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Introduccion.

Resumen.

Nosotros obtenemos una férmula explicita para las singularidades en la diagonal para la amplitud de
dispersion para la ecuaciéon de Dirac con potenciales electromagnéticos de corto alcance. Usando esta
expansion nosotros reconstruimos de manera unica el potencial eléctrico y el campo magnético del
limite de altas energfas de la amplitud de dispersién. Ademads, suponiendo que el potencial eléctrico y
el campo magnético son sumas asintéticas de términos homogéneos, nosotros damos un procedimiento
para la reconstruccién tunica de dichas asintdticas, a partir de la amplitud de dispersién, conocida
para alguna energia fija E. Mas ain, nosotros probamos que el conjunto de soluciones promediadas
a la ecuacion de Dirac es denso en el conjunto de todas las soluciones para la ecuacién de Dirac que
pertenecen a L? (), donde (2 es cualquier conjunto conexo, abierto y acotado en R? de frontera suave,
y demostramos que si se conoce el potencial eléctrico y el campo magnético para R*\ £, entonces la
amplitud de dispersién, dada para alguna energia F/, determina de manera unica el potencial eléctrico
y el campo magnético en todo R3. Combinando ese resultado de unicidad con el procedimiento para
la reconstruccion de la asintdtica del potencial eléctrico y el campo magnético nosotros mostramos
que la amplitud de dispersion, conocida para una energia F, determina de manera tnica el potencial
eléctrico y el campo magnético, si estos son sumas asintdticas de términos homogéneos, que convergen
al potencial eléctrico y al campo magnético, respectivamente. También, discutimos las simetrias del

ntcleo de la matriz de dispersion, que se siguen de las transformaciones de paridad, conjugacion de
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cargas y simetria temporal para el operador de Dirac.

Teoria de dispersién.

En la teorfa de dispersién en la fisica cudntica se estudian las colisiones entre particulas. Se considera
un flujo de particulas que interactiia con otras particulas y se mide la probabilidad, llamada secciéon
diferencial de dispersion, con la que las particulas incidentes se dispersan en una direccién dada.

La teoria de dispersion es muy importante en la fisica cudntica. Esto se debe a que practicamente
todos los experimentos en la fisica de particulas miden los resultados de eventos de dispersiéon. Ademas,
los datos de dispersién ayudan a estudiar objetos muy pequenos, asi como a comprender su dindmica.
En esta tesis estudiamos problemas directos e inversos en la teoria de dispersién para la ecuacién de
Dirac que describe la dindmica de una particula relativista con espin 1/2.

Existen dos problemas fundamentales en la teoria de dispersion: problema de dispersion directo
(vea [42], [54] y [47]) y problema de dispersién inverso (([12]) y ([48])). El problema de dispersién
directo consiste en determinar la dindmica de las particulas dispersadas a partir de las caracteristicas
del dispersor. A su vez, el problema de dispersién inverso trata el estudio de las caracteristicas del
dispersor (forma, composicién, tamaio, etc.) a partir de los datos de dispersion.

Desde el punto de vista matematico, la teoria de dispersion se puede formular como un problema
de la teoria de perturbaciones. Esta ultima consiste en estudiar las propiedades de un operador H,
conocido como “operador perturbado”, a partir de las caracteristicas del “operador libre” u “operador
no perturbado” Hy. Fisicamente, H, corresponde al hamiltoniano de un sistema “libre”, (por ejemplo
un sistema de particulas que no interactuan entre sf), mientras que el hamiltoniano H describe el
sistema completo, incluyendo las interacciones.

Matematicamente, el problema de dispersion parte del estudio de la asintética, cuando ¢ — 400,

de las soluciones de la siguiente ecuacién dependiente del tiempo,

z% = Hu, u(0)=f, (1)



iii
en términos de las soluciones de la ecuacién para el operador “libre” Hy,

du,
Z(TtO = Houg, uo(0) =g, (2)

Si los operadores Hy y H son autoadjuntos en un espacio de Hilbert L, las ecuaciones (1) y (2) tienen

—iHoty respectivamente. De entre todas

una solucién tnica, dada por u (¢, f) = e *H#tf y ug (t,9) = e
las soluciones a las ecuaciones (1) y (2), las que corresponden al proceso de dispersién son los “estados
de dispersion”, es decir w (¢, f) y ug (¢,g), con f y g en L tales que la probabilidad de encontrar a
u (t, f) y ug (t,g) en una bola de radio R, tiende a cero, cuando ¢t — o0 0 t — —o0, para todos R > 0.
Denotemos por My (H) a los conjuntos de los “estados de dispersién” correspondientes a H y por
My (Hp) a los que corresponden a Hy (aqui los signos + hacen referencia a los limites ¢ — 400,
respectivamente). Si fi pertenece a My (H), entonces se espera que el estado “perturbado” u (¢, f1)

se vuelva libre, cuando ¢ — +oo. Esto se traduce en la siguiente afirmacién: dada fi € My (H),

existen g+ € ML (Hyp), tales que
i lu (¢, fe) = uo (¢, 94, = 0. 3)
La ecuacién anterior nos lleva a la siguiente relacion entre los datos iniciales fy y g4 :
fr = lim eHtemiHoty, (4)

El limite en (4), si existe, define un operador Wo = W4 (H, Hy) : g+ — f+, llamado operador de
onda. Se dice que el operador de onda W4 es completo, si su imagen coincide con My (H), es decir,
la afirmacién (3) es cierta para todos fi € My (H). Notemos que en los casos tipicos de la teorfa de
dispersion My (Hy) = M_ (Hp) = Hac (Ho) y My (H) = M_ (H) = Hac (H) (Hac (H) denota al
subespacio absolutamente continuo del operador H).

Ademas de los operadores de onda, se define el operador de dispersion S = S (H, Hy) := WiW_,
que liga los estados g_ y g4, esto es g = Sg_. Si los operadores de onda existen, S conmuta con Hy,
lo que implica que en la descomposicién espectral para Hy (en la cual Hy es la multiplicacién por una

variable independiente E), S actia como la multiplicacién por una funcién S (E). Esta funcién es



iv INTRODUCCION

conocida como matriz de dispersiéon. Como S relaciona directamente el estado “inicial” del proceso de
dispersién g_ con el estado “final” g, el operador de dispersién S y la matriz de dispersién S (F) son
dos de los objetos de mayor interés para la teoria de dispersién. Para un exposicién detallada de los
conceptos generales de la teoria de dispersion, de los problemas que se plantean, asi como la soluciéon
de estos problemas, para diversos sistemas, vea, por ejemplo, [54], [74], [2] ¥ [80], ¥ la literatura que

se cita ahi.

Operador de Dirac.

En este trabajo nosotros consideramos la teoria de dispersién para el operador de Dirac con potenciales

electromagnéticos de corto alcance. El operador de Dirac libre Hy esta dado por

Hy = —ia - V + may, (5)

donde m es la masa de la particula, o = (o1, a2, 3) y ¢, j = 1,2,3,4, son matrices Hermitianas de

4 x 4 que satisfacen la siguiente relacién anticonmutativa

;g + Al = 25jk?7 ja k= 1727?)’47 (6)

donde §,, denota el simbolo de Kronecker. La eleccién estandar de las matrices o es ([59]):
;= ’ .7 S 33 Q4 = = /8,
gj 0 0 —IQ

donde I, es la matriz unitaria de dimensién n x n y

son las matrices de Pauli.

El operador de Dirac perturbado esta definido por la igualdad

H=Hy+V. 8)



Aqui V (z) es una funcién valuada en las matrices Hermitianas de 4 x 4, que estd definida para todos
. . . . . —1—
x € R3. Decimos que el potencial es de corto alcance, si, en cierto sentido, este decae como ||,

e > 0, cuando |z| — oo.

Resultados conocidos en la teoria de dispersion para el operador de Dirac.

La teoria de dispersién para el operador de Dirac con potenciales electromagnéticos de corto alcance
se ha desarrollado de manera extensa. La existencia y completitud de los operadores de onda se
probd para una amplia clase de perturbaciones, incluyendo el caso de potenciales de largo alcance,
usando el método estacionario en ([13],[14],[71],[21], y las referencias que ahi se citan), y por el método
dependiente del tiempo en [15] y [59]. Ademés, en [21], se obtuvieron estimaciones de radiacién y
asintdticas para tiempos grandes de soluciones de la ecuacién de Dirac dependiente del tiempo. El
estudio del espectro puntual fue hecho en los trabajos ([7],[63],[72],[38], y las referencias que ahi se
citan). El principio de limite absorbente fue estudiado en [70],[6] y [10]. Extensiones meromorfas y
resonancias de la matriz de dispersién fueron tratadas en [64] y [6]. El comportamiento para altas
energfas de la resolvente y la amplitud de dispersién se estudid, con el método estacionario en [30], y
con el método dependiente del tiempo de [16], en [37] y [31]. El comportamiento para altas y bajas
energias de las soluciones de la ecuacion de Dirac, asi como el teorema de Levinson, se obtuvieron en
[9] para potenciales con simetria esférica. La analiticidad de la matriz de dispersién con respecto a
c~2 para operadores de Dirac abstractos se estudié en [11]. Finalmente, un estudio detallado de la
ecuacién de Dirac se hizo en los libros de Thaller [59] y Balinsky y Evans, [4].

El problema de dispersién inverso consiste en establecer una relacién entre los datos de dispersién
(por ejemplo la amplitud de dispersién) y el potencial. El problema mds completo y dificil es encontrar
una relacién uno a uno entre la amplitud de dispersién y el potencial; esto es, dar condiciones necesarias
y suficientes para la amplitud de dispersion, para que esta sea asociada a una matriz de dispersion,
que es, a su vez, ligada a un dnico potencial V () de una clase determinada. Esto es el problema de

caracterizacion (vea [19],[50] y [65] para una discusién de este problema en el caso de la ecuacién de
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Schrodinger).

Otro problema es el de la unicidad y reconstruccién del potencial a partir de los datos de dispersion.
Hacemos notar que este problema no estd bien definido en el caso de potenciales electromagnéticos,
debido a que la amplitud de dispersién resulta ser invariante bajo transformaciones del potencial
magnético del tipo A — A+ V1), donde 9% = O (|:1:|7p7|a|) para 0 < |a| <1y algin p > 0, cuando
|x] — oo, y por lo tanto el problema no se puede resolver de manera unica. Sin embargo, uno se
puede preguntar sobre la unicidad y reconstrucciéon del potencial eléctrico V' y el campo magnético
B (z) =rot A(z), asociado a un potencial magnético A.

El problema de la unicidad y reconstruccion del potencial tiene diferentes configuraciones. Una de
ellas es la unicidad y reconstruccién a partir del limite de altas energias de la amplitud de dispersion.
Usando el método estacionario, Ito [30] resolvié este problema para potenciales electromagnéticos de

la forma
V. oA
Vi(z) = ; 9)
c-A 'V
que decaen mds rapido que |1:|_3, cuando || — oo. Por otro lado, haciendo una adaptacién al
operador de Dirac de la funcién de Green de Fadeev ([19]) y de la funcién de Green, introducida por

Eskin y Ralston ([17]) en la teorfa de dispersién para el operador de Schrodinger, el mismo problema

fue resuelto por Isozaki [29], para potenciales eléctricos de la forma
Vi(z) = ; (10)

que decaen mas rapido que || 2, cuando |z| — co. El método dependiente del tiempo ([16]) fue usado
por Jung [37] para resolver el problema de unicidad y reconstruccién para potenciales V continuos,
con valores en las matrices Hermitianas, de decaimiento integrable, que ademés satisfacen la siguiente
relacién

[(V(z1) + (@ w) V(21) (@ w)), (V (22) + (a - w) V (22) (@ - w))] = 0,

para todos x1,x2 € R™. También, usando el método dependiente del tiempo, Ito [31] presenté condi-
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ciones sobre los potenciales, dependientes del tiempo, de la forma (9), bajo las cuales, estos se pueden
reconstruir del operador de dispersién. En particular, si un potencial de corto alcance es independiente
del tiempo, entonces el correspondiente potencial eléctrico V (x) y el campo magnético B (z) pueden
ser reconstruidos de manera tunica a partir del operador de dispersién.

Un problema similar es el de la unicidad y reconstruccién del potencial eléctrico y campo magnético
a partir de la amplitud de dispersién dada para una energia fija E (ISPFE). Isozaki [29] resolvid
el problema ISPFE para potenciales de la forma (10) con decaimiento exponencial. Un problema
relacionado al ISPFE es el problema inverso de valores en la frontera (IBVP), en el cual, el operador
de Dirac para una energia fija, es considerado en un dominio acotado  de R3, y se estudia la unicidad y
reconstruccién del potencial eléctrico y del campo magnético a partir del mapeo Dirichlet-to-Dirichlet

(D-D). Tsuchida [62] resolvié el problema IBVP para potenciales V de la forma
V(x) = : (11)

y demostré que el mapeo D-D determina univocamente pequenios potenciales V., V_ y B = rot A.
Nakamura y Tsuchida [46] resolvieron el problema IBVP para potenciales V. € C* (), de la forma
(11). Ademds, estableciendo la relacién entre el mapeo D-D y la amplitud de dispersion, ellos probaron
la unicidad del problema ISPFE para potenciales V. € C* (R3) de la forma (11) con soporte compacto.
Goto [23] solucioné el problema ISPFE para potenciales con decaimiento exponencial de la forma (9),
y Li [43] resolvié los problemas IBVP y ISPFE para potenciales de soporte compacto, que son matrices
Hermitianas arbitrarias.

Observemos ahora que en el caso de la ecuacién de Schrodinger con potenciales de corto alcance
generales, la matriz de dispersién a una energia fija E, no determina de manera unica al potencial.
En efecto, Chadan y Sabatier (vea pégina 207 de [12]) presentan ejemplos de potenciales no triviales
con oscilaciones radiales, que decaen como |$|73/ 2, cuando |z| — o0, tales que la correspondiente
amplitud de dispersién es idénticamente 0 para alguna energia positiva. Por lo tanto, para la ecuacién

de Schrodinger con potenciales de corto alcance generales son necesarias algunas condiciones extra
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sobre el potencial, para garantizar la unicidad del problema ISPFE. Weder y Yafaev [68] consider-
aron el problema ISPFE para la ecuacién de Schrodinger con potenciales de corto alcance generales
(vea también [69] para el caso de potenciales de rango largo) que son sumas asintéticas de términos
homogéneos. Usando una férmula para las singularidades de la amplitud de dispersion, que se ob-
tuvo por Yafaev en [77] y [78], ellos mostraron que la asintética del potencial eléctrico y el campo
magnético se puede recuperar de las singularidades en la diagonal de la amplitud de dispersién (vea
también [34]-[36] y [49]). Ademds, Weder en [66] y [67] probé el hecho de que si dos potenciales
electromagnéticos de corto alcance (Vi, A1) y (Va, A2) en R™, n > 3 tienen la misma matriz de dis-
persién para una energia positiva y fija E, y si los potenciales eléctricos V; y los campos magnéticos
Bj =rot A; j =1,2, coinciden afuera de una bola, estos necesariamente son iguales en todas partes.
La combinacién de este resultado de unicidad y con el resultado de Weder y Yafaev [68] implica que
la matriz de dispersién para una energia positiva y fija F determina de manera tunica el potencial
eléctrico y al campo magnético, siendo estos una suma finita de términos homogéneos, o en general, si
son una serie asintética de términos homogéneos que converge, respectivamente al potencial eléctrico
y al campo magnético ([67]). Nosotros procedemos de manera similar para el caso del operador de

Dirac.

Procedimiento y resultados obtenidos.

Nosotros seguimos el método de los trabajos de Weder [66], [67], Yafaev [77],[78], y Weder y Yafaev
[68], [69] para la ecuacién de Schrodinger. Para la ecuacién de Schrodinger con potenciales de corto
alcance, las soluciones aproximadas estan dadas por uy (z,€) = e*®€ + @8 qny (2, €), donde a es
solucién a la ecuacién de “transporte” (vea [77]). Estas soluciones se construyen de tal manera, que

afuera de una vecindad coénica de la direccién x = +£, el “residuo” satisface la estimaciéon
8;"(‘3?7“1\] (2,€)] < Cap () PN (™) yhere p(N),q(N) — +oo, as N — +oo.  (12)

En el caso de la ecuacion de Schrodinger con potenciales de rango largo, las soluciones aproximadas

son de la forma uy (z,£) = e/ @OF0@0 (1 4 ay (2,€)), donde ¢ (z,€) es solucién a la ecuacién
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“eikonal” y a (z, ) resuelve la ecuacién de “transporte” ([78]). Nuevamente, uy (z, ) se construye de
tal manera, que el “residuo” satisface la estimacién (12).

Hacemos notar que Géatel y Yafaev [21] construyeron soluciones aproximadas para la ecuacién de

Dirac con potenciales de rango largo de la forma (9), que satisfacen, para todos «, las estimaciones
02V (2)] + |09 A (2)] < Ca ()", para algiin p € (0, 1). (13)

Estas soluciones estdan dadas por e(®€+®@&E) (1 ¢ F) | donde ® (z,¢; E) resuelve la ecuacién

“eikonal” y satisface, para todos a y 3, la estimacién
920D (2,6 B)| < Cap (x)' 77100

A su vez, la funcién p (z,€; E) es solucién a la ecuacién de transporte y resulta ser explicita y exacta.

Esta solucién satisface la siguiente estimacion
020¢ (p (2,6 E) = P (E))| < Cayp ()",

para todos a y B, donde P, (E) es la amplitud en la solucién de onda plana P, (E) VB —m* (wz)
a la ecuacién de Dirac libre Hopu = Fu, de energia F y momento en la direccion w. Bajo estas
construcciones de las funciones ® y p, el “residuo” satisface, afuera de una vecindad coénica de la
direcciéon x = +£, la estimacién 8?8?7‘1\; (x,& E)| < Cop <x>7175, para algin € > 0 y para todos
a 'y B. Usando estas soluciones, ellos construyeron unas identificaciones especiales Ji, para poder
demostrar la existencia y completitud de los operadores de onda y para obtener la asintdtica para
tiempos grandes de las soluciones a la ecuacién de Dirac dependiente del tiempo.

Aun en el caso de la ecuacién de Dirac con potenciales eléctricos de corto alcance no es suficiente
con solo considerar la ecuacién de “transporte”, para obtener la estimacién (12). Por ello nos hace
falta también considerar la ecuacion “eikonal”. También resulta que tenemos que descomponer la
ecuacion de “transporte” en dos partes, una parte para la energia positiva, y otra parte para energia
negativa.

Nosotros consideramos potenciales de la forma (9), que satisfacen la estimacién (13), con p >

1. Tomamos las soluciones aproximadas de la forma e*®&+®@&EE) )y (1 & E), donde ® (z,&; F)
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resuelve la ecuacion “eikonal” y satisface la estimacién
0200 (2,6 B)| < Cays (1+ )07 jg 77

La funcién wy se descompone en la suma (wi)y + (w2),, donde las funciones (w1)y vy (w2)y

satisfacen dos diferentes ecuaciones de “transporte” y la estimacion
020 (wy)y (2,6 B)| < Cas (1+ )71 g 717,

para 7 = 1,2. Esta construccién de las soluciones aproximadas para la ecuacién de Dirac asegura que
el “residuo” ry (z,&; F) satisface la estimacién (12). Notamos que nosotros no reducimos la ecuacién
de Dirac a una ecuacién tipo Schrédinger. En su lugar, trabajamos directamente con la ecuacién de
Dirac para obtener las soluciones aproximadas.

Siguiendo las ideas de [77] y [78], y usando nuestras soluciones aproximadas para la ecuacién de
Dirac, nosotros construimos identificaciones especiales J1 y usamos la representacion estacionaria de
la matriz de dispersion para encontrar una férmula explicita para las singularidades en una vecindad de
la diagonal de la amplitud de dispersién, para potenciales de la forma (9), que satisfacen la estimacién
(13) con p > 1. Con la ayuda de esta férmula, expresamos la principal singularidad de la amplitud
de dispersién en términos de la transformacion de Fourier de los potenciales eléctrico y magnético.
Ademsds, obtenemos una cota para la diferencia entre la amplitud de dispersién y la singularidad
principal, y mostramos que esta cota es 6ptima en el caso de potenciales eléctricos y magnéticos,
que son homogéneos afuera de una esfera. También usamos la féormula para las singularidades de la
amplitud de dispersién para estudiar el limite de altas energias de la matriz de dispersion. Mas atn,
reconstruimos de manera unica el potencial eléctrico y el campo magnético del limite de altas energias
de la amplitud de dispersién. Aqui notemos que este resultado se probé en [30], estudiando el limite
de altas energfas de la resolvente, para potenciales suaves, que satisfacen (13), para |o| < d, d > 2,
con algin p > 3. Aparte, probamos que para potenciales homogéneos y no triviales, afuera de alguna
esfera, que satisfacen la estimacién (13) con 1 < p < 2, la seccidén eficaz total de dispersién es infinita.

Si la amplitud de dispersion estd dada para alguna energia F, entonces, en particular, conocemos
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sus singularidades para esa energfa. De manera similar a [68], asumiendo que el potencial eléctrico V'

satisface (13), para algin p > 1, y el campo magnético B = rot A satisface
0°B ()| < Co (14 |2)) 71, r> 2, (14)

para todos «, y son asintéticos a una suma de términos homogéneos, nosotros recuperamos de manera
Unica estas asintOticas a partir de las singularidades de la amplitud de dispersion.

Por otro lado, inspirados por [66] y [67], consideramos un conjunto especial de soluciones a la
ecuacion de Dirac para una energia fija, llamadas “soluciones de dispersién promediadas” y mostramos
que para potenciales V, que, como operadores de multiplicacién, son compactos de HY %0 a L%,

para algin sg > 1/2, y ademds satisfacen
05V (@) < Ca (L +]2))77, p>1, |a <1, paraz € R\Q, (15)

para algin conjunto ) abierto, conexo y acotado, con frontera suave, este conjunto de soluciones es
fuertemente denso en el conjunto de todas las soluciones a la ecuaciéon de Dirac que pertenecen a
L% (€2). Este hecho nos permite demostrar que si V;, j = 1,2, son de la forma (11), donde Vi(j) €
Cc> (R3) satisface (15) y B; € C™ (R3) satisface (14), para |o| < 1, j = 1,2, y son tales que
Vj(tl) = Vf) y B1 = Bs, para z afuera de algiin conjunto €)' abierto, conexo, acotado y de frontera
suave, y las amplitudes de dispersién para Vi y V3 coinciden para alguna energia, entonces Vf) = Vf)
y B1 = By para todos .

Por 1ltimo, si las descomposiciones asintéticas para el potencial eléctrico V' y el campo magnético
B convergen, respectivamente, a V' y B, afuera de algin conjunto acotado, entonces combinando los
dos resultados, probamos que la matriz de dispersién, dada para alguna energia E, determina de
manera Unica el potencial eléctrico V' y el campo magnético B.

El trabajo se presenta en el idioma inglés y se organiza de la siguiente manera. En el Capitulo
1 se presentan algunos resultados conocidos sobre la teoria de dispersiéon para el operador de Dirac.

En el Capitulo 2, definimos las soluciones de dispersién, calculamos su asintética para x grandes, y

ademds damos la relacién entre el coeficiente del término que decae como ﬁ, cuando r — o0, en
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esta asintética, y el niucleo de la matriz de dispersion. Ademds, demostramos el resultado sobre la
completitud de las “soluciones de dispersiéon promediadas”. En el Capitulo 3, construimos soluciones
aproximadas generalizadas para la ecuacién de Dirac que usamos en el Capitulo 4 para obtener una
férmula explicita para las singularidades de la amplitud de dispersién. Ademsds, en el Capitulo 4
presentamos las simetrias del nicleo de la matriz de dispersion, que se siguen de las transformaciones de
paridad, inversion temporal y conjugacion de carga, para la ecuacién de Dirac. Estas simetrias, ademas
de ser de interés por cuenta propia, pueden ser tutiles en el estudio del problema de caracterizacién.
En el Capitulo 5 se presentan algunas aplicaciones de la férmula para las singularidades del ntcleo de
la matriz de dispersion. Por ultimo, el Capitulo 6 es dedicado al problema inverso para la ecuacion
de Dirac. Se da una férmula de reconstruccién del potencial a partir del limite de altas energias de
la amplitud de dispersién, se estudia el problema inverso a energia fija para potenciales homogéneos

y se prueba el resultado sobre la unicidad del problema ISPFE.
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Chapter 1

Basic notions.

1.1 Definitions and some known results for the scattering the-

ory for the Dirac equation.

The free Dirac operator Hy (5) is a self-adjoint operator on L? (R* C*) with domain D (H,) =
H! (R3;C?), the Sobolev space of order 1 ([59]). When there is no place of confusion we will write

L? and H! to simplify the notation. We can diagonalize Hy by the Fourier transform F given by

FN@ = en™? [ 9@ as

Actually, FHoF* acts as multiplication by the matrix hg (§) = « - § + mpB. This matrix has two
eigenvalues E = 4+/£2 +m?2 and each eigenspace X* (¢) is a two-dimensional subspace of C*. The

orthogonal projections onto these eigenspaces are given by (see [59], page 9)

(I4j: (€2 +m2) "2 (a~§+mﬁ)). (1.1.1)

N =

P*(§) =

The spectrum of Hy is purely absolutely continuous and it is given by o (Hy) = 04 (Hp) = (—00, —m|U

[m, 00).
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Let us introduce the weighted L? spaces for s € R,
L= {f ()" f(z) € L2}, | fll 2 = {@)" £ (@) 2 s

1/2
where (z) = (1 + \x|2) . Moreover, for any «, s € R we define

HE = {f ()" £ (2) € HOL | fllpges = 1) f (@)ll3ge

where

Frof a) "

I @l = [ (€%

Let us now consider the perturbed Dirac operator H, given by (8). We make the following as-

sumptions on the Hermitian 4 x 4 matrix valued potential V, defined for z € R3:
Condition 1.1.1 For some so > 1/2, <x>280 V is a compact operator from H' to L2

The assumptions on a potential V, assuring Condition 1.1.1 are well known (see, for example, [56]).

3+e
‘ dy < o0

In particular, Condition 1.1.1 for V holds, if for some € > 0, sup,.cps f|mfy\§1 ‘(y)QSO V (y)
3+e
’(y)QSO A% (y)’ dy — 0, as |x| — oo (see Theorem 9.6, Chapter 6, of [56]). Of course,

the last two relations are true if the following estimate is valid
[V (z)] < C(x)"", for some p > 1. (1.1.2)

Since V is an Hermitian 4 x 4 matrix valued potential V, Condition 1.1.1 implies assumptions
(A1)-(A3) of [6]. Thus, under Condition 1.1.1 H is a self-adjoint operator on D (H) = H' and the

essential spectrum ogs (H) = o (Hp). The wave operators (WO), defined as the following strong limit

Wi (H,Hp) := s — lim efteitot (1.1.3)

t—+oo

exist and are complete, i.e., Range W1 = H,. (the subspace of absolutely continuity of H) and the
singular continuous spectrum of H is absent.
We recall that the study about the absence of eigenvalues embedded in the absolutely continuous

spectrum was made in [7],[63],[72],[38], and the references quoted there. For example, it follows from
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Theorem 6 of [7] that {(—oco, —m) U (m,00)} No, (H) = @, if V € L} (R?) satisfies the following:

for any € > 0, there exists R (¢) > 0, such that for any u € H! (|]z| > R (¢)) (the set of functions from

H! (|z| > R (¢)) with compact support in |z| > R (¢))
2] Vull gz < ellully, (1.1.4)

and, moreover,

z|? v < o0, for some R > 0. 1.1.5
||
L (|z|>R)

Note that V satisfies these relations, if the estimate (1.1.2) holds.

From the existence of the WO it follows that
HWy =WyH
(intertwining relations). The scattering operator, defined by
S=S(H,Hp) :=WiW_, (1.1.6)

commutes with Hy and it is unitary.
Let Hog := —A be the free Schrodinger operator in L? (R3; C*) . The limiting absorption principle

(LAP) is the following statement. For z in the resolvent set of Hypg let

ROS (Z) = (Hos — Z)_l

be the resolvent. The limits

ROS ()\ + iO) = Ellrilo Ros ()\ + i€) y

(¢ = 40 means € — 0 with € > 0) exist in the uniform operator topology in B (Lg, ’HD"*S) , 8> 1/2

|l <2 ([3],[41],[76],[80]) and, moreover,
1Ros (A£40) fllgga e < CopA™ 71D ]| s

for A € [0,00), 6 > 0. Here for any pair of Banach spaces X,Y, B(X,Y) denotes the Banach space

of all bounded operators from X into Y. The functions Rig (\), given by Ryg () if Im A # 0, and
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Ros (A £140), if A € (0,00), are defined for A € C* U (0,00) (C* denotes, respectively, the upper,
lower, open complex half-plane) with values in B (L2, H* %) and they are analytic for Im A # 0 and
locally Holder continuous for A € (0,00) with exponent ¥ satisfying the estimates 0 < ¢ < s —1/2
and ¥ < 1.

For z in the resolvent set of Hy let
Ry (2):= (Hy—2)""

be the resolvent. From the LAP for Hyg it follows that the limits (see Lemma 3.1 of [6])

(Ho+ E) Ros ((E2 — m2) + i()) for E >m
Ry (E+i0) = lim Ro(E +ic) = (1.1.7)
E—r
(Ho + E) Ros ((E* — m?) Fi0) for E < —m,
exist for E € (—o0, —m) U (m, 00) in the uniform operator topology in B (L2, H*~*), s > 1/2, a < 1,

and

1Ro (B +0) fllgga—o < Cos [ |1 £1l,
for |E| € [m + §,00), 6 > 0. Furthermore, the functions,

Ro(E), if ImE # 0,
RE(E) :=
Ry (E£140), if E € (—o0, —m) U (m, 00),
are defined for E € C* U (—oco, —m) U (m, +00) with values in B (L2, H*~*) , and moreover, they are
analytic for Im E # 0 and locally Holder continuous for E € (—oo, —m) U (m, 00) with exponent ¢

such that 0 <9 < s—1/2 and 9 < 1.

Next we consider the resolvent

for z in the resolvent set of H. The following limits exist for £ € {(—o0, —m)U (m, 00)}\o, (H) in the
uniform operator topology in B (L%, H*™*), s € (1/2,s0], |a| < 1, where sq is defined by Condition

1.1.1 (see Theorem 3.9 of [6])

R(E+i0) = lim R(E=+ic) = Ro(E+i0)(1+ VR (E+ i0))" ", (1.1.8)
e—
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From this relation and the properties of RE (E) it follows that the functions,

R () R(E), if ImE #0,
R(E £10), if E € {(—o0,—m) U (m, c0)}\op (H)},
defined for E € C* U {(—o00, —m) U (m, 00)}\o, (H), with values in B (L2, H*~*) are analytic for
Im E # 0 and locally Hélder continuous for E € {(—oo0, —m) U (m, c0) }\o, (H) with exponent ¥ such
that 0 <9 < s—1/2, s < min{sg, 3/2}.
The Foldy-Wouthuysen (F-W) transform [8], that diagonalizes the free Dirac operator, is defined
as follows: Let G (€) be the unitary 4 x 4 matrix defined by G (£) = exp{f (o -£)0(|¢])}, where

0 (t) = & arctan L for ¢ > 0. Note that

. 1/2

ho (€) =G (&) ho () G (&)™ = (€ +m?) " B. (1.1.9)

The F-W transform is the unitary operator G on L? given by G = F1G (&) F. G transforms H
into

H() = GHoG_l = (HOS + m2)1/2 B

We use the F-W transform to define the trace operator Ty (E) for the free Dirac operator ([6]). Let

I, 0
P, =
0 O
and
0 0
P =
0 I,

We define T; (E) € B (L% L? (S%C?)) by

(T (B) f) (w) = (27) "2 v (E) /}R 3e*i”(E)<“”x>PiG f (z)dz,

1
where v (E) = (E? (E? —m?))* and v (E) = VE?> — m?. The trace operator Ty (E) for the free Dirac
operator is defined by Tp (E) = T, (E) , for E > m, and Ty (E) = T, (E), for E < —m. The operator
valued function

Ty (E) : (=00, —m) U (m,00) — B (L% L? (S*;C*))
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is locally Hélder continuous with exponent ¢ satisfying 0 < ¢ < s —1/2 and ¥ < 1 ([39], [40], [80]).

Moreover, the operator
(Fof) (B.w) = (T (B) ) ()
extends to a unitary operator from L? onto
H =12 ((foo, —m); L? (SZ; P_C4)) @ L? ((m, +00); L2 (SQ; P+C4))
= (JE ey L2 (%5 P-CY) dB) & (Jio ) L* (8% P1CY) dE)
that gives a spectral representation of Hy, i.e.,

FoHoF; = E,

the operator of multiplication by E in H.

The perturbed trace operators are defined by,
Ty (E):=To(E)(I - VR(E £1i0)),

for E € {(—00, —m)U (m,o0)}\o, (H). They are bounded from L? into L? (S?;C*), for s € (1/2, s0].
Furthermore, the operator valued functions £ — Ty (E) from {(—o0,—m) U (m,c0)}\o, (H) into
B (L2; L* (S?;C*)) are locally Hélder continuous for E € {(—oc0, —m)U(m,o0)}\o, (H) with exponent

¥ satisfying the estimate 0 < ¥ < s —1/2, s < min{sg, 3/2}. The operators,

(Fer) (Bow) = (Te (B) ) (@)
extend to unitary operators from H,. onto H' and they give a spectral representations for the restric-
tion of H to Hee, FLHF = E, the operator of multiplication by E in H.
Since the scattering operator S commutes with Hy, the operator fOSfa‘ acts as a multiplication

by the operator valued function
S(E): L* (S% PyC*) — L? (8% P.CY), £E>m,

called the scattering matrix (see Proposition 5.26 of [2]). The scattering matrix satisfies the equality

(see Theorem 4.2 of [6] and also [74],[76],[80])

S(E)T_(E)=T, (E), (1.1.10)
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and, moreover, it has the following stationary representation for E € {(—o0, —m) U (m, o0)}\o, (H),
S(E)=1-2niTy (E)(V—-VR(E+1i0) V)T, (E)". (1.1.11)

We consider now another spectral representation of Hy that we find more convenient for our

purposes. Let us define ([30])

(To (E) f) () == (2m) "2 0 (E) P, (E) / B f (3 do, (L1.12)

with
Pt (v(B)w), E>m,
P, (E):= (1.1.13)
P~ (v(E)w), E<—m,
that is bounded from L2, s > 1/2, into L? (SQ; (C4) (see, for example, Proposition 1.1, page 72 of [80]).

The adjoint operator I'yy (E) : L? (S?;C*) — L?

—8

s> 1/2, is given by
(T3 (E) f) (w) == (21) "% v (E) /S 2 eV ENew) p (E) f (w) dw. (1.1.14)

Using (1.1.9) we have

A 1

G(v(E)w) Py (E) = 5 (Is £ B) G(v(E)w) = PG (v (B)w),

for £F > m. This relation means that G (v (E)w) takes X* (v (E)w) onto P+C4, for +E > m, and
moreover, it implies that

To(E) =G (E)w) ' Ty (E). (1.1.15)

As G (v (E)w) ™" is differentiable on E, then from the last relation it follows that the operator valued

function T'g (F) is locally Holder continuous on (—oo, —m)U(m, oo) with the same exponent as T (E) .

Let us define the unitary operator U from H’ onto H := f(eioo —m)U(m,+oo) T (E) dE, where
53}
H(E):= | X*TW(F)w)dw, +FE>m, (1.1.16)
SQ

by
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Then the operator Fy, given by
(Fof) (B.w) i= (Do (E) f) (@) = (UFof ) (B.w),
extends to a unitary operator from L? onto #, that gives a spectral representation of Hy
FoHoF; =E, (1.1.17)
the operator of multiplication by E in H. Note that in H’ the fibers L2 (SQ; Pi(C4) can be written as

S5}
L? (S*; P.CY) = / P.Cdw,
S2

for £F > m, where P, C* is independent of w. However, in # the fibers are given by (1.1.16), where
X* (v(F)w) depend on w.
Let us define
Py (B):=T¢(E)(I—-VR(E £:0)), (1.1.18)
for E € {(—o00,—m) U (m,00)}\o, (H). From relation (1.1.15) it follows that

Iy (E)=Gw(E)w) 'TL(E). (1.1.19)

Then, the operators I'y (E) are bounded from L? into L? (SQ; (C4) , for s € (1/2, s0], and the operator
valued functions I'y (E) are locally Holder continuous on (—oo, —m) U (m, 00)\o, (H) with the same

exponent as Ty (E). The operators,

(FLf) (B,w) = (Tx (B) f) (w) = (uﬁi f) (E,w) (1.1.20)

extend to unitary operators from H,. onto # and they give a spectral representations for the restriction
of H to Hae, FLHFI = E, the operator of multiplication by E in A.
In the spectral representation (1.1.17) the scattering matrix acts as a multiplication by the operator
valued function
S(E):H(E)— H(E).

Note that relation (1.1.15) implies

S(E)=GW(E)w) 'S(E)G((E)w). (1.1.21)
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Thus, the scattering matrices S (E) and S (E) are unitary equivalent. Moreover, from relation (1.1.21),

(1.1.15) and representation (1.1.11) we obtain the following stationary formula for S (E),
S(E)=1-2mily(E)(V—-VR(E+i0) V)T (E)", (1.1.22)

for E € {(—o00,—m) U (m,00)}\o, (H) . Here I is the identity operator on X (E).

By the Schwartz Theorem (see, for example, Theorem 5.2.1 of [61]) for every continuous and linear
operator T' from C* (S§?;C*) to D’ (S* C*) (the set of distributions in S?) there is one, and only
one distribution ¢ (w,d) on S? x S? such that for all f € C> (S*;C*), (Tf) (w) = [e= t (w,0) f (6) d6.
The “integral” in the R.H.S. of the last equation represents the duality parenthesis between the test
functions and distributions on the variable 6. The distribution ¢ (w,#) is named the kernel of the
operator T.

We say that the operator T is an integral operator, if its kernel ¢ (w, #) is actually a continuous

function for w # 6 which satisfies the following estimate |t (w, )| < #‘2_5, for some € > 0. Note

that in this case t (w, ) € L! (82 X Sz) and moreover, using the Young’s inequality we have

2
dw < C| 7282 -

C
IITinz(sz)S/ /72_5f(9)d9
sz |Js2 |w— 0|

Thus, if T is an integral operator, then it is bounded in L2 (SZ;C4). Below we show (Theorem
4.2.5) that if a magnetic potential A and an electric potential V' satisfy estimates (3.0.2) and (3.0.3)
respectively, then S (E) — I is an integral operator. We call “scattering amplitude” to the integral
kernel s (w,0; E) of S(E) — I.

From the unitary of S (E) it follows

Then,

/ s (w3 B)" ™ (1,05 B) dip = =™ (w,0; B) — 8™ (0,w; E)". (1.1.23)
S2

This equality is known in the physics literature as Optical Theorem (see for example [12]).
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We had already mentioned in the introduction that the scattering operator S and the scattering
matrix S (E) are invariant under the gauge transformation A — A + Vi, for ¢ € C> (R?) such that
9% =0 (|m|7’)7|a‘) for 0 < |a| <1 and some p > 0 as |z| — co. Indeed, note that H := e~ He'¥

satisfies H = H 4 (o - V). Then, we have

Wy (H,Ho> —s5— lim efte=itHo — g _ Jjjy e W eiHtyive—itHo
t—Foo t—+oo

Under the assumptions on 1, the operator of multiplication by the function e® — 1 is a compact

—iHot

operator from H! to L?. Since e converges weakly to 0, as t — £o0o, the following equality holds

5 —limy_ o0 (€7t eitHo)
=5 — lim¢— 400 (efiweth (e“/’ _ 1) e—itHo) + 5 — limy—y 400 (efiwethefitHo)
— 5 —limy_po (e~ WeiHteitH0)
The last relation implies

W (f{Ho) — VW (H, H).

Thus, we conclude that

S (H,HO) —S(H, Hy).

It results convenient for us to associate the scattering matrix S(F) directly with the magnetic field
B (z) = rot A (x). However, as S (F) was defined in terms of the magnetic potential A (z), we recall
the procedure given in [68] and [79] for the construction of a short-range magnetic potential from an

arbitrary magnetic field satisfying the condition for some d > 1
10°B (2)| < Co (14 |2)) "1, r>2, 0< |0 <d (1.1.24)

We note that the magnetic potential can be reconstructed from the magnetic field B (x) such that
div B(x) = 0 only up to arbitrary gauge transformations. It is not convenient to work in the standard
transversal gauge (x, Ay (2)) = 0 since even for magnetic fields of compact support the potential

Ay (z) decays only as |z|~" at infinity.
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Let B(z) = (Bi(x),Bs(x),Bs(z)) be a magnetic field satisfying estimates (1.1.24) such that

div B(x) = 0. Let us define the following matrix

and introduce the auxiliary potentials
© 3 .. 0 3 ..
A9 () = / SZF(”) (sz)z;ds, AP (z) = —/ SZF(”) (sx)x;ds, (1.1.25)
| I
where F(9) is the (i,7)-th element of F. Note that A() (z) is a homogeneous function of degree
—1, AUe9) (z) = O (|a:|_p) with p = r — 1 as |z| — oo, rot A (z) = 0 for x # 0 and Ay =

Are9) (1) 4+ A(>®) (1) . We define the function U (z) for z # 0 as a curvilinear integral

Ul(x) = /F <A(°°) (v) 7dy> (1.1.26)

xg,T
taken between some fixed point xy # 0 and a variable point z. If 0 ¢ 'y , it follows from the Stokes
theorem that the function U (z) does not depend on the choice of a contour I'y, , and gradU (z) =

A (x) . Now we define the magnetic potential as
A(z) = Apr (z) — grad (n (2) U () = Areg (2) + (1 =1 (2)) Ao () = U (z) gradn (z),  (1.1.27)

where 7 (z) € C* (R®), n(z) = 0 in a neighborhood of zero and 7 (z) = 1 for |z| > 1. Note that
rotA(z) =B(z), Ac C® if Be C* and A (x) = Ayeq () for || > 1. Moreover, it follows from the
assumption (1.1.24) that A (x) satisfies the estimates [0%A (z)| < C, (1 + ‘.T|)_p_‘a| , p=r—1, for
all 0 < |a| <d.

For a given magnetic field B (z) we associate the magnetic potential A (z) by formulae (1.1.25)—
(1.1.27) and then construct the scattering matrix S (F) in terms of the Dirac operator (8). As we
showed above, if another magnetic potential A (z) satisfies rot A (z) = B(x), then the scattering
matrices corresponding to potentials A and A coincide. This allows us to speak about the scattering

matrix S(E) corresponding to the magnetic field B.
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Now we introduce some notation. Let S™7 = §~° (R?) Dbe the set of C*° (R*\{0}) functions
f (x) such that 8“f (x) = O (\x|_p_‘a|) , as |z| — oo, for all a. Define also a subspace of S~ by
S=P = 8PN C>® (RS) . An example of functions from the class S~ are the homogeneous functions
f € C>= (R¥\{0}) of order —p, i.e. such that f (tz) =¢*f (z) for all z # 0 and ¢ > 0.

Let functions f; € §=ri with p; — oo. The notation

f (@)~ ij (2) (1.1.28)

means that, for any N, the remainder

N

_ ) J—p _ ; .
f(x) Zlfj (x) € S7°, where p Iin ;. (1.1.29)
i=
Note that the function f € C is determined by its expansion (1.1.28) only up to a term from the

Schwartz class S = 5.

1.2 Pseudodifferential operators.

In this Section we recall some facts about pseudodifferential operators. We refer the lector to [25] and
[57] for a detailed study of the theory of pseudodifferential operators. We define a pseudodifferential

operator (PDO) as the following oscillating integral

(Af) () = (2m) / d / e aa,e) £ € de'de, (12.1)

where f € S(R%;C*) and a (x,€) is a (4 x 4) —matrix. Here d is the dimension (equals 2 or 3). We
denote by ™™ the class of PDO, which symbols are of C'*° (Rd X Rd) class and for all z,£ and for

all multi-indices «, 3,

0200 (,€)| < Cap ()" g1, (122)

Note that S™™ C T'3™ for m; = max{n,m}, where the clases [ are defined in [57]. Moreover we
need a more special class S} C S™™ satisfying the additional property a (z,§) = 0 if F <§c, é> <e,

£>0,and a(z,&) =0if || < ey or |¢] <ep, e1 > 0. (Here & = x/ |z| and £ = £/ [¢]).
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It is convenient for us to consider a more general formula for the action of the PDQO’s, determined

by their amplitude. We define a PDO A by

an@=en™ [ [ e aee)re)ad (123)
Re JRA
where a (z,¢,¢’) is called the amplitude of A. We say that a (z,¢,£’) belongs to the class 8™ if for all
indices «, 3,7 the following estimate holds

0200 a (1,6,6")| < Capry (2,66 (26, ¢') e R (1.2.4)

We note that S™ is contained in IIf (I} are defined in [57])). We can make the passage from the

amplitude to the correspondent (left) symbol by the relation

aett (7€) ~ Z% ¢ (—i0g) a(x,€,¢) (1.2.5)

[e3

§'=z’
For arbitrary n, the integrals in the R.H.S. of relations (1.2.1) and (1.2.3) are understood as

oscillating integrals. Furthermore, we recall the following results from the PDO calculus (see [25] or

[57])

Proposition 1.2.1 Ifa(z,£) € S™™ withn < 0 and m < 0, then the PDO A can be extended to a
bounded operator in L. The L?- norm of A {(x)™" is estimated by some constant C, that depends only
on the constants Cy g, given by (1.2.2). Moreover, if a (z,§) € S™™ with n < 0 and m < 0, then A

can be extended to a compact operator in L2.

Proposition 1.2.2 Let A; be PDO with symbols a; € 8™ ™, for j = 1,2. Then the symbol a of the

product A1 Ay belongs to the class SMTm2mitm2 qnd it admits the following asymptotic expansion

s ||
a(z,€) = Z %Bgal (2,8) 0%as (x,&) + M) (2,€),

|la|<N

where r(N) ¢ §nitna—Nmitma—N,

Note that, in particular, Propositions 1.2.1 and 1.2.2 imply the following result

Proposition 1.2.3 Let A; be PDO with symbols a; € S°°, j = 1,2, and let A be the PDO with

symbol a1 (x,€) as (x,&). Then, AyAs — A can be extended to a compact operator.
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For a PDO A defined by its amplitude a (z,&,¢’) we have

Proposition 1.2.4 Ifa(x,£,£') € 8™, then the PDO A can be extended to a bounded operator in L*
forn =0, and it operator norm is bounded by a constant C depending only on Cq g given by (1.2.4).

Moreover, A can be extended to a compact operator in L? for n < 0.

1.3 The Mourre estimate.

Suppose that J is a self-adjoint operator in a Hilbert space L and let Ry (z) := (J —2)"" be its
resolvent. For f € L we define the function Fj (2) := (f, Ry (2) f). Note that F'(z) is an analytic
function for z outside the spectrum of J. Let F be a real number in the spectrum of J. It is clear
that the operator Ry (E + ie) cannot have limits in B (L), as ¢ — %0, since ||R; (E +ie)|| = 1.
Nevertheless, for some vectors f € L, the function F (z) could have a limit, as z converges to F from
the upper or lower complex half-plane. For example, it follows from the limiting absorption principle
(LAP) for the Dirac operator Hy (see relation (1.1.7)) that the limits of Fp, (E +ic), as € — =£0,
exist for f € L2, s > 1/2. In the papers [44], [45] and [32] there was developed a method, known as
“the conjugate operator method”, in order to prove the existence of the limits of F; (z), as z converges

to E. We also refer to [1] for a general analysis of this method.

Let us introduce the operator A, known as “the generator of dilation”,

A::;é;l@.vw.m).
Note that
i[Ho, A] = Hy —mf3, (1.3.1)
and
iH,Al=H—mB—V +i[V,Al= H—mB -V — (z,(VV) (). (1.3.2)

We recall that if V satisfies (1.1.2), there are no eigenvalues embedded in the absolutely continuous
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spectrum of H. Thus, the Mourre estimate, given by the following inequality,
+Ey (I)i[H,AlEg (I) > cExg(I), ¢>0, I=(E—ng,E4+ng), + E>m, (1.3.3)

is satisfied for some ng > 0 (Theorem 2.5 of [21]).

The results we need below were proved in [33] (see also [32]) by introducing the so-called conjugate
operator. Condition (¢, ) of Definition 3.1 of [33] for an operator B to be conjugate to H, asks the
following: “The form i[H,B], defined on D(B) N D(H), is bounded from below and closable. The
self-adjoint operator associated with its closure is denoted iB;. Assume D(B;) D D(H). If n > 1,
assume for j = 2,3, ...,n that the form i[iB;_1,B], defined on D(B) N D(H), is bounded from below
and closable. The associated self-adjoint operator is denoted iB;, and D(B;) D D(H) is assumed.” If
we know that the forms i[iB;_1, B] extend to self-adjoint operators iBy, for all j, and D(B;) D D(H),
then there is no need to ask the boundeness from below of i[iB;_1,B], j > 1, in order to obtain the
results of [33].

For +F > m, let us consider the operator £A. Note that i[iB;_1,£A], j > 1, (iBy = H) are not
bounded from below. Nevertheless, using equality (1.3.2) we see that i[iBj_1,A] = H—mf—-V +V;,
j > 1, where Vo = V and V; is defined recursively by V; = — (z,(VV;_1) (z)), j > 1. Then, the
forms i[iBj_1,A], j > 1, extend to self-adjoint operators ¢B;, and D(B;) = D(H). Moreover +A
satisfies relation (1.3.3). Thus, we can apply the results of [33], taking, for £F > m, the operator £A
as conjugate to H. Furthermore, we use the dilatation transformation argument (see [73],[78]) in order
to prove that these results hold uniformly for |E| > Ey > m, for any Ey. We denote (A) := (1 +|A]).

We get the following

Proposition 1.3.1 Let estimates (3.0.2) and (3.0.3) hold. Define P, := Ea (0,00) and P_ :=
Ea (—00,0) as the spectral projections of the operator A (Ea is the resolution of the identity for A).

For = Rez > m and Im z > 0, the operators

(A) T R(:) ()7 .p>

5 (1.3.4)

(A)TPPLR(2) (A)7, (A)TTR(2) Py (A)TP (1.3.5)



16 CHAPTER 1. BASIC NOTIONS.

withq>%,p<q and

(A)Y’PxR(2) Py (A)", Wp (1.3.6)

are continuous in norm with respect to z. Moreover, the norms of operators (1.3.4)-(1.3.6) at z = E+i0

are bounded by C'|E|™" as |E| — co.

Proof. We consider the case E > m. The first assertion is due [33]. Let us prove the uniformly
boundeness of operators (1.3.4)-(1.3.6) for high-energies. We define the dilatation transformation
G as

(G("”")f) (@) = k32 f (k). (1.3.7)
Note that

&1

=15l (13.8)

Since the operator A is the generator of dilatations, then A and P4 commute with G*) and
HGW = g tGWH®F), (1.3.9)

where

H® = —io- V + kmB + &V (kz) = H + VO (2),

with V(®) (z) := KV (kx) . Note that
=Y A = H — kmp, (1.3.10)

and

iV, Al = =3 325, (23D + Dya;) V¥ 4+ SV 570 (25D + D)

(1.3.11)
= - 23:1 z; (D;V®) = —k (kz, (VV) (k7)) .
Under assumptions (3.0.2) and (3.0.3) we have
HV(“) < Ck and H[V(“),A]H < Ck. (1.3.12)

Therefore, the estimate (1.3.3) for the operators H(*) is satisfied in a neighborhood of E = 1 with

some constant ¢ > 0, independent of k < kg, for sufficiently small ko. Indeed, let us take A = (Mg, A1),
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withm < A\g < 1 < A1 < oo. It follows from (1.3.10), inequality mx8 < mkl and the second inequality

of (1.3.12) that

Brgco () (1H"), Al) By (A) = By (8) (H§ = kmB) Egeo (4)
+Epw (A) (i[VW,A]) Egeo (A) > (Ao — £m) Egeo (A) — CkEg o (A).
Taking ko small enough, we obtain estimate (1.3.3) for the operators H*®)  uniformly on . Let us
define
B = iH®™ A], BY” =i[B{" A],..,B" =i[B"™ Al
The second inequality in (1.3.12) means that BE”) (Ho + I)_1 is bounded by C (1 + &) . Using equality

(1.3.11) with By) instead of V(*) we see that HBSH)

< C (14 k) and then, by induction in n we
obtain the estimates

HBS[” <C(1+k), for any n. (1.3.13)

-1
In particular, BY <Hé”) +1 ) are bounded uniformly in k < ko. From this result for BY”, estimate

(1.3.3) for H*) and Remark 4.10 of [78] it follows that estimates (1.3.4)-(1.3.6) for the resolvents of
the operators H(®) are satisfied in a neighborhood of the point E = 1 uniformly in x < kq.

Let us take x = E~1. As G*) commute with A and by relation (1.3.9) we get

H<A>—PR(E +40) <A>—PH — B |(A)” (H("”") 1o iO)_l (A)™7

)

and similarly for operators (1.3.5) and (1.3.6). For negative energies F < —m the proof is similar,
replacing A with —A and noting that E_a (0,00) = P_, E_a (—00,0) = P,. Thus, we complete the

proof. m
Definition 1.3.2 We denote by T the PDO with symbol t.

We now prove the following two assertions that were announced in [77] and [78]. Recall that the

clases 81" where defined below relation (1.2.2).

Proposition 1.3.3 Let t € Si’o for one of the signs and let p > 0 be an entire number. Then, the

operator (z)* (V)P T (A)™ is bounded, for q > p.
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Proof. Suppose that t(x,&) € Si’o.

We proceed by induction in p. The result for p = 0 fol-
lows from Proposition 1.2.1. For p = 1, we define ux (z,¢) := (@) (€)1 Fz-&) " and py (z,€) =
t(z,8)us (z,8) € Si’o. Note that the symbol of A is given by a (z,£) =2 - & — z% and a (z,¢) € S

We denote by symb (A) the symbol of the operator A. Using Proposition 1.2.2 we have

symb (—=PiA) = —p1 (z,€) a(2,6) +i 3 4_; &ude,pr (2,€) + 7 (2,€)
=+ (2) () (2,6) + [(3F 1) p1 (,€) + i X, &Bepr (2,6)] + 7 (,6),

with 7 (z,£) € SN~ for all N. As

po (2,6 = (iiﬂ) P () +1S @dep (2,6)| € S,

k=1

and symb (&) (V) T) = (2} (&) £ (2, €) 45 (2,€) 7 (2,€) , with pf (, ) € SL° and 1” (w,€) € SN,
for all N, we get that (x) (V)T = F(R+ Py + PLA), where Py is the operator with the symbol pg+pj,
and R is the operator with the symbol r +1’. Noting that A7 (A)™? are bounded for all j = 0,1, ..., p,
if ¢ > p, and using Proposition 1.2.1 we obtain the result for p = 1. Suppose that for some n € N and
all p < n, there exist operators P; with symbols p; € Si ,7=0,1,...,p, and operator R with symbol
r(z,6) € SN~ for all N, such that
P
(@) (V)T => P,A7 +R. (1.3.14)
j=0
Let us prove that there exist operators Pj with symbols p; € Si’o, 7=0,1,...,n+ 1, and operator R
with symbol 7 (x,¢) € S™N=N_ for all N, satisfying
p+1
@ (VP T =Y PA+ R (1.3.15)
§=0

Using Proposition 1.2.2 we get (V) (z)? = (x)? (V) — R;, where symb (R;) € SP~19. Thus, we have
(@ (V)PTT = () (V) (2)" (V) T + (@) Ry (@) " (2)" (V)" T,
and by (1.3.14)

()P (V)P T = (2) (V ZPAJ—&-R + (z) Ry (x ZPAJ+R
j=0 3=0
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Since the symbols of the operators P;, j = 0,1, ..., p, belong to Si’07 proceeding as in the case of p =1,
we get that (z) (V) P; = BRI + Pg + PfA, j=0,1,...,p, where the symbols of Pg and Plj are in Si’o
and symb (Rj) € SN~V for all N. As the symbol of (z) Ry (z) ¥ belongs to §*°, using Proposition
1.2.2 we get that (z) Ry (z) ? Pj = P/ + R}, j = 0,1,...,p, where the symbols of P} are in S3° and
symb (R{) € S~NM~N_ for all N. Gathering the above decompositions we get (1.3.15). Therefore,
relation (1.3.14) holds for all p € N. Noting that A7 (A)™? are bounded for all j = 0,1, ..., p, if ¢ > p,
and using Proposition 1.2.1 to conclude that the operators P;, j =0,1,...,p, and R are also bounded,

we conclude that (x)? (V) T (A)™? is bounded for all p € N and ¢ > p. m

Proposition 1.3.4 Lett € S'"™ for somen and m. Then the operator (x)? (V)* TP (A)? is bounded

for all real numbers p,q, s.

Proof. Take Py = P and t4 (x,€) = t(x,£). The other case is analogous. We prove the result for

the adjoint operator (A)’ P T (V)® (x)?. It follows from Proposition 1.2.2 that

symb (&) T (V)" ()°) = p(,€) +7(2.€),

Etstn,—E+q+m

where p(z,§) € S, and r(z,£) € S™M~N for any N, for all p,q,s € N. Then

p(x,6) € S¥ 2 for p> g+ s+ m+n+ 4. Thus, as
(MY PT (2)7(V)® = <A>p0+pP (AY™PT ()7 (V)*, for any po,p,q,s € N,

it is sufficient to prove that the operator (A)** PT, where t (x,£) € S£2’72, is bounded for all p; € N.
Indeed, for p big enough symb ((A)pr (w)? (V)S) decomposes in a sum of two symbols one from
the class S; %2 and another one from the class S~V =N for any N. Of course the term (A)* " PR,
where R is the operator with the symbol of the class S~ =¥, for any N, is bounded for all py and p.

Using the Mellin transform (see [60], [51]), given by the following unitary transformation

oo

£ (Bw) = [ 4B o
0
from L2 (R3) in L? (]R+; L? (82)) , we can diagonalize the operator A. We have

((AY° PT ) = (E)* x5 (0, 00) / p2 i / et (rw, €) f (€) dédr, (1.3.16)
0
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where x5 (0, 00) is the characteristic function of the interval (0,00) in the variable E. As t € S;> >

o7 )7 ©)]dar <.

oo

P ey (ry €) f(6)| dedr < © [ ()
wize]

Then we can interchange the integrals in the R.H.S. of (1.3.16), and thus

XE(o,oo)j/j/e““w£>*Eh“0r%t(rw,g)f(g)drdg. (1.3.17)

(A)" PTH)* = (B)™

FElnr. Note that on the support of ¢, the following

Let us denote ¢ = ¢ (r,w, &, E) = (rw,&) —

inequalities 7< é> g, r > e and |£] > 1 hold. Then we get
Cr

<
5|~ |[Ftwa| < e

for E > 0. Integrating the R.H.S. of (1.3.17) by parts N times in r, with N > pg + 2, and using that

teSLP7?, we get
//e (ro =B 3¢ (g, €) f(€) drdE = // @SB py (1w, €) f () drde,
0

where

|Fw (r,w,6)| < Cn ()22 1+ BN

Then, it follows that

o !
[ [eereemny 0.6 f € arae] < el (13.18)
J (1+E)

Finally, noting that

g (@)l 12 rs) = Hg# (E’M)HLZ(Rsz)’

and using the estimate (1.3.18) in (1.3.17) we deduce

CliAl--

() Pl 2 = (a7 PTs @), <

]
Since for V satisfying the estimate (1.1.2), there are no eigenvalues embedded in the absolutely

continuous spectrum of H, the resolvent R (E = i0) is locally Holder continuous on (—oo, —m)U(m, o)

Thus, from Proposition 4.1 of [30] we obtain
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Proposition 1.3.5 Suppose that 'V is an Hermitian 4 X 4-matriz valued function, such that
(-9)'V (@) <
for all z € R® and 1 = 0,1,2. Then, for any Ey > m, the following estimate holds

sup. IR(E+xie) flle < Csmlfllp2, 1/2<s <1



Chapter 2

Scattering amplitude and scattering

solutions.

2.1 Relation between scattering amplitude and kernel of the

scattering matrix.

In the stationary approach to the scattering theory it is useful to consider special solutions to the
Dirac equation

(Ho + V)u = Eu, for z € R, (2.1.1)

called scattering solutions, or generalized eigenfunctions of continuous spectrum. Suppose that V sat-
isfies Condition 1.1.1 and V € L2, for some s > 1/2. Then, for all E € {(—oc0, —m)U (m, o0)}\o, (H),

we define the scattering solutions to equation (2.1.1) by
uy (z,0; E) = Py (E) eV (D@0 _ (R (E £ i0) (V () Py (E) eiV<E><-=">)) (). (2.1.2)

We observe that under suitable assumptions on the solutions u to (2.1.1), known as “radiation
conditions”, and on the potential V, uy is characterized as the unique solution to (2.1.1), satisfy-

22
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ing these “radiation conditions”. The problem of existence and unicity of solutions to (2.1.1) was
treated in [52], by studying the formula (1.1.7), for f € L2, s > 1/2, with radiation conditions
vy € L2, and (%vi (x) Fivg (E) %lu(x)) € L? ,,1/2 < s <1, for j =1,2,3. The radiation
J
estimates, in the sense that the operators <w>_1/2 O g P 30wl ), for j = 1,2,3, are
) P dz; J k=1Yk9z, )» J =149

H—smooth, for the Dirac equation with long-range potentials, were obtained in [21].

We want to give an asymptotic formula for u, as |z| — oo, where the asymptotic is understood in

an appropriate sense. We denote by 6 (\x|_1) a function ¢ (x) such that lim (% f\ml<f‘ lg (x)|2 dx) =0.
r—00 =

Of course a o <|x\_1) function is also a o <|x\_l) function. We prove the following

Theorem 2.1.1 Suppose that V satisfies Condition 1.1.1 and V € L2, for some s > 1/2. Then, the

scattering solutions admit the asymptotic expansion

) p eii(sgnE)l/(Eﬂx\ 1
e (0. 05) = Pa (B) O 1o 36:5) S 4o (al). (219
T

where the functions

2r |E| iv(E)(-0

ay (2,0; FE) := — (sgn E) ( v (E) )1/2 (Fi (E) (V (-) Py (E) e >>> (£ (sgn FE) 1)

can be recovered from ux (x,0; E) by the formula

27 | E|
v(E)

1/2
ay (2,0, E) = — (sgn F) ( ) (To (F)Vuy) (£(sgn E) &) . (2.1.4)
Moreover ay (x,0; E) is related to the scattering amplitude s™ (,0; E) by the formula

at (2,0;E) = —i(sgnE) (2m) v (E) "' s™ ((sgn E) #,0; E) .

Note that the coefficient of the leading term in the asymptotics (2.1.3) is explicit. Similar asymp-
totic was obtained in [52], but the expression for the asymptotics (2.1.3) is not explicit there.

In order to prove Theorem 2.1.1 we need some results.

Lemma 2.1.2 For all |E| > m and all functions f € L? with compact support we have

Ry (B +10) f () o1s)

1/2 +i(sgn E)v(E)|x —
= (sen B) (ZE) " (0 (B) 1) (= (sen B) ) 22 10 (o) 72))
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and

(921 Ro (E £1i0)) f () (2.1.6)

||

= 4 (2m)'/* v (E) (To (B) f) (& (sgn B) &) =52 10 (Ja] )

Proof. From the relation H§ = —A+m? we get, for all z € C, (Ho — z) (Ho + z) = —A— (2% —m?),
and hence Rg (2) = (Ho + 2) Ros (z2 — m2) . Recall that Ryg (z2 — m2) is an integral operator. Its
kernel (Green function) is given by (47 |z — y|) ™" e?V=*~m*l7=vl (see relation (2.22), page 78 of [80]).

Therefore, Ry (2) is an integral operator with kernel
Ry (1, 2) := (Ho + 2) (dm |z — y|) " V=7,
A simple derivation shows that
Ro(z,y;2) = RS (,5:2) + RS (2,3 2),
where
R (@,5:2) = (V2 —m? (a- (w = y)) /o =yl + mB+ 2 ) (4w — y|) ™" VFT= 1o

and

RE (@, y;2) =i (4m) ™ o =y 7 o (@ — ) eV

Noting that ‘RE)Q) (z,y; z)‘ < Clz—y|? we have

C
[ B ] < 1l

|
for all f € L', with compact support, and all |z| big enough. Moreover, as |z —y| = |z| — (&,y) +
0 (|x\71> and

V= la—y| _ ei\/m\ﬂefi\/m(i’,y)(l L0 <|z|—1))7

we get

SR (2,y52) f (y) dy

= (dmfaf) VTR (V2 2 (0 @)+ mB + 2) ([ e VETEED £ (g)dy) + 0 (Jal7?).
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Thus, recalling the definition (1.1.12) of T'y (F) we obtain relation (2.1.5). Derivating Ry in |z| and
repeating the arguments above, we obtain relation (2.1.6). m

We need the following result for the resolvent Ryg of the Schrodinger operator Hypg (see Theorem

3.3 of [80] (page 237))

Proposition 2.1.3 Let L be the operator of multiplication in the momentum representation by a C*

function 1(£), such that ‘lA(é)’ < C|¢]?, as €] = oo. Then,

sup (™! |LRos (2) f3aqoen ) < C Uiz s s> 1/2,

r>1

uniformly on f, where the constant C' is independent on z, if 0 < A\g < Rez < A1 < 0o, Imz # 0.

Let now L; be the operator of multiplication in the momentum representation by a C'* function

I (€), such that ‘il (§)‘ < Cl¢l, as |€] = oo. Observe that from the relation
Ro (2) = (Ho + 2) Ros (2* = m?)

we get
1

— 2 2
sup, 51 (17 11 R0 (2) £l 3oy )
_ 2
< Z?zl SUPr>1 (7” H|2105 Ros (2 — m?) fHL2(|x|§r))
1

2

+Csupzy (1t |LiRos (22 = m2) £ 1acr)

[N

valid uniformly for f € L2, s > 1/2. Then, using Proposition 2.1.3 we obtain

[N

sup (! | L1Ro (2) flZeag<n)” < Clfllgz s s> 1/2, (2.1.7)

r>1
uniformly on f, where C is independent on z, if m? < A\g < Rez? < A\; < oo, Imz # 0.

We need also the following

Lemma 2.1.4 For all f € L2, s > 1/2, the next formulas hold true

s9

Ry (E +10) f () o1y

1/2 +i(sgn E)v(E)|z - _
= (sen B) (ZE) " (0o (B) 1) (= (s B) ) <O 45 (a7,
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and

(02 Ro (E £10)) f (x) (219)

|

= i (2m)" 0 (B) (To (B) f) (& (sen B) #) <" 16 (Jaf ™).
Suppose that V satisfies Condition 1.1.1. Then, for all f € L2, s > 1/2, and E € {(—00,—m) U

(m,00)\op (H)} we have

R(E £i0) f (z)
2 1/2 ti(sgn B)v(E)|a| 1 (2.1.10)
= (sen B) (Z08]) " (T (B) ) (& (sgn B) &) <2 45 (|l ™)
and
(O R (E £10)) f (2) 2111)

= £ (2m)/* 0 (B) (D (B) J) (= (sgn ) &) <52 46 (Ja] ™).

||

Proof. We follow the proofs of Proposition 4.3 and Theorem 4.4 of [80] (page 240). Let us show the

asymptotics (2.1.8). The proof of the relation (2.1.9) is similar. Let us take f € L2, s > 1/2 and

s
choose a sequence of functions f,, € L? with compact support, such that || f — f.|| 2 — 0,asn — oo,

Note that

2
eti(sen B)v(B)|a]|

o (154 10) 1 — (s ) (22E0) " (00 (8) ) (& (s ) 2)

A

|

L>(jal<r)

3 |[Ro (B +130) (f = fal72(1<r)

2
oti(sen B)v(B)|x|

(sen B) ()" (Do (8) (f = ) (& (sem B) ) =22

43

L2(|z|<r)
oFilsen B)v(B)|o|

||

43

Ro (B +i0) £, — (sen ) (2080) " (00 (B) £,) (= (s ) 2)

£2(ja|<r)
(2.1.12)

According to (2.1.7), the first term in the R.H.S. of (2.1.12) is bounded by C'||f — fn||2L2 , uniformly

i(sgn BYv(E)|z| |2 _
in r > 1. Since ei(|+‘)(m” = |z|~? and as [ (E) is bounded from L2, s > 1/2, into L? (S%;C*),

we have
oLilsen BYv(B)|a] ||2

(To (B) (f = fn)) (* (sgn E) &) 2]

L2(Jz|<r)
=T (B) (f = falllZ2geicty < CIf = fallZe -

Thus, the first two terms in the R.H.S. of (2.1.12) tend to 0, as n — oo, uniformly in r > 1. For a
fixed n, it follows from Lemma (2.1.2) that the third term in the R.H.S. of (2.1.12) tends to 0, as

r — 00.Therefore we obtain (2.1.8).
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Let us now prove relation (2.1.10). Suppose that V satisfies Condition 1.1.1. Then the LAP for
the Dirac equation (see relation (1.1.8)) holds. Thus, from the resolvent identity R (z) = Rg (z) —
Ry () VR (z) we get

R (E £10) f = Ro (E £10) fo,

for E € {(—00,—m) U (m,00)}\o, (H)}, where fo = (f — VR(E £i0) f) € L?

s

s > 1/2, provided
f € L2. Therefore, asymptotics (2.1.10) follow from (2.1.8) and the definition (1.1.18) of the operators
I'y (E). Relation (2.1.11) can be deduced in the same way from (2.1.9). =

We now are able to prove Theorem 2.1.1.

Proof of Theorem 2.1.1. Note that
V (z) Py (E) eV E)@0) ¢ 12,

for some s > 1/2. The asymptotic expansion (2.1.3) is consequence of (2.1.4). Multiplying (2.1.2)

from the left side by I + Rg (E £+i0) V and using the resolvent identity R = Ry — RyV R, we get
us (2,0, E) = Py (E) eV P)@0) _ Ry (E +i0) V.

Then relation (2.1.4) follows from Lemma 2.1.4. Using the representation (1.1.22) of the scattering

matrix S (F), the definition (1.1.18) of I'y (E) and the relation (1.1.14) for T'fj (E) we get
S (w, 0, ) = =i (2m) "2 0 (B) (T (B) V (1) Py (B) e*P0) (w).

Then, the relation between a, and s™, follows from the definition of a. .

2.2 Completeness of averaged scattering solutions.

If the potential V satisfies Condition 1.1.1 and decreases as |z|~ ", when |z| — oo, with p > 2, then,
for all E € {(—o0, —m) U (m,c0)}\o, (H), the scattering solution uy (z,w; E) are defined by (2.1.2)

and they satisfy the asymptotic expansion (2.1.3).

If p < 2, then relation (2.1.2) makes no sense. However, similarly to the Schrédinger operator case

([76],[20]), we can generalize definition (2.1.2).
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We define the “unperturbed averaged scattering solutions” by

g (@sB) = [ MOEDP (B f ) d

for any f € L? (Sg;(C‘l) . Note that up to a coefficient 1y ¢ is equal to I'j () f, defined by (1.1.14).
Then, it follows that

Yo 5 € HV 7S (R%CY), s > 1/2,
and
Hovo,r = Evo -
Let the potential V satisfy Condition 1.1.1. The “perturbed averaged scattering solutions” are

defined by
Gy (@5 B) = [~ Ry (E) Vs, E € {(~00,—m) U (m,00)\o, (H), f € L? (S5CY).  (2.21)

Note that

Yy f € HLs (RS;C4) , 1/2 < s < s,
and
His g = Bty .
If p > 2, the formula (2.1.2) holds and we have

Yy p(x E)= /s2 (2, w; E) f (w) dw.

The last equality justifies the name averaged scattering solutions.
Using the stationary representation (1.1.22) we can write the scattering matrix S () in terms of

the averaged solutions. For f,g € L? (SQ; (C4) we have

(S (B) £, 9)uem) = (£ 9n(m — 1 (2m) 7 0 (B)’ (Vi 1. %0,) 2 - (2.2.2)

For us, the important property of the averaged scattering solutions is that the set (2.2.1) is dense

on the set of all solutions to the Dirac equation

Hu=(a(-iV+A)+mp+V)u= FEu, (2.2.3)
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in L? (Q; (C4) , where (2 is a connected open bounded set with smooth boundary 9. We present this

assertion as:
Theorem 2.2.1 Let V satisfies Condition 1.1.1 and the following estimate
|00V (z)| < Co (14 |2))77, p>1, |a| <1, for x € R*\Q, (2.2.4)

where §) is a connected open bounded set with smooth boundary OS). Then, the set of averaged scattering
solutions {¢4 5, f € H(E)} is strongly dense on the set of all solutions to (2.2.3) in L* (;C*) for

all fized E € {(—o0, —m) U (m, c0)\o, (H) .

Let us note that the result of Theorem 2.2.1 holds for all |E| > m, if some result on absence of
eigenvalues on (—oo, —m) U (m, oc) is applied. For example, if V € L} _ (R3) satisfies relation (2.2.4),
then the result of Theorem 2.2.1 remains true for all |E| > m (see Section 2).

Proof. We proceed as in the proof of Theorem 3.1 of [67] (see also [66]) for the Schrodinger case. Let
us take a solution x € L? (Q;C*) that is orthogonal to 1, ; for all f € H (E) (see (1.1.16) for the

definition of H (E)). Then, as ¢4 = ¥4 p_(g)y, for all f € L? (S?;C*), it follows that
(X w+7f)L2(Q;(C4) =0, for f € L? (SQ§ (C4) . (2.2.5)

We extend x by zero to R*\Q and then, y € L? for all s. Let us define v := R, (E) x. Note that ¢
satisfy the equation

(H-—FE)y =x. (2.2.6)
Suppose that 1 € L?  for some o < 1/2. Then, as x = 0 on R3\Q, multiplying (2.2.6) from the left
side by Hy + E we get that v satisfies the following equation

—AY — (B> —m?) ¢+ (Hy + E) (V) =0, (2.2.7)

for x € R*\Q. As the principal part Ay of (2.2.7) is diagonal, then, under assumption (2.2.4), the
proofs of [26] in the case of a scalar Schrodinger equation apply for a system of Schrodinger equations

(2.2.7) and thus, we get that 1) vanishes identically on R*\Q. In particular, 1) = 0 on 92, in the trace
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sense. Then, as the boundary 95} is smooth, we can approximate 1/ in the norm of H' by functions

P, € C5° (Q), n € N. Noting that

((H - E) Un, X)LQ(Q;(CAL) = (’(/}nv (H - E) X)L%Q;(C“)

for all n, we prove that
2
HXHL2(Q;C4) =((H-E) 1/1,X)L2(Q;(c4)

= (¥, (H - E) X)Lz(gz;@l) =0,
and hence, y = 0.

2

—0o

Thus, to complete the proof we need to show that ¥ € L for some o < 1/2. Note that relation
(2.2.5) implies that I'_ (E) x = 0. Moreover, as the operator F_, defined by relation (1.1.20), gives

a spectral representation of H and I'_ () is locally Holder continuous, it follows from the Privalov’s

theorem that

¥ =1h1 + 1o,
where
iy = /Iri (\) < (I_(\) —T_(E)) X) da, (2.2.8)
and
V2 = R(E) Ex (R\I) x,

for some neighborhood I of the point E. Here Ey is the resolution of the identity for H. Note that
1)y is already from LZ2.

Let us define the operator J by

Jg = /Irt (A) g (\) dA. (2.2.9)

Since F_ is unitary from H,. onto H and Jg = Egy (I) F*g, the operator J is bounded from
L? (I; L? (S*;C*)) into L?. Moreover, as the operator I'* ()) is bounded from L? (S?;C*) into L? ,,
for 1/2 < s < s, then J is bounded from L* (I; L? (S?;C*)) into L2 . Thus, by interpolation (see, for

example, [54]), J is bounded from L? (I; L? (S* C*)) into L?

—0

with o =(2/p—1)sand 1 <p <2.
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Let us take s; = 5 + 9, ¥ < min{sy — 1/2,1/2}. Note that I'_ (X) is locally Holder continuous

from L2 to L? (S?;C*) with exponent ¢). Then, as x € L? we get

T E (T-(\)—T_(E))x € L? (I; L* (S*;C")),

where p < 115. Taking p = 1719/2 and s = 1/2 +19/2 we get that o < %. Using relations (2.2.8) and

(2.2.9) we get

Therefore, we conclude that ¢ € L2 . m



Chapter 3

Approximate solutions.

In this Section we construct approximate generalized eigenfunctions for the Dirac equation. For the
Schrodinger equation with short-range potentials, the approximate solutions are given by u (z,£) =
e ®8) i@ g (1, ), where a solves the “transport” equation (see [77]). In the case of the Schrodinger
equation with long-range potentials, the approximate solutions are of the form w (z,£) = et(wg)tie
x (14 a(x,£)), where ¢ solves the “eikonal” equation and a (z,£) is the solution of the “transport”
equation ([78]).

For the Dirac equation with short-range potentials it is not enough to consider only the “transport”
equation, in order to obtain the desired estimates. Thus, we need to consider the “eikonal” equation
too. It also turns out that we need to decompose the “transport” equation in two equations, one for
the positive energies and another for the negative energies, to obtain a smoothness and high-energy
expansion of the generalized eigenfunctions for the Dirac equation.

For an arbitrary & € R? let us consider the Dirac equation
Hu=(a(-iV+A) +mB+V)u=Eu, E==2&+m?, (3.0.1)
where A = (A, Az, A3) is a magnetic potential satisfying the estimate

09 A (2)] < Cas (L4 |2)) P71 p > 1, (3.0.2)

32
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for all a, and V is a scalar electric potential, which satisfies, for all «, the estimate
00V (2)] < Cap (1+ |2)) 7771 po > 1. (3.0.3)
Definition 3.0.2 Let w = ¢/ |¢|, & = 2/ |z| and E* (E) := E* (g, R; E) C R? x R? be the domain
25 (B) = [(2,€) € R® x R? | £ (sgn E) (#,w) > —1+¢0 for |z| > R},
for some 0 <egpg <1 and 0 < R < oc.

We aim to construct 4 x 4 matrices uﬁ (x,& F) whose columns are approximate solutions to

equation (3.0.1) in such way that the remainders
ry (2,6 B) = e @8 (H - B)uy (2,6 E), (3.0.4)
satisfy the following estimates
02007% (2, & E)| < Cap (14 [a))* N1 g7V N > o, (3.0.5)

for p = min{p., pim}, (z,€) € Z* (E) and all multi-indices a and §3.

It is natural for us to seek the matrices u (z,&; E) as
uﬁ (2,6 FE) = eizbi(x,&;E)wﬁ (2,6 E), (3.0.6)

where ¢ (x,¢; E) is a real-valued function and w]f, (x,&; F) are 4 x 4 matrix-valued functions, in such
way that ui; (z,&; E) fulfil

uy (2,6 E) = P, (B)
for (z,¢) € =% (E). Introducing (3.0.6) into equation (3.0.1) and using (3.0.4) we get
(a (=iV + Vo™ + A) + mB+V — E) wi; = /@897 %, (3.0.7)

Let us write ¢ as

¢ (2,6 B) = (2,8) + ©F (2,6 E) (3.0.8)
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where ®* tends to 0 as |z| — oo for (z,£) € 2% (E). Then, (3.0.7) takes the form
(a-E+mB—E+a(—iv+vd* + A) +V)wh = 1, (3.0.9)

Now let us decompose w3 as

w = (w1)y + P (E) (w2)y - (3.0.10)
Then,
(=2EP, (—E) 4+ o (—=iV + V®* + A) + V) (w1) % + (a (—=iV + VO + A) + V) P, (E) (w)%
= e’iq)irf,,

where we used that a- £ + mp — E = —2EP,, (—E). Using the algebra of the matrices a; we get the

equality
a(—iV + VOE + A) (- &) = 2(& (—iV + VOE + A)) — (- &) a (—iV + VO* + A).
This relation and equality P2 (F) = P, (E) imply

(=2EP, (—E) 4+ a (—iV + v®* + A) + V) (w1)%
+P, (—E) a(—iV + V®* + A) P, (E) (wy)% (3.0.11)
+4 (€, (=17 + VOF + A)) P, () (wa)y + VP, (B) (wa)y = e ri.

Let the functions ®* satisfy the “eikonal” equation

(w, vOE + A) + %V =0. (3.0.12)

Then, we need that the functions (wl)ﬁ and (wg)]iv are approximate solutions for the “transport”

equation

(=2EP, (—E) 4+ a (—=iV + v®* + A) + V) (w1)%

(3.0.13)
P, (—E) a(—iV + voE + A) P, (E) (w2)y + % (€, (—iV)) P (E) (w2)y = ik
We will search the functions (wl)ﬁ and (wg)ﬁ as
Y1
(wi)y =Y —=bF (2,6 E) (3.0.14)
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and

+ _ al R ,
(wa) Z ot (2,6 E). (3.0.15)

We want that the functions wi in relation (3.0.6) tend to P, (E), as |z| — oo. Therefore we set
b(jf =0 and cOi = I. Plugging (3.0.14) and (3.0.15) in (3.0.13) and multiplying the resulting equation

on the left-hand side by P, (—F) we get

S¥ &5 (—2EP, (—E) + P, (—E) (a (—iV + v&* + A) + V)) b}

=t (3.0.16)
+ 300 @7 P (—E) a (=iV + V&E + A) P, (E) cF = e P, (=B)r%,
and by multiplying by P,, (E) we obtain
S 2 (P (B) (o (=iv + 90* + 4) + V) bF + Bl (e, (—i9) P (B) F ) B0

= e_iéipw (E) T']:‘\:[.
In order to get the desired estimates for 7% we need that the terms in (3.0.16) and (3.0.17), which

contain powers of % smaller than N, are equal to 0. Then, comparing the terms of the same power of

I?ll in (3.0.16) and (3.0.17) we obtain the following equations (E behaves like (sgn E) [£| for large |£])

bE L (2,6 B) = ELP, (—B) (a(=iv + v&* + A) + V) bF

(3.0.18)
+E&P, (~E)a(~iv + v&* + A) P, (E) ¢,
for0<j<N-—1and
FE
(w,VeE) = ~itg P (E) (o (=i + vOE + A) + V) bF, (3.0.19)

for 0 < j < N. It follows from (3.0.18) that b;-t =P, (—E) bf. Then, the term P, (F) Vbj—E in equation

(3.0.19) is equals to zero. Thus, cj[ satisfies equation

(w,vc5) = —i%PM (E) (a (—iv + vO* + A)) b7 (3.0.20)

Our problem is reduced now to solve equations (3.0.12) and (3.0.20). Both of the equations are of
the form

(w,vd) = F (2, E), (3.0.21)
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where d and F are either scalars or matrices. A simple substitution shows that the functions

70(% xitw)—i—(w,A(mitw)))dt,E>m,

= (2,6 E) = 2D

:I:f(‘%V(xq:tw)—(w,A(x:Ftw)>>dt, —E>m,
0

formally satisfy equation (3.0.12) and the matrices

+ [Ff (2 +tw,&E)dt, E>m,
cf(x,{;E): 2
+ .
:I:OfFj (z Fitw, & E)dt, — FE>m,

for j > 1, where

JE D

If\ P, (E)(a(- zv+v<1>i(:c§E)+A)) (z,6 E),

Fi (2,6 E) =

solve, at least formally, equation (3.0.20).

Note that relations (3.0.18) and (3.0.23) imply, by induction that

+ _1* + _x
bij(E)—bj andchw(E)—cj,jZL

(3.0.22)

(3.0.23)

(3.0.24)

(3.0.25)

We need the following result to give a precise sense to expressions (3.0.22) and (3.0.23), and to get

the desired estimates for the functions &+, b;t and c;.t (see Lemma 2.1, [78])
Lemma 3.0.3 Suppose that the function (or matriz) F satisfies the estimate
O2OLF (2,6 E)| < Cay (1+[al) " g7,
for (z,€) € 2+ (E) and some p > 1. Then the scalar (or a matriz-valued) functions
(2,6 F) = i/F xtitw, & F)dt
0
satisfy equation (3.0.21) and the following estimates
—(p—=1)—|a _
OO0 ™ (2,6 B)| < Cay (14 )00 g 7171,

on Z* (E) for all a and B.

(3.0.26)
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It follows from Lemma 3.0.3 that under assumptions (3.0.2) and (3.0.3) the phase functions ®%,

defined by relation (3.0.22) are solutions to equation (3.0.12) and satisfy on =* (E) the estimates
00 ®* (2,6 B)| < Cap (14 |o) ™07 g7 p = min{pe, pun}. (3.027)
Moreover, we obtain from Lemma 3.0.3 the following

Proposition 3.0.4 Suppose that the magnetic potential A and the electric potential V' satisfy the
estimates (3.0.2) and (3.0.8), respectively. Then, cf defined by (3.0.23) solve equation (3.0.20) and

the following estimates hold on =+ (E)

O200bF (2,6 B)| < Cap (1 Ja) 0710 71 >, (3.0.28)

and

O200¢F (2,6 B)| < Cay (1 [a) 77710 7P1 >0, (3.0.20)
Proof. We argue by induction in j. Set j = 1. First note that

‘351% (iE)‘ <Clel™"? and ‘af (|§E|Pw (iE))‘ <Clehn (3.0.30)
Differentiating the relation (3.0.18) we see that 838§b1i is a sum of terms of the form

o7 <2|5EPW (—E)) (83852 (o (VO* + A))) (afszaw (E)) ,
with 25:1 B; = . Then, from inequalities (3.0.27) and (3.0.30) it follows the estimate (3.0.28) for
b, Using (3.0.27),(3.0.30) and (3.0.28) with j = 1 we see that Fi° in equality (3.0.23) satisfies the
estimate
OO FE (2,6 B)| < Cap (1 + ) 7771 g 7191

Then, using Lemma 3.0.3 it follow that ¢ (z,¢; E) solve equation (3.0.20) and satisfy estimates
(3.0.29).

By induction assume that (3.0.28) and (3.0.29) are true for j = n — 1. Differentiating (3.0.18) it

follows that 3;‘3? bt is a sum of terms of the form

7 (Llp, (—E)) (05107 (o (—iv + v®* + A) + V) 8520%b,,_,
: (2 ) ( ¢ ) ¢ (3.0.31)

100 (KLP, (- B)) (020 (o (=9 + 9o+ + 4))) (90 P () ) 02205 co
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with a1 + as = @, o) + o = «, 2?21 B = f and 2?21 B; = B. Therefore, from the hypothesis of
induction, and inequalities (3.0.27) and (3.0.30) we get estimates (3.0.28) for b:. Similarly we see that

F,, satisfy the estimate
030¢ Fr (2,6 B)| < Cays (14 [a]) 77177,

Using Lemma 3.0.3 we conclude that ¢ (z, &; E) are solutions to equation (3.0.20) satisfying estimates
(3.0.29). m
Proposition 3.0.4 implies that the solutions to equation (3.0.1) we are looking for, are given by

(3.0.6). Let us define the functions

ok (2,6 E) = P S0yt (4 6 ). (3.0.32)
Note that
ui (2,6 F) = @8t (2,6 F). (3.0.33)
Relation (3.0.25) implies that
ur P,(E) = ui, aL P, (F) = af and ri P, (E) = 1. (3.0.34)

We conclude this Section with the following result

Theorem 3.0.5 Suppose that the magnetic potential A and the electric potential V satisfy the es-
timates (3.0.2) and (8.0.3), respectively. Then, for every (x,&) € =+ (E) the following estimates

hold

0200w (2,6 E)| < Cay (1+ [a) 11717, (3.0.35)

02070k (0,6 B)| < Clap (1 + ) Mg 717, (3.0.36)
Moreover the remainder 1 (x,&; E) satisfy estimate (3.0.5).

Proof. Estimate (3.0.35) is a consequence of Proposition 3.0.4. Note that 858?@% (x,& F) is a sum

of terms of the form

(02001 =62)) (92005 (2,6 B) )
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with aq + e = a and $1 + B2 = 5. Thus, relation (3.0.36) follows from the estimates (3.0.27) and
(3.0.35).
To prove the estimate (3.0.5) we observe first that relations (3.0.16) and (3.0.17) imply

rE (2,6 E)

o1 (2,6:B)

= v (P (=B) (a (=iV + V&* + A) + V) by, + (P (=E) a (—iV + V&* + A)) P, (E) e }.

Differentiating rjj\t, we see that 3;‘357"?\3 is a sum of terms similar to (3.0.31). Thus, using estimates

(3.0.27), (3.0.30), (3.0.28) and (3.0.29) we obtain (3.0.5). =



Chapter 4

Kernel of the scattering matrix.

4.1 Symmetries of the kernel of the scattering matrix.

In this Section we discuss the parity, charge-conjugation and time-reversal transformations for the
Dirac operator (see, for example [8]). In particular, we study the symmetries that these transfor-
mations imply for the kernel s (w,8; E) of the scattering matrix S (F). These symmetries can give
necessary conditions when one studies the characterization problem. We consider the Dirac operator
with potential V of the form (9). Suppose that V satisfies Condition 1.1.1. The latter assumption is
made only in order to guarantee the existence of the wave operators W, and the scattering operator
S, and may be relaxed.

The parity transformation is defined as P =e'? 3¢, where (s¢f) (z) = f (—x) is the space reflection
operator and ¢ is a fixed phase. The transformation P commutes with Hy. For the perturbed operator

H we have
P(—iaV+mpB+ aA(x) +V (z)) = (—iaV +mp — aA(—z) +V (—x)) P.

Therefore, for the operator H of the form (9) with general electromagnetic potential V the parity

transformation P is not a symmetry. If we consider an even electric potential, V (z) = V (—z), and

40
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an odd magnetic potential, A (—z) = —A (z), then PH = HP. In this case it follows that the parity
transformation P commutes with the wave operators W, and the scattering operator S.
Noting that

B3To (E) =Ty (E) e P, (4.1.1)

and

e Py (E) =T (E) B, (4.1.2)
where (3b) (w) = b(—w), is the reflection operator on the unit sphere, we obtain the equality
§58 () = 5T, (E) ST (E) = T (E) ST} (E) 56 = § (E) i6.
This means that the kernel s (w, 6; E) of the scattering matrix S (E) satisfy the relation
s(w,0; FE) = s (—w,—0; E) B. (4.1.3)

For the Dirac operator the charge-conjugation transformation is defined as C = i (Bas) C, where

C is the complex conjugation. Note that
C(—iaV+mpB+aA+V)=1i(faz)(i@aV+mp+aA+V)C =—(—iaV+mp—aA—-V)C.

We consider now an odd electric potential V (z) and an even magnetic potential A (z). Using the
charge-conjugation transformation C we see that CPH = —HCP, CPWxL = W,.CP and CPS = SCP.
Moreover, as

Cid (E) =Ty (—E)C, (4.1.4)

and

€T (B) = T (<) O s
using (4.1.1) and (4.1.2) we have
CBTo (E) = Cily (E) e P =Ty (—E)Ce P,

and

Ce "Pry (E) =CT} (E)Bsx =T (—F)Cp.
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The last two equalities imply that
CBS (E) = CATy (E) ST} (E) = To (~E) STy (~E)CB = S (—E)CB.
Thus, we obtain the following relation for the kernel s (w, 8; F) of the scattering matrix S (E) :
5(w,0; E) = as (w,0; —F) . (4.1.6)

Another symmetry of the free Dirac operator is the time-reversal transformation 7 = —i (e a3) C.

Note that

T (—iaV+mf+aAd+V)
(4.1.7)
= —i(oqas) (@V+mpB+aA+V)C=(—iaV+mp—aA+V)T.
If A = 0, then relation (4.1.7) implies that TH = HT and Te™ = e~*HT . Thus, we have the

following relations

TWe=WzT and TS = S*T. (4.1.8)
Noting that
T#Lo(E)=To(E)T, (4.1.9)
and
TTE (E) =T (B) T (4.1.10)
we obtain

T3S (E) =Tl (E)STh (E) =T (E)S*T{(E) T =S (E)" Ts.
The last equality for the scattering matrix S (F) leads to the following symmetry relation for the
kernel s (w,6; E) :
(a1a3) s (w,0; ) = (s (=0, —w; E))" (a1a3) . (4.1.11)
If A # 0, then relation (4.1.8) is not satisfied. In this case, in addition to T, we need to apply some

other transformation to H to get a relation similar to (4.1.8). Note that the parity transformation

P changes the sign of the magnetic potential A. Therefore, in case of even potentials V we have
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TPH = HTP, and hence, TPW4 = WLTP and TPS = S*TP. Using relations (4.1.1) and (4.1.9)
we get

TBTo (E) =TTy (E)e P =Ty (E) Te “P,
and, by using (4.1.2) and (4.1.10) we obtain
Te “PTy (E) =TTy (E) B3 =T} (E) TB.
From the above equalities we have
TBS(E) =TpBo (E)SIG (E) =To(E)S'T§(E) TS =S (E)" T8,
and, thus,
(crasf) s (w,0; E) = (s (0,w; E))" (a103B) . (4.1.12)

Let us consider the case when the electric potential V' = 0 and the magnetic potential A is a general
function of x. As the charge-conjugation transformation changes the sign of the magnetic potential
A, we get a relation, similar to (4.1.8) for the following transformation A =CT. As A (iH) = —iHA,
then Ae'f = e~"H A which implies that AW, = WxA and AS = S*A. From relations (4.1.4) and
(4.1.9) it follows that ATy (E) = T'o (—F) A. Moreover, using equalities (4.1.5) and (4.1.10) we get

AT (E) =T'§ (—E) A. Therefore, we obtain
AS(E)=ATlg (E)STy (E) =T (—E)S*T§ (—E)A = S (—E)" A.
Therefore we obtain the following symmetry relation
s (w,0; ) =7 (s (0,w; —E))" 7, (4.1.13)

where v = ajasagf.
Finally suppose that V (x) is an odd function. Then the transformation IT = CT P satisfies the
equality ILH = —HII and e = e~“HII. This implies that IIW, = W41l and IIS = S*II. Moreover,

as ABiTy (E) =T (—E) e ™I, and e I} (E) = T}y (—E) AB3, then we have

AB3S (E) = ABsT, (E) ST (E) = Dy (—E) S*T% (—E) ABs = S (—E)* AR,
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and

5(w,0;E) = By (s (=0, —w; —F))" 8. (4.1.14)

4.2 Estimates for the scattering amplitude.

4.2.1 Statement of the results.

In this Section we study the diagonal singularities and the high-energy behavior of the scattering
amplitude for potentials of the form (9) satisfying estimates (3.0.2) and (3.0.3). We follow the method
of Yafaev [77] and [78] for the Schrodinger operator for this problem, that consist in defining special
identifications J1 and in studying the perturbed stationary formula for the scattering matrix. In other
words, we will use the approximate solutions (3.0.6) to construct explicit functions sy (w, 6; ), such
that the difference s — sy is increasingly smoother as N — co. Moreover, as N — oo, the difference
s — sy decays increasingly faster when F — oo.
Let us announce the main result of this Section. First we prepare some results.

For an arbitrary point wg € S? let II,,, be the plane orthogonal to wy and
Q4 (wo,6) = {w € S§?| £ (w,wp) > 3}, (4.2.1)

for some 0 < § < 1. For any w; € S? let us define Oji =0y (wj, (1+49) /2) and set O; := O;FUO;.

Let us prove the following result

Lemma 4.2.1 Let j and k be such that O; N Oy, # @. Then, if wj, € Oji N O,f, we get
O;-' U0 C Qu (wj,d) and 0; U0, C Qx (wjk,6) .

Moreover, if wji, € Oji NOF, we have
O U0, € Qu (wjk,8) and OF UOL C Qx (wy, ).

Proof. Let wj;, € O;-r and w be in O;-r. If wj = wji, or w = wj, then w belongs to Q. (wjx, ). Thus, we

can suppose that w; # w;i and w # w;. Let 0, be a unit vector in the plane generated by w and wj, that



4.2. ESTIMATES FOR THE SCATTERING AMPLITUDE. 45

is orthogonal to w; : (wj,0,,) = 0. We decompose w as w = (w,w;) w; + (w, O,,) b,. Similarly, for w; #
wjj, we take a unit vector 6,,, such that wj, = (Wjk,w;)w; + (Wjk, 0w, ) Ousis (W), 0a,, ) = 0. Then,
we have (w,wjr) = (W, w;) Wik, w;) + (W, Ou) (Wiks Oy ) (Buos Oy ) - As [{w,wj)| > VA +6) /2, we
get |(w,0,)] < /1= (1+6)/2 and, similarly [(wjk, O, )| < /1= (1 +4) /2. Using this inequalities
and the estimate (6,,,60,,,) > —1, we obtain (w,w;x) > (1+6)/2— (1 —(1+6)/2) =4, and then,
w € Oy (wjk,0). If w belongs to O, (-w) € Oj+. Thus, —w belongs to Q4 (wj;i,0) and hence,
w € QO (wjk,8). If wj € O, then —wj), € OF, that implies OF C Ot (~wjk,8) = QO (W), 6) .
Proceeding similarly for wj;,w € Oy, we obtain the result of Lemma 4.2.1. m

Let us take {O;}j=1,2,.. n, such that for some n, they are an open cover of S? with the following
property: if O; N Oy = @, then dist (O, Oy) > 0. For every j we take y; (w) € C* ($?), x; (w) =
X; (—w), such that Z;.Z:l xj (w) =1, for any w € S%

We decompose S (F) as the sum

S(E) =3 S (E) . (4.2.2)

Then the kernel s (w, 0; E') of the scattering matrix S (E) decomposes as the sum

s(w,0;E) = Y x;j (w)s(w,0; E) xx (6). (4.2.3)
j,k=1

Suppose that O; N Oy, # @ and let w; € O; N Oy, be fixed. We take wy; = wjk. Let us define
Xk (@, 0) = X (@) X5, (0) = XGp (W) X5, (0) (4.2.4)

where ink (w) € C* (S?) are such that ink (w) = ij (W), Xj; (W) = 1 for w € Q4 (wjx,d) and
Xﬁ (w) = 0 for £(w,wjx) < 0. Note that x;x (w,0) = x;x (0,w) and x,x (w,8) = —xk (—w, —0)
Moreover, Lemma 4.2.1 implies the following properties of the function x i (w,0) : if wji € Oj+ N Olj
Xjk (w,0) = £1 for (w,0) € OF x O C Qx (wjk,8) X L (W, 0), and Xk (w,0) = 0 for (w,0) €
OF x OF C Qu (wjn, 6) x QO (wjk, 0); if wjr € O N O, xjk (w,0) = F1 for (w,0) € OF x OF C
Qx (W), 6) X Qf (Wjr, ), and Xk (w,0) = 0 for (w,0) € OF x OF C Qg (wjk, 0) X Vit (wjs, 8); if

Wik € O;rﬂO,:, Xjk (W, 9) = +1 for (w,&) S O]iXO]T C Oy (wjk, 5) X Q4 (wjk,é) , and Xijk (w,@) =0 for
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(w,0) € OF xO € Q. (Wi, 6) X Qs (Wi, 8) 5 i wjp, € 07 NOY, xjk (w,0) = 1 for (w,0) € OF xOjf €
Ot (W), 6) X Qi (W, 6) , and Xk (w, 0) = 0 for (w,0) € OF x O € Qg (Wi, 6) XVt (wjs, 5) . We set

syt (W, 0, E) := (21) "2 v (E)® xjx (w, 0) x; (w) x5 (6) / VB ik (y,w, 0, E) dy, (4.2.5)

M,

where
hy i (y,w, 05 E) := (sgn E) (af (y,v (E)w; E))" (o~ wyi) (ayy (y, v (E) 0; E)) (4.2.6)

where aﬁ (z,&; F) are the functions (3.0.32). The integral in (4.2.5) is understood as an oscillatory

integral.

Remark 4.2.2 Note that the operator Sy, (E) with kernel > sy jk (w,0; E) is a PDO on the
O;NOL#D

sphere S2, with amplitude of the class S°. Indeed, let us denote by ( the orthogonal projection of

w € Q4 (wjk, ) on the two-dimensional plane 11, , and let X3 be the projection of Qy (wjx,d) on I, .

We identify below the points w € Q1 (wjk,d) and ¢ € ¥ and for any function f (w), w € Q4 (wjk,9),

we define

If f (w,0) is a function of two variables w,8 € Q4 (wjk, d) , then we put

G = f(w0).

We have,

/SN,jk<w79§E)f(€>d9:(27r)_2U(E)2/H /H ei<y’cl_c>}~1'N’jk(y,Q(/)f(C’)dC’dy, (4.2.7)

with B/N,jk(yaCaC/) = Xjk(gi‘)?‘iii%(c)flj\r]k (y,¢,¢"; E) . Note that for w,0 € Qi (wjk, ), the func-

tions af, satisfy (3.0.36), for all y € Il . Therefore, the amplitude l'rdl’]\,’jk (y,¢, ¢ E) of Spr (E)

belongs to the class S°.

We define also the function gianjk (w,0; F) as

B (0,0 E) = s (w,0: E) = sy (w,0; E), (4.2.8)
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where

sin” (w,6; E) == (sgn E) (21) "> v (B)” xju (0, 6) x5 (w) X (8)
(4.2.9)
x [ e E)ui=)p (E)(a-wj) Py (E)dy.

Mo,

Proposition 4.2.23 shows that ) s(()%k) (w,0; E) is a Dirac-function on H (E).
O,;NOR#2

We now formulate the results that we will prove in this Section. For wy € S? we introduce
cut-off function ¥4 (w,0;wy) € C™ (82 X SQ) , supported on Q4 (wg,d) x Q. (wo,d). Moreover, let
¥y (w,8) € C™ (S? x S?) be supported on Ox ', where O, 0’ C S? are open sets such that 0n0' = 2.

We define

sing

sV (w,0; B;wo) = £ 04 (w,B;wp) (27) 20 (E)? / eV BNy (y, w,0; Bywo) dy,  (4.2.10)

1L,

as an oscillatory integral, where
hy (y,w,0; E;wo) == (sgn E) (a}; (y,v (E) w; E))* (- wo) (ay (y,v (E)6; E)) (4.2.11)
and Syeg (W, 0; F) == U1 (w,0) s (w,0; F).

Theorem 4.2.3 Let the magnetic potential A (x) and the electric potential V (x) satisfy the estimates
(8.0.2) and (3.0.3), respectively. For any p and ¢, Sreg (w, 0; E) belongs to the class CP (82 X SQ) and
its CP-norm is a O (E~?) function. Moreover, for any p := p(N) and q := q(N) there exists N,
sufficiently large, such that, ¥4 (w,0;wg) s (w,0; E) — sgﬁ; (w, 8; E) belongs to the class CP (82 X 82),

and moreover, its CP—norm is bounded by C |E|™Y, as |E| — oo. These estimates are uniform in wo,

in the case when the CP-norms of the function Wy (w,0;wo) are uniformly bounded on wy € S?.

Let us decompose the scattering matrix S (E) in the sum (4.2.2). Then, taking ¥4 (w,0;wjr) =

(N)

sing?’

and noting that in this case sgi]X; =

X;.tk (w) X;tk (0) x; (W) xx (0) , wo = wjk, in the definition of s

SN, jk, We obtain

Corollary 4.2.4 If O; N Oy, = @, then for any p and q, x; (w) s (w,8; E) xx (8) belongs to the class

cr (82 X SQ) and its CP-norm is a O (E~7) function. If O; N Oy # @, then for any p and q there
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exists N, sufficiently large, such that, x; (w) sxx (0) — sy ji belongs to the class CP (S* x S?), and

moreover, its CP—norm is bounded by C' |E|™?, as |E| — <.

Theorem 4.2.5 Let the magnetic potential A (x) and the electric potential V (x) satisfy the estimates

(3.0.2) and (3.0.3), respectively. Then, the scattering matriz S (E) admits the following decomposition
S(E)=1+G+R, (4.2.12)
where I is the identity in H (E), G is an integral operator with kernel
gy (w,0:E):= Y x;(w) g (w,0:E) xk (0),

O;NOL#D

which satisfies the estimate
lgn (w,0; F)| < C|w— 9|7(37p) , w# 0, for p=min{pe, pm} < 3, (4.2.13)

and it is a continuous function of w and 0, for p > 3; and R is an integral operator with kernel
ry (w,0; E). For any p and q there exists N, sufficiently large, such that rn (w,8; E) belongs to the

class CP (S? x S?), and moreover, its C*—norm is bounded by C |E|™?, as |E| = cc.

4.2.2 Symmetries of the approximate kernel of the scattering matrix.

We note that the approximate kernels )" sy j satisfy the symmetry relations (4.1.3), (4.1.6),
Ojﬂok;ﬁg

(4.1.11), (4.1.12), (4.1.13) and (4.1.14). Below we suppose that E > m. The case E < —m is
analogous.
Let us first show that the approximate kernels 5 %: ) SN,jk are invariant under the gauge trans-
MO #D
formation A — A+ V4, for ¢ € C* (R?) such that 9% = O <|m\7"7|0“) for 0 < || <1 and some

p > 0 as |z| = oo. We emphasize the dependence of different functions on A. We get from (3.0.22)

that

O (2,6 B A+ Vi) = + (T (%v (2 % tw) + (w, A (2 £ tw)) + (w, Vi (z + tw))) dt>
0 (4.2.14)

= 0% (2,6 B A) — ) (2).
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Next we show that

i (2,8 B A+ V) = b (2,6 E; A), (4.2.15)

and

¢ (2, & B A+ VYY) = ¢ (0,6 E; A), (4.2.16)

for j > 1. First we prove relations (4.2.15) and (4.2.16) for j = 1. From (3.0.18) and using (4.2.14) we

get
b (2,6 E; A+ V)

= 5P (—B)a (VO* (2,6 B; A) — Vi (2) + A+ V) P, (B) = bf (2,& E; A).

Then, by (3.0.24), we have
Fi (2,6 B A+ V) = Ff (2,6 B3 A).

Moreover, using (3.0.23), we get

(2,6 B A+ V) =+ [ FE (v £ wt, & E; A+ Vi) dt
0

::thli (a::I:cut,{;E;A)dt:cli (z,&§ E;A).
0

By an argument similar to the case j = 1 we prove relations (4.2.15) and (4.2.16) by induction for any
j. The definition (4.2.6) of hy ;i and relations (3.0.32), (3.0.10), (3.0.14), (3.0.15), (4.2.14)-(4.2.16)
imply

hy i (y,w,0; E; A+ V) = hy i, (y,w,0; E; A),

and hence,

Now we show that relation (4.1.3) for ~ >° sy & with an even electric potential V' and an
O;NOR#92

odd magnetic potential A holds. From the definition (4.2.5) and the relation xx (w, 0) x; (w) xx (8) =
—Xjk (=w, =0) x;j (—w) xx (—0) we get

Bsn jk (—w, —0; E) B

=—21) v (B)? gk (w,0) x5 (W) xi (0) [, e EIWO=9)Bhy o (—y, —w, —0; E) Bdy.

Wik
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Thus, we need to show that
Bhy i (y,w,0; E) = —hy ji (—y, —w, —0; E) B. (4.2.17)

By relation (4.2.6), equation (4.2.17) is equivalent to

B (af (y,v (B)w; E))" (a-wsr) (ay (y, v (E) 6; E))

(4.2.18)
=~ (a§ (=4, v (B)w; B))" (a - wjr) (ay (—y, —v (E) 6 E))
Under the assumptions on V and A we get from (3.0.22) that
O (2,6 B) = + (T (Y @+ ) + w, A (@ w) dt)
o 0 (4.2.19)
=+ (f (%V (—ztt(—w))+ ((—w),A(—x £t (—w)))) dt) =®F (—z,-&E).
0
Let us prove that
BbF (2,& E) = by (—x,—& E) B and Bc (2,6 E) = ¢ (—x,—§, E) B, (4.2.20)

for j > 1. By (3.0.18), for j = 1, we have
905 (2.6 ) = L3P, (~B)a (v0* (2.6 E) + A) P, ().

Using that Ba = —afB, —A(z) = A(—x), relation (4.2.19) and —v®* (z,£; E) = (VOT) (—x, —& E)
we obtain

B (0,6 ) = {5 P-u (~E) a (VO* (2,6 E) + A(x)) Py (E) B 2o
= 33P0 (E)a((v8*) (~2, & E) + A(~x)) Py, (B) B = bf (~2,~& E) B,
Using relations (3.0.24), (4.2.21) and equality zﬂvbli (,&; FE) = — (z‘vbf) (—x,—¢&; E) B, we obtain

BE (2,6 E) = —z"lz'P_w (BE) a(—iV + V®* (2,& E) + A(2))Bby (2,6 E) = Ff (—z,—-& E) B

and therefore we obtain
Bt (z,6,F) = i/ﬁFf—“ (r+wt & E)dt ==+ / FE(—z =+ (—w)t,—& E) Bdt = ¢ (—x,—& E) B.
0 0

By an argument similar to the case j = 1 we prove relation (4.2.20) by induction. Using (4.2.19),

(4.2.20) and equality o = —a8 we obtain (4.2.18) and then, we get relation (4.2.17).
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Let us consider now an odd electric potential V (z) and an even magnetic potential A (z) and

prove equality (4.1.6). From (4.2.5) we get

SNk (W, 0; E)

= (2m) 7 0 (B)" xyk (@,0) x5 (@) xi (0) [ eI~y 5y (—y,w,0; B)dy.
HUJ,

gk

Thus, we have to show that

Qo (hN,jk (—y,w, 0, E)) =hn i (y,w,0; —F) as.

That is
az(a (—y,v (B)w; E))" (a- wji) (ay (—y, v (E) 6; E)) (1222)
=—(a} (y,v (B)w; —E))* (o~ wjx) (ay (y,v (E)6; —E)) as.
Let us show that
Qs (aﬁ (—y, v (E)w; E)) =af (y,v (E)w; —E) as. (4.2.23)
For the phase functions ®* we have the following equality
—F (1,6 F) = + < i (%v (2 % tw) + (w, A (z £ tw))) dt>
N 0 (4.2.24)
=4 (f (%V(—x Fitw) — (w,A(—zF tw)>) dt) = ®* (—z,6-F).
MANE
Let us prove that
Qo (bj[ (x,S;E)) = bf (—2,&—FE) ay (4.2.25)
and
Qo <cji (x,¢; E)) = cji (—2,¢—F) as, (4.2.26)

for any j > 1. For j = 1, using that av@ = —aag, P, (E) = P, (—E)as, A(x) = A(—z) and

(4.2.24) we obtain

abt (2,6 E) = —LL P, (BE) a (VO* (2,6 E) + A(2)) P, (—E) as
(4.2.27)
=P, (B)a (v0F) (-2,& ~E) + A(~2)) P (—E) az = bf (2,8 —E) as.

From (4.2.24) and (4.2.27) we have the equality
a2F1i (Z‘, 57 E)

— ilELp, (~E) (a (iV + VO* (2,6 E) + A (2))) asbt (2,6 B) = F (2,6 —E) az
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and

aoct (2,6 F) = j:/ongljE (z £t wt, & E)dt = :i:/FljE (—z Fwt, & —E) agdt = ¢ (—2,& —F) ag.
0 0

Relation (4.2.25) and (4.2.26) for any j can be proved similarly by induction. From (4.2.24), (4.2.25)
and (4.2.26) using the definition of a7 (see (3.0.32)) and recalling that asP,, (E) = P, (—F) az, we
get (4.2.23). Multiplying equation (4.2.23) on the left and on the right by «s and taking adjoint, we

prove that

w (aF (Cy v (B)w; E))* = (a (y.v (B)w;—E))” aa. (4.2.28)

By (4.2.23), (4.2.28) and as@ = —awz we obtain (4.2.22), what proves (4.1.6).

We suppose now that A = 0 and prove the equality (4.1.11) for Y~ sy jx. Note that
OjﬁOk;éz

Xk (W, 0) x5 (W) Xk (0) + xij (w,0) x5 (W) x5 (6)
(4.2.29)

=~k (=0, —w) xj (=0) Xk (—w) + xxj (=0, —w) xx (=0) x; (—w)).

Thus, it is enough to prove that (a1as) hy jk (y,w,0; E) = — (hy ik (y, —0, —w; E))* (a1a3) , or

(a1as) (af (v (E)w; )" (o wye) (ay (9,0 (E) 0: E))

(4.2.30)
= (aiy (. v (B)w; B)) (0 wy) (aly (y. —v (E) 6: E)) (ar15) .
First of all note that
—®* (2,6 E) =+ (— ?%V(m + tw) dt)
o ‘ (4.2.31)
=7 (f %V(xiFt(—w))dt =¥ (z,-&§E).
0
Let us prove that
(1a3) by (2,6 E) = b7 (v,—& E) (1) (4.2.32)
and that
(103) cf (2,6 E) = T (v,—& E) (n03), (4.2.33)

for j > 1. Consider the case j = 1. We have

(0109) 57 (5,6 B) = 1k (on05) P (“F) (0 9% (2,6, ) P (B
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Using that (a1as)@ = —a(a1as), (a1as) 8 = B (a1as) and relation (4.2.31) we have

(e103) by (2,6 E)
(4.2.34)
= %P_w (_E) o (V (‘I)$ ('Tv _ng))) P—w (E) ((110(3) = bf (-T, —S,E) ((11043) .

From (4.2.34) we get

(0110[3) (:L' 57 )
=il P, (B) (a iV + VO* (2,6 B))) (aras) b (2,6 B) = —FFF (2, =& E) (a1a3)

and

(aras) i (2,6 E) = :|:7O (aras) Fi™ (z £ wt, & E)dt
0

=F [F (zF (-w)t, =& E) (naz) dt = cf (2, & E) (a1as).

Similarly we prove relations (4.2.32) and (4.2.33) for any j. From (4.2.31)-(4.2.33), using the identity
(v1az)@ = —a (aja3) we obtain (4.2.30).

Let us prove (4.1.12). Suppose that V is even. From (4.2.5) we get

sk (W, 0, B) = (21) 20 (E)? x5 (w,0) x5 (w) X (0) / VBN h o (—y, w, 0; B)dy.
I,

Moreover, note that

Xk (@, 0) X (@) Xk () + Xkj (w,0) xi (W) x5 ()

(4.2.35)
= Xk (0,@) X5 (0) Xk (@) + xkj (6, w) Xk (0) X5 (w))-
Thus, in order to prove relation (4.1.12) we need to show that
(alal’»ﬁ) hN,jk (_y7 w, 95 E) = (hNJk (yv 9, ws E))* (0510[35) ; (4236)
which follows from
(asf) (af (—y, v (B)w; B))" (- wji) (ay (=y.v (E) 6; E)) (1.2.37)
= (ajv (v, V(E)ME))* (o - wik) (a} (y,v (E) 9§E)) (ara3f).
Note that
ot (0,6 ) =~ [ BV (2 £ tw) + (w, A (2 £ ) ) dt
(-1 %)

=7 (f (‘@'V( x:Ftw)+<w,A(—x:Ftw)>)dt> = OF (—2,& E).
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For j = 1, using that (c1a3f) @ = a (anasf) and (4.2.38) we have

(a103B) b (7,&; B)
= &P, (= B) a(((v®7) (=2,& E)) + A (=2)) P, (E) (a1a3f) = bT (2, B) (aas)
and
(103B) Fi" (2,6 E)
= —il8lP, (B) (0 (iv + VO* (2, B)) + A) (masf) b (v,& B) = —FF (—2,& E) (a1035).

Therefore, we get

(aga3f) cli (v, FE) =+ fooo (arasf) FllL (x +wt, & E)
=T o F (—z Fwt, & E) (cqagf) dt = ¢f (—z,& E) (aqa3f) .

Then, by induction in j we obtain
(a1038) b} (2,6 E) = bf (=2, E) (ana3f) , (4.2.39)

and
(asf) cf (2,6 E) = ¢f (—2,& E) (a1a3p), (4.2.40)
for any j > 1. As before, relations (4.2.38), (4.2.39) and (4.2.40) imply (4.2.37).
Now suppose that V' is equal to zero and prove relation (4.1.13). As relation (4.2.35) holds, we
have to show that
Yhw i (y,w, 6 E) = (hy i (4,0, w; —E)) ",

or, which is the same

*

v (ak (g, v (B)w; B)) (- wi) (ay (y,v (E) 6; E))

= —(ay W, v (B)w;—E))" (o wji) (afy (v, v (E) 0;—E)) .

(4.2.41)

Noting that ya = —ary, v8 = —f~ and

(oo}

OF (2,6 E) ==+ (/ (w, A (z £ tw)) dt) =F ( / (w, A (z £ tw)) dt) =0T (z,§;—F), (4.2.42)
0

0

we have

Wi (2,6 E) = —%Pw (E)a ((vOT (z,& —E)) + A) P, (=E)y = bf (2,6 —E)~.
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It follows that

£

’YFli (x,f; E) = 7i|?|

P, (—E) (a(=iv + voE (2,6 E)) + A) i (2,6 E) = —Ff (2,6 —E)y

and

o0

veif (2,6 E) = i/’yFli (r+wt,&GE)dt = :F/FfF (x +wt, & —F)vydt = cf (2,6 —E) 7.
0 0

By induction in j we get the equalities
5 (2,6 B) = bf (2,6 —E), and v¢f (2,6 E) = cf (2,6 -E) 7,

with j > 1. These two relations, together with (4.2.42) and identities ya = —ary, 78 = —fv imply
equality (4.2.41).

Finally, we consider an odd function V. From (4.2.5) we get

(sn.jk (=0, —w; —=E))"
= (2m) " Xk (—0, —w) x5 (—0) xx (—w) wa.k eV BYv=w) (hy 51 (—y, —0, —w; —E))" dy.

Then, by (4.2.29), relation (4.1.14) for Y~ sn ;i follows from
O;NOL#D

VB (af (y,v (B)w; )" (o wy) (ay (y, v (E) 6; E))

(4.2.43)
= (ay (=9~ (B)w; =E))" (- wir) (af (~y, —v (E) 6; —E)) 1.
Note that
o* (2,6, E) = + (_70 (Y @+ ) + (w, A (@£ w) dt)
- 0 (4.2.44)
=7F (of (%V (—z+t(—w)) — (~w,A(—x+t (—w))}) dt) =&F (—x, - —F).
Then, we have
V0L (2,6 E)
(4.2.45)

= — P L (B)a((VOF) (—2,~& —E)) + A(—x)) Py (—E) 7B = b (—z,~& —E) 7B.
Using relations (4.2.44) and (4.2.45) we get
VBFY (2,6 E)

= (il P_ (=B) (o (—iv + VO™ (1,6 F)) + 4)) 98¢ (2,6 F) = —FF (~2,~& —F) 5.
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Thus, we have
vBeE (z,6,F) = + }ovﬁFli (rwt, & E)dt
0
= F [ B (=& ()t =& —E) yft = o] (-2~ ~E) 8

By induction in j we obtain
Vb5 (2,& E) = bf (=, —& —E) 7B, (4.2.46)

and
v (w,6 B) = ¢f (—x, =& —E) 7B, (4.2.47)

with j > 1. Using (4.2.44), (4.2.46) and (4.2.47) we get equality (4.2.43).

4.2.3 The identification operators.

The proofs of Theorems 4.2.3 and 4.2.5 are based in a stationary formula for the scattering matrix
S (E).
In the general case, where Hy and H are self-adjoint operators in different Hilbert spaces Hy and

‘H respectively, for A C o4 (Hp) , the wave operators are defined by the relation
W (H, Ho; J;A) = s — lim et e tHO By (A), (4.2.48)
— 4o

where J is a bounded identification operator between the spaces Hy and H, and Ey (A) is the resolu-
tion of the identity for Hy. When A = 04 (Hy) we write Wy (H, Hy; J) instead of W (H, Hy; J; A) .
In our case, 04 (Ho) = o (Hp), the spaces Hp and H coincide and the wave operators Wy (H, Hy) =
Wy (H, Hy; I) (I is the identity operator) exist and are complete ([71], [6], [21]). Thus, there is no need
to consider an identification operator J. However, it is convenient for us to introduce special identifica-
tions J4 and to study the scattering matrix S (E) associated to the wave operators W (H, Hy; J; A).
We have to construct Ji in such way that for a given E, S (E) = S (E).

We begin by defining the identifications

Jy = JMN.
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We take ¢g and R as in Definition 3.0.2. Let € > 0 be such that

V1—482<e<1—e, (4.2.49)

where ¢ is given in the definition of the sets Q4 (wo,d) (see (4.2.1)). Let o4 € C*°[—1,1], be such
that o4 (1) =1if 7 € (—¢,1] and o4 (1) = 0if 7 € [-1, =1 + &¢]. We take o_ (1) = o4 (—7) . Now let
ne C>®(R?),0<n<1, besuch that (z) = 0 in a neighborhood of zero and 7 (z) =1 for |z| > R.
Let the function

0(t) e C(Ry) (4.2.50)
be equal to zero if ¢ < ¢ and equal to 1 for ¢ > ¢, with some 0 < ¢ < ¢ < v (F). Finally, we define
¢t (@,8) = o= (n(@) (#,€)) 0 (I,

and
(@) =05 (n(@) (2.£)) 0 (I

Note that ¢ is supported on =* (E), for E > m and ( is supported on =% (E), for E < —m.

We define the identifications Ji = JE_LN) as the PDO’s

(Jef) (x) = (2m) 7> /RS 8 (2,€) f (€) de, (4.2.51)
where
g (2,€) = ay (@, &N O) ¢ (2,6 + ayy (2,6 = X (©)]) ¢ (2,6).
with

A(E) = AN(&E) = (sgn B)\/[€]” + m?

and the functions ai, (z,&; E) are given by (3.0.32). As ai, (z,&; E) satisfies the estimate (3.0.36) on
=* (E), then ji (r,€) € S%°. Thus, using Proposition 1.2.1 we see that Ji are bounded. It follows

from relation (3.0.34) that

in (@,6) = ay (2, & INON) P (€) ¢ (2,6) +ay (2,6~ MO P~ (€) G (2,€). (4.2.52)
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Remark 4.2.6 We take Ci for the projector P (€) on the positive energies E and i for the projector
P~ (&) on the negative energies E, in order to assure that Jy correspond to W. This also explains

the different definitions of ®* and cji for E>m and —E > m.
We need the following result which is analogous to Lemma 1.1 of [27] for the Schrédinger operator:

Lemma 4.2.7 Let AL and AL be PDO operators with symbols aL (x,¢) ,aZ (z,¢) € S0, respectively,

satisfying
af (2,6) =0 if + <x§> < —1+4eo, and af (z,6) =0 if F <x§> < l4e, 20>0, (4.2.53)

for |z > R >0, and

af (2.€) = ag (,6) = 0 for ¢| <c, (1.2.50)

for some ¢ > 0. Moreover, suppose that

al (z,€) P* () = af (z,¢) and ax (x,§) P~ (§) = ax (x,6). (4.2.55)
Then, for any f € S (R3; C4) and any N there is a constant Cy 5 such that

[Ase™™ 0 f|| < Oy (L4 1), Ft>0, (4.2.56)
where Ay is either AL or AJ.
Proof. We give the proof for AT. The case of A7 is similar. As af (z,€) € S°9, we have that
||Aie*”H0H < C, for all t.

Thus, we have to prove (4.2.56) for Ft > to, with some ¢y > 0. Using (4.2.55) we have

(ALe ™o f) (z) = (2m) %2 / e PR TIVETME L (2,€) [ (€) dé. (4.2.57)

Suppose that |z| > R. As the function \/ﬁiz is increasing, then on the support of aL we have
m

2 2
2z £t __& > (2e0 — €5) lz|* + e
/52 +m2 - 0 0 02 +m2 .



4.2. ESTIMATES FOR THE SCATTERING AMPLITUDE. 99

Here we used the following relation
2(a£b)? > (1—¢€?) (a®+b?) if £ (a,b) > Eelal|b], |e] < 1.

Thus, we get

1VeS (2,6 > ¢ (\x|2 + |t|2) , for Ft>0, (4.2.58)

where S (z,€) = (x,&) — t\/§2+m?2. If || < R and [¢| > to := 4R (%2 + 1) , then we obtain the

estimate (4.2.58) again. Therefore, for any « and Ft > ¢y the following inequality hold
(VeS (@,8)] = c(|z] +[t]) - (4.2.59)

Making use of the relation

—i(VeS) P e S veet = e,

and integrating by parts (4.2.57) N times we get
(Ase 10 f) (@) = [ %[9S WY (0. de

for f € S(R%C*), with b(iN) (z,6) € S99 Using (4.2.59), this integral can be estimated by
Cn.g (1+ |z +[t))™", for Ft > to. This implies (4.2.56). m

Let us define

(Jef) (@) = 2m) / @95, (2,€) f (€) d,

R3

with j4 (z,€) := PT (&) ¢S (2,€) + P~ (€) (£ (z,€) . Then, we have

((Jx —32) 1) (2) = (20) > / DT, (2, ) f () de,

R3

where ji (z,£) € S~(»~D:0 Note that

lim ||(Je = Jz)e ol f|| = 0. (4.2.60)

[t]—o0

The last equality is consequence of the following
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Proposition 4.2.8 Let A be a PDO with symbol a (x,&) € S~ for some o > 0, such that a (z,£) =

0 for [¢] < ¢, ¢ > 0. Then, for f € S (R3C*) the following estimate holds
|Ae= ot < C (). (4.2.61)

In particular, we get

t_l)iimoo HAe_iH(’tfH =0, for any f € L. (4.2.62)

Proof. Let 1 (z) € C§° (R?) be such that ¢ (z) =1 for |z| < 1 and ¢ (z) = 0 for |z| > 2. We write

a(x,€) as a sum

a= Pt (&) a;+ P (&) a + as,

with a1 = ay (%) and az = a (1 — (%)) , where v (t) = ¢ (¢? + mz)_l/2 |t| . The phase i (z,£)+

it/ € |2 + m?2 does not have stationary points in the support of a;. Therefore, for any N, the integral

32 [ jitwe)Fity/[EPHm? PE(e) F d‘ Oy R3. ¢4
en e [ e n (@O PO F O] < g, Fes Y.

and then

7r—3/2 pila,€)—it |€]2+m?2 2P a1 (0 £ H i
Hm /R VI G0} an (2,6) £ (©)de| < i

For as we have

Clearly ()7 az belongs to S%°, with constants, which are uniform on [t| > t; > 0. Then using

/RS € ay (x, €) (e=iHot £) (€) d§H <{y(t)/4)7°

/Rs €9 (2)” az (,€) (=07 f) (¢) d&H .

Proposition 1.2.1, we get

Thus, we get estimate (4.2.61) and equality (4.2.62) for any f € S (R% C*). Approximating f € L?

/]Rs pil@.) <:E>U ay (x,f) (eﬁf) (5) de <C.

by functions in § (R*; C*) and using that A is bounded in L? we obtain (4.2.62) for any f € L?. m

Using Lemma 4.2.7 and equality (4.2.60) we obtain the following result
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Proposition 4.2.9 The following equalities hold

s— tiigloo <Ji -0 <\/H§ - m2)> e~ ot — (4.2.63)

s— lim JjJ_e "ot =, (4.2.64)

|t] =00

where 0 (t) is defined in (4.2.50).

Proof. Using (4.2.60) we see that

s — t_ljimoo (Ji -0 (\/ﬂ)) e~ iHot _ o t—ligloo <Ji 9 (W)) e—iHot _ .

Noting that the symbols of the operators J4 — 6 <«/H§ — m2) are given by

(CE (@,€) = 0.(I1&D) PT (&) + (¢x (w,6) = 0.(I€D) P~ (€),

and they satisfy (4.2.53)-(4.2.55) we see that relation (4.2.63), for f € S (R?;C*), follows from Lemma
4.2.7.

Let J be the PDO with the symbol j% (&, ) j_ (x,£). Then, by Proposition 1.2.3, J{J_ — J is
iHot

compact. As e” converges weakly to 0, when |¢| — oo, then

s— lim (JrJ_ —J)e ol = 0.

t+oo
Hence, noting that j%j_ satisfies (4.2.53)-(4.2.55), we obtain equality (4.2.64), for f € S (R?’;(C"‘).
Applying a density argument, as in Proposition 4.2.8, we get (4.2.63) and (4.2.64) for any f € L?. m
As the wave operators Wy (H, Hy) exist, relation (4.2.63) implies that W (H, Hy; J1) exist and

the following equality holds

Wy (H, Hy) 0 (, /H2 - m2> =Wy (Jy). (4.2.65)

Note that the existence of the wave operators Wy (H, Hy; J1) can be proved in the same way as in
[21], where similar identification operators Ji were defined.

We define the scattering operator S (Jy,J_), associated to the wave operators Wy (H, Hy; J+),
by the relation

S(J+7J—) = W—T; (HaHO;J+)W— (H7H0;J—)'
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To simplify the notation we denote S = S (J4,J-).

Identity (4.2.65) implies that the scattering operators S and S are related by the equality
0 (\/Hg - m2> S6 (\/Hg - m2> =S (4.2.66)

4.2.4 The perturbation.

We define the perturbations T as
= HJy — JoHy. (4.2.67)
Note that
(JHof) ()

= (2m) 2 [o0 €@ N (a3 (2,6 N O CE (2,8) — a (,& = A (©)]) Cx (2,9)) F(€) dE.

Using relation (3.0.4) we have
9+ (z,8)
= (H = O (uy @, &N QD ¢ (,9) + H + M) (uy (2,6~ (O & (@)
= @O (1} (2, & NN ¢ (@, + 77 (2,6 - A (O) & (2,9))

—i 3201 (00, ¢ (2,6)) ajuy (2, & INE)]) — i X5y (90, Cx (2.8)) aguiy (2,6 — (A (E)]) -
Then, taking

(4.2.68)

te (2,6) = e 08 gy (,€)

and using relation (3.0.33) we obtain the following representation for 7% :

(Tef) () = / SO, (2,€) f(€) de = (TLf) (@) + (T2f) (), (4.2.60)

where the parts T1 and T3 have the symbols

=7y (6N QN (2,6 +ry (@6 =N ON & (@9 (4.2.70)

and

3 3
=iy (00, ¢E (@.9) ajax (2, &N D) =i Y (02,5 (,8)) ajary (2,6~ A (©)]),  (4.2.71)
J=1 j=1
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respectively. Using (3.0.5) we get

th e S NN N>, (4.2.72)

and, using (3.0.36) we obtain

3 e s (4.2.73)

Using Propositions 1.3.1-1.3.5 we get, similarly to Proposition 3.5 of [77] or Proposition 4.1 of [78],

the following result

Lemma 4.2.10 For any p, q, and N such that N >p—p+1/2, N > q, for |[Rez| > m and Imz > 0,
the operator

(@) (VYO TR (2) T (V) (2)? | (4.2.74)

is continuous in norm with respect to z and, moreover, the operator (x)’ (V)! TT Ry (E) T_ (V)? (z)",

is uniformly bounded for |E| > Ey > m, for all Ey.

Proof. Let us consider the case E > Ey > m, for some Ey (the case E < —Ey < —m is treated

similarly). Noting that Ty = T1 +T% and P, +P_ = 1, we decompose the operator (4.2.74) in seven

parts
(@)P (V)T (T})" R (2) T (V) (2)?, (4.2.75)
()P (V)T (T2)" PLR (2) P_T2 (V)" (z)" (4.2.76)
()P (V)T (T2)" P_R (2) PLT2 (V)" (2)" (4.2.77)
()P (V) (T2)" PLR (2) PLT? (V) (2)" (4.2.78)
()P (V)T (T2)" P_R (2) P_T? (V)7 (z)", (4.2.79)
()P (V)T (T1)" R (2) T2 (V) (2)?, (4.2.80)
and

(@)P (V)Y (T2) R (2) T (V) ()P (4.2.81)
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Using the relation (4.2.72) and Proposition 1.2.1, we see that for N > s+ p— p, N > g, the operators
(z)* T1 (V) (z)? are bounded. It follows from Proposition 1.3.5 that the operator (x)* R, (E) (z)”*,
s > 1/2, is bounded uniformly for |E| > Ey. Thus, the assertions of Lemma 4.2.10 hold for (4.2.75).

We split the operator (4.2.76) in three parts (z)” (V) (T2)"P1 (A)*, (A) " R(z)(A)"" and
(A P_T? (V)? (x)? | with s > 1/2. Then, the results of Lemma 4.2.10 for the part (4.2.76) follow

from Proposition 1.3.5 and the result for (1.3.4) of Proposition 1.3.1.

The operator (4.2.77) is equal to
()7 (V) (T2)" (A)™ x (AY P_R () P (A)" x (A) 7 T2 (V) (a)".

Then using Proposition 1.3.3 and the result for the operator (1.3.6) of Proposition 1.3.1 we conclude
that the results of Lemma 4.2.10 for the part (4.2.77) hold.

We decompose (4.2.78) in the product of the following three terms (z)? (V)? (72)" Py (A)P",
(A)™" R(2)Py (A)™" and (A)' P2 T2 (V)7 (2)”, with p, = max{p,q} + L,p1 > po. Applying
Propositions 1.3.3, 1.3.5 and the result for (1.3.5) of Proposition 1.3.1 we see that (4.2.78) is continuous
in norm with respect to z, for Rez > m and Im z > 0, and it is uniformly bounded for z = F + 10,
with B > Ey > m, for all Ey. Similarly, splitting the operator (4.2.79) in (z)” (V)7 (T2)" (A)' 77,
(A)""P2 P_R(2) (A) " and (A)P' P_T?2 (V)9 (2)? , we show that Lemma 4.2.10 for the part (4.2.79)
is valid.

It remain for us to show the assertion of Lemma 4.2.10 for the parts (4.2.80) and (4.2.81). The

operator (4.2.80) can be written as the sum of two operators
(@) (V)T (T1)" (A" % (A)" R(2) Py (A) 172 5 (A) TP T2 (V) ()"
where po = max{p, ¢} + 1, p1 > p2 and
(@) (V) (T})" (A)" x (A) " R(2) (A)"" x (A)"P_T2 (V)" (a)",

with s > % Proceeding in the same way as above we obtain the result for (4.2.80). Similarly we get

the result for (4.2.81). m
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4.2.5 The regular and singular parts of the scattering matrix.
For |E| > m, let us define the following operators
Sy (E) =2mily (E) T{ Ry (E)T-T'; (E), (4.2.82)
and for f; € H (FE) such that fi, fo € C> (SQ;(C4) ,j=1,2, 55 (F) is defined as the following form
(52 (E) f1, f2) == —2mi 1}}% (JET-6, (Ho — E) 91,1 (E) T (E) g2) , (4.2.83)

where 8, (Hy — E) := (2mi)”" (Ro (E + i) — Ro (E — i) and the functions g; are such that g; (€) =
()7 f5 (€) 73, 7 = 1,2, with € = &/¢l, v € Cg° (R \{0}) and 7 (v (E)) = 1. Below we
compute the limit in the R.H.S. of (4.2.83) and we prove that Sy (E) is a bounded operator, that is
independent of ~.

We show later (see Corollary 4.2.27) that the scattering matrix S (E) decomposes in the sum of
S1 (E) and Ss (F) . Therefore, in order to prove Theorem 4.2.3 for the kernel of the scattering matrix
S (E), it is enough to study the kernels of the operators S; (F) and S; (E) .

The kernel of the operator S; (E) is smooth:

Theorem 4.2.11 Let the magnetic potential A (x) and the electric potential V (x) satisfy the esti-
mates (3.0.2) and (3.0.3) respectively. For any p and q, there is N such that the kernel s1 (w,0; E)
of the operator Sy (E) belongs to the class of CP (82 X Sz)—functz'ons, and furthermore its CP—norm

is O (|E\7q) when |E| — .

Proof. Using the definition (1.1.12) of 'y (E), the relation (1.1.14) for T’} (E), and Iy (E) (V)™ % =

(1 + V(E)2)

2

Ty (E), we get

—4qo0

($1(E) f) (w) =i (2m) v (B)* (1+v(B)?)

x [ [emENwa) [P (E)(V)® Ti Ry (E)T- (V)™ Py (E)] e )0 £ (6) doda.
SQ
Note that for s > 3/2, e (F)0:2) (3)7% ¢ [2, Using Lemma 4.2.10 with N > 3/2 — p we see that

51 (,6; E) = i (2m) 20 (E)? (1+U(E)2)7qo/(e_“’(E)W’x) ()"*)

x [Py (E) (z)* (V)* Tt Ry (E)T- (V)™ (2)° Py (E)] (eiy(E)(G,x) <x>75) dx,

(4.2.84)
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is a continuous function of w and 6. Differentiating (4.2.84) p times with respect to w or 6 we see that

oPf (s1 (w,0; E)) is continuous in w and 6, and bounded by C'|E|™?, if the operator
(@) (V)* TI Ry (E)T- (V)™ ()™ (4.2.85)

with pg > p+3/2 and qo > 1+ ¢/2 + p, is bounded uniformly for |E| > Ey > m. Taking N > py — p
and N > qp in Lemma 4.2.10 we get the desired result. m

Let us study now the limit (4.2.83). It follows from (4.2.83) that
(S2 (B) fi. f2) = ~2milim (T,f*é}fg“E)gl, J. T (B) fg) : (4.2.86)
I

where

P = 1 (9 - B 4 47) T PO (g),

™

where P& E) (¢) are given in (1.1.1) and A (€) are defined below (4.2.51). Note that the equality
A (&) = E is valid only if || = v (F).

Using the relation (4.2.52) we obtain the following equation

JL T3 (E) fo = (2#)_% v (E) / @ (B)w) it (11 (E)w; B) fa (w) dw
where
it (2,6 B) = aly (1,6 1(€) =) (2, )
and moreover

(T_f, J4 T4 (B) f2) = (2m) v (E)

([ [t ®9 (G v (@1 ¢ 08 FEO). o) dede’) d

for fe8 (R?’;(C‘l) .

(4.2.87)

Let us define ¢ € C§° (R?) such that ¢ (0) = 1. Then, taking f = F50em B g in (4.2.87) and

using relations (4.2.69), (3.0.34) and (4.2.86) we get

Sa (E) f1, f2)

) (4.2.88)
=—i(2n) *v(E ) lim, o lime 0 //s2 G ( Jw, & E )5,(fgn g, (&), fo (w)) dwdé€'.
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where, for some ¢ € C§° (RT), such that ¢ (¢) = 1, in some neighborhood of v (F) and < (¢t) = 0, for

t<cy,
G (6,5 E) =< (&) s (I¢')) / {20 (j (2.6 B)) " t_ (2.6 E) g (ex) da, (4.2.89)
and
~(2,&5E) :=t' (2,8, BE) + 2 (2,¢; E), (4.2.90)
with
L (2,85 B) =1y (2,80 (€) (P (2, ¢)
and

3
t2 (x,&; E) zz <6zj<(sgnE (€ )> ajay (2,50 (€).

j=

—

Below we study the limit of G(®) (¢,¢'; E), as € — 0. Then, calculating the limit (4.2.88), we recover
information about the smoothness and behavior for |E| — oo of the kernel s5 (w,0; E) of Sy (E).

Let us denote £ = £/ |¢] and € = €’/ |¢']. We use the following result

Lemma 4.2.12 Let G (§,&'; E), defined on R? x R3, be such that for each E, |E| > m, the function
G (y (B)E, ¢ E) is Hélder-continuous on &', uniformly for w € S2. Let g1, f1 and fo be as in (4.2.83).

Then, the following identity holds

imo [ [ (G0 (B)a€3E)5 P (€). fa o) dde o
E

(G (E)w,v(E)O;E) f1(0), f2 (w)) dwds.

§2J§2

Proof. Note that for f € L!(0,00), Hélder-continuous in the point v (E), the following relation
holds

lim # OOO £ (r) <(\/r2 +m?— |E\)2 + u2> S {wEDIB (4.2.92)

nl0 T V(E)

Then, passing to the polar coordinate system in (4.2.91) and using that §; (€') = v (E) ™' f1 (é ) (1€'])

we get
lim,, o // Yw, & E) HsgnE)A &, fa (w)) dwdg’

(4.2.93)
-1
iy [ ((W*IEI)2+M2) W (r)rdr,

0
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where

W)= 0B 90) [ [ (G0 E)wr:E) £ 6).f2 ) dods.
As G (u (B)E, ¢ E) is a Holder-continuous function of the variable ¢, uniformly in £, we conclude
that W (r) is a Holder-continuous function of r. Therefore, applying the equality (4.2.92) to the R.H.S.

of (4.2.93) and recalling that v (E) = (|E|v (E))l/2 , we get the desired result. m

Using (4.2.90) we decompose G(&) (¢,¢'; E) as

GO (6.€B) =G (€61 B) + Gy (6.€:B), (4.2.04)

where
G\ (6,€5B) =< (Ighs (1€]) / {8 (% (0.6 B) 1L (2,6 B) o (ew) da, (4.2.95)

and
G (&,€5B) =< (1) s (1€)) / i(e8'=8) (j% (2,6 B)) 12 (2.€; B) ¢ (ex) da. (4.2.96)

Let us prove now the following result

Lemma 4.2.13 The limit G(lo) (1/ (E) é,u(E) f’;E) = liH(lJG(le) (l/ (E) é,l/(E) é';E) exists. For any
e—

p and q, there is N, such that Ggo) (1/ (E) é, v(E) é'; E) e Cr (82 X Sz), and its CP—norm is bounded

by C'|E|™?, as |E| — oo. Moreover, the limit in the R.H.S. of (4.2.88) with G(f), instead of G'®),

exists, and

i (2) 0 (B) lim limy / [ (G 0 (). B) 5 P (&), fo ()

—i (2m) 2 v (E)? A/S Gg‘” (v (E)w,v (E)6;E) fi (0), f2 (w)) dfdw.

Proof. As j3 (z,& F) € §%0, using (4.2.72) we see that
. * —p— a —N
| (2,6 )" 2 (0,6 B)| < Cap (1 Ja) 07N g

for N > 0. Thus, for N big enough, the limit in (4.2.95), as ¢ — 0, exists, and, moreover, Ggo) (&, & F)
is a function in CPWV) (R? x R3) , that decreases as C |£'|_Q(N) , when |¢/| = co. Replacing G(¢) with

Ggo) in (4.2.88) and using Lemma 4.2.12 to calculate the resulting limit we complete the proof. m
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We now study the term Ggg) (&,&; E). Let us consider first the function Gés) (&, & F) for £ £ ¢

We prove the following result

Lemma 4.2.14 Let O,0" C S? be open sets such that ono = o. Then, there exists a func-
tion G;%’O, (&,&; E), such that for any p and q, Gg’%’o, (£, &5 E) is of CP (R® x R3)-class, and its
CP—norm is bounded by C'|E|™? as |E| — oo, and moreover, for g1, fi and fa as in (4.2.83), with

the additional property fi1 € C§° (0') and fo € C§° (0),

—i (27) "2 v (E)lim lim / / (G (W (B)w, &5 E) 655 D g, (&), fo (w))dwde!

uiO e—=0

——iem) v (e)? | / (G4 o0 (v (B)as () 03 B) £ (0) 2 ()0,
§2 §2

In particular, the function G2 0,0/ satisfies the estimate

|60 (v (BYév (B)€:E))|

<C, (0,0 Bl 4.2.97
oo < o (00N I, (42.97)

for any p and q.

Proof. Choosing ! such that v/3|¢ — &/| > [€ — ¢'| > 0 and integrating (4.2.96) by parts n times we

get
GY) (6.€1B) = GS), o (6.6 E) + R\ (6,€1B), (4.2.98)

where

G0 (€65 E) = (& —&) s (€) s (1€') / 0 g (e2) (102)" (7 (@6 B)) 12 (2,65 B) ) da

and R(k) is given by R (§ &iE):=> " _em fe (w8'=¢) gm (z,€,&; E) o™ (ex) dx, with

gm € 8™, for m < n. Note that

lim //S2 RS‘Z Yw € E) §(SgnE)g1 (fl) fo (w)> dwde' = 0. (4.2.99)

e—0
Indeed, substituting the definition of R(? in (4.2.99) and integrating several times by parts in the

variable £ the resulting expression, we obtain a product of an absolutely convergent integral, uniformly

bounded on €, and €™
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For n > 2 the integral in the relation for G O o is absolutely convergent. Hence, the limit of

Géi)),O'v as € — 0, exists and it is equal to the absolutely convergent integral

G o (6.6 E)

(4.2.100)
= (& =€) " (e (€D S 9 (i0,,)" (% (.6 B) "t (0,6 ) da
Moreover, for any n we have the following estimate
‘(8’68’8 GéOO o’ ) (gvfl; E)) S prjk |£ - €I|_”, |B| + |6/‘ =D, (42101)

for p < n — 2. Introducing decomposition (4.2.98) in the R.H.S. of (4.2.88) and using relation (4.2.99)
for the part corresponding to Rﬁ) and Lemma 4.2.12 to calculate the limit, as u — 0, of the part
Gg,))o,ow we conclude the proof. m

Now let us study the singularities of Gés) (£,¢';E) for & = £. For an arbitrary wy € S?, we introduce

cut-off functions

supported on

—

/N
J\m
e

) €S2 x S2E,E e . (wo,é)}
and consider
\IJ:I: (éa é/;WO) Ggg) (5’5/; E) .

We need the following result

Lemma 4.2.15 Let us take w,0 € Q1 (wp,d) or w,0 € Q_ (wg,d). Suppose that (0,%) > e, where

e >1—2062. Then, (w,&) > —e¢.

Proof. The case § = wy is immediate. Suppose that § # wy. We prove the case w, 8 € Q4 (wp,d) . The
proof for the case w,8 € Q_ (wp,d) is analogous. Let § be a unit vector in the plane generated by 6
and wy, that is orthogonal to wy : (wo, §) = 0. We write 0 as 6 = (6, wo) wo+ (0, §) §. Let = be such that

(0,%) > e. Then, from the relation (0,z) = (0, wo) (wo, Z) + (0,9) (§,Z), and (0,79} < V1 — 62, for
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0 € Q4 (wo,9), it follows that (wg, &) > 0. For w € Q4 (wp, ) and for 2 such that (§, 2) = (wo, ) =0,

we have w = (w,wp) wo + (w, §) § + {w, 2) 2. Then, it follows

W,z = - — (W, 9) 4+ (w.2) 2)

and
1 R
G, = - > (2, 9) 9+ (2,2) 2).
(2,9)" + (2, 2)
Then, using that € > /1 — §2, it follows from (4.2.102) that

Note that, &;J{f (z,£") is equal to 0 for + <é',§c> < € and Cf (z,€) =1 for + <é,£> > —e and

|€] > ¢1. Then, Lemma above implies

CE (@) 0y CE (w,€) = 02, (2,€)),
for €] > ¢ and &,€" € Q4 (wo,6) or £,& € Q_ (wp,d). Thus, from (4.2.96) we obtain the following
equahtYa for é’ é/ € Q+ (WOa 5) or é? é/ € (w07 5) ’

G (&,¢5B) = —is (1€]) s (1€))

3 (4.2.103)
<O [ (@A (€) aguy (0. EAE) (0,65 (2.€) ) do
j=1

Recall the notation of Remark 4.2.2. We need the two following results (see Proposition 5.4 and

5.5 of [78])

Lemma 4.2.16 Let us consider

Af@am:/ﬂwﬂ%@@&mw@@,

Iy,
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where ¢ € C§° (R?) is such that ¢ (0) = 1,
IL,, = {y € R?*| (y,wo) = 0,wp € S*}
and g+ € SP for some real p, satisfies
SUpp g C {(5, é') e R® X R? | £,€ € Oy (wo,8), §>0, [¢'| > cl. (4.2.104)
Let g1, f1 and fy be as in (4.2.83). Then, for |E| > m and even n we have

lim,, o lim. 0 /32/ (.Agf) (v (FE) w, & E) SLSgnE)gl (5/) fo (w)) d¢'dw

— v (E) /mo/nwo/nwoei”<E><yv<’—<> w(E)y™ (4.2.105)

% (D) (3 (v (B) G (B) (5 B) i (¢1) 2 (©)) dydcd,

where (v (E)y) = \/1+ (v(E)y)?, (De)* =1 — 9% and
9+ (v, v (E) (v (E) (S E)

(0-1) (o))

7 (9, (B) (v (B) (L E) =

We define

Hfo (E) :={z € R*|z = 2wy +y,y € I, and + (sgnE)z > 0}.
Lemma 4.2.17 Let us consider

A (€.€5E) = (I (©)] — A E)]) / (€8 g, (2,6,¢'; E) ¢ (ex) da,

1, (B)

where p € C§° (RS) is such that ¢ (0) = 1, and g+ satisfies the assumption (4.2.104) and the estimate

92000 g (x,6,¢; E)‘ < Capp (1+[a])?1o (4.2.106)
for some real p, and all z € IIZ (E). Moreover, the following relation holds
wo g
g9+ (2,&,85E) = 0 4f (sgnE) (n,z) > co|nl|z|, forn=¢&+¢, co €(0,1), (4.2.107)

for all x € Hfo (E), |x| > R. Then, we have

im lim /S 2 / (Ag? (v (B)w, &5 E) 565 g (¢) , fi (w)) de'dw = 0. (4.2.108)

nl0e—0
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(senB) 1

We want to find an expression for Gés) (&,&'; FE) independent on the cut-off functions ¢
€ € Q4 (wo,d) , the function Oz, clen E) (x,¢&) is equal to zero for £ (sgn E) z < 0, so we can consider
the integral in (4.2.103) only in the region Hfﬂ (E) . Integrating by parts in Ggs) and noting that

C(jg“E) (y, &) =1, for |¢'| > c1, we get
¥ (68500) 657 (6.648) = W (850) (26 (6.6 B) + RE (€.658)), (12.109)

where

GY) (6.5 B) =i (sgn E)< (I€]) s (1€])
<[ R G ENO) (@) u (1N (E) e

I,

(4.2.110)

0

and

RY) (¢,¢5E) =i (sgn E)s (I€]) s (1€])

<Y [ o (k@6 €) sy (2, A E) ¢ (20) ) (28 dn

=1
nZ (E)

Using the definition (3.0.4) of the functions ry (z,&; E) we obtain
032520 00y ((uf (2,6 X(6)" aguy (2,€5A(€))
= [ (0, G A O) ay (@30 () - (ak (2, & () ry (@, 85A ()
+ (A (€)= A(€) (af (2, &N (9))" ay (2, €A (€)]-

Let us decompose W (é, ¢, wo) Rgf) in the sum
Uy (5, é’;wo) RY =w, (5, é’wo) <(R§E))i + (Rg@)i + (Rg@)i) , (4.2.111)

where

(R), (6.3 B) = ie (sen E)< (J¢l) < (1€')
3

> / € =8) ((a, (2,61 (6))" ajay (€51 (€))) (5B (2,€') (B, ) (e2) daz |

j=1
nZ, (E)

(R), €&B) = GmB)s(ehs (€l) [ oo

s (e

X (i (2.6 A(€) " ay (2, €52 (€)= (af (.6 X () 7y (@50 (€))) ¢ (@,€) ¢ (e) da,
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and

(R), €& B) = (A ©1 = A€ s (gD s gD
x / o) (af (2,60 () ay (2,650 (€)) <P (2,6 o (e) d

s ()

We first prove the following

Lemma 4.2.18 The limit
s (&€5w0) (RY) (663 E) = lim Wy (. &5w0) (BY) (6.€4E)

exists. For anyp and q, there is N, such that the function W4 (57 f’;wo) (R;O))i (1/ (E) Ev (E) ¢ E)
is of the CP (S? x S?) class, and its CP—norm is bounded by C'|E|™?, as |E| — oco. Moreover, the

following relation holds

—i(27) % v (E)lim lim / / Wy (0.8 0) BY (v (), €1 B) 555 251 (€) fo () duode’

,ul,0€~>0
_— / / (xpi (w,6500) (B, (v (B)o,v (B)6: B) £ (6). fo (w)) dfdeo.
o (4.2.112)

Proof. Since (8" is supported on 2~ (E) , a ¢ 8" satisfies the estimate (3.0.36). If 2 € % (E)
and € € Q4 (wp,d), using (4.2.49), we get (,6) € 2T (E). Then, (ak (z,& X (€)))" also satisfies

3.0.36). Thus, for z € II£ (F) and £ € Q4 (wo,d), we obtain
( ) I wo 5 ’ ’

920008 ((ay (2, &1 ()" azany (2, €52 (€))) ¢ P (2, < Capar (14 [2) ™1 g1~ 1717

for all indices o and 8 . This estimate implies that for all f,g € S (R3; (C4) , (see relation (4.2.99)

glg%// (‘I’i (é, 5’;wo) (Rf))i (& &5E) F(£) ,g(f)) de'de = 0. (4.2.113)

The proof of this relation is analogous to that of relation (4.2.99).
Now observe that the functions ry (x,&; A (€')) ¢len E) (2,¢) and ay (z,&;X(£)) ¢len E) (z,&)
satisfy the estimates (3.0.5) and (3.0.36), respectively, for all z,&’ € R3. Moreover, the estimate

(3.0.5) for the function (rj (z,&A(€)))" and the estimate (3.0.36) for (af (z,& A (€)))” hold for
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T € Hffo (E) and Eeqy (wo,d). Hence, for N big enough, we conclude that the limit, as ¢ — 0, of
. (é, é’;w0> (Ré‘s))i (£,€; FE) exists and it is equal to Uy (é, é’;wo) (Réo))i (£,€'5 E) . Moreover,
for any p and q there exist N, such that W (é, é’; wo) (Réo)) N (§,¢'; F) is a CP—function of variables

¢ and ¢, and its C?—norm is bounded by C |E|™?, as |E| — oc.

Note that

020000 ((a% (2,6 1(€)" ayy (€50 €) <) (2,6) | < Capr (14 Jal) ™1 je g7,

forall z € Hfo (E) and £eQy (wo, ), and all indices «, 3, 8’. For some 0 < kg < k1, let x € C§° (RT)

be such that x (k) = 1 for 0 < k < ko and x (k) = 0 for K > k1. We split (R§5)>i in two parts,

x (|€ =€) ( 5))i and (1 —x(]¢ =€) ( ‘5)) . Taking x1 small enough, we see that the cut-off

function x (€ —¢'f) ¢lean B) (x,&') satisfies relation (4.2.107). Then, applying Lemma 4.2.17 to the
g £l (e) _ _ gt £ b (e)

term x (€ — £'|) U. (5,5 ,wo) (33 )i and Lemma 4.2.14 to (1 — y (|6 — €'])) U (g,g ,wo) (R3 )i

we have

nd0 e—0

lim lim /g/ (\I:i (é, é’;wo) (R@) (€,€5B) 3= D g, (¢1), fy (w)) de'dw = 0. (4.2.114)

Introducing decomposition (4.2.111) in the L.H.S. of (4.2.112) and using relations (4.2.113), (4.2.114)

and Lemma 4.2.12 to calculate the resulting limit, we conclude that relation (4.2.112) holds. m

Let us now prove the following result

Lemma 4.2.19 Let g1, f1 and fo be as in (4.2.83). For an arbitrary wy € S?, the equality

—i(2r) 2 hmhm// i\I/i w N wo) GE (v (B)w, & B) 555 P g, (€Y, fa (w)) ¢ dw

mo el0
// sSim (@,05 E30) £ (60) , fo (w)) dfdw,
o (4.2.115)

holds, where stV (w, 0; E;wp) is given by (4.2.10).

sing
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Proof. Applying Lemma 4.2.16 to +W (é, é’;w()) égs) (&,&; F) we get

—i(2m) v (E) lﬁi%hi%l// i\IIi w, & wo) GE (v (B)w, & B) 555 P g, (€Y, fo (w)) de' dw
—en o) [ [ [ermhed i)y Do) (B 6BV A ) 2 (0) de'dc
o (4.2.116)

for even n, where

1 1 i
(1-1c?)" (1-1eP) "

(BN is the function hy in the variables ¢ and ¢’ and hy is defined by 4.2.11). Integrating back by

N (y7<-aC/aE)

BlN,jk (y,¢, ¢ B) i= 04 (¢, ¢ wo)

parts in the R.H.S of (4.2.116) and understanding the resulting expression as an oscillatory integral,
we obtain the expression (4.2.115). m
Recall the function ¥y (é , f’ ) , defined above (4.2.10). We are able to prove the following result

for Sy (E) .

Theorem 4.2.20 Let s3 (w,0; E) be the kernel of the operator Sa (E), defined as the limit (4.2.83).
For any p and q, V1 (w,0) X33 (w,0; E) belongs to the class CP (82 X SQ) and its CP-norm is a O (E~19)

function. Moreover, for any p and q there exists N, sufficiently large, such that,

(M)
sing

Uy (w,0;w0) 52 (w,0; B) — 550 (W, 0; E;wo)

belongs to the class CP (S* x S?), and moreover, its CP—norm is bounded by C' |E|™?, as |E| — oo.

These estimates are uniform in wy € S%.

Proof. From the relations (4.2.88) and (4.2.94) we get

((S2 (E) W (W, wo) f1) (W), fa (w) = —i (2m) v (E) lim,, 0 lim. o

£ 15 sg E (12 ]‘1‘)
//SQ G( G( )( ( )/" gl ) ( (5) J2( )) d("'df/’

where W (é, é’) is either W (57 é’;wo) or ¥, (é,é’) Suppose first that ¥ (é, é’) = U, (é, f’) . By

Lemma 4.2.13 and Lemma 4.2.14 the limit (4.2.117) exists and, for any p and ¢ there exists N, such
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that ¥, (57 é’) (Gﬁo) + Gég)) (1/ (E) Ev (E) & E) belongs to the class CP (82 X 82), and its C? —norm
is bounded by C'|E|™?, as |E| — .

Now let us consider the case ¥ (é, é’) =V, (é, é’;wo) . Again, Lemma 4.2.13 implies that the
part in the limit (4.2.117) corresponding to the term W (é, f’;wo) Gga) (V (E) é, 5’;E) exists and
the function ¥ (é, é’;wo) Ggs) (1/ (E) é, f';E) belongs to the class CP (82 X 82), and its CP—norm
is bounded by C'|E|™?, as |E| — oo. Using relation (4.2.109) and applying Lemma 4.2.18 to the
part \IliRgf) and Lemma 4.2.19 to \I/iéés), in order to calculate the limit in the R.H.S of (4.2.117)
corresponding to the term U (w, 6;wp) Gés) (u (E) é, f’;E) , and noting that all the estimates are
uniform on wy if the CP-norms of the function ¥ (w,6;wp) are uniformly bounded on wy € S%, we
complete the proof. m

Let us present a result that we use below (see Lemma 4.1 of [28])

Lemma 4.2.21 Let the function f(z,&) € C (RN x RN) satisfy |05 f (x,€)] < Cq <x>7p7|a| for

some 0 < p < N. Then we have | [or (€78 f (2,€))dz| < C €7 NP as |g] = 0.

Let us define the function hii* by the relation

hi]][\]ft (yu w, 97 E; WO) :
= (sgn E) ((a* (y,v (B)w; E) — P, (E))” (o~ wo) (a~ (y,v (E) 6; E) — Py (E))
(4.2.118)
1P, (B) (o~ w) (a- (,v (E) 6; F) — Py ()

+(a* (y,v (B)w; E) = Py (E)) (- wo) Py (E)).

We prove now the following

Lemma 4.2.22 The function by, given by

by (w,0; Eywo) == £ (2m) 20 (E)? Ty (w, 0;wo)

x [ eV E)wI=w) (hy (y,w,0; Eyw) — (sgn E) P, (E) (o - wo) Py (E))dy,

I,

(hy is defined by 4.2.11) satisfies the estimate (4.2.13).
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Proof. We first note that

by (w,0; Bywy) = + (2m) 2 v (E)® U4 (w, 8;wp) / eV BNy 0=wpint () ) 0: E;w) dy.

Iy,

Using the notation of Remark 4.2.2 and relations (3.0.27), (3.0.10), (3.0.14), (3.0.15), (3.0.28) and

(3.0.29) we get

. 7 ~ /
by (y,w,0; F;wo) = i(%)_zv(E)Q/ B v¢'~¢) (h}%t) (y,¢, ¢ Bswo) dy,
I

«wo
~. !/
where (h‘ﬁt) € S~(=V. From Lemma 4.2.21 and the inequality |w — 6] < % [¢’ — (| we obtain the
estimate (4.2.13) for by. m
We now use the partition of the unity that we introduce in (4.2.2). Recall the definition (4.2.9) of

Séo ) For f,g € H(E), let us define

Ly _/s2 /82 séjok) (w H;E)f(ﬂ),g(w)) dfdw.

H(E)

We prove the following

Proposition 4.2.23 The function > s(()jok) (w,0; E) is a Dirac-function over H (E). That is

0,N0#£2
> ILn=(f 9Dne) - (4.2.119)
0,N0#£2
Proof. Observe that
L= (sgn B) (2 / / / ) (B (G F(C)(0)) ddyd.
where
fl/ _ Xj (C) Xk (CI) ~ N D S

00,k = 73 Xk (G, ¢) Pe (E) (- wji) Per (E) -

(1-1¢?)" (1= 1)

(Here we used the notation of Remark 4.2.2). Calculating the integrals over ¢’ and y we get

ik = (sgn U(E)Q 1 o ARV ! D - w e ~
T = (sen B) - s / et (€)% (€)X (6,€") (P (B) (e win) Por (B) F(€),5()) dc.

Since

v(E)

P, (E) (o wjk) = (a-wji) P, (—E) + = (W, wik) , (4.2.120)
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we have

Py (E) (o wj) Py (E) = — (w,wjr) Po (E).
As £ (w,wj) = /1= [¢° for w € Qs (wyn,0) , then
35 () 6 () X5 (©,9) 0, 038) = X5 () X (@) X (@) /1 1P,
where
X (w,0) 7= xx (@) XJx () + X5, (W) X5 (6) -

Thus, using the relation x; (w) xx (w) Xj (W, w) = x; (W) Xk (w) , We get

(Pc(B)F(0),3(0)) de.

1 - -
Ly = /ijk \/TWXJ' (€) xx (€)

Returning back to variable w in the last expression we obtain

Iik = /82 Xj (W) xi (W) (f1 (W), fa (w)) dw. (4.2.121)
Noting that %> x; (@) xk @) = > x; (@) xk (w) = 1 we obtain (4.2.119). m
0,;NOR#£D =1

We obtain the following
Lemma 4.2.24 The limit (4.2.83) exists and the operator So (E) is decomposed as follows
Sy (E)=I1+G+Ry, (4.2.122)

where I is the identity in H (E) , G is an integral operator with kernel > gianjk (w, 8; E) satisfying
O;NOR#92

(4.2.13) and Ry is an integral operator with kernel

r1 (w,0;E) :== —i (2m) 2 v (E)®

( S X @) (G 4G5 0,) 0 (B)w,v (B)6 B) i (0) + X rjk<w,e;E>>7
0O;NOL=9 O;NOL#D

where the function r;; is defined by

ik (W, 0; E) == x; (w)

x (G§O> (1 G @.0) G574 ()G (0) (BS”) 4 () G (0) (RS”) ) Xk (0).
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with
i (@, 0) = x5, (@) x5, (0) + X () X5 (6) -
Xk (W, Xjk Xk Xjk Xjk

For any p and q there exists N, sufficiently large, such that, r (w,8; E) € CP (82 X SQ), and moreover,
its CP—norm is bounded by C' |E|™?, as |E| — oco. Furthermore, the operator So (E) — I is a compact

operator on H (E) .

Proof. Let us write S (E) as in relation (4.2.2). First we consider the case O;NOy = @. The relation

(4.2.94), Lemma 4.2.13 and Lemma 4.2.14 imply that
X (@) 52 (0,0, B) xi (6) = =i (2m) 0 (B)* x; () (G + G0 o, ) (v (B)w,v (B) 65 ) 1, (6),
g j 1 2,0;,0% k

where the function x; (w) (G&O G2 0, Ok) (v(E)w,v(E)0; E) xi (0) satisfies the estimate (4.2.97).
Suppose now that O; N Oy, # @. We take ¥ (f, é’;wjk) =X; (é) Xk (é’) X;tk (f) ink (f’) (here we

use Lemma 4.2.1). Let us decompose
Géa) = (1 - X;‘k (57 é/)) Gga) + X;’k (éa gl) Ggs)-
Then using the relations (4.2.88), (4.2.94) and (4.2.109) we get

(X (S2 (B) xif1), fo) = —i (27) 20 (E)

(4.2.123)
x lim,, | lim. / / Gﬁg Yw, & E) 355 g (&), o (w)) dwde’,

with
G\ (6.€EB) = x; (5)
(6 (=00 (€))7 (6€) 60+ () E (6) 1) e (€).
Using Lemma 4.2.13 for the part in the limit (4.2.123) corresponding to the term
i (§) 6 (€),
Lemma 4.2.14 for

6 (§) (1 (66)) 7 (8)
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Lemma 4.2.18 for the term

X; (5) Xk (5’) X (ﬁ) X (5’) RY
and Lemma 4.2.19 for

X; (E) Xk (5’) X (5) X (é/) Gy,

in order to calculate the limit (4.2.123), we get
X5 (@) 52 (w, 65 E) xe (6) = =i (2m) 7 0 (E)* i (0,65 E) + sn s (w0, 65 E)

(sn,jx is defined by 4.2.5). For any p and ¢ there exists N, sufficiently large, such that the function
7k (w, 0; E) belongs to the class CP (82 X Sz), and moreover, its C?—norm is bounded by C'|E|™ %, as

Taking the sum over j and k, such that O; N Oy # @, of sy ;i (w,0; E), and using Proposition
4.2.23 and Lemma 4.2.22, with ¥4 (w, 8;w;r) = x; (w) xx (0) ink (w) X;':k (9) , we obtain the term I+G,
where G satisfies the assertions of Lemma 4.2.24. Moreover, taking the sum over j and k, such that
0; N0y, # @, of the parts x; (w) s2 (w, 0; E) xi (#) we see that the kernel of R; is given by 1 (w,0; E).

Noting that the amplitude of Sy (E) — I belongs to the class S~(*~1) it follows from Proposition

1.2.4 that the operator Sy (E) — I is compact. m

4.2.6 Stationary representation for the scattering matrix and proofs of

Theorems 4.2.3 and 4.2.5.

In order to prove Theorem 4.2.5 we need a stationary formula for the scattering matrix .S (£) in terms
of the identifications Ju ([28], [74], [75], [76], [80]). The scattering operators S and S are related by
equation (4.2.66) and hence, S commutes with Hy. This implies that }"Og}"{f acts as a multiplication
by the operator valued function S (E) .

We need the following result.
Proposition 4.2.25 For |E| > m, the following relation holds:

L (8, (Ho = E) =I5 (E) Lo (B)) f] 2 =0, (4.2.124)
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for f € L2, s> 1/2, where

8, (H—E)= (2ni) " R(E +ip) — R(E —ip).

Proof. We have

—o00,—m)U(m,00
— (_w,_m{u(m,m B (To (W) To (A) =T5 (E)To (E)) fdA (4.2.125)
+ J om0 (B) Lo (E) fdA.

(—o00,—m)U(m,00)

Using that Ty (M) is locally Holder continuous and that it is uniformly bounded on A, the first integral

in the R.H.S. of the last equation is estimated by C J %d& where « is the
(—o00,—m)U(m,o0)

exponent of Holder continuity. Making the change A\ = (A — E) /u, we finally estimate the first
integral in the R.H.S. of (4.2.125) by Cu®. Taking again A\; = (A — E) /p in the second integral of the

R.H.S. of (4.2.125) we obtain

(vrl J dex> TG (B)To () f

(—o0,—m)U(m,00)

= |7t / ,\flﬂd)q) I (E)To (E) f.
(—o0,—m/p)J(m/p,00)
o0
Taking the limit 1 — 0 and using that [ /\%_Hd)\l = 7, we get relation (4.2.124). m
1

Let us first give a stationary formula for S (E).
Lemma 4.2.26 For |E| > m, the scattering matriz S (E) can be represented as
S(E)=51(E)+ S, (E), (4.2.126)
where Sy (E) is given by relation (4.2.82) and Sz (E) is defined by (4.2.122).

Proof. We follow the proof of Theorem 3.3 of [28] for the case of the Schrédinger equation. Let
A C (=00, —m) U (m, +00) be bounded. We first note that for g; € S (R* C*) N Ey (A) L?, j = 1,2,
we have

/ (S (E)To (E) g1,T0 (E) 92)

A

E = (S . 4.2.12
) d (Sglvg2) ( 7)
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We will work with the form (ggl, 92> , and then use equality (4.2.127) to get the desired result for

S (E). From (4.2.64) we get W, (H, Ho; J+)" W, (H, Hy; J_) = 0, and thus,
S =W; (H,Ho; Jy) (W_ (H,Ho; J_) — W, (H, Ho; J_)).

Noting that

W, (H,Hy;J_)—W_(H,Ho; J_)= | i / et _eitHogy | (4.2.128)

and using the intertwining property of W, (H, Hy; J1) we have

(S91.92) = (W= (H. Ho: ) = W (H, Ho: J-)) 91, Wi (H. Hoi J1) g2)

% 4 4 (4.2.129)
- _i/ (T_e"Hog) W, (H,Ho; J4) e Hog,) .

— 00

Let us split 7_ = T + T2 in the R.H.S. of (4.2.129) (see (4.2.69)-(4.2.73)). By relation (4.2.72), using
Proposition 4.2.8 we see that the integral in the R.H.S. of (4.2.129) for T is well defined. Moreover,
noting that t2 is equal to 0 in some neighborhood of the directions <§:7 £> = 41, |z| > R, and applying
Lemma 4.2.7 to the operator T2 we conclude that the integral in the R.H.S. of (4.2.129) is well defined.

Using the equality Wy (H, Ho; J4) — J4 =i [ €T e~ "Hodr we obtain
0

— 00

(Sg1.92) =i [ i ( [ (ToemitHog, ¢ THT, e=i(T+0Hogy) dt) o
0
(4.2.130)
—i/ (T_emHogy, J e o gy) dt.

— 00

By the same argument as that we used in (4.2.129) we show the convergence of the integrals in
(4.2.130).
Let us consider the first term of the R.H.S. of (4.2.130). We represent this term as the following

double limit

ifi| [ (T_e’”HOgl,e”HT_,_e”(TH)H(’gg) dt | dr
0 —00

o0 o0 (4.2.131)
= MIERO i/e"”i /67“/‘” (ei(ﬁ%)HﬂTj_efiTHT_efitHOgl,gg) dt | dr.

As Fy gives a spectral representation of Hy (see 1.1.17), then

(91,92) = /(Fo (E) g1 (), Lo (E) g2 ()3 4E (4.2.132)
A
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for g1,92 € L2N Eg(A)L?, s > 1/2, where ' (E) is given by the relation (1.1.12). Applying

(4.2.132) to the R.H.S. of (4.2.131) and using the identities i [ e #Te~""(H=E)ldr = R(E + iu) and
0

i [ e #MemittHo=E)qt — 275, (Hy — E), to calculate the integrals on ¢ and 7 of the resulting

— 00

expression we get

Zg‘l < f ( —1tHg 17—HT e —i(T+t)Ho )dt) dr

= hnio 2mi f (Do (BE)TiR(E +ip)T-0,y (Ho — E) g1,T0 (E) g2) dE.
Iy

(4.2.133)

Let f1,f2 € H(E) be C* (S% C*) functions and take g; as in (4.2.83). Note that g; € S (R% C?)
and I (E) g; = f;. Moreover, observe that the operator I'g (E) (z)”*, for s > 1/2, is bounded. Then,
relation (4.2.124) and Lemma 4.2.10 imply that the limit in the R.H.S. of (4.2.133) exists. Hence, we

obtain

Zf (f ( thog iTHT+e—i(T+t)Hog2) dt) dr

oo

(4.2.134)
A
Applying (4.2.132) to the second term of the R.H.S. of (4.2.130) we have

oo

z/ (T_e_“HOgl,JJre_“HOgg) dt
o (4.2.135)
= / i / (Lo (B) JyT_e~#Ho=E) g, Ty (E) gQ)H(E) dt | dE.

A —o00

As the operator I'g (E) is bounded from L?, s > 1/2, into L? (S?;C*), the operator I'g (E) (z)*,
s > 1/2, is bounded from L? into L? (S?;C*). Moreover, it follows from Propositions 1.2.3 and
1.2.1 that (z)® J; (z)”° is bounded for all s. Thus, splitting (z)°T_ = (z)°T* + (z)° T? and using
Proposition 4.2.8 for (z)*T! (with N > 1) and Lemma 4.2.7 for (z)° T2 we conclude that the integral

in the variable ¢ in the R.H.S. of (4.2.135) is absolutely convergent. Then we get

o oo

i / (T_e Hogy JoemMHog,) dt = / %lz / e (T e " Ho=E) g T (E) T (E) go)dtdE.
—00 A
Calculating the integral on the variable ¢ we finally obtain

i / (T_e~Hog, J,e™Hogo) dt = 2ri / lim (JET-68, (Ho — E) 91,1 (E)To (E) go) dE. (4.2.136)

e A
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Using equalities (4.2.127), (4.2.130), (4.2.134) and (4.2.136) we obtain

[ @),

A

- 27ri/ (Co (B) T{ R+ (E)T-To (E)" fu, f2) 3y AE (4.2.137)
A
—27ri/limuw (J1T-6, (Ho — E) 91,1 (E) Ty (E) g2) dE.
A
Note that the limit in the second term in the R.H.S. of (4.2.137) is equals to the limit in relation
(4.2.83). Then applying Lemma 4.2.24 to calculate this limit we get

[E® ), dE= [ (S(E)+ 5B hf)ye dE. (12138)
A

A

where S7 (E) is given by relation (4.2.82) and S, (E) is defined by (4.2.122). Since relation (4.2.138)
holds for all bounded A C (—o0, —m) U (m,+o00) and all fi, fo € H(E) N C> (S%;C*), we obtain

relation (4.2.126). m
Corollary 4.2.27 For any |E| > m the scattering matriz S (E) satisfy the relation
S(E)=51(E)+ 52 (E).

Proof. Recall that the scattering operators S and S are related by equation (4.2.66). As S (E)
satisfies equation (4.2.126) and since ¢; in the definition of 6 (¢) is arbitrary, we conclude that for
every |E| > m there is ¢; such that the scattering matrix S (F) is equal to the scattering matrix
S (E). Thus, we get the relation (4.2.126) also for S (E). m

Theorem 4.2.5 is now consequence of Corollary 4.2.27, Theorem 4.2.11 and Lemma 4.2.24. Theorem

4.2.3 follows from Corollary 4.2.27, Theorem 4.2.11 and Theorem 4.2.20.



Chapter 5

Applications of the formula for the
singularities of the kernel of the

scattering matrix.

5.1 High energy limit of the scattering matrix.

Let us consider the principal part S (E), of S(E). We take N = 0 in the relation (4.2.5). Then, the
kernel so (w,0; E) of Sp (E) is given by so (w,0;E) = > sojk (w,0; E)
Ojﬁok;ﬁﬂ
Let us define the operator P (E) : L? (SQ; (C4) — L? (Sz; (C4) by the relation

Moreover we denote P (+00) : L? (S% C*) — L? (S* C*) by the relation
(P (£00) f) (W) := Py (£0) f (w) ,

where

P, ()= (1% (a-w)).

N | =
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Note that P (E) converges in L? (S?;C*) norm to P (+00), as +=F — oo. We prove the following

result.

Proposition 5.1.1 The operator Sy (E) is uniformly bounded in L? (S*;C*), for all |E| > Ey, Eo >

m, and the following estimate holds
15 (E) ~ So (B) =0 (1BI™"), |B] - o0, (5.1.0)

Moreover, S (E) P (E) converges strongly, as £+E — oo, in L* (S%;C*) to the operator S (+00) P (£00)
where S (+£00) is the operator of multiplication by the function
Z X; (w) xx (@) e~ T (V(tw)H(w,A(tw)) )t
0;NOL#D
Proof. Using the notation of Remark 4.2.2 and making the change z = v (E)y in the relation for
50 (¢, ¢'; E) , we obtain

§o<<,<’;E)=<27r>‘2(ZEg)2 > / G h k( o5 ¢ E)

0,NOk£2Y

(hy is defined by 4.2.11). Since

02000y 1. (57 G, E)| < Capin (21717, where Ca, s is
independent on E, for |E| > Ey, and Fl?v’jk is a compact-supported function of ¢ and (’, it follows
from Proposition 1.2.4 that Sy (E) is uniformly bounded in L? (S?;C*), for |E| > Ej.

Using (3.0.10), (3.0.14), (3.0.15), (3.0.27), (3.0.28), (3.0.29) and (3.0.32) we see that

~ ~ z _ e
2080y, (o~ ) (170G €O F )| £ Copr (07177, (1

where Cy g, is independent on E, for |E| > Ey. Then, equality (5.1.1) follows from Proposition 1.2.4.
Now we calculate the limit of S (E) as +F — oco. Note that integrating by parts on the variable

¢’ we have

/SOJk (w,0; E) f(0)do
(2m)” // 0 ()7 (Do) (Bl (7€ C5B) F(O)) dez,
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for even n and any f € C'°°. Thus, taking the limit, as +F — oo, in the R.H.S. of the last relation
and then integrating back by parts we get
lim [ so(w,0:B) f(0)do=(2m)* / / e R (0,6, ¢'500) F () dCd,
+E500 Jgo . JI,, ’
O;NOL#92 Wik Wk
(5.1.3)
where

X (¢.¢) % ioliz; (D B, (00) (- wye) P (00)
(1-1cP)

The integral in the variable ¢’ in (5.1.3) is the inverse of the Fourier transform of the function

~6’jk (0,¢,¢; £00) := £

fl{)yjk (0,¢,¢500) f(C). As ﬁg}jk (0,¢,¢';00) f(¢") has a compact support in ¢’, then calculating the
integral with respect to ¢’ in (5.1.3) we obtain a function of the variable z that belongs to S. Cal-
culating the integral in z we get back the function Bf),jk (0,¢,¢;00) £ (¢) . From relation (4.2.120) we
get

P, (£00) (a0 - wji) P, (F00) = £ (w, wji) P, (£00) . (5.1.4)
o\ 1/2
Since + (w,wjx) = (1 -] ) , for w € Q4 (wjk, ), then
0\ 1/2
(o, w030 Xk (9,69) X5 (@) 0 (@) = (1= 16P) (@) e (@)
Therefore, using these relations in the expression for ﬁéﬂk (0,¢,¢;£00), substituting the result in

(5.1.3), and taking in account that > x; (w) xx (w) = 1, we complete the proof. m
O;NOL#D

5.2 Leading diagonal singularity of the kernel of the scattering
matrix

Recall that for p = min{pe, pm} > 3, s (w,6; E) € C° (S? x S?), where s™ is the kernel of the
operator S (E) — I (see Theorem 4.2.5). Let us now calculate the leading term on the diagonal of
s (w, 0;E), for 1 < p < 3, as w — 6 — 0, with E fixed. For a fixed wy € S?, we take a cut-off

function ¥, (w, 6;wp) , supported on Q4 (wp,d) X Q4 (wo,d), such that it is equal to 1 in Q4 (wp,d’),
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for some ¢’ > ¢. We define V‘(/i)‘;w (z) := LELV (2) + (sgn E) (w, A (z)) . The following result is similar

to Theorem 1.2 of [28] for the Schrédinger equation:

Proposition 5.2.1 Let the magnetic potential A (xz) and the electric potential V (x) satisfy the esti-
mates (3.0.2) and (3.0.8), with 1 < p < 3, respectively. Then, for all fired w € S* and 6 € Q (w, '),

w # 6, we have

| (s @, 0:8) = 1 2m) " 20 (B 5 (FVELL) (—v (B)8) P (B))

S c |w - 0|_2+Pl ’

(5.2.1)

where 0 = 0—(0,w)w, p1 =2(p—1), if p< 2 and py = 2—e, with e > 0, for p = 2. Here the constant

C' is independent on w. If p > 2, then the difference in the L.H.S. of (5.2.1) is continuous.

Proof. Note that

(5.2.2)

Let us define
h(y,w,0; ) == i (sgn ) (2% (y,v (B)w; E) — &~ (y,v (E) 0; E)) P, (E) (a - w) Py (E).
Putting w = wp in (4.2.11) and using estimates (3.0.27), (3.0.28) and (3.0.29) we have
(hy — (sgnE) P, (E) (a-w) Py (E) — h) € S,
Then, decomposing 0 # w as 6 = (§,w) w + 0, 6 € 11, and using Lemma 4.2.21 and (5.2.2) we get

(27r)_2 v (E)znf (B (v.0) (hy (y,w,0; E;w) — (sgn E) P, (E) (- w) Py (E) — h (y,w,0; E)) dy

Clo—0]72", p<2,

Clw—0]"°,e>0, p=2.
(5.2.3)

Moreover, for p > 2, as the integral in the L.H.S. of (5.2.3) is absolutely convergent, it is a continuous

function of w and 6.
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Let us show that for all «,
/ 05 (Vi (£ tw) = VLo (y £10) ) dt| < Co o — 0] ()~ 07100, (5.2.4)
0

Since V‘(,]ii;w (y+ t@)fV‘(ﬁz;g (y£t0) = (sgn E) (w — 0, A (y £ t0)) , and A satisfies the estimate (3.0.2),

then it is enough to prove the following relation
/ 0y (W (v 1) = VL (v £10)) dt] < Ca o — 6] ()~ 0707100 (5.2.5)
0
First take o = 0. Using the mean value theorem we have
VI (g tw) = VIE) | (y £ 16) = +t < ((wyf;w) (et (0 —w) + (y £ tw))) - 9> . (5.2.6)
for some 0 < ¢ < 1. Estimates (3.0.2) and (3.0.3) for A and V' imply
j (vv@{i{w) (et (0 —w) + (y £ tw))‘ <O+ |et(d—w)+ (y+tw)) . (5.2.7)
Let us take ’5‘ < /1 —02. Then, for ¢ close enough to 1, we get

et (0 — w) + (y £ tw) > = 21210 — w|® + 2ct |y] (7, 0) — 2ct2 + 2ct2 (w, 0) + |y|* + t2
> (1= VI=@) P+ (1 —n+206-1) = a (v +12),
for some ¢; > 0. Using this estimate in (5.2.7) and substituting the resulting inequality in (5.2.6)
we obtain estimate (5.2.5), and hence, relation (5.2.4), for @ = 0. The proof of (5.2.4) for a« > 0 is
analogous.

From (4.2.120) we have that

v(E)

|E| PW(E):(sgnE)Pw(E)(a'w)Pw(E)'

Then, using
|05 (—i (sgn B) (2% (y, v (E) w; E) = &~ (y, v (E) ; E))) Py (E) (o - w) (P (E) — P, (E))|

< Cy |w— 0 <y>—(P—1)—\Oé|

and (5.2.4) we get, for all a,

oy <h (y,w,0; E) — iV(ElT')R(y,w; E)PR, (E)) ’ < Cylw — 40 <y>—(p—1)—\a| ) (5.2.8)
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where
R(y,w; E) := / (V\(fa;w (y+ tUJ)> dt. (5.2.9)

Using (5.2.8), Lemma 4.2.21 and (5.2.2) we have

/ (B (v.0) (h (y,w,0;E) + z‘V|(EE)R (y,w; E) P, (E)) dy’ <Clw—07%" (5.2.10)
I,

Then, relation (5.2.1) follows from Theorem 4.2.3, estimates (5.2.3), (5.2.10) and the following equation

— (27r)_2U(E)2/ei”(E)<y’§>R(y,w;E) dy = —i (2m) V2 v (B)? (fv(vﬂ;w) (—V(E) é) .

I,

Remark 5.2.2 Suppose that V,A € C* are such that V. = Vylz|™” and A = Ag|z| ", 1 < p < 3,
for |x| > R, for some R > 0, and Vj is a real constant and Ag is a constant, real vector, satisfying

Vo + (w, Ag) # 0, for all w € S?. Since
FVER o =F (V= Vo + (w, A o] ) + (Vo + (w, 40)) F (Jal ™)

and

—p 3—p s T :S_Tp
.7:(|x| ):2 T2 I‘((”))

where T' is the Gamma function (see [22]), then as in the non-relativistic case [28], relations (5.2.1)

61747 = amp (p— T (—p) (sin 5 ) 16747,

(V)

and (5.2.2) imply that the estimate (4.2.13) is optimal. This implies that the relation |si“t (w, 6 E)| <

Clw — 67> is the best possible.

5.3 The scattering cross-section.

As before let s be the kernel of the operator S (E) — I. Recall that g}{,lfjk (w,0; E) is defined by

(4.2.8). Let Go (E) be the operator with kernel gi* (w, 0; F), given by

gt (W E) = Y gl (w6 E), (5.3.1)
OjnOk;éz
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with

gty (w, 0 E) = (2m) "2 v (E)* xjk (w,0) x; (w) Xk (0) / eV EVWIIh  (y, w,0; E) dy,

M,

and
By (y,w,0; B) i= (sgn E) (e e ERsEy it (BIE) _ 1) P (B) (a- wy) Py (E).

If p > 3, then Theorem 4.2.5 assures that gij{}fjk (w,8; E) is a continuous function of w and 6.
Thus, we can consider the limit of gg‘;k (w,0; E) as |E| — oo on the diagonal w = 6 = wj,. Taking in

account (5.1.2) and relation (5.3.1), and using (5.1.4), we have

: Sint (W,W;E) -2
Lhm B (2m) /mj: (y,w) dy =0, (5.3.2)
I, B(X*(v(E)w))
where
my (y,w) = (eﬂ' S22 (V(ytw) £ (w, A(y+tw))dt _ 1) _

Equality (5.3.2) was proved in [30] by studying the high-energy limit of the resolvent.

Now let us prove the following result

Proposition 5.3.1 Suppose that p > 2. Then, the function s (w, 8; E)+ s (0,w; E)" is continuous

on S? x S2.

Proof. It follows from estimates (3.0.27), (3.0.28) and (3.0.29), and definition (3.0.32) that hy ;i —

hg i € S77. Then, if p > 2, we have

Xj (W) s (w, 05 E) xx (0) — g5k (v, 6; B) € C° (S x §7)..

Thus, we only need to show that the sum gz)n;k (w,0; E) + g(i)rj;k (0,w; E)" is continuous on S? x S2.
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From the definition of gb“; » we have
80k (w, 0, E) + gy (0,03 E)

= (sgn E) (2m) >0 (B) xj (@, 0) x5 (@) xx (6) / (iv(B)(4.0-w)

.,
Wik
X (e—vb (v (B)w; E)+i@™ (yv(E)0;E) | oi@7 (y,v(B)wiE)—ie™ (y,0(E)6:E) _ 9
_|_ei<1>+(y,u(E)0;E)7i<I>7(y,l/(E)w;E) _ ei'i>+(y,v(E)w;E)fi<I>7(y,u(E)G;E))
xP, (E) (o - wji) Py (E) dy.
Note that
/ et (B)(y,0—w) (e—@*(y,V(E)w;EHi@’(y,V(E)O;E) + i@ (W (B)w B)—i®~ (y,v(E)0;E) _ 2) dy
.
Ik (5.3.4)

_o / i (B)(y,0-w) <cos ( IV e+ tw) + V), (y — t6) dt) - 1) dy.
0

Wik

The R.H.S. of relation (5.3.4) is absolutely convergent if p > 2. Thus, to complete the proof, it is
enough to ShOW that / eiu(E)<y79_w> (ei®+(y,V(E)9;E)—i<I>7(y,u(E)w;E) _eiq>+(y,lj(E)w;E)—iq>7(y,l/(E)a;E))dy
I,

is continuous. Since |[(®* (y,v (E)w; E))"| < C, (y>_(p_1)” , we only have to prove the continuity of

i / eiu(E) (y,0—w)

m,, (5.3.5)

the following integral

< ((@F (y,v (E)6; B) = @~ (y,v (B)w; ) — (27 (y,v (E)w; E) — &~ (y,v (E) 6; E))) dy.

Note that estimate (5.2.4) implies
|05 (2F (y,v (B) 6; E) = @F (y,v (E)w; B)) + (2~ (y,v (E) 6; E) = @ (y, v (E) w; E)))|
< Calw — 6] (y) =707

Then, it follows from Lemma 4.2.21 that integral (5.3.5) is estimated by C'|w — 9|p72 , and thus, it is
continuous. m

We define the scattering cross-section for a fixed incoming direction 8 and all outgoing directions
w by the following relation o (0; F;u) = fg2 |sint (w,G;E)u|2dw, for a normalized initial state u €

X+ (v(E)0), |ulca = 1. Using (1.1.23) we have

o(0; E;u) =— ((si“t (6,6; F) 4 s (6, 6, E)*) u,u) . (5.3.6)
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The following Lemma is consequence of the relation (5.3.6) and Proposition 5.3.1.

Lemma 5.3.2 The scattering cross-section o (0; E;u) is a continuous function of 0, for p > 2. Fur-
thermore, the total scattering cross-section, given by the relation fSQ fs2 ‘sint (w,@;E)ufd@dw, for a

normalized initial state u € X* (v (E)0), |u|ca = 1, is finite if p > 2.

The estimate

00007 (B (9, ¢, Bywsn) = e (4, ¢ E))\ < Capov (B) gy~ 1o, (5.3.7)
where hi?" is defined (4.2.118), and Theorem 4.2.3 imply
U (B) (1 () 5™ (w,6:E) i (6) — g (6 5) = O (|B[) , as B o0 (5:38)

Then, for any u € X+ (v(E)0), |u|lca = 1, taking w = wj, = 6 and using relations (5.3.6),
(5.3.8), (5.3.3), (5.3.4), (4.2.120) and equalities Py (E)u = u, xjr (6,6) x; (8) xx (6) = x; (8) xx (0)

and > X; (0) xx (0) =1, we get

O;NOR#92
(27) v (B) % 0 (0: B u) = 2/ 1 — cos / Vo ly+19)dt | dy+ 0 (|E|71) 7
11y —o00

as |E| — oo. A similar result was obtained in [30] by studying the high-energy limit of the resolvent.

The following result is a consequence of Theorem 4.2.5 and Proposition 5.2.1

Proposition 5.3.3 Let the electric potential V' satisfy estimate (3.0.3) with some p. > 1 and the
magnetic field B satisfy the estimate (1.1.24) with r = ppm + 1, pp > 1 and all d. Let V and B be
homogeneous functions of order —p. and —p,, — 1, respectively, for |x| > R, for some R > 0, and at
least one of them is non-trivial for |x| > R. Then the total scattering cross-section is infinite if and
only if p < 2, where if both V and B are non-trivial for |z| > R, then p = min{pe, pm }, if V is trivial,

p = pm and if B is trivial, p = pe.

Proof. Note that Lemma 5.3.2 shows that the total scattering cross-section is finite if p > 2. Let the

magnetic potential A be defined by the equalities (1.1.25)-(1.1.27). Since B is homogeneous of order
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—pm — 1, A is homogeneous of order —p,,,. Thus we get
Vihw (8) = [2] 7 (Vang (&) + (580 B) (w0, Aung (2))) + W (2)

for |z| > R, for some Vg € C™ (S?), Aang (2) € C* (S%;R?) and some W () homogeneous of order

p1 = max{pe, pm }. Note that if p. = pm, W () = 0. Then we have

(P (v (E)d) P (B) u‘

— W /(eiu(E)<9~,m>V‘;; () u) dr — / <€iu(E)<§,m>V7—i () u) da

5.3.9
|z|<R ( )

4 / (B0 (@) P, (B)u) do + / (P EINE) L (@) P (B)u) da|

AW

lz|>R lz|<R

where

A (V,f” ¥ (sen E) <w, Vh(2)>) P, (E)

and V1 () = [2]7° Ving (&), V?) (2) = |2] 7" Aang (2) for z € R®.

Note that if a function f (z) := |z]|™” fang (&), where fang (Z) belongs to C> (S?) and it is non-
trivial, then its Fourier transform is given by f({) = \§|_3+p f (é) and f(f) is also a non-trivial,
C®° (S?) function. This means that V,fj) (&) € C> (R3\{0}) and f/h(j) (&) = || V}fj) (f) for € # 0,
j =1,2, and hence, V¥ (¢) = |¢| T V¥ (é)

Suppose that p = p,, what implies that V,fl) (é) is non-trivial. We take f such that Vh(l) (é) #0.
Let w; be orthogonal to é and suppose that \Ale (é) # 0. By continuity we get ‘\7‘;{ (é)‘ > ¢,
for some constant ¢ > 0, |w — w1| < 41, for some §; > 0, as in Proposition 5.2.1, and é such that

<é,é> > 1 — ¢ for some € > 0. Hence,

vy (C)) > ¢|¢| 7?1 for |w — wi| < 01, 81 > 0, and ¢ such that

(€,€) > (1 —¢)|¢||£] - Note that there are W7 and Wy such that
Wik (@) F (j2] < R) + W (2) F (ja] = R) = Wi (2) + W (),

where W satisfies (3.0.3) with py, and Ws is a C* function for |z| < R, and Wy = 0, for || > R

(F (-) is the characteristic function of the correspondent set). Observe that, if p. = py,, then we have
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Wi (x) =0 and Wy (x) = V‘(/i)‘;w (x) for || < R. It follows from Lemma 4.2.21 that

'/ (ew(E)<é’I>W1 (x) u) dx

where ps = p1, for p; < 3, and po =3 —¢, € > 0 for p; > 3. We note that

< C(pr=p)lw— 077",

— / (e*i<y’w>vt}~: (x)u) dz + / ( —WOW, () P, (E)u) dx| < C,

|z|<R |z|<R

uniformly in y and w. Moreover, if |w —w| < §; and — <~ 0 ,é> > 1 — ¢ we have

|3 (0[]~ €= ol (i [a) ™ 0 (v 0] o])

> %,
= 2(v(p)|6])”"

(V<E>|9I)

for ’5’ < g1 and some €1 > 0. Then, from relations (5.3.9) and (5.2.1) we get

|8int (w,G;E)| > ’(27T)71/2U(E)2 V|(EE\‘) (.7—'])&2,%0) (—I/(E)9~ P,

N—
€
—~
~—

= | (s . 0:B) = + 2m) 20 (B 5B (FVELL) (v (8)0) P (B))| (5.3.10)

for ‘é‘ < g9 < ¢e7 and some €3 > 0. Let d; be such that the set O, := {0 € Q4 (w,d) | — <~

9,é>>

1—¢and ‘é‘ < g4} is of positive measure. Then, using (5.3.10) we obtain

int (2 c 1
//|S (W,G,E)| d@dwz W / / ~‘6 2pd9dw

S2 §2 Jw—w1]<81 Ow

As f@ wd@ is infinite, for p < 2, then using relation (5.2.2) we conclude that
/ |5 (w, 05 B) u|” dfdw = o0
§2 Js?

Suppose again that p = p. and f is such that ‘A/h(l) (é) # 0, but \7‘;1 (é) = 0. Noting that
v, (é) # 0 and proceeding similarly as above we get [o, [o. [$™ (w,6; E) u‘z dfdw = o if p = pe.
Now suppose that p = p,,,. Let us take {1 such that V(2 (él) # 0. By continuity ‘V ( ) ’ >c>0
for all 5 close enough to 51 Consider the set ¥ C S? of all § such that Vh(2 ( ) # 0. We claim

that there is w; orthogonal to some f € U such that <w1,V( ( >> # 0. Suppose that this is not



5.3. CROSS-SECTION 97

true. That is, for every é e v, <w,f/}52) <5)> = 0, for all w orthogonal to §A This implies that
<£, Vh(z) (€>> =+ “A/h@) (é)‘ . Hence, taking in account that Vh(2) (é) = 0, for é € S\ ¥, we have
£ x Vf) (&) =0, for all &, what implies that curl V,L(Q) = B =0, for |z| > R. This is a contradiction.
Then there is w; orthogonal to some f such that <w1, V,f2) <§)> # 0. Similarly to the case when p = p,

we obtain [, [o, [$"™ (w,0; E) u|2 dfdw = o00. m
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Inverse problem.

6.1 Reconstruction of the electric potential and the magnetic

field from the high energy limit.

Now we consider a special limit when |E| — oo and w (E),0 (E) — w, for an arbitrary w € S?, in
such way that n:=v (E)(w(E) —0(F)) #0 (v(E) = VE? —m?2) is fixed (see [18]). Let us take two

families of vectors w (E), 0 (E) € S? with these properties. We obtain the following result

Proposition 6.1.1 Let the magnetic potential A () and the electric potential V (x) satisfy the esti-

mates (3.0.2) and (5.0.8) respectively. For n € R3\{0}, let w (E),0 (E) € S* be as above. Then, we

have
Jim 0(B) s (w(B),0(B); B) = (2n) 7 F (T ROsEIPE (o)) (), (6.1.1)
where
Ry, w; +00) = / (V (g + tw) + (w0, A (y + tw))) dt

and P, (£00) = £ (I + (a - w)).

Proof. We follow the proof of Proposition 6.7 of [78] for the Schrédinger equation. For a fixed w € S?,
we take a cut-off function ¥, (w, #;w), supported, as function of 6, on Q4 (w,d) (see 4.2.1), such that

98
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it is equal to 1 in Q4 (w, "), for some &' > §. Let the first coordinate axis in II, be directed along 7.
Then, integrating by parts in the R.H.S of relation (4.2.10) (understood as an oscillatory integral),

with respect to y;, we get

s\ (w(E),0(E); B;w)

2 2 “n N , (6.1.2)
=(2m) "u(E) (iln]) " ¥y (w(E),0(E);w) /e‘“y’m@;hzv (y,w(E),0(E); E;w)dy

1L,
(hy is defined by 4.2.11). For n > 2 the integral in the last relation is absolutely convergent, as

|02 hy (y,w (E), 0 (E); B;w)| < Cy ()~ 707", (6.1.3)

Similarly to (5.1.2) we have

03000 (4 (¢ ()¢ (B);w) (B — o) ) (5.6, B)| < Capo (B) ™ ()71,
for some constants Cy g, , independent of ¢ and ¢’. Then, Theorem 4.2.3 implies that

lim v(E) 2s(w(E),0(E);E)= lim v(E)%s? (w(E),0(E);E;w). (6.1.4)

sin.
|E|—o00 |E|— o0 &

Using equality (5.1.4) we see that

Jim (W4 @ (B),0(B)5w) 9 ho (3, (B) 0 (B) s Byw)) = (agle*m(w;ioo)) P, (£00). (6.1.5)

Estimate (6.1.3) allows us to take the limit in (6.1.2), as £E — oo. Therefore, equalities (6.1.4) and

(6.1.5) imply

lim v (E) ?s" (w(E),0(E);E;w)
EEoo (6.1.6)
— @0 (i) ™" [ i (o, e T0=) P, (oo)
Integrating back by parts in the R.H.S. of 6.1.6, we obtain (6.1.1). =
Let us prove that we can uniquely reconstruct the electric potential V' and the magnetic field B

from the limit (6.1.6). The integral in the R.H.S. of (6.1.6) is, up to a coefficient, the two-dimensional

Fourier transform of (agle*i%w;ioo)) PZ (00). Observe that

3
1 I iijl oWy

3
:l:Zj=1 (Tjw]' I
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Taking, for example, the first component of the matrix (3gle_iR(y’°’;i°°)) P (00) we recover the
function (07 e~ "RW«i£)) et us take y := (y1,2,y3) € IL,,. Since 0 Le~"BW«i£X) tends to 0, as

ly| = oo, then
(o)
n—1_—iR(y,w;too _ n —iR(y(t),w;Foco
) __(/0 o ¢~ IR0 >dt>,

where y (t) = (y1 +t,y2,y3) € Il,,. Applying this argument n — 1 times we get 0,, e *#¥:«£) Since

R (y,w;+00) tends to 0, as |y| — oo, we have
efiR(y,w;ioo) 1= </OO ayleiR(y(t),w;ioo)dt> )
0

Thus, we recover the function e~ (¥«i*>) from the limit (6.1.6). Since R (y,w;+00) is a continuous
function of y € II,, and tends to 0, as |y| — oo, we can determine the function R (y,w;£o00) from the

function e~ ‘B wi£2) Note that

% (R (y,w; 00) + R (y, —w; £00)) = Re (w, y; E5 V),
where
R (w,y; V) := 7V(y+tw) dt (6.1.7)
and -
5 (R (g5 £00) — Ry, ~w5£00)) = Ry (w,4:4)
with
R, (w,y; A) := /Oo (w, A(y + tw)) dt. (6.1.8)

Thus, both R, and R, are determined by the limit (6.1.6).
We now use the two-dimensional Radon transform to recover V and A from relations (6.1.7) and
(6.1.8) respectively. See [24] for a general study of the Radon transform and of its inversion. For a

function v € S7° (R2) , the Radon transform is defined by the formula

r(w,y;v):/ v(wt+y)dt, weS, (wy)=0.

— 00
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Let us choose a new basis for R?, i.e. for a vector &, let we be one of the two unit vectors such that

(we, &) = 0. In this new basis, for every point z there are ¢, s € R such that z = twe + sé . Thus, we get

06 = @m) 7 fea e "0 (2) da 6.19)

= (2m)"" [270 eielsy (tw§ + sf) dtds = (2m) " [ el (wg, s&; v) ds.
So we can recover the Fourier transform ¢ of v and hence the function v from its Radon transform
r. Now suppose that we know the function R, (w,y;V) for all w € S? and y € Il,, y # 0, with
V e C*> (R*\ {0}), decaying as |z| ”, as |z| — oo. For an arbitrary = € R®, x # 0, let A, be the
plane orthogonal to = and set v, (y) = V (z+y). Then the Radon transform r of v, satisfy the

identity

T (W, y;v:) = Re (w,z + V), (6.1.10)

for all w,y € A, such that |w| =1 and (w,y) = 0. It is important that = + y # 0, because from this
it follows that v, € S~ (R?) and so we can recover the function v,. Noting that v, (0) = V (z), we
finally can recover the electric potential V (z) .

In the magnetic case, if the potential A = Vi, then (w, A (y + wt)) = %zb(erwt), and so,
Ry, (w,y; A) =0, if only 9 (x) — 0 when || — co. Thus, we cannot hope to recover A from R,,. But
the corresponding magnetic field B () = rot A (x) can be recovered. To do so we need the following

result
Lemma 6.1.2 For any w,v € S? such that (w,v) = 0 the following relation holds
oo oo
/ (U,B(wt—l—x))dt:/ (wx v,V {w, Az +tw))) dt. (6.1.11)
— 00 — 00
Proof. Using the triple vector product identity
V(w,A) =wx (Vx A)+ (w, V) A,

we get

7w x v, Vo (w, A (2 + tw))) dt

oo

= [T wxvwxB(z+tw))dt+ [7 (wXv, (W, V) Az + tw)) dt.
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As (w, Vo) Az + tw) = A (x + tw) , then [7_(w x v, (w, V) A (2 + tw)) dt is equal to 0. Using the

identity

<A><BvCXD> = <AaC> <BvD>_<B7O> <A7D>7
for any vectors A, B,C and D we obtain
(wxv,wx B(zx+tw)) ={v,B(r+tw)) — (v,w) (w, B(z+tw)) .

Using that (v,w) = 0 we complete the proof. m

For any ¢ € R?, let us take we € S? such that (we, &) = 0 and (wg,v) = 0. Then, using (6.1.9)
we recover <U,B (£)> from the formula (6.1.11). Taking v = (1,0,0), v = (0,1,0) or v = (0,0,1) we
obtain By (£), By (€) or Bs (€) respectively. Hence, we reconstruct the magnetic field B (). Then we
define the magnetic potential A (z) by the relations (1.1.25)-(1.1.27). We can formulate the obtained

results as the following

Theorem 6.1.3 Suppose that the electric potential V (x) and the magnetic field B (x) satisfy the
estimates (3.0.3) and (1.1.24), for all a and d, respectively. Then the scattering amplitude s (w,0; E) ,
known in some mneighborhood of the diagonal w = 0, for every E > Ey or —E > FEy, for some
Ey > m, uniquely determines the electric potential V (x) and the magnetic field B (x) . Moreover, one

can reconstruct V (x) and B (x) from the high-energy limit (6.1.6).

Using the high-energy asymptotics of the resolvent, Ito [30] gave the relation (6.1.1) and he proved
Theorem 6.1.3 for smooth electromagnetic potentials with p > 3. Jung [37], calculating the high-
velocity limit for the scattering operator, by the time-dependent method, for continuous, Hermitian
matrix valued potentials V (z), satisfying the condition ||V F (|z| > R)|| € L' ([0;0);dR), where
F (|z| > R) is the characteristic function of the set |z| > R, presents a reconstruction formula, that

allows to uniquely recover the electric potential and magnetic field from the scattering operator.
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6.2 Inverse problem at fixed energy for homogeneous poten-

tials.

We follow the approach of [68]. For a fixed w € S?, we take a cut-off function ¥, (w,;w), supported,
as function of 6, on Q4 (w,d), such that it is equal to 1 in Q4 (w,d’), for some ¢’ > ¢. It is convenient
for us to reformulate Theorem 4.2.3 in terms of asymptotic series. Let us rewrite formula (4.2.11) in

terms of powers of the potential W (z) := (V (z), A (z)) . Note first that for |E| > m,

J
00

eiq’i(‘”’&E): l ioo @ T =+ (sgn w sgn w r =+ (sgn w
> i0/<|§|V( £ (55 ) t) + (s ) (A (5 (s E) 1))

|
:oj'

Introducing this expression in (3.0.32) we can write aﬁ as an asymptotic expansion

xfE :ia N.m
m=0

where aﬁ)m (x,&) is of order m with respect to W (z). Plugging this expansion in the representation
(4.2.11) for hy (y,0,w; E;w) and collecting together the terms of the same power with respect to

W (x) we see that hy (y,6,w; E;w) admits the expansion into the asymptotic series
o)
N (y,0,w; E;w) ~ Zan (y,w,6; E), (6.2.1)
where a,, (y,w, 6; E) is of order n with respect to W (z) . Note that
ap (y,w,0; E) = (sgn E) B, (E) (- w) By (E)

and that the lineal term with respect to W (z) is given by the relation

ai (yaw79;E)
i(sgnE) / % (y £tw) + (w, A(y +tw)) + %V (y¥td)+(0,A(yF t9)>) dt (6.2.2)
0
x Py (E) (a-w) Py (E),

for £F > m, up to a term from the class S~ (on variable y). Moreover, it follows that a,, € S—(p=1)n,
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We will recover the asymptotics of the potential W (z) from the linear part, with respect to W (),
(N)

sing*

of the symbol of the operator Sgng (E), with kernel s .. We compute the symbol a (y,w; E) of
Ssing () from its amplitude v (E)2 U, (w,0;w)hy (y,w,0; F;w), by making the change of variables
z = —v (E)y in the definition (4.2.10) of hy and applying (1.2.5). Recall the notation of Remark

4.2.2. We get,

E) _ _
Ay, G B) = Zﬁ: U(5; (E) 7 970 hx (y,¢. ¢ Esw) e (6.2.3)

for y € I1,, (here we used that ¥, (w,8;w) =1, for 6 € Q4 (w,d")). The explicit formula for the symbol

(V)
sing

a (y,w; E) can be obtained by plugging the expansion (6.2.1) in the relation (6.2.3). Note that s

is related with a (y,w; F) by the expression

sing

s (w,0; E;w) = (277)_2/ei”(E)(y’9>a(y,w;E) dy.
I,

This relation together with Theorem 4.2.3 show that we can recover the function a (y,w; E) from the

scattering amplitude s (w,8; E'), up to a function from the class C—PWN)_ that is,

a(y,w; E) = /fa“’(E)<y’9> (w,0; B) U, (w,0;w) dt9—|—areg (y,w; E), (6.2.4)

I,

where agé\g € S7P(N) and p (N) — oo, as N — oc.

Using the relations (4.2.120) and (6.2.2), we get the following result for the function a (y,w; E):

Proposition 6.2.1 Let the magnetic potential A (x) and the electric potential V (x) satisfy the esti-

mates (3.0.2) and (3.0.3) respectively. Then, the function a(y,w; E) admits the expansion

a(y,w; E) ~ W )+ Z hn (y,w; E) , (6.2.5)

where h, (y,w; E) is of order n with respect to W (x) and h,, € S~°~Y". Moreover,

E
(b + i R i E) P () € 57,
where R is defined by (5.2.9), and
v(FE v(E e
(= 2P B+ L R B R () € 571

e =min{p—1,1}.
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Let us define a mapping that sends a potential W (z) = (V (x), A (z)) into the symbol a (y,w; F) —
HP“ (E). We set
T (y,w; B; W) =a(y,w; E) — ﬂPM (E). (6.2.6)

As a is given by the asymptotic expansion (6.2.3), then T is defined only up to a symbol from the

class §7°°. We separate the linear part R (y,w; E; W) of T, with respect to W (x), and define
Q(y,w; EsW) =T (y,w; E; W) — R (y,w; E;W).

(Here we emphasize the dependence of the function R, defined by (5.2.9), on the potential W).
The mapping @ has the following property which is useful to us in the reconstruction process (see

Proposition 3.3 of [68]):

Proposition 6.2.2 Let W; belongs to S™°3, j = 1,2, where po > p1 > 1. Then, the following relation
holds

QWi+ Wa) —Q(Wy) € S22 e =min{p, —1,1}.

Let the electric potential V (z) € C> (R?) and the magnetic field B (z) € C* (R?), with div B =

0, admit the asymptotic expansions

V (z) ~ Z Vj (x), (6.2.7)
and
B (z) ~ Z Bj (z), (6.2.8)

respectively, where the functions V; (z) are homogeneous of order fpﬁ-e), with 1 < pée) < pff), and the

functions Bj (x) are homogeneous of order —r§.m), with 2 < rj(-m) < T](cm) for k > j.
It follow from relations (1.1.25)-(1.1.27) that the magnetic field B(x) is homogeneous of order —r(™)
< —2 if and only if the magnetic potential A(x) is homogeneous of order —p(™) = —r(™) 4+ 1 < —1.

Therefore, if B satisfies relation (6.2.8), A(z), defined by (1.1.25)-(1.1.27), is an asymptotic sum

(oo}

A(x) ~ Z Aj (), (6.2.9)
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where the functions A; (x) are homogeneous of order —,og-m) with 1 < pjm) < p,(cm) for k > j.

Let V (z) and B (x) be as above. We define the magnetic potential A (z) by (1.1.25)-(1.1.27).
Thus, we obtain a potential V (z) of the form (9), where A and V satisfy the estimates (3.0.2) and
(3.0.3), respectively. Moreover, V' admits the expansion (6.2.7) and A satisfies the relation (6.2.9).

Actually, adding terms which are equal to zero in (6.2.7) and (6.2.8) we can suppose that r§m) =

pg-e) + 1. Then, expansions (6.2.7) and (6.2.9) are equivalent to the expansion

W)~ > W (x) (6.2.10)
j=1
where W; () = (V; (z), 4, (z)) is homogeneous of order —p; = —pgm) = —pge).

Plugging (6.2.10) in the expansion (6.2.5) we get the following result for the function a (y,w; E),

analogous to Theorem 3.4 of [68] for the Schrodinger equation:

Theorem 6.2.3 Suppose that an electric potential V (x) and a magnetic field B (x) , with div B = 0,
are C* (R®)-functions and that they admit the asymptotic expansions (6.2.7) and (6.2.8), where V;
and Bj are homogeneous functions of orders —p; and —r; = —p; — 1, respectively, where 1 < p; <
p2 < ---. Let the magnetic potential A(x) be defined by the equalities (1.1.25)-(1.1.27). Then, the
function a (y,w; E) admits the asymptotic expansion

a(y,w; E) ~ ”|(EE)Pw E)+Y D> D> i 0503 B), (6.2.11)

n=1m=0j1,....jn

where, for each k = 1,2,...,n, ji takes values from 1 to co. The functions hy mij,.....5. (Y, w; E) are
of order n with respect to the potential W (x), they only depend on W; ,W;,...,W;., and they are
homogeneous functions of order n —m — Y }'_, p;, with respect to the variable y. We note that

v(E)
|E|

h170;j (y,w;E) = —1 R(y,w,E, Wj)Pw (E) (6212)

ere we emphasize the dependence of the function R (y,w; on W;) is homogeneous function o
h hasize the d d th tion R E W;) is h ti
order 1 — p; with respect to y.

Suppose that we know the matrix —: VI(EE‘) R (y,w; E;W) P, (E). Note that the first diagonal compo-

nent of the matrix P,, (E) is equal to (3 + 22) . As (3 + 2) # 0, for |E| > m, we recover the function
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i V‘(,lfi,w (tw + y) dt from the first diagonal component of the matrix —i%R (y,w; E; W) P, (E).

— 00

Then, as in the case of the high energy limit (see the proof of Theorem 6.1.3), since R, is an even
function of variable w and R,, is an odd function we can recover both R, and R,, from the ma-
trix R. Therefore, we determine the electric potential V' and the magnetic field B from R, and R,,,

respectively, by using the Radon transform. In particular, the following holds:

Proposition 6.2.4 Let the electric potential V (x) and the magnetic field B () satisfy the estimates
(3.0.8) and (1.1.24) respectively. If for some |E| > m, R (y,w; E;W) is equal to 0 for all w € S* and

yell,, y#0, then V (z) = B(x) = 0.
We are now in position to formulate the reconstruction result.

Theorem 6.2.5 Suppose that an electric potential V (x) and a magnetic field B (x) , with div B = 0,
are C* (R3)—functions and that they admit the asymptotic expansions (6.2.7) and (6.2.8), where V;
and Bj are homogeneous functions of orders —p; and —r; = —p; — 1, respectively, where 1 < p; <
p2 < ---. Let the magnetic potential A(x) be defined by the equalities (1.1.25)-(1.1.27). Then, the
kernel s (w,0; E) of the scattering matriz S (E) for fizted E € (—oo,m) U (m, +00) in a neighborhood
of the diagonal w = 0 uniquely determines each one of V; (x) and B; (x). Moreover, V1 (x) and B (x)

can be reconstructed from the formula
R (y,w; E;W1) = hy (0,w; E), (6.2.13)

and the functions V; (x) and Bj (x), for j > 2, can be recursively reconstructed from the formula

o

n—1
RW,)=[a—1-T|> W, : (6.2.14)
j=1

Here we denote by f°, the highest order homogeneous term fi in (1.1.28) that is not identically zero.

Proof. Suppose that the kernel s (w,; E) of S(E) is known, up to a C* (S? x S?) function, for

some |E| > m and for all ,w € S?. The symbol of the matrix S (E) is given by the inversion
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of the formula (6.2.4). Suppose that the assumptions of Theorem 6.2.3 hold, but the asymptotic
coefficients and in particular the order of homogeneity in (6.2.7) and (6.2.8) are not known. Then,
relation (6.2.10) for W (x) holds, but the functions W; and their orders of homogeneity are unknown.
It follows from expansion (6.2.10) and Theorem 6.2.3 that the symbol a (y,w; F) is an asymptotic
expansion as in (6.2.5). Since we know the function a (y,w; F), then, the terms h,, (y,w; E) in (6.2.5)
are homogeneous functions of the variable y with known exponents —p,,, such that 0 < 3 < pe < ...
Thus, the reconstruction problem relies on solving the equation (6.2.6) for the function W. The left
side of the equation (6.2.6) admits the expansion (6.2.11) with unknown coefficients and orders of
homogeneity. The orders of homogeneity and the terms of the same order should coincide in the both
sides of (6.2.6). Note that the equation (6.2.6) is defined up to a function from the Schwartz class
S,

Comparing the terms of highest order in (6.2.6) we get from (6.2.12) that p; = p; + 1 and relation
(6.2.13). Thus, as in the case of the reconstruction of the potential from the high energy limit, we
recover the electric potential V; and the magnetic field By, and then, we define the magnetic potential
Ay by (1.1.25)-(1.1.27).

Suppose now that we have found the coefficients Wy, for all k = 1,...,n — 1,n > 1. Let us rewrite

the equation (6.2.6) as

o] n—1 n—1
RWa)+ > RW+ QW) =@ D W, | | =a—-1-T (> W, (6.2.15)
Jj=n+1 j=1 j=1

Applying Proposition 6.2.2 to the functions W) = Z;:ll W, W =W — W, with p® = p,, and

p) = p1, we get
n—1
Q) —-Q (> W | es e e>0.
j=1

Then, these terms are of higher order than R (W, ). From the relation p; > p, , for all j > n, it
follows that Z;’;n 41 B (W) is also deniable compared with R (W,,) . Selecting terms of highest order
in (6.2.15) we obtain (6.2.14). By assumption, the R.H.S. of (6.2.14) is a known function. Then we

know R (W,,), and thus, we recover the electric potential V,, and the magnetic field B,,. Defining the
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magnetic potential A, by (1.1.25)-(1.1.27) we determine W,,. m

Corollary 6.2.6 Let W) satisfy the assumptions of Theorem 6.2.5 for j = 1,2. If 81 (w,0; E) —
s9 (w,0; E) € C*™ (82 X SQ) for some |E| > m, then Vi — Vy and By — By belong to the Schwartz class

S.

6.3 Uniqueness of the electric potential and the magnetic field

at fixed energy.

In this Section we aim to show that the scattering matrix S (E), given for some energy F, determines

Vi 0
uniquely the electric potential and the magnetic field B (z) = rot A (z). The averaged

0o V-

scattering solutions (2.2.1) result useful here. With the help of these solutions we can prove that
S (FE) determines uniquely the Dirichlet to Dirichlet map (Definition (6.3.2)). Then, supposing that
the electric potential Vi (z) and the magnetic field B (z) are known outside some connected open
bounded set ) with smooth boundary 9 g, we show that Vi (x) and B (x) are uniquely determined
everywhere in R3.

Let us consider the free Dirac operator

0 —io -V
L07QE =
—io -V 0
on L? (Qp;C?) x L? (Qp;C?), where Qp is a connected open bounded set with smooth boundary

0p and o = (01,02, 03) are the Pauli matrices (7). L is a self-adjoint operator on (see [46])
Dryg, = {u=(uy,u_) |uy €Hg (QE;(C2) Ju_ € H (QE;(CQ)}7

where H{ (Qg; C?) is the closure of C§° (Qp) in the space H' (Qpg; C?) and H (Qp; C?) is the closure

of H! (QE; (CQ) in the norm

H'”H(QE;CQ) = [l(o-V) 'HLQ(QE;(C?) + H'HLQ(QE;(CQ) :
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Let V be an Hermitian 4 x 4-matrix-valued function whose entries belong to L (2g). Then,

Lv.,a, = Lo, + 'V is self-adjoint on Dy, , . Consider the following Dirichlet problem

(Lv,ap — E) (ug,u_) =0, in Qp,
(6.3.1)
u+|8QE =g c h(aQE), on aQE

Here h (0Q2g) is defined as the trace on Qg of H (QE; (CQ) . Suppose that E belongs to the resolvent
set of Lv qg. Then, from Proposition 4.11 of [46] we get that for every f € h(0Qg) there exist an

unique solution

(us,u_) € H(Qp;C*) x H (Qp; C?)
of the equation (6.3.1).
For any g € h (0Q2g), we define the Dirichlet to Dirichlet (up-spinor to down-spinor) map by

Avg = u,‘[)QE eh (89]3), (632)

where (uy,u_) is the unique solution of (6.3.1). Below we need the following result (see Theorem 1

of [46])

Proposition 6.3.1 Let the potentials V; (x), j = 1,2, be given by

V_ﬁj) o AW
V, (@) = e (6.3.3)

with real functions Vi(j),Ag) e C™ (RB) , k=1,2,3. Assume that A,(:) = A,(f), k=1,2,3, to infinite
order at Qg and E belongs to the resolvent set of Lv,; o for both j = 1,2. If Av, = Av,, then

rot AN (z) = rot A® (z) and Vf) (x) = f) (x) in Q.
The uniqueness result of the potential at fixed energy is the following

Theorem 6.3.2 Let the potentials V; (x), j = 1,2, be given by (6.3.3) with real functions Vj(tj), A,(g) €
C> (R?), k = 1,2,3, such that Vi(j) and Ag), Jj = 1,2, satisfy (2.2.4). Let S; (E) be the scattering

matrices corresponding to Vj, j = 1,2. Suppose that for some E € (—oo,—m) U (m,+00), 51 (E) =
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Sa (E), and there is a connected open bounded set Qg with smooth boundary OQg , such that E belongs
to the resolvent set of Ly, q, for both j =1,2. Let V1 (x) be equal to Vs (x) for z € R*\Qg. Then

we have that Vf) (x) = Vf) (z) and rot AM (z) = rot A®) (2) for all x € R5.

Proof. We follow the proof of [67] for the Schrodinger case. Let us first show that Z/JS:)f (x;E) =
¢f,)f (r; ) for v € R3\Qg, f € H(E), where W?f are the averaged scattering solutions correspond-
: , o @ (1) — o _ @)

ing to V; for j = 1,2 (see (2.2.1). Denote ¢ := ", 4/ and = Vi o — Vo 7. Note that

We le,fs’ ne Lf, % < s < sg, and moreover,
(Ho — E)p =n. (6.3.4)

Since S (E) = S (E), it follows from (2.2.2) that T'g (F)n = 0. This implies that T'g (E) F*/ = 0.
Then, as ) € H* and I'g (E) F* is bounded from H*® into L? (S?;C*) , we conclude that 7 (£) = 0 in
the trace sense on the sphere of radius |¢| = v (E).

Note that ¢ = Pt (£)4) + P~ (€) 4. From (6.3.4) we get

(ix/§2 tm?— E) PE (&) = P*(€) 4. (6.3.5)
For +F > m, the function m is bounded. Then, as PT (£)#/ € H?, we get, for +E > m,

PF (€)1 € H*. Moreover, it follows from (6.3.5) that,

i1/§2_|_m2+EPi(£)ﬁ’

€” v (B)”

P ()¢ =
for £E > m. As P* (£) /) € H* and P* (€) 5 = 0 in the trace sense on the sphere of radius |¢| = v (E),
then Theorem 3.2 of [3] implies that for £E > m,

PEE) D eH !, 5> %

Therefore, we obtain that ¢» € #*~' and ¢ € L2 . Note that s —1 > —1/2. As V (z) = V, (z), for

z € R\ Qg we see that

(Ho + V1) = Ev,
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for x € R3\ Q. Thus, similarly to the proof of Theorem 2.2.1, as v satisfies (2.2.7), for z € R3\Qg,

we conclude that 1 is identically zero for z € R3\ Q. In particular we obtain
1 2
W) (25 B) = o) (2 B)

in the trace sense on 0Qg
Let 7 be the trace map 7 : H (Qg; C?) — h (0QE) . Note that the scattering solution 1/153} (v;F) €
H! (Qp;CY), j = 1,2, solves (6.3.1) with g = 7 ((1/)5{1,) ) (here (u)1 denotes the first or the last
I+

two components of a C* vector respectively). As w(j)f (v; E) = wf,)f (z; E) in the trace sense on g,

we get
< < o) >> — Av, (T<(w(+2)f)+>> 63
- (4 ) ( ) = (- ((42).))
For any solution u®) = (u,u?) € H (2; C) x H (2 C) of (Lv, — E)ut) =0, j = 1,2,

we have (see Lemma 2.1 of [46])

h(0Qr) <’U,S_2), (’LO’ . N) (Avl — AV2) u$)> h(0Qgr)* = / (u(z), (V1 — Vg) ’U,(l)) dSC, (637)

Qp

where h (9Qg)" is the dual space to h (0€2g) with respect to the duality 590, (U, D) hoap) = faQE u

©dS and N is the unit outer normal vector to 9Qg. Taking u(*) = 1/15_1)f in (6.3.7) and using (6.3.6)
we get

[ (v =V uld) ) e =0
Qp

for all averaged scattering solutions ¢(+17)f. Since these solutions are dense on the set of all solutions to
(6.3.1) (here we used Theorem 2.2.1, observing that (—oo, —m) U (m,00)} No, (H) = @ if V satisfies

relation (1.1.2)),
/ (W®, (V) — Vi) uD)dz = 0,
Qp
for any solution u()) = ( (j) m) eH (QE,(CQ) X H (QE;(Cz) of (ij — E) u) =0, j =1,2. Thus,

it follows from relation (6.3.7) that

@) . 1
h(T") <’U/Sr), (ZU : N) (AV1 - AVz)uSr)>h(F)* =0
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for any solution u() = (ug),u(_j)) of (LV]. — E) w9 =0, j =1,2. As for any fieh@,j=12

)

there exist an unique solution u(?) of (LVJ. — E) u9) =0, such that ugf o fj, we conclude that

)

(io - N) (Av, — Av,) fi € R (D)

is the functional 0, for all f; € h(I'), and hence, Ay, = Av,. Since Vi (z) = V5 (z) for z € R3\ Qg
and V; € C* (R3) , 7 =1,2, we get that Ag) = A,(f), for £k = 1,2, 3, to infinite order on 0Q2g. Thus,

it follows from Proposition 6.3.1 that V4 () = V2 (z), rot A; (x) =rot A2 (z) on Qp. m

Corollary 6.3.3 Let the potentials V; (x), j = 1,2, be given by relation (6.3.3), with real functions
Vi(j),Al(cj) e C*® (RS), k = 1,2,3, such that Vi(j) satisfy (2.2.4) and the magnetic fields Bj, with
div B; = 0, satisfy the estimate (1.1.24) withd =1, j = 1,2. Suppose that for some E € (—oo, —m)U
(m,+00), S1 (FE) = S2(E), and there is a connected open bounded set Qg with smooth boundary 00g
, such that E belongs to the resolvent set of Lv; o, for both j =1,2. Let Vf) = Vi(2) and By = Bs

for x € R\ Q. Then we have that Vf) = f) and BY = B® for all x € R3.

Proof. Let us define the magnetic potentials flj, j = 1,2, from the magnetic fields B;, j = 1,2,
by the equalities (1.1.25)-(1.1.27). Let \~/'j (z), j = 1,2, be the correspondent potentials. Observe
that S*j =S, where Sj is associated to potential Vj, J = 1,2. Moreover, as Lv, o, and LV%QE are
unitary equivalent, F belongs to the resolvent set of LVJ-,QE' Since By = By for z € R\ Qg, then
by construction A; = A, for 2 € R¥\ g, and hence V4 (z) = V, (z), for » € R\ Qp. Applying
Theorem 6.3.2 we conclude that VY = V:® and BO) = B® for all 2z € R3. m

If the asymptotic expansions (6.2.7) and (6.2.8) actually converge, in pointwise sense, for |z|
large enough, respectively to V (z) and B (z), then collecting the result of Corollary 6.3.3 and the
reconstruction result of Theorem 6.2.5 we are able to formulate the following uniqueness result for the

inverse scattering problem:

Theorem 6.3.4 Let the expansion (6.2.7) for the electric potentials V; € C™ (R3) and the expansion

(6.2.8) for the magnetic fields B; € C* (RS), with divB; = 0, j = 1,2, hold. Let the magnetic
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potentials Aj, j = 1,2, be defined by the equalities (1.1.25)-(1.1.27). Suppose that for some E €
(=00, —m) U (m, +00), S1 (F) = Sy (E), and there is a connected open bounded set Qg with smooth
boundary OQg , such that E belongs to the resolvent set of Lv; o for both j = 1,2. Moreover, suppose
that the asymptotic expansions (6.2.7) and (6.2.8), for V. and B, respectively, actually converge in
pointwise sense for ¥ € R\ Qg. Then, we have that Vi (z) = Va(z) and By (z) = Ba(x) for all

z € R3.

Proof. As S (E) = Sz (E), it follows from the reconstruction result of Theorem 6.2.5 that the
asymptotic terms Vk(l) = Vk(z) and B,(Cl) = B,(f) coincide for all k. Moreover, as the asymptotic
expansions (6.2.7) and (6.2.8) converge, V; () = Vo (z) and By (z) = Bs (z) for € R\ Qg. Using
Corollary 6.3.3 we conclude that V; (z) = Va (z) and By () = By (z) for all z € R®. m

Acknowledgement We thank Osanobu Yamada for informing us of reference [26].
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