Re(P* + S*+ P+ 5), and Cyp = —Re(P* — S* — S+ P) as
n (2.40). Also, I denotes the 2M x 2M identity matrix. In this case Hamilton’s

equations for the Hamiltonian H37 are written in real variables.
The nonlinear terms in real variables are given by

( M—1
_ﬁ(kz kjlezlp1+k1 + 0;;17_1"!‘]?1 + C]:lloﬁl+k1 + C]:l/rl-f—kl—f_
1=1
M
kz—:2 kleklp*—l-‘rkl + eleil"rkl + Cklp*—l-i-/ﬂ + Cleil—f—k:l) fork =1
. M-k
gz (= 22 kki(65, prrwy + 65, Torky + Gy Prorks + Gy Tk +
k
N’Real k—1 1=t
> kikOri oy, + Oka Th—ky + Chi Ph—ty + Gy By +
k1=
i 21434.1 kkleklpik_;_kl + eleik—&-kl—i_
1
+Ck1p kHﬂ-l—Cle jgy) fork =2, M —1
EM( Z klek‘lpM le + eleM k‘l —I— CklpM k,‘l + Ck;lTM kl) fOI’ k — M
ki1=1
) (2.65)
( M—1
o=1
M
z ( 1 + k2)<6k26*—1+k’2 + 6k2gil+k‘2 + CkZQ*—l—‘rk:g + Ck2<-i1+k’2> for k=1
k—1
sz (= E o(k — K2) (Ory Ok —ky + OryChtn + ChalOb—ts + ChpCepop,)+
ko=1
NReal M—k
> Kok + ko) (05,0452 + 05, Cosks + Gy Ortz + Gy Choin) +
ko=1

M
Z k2(_k + k2>(9k29tk+k2 + QkQ Cik:-i-kz_'—
ko= k‘-i—l

+Ck72 k+k2 + CkQC*k+k2) fOF kf == 2, ,M — 1

L ko=1

(2.66)
To integrate the system of ODE’s (2.63) for y = (p,7,0,¢() € R*™ we use a
fourth-fifth order Adams-Bashford/Moulton (ABM) predictor-corrector time integra-

—ga ( Z ko(M — ko) (OryO0nr—ky + OkyOnr—ky + CroOni—iy + CiCrr—y) for k = M
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tion scheme, initiated by a 4-stage Runge-Kutta scheme, see [2]. Accordingly, the
predictor is defined as

At ) . . )
Ynt+1l = Yn + 2_4(55yn - 59yn71 + 373/7172 - 9yn73)7
and the corrector is

At
Yn+1 = Yn + ﬁo(z‘slyn+l + 646yn - 264yn71 + 1063/”,2 - 19yn73)

Appendix B

Let M = (fl, ey EM) as in (2.29), and consider the Galerkin truncation Ké‘{x’D) of
K 2,0y, assuming & = 0. Moreover by remarks (3.6) and (3.7) we also assume
a_x(k) = ay(k) and a,(—k) = a,(k) to obtain equation (2.38).

From the second sumation of equation (3.10)

D GG ers (ko) (2.67)
[k1,k2]€J3,
we obtain the matrix P as
ap+1(1) a142(2) o Op—2) (M = 2) a1yu-y(M —=1) 0
as+1(1) as42(2) o Qo m—2)(M —2) 0 0
aar-2)+1(1)  amr-2)+2(2) 0 0 0 0
av—1y+1(1) 0 0 0 0
0 0 0 0 0 0
From the third sumation of (3.10)
Z é/ﬂé%&—kﬁ-kz(k?)? (268)
[k1.k2]€ T3,

we obtain the matrix S as

a_141(1)  a-112(2) a1yr-1y(M = 1) a1y (M)
g | @2n(l)  a242(2) G-a4(m-1)(M — 1) a_oy0 (M)
&7M+1<1) &,M+2(2) d,M+(M,1)<M - 1) d,M+M(M)

ao(1) a(2) ap—2(M — 1) ay-1(M)
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Appendix C

Hamiltonian Structure in real variables and evolution equations.

Letting the real variables

* ap = Re(n)

* B = Im(n)

* W = Re(é)

* Op = Im(&)
such that

s g =ap+iBy, & =y +idy

cip=ar—ify, & = — 0
that is,

cap =50+ Br= 50k — ;)

c =G +E), =G &)
By chain rule we have

of _ Of da  Of 0B _ Of 1 Of

-1 19f 1.0f

( -4 ;=L

2%’ " 20a; 2 9B

and
af B af O (’)f%_&fl of

of 03 | of of 1 of -~ 19 1.0f
852 5’)% 65;; Ay, 85;; 8’)%2 001 21 28’)% 2 00

_— — —7—

Moreover,
dA_aH@d +ZB_13_H_123_H
TR Y AT
d - OH b 18H+1,8H
— — — /3 —_ - ——
a™t T e T T T T80, T 2' 05,

Denoting h = %H above equations becomes

g +ify = s5— —

10H 1.0H ay = 2
_’[/_ <:> .
2 8% 2 85k
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56
and
i LOH  1.0H Vi = —
Wy = ——5— T b5 ;
We then obtain _ o oh
(8% = == y = ——_—
‘k_ D b o ke du
Bk - _m y Uk — 3_/5%
Thus, the Hamilton equations in real variables are
(0%
q—{ﬁ},pz{zé} (2.69)
oh oh
q__’p’___ﬁjzla 72M (270)
J 8]7]‘ J 8%’
: oh . oh
q—{%}— %h :@ p—{%~}= _% __oh (2.71)
7L B s | Op; T L9 — 55, 0g;

equation above are defined in R*2M)



Chapter 3

Transverse and trapped linear
modes in nhontrivial geometries

In this chapter we study two classical and related linear water waves problems,
these are i) the computation of transverse modes of infinite straight channels of
bounded constant cross-section with known normal modes, and ii) the existence of
trapped modes in domains in infinite channels with unbounded cross-section, and
sinusoidal dependence in the third direction, without any attenuation or distorsion
and with finite transverse energy.

Both problems can be formulated and stated in the same formal setting. The ba-
sis of both problems is the classical linearized theory for the water waves equations
for an ideal incompressible and irrotational fluid in a simply-connected domain. We
will motivate and justify also the introduction of an appropiate approximation of the
Dirichlet-Neumann operator of the modified Helmholtz operator for the computation
of trapped modes over continental shelves as the corresponding eigenfunctions of
the pseudodifferential operator associated with the desired topography.

We study the transverse modes of oscillation of surface water waves contained
in two uniform channels whose cross-section is a symmetric triangle with sides in-
clined at 45° and 60° to the vertical, respectively, see Figure 3.1a and 3.1b. We
present in this chapter a new method to compute these modes for different ge-
ometries using approximations to Dirichlet-Neumann operators given by pseudod-
ifferentials operators, for the computation of transverse modes the approximative
operator coincide with the operator derived in [65] and we compare our results with
the exact solutions reported in the literaturate for these specific channel configu-
rations described above, presented by Lamb [42], Macdonald [51] , Greenhill [19],
Packman [58] and more recently Groves [22].

We also present in this article the computation of trapped waves over the top
of a submerged ridge, where the cross-section is a idealistic continental shelf. The
examples are studied in the literature see, J.M. Miles [53], A.S. Bonnet and P.

57
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Joly[4], N. Kuznetsov [41], [43] and C.C. Mei, M.Stiassnie and D. K. P. Yue [52].

Using the linearized shallow water theory, and we compare these results to
results obtained using a 3-D version of the nonlocal approximation of the Dirichlet-
Neumann operator of Chapter 2.

The organization of this chapter is as follows. In Section 3.1 we present the for-
mulation of the linear water wave problem and propose the approximate Dirichlet-
Neumann operators associated with each problem. In Section 3.2 we present the
special geometries where normal modes can be calculated explicitly. We give a
short review of the solutions in the literature. We present the comparison of exact
solutions and semi-analytical results of Mei et. al. in [52] to the modes computed
with our approximate nonlocal Dirichlet-Neumann operators. In Section 3.3 we
present a detailed account of the analysis of Mei on trapped waves on the top of
a continental shelf. We present an alternative approach to this problem using the
aproximate Dirichlet-Neumann operartor of Chapter 2.

3.1 Formulation of the problem and approximate
Dirichlet-Neumann operators

The problems considered in this chapter come from the classical linearized the-
ory of water waves [42]. To describe the equations we use Cartesian coordinates
denoted by (z,y, z), where y is directed vertically upwards, = is measured longi-
tudinally along the channel and z is measured across the channel or across the
submarine ridge, see e.g. Figures 3.1a, 3.1b, 3.2.

We define the fluid domain as D = R x (2, where (2 is the cross section, and
we distinguish bounded and unbounded cross sections (2 = Qp, )y respectively,
with

Qp ={[z,y] : 2 €[0,b],y € [hm + B(2), hr], (3.1)
Qu ={[z,y] : z € (—00,0),y € [hm + B(2), har]- (3.2)

The heights y = h,,, and y = h), describe the minimum and maximum elevations
respectively, with h,,, < hy, and h,,, + B(z) < hy, for all .

We will assume 0D = R x 02 = I'r U I'g, with I'r- representing the free
surface and I'g the bottom. In the case €2 = Qp

rp={(z,hy,2): 2 €R,0< 2z2<b} (3.3)

and
I'p={(z,5(2),2) :x € R,0 < z < b}. (3.4)

We are thus assuming that 9D has no lateral walls. In the case 2 = €y we are
interested in domains with 5(z) — 0 as z — +oc.
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Figure 3.2: Schematics of submerged continental shelf Sy, (2)
and coordinate system.

To state the problem we introduce a velocity potential ¢(x,y, z,¢) and look for
solutions of Laplace’s equation

¢xm + ¢yy + gbzz =0in D, (35)
with
¢t +gn=0onTp
m =@y onlp. (3.6)
% —0onTp,

see Whitam’s book [68].

Equations (3.5) and(3.6) are the linearized Euler equations for free surface flow.
We consider solutions of the following two forms:

A

¢(z,y, 2,t) = P(y, 2) cos(wt), (8.7)
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referred to as fransverse modes, and
B.

¢(l‘7 Y, z, t) = ¢(y> Z) COS(KZ.Z' - Wt)7 (38)

referred to as longitudinal modes.

In (3.8) we have a wave of wavelength \ = 27” traveling in the x—direction with
constant phase velocity v, = £.

We reformulate the problem of finding solutions of the above form in terms of
the Dirichlet-Neumann operators.

A. Let the fluid domain consist of a straight canal and consider the case () =
Q2p. Consider f : [0,b0] — R, and define the Dirichlet-Neumann operator

GO by
0Y(z,
o(Gol () = 212, 9)
Y
where ¥ : () — R satisfies
Ay =0 at ),
U(z,y)=fatQNTg, (3.10)
g—lﬁ =0 atQn FB

Then, the problem of finding transverse mode solutions (3.7) of (3.5)-(3.6) is
equivalent to the spectral problem

(Golf])(2) = W*f. (3.11)

Boundary conditions for f must be specified consistently for (3.10) and (3.11).
Two possible choices are f of period b, and Dirichlet: f(0) = f(b) = 0.
Boundary conditions will be further discussed in the next section for specific
examples.

The above boundary conditions are mathematically consistent since we ex-
pect that the boundary value of the potential at {2 N ' can be arbitrary. We
note that the “pinned edges® boundary condition

77(27 O? t) = 77(27 b7 t)? vz? t’

for the wave amplitude and the first dynamic boundary condition in (3.6) imply
Dirichlet boundary conditions for f. Physical systems with pinned edges
have been studied theoretically by several authors, see e.g. Groves [11], but
are not necessarily physical. The main problem is that the parametrization of
the free surface at all times ¢ by the function 7(z, t), with = defined on a fixed
domain, is unlikely to be physical.
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Operator Gy will be approximated by
Ag, [f] = Sym(D tanh(h(x)D))[f], (3.12)

using the notation and definitions of the previous chapter for the periodic
case, see also [65]. The Dirichlet case can be defined analogously using a
Fourier series.

The approximation of Gy by Ag, is consistent with the discussion of the
previous chapter, since the transverse modes can be equivalently considered
as normal modes of the linearized Dirichlet-Neumann operator for the two
dimensional domain 2. Normal modes for such two dimensional domains
were considered in the previous chapter and by [65]. In the next section we
will consider domains €2 for which there exist exact solutions of (3.5), (3.6)
with sinusoidal time dependence. Such solutions are normal modes.

B. Case Q5. Consider f(z) = ;1(0,2), with z € [0,] (case Q = Qp), or
z € (—00,00) (case 2 = Qp), and define the modified Dirichlet-Neumann
operator GG, by

_ 10Y(2,y)
(GulfD(2) = PR T ly=0 (3.13)
where ¢ : () — R satisfies
Ay = k%) inQ,
Y(z,y) = finQNTF, (3.14)
®=0atQNlp.

The problem of finding longitudinal mode solutions (3.8) of (3.5)-(3.6) is equiv-
alent to the spectral problem

(GLlf])(z) = W*f. (3.15)

In the case of ) = (), the boundary conditions on f are as in the case of
the operator (G discussed in A.

In the case (2 = (2 we also want to distinguish between solutions of that
satisfy decay properties at infinity, and solutions that do not decay at infin-
ity. Decaying solutions will be referred to as trapped (or Ursell) modes, see
[64]. For instance a typical decay condition in the literature, see [4][40] for
longitudinal mode solutions (3.8) of (3.5)-(3.6) is

/Q (o, 2) 2 + | Vib(y, 2) [)dy d= < +oo. (3.16)



62 CHAPTER 3. TRANSVERSE AND TRAPPED LINEAR MODES

The operator GG, of (3.13) will be approximated by the operator
Ac,. (B) = Sym[V k% + D? tanh(h(z)V k2 + D?)], (3.17)

with h(z) = ho — B(z), ho = hayr — hyy > 0 @and D = —i0,. We are here
using the notation and definitions for the approximation of Gy above, with x
replaced by z, see the previous chapter and [65].

The approximate operator A, (/) of (3.17) is defined heuristically as in the
previous chapter, generalizing the case of constant depth. We here review that
calculation.

We shall compute this modified Dirichlet-Neumann operator for a simple geom-
etry of constant depth. The calculation is similar to the calculation of the Dirichlet-
Neumann operator for a rectangular fluid domain, see [11], which is

Q) ={(z,9) | z € R, —ho <y <n(x)} (3.18)

The set of equations (3.14) for constant depth —h are

AY(z,y) = £* in Q
Y(z,0)=f in QNTp (3.19)
Yy (z,—ho) =0 in QNTp.

We seek expressions for the solution of the elliptic boundary-value problem (3.19)
for the undisturbed case, in which the bottom is flat (7).

Applying the Fourier transform in the z—variable to the set of equations (3.19),
we have

—AP(€,y) = —kP(E,y),
{ B(E,0) = £(6). (920
By, - . .
AP(E,y) = Py (§ ) + (& y) = KD(E, y) (3.21)
and, . R
Vo2& y) = —E0(E,y), (3.22)
we have,

U(€,)) = K2D(E,y) + E2D(E,y) = (7 + ED(E,y) (3.23)
Solving (3.23) we obtain

~

(& y) = A(§) sinh(v/k? + &2y) + B(E) cosh(v/k? + £2y). (3.24)
Then after straightforward calculation to obtain A(£) and B(¢) we finally obtain
| ey osh(VEE A+ E(h+Y)) e
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computing the partial derivative with respect to y of this expression and evaluating
it at y = 0 we obtain the desired operator

Py(2,0) = (/Rf(f)\//iQ+§2tanh((\//£2—i—f%)e’fzdf) (3.26)

Then the Dirichlet-Neumann operator for the modified Helmholtz operator stated
in system (3.19) with « fixed is

0, (2,0) = [\//-QQ T D2 tanh(hvV/k2 + D2)} , (3.27)
where ¢D = 0,. Therefore
G (0)f = [\/ﬁ-? + D2 tanh(hov/R2 + D?)} f. (3.28)

The operator Ag, () of (3.17) is then obtained from the above expression for the
constant depth case (/5 = 0) by substituting /o by ho — 5(z) and symmetrizing, as
was done in the previous chapter for the Dirichlet-Neumann operator.

Alternatively, we can consider the three dimensional analogue of the approxi-
mate Dirichlet-Neumann operator of the previous chapter of the form

Ac, (8) = Sym[v/—A tanh(h(z)vV—A)], (3.29)

where A is the Laplacian in (x, z), and h(z) = —hg + 5(2), hm = —ho < 0. We
note that the depth varies only in the z direction. Eigenfunctions of the operator
(3.17) of the form f(z)e*** lead to the spectral problem for the operator Ag, (3)
of (8.17). Thus, the ad-hoc approximation of the modified Dirichlet-Neumann in
(3.17) is equivalent to a three dimensional generalization of the operator defined
in the previous section. This also implies that the operator appearing in the spec-
tral problem for longitudinal modes admits an exact representation in terms of the
operators A, B of the previous chapter.

3.2 Exact results and numerical computation of
transverse and longitudinal modes in bounded
cross-section

Transverse and longitudinal modes can be calculated explicitly only for certain spe-
cial variable-depth channel cross-sections.

In this section we compare some of exact results of Lamb [42] in Article 261,
Macdonald [51] , Greenhill [19], Packman [58] and Groves [22] to results obtained
using the nonlocal Dirichlet-Neumann operator (3.17).
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“[Cross-Section of "I'riangula‘r channel at 45¢ with the vertica

Figure 3.3: Triangular Cross-section of a straight channel see
equation (3.30).

3.2.1 Transverse and longitudinal modes for triangular cross-
sections

In the following we give the analytic expressions for the channel cross-section pro-
files that we will consider in this section.

[1.] The first geometry that we will consider corresponds of a uniform straight
channel with triangular cross-section with a semivertical angle 45°, see Figure 3.3.
The cross-section 2 = Qp is as in (3.1) and the bottom is at y = f45(2). The
channel width is b = 27, and the maximum depth is h); = 7. The cross-section
profile is given by,

—z+m7in0<z<m

s minm< <o , z €0, 27]. (3.30)

Bus(z) = {
Normal modes for this channel were obtained by Kirchhoff, see Lamb [42],
Article 261, and includes symmetric and antisymmteric modes.
The symmetric modes are given by the potential

¢ = Alcosh(az) cos(By) + cos(Sz) cosh(ay)] cos(wt). (3.31)

It can be seen that ¢ is symmetric with respect to the z = 7 axis. It is also a
harmonic function in the quarter plane y > |z| and satisfies the rigid wall boundary
condition

99

on
To impose the boundary condition at the free surface y = h,;, we use (3.6) for ¢
as in (3.9) to obtain 5
1
Wi = 19 at y = hy. (3.33)
99y
Combining with (3.31) we have the conditions

=0 at y=|z]|. (3.32)

o’ — 32 =0, (3.34)
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and
w? cosh(ahyy) = gasinh(ahyy), (3.35)
w? cos(Bhys) = —gBsin(Bhy) = 0. (3.36)
Hence,
ahyy tanh(ahyy) + Bhay tan(Bhyy) = 0. (3.37)

The values of «, [ are determined by the intersections of the curves (3.34) and
(3.37), see Figure 3.4a. There is an infinite number of solutions, h;«; for @ =
0,2,4,..., with a; < aj if 7 < j'. The corresponding frequency w; is given by
(3.35). The first values of hj;«;, w; are indicated in Table 3.2.1.

To obtain the antisymmetric modes we use the potential

¢ = B(sinh(az) sin(By) + sin(fy) sinh(az)) cos(wt). (3.38)

We check that ¢ satisfies the rigid wall boundary conditions at y = |y| and is
harmonic in the quadrant y > |z|. We also check that ¢ is antisymmetric with
respect to the z = 7 axis. Imposing the free surface boundary conditions we
obtain (3.33). Then (3.38) leads to the conditions

o — 2 =0 (3.39)
and
w?sinh(ahyy) = gacosh(ahy),  w?sin(Bhyr) = gB cos(Bhar), (3.40)
whence
ah coth(ahyy) = Bhar cot(Bha). (3.41)

The values of «, [ are determined by the intersections of the curves (3.39) and
(3.41), see Figure 3.4b. There is an infinite number of solutions, denoted A, «; for
i=1,3,5... with o; < aj if j < j'. The corresponding computation of w; given by
(3.40) for each case.
By (8.6) the free surface corresponding to the above symmetric and antisym-
metric modes is computed by
n(z) = ! {%} . (3.42)
g 8y y=hn
In Figure 3.5 and Figure 3.6 we compare the surface amplitude of the exact
symmetric and antisymmetric modes found above with the surface amplitudes ob-

tained by computing numerically the eigenfunctions of the approximate Dirichlet-
Neumann operator A, (5) of (3.12), where h(z) = ho — B(z), with hg = hpr — b,
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' 14.923 ‘ 19.6;
18- g
11.781 =p 16.49;
161 -
14 13.35/
o 8.640 |
) 12r
10.2
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Bh,

Bh_
o S
Z‘
3’\

2.365 3.92

(a) Even modes (b) Odd modes
Figure 3.4: a) Crossing points of curves (3.39) and (3.41). b) Crossing points of curves:
(3.34) and (3.37).

Table 3.1: Locus of Figure 8 associated to Figure 4.
1 =20 1=1 1=2 1=3 1 =4 1=2>5
azhy 2365 3.927 5498 10.210 11.781 16.494
wj 4.8624 7.8261 4.1413 5.6445 6.0622 7.1684

This values are associate to graphic roots in Figure Figure 3.4a
and Figure 3.4b. That correspond to cross section Figure 4. with
hy=m
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B(z) = Pus(2), see (3.30), and z € [0,b], b = 27. The eigenfunction problem for
Ag,(B) is solved numerically with 27 —periodic boundary conditions.

Also, given a computed eigenfunction f we obtain the corresponding surface
amplitude n by n = éAGk(ﬂ), this is analogous to (3.42).

Figure 3.5 also sugests good quantitative agreement for the even modes. For
the odd modes we see that the wave amplitudes differ at the boundary, representing
the sloping beach. In particular the odd eigenvectors of Ag, (/3) have nodes at
z = 0, b = 27, while the exact odd modes do not. It appears that the procedure for
obtaining the exact odd modes is obtained from a flow that satisfies the rigid wall
boundary condition, and it appears that they do not require of that 7 be defined in a
fixed interval of the variable z. This leads to a more realistic motion of the surface
at the sloping beach. In contrast, the odd modes of A, (3) correspond to pinned
boundary conditions that are not realistic.

[2.] A second geometry with exact normal modes was considered by Macdon-
ald [51], see also Lamb [42], Article 261, and corresponds to a uniform straight
channel with triangular cross-section with a semivertical angle 60°, as illustrated
Figure 3.7.

We shall now consider the cross-section {2 = (23, as in (3.1) and the bottom at
y = P30. The channel width is b = 27 and the maximum depth maximum depth is
hy = \/lg The cross-section profile is given by

L+ T in0<z<m
Bao(2) =3 ¥ VB~ , 2 €[0,27]. (3.43)
BT inmT <z <21
Following Macdonald, [51], and Lamb [42] Article 261. The potential at y = hy,
for longitudinal modes with x > 0 is given by
) = P(z) cos(kx) cos(wt + €) (3.44)
where
— 3 3kh 2 3kh
P(z)=Chq 1 +2cosh(M cosh [ 2EEM ) & gy ( 2E0M :
2 2 gK 2
(3.45)

The quantities w, h);, and « are related by the quadratic equation in °gJ—2

w?\? w? khy
2 (—) -3 <—) coth (37) +1=0. (3.46)
gk gk

In the case where the wavelength 27” is large compared with h,; we have

2
coth (%hM) ~ (3.47)

2 - 3/ihM
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Even modes of Triangular :::harmelﬁ45
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Figure 3.5: Symmetric transverse modes of a channel with triangular
cross section illustrated in Figure 3.3. Red lines: operator Ag,,
dashed lines: exact solutions from (3.31) and the values in Table
3.2.1.
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Odd Modes of Triangular channel B45

0 1 2 3 4 5 6
Two 'odd mode with A Go(B 25

- O

0 1 2 3 4 5 6
Four odd modeé with A Go(B 45), .

-

Figure 3.6: Antisymmetric transverse modes of a channel with tri-
angular cross section illustrated in Figure 3.3. Blue lines: operator
Ag,, dashed lines: exact solutions using (3.38) and the values in
Table 3.2.1.

N

1.5 Cross—Section of Triangular channel. 30° with the vertical

0 i i
0 1 2 3 4 5 6
z

Figure 3.7: Triangular cross-section of a straight channel, see equation (3.43).
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The Gravest Mode for Triangular channel ofB30

=== Exact Gravest mode long wave first root
= —1F = Mode by PDO approach 8
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z
Figure 3.8: Lowest depression mode given by equation (3.48)

for the triangular channel given by (3.7).

The roots of (3.46) are then approximated by

! 2 1
Y Ckahy and < — (3.48)
gk 2 gk Krahm

Figure 3.8 and Figure 3.9 show elevation and depression of lowest modes given
by equations (3.47) and (3.48), respectively.

This is another case for which a complete set of modes is known. They have
been obtained by Packham [58] and Greenhill [19]. The work of Groves, [22],
gives a complete exposition of the remaining symmetric modes described by the
velocity potential. In this thesis we limit our analysis to the lowest depression and
lowest elevation mode for this cross section and we use the formula of the velocity
potential (3.44) presented by Lamb. The cross-section of the wave at a crest is a
catenary with its lowest point in the middle of the canal.

A detailed presentation of symmetric and non-symmetric modes, as we did, for
example, with the triangular cross-section at 45° to the vertical, can be done for
this case following the same steps that we did above, but using the corresponding
formulas by Groves for this case. From the accurate results we obtained from a
channel whose inclined walls are open at 90° gives us enough confidence in the
computation of these modes in the case of a channel whose inclined walls open
at 120°, as is the case for case b), should be even more accurate due to the slow
variation of the bottom in this case.

3.3 Trapped modes over continental shelves profiles:
comparison with shallow water theory
In this section we study waves trapped over a submarine shelf by computing longi-

tudinal modes for two approximate models for linear water waves on the surface of
fluid of variable depth. We present results for two examples modeling, respectively
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Figure 3.9: Lowest elevation mode given by equation (3.47) for

the triangular channel given by (3.7).

Wide Continental Shelf
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(a) Off coast of Taiwan. (b) Coast of California.

Figure 3.10: a) Typical topographic profile (a shelf) at a distance of 50km off the coast of
Taiwan, [43] . b) Typical topographic profile of the California coast, [52, 53]
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continental shelves in the off coast of Taiwan and in the off coast of California,
see J.M. Miles [53] and C.C. Mei, M. Stiassnie and D.K.P. Yue [52]. These studies
consider longitudinal modes for the linearized shallow water equations in an infinite
domain €2y, see (3.2), with a piecewise constant depth profile 5(z). The longitudi-
nal modes can be obtained explicitly and we can enumerate all modes which decay
in the transverse direction z. The second model is the linear Whitham-Boussinesq
equation, whose longitudinal modes lead to the spectral problem for the modified
Dirichlet-Neumann A, (5) of (3.17). The numerical eigenfunctions of this opera-
tor are compared with the trapped modes obtained for the shallow water theory of
Section 3.1.

The continental shelves will be modeled by domains of the form €2, see (3.2),
with a depth that is constant in the longitudinal direction x and only depend on the
transverse direction z.

The simplest model of a continental shelf is a plateau of constant minimum
depth, hs, in a < z < 2a terminating in vertical cliffs at z = a and z = 2a plunging
down to the deep ocean. Both examples we consider in this thesis are of this
shape, but they have different values of a and h,. And let h; the heights besides
the shelf equal to the maximum fluid depth. The main interest for a study of this
kind of topographies arises directly from its application to nature. We are interested
in showing that acceptable results can be obtained even though the bottom slope
is not moderate.

We will now state the exact parameters we are considering in each case of the
idealized continental shelves.

[I.] Shelf Off coast of California. The first example models the continental shelf
of the coast of California, following a study by Miles [53] and Mei, [52]. They use
an idealized continental shelf model for the California shelf taking h; = 600m,
hy = 3600m and the total shelf length as 2a = 140km. The height at the top of
the shelf as hy = 1/6, this value being appropiate for a two step approximation
of the typical topographic profile off the coast of Califfornia. We rescale of these
quantities for our computations, hence we consider the fluid domain with maximum
depth on both sides towards the sea as h; = 1 equivalent to 3600m, and we
obtain the minimum depth over the ridge as hy = % = (0.1617. The rescaled total
shelf length is 2a = 12.387, see formula (3.49) for the corresponding cross-section
sketched Figure 3.11.

0in0 < z < 4.81r,
BOff_Ca”fomia(Z) = 5/6 in4.81lr < z < 171971', (349)
0in17.197 < z < 227.

Notice that the cross-section profile Sos.caifornia W have written here is the finite
computation domain, this is only for numerical purposes. Neverthless this domain
in theory is an infinite domain such as has been stated in Section 3.1.
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California Shelf with hm= 1/6
0 L | | | L
0 10 30 z 40 50 60

20
Figure 3.11: California Shelf see equation (3.49).

Taiwan Shelf with hz:1/25

0 50 100 150 200 250

Figure 3.12: Taiwan Shelf see equation (3.50).

[1I.]Shelf Off Coast of Taiwan. This continental shelf is located on the eastern
coast of Taiwan, on the edge of the continental shelf of Asia. Out of the edge
submarine slopes plunges down to the deep Pacific Ocean, at a gradient of 1:10
and the ocean reaches a depth of more than 5000 meters about 50 kilometers
off the coast, as shown in Figure 3.10a. An idealized model for this shelf uses
hy = 80m on the shelf and h; = 5000m on both sides of the ridge, the total shelf
length of 2a = 650km is read directly from Figure 3.10a, see [43]. After rescaling
for our computations we consider the fluid domain with depth A; = 1, so we get
ho = .0160 over the ridge a < z < 2a and the total shelf length is 2a = 130. see
formula (3.50) for the corresponding cross-section as shown Figure 3.12.

0in0 <z < 257,
ﬂoff.'raiwan(2> = 24/25 in 257 <z< 657T, (350)
0in 657 < 2z < 90.

Notice again here that the cross-section profile Sos.tawan Written before is con-
sidering the finite computation domain, this is only for numerical purposes. Nev-
erthless this domain in theory is an infinite domain such as has been stated in
Section 3.1.

3.3.1 Longitudinal modes computed with pseudodifferential op-
erator 4. _with « fixed.

The first aim of this section is to use the discretized operator A¢, () with Kyza.
and [ fixed but, increasing the Fourier resolution of the operator. In order to do that
we enlarge the number of eigenvalues and in order to keep the k,,,, constant we
enlarge also the length of the domain. Keeping this proportionality we increase the
density of the eigenvalues and we keep 74, CcOnstant. This allows us to study the
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asymptotic behaviour of the eigenfunctions and spectra of the operator associated
with the profile B, r as we increase the number of eigenvalues.

Mathematically we are doing the following. Considering 2L, the length of the
domain with L = «l. If f is a function with period 2L = 27l , its (complex) Fourier
series expansion is

KMaz

flx) = Z cret (3.51)

k=—FKMax
with ¢, = 5= f_LL f(z)e*T=qt.

From this formulae (3.51) it is clear that when we consider

kvtaw = 28, knran = 2° and kpjen = 2'°, (3.52)
with
L=n2 L=n2% and L = n2° (3.53)
respectively. We obtain . . o
i;, i; and 27T2§ (3.54)

respectively. Keeping constant the maximal exponent with 11 = K4 7 = 24,

Once we apply this enlargement of the the domain for the increasing value of
karq We compute numerically the eigenvectors and the eigenvalues of the operator
associated with these dimensions with the aim to give some insights on the nature
of these functions and to analyse its asymptotic behaviour.

We will analyse the shape of the eigenfunctions and the picture of the whole
spectrum of the operator associated to these particular geometries. The goal is
to determine whether or not these eigenfunctions can be associate with trapped
modes or in spectral terms whether the eigenvalue of this operator belongs to the
discrete or continuum spectrum.

The second aim of this section is to give some accurate insights on the solutions
that we compute with the operator in order to be able to compare qualitatively and
guantitatively with the exact solutions we obtain from the shallow water model using
the cross-sections Sosr.cait aNd Bosr-Taiwan given by (3.49) and (3.50), respectively.
That we will compute in the next section.

We study the shelves in three different length domains illustrated in Figure 3.13.
The figure shows three shelves with the same deep in hy, = 0.12 but, with compu-
tational lengths of different sizes: 64w, 1287 and 2567, respectively. We will denote
each shelf as Byuesheif> Boiacksherf N Breasner, respectively
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Shelf in different length domains

h_¥.12 a= 24n, DL} 1281

—h,=.12 a=1pr, DL= 641 [ —_ 1 — h,=.Tp, a=46r, DL= 456
0 50 1(;70 150 200 0 100 21‘20 300 400 0 200 4é0 600 800
Figure 3.13: Continental shelf with a = 127, ¢ = 247 and ¢ = 487 in different

lengths domains. Blue shelf (Spuesherf): Computational domain length of 647. Black shelf
(Bblacksherf): Computational domain length of 1287. Red shelf (B,eqsherr): Computational
domain length of 2567, (3.50).
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Figure 3.14: Eigenfunctions of operator flgm (Bshers) with £ = 1.457. From the left in the
top to the right in the bottom are the plots of Zero Mode (even and odd) and First mode
(even and odd). Red: fB,cashers in Figure 3.13. Black: Byacksners in Figure 3.13. Blue:

Biueshel s in Figure 3.13.

In Figure 3.14 and in Figure 3.15 we illustrate the first three eigenfunctions
(the even and odd case for each n) of operator AGK(Bshelf) computed for each
different shelf in blue color as the name indicate are the modes obtained substi-
tuting Buwesners iN the operator, in black color are the modes obtained substituting
Bolacksheis In the operator and finally the same with shelf 3,.cqsnei -

We point out that in each plot the eigenfunctions have the same number of
flexions (thus nodes) and also all aigenfunctions decay out of the shelf.

Finally, we present the numerical spectrum of the operator AGK for different
continental shelf profiles. In Figure 3.17 we plot the numerical spectrum of
Ag, (Bsheiy) for all the different shelves we have studied in this section. In the top
of the figure we show the numerical spectra of AGK(Bredshelf) using Epmaz = 219
with its associate computational domain. In the middle of the figure we show the
numerical spectra of AGK<ﬂblackshelf) using &mez = 22 with its associate compu-
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Eigenfunctions of AG with k=1.457

E,=2", D256t

0 100 200 300 4(270 500 600 700 8000 100 200 300 4t770 500 600 700 800

0 1b0 2b0 3b0 4b0 560 660 7b0 Bbﬂ 0 1b0 2b0 3b0 420 560 5b0 760 560
Figure 3.15: Eigenfunctions of operator flGK (Bshelf) With k = 1.45 % pi. From the left in
the top to the right in the bottom are the plots of Second Mode (even and odd) and Third
mode (even and odd). Red: SByedsherf in Figure 3.13 and &prqr = 20, Black: Bhiackshelf i
Figure 3.13 and &arqp = 2°. Blue: Bprueshers in Figure 3.13 and Eara, = 25

tational domain. In the bottom of the figure we show the numerical spectra of
-AGN <5blueshelf) USing gmax = 28-

Broadly speaking, we see that the total spectrum of this operator includes a
discrete spectrum and a continuous spectrum. It is hard to give strong conclus-
sions from this preliminar analysis. Currently we are working on this. At this point
we need more theorethical and analytical arguments to be sure about the specific
nature of each element of the spectrum. The discretization of this pseudodiffer-
ential operator is very sensitive to the enlargement of the domain and a detailed
analysis should be done on this behaviour before applying directly on the compu-
tation of this eigenfunctions in diferent lengths, in particular we remark two facts:
i) the shape of the eigenfunction seem to have an asymptotic behavior but very
slowly relative to the enlargement of the length domain. Also the hole picture that
we obtain of the eigenvalues as we increase k,,ax and we readjust the length of
the domain we do not see fixed elements of the discrete spectrum as we increase
the number of eigenvalues, this is possible due because we have not try the exact
factor of readjustement on the pseudo-differential operator once we increase the
length domain and the size of the shelf. The aim is to use figures in Figure 3.17
and Figure 3.16 to give some insights on the behaviour of the spectra. There are
many questions considering which eigenvalues correspond to the discrete spec-
trum of this operator and when from these spectra it is possible to clearly identify
the trapped modes captured with this operator and distinguish them from the rest
of the oscillatory modes corresponding to the continum spectrum.

There is a large literature on this see [48, 60, 4, 41], and it is well known that
the discrete spectrum is finite for a continental shelf of finite length and it contains
at least one trapped mode except in the limiting case of constant depth.
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Figure 3.16: Generalized dispersive curve. Black line: &34, = 210 .
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Figure 3.17: Spectra of operator AG,@ (Bshelf) with k = 1.457. Top: Bredshelf>EMar =
210 and computational domain 2567. Middle: Byackshelfs Emaz = 27 and computational
domain 1287. Bottom: Byyeshelfs EMar = 28 and computational domain 647 (3.50).
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3.3.2 Exact trapped modes solutions over continental shelves
with shallow water theory.

The aim of this section is to give a detailed and simplified presentation of the lin-
earized shallow water theory presented by Miles, [53], C.C. Mei et al. [52], and Lin
et. al., [43].

Before start with this presentation its convenient to motivate the relationship
between our pseudodifferential approach and the shallow water theory. For that
first let's examinate the long wavelength limit of the operator A¢, (3) givenin (3.17)
for longitudinal modes of longitudinal wavelength «.

From (3.17) the symbol of A¢, (5)

Sym[\/k? + &2 tanh(h(2)\/ k2 + £2)], (3.55)

where £ is the Fourier variable for the transverse direction z. Expanding in Taylor
series around ¢ = 0 we have

Sym[v/k? + & tanh(h(2)\/k? + €2)] = Sym[\/k? + €h(2)y/K* + & + (BEH)

= Sym[h(z)(k*+ &) +O(£")].  (3.57)

Longitudinal modes of the shallow water wave model of longitudinal wavelength «
are eigenfunctions of the lowest order operator h(z)(—0.. + %) corresponding to
the above symbol.

Equivalently, we Taylor expand the symbol of the three dimensional approxi-
mate Dirichlet-Neumann operator of around the origin in Fourier space, keeping
the lowest order terms in longitudinal and transverse Fourier variables « and &
respectively. Then equations at the free surface are approximated by

ik, €) = Symlh(2)(5* + €6 (x, €)
{ Oi(k, &) = —gii(k, £) (3.58)

leading to
e = gSymlh(2)(Ope + 0..) M. (3.59)

The same equation is satisfied also by f(x, z,t) = ¢(x, z,y,t) aty = hyy.

The above equations are also considered by Mei [52], where shallow water
equations are obtained following a different reasoning, assuming that the water
motion in long waves is essentially horizontal, implying that the vertical variation is
weak and the pressure is hydrostatic. One obtains

0%n

gV - (M=)Vi) = =, (3.60)
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with V = (9,, d.), which is a hyperbolic partial differential equation with variable
coefficients and the left hand side operator is symmetric.
Equation (3.60) can be expressed

oz = 1 261)
oIVA(:) -V + BV - (V)] = T (262
91000 ()0n() + W] = T, (369

We are looking for longitudinal wave solutions of the form
n(x,z,t) = V(z) cos(kr — wt). (3.64)

Then substituting (3.64) on (3.61) we obtain

9% (h(z) mgiz)) +w?V(2) = h(2)k*gV (2), (3.65)
or
- % (h(z)ﬁgf)) +h(2)sV (2) = %V(z), (3.66)

In further work we woul like to present an spectral analysis of this operator
—[0. (h(2)0.) — h(2)r* |V (2) = —V (2), (3.67)
that in Fourier space with £ the fourier variable of z its expressed as

F{-[0. (h()0.) — h(z)AV ()} = F {%vw} L @69

— F{0:h(2)0.V (2)} = F {h(2)8..V (2)} + F {h(2)s*V (2)} = F {%V(Z)} :
(3.69)

2

— F{0.h(2)0.V (2)} — F {h(2)0..V (2)} + 12 F {h(2))V(2)} = %f{vu)} ,
(3.70)
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—[F{O:h(2)} * F{O.V(2)}] — [F{h(2)} * F{0..V(2)}] (38.71)
v RF ()« FIV(2))] = %]—"{V(z)} , (3.72)

2

— [i€h(€) * i€V (€)] — [R(€) * (1€)*V(&)] + x2[A(&) * V(§)] = %V@), (3.73)

2

E1h(E) * V(€)] + Eh(&) * V()] + K2[h(€) x V(€)] = =V(€),  (3.74)

g
2670H(6) = V(6)) + w1 5 VO] = £ T6) 8.75)
268+ RO+ V0] = L Tc), 8.76)
(26 + 7)) = V1(©) = L0 9), 8.77)
OnlVI(:) = [ o OV (e 3.78)

In the formalism of pseudo-differential operators. The operator in (3.77) can be
expressed considering a pseudodifferential operator Op; with symbol

o(2,€) = §(€) = (262 + k?)[he], (3.79)

where the symbol depends only in the Fourier variable .

Finally we obtain a new expression for the operator (3.77) as

Op[V(z) = F 1§V (&) =gV (3.80)

A discretization of this operator

OpslVI(2) = [(g=V)(2)] = 57 S 9(E Ve Ede = o S (26 +w7) el Vee S5
§EL ¢ez
(3.81

We also describe the Galerkin truncation of the equation (3.81). Let Jy =
0,1,..., M andlet VM = (V;, ..., Vi) and g™ = (41, ..., G
Assuming h(z) is piece-wise constant, with

| hyforz € [—a,al,
M) = { hy for z ¢ [—a, a). (3.82)
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Then (3.67) leads to
2
v
gh— + Vw? = k*ghV, (3.83)
022

with h = hy or hy solved in [52] for w fixed. At each constant depth we have
0*V
022

with h = hy or hy and A = ﬁ, clearly, we have two kind of solutions:

= (K* =)V, (3.84)

1. Oscillatory solutions. Assuming A\?> > x? and denoting A2 — k% = o we have

V(z) = Be + Ce ' where o = VX2 — k2 (3.85)

2. Exponentially growth/decaying solutions. Assuming \? < x? and letting x? —
A2 = ~2%, we have

V(z) = Ae”* 4+ De™** where a = vVa? — \2 (3.86)

We then seek solutions that are oscilatory solutions on the top of the shelf and
with exponential decay on both sides of the shelf. We fix the geometry designed
by the constants hq, hs, a and w. We will then seek k& for which we can have
solution 7 that are oscillatory at = € [—a, al, depth hs, and decay exponentially for
z & |—a,al, depth hy

We will assume the shelf lift over the domain [—a, a].This traslation of the do-
main does not affect the surface profile of the trappaed wave.

In order to find the trapped wave solutions for our physical picture of trapped
waves over a shelf we seek for real solutions, we assume that over the shelf the
even solutions are

n(z) = f(2) cos(kx — wt) (3.87)

that are oscillatory solutions on the top of the shelf and with exponential decay on
both sides of the shelf. For sake of simplicity we will assume the shelf lift over the
domain —a < 0 < a. This translation of the domain does not affect the surface
profile of the trapped wave.
In order to simplify the computations and to find the trapped modes profiles, we
will separate the solutions 7 in two cases the even solutions and the odd solutions.
For the even case

f(z) = Bcos(azz) atz € [—a,a] and h(z) = hy (3.88)

where
g = /A3 — K2 (3.89)
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with w
Ay = —, (3.90)
gho

we will also assume, that the solution attenuates to zero at infinity on either side of
the ridge, as it is the nature of this kind of trapped waves solutions so,

f(z) = AenZ=9) at » ¢ [—a,a] and h(2) = hy (3.91)
where
=[R2 — A2 (3.92)
with W
A= ——, (3.93)
' Vgh

The functions described above are real and even functions. The even modes can
be regarded alternatively as the trapped modes on an idealized continental shelf of
width a with 2 = 0 being the coastline.

For the odd case

f(z) = B'sin(ayz) atz € [—a,a] and h(z) = hy (3.94)
where ap = /A3 — K2 with
w
Ay = , (3.95)
’ vV ghs

we will also assume, that the solution attenuates to zero at infinity on either side of
the ridge, as it is the nature of this kind of trapped waves solutions so,

f(Z) — _A/e—"fl(m_a) at z ¢ [—a, O] and h(Z) = hl (396)
and
f(Z) — A/e*“/luz‘*a) at z ¢ [07 a] and h(z) e hl (397)
where v, = y/k? — A} with
A= — (3.98)
ghi

The functions described above are real and odd functions.

We now want to match the boundary conditions in order to find the relation over
the quantities i, and v that should be accomplished. That is a restricction on the
solutions we are looking for. The coefficients A (and thus B) and A’ (and thus B’)
respectively will find later once we normalice the eigenfunctions.

Assuming continuity of n and h(z)% (this condition guaranties the solution is
weakly differentiable function), en each case is enougth to consider the boundary
matching condition only at z = a,
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For the even case: The two equations we get are
B cos(aga) = A (3.99)
— hoBag sin(asa) = —hiy A (3.100)
Substituting the first equation into the second we find:

him
h2a2

tan(aga) = (3.101)

Then we obtain an equation not for the coefficient A but a constraint on the eigen-
values as and v,

This equation cannot be solved analytically, we thus search for a solution graph-
ically (it could be done of course numerically). To do so, we first make a change of

variable, setting
X = a\/ A2 — k2 = aqs (3.102)

Then we can rewrite the equation for x

tan(x) = hos

It will be convenient to introduce the dimensionless parameter

ho
= 2 3.103
I ( )
and to notice that A7 = h\3.
Then
av/K% — hA3
tan(y) = TV 2
X
Notice that

a\//i2 —h\3 = \/a%z —a?h)\3 = \/a2/£2 — a?hA\3 — A3a? + M\2at3.104)

_ \/Agam — h) — a2(\} — K2) (3.105)

_ \/Agam —h) — 2 (3.106)

Finally, equation (3.3.2) can be rewrited as,
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setting
2
= a2 — ) = @ gy (3.107)
ghy
Hence, )
cot(x) = ——2X (3.108)
X — X2

This is a trascendental equation for y. To find solutions we plot both sides of
equation and look for crossings.

For the odd case: The two equations we get are

B'sin(aga) = A’ (3.109)
hoB'as cos(aga) = —hyy A’ (38.110)
Substituting the first equation into the second we find:
h
cot(apa) = _h;z; (38.111)

Again, this equation cannot be solved analytically, we thus search for a solution
graphically. To do so, applied the same change of variable in (3.102) using also
the identities in (3.103) for A; and (3.103) we can rewrite the equation for y Finally
equation (3.111) can be rewrited as,

fan(y) = — X (3.112)

X2 _ X2
Again we get a trascendental equation for . To find solutions we plot both sides of
equation and look for crossings.

3.3.3 Trapped modes on idealized shelves on California and
Taiwan

I. Coast of California In order to get the trapped modes for this continental shelf
represented in (3.11), we will consider the even modes obtained from the idealized
continental shelf described by (3.49) and represented in Figure 3.18. This shelf has
been studied and reported first in Mile’s paper, [53], and later in Mei’s book [52] .
We will consider the data reported in those sources in order to compute the trapped
modes profiles for the Off Coast of California. We find there that y,. = 6.8801 ~
2.197. From the graphic solutions showed in the lower plot of Figure 3.18 for n =
even it is clear that for y, = 2.97, there are three points of intersection between
y1 = cot(x) and (3.108); 0 < xo < m, ™ < X2 < 2w and 27 < x4 < Xx < 37.
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0.5 ! — tan n/2-31/2 B
= tan 3n/2- 51/2
' — CurveY .,

1.5 ‘ = cot 0- ! ! b B i
= cot - 21

1= = cot 21— 31 7
Curve Y

0.5 even | -

o

9 I N I i N
3 5

0 1 2

Figure 3.18: Graphic solution of roots of (3.112) and (3.108) for
example |. Off Coast of California. Upper side, n = odd. Lower
side n = even. The red spot corresponding to y. = 2.97

Table 3.2: The roots &, of equation (3.108) (3.112)

X0 X1 X2 X3 X4

Even 1.5327 4.5656 6.8429
Odd 3.059 5.9954

From graphical solution in the upper plo of the same figure for n = odd it is clear
that for x. = 2.97 there are two points of intersection between y; = tan(x) and
(8.112); 2 < x1 < ¥ and 2 < x3 < 2. In Table 3.2 we summarize the values x;
obtained from he intersection of the curves.

From formulae (3.107) we have that w = 0.1582. Using formulae (3.98) and
(3.95), we obtain A\; = 0.3978 and A\, = 0.6225. In Table 3.3 we summarize the
eigenwavenumbers «y, that we get from formulae (3.102) forn = 0,1, 2, 3,4. We
also summarize in this table each value of x,, and v, that we obtain from (3.89)
and (3.92) respectively. With all this data its then possible to compute the surface
profile of each mode given by equations (3.87), (3.88) and (3.94). From Table
3.3 we find all the elements necessary to obtain the surface profile of the normal
modes.

Finally, replacing values as, k, and 7, forn = 0,1,2,3,4 on n(z) given by

Table 3.3: The eigenwavenumbers «, associated with root x,, of equation (3.102)

n=0 n=1 n=2 n=3 n=4

Q, = 2 0.0788 0.1573 0.2348 0.3083 0.3519

Kn =1/A3 —a3 07957 0.7840 0.7643 0.7378 0.7180
1, = /K2 — A 07256 0.7128 0.6911 0.6616 0.6395

Values as x and y; for n = 0, 1, 2, 3and4 associated with the Coast of California.
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(3.58) for even and off functions profiles for

Figure 3.19 shows the surface profiles of the lowest, first, second,third and
fourth mode. The nodal points for channel can be seen in this figure.. We note
that the nodes for all modes are symmetric about the center of the channel. The
profile for the lowest mode has no nodes and the second mode has a symmetric
profile with two nodal points. The fourth mode has symmetric profile with four nodal
points. The nodal points moves toward the channel walls with increasing value of
n.

3.3.4 Comparison of trapped modes computed with .4, and
shallow water model

There are some remarks that we need to state before show the results:

i In (3.17), we have fixed the wavenumer « in order to solve the eigenvalue
problem stated in Section 3.1 to obtain the appropiate eigenfrequencies as-
sociated with each eigenfunction derived from this operator.

i In the analisys of Mei and stated in detail in the previous section we find
that for a given eigenfrequency, i.e. fixed w, and geometry we can find the
wavenumber associate with each mode.

With this is mind and with the aim of computing modes for our operator that we can
compare with the modes derived by the previous analysis, we do the following:

We have w fixed for all modes and we know from the previous computations
summarized in Table 3.3 the value of each wavenumber k,,. So, to compute mode
0 we will compute the first eigenfunction associate with the operator with x fixed in
the symbol operator. To compute mode 1 we will compute the corresponding eigen-
function associate with the operator (3.17) with x; fixed in the symbol operator. To
compute mode 2 we will compute the corresponding eigenfunction associate with
the operator (3.17) with k fixed in the symbol operatorand and so on.

In Figure ((3.20)), ((3.21)), ((3.22)), ((3.23)) and ((3.24)) we show as dot-dash
lines the modes computed from Mei’s analysis and as a continuous blue line the
eigen modes computed with the operator (3.17) with the corresponding ~,, and
choosing the appropriate eigenfunction derived from the spectral analysis of this
operator.

Il. Off coast of Taiwan To the study of this study we will use the same esti-
mations for ., thus,w and the dimensions of hy, ho and a used in [43]. The data
reported in that paper, uses x. =~ 1.618. From the graphical solution plotted in
Figure 3.19 there is only one even mode, with y, = 1.4647.

In analogy with the previous case l. once we have ., and using the geometry
of the shelf, we can compute values w = 0.0185, A; = 0.0059 and Ay = 0.0264.
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Figure 3.19: Surface profiles of trapped modes for the Coast of California
given by profile (3.49) and represented in Figure 3.11. In blue line we plot
the modes computed with Ag, (Boffcaiif) and in dashed lines are the
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Figure 3.20: Surface profile of the slowest mode given by (3.88) and (3.91) for
n = 0 with w = 1.0220, kg = 0.7957 and € = 0.32. In blue line we plot the slowest
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0.2,
'== First Mode by MEI
_ First Mode AG‘(BOHC”') I

_0.2 I I I I I I
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“o
Figure 3.21: Surface profile of the first mode given by (3.94), (3.96) and (3.97) for
n = 1 with ko = 0.7840 and € = 0.32. In blue line we plot the first mode computed

with Ag, (Bosfcaiif)

0.2,
== Second Mode by MEI|

_0.2 I I |
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Figure 3.22: Surface profile of the second mode given by (3.88) and (3.91) for
n = 2 with, kg = 0.7643 and ¢ = 0.32. In blue line we plot the second mode

computed with Ac,. (Boffcaiif)
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Figure 3.23: Surface profile of the third mode given by (3.94), (3.96) and (3.97) for
n =3, kg = 0.7378 and ¢ = 0.32. In blue line we plot the third mode computed

with Ag, (Boyfcalir)
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Figure 3.24: Surface profile of the fourth mode given by (3.88) and (3.91) for n = 4,
kg = 0.7180 and € = 0.32. In blue line we plot the fourth mode computed with

Ac,. (Bofrcaiif)
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Figure 3.25: Graphic solution roots of (3.108) and (3.112) for
example Il. Off Coast of Taiwan. Upper side for n = odd. Lower
side for n = even. The red spot corresponding to y. = 1.68.

Table 3.4: The eigenwavenumbers o associated with root &, of equation (3.102)
V1o By Ag
n=0 0.0233 0.7813 0.7812 0.027 0.0057

Values associated with the Off Coast of Taiwan.

Qo Ko

The Figure 3.3.4 shows the surface profile of the only mode associated for this
topography.

We plot in colored and continous lines the modes computed with operator (3.13)
for each continental shelf ploted in Figure 3.26 and that correspond with several
idealized continental shelfs with the same length of Taiwan’s shelf but with different
heights.

0in0 < z< 251
ho, in 25m < z < 657
0in65m < z < 907

BTaiwanhQi (Z) = (31 1 3)

with hy, = 0.86, he, = 0.92, he, = 0.95, each one is a different height of the shelf.

and we compare this plots with the mode derived from equation (3.88) to (3.91)
using the corresponding values ranged in Table 3.4. In this case we use this vari-
ational approach for different heights and different values for the nonlinear non-
dimensional parameter € because the fit as we can see in Figure 3.3.4 is not as
good as in the case of Case I.

Shelf with different heights

h,a=.14

h, 2b=.08

——h,c=.05

|
0 50 100 150 200 250 300

Figure 3.26: Taiwan shelf (3.50). Variational approach with different highs, and
considering € = 0.0185
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1 1 A with h,a=.16 €=.80
0.04— Gravest Mode, B -
Taiwan A with h,b=.08¢=.80
A with h,c=.05¢=.80

= 0.02- == "6 2

(1)

0 50 100- 1‘50 2L‘70 250 3¢‘70
Figure 3.27: In colored and doted lines are the Gravest Mode computed with oper-

ator AGK. In black and continuos line is the Gravest Mode using equations (3.88)
and (3.91).

Appendix A

The aim of this appendix is to present the self-adjoint operaytor associated with
the discretized operator a(z, D) in the Fourier space. In order to do that First we
compute the adjoint of operator

a(z, D)[f)(z) = o > a(z,\) fre?. (3.114)
ANEZ

following straigforward computation we obtain the adjoint of this operator as
[( (@, D)f } Z AN (3.115)
T ez
So, the desired operator is composed using (3.117) and (3.115) as the operator By, :=
B where the fourier coefficient of this operator are defined by

b = 5 ax A0 + 85,(8)] (3.116)

Let define operator By as By = 3(A. + A},) where A,y = 5-a,(\) and
A3, = 505 _. (k) Hence By = §(Axi + Afy) = 5(A5\ + Aax) = By, so we get

the self- adjomt operator of (3.117),

1 ) . .
Blfl(z) = g ST fan-aN) + @i (B)] fr (3.117)
K,\EZ2
We also describe the Galerkin truncations of operator B,.». Let Iy = —M, ..., —1,0,1,...M

where M is the cut-off of this truncatiuon. Let denote Jy, = 0,1,..., M and
JM = O ]. —M Let €M (&), .. f]\/[)

1 .
Hy = 23 Yo G [aaa(N) + a5 (k)] (3.118)

[I{,)\]EI]M X Ing
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Then

1 - . . .
- D [er&ibak + Erbabosk + GiExbo + Gidabae] (3.119)

N

91

From the first summation of equation (3.119) >_ ékéﬁb% we obtain the ma-
[k, \€J3,

trix B1

l[ao—0(0) +ag5_q(0)]
lao—1(1) +aj_q(0)]
Bl = | lap—2(2) +a5_(0)]
lao—3(3) +a3_¢(0)]
lap—a(4) + a3 _((0)]

[ag(0) +aj(0)] |
a3 (1) +ay(0)] |
[a3(2) +a3(0)] |
[a5(3) + a5 (0)] |
[a3(4) +a3(0)] [

HB1 = (£1,€2,€3,€4)

l[a1-0(0) +ag_q1(1)]
la1—1(1) +aj_1(1)]
l[a1-2(2) +a5_;(1)]
l[a1-3(3) +a3_,(1)]
la1—a(4) +aj_,(1)]

a1(0) +a1(1)]
ag(1) +ag (1))
1(2)+ay()
353) +a3(1)]

la2—0(0) +ag_5(2)]
lag—1(1) +aj_5(2)]
l[az_2(2) +a5_5(2)]
l[az—3(3) +a3_5(2)]
laz_a(4) +aj_5(2)]

[a2(0) + a2(2)]
[a1(1) + a1(2)]
[ag(2) +ag(2)]
[a] (3) + a7 (2)]
4) +az (D] [az(4) + a3(2)]

From the second summation of equation (3.119)

> Gdbo

[k,A€J2,

we obtain the matrix B2

[3510(0) + a5 0(0)]
lagy1(1) +aj4(0)]
lag42(2) +a5,44(0)]
]
]

B2 =
[a545(3) +a340(0)
[ag44(4) + a3 y0(0)
[ag(0) + a5 (0)]
; lag (1) + a1 (0)]
HB2 = () | [a5(2) +a5(0)]
lag(3) + a3 (0)]
[a3(4) + a;(0)]

[@540(0) + a542(—2)]
(@344 (1) + a7 yo(—2)]
[a542(2) +a342(—2]
[a543(3) +a342(—2)]
[a514(4) + a3 o(=2)]

From the third summation of equation (3.119)

matrix B3

[@0+0(0) + ao+0(0)]
[a0+1(—1) + d140(0)]
[@0+2(—2) + d240(0)]
[ﬁ0+3(—3)0+ a340(0)] [&1+3(—3)0+ az41(1)]

HB3 =

[ag(0) + ag(0)]
[a1(=1) + a1(0)]
[a2(—2) + a2(0)]
[&3(—3)0+ a3(0)]

HB3 = (£%)

[a140(0) + do+41(1)]
[a141(=1) + a141(1)]
[a142(—2) + a241(1)]

[a1(0) + a1(1)]

[a2(—1) + a2(1)]

l[ag(—2) + az(1)]

[a4(=3) + aa(1)]
0

0

[a2(0) + a2(2)]
laz(—1) + a3 (2)]
[a4(—2) + aa(2)]

0

[a240(0) + do+2(2)]
[a2+1(=1) + a142(2)]
[5L2+2(*2)07L a242(2)]

[az—0(0) +a5_3(3)]
laz—1(1) +aji_3(3)]

laz—3(3) +a3_5(3)]

( [ )
( [ )

l[az—2(2) + &37353” ?4 2(2; + a5 4(4)]
( [ )

lag—_a(4) +aj_3(3)]

[a3(0) +a3(3)] [a4(0) + aq(4)] ér
[a2(1) +a2(3)]  [as(1) + as(4)] &
[a1(2) + @1(3)]  [a2(2) + az(4)] 22
[a9(3) +ag(3)]  [a1(3) + a1(4)] &
(a3 (0) +a7(3)]  [ao(4) + ag(4)] €1

[&§+0 (0) + &(*)+3(_3)]
[a341(1) +ajy3(=3)]
[a542(2) + a5, 3(—3)]
[a543(3) + a3 3(—3)]
[a544(k) +ajy3(—3)]

a5(-3)
a¥(-3)]
0
0

0

] [a3(0) +az(—4)]
[0

[a340(0) + a5 4(—4)
[@Z+1(1) + &T+4(_4)
[a742(2) + a5, 4(—4)
[a545(3) +az44(—4)
[a744(4) +afyq(—4)

&1
£2
£3
13

> é;f;b_ﬂc we obtain the
[k.A€J2,

0
0

[a3(0) 4+ a3(3)]
[aa(=1) + aa(3)]
0

ocooo

0
0

[a340(0) + ao+3(3)]
[&3+1(*1)O+ a143(3)]

oo oCo

]
]
]
]
]
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From the fourth summation of equation (3.119)

matrix B4

[a0+0(0) + a54.0(0)]
[d0+1(_1) + d11+0(0)]

B4 =| [ag4+2(—2) +al,44(0)]
l[ao4+3(=3) +a’3,4(0)]
lao+a(—=4) +a” 44 4(0)]

[0 (0) + a0 (0)]

o [@1(=1) + a1(0)]

HB4 = (£%) | [a2(-2) + a2(0)]
[a3(—3) + as(0)]

[a4(—4) + a4(0)]

[a_140(0) +ag4q(=1)]
[a—141(=1)+a;1,(-1)]
l[a_142(=2)+ay,4(-1)]
l[a—143(=3)+a%,,(-1)]
la_14a(=4)+a%,,(-1)]

[a7 (0) + a7 (~1)] [a5(0) + a3 (~2)] [a3(0) + a3(—3)]
[ao(—1) +ag(=1)] [a7(=1)+aj(=2)] [a53(—1)+a3(
[a1(=2) +a1(=1)] [ao(—2) +ag(=2)] [a7(=2)+aj(
[a2(=3) +a2(=1)] [a1(=3) +a1(=2)] [ao(=3)+ ag5(
l[ag(—4) +az(—1)] [a2(—4) +a2(—2)] [a1(—4) + a1 (

(kN2

[a—240(0) + agqo(—2)]
l[a—2p1(=1)+a;,5(-2)]
l[a—242(=2)+a% s, 5(—2)]
l[a—243(=3)+a’3,5(-2)]
l[a_2ya(—4)+a’ 4 5(-2)]
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S° £:&\bar We obtain the

l[a—340(0) + ag45(—3)]
l[a_341(=1)+a’;,5(-3)]
l[a_342(=2) + a5 5(-3)]
l[a_343(=3)+a’3,5(-3)]
l[a_34a(—4)+a’,,5(-3)]

[a3(0) + a3 (~)]
] [a3(=1) + a3(-1)
] [a5(-2) +aj(-1)
| [af(-3) +aj (-1)
] lao(—4) +ag(~4)]

l[a—440(0) + a5
la_qp1(=1)+a>,
la_gq2(-2)+a”",
la_443(=3)+a";
l[a_g4a(—4) +a’,

§2
£3
§4



Chapter 4

Discussion and future work

The operator A, = Sym(Dtanh(h(x)D)) offers a simple and compact approx-
imation to the variable depth Dirichlet-Neumann operator G(/5). Our numerical
simulations using the Whitham-Boussinesq model suggest that variable depth has
significant effects on the dynamics of the long-wave model we considered. Also,
the model is simple enough to motivate some further studies. For instance, [1]
suggested the possibility of singularity, see Whitham [68], formation at higher am-
plitudes, and the existence of solitons with a cusped profile. These are features in-
troduced by the weaker dispersion, and can be studied in the presence of stronger
depth effects that could not be captured by the system of H; in [1]. The new
Whitham-Boussinesg model can be also used to study other effects of interest in
nonlinear wave equations with spatial inhomogeneity, e.g. analogues of traveling
waves. On the other hand, the relevance of our model to the water wave problem is
tentative. This question requires comparisons with more detailed approximations
of the full system.
Another issue is the efficiency of the numerical evaluation of

Ac, = Sym(Dtanh(h(z)D)).

The present work did not emphasize efficiency. However the question becomes
important with possible practical applications, for instance considering the three
dimensional analogue of A, with D replaced by |D|. Through Section 2.4 and
Appendix Ain 2.5, the evaluation of A, in Fourier variables requires O(M?) oper-
ations, where M is the number of Fourier modes. The three dimensional analogue
would require O(M*) operations. The cost is therefore comparable to the cost of
evaluating the quadratic nonlinearity in spectral variables. The nonlinearity can,
however be evaluated with O(M log M) operations using the Fast Fourier trans-
form (and O(M?1log M) operations in three dimensions). The structure of Ag,
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does not suggest any simplification in the nodal representation. We remark, how-
ever, that the plots of the spectral truncations A¢,, e.g. in Figure 2.2, suggest that
a full matrix multiplication may not be necessary, since the matrix decays rapidly
away from the diagonal, especially for large wavenumbers. Thus, a scheme where
we use a banded matrix up to a certain wavelength, and a diagonal matrix for
larger wavelengths may give satisfactory results. A banded structure would require
at most O(M R) and O(M?R) operations in two and three dimensions respectively,
where R would be the width of the band. This would make the cost of the evalu-
ation of A¢, comparable to the cost of the pseudospectral method. The number
R depends on the depth variation (3, e.g. its smoothness, and can be determined
numerically.

Note that Guyenne and Nicholls approximate G,(/3) in two and three dimen-
sions using the expansion of L(3) in powers of /3, see [23, 24, 12]. The terms
L; of this expansion only involve products in space and in Fourier space, see e.g.
(2.21) for Ly, and can be evaluated at a cost of O(M log M), O(M?1og M) op-
erations in two and three dimensions, respectively. A possible drawback is the
presence of higher derivatives in L; as j increases, as and the authors P. Guyenne
and D.P. Nicholls in [23, 24] and W. Craig, P. Guyenne, D.P. Nicholls and C. Sulem
in [12] use high frequency truncations of the derivatives. The question of whether
the particular A¢,, or other approximations of the Dirichlet-Neumann operator that
avoid expansions in the depth variation, can be evaluated with an efficiency that is
comparable to that of pseudospectral methods is an interesting problem for further
study.

The operator

Aa. = Sym[Vk2 + D? tanh(h(z)Vk2 + D?)] (4.1)

offers a simple way to compute transverse modes (with k = 0) for classical straight
channels and and trapped modes for a simplified continental shelf, that also have
been studied in the literature, [19, 22, 53, 4, 42, 41, 51, 43, 52, 58].

The revealing results presented in this thesis for the geometries given by (3.30),
(3.43), (3.49) and (3.50) give us enought confidence to apply the same method to
other geometries.

Results presented in Figure 3.5 also sugests good quantitative agreement for
the even modes. For the odd modes presented in Figure 3.6 we see that the wave
amplitudes differ at the boundary, representing the sloping beach. In particular the
odd eigenvectors of A, (3) have nodes at z = 0, b = 27, while the exact odd
modes do not. It appears that the procedure for obtaining the exact odd modes is
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obtained from a flow that satisfies the rigid wall boundary condition, and it appears
that they do not require of that 1 be defined in a fixed interval of the variable z. This
leads to a more realistic motion of the surface at the sloping beach. In contrast, the
odd modes of A, () correspond to pinned boundary conditions that are not real-
istic. It should be investigate an appropriate approach for odd modes in the straight
channels, particularly to improve the fitting on the boundaries of the channel, one
issue that we have started to explore is about the I' and Y} functions.

Another issue that we have started to explore is on the discrete spectrum of
the operator AGH with k a fixed value. With the aim to obtain some insights on the
specific nature of each mode.

In further work we woul like to present an spectral analysis of operator

2
— (0. (h(2)D.) — h(2)R2V (2) = %V(@, (4.2)
with the aim to compare the spectra of this operator with the spectra derived the
operator (4.2).

The simplicity of the computation of transverse modes and trapped modes with
our pseudodifferential approach motivates further studies in this field and opens the
possibility to extend this pseudodifferential approach to the study of many questions
concerning the existence of trapped modes and the exact number of them given
any particular geometry. There are several problems relevant to oceanagraphy,
ocean engineering and fluid mechanics related to the mass transport of fluid and
flow in rivers, coastal regions.

There is also a large scope for the analysis of the discrete spectrum of operator
(4.1) for the existence of trapped modes. All these problems are of interest in
mathematics and there are many researchers working on the spectra of different
kinds of coastal geometries.

In conclusion regarding the results obtained here agree with well known exact
analytical solutions, shows the relevance to continue working with this pseudodif-
ferential approach and continuing to apply this approach to water waves and other
fields when this approach is an option.
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