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𝑎 𝑏 𝑐 𝑏 𝑐

𝑎 𝑏 𝑐

𝑎 ≡ 𝑏(mod 𝑐) 

𝑎 𝑏 𝑐

𝑚 

𝑛

𝑚 𝑚 

𝑚

0, 1 , 2 , … ,𝑚 − 1 0, −1, − 2 , … ,−(𝑚 − 1)

 
𝑚

2



 

7 
 

8

  𝑎1, 𝑎2, 𝑎3…  𝑏1, 𝑏2, 𝑏3… 𝑚

𝑎1𝑎2𝑎3… ≡ 𝑏1𝑏2𝑏3…(𝑚𝑜𝑑 𝑚)

 𝑎 𝑏

 𝑃(𝑥)

𝑃(𝑎) 𝑃(𝑏)

𝑚 

𝑚

𝑛

 𝑧 = 𝑎𝑛𝑎𝑛−1. . . 𝑎1𝑎0 𝑎𝑖

𝑎0 + 𝑎1 + 𝑎2 +. . . +𝑎𝑛

 𝑧 = 𝑎𝑛𝑎𝑛−1. . . 𝑎1𝑎0

𝑎0 − 𝑎1 + 𝑎2 −. . . +(−1)
𝑛𝑎𝑛

                                                                                 
 𝑚



 

8 
 

𝑎𝑥 + 𝑏 ≡ 𝑐(𝑚𝑜𝑑 𝑚)

𝑎𝑥 + 𝑏 ≡ 𝑐(𝑚𝑜𝑑 𝑚)  𝑎 𝑏 

𝑥 𝑎 𝑚

𝑎𝑥 + 𝑡 ≡ 𝑢(𝑚𝑜𝑑 𝑚) 𝑚 

𝑎 

𝑎 𝑚

  𝑥 ≡ 𝑣(𝑚𝑜𝑑 𝑓) 𝑣   𝑥 𝑓

𝑚 𝑎 𝑚

𝑎𝑥 ≡ 𝑏(𝑚𝑜𝑑 𝑚) 𝑚  
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𝑚 = 𝑛𝑛′

𝑛′ 𝑛 𝑛′ 𝑛 

𝜑

𝜑

𝐴 𝑎, 𝑏, 𝑐

𝜑(𝐴) = 𝜑(𝑎) ∙ 𝜑(𝑏) ∙ 𝜑(𝑐) ∙ …  .

𝜑𝐴

𝐴 𝐴

𝜑1 = 0 𝜑1 = 1

𝑎, 𝑎′, 𝑎′′, … 𝐴

𝜑𝑎 + 𝜑𝑎′ + 𝜑𝑎′′ +⋯ = 𝐴

                                                                                 

𝐴
𝜑1 = 0
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𝑥𝑚 + 𝑎𝑚−1𝑥
𝑚−1 + 𝑎𝑚−2𝑥

𝑚−2 +⋯+ 𝑎0

𝑥𝜇 + 𝑏𝜇−1𝑥
𝜇−1 + 𝑏𝜇−2𝑥

𝜇−2 +⋯+ 𝑏0

𝑝

𝑝
(𝑄)

𝑝

𝑝

𝐺𝑥𝑔

𝑝

(𝑄)

𝑝

Γ𝑥𝛾

𝑥𝑔+𝛾

𝑚

𝐴𝑥𝑚 + 𝐵𝑥𝑚−1 + 𝐶𝑥𝑚−2+. . . +𝑀𝑥 + 𝑁 ≡  0 (𝑚𝑜𝑑 𝑝)

 𝑝 𝑚

𝑚 𝑝

 

𝑏, 𝑥𝑛 ≡ 𝑏 (𝑚𝑜𝑑 𝑝)

𝑛 𝑝
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1, 𝑎, 𝑎2, 𝑎3, … 𝑎𝑡

𝑝 𝑎  𝑡 < 𝑝

𝑎𝑟  𝑟 = 𝑚𝑡 + 𝑘 𝑟 𝑘 𝑡

𝑎𝑘 𝑝

𝑟 ≡ 𝑘 (𝑚𝑜𝑑 𝑡) 𝑎𝑟 ≡ 𝑎𝑘(𝑚𝑜𝑑 𝑝)

62207 𝑘 = 2

2207 ≡ 2(𝑚𝑜𝑑 3)

62207 ≡ 62 ≡ 1 (𝑚𝑜𝑑 7)

𝑎𝑡

1, 𝑎, 𝑎2, 𝑎3, … , 𝑎𝑡−1

𝑎𝑟 𝑎𝑘 𝑝 𝑟

𝑘 𝑡

 (𝑎, 𝑝) = 1   𝑡  𝑎 𝑝

𝑎𝑛 ≡ 1(𝑚𝑜𝑑 𝑝)  𝑡|𝑛

 𝑎 𝑎𝑡 𝑎

𝑝 𝑡 = 𝑝 − 1

𝑎  𝑝 𝑝 − 1

𝑎 𝑎𝑝−1 ≡ 1(𝑚𝑜𝑑 𝑝)

𝑝

(𝑎 + 𝑏 + 𝑐+. . . )𝑝 ≡ 𝑎𝑝 + 𝑏𝑝 + 𝑐𝑝+. . . (𝑚𝑜𝑑 𝑝)

                                                                                 
𝑎 𝑝.

𝜑(𝑝)
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𝑝 − 1

𝑑 𝑝 − 1 𝑏 𝑏𝑑 ≡ 1 (𝑚𝑜𝑑 𝑝)

𝜓(𝑑)

𝑝   𝑑  𝑝 𝑎

𝑑" 𝑎 𝑑

𝜓(𝑑)  𝑑

𝜑(𝑑)

𝑝 − 1  𝑝

 𝑝 − 1 = 𝑎𝛼  𝑏𝛽 𝑐𝛾… 𝑝 − 1

𝐴,𝐵, 𝐶, etc. 𝑎𝛼, 𝑏𝛽, 𝑐𝛾,

 𝐴,𝐵, 𝐶, etc. 𝑝– 1

𝑥𝑛 − 1 𝑛

𝑔

𝑝 𝑔, 𝑔2, 𝑔3, … , 𝑔𝑝−1

1, 2, 3,… , 𝑝 − 1

𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1 𝑛

𝑎 (𝑎, 𝑝) = 1 𝑎𝑒 ≡ 𝑏(𝑚𝑜𝑑 𝑝) 𝑒 𝑏

𝑎, 𝑎2, 𝑎3, … , 𝑎𝑝−1

𝑝

𝑎 𝑏

𝑥𝑛 ≡ 𝐴(𝑚𝑜𝑑 𝑝)
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𝐴 𝑛

𝐴 ≡ 1(𝑚𝑜𝑑 𝑝)  

 𝑥𝑛 ≡ 1(𝑚𝑜𝑑 𝑝) 𝑥𝑚 ≡ 1(𝑚𝑜𝑑 𝑝)

𝑚 𝑝 − 1 𝑚 = (𝑛, 𝑝 − 1)

𝐴

𝑥𝑛 ≡ 𝐴(𝑚𝑜𝑑 𝑝) 𝑛 𝑝 − 1

𝑝

𝑥𝑛 ≡ 𝐴(𝑚𝑜𝑑 𝑝) 𝑛 

𝑝 − 1

𝐴 1 𝑝

𝑥𝑛 ≡ 1 (𝑚𝑜𝑑 𝑝)

𝑎 𝑏

𝑥𝑛 ≡ 1(𝑚𝑜𝑑 𝑚)

𝑝 ≤ 41

(𝑝 − 1)! ≡ −1 (𝑚𝑜𝑑 𝑝)

2, 3, … , 𝑝 − 2

                                                                                 

𝑎 𝑏 𝑝 1  𝑝
𝑝 − 1
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𝐴 𝐴

𝐴 𝑝𝑚 2𝑝𝑚 𝑝 2

𝑝

1 + 𝑎 + 𝑎2 +⋯+ 𝑎𝑡 0 𝑝 𝑡 

𝑎𝑡 ≡ 1(𝑚𝑜𝑑 𝑝)

𝑥𝑡 ≡ 1(𝑚𝑜𝑑 𝑝𝑛)

𝑝𝑛−1(𝑝 − 1)

4

2𝑝𝑛 𝑝 

 

                                                                                 
𝑎 𝑚 (𝑎,𝑚) = 1 𝑥2 ≡ 𝑎(𝑚𝑜𝑑 𝑚)
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4𝑘 + 1

𝑝 𝑝 ≡ 1(𝑚𝑜𝑑 4)  −1 

𝑝

𝑝  𝑝 𝑎

(
𝑎

𝑝
) = {

    1  si 𝑎 es residuo cuadrático de 𝑝
−1                                         otro  caso

𝑚

𝑚 𝑚

𝑚

𝑚 𝑚 0, 1, 4, 9, . . , (
𝑚

2
)
2

𝑝 

 
𝑝−1

2
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𝑝 𝑝 

(
𝑎

𝑝
) (

𝑏

𝑝
) (

𝑎𝑏

𝑝
) 𝑝 𝑎 𝑏

𝑝 = 2 𝑚 = 2𝑛

𝑚

𝑛 𝑚

𝑛 

𝑚 𝑚 

𝑚 

𝑎 𝑝 = 2𝑚 + 1

𝑝 𝑎𝑚 ≡ +1   𝑜   𝑎𝑚 ≡ −1 (𝑚𝑜𝑑 𝑝)

𝑎

𝑝 𝑎
𝑝−1

2 ≡ 1(𝑚𝑜𝑑 𝑝)

 𝑎 𝑝 

4𝑛 + 1 +𝑝

𝑝 𝑝 4𝑛 + 3 −𝑝



 

17 
 

𝑥2 ≡ 𝑞(𝑚𝑜𝑑 𝑝) 𝑥2 ≡ 𝑝(𝑚𝑜𝑑 𝑞) 𝑝 𝑞 𝑝 

4𝑛 + 1 𝑝

4𝑛 + 3  𝑞 𝑝 𝑝 𝑞

𝑝  𝑞  (
𝑝

𝑞
) (

𝑞

𝑝
) = (−1)

𝑝−1

2
 ∙ 
𝑞−1

2

𝑃  𝑄

𝐴

𝐴

𝑎𝑥2 + 𝑏𝑥 + 𝑐 ≡ 0 (𝑚𝑜𝑑 𝑚)

𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 𝑚)
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𝑎𝑥2 + 2𝑏𝑥𝑦 + 𝑐𝑦2,

 𝑎, 𝑏, 𝑐 

 𝑥 𝑦

 (𝑎, 𝑏, 𝑐) 𝑎𝑥2 + 2𝑏𝑥𝑦 + 𝑐𝑦2

 𝑝 4𝑘 + 1  

 3𝑘 + 1 𝑥2 + 3𝑦2

 8𝑘 + 1    8𝑘 + 3 𝑥2 + 2𝑦2

𝑀

(𝑎, 𝑏, 𝑐)  𝑏2 − 𝑎𝑐 𝑀

𝑏2 − 𝑎𝑐 (𝑎, 𝑏, 𝑐)

𝐹′ 𝑥, 𝑦 

 𝐹 𝑥′, 𝑦′

𝑥 = 𝛼𝑥′ + 𝛽𝑦′ (∗)

𝑦 = 𝛾𝑥′ + 𝛿𝑦′

                                                                                 

𝑀 𝑎, 𝑏, 𝑐, 𝑥, 𝑦, 
𝑀 = 𝑎𝑥2 + 2𝑏𝑥𝑦 + 𝑐𝑦2



 

19 
 

𝛼, 𝛽, 𝛾, 𝛿 𝛼𝛿 − 𝛽𝛾 (∗)

𝐹′ 𝐹 𝛼𝛿 − 𝛽𝛾 𝐹′

𝐹

𝐷′ = 𝐷(𝛼𝛿 − 𝛽𝛾)2

𝐷 𝐹 𝐷′ 𝐹′

𝐹′ 𝐹 𝐹   𝐹′

𝐹  𝐹′ 𝐹 𝐹′ 𝐹′

𝐹

𝛼𝛿 − 𝛽𝛾 = ±1 𝐹 𝐹′

(𝐴, 𝐵, 𝐶) (𝑎, 𝑏, 𝑐)

𝑡2 − 𝐷𝑢2 = 𝑚2  𝐷 

𝑚 

(𝐴, 𝐵, 𝐶)

 (𝑎, 𝑏, 𝑐)

𝐷 𝐷

                                                                                 

(𝐴, 𝐵, 𝐶) 𝐷 < 0 2𝐵 ≤ 𝐴 ≤ √−
4

3
𝐷  ;   𝐴 ≤ 𝐶

(𝐴, 𝐵, 𝐶)  𝐷 > 0  0 ≤ 𝐵 < √𝐷  ;  √𝐷 − 𝐵 ≤ |𝐴| ≤ √𝐷 +𝐵
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𝑥2 + 𝑛𝑦2

𝑡2 − 𝐷𝑢2 = 𝑚2

(𝑎, 𝑏, 𝑐) (𝑎′, 𝑏′, 𝑐′)

𝑎, 𝑏, 𝑐 𝑎′, 𝑏′, 𝑐′

 𝑎, 2𝑏, 𝑐 𝑎′, 2𝑏′, 𝑐′

𝐹 𝐴𝑥2 + 2𝐵𝑋𝑌 + 𝐶𝑌2

𝑓 ……𝑎𝑥2 + 2𝑏𝑋𝑌 + 𝑐𝑌2 𝑓′……𝑎′𝑥2 + 2𝑏′𝑋𝑌 + 𝑐′𝑌2

𝑋 = 𝑝𝑥𝑥′ + 𝑝′𝑥𝑦′ + 𝑝′′𝑦𝑥′ + 𝑝′′′𝑦𝑦′

𝑌 = 𝑞𝑥𝑥′ + 𝑞′𝑥𝑦′ + 𝑞′′𝑦𝑥′ + 𝑞′′′𝑦𝑦′

𝑝𝑞′ − 𝑞𝑝′, 𝑝𝑞′′ − 𝑞𝑝′′, 𝑝𝑞′′′ − 𝑞𝑝′′′, 𝑝′𝑞′′ − 𝑞′𝑝′′, 𝑝′𝑞′′′ − 𝑞′𝑝′′′,

𝑝′′𝑞′′′ − 𝑞′′𝑝′′′

𝐹 𝑓 𝑓′



 

21 
 

𝐴𝑥2 +  2𝐵𝑥𝑦 +  𝐶𝑦2  +  2𝐷𝑥𝑧 +  2𝐸𝑦𝑧 +  𝐹𝑧2

𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹

𝑎𝑏2 + 𝑎′𝑏′2 + 𝑎′′𝑏′′2 − 𝑎𝑎′𝑎′′ − 2𝑏𝑏′𝑏′′

 

 

 

 

𝑎𝑥2 + 𝑏𝑦2 + 𝑐𝑧2

𝑎, 𝑏, 𝑐

𝑎𝑥2  +  𝑏𝑦2  +  𝑐𝑧2  =  0. (Ω)

𝑥 =  𝑦 =  𝑧 =  0

−𝑏𝑐 −𝑎𝑐 −𝑎𝑏 𝑎, 𝑏 𝑐



 

22 
 

(Ω)

𝑥𝑛 − 1

𝑥𝑛 − 1 𝑛

𝑚𝑥2 + 𝑛𝑦2 = 𝐴

𝑀 𝑀

𝑥2 ≡ −𝐷 (𝑚𝑜𝑑 𝑀)

−𝐷



 

23 
 

 

 

𝒙𝒏−𝟏 + 𝒙𝒏−𝟐 +⋯+ 𝒙+ 𝟏 𝒏

𝑥𝑛 − 1 = 0  𝑛 

𝑛 𝑛 = 2𝑘𝑝1𝑝2…𝑝𝑡
𝑘 ≥ 0 𝑝1, 𝑝2,… , 𝑝𝑡

19

𝑛 

𝑥𝑛 − 1

𝑥 − 1
= 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1

                                                                                 

22
𝑛
+ 1

𝑛 = 0 , 1 , 2 , 3 , 4
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Art. 338.  

 

(𝑊’) 𝜆

𝑧𝑚 + 𝑎1𝑧
𝑚−1 + 𝑎2𝑧

𝑚−2 +⋯𝑎𝑚 = 0…………… . . (𝑊)

𝜆

 

(𝑊’)

 
𝑡𝑚 + 𝑝1𝑡

𝑚−1 + 𝑝2𝑡
𝑚−2 +⋯+𝑝𝑚−1𝑡 + 𝑝𝑚 = 0

𝑥1, 𝑥2, … , 𝑥𝑚 𝑗 =  1, 2, 3,… 𝑠𝑗 = 𝑥1
𝑗
+ 𝑥2

𝑗
+⋯+ 𝑥𝑚

𝑗
𝑝𝑘 = 0

𝑘 > 𝑚 𝑗 >  0

𝑠𝑗  +  𝑝1𝑠𝑗−1 + 𝑝2𝑠𝑗−2 + …+ 𝑝𝑗−1𝑠1 + 𝑗𝑝𝑗 = 0.   

 

𝑠1 + 𝑝1 = 0 
𝑠2 + 𝑝1𝑠1 +  2𝑝2 = 0 
𝑠3 + 𝑝1𝑠2 + 𝑝2𝑠1 +  3𝑝3 = 0 
𝑠4 + 𝑝1𝑠3 + 𝑝2𝑠2 + 𝑝3𝑠1 + 4𝑝4 = 0 

 

𝜆

𝑧𝑚 + 𝑎1𝑧
𝑚−1 + 𝑎2𝑧

𝑚−2 +⋯𝑎𝑚 = 0                (𝑊), 
                                                                                 

𝑠1 = − 𝑝1 
𝑠2 =  −𝑝1𝑠1 −  2𝑝2 

𝑠3 =  −𝑝1𝑠2 − 𝑝2𝑠1 −  3𝑝3 

𝑠4 = −𝑝1𝑠3 − 𝑝2𝑠2 − 𝑝3𝑠1 − 4𝑝4. 
 



 

25 
 

(𝑊’)

𝑟1, 𝑟2, … , 𝑟𝑚 (𝑊)

(𝑊’) 𝑟1
𝜆 , 𝑟2

𝜆, … , 𝑟𝑚
𝜆

𝑟1, 𝑟2, … , 𝑟𝑚

𝑠1 = 𝑟1
𝜆 + 𝑟2

𝜆 +⋯+ 𝑟𝑛
𝜆

𝑠2 = 𝑟1
2𝜆 + 𝑟2

2𝜆 +⋯+ 𝑟𝑛
2𝜆 

⋮ 

𝑠𝜆 = 𝑟1
2𝜆 + 𝑟2

2𝜆 +⋯+ 𝑟𝑛
2𝜆 

⋮ 

𝑠2𝜆 = 𝑟1
2𝜆 + 𝑟2

2𝜆 +⋯+ 𝑟𝑛
2𝜆 

⋮ 

𝑠𝑚𝜆 = 𝑟1
𝑚𝜆 + 𝑟2

𝑚𝜆 +⋯+ 𝑟𝑚
𝑚𝜆 

𝑠𝜆,  𝑠2𝜆, … , 𝑠𝑚𝜆. 

𝑠𝑗𝜆

𝑠𝑗𝜆 = (𝑟1
𝜆)𝑗 (𝑟2

𝜆)𝑗 +⋯+ (𝑟𝑚
𝜆)𝑗 0 < 𝑗 ≤ 𝑚

𝑟1
𝜆, 𝑟2

𝜆 , … , 𝑟𝑚
𝜆

𝑠𝑗 = −𝑏1𝑠𝑗−1 − 𝑏2𝑠𝑗−2 −⋯− 𝑏𝑗−1𝑠1 − 𝑗𝑏𝑗

𝑏1, 𝑏2, … , 𝑏𝑗−1 (𝑊’)

𝑠𝑗 𝑏1, 𝑏2, … , 𝑏𝑗−1, 𝑏𝑗

𝑛

 

𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1 𝑛

Ω

𝑥𝑛−1

𝑥−1
= 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1 𝑟 Ω

𝑘 (𝑟𝑛)𝑘 = 1𝑘 = 1 𝜅 ≡ 0 (𝑚𝑜𝑑 𝑛) 𝑟𝜅 = 1

 𝜆 ≡ 𝜇 (𝑚𝑜𝑑 𝑛) ⟹ 𝑟𝜆−𝜇 = 1 𝑟𝜆 = 𝑟𝜇
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 𝜆 ≢ 𝜇 (𝑚𝑜𝑑 𝑛) 𝑚. 𝑐. 𝑑(𝜆 − 𝜇, 𝑛) = 1 𝜐

(𝜆 − 𝜇)𝜐 ≡ 1(𝑚𝑜𝑑 𝑛) 𝑟(𝜆−𝜇)𝜐 = 𝑟 ⟹ 𝑟(𝜆−𝜇)𝜐 ≠ 1 ⟹ 𝑟𝜆 ≠ 𝑟𝜇

1, 𝑟, 𝑟2, … , 𝑟𝑛−1

𝑥𝑛 − 1 = 0 Ω = { 𝑟, 𝑟2, … , 𝑟𝑛−1} = {𝑟𝑒 , 𝑟2𝑒 , … , 𝑟(𝑛−1)𝑒 ∶ 𝑒 ∈ ℤ, 𝑛 ∤ 𝑒}

𝑟 ∈ Ω

𝑟

𝑋 = (𝑥 − 𝑟𝑒)(𝑥 − 𝑟2𝑒) … (𝑥 − 𝑟𝑒(𝑛−1))

Ω

𝑟(𝑛−1)𝑒 +⋯+ 𝑟3𝑒 + 𝑟2𝑒 + 𝑟𝑒 = −1
Ω

𝑟  y  
1

𝑟

(𝑥 − 𝑟) (𝑥 −
1

𝑟
) = 𝑥2 − 2𝑥𝑐𝑜𝑠𝜔 + 1 𝜔 =

2𝜋𝑘

𝑛
 , 𝑘 ∈ ℤ

(𝑥 − 𝑟𝑒) (𝑥 −
1

𝑟𝑒
) = 𝑥2 − 2𝑥𝑐𝑜𝑠𝜔 + 1

𝑟𝑒 = 𝑐𝑜𝑠𝜔 + 𝑖𝑠𝑒𝑛𝜔
1

𝑟𝑒
= 𝑐𝑜𝑠𝜔 − 𝑖𝑠𝑒𝑛𝜔

𝜔 =
2𝜋𝑘

𝑛
 ,    𝑘 = 1,… , 𝑛 − 1

𝑘

𝑘 = 1, 2, … , 𝑛

𝑚

𝑛

𝑟 𝑋

𝑥𝑛 − 1 𝑟𝜎

𝑟𝜎

𝜑(𝑡1, 𝑡2, … 𝑡𝑚) 𝑡1, 𝑡2, … , 𝑡𝑚

ℎ𝑡1
𝛼𝑡2

𝛽
… 𝑡𝑚

𝜐  +  ℎ′𝑡1
𝛼′𝑡2

𝛽′
…𝑡𝑚

𝜐′ +⋯

𝑡𝑖
𝑡𝑖 𝑟1 , 𝑟2 , . . , 𝑟𝑛 𝑥𝑛 − 1 𝑡𝑖 = 𝑟𝑖

𝑖 = 1,2,… , 𝑛

𝜑(𝑡1, 𝑡2, … ) =  𝜑(𝑟1,𝑟2, . . , 𝑟𝑛) = ℎ𝑟1
𝛼𝑟2

𝛽
…𝑟𝑛

𝜌
+ ℎ′𝑟1

𝛼′𝑟2
𝛽′
…𝑟𝑛

𝜌′
+⋯
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ℎ𝑟𝜎

𝜑(𝑟1,𝑟2, . . , 𝑟𝑛)

𝐴 + 𝐴′𝑟 + 𝐴′′𝑟2 +⋯+ 𝐴𝑛𝑟𝑛−1

𝐴′, 𝐴′′, …𝐴𝑛

ℎ, ℎ′, … ℎ𝑣

𝑟1
2 , 𝑟2

2, . . , 𝑟𝑛
2

𝜑(𝑟1
2, 𝑟2

2, . . , 𝑟𝑛
2) = ℎ(𝑟1

2)𝛼(𝑟2
2)𝛽 …(𝑟𝑛

2)𝜌 + ℎ′(𝑟1
2)𝛼

′
(𝑟2
2)𝛽

′
… (𝑟𝑛

2)𝜌
′
+⋯

= ℎ(𝑟1
𝛼𝑟2

𝛽 …𝑟𝑛
𝜌)2 + ℎ(𝑟1

𝛼′𝑟2
𝛽′ …𝑟𝑛

𝜌′)2 +⋯

𝐴 + 𝐴′𝑟2 + 𝐴′′𝑟4 +⋯+ 𝐴𝑛𝑟2(𝑛−1)

𝜑(𝑟1
𝜆 , 𝑟2

𝜆 , . . , 𝑟𝑛
𝜆)

𝐴 + 𝐴′𝑟𝜆 + 𝐴′′𝑟2𝜆 +⋯+ 𝐴𝑛𝑟𝜆(𝑛−1)

𝜑(𝑟1
𝑛 , 𝑟2

𝑛 , . . , 𝑟𝑛
𝑛) = 𝐴 + 𝐴′𝑟𝑛 + 𝐴′′𝑟2𝑛 +⋯+ 𝐴𝑛𝑟𝑛(𝑛−1) = 𝐴 + 𝐴′ + 𝐴′′ +⋯+ 𝐴𝑛

𝝍(𝒓𝟏,𝒓𝟐, . . , 𝒓𝒏) = 𝜑(𝑟1,𝑟2, . . , 𝑟𝑛) +  𝜑(𝑟1
2, 𝑟2

2, . . , 𝑟𝑛
2) + ⋯+ 𝜑(𝑟1

𝑛, 𝑟2
𝑛 , . . , 𝑟𝑛

𝑛)

=  𝐴 + 𝐴′𝑟 + 𝐴′′𝑟2 +⋯+ 𝐴𝑛𝑟𝑛−1 +  𝐴 + 𝐴′𝑟2 + 𝐴′′𝑟4 +⋯+ 𝐴𝑛𝑟2(𝑛−1) +⋯

+𝐴 + 𝐴′𝑟𝑛 + 𝐴′′𝑟4𝑛 +⋯+ 𝐴𝑛𝑟𝑛(𝑛−1)

= 𝑛𝐴 + 𝐴′(1 + 𝑟 + 𝑟2 +⋯+ 𝑟𝑛−1) + 𝐴′′(1 + 𝑟 + 𝑟2 +⋯+ 𝑟𝑛−1) + ⋯

+𝐴𝑛(1 + 𝑟 + 𝑟2 +⋯+ 𝑟𝑛−1)

= 𝑛𝐴

𝝍(𝒓𝟏,𝒓𝟐, . . , 𝒓𝒏) 𝑛

𝜑(𝑡, 𝑢, 𝑣) = 2𝑡𝑢2𝑣 + 𝑡𝑣3 + 5𝑡𝑢𝑣2 𝑡, 𝑢, 𝑣 1, 𝑟 = 𝑒2𝜋𝑖/3,

 𝑟2 = 𝑒4𝜋𝑖/3 𝑥3 − 1

𝜑(1, 𝑟, 𝑟2) = 2𝑟2𝑟2 + 𝑟6 + 5𝑟5 = 2𝑟4 + 𝑟6 + 5𝑟2 = 2𝑟 + 1 + 5𝑟2 = 𝐴 + 𝐴′𝑟 + 𝐴′′𝑟2

𝐴 = 1 𝐴′ = 2 𝐴′′ = 5

𝜑(1, 𝑟2, 𝑟4) = 2𝑟4𝑟4 + 𝑟12 + 5𝑟2𝑟8 = 2𝑟2 + 1 + 5𝑟4𝑟6 = 𝐴 + 𝐴′𝑟2 + 𝐴′′𝑟4

𝜑(1, 𝑟3, 𝑟6) = 𝜑(1,1,1) = 2 + 1 + 5 = 𝐴 + 𝐴′ + 𝐴′′

𝜑(1, 𝑟, 𝑟2) + 𝜑(1, 𝑟2 , 𝑟4) + 𝜑(1, 𝑟3, 𝑟6) = 𝐴 + 𝐴′𝑟 + 𝐴′′𝑟2 + 𝐴 + 𝐴′𝑟2

+𝐴′′𝑟4 + 𝐴 + 𝐴′ + 𝐴′′

= 3𝐴 + 𝐴′(1 + 𝑟 + 𝑟2) + 𝐴′′(1 + 𝑟 + 𝑟2)
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= 3𝐴

𝑛 = 3

𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1

𝑋

𝑃 = 𝑥𝜆 + 𝐴𝑥𝜆−1 + 𝐵𝑥𝜆−2 +⋯+𝐾𝑥 + 𝐿

𝐴,𝐵, … , 𝐿

𝑋 𝑋 = 𝑃𝑄

𝑄

𝑃 = 0 𝔓 𝑄 = 0

𝔔 𝔓   𝔔 ℜ    𝔖

𝔓 = 𝑃

ℜ = 𝑃

𝔔 = 𝑄

𝔖 = 𝑄

𝑅  ℜ 𝑆

𝔖 𝑋 = 𝑃𝑄 𝔓   𝔔 Ω

𝑟 𝑋
1

𝑟
𝑋

ℜ    𝔖 Ω

𝑅𝑆 = 𝑋 = 𝑃𝑄 𝔓 ∪ 𝔔 = ℜ ∪ 𝔖

 𝔓 = ℜ

 𝔓 ≠ ℜ 𝔓∩ ℜ ≠ ∅

 𝔔 = 𝔖 𝔔 ∩ 𝔖 ≠ ∅

 𝔓∩ ℜ = ∅ 𝔔 ∩𝔖 = ∅

𝑃

 𝔓 = ℜ 𝔓 = 𝑃 ℜ = 𝑃

𝑃 𝑅

ℜ 𝑃 = 𝑅 𝔓

𝔓 𝑃
𝜆

2
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(𝑥 − 𝑟) (𝑥 −
1

𝑟
) = 𝑥2 − 2𝑥𝑐𝑜𝑠𝜔 + 1 = (𝑥 − 𝑐𝑜𝑠𝜔)2 + 𝑠𝑒𝑛2𝜔

𝑥 𝑃

𝑃1, 𝑃2, 𝑃3, … , 𝑃𝑛−2
(𝑛 − 1) 𝑃 𝑟1, 𝑟2, 𝑟3, … , 𝑟𝜆

𝑃

𝑥

𝑝, 𝑝1, 𝑝2, 𝑝3, … , 𝑝𝑛−2 𝑃(1), 𝑃1(1), 𝑃2(1), … , 𝑃𝑛−2(1)

𝑝, 𝑝1, 𝑝2, 𝑝3, … , 𝑝𝑛−2

𝜑(𝑡, 𝑢, 𝑣,… ) (1 − 𝑡)(1 − 𝑢)(1 − 𝑣)…

(1 − 𝑡1)(1 − 𝑡2)(1 − 𝑡3)… = 1 + 𝑠1 + 𝑠2 +⋯

𝑠𝑗 = (−1)𝑗 ∑ 𝑡𝑖1𝑡𝑖2 …𝑡𝑖𝑗𝑖1<𝑖2<⋯<𝑖𝑗

𝜑(𝑡1, 𝑡2, 𝑡3, … )

ℎ𝑡1
𝛼𝑡2

𝛽
, … , 𝑡𝑝

𝛾
𝑟1, 𝑟2, 𝑟3, … , 𝑟𝜆  𝑋

𝑥𝑛 − 1

𝑝 + 𝑝1 + 𝑝2 +⋯+ 𝑝𝑛−2 = 𝜑(𝑟1, 𝑟2,𝑟3, … , 𝑟𝜆) + 𝜑(𝑟1
2, 𝑟2

2 , 𝑟3
2 … , 𝑟𝜆

2) +⋯

+ 𝜑(𝑟1
𝑛−1, 𝑟2

𝑛−1, 𝑟3
𝑛−1… , 𝑟𝜆

𝑛−1) + 𝜑(𝑟1
𝑛 , 𝑟2

𝑛 , 𝑟3
𝑛 … , 𝑟𝜆

𝑛)

= 𝑛𝐴

𝑝 + 𝑝1 + 𝑝2 +⋯+ 𝑝𝑛−2 𝑛

                                                                                 

(𝑥 − 𝑟𝑒) (𝑥 −
1

𝑟𝑒
) = 𝑥2 − 2𝑥𝑐𝑜𝑠𝜔 + 1 = (𝑥 − 𝑐𝑜𝑠𝜔)2 + 𝑠𝑒𝑛2𝜔

𝑃 = (𝑥 − 𝑟1)(𝑥 − 𝑟2)(𝑥 − 𝑟3)… (𝑥 − 𝑟𝜆)

𝑃1 = (𝑥 − 𝑟1
2)(𝑥 − 𝑟2

2)(𝑥 − 𝑟3
2)… (𝑥 − 𝑟𝜆

2)

𝑃2 = (𝑥 − 𝑟1
3)(𝑥 − 𝑟2

3)(𝑥 − 𝑟3
3)… (𝑥 − 𝑟𝜆

3)

⋮

𝑃𝑛−2 = (𝑥 − 𝑟1
n−1)(𝑥 − 𝑟2

n−1)(𝑥 − 𝑟3
n−1)… (𝑥 − 𝑟𝜆

n−1).
 

𝜑(𝑟1, 𝑟2,𝑟3, … , 𝑟𝜆) = (1 − 𝑟1)(1 − 𝑟2)(1 − 𝑟3)… (1 − 𝑟𝜆) = 𝑝 

𝜑(𝑟1
2, 𝑟2

2, 𝑟3
2… , 𝑟𝜆

2) = (1 − 𝑟1
2)(1 − 𝑟2

2)(1 − 𝑟3
2)… (1 − 𝑟𝜆

2) = 𝑝1

⋮

𝜑(𝑟1
𝑛−1, 𝑟2

𝑛−1, 𝑟3
𝑛−1… , 𝑟𝜆

𝑛−1) = (1 − 𝑟1
n−1)(1 − 𝑟2

n−1)(1 − 𝑟3
n−1)… (1 − 𝑟𝜆

n−1) = 𝑝𝑛−2

𝜑(𝑟1
𝑛 , 𝑟2

𝑛 , 𝑟3
𝑛 … , 𝑟𝜆

𝑛) = (1 − 𝑟1
n)(1 − 𝑟2

n)(1 − 𝑟3
n)… (1 − 𝑟𝜆

n) = 0
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𝑃𝑃1𝑃2…𝑃𝑛−2 = [(𝑥 − 𝑟1)(𝑥 − 𝑟2)(𝑥 − 𝑟3)… (𝑥 −  𝑟𝜆)][(𝑥 − 𝑟1
2)(𝑥 − 𝑟2

2)(𝑥 − 𝑟3
2)…

(𝑥 − 𝑟𝜆
2)] … [(𝑥 − 𝑟1

n−1)(𝑥 − 𝑟2
n−1)(𝑥 − 𝑟3

n−1)… (𝑥 − 𝑟𝜆
n−1)]

𝑟𝑖

𝑃𝑃1𝑃2…𝑃𝑛−2 = [(𝑥 − 𝑟1)(𝑥 − 𝑟1
2)… (𝑥 − 𝑟1

n−1)][(𝑥 − 𝑟2)(𝑥 − 𝑟2
2)… (𝑥 − 𝑟2

n−1)]…

 … [(𝑥 − 𝑟𝜆)(𝑥 − 𝑟𝜆
2)…(𝑥 − 𝑟𝜆

n−1)]

[(𝑥 − 𝑟𝑖)(𝑥 − 𝑟𝑖
2)… (𝑥 − 𝑟i

n−1)] = 𝑋

𝑃𝑃1𝑃2…𝑃𝑛−2 = 𝑋
𝜆

𝑝 ∙ 𝑝1 ∙ 𝑝2 ∙ … ∙ 𝑝𝑛−2 𝑥 = 1

𝑋𝜆 = (𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1)𝜆

𝑝 ∙ 𝑝1 ∙ 𝑝2 ∙ … ∙ 𝑝𝑛−2 = 𝑛𝜆

𝑃

𝑃

𝑃1, 𝑃2, 𝑃3, … , 𝑃𝑛−2
𝑃𝑃1𝑃2…𝑃𝑛−2

𝑃, 𝑃1, 𝑃2, 𝑃3, … , 𝑃𝑛−2 𝑝, 𝑝1, 𝑝2,

𝑝3… , 𝑝𝑛−2 𝑝𝑝1𝑝2…𝑝𝑛−2 = 𝑛𝜆 𝑝𝑗

𝑛 𝑛 𝑛 − 1 𝜆 < 𝑛 − 1

𝑔

𝑝 + 𝑝1 + 𝑝2 +⋯+ 𝑝𝑛−2 = 𝑝𝑖1 + 𝑝𝑖2 + 𝑝𝑖3 +⋯+ 𝑝𝑖𝑛−1−𝑔 + 𝑔 ≡ 𝑔(𝑚𝑜𝑑 𝑛)

𝑝𝑖1 , 𝑝𝑖2 , 𝑝𝑖3 , … , 𝑝𝑖𝑛−1−𝑔 ∈ { 𝑝, 𝑝1, 𝑝2, 𝑝3… , 𝑝𝑛−2}

𝑝 + 𝑝1 + 𝑝2 +⋯+ 𝑝𝑛−2 𝑛

𝑛

𝑃 𝑃

 𝔓 ≠ ℜ 𝔓∩ ℜ ≠ ∅ 𝔓 = 𝑃 ℜ = 𝑃

𝔗 = 𝔓 ∩ ℜ 𝑇 = 0 𝔗

𝑇 𝑃 𝑅

𝑇 𝑃 𝑅 𝑇′

                                                                                 
𝑟𝑖 𝑋 𝑋

𝑋 = [(𝑥 − 𝑟𝑖)(𝑥 − 𝑟𝑖
2)…(𝑥 − 𝑟i

n−1)]
𝑝 + 𝑝1 + 𝑝2 +⋯+ 𝑝𝑛−2 𝑛

𝑥𝑚 + 𝐴𝑥𝑚−1 +𝐵𝑥𝑚−2 +⋯+𝑁 𝑥𝜇 +𝐴′𝑥𝜇−1 +𝐵′𝑥𝜇−2 +⋯+ 𝑁′
𝑥𝑚+𝜇 +𝔘𝑥𝑚+𝜇−1 + 𝔙𝑥𝑚+𝜇−2 +⋯+ ℨ

𝑝𝑖1 + 𝑝𝑖2 + 𝑝𝑖3 +⋯+ 𝑝𝑖𝑛−1−𝑔 +𝑔 ≡ 𝑔(𝑚𝑜𝑑 𝑛)  𝑛 𝑝𝑖1 + 𝑝𝑖2 + 𝑝𝑖3 +⋯+ 𝑝𝑖𝑛−1−𝑔
𝑝 + 𝑝1 + 𝑝2 +⋯+ 𝑝𝑛−2 𝑛 𝑛 𝑔

𝑔 ≤ 𝑛 − 1 𝑛 𝑝 + 𝑝1 + 𝑝2 +⋯+ 𝑝𝑛−2



 

31 
 

𝔓 ∩ ℜ 𝑇′ 𝑇

𝑇 𝑃 𝑅

𝑇

𝑟

(𝑥 − 𝑟) (𝑥 −
1

𝑟
) = (𝑥 − 𝑐𝑜𝑠𝜔)2 + 𝑠𝑒𝑛2𝜔

𝑃

𝑇

𝑃 𝑅 𝑇

𝑇

𝑃

 𝔔 = 𝔖 𝔔 ∩𝔖 ≠ ∅ 𝔔 = 𝑄 𝔖 = 𝑄

𝔔  y 𝔖 𝑄

𝑋 = 𝑃𝑄 𝑋

𝑃 𝑄 𝑃

 𝔓∩ ℜ = ∅ 𝔔 ∩ 𝔖 = ∅ 𝔓 = 𝑃 ℜ = 𝑃

𝔔 = 𝑄 𝔖 = 𝑄

𝑆 𝔖

𝔓 ∪ 𝔔 = Ω = ℜ∪ 𝔖 𝑃

𝑆 𝑄

𝑅 𝑄 = 𝑅

𝑋 = 𝑃𝑄 = 𝑃𝑅 = (𝑥𝜆 + 𝐴𝑥𝜆−1 + 𝐵𝑥𝜆−2 +⋯+𝐾𝑥 + 𝐿) (𝑥𝜆 +
𝐾

𝐿
𝑥𝜆−1 +⋯+

𝐴

𝐿
𝑥 +

1

𝐿
)

𝑥 = 1

𝑋(1) = 𝑛 = (1 + 𝐴 + 𝐵 +⋯+ 𝐾 + 𝐿) (1 +
𝐾

𝐿
+⋯+

𝐴

𝐿
+
1

𝐿
)

𝐿

𝑛𝐿 = (1 + 𝐴 + 𝐵 +⋯+𝐾 + 𝐿)(𝐿 + 𝐾 +⋯+ 𝐴 + 1) = (1 + 𝐴 + 𝐵 +⋯+ 𝐾 + 𝐿)2

𝑃 𝑅

𝑃𝑅 = 𝑋 𝑃 𝑅

𝐿
1

𝐿

1

𝐿
𝐿 = ±1

𝑛 = (1 + 𝐴 + 𝐵 +⋯+𝐾 + 𝐿)2

𝑛 𝑃

                                                                                 

𝑥𝜆 +𝐴𝑥𝜆−1 + 𝐵𝑥𝜆−2 +⋯+ 𝐾𝑥 + 𝐿 𝑥𝜆 +
𝐾

𝐿
𝑥𝜆−1 +⋯+

𝐴

𝐿
𝑥 +

1

𝐿
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𝑃

𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1 𝑛

𝑃 𝑃

𝑋

𝑋

𝑋
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𝒙𝒏−𝟏 + 𝒙𝒏−𝟐 +⋯+ 𝒙 + 𝟏

𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1

𝑋

𝑛 = 19   𝑛 = 17 𝑋

𝑛 = 19

𝑛

𝑛 = 17
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{𝑟, 𝑟2 , 𝑟4 , 𝑟8, 𝑟16, 𝑟15, 𝑟13, 𝑟9},   {𝑟, 𝑟4, 𝑟16, 𝑟13}, {𝑟2, 𝑟8, 𝑟15, 𝑟9} {𝑟, 𝑟16}

𝑟 𝑥17 − 1 = 0

𝑛

𝑟

𝑟

𝑛

𝑟, 𝑟2 , 𝑟4    𝑟8

1 + 2 + 4 + 8

𝑛 − 1

                                                                                 

𝑛
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𝑟

𝑛–

𝑔 𝑛

𝑔, 𝑔2, 𝑔3, … , 𝑔𝑛−2, 𝑔𝑛−1

{1, 2,… , 𝑛–1} 𝑛

1, 𝑔, 𝑔2, 𝑔3, … , 𝑔𝑛−2 {1, 2, … , 𝑛 − 1}

𝑟, 𝑟𝑔, 𝑟𝑔
2
, … , 𝑟𝑔

𝑛−2

𝑟, 𝑟2, 𝑟3, … , 𝑟𝑛−1

{𝑟, 𝑟𝑔, 𝑟𝑔
2
, … , 𝑟𝑔

𝑛−2
} = {𝑟, 𝑟2, 𝑟3, … , 𝑟𝑛−1} = Ω

𝑛 − 1 = 𝑒𝑓 𝑒 𝑓

Ω 𝑒 𝑓  

1, 𝑔, 𝑔2, 𝑔3, … , 𝑔𝑛−2 𝑔𝑓 𝑒

(𝑔𝑓)
𝑒

𝑔

𝑛 {𝑟, 𝑟𝑔
𝑒
, 𝑟𝑔

2𝑒
,… , 𝑟𝑔

(𝑛−2)𝑒
} 𝑓

𝑟, 𝑟𝑔
𝑒
, 𝑟𝑔

2𝑒
, … , 𝑟𝑔

(𝑓−1)𝑒

𝜆 𝑛

𝑓 𝑟𝜆 , 𝑟𝜆𝑔
𝑒
, 𝑟𝜆𝑔

2𝑒
,… , 𝑟𝜆𝑔

(𝑓−1)𝑒
(𝑓, 𝜆)

(𝑓, 𝜆) 𝑔𝑒 = ℎ

(𝑓, 𝜆)

𝑟𝜆 + 𝑟𝜆ℎ + 𝑟𝜆ℎ
2
+⋯+ 𝑟𝜆ℎ

𝑓−1

Ω

Ω

𝑛 = 17 𝑒 = 2 𝑓 = 8 𝑔 = 3

𝑔 = 3

                                                                                 
𝑔 𝑛 𝑔0, 𝑔1, 𝑔2, 𝑔3, … , 𝑔𝑛−2, 𝑔𝑛−1

𝑔0 = 1 𝑛 𝑔𝑛−1 𝑔 = 3

𝑛 = 17

𝑔𝑚 ≡ 𝑔𝑙(𝑚𝑜𝑑 𝑛) 𝑚, 𝑙 ∈ {1,2, … , 𝑛 − 1} 𝑙 < 𝑚
𝑔𝑚−𝑙 ≡ 1 (𝑚𝑜𝑑 𝑛) 𝑚 − 𝑙 < 𝑛 𝑛

1, 𝑔, 𝑔2, 𝑔3, … , 𝑔𝑛−2

𝑛

(𝑓, 𝜆)
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𝑔16 𝑔 𝑔2 𝑔3 𝑔4 𝑔5 𝑔6 𝑔7 𝑔8 𝑔9 𝑔10 𝑔11 𝑔12 𝑔13 𝑔14 𝑔15

32 92 102 132 52 152 112 162 142 82 72 42 122 22 62

𝑓

𝑓 (8,1)

𝜆 = 1 (8,1) 

{𝑟, 𝑟9, 𝑟13, 𝑟15 , 𝑟16, 𝑟8, 𝑟4, 𝑟2}

𝜆 = 3

3, 10, 5, 11, 14, 7, 12, 6

(8,3) = 𝑟3 + 𝑟10 + 𝑟5 + 𝑟11 + 𝑟14 + 𝑟7 + 𝑟12 + 𝑟6

𝜆 = 2 (8,2) =  {𝑟2, 𝑟, 𝑟9, 𝑟13, 𝑟15, 𝑟16 , 𝑟8, 𝑟4}

𝜆 = 5 {𝑟5, 𝑟11, 𝑟14 , 𝑟7, 𝑟12, 𝑟6, 𝑟3 , 𝑟10}

𝜆 ≠ 1, 3 𝑛 (8,1)

(8,3)

𝑛 − 1 4 ∙ 4

Ω 𝑒 = 𝑓 = 4

𝑔

1, 13, 16, 4 𝑛

(4,1) 𝑟 + 𝑟13 + 𝑟16 + 𝑟4

(4,2) = 𝑟2 + 𝑟2∙13 + 𝑟2.16 + 𝑟2∙4 = 𝑟2 + 𝑟9 + 𝑟15 + 𝑟8

(4,1) + (4,2) = (8,1)

𝜆 𝑛

{𝑟𝜆 , 𝑟𝜆𝑔 , 𝑟𝜆𝑔
2
, … , 𝑟𝜆𝑔

𝑛−2
: 𝑛 ∤ 𝜆 } = {𝑟𝜆 , 𝑟2𝜆 , 𝑟3𝜆 , … , 𝑟(𝑛−1)𝜆 ∶ 𝑛 ∤  𝜆 } = Ω

𝑔𝑛−1 ≡ 1(𝑚𝑜𝑑 𝑛) 𝜆 𝑛

𝜇 ≡ 𝜈 (𝑚𝑜𝑑 𝑛 − 1) 𝜆𝑔𝜇 ≡ 𝜆𝑔𝜈(𝑚𝑜𝑑 𝑛) 𝑟𝜆𝑔
𝜇
= 𝑟𝜆𝑔

𝜈

𝐺

𝑟, 𝑟𝐺 , 𝑟𝐺
2
, … , 𝑟𝐺

𝑛−2

𝑟, 𝑟2, 𝑟3, … , 𝑟𝑛−2 𝑟, 𝑟𝑔,  𝑟𝑔
2
, … , 𝑟𝑔

𝑛−2

1, 𝐺, 𝐺2, 𝐺3, … , 𝐺𝑛−2

                                                                                 
𝜇 ≡ 𝜈 𝑚𝑜𝑑(𝑛 − 1) 𝜇 − 𝜈 = (𝑛 − 1)𝑞),  𝑔𝜇−𝑣 = (𝑔𝑛−1)𝑞 ≡ 1 (𝑚𝑜𝑑 𝑛)

𝑔𝜇 ≡ 𝑔𝜈(𝑚𝑜𝑑 𝑛) 𝑟𝜆𝑔
𝜇
= 𝑟𝜆𝑔

𝜈
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1, 𝑔, 𝑔2, 𝑔3, … , 𝑔𝑛−2 𝑛

1, 𝐺𝑒, 𝐺2𝑒, 𝐺3𝑒 , … , 𝐺(𝑓−1)𝑒 1, 𝑔𝑒, 𝑔2𝑒, 𝑔3𝑒, … , 𝑔(𝑓−1)𝑒

𝐻 = 𝐺𝑒 𝑓 1,  ℎ, ℎ2,  ℎ3, … , ℎ𝑓−1

 ℎ = 𝑔𝑒 1, 𝐻, 𝐻2, 𝐻3, … , 𝐻𝑓−1 𝑛

𝑟, 𝑟ℎ ,  𝑟ℎ
2
, … , 𝑟ℎ

𝑓−1

𝑟,  𝑟𝐻 ,  𝑟𝐻
2
,… , 𝑟𝐻

𝑓−1
𝑟𝜆 , 𝑟𝜆ℎ , 𝑟𝜆ℎ

2
, … , 𝑟𝜆ℎ

𝑓−1
𝑟𝜆 , 𝑟𝜆𝐻 ,

𝑟𝜆𝐻
2
, … , 𝑟𝜆𝐻

𝑓−1

𝑔 𝐺 𝑒

𝑓 Ω

𝑛 = 19

𝑔 = 2 𝑒 = 3 𝑓 = 6

𝑥18 + 𝑥17 +⋯+ 𝑥 + 1

(6,1) 1, 𝑔𝑒 , 𝑔2𝑒,

𝑔3𝑒 , … , 𝑔(𝑓−1)𝑒

1 ≡ 1(𝑚𝑜𝑑 19)

𝑔𝑒 = 23 = 8 ≡ 8(𝑚𝑜𝑑 19)

𝑔2𝑒 = 22∙3 ≡ 7 (𝑚𝑜𝑑 19)

𝑔3𝑒 = 23∙3 ≡ 18(𝑚𝑜𝑑 19)

𝑔4𝑒 = 24∙3 ≡ 11(𝑚𝑜𝑑 19)

𝑔(𝑓−1)𝑒 = 25∙3 ≡ 12 (𝑚𝑜𝑑 19)

(6,1) = {𝑟, 𝑟8, 𝑟7 , 𝑟11, 𝑟12, 𝑟18}

2𝑔𝑒, 2𝑔2𝑒, … , 2𝑔5𝑒

(6,2)

(6,2) = {𝑟2, 𝑟3 , 𝑟5, 𝑟14, 𝑟16, 𝑟17}

(6,3) = {𝑟3, 𝑟24 , 𝑟21 , 𝑟33 , 𝑟36, 𝑟54} = {𝑟3, 𝑟5 , 𝑟2, 𝑟14, 𝑟17 , 𝑟16} = (6,2)

(6,4) = {𝑟4, 𝑟32 , 𝑟28 , 𝑟44 . 𝑟48, 𝑟72} = {𝑟4, 𝑟13 , 𝑟9, 𝑟6, 𝑟10 , 𝑟15}

𝑔 = 3

𝑔𝑒 = 33 = 27 ≡ 8 (𝑚𝑜𝑑 19)

𝑔2𝑒 = 32∙3 ≡ 7 (𝑚𝑜𝑑 19)

𝑔3𝑒 = 33∙3 ≡ 18(𝑚𝑜𝑑 19)

𝑔4𝑒 = 34∙3 ≡ 11(𝑚𝑜𝑑 19)

𝑔(𝑓−1)𝑒 = 35∙3 ≡ 12 (𝑚𝑜𝑑 19)

                                                                                 

1, 𝑔𝑒 , 𝑔2𝑒 , 𝑔3𝑒 , … , 𝑔(𝑛−2)𝑒  𝑓

1, 𝐺𝑒 , 𝐺2𝑒 , 𝐺3𝑒 , … , 𝐺(𝑛−2)𝑒
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(6,1) = {𝑟, 𝑟7, 𝑟8, 𝑟11, 𝑟12, 𝑟18},   

𝑔 = 2 (6,2)  y  (6,4)

Ω 𝑓

 
𝑟𝜆

′
(𝑓, 𝜆)

(𝑓, 𝜆) (𝑓, 𝜆′)

𝜆ℎ𝑓 = 𝜆𝑔𝑒𝑓 = 𝜆𝑔𝑛−1 ≡ 𝜆(𝑚𝑜𝑑 𝑛)

𝜆ℎ𝑓+1 ≡ 𝜆ℎ (𝑚𝑜𝑑 𝑛)

𝜆ℎ𝑓+2 ≡ 𝜆ℎ2 (𝑚𝑜𝑑 𝑛)

⋮

(𝑓, 𝜆ℎ) ≝ {𝑟𝜆ℎ , 𝑟𝜆ℎ
2
,… , 𝑟𝜆ℎ

𝑓
} = {𝑟𝜆ℎ , 𝑟𝜆ℎ

2
, … , 𝑟𝜆ℎ

𝑓−1
, 𝑟𝜆} ≝ (𝑓, 𝜆)

(𝑓, 𝜆ℎ2) ≝ {𝑟𝜆ℎ
2
, … , 𝑟𝜆ℎ

𝑓
, 𝑟𝜆ℎ

𝑓+1
} = {𝑟𝜆ℎ

2
, … , 𝑟𝜆ℎ

𝑓−1
, 𝑟𝜆 , 𝑟𝜆ℎ} ≝ (𝑓, 𝜆)

⋮

(𝑓, 𝜆) (𝑓, 𝜆), (𝑓, 𝜆ℎ2),

(𝑓, 𝜆ℎ3),… 𝑟𝜆
′
∈ (𝑓, 𝜆) 𝑟𝜆

′
= 𝑟𝜆ℎ

𝑗
 p. a.  entero  𝑗

(𝑓, 𝜆′) ≝ {𝑟𝜆
′
, 𝑟𝜆

′ℎ, 𝑟𝜆
′ℎ2 ,… , 𝑟𝜆

′ℎ𝑓−1} = {𝑟𝜆ℎ
𝑗
, 𝑟𝜆ℎ

𝑗+1
, 𝑟𝜆ℎ

𝑗+2
, … , 𝑟𝜆ℎ

𝑗+𝑓−1
}

≝ (𝑓, 𝜆ℎ𝑗) = (𝑓, 𝜆)

𝑟𝜆   y   𝑟𝜆
′
∈ (𝑓, 𝜆)

𝑟𝜆
′
= 𝑟𝜆ℎ

𝑗
 p. a. entero 𝑗  𝑟𝜆 = 𝑟𝜆

′ℎ𝑘  p. a. entero 𝑘

𝜆′ ≡ 𝜆ℎ𝑣(𝑚𝑜𝑑 𝑛)

(6,1) = {𝑟, 𝑟8, 𝑟7 , 𝑟11, 𝑟12, 𝑟18} (6,2) = {𝑟2 , 𝑟3, 𝑟5, 𝑟14 , 𝑟16, 𝑟17}

(6,4) = {𝑟4, 𝑟13 , 𝑟9, 𝑟6, 𝑟10, 𝑟15}

(6,3)

{𝑟3 ,  𝑟3∙8,  𝑟3∙7,  𝑟3∙11,  𝑟3∙12,  𝑟3∙18}

3 ∙ 8 ≡ 5(𝑚𝑜𝑑 19)

3 ∙ 7 ≡ 2(𝑚𝑜𝑑 19)
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3 ∙ 11 ≡ 14(𝑚𝑜𝑑 19)

3 ∙ 12 ≡ 17(𝑚𝑜𝑑 19)

3 ∙ 18 ≡ 16(𝑚𝑜𝑑 19)

(6, 3) (6, 2)

𝑟14 (6, 2) (6, 14)

(6, 2) = (6, 14)

(6,1) (6,18) (6,2) = (6,17)

(6,4) = (6,6) = (6,15)

𝑟9 𝑟6

9 ≡ 6 ∙ (23)4 𝑚𝑜𝑑 19

 (𝑓, 1), (𝑓, 𝑔), (𝑓, 𝑔2),… , (𝑓, 𝑔𝑒−1)

Ω Ω = (𝑓, 1) ∪ (𝑓, 𝑔) ∪ (𝑓, 𝑔2) ∪ …∪ (𝑓, 𝑔𝑒−1)

𝑓 = 𝑛 − 1 𝑒 = 1 (𝑓, 1) Ω

(𝑓, 𝜆)

(𝑓, 𝜆′) 𝜆,  𝜆′ ∈ {1, 𝑔, 𝑔2, 𝑔3, … , 𝑔𝑒−1} 𝑟𝜆   y  𝑟𝜆
′

𝜆′ ≡ 𝜆𝑔𝑒𝑣(𝑚𝑜𝑑 𝑛)  para algún 𝑣

𝜆′

𝜆
𝑔𝑒

𝑛 𝜆 𝑛

(𝑓, 𝜆), (𝑓, 𝜆𝑔), (𝑓, 𝜆𝑔2),… , (𝑓, 𝜆𝑔𝑒−1)

(𝑓, 1) ∪ (𝑓, 𝑔) ∪ (𝑓, 𝑔2) ∪ …∪ (𝑓, 𝑔𝑒−1) (𝑓, 𝜆) ∪ (𝑓, 𝜆𝑔) ∪ (𝑓, 𝜆𝑔2) ∪ …∪ (𝑓, 𝜆𝑔𝑒−1)

𝑛 − 1

(𝑓, 1) ∪ (𝑓, 𝑔) ∪ (𝑓, 𝑔2) ∪ …∪ (𝑓, 𝑔𝑒−1) = Ω = (𝑓, 𝜆) ∪ (𝑓, 𝜆𝑔) ∪ (𝑓, 𝜆𝑔2) ∪ …∪ (𝑓, 𝜆𝑔𝑒−1)

𝑓 𝑓 = (𝑓, 0) = (𝑓, 𝑘𝑛) 35

(𝑓, 1) ∪ (𝑓, 𝑔) ∪ (𝑓, 𝑔2) ∪ …∪ (𝑓, 𝑔𝑒−1)

𝑛 = 19 𝑓 = 6 𝑔 = 2

(6,1), (6,2), (6,22)

(6,1) ∪ (6,2) ∪ (6,22) = {𝑟, 𝑟8, 𝑟7 , 𝑟11. 𝑟12. 𝑟18 , 𝑟2, 𝑟3, 𝑟5 , 𝑟14, 𝑟16, 𝑟17, 𝑟4, 𝑟13, 𝑟9, 𝑟6 , 𝑟10, 𝑟15}

Ω 𝑛 = 19

                                                                                 

(𝑓, 0) = 𝑟0 + 𝑟0∙ℎ + 𝑟0∙ℎ
2
+⋯+ 𝑟0∙ℎ

𝑓−1
= 𝑓 = 𝑟𝑘𝑛 + 𝑟𝑘𝑛ℎ + 𝑟𝑘𝑛ℎ

2
+⋯+ 𝑟𝑘𝑛ℎ

𝑓−1
= (𝑓, 𝑘𝑛)
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(6,1) (6,2)

(6,22) (6,25) (6,4)

𝑟6 (6,25) = (6,4)

 𝑛 − 1 = 𝑎𝑏𝑐 𝑎, 𝑏, 𝑐 𝑓 = 𝑏𝑐 𝑒 = 𝑎

𝑎 𝑏𝑐 𝑏𝑐

𝑏

(𝑏𝑐, 𝜆) = {𝑟𝜆 , 𝑟𝜆𝑔
𝑎
, 𝑟𝜆𝑔

2𝑎
,… , 𝑟𝜆𝑔

𝑎𝑏𝑐−𝑎
} = (𝑐, 𝜆) ∪ (𝑐, 𝜆𝑔𝑎) ∪ (𝑐, 𝜆𝑔2𝑎) ∪ …∪ (𝑐, 𝜆𝑔𝑎𝑏−𝑎).

𝑛 = 19 𝑛 − 1 = 3 ∙ 3 ∙ 2 (6,2) = {𝑟2, 𝑟3, 𝑟5,

𝑟14, 𝑟16, 𝑟17}

𝜆 = 2 𝑔 = 2 (2, 2)

(2, 2 ∙ 23) (2, 2 ∙ 22∙3)

(2,2) = {𝑟2, 𝑟14} (2,3) = {𝑟3, 𝑟16} (2,5) = {𝑟5 , 𝑟17}

𝑛 = 19 𝑛 − 1 = 6 ∙ 3 𝑔 = 2

𝑔𝑒 = 26 ≡ 7(𝑚𝑜𝑑 19)

𝑔2𝑒 = 22∙6 ≡ 11(𝑚𝑜𝑑 19)

(3,1) = {𝑟, 𝑟7, 𝑟11}

(3,2) = {𝑟2, 𝑟14 , 𝑟3}

(3,4) = {𝑟4, 𝑟9 , 𝑟6}

(3,8) = {𝑟8, 𝑟18 , 𝑟12}

(3,16) = {𝑟16, 𝑟17, 𝑟5}

(3,13) = {𝑟13, 𝑟15, 𝑟10}

(3,1) (3,2)

                                                                                 

(𝑏𝑐, 𝜆) 𝑟𝜆,  𝑟𝜆𝑔
𝑎
,  𝑟𝜆𝑔

2𝑎
,  𝑟𝜆𝑔

3𝑎
, … ,  𝑟𝜆𝑔

(𝑏−1)𝑎
, … , 𝑟𝜆𝑔

𝑎(𝑏𝑐−1)

𝑟𝜆,  𝑟𝜆𝑎 ,  𝑟𝜆𝑔
2𝑎
,  𝑟𝜆𝑔

3𝑎
, … , 𝑟𝜆𝑔

(𝑏−1)𝑎
𝜆 ≢ 𝜆𝑔𝑎𝑣+𝑎𝑏(𝑚𝑜𝑑 𝑛) 𝜆𝑔𝑎𝑣

′
≢ 𝜆𝑔𝑎𝑣+𝑎𝛽(𝑚𝑜𝑑 𝑛) 𝑣, 𝑣′

1, … , 𝑏 − 1 (𝑏𝑐, 𝜆)
𝑏

(𝑐, 𝜆), (𝑐, 𝜆𝑔𝑎), (𝑐, 𝜆𝑔2𝑎), (𝑐, 𝜆𝑔3𝑎),… , (𝑐, 𝜆𝑔(𝑏−1)𝑎)
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(3,1) ∙ (3,2) = 𝑟𝑟2 + 𝑟𝑟14 + 𝑟𝑟3 + 𝑟7𝑟2 + 𝑟7𝑟14 + 𝑟7𝑟3 + 𝑟11𝑟2 + 𝑟11𝑟14 + 𝑟11𝑟3

= 𝑟3 + 𝑟15 + 𝑟4 + 𝑟9 + 𝑟2 + 𝑟10 + 𝑟13 + 𝑟6 + 𝑟14

= (𝑟2 + 𝑟14 + 𝑟3) + (𝑟4 + 𝑟9 + 𝑟6) + (𝑟13 + 𝑟15 + 𝑟10)

= (3,2) + (3,4) + (3,13)

= (3,3) + (3,4) + (3,15)

(3,1)(3,2)(3,8) = [𝑟3 + 𝑟15 + 𝑟4 + 𝑟9 + 𝑟2 + 𝑟10 + 𝑟13 + 𝑟6 + 𝑟14][𝑟8 + 𝑟18 + 𝑟12]

= 𝑟11 + 𝑟23 + 𝑟12 + 𝑟17 + 𝑟10 + 𝑟18 + 𝑟21 + 𝑟14 + 𝑟22 + 𝑟21 + 𝑟33 + 𝑟22

+ 𝑟27 + 𝑟20 + 𝑟28 + 𝑟31 + 𝑟24 + 𝑟32 + 𝑟15 + 𝑟27 + 𝑟16 + 𝑟21 + 𝑟14 + 𝑟22

+ 𝑟25 + 𝑟18 + 𝑟26

= 𝑟11 + 𝑟4 + 2𝑟12 + 𝑟17 + 𝑟10 + 2𝑟18 + 3𝑟2 + 3𝑟14 + 3𝑟3 + 2𝑟8 + 𝑟 + 𝑟9

+ 𝑟5 + 𝑟13 + 𝑟15 + 𝑟16 + 𝑟6 + 𝑟7

= (3, 1) + (3, 4) + 2(3, 8) + (3, 16) + (3, 13) + 3(3, 2)

(𝑓, 𝜆) = {𝑟𝜆 , 𝑟𝜆
′
, 𝑟𝜆

′′
, … } (𝑓, 𝜇)

(𝑓, 𝜆) (𝑓, 𝜇)

𝑓

(𝑓, 𝜆 + 𝜇) + (𝑓, 𝜆′ + 𝜇) + (𝑓, 𝜆′′ + 𝜇) +⋯ = 𝑊

𝑔 𝑛 ℎ = 𝑔𝑒 𝑛 − 1 = 𝑒𝑓

(𝑓, 𝜆) ∙ (𝑓, 𝜇)

(𝑓, 𝜆) ∙ (𝑓, 𝜇)  =  (𝑓, 𝜆) ∙ (𝑟𝜇 + 𝑟𝜇ℎ + 𝑟𝜇ℎ
2
+⋯+ 𝑟𝜇ℎ

𝑓−1
)

= (𝑓, 𝜆) ∙ 𝑟𝜇 + (𝑓, 𝜆) ∙ 𝑟𝜇ℎ + (𝑓, 𝜆) ∙ 𝑟𝜇ℎ
2
+⋯+ (𝑓, 𝜆) ∙ 𝑟𝜇ℎ

𝑓−1

(𝑓, 𝜆) = (𝑓, 𝜆ℎ) = (𝑓, 𝜆ℎ2) = (𝑓, 𝜆ℎ3) = ⋯

(𝑓, 𝜆) ∙ (𝑓, 𝜇) = (𝑓, 𝜆) ∙ 𝑟𝜇 + (𝑓, 𝜆ℎ) ∙ 𝑟𝜇ℎ + (𝑓, 𝜆ℎ2) ∙ 𝑟𝜇ℎ
2
+⋯+ (𝑓, 𝜆ℎ𝑓−1) ∙ 𝑟𝜇ℎ

𝑓−1

(𝑓, 𝜆) ∙ (𝑓, 𝜇) = (𝑟𝜆+𝜇 + 𝑟𝜆ℎ+𝜇 + 𝑟𝜆ℎ
2+𝜇 +⋯+ 𝑟𝜆ℎ

𝑓−1+𝜇)

+(𝑟𝜆ℎ+𝜇ℎ + 𝑟𝜆ℎ
2+𝜇ℎ + 𝑟𝜆ℎ

3+𝜇ℎ +⋯+ 𝑟𝜆ℎ
𝑓+𝜇ℎ)

+ (𝑟𝜆ℎ
2+𝜇ℎ2 + 𝑟𝜆ℎ

3+𝜇ℎ2 + 𝑟𝜆ℎ
4+𝜇ℎ2 +⋯+ 𝑟𝜆ℎ

𝑓+1+𝑢ℎ2) +⋯

+ (𝑟𝜆ℎ
𝑓−1+𝜇ℎ𝑓−1 + 𝑟𝜆ℎ

𝑓+𝜇ℎ𝑓−1 + 𝑟𝜆ℎ
𝑓+1+𝜇ℎ𝑓−1 +⋯+ 𝑟𝜆ℎ

2(𝑓−1)+𝜇ℎ𝑓−1),



 

42 
 

(𝑓, 𝜆) ∙ (𝑓, 𝜇) = (𝑟𝜆+𝜇 + 𝑟(𝜆+𝜇)ℎ + 𝑟(𝜆+𝜇)ℎ
2
+⋯+ 𝑟(𝜆+𝜇)ℎ

𝑓−1
)

+ (𝑟𝜆ℎ+𝜇 + 𝑟(𝜆ℎ+𝜇)ℎ + 𝑟(𝜆ℎ+𝜇)ℎ
2
+⋯+ 𝑟(𝜆ℎ+𝜇)ℎ

𝑓−1
) +⋯

+ (𝑟𝜆ℎ
𝑓−1+𝜇 + 𝑟(𝜆ℎ

𝑓−1+𝜇)ℎ + 𝑟(𝜆ℎ
𝑓−1+𝜇)ℎ2 +⋯+ 𝑟(𝜆ℎ

𝑓−1+𝜇)ℎ𝑓−1)

= (𝑓, 𝜆 + 𝜇) + (𝑓, 𝜆ℎ + 𝜇) + (𝑓, 𝜆ℎ2 + 𝜇) + ⋯+ (𝑓, 𝜆ℎ𝑓−1 + 𝜇)

{𝑟𝜆 , 𝑟𝜆ℎ , 𝑟𝜆ℎ
2
, … , 𝑟𝜆ℎ

𝑓−1
} = (𝑓, 𝜆) = {𝑟𝜆 , 𝑟𝜆

′
, 𝑟𝜆

′′
, … }

𝜆, 𝜆′, 𝜆′′ , … 𝜆, 𝜆ℎ, 𝜆ℎ2, … , 𝜆ℎ𝑓−1

𝜆 + 𝜇, 𝜆ℎ + 𝜇, 𝜆ℎ2 + 𝜇, … ,  𝜆ℎ𝑓−1 + 𝜇

𝜆 + 𝜇,    𝜆′ + 𝜇,    𝜆′′ + 𝜇, …

{𝑟𝜆+𝜇 , 𝑟𝜆ℎ+𝜇, 𝑟𝜆ℎ
2+𝜇, … , 𝑟𝜆ℎ

𝑓−1+𝜇} = {𝑟𝜆+𝜇, 𝑟𝜆
′+𝜇, 𝑟𝜆

′′+𝜇, … }

(𝑓, 𝜆 + 𝜇) ∪ (𝑓, 𝜆′ + 𝜇) ∪ (𝑓, 𝜆′′ + 𝜇) ∪ … = (𝑓, 𝜆 + 𝜇) ∪ (𝑓, 𝜆ℎ + 𝜇) ∪ (𝑓, 𝜆ℎ2 + 𝜇) ∪ …

∪ (𝑓, 𝜆ℎ𝑓−1 + 𝜇)

(𝑓, 𝜆) ∙ (𝑓, 𝜇) = (𝑓, 𝜆 + 𝜇) + (𝑓, 𝜆′ + 𝜇) + (𝑓, 𝜆′′ + 𝜇) +⋯  =  𝑊

 𝑘

(𝑓, 𝜆) ∙ (𝑓, 𝜇) = (𝑓, 𝑘(𝜆 + 𝜇)) + (𝑓, 𝑘(𝜆′ + 𝜇)) + (𝑓, 𝑘(𝜆′′ + 𝜇)) + ⋯

𝜆, 𝜆′ ,  𝜆′′ , … 𝜆, 𝜆ℎ, 𝜆ℎ2, … ,  𝜆ℎ𝑓−1

(𝑓, 𝑘𝜆) = {𝑟𝑘𝜆 ,  𝑟𝑘𝜆ℎ ,  𝑟𝑘𝜆ℎ
2
, … } = {𝑟𝑘𝜆 ,  𝑟𝑘𝜆

′
,  𝑟𝑘𝜆

′′
, … }. 

(𝑓, 𝑘𝜆) ∙ (𝑓, 𝑘𝜇) = (𝑓, 𝑘𝜆 + 𝑘𝜇) + (𝑓, 𝑘𝜆′ + 𝑘𝜇) + (𝑓, 𝑘𝜆′′ + 𝑘𝜇) + ⋯

 
𝑎𝑓 + 𝑏(𝑓, 1) + 𝑏′(𝑓, 𝑔) + 𝑏′′(𝑓, 𝑔2) + ⋯+ 𝑏𝑒(𝑓, 𝑔𝑒−1)

𝑎, 𝑏, 𝑏′, 𝑏′′, …

(𝑓, 𝑘𝑛) = 𝑓

(𝑓, 1), (𝑓, 𝑔), (𝑓, 𝑔2),… , (𝑓, 𝑔𝑒−1)

𝜆 + 𝜇, 𝜆′ + 𝜇, 𝜆′′ + 𝜇, … 𝑛  

(𝑓, 1), (𝑓, 𝑔), (𝑓, 𝑔2), … , (𝑓, 𝑔𝑒−1)

(𝑓, 𝜆), (𝑓, 𝜆𝑔), (𝑓, 𝜆𝑔2),… , (𝑓, 𝜆𝑔𝑒−1)

𝑊 = 𝑎𝑓 + 𝑐(𝑓, 𝜆) + 𝑐′(𝑓, 𝜆𝑔) + 𝑐′′(𝑓, 𝜆𝑔2) + ⋯+ 𝑐𝑒(𝑓, 𝜆𝑔𝑒−1)
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𝑐, 𝑐′, 𝑐′′, … 𝑏, 𝑏′, 𝑏′′, …

(𝑓, 𝑘𝜆) ∙ (𝑓, 𝑘𝜇) = 𝑎𝑓 + 𝑏(𝑓, 𝑘) + 𝑏′(𝑓, 𝑘𝑔) + 𝑏′′(𝑓, 𝑘𝑔2) + ⋯+ 𝑏𝑒(𝑓, 𝑘𝑔𝑒−1)

𝑘

(𝑓, 𝑘𝜆) ∙ (𝑓, 𝑘𝜇) ∙ (𝑓, 𝑘𝜈) = [𝑎𝑓 + 𝑏(𝑓, 𝑘) + 𝑏′(𝑓, 𝑘𝑔) +⋯+ 𝑏𝑒(𝑓, 𝑘𝑔𝑒−1)] ∙ (𝑓, 𝑘𝜈)

= 𝑎𝑓 ∙ (𝑓, 𝑘𝜈) + 𝑏(𝑓, 𝑘) ∙ (𝑓, 𝑘𝜈) + 𝑏′(𝑓, 𝑘𝑔) ∙ (𝑓, 𝑘𝜈) + ⋯+ 𝑏𝑒(𝑓, 𝑘𝑔𝑒−1) ∙ (𝑓, 𝑘𝜈)

[𝑎𝑓 + 𝑏(𝑓, 𝑘) + 𝑏′(𝑓, 𝑘𝑔) +⋯+ 𝑏𝑒(𝑓, 𝑘𝑔𝑒−1)]

(𝑓, 𝑘𝜆) ∙ (𝑓, 𝑘𝜇) ∙ (𝑓, 𝑘𝜈) = 𝑐𝑓 + 𝑑(𝑓, 𝑘) + 𝑑′(𝑓, 𝑘𝑔) + 𝑑′′(𝑓, 𝑘𝑔2)

+⋯+ 𝑑𝑒(𝑓, 𝑘𝑔𝑒−1)

𝑐, 𝑑, 𝑑′, …

(𝑓, 𝜆) ∙ (𝑓, 𝜇) ∙ (𝑓, 𝜈) = 𝑐𝑓 + 𝑑(𝑓, 1) + 𝑑′(𝑓, 𝑔) + 𝑑′′(𝑓, 𝑔2) + ⋯+ 𝑑𝑒(𝑓, 𝑔𝑒−1).

 𝐹(𝑡, 𝑢, 𝜐,… ) 𝐹

ℎ𝑡𝛼𝑢𝛽𝜐𝜆 …  𝑡, 𝑢, 𝜐

(𝑓, 𝜆), (𝑓, 𝜇), (𝑓, 𝜈),…

𝐹

𝑐𝑓 + 𝑑(𝑓, 1) + 𝑑′(𝑓, 𝑔) + 𝑑′′(𝑓, 𝑔2) + ⋯+ 𝑑𝑒(𝑓, 𝑔𝑒−1)

𝐹

𝐴 + 𝐵(𝑓, 1) + 𝐵′(𝑓, 𝑔) + 𝐵′′(𝑓, 𝑔2) + ⋯+ 𝐵𝑒(𝑓, 𝑔𝑒−1)

𝐴, 𝐵, 𝐵′′ , … 𝐹

𝑡, 𝑢, 𝜐 (𝑓, 𝑘𝜆), (𝑓, 𝑘𝜇), (𝑓, 𝑘𝜈),… 𝐹

𝐴 + 𝐵(𝑓, 𝑘) + 𝐵′(𝑓, 𝑘𝑔) + 𝐵′′(𝑓, 𝑘𝑔2) + ⋯+ 𝐵𝑒(𝑓, 𝑘𝑔𝑒−1)

𝑛 = 19 (6,2)

{𝑟2 , 𝑟3, 𝑟5, 𝑟14 , 𝑟16, 𝑟17},

(6,1) (6,2)

(6,1)(6,2) = (6, 1 + 2) + (6, 1 + 3) + (6, 1 + 5) + (6, 1 + 14)

+(6, 1 + 16) + (6, 1 + 17)

= (6,3) + (6,4) + (6,6) + (6,15) + (6,17) + (6,18)

(6,6)  (6,15) (6,4) (6,17)

(6,2) (6,18) (6,1)

(6,1)(6,2) = (6,1) + 2(6,2) + 3(6,4)
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𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1

 𝜆, 𝜇   𝑛    𝑝  

(𝑓, 𝜆) (𝑓, 𝜇)

𝛼 + 𝛽𝑝 + 𝛾𝑝2 +⋯+ 𝜃𝑝𝑒−1

𝛼, 𝛽, 𝛾,…

𝑝′, 𝑝′′, 𝑝′′′, … 𝑒 − 1 (𝑓, 𝜆𝑔), (𝑓, 𝜆𝑔2),

(𝑓, 𝜆𝑔3),… , (𝑓, 𝜆𝑔𝑒−1)

(𝑓, 𝜇)

1 + 𝑝 + 𝑝′ + 𝑝′′ + 𝑝′′′ +⋯ = 0

𝑒– 1 𝑝 

𝑝2 = (𝑓, 𝜆)(𝑓, 𝜆) = 𝑎1𝑓 + 𝑎2(𝑓, 𝜆) + 𝑎3(𝑓, 𝜆𝑔) + 𝑎4(𝑓, 𝜆𝑔
2) + 𝑎5(𝑓, 𝜆𝑔

3) + ⋯

𝑝3 = 𝑏1𝑓 + 𝑏2(𝑓, 𝜆) + 𝑏3(𝑓, 𝜆𝑔) + 𝑏4(𝑓, 𝜆𝑔
2) + 𝑏5(𝑓, 𝜆𝑔

3) + ⋯

𝑝4 = 𝑐1𝑓 + 𝑐2(𝑓, 𝜆) + 𝑐3(𝑓, 𝜆𝑔) + 𝑐4(𝑓, 𝜆𝑔
2) + 𝑐5(𝑓, 𝜆𝑔

3) + ⋯

⋮

0 = 𝑝2 + 𝐴 + 𝑎𝑝 + 𝑎′𝑝′ + 𝑎′′𝑝′′ + 𝑎′′′𝑝′′′ +⋯

0 = 𝑝3 + 𝐵 + 𝑏𝑝 + 𝑏′𝑝′ + 𝑏′′𝑝′′ + 𝑏′′′𝑝′′′ +⋯

0 = 𝑝4 + 𝐶 + 𝑐𝑝 + 𝑐′𝑝′ + 𝑐′′𝑝′′ + 𝑐′′′𝑝′′′ +⋯

⋮

𝐴, 𝑎, 𝑎’, 𝑎’’, 𝑎’’’, … , 𝐵, 𝑏, 𝑏’, 𝑏’’, 𝑏’’’, … , 𝐶, 𝑐, 𝑐’, 𝑐’’, 𝑐’’’, …  

𝜆

(𝑓, 𝜇) = 𝑝′

(𝑒 − 1) (𝑒 − 1) 𝑝′, 𝑝′′, 𝑝′′′, …

𝔄 + 𝔅𝑝 + ℭ𝑝2 +⋯+𝔐𝑝𝑒−1 + 𝔑𝑝′ = 0

𝔄, 𝔅, ℭ, … ,𝔐, 𝔑
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𝔑 ≠ 0 𝑝′

(𝑓, 𝜇) 𝑝

(𝑓, 𝜇) = 𝑝′′, ó  𝑝′′′, ó , … 𝔑

𝔑 = 0

𝔄 +𝔅𝑝 + ℭ𝑝2 +⋯+𝔐𝑝𝑒−1 = 0

𝑒 − 1 𝑒 − 1

𝑝 𝑓

𝜆

(𝑓, 1), (𝑓, 𝑔), (𝑓, 𝑔2), (𝑓, 𝑔3),… , (𝑓, 𝑔𝑒−1)

𝑟𝜁1 , 𝑟𝜁2 , . . . , 𝑟𝜁𝑓

𝑟𝜂1 , 𝑟𝜂2 , . . . , 𝑟𝜂𝑓 1 ≤ 𝜁1, 𝜁2, . . . . , 𝜁𝑓 , 𝜂1, 𝜂2, . . . , 𝜂𝑓 ≤ 𝑛 − 1

𝑟𝜁1 + 𝑟𝜁2+ . . . +𝑟𝜁𝑓 = 𝑟𝜂1 + 𝑟𝜂2+ . . . +𝑟𝜂𝑓

𝑌 = 𝑥𝜁1 + 𝑥𝜁2+ . . . +𝑥𝜁𝑓 − 𝑥𝜂1 − 𝑥𝜂2− . . . −𝑥𝜂𝑓

𝑥 = 𝑟 𝑌 = 0 𝑥 − 𝑟 𝑌 𝑟

𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2+. . . +𝑥 + 1 𝑥 − 𝑟

𝑋 𝑋

𝑌 𝑛 − 1

𝑥 − 0) 𝑌 𝑋. 40

𝑋 𝑌 𝑋

𝑋

𝔑 ≠ 0 (𝑓, 𝜇) = 𝑝′

𝔄′ + 𝔅′𝑝 + ℭ′𝑝2 +⋯+𝔐′𝑝𝑒−1

𝑛 = 19, 𝑓 = 6, 𝑒 = 3, 𝑔 = 2

𝑝′ = (6,2) 𝑝′′ = (6,4) 𝑝 = (6,1)

(6,1) = {𝑟, 𝑟8, 𝑟7, 𝑟11 . 𝑟12. 𝑟18}

𝑝2 = (6,1)(6,1) = (6,2) + (6,9) + (6,8) + (6,12) + (6,13) + (6,19)

𝑝2 = (6,2) + (6,4) + (6,1) + (6,1) + (6,4) + 6 = 6 + 2(6,1) + (6,2) + 2(6,4)

𝑝2 = 6 + 2𝑝 + 𝑝′ + 2𝑝′′

                                                                                                                                                                                                                                               

𝑌 𝑛 − 1 𝑛 − 1
𝑋 𝑌 𝑛 − 1

𝑌 𝑛 − 1 𝑋 𝑌
𝑛 − 1 𝑛 − 1 𝑋 𝑌 𝑌

𝑋
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0 = 1 + 𝑝 + 𝑝′ + 𝑝′′

𝑝2 = 6 + 2(𝑝 + 𝑝′′) + 𝑝′ = 6 + 2(−1 − 𝑝′) + 𝑝′ = 4 − 𝑝′

 𝑝2 = 6 + (𝑝 + 𝑝′ + 𝑝′′) + 𝑝 + 𝑝′′ = 5 + 𝑝 + 𝑝′′

𝑝′ = 4 − 𝑝2

𝑝′′ = 𝑝2 − 5 − 𝑝

(6,2) = 4 − (6,1)2 (6,4) = −5 − (6,1) + (6,1)2

(𝑓, 𝜆) = 𝑝 = (6,2);   𝑝′ = (6,4);   𝑝′′ = (6,1)

(6,4) = 4 − (6,2)2 (6,1) = −5 − (6,2) + (6,2)2

𝑝 = (6,4);  𝑝′ = (6,1); 𝑝′′ = (6,2)

(6,1) = 4 − (6,4)2 (6,2) = −5 − (6,4) + (6,4)2

𝐹 = 𝜑(𝑡, 𝑢, 𝜐, … )

𝑡, 𝑢, 𝜐, … 𝑓 

(𝑓, 𝜆) 𝐹 

𝐴 + 𝐴′𝑟 + 𝐴′′𝑟2 +⋯ = 𝑊

𝑓

𝑟𝑝,  𝑟𝑞 𝑓

𝑝  𝑞  𝑛   𝑟𝜆 ,  𝑟𝜆
′
,  𝑟𝜆

′′
, …

(𝑓, 𝜆)  𝜆, 𝜆′, 𝜆′′, … 𝑛

𝜇,  𝜇′ ,  𝜇′′ , …

𝜆𝑔𝑣𝑒 ,  𝜆′𝑔𝑣𝑒, 𝜆′′𝑔𝑣𝑒, … 𝑛

𝑟𝑝   𝑟𝑞 𝑊 𝑟𝑝

  𝑟𝑞 𝑞 ≡ 𝑝𝑔𝑣𝑒 (𝑚𝑜𝑑 𝑛)

𝜑(𝑟𝜆𝑔
𝑣𝑒
, 𝑟  𝜆

′𝑔𝑣𝑒, 𝑟𝜆
′′𝑔𝑣𝑒 ,… ) (𝐼)

𝐴 + 𝐴′𝑟𝑔
𝑣𝑒
+ 𝐴′′𝑟2𝑔

𝑣𝑒
+⋯

𝑟𝑝 (𝑊) 𝑟𝑝𝑔
𝑣𝑒

𝜃, 𝜃′, … 𝑛 𝑔𝑣𝑒, 2𝑔𝑣𝑒, …

(𝐼)

                                                                                 
𝑓

𝐴, 𝐴’, …
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𝐴 + 𝐴′𝑟𝜃 + 𝐴′′𝑟𝜃
′
+⋯ = 𝑊′

𝜃, 𝜃′, … 𝑝𝑔𝑣𝑒

𝑛 𝑞 𝑟𝑞 (𝑊′)

𝑟𝑝 (𝑊)

𝜆, 𝜆′ , 𝜆′′ , … 𝜇, 𝜇′, 𝜇′′, …

𝛼, 𝛽  {𝜆, 𝜆′, 𝜆′′, … }

𝛼 ≡ 𝛽𝑔𝑣𝑒 (𝑚𝑜𝑑 𝑛)

𝜇 ≡ 𝜆𝑔𝑣𝑒 (𝑚𝑜𝑑 𝑛) 𝜇′ ≡ 𝜆′𝑔𝑣𝑒(𝑚𝑜𝑑 𝑛),…

𝑟𝜇 , 𝑟𝜇
′
, 𝑟𝜇

′′
, … 𝑟𝜆𝑔

𝑣𝑒
, 𝑟 𝜆

′𝑔𝑣𝑒 , 𝑟𝜆
′′𝑔𝑣𝑒, …

(𝐼) 𝜑(𝑟𝜇, 𝑟𝜇
′
, 𝑟𝜇

′′
, … )

𝑊 = 𝜑(𝑟𝜆 , 𝑟𝜆
′
, 𝑟𝜆

′′
, … ) = 𝜑(𝑟𝜇 , 𝑟𝜇

′
, 𝑟𝜇

′′
, … ) = (𝐼) = 𝑊′

𝜇, 𝜇′, 𝜇′′, … 𝜆, 𝜆′, 𝜆′′, … 𝜑 

𝑊′ 𝑊 𝑟𝑝 𝑟𝑞

𝑊

 𝑊

𝐴 + 𝑎(𝑓, 1) + 𝑎′(𝑓, 𝑔) + 𝑎′′(𝑓, 𝑔2) + ⋯+ 𝑎𝑒(𝑓, 𝑔𝑒−1)

𝐴, 𝑎, … , 𝑎𝑒

𝐹

 𝑡, 𝑢, 𝜐, … (𝑓, 𝑘𝜆)

𝐴 + 𝐴′𝑟𝑘 + 𝐴′′𝑟2𝑘 +⋯ = 𝑊

𝐴 + 𝑎(𝑓, 𝑘) + 𝑎′(𝑓, 𝑘𝑔) + 𝑎′′(𝑓, 𝑘𝑔2) + ⋯

𝑛 = 19, 𝑔 = 2, 𝑓 = 6  𝜆 = 1 𝜑

𝜑( 𝑟, 𝑟7, 𝑟8, 𝑟11, 𝑟12 , 𝑟18) = 𝑟8 + 𝑟9 + 𝑟12 + 𝑟13 + 1 + 𝑟15 + 𝑟18 + 1 + 𝑟6

+1 + 𝑟 + 𝑟7 + 𝑟4 + 𝑟10 + 𝑟11

= 3 + (𝑟 + 𝑟7 + 𝑟8 + 𝑟11 + 𝑟12 + 𝑟18)

+ (𝑟4 + 𝑟6 + 𝑟9 + 𝑟10 + 𝑟13 + 𝑟15)

= 3 + (6,1) + (6,4) = 𝐴 + 𝑎(6,1) + 𝑎′(6,2) + 𝑎′′(6,4),

𝐴 = 3, 𝑎 = 1, 𝑎′′ = 1  y  𝑎′ = 0.

𝜑 (𝑓, 𝑘𝜆) = (6,2)

𝜑(𝑟2 , 𝑟14, 𝑟16, 𝑟3 , 𝑟5, 𝑟17)  = 𝑟5 + 𝑟7 + 𝑟16 + 𝑟18 + 1 + 𝑟8

+ 𝑟17 + 1 + 𝑟 + 1 + 𝑟2 + 𝑟3 = 3 + (6,1) + (6,2)

= 𝐴 + 𝑎(6, 2) + 𝑎′(6, 2 ∙ 2) + 𝑎′′(6 , 2 ∙ 22)
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𝜑

(𝑓, 𝑘𝜆) 𝜑 (𝑓, 𝜆)

𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 1 

𝑒 𝑓

𝑓

𝑒𝑓 = 𝑛 − 1

𝑋

𝛼, 𝛽, 𝛾,… 𝑥𝑓 − 𝛼𝑥𝑓−1 + 𝛽𝑥𝑓−2 − 𝛾𝑥𝑓−3… = 0 𝑓

𝑓

𝛼 𝛽

𝛾

(𝑓, 𝜆)

𝛼 = (𝑓, 𝜆) 𝛽, 𝛾, … ,

(𝑓, 𝜆)

𝐴 + 𝐴′𝑟 + 𝐴′′𝑟2 +⋯ = 𝑊

𝛽, 𝛾,…

𝐴 + 𝑎(𝑓, 1) + 𝑎′(𝑓, 𝑔) + 𝑎′′(𝑓, 𝑔2) + ⋯+ 𝑎𝑒(𝑓, 𝑔𝑒−1)

𝐴, 𝑎, 𝑎′, 𝑎′′, …  , 𝑎𝑒

(𝑓, 𝑘𝜆) 

𝐴 + 𝑎(𝑓, 𝑘) + 𝑎′(𝑓, 𝑘𝑔) + 𝑎′′(𝑓, 𝑘𝑔2) + ⋯+ 𝑎𝑒(𝑓, 𝑘𝑔𝑒−1) (∗∗)

(𝑓, 𝑘𝜆)

(𝑓, 1), (𝑓, 𝑔), (𝑓, 𝑔2), … , (𝑓, 𝑔𝑒−1)

𝑒 𝑧, 𝑧′, 𝑧′′, … , 𝑧𝑒

(𝑓, 1), (𝑓, 𝑔), (𝑓, 𝑔2), … , (𝑓, 𝑔𝑒−1)

(𝑓, 1)

(𝑓, 𝑔), (𝑓, 𝑔2), … , (𝑓, 𝑔𝑒−1) 𝑧𝑧′𝑧′′⋯𝑧𝑒

𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 1

𝑋 𝑒 𝑧, 𝑧′, 𝑧′′, … , 𝑧𝑒

𝑓
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𝑛 =  19 𝑔 = 2, 𝑒 = 3, 𝑓 = 6

𝑧, 𝑧′, 𝑧′′

(6,1) = {𝑟, 𝑟7, 𝑟8 , 𝑟11, 𝑟12, 𝑟18} (6,2) = {𝑟2, 𝑟3 , 𝑟5, 𝑟14, 𝑟16 , 𝑟17}  

(6,4) = {𝑟4, 𝑟6 , 𝑟9, 𝑟10, 𝑟13, 𝑟15}, 

𝑧 (6,1)

(6,1) = 𝛼

𝛽 = 3 + (6, 1) + (6, 4)

𝛾 = 2 + 2(6, 1) + (6, 2) 

𝛿 =  3 +  (6, 1)  + (6, 4)

𝜀 = (6, 1)

(6, 1)

𝑧 =  𝑥6 −  𝛼𝑥5  +  𝛽𝑥4 −  𝛾𝑥3  +  𝛿𝑥2 −  𝜀𝑥 +  1 =  0 

𝑘 = 𝑔 = 2 (∗∗), 𝛼, 𝛽, 𝛾, 𝛿, 𝜀

𝑧′

𝛼′ = (6,2)

𝛽′ = 3 + (6,2) + (6,1)

𝛾′ = 2 + 2(6,2) + (6,1)

𝛿′ =  3 + (6, 2)  +  (6, 1)

𝜀′ = (6, 2)

𝑧′ =  𝑥6 −  𝛼′𝑥5  +  𝛽′𝑥4 −  𝛾′𝑥3  +  𝛿′𝑥2 −  𝜀′𝑥 +  1 =  0

𝑘 = 𝑔2 = 4 𝑧′′

𝛼′
′
= (6,4)

𝛽′′ = 3 + (6,4) + (6,2)

𝛾′
′
= 2 + 2(6,1) + (6,4)

𝛿′ =  3 + (6, 1) + (6, 4)

𝜀′ = (6, 1)

𝑧′′ =  𝑥6 −  𝛼′′𝑥5  +  𝛽′′𝑥4 −  𝛾′′𝑥3  +  𝛿′′𝑥2 −  𝜀′′𝑥 +  1 =  0

𝑋 = 𝑧𝑧′𝑧′′

𝛼, 𝛽, 𝛾,…

𝑓 

(𝑓, 𝑘λ) = 𝑟𝑘λ + 𝑟𝑘λh + 𝑟𝑘𝜆ℎ
2
+⋯+ 𝑟𝑘λℎ

𝑓−1

𝑘 (𝑓, λ)

(𝑓, λ ) (𝑓, 2λ) (𝑓, 3λ)
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𝑞, 𝑞′, 𝑞′′, … (𝑓, 𝜆), (𝑓, 2𝜆), (𝑓, 3𝜆),…

𝛼 =  𝑞,    2𝛽 =  𝛼𝑞 − 𝑞′,    3𝛾 =  𝛽𝑞 −  𝛼𝑞′ + 𝑞′′, 4𝛿 = 𝛼𝑞′′ − 𝛽𝑞′ + 𝛾𝑞 − 𝑞′′′

𝛼, 𝛽, 𝛾,…

𝑓 

𝛼 𝛽 𝑓

(𝑓, 𝜆) (𝑓, −𝜆) 𝛼

𝛽 (𝑓, 𝜆), (𝑓, 𝜆𝑔), (𝑓, 𝜆𝑔2),…

(𝑓, −𝜆), (𝑓,−𝜆𝑔), (𝑓,−𝜆𝑔2),

𝑓

𝑝, 𝑝′, 𝑝′′ (6, 1), (6, 2) (6, 4)

                                                                                 
𝜆, 𝜆ℎ,  𝜆ℎ2,  𝜆ℎ3, … ,  𝜆ℎ𝑓−1 𝑛

𝜆 +  𝜆ℎ + 𝜆ℎ2 +  𝜆ℎ3 +⋯+ 𝜆ℎ𝑓−1 ≡ 0 (𝑚𝑜𝑑 𝑛)

𝑟𝜆 ∙ 𝑟𝜆ℎ ∙ 𝑟𝜆ℎ
2
∙ 𝑟𝜆ℎ

3
∙ … ∙ 𝑟𝜆ℎ

𝑓−1
= 1

 1

 𝑟1, 𝑟2, … , 𝑟𝑓 𝑓 (𝑓, 𝜆) (
𝑓

𝑓 − 1
) = 𝑓

𝑟1𝑟2… 𝑟𝑓

𝑟𝑗
=

1

𝑟𝑗
𝑗 = 1,2,… , 𝑓 𝑓 𝑟𝑗

(𝑓, 𝜆) (𝑓, 𝜆)
𝛼

𝑓
1

𝑟𝑗
𝑗 = 1,2, … , 𝑓 (𝑓,−𝜆) = (𝑓, −𝜆)

 (
𝑓

𝑓 − 2
) =

𝑓(𝑓−1)

2

𝑟1𝑟2… 𝑟𝑓

𝑟𝑖𝑟𝑗
=

1

𝑟𝑖𝑟𝑗
𝑖, 𝑗 ∈

{1,2, … , 𝑓} (
𝑓
2
) =

𝑓(𝑓−1)

2
𝛽 𝑟𝑖𝑟𝑗𝑖, 𝑗 ∈ {1,2, … , 𝑓}, 𝑖 ≠ 𝑗

1

𝑟𝑖𝑟𝑗
=

1

𝑟𝑖
∙
1

𝑟𝑗
𝑟𝑖 𝑟𝑗 (𝑓, 𝜆) 𝑓 𝑟𝑖𝑟𝑗

1

𝑟𝑖𝑟𝑗

(
𝑓
2
) 𝑟𝑖𝑟𝑗 𝛽

(𝑓, 𝜆) −  𝛽 =

𝑓
1

𝑟𝑖𝑟𝑗
(𝑓,−𝜆)

𝛽 (𝑓, −𝜆), (𝑓, −𝜆𝑔), (𝑓, −𝜆𝑔2),…

(𝑓, 𝜆), (𝑓, 𝜆𝑔), (𝑓, 𝜆𝑔2),…

𝛽 (𝑓, 𝜆), (𝑓, 𝜆𝑔), (𝑓, 𝜆𝑔2), … (𝑓, −𝜆), (𝑓, −𝜆𝑔), (𝑓, −𝜆𝑔2),

 

𝑞 = (6,1) = 𝑝 

𝑞′ = (6,2) = 𝑝′ 
𝑞′′ = (6,3) = (6,2) = 𝑝′ 
 

𝑞′′′ = (6,4) = 𝑝′′ 
𝑞′′′′ = (6,5) = (6,2) = 𝑝′ 
𝑞′′′′′ = (6,6) = (6,4) = 𝑝′′, 
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𝛼 = 𝑝  

2𝛽 = 6 + 2𝑝 + 2𝑝′′ 

3𝛾 = 6 + 6𝑝 + 3𝑝′ 

4𝛿 = 12 + 4𝑝 + 4𝑝′′

𝑛 − 1 𝛼, 𝛽, 𝛾

(𝛽𝛾, 𝜆) 𝐹 = 𝜑(𝑡, 𝑢, 𝜐,… ) 𝛽

𝛽 (𝛾, 𝜆) (𝛾, 𝜆′), (𝛾, 𝜆′′),… , (𝛾, 𝜆𝛽−1)

𝐹

𝐴 + 𝑎(𝛾, 1) + 𝑎′(𝛾, 𝑔) + 𝑎′′(𝛾, 𝑔2) + ⋯+ 𝑎𝜁(𝛾, 𝑔𝛼(𝛽−1)) + ⋯+ 𝑎𝜃(𝛾, 𝑔𝛼𝛽−1) = 𝑊

𝐹 𝑊

𝛽𝛾

(𝛾, 𝑔𝜃) (𝛾, 𝑔𝛼𝜗+𝜃) 𝜗, 𝜃

(𝛽𝛾, 𝜆) (𝛽𝛾, 𝜆𝑔𝛼)

(𝛾, 𝜆), (𝛾, 𝜆′), (𝛾, 𝜆′′),… , (𝛾, 𝜆𝛽−1)

                                                                                                                                                                                                                                               

𝑝𝑝′ = (6,1) + 2(6,2) + 3(6,4) = 𝑝 + 2𝑝′ + 3𝑝′′
𝑝2 = 6 + 2𝑝 + 𝑝′ + 2𝑝′′

𝑝′′𝑝′  = (6,6) + (6,7) + (6,9) + (6,18) + (6,20) + (6,21)
= (6,4) +   (6,1) + (6,4) + (6,1) + (6,1) + (6,2)
= 3𝑝 + 𝑝′ + 2𝑝′′

𝑝′′𝑝  = (6,5) + (6,11) + (6,12) + (6,15) + (6,16) + (6,22)
= (6,2) + (6,1) + (6,1) + (6,2) + (6,4) + (6,2)
= 2𝑝 + 𝑝′ + 𝑝′′

2𝛽 = 𝑝2 − 𝑝𝑝′ = 6 + 2𝑝 + 𝑝′ + 2𝑝′′ − 𝑝′ = 6 + 2𝑝 + 2𝑝′′
3𝛾 = (3 + 𝑝 + 𝑝′′)𝑝 − 𝑝𝑝′ + 𝑝′ = 3𝑝 + 𝑝2 + 𝑝𝑝′′ − 𝑝𝑝′ + 𝑝′

  = 3𝑝 + 6 + 2𝑝 + 𝑝′ + 𝑝′′ + 2𝑝 + 3𝑝′ + 𝑝′′ − 𝑝 − 2𝑝′ − 3𝑝′′

  = 6 + 6𝑝 + 3𝑝′
4𝛿 = 𝛼𝑞′′ − 𝛽𝑞′ + 𝛾𝑞 − 𝑞′′′ = 𝑝𝑝′ − 3𝑝′ − 𝑝𝑝′ − 𝑝′′𝑝′ + 2𝑝 + 2𝑝2 + 𝑝′𝑝 − 𝑝′′

= −3𝑝′ − 3𝑝 − 𝑝′ − 2𝑝′′ + 2𝑝 + 12 + 4𝑝 + 2𝑝′ + 4𝑝′′ + 𝑝 + 2𝑝′ + 3𝑝′′ − 𝑝′′

  = 12 + 4𝑝 + 4𝑝′′

etc.

(𝛽𝛾, 𝜆) 𝑟𝜆, 𝑟𝜆𝑔
𝛼
, 𝑟𝜆𝑔

2𝛼
, 𝑟𝜆𝑔

3𝛼
, … , 𝑟𝜆𝑔

(𝛽−1)𝛼
, … , 𝑟𝜆𝑔

𝛼(𝛽𝛾−1)

𝑟𝜆, 𝑟𝜆𝑔
𝛼
,  𝑟𝜆𝑔

2𝛼
, 𝑟𝜆𝑔

3𝛼
, … , 𝑟𝜆𝑔

(𝛽−1)𝛼
𝜆 ≢ 𝜆𝑔𝛼𝑣+𝛼𝑣

′
(𝑚𝑜𝑑 𝑛) 𝜆𝑔𝛼𝑣

′
≢ 𝜆𝑔𝛼𝑣+𝛼𝑣′(𝑚𝑜𝑑 𝑛)

𝑣, 𝑣′ 1,… , 𝛽 − 1 (𝛽𝛾, 𝜆)

𝛽 (𝛾, 𝜆), (𝛾, 𝜆𝑔𝛼), (𝛾, 𝜆𝑔2𝛼), (𝛾, 𝜆𝑔3𝛼),… , (𝛾, 𝜆𝑔(𝛽−1)𝛼) 𝜆′ = 𝜆𝑔𝛼 , 𝜆′′ = 𝜆𝑔2𝛼 , …

𝑟𝜆𝑔
𝛼

(𝛽𝛾, 𝜆) (𝛽𝛾, 𝜆𝑔𝛼)

(𝛽𝛾, 𝜆𝑔𝛼)

(𝛾, 𝜆𝑔𝛼), (𝛾, 𝜆𝑔2𝛼), (𝛾, 𝜆𝑔3𝛼),… , (𝛾, 𝜆𝑔(𝛽−1)𝛼), (𝛾, 𝜆𝑔𝛽𝛼)
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(𝛽𝛾, 𝜆) (𝛽𝛾, 𝜆𝑔𝛼) 𝑊 𝑊’

𝐹

𝑊′  = 𝐵 + 𝑏(𝛾, 𝑔𝛼) + 𝑏′(𝛾, 𝑔𝛼+1) + 𝑏′′(𝛾, 𝑔𝛼+2) + ⋯+ 𝑏𝜁(𝛾, 𝑔𝛼𝛽) + ⋯+ 𝑏𝜃(𝛾, 𝑔𝛼𝛽+𝛼−1)

= 𝐵 + 𝑏(𝛾, 𝑔𝛼) + 𝑏′(𝛾, 𝑔𝛼+1) + 𝑏′′(𝛾, 𝑔𝛼+2) + ⋯+ 𝑏𝜁(𝛾, 1) + ⋯+ 𝑏𝜃(𝛾, 𝑔𝛼𝛽). 49

(𝛾, 𝜇) (𝛾, 𝜇′) 𝛽𝛾

𝜇′ ≡ 𝜇𝑔𝜏𝛼

(𝛾, 𝜇′) 𝑊’

(𝛾, 𝜇) 𝑊 𝑊 𝑊’ (𝛾, 𝜇) (𝛾, 𝜇′)

𝑊

𝑊

𝐶 + 𝑐(𝛽𝛾, 1) + 𝑐′(𝛽𝛾, 𝑔) +⋯+ 𝑐𝜖(𝛽𝛾, 𝑔𝛼−1)

𝐶, 𝑐, 𝑐´, 𝑐’’ 𝐹

(𝛽𝛾, 𝜆) 𝐹

(𝛽𝛾, 𝑘𝜆)

𝐴 + 𝑎(𝛽𝛾, 𝑘) + 𝑎′(𝛽𝛾, 𝑘𝑔) +⋯+ 𝑎𝜖(𝛽𝛾, 𝑘𝑔𝛼−1)

𝛼 = 1 𝑊 𝐴 + 𝑎(𝛽𝛾, 1)

𝛽 (𝛾, 𝜆), (𝛾, 𝜆′), (𝛾, 𝜆′′), … , (𝛾, 𝜆𝛽−1)

𝐴 + 𝑎(𝛽𝛾, 1) + 𝑎′(𝛽𝛾, 𝑔) +⋯+ 𝑎𝜖(𝛽𝛾, 𝑔𝛼−1)

𝐴, 𝑎, 𝑎’, 𝑎’’, 
                                                                                                                                                                                                                                               

(𝛾, 𝜆𝑔𝛼), (𝛾, 𝜆′𝑔𝛼), (𝛾, 𝜆′′𝑔𝛼),… , (𝛾, 𝜆𝛽−2𝑔𝛼), (𝛾, 𝜆𝛽−1𝑔𝛼)

𝑔𝛼𝛽 ≡ 1 ∙ (𝑔𝛼𝛽)
𝛾
;  𝛼𝛽 = 𝑒 𝑟𝑔

𝛼𝛽
y  𝑟 𝛾

(𝛾, 1)  y  (𝛾, 𝑔𝛼𝛽) (𝛾, 𝑔𝛼𝛽+𝛼−1)

(𝛾, 𝑔𝛼𝛽)

𝛾 (𝛾, 1), (𝛾, 𝑔𝛼), (𝛾, 𝑔2𝛼),… , (𝛾, 𝑔𝛼(𝛽−1))

𝛽𝛾 (𝛽𝛾, 1) (𝛾, 𝑔), (𝛾, 𝑔𝛼+1), (𝛾, 𝑔𝛼+2),… , (𝛾, 𝑔𝛼(𝛽−1)+1) (𝛽𝛾,𝑔)

𝑊 = 𝐴 + 𝑎(𝛾, 1) + 𝑎′(𝛾, 𝑔) + 𝑎′′(𝛾, 𝑔2) + ⋯+ 𝑎𝜁(𝛾, 𝑔𝛼(𝛽−1)) +⋯+ 𝑎𝜃(𝛾, 𝑔𝛼𝛽−1)

=  𝐴 + 𝑎[(𝛾, 1) + (𝛾, 𝑔𝛼) + (𝛾, 𝑔2𝛼) + ⋯+ (𝛾, 𝑔𝛼(𝛽−1))] + 𝑎′[(𝛾, 𝑔) + (𝛾, 𝑔𝛼+1) + (𝛾, 𝑔𝛼+2) + ⋯+   (𝛾, 𝑔𝛼(𝛽−1)+1)]

+ ⋯+ 𝑎𝜖[(𝛾, 𝑔𝛼−1) + (𝛾, 𝑔2𝛼−1) + ⋯+ (𝛾, 𝑔𝛼𝛽−1)]
= 𝐴 + 𝑎(𝛽𝛾, 1) + 𝑎′(𝛽𝛾, 𝑔) +⋯+ 𝑎𝜖(𝛾, 𝑔𝛼−1)

(𝛽𝛾, 𝜆)
(𝛽𝛾, 𝑘𝜆)

𝛾 𝐴 + 𝐵(𝛽𝛾, 1) +
𝐵′(𝛽𝛾, 𝑔) + ⋯+ 𝐵𝜖(𝛽𝛾, 𝑔𝛼−1)
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(𝛽𝛾, 𝜇) (𝛽𝛾, 𝑘𝜇)

𝛽 𝛾

(𝛽𝛾, 𝑘𝜆)

𝛽

𝛼 = 1

𝐴 + 𝑎(𝛽𝛾, 1) (𝛽𝛾, 1) = (𝑛– 1 , 1) = −1

𝛼 > 1

𝛼 𝛽𝛾

𝑛 = 19 𝑥3 − 𝐴𝑥2 + 𝐵𝑥 − 𝐶 = 0

𝑝 = (6,1),    𝑝′ = (6,2)     𝑝′′ = (6,4)

𝐴 = 𝑝 + 𝑝′ + 𝑝′′ 𝐵 = 𝑝𝑝′ + 𝑝𝑝′′ + 𝑝′𝑝′′ 𝐶 = 𝑝𝑝′𝑝′′

𝑝𝑝′ = 𝑝 + 2𝑝′ + 3𝑝′′ 𝑝𝑝′′ = 2𝑝 + 3𝑝′ + 𝑝′′ 𝑝′𝑝′′ = 3𝑝 + 𝑝′ + 2𝑝′′

𝐴 = (18,1) = −1 𝐵 = 6(𝑝 + 𝑝′ + 𝑝′′) = −6

𝐶   =
53
18 + 11(𝑝 + 𝑝′ + 𝑝′′) = 18 − 11 = 7

𝑥3 + 𝑥2 − 6𝑥 − 7 = 0

𝐴 = 𝑝 + 𝑝′ + 𝑝′′ = −1

𝑝2 = 6 + 2𝑝 + 𝑝′ + 2𝑝′′

𝑝′𝑝′ = 6 + 2𝑝 + 2𝑝′ + 𝑝′′

𝑝′′𝑝′′ = 6 + 𝑝 + 2𝑝′ + 2𝑝′′

𝑝2 + 𝑝′
2
+ 𝑝′′

2
= 18 + 5𝑝 + 5𝑝′ + 5𝑝′′ = 18 + 5(−1) = 13

𝑝3 + 𝑝′3 + 𝑝′′3 = 36 + 34(−1) = 2

2𝐵 = 𝐴(𝑝 + 𝑝′ + 𝑝′′) − (𝑝2 + 𝑝′
2
+ 𝑝′′

2
) = 1 − 13 = −12

3𝐶 = 𝑝3 + 𝑝′3 + 𝑝′′3 − 𝐴(𝑝2 + 𝑝′
2
+ 𝑝′′

2
) + 𝐴𝐵

= 2 − (−1)(13) + (−1)(−6) = 21

                                                                                 
𝑝′′𝑝′′ = 6 + 𝑝 + 2𝑝′ + 2𝑝′′

𝐶 = (𝑝 + 2𝑝′ + 3𝑝′′)𝑝′′ = 𝑝𝑝′′ + 2𝑝′𝑝′′ + 3𝑝′′𝑝′′

= 2𝑝 + 3𝑝′ + 𝑝′′ + 6𝑝 + 2𝑝′ + 4𝑝′′ + 18 + 3𝑝 + 6𝑝′ + 6𝑝′′

= 18 + 11𝑝 + 11𝑝′ + 11𝑝′′

= 18 + 11(𝑝 + 𝑝′ + 𝑝′′) = 18 − 11 = 7
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𝑛 = 19

𝑞 = (2,1), 𝑞′ = (2,7)  y  𝑞′′ = (2,8) (6,1)

𝑞 + 𝑞′ + 𝑞′′ = (6,1) = 𝑝

𝑞𝑞′ + 𝑞𝑞′′ + 𝑞′𝑞′′ = (6,1) + (6,4) = 𝑝 + 𝑝′′ 

𝑞𝑞′𝑞′′ = 2 + (6,2) = 2 + 𝑝′

𝑥3 − 𝑝𝑥2 + (𝑝 + 𝑝′′)𝑥 − 2 − 𝑝′ = 0

(2,2), (2,3)  y  (2,5) (6,2)

𝑝, 𝑝′, 𝑝′′ 𝑝′, 𝑝′′, 𝑝

𝑝′′, 𝑝, 𝑝′

(2,4), (2,6)  y  (2,9)

Ω

𝑛 = 17 𝑛 = 19

𝑔 𝑛

𝑔, 𝑔2, … , 𝑔𝑛−2 𝑛

𝑛 − 1 𝑛 − 1 = 𝛼𝛽𝛾 …𝜁
𝑛−1

𝛼
= 𝛽𝛾…𝜁 = 𝑎

𝑛−1

𝛼𝛽
= 𝛾… 𝜁 = 𝑏

Ω 𝛼 𝑎 𝛽

𝑏 
                                                                                 

𝑛 − 1 = 3 ∙ 3 ∙ 2 (𝛽𝛾, 𝜆) = (6,1)

(𝛾, 𝜆) = (2,1) (𝛾, 𝜆𝑔𝛼) = (2,8) (𝛾, 𝜆𝑔2𝛼) = (2,7)

18 = 9 ∙ 2 ≝ 𝑒𝑓

𝑞 = (2,1) = {𝑟, 𝑟𝜆𝑔
𝑒
} = {𝑟, 𝑟18}, 𝑞′ = (2,7) = {𝑟7, 𝑟12}, 𝑞′′ = (2,8) = {𝑟8, 𝑟11}.

𝑞𝑞′ = (2,8) + (2,13) 𝑞𝑞′′ = (2,9) + (2,12) 𝑞′𝑞′′ = (2,15) + (2,18)
𝑞𝑞′𝑞′′ = [(2,8) + (2,13)] ∙ (2,8) = (2,16) + (2,19) + (2,2) + (2,5) = 2 + (6,2)



 

55 
 

(𝐴) 𝛼

𝛼 𝑎

(𝑎, 1), (𝑎, 𝑔),… (𝑎, 𝑔𝑒−1)

Ω 𝑟

𝑎

(𝐴)

(𝐴) (𝑎, 1) (𝑎, 1)

(𝑎, 1) 𝑟

(𝑎, 1) 𝛼 𝑎

(𝐴)

𝑟 = cos
2𝜋𝑘

𝑛
+ 𝑖𝑠𝑒𝑛

2𝜋𝑘

𝑛
 𝑘 𝑛

𝑟2 , 𝑟3, etc (𝑎, 1),

(𝑎, 𝑔),… (𝑎, 𝑔𝑒−1)

𝛼 𝑎

(𝐵) 

𝛽 𝑏 (𝑎, 1)

(𝐵) 𝑏 𝑟

(𝑎, 1)

(𝑏, 1) (𝐵) (𝑏, 1)

𝑏

𝛼 − 1

𝛽 𝑏

(𝑎, 𝑔), (𝑎, 𝑔2), … , (𝑎, 𝑔𝑒−1)

(𝐵)

Ω

 
𝑛−1

𝜁
  𝜁

𝜁 (𝜁, 1)

𝑟

𝑟 Ω

(𝐴)

𝛼 𝑎 𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1

𝛼 𝑎 (𝐵) 𝛼𝛽 𝑏 

                                                                                 

(𝑎, 1), (𝑎, 𝑔), …
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𝛽 𝑏, 𝑋

𝛼𝛽 𝑏 𝑋

 
𝑛−1

𝜁
  𝜁

𝑛 = 17 𝑛 = 19

𝑛 = 19

17 − 1 = 2 ∙ 2 ∙ 2 ∙ 2

𝑥17 − 1 = 0 𝑥19 − 1 = 0 19 − 1 = 3 ∙ 3 ∙ 2

𝑛 = 17

𝑛 = 17 𝑛 − 1 = 2 ∙ 2 ∙ 2 ∙ 2,

Ω

𝑔 = 3,

𝑔0 𝑔1 𝑔2 𝑔3 𝑔4 𝑔5 𝑔6 𝑔7 𝑔8 𝑔9 𝑔10 𝑔11 𝑔12 𝑔13 𝑔14 𝑔15

Ω

Ω =

{
 
 
 
 

 
 
 
 

(8,1)

{
 

 (4 , 1) {
(2 , 1)  …   𝑟 , 𝑟16

(2,13)  …  𝑟4 , 𝑟13

(4 , 9) {
(2 ,9)   …  𝑟8,   𝑟9

(2,15)  …  𝑟2 , 𝑟15

(8, 3)

{
 

 (4 , 3) {
(2 , 3)  …  𝑟3 , 𝑟14

(2 , 5)  …  𝑟5 , 𝑟12

(4,10) {
(2,10) …  𝑟10, 𝑟7

(2,11)  …  𝑟11, 𝑟6

(8,1) = 𝑟 + 𝑟9 + 𝑟13 + 𝑟15 + 𝑟16 + 𝑟8 + 𝑟4 + 𝑟2

(8,3) = 𝑟3  + 𝑟10 + 𝑟5 + 𝑟11 + 𝑟14 + 𝑟7 + 𝑟12 + 𝑟6

(4,1) = 𝑟 + 𝑟13 + 𝑟16 + 𝑟4

(4,9) = 𝑟9 + 𝑟15 + 𝑟8 + 𝑟2

(4,3) = 𝑟3  + 𝑟5 + 𝑟14 + 𝑟12

(4,10) = 𝑟10 + 𝑟11 + 𝑟7 + 𝑟6

(2 , 1) =  𝑟 +  𝑟16
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(2,13) = 𝑟4 + 𝑟13

(2 ,9)  =  𝑟8 +  𝑟9

(2,15) =  𝑟2 + 𝑟15

(2 , 3)  =   𝑟3 + 𝑟14

(2 , 5)  =  𝑟5 + 𝑟12

(2,10) =   𝑟10 + 𝑟7

(2,11)  =   𝑟11 + 𝑟6

(𝐴) 𝑥2 + 𝑥 − 4 = 0, 59

(8,1) = 𝑟 + 𝑟9 + 𝑟13 + 𝑟15 + 𝑟16 + 𝑟8 + 𝑟4 + 𝑟2   

(8,3) = 𝑟3  + 𝑟10 + 𝑟5 + 𝑟11 + 𝑟14 + 𝑟7 + 𝑟12 + 𝑟6

−
1

2
+
1

2
√17 = 1.5615528128 −

1

2
−
1

2
√17 = −2.5615528128

(8,1)

(8,3)

(𝐵),

(4,1) = 𝑟 + 𝑟13 + 𝑟16 + 𝑟4 (4,9) = 𝑟9 + 𝑟15 + 𝑟8 + 𝑟2,

𝑥2 − (8,1)𝑥 − 1 = 0

  
1

2
(8,1) ±

1

2
√12 + 3(8,1) + 4(8,3).

(4,1) =
1

2
(8,1) +

1

2
√12 + 3(8,1) + 4(8,3) = 2.0494811777

(4,9) =
1

2
(8,1) −

1

2
√12 + 3(8,1) + 4(8,3) = −0.4879283649

(4,3) (4,10) (8,3)

(4,1) = 𝑝,

                                                                                 

(8,1) + (8,3) = (16,1) = −1
(8,1) ∙ (8,3)   = (8,4) + (8,11) + (8,6) + (8,12) + (8,15) + (8,8) + (8,13) + (8,7)

= (8,1) + (8,3) + (8,3) + (8,3) + (8,1) + (8,1) + (8,1) + (8,3)
= 4(8,1) + 4(8,3) = 4[(8,1) + (8,3)] = −4

(4,1) + (4,9) = (8,1)
(4,1) ∙ (4,9) = (4,10) + (4,16) + (4,9) + (4,3) = (8,1) + (8,3) = −

 𝑝 = (4,1)

𝑝2 = (4,1) ∙ (4,1) = (4,2) + (4,14) + (4,17) + (4,5)  = (4,9) + (4,3) + 4 + (4,3) = 4 + 2(4,3) + (4,9)

(4,9) = 𝑝2 − 4 − 2(4,3)

𝑝3  = [4 + 2(4,3) + (4,9)] ∙ (4,1)
= 4(4,1) + 2(4,4) + 2(4,15) + 2(4,6) + 2(4,13) + (4,10) + (4,16) + (4,9) + (4,3)
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𝑝2 = 4 + 2(4,3) + (4,9)

𝑝3 = 9(4,1) + 3(4,9) + (4,3) + 3(4,10)

(4,9) = 𝑝2 − 4 − 2(4,3)

𝑝3 = 6(4,1) − 2(4,3) + 3[(4,1) + (4,9) + (4,3) + (4,10)] = 6𝑝 − 2(4,3) − 3

(4,3) = −
1

2
𝑝3 + 3𝑝 −

3

2
= 0.3441507314

𝑝3 = 9𝑝 + 3[𝑝2 − 4− 2(4,3)] + (4,3) + 3(4,10) = −
9

2
− 6𝑝 + 3𝑝2 +

5

2
𝑝3 + 3(4,10)

(4,10) =
3

2
+ 2𝑝 − 𝑝2 −

1

2
𝑝3 = −2.9057035442

(𝐶) 𝑥2 − (4, 1)𝑥 + (4, 3) = 0

(2,1) = 𝑟 + 𝑟16 (2,13) = 𝑟4 + 𝑟13 (4, 1)

(𝐶)

1

2
(4,1) +

1

2
√4 + (4,9) − 2(4,3) = 1.8649444588

1

2
(4,1) −

1

2
√4 + (4,9) − 2(4,3) = 0.1845367189

(2,1) (2,13)

                                                                                                                                                                                                                                               
= 9(4,1) + 3(4,9) + (4,3) + 3(4,10)

𝑝3 = 6(4,1) − 2(4,3) + 3[(4,1) + (4,9) + (4,3) + (4,10)] = 6𝑝 − 2(4,3) − 3

(4,3) = −
1

2
𝑝3 + 3𝑝 −

3

2
= 0.3441507314

𝑝3

𝑝3 = 9𝑝 + 3[𝑝2 − 4 − 2(4,3)] + (4,3) + 3(4,10) = −
9

2
− 6𝑝 + 3𝑝2 +

5

2
𝑝3 + 3(4,10)

(4,10) =
3

2
+ 2𝑝 − 𝑝2 −

1

2
𝑝3 = −2.9057035442.

𝑥2 − (8,3)𝑥 − 1 = 0 (4,3) (4,10)
1

2
(8,3) ±

1

2
√12 + 4(8,1) + 3(8,3) (4,3) (4,10)

[(4,1) − (4,9)] ∙ [(4,3) − (4,10)] = 2(8,1) − 2(8,3) = +2√17

(4,1)  y  (4,9)

(4,1) − (4,9) = +√12 + 3(8,1) + 4(8,3) (4,3) − (4,10)

(4,3) =
1

2
(8,3) +

1

2
√12 + 4(8,1) + 3(8,3) (4,10) =

1

2
(8,3) −

1

2
√12 + 4(8,1) + 3(8,3)

(2,1) + (2,13) = (4,1)
(2,1) ∙ (2,3) = (2,14) + (2,5) = (2,3) + (2,5) = (4,3)

(𝐶)
1

2
(4,1) ±

1

2
√(4,1)2 − 4(4,3). (4,1)2 = 4 + 2(4,3) + (4,9)

(4,1)2 − 4(4,3) = 4 + (4,9) − 2(4,3)   
1

2
(4,1) ± √4+ (4,9) − 2(4,3)
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(2,2) = (2,15);  (2,3);  (2,5);  (2,6) = (2,11);  (2,7) = (2,10);  (2,8) = (2,9)

(2,1)

(2,9) (2,15)

𝑥2 − (4,9) + (4,10) = 0
1

2
(4,9) ±

1

2
√4 + (4,1) − 2(4,10)

[(2,1) − (2,13)][(2,9) − (2,15)] = (4,10) + (4,9) − (4,1) − (4,3)

= −√12 + 3(8,1) + 4(8,3) − √12 + 4(8,1) + 3(8,3)

(2,1) − (2,13) [(2,9) − (2,15)]

(2,9) =
1

2
(4,9) −

1

2
√4 + (4,1) − 2(4,10)

(2,15) =
1

2
(4,9) +

1

2
√4 + (4,1) − 2(4,10)

(2,3) =
1

2
(4,3) +

1

2
√4 + (4,10) − 2(4,9) = 0.8914767116

(2,5) =
1

2
(4,3) −

1

2
√4 + (4,10) − 2(4,9) = 0.8914767116

(2,10) =
1

2
(4,10) −

1

2
√4 + (4,3) − 2(4,1) = −1.7004342715

(2,11) =
1

2
(4,10) +

1

2
√4 + (4,3) − 2(4,1) = −1.2052692728.

Ω (𝐷) 𝑥2 − (2,1)𝑥 + 1

𝑟 𝑟16

1

2
(2,1) ±

1

2
√(2,1)2 − 4 =

1

2
(2,1) ±

1

2
𝑖√4 − (2,1)2 =

1

2
(2,1) ±

1

2
𝑖√2 − (2,15)

𝑟 =
1

2
(2,1) +

1

2
𝑖√2 − (2,15) 𝑟16 =

1

2
(2,1) −

1

2
𝑖√2 − (2,15)

𝑟

 𝑟 =  0.9324722294 + 0.3612416662𝑖 𝑟16 = 0.9324722294 − 0.3612416662𝑖

𝑟2 = 0.7390089172 +  0.6736956436𝑖 𝑟15 = 0.7390089172 −  0.6736956436𝑖

𝑟3 = 0.4457383558 +  0.8951632914𝑖 𝑟14 = 0.4457383558 −  0.8951632914𝑖

𝑟4 = 0.0922683595 +  0.9957341763 𝑖 𝑟13 = 0.0922683595 −  0.9957341763 𝑖

𝑟5 = − 0.2736629901 +  0.9618256432𝑖 𝑟12 = − 0.2736629901 −  0.9618256432𝑖
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𝑟6 = − 0.6026346364 +  0.7980172273𝑖 𝑟11 = − 0.6026346364 −  0.7980172273𝑖

𝑟7 = − 0.8502171357 +  0.5264321629𝑖 𝑟10 = − 0.8502171357 −  0.5264321629𝑖

𝑟8 = − 0.9829730997 +  0.1837495178𝑖 𝑟9  = − 0.9829730997 −  0.1837495178𝑖

𝑟 =
1

2
(2,1) +

1

2
𝑖√2 − (2,15)

(2, 1) (2,15)

𝑟 =
1

2
[
1

2
(4,1) +

1

2
√4 + (4,9) − 2(4,3)] + 𝑖

1

2
√2 − [

1

2
(4,9) +

1

2
√4 + (4,1) − 2(4,10)]

=
1

4
(4,1) +

1

4
√4 + (4,9) − 2(4,3) + 𝑖

1

2
√2 −

1

2
(4,9) −

1

2
√4 + (4,1) − 2(4,10)

(4, 1) (4, 3) (4, 9) (4, 10)

(4,1) =
1

2
(8,1) +

1

2
√12 + 3(8,1) + 4(8,3)

(4,9) =
1

2
(8,1) −

1

2
√12 + 3(8,1) + 4(8,3)

(4,3) =
1

2
(8,3) +

1

2
√12 + 4(8,1) + 3(8,3)

(4,10) =
1

2
(8,3) −

1

2
√12 + 4(8,1) + 3(8,3)

(8,1) = −
1

2
+
1

2
√17

(8,3) = −
1

2
−
1

2
√17

(4,1) = −
1

4
+
1

4
√17 +

1

2
√17
2
−
√17

2

(4,9) = −
1

4
+
1

4
√17 −

1

2
√17
2
−
√17

2

(4,3) = −
1

4
−
√17

4
+
1

2
√17
2
+
√17

2

(4,10) = −
1

4
−
√17

4
−
1

2
√17
2
+
√17

2

𝑟

𝑟 = −
1

16
+
√17

16
+
1

8
√17
2
−
√17

2
+
1

4
√17
4
+
3√17

4
−
1

2
√17
2
−
√17

2
−
1

2
√17
2
+
√17

2

+ 𝒊
1

2
√17
8
−
√17

8
+
1

4
√17
2
−
√17

2
−
1

2
√17
4
+
√17

4
+
1

2
√17
2
−
√17

2
+
√17

2
+√

17

2
+
√17

2
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𝑛 = 19 𝑛 − 1 = 3 ∙ 3 ∙ 2

Ω

𝑛 = 19

19– ésimas

𝑔 = 2

𝑛 𝑔

𝑔0 𝑔1 𝑔2 𝑔3 𝑔4 𝑔5 𝑔6 𝑔7 𝑔8 𝑔9 𝑔10 𝑔11 𝑔12 𝑔13 𝑔14 𝑔15 𝑔16 𝑔17

Ω

Ω =

{
 
 
 
 

 
 
 
 
(6,1) {

(2,1) …   𝑟, 𝑟18

(2,8) …  𝑟8, 𝑟11

(2,7) …  𝑟7, 𝑟12

(6,2) {

(2,2) …  𝑟2, 𝑟17

(2,16) …𝑟16 , 𝑟3

(2,14) …𝑟14 , 𝑟5

(6,4) {

(2,4)…   𝑟4 , 𝑟15

(2,13) …𝑟13 , 𝑟6

(2,9)…  𝑟9, 𝑟10

(𝐴)

(6,1) = 𝑟 + 𝑟8 + 𝑟7 + 𝑟18 + 𝑟11 + 𝑟12 ,

(6,2) = 𝑟2 + 𝑟16 + 𝑟14 + 𝑟17 + 𝑟3 + 𝑟5

(6,4) = 𝑟4 + 𝑟13 + 𝑟9 + 𝑟15 + 𝑟6 + 𝑟10

𝑥3 + 𝑥2 − 6𝑥 − 7 = 0

−1.2218761623 (6,1)

(6,1)

                                                                                 

𝑥3 + 𝑥2 − 6𝑥 − 7 = 0
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(6,2) = 4 − (6,1)2 = 2.5070186441

(6,4) = −5 − (6,1) + (6,1)2 = −2.2851424818

(𝐵) (2,1) = 𝑟 + 𝑟18 ,  (2,7) = 𝑟7 + 𝑟12

(2,8) = 𝑟8 + 𝑟11

𝑥3 − (6,1)𝑥2 + [(6,1) + (6,4)]𝑥 − 2 − (6,2) = 0,

𝑥3 + 1.2218761623𝑥2 − 3.5070186441𝑥 − 4.5070186441 = 0

−1.3545631433

(2,1) = 𝑞 (2,2),

(2,3)  y  (2,5)

𝑥3 − (6,2)𝑥2 + [(6,1) + (6,2)]𝑥 − 2 − (6,4) = 0

𝑥3 − (6,4)𝑥2 + [(6,2) + (6,4)]𝑥 − 2 − (6,1) = 0

(2,4), (2,6)  y  (2,9)

𝑞 = (2,1)

𝑞2 = (2,2) + (2,19) = (2,2) + 2

𝑞3 = [(2,2) + 2] ∙ (2,1) = (2,3) + 3(2,1)

𝑞4 = [(2,3) + 3𝑞] ∙ 𝑞 = (2,4) + 4𝑞2 − 2

𝑞5 = [(2,4) + 4𝑞2 − 2] ∙ 𝑞 = (2,5) + 5𝑞3 − 5𝑞

𝑞6 = [(2,5) + 5𝑞3 − 5𝑞] ∙ 𝑞 = (2,6) + 6𝑞4 − 9𝑞2 + 2

𝑞7 = [(2,6) + 6𝑞4 − 9𝑞2 + 2] ∙ 𝑞 = (2,7) + 7𝑞5 − 14𝑞3 + 7𝑞

𝑞8 = [(2,7) + 7𝑞5 − 14𝑞3 + 7𝑞] ∙ 𝑞 = (2,8) + 8𝑞6 − 20𝑞4 + 16𝑞2 − 2

𝑞9 = [(2,8) + 8𝑞6 − 20𝑞4 + 16𝑞2 − 2] ∙ 𝑞 = (2,9) + 9𝑞7 − 27𝑞5 + 30𝑞3 − 9𝑞

(2,2) = 𝑞2 − 2

(2,3) = 𝑞3 − 3𝑞

(2,4) = 𝑞4 − 4𝑞2 + 2
                                                                                                                                                                                                                                               

𝑥1 = √
133

54
−

19𝑖

6√3

3
+ √

133

54
+

19𝑖

6√3

3
−
1

3
= 2.5070

𝑥2 = −
1

2
(√

133

54
−

19𝑖

6√3

3
− √

133

54
+

19𝑖

6√3

3
)+

1

2
𝑖√3(√

133

54
+

19𝑖

6√3

3
− √

133

54
−

19𝑖

6√3

3
) −

1

3
= −2.2851

𝑥3 = −
1

2
(√

133

54
−

19𝑖

6√3

3
− √

133

54
+

19𝑖

6√3

3
)−

1

2
𝑖√3(√

133

54
+

19𝑖

6√3

3
− √

133

54
−

19𝑖

6√3

3
) −

1

3
= −1.2218
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(2,5) = 𝑞5 − 5𝑞3 + 5𝑞

(2,6) = 𝑞6 − 6𝑞4 + 9𝑞2 − 2

(2,7) = 𝑞7 − 7𝑞5 + 14𝑞3 − 7𝑞

(2,8) = 𝑞8 − 8𝑞6 + 20𝑞4 − 16𝑞2 + 2

(2,9) = 𝑞9 − 9𝑞7 + 27𝑞5 − 30𝑞3 + 9𝑞

𝑞 = (2,1) = −1.3545631433 

(2,2)  = −0.1651586909

(2,3)  = 1.5782810188

(2,4) = −1.9727226068

(2,5) = 1.0938963162

(2,6) = 0.4909709743

(2,7) = −1.7589475024

(2,8)  = 1.8916344834

(2,9) = −0,8033908493

Ω 𝑟   y  𝑟18

𝑥2 − (2,1)𝑥 + 1 = 0 70

𝑟 =
1

2
(2,1) + 𝑖√

1

2
−
1

4
(2,2) = −0.6772815716 + 0.7357239107𝑖

𝑟18 =  
1

2
(2,1) − 𝑖√

1

2
−
1

4
(2,2) = −0.6772815716 − 0.7357239107𝑖

𝑥2 − 𝑡𝑥 + 1 = 0

                                                                                 

𝑟 = cos (
2𝜋𝑘

19
)+ 𝑖sen(

2𝜋𝑘

𝑛
) 

𝑟18 = cos(
2∙18𝜋𝑘

19
) + 𝑖sen (

2∙18𝜋𝑘

𝑛
) = cos (

2𝜋𝑘

19
) − 𝑖sen(

2𝜋𝑘

𝑛
)

(2,1) = 2cos (
2𝜋𝑘

19
)

𝑟𝜆 = cos (
𝜆2𝜋𝑘

19
) + 𝑖sen (

𝜆2𝜋𝑘

19
)

(2, 𝜆) = 𝑟𝜆 + 𝑟18𝜆 = 𝑟𝜆 + 𝑟−𝜆 = 2 cos (
𝜆2𝜋𝑘

19
)

𝜔 =
2𝜋𝑘

19
(2,2) = 2cos2𝜔 , (2,3) = 2cos3𝜔 , ….

(2,1) = 2 cos (
7∙2𝜋

19
) (2,7) = 2 cos (

7∙7∙2𝜋

19
) =  2 cos (

8∙2𝜋

19
) (2,8) =  2 cos (

7∙8∙2𝜋

19
) = 2cos (

2𝜋

19
)

𝑥2 − (2,1)𝑥 + 1 = 0

(2,1)±√(2,1)2−4

2
=

1

2
(2,1) ± 𝑖√1 −

(2,1)2

4
=

1

2
(2,1) ± 𝑖√1 −

1

4
[(2,2) + 2] =

1

2
(2,1) ± 𝑖√

1

2
−

1

4
(2,2)
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𝑡 (2,2), (2,3), (2,4), (2,5), (2,6), (2,7), (2,8)  y  (2,9)

𝑟 = −0.6772815716 + 0.7357239107𝑖

𝑟 = −0.6772815716 + 0.7357239107𝑖 𝑟18 = −0.6772815716 − 0.7357239107𝑖

𝑟2 = −0.082579345 + 0.9965844930 𝑖 𝑟17 = −0.0825793455 − 0.9965844930𝑖

𝑟3 = 0.7891405094 +  0.6142127127𝑖 𝑟16 = 0.7891405094 − 0.6142127127𝑖

𝑟4 = −0.9863613034 + 0.1645945903𝑖 𝑟15 = −0.9863613034 − 0.1645945903𝑖

𝑟5 = 0.5469481581 + 0.8371664783𝑖 𝑟14 = 0.5469481581 − 0.8371664783𝑖

𝑟6 = 0.2454854871 + 0.9694002659𝑖 𝑟13 = 0.2454854871 − 0.9694002659𝑖

𝑟7 = −0.8794737512 + 0.4759473930𝑖 𝑟12 = −0.8794737512 − 0.4759473930𝑖

𝑟8 = 0.9458172417 + 0.3246994692𝑖 𝑟11 = 0.9458172417 − 0.3246994692𝑖

𝑟9 = −0.4016954247 + 0,9157733267𝑖 𝑟10 = −0.4016954247 − 0,9157733267𝑖

Ω

𝑥𝑛 − 1 = 0

Ω 𝑛

𝑛

 
1

2
(𝑛 − 1)
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−1

4𝑘 + 1  4𝑘 + 3

𝑛 ≡ 1(𝑚𝑜𝑑 4)

∑ 𝑐𝑜𝑠
2𝜋𝑘ℜ𝑃

𝑛
−∑𝑐𝑜𝑠

2𝜋𝑘𝔑

𝑛
= ± √𝑛 ∑𝑠𝑒𝑛

2𝜋𝑘ℜ

𝑛
−∑ 𝑠𝑒𝑛

2𝜋𝑘𝔑

𝑛
= 0 ,

𝑛 ≡ 3(𝑚𝑜𝑑 4)

∑ 𝑐𝑜𝑠
2𝜋𝑘ℜ𝑃

𝑛
−∑𝑐𝑜𝑠

2𝜋𝑘𝔑

𝑛
= 0 ∑𝑠𝑒𝑛

2𝜋𝑘ℜ

𝑛
−∑𝑠𝑒𝑛

2𝜋𝑘𝔑

𝑛
= ±√𝑛 ,

ℜ 𝑛 𝑛 𝔑

4(x𝑛−1)

𝑥−1
𝑛

𝑌2 + 𝑛𝑍2 𝑛 ≡ 3(𝑚𝑜𝑑 4) 𝑌2 − 𝑛𝑍2 𝑛 ≡ 1(𝑚𝑜𝑑 4)

𝑌 𝑍 𝑥 𝑛 = 17

Ω

𝑛 − 1 3𝑘 + 1

𝑥3 + 𝑥2 −𝑚𝑥 − (
1

9
𝑚 +

1

9
𝑘𝑛) = 0 𝑚 =

𝑛−1

3

4𝑛

𝑥2 + 27𝑦2

𝑥𝑒 − 1 = 0 𝑒

 cos
2𝜋𝑘

𝑒
+ 𝑖sen

2𝜋𝑘

𝑒

𝑘 ≡ 0, 1,… , 𝑒 − 1 (𝑚𝑜𝑑 𝑒) 𝑘 ≡ 0 (𝑚𝑜𝑑 𝑒)
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 𝑘 𝑒

𝑒 1, 𝑅, 𝑅2, 𝑅3, … , 𝑅𝑒−1

𝑥𝑒 − 1 = 0

 
1 + 𝑅𝜆 + 𝑅2𝜆 + 𝑅3𝜆 + …+ 𝑅𝜆(𝑒−1) = 0

𝜆 𝑒 𝜆 𝑒

𝑒

𝑛  𝑛 − 1 = 𝛼𝛽𝛾

𝑡 = (𝛾, 1) + (𝛾, 𝑔𝛼)𝑅 + (𝛾, 𝑔2𝛼)𝑅2 +⋯+ (𝛾, 𝑔𝛼𝛽−𝛼)𝑅𝛽−1

𝑅 𝛽

𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1 = 0

𝑛 = 17 17

                                                                                 

(cos
2𝜋𝑘

𝑒
+ 𝑖𝑠𝑒𝑛

2𝜋𝑘

𝑒
)𝜆 = cos

𝜆2𝜋𝑘

𝑒
+ 𝑖𝑠𝑒𝑛

𝜆2𝜋𝑘

𝑒
cos 2𝜋𝑘 + 𝑖𝑠𝑒𝑛2𝜋𝑘 = 1

𝑅𝑒 = 1 1, 𝑅, 𝑅2, 𝑅3 , … , 𝑅𝑒−1 𝑥𝑒 − 1
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𝑥𝑛 − 1 = 0 𝑛

 

 
 

 B A O

 
 

𝒏

𝑛 𝑛 

                                                                                 

 𝑛
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𝑚

𝑛
𝑛 𝑎, 𝑏, 𝑐, 𝑑,…,

𝑚

𝑛
𝑚

𝑛
=

𝛼

𝑎
+
𝛽

𝑏
+
𝛾

𝑐
+

𝛿

𝑑
+⋯

𝛼, 𝛽, 𝛾, 𝛿,…

 𝐴 =
𝑚2𝜋

𝑛
𝑚  𝑛 𝑚 𝑛

𝑎, 𝑏, 𝑐, 𝑑,

 𝑛

𝐴 = (
𝛼

𝑎
+
𝛽

𝑏
+
𝛾

𝑐
+

𝛿

𝑑
+⋯)2𝜋

 
𝛼2𝜋

𝑎

𝛽2𝜋

𝑏
, …

 
𝑚2𝜋

𝑝𝜆

 
𝑚2𝜋

𝑝𝜆−1

𝑛  

sen (
2𝜋𝑘

𝑝
)  cos (

2𝜋𝑘

𝑝
)  tan (

2𝜋𝑘

𝑝
)

 𝑘 = 0,1,2, …𝑝 − 1

𝑥6 − 1 = 0

cos (
2𝜋∙0

6
) + 𝑖sen (

2𝜋∙0

6
)

cos (
2𝜋

6
)   + 𝑖sen (

2𝜋

6
)

cos (
4𝜋

6
)   + 𝑖sen (

4𝜋

6
)

cos (
6𝜋

6
)   + 𝑖sen (

6𝜋

6
)

cos (
8𝜋

6
)   + 𝑖sen (

8𝜋

6
)

cos (
10𝜋

6
) + 𝑖sen (

10𝜋

6
)

cos (
2𝜋∙0

6
) cos (

2𝜋

6
) cos (

4𝜋

6
) cos (

6𝜋

6
) , cos (

8𝜋

6
) cos (

10𝜋

6
)
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sen (
2𝜋∙0

6
) sen (

2𝜋

6
) sen (

4𝜋

6
) sen (

6𝜋

6
) , sen (

8𝜋

6
) sen (

10𝜋

6
)

cos (
2𝜋𝑘

6
) + 𝑖sen (

2𝜋𝑘

6
)

 

𝑛

𝑛

𝑛

Ω X = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯𝑥 + 1

2𝜋

𝑛
,
2∙2𝜋

𝑛
,
3∙2𝜋

𝑛
, … ,

(𝑛−1)2𝜋

2𝑛
,
(𝑛+1)2𝜋

2𝑛
, … ,

(𝑛−1)2𝜋

𝑛

Ω

[cos (
2𝜋

𝑛
) + 𝑖sen (

2𝜋

𝑛
)] [cos (

2∙2𝜋

𝑛
) + 𝑖sen (

2∙2𝜋

𝑛
)]

X

2𝜋

𝑛
,
2∙2𝜋

𝑛
,

3∙2𝜋

𝑛
, … ,

(𝑛−1)2𝜋

2𝑛

𝑛−1

2

(𝑛−1)2𝜋

𝑛
,

(𝑛−2)2𝜋

𝑛
,
(𝑛−3)2𝜋

𝑛
, … ,

(𝑛+1)2𝜋

2𝑛

cos
2𝜋

𝑛
= cos

(𝑛−1)2𝜋

𝑛

𝑛 = 17

2𝜋

17
,
4𝜋

17
,
6𝜋

17
, … ,

16𝜋

17
,
18𝜋

17
, … ,

30𝜋

17
,
32𝜋

17
                                                                                 

(𝑛−1)2𝜋

2𝑛
< 𝜋

2𝜋

𝑛
,
2∙2𝜋

𝑛
,
3∙2𝜋

𝑛
, … ,

(𝑛−1)2𝜋

2𝑛
(0, 𝜋)
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𝑛−1

2

2𝜋

17
,
4𝜋

17
,
6𝜋

17
, … ,

16𝜋

17

(0, 𝜋)

cos
2π

17
> cos

4π

17
> ⋯ > cos

16π

17

sen
2π

17
, sen

4π

17
, … ,

sen
16π

17

32𝜋

17
,
30𝜋

17
, … ,

18𝜋

17

2𝜋
2𝜋

17
,
4𝜋

17
,
6𝜋

17
, … ,

16𝜋

17

cos
32π

17
= cos

2π

17
 cos

30π

17
= cos

4π

17
cos

18π

17
= cos

16π

17

𝑥16 + 𝑥15 +⋯+ 𝑥 + 1 = 0

𝑟 =  0.9324722294 + 0.3612416662𝑖 𝑟16 = 0.9324722294 − 0.3612416662𝑖

𝑟2 = 0.7390089172 + 0.6736956436𝑖 𝑟15 = 0.7390089172 − 0.6736956436𝑖

𝑟3 = 0.4457383558 + 0.8951632914𝑖 𝑟14 = 0.4457383558 − 0.8951632914𝑖

𝑟4 = 0.0922683595 + 0.9957341763 𝑖 𝑟13 = 0.0922683595 − 0.9957341763 𝑖

𝑟5 = −0.2736629901 + 0.9618256432𝑖 𝑟12 = −0.2736629901 − 0.9618256432𝑖

𝑟6 = −0.6026346364 + 0.7980172273𝑖 𝑟11 = −0.6026346364 − 0.7980172273𝑖

𝑟7 = −0.8502171357 +  0.5264321629𝑖 𝑟10 = −0.8502171357 −  0.5264321629𝑖

𝑟8 = − 0.9829730997 + 0.1837495178𝑖 𝑟9  = − 0.9829730997 − 0.1837495178𝑖

cos
2𝜋

17
= cos

32𝜋

17

0.9324722294

0.3612416662𝑖 sen
2𝜋

17
−0.3612416662

sen
32𝜋

17

𝑟 = cos
2𝜋

17
+ 𝑖sen

2𝜋

17

𝑟2 = cos
32𝜋

17
+ 𝑖sen

32𝜋

17

Ω

2𝜋

𝑛
,
(𝑛−1)2𝜋

𝑛

𝑖

𝑛 − 3

2∙2𝜋

𝑛
,
(𝑛−2)2𝜋

𝑛
, 
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2𝜋

𝑛

𝑟𝜆 𝑟2𝜆 , 𝑟3𝜆 , 𝑟4𝜆 , … , 𝑟(𝑛−1)𝜆

2∙2𝜋

𝑛
,
3∙2𝜋

𝑛
,
4∙2𝜋

𝑛
, . . . ,

(𝑛−1)2𝜋

𝑛
,

2𝜋

𝑛
,
2∙2𝜋

𝑛
, …

𝑟
2𝜋

17

𝑟2, 𝑟3, 𝑟4, 𝑟5,
2∙2𝜋

17
,
3∙2𝜋

17
,
4∙2𝜋

17
,
5∙2𝜋

17
,

𝑟11 𝑟8

𝑟11

2𝜋

19
𝑟11 = cos

2𝜋

19
+ 𝑖sen

2𝜋

19
𝑟8

18∙2𝜋

19

𝑟2∙11, 𝑟3∙11, 𝑟4∙11, . . . , 𝑟18∙11 𝑟3, 𝑟14, 𝑟6, . . . , 𝑟8

2∙2𝜋

19
,
3∙2𝜋

19
,
4∙2𝜋

19
, . . . ,

18∙2𝜋

19

𝑥𝑛 − 1 = 0

𝑛

cos
2𝜋

5
cos

2𝜋

17

O

(1, 0)
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P (cos
2𝜋

5
, sen

2𝜋

5
)

𝑟 =  cos
2𝜋

5
  +   𝑖sen

2𝜋

5

𝑟5  =  cos(
5∙2π

5
)  +  𝑖sen(

5∙2π

5
)  =  cos2π +  𝑖sen2π = 1

𝑟 𝑟5 –  1 =  0

𝑟5  –  1 =  (𝑟 –  1)( 𝑟4  +  𝑟3  +  𝑟2  +  𝑟 +  1)  =  0 𝑟 ≠ 1

𝑟 𝑟4  +  𝑟3  +  𝑟2  +  𝑟 +  1 =  0

𝑟2

𝑟2 (𝑟2 + 𝑟1 + 1 + 𝑟−1 + 𝑟−2) = 0

𝑟 =  cos
2𝜋

5
  +   𝑖sen

2𝜋

5

𝑟−1  =  cos
2𝜋

5
 −   𝑖sen

2𝜋

5

𝑟 + 𝑟−1   = 2cos
2𝜋

5
 

cos
2𝜋

5
=

𝑟 + 𝑟–1  

2

Figura 1. 
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OD

OD

(𝑟2 + 𝑟1 + 1 + 𝑟−1 + 𝑟−2) = 0 = (𝑟 + 𝑟−1)2 + (𝑟 + 𝑟−1) − 1

𝑟 + 𝑟−1   = 2cos
2𝜋

5

𝑟 + 𝑟−1 = 𝑦 (𝑟 + 𝑟−1)2 + (𝑟 + 𝑟−1) − 1

𝑦2 + 𝑦 − 1 = 0 𝑦 =
−1± √5

2

𝑦 =
−1+ √5

2
𝑦 = 2cos

2𝜋

5

cos
2𝜋

5
=

−1+ √5

4

OD

−1+ √5

4

O

√5+ √5
2
 



 

74 
 

𝑥17 − 1 = 0

(
2𝜋

17
)

 cos (
2𝜋

17
)

cos
2𝜋

𝑛
= cos

2(𝑛−1)𝜋

𝑛

𝑋 = 𝑥𝑛−1 + 𝑥𝑛−2 +⋯+ 𝑥 + 1

                                                                                 

Figura 3. 
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sen
2𝜋

𝑛
sen

2(𝑛−1)𝜋

𝑛
𝑛 = 17

𝑟 = cos
2𝜋

17
+ 𝑖sen

2𝜋

17

𝑟16 = cos
2𝜋

17
− 𝑖sen

2𝜋

17

(2,1) 𝑟 + 𝑟16

(2,1) = [cos (
2𝜋

17
) + 𝑖sen (

2𝜋

17
)] + [cos (

2𝜋

17
) − 𝑖sen (

2𝜋

17
)] = 2 cos (

2𝜋

17
)

(2,1) = 2 cos (
2𝜋

17
)

cos (
2𝜋

17
)

(2,1)

𝑥16 + 𝑥15 +⋯+ 𝑥 + 1 = 0

𝑟, 𝑟2, … , 𝑟16

(8,1) = 𝑟 + 𝑟9 + 𝑟13 + 𝑟15 + 𝑟16 + 𝑟8 + 𝑟4 + 𝑟2

(8,3) = 𝑟3  + 𝑟10 + 𝑟5 + 𝑟11 + 𝑟14 + 𝑟7 + 𝑟12 + 𝑟6

𝑥2 + 𝑥 − 4 = 0,

(8, 1) + (8, 3) = −1 (8, 1)(8, 3) = −4

−
1

2
+
1

2
√17 −

1

2
−
1

2
√17

(8,1) = −
1

2
+
1

2
√17 (8,3) = −

1

2
−
1

2
√17

(8, 1)

(4,1) = 𝑟 + 𝑟13 + 𝑟16 + 𝑟4 (4,9) = 𝑟9 + 𝑟15 + 𝑟8 + 𝑟2

𝑥2 − [−
1

2
+
1

2
√17] 𝑥 − 1 = 0

−
1

4
+
1

4
√17 +

1

2
√17
2
−
√17

2
−
1

4
+
1

4
√17 −

1

2
√17
2
−
√17

2

                                                                                 
(4,1) + (4,9)

(4,1) (4,9) (4,1)(4,9)

(4,1) + (4,9) = −
1

2
+
1

2
√17

(4,1)(4,9) = −1
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(4,1) = −
1

4
+
1

4
√17 +

1

2
√17
2
−
√17

2

(4,9) = −
1

4
+
1

4
√17 −

1

2
√17
2
−
√17

2

(4,3) = −
1

4
−
1

4
√17 +

1

2
√17
2
+
√17

2

(4,10) = −
1

4
+
1

4
√17 −

1

2
√17
2
+
√17

2

(4,1) (2, 1)

(2, 13) 𝑥2 − (4, 1)𝑥 + (4, 3) = 0

(4, 1) (4, 3)

(2, 1) (2, 13)

(2,1) = −
1

8
+
1

8
√17 +

1

4
√17
2
−
√17

2
+
1

2
√17
4
+
3√17

4
−
1

2
√17
2
−
√17

2
− √

17

2
+
√17

2

(2,1) cos (
2𝜋

17
)

2 cos (
2𝜋

17
) = (2,1)

cos (
2𝜋

17
) = −

1

16
+

1

16
√17 +

1

8
√17
2
−
√17

2
+
1

8
√17 + 3√17 − 2√

17

2
−
√17

2
− 4√

17

2
+
√17

2

= −
1

16
+

1

16
√17 +

1

16
√34 − 2√17 +

1

8
√17 + 3√17 − √34 − 2√17 − 2√34 + 2√17

cos (
2𝜋

17
) OD

BD
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𝑛 

𝑛 

𝑛 − 1

𝑛 − 1

√𝑎 √√𝑎 = √𝑎
4

√√√𝑎 = √𝑎
8

√𝑎 
2𝑘

𝑛

𝑛 𝑛

𝑛 = 19

𝑁

𝑥4 − 1 ±1 ±𝑖

(1, 0), (−1 , 0), (0, 𝑖), (0, −𝑖),

22
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2 ∙ 22

2𝜇 ∙ 22

2𝑛

𝑙 𝑙

2𝑛𝑙

𝑧 𝑧

𝑧 2𝑚 + 1 𝑛

𝑛 − 1 𝑧 𝑚

𝑚

𝑚

𝑚 = 𝑡 ∙ 𝑟 𝑡

2𝑚 + 1 = 2𝑡∙𝑟 + 1 = (2𝑟)𝑡 + 1𝑡

2𝑚 + 1 2𝑟 + 1

𝑚

𝑧 𝑧

22
𝑘
+ 1

                                                                                 
𝑡 𝑎 + 𝑏 𝑎𝑡 + 𝑏𝑡

22
𝑘
+ 1 

22
𝑘
+ 1

22
𝑘
+ 1

Figura 4. 
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2𝑧

22𝑧 2𝑛𝑧

𝑁 = 𝑎𝑏 𝑎 𝑏

(𝑎, 𝑏) = 1

𝑎 𝑏 𝑥 𝑦

𝑎𝑥 + 𝑏𝑦 = 1

1

𝑎𝑏
=

𝑥

𝑏
+
𝑦

𝑎

2𝜋𝑚

𝑎𝑏
=

2𝜋𝑚𝑥

𝑏
+
2𝜋𝑚𝑦

𝑎

  𝑁 = 𝑎 ∙ 𝑏

𝑎

𝑏

 
2𝜋

𝑎𝑏
 𝑁

 
2𝜋𝑚

𝑎
  

2𝜋𝑚

𝑏
𝑎 𝑏

 
2𝜋𝑚

𝑎
  

2𝜋𝑚

𝑏

Γ = PT = 𝑎 

QT = 𝑏 

∠POT =
2𝜋

𝑎
 

∠QOS =
2𝜋

𝑎
 

OR = cos (
2𝜋

𝑎
) 

PR = sen (
2𝜋

𝑎
) 

OS = cos (
2𝜋

𝑎𝑏
) 

SQ = sen (
2𝜋

𝑎𝑏
) 

 

Figura 5. 
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cos (
2𝜋𝑚

𝑎𝑏
) sen(

2𝜋𝑚

𝑎𝑏
)

Γ

Γ2 = 12 + 12 − 2cos (
2𝜋𝑚

𝑎𝑏
)

(cos (
2𝜋𝑚

𝑎𝑏
) , sen (

2𝜋𝑚

𝑎𝑏
)) 0 ≤ 𝑚 ≤ 𝑎𝑏 − 1

𝑁 = 𝑎 ∙ 𝑏

(cos (
2𝜋𝑚

𝑎𝑏
) , sen (

2𝜋𝑚

𝑎𝑏
))

cos (
2𝜋𝑚

𝑎𝑏
) sen(

2𝜋𝑚

𝑎𝑏
)

(cos (
2𝜋𝑚

𝑎𝑏
) , sen (

2𝜋𝑚

𝑎𝑏
)) 0 ≤ 𝑚 ≤ 𝑎𝑏 − 1

𝑁

𝑁

𝑁 = 𝑎 ∙ 𝑏 ∙ 𝑐. .. 𝑎, 𝑏, 𝑐, . ..

2𝜋𝑞

𝑁

2𝜋𝛼

𝑎
+
2𝜋𝛽

𝑏
+
2𝜋𝛾

𝑐
+⋯

2𝜋𝑞

𝑁

𝑁

2𝜋𝛼

𝑎
,
2𝜋𝛽

𝑏
,
2𝜋𝛾

𝑐
…,

𝑁

𝑁 22
𝑘
+ 1

(2𝑛, 𝑁) = 1 2𝑛 ∙ (22
𝑘
+ 1)

𝑁 22
𝑘
+ 1

𝑁 22
𝑘
+ 1 
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𝑁 𝑁

𝑁 𝑁

3 = 22
0
+ 1

4 = 22

5 = 22
1
+ 1

6 = 2(22
0
+ 1)

8 = 23

10 = 2(22
1
+ 1)

12 = 22(22
0
+ 1)

15 = (22
0
+ 1)(22

1
+ 1)

17 = 22
2
+ 1

256 = 22
3
+ 1

65537 = 22
4
+ 1

22
𝑘
+ 1

𝑁 < 300

𝑁

2, 3, 4, 5, 6, 8, 10, 12, 15, 16, 17, 20, 24, 30, 32, 34, 40, 48, 51, 60, 64, 68, 80, 

85, 96, 102, 120,128, 136, 160, 170, 192, 204, 240, 255, 256, 257, 272
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𝑥𝑛 − 1 = 0
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