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Abstract

We consider the problem
—Au+ (Voo + V(@)u = [ufP?u, ue Hy(9Q),

where ) is either RY or a smooth domain in RY with unbounded boundary, N > 3,
Voo >0, V € CO(RY), infgn V > =V and 2 < p < 22 We assume V is periodic
in the first m variables, and decays exponentially to zero in the remaining ones. We
also assume that €2 is periodic in the first m variables and has bounded complement
in the other ones. Then, assuming that €2 and V are invariant under some suitable
group of symmetries on the last N —m coordinates of RY, we establish existence and
multiplicity of sign-changing solutions to this problem.
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Capitulo

Introduccion

Consideremos el siguiente problema

—Au+ (Voo + V(2))u = |[uf~2u,
et )

donde Q es RY o un dominio suave en RY con frontera no acotada, N > 3, V €
CORM), Ve +V >0,y2<p< 2= ﬁ—g

Estamos interesados en estudiar la existencia y la multiplicidad de soluciones que
cambian de signo de este problema.

Suponemos que V' es una funcién periddica en las primeras m variables y que
decae exponencialmente a cero en las restantes. Suponemos también que {2 es un
dominio periédico en las primeras m variables y que tiene complemento acotado en
las otras. Entonces, suponiendo que €2 y V son invariantes bajo la acciéon de un grupo
adecuado de simetrias sobre las altimas N — m coordendas de RY, establecemos la
existencia y la multiplicidad de soluciones que cambian de signo a este problema.
Aqui consideramos dos casos: por un lado, suponemos que el potencial tiende a su
limite positivo al infinito desde abajo en una manera exponencial en las tltimas N —m
direcciones de RY. Por otro lado, también suponemos que éste tiende a su limite con
un decaimiento menos restrictivo, en las mismas /N —m variables, lo cual nos permite
considerar el caso auténomo, pero suponiendo una condicidén adicional de simetria.
Senalamos que para obtener nuestros resultados de multiplicidad, consideramos que
el complemento del dominio debe ser suficientemente grande en contraste con los
resultados de existencia en donde el dominio puede ser todo RY.

Los principales resultados de esta tesis pueden ser encontrados en el articulo [18],
el cual es un trabajo conjunto con la profesora Moénica Clapp.

Fuertes motivaciones para estudiar el problema (1.1) surgen de las aplicaciones,
especialmente en la fisica matemética. Las soluciones a este problema corresponden
a los estados estacionarios de las ecuaciones no lineales de Schrédinger o de Klein-
Gordon. Por ejemplo, el comportamiento de una particula de masa m > 0 puede ser
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descrito por la ecuacion

oY h? ,
ih— = ———AY + Q(x teR, zeR?
donde A en la constante de Planck v Q: R?> — R es el potencial de la particula en
la posicion # € R3. Sin embargo, es incluido un término no lineal en la anterior
ecuacion para modelar los efectos de las interacciones mutuas de varias particulas.
Esto produce la ecuacion de Schrodinger no lineal
oy B

ih— — — _ p—2 3
ih, 5 AV Q)Y — WY, teR xR

donde p > 2. Como ya lo mencionamos, hay un interés fisico en las soluciones de esta
ecuacion de la forma ¢ (t, ) = e“'u(z), con w > 0, t € Ry x € R3, llamadas ondas
estacionarias. En este caso, la ecuacion para u es

h2
—Q—Au + (hw + Q(2))u = |[ufP?u, z €R’,
m

la cual tiene la forma considerada en nuestro problema (1.1).

1.1 Algunos resultados anteriores

Dos tipos de potenciales han recibido una atencion especial en la literatura: aque-
llos que tienen un decaimiento uniforme a un limite positivo al infinito, y aquellos
que son periddicos en cada variable. Aqui estamos interesados en potenciales que
exhiben ambos tipos de comportamientos: son periddicos en las primeras m variables
y decaen uniformemente a una constante positiva en las restantes. Consideraremos
también condiciones combinadas sobre el dominio, i.e., supondremos que 2 es periodi
co en las primeras m direcciones y que tiene complemento acotado en las otras. Las
suposiciones precisas seran establecidas mas adelante.

Para potenciales que son periddicos en todas sus variables, la existencia de una
solucion al problema (1.1) en RY es bien conocida [37]. Soluciones positivas y solu-
ciones que cambian de signo del tipo multi-bump han sido obtenidas también, e.g.,
en [1, 2, 3, 4, 23|, bajo suposiciones adecuadas.

Por otro lado, muchos trabajos en la literatura han sido dedicados a establecer la
existencia y multiplicidad de soluciones al problema (1.1) para potenciales que decaen
uniformemente a un limite positivo al infinito en dominios con complemento acotado.
Un estudio detallado de esto puede ser encontrado en el conocido articulo [12] de
Cerami. Se pueden considerar también |16, 20, 38| para resultados mas recientes.

Si tanto {2 como su complemento son no acotados, determinar la existencia de
soluciones al problema (1.1) se vuelve un asunto mas delicado. Esteban y Lions
mostraron en [27] que las soluciones a (1.1) no siempre existen. Referimos al lector a
[32] y las referencias alli contenidas para una lectura mas detallada al respecto.
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La principal dificultad al tratar el problema (1.1) mediante los métodos varia-
cionales directos es la falta de compacidad del funcional natural asociado. El desta-
cado trabajo de P.-L. Lions [31] proporciona los medios para enfrentar dicho obstéculo.
Para dominios con complemento acotado y potenciales con un limite positivo al in-
finito, Benci y Cerami dieron una descripcién completa de esta falta de compacidad:
mostraron en [9] que la pérdida de la compacidad es causada por ciertas sumas finitas
de las soluciones no triviales al problema limite

{ —Au + Vu = |ulP?u,

= [_II(IRN)7 (12)

que viajan al infinito. En el caso periodico, la compacidad es perdida debido a la
invarianza del problema (1.1) bajo traslaciones por mitiplos enteros de los periodos.
En el caso combinado ambas situaciones ocurren.

El problema (1.1) con condiciones combinadas, tanto para el potencial como para el
dominio, fue considerado por Cerami, Molle y Passaseo en |15, 14]|. Bajo suposiciones
adecuadas sobre el decaimiento exponencial de V', ellos establecieron la existencia de
una solucién positiva si V' < 0, y de m + 1 soluciones positivas si V > 0.

1.2 Nuestros resultados principales

En este trabajo estamos interesados en soluciones que cambian de signo. Para po-
tenciales que decaen uniformemente a un limite positivo al infinito, la existencia y
la multiplicidad de este tipo de soluciones al problema (1.1) en dominios con com-
plemento acotado fueron probadas, e.g., en [11, 13, 20], bajo algunas hipdtesis de
simetria. Aqui supondremos cierta simetria parcial. MAas concretamente, nuestro
marco de trabajo es el siguiente.

Sea RY = R™"xR"con 1l <m < N—1. Un punto en RY sera escrito como
x = (2/;2") con 2’ € R™y 2" € R". Sean T' = (t1,...,t,,) € (0,00)™ y I un
subgrupo cerrado del grupo O(n) de todas las isometrias lineales de R™. Suponemos
2 que tiene las siguientes propiedades:

(€1) Existe Ry > 0 tal que Q D {(2/,2”) € RY: [2"| > Ro}.

(Q3) Q es T-periddico, i.e. (z/,2") € Qsiy solo si (' + wT,2") € Q para todo
K= (Ki,...,km) € Z™, donde KT = (Kit1,. .., Kmbm).

(Q3) Q es -invariante, i.e. (2/,2") € Q siy solo si (2/,v2") € Q para todo v € I'.
El potential V. + V cumple con las siguientes condiciones:

(1) Vio >0,V € CO(R), inf V > —Vie y

lim V(2',2") =0  uniformemente en z’ € R™.
|z" | =00
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(Va) V es T-periddico, i.e. V (2, 2") = V(' +KT,2") para todo k € Z™, (2, 2") € Q.
(V3) V es T-invariante, i.e. V(2/,2") = V(2/,v2") para todo v € T, (2/,2") € Q.

Sea ¢: I' = Z/2 = {1, —1} un homomorfismo continuo de grupos. Estamos intere-
sados en soluciones u: 2 — R del problema (1.1) que satisfacen

u(z',ya2") = d(y)u(a’,2") VyeTl, xeq. (1.3)

Si ¢ es el homomorfismo trivial, entonces (1.3) dice que u es una funciéon I-invariante.
Si ¢ es sobreyectivo y u es no trivial, entonces (1.3) dice que u cambia de signo y que
es G-invariante, donde G := ker ¢.
Sea
(= min{#Ga": 2" € "'}

y consideremos los conjuntos
Y= {2" e S": #G2" = 1}, Yo ={a" € ¥: Ga" =Ta"}, (1.4)

donde S"1 == {2 € R": |2"| = 1}, Ga" = {g2": g € G} es la G-orbita de z” € R
y #Gx" es su cardinalidad.
Dado un subgrupo K de I', consideremos

. n__ pal. " " ) s o,
M(lel) o Hlf{”’()z.f B ’ a,f e K, ax" # px } ST #KJ;H > 2;
2|z"| si #K2" = 1.

Observemos que pu(Kx") > 0siy solo si #Kz" < oo.
De aqui en adelante, suponemos que §2 y V satisfacen las condiciones (€2)-(€23) vy
(V1)-(V3), respectivamente. Probaremos los siguientes resultados de existencia.

Teorema 1.1. Supdngase que existen { € x5, ro > 0, cg > 0y A € (0, u(I'¢)V Vi)
tales que

V' z") < —coe M para todo (z',2") € RY con |2"| > 1.

Entonces problema (1.1) tiene al menos una solucion que cambia de signo la cual
satisface (1.3) y tiene la menor energia entre todas las soluciones del problema con
esta propiedad de simelria.

Teorema 1.2. Supdngase que existe ( € 3 tal que 2 < #G( < 00, y que
dist(v(, GC) > u(GQ) para todo v € T' con ¢(y) = —1.
Supdngase adicionalmente que existen c; > 0 y p > u(GC)\/ Vi tales que
V(' 2") < el para todo (¢, 2") € R,

Entonces problema (1.1) tiene al menos una solucion que cambia de signo la cual
satisface (1.3) y tiene la menor energia entre todas las soluciones del problema con
esta propiedad de simetria.
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Para establecer nuestros resultados de multiplicidad introducimos algunas nociones
adicionales. Si K es un subgrupo de I' y Z es un subconjunto de R", consideramos

pr(Z)=inf p(Kz) y  p"(Z) =supp(Kz).
z€Z 2€EZ

Si Y es un subconjunto I'-invariante de R™ (i.e., si 'y C Y paracaday € Y) y ¢ es
sobreyectivo, el grupo Z/2 actia sobre el G-espacio orbital Y/G = {Gy: y € Y} de
Y como sigue: fijamos v € I tal que ¢(y) = —1 y definimos

1-Gy=Gy 'y (-1) Gy=G() (1.5)

para cada y € Y. Esta accién no depende de la escogencia de 7.

Si Z es un subconjunto I'-invariante, no vacio y compacto de ¥ \ Yy, entonces esta
accion es libre y el mapeo cociente Z/G — Z/T" es un Z/2-haz principal. Asociado a
este haz hay un mapeo clasificante f: Z/I' — RP> en el espacio clasificante B(Z/2) =
RP>; cf. [30]. Sea H* la cohomologia singular de Cech con coeficientes en Z/2; cf.
[25]. EL Z/2-length de Z/G, denotado por Z/2-length(Z/G), es el menor entero
k € N tal que f*(w*) =0, donde w € H*(RP>) es el generador. Este invariante es
bien conocido. Este es llamado indexg en [28] y ({Z/2}, Hg/z)—length en [19].

Denotamos por ¢4, a la energia de la soluciéon positiva del problema limite(1.2).

Dos funciones u, v:  — R seran llamadas equivalentes bajo T-traslaciones si existe
Kk € Z™ tal que u(a’,2") = v(x’ + kT, 3:”) para todo (z/,z") € Q. Claramente, si
u es una solucion al problema (1.1), entonces cada funcion v equivalente a u bajo
T-traslaciones es también una solucion a (1.1).

Demostraremos los siguientes resultados de multiplicidad.

Teorema 1.3. Sea Z un subconjunto I'-invariante, no vacio y compacto de X\ X y
supongase que V' satisface la siguiente condicion:

(Vi) Ewmisten rg >0, cg >0 y A € (0, ur(Z2)\/Vo) tales que
V(a' 2") < —cpe M para todo (2, 2") € RN con |2"| > ry.

Entonces eziste R® € [0,00) tal que, si Q C {(z/,2") € RN : |[2”] > R®}, entonces el
problema (1.1) tiene al menos

m + Z/2-length(Z/G)

pares de soluciones que cambian de signo +u, las cuales no son equivalentes bajo
T-traslaciones, y que satisfacen (1.3) y el estimativo de energia

4
/ lul? < p2€coo. (1.6)
Q p—
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Teorema 1.4. Supongase que 2 < { < o0 y que Z es un subconjunto I'-invariante, no
vacio y compacto de X. Supongase ademds que se cumple las siguientes condiciones:

(Zy) dist(vy”, Gy") > n(Gy") para todo y" € Z y vy €T con ¢(y) = —1.
5 Tisten cp > > ~ tales que
(V5) Ewi 0y p>p(Z2)V Ve tales g

V(' 2"y < cre 1 para todo (o', 2") € RY.

Entonces existe R® € [0,00) tal que, si @ C {(2/,2") € RN: |2”| > R®}, entonces el
problema (1.1) tiene al menos

m + Z/2-length(Z/G)

pares de soluciones que cambian de signo +u, las cuales no son equivalentes bajo
T-traslaciones, y que satisfacen (1.3) y el estimativo de energia (1.6).

Observemos que los Teoremas 1.1 y 1.2 permiten considerar € igual a RY, mientras
que los Teoremas 1.3 y 1.4 requieren que la distancia de  a R™ x {0} sea suficiente-
mente grande. Notemos, sin embargo, que estos tultimos dos teoremas proporcionan al
menos m + 1 pares de soluciones que cambian de signo, las cuales no son equivalentes
bajo T-traslaciones.

Veamos algunos ejemplos.

Ejemplo 1.1. SiI' = Z/2 y ¢ es el homomorfismo identidad, lo que buscamos son
soluciones u impares en z”; es decir, que satisfacen u(z’, —x") = —u(a’, 2”). En este
caso Xy = 0 y las hipotesis de los Teoremas 1.1 y 1.3 se cumplen, con Z = S*~! en
el ultimo resultado. Como Z/2-length(S"~!) = n, el Teorema 1.3 produce al menos
N pares de soluciones que cambian de signo, las cuales no son equivalentes bajo

T-traslaciones. Notemos que up(S"!) = u(I'¢) = 2 para cada ( € S"~L.

Este ejemplo no satisface las condiciones de simetria de los Teoremas 1.2 y 1.4, pero
el siguiente si.

Ejemplo 1.2. Sean = 4¢. Identificamos R* with C?x C? y consideramos el subgrupo
I' de O(4q) generado por p y 7, donde p(y,2) = (e™/3y,e™/32) vy v(y, 2) = (—Z,7)
para (y,z) € C1xC4. Sea ¢: I' — Z/2 el homorfismo dado por ¢(p) =1y ¢(v) = —1.
Entonces G = ker ¢ es el subgrupo ciclico de orden 6 generado por p, y

V2 = dist(7¢, G¢) > u(G¢) =1 para todo ¢ € S" 1.

La Propiedad (Zy) es cumplida por Z := S" ! y, como Z/2-length(S"!/G) = 2, el
Teorema 1.4 produce al menos m + 2 pares de soluciones que cambian de signo, las
cuales no son equivalentes bajo T-traslaciones.
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Las demostraciones de nuestros resultados involucran algunos aspectos delicados.
Como ya lo mencionamos, se requiere un andlisis cuidadoso de la pérdida de com-
pacidad del funcional variacional asociado al problema (1.1), lo que nos permitira
determinar un nivel adecuado bajo el cual la condiciéon de Palais-Smale se cumple,
salvo T-traslaciones periddicas. Después de discutir nuestro marco variacional en el
Capitulo 2, llevaremos a cabo este anéalisis en el Capitulo 3.

Adicionalmente, el problema (1.1) es invariante bajo la accion del grupo G =
Z™ x 7./2 dado por

[(k, £1)u] (¢, 2") == +u(a’ — KT, 2")  parax € Z™, («/,2") € Q.

Encontrar pares de soluciones que no son equivalentes bajo T-traslaciones significa
encontrar G-o6rbitas criticas del funcional variacional. La teoria equivariante de puntos
criticos es bien conocida para grupos de Lie compactos, pero G no es compacto. La
adaptacion de esta teoria a grupos no compactos requere de cierto cuidado. Esto sera
discutido en el Capitulo 3.

Finalmente, damos las demostraciones de nuestros teoremas en el Capitulo 4.



Chapter 2

The variational formulation

We are considering the problem

{ —Au+ (Vo + V(2))u = [uf~2u, (2.1)

u € Hy (),

where ) is either RY or a smooth domain in R" with unbounded boundary, N > 3,
and 2 < p < 2*. From now on, we shall assume that Q and V satisfy (21)—(€3) and
(V1)—(V3) respectively. For simplicity, we will assume that V,, = 1.

Observe that if u satisfies the equation in problem (2.1), then multiplying each side
of this by ¢ € C2°(Q2) and integrating, we find that

- /Q(Au)cp + /Q(l + V(a:))ucp = /Q |ulP~“up for all p € C°(Q2).

By Green’s formula, we get

/ Vu -V + / (1+V(z))up = / lulP"2up  for all ¢ € C°(Q).
0 Q 0

A function u € H} () which satisfies the above equality is called a weak solution to
problem (2.1). Throughout this thesis, we shall refer to a weak solution just as a
solution.

Now, we consider the functional Jy : H}(2) — R given by

1

Jy(u) = %/QOVulZ + (1+ V(a:))u2> - /Q |ul?.

If we set

(u, v)y = /QVu Vv + /Q(l + V(z))uv, (2.2a)
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ullv = (/Q(\Vuf +(1 +V(x))u2>)1/2 (2.2b)

then it is easy to show that assumptions (V;) and (V5) imply that (-, )y is a scalar
product in Hy(2) and the induced norm || - ||y is equivalent to the standard one. If
V' =0, we write (-,-) and || - || instead of (-,-)p and || - |o. As a result of this, we can
rewrite the functional as

1 1
Ty (u) = 5 lully - ]3\UIZ (2:3)

where [u], = ([, |u]p)1/p is the norm in L?().

The problem (2.1) has a well-known variational structure: its solutions are precisely
the critical points of the energy functional Jy, which is well-defined and of class C?
(see for instance [39, Proposition 1.12]), where

Ji(w)[v] = (u,v)y — / lulP"uv  for all u, v € Hy(S).
0

2.1 The variational framework with symmetries

As in the Introduction, points in RY = R™ x R™ are written as x = (2/,2”) with
' € R™ and z” € R". We regard the closed subgroup I' of O(n) as a subgroup of
O(N) by letting it act on RY by

o= (2, y2") forally €T, z=(2,2") € RY. (2.4)
We are considering a continuous homomorphism of groups
o: T —>7Z)2,
and we are looking for solutions to problem (2.1) which satisfy
u(yz) = ¢(y)u(z) forally €T, x € RY. (2.5)

If u: RY — R is a function which satisfies (2.5) and ¢: I' — Z/2 is the trivial
homomorphism, then wu is simply a ['-invariant function. If, on the other hand, ¢ is
surjective and wu is nontrivial then (2.5) says that u is sign-changing and G-invariant,
where G = ker ¢. Hence, we consider the problem

—Au+ (14 V(z))u = |[uf~?u,
(1) u € Hy(%),
u(yz) = o(Vulz), Vyel, x e,

with p € (2,2%).
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The homomorphism ¢ induces an action of I on H} () as follows: for every (v, u) €
[ x H}(Q) we define yu € H}(Q2) by

(yu)(z) = ¢(y)u(y'z) for all z € Q. (2.6)

In the following lemma, we show that this action is orthogonal. Moreover, under the
action, |- |, and || - ||y are I'-invariant norms, and Jy is a I'-invariant function.

Lemma 2.1. For all u, v € H}(Q) and v € T, it holds that
yulp = lulp,  (yu,0)v = (u,v)yand |lyully = [luflv.
Consequently, Jy(yu) = Jy(u) and Ji,(yu)[yv] = J|, (u)[v].

Proof. Let v € T and u, v € H}(Q). Since Q is T-invariant and v € O(N), we have
that v(2) = Q, |dety| =1 and (yz) - (yy) =z -y for all z, y € RY. So,

aly = [l = [ Jutr o)l do = [ Ju) | dets] dy = fuf.
Q Q Q
We also can show that
V(yu)(z) = ¢(y)yVu(y'z) forall z € Q.

Now, as V is I-invariant, the change of variable y = v~ 'z yields

(ruody = [ (T T + (14 V@) (u)0)

-
-
= (u, v}y

u) - V(yv)
Vuly) - Voy) + (1+ V(9))uly)o(y)) | det] dy
v) - Vo)

Vul(y +(1+ V@))U(?J)v(y)) dy

Q
Q
In particular, for all uw € H}(Q2) and v € T', we obtain

lyulls = [l
Therefore Jy (yu) = Jy(u). That is, Jy oy = Jy. Additionally,

Ty (W)[v] = (Jy 0 7)' (w)[v] = (Jiy (yu) 0 7' (w)) [v] = Jy (yu) [+ (W) [v]] = Jy (yu)[yo].

]
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The fixed point space of Hj({2) under the action defined in (2.6) is

H&(Q)¢ . {u € H&(Q): yu =u, Vv € F}
= {ue Hy(Q): u(yz) = p(y)u(x), Vy T, z € Q}.

This is a Hilbert space because it is a closed linear subspace of H} ().
The Fréchet-Riesz representation theorem guarantees that, given u € H}(£2), there
exists an unique element V.Jy (u) € H}(Q) such that

Ji(w)[v] = (VJy(u),v)y for all v e Hy(RQ).
VJy(u) is the gradient of Jy in u € H}(S2), with respect to the scalar product (-, -)y.
The principle of symmetric criticality [36, 39| asserts that the critical points of
the restriction of .Jy to the space H(Q)? are the solutions to problem (pf). More
precisely, we have the following result.
Theorem 2.2 (Principle of symmetric criticality). The following hold true:
(a) VJy: H{Q) — HY(Q) is ¢-equivariant, i.e.
VJy(yu) = yVJy(u) for allu € H}(Q), vy €T.

Consequently, if u € H}(Q)?, then VJy(u) € H(Q)?.

(b) Ifu e Hy()? is a critical point of the restriction Jy|yyq)e: Hg(Q)? = R, then
u is a critical point of Jy .

Proof. Let v € T and v € H}(2). From Lemma 2.1 we get
(Vv (yu),v)y = Ty (yu)[o] = Ty (u) [y~ 0] = (Vv (u), 7 o)y = (yV v (u), o)y

Therefore,
VJy(yu) =V Jy(u).

Here, if u € H}(Q)?, then yu = u and VJy(u) = yVJy(u) for all v € T. As a
consequence of this, VJy (u) € HE(Q)? for all u € H}(Q)?. This proves (a).
The last statement implies that, if u € H}(2)?, then

V(Jv|H3(Q)¢) (U) = VJV(U)

This proves (b). O
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2.2 The Nehari manifold

Now, our purpose is to get some information about the critical points of the restriction
Jvlmype: Hy()? — R. So, we consider a fixed direction u € Hg(Q)? \ {0} and
define the function Jy,: R — R given by

ealt) = ett) = (Gl ) ¢ = (S1uly) (2.7

This is a polynomial function of ¢ € R. As p > 2 and the sign of the coefficient of
[t is negative, Jv|p1(q)e is not bounded below and has a local minimum at 0. In

fact, 0 is a solution of problem (pf’/), but we are interested in nontrivial solutions.
Let ¢, € (0,00) be the unique critical point of Jy, on (0,00), which corresponds to
the unique maximum over this interval. So,

Jvu(tu) = max Jvau(t). (2.8)
The set of maximum points of Jy,, for all directions u € H}(2)? . {0} is
N = {u € BYO)? ~ {0} Jy(w)lu] = 0}
={u€ Hy(Q)": u#0, [[ull} = |ul}}. (2.9)

This is called the Nehari manifold for the problem (pf) and contains all of the
nontrivial critical points of JV|H5(Q)¢.

We denote by Tu/\/}‘f the tangent space to the Nehari manifold N$ at the point
u € N$ The following result contains the well-known properties of N$

Proposition 2.3. /\/'{ﬂ5 has the following properties:

(a) There exists dy > 0 such that |[ully > do for all u € NS. Thereby, N7 is a
closed subset of H} ().

(b) N is a submanifold of class C* of H}(€)?.
(¢) u ¢ TN for all u € N

(d) Given u € HY(Q)? ~ {0}, there exists a unique t, > 0 such that t,u € N
Moreover, t, is the unique number in (0,00) such that

Jy (tyu) = max Jy (tu).
Proof. (a): By the continuous Sobolev embedding H'(RY) < LP(RY), for p € (2,2*),

and taking into account that || - ||y is an equivalent norm to the standard one, there
exists C'= C(N, p) > 0 such that

p
C< [[wlly for all u € H&(Q) ~ {0} C Hl(]RN) ~ {0}.

Julp
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Thus, we obtain
[[ul[y,
= ullf

So, taking dy == CV/P~1 we get

= |lulf5? for all u € /\/53

ully > dy for all u € N,
Accordingly,
Ny = {ue Hy(@)?: |uly > dy and |[ulff — |uf; = 0}

is clearly a closed subset of H}(Q2)?.
(b) and (c): Consider the function Fy: H}(2)? . {0} — R given by

Fy (u) = [lull§, — [ul}.
Then N = F;1(0), Fy is of class C? and its derivative is given by
F(u)[v] = 2{u,v)y —p/ lulP"?uv  for all u, v € H}(Q)?.
0

Moreover, 0 is a regular value of Fy because of
Fy(u)[u] = 2[|ull§ = plulp = (2 = p)|lull}; 0 for all u € Ny

This proves that Ny is a submanifold of Hilbert of class C* of H}(Q)? and that
u ¢ ker FI,(u) = TN

(d): Let u € H}()? \ {0} and Jy,: (0,00) — R be the function given by (2.7).
This function has exactly one critical point over (0, 00), which corresponds to a max-
imum point. This is the number ¢, considered in (2.8). Additionally, for ¢ € (0, c0),
the following holds true:

Jyu(t) = Jy(tu)[u] = 0 if and only if Ji, (tu)[tu] =0 if and only if tu € NY.

Therefore, Jy,,, has a maximum point at ¢ if and only if tu € ;7. This proves (d). [

Observe that

—2 —2
Ty (u) = %Huug = p2p ult for all u € NZ. (2.10)
Set
¢l = inf Jy(u). (2.11)
uE/\f{;/5

By previous Proposition 2.3, we can conclude the following result.
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Corollary 2.4. (a) Jy is bounded from below on ./\f{? In fact, c?} > 0.

(b) N is a natural constraint for the functional Jy on the space HL(Q)?, i.e. if
u € N{f s a critical point of Jy on N{f, then w is a nontrivial critical point of
Jv: HY}(Q) — R and, consequently, a nontrivial solution of problem (p?})

Proof. (a): The claim is a consequence of the identity (2.10) and Proposition 2.3 (a).
(b): Ifu € N{f is a critical point of Jy on /\/’{f, then by definition

JL(u)[v] =0 for all v € TN,

Additionally, Ji,(u)[u] = 0. As the orthogonal complement of T, N in H((Q)? has
dimension 1 and u ¢ T, N7, due to Proposition 2.3 (¢), we have that

HYQ)? = TNS @ {tu: t € R}.
Consequently,
Ji(u)[v] =0 for all v € HE(Q)?.

This is, u is a critical point of Jy|y1qp: H5(Q2)? — R. So, by Theorem 2.2 (b), we
conclude that u is a critical point of Jy : H}(Q2) — R. O

Additionally, we have that the Nehari manifold N$ is radially diffeomorphic to the
unit sphere in H}(Q)?. The radial projection m: H}(Q)? ~ {0} — N is given by

1
Jul}\ 7
= ()

Consequently, if u € H}(2)? \ {0}, then

Jv (m(u)) = p-2 (M) . max Jy (tu). (2.12)

» \ Jul? =

2.3 The associated limit problems

If K is a closed subgroup of I" and ¢ | K: K — Z/2 is the restriction of ¢ to K, we
consider the problem

—Au+u = |ulP?u,
(p2") u € H'(RY),
u(yz) = ¢(Yu(z), Yy e K, zeRY.

As before for the problem (), we have that the solutions to problem (pﬁK) are the

critical points of the energy functional

1 1
o) = 3l =l
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on the space H'(RM)?K = {u € H'(RY): u(yz) = ¢(y)u(z), Vv € K, x € RV},
where || || and | - |, are the standard norms in H*(RY) and LP(RY), respectively. Let

N = {u e HNRMPR: w0, [ull? = ul2}

be the Nehari manifold associated to problem (pﬂK), and set
A = inf  J(u).
uE./\/:i‘K

If K =T, we simply write ¢ instead of ¢ | I". We set

N, = {u € Hl(RN)i u#0, |Jul|* = |“|£}7

Coo = ug/l\;oo Joo(1).

It is well known that c,, is attained at a radial function w € HY(RY). So,if ¢ | K =1,

then w(yz) = w(z) = ¢(7)w(z) for all v € K, z € RY and, therefore, co = 2.

As we shall see in the next chapter, problems (pﬂK) occur as limit problems for

the loss of compactness of the functional Jy .
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Tools for proving existence and multiplicity

This chapter is devoted to, on the one hand, studying the lack of compactness for the
energy functional Jy given in (2.3) on the Nehari manifold Ny defined in (2.9), for
the problem
—Au+ (14 V(z))u = |uP~?u,
(07) u € Hy(Q),
u(yr) = p(Vulz), Vyel, z el

in terms of its associated limit problems (pﬂK) as in the previous chapter.

On the other hand, we formulate and prove an equivariant critical point theorem
for the group G = Z™ x Z/2 in order to find critical G-orbits of Jy .

3.1 The Palais-Smale condition

In this section we shall establish an energy level below which the functional Jy on
N$ satisfies a compactness condition, up to T-translations. This is the crucial part
of our work.
We denote by
Lz = {ya":~ €T}

the -orbit of 2”7 € R™ and by #I'z” its cardinality, and we write
Lo ={yel:~ya" =2"}

for the T'-isotropy subgroup of . Then, as I" is a closed subgroup of O(n), I'z” is
[-homeomorphic to the homogeneous space I'/T",». Hence, #I'z” = ‘F/I‘xu = the
index of Iy in I'; see |24].

The following lemma and its proof are taken from [17].

Lemma 3.1. Given a sequence (§!) in R™ there exist a sequence (y;) in R™ and

a closed subgroup K of I' such that, after passing to a subsequence, the following
statements hold true:
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(a) dist(T'¢Y,yy) < C < oo for all k € N.

(b) Tyy = K for all k € N.
(¢) If T/K| < oo then |ay] — By}| = oo for any a, B € T with af™" ¢ K.

(d) If [I'/K| = oo then there ezists a closed subgroup K' of I' such that K C K’,
IT/K'| = 0o and |ay) — By}l| = oo for any a, B € T with o™ ¢ K.
Proof. See [17, Lemma 3.2]. O

We denote by V Jy (u) the orthogonal projection of V.Jy (u) onto the tangent space
to the Nehari manifold A;? at the point u € N

Definition 3.1. We say that Jy satisfies condition (PS)? on J\/}? up to T-translations
if for every sequence (uy) which satisfies

up, €NY, Jylug) — ¢ and  Vady(ug) — 0, (3.1)

there exist kx € Z™ such that the sequence (uy) given by uy (2, 2") == uy (2’ + ki T, 2")
contains a subsequence which converges strongly in H}(£2).

Lemma 3.2. If a sequence (vy) satisfies (3.1), then J{,(vy) — 0 in H1(Q), the dual
space of H} ().

Proof. Given v € Ny, the tangent space T,N’ is the subspace of H{ ()¢ which is
orthogonal to VFy (v) where Fy : Hj(Q)?~{0} — R is defined by Fy/(v) = [|v|[} —|v[?
as in the proof of Proposition 2.3 (b). Since Jy is I-invariant (see Lemma 2.1),
VJy(v) € H}(Q)? for all v € HL(Q)?; see Theorem 2.2 (a). The same is true for Fy.

Let (v;) be a sequence satisfying (3.1). So, (vg) is bounded in H{(f2). In conse-

quence, <VNJv(vk),vk> — 0.
v
On the one hand, for every k € N, there exists ¢, € R such that

VJv(Uk) = VNJv(Uk) + thFv(Uk). (32)
It implies that

<VNJV(Uk>7Uk>V = (Vv (vp),vi)v — t(VFy(v), vi)v = (0 — 2) okl tr > cite

with ¢; > 0 due to Proposition 2.3 (a). Hence, t; — 0. On the other hand, for every
v e HY(Q),

(VY (0r), v)v|< 2loellv [vllv + ploe2 ol < eallvllv

with ¢; > 0. Taking v = VFy(v;), we have that (VFV(vk)) is bounded. Conse-
quently, from (3.2), we conclude that V.Jy (vg) — 0. It shows the conclusion. O
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Proposition 3.3. Let

¢ < min {26?}, min |I'/T,| cﬂrw”} :
" eR"~{0}

Then Jy satisfies condition (PS)? on N up to T-translations.

Proof. Let (uy) be a sequence satisfying (3.1). Then, (uy) is bounded in H} () and

2p

2c>O.
p_

By Lions’ lemma |39, Lemma 1.21], there exist a; > 0 and a sequence (&) in RY such
that

/ |ug” = sup / |ug|? > a; >0 forall k € N,
B1(&k) B1(¢)

EERN

where B,.(z) = {y e RN: ly—az| < r}. We write & = (f,’{, ,Z) and take y; €
[0,t1) X -+ x [0,%,,) such that & — vy, = ki1 with ky € Z™. We define

up(2', 2") = up (2 + & — yp, ") for (z/,2") € Q.

As Q and V are T-periodic, uy is well defined and the sequence (uy) satisfies

U, €NY,  Jy(t) — ¢ and  VaJy () — 0. (3.3)
Moreover,
/ = / P > ar > 0 for all k € N, (3.4)
B1(&) B1(&k)
where @ = (v;,,&)). Passing to a subsequence, we have that uy — u weakly in

H3(Q)?, up — v a.e. in Q and @y — u strongly in L (RY).

We now distinguish two cases in our analysis.
CAsE 1: u=0. B

In this case, it follows from (3.4) that (&) must be unbounded. As (y;,) is bounded,
after passing to a subsequence, we have that [{]/| — oo. For the sequence (&) we
choose a sequence (y;) in R” and a closed subgroup K of I' satisfying properties
(a)-(d) of Lemma 3.1. Property (a) implies that |y;| — co. We define vy == (v}, yy)

and vy(z) == ug(z + yx). Since |ug| is [-invariant, property (a) yields

/ P = / Tl > / P za>0 foralkeN.  (35)
Bc+1(0) Beoga(yr) B1(&k)

As (vg,) is bounded in H*(RY), after passing to a subsequence, we have that v, — v
weakly in H'(RY), vy — v a.e. in RY and v, — v strongly in L (RY). From

loc

(3.5), we get that v # 0. Moreover, it follows from property (b) of Lemma 3.1 that
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v(v2) = d(y)vr(z) for all v € K, 2 € RY. Hence, v has this same symmetry
property. We show next that v is a nontrivial solution to the limit problem (pﬂK)
To this aim, we take ¢ € C®(RY) and set op(z) = ©(z — yr). Observe that, as
supp(yp) is compact and |y}| — oo, assumption (€2;) implies that supp(¢x) C 2 for
k large enough. Hence, for k large enough, (o) is a bounded sequence in H} ().

Lemma 3.2 shows that V.Jy (1) — 0 if (3.3) holds true. Therefore,
S ()] = /N (Vvk Vo + vpp — |v;€|p_2vkg0)

R

RN RN
— @l - [ Ve

RN
=o(1) —/ V()ugpr.
RN

Moreover, as lim,/ | V (2, 2") = 0 uniformly in 2’ € R™, Lebesgue’s dominated
convergence theorem yields

[, V@hiaata) ds

[ Vit e+ mheto) do

<ty ([ W+ wp@pan) = o)

Consequently, J!_ (vg)[¢] — 0 and, as J (vx)[¢] — J. (v)[¢], we conclude that

J!_(v)[¢] = 0. This proves that v is a nontrivial solution to problem (pﬂ,K) Hence,

Joo(v) > 2. (3.6)

Let 71,...,7s € I' be such that |vy) — viyl| — oo if i # j. Then, for the action
of I' on RY given by (2.4), we have that |y;yx — viyx] — oo if @ # j. Now, given
w € HYRY) and v € T', we simply write w~y for the the composition w o . So, for
each j € {1,...,s}, we have that

S

(o — 2 Sv)vy (- = vk k) = G(v)vy;

i=j+1

weakly in H'(RY). The Brezis-Lieb lemma [39, Lemma 1.32| yields

p

‘qﬁ(%)ij‘l — 2 ow)vyi (- = Yayk + k)

i=j+1
p

p

+]o(v)or; [+ o(1).

= |¢(%~)ij1 - icb(%)v%’l(- — YilYk + ViYr)
i=j

p
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Performing the change of variable z = x —~,y; and recalling that u,(yz) = ¢(v)ug(x)
forall y € ', x € Q, we get

p p
U= 3 d(r)vy =) | = (e — 0oy (- —vaye) | + [olh 4+ o(1),
i=j+1 » =Jj »
and iterating this equality we obtain
s p
[l — [ — Y ¢(i)vr (= vige)| = s[vlp +o(1).
i=1 »

Multiplying this last expression by ”2;})2 and passing to the limit as k — oo, we deduce
that

¢ > 5Jw(v).
In particular, s cannot be arbitrarily large. Assertion (d) of Lemma 3.1 implies that
IT'/K| < co. Hence, assertion (c) allows us to consider s := |['/K|. Since K =T’

and y; # 0 for large enough k, inequality (3.6) yields
¢ > T/K| Jo(v) > [T/K| ZF > min{|T'/Tyn| 25" 2" € R {0} }.

This contradicts our assumption.
CASE 2: u #0.
In this case, as

Jow)lg] = Jim J([)le] =0 for all ¢ € C(9),

we have that u is a nontrivial solution to problem (pf). Hence, u € N;? and Jy (u) >
c?}. Moreover, as uy € ./\/'3, we have that

[ — ullyr = a3 = [lulli + o(1)
= [y = ulp +o(1)
= |ug — ulh + o(1).

Set
o . ~ 2 _ . ~ P
az = lim [[uy, —ully = lim [u, —ul,.

If ag > 0 then u, — u # 0 for k large enough and, taking ¢, € (0,00) such that
wg = tp(up —u) € /\/"Q/S, we have that ¢, — 1 and

-2
2p
p—2 p—2

= WHM}CH% + %HUH%/ = Jy(wg) + Jy(u) > 2,

¢ = Jy(uy) +o(1) = L@ |12 + o(1)

contradicting our assumption again. In consequence, as = 0, i.e., ux — u strongly in
H; (). 0
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We would like to stress that the iterative argument used by Benci and Cerami in
the proof of their representation result |9, Lemma 3.1] for Palais-Smale sequences in
domains with bounded complement, does not carry over to our situation because,
although the sequence (wy) is again a Palais-Smale sequence for the functional Jy
on Ny at a level smaller that or equal to ¢ and wy — 0 weakly in H}(Q)?, in order
to apply the argument of Proposition 3.3 to (wy), we would first need to replace wy,
by a T-periodic translation of it, and the new sequence will not necessarily converge
weakly to 0.

If m = 0, i.e., if the complement of 2 is bounded in RY, T-periodic translations do
not come into play, and the Palais-Smale condition (PS)?¢ on N{f holds true under
the less restrictive assumption that

¢ < min{|['/T,] A= g e RN < {0}},

cf. |20, Proposition 3.1]. If m > 1, the assumption that ¢ must be also smaller than
20?}, is in fact, necessary, as an example given in [14, Section 3| shows. This example
can be suitably extended to symmetric situations.

In the remainder of this section we give a condition for the inequality

2¢ > mind |T/Tyn| 2+ 2" € R* \ {0}}

to hold true. This will play an important role in our multiplicity results.

Given R > 0, we consider the domain Qp = {(2/,2”) € RY: |2”| > R}. We
denote by Jy g the functional on HZ(Qz)? given by (2.3). The Nehari manifold and
the infimum of Jy i on it will be denoted, respectively, by

N&R = {u € H&(QR)‘Z): u#0, ||lul} = \ulg} and c‘z"/’R = inf Jyg(u).

uEN‘d; R

Clearly, c‘{;R < c(&R, if R<R.
Proposition 3.4. The following inequality holds true

¢ : BT s
supcy, p > min  |I'/Tun| 25",
Rz% V,R—x/,eRn\{O}‘ /L] €
Proof. Set
c:.= supc@R.
R>0

If ¢ = oo the inequality is trivially true. So let us assume that ¢ < oco. Then, by
Ekeland’s variational principle [26], for each £ € N, we may choose uy, € ./\/'{fk such
that

JVJC(U]{) — ¢ and V./\/‘kjv’k(uk> — O, (37)
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where V. Jv g(u) denotes the orthogonal projection of the gradient of the functional
Jvr: Hi(Qr)? — R onto the tangent space to the Nehari manifold /\/’&R at the point
u € N&R. This implies that (uy) is a bounded sequence in H'(RY), and it satisfies

2p

\uk\g—> 20>0.

By Lions’ lemma [39, Lemma 1.21], there exist ag > 0 and a sequence (&) in R such

that
/ |ug|P = sup / lugl? > ag >0 forall k € N.
Bi (&) EERN J By (€)

We write & = (&,,&). For the sequence (&) we choose a sequence (y;) in R” and

a closed subgroup K of I' satisfying properties (a)—(d) of Lemma 3.1, and we define
yr = (&.,yr) and vg(2) = ur(z + yx). As |ug| is T-invariant, property (a) yields

/ v |P = / ug|P > / lug|? > ag >0 for all k € N. (3.8)
Bc41(0) Begi(yk) B1(&k)

This implies that
dist(yg, Q%) < C + 1. (3.9)

Passing to a subsequence, we have that v, — v weakly in H'(RY), v, — v a.e. in
RY and vy — v strongly in L (RY) and, from (3.8), we get that v # 0. Moreover,
property (b) of Lemma 3.1 implies that vy(v2) = é(7)vi(z) for all v € K, 2 € RY.
Hence, v has this same symmetry property. B

Set O = {2z € RY: 2z + 4, € .} Note that, if ¢ € C°(RY) and supp(p) C
for k large enough then, setting ¢i(z) = ¢(xr — yx), we have that ¢, € C°(€) for k
large enough. As (y) is a bounded sequence in H}(RY), we obtain from (3.7) and
Lebesgue’s dominated convergence theorem that

I (vi) ¢
= / (Vur - Voo + orp — [P o)
RN

— / (Vuk Ver+ (1+ V(z))urpr — ]uk|p_2ukcpk> —/ V(x)ugpr (3.10)
O RN

= Jy i (ur) o] — /RN V(z)uppr = o(1).

Note that inequality (3.9) implies that |y}/| — oco.
Let (x € 0€2. be the unique point such that

dy, = dist(yx, %) = |yr — Ckl,

and consider the interior unit normal 7, = (0, ¢/ |C,’€’|) to 0€; at (x. A subsequence
satisfies ny — 1. We claim that (dj) is unbounded.
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Arguing by contradiction, assume that (dy) is bounded. Then, after passing to a
subsequence, we have that d, — d € [0, 00). We consider two cases. If a subsequence
of (yx) satisfies that yy € Qf, we set

H:={zcR":n 2> —d}.

Since every compact subset in RV \ H is contained in RY \ Qy, for k large enough
and v, = 0 in RY \ 4, we have that v € HJ(H). Moreover, every compact subset of

H is contained in €, for k large enough. So, (3.10) implies that J/_(vi)[¢] = o(1) for
every ¢ € C®°(RY). Hence, v is a nontrivial solution of

~Au+u = |[ulf?u, wu€ Hj(H),

contradicting the fact that this problem has only the trivial solution; see [27]|. Simi-
larly, if a subsequence of (i) satisfies that y, € RY \ Q, we set

H:={zcR":n 2> d},

and a similar argument yields a contradiction. This proves that (dj) is unbounded.
This fact, together with inequality (3.9), implies that y, € € and that every

compact subset of RY is contained in € for k large enough. Hence, using (3.10), we

conclude that v is a nontrivial solution to the limit problem (pﬂf() Now, arguing as

in Proposition 3.3 (last part of Case 1), we show that
¢ > T/K| Jo(v) > [T/K| 2 > min{|T/T,n| 2= 2" € R" {0} },
as claimed. O
If m? := min{|T/Tp| A g e RN {0}} < oo, we set
R? = inf{R > 0:2¢{., >m?} € [0, 00). (3.11)
From Proposition 3.3 we obtain the following compactness criterion.

Corollary 3.5. If m? < co and Q C {(2/,2") € RY: |2"| > R®}, then Jy satisfies
condition (PS)? on N up to T-translations at every

c<m?.

Proof. Our assumption on  implies that Q C Qp for some R > R?. Hence, 20?} >
20?}7 » > m? and the statement follows from Proposition 3.3. O

Remark 3.6. An easy argument shows that C‘QR < m? for every R > 0. So the
inequality of Proposition 3.4 is, in fact, an equality.
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Recall that G = ker ¢ and
( =min{|G/G|: 2" e R" {0} }.
The following lemma gives a useful estimate for m?.

Lemma 3.7. It holds true that
IT/G| o < m®.
Equality holds if X\ Xo # 0, where ¥ and X are defined in (1.4).

Proof. Let 2" € R"~{0}. If I',» C G then |I'/G| |G/G.»| = |I'/Tw| and, as A > e
for every K, we have that

IT/GI |G/ Gar| coe < IT/Tan| S

On the other hand, if I',» ¢ G then ¢ is surjective and every function in N g
sign-changing. Therefore, " > 9¢. and, as |T/Tpn| = |G/Gyr|, we have that

‘F/Gl ’G/Gx”| Coo = 2 ’F/Fz”‘ Coo < ‘F/Fx”’ CQOb(LFx//.

This yields the desired inequality.
If ¥\ Xy # 0 then there exists £” € S"! such that |G/Ger| = £ and Ger = Ten.
But then ¢ | I'ev = 1 and, therefore,

AT s
T/ 5 = T/ GGl ene = T/ G .

This yields the reversed inequality. O]

3.2 An equivariant critical point result

Equivariant critical point theory for compact Lie groups is well known; see e.g.
[8, 19, 28]. The group we are concerned with in this thesis is Z™ x Z/2, which
is not compact. In this section we establish an equivariant Lusternik-Schnirelmann
theorem for this group, and cohomological estimates for the equivariant Lusternik-
Schnirelmann category. We start with some topological definitions.

A topological space X with a continuous action of a topological group G is called
a G-space. If the G-action is free, X is called a free G-space. A continuous function
f: X — Y between two G-spaces which satisfies f(gz) = gf(z), for all ¢ € G and
x € X, is called a G-map. A homotopy 7: [0,1] x X — Y such that 7(¢,-) is a G-map
for each t € [0, 1] is called a G-homotopy. Two G-maps f, g: X — Y are G-homotopic
if there exists a G-homotopy 7: [0, 1] x X — Y such that n(0,-) = f and n(1,-) = g.

Let X be a G-space and A be a G-invariant subset of X i.e.

GA={ga: g€ G,ac A} C A
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Definition 3.2. The {G}-category of A in X is the smallest number k, denoted by
{G}-catx A, such that there are:

e G-invariant open subsets Uy, ..., U, of X such that A C U; U---U Uy, and

e G-maps «;: U; — G and [;: G — X such that (; o a; is G-homotopic to the
inclusion U; — X, fori=1,... k.

If no such covering exists, we set {G}-catx A = oo.

Note that, if G does not act freely on A, then {G}-catx A = oco. So this notion of
category is only useful for free G-actions, which is all we need here. One can extend
it as in [19] to cover more general G-actions.

Next, we give a cohomological lower bound for {G}-cat.

For any topological group G there is a universal G-bundle £G — BG, i.e., EG is a
contractible free G-space and BG is its orbit space. BG is called the classifying space
of G; cf. [30]. For a G-space X we consider the product FG x X with the diagonal G-
action, and denote its orbit space by £G xg X. The projection £G x X — EG induces
a map mx: G xg X — BG between the orbit spaces which is a fiber bundle with
fiber X. Every G-map X — Y induces a fiber-preserving map FG xg X — EG XgVY
over BG. N

Let H* be singular Cech cohomology with coefficients in Z/2 and H* be the corre-
sponding reduced cohomology.

Definition 3.3. The G-length of a G-space X is the smallest number j, denoted by
G-length(X), such that 7% (6, —« -+~ 0;) = 0in H*(EG x¢g X) for any j cohomology
classes 61,...,0; € H*(BG).

It has the following properties.
Proposition 3.8. The following hold true:
(a) If A is a G-invariant subset of a G-space X, then

G-length(A) < {G}-catx A.

(b) If there exists a G-map X — Y between two G-spaces X and Y, then

G-length(X) < G-length(Y').

Proof. The Borel cohomology of a G-space X, defined by H;(X) = H*(EGxgX), is a
multiplicative G-equivariant cohomology theory. As Hg(pt) = H*(BG) and H§(G) =
H*(pt), we have that ker[Hj(pt) — H3(G)] = H*(BG), where pt denotes the one-
point space. So G-length(X) is what is called ({G}, Hj)-length(X) in [19]. The
statements now follow from Proposition 4.3 and properties 4.4 in [19]. O
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Let us look at some relevant examples.

Example 3.1. E(Z/2) = S* is the infinite dimensional sphere with the Z/2-action
given by multiplication, and B(Z/2) = RP is the infinite dimensional real projective
space. Since H*(RP*>) = 7Z/2[w| is a polynomial algebra in one generator w €
H'(RP>), we have that Z/2-length(X) is the smallest number j such that w} =
i (w?) = 0.

If X is a paracompact free Z/2-space, the quotient map X — X/(Z/2) is a fi-
bre bundle. Since S* is contractible, the projection S® x X — X induces a weak
homotopy equivalence S* xz,, X — X/(Z/2) and an isomorphism H*(X/(Z/2)) =
H*(S* xz/, X) in singular Cech cohomology. So the definition of Z/2-length(X)
given here coincides with the one we gave in the Introduction.

Example 3.2. E(Z™) = R™ with the Z™-action given by translation, i.e., (k,x) —
r+k for z € R™, k € Z™, and B(Z™) = T™ :=S! x --- x S! is the m-dimensional
torus. H*(T™) is generated by m-classes 11,..., 7, € H'(T™) and the top class is
Ty~ oo Ty 0 in H™(T™).

Example 3.3. If G = Z™ x Z/2 then EG = R™ x S* with the action of G de-
scribed above on each of the factors, and BG = T™ x RP*>. By Kunneth’s theorem,
H*(BG) = H*(T™) ®z/2 H*(RP*>).

Lemma 3.9. If X is a Z/2-space, then
G-length(R™ x X)) > m + Z/2-length(X).

Proof. As T™ is a CW-complex, the map E(Z™) xzm R™ — R™/Z™ = T™ is a
homotopy equivalence and, hence,

E(G) xg (R™ x X) = (E(Z™) xzm R™) x (E(Z/2) xz/2 X) = T™ X (S™ xz/2 X)
is also a homotopy equivalence. By Kunneth’s theorem, the homomorphism

HY (S X2 X) = H™(T") @z H) (8% Xz X) = H™ (T x (8% x7 X))

D (M~ o T) QU (Ty oo Ty) X 1w 1 X 0,

is injective. So, if G-length(R™ x X)) = m+j, then (11 ~ -+« 7,,) X L « 1 X wh =0
and, hence, w} = 0. It follows that Z/2-length(X) < j. O

As we have already mentioned, equivariant critical point theorems are well known
for compact Lie groups, however G is not compact but is locally compact. Thereby,
we have to adapt this theory in our case. To do that, we consider some definitions
and additional results.
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Following Palais [34], a subset S of a G-space X is a small subset if each point of
X has a neighborhood U with the property that the set

{9€G: gUNS#0}

has compact closure in G. Moreover, a G-space X is proper, in the sense of Palais, if
each point of X has a small neighborhood. If G is compact, every G-space is proper.
Let B be the class of all metric proper G-spaces Y whose G-orbit space Y/G is
metric.
Following [5] we define a G-ANE as follows:

Definition 3.4. A G-space X is a G-ANE if it is a G-equivariant absolute neighbor-
hood extensor for all G-spaces Y belonging to the class 3, that is, if for every Y € 33,
every G-invariant closed subset Z of Y and every G-map f: Z — X there exist a
G-neighborhood U of Z in Y and a G-map f: U — X such that f(z) = f(z) for every
z € Z.

We would like to stress that, for noncompact groups, the argument required to show
that the equivariant category has the usual properties is more delicate. Theorem 5
in [5] gives some suitable conditions which allow to prove this for locally compact
groups. So, we consider that result:

Theorem 3.10. Let G be a locally compact group and K be a collection of compact
subgroups of G such that every compact subgroup of G is conjugate to a subgroup of
a group K € R. If X is a G-space which is a K-ANFE for each K € R, then X is a
G-ANE.

Proof. See |5, Theorem 5. O

A subset of a topological space X is locally closed in X if it is the intersection of
an open subset and a closed subset of X.

The following result is needed to prove the usual properties of {G}-cat which are
stated e.g. in [19].

Lemma 3.11. Let X be a G-ANE which belongs to the class B, and Z be a G-
invariant locally closed subset in X. Assume that G is a G-ANE. If there exist G-maps
a: Z — G and B: G — X such that p o « is G-homotopic to the inclusion Z — X,
then there exist a G-neighborhood V' of Z in X and a G-map a:V — G such that
B oa is G-homotopic to the inclusion V — X.

Proof. Let U be a G-invariant open subset of X such that Z is a closed subset of [7,
and 7: [0,1] x Z — X be a G-homotopy such that 7(0,2) = (Boa)(z) and n(1,z) = 2
for all z € Z. B B

As X € B, and U is a G-invariant subset of X, we have that U € 3. Thereby, as
G is a G-ANE, there exist a G-invariant open subset U of U and a G-map a: U — G
such that Z C U and a(z) = a(z) for every z € Z.
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Set Y := ([0,1] x Z) U ({0,1} x U) C [0,1] x U. Note that, if X is a G-space, then
G acts on [0,1] x X as follows:

g(t,x) = (t,gx) forge G, tel0,1], z € X.

Additionally, if A is a G-invariant subset of X, then [0,1] x A is a G-invariant subset
of the G-space [0, 1] x X, with the previous action. Define the function f: Y — X by

f(t,z) =n(t, =z if (¢,2) €10,1] x Z;
f0,2) = (Boa)(z) ifzeU;
f(lz) =2 if v € U.

It holds that f is a G-map.

As X € B, we have that [0,1] x X € B. Moreover, [0,1] x U is a G-invariant
subset of [0,1] x X. So, [0,1] x U € B. On the other hand, Y is a G-invariant closed
subset of [0,1] x U. Thus, as X is a G-ANE, there exist a G-invariant open subset W
of [0,1] x U and a G-map f W — X such that Y ¢ W and f( ) = f(y) for every
yey.

Now, to prove the statement of this lemma, our task reduces to show that there
is a G-neighborhood V' of Z in X such that [0,1] x V' C W, because in that case
the restriction fv loxv: [0,1] x V' — X is a G-homotopy which guarantees that
foa:V — X is G-homotopic to the inclusion V — X, where a = a |y: V — G.

As W is a G-invariant open subset of [0,1] x X, for every (¢, 2) € [0,1] x Z, there
are an open subset I(;.) of [0,1] and a G-invariant open subset V{;.) of X such that
(t,2) € L2y X Vi) € W. For every z € Z, the set [0,1] x {2z} is compact. Thus,
there exist t1,...,t; € [0,1] such that

k
0.1] x {2} € Ty % View))
=1

[0,1] x {2z} C[0,1] x V,

where V, = ﬂle Vit ») s a G-invariant open subset X. Accordingly, V = J,., V.
is also a G-invariant open subset X which contains to Z, and [0,1] x V' C W. This
finishes the proof. O

Let X be a G-space and A, B be G-invariant subsets of X. We say that A is
G-deformable into B in X if there exists a G-homotopy 7: [0,1] X A — X such that
n(0,a) = a and n(1,a) € B, for every a € A.

By previous lemma, we obtain the following mentioned result.

Proposition 3.12. Let X be a G-ANE which belongs to the class B. Assume that
G is a G-ANE and that it acts freely on X. Let A, B be G-invariant subsets of X.
Then {G}-catx has the following properties:
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1. (Non-triviality) {G}-catx A = 0 if and only if A =.

2. (Deformation monotonicity) If A is a closed subset of X, and is G-deformable
into B in X, then

{g}'catXA < {g}—Cath.

3. (Continuity) If A is a closed subset of X, then there exists a G-neighborhood U
of A in X such that

{g}'catXU = {g}-CatxA.
4. (Subadditivity) {G}-catx (AU B) < {G}-catx A + {G}-catxB.

5. (Finiteness) For all x € X, it holds that {G}-catx(Gx) = 1. If the G-orbit space
A/G of A is compact, then {G}-catx A is finite.

Proof. The proof is completely analogous to the one of [19, Proposition 3.4], but using
Lemma 3.11. 0

Now we go back to problem (p?})

As Q is T-periodic, the group G = Z™ x Z/2 acts on H}(Q)? as follows:

(5, )u] (2, 2") = (2’ — KT, 2")  for k€Z™, +==1, (2',2") € Q. (3.12)

In the following lemma, we show that this action is isometric for the norm || - ||y,
and for the L”-norm as well. We also state some additional properties. Recall that
the C%-function Fy: H}()? \ {0} — R given by

Fy(u) = [lully = Julb
is such that N = Fj;(0); see proof of Proposition 2.3 (b).
Lemma 3.13. For all u € H}()? and (k,t) € G, it holds that
[(r, Jullv = flully—and — [(k, Jul, = |ul,.

Consequently, ./\/"‘/ﬁ, Jv and Fy are G-invariant. Moreover, the functions

VJy: Hy(Q)? — Hi(Q)?
VEy: Hy(Q)? ~ {0} — Hi(Q)?
Vadv: N — HY(Q)?

are G-maps.
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Proof. Let u € H}(Q)? and (k,t) € G. As Q and V are T-periodic, it is clear that
the action is isometric for the norms || - ||y and | - |,. Thus (k,¢)u € Ny if and only if
ue N, Jv ((k,)u) = Jy(u) and Fy((k,0)u) = Fy(u). As a result of this, arguing
as in the proof of Theorem 2.2 (a), we can find that

Vv ((k,0)u) = (k,0)VJIy(u) and  VFy((k,t)u) = (k) VFy(u).
But we know that, for every u € ./\/“f, there exists £, € R such that
Vv (u) = Ve Jy (u) + t,VFy(u).
Accordingly, as (.,), = t,, we obtain
Vv (5, 0)u) = (8, )V (u).
O

Previous result says, in particular, that N$ is a (metric) G-space. Furthermore, G
acts freely on N{f In fact, we have the following additional properties for the Nehari
manifold.

Proposition 3.14. N{f has the following properties:
(a) N‘f 1s a proper G-space.
(b) N2/G is a metric space.
(¢) N is a G-ANE.

Proof. (a): Let u € N and ¢ € (0, Hlullv). We will show that B.(u) NN is small.
Here, B,.(w) denotes the open ball centered in w € H} () with radius r > 0. To this
aim, it suffices to prove that, for every v € N$, the set

Y :={g€G: gB.(v) N B.(u) # 0}
is finite. Note that, as ¢ is an isometry,
gB.(v) N B.(u) # 0 if and only if B.(v) N B.(g " u) # 0.

Arguing by contradiction, let us assume that Y is infinite. Then it contains a sequence
g; = (Kj,t) € Z™ x Z/2 such that |x;T| — oco. It follows that

gyt u = g5 ully, = V2]ullv
as 7 — oo. But
lor " = g5 Mully, < flov e =l + llog e = vl < 26+ 2 = de < [Jullv.

This is a contradiction.
(b): Recall that N2/G = {Gu: u € N} We define d: N’/G x N}?/G — R by

d(Gu, Gv) = g’i}?EfG lgu — ho|ly = ;gé |lu — gv||v. (3.13)

It is straightforward to show that function d satisfies
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(M)

d(Gu Gv) = 0 if and only if Gu = Gv.
(M) d(Gu,Gv) = d(Gv,Gu) for all u,v e NY.
d

(M3) d(Gu, Gw) < d(Gu, Gv) + d(Gv, Gw) for all u,v, w e NJ.

For statement in (M), as Gu is a closed subset of N$, we observe that dist (u, Gv) =

d(@u, Gv) = 0 if and only if u € Guo if and only if Gu = Guv. In consequence, J\/"?/G
is a metric space equipped with the metric d. In fact, this prove that the metric
induces the quotient topology.

(¢): In order to prove this statement, we use the Theorem 3.10. So, we have to
show that ./\/"d} is a K-ANE for all compact subgroup K of G. But, G = Z™ x Z/2
has only two of this kind of subgroups. Namely, K; = {0g} = {0z} x {1} and

= {OZm} X 7,/2. But it is true that N$ is a K;-ANE for i = 1,2. In fact, for the
trivial group, it is proved in [35, Corollary in page 3|. In the general case for compact
Lie groups it follows from [33, Theorem 8.8|. O

The following lemma plays a key role in the proof of Theorem 3.16.

Lemma 3.15. If Jy satisfies condition (PS)? on N up to T-translations then the
following statements hold true:

(a) The G-orbit space of K. = {u € NE: Ty (u) = ¢, Vardy(u) = 0} is compact.
(b) Given § > 0, there exists € > 0 such that
HVNJV(U)H >¢e/5 forallu € J;'le—¢,c+e] N Bs(K,),

where Bs(K,) = {u € N: dist(u, K.) < §}.
Proof. (a): Let (uk) be a sequence in K. So, (Guy) is a sequence in K./G, and

up € /\/& Jv(up) =c and VuJy(up) =0.

From the hypothesis, there exist x; € Z™ such that, passing to a subsequence, we
have (kg, 1)ur, — u strongly in H}(2). As the Nehari manifold is closed, by using
Lemma (3.13), we get that u € N%, Jy (u) = ¢, and VJy (u) = 0. Therefore, u € K,.
So(; Gu € K./G and, using the metric defined in (3.13), it holds that Gu;, — Gu in
N7 /G.

(b): Arguing by contradiction, assume that there exist a sequence (uy) such that

1
L’

1 1
u, € N~ Bs(K.),  Jy(up) € {c— c+ E} and || VaJy (u)|| < R
One again, there exist k; € Z™ such that, passing to a subsequence, we have
(kg, D, — u strongly in HY(Q). As before, u € N ~ Bs(K.), Jy(u) = ¢ and

Vady(u) = 0. It means that u € (N{f ~ B(;(Kc)) N K., which is a contradiction. [J
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As usual, we write J¢ = {u € H}(Q): Jy(u) <d}.
The following is the main theorem of this section and it is fundamental in order to
prove our multiplicity results.

Theorem 3.16. Let d > ¢, be such that Jy satisfies condition (PS)? on N up to
T-translations for every c € [C?}, d]. Then Jy has at least

{G}-cat <N$ N J{f)

critical G-orbits in N N JE.

Proof. By Lemma 3.13, the gradient vector field VJy : /\/’{f — H}(Q)? is a G-map.
Thus, the associated negative gradient flow 7(t,-) is also a G-map for each ¢t. A
standard argument using Lemma 3.15, shows that, for each ¢ € [c?},d] and 6 > 0,
there exists £ > 0 such that J& \ Bs(K,) is G-deformable into J&° in N7; cf. e.g.
|39, Lemma 2.3|.

On the other hand, Proposition 3.14 guarantees that N{f is a proper G-space in the
sense of Palais and its G-orbit space is a metric space. Moreover, N$ is a G-ANE.
This, and Proposition 3.12, provide the typical properties of {G}-cat.

Using this two facts and Lemma 3.15, a standard argument yields the result; cf.
e.g. [19, Theorem 3.5|. O

We wish to mention that, in some situations, the choice of a different multiplicative
G-equivariant cohomology theory will lead to better lower bounds for the equivariant
category; cf. |8, Chapter 5] and |20, Section 6.

Critical point theory for infinite discrete groups and general cohomological esti-
mates for the equivariant category have been recently established in [7].

3.3 Some asymptotic estimates

In this section we give some estimates which will be used in the proof of Theorems
1.2 and 1.4 stated in the Introduction.

Let w € H'(RY) be the unique positive solution to the limit problem (1.2) which
is radially symmetric about the origin. Recall that we are assuming that V= 1. It
is well known that w has the following asymptotic behavior: there exist by and b; > 0
such that

|l‘im w(x)|x|% exp |r| = by and ‘1|im |Vw(z)| |x|¥ exp |z| = by, (3.14)
Tr|—00 xT|—00

of. [10, 29].
For y € RN we define

I(y) = /RN W () w(x — y) da. (3.15)
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Lemma 3.17. There are positive constants by, bs and S such that
by < I(y)ellly| =" <by  if[yl > 5.
Proof. As w is radial, from (3.14) and Proposition 1.2 in |6] we derive that

lim [(y)e'y‘\y]% =0by > 0.

ly|—o0
This immediately yields the result. [

For y € RN we define

Aly) = VT (2)w?(z —y) dr. (3.16)

RN

Lemma 3.18. Let M € (0,2). If there exist ¢ > 0 and p > M such that V(' ,2") <
ce 1"l for all (z',2") € RN, then

lim A(y’,Ry")eMRR% =0,
R—o0

uniformly in (y',y") € R™ x S"1,

Proof. Let y = (v,y") € R™ x S"". Fix € € (0,1) such that p(1 —¢) > M. The
open ball centered in z € R? with radius r > 0 is denoted by B%(z). Then

/ V() w(@ —y, 2" — Ry")eMER T dz
R xBE_(Ry")

S C/ e*(P\ﬂﬁ”‘*MR)R¥w2<£L'/ o y/’xll o Ryl/) dl'
Rmx BY._(Ry"")

< (c /]RN w2> ef(p(lfs)fM)RR%. (3.17)

On the other hand, using (3.14) and performing the change of variable 2’ = m;y/ and
2" = %, we obtain
/ Vi) w(@ —y, 2" — Ry")eMER" T dx
mx R B (Ry")|
*(P|$//|+2|(wlfy/,"ﬂ"*Ry//)‘7MR) N—1
<C ; i dx

RmX[R"\B%E(Ry”)] |($/ _ yl, ! — Ry//)|N—1

(=121 2y =) R
=¢ - dz. (3.18)

B [ B2 ()] (2, 2" —y)[V
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Here, and hereafter, C' denotes some positive constant, independent of y. Set py :=
min{p, 2} and fix § € (0,1) such that dpy > M. Then, noting that

’Z//’ + ’(Z/,Z” _y//)’ Z ’Z//’ + ’z// _ y//‘ Z ’y//‘ — 1’ (319)
we get

pl2" 14212, 2" —y") = M = po (IZ"|+|(Z 2" —y")| =) + (3p0 — M) > 0.

N+1 .
Furthermore, as max el = (NJr ) ER d="5" for d > 0, we obtain
t>

o (Pl 1421 27—y M) R s
/ ~ T dz
R x (R B2 ()] (2, 2" = y")]

—po\ [2"|+|(z",2" —y'")| -0 ) R p N£1L
< e(5P0M)R/ © p0< ’ ) Rz dz
R™ X [R*"~ B2 (y")] |(Z,7 2" — y”>|N_1
< C’e (6p0— M)R/ dZ N+1 .
R™ X [R?~ B2 (y (|Z”‘ 4 ‘(Z/ S y//)| _ 5)7’(%,2’/ _ y//)lN—l
(3.20)
The statement of the Lemma 3.18 follows from inequalities (3.17), (3.18) and (3.20)
once we prove that this last integral is finite. To this end, we write it as the sum of
the integrals over the sets R™ x D; with Dy = R™ . (B§(0) U B"(y")) and Dy :=
B#(0) ~ BX(y"). We have that

/ dz
R™ x Dy (|Z”| + |(Z/, o y//)| _ 5) |(2/, o y//)|N—1

</ dz dz
-~ Jrmxp, |(z’,z”—y”)|3N271 RNB.(0) 2] 77

‘ z

IN

is finite, and
dz
N1l
b (|24 (1,27 = )] = 8) F I(21 " — g
dz
< 3N—1
R™ x Dy (|Z”| T ’(Z/,Z” - y//>’ o 5) 2

is also finite because, from (3.19), for z” € Dy we get that

/ dz’
Rm 1" Ay A I 3N271
(|2 +1(z", 2" — y")| — )

dz’ dz’
B‘T://,y//'(o) (1 - 6) 2 Rm™ \B //|(0 (\/_ ‘Z”)

and this integral is finite. O
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Lemma 3.19. If m < N —2, p > 2 and h € CO(R"™) then

lim h(x" P2’ =y, 2" — Ry")e"R(pR) = dz = 0,

R—o0 RN

uniformly mn (y',y") € R™ x S* 1.

Proof. Let r > 0 be such that supp(h) C B™(0). If || < r then, setting 2/ = L=

R—r
we get
(@' =y 2" = Ry")| = (R =)/ |2/ +1

for R large enough, and from (3.14) we obtain
/ h(x"wP (2" — o 2" — Ry")epR(pR)% dz < C’/ fr(z") dz'dz",
RN R XB;}(O)

where
N—1

no.— —p(R—T)<(\Z’|2+1)1/2—1) R )2 R—r)®
G QR—HWV+UW e

and a = [2m — (p — 1)(N — 1)] /2.
Let 2 € R™ ~\ {0}. Then fr(z’) = 0 as R — oco. Moreover, for R large enough,

N—-1

}fR(z’)}g(( ! ) if <0

2]+ 1)l

and
N—1

/ 1 “ 1 EE
\h@MSCQVP+Wﬂ_J QVP+WW) if o >0,

This last inequality follows from the identity max tre~t = (%)a b~“, which holds true

for any a, b > 0. Since m < N —2 and p > 2, the right-hand side is integrable in both
cases. Consequently, the dominated convergence theorem yields

lim fr(z)dz' = 0.

R—o0 R™

This finishes the proof. O



Chapter I

Sign-changing solutions

We consider the problem

{ —Au+ (Voo + V(@))u = [uf~2u, (4.1)

u € Hy(9Q),

where ) is either RY or a smooth domain in R" with unbounded boundary, N > 3,
and 2 < p < 2*. In this chapter, we establish and prove our main theorems under the
assumptions (27)—(€3) and (V;)—(V3) considered in the Introduction.

Recall that we consider RY = R™ x R® with 1 < m < N — 1. A point in RY
is written as x = (2/,2”) with 2/ € R™ and 2” € R". Furthermore, we take a
closed subgroup I' of the group O(n) of the linear isometries of R and a continuous
homomorphism of groups ¢: I' — Z/2 in order to find sign-changing solutions to
problem (4.1).

Given a subgroup K of I, Kz” = {va2": v € K} is the K-orbit of 2" € R™, #Kz" is
its cardinality, and K,» = {y € K: v2” = 2"} is its K-isotropy subgroup. Moreover,
for " € Z C R™, we defined

(K2) = inf{|az” — B2"|: o, € K, ax” # pa"} if#Ka" > 2;
a ' 2|2” | if#Kz" =1,
px(Z) = inf p(Kz") and p(Z) = sup u(K2").

z'’'eZ z''eZ

Note that pu(Kz”) > 0 if and only if #Kz2"” < co. We denote by |I'/K| the index of
K in I' and recall that G = ker ¢,

(= IIllIl{|G/GxN| = Snil},

and
N ={y €S |G/Gy| =l and |T/Ty| =20}

where S"~! is the unit sphere of R™.
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Recall that a subset Z C R”™ is I'-invariant if 'z C Z for every z € Z. So, if Z
is [-invariant and ¢ is surjetive, the group Z/2 acts on the G-orbit space Z/G =
{Gz: z € Z} of Z as follows: we fix v € I' \ G and define

1-Gz =Gz and (—1) -Gz = G(vz)

for each z € Z. This action does not depend on the choice of ~.
The associated natural functional Jy : H}(Q) — R to problem (4.1) is given by

1 1
Jv(u) = g lully - Sl

where the norm || - ||y is defined in (2.2h).
Now, I' can be regard as a subgroup of O(N) via the action on RY given by (2.4):

o= (2, y2") forallyeTl, z=(2/,2") € RY.
So, we are interested in search solution to problem (4.1) such that
u(yr) = ¢(y)u(z) forally €T, z € RY (4.2)

because, if u: RY — R is a nontrivial solution which satisfies the above relation and
¢: ' — 7Z/2 is surjective, then u is a sign-changing solution to problem. By the
principle of symmetric criticality, this kind of solutions are the critical points of the
functional .Jy, restricted to the space

HY(Q)® = {u € HYQ): ulre) = o(1)u(z), ¥y €T, x € Q.
The nontrivial critical points of Jy in H}(Q)? belong to the Nehari manifold
NY = {ue Hy(Q)?: u#0, |[ull} = |ul?}.

Note that, if X\ Xg # 0, then ¢ is necessarily surjective. So, every u € N{f changes
sign.

Finally, recall that for associated limit problem (1.2), the energy functional, the
Nehari manifold and the infimum of the functional on it are given by

1 1
Too(w) = 5 lul* - ol

N ={ue H'RY): u#0, |[u* = |u}},

Coo = ug/l\;oo Joo(10).
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4.1 Proof of Theorems 1.1 and 1.3

Our purpose in this section is prove the following two results, which correspond to
Theorems 1.1 and 1.3 stated in the Introduction, respectively.

Theorem 4.1. Assume there exist { € X\, 19 >0, o > 0 and X € (O, u(FC)\/VOO)
such that

V(z, 2") < —cope M for all (2, 2") € RY with |z"| > ro.

Then problem (4.1) has at least one sign-changing solution which satisfies (4.2) and
has least energy among all solutions with this symmetry property.

Theorem 4.2. Let Z be a nonempty compact I'-invariant subset of ¥\ and assume
that V' satisfies the following condition:

(Vi) There ezist ro > 0, cg > 0 and X € (0, ur(2)v/Vao) such that
V(x 2") < —coe M for all (', 2") € RN with |z"| > rg.

Then there exists R® € [0,00) such that, if Q C {(«/,2”) € RY: [2"| > R}, then
problem (4.1) has at least

m + Z/2-length(Z/G)
pairs of sign-changing solutions tu, which are nonequivalent under T-translations,
and satisfy (4.2) and the enerqy estimate

4
/]u\p< P { Coo. (4.3)
Q

p—2

Let w € HY(RY) be the unique positive solution to the limit problem (1.2) which
is radially symmetric about the origin. For simplicity, V,, = 1.
Let Z be a nonempty compact I'-invariant subset of ¥\ ¥ and let A € (O, ur(Z)

Fix e € (O, Zig;;;) and a radial cut-off function x € C*(RY) such that 0 < x(z) <

1, x(x) =1if |z| <1 —¢eand x(x) =0if || > 1. Given S > 0, we define
SeoN xr
w’(x) = x <S> w(z).

We have that w® — w in HY(RY) as S — oco.
The following lemma is from [22, Lemma 2| and provides some useful estimates.
We include its proof here for the sake of completeness.

Lemma 4.3. As S — oo, the following estimates hold true

‘||w||2 _ HWSHQ‘ —0 (e—2(1—a)5) and ‘|w|£ _ ‘ws‘z -0 (e—p(l—a)S) '
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Proof. First, we observe that
Vw?(z) = w(z)V (x(2/9)) + x(2/9)Vw(x).

In this proof C' denotes some positive constant, but its value may change from line to
line. Let S be large enough. Hence, using the asymptotic behavior (3.14), we obtain

/ )ywﬁ—\vcﬁﬂ:/ Vel - Vs
RN |z|>(1—¢)S
s/ m|2+/ VS|
|2 (1-¢)S 2| (1-¢)S

< c/ (IVel? + Jwl?)
|z|>(1—€)S

C/ 2|~V =De=2ll gy
|z|>(1-¢)S

C’/ e 2 dr
(1—e)S

—C 6_2(1_8)5.

IN

In a similar way,

/ ’|w|2 B ’wsﬂ < C’/ wf? < O o—20-2)5
RN |z|>(1—¢€)S

This proves the first estimate. For the second one, fixing 2 < p < 2*, we have

/ ‘|w|p_‘ws‘p :/ ‘|w|p_‘wS‘P
RN |z|>(1—€)S

< C/ |z| 75N VePlel 4y
|z|>(1—¢€)S

= C’/OO r T (VD g
(1-¢)S

]

Set o := @. As X € (0,ur(Z)) and pr(Z) € (0,2], we have that 0 < o <

mlZ) <1, For R>0and y = (y/,y") € R™ x S 1, we define

wRy(x’,:c”) — ng(QJ/ . y’,x” o Ry”).
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Note that supp(wgr,) C Bor(y, Ry"). Therefore, wr, € H}(Q2) for R large enough.
Moreover, for the I'-action defined in (2.4), we have that

SUPP(@Wr,ay) N supp(wrgy) = 0 (4.4)

for all a, 8 € T with o~ ¢ T, for all y € Z. Let tg, € (0,00) be such that

||tR,wavyH3/ = }thwa,yE'

As w € N, assumptions (V) and (V2) imply that ¢tg, — 1 as R — oo uniformly in
y € R™ x S"~'. Moreover, as V is [-invariant, we have that tr, = tg., for all v € T..
For y e R™ x Z and R > 0 we set

Ory(2) = =1try >, O(7)WRrAy(2). (4.5)

[Vler/Ty

Clearly, o, satisfies the symmetry condition (2.5) and og, € NY.
The proof of the next lemma is similar to that of [20, Lemma 4.1|. We give the
details for the reader’s convenience.

Lemma 4.4. If V satisfies (Vy), then there are positive constants Cy and Ry such
that
Jv (try@Wry) < Coo — Cre ™ forally e R™" xS" ', R> R.

Consequently, there erists d € R such that
c{’i < Jv(ory) <d < 2co, forallye R™" x Z, R> R;.

Proof. Taking R large enough to guarantee that wg, € Hy(Q) and tp, > < for all

y € R™ x S"7! and that (1 — g)R > rq for rq as in (V}), we find that

1
2

/ V(x) ]tR,wa,ylz = / V(e +y, 2" + Ry") |tR,yw9R(ac)]2 dx
Q |z|<oR

< _COt?{’y/lK Re_)\|x//+Ry//| |WQR(ZE)‘2 da
T|>o

< G / o
4\ Jan

<X </ e M (z)]? d:v) e M = —(Che M,
8 \ Jan

for R large enough. So from estimates in Lemma 4.3 we obtain that there exists
C} > 0 such that, for all y € R™ x S*~! and R large enough,

weR (z)|” dx) T

1 1 1
Jv (try@ry) = 5 Itry@ryll” + 5 /Q V() [try@r,|* — p try @Ryl
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1 2 1 P —2(1—¢)oR Cy —AR
= gl =l O (e707927) — e

< Joo(w) — Cre ™ = ¢y — Cre ™,

because 2(1 —g)o > A.
If y € R™x Z, from (4.4), the I'-invariance of 2 and V', and the previous inequality,
we get that

C(e S JV(UR,y) = 2&]\/ (tR,wa,y) S 20 (COO — Clei)‘P”) =d
for all R > R;. This finishes the proof. O

Proof of Theorem j.1. Applying the previous lemma with Z := I'C we get that c‘é <
2lc,. By Ekeland’s variational principle [26, 39], there is a sequence (uy) which sat-
isfies
ug € ./\/'{f, Jy (ug) — 03 and Vi Jy(ur) — 0.

Proposition 3.3, together with Lemma 3.7, implies that there is a sequence (kj) in
Z™ such that the sequence (uy) given by ug(2',2") = wy (2’ + kT, 2”") contains a
subsequence which converges strongly to u in H}(Q). As @, € Ny and Jy(uz) =
Jy (), we conclude that u € N and Jy (u) = ¢). O

Proof of Theorem /.2. As { < oo and ¥ \ Xy # (), Lemma 3.7 implies that m? =
20coe < oo. Hence, the number R? given by (3.11) is well defined. If Q C {(2/,2") €
RN: |2 > R¢}, then Corollary 3.5, together with Lemmas 3.7 and 4.4, asserts that

Jy satisfies condition (P.S)? on ./\f{f up to T-translations for every ¢ € [¢{}, d]. So, by
Theorem 3.16, Jy, has at least

{G}—CatN‘q/s </\/"‘}5 N J{f)

pairs of critical points u in N with critical value Jy(u) < d < 2fco, which are
nonequivalent under 7T-translations.

Fix R > R; and consider the function o: R™ x 27 — /\/'{f NJ& given by o(y) = ory
with o, as in (4.5). Clearly, o is continuous and satisfies

oy + KT, 7y") = (k,0(7))[o(y)] forall k€ Z™, v €T andy € R™ x Z,

where the action on the right-hand side is defined in (3.12). Therefore, o induces a
continuous function o: R™ x Z/G — N{? N J&, given by 7(y', Gy") = o(y), which is
a G-map, i.e.,

oy + kT, - GyY") = (r,0)[0(y,Gy")] forall (k,.) EG=Z"XZJ2, yeR™ x Z,
where ¢ - Gy” is defined in (1.5). Proposition 3.8 and Lemma 3.9 yield
{G}-cat <N$ n Jé) > G-length(R™ x Z/G) > m + Z/2-length (Z/G),

as claimed. O
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4.2 Proof of Theorems 1.2 and 1.4

Now, our objective in this section is prove the following results, which correspond to
Theorems 1.2 and 1.4 stated in the Introduction, respectively.

Theorem 4.5. Assume there exists ( € X such that 2 < #G( < 0o and
dist(v¢, G¢) > u(GQ) for all v € T with ¢(v) = —1.
Assume further that there exist ¢, > 0 and p > u(G¢)\/Va such that
V(' 2") < ee Pl for all (z/,2") € RY.

Then problem (4.1) has at least one sign-changing solution which satisfies (4.2) and
has least energy among all solutions with this symmetry property.

Theorem 4.6. Assume that 2 < ¢ < oo and let Z be a nonempty compact I'-invariant
subset of X2. Assume that the following conditions hold true:

(Zy) dist(vy”, Gy") > n(Gy")  for all y" € Z and v € T with ¢(vy) = —1.
(Vs) There exist ¢, > 0 and p > p%(Z)\/Va such that

V(' 2"y < cre @l for all (2, 2") € RY.

Then there ezists R® € [0,00) such that, if @ C {(2/,2") € RY: [z"| > R®}, then
problem (4.1) has at least
m + Z/2-length(Z/G)

pairs of sign-changing solutions tu, which are nonequivalent under T-translations,
and satisfy (4.2) and the enerqy estimate (4.3).

One again, let w € H'(RY) be the unique positive solution to the limit problem
(1.2) which is radially symmetric about the origin.
Given y = (y/,y") € R™ x S"~! with |T'/T',| < oo, and R > 0, we set

UJRyy(iLJ,xH) — w<x/ _ y//’w// _ Ry//),

Vry = >, O(Q)wray € Hl(RN)¢.

[a]el /Ty

For Ry > 0 as in assumption (€2;), we choose a radial cut-off function y € C>*(R"™)
such that 0 < y(2”) < 1, x(2”) = 0 if |2"] < Ry and x(z") = 1 if |2"| > 2Ry, and we
set x(2/,2") == x(«"). Then, xOr, € H3(Q)?. Let tg, € (0,00) be such that

TRy = ZfR7yX191:g7y € N$ (46)

The following numerical lemma and its proof are taken from [13].
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Lemma 4.7. (a) If p> 2, and ay,...,a; > 0, then

l

>

=1

>

p l
i=

a +(p—1)) ala;.

1 i#]

(b) If p > 2, and a,b > 0, then
la — b]P > a? + b — pab(aP? + bP72).
Proof. See [13, Lemma 4]. O
Additionally, we consider the following result contained in [21].
Lemma 4.8. Let ¢: (0,00) — R be the function given by

a+t+o(t)
(a+bt+o(t)’

where a > 0, € (0,1) and b > 1. Then, there exist constants Cy and to > 0 such
that

V() < a'™P — Cot  for all t € (0,ty).
Proof. See [21, Lemma 5.9]. O

The proof of the next lemma is similar to that of |20, Proposition 5.1|. We give the
details for the reader’s convenience.

Lemma 4.9. Let 2 < { < oo and let Z be a nonempty compact I'-invariant subset of
Y. which satisfies condition (Zy). If V' satisfies condition (Vs), then there exist positive
constants C; and Ry such that

ol

> < (2€||w||2)% — Cie 2R forally e R™ x Z, R > Ry.
|X,L9R7y|p

Consequently, there exists d € R such that
0?} < Jy(Try) < d < 2leoy forally e R™ x Z, R> Ry.
Proof. Since w is a solution to (1.2), for any y, 2 € RY we have
/ (Vw(z —y) - Vw(x — 2) + w(z —y)w(z — 2)) dz
RN

= [ M@=l —2)de =1 ).
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We fix v € I with ¢(y) = —1 and, for each y € R™ x Z, we set

gy = > I(By — ay) and gy = > I(By — avy).
[047[[5]@%{% [a],[8]€G /Gy

As w is radially symmetric, we have that ¢,, = £,. Note that assumption (Z;) implies
that Z C ¥ \ Yg. So, using Lemma 4.7, we obtain

inally < 10malfy = | (A0,

< 20| wl|* + 2epy — 2Epy +/

Vﬂﬁ%’y—/ (XAXW?W:
RN RN

Onaly = 0msfy+ [ (0= Dlon,P
R

> 2wl 4+ 2(p — 1)eny — CZny + /N (OF = 1) [0, 7.
R

Next, we estimate the growth of the summands as R — oco. Here, and hereafter, C'
stands for a positive constant independent of y.
Since ¢ < oo we have that u(Gy”) > 0 for every y” € Z. So, as Z is compact,

pe(Z) = min p(Gy") > 0
y'ezZ

and, by assumption (Zp), there exists a; > 1 such that
ap(Gy") < dist(yy", Gy") < 2 for all ¢’ € Z. (4.7)

Therefore,
M = p(Z) = sup p(Gy") € (0,2).

y'ez
From Lemma 3.17, for y € R™ x Z, [a] # [f] € G/G, and R > MGL(Z)’ we get that

ery > I(BRy — aRy) > bye MW~V | (R |By" — ay'|)" T (4.8)
> bpe ME(MR)™7 > by 2R (2R) 7
and, using (4.7), we obtain
I(BRy — ayRy) < bge MV V| (R|By" — qay)) > (4.9)

< bge R (Rayu(Gy")) T F

As > 2, for each y € R™ x Z we may choose o, 5, € G such that |a,y — 8,y|
= u(Gy"). Set &, = oy — Byy. From inequalities (4.8) and (4.9) we get that

Eny < Z I(BRy — ayRy) < Clo~(@=DuGYR < (rp—(a—Dua(2)R
€Ry I(R¢E,) N B
Y [al[BleG/Gy Y
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and
Jan VT ﬁ%y<0 Z yRay)
Ry [a]eT /Ty, Rfy)
<C Y Al Ray)eM"(MR)T
[a]eT/Ty
Then, Lemma 3.18 yields
2
1m1£ﬂlff&2:o
R—o0 {-:Ry ’

uniformly in y € R™ x Z. Similarly, using Lemma 3.19, we find that

Ax) 9 P_1)|9n. |P
lim Jux (XAX) Vi, =0 and lim Jen (x ) [Vryl
R—o0 €Ry R—o00 ERy

=0,

uniformly in y € R™ x Z. Note that, as #I'y” = 20 > 4 for every 3" € Z, we have
that n > 2, so the condition m < N — 2 in Lemma 3.19 is satisfied.
The previous estimates and Lemma 4.8 yield

X Vryllt 20||wl® + 2e Ry + o(ery)
IXVryl2 ~ (20)|w)? +2(p — 1) ery + 0(ery))*”
< (20)w]?)T - Ceny
< (2w]?)7 - Ce2R2R)F

for all y € R™ x Z and R large. This proves the first statement of the lemma.
As Tr, € N, using (2.12) we have that

_p
p—2 (IxVrylli 72
J = ’
vty = =5, ( N

p

-2 p=2 _N-1N\ 53
< P2 (@) - e R T ) = d
P

for all y € R™ x Z, R > R;. This finishes the proof. O

Proof of Theorem /.5. The proof is the same as that of Theorem 4.1, replacing Lemma,
4.4 with Lemma 4.9. ]

Proof of Theorem j.6. The proof is the same as that of Theorem 4.2, replacing Lemma
4.4 with Lemma 4.9, and op, with 75,. O
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