UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
PROGRAMA DE MAESTRIAY DOCTORADO EN INGENIERIA
INGENIERIA ELECTRICA - CONTROL

CONTINUOUS HIGHER-ORDER SLIDING MODE CONTROL:
IMPLEMENTATION ISSUES

TESIS
QUE PARA OPTAR POR EL GRADO DE:
DOCTOR EN INGENIERIA

PRESENTA: ]
ALBERTO ISMAEL CASTILLO LOPEZ

TUTOR(ES) PRINCIPAL(ES)
DR. LEONID FRIDMAN, FACULTAD DE INGENIERIA
TUTOR
DR. JAIME A. MORENO, INSTITUTO DE INGENIERIA
CO-TUTOR

CIUDAD UNIVERSITARIA, CD. MX., JULIO DE 2017



e e

Universidad Nacional - J ~  Biblioteca Central
Auténoma de México -

Direccion General de Bibliotecas de la UNAM
Swmie 1 Bpg L IR

UNAM - Direccion General de Bibliotecas
Tesis Digitales
Restricciones de uso

DERECHOS RESERVADQOS ©
PROHIBIDA SU REPRODUCCION TOTAL O PARCIAL

Todo el material contenido en esta tesis esta protegido por la Ley Federal
del Derecho de Autor (LFDA) de los Estados Unidos Mexicanos (México).

El uso de imagenes, fragmentos de videos, y demas material que sea
objeto de proteccion de los derechos de autor, serd exclusivamente para
fines educativos e informativos y debera citar la fuente donde la obtuvo
mencionando el autor o autores. Cualquier uso distinto como el lucro,
reproduccion, edicion o modificacion, sera perseguido y sancionado por el
respectivo titular de los Derechos de Autor.



JURADO ASIGNADO:

Presidente: Dr. Marco Antonio Arteaga Pérez
Secretario: Dr. Jaime Alberto Moreno Pérez
Vocal: Dr. Leonid Fridman

1¢~ Suplente: Dr. Gerardo René Espinosa Pérez
290 Suplente: Dr. Luis A. Alvarez-lcaza Longoria

CIUDAD UNIVERSITARIA, CIUDAD DE MEXICO, MEXICO

TUTOR DE TESIS:

DR. LEONID FRIDMAN

(Segunda hoja)



iii

"

. Consider again that pale blue dot we’ve been talking about. Imagine that you take a
good long look at it. Imagine you're staring at the dot for any length of time, and then
try to convince yourself that God created the whole Universe for one of the 10 million or
so species of life that inhabit that speck of dust. Now take a step further: Imagine that
everything was made just for a single shade of that species, or gender, or ethnic or religious
subdivision. We can recognize here a shortcoming —in some circumstances serious— in our
ability to understand the world. Characteristically, we seem compelled to project our own
nature onto Nature.

Man in his arrogance thinks himself a great work, worthy of the interposition of a deity.
Darwin wrote telegraphically in his notebook, “More humble and I think truer to consider
him created from animals.” We're Johnny-come-latelies. We live in the cosmic boondocks.
We emerged from microbes and muck. Apes are our cousins. Our thoughts and feelings are
not fully under our own control. And on top of all this, we’re making a mess of our planet
and becoming a danger to ourselves. The trapdoor beneath our feet swings open. We find
ourselves in bottomless free fall. If it takes a little myth and ritual to get us through a night
that seems endless, who among us cannot sympathize and understand?

We long to be here for a purpose, even though, despite much self-deception, none is ev-
ident. The significance of our lives and our fragile planet is then determined only by our
own wisdom and courage. We are the custodians of life's meaning. We long for a Parent to
care for us, to forgive us our errors, to save us from our childish mistakes. But knowledge is
preferable to ignorance. Better by far to embrace the hard truth than a reassuring fable.

Modern science has been a voyage into the unknown, with a lesson in humility waiting
at every stop. Our commonsense intuitions can be mistaken. Our preferences don’t count.
We do not live in a privileged reference frame. If we crave some cosmic purpose, then let us
find ourselves a worthy goal. ”

Carl Sagan
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Chapter 1

Introduction: Continuous
Sliding-Mode Control

1.1 Sliding Mode Control

The Sliding Mode Control (SMC) technique has been known as one of the most ef-
ficient tools for theoretically exact compensation of matched uncertainties and per-
turbations in control systems. The classical theory of First Order SMC (FOSMC) was
stablish and reported by Prof. Utkin (see for example Utkin, 1992). The main ad-
vantage of Sliding Mode Control of theoretically exact compensate matched uncer-
tainties (insensitivity) is achieved by a bounded (saturated) discontinuous of control
law. Nevertheless, discontinuities in control law in presence of nonidealities (e.g.
non-modeled dynamics, time delays, hysteresis, etc.) may produce high-frequency
oscillations in the states and outputs which is the worst disadvantage of the SMC
methodology, the called chattering effect (Utkin, 1992; Boiko and Fridman, 2005).
The FOSMC allows the finite-time convergence of the trajectories of the system to
the desired Sliding Surface (SS), but the state variables only converge asymptoti-
cally to the origin. This sliding surface design is restricted to have relative degree
one with respect to the control input.

1.2 Continuous Higher-Order Sliding-Mode Features

During the last decades SMC theory has been developed in order to remove or at-
tenuate the main disadvantages of the classical SMC. Chattering alleviation has lead
to a new generations of Sliding Mode control algorithms that produce a continu-
ous signal of control. For example, one of the most representative algorithms of
Continuous Higher-Order Sliding Mode Control (CHOSMC) theory is the so-called
Super-Twisting Algorithm (STA) (Levant, 1998). It was designed as an alternative
to classical Sliding Mode controller reducing drastically the appearance of the chat-
tering effect. STA introduces a dynamic extension to the system such that a discon-
tinuous term is hidden behind an integrator, that is why it generates a continuous
control signal ensuring theoretically exact compensation of Lipschitz perturbations as
well as providing finite-time convergence of the output and its derivative (a second-
order Sliding Mode). The properties of the STA are actively discussed (see for ex-
ample Boiko and Fridman, 2005, Polyakov and Poznyak, 2009, Orlov, Aoustin, and
Chevallereau, 2011, Utkin, 2013, Bernuau et al., 2013, Utkin, 2016), as well as the pos-
sibilities of its adaptation (see for example Shtessel, Taleb, and Plestan, 2012, Utkin
and Poznyak, 2013 ).
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Discontinuous HOSMC Continuous HOSMC

Bounded Bounded Linearly
Growing

Discontinuous Lipschitz " OnTime

FIGURE 1.1: Class of perturbations of Discontinuous and Continuous
controllers.

1.2.1 Class of perturbation/uncertainties compensation

Nature of control signal generated by the STA controller is closely related with the
class of perturbations that can be exactly compensated: Discontinuous controllers
generate a bounded control signal that is able to compensate bounded matched dis-
turbances that can even be discontinuous as dry friction or backlash effect. On the
other hand, Continuous controllers can only compensate Lipschitz continuous dis-
turbances, but they can be growing linearly on time without bounds. Figure 1.1
shows the class of perturbations for the two families of HOSMC.

1.2.2 Chattering Reduction

During the last decades chattering effect was associated to the nature of the control
signal, i.e. chattering was though as a consequence for applying discontinuous con-
trol signal into the system making higher-order non-modeled dynamics to excite.
Then, the application of continuous signal of control would reduce drastically the
appearance of chattering.

Recent studies (Pérez-Ventura and Fridman, 2016; Utkin, 2016) have shown that
the amplitude and frequency of output oscillations in the chattering effect also de-
pend in the parameters of the parasitic non-modeled dynamics affecting the relative
degree of the output with respect to the control input, and in the gain selection of the
HOSM algorithm. Nevertheless, the present work focuses its efforts on the study of
STA as the solution, in most practical of cases, to the alleviation of chattering effect.

1.2.3 Accuracy

Almost all known HOSM controllers possess specific homogeneity properties (Lev-
ant 2005). This properties, apart from providing standard methods for stability
proofs, provide the highest possible asymptotic accuracy in the presence of mea-
surement noises, delays and discrete measurements Levant, 1993.

It is also shown in Levant, 2010 that in the presence of an actuator of the form
72 = a(z,u), v = v(z), z € R™, v € R with u the input of the actuator, v its out-
put and p the time constant, this accuracy properties also hold under reasonable
assumptions.
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1.3 STA Implementation Issues

Continuous HOSM have become one of the most important achievements in SMC
Theory. The integral discontinuous term in control law allows to ensure the SMC
properties with a continuous signal of control. Nevertheless, when substituting dis-
continuous controllers by continuous ones, several drawbacks arise on experimental
setups that must be addressed.

As STA is the most representative Continuous HOSMC in SMC theory, the present
work focuses in the further development of STA properties in the following fields.
The achievements in this aspects will be the base for further development in general
(r-th order) HOSMC.

Super-Twisting Algorithm (STA) (Levant, 1993), as mentioned before, has been
one of the most well-known Continuous HOSM algorithms in the last decades. It
was designed as a possibility to substitute the discontinuous FOSMC by a con-
tinuous one. STA as any Continuous HOSMC allows the exact rejection of Lip-
schitz perturbations. It ensures a quadratic precision of the output with respect
to the sampling time due to its homogeneity properties and a second order Slid-
ing Mode achieved in finite-time, i.e. output and its derivative are robustly driven
to zero in finite-time. It is also one of the most cited nonlinear algorithms as au-
thor’s original work. See https://scholar.google.com/citations?user=
_A_QeKgAAAAJ.

Classic form of STA (Levant, 1998) is defined by

u= -k ’Vl'lJ% + z, (11)
z= —kosign(z1),

where the notation [a|® = |a|’sign (a) is used during the rest of the work. The first
term is a function proportional to the square root of the state while the second one
is an integral of a discontinuous function. STA works as a nonlinear Proportional-
Integral (PI) controller, making it a unbounded controller, i.e. proportional term can
be very big depending on the initial condition of the system, and the integral term
can grow linearly with respect to time.

The class of systems to which STA can be applied consists in first order (relative
degree 1) systems represented by

&=z, t)u+ ¢(x,t). (1.2)

where © € R is the state, v € R the control input, and ~(z,t) and ¢(z,t) uncertain
functions of the state and time.

1.3.1 State dependent perturbations and uncertain control coefficient

CHOSMC are insensible with respect to Lipschitz continuous matched perturba-
tions. Even though, when considering a plant’s mathematical model with paramet-
ric uncertainty, perturbations become state dependent, that in general are just locally
Lipschitz. This means that in implementation setups STA cannot maintain its prop-
erties globally:

In Levant, 1993, the STA proof of convergence was made by means of geometrical
arguments for the case when uncertainty in the control coefficient and perturbations
only dependent on time.

Different Lyapunov functions (see for example Moreno and Osorio, 2008, Moreno,
2011, Polyakov and Poznyak, 2009, Orlov, Aoustin, and Chevallereau, 2011, Utkin,
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2013) were recently designed in order to get convergence conditions and estimations
of the reaching time.
Nevertheless, this Lyapunov proofs are made under conservative assumptions:

1. the perturbations are dependent only on time (Levant, 1993,Moreno, 2011).

2. the control coefficient is known (Levant, 1993, Moreno, 2011,Gonzalez, A., and
Fridman, 2012,Pic6 et al., 2013,Guzman and Moreno, 2015).

3. perturbations are dependent on state and time, but it is supposed that their
total time derivative, i.e. control signal is a priori bounded by some constant
(Shtessel, Taleb, and Plestan, 2012,Gonzalez, A., and Fridman, 2012).

In reality, for example, any uncertainty in the inertia moment of a mechanical
system can cause time and state dependent uncertainties/perturbations and also
time and state dependent uncertain control coefficient.

In this work the possibility of implementation of Generalized STA (GSTA)
(Moreno, 2009) under this scenario is considered: the case when both, the perturbation
and control coefficient are state and time dependent and, moreover, the control coefficient is
uncertain.

Chapter 2 and 3 will present further robustness properties of GSTA with respect
to state and time dependent perturbations, and an uncertain coefficient of control,
respectively.

1.3.2 Saturation

STA, as mentioned before, achieve their continuous control signal by means of a
discontinuous function hidden through an integrator. Then, any version of STA is
a control law with integral action and as any integral control law is in general un-
bounded. Control signal can grow without bounds depending on the perturbations
(who also can be linearly growing in time), and bounds of overshoots during the
transient process cannot be a priori determined.

The original version of STA, as it was introduced in Levant, 1993, Theorem 5,
p-1257, is a saturated control law, i.e. the control signal is bounded. To ensure the
saturation, the author proposed a switching logic saturating both, the term of STA
proportional to the square root of the state and the integral term separately. How-
ever, this switching logic can generate undesired oscillations on the border of the
integrator saturation (see Fig. 4.5).

In practical implementations control effort is always limited and it is well known
(Hippe, 2006) that the application of controllers with integral action in feedback
loops with bounded control signal may lead to the so-called integral windup effect.
This refers to the situation where a significant change in the set-point causes actuator
saturation and as a result accumulating significant error in the integral term during
the rise. This produces undesired overshooting or even destabilizing the origin of
the system. Some classic anti-windup techniques consist in:

e Disabling the integral function until the variable to control has entered a con-
trollable region,

e Reseting the integral controller to a desired value.

Chapter 4 proposes two different structures of SSTA, using classical anti-windup
techniques, in order to make the STA’s control signal not to exceed predefined bounds.
The main idea is to design a controller using a Relay Controller (RC) with a given
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level of saturation outside some neighborhood of the origin where the integral func-
tion will be disabled. The size of this vicinity is calculated ensuring that, crossing the
border of this vicinity, the controller will switch to STA and will ensure finite-time
convergence to the origin without saturation.

Chapter 5 is focused on experimental setups to test the performance of the pro-
posed scheme of saturation. Three different experiments are performed. The first
one is the velocity tracking of a mechanical system where the relative degree of the
output is 1 and therefore SSTA is directly applicable.

The second one is the application of the classical Sliding Variable (SV) design on
a Reaction Wheel Pendulum and the SSTA as the controller to enforce the system
trajectories to the SS.

The third one is an application of continuous Output Integral Sliding Modes
(OISM) to a Model Predictive nominal controller (MPC). The design of MPC allows
to include restrictions on the states and in the control signal in the controller de-
sign. Continuous OISM will protect the nominal MPC granting insensitivity to the
closed-loops system with respect to Lipschitz matched perturbations.

Finally, Chapter 6 summarizes the theoretical and experimental results of the
present work.






Chapter 2

State Dependent Perturbations

2.1 Introduction

In this section Generalized Super-Twisting Algorithm is applied to a class of systems
whose perturbations are time and state dependent. A non-smooth strict Lyapunov
function is used to obtain the conditions for the global finite-time stability and to
estimate the time of convergence.

2.1.1 Motivation example:

Consider the problem of velocity tracking in mechanical system
(1 + cos? (q))G + gsin (q) + b(¢ + arctan §) = u,

where g € Rand ¢ € R are the state variables and u € R the torque control input. The
terms of the differential equation represent a varying inertia moment, gravitational
term and viscous and dry friction, respectively. It is desired to realize exact velocity
tracking to a desired trajectory ¢,. In this statement, the dependence of the functions
on the variable ¢ can be considered as exogenous functions of time. By defining the
error variable e; = ¢ — g, the velocity error dynamics are

é1 =v(q)u —v(q)gsin (q) — v(q)b (e1 + ¢q + arctan (e1 + 4q)) — G, (2.1)

where v(q) = 1/(1+cos? (q)). Here, the time-varying function v(g(¢)) is an uncertain
time-varying control coefficient. Let us remark that v(¢(¢)) is bounded by 0 < 0.5 <
v(q(t)) < 1, with a bounded time derivative.

If the standard STA ug = —Fkq[eq ] V24 2 3= —ky [e1]0, is applied to the plant,
the closed-loop can be written as

Gd

é1=—k1y(g)[er]"? +7(q) |z — gsin (q) + b (e1 + da + arctan (1 + da)) — (q)

€2

(2.2)
Note that the function —k [e; | 1/2 s not able to compensate any of the non vanishing
perturbation terms, so they need to be compensated through the integral action. One

of the specific features of the STA lies in the equation of the dynamic extension
: qa qd
éy = —kole1]" + gcos (q) — | == —
o D" 0~ 2w

¢

Y(q)| + beda +beéq, (2.3)
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c = ((61 +4q)°+2
— \(e1+da)*+1
derivative of the perturbations. Replacing in (2.3) the value of the last term we get

), where the discontinuous function —ks[eq |° has to overcome the

t
2= —kafer)? + o —berky [er] V2~ berka [ fea(r) s
0 (2.4)

u(t)
+bey [y [p(1) = b (kr [er(1)]Y/? — ea(r))] dr

Here, an algebraic loop occurs in the gains design since the gains themselves
become part of the perturbation to overcome, as shown in equation (2.4). In Shtessel,
Taleb, and Plestan, 2012 and Gonzalez, A., and Fridman, 2012, the control signal u(t)
is assumed to be bounded a priori, and the algebraic loop never occurs.

Moreover, a necessary condition of stability of the STA is that k3 > | + bcéq].
Is easy to see that the terms in ¢ can be bounded by a constant, nevertheless, non-
bounded terms related with the dynamics of the controller itself appear in equation
(2.4). These cannot be globally dominated by the sign function —kz[e; |°. This be-
havior can be interpreted as perturbations that can grow exponentially in time.

Several problems arise when trying to find STA gains k; and ky that ensure the
stability of the closed-loop and dominate the derivative of such perturbation:

1. STA gain k3 needs to be designed based on functions depending on STA gains
k1 and k»! This is an algebraic loop that has not been addressed in any previous
work.

2. Although the perturbations ¢ can be bounded by a constant, the terms

—beyky [er]V? — beyks fg [e1(7)]%dT can be very big depending on the initial
conditions e;(0) and perturbations.

3. The time variation in the control coefficient v(¢(t)) introduces the term

—41__3(q(t)) to the total time derivative, and the bounds of v(q(t)) and its
72 (a(®))

derivative 4(¢(t)) should be also taken into account in the controller gains de-
sign.

4. State dependent perturbations implies state dependent derivatives which makes
the perturbation to grow exponentially in time.

It is worth noting that the standard STA cannot be designed for the situations (1)
and (2). Moreover, it is not clear if the stability of the system is preserved in spite
of the unknown variations of the coefficients in equation (2.2) due to the uncertain
control coefficient y(gq).

The standard gain design for STA Levant, 1998 is not applicable here. Even more,
the non-linear terms of the Standard STA are not enough to maintain the global sta-
bility of the system in presence of uncertain control coefficient and state dependent
perturbation. Then, an improved STA will be used to solve this problem.

Generalized Super-Twisting Algorithm (GSTA)
Moreno, 2011, Moreno, 2009 is defined by

u = —qubl(l‘) + z, z = —k2¢2(x), (25)

¢1(x) = [x]

N|=

+ B, go(w) = L[z)0+38[z)7 + B
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Note that the Generalized STA (GSTA) has an extra linear term Sz in function ¢;(x)
and growing terms 343 [gcj% and %z in function ¢o ().
Note that function ¢, is defined such that

$2(x) = P (x)¢1(z) with ¢)(x) = ( +5> : (2.6)

2|z1|2

With the extra linear term, three degrees of freedom in the GSTA gains design are
obtained: ki, k2 and 8. The growing terms help to counteract the effects of state
dependent perturbations which can grow exponentially in time.

Contribution

This chapter proposes a global finite-time stability analysis for the GSTA based on a
strict non-smooth Lyapunov function when there is a known control coefficient with
state and time dependent perturbations.

The more general situation, where the control coefficient is also an uncertainty
dependent on state and time will be addressed in the next chapter.

2.2 Chapter Problem Statement and Main Result

The main goal of this chapter is to find the conditions for GSTA gains {k1, k2, 5}
design taking into account the known bounds of perturbations as well as its partial
derivatives with respect to the time and state, such that the trajectories of the system
globally converge to zero in finite-time.

2.2.1 State Dependent Perturbations and Known Coefficient of Control
2.2.2 Separation of Perturbations

Consider the first order system
i =u+ 1), 2.7)

where x € R is the state, v € R is the control input, and ¢ a Lipschitz continuous
function with respect to t and ¢ € ¢! with respect to x.

The term ¢(z,t) in an uncertain function dependent on the state and time. The
control coefficient function is assumed to be known and without loss of generality,
equals to 1. Terms of perturbation can be split in two terms as in Gonzalez, A., and
Fridman, 2012:

80(507 t) = ¥1 (CC, t) + 902(567 t) (28)

such that the first term is vanishing at the origin, i.e. 1(0,¢) = 0, V¢t > 0 and
bounded by

|(,01(J},t)| < Oé|d)1(.%’)|, qbl(o) =0, (29)

and the second term is meant to be compensated through the integral action.
System (2.7) in closed-loop with (2.5) takes the form

T = —]{1¢1(l’) +z+ (Pl(x?t) + 902(1'7?5)' (210)
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Defining z; = x and z2 = z + @a(z1,t), we have
1 = —kigi(z1) + 22 + p1(71, 1), (2.11a)

Ty = —k2¢2($1)+%(902(3317t))~ (2.11b)

The first equation can be rewritten as
T = (_l;?lﬁf)l(xl) + 932)

where

I ¢1(z1,)
k1 =k @) (2.12)

Note that from (2.9),

or(mt)| (@)
o1(01) ‘ = o) =@

then, k; is considered as a positive varying bounded gain.
The time derivative of the second term of perturbation (2.8) is given by

d O 02
g 2(ant) = — +<3$1>x1
N~
51($1:t) 52($1:t)

=01(z1,t) + d2(21, )21, (2.13)

Moreover, the partial derivatives of the perturbation

_ 9pa(z,1) _ Opa(x,1)
1(z,t) = o da(z,t) = “or (2.14)
are assumed to be bounded by positive constants
01(z1, )] < 01, [da(z1,t)] < 02 (2.15)

From (2.2.2), we rewrite the second equation as
to = —kooa(z1) + 61(21,t) + do(1, t) 2
= —koga(x1) + 61(x1,t) + 0221, 1) (*1231%(901) + 902)
= —kopo(x1) + 01 (x1,t) — Oa(1, k11 (1) + Oa (a1, t) 2.

Due to the fact that ¢2 (1) = ¢1(z1)¢#) (1) (see equations (2.5) and (2.6)), here it is
possible to see that the unbounded third term of —d2(x1,t)k1¢1(21) can be compen-
sated by the function —ka¢2(x1). We group this terms in the following expression

(51($1,t> _ (52(1‘1,75)];51 52(5[31,t)
Gy o) el x]

- 01(x1,t)  Oa(x1,t)
k:1) ¢1(x1) + & (z1) & (1) 2}

iy = ¢)(21) [—k2¢1($1)+

(52(%’1,t>
¢ (x1)

= ¢i(z1) [— <k‘2 +
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kq

(A) asd (B) asd
FIGURE 2.1: Decrease of k1,min and kopin Vs B.

Note that the multiplicative inverse of function ¢ (z) is bounded

1
2|z1]2
1+ 28)a|?

.
¢y (1) - B
therefore any singularity occurs.

Global finite-time stability analysis of the closed-loop system (2.11) is based on

a strict non-smooth Lyapunov function in Moreno, 2009, and it is given in the Ap-
pendix. Results of the analysis are stated in the following theorem.

Theorem 1. Suppose that p(xz,t) of the system (2.7) satisfy (2.8) and (2.15). Then, the
states x1 and xo converge to zero and z converges to —p(x,t), globally and in finite-time, if
GSTA gains k1, kg and 8 > 0 are designed as follows: for any € > 0:

by > 2(14;;)52 +a, (2.16a)
1 (1+¢€) (b2 - So€ 2 <
52 1+e€
h=1-—2>——+->0,
) B (k=)

A

Remark 1. When the perturbation in the system is state dependent, the function é2(x1,t)
appears in the total time derivative, and it is worth noting that the extra terms in functions
¢1(x1) and ¢o(x1) related with the gain (3, are necessary to guarantee the global stability of
the equilibrium point. This behavior can be observed in (2.16a) and (2.16b), where the gain
B appears in the ratio %2. This allows to arbitrarily decrease the effects of the perturbation 0o
by increasing the gain . A

GSTA gain 3 does not only allow to guarantee the global stability of the system.
It can be used to reduce the chattering effect by reducing the minimum values of
gains k1 and k3 (see Figs. 2.1a and 2.1b). Once the gain § is fixed, the possible set of
gains k1 and k» are depicted in Fig. 2.2a.

The parameter € > 0, also allows to adjust the minimum values k1, and kapmin.
Fig. (2.2a) shows how the parameter € can be selected such that k1, and kgy,in, are
in their lowest values.
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ko

(A) Set of GSTA gains {k1, ko }, when 3 and parameter ¢ are fixed.

T
1
1
1
1
1
|| == =FKimin
] == =komin
™
=2 1
= 1
g 1
< 1
— L Y 1
=2 . -
s .
A "4
R .-
! ..-------------
|}
‘ - O O =
.--------------------

(B) Minimum values of k; and ks, vs €.

FIGURE 2.2: Theorem 1. Set of possible selection of gains {k1, k2, 3}.
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Chapter 3

Uncertain Coefficient of Control

3.1 Introduction

In this chapter, the Generalized Super-Twisting Algorithm is applied to a class of
systems whose control coefficient is uncertain. Two cases are analyzed: i) pertur-
bations and uncertain coefficient of control are dependent on time and the general
case when ii) perturbation and uncertain control coefficient are time and state de-
pendent. A non-smooth strict Lyapunov function is used to obtain the conditions
for the global finite-time stability and to estimate the time of convergence.

3.2 General case
Consider the scalar dynamic system represented by the differential equation
& =y(z,t)u+ p(z,1), (3.1)

where z € R is the state and u € R is the control input. The functions ¢(z,t) and
v(z,t) are uncertain functions dependent on the state and time. The uncertain con-
trol coefficient function is also assumed to be bounded by positive constants

0 < km <~v(x,t) < kp. (3.2)

In order to guarantee a continuous control signal, the uncertain control coefficient
v(z,t) and perturbation ¢(z, t) should be also continuous, since t =0 — & = 0, and
therefore

p(z,t)

(e, 1)
Hence, ¢ and vy are assumed to be Lipschitz continuous functions with respect to ¢
and ¢, € ¢! with respect to .

Following Gonzalez, A., and Fridman, 2012, we split the perturbations into two
parts

0="(z,t)u+ p(x,t) = ueq(z,t) = —

(P(‘I.?t) = 801($7t) + 902($7t)7 (33)

such that the first term is vanishing at the origin, i.e. ¢1(0,¢) = 0 for all ¢ > 0, and
bounded by
[p1(z, )] < algi(z)], ¢1(0) = 0. (3.4)
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The total time derivative of the second term (divided by the control coefficient y(z, ¢))
can be represented as

d(p@t) _ 10p2 @20y (10pa ¢207) .
dt ( v(z,t) oy 0t 42Ot + v Ox A2 0x “ (3-52)
81 (z,t) 82(z,t)
= 01(x,t) + do(x, t)x. (3.5b)
System (3.1) in closed-loop with GSTA (2.5) has the form
b=~k (5, 001(2) + pr(a.0) +ant) [+ 200
v(z,1)
and defining 21 = rand 29 = 2z + M, we obtain
’Y(xlv t)
i = (1.t [—kldn(xl) Jelont) | 962] : (3.6a)
V(xla t)
: d (2(x1,t)
- —k = . :
T2 2¢2(71) + 0t < (D) (3.6b)

Moreover, according to the previous discussion we assume that the perturbation
terms are such that the functions

(51 (.’1} t) = 1 8902 (.’171, t) _ @2(3:1’ t) 8’Y(‘/E17 t)
" v(z1,t) Ot 2(z1,t) Ot a7
bolar t) = Opa(r1,t)  pa(r1,t) Oy(21,t) :
’ ’y(xla t) 81‘1 "}’2(1'1, t) &Ul
are bounded by positive constants
61 (z1,8)| < 81, |da(z1,t)] < O (3.8)

Theorem 2. Suppose that v(x,t) and ¢(x,t) of system (3.1) satisfy (3.2) and (3.8). Then,
the states x1 and x5 converge to zero and z converges to —p(x, t), globally and in finite-time,
if GSTA gains k1, ko and > 0 are designed as follows: for any € > 0:

(1+e) [« Sa€ (1+¢€) a
k1 > Ak, ko (k’M km) + 3 (k‘M + ky, + 2) + Ak, \/Akl + a, (3.9a)

Bae

) ,
2 Gk o ko + 2)) + 8e(kar — k) (525“ v 251> .

«

= 2 B = 2 _
ky € [kM (2\/@5 - gw/A,@) + 281, kg (2\/Ea+ g\/%) + 251} ., (3.9Db)

_ - (I +e)(kar — k) (1+¢) [da = doe  «

oy km+e B k1km o
h o= 1-2_™m™° = G ky = ky — —.
- B kikm—a) " (A +e)(kn—km) 1 L,
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Moreover, a system trajectory starting at x(0) = (21(0), x2(0)) reaches the origin in a time
smaller than

T(@(0) = = In <“2v%(x1(0),x2(0)) + 1) . (3.9¢)
H2 H1
where
V=¢"pe, P= [pll 1] >0, & =p1(x1) 2. (3.94)
-1 P2
A

Selection of matrix P and the proof of the Theorem is given in the Appendix A.

Remark 2. When the control coefficient is known or it is unknown but constant, the partial

derivatives of y(-) with respect to the state and time are zero (ag—g) = 83’—;') = 0), GSTA

is able to ensure the global finite-time stability even in the case of unbounded perturbations
w()- A

3.3 Time dependent uncertain control coefficient and pertur-
bation

The last case of analysis is taking into account an uncertain control coefficient and a
perturbation, both Lipschitz continuous functions of time,

T =y(t)u+ o(t), (3.10)

where z € R is the state and v € R is the control input. The uncertain control
coefficient is assumed to be bounded by positive constants

0 < km < ~(t) < k. (3.11)

The total derivative of the second term in the perturbation (3.3) has the form

_d (p2t)) _ldpa ady
u(t) = < g > - ga (3.12)

System (3.10) in closed-loop with GSTA has the form

i =~k (O61(n) +ei(t) + (1) |2+ 2R

and defining z1=zand x9 = 2 + ‘{’YQ(%) ,

T = (1) [—k1¢1($1) + il(sft;

By = —kaga(r) +% (iz(it) ) .

The total time derivative of the perturbation is assumed to be bounded by a positive
constant

+:E2:|>

61(1)] < 5. (3.13)
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Corollary 1. Suppose that v(t) and ¢(t) of system (3.10) satisfy (3.11) and (3.13). Then,
the states xy and xo converge to zero and z converges to —% globally and in finite-time, if
GSTA gains kq, ko and 3 > 0 are designed as follows: for any € > 0:

(I+¢ [ a B (1+¢) o
ki > dck,, . (kng — km) | + Ak, VAR + ko (3.14a)

2
Akl = <ka(kM — km)) + 166(]€M — k‘m)gl

_ ¢ 2 _
ko € I:/{M (2\[6— *\/A]Q) + 201, kpr (2\/EE+ gVAk2> +2(51:| , (3.14b)

Ay, = 16¢ — 8 <(1+6)(kM _km)> <(1+6)251 +a> .

_ kikm, a
= = ki =k ——.
TaT O —Fm) T

A

Proof is given in the Appendix A.

Example 1: Let be p(t) = tand v(t) = 1 + 1. The time derivatives are ¢(t) = 1
and 4(t) = 77— which are bounded by 1 and k,, = 1, kps = 2. Using (3.12) and
(3.13),

(t+1)

#(t)
K

Following (3.14), we design the GSTA gainse = 1, k; = 3, k2 = 5and 8 = 0. Fig. 3.1a

shows the functions ¢(t) and 7(t). Fig. 3.1b shows the behavior of ( (( t;) and the

value of the bound 4;. It can be seen how the perturbation term never exceeds the
calculated bound. The Sliding Mode is achieved almost at the beginning of the sim-
ulation and remains there for all future time (Fig. 3.1c). Note that the perturbation
grows without limit, and the GSTA is able to compensate it globally and for all time.

GSTA compensates uncertainties coming from both, uncertain control coefficient
and perturbation, as the ratio —%. Note that boundedness in (3.8) and (3.13)
dv( )

o0+ 2050] <13

implies that the product =};>¢(-) should be bounded. This is an example where

the term ¢(+) can be growmg in time while the derivative 7( D) Jecreases such that
bounds (3.13) and (3.8) exist. A
Example 2: o(t) =sin(t) + 1 < 2 and y(¢) = 1 + 0.5 cos(t). The time derivatives
are (b(t) = cos(t) <1,4(t) = —0.5sin(t) < 0.5, ky, = 0.5, kpr = 1.5. Using (3.12) and
(3.13)
cos(t) 0.5sin(¢)(sin(t) — 1)
1+ 0.5 cos(t) (1+0.5cos(t))? ’

In Figure 3.2, it is possible to observe the set of possible selection of gains following
(3.14), for example k1 = 12, ko = 23 and 5 = 0. Also the set of possible gains follow-
ing Levant, 1993 is depicted. It is possible to see that the obtained gain conditions for
GSTA in presence of time dependent uncertain control coefficient and perturbations
is much less restrictive. A

a1(t) = |01(t)] < 6.
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Remark 3. It is worth noting that system perturbations in Example 1 cannot be covered by
conditions found in Levant, 1993. Moreover, in Example 2, the STA gain conditions (3.14)
is much less restricctive than those found in Levant, 1993.

A

3.4 Motivation Example of Chapter 2 (revisited)

Consider again the system (2.1) and the desired speed as ¢; = asin (wt). System
parametersareb =1, g = 10, a = 2, w = 2, ky, = 0.5, kpr = 1. The closed-loop with
the GSTA, and perturbations split in two parts

é1 = —k17(q)¢1 (1) —7(q)ber +v(q)[z —gsin (q) — b (4a + arctan (e1 + da)) — —2].
AN +(q)
®1 (elft) ~
pa(eg,t)
~v(q)
(3.15)

Then, the system with dynamic extension e; = z + %, can be rewritten in

the form

é1 = —y(@)kidi(er) +v(q)ea + ¢p1(er,t) (3.16a)
& = —kz¢2(e1)+i(¢2&;;t>), (3.16b)
Plent) bl 4 arctan L da
() = —gsin(q) — b(qq + arctan (e + ¢q)) @) (3.16¢)

The partial derivatives are

O0y(g) _ 2cos(g)sin(q)
ot (1+cos?(q))?’
Mg _
861 N O’
WD () (gsina) + b + barctan(en + i)
—(q) (9 cos(q) + bga <1 + (cq—{—qld)z—kl)> — 44,
dpler,t) b9
deq (e1+qa)?+1

Following the proposed analysis, from (2.9), we get that
| —by(q)e1| < aBler] = B =6 > bky and a = 0.2,
and the bounds (3.8) are

101 (1, )]
|02 (1, )]

20w(1 +b+w) +g =42

Then, using (2.16a) and (3.9b) we can select e = 1 and k; = 24 > kipin = 19.18, and
ko = 172 > komin = 170.59.
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Fig. (3.3a) shows the speed variable converging to the desired reference in finite-
time and the continuous control signal. Fig. (3.3b) shows the state dependent per-
turbation and the uncertain control coefficient.

With the proposed design the problem of the algebraic loop, uncertain control
coefficient and state dependent perturbations can be solved.
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FIGURE 3.3: System trajectories with initial condition ¢(0) = 10,
4(0) = 20. GSTA gains are designed with the proposed method. The
state and control converge to zero in finite-time.
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Chapter 4

Saturation of STA

4.1 Introduction

Two different structures of Saturated Super-Twisting Algorithm (SSTA) combining
Relay Controller (RC) and standard STA are presented. Both structures switch RC
and STA through a dynamic switching law based on Lyapunov level curves. The RC
enforce the system trajectories to a neighborhood of the origin such that crossing the
border of this vicinity, the STA dynamics will ensure finite-time convergence to the
origin without saturation.

In order to increment the maximum bound of the supported perturbations, the
second algorithm also includes a perturbation estimator setting STA’s integrator to
the theoretically exact perturbation estimation.

Contribution

Two different versions of Saturated Super-Twisting Algorithms (SSTA) are presented.
The first algorithm (Castillo et al., 2016b), the switching condition is designed based
on a Positively Invariant Set (PINS) formed by the level curve of the Lyapunov func-
tion from Moreno and Osorio, 2008 lying between the saturation curves. The RC
will enforce the trajectory of the system to reach this PINS in finite-time where the
switching to the STA will take place. STA controller will produce continuous con-
trol signal and will be able to drive system trajectory to zero in finite-time fulfilling
the saturation condition. Finally this controller will produce just one switch. The
main disadvantage of this first scheme is that the maximum supported perturbation
bound is less then the half of the saturation level.

In the second algorithm (Castillo et al., 2016a), the performance of the closed
loop system is improved with the addition of a perturbation estimator which takes
advantage of the intervals of time where the RC controller is active, and resetting
the STA’s integrator term to the theoretically exact value of the perturbation when it
becomes active. This change improves the maximum perturbation bound supported
by the SSTA.

Prescribed finite-time convergence gains of the estimator are obtained with the
Lyapunov function from Polyakov and Poznyak, 2009 in order to improve the behav-
ior of the transient process. Experimental validations on a mechanical systems are
included in Chapter 5 to illustrate the performance of the of the proposed scheme.

Section 4.2 presents the problem statement and the proposed algorithm. In Sec-
tion 4.3, the algorithm and gain designs are presented with simple examples and
section 4.4 the second algorithm with perturbation estimator.
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4.2 Problem Statement

For the sake of simplicity, we consider the simplest case of first order perturbed
system of the first chapters. Later on, we will show that the following results can be
extended for the case of state dependent perturbations and GSTA,

b =u+g(t), z0=2(0), (41)

where 2 € R is the state and « € R the control input. Assume that the perturbation
term ¢(t) is a bounded and globally Lipschitz continuous function, i.e.

()] < Omaz, |@(t)] < L. (4.2a)
Moreover, the control input for the plant is saturated such that
p > |ul. (4.2b)

where p € R is a given constant.

The objective of control is to drive the state trajectories of « to the origin in finite-
time with a control signal that is continuous except at a finite number of switching
instants.

A necessary condition of the problem to be solvable is

P> Pmaz- (4.20)

4.3 Saturated Super Twisting Algorithm

In order to guarantee boundedness and continuity of the control signal, the follow-
ing dynamic switched control law is proposed:

U ifs=0
u= (4.3a)
usra ifs=1;
[Z] = [_”Si%“ (“")} , 2(0)=0 (4.3b)
u — xT 1/2 z
[ SgA] _ [ iisiJgn (Z) ] . 2(t1) = 0. (4.3¢)

A dynamic switching law (see Fig. 4.1), defines the value of the binary variable
s. The variable is set to s = 0 for every initial condition |zo| > 4. If the state satisfies
|z(t)] < 6, sis set to s = 1 and keeps this value for all future time, even if the state
becomes |z(t)| > §. This condition avoids sliding motions along the switching lines
|z(t)] = 0.

We will show that the proposed algorithm can enforce the trajectories to zero in
finite-time with only one switch (or any) from RC to STA, fulfilling the saturation in
the control input.
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Start
yes no
Y
s=0
>
(u = ue)
\i
=1
ja(t)] < 8 >
no yes (u=wusra)

FIGURE 4.1: Principle of the switching law. Only one (or any) transi-
tion from RC to STA.

Theorem 3. Suppose that the perturbation term of system (4.1) satisfies (4.2) with L > 0
and p > ©maz > 0. Then, all the trajectories of system (4.1) in closed-loop with (4.3) will

converge to the origin in finite-time if gains satisfy

ky> 0, ky> 3L+ 2L (4.4)

=R
and the switching occurs if |x(t)| < § is reached where

2/)2’)/2 k‘% + 8k2

e o, Mo 45
CEY . (4.5)

0 -
2k7 + 8k’

IN

6 <

fulfilling (4.2b) with a continuous control signal and at most only one switch. The maximum
perturbation bound is

_ 2vp+ Vok1 — 273

1) (.6)

Pmaz < KP;

2 2
where y3 = yap® + 6 <<k2—1 + 2k2> (2 — 1)+ %) + Voy2k1p. A

The proof is given in the Appendix.

4.3.1 Principle of operation

Nominal case: STA is a state feedback control law v = ugra(x, z) with integral
action that introduces a dynamical extension in the closed-loop system

o = —k[z|'? + 2
. Z2 = —kysign (),

making dynamics of order two. The saturation of the control signal |usra(z,2)| < p

can be interpreted as the curves z = £p+ ki [z1 | 2 in the phase plane (z, z) (see black
dashed lines in Fig. 4.2).
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-

ol
\

z=p+ki[z1]

FIGURE 4.2: Nominal case phase plane: saturation planes (dashed),
PINS Q; with respect to STA (solid), PINS €25 with respect to RC (dot-
ted) which is a subset of €2,.

Based on Lyapunov function in Moreno, 2009

Vi(z,2) = €T P¢, Pz[p“ ‘p12]>0, 4.7)
—P12 P22

with P being a constant, symmetric and positive definite matrix and the vector ¢7' =
(&1 &) = [|z1]Y/?sign (1) z]; we find the maximum sublevel set Q, = {(z,2) €
R? | Vi(z,2) < cs} as a Positively Invariant Set (PINS) such that it is between the
saturation curves. Thus, every trajectory of the system starting inside €2 fulfills
(4.2b) (see Fig. 4.2).

Remark 4. The structure of Lyapunov function 4.7 used to obtain PINS, is exactly the same
as the one used for the stability analysis in Chapters 2 and 3, see Appendix A. Therefore,
GSTA can be applied, and the saturation mechanism will be exactly the same.

A

A second PINS 25 with respect to the closed-loop system

o {x = —psign (x)
z =0,
where z(0) = x,2(0) = 0, is found as a sublevel set Q5 = {z € R | V.(z) < ¢16},
where
V(@) = cifal, 1 > 0. (48)

If Q5 is a subset of €2, then trajectories driven by RC will converge to 25 in finite-
time, and also will reach (), in finite-time. Any starting STA trajectory inside €5 will
be also inside (2 and then, the STA trajectories will converge to zero fulfilling (4.2b).
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FIGURE 4.3: Phase Plane with perturbation |p(t)|
control law in a neighborhood of the origin |z(t)|
trajectory (dotted).

Omaz- SWitch of

<
< ¢ and a system

Perturbed case: The closed-loop system can be represented by

¥ {xl - P’“JW T (4.9)
&g = —kosign (x1) + H(t)

where x1 = x, x2 = 2+ ¢(t). The order of the system dynamics is again increased by

one.

Lyapunov functions from Moreno and Osorio, 2012, Polyakov and Poznyak, 2009
ensure finite-time convergence of the trajectories to a second order sliding mode
x1 = x3 = 0. Convergence of x2 to zero in finite-time implies that z converges to
—p(t). Then, in the phase plane (z1, z), the perturbation ¢(¢) acts as displacements
of the equilibrium point along the z axis, see Fig. 4.3.

PINS Q, should be reduced in its size, adjusting the parameter § as in (4.5), in
order to maintain condition (4.2b). The smaller selected §, the greater allowed maxi-
mum bound ¢4,

Note that the maximum allowed value for the bound of the perturbation is less
than 3 p. This is a restrictive drawback of the proposed algorithm as it was expected
to have the whole range of control signal to overcome perturbations.

Remark 5. Note in Fig. 4.3 that the dynamic switching law allows the trajectories of the
STA to behave freely inside the PINS )5, even leaving the set |z (t)| < § without generating
high frequency switching along the lines |z| = ¢.

A
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FIGURE 4.4: Finite-time convergence to zero of the states at the max-
imum rate with saturated control signal |u| < p = 10. Sampling step
of 7 = 0.05s.

4.3.2 Example1

Consider system (4.9) with the following perturbation and initial condition:
po1(t) = sin(3t) — 3.5, x9= 20.

The control input is saturated to |u| < p = 10. The gains were selected as in (4.4)
with respect to ¢1(t), as k; = 6 and ks = 10. Choosing § = 0, the maximum allowed
perturbation in (4.6) is @4, = 4.66. Note that the perturbation ¢ (¢) fulfills (4.6).

Fig. 4.5 shows how the system trajectories converge to zero in finite-time. From
the initial time ¢y = 0 to ¢; ~ 1.5 the saturation of the control signal drives the state
towards zero with the maximum possible rate. Then, a discontinuity in the control
signal produced by the switching law occurs. A Super-Twisting Algorithm reaching
phase from second 1.5 to 3.5 takes place. The trajectories converge to zero in finite-
time compensating the perturbation.

The original STA Levant, 1993, Theorem 5, p.1257 defined by

u = uy+ ug,
) —u. lul > p
up = .
—asign (o), |ul <p
—MooglPsign (o) |o| > o9
Ug = .
—Alol’sign (o) o] < o9

was also simulated with the same gains A = ki, @ = ky, and parameters p = 10,
oo = 5and p = %. Results are shown in Fig. 4.5. Note that the saturation level is
generated by high frequency switching in the control law producing sliding-modes
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FIGURE 4.5: Levant’s original STA. Sampling step of 7 = 0.05s.

that can cause undesired stress in the actuator. Note also that the convergence is
slightly slower.

4.4 Saturated Super-Twisting with a Perturbation Estimator

In order to overcome restriction (4.6), an estimator of the perturbation based on STA
(Davila, Fridman, and Poznyak, 2006) is included into the algorithm stated above.
The estimator is defined by

9?‘12 Bier)V? — g +u
Ty = —[asign(e), (4.10)
e1= x—I1, ex = o+ p(t),

where 7 is an estimate of 1 and 9 an estimate of —¢(t). In this new scheme, the
dynamic switching law is also able to reset the variable to s = 0 only if the value
of the precalculated STA control signal exceeds |usra| > p, see Fig. 4.6. When the
control law switches from RC to STA dynamics at time ¢;, i = 0, 1,2, ..., ty = 0, the
STA's integrator is reset to the estimation

2(ti) = Bas(ti),
p—i—kﬂleﬂ ifi‘z>p+k1fl‘J1/2,
Bos = S —p+ki[z]V? ifio < —p+ki[z]V/2?

To otherwise.

4.11)

With the appropriate selection of {k1, k2, 51, f2} based on (4.2a), the state = con-
verges to zero in finite-time and z and &3 converge to —¢(t) in finite-time.

Theorem 4. Suppose that the perturbation term of system (4.1) satisfies (4.2) with L > 0
and p > @maz > 0. Then, all the trajectories of system (4.1) in closed-loop with (4.3), (4.10)
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FIGURE 4.6: Principle of the extended switching law.

and (4.11) will converge to the origin in finite-time if the gains satisfy

k1> 0, ky> 3L+ % (4.12a)
B> 0, B> 3L+ %, (4.12b)

and the switching from RC to STA occurs if |x(t)| < 0 where

2 2

PR, = T 413
= (K2 +4ks) 2T 22 1 8k (4.13)

fulfilling (4.2b) with a continuous control and a finite number of switches. The maximum
allowed perturbation bound is

Omaz < P- (414)
A

The proof is given in the Appendix.

With the new switching law and estimator, RC and STA dynamics can alternate
a finite number of times depending on the instant values of the perturbations. This
new scheme is able to compensate perturbations whose maximum bound is ¢,z <

p-

44.1 Example 2

Consider system (4.1) with perturbation ¢22(t) = 3sin(v/5t) — 8, and a saturated
control input |u| < p = 10. Then, for ¢ = 8.5 and L = 1.12 is possible to
design k1 = 31 = 1, ks = B2 = 5.9and 0 = 5. In Fig. 4.7, it can be observed how
the state 1 = x and the virtual state xo = z + 2 converge to zero in finite time
starting from the initial condition z1(0) = 20. During the first second, the system
trajectory is driven to a region around the origin |z(t)| < d by a saturated control
input v = —10. Then, the STA is activated at time ¢; ~ 0.8s and a reaching phase
(transient process) occurs. The continuous control signal reaches |ugr 4| > p in time
instant ¢ ~ 2.8s, and the saturation (v = u.) is activated and so on. Note that during
the change of STA’s behavior at times t; ~ 0.8s, to = 3s, and t3 ~ 4.8s, the estimator
still has wrong estimation values. Nevertheless, the integrator initialization helps
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FIGURE 4.7: The selection of gains as in (4.12a) and (4.12b), ensures
convergence to zero in finite-time of the state and the estimator. Mul-
tiple control switches can occur before the state reaches zero.

the trajectories to converge faster and, at the end of the simulation, this allows to
compensate perturbations whose bounds ¢, are near to the saturation level p.

4.5 Prescribed finite-time convergence gains

An interesting SSTA’s behavior occurs when the parameter 0 is selected as § = 0, and
the estimation error converges to zero before the state reaches z = 0. It provides the
maximum rate of convergence of the state to zero, and theoretically exactly compen-
sates the perturbation in sliding mode = = # = 0 with a continuous control signal
and with just one switch from RC to STA.

We will show that it is possible to design the gains of the estimator such that the
exact value of the perturbation is estimated before the reaching time of the state for
every initial condition zg # 0.

Proposition 1. Suppose that (4.2a) and (4.2b) are fulfilled. Then, for every initial condition
xo # 0, the gains of the STA estimator

B1 > max{2.5V L, 6vVL} (4.15a)

By > max{1.6L — 2L, 7L} (4.15b)
where
(naz + PPmaz)
|zl
ensure the finite-time convergence of the estimator states to the sliding mode e; = e3 = 0 in
a time smaller than

L=

: (4.16)

|zo]

t1 < Tomin = ———.
1 cmin P+90ma:c

4.17)
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FIGURE 4.8: The selection of the estimator’s gains as in (4.15), en-
sures convergence of the estimator in a finite time 7, smaller than the
reaching time of the state ¢;.

4.5.1 Example3

Consider system (4.1) with the perturbation term ¢23(¢) = 0.9cos(10¢) — 9, and a
saturated control input |u| < p = 10. The controller gains are chosen as k1 = 4,
ko = 37.12505, and 0 = 0. Using (4.15) and (4.16), we get 31 = 19, and 32 = 63.5. The
estimation of the state reaching time is Tty = % = 1.0050s.

The estimation error in Fig. 4.8 converges to zero before second 1 (7. ~ 0.6s)
and then, the state converges to zero. When the state reaches |z| = § = 0, the STA’s
integrator is initialized with the exact value of the perturbation z(t;) = Z24(t1) =
—0.9cos(10t1) + 9. Then, the trajectories are maintained in sliding mode x = ¢ = 0
for all future time with an equivalent control w = —p32(t) = —0.9cos(10t) + 9. It is
possible to see that two properties are achieved:

e Perturbation is near to the control limit with maximum of ¢, = 9.9.

o The estimation error converges to zero at time 7, ~ 0.6s, i.e. faster than the
state.
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Chapter 5

Experimental Setups

5.1 Velocity Tracking of a Mechanical System
Consider the problem of velocity tracking in mechanical system
Imd + F(q,q) =7+ w(t),

where ¢ € Rand ¢ € 2 C R are the state variables and u € R the torque control
input which is limited to || < p = 0.7Nm. The terms of the differential equation
represent the inertia moment with .J,,, = 0.0286K ng, a bounded function F' rep-
resenting locally Lipschitz unknown dynamics of the system, the saturated torque
control input 7, and possibly external Lipschitz disturbances w(t).

It is desired to realize exact velocity tracking to a desired trajectory ¢4. By defin-
ing the error variable e; = ¢ — ¢4, the velocity error dynamics are

€1 = vyl T+ W(t) - F(q7 q) — 44, (51)
—_———

»(t)

where ¥ = 1/J,,, and ¢(t) = w(t) — F(q, ¢), abounded locally Lipschitz perturbation
with bounded derivative |4(t)| < L, to be determined experimentally. The perturba-
tion is assumed to be bounded by a constant |p(t)| < ¢mar < p = 0.7Nm. Applying
the control law 7 = %d + u, where u € R is a new control input, the system becomes

e =7 (ut o).

Here, we can apply the SSTA as in (4.3). The perturbation estimator is implemented
with a slightly difference in the coefficient of control ¥

1= PBifer]V? —dg+7u

bo= —Busign(er). @1 =, 62)
Z(ti) = i‘gs(ti>, and
pranfzl? B> ptanfz]'?,
Bos =< —p4oqfx|/? if ‘%2 < —p+ay[z]V?, (5.3)

i)
;7

otherwise.

The SSTA was implemented in the ECP Torsional Model 205. It is an experi-
mental system which consists in three inertial subsystems interconnected through
two springs, (see Fig. 5.1). Its design allows the reconfiguration of inertias, springs
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FIGURE 5.1: ECP Model 205: Torsional Plant.

and the interconnection between subsystems. In this experiment only one inertia
subsystem will be considered.

Figure 5.2 shows the velocity tracking to a desired polynomial trajectory ¢q in-
cluding three steps at second 30, 35, and 45. A STA with a saturation function at its
output without any wind-up technique and the SSTA were applied to the plant with
the same gains k1 = 0.12, k2 = 0.45 and 3 = 0, experimentally adjusted. It is possible
to see the overshoots that the integral wind-up produces to the trajectory tracking
when STA+sat(u) is used. The SSTA with perturbation estimator is able to reach
the desired step levels without overshoots. Control signals of both experiments are
depicted in Fig. 5.3. STA+sat(u) integrates the tracking error during all saturation
intervals, accumulating an integral control action that produces the overshoots in
the state. SSTA jumps from STA to FOSMC behavior when needed and jumps back
to STA with the exact amount of integral control action to exactly compensate the
dynamics and perturbations of the system avoiding the overshoot. The estimation
error and the perturbation estimation is depicted in Fig. 5.4. Video of the experiment
can be found at https://goo.gl/O009Qy.

5.2 Controlled Swing-up for a Reaction Wheel Pendulum

5.2.1 Reaction Wheel Pendulum model

A Reaction Wheel Pendulum (RWP) is a weight or bar suspended from a pivot so
that it can swing freely with an inertia wheel attached. The disk is actuated by DC-
motor and the coupling torque generated by the angular acceleration of the disk can
be used to actively control the system. (Fig. 5.5).
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FIGURE 5.5: Reaction Wheel Pendulum in Sliding Mode Control Lab-
oratory.



5.2. Controlled Swing-up for a Reaction Wheel Pendulum 35

q2

FIGURE 5.6: Frame coordinates and parameters of Reaction Wheel
Pendulum.

RWP can be modeled as a two degree of freedom robot

di1G1 + di2Ga + bigi +n(q1) =0,

. - . 54
da1G1 + doago + bago = T + (), 64

where ¢; is the pendulum angle, ¢ is the disk angle, 7 is the motor torque input,
w(t) possible external Lipschitz perturbations and

di1 = mlle + mgf% + I+ 1
dig = do1 = doy = Iy,

n(q1) = —mgsin(q),

m = miler + moly

(5.5)

with the parameters shown in Fig. 5.6

5.2.2 Control Design

The objective of control is a tracking trajectory of the pendulum position in order to
make a swing-up and stabilize the instable equilibrium point. As the disc angular
position is a cyclic variable it will not be taken into account into the model. Then,
the reduced model state vector is defined 7 = [z; 22 3] =[@1 @1 ¢o] and
finally, the state space model is given by

Ty = 9,
dg = —Ln(zy) — @My, + D2h2gg — d2(7 4 (1)) (5.6)

t
F3 = (@) + Bray — W2y + B (T + (1))

where D = dy1das — diada > 0.
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The tracking errors are defined as e; = z1 — x4, e2 = 22 — @4 and eg = x3, thus
the error dynamics are

é1 = €9
éa = —Bnler+wq) — B (e2 + da) + Up2es — ﬁ?(T +o(t) —ia  (5.7)
é3 = %in(e; +aq) + d21b1 (e2 + iq) — d11b2 es + W (1 + o(t))

This can be written as
é= fle,t) +g(t+ (1)) (5.8)

T — [61 €92 63}, and

where the error vector is e

T2
o) = |~ et aa) - B (e i)+ D22 iy |
dy (ex + 24) + 52151 )_91152
i D e d d D
(5.9)
0
dy
g =
dir
L D

Feedback linearization

In order to take the system into the normal form of Isidori, 1995, a feedback lin-
earization approach was used. It was proved that there exists an output y = h(e),
such that it has relative degree equals to the order of the system n. Defining the
output as follows

Yy = h(e) = bie1 + diies + diges. (510)

The first derivative of the function output y satisfies the condition

Y = Lgh+ Lgh(T + ¢(1)), (5.11)

in which L;h is the Lie derivative of h with respect to f and L4h the one respect to f
and g. The Lie derivative with respect of i to f of the system is

€2
Lih= [ b, dii dia | | —%n(er +xq) — 22 (g + dq) + L2265 — 3y
d21 n(er + xq) + d21b1 (ea + Zq) — 7d1[1)b2 es
= —nler +zq) —b1dqg — d11$d,

(5.12)
and the Lie derivative with respect to f and g is
0
Loh=1[ by, din,dio ]| =% | =0 (5.13)
di1
D

Following the procedure, the higher Lie derivatives were computed as follows

§j = L}h+ LyLght = L3h, LyLgh =0,

(5.14)
Y3 = L?h + LgL}hT = Li’ch, LgLfch £0,
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where
27 . .. (3)
Lih = —n(e1 + za)ez — biig — dnzy”,
Lih = —ij(er + zq)e3 +nler + zq) [%77(61 +aq) + B (e2 + dq) — Th2es

—blxg’) — dllxgl)

LgL3h = Zij(er + zq).
(5.15)
It is possible to see that the relative degree of the system is n = 3, with respect to
the output mentioned in equation (5.10).
Defining new state variables as

z1 = h(e) = biey + dies + dizes,
29 = Lygh(e) = —n(e1 + xq) — big — d11i4 (5.16)
23 = L?h(e) = —77(61 + xd)eg — bl.féd - dnwg))

This is a local diffeomorphism. The system now is presented in term of the new state
variable as follows

21 =Zz9, (517)
29 =Zz3, (518)
d3 =L3h + LgL3h(T + ¢(t)). (5.19)

Defining the transformation for the feedback linearization

_ 1 3
T = LgiLfch (u — th>
= ol {utiiler + aa)ed + bial) + dnal) + (5.20)

i(er + xa) | —Bn(er + xa) — B (eo + ia) + D2 63} }

Now the system can be presented as a chain of integrators of the following form

3 =29 (5.21)
Zé =Z3 (5.22)
d3 =u + LyLho(t). (5.23)

Sliding Mode Design

We apply the classical SMC design for a relative degree one sliding variable. Re-
duced order system is taken as

21 =2 (5.24)
22 =Z3 = Uy (525)

and the variable z3 is taken as virtual control u,. A linear controller

Uy = —C12] — C222, (5.26)
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can be designed such that the the origin of the reduced order closed-loop system

2 =29 (5.27)

22 = — C121 — C2%9 (528)

is an asymptotically stable equilibrium point. Gains c; and c; can be designed with
pole placement or LQR methods, nevertheless, they will be adjusted experimentally
in the lab. The sliding variable has the form

0 =23+ c121 + caza. (5.29)
Sliding variable dynamics are
d=u+@(t) 4+ c122 + coz3 (5.30)
and the nominal equivalent control can be applied as
U= —Cl29 — 23 +V (5.31)
such that the closed-loop becomes
o=v+p(t). (5.32)

Nevertheless, note that the control law (5.20) strongly depends on the known
parameters of the system. If parametric uncertainty is taken into account the applied
control law has the form

— 1 73

The closed-loop system with parametric uncertainty in the control law is

71 =29 (5.34)
Zy =25 (5.35)
L,L%h L3h — L3h L, L2%h
= ut L ). (5.36)
LyL3h LyL3h LyL3h
S—— ~~
~(e) Blent)

Here the coefficient of control EQE?JL and fji’ch cannot be completely compensated
and the uncertainties become state dependent.
Sliding variable dynamics can be represented as

& =(e)u+@(e,t) +crza +cozs (5.37)
and if the nominal equivalent control (5.31) is applied, the closed-loop is

& =7(e)v +c1(l —(e))z + ca(1 — y(e)) 23 + p(e, 1) (5.38)

¢(ot)

Note that the sliding variable 0 = o(z) is dependent of state z and the state z =
z(e) is dependent of e. Then, the sliding variable dynamics can be represented by
functions dependent on o, i.e. (o) = y(e) and @(o,t) = c1(1 — v(e))z2 + c2(1 —
v(e))zs + @le ).

g =75(o)v+ ¢(o,t) (5.39)



5.2. Controlled Swing-up for a Reaction Wheel Pendulum 39

- - Ty

z3[rad/s]
|

TN TR N FEE TS N T N W S N I W A I A W WA A W A
0 2 4 6 8 10 12 14 16 18 20
Time [s]

FIGURE 5.7: Trajectory tracking of pendulum position and velocity
and stabilization of the wheel velocity.

Here the sliding variable matches the problem presented in Chapter 2 and 3.

5.2.3 Experimental Results

Reaction Wheel pendulum of the Sliding Mode Control laboratory was built in the
Institute of Automation and Control, Graz University of Technology, Graz, Austria.
Its actuator consists of a 12[v] DC Motor and quadrature encoders to read the pen-
dulum angular position and disk angular position (see Fig. 5.5).

Fig. 5.7 shows the system trajectories of pendulum position, velocity and wheel
velocity, following a predefined desired trajectory z4(t), ¢4 and z34. The trajectory
was previously designed by the method presented in Graichen, 2006. Once the sys-
tem has reached the instable equilibrium point Fig. 5.8 shows the precision in steady
state.

Fig. 5.9 and 5.10 show the tracking errors of pendulum position and velocity
and the regulation error of wheel velocity. Even when there is a maximum error of
0.18 [rad] in error tracking of the pendulum position, the control strategy was able
to swing-up the pendulum to the instable equilibrium point and stabilize it.

Fig. 5.11 shows the evolution of sliding variable and Fig. 5.12 control signal
produced by the SSTA. The gains for the GSTA were selected as k1 = 2, k2 = 3.5 and
B = 12 and for the sliding surface ¢; = 30 and ca = 15. Note that the magnitude
of control signal and SSTA gains are remarkable big. This is due to the parameter
values of the ratio Egéfc - in the control law (5.33).

The control input signal applied to the system is depicted in Fig. 5.13. It was
saturated at 10[v] in order to protect the actuator.
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5.3 Model Predictive Output Integral Sliding Mode Control

A combination of model predictive control with output integral sliding mode tech-
niques is proposed. The output integral sliding mode controller protects the nomi-
nal control provided by the predictive controller against matched perturbations. The
entire concept exploits output information only. The control strategy is tested in the
laboratory on a mass positioning system.

Consider a linear time invariant system

(t) = Ax(t) + Bu(t)+ Bp(t) (5.40a)
y(t) = Cx(t) (5.40Db)
with state vector z € R”, initial state 2(0) = z(t = 0), inputs u € R™, matched

perturbations ¢ € R™ and system matrices A € R"*", B € R™*™ and C' € RP*".
System (5.40) is subject to constraints

Umin < u(t) < Umas (5.41a)
Umin < U(t) < lmas (5.41b)
Tmin < 2(t) < Tpaa (5.41¢)
Ymin < Y1) < Ymaz (5.41d)

The main goal is to design an output tracking controller for system (5.40) that does
not need full state measurements and fulfills all constraints (5.41) for all ¢ > 0. There-
fore, the following assumptions are stated:

Assumption 1. Input and output matrices have full rank, i.e. rank(B) = mand rank(C') =
P.

Assumption 2. The pair (A, B) is controllable, (A, C) is observable.
Assumption 3. The initial state is unknown but bounded ||z(0)|| < pu.

Assumption 4. The matched perturbation is unknown but bounded ||¢(t)|| < ©maz, and
also its time derivative ||¢(t)|| < dpaq for all t > 0.

Assumption 5. The dimensions of inputs, outputs and states fulfill m < p < n.

Assumption 6. rank (CB) = m.

5.3.1 Overall Structure

Figure 5.14 shows the overall structure of the proposed control loop, where the con-
trol signal u consists of two parts

u=ug+uy, (5.42)

which are both bounded to fulfill (5.41a). A nominal control ug results from a MPC
that is designed to control the nominal system, i.e. the system without disturbances.
An OISM controller acts as a protector of the nominal behavior against matched
perturbations and contributes with u; to the control signal. For the estimation of the
systems states, an OISM observer is used. It takes advantage of the nominal control
and the measured outputs y and provides the estimates 2 to the MPC and the OISM
controller, see Fig. 5.14.
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FIGURE 5.14: Overall structure of the control loop to track desired
references r for the outputs y under the presence of disturbances .
The OISM block consists of an OISM observer and an OISM controller

For the realization of this control loop, a small sampling time 7’s pj4y: is used for
the OISM observer and controller to get quasi-continuous characteristics. In con-
trast, a much bigger sampling time Ts y7pc is used to do the optimization in the
MPC.

5.3.2 Model Predictive Controller

In the chosen classical version of the MPC, the discretized version of model (5.40) is
used:

Tkl = Agxy + Bgug (5.43a)
yr = Cazg (5.43b)

The change of the control signals between two subsequent time instants Aw;, are
considered as optimization variables. Thus, uy, is replaced by u, = up—1 + Auy. Asa
consequence, a prediction based on model (5.43) is given by

U1 = Faxr + Gaup—1 + HgAuy, (5.44)

using the control horizon N¢ and the prediction horizon Np, see e.g. Maciejowski,
2002. Vectors 3,1 € RPVP and Auy, € R™N¢ consists of the values of the predicted
outputs and the changes of the control signal over the corresponding horizons, re-
spectively. Matrices F; € RPNPX", G, € RPNPXm and H,; € RPNPXMNC are built up
using the system matrices in (5.43). In cost function

T

P . _ . _ 7T —_
J(Aug) = (Y1 —Trr1) Q@ (Trs1 — Thr1) + Duy R Auy, (5.45)

the difference between the predicted outputs (5.44) and the reference trajectories
over the prediction horizon 71 € RPN? is weighted by Matrix Q € RPNPxPNp,
The change of the control signals contribute to J with a weight R € R™NoxmNc,
Inserting (5.44) in (5.45) yields

J(Aug) = Duy, (HYQHy + R) Buy, + 28u, H) Qe (5.46)

using vector e, = Fyxp + Gqug—1 — Tp+1. Additionally, all constraints (5.41) are
written in terms of Auy, i.e.
WA, < w (5.47)

with a constant matrix W € R2(@mNc+nNp+pNy)xmNc
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and a vector w € R2@mNc+nNp+pNp) that depends on uy_; and the actual value of xy.
Note that due to (5.42), the admissible control for the MPC is limited depending on
the maximal value of u;. The resulting optimization problem is to minimize (5.46)
subject to (5.47) which is a quadratic program Maciejowski, 2002.

Of course, there exist a lot of extensions of this formulation. However, the goal
in this work is to keep the MPC as simple as possible and use an OISM controller to
get rid of the matched perturbations. This additional controller as well as the MPC
need the states of the system that are estimated in the next Section.

5.3.3 Output Integral Sliding Mode Observer

The main idea behind the OISM observer is to reconstruct the observability matrix

O € RPX" g0 that
C

CA
o=\ . (5.48)

oA

has full rank, i.e. rank(&’) = n, where [ represents the observability index Fridman,
Poznyak, and Bejarano, 2014. Then, ¢ is used to determine the states based on the
measured outputs and auxiliary variables as described below.

The estimation is carried out step-by-step in a hierarchical structure. The basis
for that is a classical Luenberger observer of the form

with matrix gain L € R"*?. To get exponentially stable dynamics for the error e =
x — Z, matrix (A — LC) has to be Hurwitz, i.e. all real parts of the eigenvalues have
to be negative. As a result an upper bound for e can be stated as

llel] < e (u+ ll2(0)I]) ,

Constants v and 7 are both positive.

The step-by-step procedure starts to reconstruct C' Az using a first auxiliary sys-
tem, then to determine C A%z by means of a second auxiliary system and so on as far
as CA'~1, see Fridman, Poznyak, and Bejarano, 2014. For the k-th step, the auxiliary
system has the following form

N1
i»((lk) = A7+ A By + L (C’L) o) (5.49)

where L is designed such that C'L is invertible. Output injection v*) is given by

w 5(k)
with
ap(t) > [|CA¥|| ||z — ]| , (5.51)
e.g.

ay(t) = [|JCAF|lye™ (p+[|Z(0)]]) + A (5.52)
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and A > 0. In (5.50), a sliding variable

y— iV for k=1
sk) = vg’;‘l) + CAR1z — Ozl (5.53)
for k=2,...,(1—-1)

is used. Its construction uses the outputs for ¥ = 1. For k = 2,...,(l — 1), the
equivalent control belonging to the previous step is taken into account, see Bejarano,
Fridman, and Poznyak, 2007; Fridman, Poznyak, and Bejarano, 2014. By the choice
of the initial values

y(0) — CzV(0)  for k=1
s®(0) = { 5D (0) + cAF-13(0) — C2P(0) (5.54)
for k=2,...,(1-1)
one gets
s®o)y=0, sPO)=0 = sH=0 w>o.

and as a consequence
CA*z = CA*z +olF) for k=2,...,(1-1). (5.55)

This means that sliding mode is enforced at the very beginning (integral sliding
mode) and C' A*z is reconstructed for all ¢ > 0. A combination of relations (5.53) and
(5.55) yields

Cz = Ci+Czl) -0z (5.56a)
CAz = CAi+of) (5.56b)
CA™ 'z = CAFz +00) . (5.56¢)

Using (5.48), equations (5.56) can be written as

Or = OF + veg (5.57)
with
Cx((ll) - Cz
e
Veqg = :q . (5.58)
-1
o)

The hierarchical OISM observer takes advantage of (5.57) to estimate the states of
the system but needs filtering to get v¢,, e.g. with filter constant 7 and differential
equation

n(R) (k) (K
TLy +xf —véq).

Finally, the OISM observer take the form

f:{‘i‘Jrﬁ—FUf,
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with the estimated states Z and the left inverse of the observability matrix
ot =@toyto’.

Additionally vég) has to be replaced by vj(ck) in relations (5.53), (5.54) and (5.58).

5.3.4 Continuous Output Integral Sliding Mode Controller

In this section an OISM controller is designed. It relies on the OISM observer stated
above that provides estimates . For this combination, the sliding variable

s=G <y —y(0) - /0 "[C i) + CBuo(T)]dT>

was proposed in Bejarano, Fridman, and Poznyak, 2007. Here, G € R™*? must be
chosen such that det(GCB) # 0 holds. In this paper, the nominal control uy stem
from the MPC described in Section 5.3.2.

Here the Saturated Super-Twisting is used to determine control signal u; that
contributes to the input variable u of the plant, see Fig. 5.14. It yields

u; = (GCB) Yugsra (5.59)

The closed-loop system with s; = s, s = 2 + GCBy + GCA(x — &), becomes

s1= —onfs|? + sy (5.60)
5= —aols|’sign (s) + GCBg + GCAX((x — &) + ) '

where the bound of the derivative of the perturbation is estimated by
L > ||GCBlldmaz + ||GCA?||(l2 = 2| + ¢mas)-

then, the SSTA o and ay can be calculated as in the previous Chapters.
In sliding mode the equivalent control is given by the amount of integral control

Zz=1Ujeq=—(GCB) 'GOA(z — %) — ¢

and it depends on the matched perturbation ¢ and as a consequence, system (5.40)
takes the form

i(t) = Az(t)+ B(GCB) 'GCA& + Bug(t) (5.61a)
y(t) = Cx(t) (5.61b)

withA=A—-B (GCB)™1GCA. As shown in Bejarano, Fridman, and Poznyak, 2007,
system (5.61) is not observable for p < m. Therefore, assumption 5 was made in the
actual problem statement.

In literature, there exist work focusing on how to design matrix G. In Castafos
and Fridman, 2006 a constant input matrix B is used and it is shown that there
exist optimal choices for this matrix, e.g. G = BT, that enables one to completely
eliminate the matched perturbations and do not amplify the unmatched ones. It was
extended in Rubagotti et al., 2011, where a state dependent B was used. Inspired by
that, also the pseudo-inverse

G=(CB)* (5.62)

can be used for the OISM controller, leading to a simplification of control law (5.59).
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In a next step, the hierarchical OISM observer shown in Section 5.3.3 is modified
to be able to operate together with the OISM controller and the plant in closed loop,
i.e. on model (5.61). This yields a modified Luenberger observer

&= A% + Bug + B(CB)YCA& + L (y — C%)

with L such that A = (A — LC) is Hurwitz and changed dynamics for the auxiliary
states

70 = Akz + A¥B [ug + (CB)TCA#] + L <Ci) O

cf. differential equations (5.49). Additionally, matrix A is changed to A in (5.51)-
(5.54) and filtering is applied once more to realize v.4. This combination of OISM
observer and controller ensures that sliding mode is enforced from the very begin-
ning although only output information is used.

5.3.5 Laboratory Experiment

The proposed combination of MPC and OISM control is tested in the laboratory on
a mass spring system with motor Figure (5.15).

FIGURE 5.15: Laboratory experiment: Spring-mass system.

Figure 5.16 shows the functional principle of the system. If a voltage is applied

pulley

spring

FIGURE 5.16: Functional principle of the laboratory experiment

at input u, a motor winds up a cord that is fixed at the left hand side of a spring
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(spring constant c). The right hand side of the spring is led through a deflection
pulley (viscous friction coefficient d) to mass m, see Fig. 5.16.

Due to the motor electronics, position y» at the left hand side of the spring is
related to the integral of u via gain V.. Consequently, the laboratory system can be
modeled (with respect to a equilibrium point) as a linear time-invariant system

0 1 0 0
i(t) = |-< —E2ocha@)+ |0 | u(t) (5.63)
0 0 0 Ve

where the state vector combines position y» with position y; and velocity g; of the
mass such that

z=[y mn yQ}T

Only the two positions can be measured by means of encoders at the motor and
pulley, i.e.

v=1 o 3]s

Mass m = 0.18 kg was measured using a scale, the remaining parameters in (5.63)
were identified using frequency domain identification based on FFT resulting in
V., =0.0859mV 1s7!, ¢ =3.8398 Nm~! and kp = 0.0415 kgs .

The mass positioning system is connected via an interface card to a computer.
Matlab/Simulink! together with real-time control Software QUARC? is used to re-
alize the proposed structure with sampling times T's pypc = 100ms and Ts pignt =
1ms for the OSIM block in Fig. 5.14.

In the following subsections, two experiments are carried out to show the per-
formance of the stated control strategy. The matched perturbations are applied as an
additional part to the control signal u with |¢(t)| < 2V. The following constraints
are used in the examples:

-5V < wu(t) <5V
—04m < z1(t) <0.5m
—1ms 1< x(t) <1ms™?
—0.5m < xz3(t) <04m

The parameters of the MPC are chosen as Np = 15, N¢ = 5, ; = diag ([100 1])
and R; = 0.01. Matrices @); and R; represent the weightings at each time instant of
the prediction resp. control horizon, so they are used to build up @ and R for (5.46).
OISM observer and controller are tuned with a according to (5.52), A = @mae + 0.1,
B =2V and G consistent with (5.62).

5.3.6 Results

Three different settings are tested in the laboratory and presented in this section for
comparison. For all three cases, the same smooth reference trajectories (green curves
in Figures 5.17, 5.22 and 5.25) are used and same disturbance (green sinusoidal in
Figures. 5.24 and 5.27) for cases (m) and @) is used.

'http:/ /www.mathworks.com
2h’c’cp:/ /Www.quanser.com
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FIGURE 5.17: (D) System outputs and the reference trajectories.

In setting (D) the proposed MPC nominal controller without OISM controller (i.e.
the SSTA is turned off) is applied to the system without external matched perturba-
tions. MPC is allowed to utilize 3V as maximal value for ug. Figs. 5.17 and 5.18 and
5.19 show the closed-loop nominal trajectories of the output and states, and nomi-
nal control signal. System trajectories (1) in graphic 5.17 and 5.18 are considered as
nominal closed-loop system behavior.

In setting (W), MPC nominal controller without the OISM controller, (i.e. the SSTA
is still turned off) and the external matched perturbation ¢(t) are applied to the
plant. Fig. 5.17 and 5.18 show that the trajectory tracking is strongly affected by the
matched perturbation ¢(t). The effect of the perturbation can be limited by the MPC
control signal alone but not eliminated.

Setting @) uses 3 V' for the MPC and 2 V' for the SSTA. The application of an OISM
controller allows the theoretically exact compensation of the matched Lipschitz per-
turbation when the design conditions are met. The resulting trajectory tracking can
be seen in Figures 5.25 and 5.26, controllers signals in 5.19, and the OISM sliding
surface and the SSTA control signal is depicted in Figure 5.28.

During the entire experiments, the OISM observer operates in sliding mode as
shown in Figures 5.21 and 5.30. Two sliding variables are used in the observer for the
mass positioning system because [ = 1. In Figures 5.20 and 5.29, the performance
of the Luenberger observer and OISM observer are compared. In contrast to the
Luenberger observer, the OISM observer completely rejects the acting perturbations.
In the last experiment the disturbance does not affect both observers, because the
OISM controller completely eliminates the matched disturbance, see Figure 5.29. As
illustrated in Figures 5.25 to 5.29 the combination of OISM observer and controller
performs very well at the real world system.

The OISM controller is not used solely to track the reference trajectory. This is
because this methodology does not provide any possibility to guarantee that the
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FIGURE 5.20: (D Observation errors of the Luengerber observer and
the OISM observer.
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FIGURE 5.21: (D) Sliding variables 5(®) of the OISM observer (k € 1,2,

error injection input v(¥), and the states of the auxiliary subsystems
(k)
al®.
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state constraints (5.41) are fulfilled during output tracking.
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Chapter 6

Conclusions

Control systems in presence of heavy uncertainties and perturbations is one of the
main subjects in modern control systems theory. When realistic scenarios are consid-
ered, implementation of control feedback laws make evident problems related with
parametric uncertainty, non-modeled dynamics, or saturation in the control input
due to the limitation in the actuators, among others.

In this work, two of this main problems of implementations are addressed: when
parametric uncertainty in mathematical models and in the applied control law is
considered perturbation of the system become dependent on the state and time and
the coefficient of control also becomes uncertain; when saturation in the control in-
put is considered, it can generate undesired overshoots in presence of integral con-
trol laws that can affect the performance or even the stability of the closed-loop.

In Chapters 2 and 3, the problem of state dependent perturbations and uncertain
coefficient of control is analyzed. It is shown that during the STA design for systems
with the state dependent perturbation or/and uncertain control coefficient the prob-
lem of an algebraic loop in the gain design appears. All known methodologies for
gain design are unable to solve the problem of the algebraic loop, and moreover, It is
shown that the classic STA is unable to maintain the stability properties in presence
of state dependent perturbations.

GSTA was proposed in order to overcome the problem of the algebraic loop in
the gain design and to ensure the stability properties of the origin in the closed-loop
system.

Based on strict non-smooth Lyapunov function Moreno, 2011 the sufficient con-
ditions for global finite-time stability are found. Moreover, it turns out that in case
when perturbations and control coefficient are time-dependent the analysis per-
formed in this chapter provides much less restrictive conditions for global finite-time
convergence than those reported in literature.

In Chapter 4 two different versions of SSTA are presented. Both versions use a
dynamic switching law based on Positively Invariant Sets obtained from level curves
of the Lyapunov function in Moreno and Osorio, 2008.

Relay Controller ensures the system trajectories to reach a Positively Invariant
Set in finite-time where the STA’s continuous control signal is able to drive system
trajectory to zero in finite-time fulfilling the saturation condition.

In order to increment the maximum bound of the perturbation supported by the
SSTA, the second version also includes a perturbation estimator allowing to set the
STA’s integrator to theoretically exact value of perturbation.

In Chapter 5, three different experiments in mechanical systems are performed
in order to show the SSTA’s benefits presented in this work when it is used as a tool
in the control design.

The first experiment is the velocity trajectory tracking of a simple rotational sys-
tem. It shows the advantage in performance of the SSTA with estimator, allowing to
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completely avoid the overshoots in the transient process, i.e. it completely removes
the wind-up effect.

The second one, a classical Feedback Linearization control is applied to a Reac-
tion Wheel Pendulum. It is known that this control technique is strongly affected by
parametric uncertainty. In this case, classical sliding variable design can be applied
and, Generalized SSTA can ensure the system trajectories convergence to the sliding
surface un spite of state dependent perturbations, uncertain control coefficient and
with a saturated control signal.

The third one, a combination of MPC with a OISM observer and controller is
proposed to join the advantages of both methods. Namely the ability of the MPC
to consider constraints explicitly and the abilities of the OISM techniques to get a
theoretically exact estimation of the states and to completely suppress matched per-
turbation for all times using output information only.

In this work it is shown, theoretically and experimentally, that GSTA is able to
compensate a wider class of perturbations and uncertainties than in other previous
works. As GSTA is one of the most important CHOSM algorithms, all the proper-
ties and advantages presented here, represent new directions in further research in
CHOSM theory:.

Even when SMC has been hardly criticized by its implementation issues, our
experimental results allows us to understand and to show the benefits of the SCM
implementation in the real world. The present work shows the advantages and great
benefits of SMC on implementation issues.
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Appendix A

Appendix A

A.1 State Dependent Perturbations and Uncertain Coefficient
of Control

Proof of the General Case Theorem.

A.1.1 Separation of Perturbations
Consider the first order system
T =y(z,t)u+ p(z,t). (A1)

The terms ¢(z,t) and y(z,t) are uncertain functions dependent on the state and
time. The control coefficient function is assumed to be bounded by positive con-
stants

0 <k <v(z,t) < ks (A2)

Terms of perturbation are
90(1'7 t) = ¥1 (‘Tv t) + 902(1', t)

such that the first term is vanishing at the origin bounded by

lp1(z,t)] < afgr ()] (A3)
and the second term has its total derivative such that

d(soz(fv,t)> _ 19py a0y <1€9s02 2 (97)9.61 (A4)
(,1)

v Ot 42Ot
61(-731,t) 62(:1:1,1&)
= 61(z1,t) + d2(z1,1)31 (A.5)

dt v Oxr1 2 0x

Moreover, the partial derivatives of the perturbation are bounded by positive
constants

61(z1,t)| < 61, |da(z1,t)] < bo. (A.6)
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A.12 Closed-Loop
System (A.1) closed-loop with the Generalized STA can be written as

b= k(e 061(e) + a(a, ) + (o) [+ 29

p2(z1,t)

and expressing the system with the change of variables 71 = z and 22 = z + £ TR

with Z = [z1  22]7,

o= () {—ml(m) + fzfcf 2 + xz} | (A7)
. o d Y2 (:El, t)
&y = —kopa(x1) + T < (e ) ) (A.7b)

The first equation can be rewritten as

1 = y(x1,t) <—/;?1<751(951)+902>

where
o1(z,t)

=R e (@)

(A.8)
and note that from (A.2) and (2.9),

‘ p1(z,t) a_ |z o @
(z1,t)p1(x1)| — v(w1,t) ¢1(z1) ~ Km

From (3.5), we rewrite the second equation as

&y = —kooa(x1) + 01(x1,t) + a(1,t)d
= —kooa(x1) + 01(21,t) + d2(x1,t)y(21,1) <—/;?1¢1(1‘1) + $2>
= —kaga(z1) + 01 (21, 1) — Ga(@1, )y (21, )1 (1) + Sa(1, )y (21, )22

Due to the fact that ¢a(z1) = ¢1(21)¢) (21),

b — & (1) | — T o1(z1,t) da (1, t)kry (w1, t) 52(:B1,t)7(m1,t)$
iy = ¢( 1)[ ka1 (1) + & (o) ) b1+ ) 2]
(.’L‘ 7t) 52($1,t) :| '

kg 52(x1,t)~
Y@ @ (@) | Gh(ar) P

NEA AT ’“) @) +

~ (06 |- (

A.1.3 Representation of Lyapunov candidate derivative in quadratic form

Now consider the candidate Lyapunov function

V:fT_Pf, P= |:p1 -1

-1 p2:| ) fT = [¢1(l‘1) x?] (A.9)

Whose derivative along the trajectories of the system
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Vo= 2¢\(z1) [p1on(z1) — 22] (21, 1) [—fzilcbl(l‘l) +$2} +

+ 2lpama = nlon)lrton (o) |- (s + 2R ) dnGon)
51(1,‘1,t) 52(:L‘1,t) :|
45

W Do (@) | o)
= 2y(z1,t)¢)(21) {P1¢1 (71) — x2] { k1¢1($1)+x2} +
_l’_

+ p2w2 — ¢1(x < (@0t 52 301,1))]%1) o1(z1)+
51(%1,75)

52(1:1,t)x
Y@, ) (x1) ¢ (21) ]}

After several algebraic manipulations, it is possible to group the terms

v = st {- [ (m- 2080 - BTy

N [%1 <1 B 52(m1,t)) o —P2,Y(k2 B 52(x1,t)] b1 (21)2

¢4 (1) r1,t) ¢ (21)
_ _p252($1,t)] o padi(z1,t) 0 ) }
[1 o (1) w08 3, O e Y
The last two terms can be rewritten as
p2di(z1,t) Gz, _ p2oy(71, 1) 01(w1,t)
e P T AT e A E A T P ey e T R
then, substituting,
Y 7 d2(71,1) 1 01(z1,t) 9
v = 2tesien) |- [k (m- 200 - (- B0 | )
D1 ko

5 _p252(x17t) _52(x1,t)_ P2 _51($17t) 1)z
e <1 & (x1) )“” i (x1) 1) (’“2 ¢2<x1>> prlm)es

R p1 p21~€2

p202(71,1) 2
¢ (21)

h

— 1=
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From functions on GSTA controller ¢ (x) = ( L+ B>, and ¢o(z) = 3[z]° +

2|z1|2

38[x] 2 + 3%z we have

.
¢ (x)

1
P2()

sign (z)
1 38|2l3 + 52
> + 50877 + Bz

= <2

< 2
B

Several terms can be grouped as perturbed bounded terms,

o= (p1 - 6;{&?) = P € [p,m] = P %,M + %2} ;
7 51(w1,t = = < <
ko = ’y(zll,t) <k2 — ¢1)2((311))> = ko € [ljg, ]CQ} = -ﬁ (kg — 2(51) , i (kz + 2(51):| ,
7. x,t 7 7 o o o
ki = k- 77(55;()%2“) = ki€ lki,k] = = @,/ﬁ ]
T p202(z1,t) 7 71 — 4 p2d2
h = 1-B2E =  hehh] = Ll s e ol
(A.10)
and rewritten in a matrix form,
Vo= 290, 061(21) § — [kips — ko] 3 (a)
~——
q1(t)
(A.11)
— |paka — (k1h +251)} o1(x1)xe — h a3
q3(t) @0
= —2y(z1, )¢ (21)ETQ(1)E
where
o) = [ql(t) q3<t>] _ kpr = k2 L (poka — (Rih+ ) ) 1)
Q3(t) qQ(t) % (pz];‘Q — (ki;L —|—ﬁ1)) il,

If matrix Q(t) is positive definite then the time derivative V' is negative definite.

A.14 Positiveness of matrix Q(¢)

The determinant of matrix Q(¢) can be expressed as

det Q(t) = ap, i + by b1 + ¢y (A.13)
where
1
ap, = *Z’
1 /-~ -
by, = 5 (hkl + k?2p2) ,
1 /-~ . 2 .
Cpy = —1 (hk‘l — k‘gpz) — h]{:g.

Note that the coefficient aj, is negative, then, in order to get the positiveness of
det Q(t), the discriminant of the second degree equation det Q(t) = 0 must be posi-
tive, and the constant value p; should be selected within the interval defined by the
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two real roots of det Q(t) = 0.
Aﬁl (:L‘l,t) = b1271 — 4aplcpl = ]NZIE'Q (l;‘lpz — 1) > O, (A.14)
For the h > 0 factor
da2(z,t)p2
1 > A.15
) N
1 > 5—2 (A.16)
P2 B
For ks > 0 factor B
ko > 2(51.
For l?:l p2 — 1 > 0 factor, we get pp > %, and taking into account (A.10)
- 1
P2 oy — ﬁ
o Fm
P27 ik —a
Then, a possible selection of p; is
ky, + €
=7 f : A7
D2 [ — ore >0 ( )
Finally, from (A.16) and (A.17) we get k}g’fﬂ%’ea > %, and consequently
oz (km +€)
kg > —>——+—. A.18
1> 3k . ( )
The two real roots of the quadratic equation det Q(¢) = 0 are
S do(x,t)
+ 2\4, B
p; = hki+ kops + ¢,1(x1) + 24/ Ap1 (z1,1). (A.19a)
R N I s
P = hkl + k2p2 + ¢/1(£L'1) —2 Aﬁl (:Bl,t). (Algb)

-~

Pic

The two real roots define the endpoints of an interval wich is a set of all possible val-
ues for p; such that Q(¢) > 0. However, the endpoints are dependent on perturbed
bounded terms (h, ki, ko and dy(x,t)/¢,(x1)) which make each endpoint to move
from a minumum value (p, ., py,...) to a maximum value (p],, anr P1iaz)- A valid
selection of a constant p; must belong to an intersection set between the minor end-
point at its maximum value (p;,,,.,) and the maximum end point at its minumum

value (p{ . ) as shown in Figure A.1.

p1 € (pl_Max’pii_min> .

(A.20)
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FIGURE A.1: Intersection set: Possible values for selecting p;.

Some possible bounds for the terms in (A.19) are 0 < pic < p1c < P, and
0< éﬁl (l"l,t) < Aﬁ1 (331,75) < Aﬁ1 (acl,t), where

so = ]
Dic = hki+ kops — %,
02
Pic = hki + kopa + E,
Ap (x1,t) = hky (kips — 1),
Ap (x1,t) = hky(kip2—1).
and note that possible upper and lower bounds for p ;.. Prnin ar€
sz 7 )
Pivias = D1+ kops — g —2y/hks (kips — 1) (A.21)
5
Phoin < hk1+ kopa + g +2y/hks (kaps — 1) (A.22)

Then p; should be selected within

o 5. 5.
p1 € (h/ﬁ + kopo — 52 — 2y/hko (k1p2 — 1), hk1 + kapas + ﬁ + 24/ hka (kip2 — 1)> .

(A23)

A.1.5 Intersection set

In order to guarantee a non-empty intersection set the next condition must hold

pi_min > pl_Max' (A24)

Then, (A.24) can be rewritten as
Pre + 24/ D5, (21,1) > Pre — 24/ A5, (w1, 1).
After several algebraic manipulations, the last inequality can be expressed as

K3 + by, Ko + ¢, > 0, (A.25)
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where (o) i)
+ —hm
Uky = — Eklljxn ’
br, = 4vhe, i i
Ck‘g = _216(111::1) (52706 + 251) -2 (%ﬁ + ﬁ) 5

and with a change of variable K2 = ko.
Solutions of the last inequality belong to the interior of the interval defined by

— 2./A
Ky = Ok, + h

2ay, 2ap,
2\/El_€1k‘m Elkm
- + Ar,

(L+e)knr —km) 200+ €)(kpr — k)

where
1+ E)UQV[ - k:m) (1 + 6) SQCM < 526 (0%
=b 4 = _g( ! i 4 ).

AkQ bk2 Qo Cleo 16b6 8 < ]j1]€m ]jlkm B + 2(51 + + km

Finally, gain k2 can be selected within the interval

- 2 B - 2 B
ky € <k:M (2\/565— ;/Akg) + 281, ke (2\/Eea+ gN/A,Q) + 251) . (A26)

02 kmte K1 PR
- B (kikm — ) A+ e&)(kar —km) ' km

A.1.6 Guarantee the existence of the interval for gain k,

In order to have an interval between two real roots, the discriminant Ay, must be
greater or equals to zero Ay, > 0. It is possible to express the last inequality as

ap k3 + by k1 + ey, >0 (A.27)
where
ap, = 16e, i
bk1 = _8(]126) (ﬁ(k’M - k’m) + %(k’M + k’m)) ’
€ 2 < _
Ckl = 78(1];;) (ij — kim) (627(1 + 251) .

It is worth it to note that, the coefficient ay, is positive and the discriminant Ay, =
bil — 4ay, c, of (A.27) is always positive

64(1 + €)? 5 2 i) .
Ap = (k;rf) (ka(kM k) + %E(kM + km)> + 8e(kM — km) <2; + 251> >0,

Agy

Then, there is always possible to find a gain k; to ensure the existence of a valid
selection interval for the gain ky. Selecting the k3 gain, is possible to ensure that the
interior set of parables p; is not empty, and therefore, to ensure the positiveness of
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det Q(t). Gain k; can be selected as

b2 — day,c
—by, k2 k2 Cka «
1 2 A28
1 > 2o, + 2am, + e ( )
(1+e€ [ o€ (1 +¢€)
—(kp — k) + = (k ko A —(A.29
- km(M )+B(M+ ) Tk Mt ( )

We have shown that if (A.29) and (A.26) are satisfied, det Q(¢) > 0. However the
condition (A.29) does not imply (A.18) for every case. Condition (A.18) and (A.29)
when 61 (z1,t) =0, « = 0 are

o € (1+ )(52
ki > E (1—1—km>, ki > ok B (kM—i-k‘ ) (A.30)
by modifying the factor (ks + kp,) to (kas + ki, + 2) we achieve
5o € (14¢€) 0o (kn 2
— 14+ — < = —=4+1+— A.31
6<+km)— 2 6<km+ +km> (A.31)
52 52 € 52 <k5M ) 52 € 52 652 (kM >
Tt a S gl ) St g e ) (A2
Y Bk, = 25 Uk B E Bl T 25 (A.32)

then (A.29) always imply (A.18).

Finally, condition (A.29) ensures that the term h = g2(t) > 0. It can be seen
that if det Q(t) = q1(t)q2(t) — ¢3(t) > 0 and g2(t) > 0, q1(¢) is also positive definite.
Therefore, matrix ()(t) is positive definite.

A.1.7 Finite-time convergence and Convergence Time

Based on Moreno, 2009, recall the standard inequality for quadratic forms

Amin{PY[E|I3 < €7 PE < Amaa {P}[E]15,

and
€13 = €8 + €2 = 63 (1) + 23 = || + 28)an|? + F%a? + 23 (A.33)

is the Euclidean norm of £, and note that the inequality
V% (xla :EQ)
mzn{P}

is satisfied. Since Q(t) is definite positive and all its elements are bounded, then
Q(t) — el > 0, for e > 0 and I the identity matrix, we can rewrite

1|7 < [j€]] <

Vo< —2y(x, )6 (21)ETQE)E < — 2k (1) T
< —2kmed) (x1)][€]13 < — ’xmi €113 — 2KkmeBlE]12
12
< MV (ggth) ﬁ 2km6 ($1,$2)

ma:p{P} maZ{P}

1
< —mVa(xy,x2) — peV (1, z2),
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where
iy = ms)\fnm{P}7 1y = B 2ky,e .
Amaz{P} Amaz{ P}
that shows that the system trajectories converge in finite time.
Since the solution of the differential equation

v = _/1«17)% — p2v, v(0) =vo >0

is given by
2
1 1751 :LLZ
o o 2 -
v(t) = exp (—p2t) [UO - p2 <1 eXp< 2 ))} 7

if iy > 0 and po > 0. If follows from (A.34) and the comparison principle that
V(t) < v(t), when V(x1(0),22(0)) < vo. Therefore, x;(t) and z2(t) converge to zero
in finite-time and reaches that value at most after a time given by

T = 52 In (Zivé(xl(o),m(o)) + 1> (A.34)

A.1.8 Proof of Theorem 2

When there is no uncertain control coefficient, the bounds of the function ~(z1,t)
are, with loss of generality
ky =k =1

and quadratic term in inequality (A.25) become zero. Then, the condition for gain ks
is

ky > 16h6c§2+251 (A.35a)
1 [ (14+¢) [da Sae SR
— +2 = 2 A.
> 4h6<(k1_a><5 6>+ 3 +a> + 26, (A.35b)

Condition from quadratic inequality (A.27) reduces to

k;l > 2(1 + 6)(52 + a, (A36)
s
the same as in (A.18).
Proof of the Corollary 1
When there is no state dependent perturbations, the function d2(z t) = 0, then
the conditions are simply reduced as

_ ¢ 2 _
ko € [kM (2\/(;— f\/ATQ) 1251, ks <2ﬁa+ 5\/AT2) + 251] . (A3Y)

=t (WA b)) (005, )

Elkm
km + € k1km o «
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Gain k7 can be selected as

(1+e€) [ « (1+¢€) «
R (kar — k) | + o VA + e (A.38)
a 2 =
Akl = <k(kjvj — km)> + 16€(k]V[ - km)(sl

A.2 Saturated Super-Twisting Algorithm: Stability Analysis

A.2.1 Saturated STA without perturbation estimator.
When control law (4.3) is in the state s = 0 (RC behavior), system (4.1) in closed-loop

1S

i =0,

El:{zl—-ﬁmgncm>+¢a>

with z; = z, 2(0) = 0. Note that the integrator dynamics is kept equal to zero and
the order of ¥; can be considered as one. On the other hand, when the condition
s = 1 holds (STA behavior), system (4.1) in closed-loop is

T, - j?l = —Ozl[mljl/Q +J}2
2" iy = —aosign (z1) + b(t)

with 21y =z, 29 = 2 + ¢(t),and 7 = [v1 z2]7. The order of the dynamics is two.

Nominal Case

Consider function
Ve(z1) = e1lz1], c1 >0, (A.39)

as a Lyapunov candidate for the system >; without perturbations, i.e. function
¢(t) = 0. Since the time derivative along the trajectories of the system is

‘/;(331) = —c1p< 07

then,(A.39) is a strict Lyapunov function for the nominal system ;.

Now consider the function V(&) in Moreno and Osorio, 2012, with respect to
the vector 7 = [¢; &) = [|z1|/?sign (z1) 2], as a Lyapunov candidate for the
system X, without perturbations (¢(¢) = 0) Moreno and Osorio, 2012

wwzgm,szm ”ﬂ>m (A40)
—P12 D22

with P being a constant, symmetric and positive definite matrix, as a strict Lyapunov
function candidate. Since the derivative of the vector ¢ is given by

1 —lOél 1
= — = 2 21 -
e a= [0 g

the derivative along the trajectories of the unperturbed system ¥, is

¢

1
|2 [1/2

Vi(z) = e <o,
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where P and Q) are related by the Algebraic Lyapunov Equation (ALE) AT P+ PA =
—Q. Since A is Hurwitz iff a1 > 0, ap > 0, for every Q = QT > 0 there exists a
solution P = PT > ( for the ALE; Therefore, V, is a strict Lyapunov function for the
nominal system X,. Moreover, a trajectory starting at any initial condition z( at time
t = 0 reaches the origin in a time smaller than T (zo),

2 A2 EPIN2
Ts(a_;‘o) :7‘/1/2(@))7 Ny = mm{ } mm{Q}

T A2 APy

(A.41)

where 7, is a constant depending on the gains a4, a2, and @ as shown in Moreno and
Osorio, 2012. A\pin{-} and Apez{-} represent the minimum and maximum eigenval-
ues of the argument.

Positive Invariant Sets

To prove the stability of the combination of systems ¥; and ¥, it will be shown
that the trajectories of system (4.1) reach a positively invariant set (PINS) Q5 with
respect to X in finite time. If Q) is a subset of a second PINS 2 with respect to o,
then, the set (2, is also reached in finite-time. In this second set |ugra| < p has to be
satisfied for every & € (. Then, as V. < 0 holds for every £ in (O, the trajectories
will converge to the origin in finite time fulfilling (4.2b).

STA is a state feedback control law u = ugra(x, z) with integral action that intro-
duces a dynamical extension in the closed-loop system. The saturation of the control
signal |usra(x, z)| = p can be interpreted as the curves z = +p+a; [z 2 in the phase
plane (z, z) (see Fig. A.2). We define the set Q, = {(z,2) € R? | |z — a3 [a;lj%] < p}
where the control signal does not exceed the saturation level, see the region between
the two black-dashed lines in Fig. A.2. Evaluating Lyapunov function Vy(z, z) in the
curve z = p + a1 & (the second curve z = —p 4 ;& omitted for symmetry) we get

Vi(z, p+&1) = (prai — 2p2a; +p11)|f!+
+(2a1pa2p — 2p12p) [2] 2 + pazp?®.

The minimum value of this function is obtained and used as the constant for the
Lyapunov level curve,
Vs(zx, 2) = ¢, (A.42)

where )
(p11p22 - p12)

P20 — 2p12ay + pi1

cs =Py, 2= (A.43)
is a constant depending on the elements of the matrix P of (A.40) and a;. The max-
imum sublevel set of V,(x, z) contained in §, is Q; = {(z,2) € Q, | Vi < ¢s}, where
the derivative V; is negative for every (z, 2). (see Fig. A.2).

On the other hand, as V, is a Lyapunov function for ¥, the set Q5 = {(z,2) €
R? | V. < 10,2 = 0} is a PINS with respect to X1, see Fig. A.2. Moreover, the one-
dimensional set Qs will be a subset of the two-dimensional set ), if § is smaller than
the endpoints of the interval defined by

C
Vi(z,0) = puilz| <es = x| <.
p11
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Then, if the parameter § is selected within

b1
Qs is a subset of €),.
Let's define A = {x € R | ¢10 <V, < ¢1]xp|} for some initial condition zg = x(0).
In this set, Lyapunov function (A.39) satisfies

V.= —cip, Va1 € A (A .45)

Since V.. is negative in A, every trajectory starting in A must move in a direction of
decreasing V.. In fact, the trajectories behaves as if the origin was finite-time stable.
The function V. will continue decreasing until the trajectory enters (s in finite-time
and stays therein for all future time.

Note that if ¢; = 1/p, equation (A.45) becomes V.= —1,and for t, = 0,

Ve(z) = Ve(zg) — t = Jzol —t.

p

This shows that V. reduces to §/p in time

-9
Tu(0,p,8) — 'I”'p . (A46)

Once the trajectories have entered the set 25, the finite-time convergence of trajec-
tories to the origin is ensured by the dynamics of system X5 in set (), and the total
convergence time can be estimated as

Tr = Tc(xﬂv 2 5) + Ts(j'zS)'

where Z5 = [6, 0]7, Ty(zs) = (p11]6])"/? according to (A.41)M

A.2.2 Perturbed Case

We will show that the functions (A.39) and (A.40) are also Lyapunov functions for
the perturbed systems X1 5, if the gains are properly selected.

Relay Controller

Consider function (A.39) as Lyapunov function candidate for the perturbed system
¥, with perturbation ¢ = ¢(¢). The time derivative along the trajectories of the
system is
Vi(@) = cusign(w) (—psign(z) + (1))
= —c1p + c1sign(x)o(t)
< —01(,0 - Qsmaz)‘

Assuming that the perturbation bound is less than the saturation level, i.e. p =
®Omaz + €, such that p > ¢4, is fulfilled, i.e. €, > 0, yields

Vo(x) < —cre, < 0.1 (A.47)

Then, (A.39) is also a Lyapunov function for the perturbed closed-loop system ;.
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FIGURE A.2: Phase Plane: Subset Q, where |u| < p holds (black-

dashed). PINS €2, with respect to £ (red). PINS Qs with respect to

Y (green). Set A (brown). A trajectory of the system beginning in x,
switches to the STA behavior when it comes inside {25 (blue).

Super-Twisting Algorithm

Consider the Lyapunov function of the form (A.40), where

p | ] _LHota —al (A48)
—pi12 P22 2 —ay 2 ’ '

as candidate for the perturbed system ¥ Moreno and Osorio, 2008. Recalling Moreno
and Osorio, 2008, Theorem 3: Suppose that the perturbation term of the system ¥

is globally bounded by (4.2a) for some positive constant L > 0. Then the origin

x = 0 is an equilibrium point that is globally finite-time stable if the gains satisfy

(4.4). Moreover, all trajectories converge to the origin in a time upper-bounded by

7 2 A2 P24
TS(Q_SO):T‘/SI/Z(io), 1 = mm{ }mm{Q}

T A2 APY
with
- 200 + a3 — 2L —<a1+%>
@=51_ (o +22) .
1+ 5

The time derivative along the trajectories of the system is

1,1 S€7Q¢ + dnale.

@) =
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where ¢gJ = [~a; 2]. Using the bounds on the perturbation it can be shown that

1‘1 SETQE.

Vi(z) < —
|1

V is negative definite if Q > 0. It is easy to see that this is the case if the gains are
asin (4.4).

Positive Invariant Sets

In the perturbed system case, it is not possible to evaluate the Lyapunov function
Vs(z1,x2), since z3 = z+¢(t), and the perturbation is unknown. Then, it is necessary
to find any possible PINS in the (z1,2) € R? space to ensure that the trajectories of
the system does not exceed the bound of the control signal. Convergence of x5 to
zero in finite-time implies that z converges to —¢(t). Then, in the phase plane (z1, 2),
the perturbation ¢(t) acts as displacements of the equilibrium point along the z axis,
see Fig. 4.3. A sublevel set whose boundary intersects the curve z = p + a1£; in one
point is defined by

Vvs(fla z — (bmam) < Cpy Cp = (¢maz - P)2’72- (A49)

A sublevel set whose boundary intersects the axis z = 0 in two points when § > 0
(and at the origin when § = 0) is defined by

Vs(‘fl, _¢max) < cs,

cg = 0pn + ¢3naxp22 + 2000V Op12- (A.50)

Both conditions are obtained by setting c, = cs, and solving for ¢,,q., we get the
maximum allowed bound for the perturbation

6 _
g < 122 YOP12 ~ B (A51)

Y2 — P22

where v3 = (p2y +72p11 — P11022)0 +272p120V S +Y2p2zp?. Finally, from (A.43), (A.44),
and (A.48) we get (4.5) and (4.6).

A.2.3 Saturated STA with perturbation estimator.
The error dynamics of estimator (4.10) are

é1= —PBifer]V? + e

¢y = —Posign(e1) + ¢ (A.52)

where e3 = @5 + ¢(t) and € = [e; e3]”. Note that the structure of the error dynam-
ics are the same as in 3y, therefore the design of the gains #; and (3 to assure the
convergence of the errors to zero in finite-time is analogue, and can be defined as in
(4.12b).

SSTA behaviors

Proposition 2. When the parameter is selected as 6 = 0 and the estimation error converges
to zero before the state reaches x1 = 0, a nominal-like behavior will occur (see Fig. A.3).
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FIGURE A.3: Proposition 2: Nominal-like behavior; § = 0 and ez =0

During the interval x(t) € [z9,0), the RC will enforce the trajectories to reach zero, then,
the STA controller will keep the trajectories in x1 = x2 = 0, with the equivalent control

u = —g¢(t).

Proof. The time derivative of the Lyapunov function V, along the solutions of
system (A.47) ensures the convergence of the state to zero in finite-time when Q5
contains only the origin 1 = 0. When the estimator is in sliding mode, e; = e2 = 0,
it implies that &2 = —gﬁ(t), then, after initialize z(t;) = Z2(¢;), the system is

T1(t;) = u(ts) + o(ts)
—an [z (t)]V? + 2(t) + o(t:) - (A.53)
= —a1[0] 1/2 _ o(t;) + o(t;) =0

Then the trajectories will stay in sliding mode x1 = x2 = 0 for all future time.ll

Proposition 3. When the condition (4.6) is not fulfilled, the trajectories of the system may
exhibit a switched periodic motions, see Fig. A.4. Nevertheless, as ey tends to zero (i.e.
Zo(t) — —o@(t)) in finite-time, the amplitude of the periodic motions will decrease to zero
also in finite-time. After a finite number of oscillations there will be a last STA reaching
phase converging to zero in finite-time without returning to the RC behavior.

Proof. For every €, such that |[p — ¢pmae| < €4, there exist sufficiently small initial
conditions x(¢;) = [0 ez]” such that

VS(O) 62) < ’72(P - ¢maa:)2a (A54)

holds. PINS will not exceed the saturation lines and the trajectories will converge to
zero in finite-time fulfilling (4.2b), i.e., using the fact that the estimation error will be
es = 0 after a finite-time, it is clear that V(0,0) = 0 < ’72635.

A
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FIGURE A.4: Proposition 3: § = 0 and ez # 0. Different error estima-
tions eg(ti) = €24, 1= 1, 2, 3.
A.3 Estimator preescribed convergence time gains

The estimation of the minimum reaching time 7¢,;, of the RC is made consider-
ing the case when the perturbation helps the system trajectories to converge. Then,
Lyapunov function derivative (A.47) has the form

"/c < - ()0 + (bmam) .

If we select ¢; = 1/(p + ¢maaz), the Lyapunov function derivative becomes V. =-1,
and for tg =0,
|o|
V() =Vo(wg) —t = ——— —

This shows that V. reduces to zero in time (4.17).
Consider the Lyapunov function in Polyakov and Poznyak, 2009

( k2 0 ~ 2

— ((M + koe™® s(é)) ereg # 0

4 gl
1.2

v, = 27«;2 el =0 (A.55)
(0%
1

@ ea =0

2

where k, k and kg are design parameters depending on L and the gains 1 and f3.
s(e) and m(e) are non-linear functions of the state, and g = 8y/a? with () :=
ag — Lsign (ejeg).
Note that with the knowledge of the initial condition zg it is possible to set
%1(0) = xo, and therefore e1(0) = 29 — 21(0) = 0 to use the second case of (A.55).
We choose a parametrization of the estimator gains

B =24/ (9L +¢), (A.56a)



A.3. Estimator preescribed convergence time gains 77

By = TL + ¢, (A.56b)

with € > 0, such that the conditions of Polyakov and Poznyak, 2009, Theorem 1,
Lemma 5 hold, i.e.
Ba=T7TL+¢€>5L

and
32L < 32 < 8(ag — L)

32L < (2/9L+¢€)? < 8((7TL+¢)— L)
32L < 36L+4e < 48L +8e.

The parameter g may take two possible values g~ = 8(32— L)/3%,9" = 8(B2+ L)/ 5%
depending on the values of v € {82+ L, 52— L}. The term g also can vary depending
on the selection of the parameter e. Therefore the limits of g~ and g* when € — 0

and € — oo are taken:
limg~ =4/3, lim g~ =2,
<0 €70 (A.57)
lim gt =16/9, lim g = 2.
e—0 €—00

The whole range of variation of g depending on vy and €is g € g, gm] = [4/3, 2].
The parameter k should belong to a intersection set of the intervals I(g,,) N
I(gnr) # 0, where the interval I(g),

(1/v/g=1)(=(m/2)—arctan(1/v/g—1))
I(g) = 21 )
g Vo (A.58)
e(1/Vg=1)((w/2)—arctan(1/y/g—1)) :
v -~ v :

Evaluating the numeric endpoints of g, I(g7) = [1.5093, 2.1448] and I(g") =
[1.0670, 1.5509], k can be selected as k = 1.5301.

Using Polyakov and Poznyak, 2009, Theorem 1, we ensure that the time deriva-
tive of (A.55) along the trajectories of the system satisfies

"/e S _k\/ve S _kmin\/ve (A59)

and if the bound for |e2(0)] = [¢(0)] = ¢max, the reaching time estimate can be
referred to as

T < 2 V0 ). (A.60)
Emin = % mingQ{g‘,g*‘} f(ga 6)7
e€{0,00} )
arctan(\/;%l>+<ﬂ(allg6;8a2)>

i = (A.61)
f(g,€) = |gk —/ge :

Evaluating f with the two limits g,, and g, f(g,€) € [fm, fu] = [2.0277, 11.8608],
and then, ki, = % fm-

From (A.55), and (A.60), and setting the reaching time of the estimator 7 less
than the minimum reaching time of the state 7,,;,, we have

Te < 8E¢maa:

B fm
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Substituting (4.17) and solving for /3,

,81 > \/Sk (Qb?nax + p¢max> (A63)

fm ‘$0| ’

and finally we get (4.15a).
From parametrization (A.56a), we solve for e,

€= %B% —9L. (A.64)

Substituting (A.64) in parametrization (A.56b), we get

1
ﬁ? = 118% - 2L7
using the equality case of (A.63),
7 (2
by > 2k Omaa + POmac) (A.65)
fm |0l

and finally we get (4.15b).

Note that the value of the gains 3; and 3 tends to zero and to —2L, respectively,
as x( tends to infinity because in this expressions the restriction ¢ > 0 disappeared.
Therefore, the conditions (4.15) are expressed as the maximum of two values: when
e > 0, and € = 0, respectively.
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