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,QWURGXFFLyQ

$OJXQRV SUREOHPDV TXtPLFRV UHFXUUHQWHV VXUJHQ GHO HQWHQGL�
PLHQWR GH OD HVWUXFWXUD PROHFXODU� HV GHFLU� GH FyPR VH UHODFLRQDQ
HQ HO HVSDFLR ORV iWRPRV \ ODV PROpFXODV� \ FyPR pVWDV LQWHUDF�
FLRQDQ HQ XQ FULVWDO� 3DUD DERUGDU HVWRV SUREOHPDV VH SXHGH DFX�
GLU D XQD JUDQ FDQWLGDG GH WpFQLFDV DQDOtWLFDV� $OJXQDV GH pVWDV
UHTXLHUHQ GH OD FRPSUHQVLyQ GH OD QDWXUDOH]D FXiQWLFD \ GH ODV
SURSLHGDGHV GH VLPHWUtD GH ORV VLVWHPDV >�@� 9LVWRV GHVGH OD PH�
FiQLFD FXiQWLFD� ORV VLVWHPDV DWyPLFRV \ PROHFXODUHV �FXDQGR QR
KD\ GHSHQGHQFLD WHPSRUDO� HVWiQ GHVFULWRV SRU VX HVSHFWUR GH QL�
YHOHV GH HQHUJtD \ SRU ORV YHFWRUHV GH HVWDGR

∣∣ψk
j

〉
� /RV QLYHOHV GH

HQHUJtD FRUUHVSRQGHQ D ORV YDORUHV SURSLRV GHO RSHUDGRU KDPLOWR�
QLDQR� H� GHO VLVWHPD� 8Q DQiOLVLV GHWDOODGR GHO HVSHFWUR SHUPLWH
DERUGDU OD LQWHUDFFLyQ HQWUH OD PDWHULD \ OD UDGLDFLyQ HOHFWURPDJ�
QpWLFD� GH PRGR TXH HV SRVLEOH FDUDFWHUL]DU D ORV VLVWHPDV� DVt
FRPR GHVFULELU OD UHDFWLYLGDG D QLYHO PROHFXODU� 3DUD GLVWLQJXLU ORV
QLYHOHV� \ YHFWRUHV GH HVWDGR TXH ORV DFRPSDxDQ� VH OHV DVLJQD
XQ FRQMXQWR GH HWLTXHWDV� Q~PHURV FXiQWLFRV� (VWD DVLJQDFLyQ VH
UHDOL]D D WUDYpV GH OR TXH VH FRQRFH FRPR XQ FRQMXQWR FRPSOHWR
GH RSHUDGRUHV TXH FRQPXWDQ �&&2&� >�@�

�
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6L XQD RSHUDFLyQ VREUH ODV FRRUGHQDGDV GH XQ VLVWHPD GHMD OD
GLVWDQFLD HQWUH WRGR SDU GH SXQWRV VLQ DOWHUDU� VH FRQRFH FRPR
WUDQVIRUPDFLyQ RUWRJRQDO� \ HV GH VLPHWUtD FXDQGR GHMD HO +DPLO�
WRQLDQR GHO VLVWHPD LQYDULDQWH� FRPR HMHPSOR GH RSHUDFLRQHV GH
VLPHWUtD HVWiQ ODV URWDFLRQHV� ODV UHIOH[LRQHV \ ODV WUDVODFLRQHV�
(O FRQMXQWR PD[LPDO� HV GHFLU HO GH PD\RU Q~PHUR GH WUDQVIRU�
PDFLRQHV GH VLPHWUtD TXH GHMDQ LQYDULDQWH GHWHUPLQDGR VLVWHPD
IRUPD XQ JUXSR DOJHEUDLFR \ GHILQH OD VLPHWUtD GH GLFKR VLVWHPD�
(V SRVLEOH DVRFLDUOH D FDGD WUDQVIRUPDFLyQ XQ RSHUDGRU TXH DFW~D
VREUH IXQFLRQHV� OR FXDO� D VX YH]� FRQVWLWX\H XQ KRPRPRUILVPR
GHO JUXSR DQWHV PHQFLRQDGR >�@�
(Q PHFiQLFD FXiQWLFD VH GLFH TXH GRV HVWDGRV GH XQ VLVWHPD

HVWiQ GHJHQHUDGRV VL SHUWHQHFHQ DO PLVPR QLYHO GH HQHUJtD� HV
GHFLU TXH� GDGR XQ +DPLOWRQLDQR� FXDQGR GRV R PiV IXQFLRQHV
GH RQGD OLQHDOPHQWH LQGHSHQGLHQWHV FRPSDUWHQ HO PLVPR YDORU
SURSLR >�@� (O JUDGR GH GHJHQHUDFLyQ HV XQD FDQWLGDG DGLPHQVLR�
QDO TXH FXHQWD HO Q~PHUR GH HVWDGRV SURSLRV TXH SUHVHQWDQ HO
PLVPR YDORU SURSLR >�@� /D GHJHQHUDFLyQ TXH SUHVHQWD XQ HVSHF�
WUR HV UHIOHMR GH OD VLPHWUtD GHO VLVWHPD� &DGD VLVWHPD PXHVWUD
GHJHQHUDFLRQHV FDUDFWHUtVWLFDV FX\D GLPHQVLyQ FRUUHVSRQGH FRQ
OD GH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO JUXSR GH VLPHWUtD TXH
GHVFULEH DO VLVWHPD >�@� (O HVWXGLR GH OD GHJHQDUDFLyQ VH SXHGH
XWLOL]DU SDUD KDFHU DQiOLVLV HVSHFWURVFySLFRV� DERUGDU SUREOHPDV
GH PDJQHWRVWiWLFD \ FRPSUHQGHU DVSHFWRV VREUH OD UHDFWLYLGDG \
PHFDQLVPRV GH UHDFFLyQ >�@�
3HUWXUEDFLRQHV LQWHUQDV R H[WHUQDV HQ HO VLVWHPD SXHGHQ SUR�

GXFLU UHGXFFLRQHV GH VLPHWUtD� (Q ItVLFD� XVXDOPHQWH HO URPSL�
PLHQWR GH VLPHWUtD VH GHEH D XQ FDPSR PDJQpWLFR R HOpFWULFR
XQLIRUPH� (Q TXtPLFD� XQ HMHPSOR GH UHGXFFLyQ GH VLPHWUtD VH
WLHQH DO UHHPSOD]DU R LQWHUFDPELDU iWRPRV R JUXSRV IXQFLRQD�
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OHV HQ XQD PROpFXOD FRQ GHWHUPLQDGD VLPHWUtD SDUD WHUPLQDU FRQ
XQD HVSHFLH GH PHQRU VLPHWUtD >�@� 8QD SHUWXUEDFLyQ LQWHUQD HV�
SRU HMHPSOR� OR TXH VH REVHUYD HQ HO HIHFWR -DKQ�7HOOHU TXH HVWi
EDVDGR HQ OD REVHUYDFLyQ GHO FRPSRUWDPLHQWR GH VLVWHPDV SROL�
DWyPLFRV XVDQGR 7HRUtD GH *UXSRV \ WUDWD OD LQHVWDELOLGDG GH ODV
FRQILJXUDFLRQHV PROHFXODUHV HQ HVWDGRV HOHFWUyQLFRV GHJHQHUD�
GRV� (V GHFLU� OD SUHVHQFLD GH XQD SHUWXUEDFLyQ YLEUDFLRQDO VREUH
OD FRQIRUPDFLyQ GH PD\RU VLPHWUtD GH XQD PROpFXOD� HQ OD TXH VH
WHQJD HVWDGRV HOHFWUyQLFRV GHJHQHUDGRV� SXHGH FDXVDU XQD GLV�
WRUVLyQ JHRPpWULFD HVSRQWiQHD� GLVPLQX\HQGR OD VLPHWUtD \ UH�
PRYLHQGR OD GHJHQHUDFLyQ >�@� 2WUR HMHPSOR GH URPSLPLHQWR GH
GHJHQHUDFLyQ HQ HVSHFWURVFRStD VRQ ODV UHVRQDQFLDV PDJQpWLFDV
�QXFOHDU \ SDUDPDJQpWLFD HOHFWUyQLFD�� HQ GRQGH OD DSOLFDFDFLyQ
GH XQ FDPSR PDJQpWLFR H[WHUQR SURGXFH XQD VHSDUDFLyQ GH ORV
HVWDGRV GH HVStQ TXH HQ VX DXVHQFLD WHQtDQ OD PLVPD HQHUJtD >�@�
&XDQGR VH KD DVLJQDGR XQ JUXSR GH VLPHWUtD D XQ VLVWHPD�

SDUD WRGRV ORV QLYHOHV HQ ORV TXH VH VDWLVIDFH TXH OD GLPHQVLyQ
GH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV HV FRQVLVWHQWH FRQ OD GHJH�
QHUDFLyQ� VH GLFH TXH VH SUHVHQWD GHJHQHUDFLyQ QRUPDO� $GHPiV
GH OD GHJHQHUDFLyQ QRUPDO H[LVWH OD GHJHQHUDFLyQ DFFLGHQWDO� OD
FXDO VH GHILQH FRPR DTXHOOD TXH QR VH GHULYD GH XQ DQiOLVLV GH OD
VLPHWUtD JHRPpWULFD HYLGHQWH GHO VLVWHPD HQ HO HVSDFLR GH FRQIL�
JXUDFLRQHV� 6L OD GHJHQHUDFLyQ DFFLGHQWDO DSDUHFH HQ IRUPD VLV�
WHPiWLFD� HQWRQFHV VH HVSHUD TXH HO JUXSR GH VLPHWUtD VXSXHVWR
VHD XQ VXEJUXSR \ SRU OR WDQWR GHEH H[LVWLU XQ JUXSR GH VLPH�
WUtD PD\RU >�@� &XDQGR VH SUHVHQWD GHJHQHUDFLyQ DFFLGHQWDO VH
WLHQHQ GRV R PiV IXQFLRQHV SURSLDV TXH WLHQHQ UHSUHVHQWDFLRQHV
LUUHGXFLEOHV GLVWLQWDV DVRFLDGDV D XQD PLVPD HQHUJtD� $O WRPDU
OD YHUGDGHUD VLPHWUtD GHO VLVWHPD� HV GHFLU DO WRPDU OD VLPHWUtD
FRPSOHWD GHO KDPLOWRQLDQR� ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO
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JUXSR GH VLPHWUtD GHEHUiQ WHQHU ODV GLPHQVLRQHV TXH ODV GHJH�
QHUDFLRQHV SUHVHQWDQ� WUDQVIRUPDQGR OD GHJHQHUDFLyQ DFFLGHQWDO
HQ QRUPDO >�@�
0XFKRV VLVWHPDV FXiQWLFRV TXH SUHVHQWDQ GHJHQHUDFLyQ DF�

FLGHQWDO KDQ VLGR HVWXGLDGRV \� HQ OD PD\RUtD GH ORV FDVRV� VH
KD ORJUDGR LGHQWLILFDU HO JUXSR GH VLPHWUtD FRPSOHWR� (QWUH ORV
PiV FRQRFLGRV TXH SUHVHQWDQ GHJHQHUDFLyQ DFFLGHQWDO VRQ� RVFL�
ODGRU DUPyQLFR WULGLPHQVLRQDO LVRWUySLFR \ SDUWtFXOD HQ XQ SRWHQ�
FLDO FHQWUDO FRXORPELDQR �iWRPR GH KLGUyJHQR� >��@�
8Q FDVR TXH OODPD OD DWHQFLyQ HV HO HVSHFWUR GH XQD SDUWtFXOD

DWUDSDGD HQ XQD FDMD F~ELFD FRQ SDUHGHV LQILQLWDV� HO FXDO SUHVHQ�
WD GHJHQHUDFLyQ DFFLGHQWDO DO FRQVLGHUDU Oh FRPR JUXSR GH VLPH�
WUtD >��@� DXQTXH OD VROXFLyQ PHFiQLFR FXiQWLFD GH HVWH VLVWHPD
SXHGH VHU FRQVLGHUDGD FRPR VLPSOH� VX DQiOLVLV GH OD GHJHQHUFLyQ
HVWi OHMRV GH VHU WULYLDO�(Q HVWH WUDEDMR VH DQDOL]DUi OD GHJHQHUD�
FLyQ QRUPDO \ DFFLGHQWDO GH OD FDMD F~ELFD� SDUD HQFRQWUDU XQD
GHVFULSFLyQ XQLILFDGD GH OD VLPHWUtD GHO VLVWHPD� $ SDUWLU GHO JUX�
SR HQFRQWUDGR VH HIHFWXDUi XQ DQiOLVLV GH ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV PHGLDQWH HO URPSLPLHQWR GH VLPHWUtD�
3DUD OR TXH VLJXH HQ HVWH WUDEDMR� (Q HO FDStWXOR � VH HQFXHQ�

WUDQ ORV DQWHFHGHQWHV� GRQGH VH WUDWD OD VROXFLyQ GH XQD SDUWtFXOD
HQ XQD FDMD FRQ SDUHGHV LPSHQHWUDEOHV� OD GHJHQHUDFLyQ DFFLGHQ�
WDO \ DOJXQRV FRQFHSWRV GH OD WHRUtD GH UHSUHVHQWDFLRQHV GH JUX�
SRV QHFHVDULRV SDUD HO GHVDUUROOR GHO WUDEDMR� /D PHWRGRORJtD VH
SUHVHQWD HQ HO FDStWXOR �� GRQGH VH H[SOLFD HO PpWRGR GH IXQFLR�
QHV SURSLDV \ OD LQGXFFLyQ� /D SUR\HFFLyQ GH ORV HVWDGRV SURSLRV�
XWLOL]DQGR HO PpWRGR GH IXQFLRQHV SURSLDV� OD LGHQWLILFDFLyQ GH ODV
WUDQVIRUPDFLRQHV TXH FRQHFWDQ ORV HVWDGRV DFFLGHQWDOPHQWH GH�
JHQHUDGRV� HO HVWDEOHFLPLHQWR GH XQ QXHYR JUXSR GH VLPHWUtD \
OD VXEVHFXHQWH FRQVWUXFFLyQ GH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV
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SRU PHGLR GH LQGXFFLyQ� DVt FRPR HO DQiOLVLV GHO URPSLPLHQWR GH
VLPHWUtD GH OD FDMD F~ELFD KDFLD HO SDUDOHOHStSHGR GH ODGRV GLVWLQ�
WRV� VH HQFXHQWUDQ HQ HO FDStWXOR �� )LQDOPHQWH ODV FRQFOXVLRQHV
VH H[SRQHQ HQ HO FDStWXOR ��



&DStWXOR �

$QWHFHGHQWHV

���� 3DUWtFXOD HQ XQD FDMD

8QR GH ORV VLVWHPDV PiV VLPSOHV TXH SUHVHQWDQ GHJHQHUDFLyQ
DFFLGHQWDO HV OD SDUWtFXOD HQ XQD FDMD FRQ SDUHGHV LPSHQHWUDEOHV�
\D VHD HQ GRV R WUHV GLPHQVLRQHV � (Q ���� HQ /H\YUD] HW DO >��@
VH HQFRQWUy XQ QXHYR JUXSR GH VLPHWUtD TXH H[SOLFD OD GHJHQHUD�
FLyQ DFFLGHQWDO GH OD SDUWtFXOD HQ XQD FDMD FXDGUDGD� /D VLPHWUtD
JHRPpWULFD GHO VLVWHPD FRUUHVSRQGH DO JUXSR SXQWXDO C4v \ ORV
HOHPHQWRV DGLFLRQDOHV QHFHVDULRV SDUD GHILQLU HO JUXSR FRPSOH�
WR GH VLPHWUtD FRUUHVSRQGHQ D XQ FRQMXQWR GH WUDQVIRUPDFLRQHV
FRQWLQXDV >��@� /D IRUPD GHO JHQHUDGRU GH ODV WUDQVIRUPDFLRQHV
TXH IRUPDQ HO JUXSR FRQWLQXR IXH DQWLFLSDGD SRU 6KDZ >��@� 'DGR
TXH HO QXHYR JUXSR GH VLPHWUtD FRQWLHQH WUDQVIRUPDFLRQHV WDQWR
FRQWLQXDV FRPR GLVFUHWDV� OD FRQVWUXFFLyQ GH ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV UHVXOWD QR WULYLDO� (O QXHYR JUXSR SDUD OD SDUWtFXOD HQ
XQD FDMD FXDGUDGD WLHQH XQD DQDORJtD FRQ ORV JUXSRV HVSDFLDOHV
TXH DSDUDFHQ HQ HO HVWXGLR GH FULVWDOHV� (O VXEJUXSR GH WUDQV�
IRUPDFLRQHV FRQWLQXDV HV DQiORJR DO JUXSR WUDVODFLRQDO� PLHQWUDV
TXH HO VXEJUXSR GH WUDQVIRUPDFLRQHV GLVFUHWDV FRUUHVSRQGH DO

�
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JUXSR SXQWXDO FULVWDORJUiILFR >��@� HVWD DQDORJtD PDUFD OD SDX�
WD SDUD OD FRQVWUXFFLyQ GH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO
QXHYR JUXSR�
8QD SDUWtFXOD HQ XQD FDMD LPSHQHWUDEOH WULGLPHQVLRQDO GH OD�

GRV a� b \ c� FRPR OD PRVWUDGD HQ OD )LJXUD ���� FXPSOH FRQ ODV
VLJXLHQWHV FRQGLFLRQHV D OD IURQWHUD�

{
V (x, y, z) = 0; 0 ≤ x ≤ a; 0 ≤ y ≤ b; 0 ≤ z ≤ c

V (x, y, z) = ∞; a < x < ∞; b < y < ∞; c < z < ∞;
�����

OR FXDO LPSOLFD TXH ODV IXQFLRQHV GH RQGD Ψn1n2n3 (x, y, z) = 0 VH
DQXODQ HQ OD IURQWHUD� (O KDPLOWRQLDQR HV�

− !2
2m

∇2Ψn1n2n3 + V (x, y, z) = EΨn1n2n3 . �����

'HQWUR GH OD FDMD ORV HVWDGRV SURSLRV HVWiQ GDGRV SRU�

⟨U|Ψn1n2n3⟩ = ψn1(x)ψn2(y)ψn3(z), �����

FRQ
ψn1(x) =

√
2
a VHQ

(
n1πx
a

)
;

ψn2(y) =
√

2
b VHQ

(
n2πy
b

)
;

ψn3(z) =
√

2
c VHQ

(
n3πz
c

)
;

�����

GRQGH ∀ni ∈ Z+� /RV FRUUHVSRQGLHQWHV YDORUHV SURSLRV VRQ�

En1n2n3 =
!2π2

2m

(
n2
1

a2
+

n2
2

b2
+

n2
3

c2

)
, �����

GRQGH m HV OD PDVD >�@�
$O KDFHU XQ DQiOLVLV GH OD GHJHQHUDFLyQ HV SRVLEOH SHUFDWDUVH

TXH HO VLVWHPD SXHGH H[KLELU ORV VLJXLHQWHV WLSRV GH GHJHQHUDFLyQ�
D� &XDQGR GRV R PiV ODGRV VRQ LJXDOHV�
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)LJXUD ���� 6H PXHVWUDQ ORV JHQHUDGRUHV GHO JUXSR Oh� TXH HVWDQ GDGRV SRU GRV HMHV GH
URWDFLyQ C4 \ OD LQYHUVLyQ �I��

E� &XDQGR ORV ODGRV GH OD FDMD VRQ FRQPHQVXUDEOHV� &XDQGR VH
VDWLVIDFH TXH OD ORQJLWXG XQ ODGR HV P~OWLSOR HQWHUR GH OD ORQJLWXG
GH RWUR� 6LHQGR Lx \ Ly ODGRV GH OD FDMD� HQ YLUWXG GH OD H[SUHVLyQ
����� HO HVWDGR (nx, ny) WLHQH OD PLVPD HQHUJtD TXH HO HVWDGR (n′

x, n
′
y)

VL n′
x = Lxny

Ly
\ n′

y =
Lynx

Lx
�

F� 'HJHQHUDFLyQ SLWDJyULFD� &XDQGR ORV Q~PHURV FXiQWLFRV FXP�
SOHQ FRQ UHODFLRQHV SLWDJyULFDV� (n2

1 + n2
2 + n2

3 = n′2
1 + n′2

2 + n′2
3 )�

(Q HVWD WHVLV VH FRQVLGHUi ~QLFDPHQWH OD GHJHQHUDFLyQ GH WLSR
�D�� TXH HV OD TXH VH GHEH DO LQFUHPHQWR GH VLPHWUtD GH OD FDMD�
6XSRQLHQGR a ̸= b ̸= c VH WLHQH XQ SULVPD UHFWDQJXODU� FX\R

JUXSR SXQWXDO HV D2h� GRQGH SDUD FDGD QLYHO GH HQHUJtD KD\ XQ
HVWDGR ~QLFR |Ψn1n2n3⟩� SRU OR WDQWR QR VH SUHVHQWD GHJHQHUDFLyQ�
$O LQFUHPHQWDU OD VLPHWUtD VH WLHQH XQ SULVPD GH EDVH FXDGUDGD
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FRQ OD FRQGLFLyQ a = b ̸= c \ FRUUHVSRQGH DO JUXSR SXQWXDO D4h� HVWH
VLVWHPD SUHVHQWD GHJHQHUDFLyQ FXDQGR En1n2n3 = En2n1n3� HQWRQFHV
VH WLHQH HO VXEHVSDFLR ELGLPHQVLRQDO GH HVWDGRV SURSLRV GHJHQH�
UDGRV GDGR SRU L2 = {|Ψn1n2n3⟩, |Ψn2n1n3⟩; n1 ̸= n2}� &XDQGR VH WLHQH
XQ FXER� HV GHFLU a = b = c� HO JUXSR SXQWXDO HV Oh \ VH WLHQHQ
WUHV WLSRV GH VXEHVSDFLRV� GH HQWUH ORV FXDOHV VH SXHGH UHFRQR�
FHU XQ VXEHVSDFLR WULGLPHQVLRQDO� L3 = {|Ψnnm⟩, |Ψnmn⟩, |Ψmnn⟩}� \
XQ VXEHVSDFLR KH[DGLPHQVLRQDO� L6 = {|Ψn1n2n3⟩;n1 ̸= n2 ̸= n3}� TXH
SUHVHQWDQ GHJHQHUDFLyQ >�@� 8Q REVHUYDFLyQ LQWHUHVDQWH HV TXH
HV SRVLEOH LQWHUFRQYHUWLU IXQFLRQHV GH HVWDGRV GHJHQHUDGRV PH�
GLDQWH OD DSOLFDFLyQ GH ODV RSHUDFLRQHV GH VLPHWUtD HQ HO JUXSR
DVLJQDGR� &XDQGR OR DQWHULRU RFXUUH VH GLFH TXH VH WLHQH GHJHQH�
UDFLyQ QDWXUDO� SHUR VL HV LPSRVLEOH UHODFLRQDU XQ SDU GH IXQFLRQHV
GHJHQHUDGDV FRQ ODV RSHUDFLRQHV GH VLPHWUtD GLVSRQLEOHV� HQWRQ�
FHV VH GLFH TXH VH WLHQH GHJHQHUDFLyQ DFFLGHQWDO� \ VX SUHVHQFLD
VXHOH DSXQWDU D TXH HO JUXSR VXSXHVWR QR UHIOHMD OD VLPHWUtD WR�
WDO GHO VLVWHPD� (QWRQFHV� VXUJH HO SUREOHPD GH LGHQWLILFDU ORV
HOHPHQWRV GH VLPHWUtD QR FRQWHPSODGRV HQ HO JUXSR VXSXHVWR�
\ VXEVHFXHQWHPHQWH HQFRQWUDU HO JUXSR HQ GRQGH VH LQFRUSRUDQ
HVWDV QXHYDV RSHUDFLRQHV� 3DUD WUDWDU HVWH SUREOHPD� HV QHFH�
VDULR UHFXUULU DO OHQJXDMH HQ HO TXH ODV SURSLHGDGHV GH VLPHWUtD
VH HQXQFLDQ PDWHPiWLFDPHQWH� HV GHFLU� OD WHRUtD GH UHSUHVHQWD�
FLRQHV GH JUXSRV� 'HQWUR GHO PDUFR GH HVWD WHRUtD VH SXHGH GDU
XQD GHILQLFLyQ IRUPDO D DPERV WLSRV GH GHJHQHUDFLyQ� GH PDQHUD
TXH� DGHPiV GH FRQWDU FRQ FULWHULRV FRQILDEOHV SDUD UHFRQRFHU�
ODV� VH WHQJD XQD FDUDFWHUL]DFLyQ OR VXILFLHQWHPHQWH GHVDUUROODGD
TXH SHUPLWD SURSRQHU HVWUDWHJLDV SDUD FRQHFWDU ORV HVWDGRV DF�
FLGHQWDOPHQWH GHJHQHUDGRV� /D WHRUtD GH JUXSRV WDPELpQ SURYHH
GH ODV PHWRGRORJtDV QHFHVDULDV SDUD FRQVWUXLU HO QXHYR JUXSR D
SDUWLU GH XQ JUXSR GH PHQRU RUGHQ� DVt FRPR SDUD DQDOL]DU ODV
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FRQVHFXHQFLDV GH ODV UXSWXUDV GH VLPHWUtD�

���� &RQFHSWRV GH 7HRUtD GH *UXSRV

������ *UXSR

/RV HOHPHQWRV $� % \ & IRUPDQ XQ JUXSR G = {A,B,C, ...}� VL
GDGD XQD OH\ GH FRPSRVLFLyQ GHVLJQDGD SRU ◦ TXH UHODFLRQD ORV
HOHPHQWRV� FXPSOH FRQ ODV VLJXLHQWHV FRQGLFLRQHV >��@�
D� &RQGLFLyQ GH FLHUUH� /D FRPSRVLFLyQ GH FXDOTXLHU SDU GH HOH�
PHQWRV� a \ b HQ G WDPELpQ HV XQ HOHPHQWR GH G� ∀a, b ∈ G; a ◦ b ∈
G, b ◦ a ∈ G�
E� $VRFLDWLYLGDG� ∀a, b ∈ G; a ◦ (b ◦ c) = (a ◦ b) ◦ c�
F� (OHPHQWR LGHQWLGDG� 8VXDOPHQWH GHVLJQDGR SRU E� I R e� WLHQH
OD SURSLHGDG GH TXH e ◦ a = a ◦ e = a, ∀a ∈ G�
G� ,QYHUVR� 3DUD WRGR HOHPHQWR a GH G KD\ RWUR HOHPHQWR TXH
WDPELpQ IRUPD SDUWH GHO JUXSR WDO TXH a ◦ b = b ◦ a = e� GRQGH b

UHFLEH HO QRPEUH GH LQYHUVR \ VH VLPEROL]D FRPR b = a−1�
(O Q~PHUR GH HOHPHQWRV GH XQ JUXSR |G| VH GHQRPLQD RUGHQ

GHO JUXSR >�@� 8Q JUXSR ILQLWR HV DTXHO TXH FRQWLHQH XQ Q~PHUR
ILQLWR GH HOHPHQWRV \ QHFHVDULDPHQWH HV GLVFUHWR� HQ FDPELR XQ
JUXSR LQILQWR HV DTXHO TXH WLHQH XQ Q~PHUR LQILQLWR GH HOHPHQWRV�
\ SXHGH VHU GLVFUHWR R FRQWLQXR� 8Q HMHPSOR GH JUXSR FRQWLQXR
HV HO FRQMXQWR GH URWDFLRQHV HQ HO SODQR�
6L VH SXHGH VHOHFFLRQDU XQ FRQMXQWR GH HOHPHQWRV H TXH SHU�

WHQHFHQ D G \ IRUPDQ XQ JUXSR EDMR OD PLVPD OH\ GH FRPSRVLFLyQ
GH G� HQWRQFHV H HV XQ VXEJUXSR GH G �G ⊃ H�� 3RU OD SURSLHGDG
GH WUDQVLWLYLGDG VL H HV XQ VXEJUXSR GH G \ K HV XQ VXEJUXSR GH
H� HQWRQFHV K HV XQ VXEJUXSR GH G� G ⊃ H ⊃ K >�@�
/RV JHQHUDGRUHV GH XQ JUXSR IRUPDQ HO PtQLPR FRQMXQWR GH
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HOHPHQWRV D SDUWLU GH FX\RV SURGXFWRV \ SRWHQFLDV VH SXHGHQ RE�
WHQHU WRGRV ORV HOHPHQWRV GHO JUXSR� &XDQGR WRGRV ORV HOHPHQWRV
GH XQ JUXSR FRQPXWDQ HQWUH Vt� VH GLFH TXH HO JUXSR HV FRQPX�
WDWLYR R DEHOLDQR >�@�

�������� *UXSR GH VLPHWUtD

$ ODV WUDQVIRUPDFLRQHV TXH GHMDQ XQ VLVWHPD LQYDULDQWH VH OHV
FRQRFH FRPR WUDQVIRUPDFLRQHV GH VLPHWUtD� eVWDV SXHGHQ VHU H[�
SUHVDGDV HQ WpUPLQRV GH RSHUDFLRQHV IXQGDPHQWDOHV WDOHV FRPR�
SRU HMHPSOR� URWDFLyQ GH XQ iQJXOR DOUHGHGRU GH XQ HMH� UHIOH�
[LyQ D WUDYpV GH XQ SODQR \ GHVSOD]DPLHQWR SDUDOHOR R WUDVODFLyQ
�WDQWR HQ HO HVSDFLR FRPR HQ HO WLHPSR�� \ VXV FRPELQDFLRQHV�
(O FRQMXQWR GH WUDVIRUPDFLRQHV GH VLPHWUtD GH XQ VLVWHPD GDGR
IRUPDQ XQ JUXSR TXH VH OH FRQRFH FRPR JUXSR GH VLPHWUtD >��@�
/RV JUXSRV GH VLPHWUtD SXHGHQ FODVLILFDUVH HQ FRQWLQXRV \ GLV�

FUHWRV� (QWUH ORV SULPHURV VH SXHGH PHQFLRQDU D ODV URWDFLRQHV
HQ XQ HVSDFLR HXFOLGLDQR GH Q GLPHQVLRQHV� GHVLJQDGRV SRU SO(n)�
\D TXH ORV iQJXORV TXH ODV GHILQHQ VRQ YDULDEOHV FRQWLQXDV� 3RU
RWUD SDUWH ODV UHIOH[LRQHV� ODV URWDFLRQHV VREUH P~OWLSORV HQWHURV
GH XQ iQJXOR IXQGDPHQWDO \ ODV WUDVODFLRQHV SRU XQ Q~PHUR HQWH�
UR GH XQLGDGHV HVSDFLDOHV IRUPDQ JUXSRV GLVFUHWRV� 6L XQ JUXSR
GH VLPHWUtD VH FDUDFWHUL]D SRUTXH VXV WUDQVIRUPDFLRQHV GHMDQ LQ�
YDULDQWH DO PHQRV XQ SXQWR GHO HVSDFLR� HQWRQFHV VH OH FRQRFH
FRPR JUXSR SXQWXDO� &RPR HMHPSORV GH pVWRV VH WLHQHQ ORV JUX�
SRV SXQWXDOHV PROHFXODUHV \ ORV FULVWDORJUiILFRV GH DPSOLR XVR HQ
WHRUtD PROHFXODU \ HVWDGR VyOLGR >�@�
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�������� *UXSR ,QWUtQVHFR

3DUD FDGD HOHPHQWR R ∈ G HV SRVLEOH GHILQLU XQ RSHUDGRU R̄�
HQ HO HVSDFLR / TXH IRUPD HO HVSDFLR GH UHSUHVHQWDFLRQHV� EDMR OD
GHILQLFLyQ

R̄S = SR �����

SDUD WRGR YHFWRU S ∈ / >��@� (O JUXSR IRUPDGR SRU RSHUDGRUHV R̄

VH OH FRQRFH FRPR JUXSR LQWUtQVHFR GH G� Ḡ� 'H DFXHUGR D �����
OD DFFLyQ GHO RSHUDGRU R̄ VREUH HO YHFWRU S GD XQ QXHYR YHFWRU SR�
SRU OR WDQWR VLHQGR S \ T VRQ YHFWRUHV GH /�

R̄ST = R̄(ST ) = STR. �����

6L VXSRQHPRV TXH OD UHJOD GH PXOWLSOLFDFLyQ SDUD HO JUXSR G HV
RS = U HQWRQFHV�

S̄R̄T = S̄TR = TRS = TU = ŪT, �����

SRU OR WDQWR S̄R̄ = Ū� 'H OR DQWHULRU VH REVHUYD TXH KD\ XQD FRUUHV�
SRQGHQFLD HQWUH ORV HOHPHQWRV GH R̄ \ R� IRUPDQGR XQ JUXSR Ḡ

DQWL�LVRPRUIR D G� 'DGR TXH R̄S = SR̄� Ḡ FRQPXWD FRQ G >�����@�
6H WLHQH HQWRQFHV HO HVSDFLR GH UHSUHVHQWDFLRQHV GHO JUXSR

LQWUtQVHFR Ḡ

R̄bRc =
g∑

a=1

Dac(R̄b)Ra = RcRb, �����

GRQGH Dac(R̄b) HV OD UHSUHVQHWDFLyQ GHO JUXSR LQWUtQVHFR Ḡ >��@�
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������ &ODVHV

�������� &ODVH /DWHUDO

(V SRVLEOH H[SUHVDU DO JUXSR G FRPR OD XQLyQ GH FRQMXQWRV GH
sσH, sσ ∈ G, sσ /∈ H� GH OD VLJXLHQWH PDQHUD�

CL =
|σ|∑

σ=1

sσH; |σ| = |G|
|H| . ������

$ HVWD H[SUHVLyQ VH OH FRQRFH FRPR GHVDUUROOR HQ FODVHV ODWHUDOHV�
\ ORV HOHPHQWRV sσ UHFLEHQ HO QRPEUH GH HOHPHQWRV UHSUHVHQWD�
WLYRV GH OD FODVH ODWHUDO� PLHQWUDV TXH |σ| HV HO tQGLFH GHO VXE�
JUXSR H HQ G� (VWH GHVDUUROOR VH SXHGH OOHYDU D FDER HQ FODVHV
ODWHUDOHV WDQWR L]TXLHUGDV �aH = {ah1, ah2, ..., ahn}� FRPR GHUHFKDV
�Ha = {h1a, h2a, ..., hna}� >�@�

�������� &ODVH GH &RQMXJDFLyQ

6L a� b \ u VRQ HOHPHQWRV GH G� VH GLFH TXH b HV FRQMXJDGR D
a VL� b = uau−1� SRU OR WDQWR a WDPELpQ HV FRQMXJDGR D b� \D TXH
a = vbv−1� GRQGH v = u−1� (Q HO FDVR GH TXH u = e HQWRQFHV b HV
FRQMXJDGR D Vt PLVPR� 7DPELpQ VH VDEH TXH VL b HV FRQMXJDGR D a

\ c HV FRQMXJDGR D b� HQWRQFHV c HV FRQMXJDGR D a� $O FRQMXQWR GH
HOHPHQWRV FRQMXJDGRV HQWUH Vt VH OH FRQRFH FRPR FODVH FRQMXJDGD
>�@�
&XDQGR VH WUDWD GH JUXSRV SXQWXDOHV \ UHVXOWD TXH GRV HOH�

PHQWRV a \ b GHO JUXSR G VRQ FRQMXJDGRV HQWUH Vt� FXDQGR VXV
HOHPHQWRV GH VLPHWUtD VRQ HTXLYDOHQWH >��@�
3DUD ODV FODVHV GH FRQMXJDFLyQ HV LPSRUWDQWH LQWURGXFLU HO FRQ�
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FHSWR GH DOJHEUD GH FODVHV� 6H GHILQH OD FDQWLGDG DOJHEUDLFD�

Ki =
∑

gα∈Ki

gα ������

SDUD OD i�pVLPD FODVH Ki� (O SURGXFWR GH FODVHV FLHUUD EDMR OD PXO�
WLSOLFDFLyQ GHO JUXSR�

KiKj =
∑

m

Cm
ij Km ������

GRQGH ORV FRHILFLHQWHV Cm
ij VRQ ODV FRQVWDQWHV GH HVWUXFWXUD GHO iO�

JHEUD GH FODVHV� &RPR FRQVHFXHQFLD GH HVWD SURSLHGDG ODV FODVHV
FRQVWLWX\HQ XQ VXEHVSDFLR LQYDULDQWH EDMR OD DFFLyQ GH ODV FODVHV
PLVPDV� 2WUD SURSLHGDG LPSRUWDQWH HV TXH ODV FODVHV FRQPXWDQ
HQWUH Vt [Ki, Kj] = 0� \ FRQ WRGRV ORV HOHPHQWRV GHO JUXSR >�@�
6L H HV XQD XQLyQ GH FODVHV GH FRQMXJDFLyQ GH G VH GLFH TXH H

HV XQ VXEJUXSR QRUPDO GH G� 6L G HV DEHOLDQR HQWRQFHV WRGRV VXV
VXEJUXSRV VRQ QRUPDOHV� &XDQGR ORV ~QLFRV VXEJUXSRV QRUPDOHV
GH G VRQ OD LGHQWLGDG {e} \ G� VH GLFH TXH G HV XQ JUXSR VLPSOH�

������ 5HSUHVHQWDFLRQHV

6L D̂(G) HV XQ JUXSR GH RSHUDGRUHV GHILQLGRV HQ XQ HVSDFLR YHF�
WRULDO L� pVWRV IRUPDQ XQD UHSUHVHQWDFLyQ GHO JUXSR G� VL H[LVWH
XQ PDSHR KRPRPRUIR GH G D D̂(G)� 6L OD GLPHQVLyQ GH L HV n� HQ�
WRQFHV OD UHSUHVHQWDFLyQ HV GH JUDGR n y n�GLPHQVLRQDO� &XDQGR
VH SXHGH HVWDEOHFHU XQ PDSHR KRPRPRUIR HQWUH HO JUXSR G \ XQ
FRQMXQWR GH PDWULFHV '(G) VH WLHQH XQD UHSUHVHQWDFLyQ PDWULFLDO
GHO JUXSR G >�@�
8Q JUXSR SXHGH WHQHU XQD LQILQLGDG GH UHSUHVHQWDFLRQHV� VLQ

HPEDUJR FXDQGR GRV UHSUHVHQWDFLRQHV HVWiQ FRQHFWDGDV PHGLDQ�
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WH XQD WUDQVIRUPDFLyQ GH VHPHMDQ]D VH GLFH TXH HVWDV UHSUH�
VHQWDFLRQHV VRQ HTXLYDOHQWHV� 3XHVWR TXH H[LVWHQ FDQWLGDGHV LQ�
YDULDQWHV DQWH WUDQVIRUPDFLRQHV GH HTXLYDOHQFLD HQWRQFHV HVWDV
UHSUHVHQWDFLRQHV WLHQHQ FDUDFWHUtVWLFDV HQ FRP~Q� 8QD FDQWLGDG
TXH SHUPLWH FDUDFWHUL]DU XQD UHSUHVHQWDFLyQ GDGD HV OD WUD]D�
OD FXDO UHFLEH HO QRPEUH GH FDUDFWHU GH OD UHSUHVHQWDFLyQ� 'DGR
TXH ODV PDWULFHV FRQMXJDGDV WLHQHQ HO PLVPR FDUDFWHU� HQWRQFHV
ORV HOHPHQWRV GH OD PLVPD FDOVH WDPELpQ WLHQHQ HO PLVPR FDUDF�
WHU >�@�
8QD UHSUHVHQWDFLyQ UHGXFLEOH HV DTXHOOD TXH FRQWLHQH VXEHV�

SDFLRV LQYDULDQWHV� (V SRVLEOH UHGXFLU XQD UHSUHVHQWDFLyQ UHGX�
FLEOH PHGLDQWH FDPELRV GH EDVH D WUDYpV GH WUDQVIRUPDFLRQHV
GH VHPHMDQ]D� &XDQGR VH WLHQH XQD UHSUHVHQWDFLyQ TXH \D QR
HV SRVLEOH WUDQVIRUPDU D EORTXHV PHGLDQWH WUDQVIRUPDFLRQHV GH
VHPHMDQ]D� VH GLFH TXH VH WLHQH XQD UHSUHVHQWDFLyQ LUUHGXFLEOH�
,GHQWLILFDU FXiQGR VH WLHQH XQD UHSUHVHQWDFLyQ LUUHGXFLEOH QR HV
WULYLDO� DXQTXH EDViQGRVH HQ DOJXQRV FULWHULRV� FRQRFLGRV FRPR
ORV OHPDV GH 6FKXU� VH SXHGH SUHFLVDU VL FLHUWD UHSUHVHQWDFLyQ HV
LUUHGXFLEOH >�@�
&XDQGR OD DFFLyQ GH ORV HOHPHQWRV GHO JUXSR VREUH XQ FRQMXQ�

WR GH IXQFLRQHV JHQHUD ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV� VH GLFH
TXH ODV IXQFLRQHV HQ GLFKR FRQMXQWR SRUWDQ OD UHSUHUVHQWDFLyQ
JHQHUDGD� (O WHRUHPD GH GHVFRPSRVLFLyQ HVWDEOHFH TXH WRGD IXQ�
FLyQ SXHGH VHU H[SUHVDGD HQ WpUPLQRV GH XQD FRPELQDFLyQ OLQHDO
GH IXQFLRQHV TXH SRUWDQ UHSUHVHQWDFLRQHV LUUHGXFLEOHV� (QWRQFHV
WRGD IXQFLyQ SXHGH VHU SUR\HFWDGD DO HVSDFLR GH IXQFLRQHV TXH
JHQHUDQ ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO JUXSR >��@� 3DUD
HVWDV IXQFLRQHV VH SXHGH HVWDEOHFHU HO SURGXFWR HVFDODU� HO FXDO
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FXPSOH FRQ HO WHRUHPD GH RUWRJRQDOLGDG�

(
ψ(µ)
i ,φ(ν)

j

)
=

1

nµ
δµνδij

∑

k

(
ψ(µ)
k ,φ(ν)

k

)
, ������

WDQWR FRQ UHVSHFWR D ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV FRPR D VXV
FRPSRQHQWHV >�@�

�������� 5HSUHVHQWDFLyQ VXEGXFLGD

6LH HV XQ VXEJUXSR GH G \'(µ)(G) XQD UHSUHVHQWDFLyQ LUUHGXFL�
EOH GH G� HQWRQFHV HO VXEFRQMXQWR GH PDWULFHV {'(µ)(h1), '(µ)(h2),

���� '(µ)(hn)} FRQVWLWX\H XQD UHSUHVHQWDFLyQ GH H� 'DGR TXH OD
UHSUHVHQWDFLyQ '(µ)(H)� TXH UHFLEH HO QRPEUH GH UHSUHVHQWDFLyQ
VXEGXFLGD� QR HV HQ JHQHUDO LUUHGXFLEOH HQWRQFHV pVWD SXHGH UH�
GXFLUVH D XQD VXPD GLUHFWD GH UHSUHVHQWDFLRQHV LUUHGXFLEOH GH
H >�@� $O SURFHVR GH VHOHFFLRQDU HQWUH ODV PDWULFHV '(µ)(G) VyOR
DTXHOODV FRQ HOHPHQWRV GH H VH OH FRQRFH FRPR VXEGXFFLyQ >�@�

'(µ)(G) ↓ H ≡µ G ↓ H = {'(µ)(R)|R ∈ H}. ������

/D VXEGXFFLyQ WUDWD OD UHGXFFLyQ GH VLPHWUtD GH XQ JUXSR G D
XQ VXEJUXSR H� (VWD UHGXFFLyQ GH VLPHWUtD HV ~WLO SDUD HWLTXHWDU
HVWDGRV \ WUDWDU SHUWXUEDFLRQHV LQWHUQDV R H[WHUQDV GHO VLVWHPD
>�@�

�������� 5HSUHVHQWDFLyQ EDVDO

(O FRQMXQWR GH FODVHV ODWHUDOHV FRQVWLWX\H XQ HVSDFLR GH UHSUH�
VHQWDFLRQHV GH G� FRPR D FRQWLQXDFLyQ VH KDFH QRWDU�

g (s1H, s2H, ..., snH) = (s1H, s2H, ..., snH)∆(b)
H (g) ������
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HV GHFLU

g {sσH} =
|σ|∑

λ

{sλH}∆(b)
H (g)λσ, ������

GRQGH ∆(b)
H (g) HV XQD PDWUL] GH SHUPXWDFLyQ� ∆(b)

H (g) = δλτ \ UHFLEH
HO QRPEUH GH UHSUHVHQWDFLyQ EDVDO L]TXLHUGD GH G� 7DPELpQ VH
SXHGH FRQVWUXLU OD UHSUHVHQWDFLyQ EDVDO GHUHFKD >��@�
&DGD HOHPHQWR UHSUHVHQWDWLYR sσ� HVWDEOHFH XQ PDSHR GH G

VREUH HO VXEJUXSR H� GRQGH HO HOHPHQWR TXH HQ HO PDSHR HV OD
LPDJHQ GH G UHFLEH HO QRPEUH GH VXEHOHPHQWR GH G HQ H SRU
sσ >��@� 'DGR TXH ∆(b)

H (g) VHOHFFLRQD HO HOHPHQWR FRUUHVSRQGLHQWH
D λ = τ �

gsσ =
∑

λ

sλhσ (g)∆
(b)
H (g)λσ, ������

HO VXEHOHPHQWR hσ(g) SXHGH H[SUHVDUVH FRPR�

hσ (g) =
∑

λ

sλ
−1gsσ∆

(b)
H (g)λσ. ������

�������� 5HSUHVHQWDFLyQ LQGXFLGD

'DGD OD µ�pVLPD UHSUHVHQWDFLyQ UHGXFLEOH GHO VXEJUXSR H GH
G�

Ôhiφ
(µ)
α ([) =

nµ∑

β=1

∆(µ)
βα (hi)φ

(µ)
β ([), ������

HO FRQMXQWR GH IXQFLRQHV
{
φ(µ)
α ([) ,α = 1, 2, ..., nµ

}
FRQVWLWX\H OD ED�

VH GH OD UHSUHVHQWDFLyQ� 6H FRQVLGHUD HO FRQMXQWR GH IXQFLRQHV{
ŝσφ

(µ)
α ([)

}
DVRFLDGR FRQ HO GHVDUUROOR HQ FODVHV ODWHUDOHV GHO JUX�

SR G � (O HVSDFLR GH IXQFLRQHV
{
ŝσφ

(µ)
α ([)

}
HV XQ HVSDFLR LQYDULDQWH

GH G \ SRU OR WDQWR HV EDVH GH XQD UHSUHVHQWDFLyQ GH G >��@�
$O DQDOL]DU OD DFFLyQ GHO RSHUDGRU ĝ VREUH OD EDVH

{
ŝσφ

(µ)
α ([)

}
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VH OOHJD D�

ĝ
(
ŝσφ

(µ)
α ([)

)
=
∑

λ

ŝλĥσ (g)φ
(µ)
α ([)∆(b)

H (g)λσ, ������

GRQGH VH XWLOL]y ������� /D H[SUHVLyQ ������ SXHGH H[SUHVDUVH
FRPR�

ĝ
(
ŝσφ

(µ)
α ([)

)
=
∑

λ,β

∆(µH↑G)(g)λβ;σα

(
ŝλφ

(µ)
β ([)

)
, ������

GRQGH ∆(µH↑G)(g)λβ;σα HVWi GHILQLGD FRPR�

∆(µH↑G)(g)λβ;σα =def ∆(b)
H (g)λσ∆

(µ)
βα (hσ (g)) ������

\ VH OH FRQRFH FRPR UHSUHVHQWDFLyQ LQGXFLGD GH H VREUH G� $O
SURFHVR GH LQGXFFLyQ VH GHVLJQD HQ JHQHUDO FRPR µH ↑ G� GRQGH
µ FRUUHVSRQGH D OD UHSUHVHQWFLyQ GH H TXH VH LQGXFH� (O SURGXFWR
HQ ������ VH REWLHQH PXOWLSOLFDQGR FDGD HOHPHQWR ∆(b

H(g) SRU OD
PDWUL] ∆(µ)

βα (hσ(g))� HV GHFLU�

∆(µH↑G)(g)[λσ] = ∆(b)
H (g)λσ∆

(µ) (hσ (g)) , ������

GRQGH [λσ] LQGLFD TXH SDUD REWHQHU ORV HOHPHQWRV GH PDWUL] KD\
TXH PXOWLSOLFDU FDGD XQR GH ORV HOHPHQWRV ∆(b)

H (g)λσ SRU OD PDWUL]
∆(µ) (hσ (g))� 7RPDQGR HQ FXHQWD OR DQWHULRU HV SRVLEOH SUREDU TXH
OD PDWUL] ∆(µH↑G) (g) HV XQD UHSUHVHQWDFLyQ GH G >��@�
(O FDUDFWHU GH OD UHSUHVHQWDFLyQ LQGXFLGD LQYROXFUD XQD VXPD

VREUH OR HOHPHQWRV UHSUHVHQWDWLYRV sσ� FRPR VH REVHUYD DO FDOFX�
ODU OD WUD]D GH OD UHSUHVHQWFLyQ

χ(µH↑G) (g) =
∑

σ

∆(b)
H (g)σσχ

(µ)
H

(
s−1
σ gsσ

)
=
∑

σ

χ(µ)
H

(
s−1
σ gsσ

)
������
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GRQGH ∆(b)
H (g)σσ HV LJXDO D OD XQLGDG FXDQGR s−1

σ gsσ HVWi HQ H� (Q�
WRQFHV GLIHUHQWHV HOHFFLRQHV GH {sσ} JHQHUDQ UHSUHVHQWDFLRQHV LQ�
GXFLGDV HTXLYDOHQWHV SHUR QR QHFHVDULDPHQWH LJXDOHV >��@� /D GL�
PHQVLyQ GH OD UHSUHVHQWDFLyQ LQGXFLGD HVWi GDGD SRU�

|µH ↑ G| = |G|
|H|ηµ ������

�������� 5HSUHVHQWDFLRQHV FRQMXJDGDV

8Q VXEJUXSR LQYDULDQWH� H ▹ G� HV DTXHO TXH SDUD FDGD HOH�
PHQWR h ∈ H \ FDGD g ∈ G HO HOHPHQWR ghg−1 ∈ H� HV GHFLU TXH ODV
FODVHV GHUHFKDV H L]TXLHUGDV FRLQFLGHQ� 6L '(µ)(h) HV OD µ�HVLPD
UHSUHVHQWDFLyQ GH H HQWRQFHV '(µ)(ghg−1) ≡µ '(g)(h) WDPELpQ HV
XQD UHSUHVHQWDFLyQ GH H� /D UHSUHVHQWDFLyQ µ'(g)(h) GHSHQGH GHO
HOHPHQWR g EDMR HO FXDO VH FRQMXJD H� (VWD QXHYD UHSUHVHQWDFLyQ
VH FRQRFH FRPR UHSUHVHQWDFLyQ FRQMXJDGD GH '(µ)(H) \ GHILQH FR�
PR >��@�

µ'(n) (hi)=def'(µ)
(
n−1hin

)
= '(µ) (hj) ������

6L GRV UHSUHVHQWDFLRQHV µ'(n)(H) \ µ'(p)(H) TXH VRQ FRQMXJDGDV
D a'(µ)(H)� VRQ FRQMXJDGDV HQWUH Vt� HQWRQFHV WRGDV ODV UHSUHVHQ�
WDFLRQHV VRQ FRQMXJDGDV HQWUH Vt� HVWR VH FRQRFH FRPR WHRUHPD
GH WUDQVLWLYLGDG GH OD FRQMXJDFLyQ�
$O PD\RU VXEJUXSRH GH G SDUD HO FXDO OD DFFLyQ GH FRQMXJDFLyQ

GHMD LQYDULDQWH D H VH OH FRQRFH FRPR QRUPDOL]DGRU

N (H|G) = {g ∈ G : gHg−1 = H}. ������

$O FRQMXQWR GH UHSUHVHQWDFLRQHV '(µ)(H) VH OH FRQRFH FRPR VX�
SHUyUELWD >��@�

S(µH) =
{
µD

(n) (H) |∀n ∈ N (H|G)
}
. ������



&$3Ë78/2 �� $17(&('(17(6 ��

&DGD HOHPHQWR GH OD VXSHUyUELWD UHFLEH HO QRPEUH GH SXQWD� 6LQ
HPEDUJR� QR WRGDV ODV UHSUHVHQWDFLRQHV GH OD VXSHUyUELWD VRQ
GLIHUHQWHV HQWUH Vt� DOJXQDV GH HOODV SXHGHQ VHU HTXLYDOHQWHV >��@�

������ *UXSR 3HTXHxR

6L GDGD XQD VXSHUyUELWD ������� VH VHOHFFLRQDQ ORV HOHPHQ�
WRV GH N(H|G) TXH GDQ RULJHQ D ODV UHSUHVHQWDFLRQHV FRQMXJDGDV
HTXLYDOHQWHV� VH WLHQH HO FRQMXQWR�

K(µH) =
{
n ∈ N(H|G)|µ'(n) (H) ∼ '(µ) (H)

}
������

GRQGH HO VtPEROR ∼ LQGLFD HTXLYDOHQFLD HQWUH UHSUHVHQWDFLRQHV� (O
FRQMXQWR K(µH) IRUPD XQ JUXSR TXH UHFLEH HO QRPEUH GH JUXSR
SHTXHxR GH '(µ)(H)� /D GHILQLFLyQ GH JUXSR SHTXHxR HV DSOLFDEOH
D FXDOTXLHU SXQWD GH OD VXSHUyUELWD� HQWRQFHV VH WLHQHQ WDQWRV
JUXSRV SHTXHxRV FRPR HOHPHQWRV GHO QRUPDOL]DGRU \ WRGRV HV�
WRV JUXSRV VRQ LVRPRUIRV� 6H VDEH TXH WRGRV ORV JUXSRV SHTXHxRV
DVRFLDGRV D ODV GLIHUHQWHV SXQWDV GH OD VXSHUyUELWD VRQ FRQMXJD�
GRV \ SRU OR WDQWR LVRPRUIRV� (QWRQFHV VH SXHGH DVRFLDU XQ ~QLFR
JUXSR SHTXHxR DEVWUDFWR D OD VXSHUyUELWD >��@� &XDQGR VH UH�
SUHVHQWD XQD VXSHUyUELWD SRU XQD HVWUHOOD� HQWRQFHV ODV SXQWDV
FRUUHVSRQGHQ D ORV UD\RV \ FDGD SXQWD WLHQH DVRFLDGR XQ JUXSR
SHTXHxR�
8QD yUELWD S(µH) HV HO FRQMXQWR GH UHSUHVHQWDFLRQHV TXH QR

VRQ HTXLYDOHQWHV HQWUH Vt� 3DUD JHQHUDU OD yUELWD SULPHUR VH WRPD
XQD SXQWD µ'(n)(H) TXH WLHQH DVRFLDGR HO JUXSR SHTXHxR K(µHn)�
OXHJR HV QHFHVDULR VHOHFFLRQDU RWUD SXQWD TXH HVWp DVRFLDGD D
XQ JUXSR SHTXHxR GLVWLQWR� K(µHq)� GDGR TXH DPERV JUXSRV VRQ
LVRPRUIRV WLHQHQ HO PLVPR RUGHQ� 6LQ HPEDUJR QR SXHGHQ WHQHU
HOHPHQWRV HQ FRP~Q GHELGR D OD SURSLHGDG GH WUDQVLWLYLGDG GH
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OD HTXLYDOHQFLD� TXH GLFH TXH VL ODV SXQWDV VRQ HTXLYDOHQWHV HQ�
WRQFHV ODV UHSUHVHQWDFLRQHV VRQ QHFHVDULDPHQWH HTXLYDOHQWHV� 6H
VLJXH HVWH SURFHGLPLHQWR KDVWD DJRWDUVH ODV SXQWDV GH OD VXSHU�
yUELWD� (V SRVLEOH QRWDU TXH HO SURFHGLPLHQWR SDUD OD REWHQFLyQ
GH yUELWDV HV VLPLODU DO GHVDUUROOR GH XQ JUXSR HQ FODVHV ODWHUDOHV�
/D PDWUL] GH OD yUELWD 6(µH) HVWD GHILQLGD FRPR

6 (µH) =

⎧
⎨

⎩

|ν|∑

ν

⊕'(sν) (H)

⎫
⎬

⎭ , |ν| = |N (H|G)|
|K (µH)| ������

GRQGH HO WpUPLQR HQWUH SDUpQWHVLV FRUUHVSRQGH FRQ OD VXPD GL�
UHFWD GH ODV SXQWDV GH OD RUELWD� 6LHQGR |K (µH)| HV HO RUGHQ GHO
JUXSR SHTXHxR \ |N (H|G)| HV HO RUGHQ GHO QRUPDOL]DGRU�
6L VH FRQVLGHUD TXH H HV XQ VXEJUXSR LQYDULDQWH GH G� VH SXH�

GH GHPRVWUDU TXH OD VXEGXFFLyQ VREUH H GH OD UHSUHVHQWDFLyQ LQ�
GXFLGD 'µ (H) ↑ G HV HTXLYDOHQWH D |ξ| YHFHV OD PDWUL] GH OD yUELWD
6(H)� GRQGH

|ξ| = |K (µH)|
|H| . ������

(QWRQFHV

∆(µH↑G↓H) (H) ∼
|ξ|∑

ξ

⊕6 (µH) ������

/R DQWHULRU VH OH FRQRFH FRPR WHRUHPD GH OD IUHFXHQFLD GH OD
yUELWD >��@�

������ 3URGXFWR 'LUHFWR

6L ORV HOHPHQWRV GH GLIHUHQWHV VXEJUXSRV Hi FRQPXWDQ \ WRGR
HOHPHQWR g ∈ G VH SXHGH H[SUHVDU HQ XQD ~QLFD IRUPD HQ WpUPLQRV
GH SURGXFWRV GH Hi� VH GLFH TXH G HV SURGXFWR GLUHFWR GH VXV
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VXEJUXSRV >�@�

G = H1 ⊗H2 ⊗ ...⊗Hk, |G| =
∏

k

⊗|Hk|. ������

6L HO FRQMXQWR GH IXQFLRQHV
{
ψ(µ)
i ([�) , i = 1, ..., nµ

}
HV EDVH GH OD

µ�pVLPD UHSUHVHQWDFLyQ GH H1 \
{
φ(ν)
j ([�) , j = 1, ..., nν

}
HV HO FRQ�

MXQWR GH IXQFLRQHV TXH JHQHUDQ OD ν�pVLPD UHSUHVHQWDFLyQ GH H2�
HQWRQHV OD PDWUL] GH UHSUHVHQWDFLyQ GH SURGXFWR GLUHFWR µ⊗ν WLHQH
OD IRUPD

D(µ⊗ν)
αβ,ij (RS) = D(µ)

αi (R)D(ν)
βj (S) ������

GRQGH R ∈ H1� S ∈ H2 \ RS ∈ G� /D UHSUHVHQWDFLyQ '(µ⊗ν) (G) VH
UHGXFH D XQD VXPD GLUHFWD GH UHSUHVHQWDFLRQHV LUUHGXFLEOHV \ VX
EDVH HV HO FRQMXQWR GH IXQFLRQHV

{
ψ(µ)
i ([�)⊗ φ(ν)

j ([�)
}
� 3DUD RE�

WHQHU ORV FDUDFWHUHV GH OD UHSUHVHQWDFLyQ µ ⊗ ν GH G VH WRPDQ
VLPSOHPHQWH ORV SURGXFWRV HQWUH ORV FDUDFWHUHV GH ODV UHSUHVHQ�
WDFLRQHV GH H1 \ H2� χ(µ⊗ν)(RS) = χ(µ) (R)χ(ν) (S) >�@�
(V SRVLEOH GHILQLU HO SURGXFWR GLUHFWR HQWUH GRV JUXSRV G \ G′�

G⊗G′� GRQGH OD OH\ GH FRPSRVLFLyQ GH FDGD XQR GH ORV JUXSRV QR
QHFHVDULDPHQWH HV OD PLVPD >�@�

G⊗G′ =
|G|∑

i

|G′|∑

j

(gi, g
′
j). ������

/RV HOHPHQWRV GH GLFKR SURGXFWR WLHQHQ OD IRUPD (a, a′) GRQGH
a ∈ G \ a′ ∈ G′� (Q HVWH FDVR ODV UHSUHVHQWDFLRQHV REWHQLGDV GHO
SURGXFWR GLUHFWR VRQ LUUHGXFLEOHV�
6L G HV XQ JUXSR FRQ HOHPHQWR LGHQWLGDG {e} \ K1 HV XQ VXE�

JUXSR QRUPDO GH G \ K2 HV XQ VXEJUXSR GH G \ VH FXPSOH TXH
K1 ∩K2 = {e} \ WRGR HOHPHQWR GH G VH SXHGH HVFULELU GH PDQHUD
~QLFD FRPR HO SURGXFWR k1k2� GRQGH k1 ∈ K1 \ k2 ∈ K2� HQWRQFHV VH
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GLFH TXH G HV SURGXFWR VHPLGLUHFWR GH K1 \ K2� (O SURGXFWR VHPL�
GLHUFWR VH GHVLJQD FRPR G = K1∧K2 >��@� (V SRVLEOH HQFRQWUDU XQ
LVRPRUILVPR HQWUH K2 \ HO JUXSR FRFLHQWH G/K1� K2 ≃ G/K1 >��@�
'DGR TXH VH FRQVWUX\H XQ JUXSR D SDUWLU GH GRV VXEJUXSRV VH
SXHGH GHFLU TXH HO SURGXFWR VHPLGLUHFWR HV XQD JHQHUDOL]DFLyQ
GHO SURGXFWR GLUHFWR�

���� 'HJHQHUDFLyQ DFFLGHQWDO

(Q PHFiQLFD FXiQWLFD ORV HVWDGRV HVWDFLRQDULRV GH XQD PROp�
FXOD HVWiQ GHVFULWRV SRU HVWDGRV SURSLRV

∣∣ψk
j

〉
GHO +DPLOWRQLDQR Ĥ�

FRUUHVSRQGLHQWHV D XQD FRQMXQWR GH YDORUHV SURSLRV Ek >�@�

H
∣∣ψk

j

〉
= Ek

∣∣ψk
j

〉
. ������

(O FRQMXQWR GH IXQFLRQHV SURSLDV� |ψk
j ⟩, IRUPD XQ HVSDFLR YHFWRULDO�{∣∣ψk

j

〉}
j=1,...,n

, GRQGH n GHQRWD OD GLPHQVLyQ GHO HVSDFLR� \ HO YDORU
SURSLR� Ek� VH GLFH TXH HVWi n�YHFHV GHJHQHUDGR >�@�
/D GHJHQHUDFLyQ HQ PHFiQLFD FXiQWLFD HVWi UHODFLRQDGD FRQ

OD VLPHWUtD GHO VLVWHPD >�@� (VWR SXHGH QRWDUVH D SDUWLU GH TXH
HO +DPLOWRQLDQR DO VHU LQYDULDQWH DQWH ODV RSHUDFLRQHV GHO JUXSR
VLPHWUtD� R̂ GHO VLVWHPD�

[
R̂,H

]
= 0� 3RU OR WDQWR VL

∣∣ψk
j

〉
VXIUH XQD

WUDQVIRUPDFLyQ� R̂� HQWRQFHV R̂
∣∣ψk

j

〉
WDPELpQ HV XQD IXQFLyQ SURSLD

FRQ HO PLVPR YDORU SURSLR� 'DGR HO UHVXOWDGR DQWHULRU KD\ GRV
SRVLELOLGDGHV GHSHQGLHQGR GH OD GHJHQHUDFLyQ >�@�
�� (O HVWDGR SURSLR QR WLHQH GHJHQHUDFLyQ (n = 1)� HQWRQFHV OD

IXQFLyQ SURSLD WUDQVIRUPDGD GHEH VHU SURSRUFLRQDO D OD RULJLQDO�
�� (O HVWDGR SURSLR HVWi GHJHQHUDGR (n > 1)� /D IXQFLyQ SURSLD

WUDQVIRUPDGD VH GHEH SRGHU PDSHDU D XQD FRPELQDFLyQ OLQHDO
GH FRPSRQHQWHV GHO HVSDFLR SURSLR� 3RU FRQVLJXLHQWH HO HVSDFLR
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SURSLR GHEH IRUPDU XQ HVSDFLR GH HVWDGRV TXH VHD LQYDULDQWH DQWH
HO JUXSR GH VLPHWUtD G�

R̂
∣∣ψk

j

〉
=

n∑

i=1

Dij (R)
∣∣ψk

i

〉
. ������

&XDQGR OD UHSUHVHQWDFLyQ PDWULFLDO FRUUHVSRQGH FRQ XQD UHSUH�
VHQWDFLyQ LUUHGXFLEOH HO JUDGR GH GHJHQHUDFLyQ FRUUHVSRQGH D OD
GLPHQVLyQ GH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO JUXSR GH VLPH�
WUtD >�@� $Vt HQWRQFHV KD\ XQD FRUUHVSRQGHQFLD HQWUH ODV IXQFLRQHV
SURSLDV GHO KDPLOWRQLDQR \ ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO
JUXSR GH VLPHWUtD DVRFLDGR DO KDPLOWRQLDQR \ OD GHJHQHUDFLyQ VH
OH SXHGH DWULEXLU D OD VLPHWUtD GHO VLVWHPD� &XDQGR HVWR VXFHGH�
OD GHJHQHUDFLyQ VH LGHQWLILFD FRPR QRUPDO >�@� 6L OD UHSUHVHQWD�
FLyQ PDWULFLDO HV UHGXFLEOH HO HVSDFLR SURSLR SXHGH VHU VHSDUDGR
HQ EORTXHV LUUHGXFLEOHV XWLOL]DQGR SUR\HFFLyQ GH RSHUDGRUHV \ OD
UHSUHVHQWDFLyQ UHFLEH HO QRPEUH GH DFFLGHQWDO� 8QD GHJHQHUDFLyQ
DFFLGHQWDO VLVWHPiWLFD LQGLFD OD SUHVHQFLD GH XQD VLPHWUtD RFXOWD�
TXH VH DVRFLD FRQ OD H[LVWHQFLD GH XQ JUXSR GH PD\RU VLPHWUtD
FRQ UHVSHFWR DO FXDO OD GHJHQHUDFLyQ HV QRUPDO� 6LVWHPDV TXH
SUHVHQWDQ GHJHQHUDFLyQ DFFLGHQWDO VRQ DEXQGDQWHV HQ PHFiQLFD
FXiQWLFD� DXQTXH HQ WRGRV ORV FDVRV� GH DFXHUGR D OD H[SHULHQ�
FLD� VH GHEH D TXH HO JUXSR GH VLPHWUtD GHO VLVWHPD HV GH PiV DOWD
VLPHWUtD >�@�
(O HMHPSOR PiV FRQRFLGR GH GHJHQHUDFLyQ DFFLGHQWDO VH SUH�

VHQWD HQ HO iWRPR GH KLGUyJHQR QR UHODWLYLVWD >��@� /D VLPHWUtD
HVIpULFD GHO SRWHQFLDO OOHYD D OD SURSXHVWD GH TXH HO JUXSR GH
URWDFLRQHV SO(3) HV HO JUXSR GH VLPHWUtD� VLQ HPEDUJR HVWD SUR�
SXHVWD OOHYD D OD LGHQWLILFDFLyQ GH GHJHQHUDFLyQ DFFLGHQWDO� /D GH�
JHQHUDFLyQ VH WRUQD QRUPDO VL VH LQFRUSRUD HO YHFWRU GH /DSODFH
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5XQJH�/HQ] >��@�

$ = (O× U)− µkÛ; V (r) = −k

r
������

HO FXDO VXUJH FRPR XQD FDQWLGDG FRQVHUYDGD HQ HO SUREOHPD GH
yUELUWDV GH .HSOHU� TXH MXQWR FRQ HO PRPHQWR DQJXODU JHQHUD
URWDFLRQHV HQ FXDWUR GLPHQVLRQHV� OR TXH SHUPLWH LGHQWLILFDU HO
JUXSR GH VLPHWUtD SO(4) FRPR HO JUXSR UHDO GH VLPHWUtD >��@� /D
GHJHQHUDFLyQ DFFLGHQWDO GH HVWH VLVWHPD DSDUHFH HQ HO FRQMXQ�
WR GH QLYHOHV DVRFLDGRV DO PLVPR Q~PHUR FXiQWLFR SULQFLSDO� SRU
FRQVLJXLHQWH ORV HVWDGRV FRQ LJXDO Q~PHUR FXiQWLFR SULQFLSDO \
GLIHUHQWH PRPHQWR DQJXODU VH FRQHFWDQ PHGLDQWH WUDQVIRUPDFLR�
QHV HQ FXDWUR GLPHQVLRQHV SHUWHQHFLHQWHV DO JUXSR GH URWDFLRQHV
SO(4) >��@�
3RU RWUD SDUWH� XQR GH ORV VLVWHPDV PiV HVWXGLDGRV HQ PHFi�

QLFD FXiQWLFD LQWURGXFWRULD HV OD SDUWtFXOD OLEUH HQ XQD FDMD FXD�
GUDGD FRQ SDUHGHV LPSHQHWUDEOHV >�@� (VWH VLVWHPD WDPELpQ H[KL�
EH GHJHQHUDFLyQ DFFLGHQWDO� (Q GRV GLPHQVLRQHV HO SUREOHPD GH
XQD SDUWtFXOD FRQILQDGD WLHQH XQ DOWR JUDGR GH GHJHQHUDFLyQ� WDQ�
WR VLVWHPiWLFD FRPR DFFLGHQWDO >��@� /D GHJHQHUDFLyQ HQ OD FDMD
FXDGUDGD HV PHQRV PHQFLRQDGD HQ OD OLWHUDWXUD� HVWR VH SXHGH
GHEHU D TXH D GLIHUHQFLD GH RWURV VLVWHPDV FXiQWLFRV� HO JUXSR
GH VLPHWUtD GH XQD FDMD LQYROXFUD WUDQVIRUPDFLRQHV GLVFUHWDV \
FRQWLQXDV >��@�
(O JUXSR SXQWXDO TXH OH FRUUHVSRQGH D OD VLPHWUtD JHRPpWULFD

GH OD FDMD FXDGUDGD LPSHQHWUDEOH HV HO C4v >��@� FX\RV HOHPHQWRV
FRQVWDQ GH ODV URWDFLRQHV \ UHIOH[LRQHV PRVWUDGDV HQ OD )LJXUD
���� (O JUXSR SXQWXDO SUHYLDPHQWH PHQFLRQDGR QR HV HO JUXSR
GH VLPHWUtD \D TXH SDUD ORV HVWDGRV GREOHPHQWH GHJHQHUDGRV QR
VLHPSUH VH WUDQVIRUPDQ GH LJXDO PDQHUD TXH OD UHSUHVHQWDFLyQ
LUUHGXFLEOH ELGLPHQVLRQDO� E� GHO JUXSR C4v� 5HFRUGHPRV TXH VH
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C
4

x

y

!
v

a

!
v

b
!

d

!
d

a

)LJXUD ���� 5RWDFLRQHV \ UHIOH[LRQHV GHO JUXSR SXQWXDO C4v�

HVSHUD TXH OD GHJHQHUDFLyQ GH ORV QLYHOHV GH HQHUJtD GHO HVSHFWUR
UHVXOWDQWH FRQFXHUGH FRQ OD GHJHQHUDFLyQ GH OD UHSUHVHQWDFLyQ
LUUHGXFLEOH FRUUHVSRQGLHQWH� 3RU OR WDQWR HV QHFHVDULR HVWDEOHFHU
HO JUXSR FRPSOHWR GH VLPHWUtD� GRQGH OD GHJHQHUDFLyQ DFFLGHQWDO
VHD QRUPDO� (VWH QXHYR JUXSR WLHQH D C4v FRPR VXEJUXSR� \ HVWi
GDGR SRU G = D(1) ∧ C4v GRQGH D(1) HV XQ JUXSR FRQWLQXR TXH
WLHQH DVRFLDGDV ODV WUDQVIRUPDFLRQHV TXH VH REWLHQHQ D SDUWLU GH
OD H[SRQHQFLDFLyQ GHO RSHUDGRU�

D =
∂2

∂x2
− ∂2

∂y2
. ������

$KRUD ELHQ� DO WRPDU G FRPR JUXSR GH VLPHWUtD ODV UHSUHVHQWDFLR�
QHV LUUHGXFLEOHV SUHVHQWDQ XQD HWLTXHWD GREOH� XQD HWLTXHWD DVR�
FLDGD FRQ HO JUXSR FRQWLQXR \ OD RWUD FRQ HO JUXSR GLVFUHWR >��@�
'H PDQHUD VLPLODU� OD FDMD F~ELFD FRQ SDUHGHV LQILQLWDV SUHVHQ�

WD GHJHQHUDFLyQ DFFLGHQWDO VLVWHPiWLFD� /D VLPHWUtD REYLD SDUD OD
FDMD F~ELFD FRUUHVSRQGH DO JUXSR SXQWXDO Oh� VLQ HPEDUJR� FRPR
VH REVHUYD HQ OD )LJXUD ���� OD GHJHQHUDFLyQ TXH SUHVHQWD SXHGH
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VHU GH GLPHQVLyQ VHLV \ ODV WUDQVIRUPDFLRQHV GHO JUXSR DVRFLDGR
FRQ OD VLPHWUtD JHRPpWULFD QR SXHGHQ H[SOLFDUOD >�@� (QWRQFHV VH
VDEH TXH HVWH VLVWHPD SUHVHQWD GHJHQHUDFLyQ DFFLGHQWDO GHELGD
D OD SUHVHQFLD GH WUDQVIRUPDFLRQHV DGLFLRQDOHV�

Oh

E

!
123( )
T2u!

123( )
T1u

!
222

A
2u

!
113

A1g
!

13( )1

Eg

!
122( )

T
2 g

!
112( )
T
1u

!
111

A
1g

)LJXUD ���� 'HJHQHUDFLyQ DFFLGHQWDO GH OD FDMD F~ELFD FRQ SDUHGHV LPSHQHWUDEOHV� FRQVLGH�
UDQGR OD VLPHWUtD JHRPHWULFD DVRFLDGD FRQ HO JUXSR GH VLPHWUtD Oh�
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���� 5HJODV GH 6HOHFFLyQ

/D HVSHFWURVFRStD HV HO HVWXGLR GH OD DEVRUFLyQ \ HPLVLyQ GH OD
UDGLDFLyQ HOHFWURPDJQpWLFD SRU OD PDWHULD� $ ODV FRQGLFLRQHV TXH
GHEHQ VDWLVIDFHUVH SDUD TXH PHGLDQWH VX LQWHUDFFLyQ FRQ OD UDGLD�
FLyQ HOHFWURPDJQpWLFD XQ VLVWHPD SDVH GH XQ HVWDGR D RWUR VH OHV
FRQRFH FRPR UHJODV GH VHOHFFLyQ� (VWDV UHJODV VH KDQ GHVDUUROODGR
SDUD QLYHOHV HOHFWUyQLFRV� URWDFLRQDOHV� YLEUDFLRQDOHV \ QXFOHDUHV�
(Q PHFiQLFD FXiQWLFD ODV UHJODV GH VHOHFFLyQ HVWiQ GHWHUPLQDGDV
SRU XQD LQWHJUDO GH OD VLJXLHQWH IRUPD�

I =

∫
ψ1

∗-̂ψ2dτ, ������

GRQGH ψ1 \ ψ2 VRQ ODV IXQFLRQHV GH RQGD GH ORV HVWDGRV LQYR�
OXFUDGRV HQ OD WUDQVLFLyQ \ Ĵ HV XQ RSHUDGRU WHQVRULDO DVRFLDGR
D XQ PRPHQWR �GLSRODU�HOpFWULFR� FXDGUXSRODU HOpFWULFR� GLSRODU
PDJQpWLFR� HWF��� 6L OD LQWHJUDO ������ HV FHUR� OD WUDQVLFLyQ HVWD
SURKLELGD�
8WLOL]DQGR OD VLPHWUtD GH ODV IXQFLRQHV GH RQGD LQYROXFUDGDV HQ

WUDQVLFLyQ QR HV QHFHVDULR KDFHU HO FiOFXOR H[SOLFLWR SDUD VDEHU VL
OD LQWHJUDO VH DQXOD�

I =
∑

ρα

Aρα

∫
ψ(µ)
i

∗
Ĵ (ρ)
α ψ(ν)

j dτ , ������

VLHQGR Aρα ODV FRPSRQHQWHV GH OD SUR\HFFLyQ GH -̂� \ ν� µ \ ρ

VRQ UHSUHVHQWDFLRQHV LUUHGXFLEOHV GH ODV IXQFLRQHV \ GHO RSHUDGRU
UHVSHFWLYDPHQWH�
/D LQWHJUDO ������ HV GLIHUHQWH GH FHUR VL VH VDWLVIDFH OD VL�

JXLHQWH FRQGLFLyQ
µ ∈ ρ⊗ ν =

∑

Γ

⊕aΓΓ ������



&$3Ë78/2 �� $17(&('(17(6 ��

7DEOD ���� 7DEOD GH FDUDFWHUHV GHO JUXSR SXQWXDO &3v�

C3v E �C3 �σv
A1 � � � z
A2 � � ��
E � �� � (x, y)

SDUD DO PHQRV XQD GH ODV FRPSRQHQWHV LQYROXFUDGDV HQ OD LQWHJUDO
>�@�
3DUD SRGHU XWLOL]DU ODV UHJODV GH VHOHFFLyQ FRPR KHUUDPLHQWDV�

HV QHFHVDULR FRQRFHU HO JUXSR FRPSOHWR GH VLPHWUtD \D TXH HQ
FDVR GH QR VHU DVt HV SRVLEOH OOHJDU D FRQFOXVLRQHV HTXLYRFDGDV� HV
GHFLU� SUHGHFLU TXH KD\ WUDQVLFLRQHV SHUPLWLGDV TXH HQ UHDOLGDG QR
OR HVWiQ� 3RU HMHPSOR� VL FRQVLGHUDPRV XQD PROpFXOD FX\R JUXSR
SXQWXDO HV &�Y SRGHPRV REVHUYDU HQ OD WDEOD GH FDUDFWHUHV�7DEOD
���� TXH HO GLSROR SURYLHQH GH ODV UHSUHVHQWDFLRQHV A1 \ E� $O
KDFHU ORV SURGXFWRV GLUHFWRV VH REWLHQH�

E ⊗ A1 = E

A1 ⊗ A1 = A1

������

3RU OR WDQWR VH SXHGH FRQFOXLU TXH OD WUDQVLFLyQ A1 → A2 HVWD
SURKLELGD�
6L DVXPLpUDPRV HO JUXSR SXQWXDO &V� TXH HV XQ VXEJUXSR GH

&�Y �FRPR JUXSR SXQWXDO WHQHPRV TXH HO GLSROR SURYLHQH GH ODV
UHSUHVHQWDFLRQHV A \ B� HVWR VH REVHUYD HQ OD 7DEOD ��� \ DO KDFHU
ORV SURGXFWRV GLUHFWRV VH OOHJD D OD FRQFOXVLyQ TXH OD WUDQVLFLyQ
A → B HVWi SHUPLWLGD�
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7DEOD ���� 7DEOD GH FDUDFWHUHV GHO JUXSR SXQWXDO &s�

Cs E σv
A � � z
B � �� x� y

$O KDFHU OD VXEGXFFLyQ GHO JUXSR &�Y D &V VH WLHQH OR VLJXLHQWH�

&�Y &V

A1 A

A2 B

E A+ B

������

&RPR VH REVHUYD OD UHSUHVHQWDFLyQ A2 GH &�Y HVWD DVRFLDGD FRQ
OD B GH &V \ OD UHSUHVHQWDFLyQ A1 FRQ OD A UHVSHFWLYDPHQWH� SRU OR
WDQWR VL VH DVXPLHUD &V FRPR JUXSR GH VLPHWUtD VH SRGUtD FRQFOXLU
TXH OD WUDQVLFLyQ HQWUH QLYHOHV TXH SRUWDQ OD UHSUHVHQWDFLyQ A1 \
DTXHOORV TXH SRUWDQ OD UHSUHVHQWDFLyQ A2 HVWi SHUPLWLGD� VLHQGR
HVWD XQD FRQFOXVLyQ LQFRUUHFWD�



&DStWXOR �

0HWRGRORJtD

���� 0pWRGR GH )XQFLRQHV 3URSLDV

8Q PpWRGR SDUD OOHYDU DFDER OD SUR\HFFLyQ GH IXQFLRQHV HV HO
PpWRGR GH IXQFLRQHV SURSLDV� (V GHFLU� HV XQ PpWRGR SDUD SUR\HF�
WDU D WUDYpV GH OD GLDJRQDOL]DFLyQ GH OD PDWUL] GH UHSUHVHQWDFLyQ
GH FLHUWRV RSHUDGRUHV >�@� 6H SXHGH GHPRVWUDU TXH HVWH PpWRGR
VH GHULYD HQ IRUPD QDWXUDO GHO FRQFHSWR GH Q~PHUR FXiQWLFR SDUD
HO FDVR GH JUXSRV GLVFUHWRV >��@�
(V SRVLEOH JHQHUDU XQD UHSUHVHQWDFLyQ PHGLDQWH OD DFFLyQ GH

OD i�pVLPD FODVH Ki VREUH HO HVSDFLR GH FODVHV Lc�

KiKj =
∑

m

∆mj (Ki)Km, �����

GRQGH SRU FRPSDUDFLyQ FRQ ������� VH KDFH OD VLJXLHQWH LGHQWLIL�
FDFLyQ >��@�

∆mj (Ki) = Cm
ij . �����

'HELGR D TXH ODV FODVHV FRQPXWDQ HQWUH Vt� HQWRQFHV HV SRVLEOH
GLDJRQDOL]DU ODV PDWULFHV DVRFLDGDV D ODV FODVHV ∆(Ki) VLPXOWDQHD�

��
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PHQWH� <D TXH HO FRQMXQWR GH FODVHV UHVXOWD VHU OLQHDOPHQWH LQ�
GHSHQGLHQWH� HQWRQFHV HO FRQMXQWR GH FODVHV IRUPDQ XQ FRQMXQWR
FRPSOHWR GH RSHUDGRUHV TXH FRQPXWDQ (CI) >�@� /D GLDJRQDOL]D�
FLyQ GH HVWH FRQMXQWR HV HTXLYDOHQWH D GLDJRQDOL]DU XQD FRPEL�
QDFLyQ OLQHDO

CI =
|K|∑

i

aiKi �����

GRQGH ORV FRHILFLHQWHV ai VRQ HQWHURV \ DUELWUDULRV \ GHEHQ FRQ�
GXFLU D IXQFLRQHV SURSLDV |ψν⟩QR GHJHQHUDGRV TXH FRQPXWDQ FRQ
ODV FODVHV Ki� HV GHFLU

Ki |ψν⟩ = λ(ν)i |ψν⟩ . �����

3RU OR WDQWR HO YDORU SURSLR λ(ν)i HVWi GDGR SRU OD VLJXLHQWH H[SUH�
VLyQ

λ(ν)i =
|Ki|
nν

χ(ν)
i ∗, �����

GRQGH χ(ν)
i VRQ ORV FDUDFWHUHV GH XQD UHSUHVHQWDFLyQ LUUHGXFLEOH HV

GHFLU ORV FDUDFWHUHV SULPLWLYRV�
/DV IXQFLRQHV SURSLDV GHO RSHUDGRU DVRFLDGR DO FRQMXQWR FRP�

SOHWR GH RSHUDGRUHV TXH FRQPXWDQ� ĈI� SURYHH XQD HWLTXHWD ν

DVRFLDGD D ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV� VLQ HPEDUJR FXDQ�
GR PiV GH XQD IXQFLyQ SRUWD OD PLVPD UHSUHVHQWDFLyQ LUUHGXFLEOH
HV QHFHVDULR DxDGLU QXHYDV HWLTXHWDV TXH GLVWLQJD FRPSRQHQWHV�
3DUD SURSRQHU GLFKR RSHUDGRU HV QHFHVDULR HVWDEOHFHU XQD FDGH�
QD FDQyQLFD GH JUXSRV G ⊃ G(s)� GH WDO IRUPD TXH FDGD JUXSR WLH�
QH DVRFLDGR VX SURSLR RSHUDGRU ĈI� (VWRV RSHUDGRUHV FRQPXWDQ�[
ĈI , ĈI (s)

]
= 0� \ SXHGHQ VHU GLDJRQDOL]DGRV VLPXOWDQHDPHQWH� 'H

HVWD IRUPD VH FRQVWUX\H XQ QXHYR RSHUDGRU ĈII GHILQLGR SRU�

ĈII = ĈI + βĈI (s) , �����
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GRQGH β HV XQ HQWHUR� (O FRQMXQWR
{
ĈI , ĈI (s)

}
= CII UHFLEH HO QRP�

EUH GH FRQMXQWR FRPSOHWR GH WLSR ,,� (VWH QXHYR FRQMXQWR OH DxDGH
XQD QXHYD HWLTXHWD D ODV IXQFLRQHV SURSLDV >�����@�
(Q DOJXQRV FDVRV HQ ORV TXH HO FRQMXQWR

{
ĈI , ĈI (s)

}
= CII QR

SXHGD GLVWLQJXLU D ODV IXQFLRQHV SURSLDV HV QHFHVDULR LQYROXFUDU
JUXSRV LQWUtQVHFRV� FX\R GLVWLQWLYR UHFDH HQ OD IRUPD HQ OD TXH
ORV RSHUDGRUHV GHO JUXSR VRQ DSOLFDGRV >��@� 'DGD OD FDGHQD GH
JUXSRV G ⊃ G(s) OD FDGHQD GH JUXSRV LQWUtQVHFRV VHULD� Ḡ ⊃ Ḡ(s)�
(C̄; C̄(s))� 6H VDEH TXH C = C̄� VLQ HPEDUJR C(s) ̸= C̄(s)� 6H WLHQH XQ
QXHYR FRQMXQWR GH RSHUDGRUHV GDGR SRU

{
ĈI , ĈI (s),

¯̂CI(s)
}

= CIII

\ HVWH FRQMXQWR OH DxDGH XQD WHUFHUD HWLTXHWD D ODV IXQFLRQHV
SURSLDV >��@�

���� ,QGXFFLyQ

(O SURFHVR RSXHVWR D OD VXEGXFFLyQ HV OD LQGXFFLyQ� $TXt VH
FRPLHQ]D FRQ ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GH XQ VXEJUXSR
H \ PHGLDQWH GHVDUUROOR HQ FODVHV ODWHUDOHV VH REWLHQHQ ODV UH�
SUHVHQWDFLRQHV GH XQ JUXSR GH PD\RU VLPHWUtD� /D LQGXFFLyQ VH
REWLHQH D SDUWLU GH XQD UHSUHVHQWDFLyQ SDUWLFXODU GH H >�@�
(O UHVXOWDGR GH OD LQGXFFLyQ HVWD GHWHUPLQDGR SRU HO WHRUHPD

GH UHFLSURFLGDG GH )UREHQLXV TXH GLFH TXH HO Q~PHUR GH YHFHV TXH
XQD UHSUHVHQWDFLyQ Γ GHO JUXSR G RFXUUH HQ OD LQGXFFLyQ� H ↑ G�
GH OD UHSUHVHQWDFLyQ LUUHGXFLEOH γ GH XQ VXEJUXSR H HV LJXDO DO
Q~PHUR GH YHFHV TXH γ HVWi SUHVHQWH HQ OD VXEGXFFLyQ� G ↓ H� GH
OD UHSUHVHQWDFLyQ LUUHGXFLEOH Γ >��@�
&XDQGR VH OOHYD D FDER OD LQGXFFLyQ GH OD µ�pVLPD UHSUHVHQWD�

FLyQ GH H HQ G� OD UHSUHVHQWDFLyQ TXH VH REWLHQH HV XQD UHSUH�
VHQWDFLyQ UHGXFLEOH GH G� 6LQ HPEDUJR� HV SRVLEOH JHQHUDU WRGDV
ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GH G� VL VH XWLOL]D HO WHRUHPD GH
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WUDQVLWLYLGDG GH OD LQGXFFLyQ HV GHFLU VL pVWD VH OOHYD D FDER D WUD�
YpV GHO JUXSR SHTXHxR K TXH VDWLVIDFH G ⊃ K ⊃ H� (QWRQFHV VH
LQGXFH SULPHUR OD UHSUHVHQWDFLyQ µH DO JUXSR K \ ODV UHSUHVHQ�
WDFLRQHV REWHQLGDV VH UHGXFHQ SDUD REWHQHU ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV GH K� 6H LQGXFHQ ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GH
K \ VH REWLHQHQ ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GH G� (O JUXSR
K HV OR TXH VH FRQRFH FRPR HO JUXSR SHTXHxR \ SHUPLWH JHQH�
UDU ODV UHSUHVHQWDFLRQHV GHO JUXSR DVHJXUDQGR LUUHGXFLELOLGDG \
FRPSOHWLWXG >��@�



&DStWXOR �

5HVXOWDGRV \ 'LVFXVLyQ

���� 3UR\HFFLyQ

(O SULPHU SDVR SDUD LGHQWLILFDU HO JUXSR GH VLPHWUtD FRQVLVWH
HQ FRQVLGHUDU OD VLPHWUtD JHRPpWULFD� 6H HVSHUD TXH ORV HVWDGRV
SURSLRV SRUWHQ UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO JUXSR GH VLPH�
WUtD� /RV HVWDGRV SURSLRV HVWiQ GDGRV FRQ UHVSHFWR DO RULJHQ O�
PLHQWUDV TXH ODV WUDVIRUPDFLRQHV GH VLPHWUtD HVWiQ GDGDV FRQ
UHVSHFWR DO RULJHQ O′� 6LQ HPEDUJR DPERV RULJHQHV VH SXHGHQ
UHODFLRQDU PHGLDQWH OD WUDVODFLyQ ÔT � FRQ T̂ GHILQLGD SRU�

T̂ (x, y, z) = (x′, y′, z′) =

(
x− a

2
, y − b

2
, z − c

2

)
, �����

GRQGH (x, y, z) \ (x′, y′, z′) VRQ FRPSRQHQHWHV GH ORV YHFWRUHV UO \
UO′ UHVSHFWLYDPHQWH�
(QWRQFHV VL ÔR FRQ R ∈ 2h VRQ RSHUDGRUHV GDGRV FRQ UHVSHF�

WR DO RULJHQ O� OD DFFLyQ GH ORV HOHPHQWRV GHO JUXSR VREUH ORV
HVWDGRV VH SXHGH GHWHUPLQDU D SDUWLU GH OD DFFLyQ GH ORV JHQH�
UDGRUHV VREUH ORV YHFWRUHV RUWRQRUPDOHV�(H1,H2,H3)� D OR ODUJR GHO

��
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HMH FDUWHVLDQR� (x, y, z) >�@� SRU HMHPSOR�

Ĉ4 (x) (H1,H2,H3) = (H1,H2,H3)

⎛

⎜⎝
1 0 0

0 0 −1

0 1 0

⎞

⎟⎠ , �����

Ĉ4 (y) (H1,H2,H3) = (H1,H2,H3)

⎛

⎜⎝
0 0 1

0 1 0

−1 0 0

⎞

⎟⎠ , �����

I (H1,H2,H3) = (H1,H2,H3)

⎛

⎜⎝
−1 0 0

0 −1 0

0 0 −1

⎞

⎟⎠ . �����

/RV RSHUDGRUHV DVRFLDGRV DO RULJHQ O′� Ô′
R� VH REWLHQHQ PHGLDQWH

OD WUDQVIRUPDFLyQ�
ÔT ÔRÔ−1

T = Ô′
R. �����

/RV Ô′
R SDUD ORV JHQHUDGRUHV VH REWXYLHURQ GH OD VLJXLHQWH PD�

QHUD�

Ô′
C4(x)Ψn1n2n3(x, y, z) = ÔT ÔC4(x)Ô−1

T Ψn1n2n3(x, y, z)

= ÔT ÔC4(x)Ψn1n2n3

(
x+

a

2
, y +

b

2
, z +

c

2

)

= ÔTΨn1n2n3

(
x+

a

2
,−z +

c

2
, y +

b

2

)

= Ψn1n2n3(x,−z + c, y)

= (−1)n2+1Ψn1,n3,n2 (x, y, z) ,

�����
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Ô′
C4(y)Ψn1n2n3(x, y, z) = ÔT ÔC4(y)Ô−1

T Ψn1n2n3(x, y, z)

= (−1)n3+1Ψn3,n2,n1 (x, y, z) ,

�����

Ô′
IΨn1n2n3(x, y, z) = ÔT ÔIÔ−1

T Ψn1n2n3(x, y, z)

= (−1)n1+n2+n3+1Ψn1,n2,n3 (x, y, z) .

�����

3DUD HWLTXHWDU ORV HVWDGRV DSURSLDGDPHQWH VH XWLOL]y HO Pp�
WRGR GH IXQFLRQHV SURSLDV >���������@� 3RU OR TXH IXH QHFHVDULR
HVWDEOHFHU XQD FDGHQD GH JUXSRV� 'DGR TXH VH SUHWHQGH DQDOL]DU
HO URPSLPLHQWR GH VLPHWUtD GHO VLVWHPD� UHVXOWD FRQYHQLHQWH SUR�
SRQHU XQD FDGHQD TXH WRPH HQ FXHQWD ORV JUXSRV DVRFLDGRV FRQ
OD VLPHWUtD JHRPpWULFD GH ORV SDUDOHOHSLGHGRV GH EDVH FXDGUDGD
\ EDVH UHFWDQJXODU� 6H SURSRQH HQWRQFHV

Oh ⊃ D4h ⊃ D2h. �����

/RV HVWDGRV WHQGUiQ OD HWLTXHWD |Γ, γ1, γ2⟩� GRQGH Γ� γ1 \ γ2 VRQ UH�
SUHVHQWDFLRQHV LUUHGXFLEOHV GH ORV UHVSHFWLYRV JUXSRV� 6LJXLHQGR
HO PpWRGR GH IXQFLRQHV SURSLDV HV QHFHVDULR HVWDEOHFHV FRPELQD�
FLRQHV OLQHDOHV GH ODV FODVHV TXH GLVWLQJDQ ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV GH FDGD JUXSR >��@�
3DUD HO JUXSR Oh HO RSHUDGRU ĈI HVWi GDGR SRU�

ĈI = K̂4 + 5K̂6 ������

GRQGH ODV FODVHV� K̂i� HVWiQ LQGLFDGDV HQ 7DEOD ��� >��@� 3DUD HO
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7DEOD ���� 7DEOD GH FDUDFWHUHV GHO JUXSR SXQWXDO 2h� /DV FODVHV HVWDQ LQGLFDGDV HQ HO VHJXQGR
UHQJOyQ

Oh E �C3 �C2 � C4 �C ′
2 I �S6 �σh �S4 �σd

K1 K2 K3 K4 K5 K6 K7 K8 K9 K10

A1g � � � � � � � � � � x2 + y2 + z2

A2g � � � �� � � � � � �� ��
Eg � �� � � � � �� � � � (2z2 − x2 − y2, x2 − y2)
T1g � � �� � �� � � �� � ��
T2g � � �� �� � � � �� �� � (xz, yz, xy)
A1u � � � � � �� �� � � �� ��
A2u � � � �� �� �� �� �� �� ��
Eu � �� � � � �� � �� � �
T1u � � �� � � � �� � � �� �
T2u � � �� �� � �� � � � ��

JUXSR D4h HO RSHUDGRU ĈI(s1) HV�

ĈI(s1) = (k̂2 + 3k̂4) + k̂6 ������

GRQGH ODV FODVHV� k̂i HVWDQ LQGLFDGDV HQ 7DEOD ��� >��@� 3DUD HO
JUXSR D2h HO RSHUDGRU ĈI(s2) HV�

ĈI(s2) = Ĉ2(z) + 3Ĉ2(x) + 5Î ������

3RU OR WDQWR HO FRQMXQWR FRPSOHWR GH RSHUDGRUHV GH WLSR ,, HVWi
GDGR SRU�

{
ĈI , ĈI (s1) , ĈI (s2)

}
� /D GLDJRQDOL]DFLyQ VLPXOWDQHD GH

VXV UHSUHVHQWDFLRQHV SXHGH VHU VXEVWLWXLGD SRU OD GLDJRQDOL]DFLyQ
GH XQ ~QLFR RSHUDGRU�

ĈII = Ĉ + 3ĈI (s1) + 7ĈI (s2) . ������

(VWH RSHUDGRU GLVWLQJXH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO
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7DEOD ���� 7DEOD GH FDUDFWHUHV GHO JUXSR SXQWXDO D4h� /DV FODVHV HVWDQ LQGLFDGDV HQ HO
VHJXQGR UHQJOyQ�

D4h E � C4(z) C2 �C ′
2 �C ′′

2 I � S4 σh � σv � σd
k1 k2 k3 k4 k5 k6 k7 k8 k9 k10

A1g � � � � � � � � � � x2 + y2 + z2

A2g � � � �� � � � � � �� ��
B1g � �� � � �� � �� � � �� x2 − y2

B2g � �� � �� � � �� � �� � xy
Eg � � �� � � � � �� � � (xz, yz)
A1u � � � � � �� �� � � �� ��
A2u � � � �� �� �� �� �� � �
B1u � �� � � �� �� � �� �� �
B2u � �� � �� � �� � �� � ��
Eu � � �� � � �� � � � �

JUXSR Oh� GH DFXHUGR FRQ HO VLVWHPD GH YDORUHV SURSLRV�

⎛

⎜⎝
Ĉ

ĈI (s1)

ĈI (s2)

⎞

⎟⎠ |ν,m1,m2⟩ =

⎛

⎜⎝
ν

m1

m2

⎞

⎟⎠ |ν,m1,m2⟩ , ������

PLHQWUDV TXH HQ WpUPLQRV GH �������

ĈII |ν,m1,m2⟩ = µ |ν,m1,m2⟩ , ������

GRQGH µ = ν + 3m1 + 7m2� FX\RV YDORUHV HVSHFtILFRV VH PXHVWUDQ
HQ OD ~OWLPD FROXPQD GH OD 7DEOD ����
3DUD HO VXEHVSDFLR XQLGLPHQVLRQDO µ = 55(−1)n+1+46 HV HO YDORU

SURSLR � 3DUD HO VXEHVSDFLR WULGLPHQVLRQDO OD GLDJRQDOL]DFLyQ GHO
RSHUDGRU ĈII GD ORV YDORUHV \ YHFWRUHV SURSLRV TXH VH PXHVWUDQ
HQ OD 7DEOD ����
3DUD HO VXEHVSDFLR KH[DGLPHQVLRQDO VH WLHQHQ ORV YHFWRUHV \

YDORUHV SURSLRV PRVWUDGRV HQ OD 7DEOD ���� GRQGH ODV IXQFLRQHV
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7DEOD ���� 9DORUHV SURSLRV GHO VLVWHPD SURSLR �������
Oh C1 D4h C1(s1) D2h C1(s2) CII

ν m1 m2 µ = ν + 3m1 + 7m2

A1g �� A1g � Ag � ���
A2g �� B1g � Ag � ��
Eg � A1g � Ag � ��
Eg � B1g � Ag � ��
T1g � A2g �� B1g � ��
T1g � Eg � B2g � ��
T1g � Eg � B3g � ��
T2g � B2g �� B1g � �
T2g � Eg � B2g � ��
T2g � Eg � B3g � ��
A1u � A1u � Au �� ��
A2u ��� B1u � Au �� ��
Eu �� A1u � Au �� �
Eu �� B1u � Au �� ��
T1u �� A2u �� B1u � � ���
T1u �� Eu �� B2u � � ���
T1u �� Eu �� B3u � � ���
T2u �� B2u �� B1u �� ���
T2u �� Eu �� B2u �� ���
T2u �� Eu �� B3u �� ���
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7DEOD ���� 6LVWHPD SURSLR ������ SDUD HO VXEHVSDFLR WULGLPHQVLRQDO�

Q P |Γ, γ1, γ2⟩ YDORU SURSLR µ YHFWRU SURSLR
H H |A2u, B1u, Au⟩ �� 1√

3
(|Ψnnm⟩+ |Ψnmn⟩+ |Ψmnn⟩)

H H |Eu, A1u, Au⟩ � 1√
2
(−|Ψnmn⟩+ |Ψmnn⟩)

H H |Eu, B1u, Au⟩ �� 1√
6
(−2|Ψnnm⟩+ |Ψnmn⟩+ |Ψmnn⟩)

R R |A1g, A1g, Ag⟩ ��� 1√
3
(|Ψnnm⟩+ |Ψnmn⟩+ |Ψmnn⟩)

R R |Eg, A1g, Ag⟩ �� 1√
6
(−2|Ψnnm⟩+ |Ψnmn⟩+ |Ψmnn⟩)

R R |Eg, B1g, Ag⟩ �� 1√
2
(−|Ψnmn⟩+ |Ψmnn⟩)

H R |T2g, Eg, B3g⟩ �� |Ψmnn⟩
H R |T2g, Eg, B2g⟩ �� |Ψnmn⟩
H R |T2g, B2g, B1g⟩ � |Ψnnm⟩
R H |T1u, Eu, B2u⟩ ��� |Ψnmn⟩
R H |T1u, Eu, B3u⟩ ��� |Ψmnn⟩
R H |T1u, A2u, B1u⟩ ��� |Ψnnm⟩

GH HVWH VXEHVSDFLR HVWiQ GDGDV SRU�

|φ1⟩ ≡ |Ψn1n2n3⟩;

|φ2⟩ ≡ |Ψn2n3n1⟩;

|φ3⟩ ≡ |Ψn3n1n2⟩;

|φ4⟩ ≡ |Ψn2n1n3⟩;

|φ5⟩ ≡ |Ψn3n2n1⟩;

|φ6⟩ ≡ |Ψn1n3n2⟩. ������

6H REVHUYD TXH FXDQGR WRGRV ORV Q~PHURV FXiQWLFRV SUHVHQWDQ
OD PLVPD SDULGDG� OD UHSUHVHQWDFLyQ ELGLPHQVLRQDO DSDUHFH GRV
YHFHV� (Q HO FDVR HQ HO TXH WRGRV ORV Q~PHURV VRQ SDUHV DSDUHFH
GRV YHFHV OD UHSUHVHQWDFLyQ Eu \ FXDQGR WRGRV ORV Q~PHURV VRQ
LPSDUHV HV OD UHSUHVHQWDFLyQ Eg OD TXH DSDUHFH GRV YHFHV� /D
PXOWLSOLFLGDG TXH VH SUHVHQWD LQGLFD TXH HO RSHUDGRU ĈII QR ORJUD
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GLVWLQJXLU DGHFXDGDPHQWH WRGDV ODV IXQFLRQHV SURSLDV SRU OR TXH
HV QHFHVDULR JHQHUDU XQ FRQMXQWR FRPSOHWR GH RSHUDGRUHV GH WLSR
,,, \ SDUD HOOR HV QHFHVDULR DJUHJDU XQ QXHYR RSHUDGRU >��@�
&XDQGR DSDUHFH PXOWLSOLFLGDG HQ ODV UHSUHVHQWDFLRQHV LUUHGX�

FLEOHV HV QHFHVDULR WRPDU HQ FXHQWD OD FDGHQD GH JUXSRV LQWUtQ�
VHFRV >�����@� Ōh ⊃ D̄4h ⊃ D̄2h� /D GLIHUHQFLD HQWUH HVWRV JUXSRV \
ORV RULJLQDOHV HV OD IRUPD HQ OD TXH VH DSOLFDQ ORV RSHUDGRUHV� (V
QHFHVDULR H[SUHVDU HO VXEHVSDFLR KH[DGLPHQVLRQDO HQ WpUPLQRV
GHO HVWDGR LQWUtQVHFR TXH WRPDUHPRV FRPR |φ1⟩� 3ULPHUR KDFH�
PRV QRWDU TXH HO HVWDGR LQWUtQVHFR HV LQYDULDQWH EDMR OD DFFLyQ
GHO VXEJUXSR D2h FX\RV HOHPHQWRV GH VLPHWUtD VH PXHVWUDQ HQ OD
)LJXUD ����

Ê|φ1⟩ = |φ1⟩,

Ĉ2(x)|φ1⟩ = (−1)n2+n3 |φ1⟩,

Ĉ2(y)|φ1⟩ = (−1)n1+n3 |φ1⟩,

Ĉ2(z)|φ1⟩ = (−1)n1+n2 |φ1⟩,

Î|φ1⟩ = (−1)n1+n2+n3+1|φ1⟩,

σ̂(xz)|φ1⟩ = (−1)n2+1|φ1⟩,

σ̂(yz)|φ1⟩ = (−1)n1+1|φ1⟩. ������

(QWRQFHV ORV VXEHVSDFLRV KH[DGLPHQVLRQDOHV SXHGHQ VHU JHQH�
UDGRV D SDUWLU |φ1⟩� 3DUD HOOR HPSH]DUHPRV SRU HVWDEOHFHU HO VL�
JXLHQWH GHVDUUROOR HQ FODVHV

Oh =
|λ|∑

λ

Sλ D2h; |λ| = |Oh|
|D2h|

= 6. ������

8Q SRVLEOH FRQMXQWR GH HOHPHQWRV UHSUHVHQWDWLYRV HVWi GDGR
SRU {E� C4(x)� C4(y)� C4(z)� CI

3 � CI
3
2}� SRU OR TXH HO VXEHVSDFLR JH�
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7DEOD ���� 6LVWHPD SURSLR ������ SDUD HO VXEHVSDFLR KH[DGLPHQVLRQDO�

n1 n2 n3 |Γ, γ1, γ2⟩ µ YHFWRU SURSLR
H H H |A2u, B1u, Au⟩ �� 1√

6
(|φ1⟩+ |φ2⟩+ |φ3⟩+ |φ4⟩+ |φ5⟩+ |φ6⟩)

H H H |A1u, A1u, Au⟩ �� 1√
6
(−|φ1⟩ − |φ2⟩ − |φ3⟩+ |φ4⟩+ |φ5⟩+ |φ6⟩)

H H H |Eu, A1u, Au⟩ � 1
2(|φ1⟩ − |φ3⟩ − |φ4⟩+ |φ6⟩)

H H H |Eu, A1u, Au⟩ � 1
2(|φ1⟩ − |φ2⟩ − |φ4⟩+ |φ5⟩)

H H H |Eu, B1u, Au⟩ �� 1
2(−|φ1⟩+ |φ3⟩ − |φ4⟩+ |φ6⟩)

H H H |Eu, B1u, Au⟩ �� 1
2(−|φ1⟩+ |φ2⟩ − |φ4⟩+ |φ5⟩)

R R R |A1g, A1g, Ag⟩ ��� 1√
6
(|φ1⟩+ |φ2⟩+ |φ3⟩+ |φ4⟩+ |φ5⟩+ |φ6⟩)

R R R |A2g, B1g, Ag⟩ �� 1√
6
(−|φ1⟩ − |φ2⟩ − |φ3⟩+ |φ4⟩+ |φ5⟩+ |φ6⟩)

R R R |Eg, B1g, Ag⟩ �� 1
2(|φ1⟩ − |φ3⟩ − |φ4⟩+ |φ6⟩)

R R R |Eg, B1g, Ag⟩ �� 1
2(|φ1⟩ − |φ2⟩ − |φ4⟩+ |φ5⟩)

R R R |Eg, A1g, Ag⟩ �� 1
2(−|φ1⟩+ |φ3⟩ − |φ4⟩+ |φ6⟩)

R R R |Eg, A1g, Ag⟩ �� 1
2(−|φ1⟩+ |φ2⟩ − |φ4⟩+ |φ5⟩)

H H R |T1g, A2g, B1g⟩ �� 1√
2
(−|φ1⟩+ |φ4⟩)

H H R |T1g, Eg, B2g⟩ �� 1√
2
(−|φ2⟩+ |φ6⟩)

H H R |T1g, Eg, B3g⟩ �� 1√
2
(−|φ3⟩+ |φ5⟩)

H H R |T2g, B2g, B1g⟩ � 1√
2
(|φ1⟩+ |φ4⟩)

H H R |T2g, Eg, B2g⟩ �� 1√
2
(|φ2⟩+ |φ6⟩)

H H R |T2g, Eg, B3g⟩ �� 1√
2
(|φ3⟩+ |φ5⟩)

R R H |T2u, B2u, B1u⟩ ��� 1√
2
(−|φ1⟩+ |φ4⟩)

R R H |T2u, Eu, B2u⟩ ��� 1√
2
(−|φ2⟩+ |φ6⟩)

R R H |T2u, Eu, B3u⟩ ��� 1√
2
(−|φ3⟩+ |φ5⟩)

R R H |T1u, A2u, B1u⟩ ��� 1√
2
(|φ1⟩+ |φ4⟩)

R R H |T1u, Eu, B2u⟩ ��� 1√
2
(|φ2⟩+ |φ6⟩)

R R H |T1u, Eu, B3u⟩ ��� 1√
2
(|φ3⟩+ |φ5⟩)
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I

C
2
z( )

C
2
y( )

C
2
x( )

)LJXUD ���� (OHPHQWRV GHO VXEJUXSR D2h�

QHUDGR HV�

|φ1⟩ = Ê|φ1⟩,

|φ2⟩ = ĈI
3
2|φ1⟩,

|φ3⟩ = ĈI
3 |φ1⟩,

|φ4⟩ = (−1)n2+1Ĉ4(z)|φ1⟩,

|φ5⟩ = (−1)n1+1Ĉ4(y)|φ1⟩,

|φ6⟩ = (−1)n3+1Ĉ4(x)|φ1⟩.

$ FRQWLQXDFLyQ VH REWLHQH TXH HO JUXSR FX\DV FODVHV FRQPX�
WDQ FRQ ORV HOHPHQWRV R GHO JUXSR D2h GH OD IXQFLyQ LQWUtQVHFD
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�[Ki, R] = 0� ∀R ∈ D2h� HV D4h� (QWRQFHV HO JUXSR LQWUtQVHFR UHVXOWD
VHU D4h FRQ HO RSHUDGRU DVRFLDGR >��@�

C(s1) = k2 + 3k4 + I, ������

GRQGH

k2 = [C4(z) + C
3
4(z)],

k4 = [C2(x) + C2(y)],

k6 = I. ������

3RU OR WDQWR HO &&2& SDUD HO VXEHVSDFLR KH[DGLPHQVLRQDO� FXDQ�
GR WRGRV ORV Q~PHURV FXDQWLFRV SUHVHQWDQ OD PLVPD SDULGDG� HVWi
GDGR SRU�

ĈIII = {Ĉ, Ĉ(s1), Ĉ(s2), C(s1)} ������

\ OD HFXDFLyQ GH IXQFLRQHV SURSLDV WRPD OD IRUPD
⎛

⎜⎜⎜⎜⎝

Ĉ

Ĉ(s1)

Ĉ(s2)

Ĉ(s2)

⎞

⎟⎟⎟⎟⎠
|ν,m1,m2; k⟩ =

⎛

⎜⎜⎜⎜⎝

ν

m1

m2

k

⎞

⎟⎟⎟⎟⎠
|ν,m1,m2; k⟩. ������

(O RSHUDGRU DVRFLDGR FRQ HO FRQMXQWR GH RSHUDGRUHV GH WLSR ,,,
UHVXOWy HVWDU GDGR SRU�

ĈIII = ĈII + 9 Ĉ(s1), ������

FRQ OD HFXDFLyQ GH YDORUHV SURSLRV�

ĈIII |Γ, γ1, γ2; γ⟩ = µ|Γ, γ1, γ2; γ⟩, ������
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7DEOD ���� 9DORUHV \ 9HFWRUHV SURSLRV DVRFLDGRV DO VLVWHPD �������

n1 n2 n3 |Γ, γ1, γ2; γ⟩ µ YHFWRU SURSLR
H H H |A2u, B1u, Au;B1u⟩ �� 1√

6
(|φ1⟩+ |φ2⟩+ |φ3⟩+ |φ4⟩+ |φ5⟩+ |φ6⟩)

H H H |A1u, A1u, Au;A1u⟩ �� 1√
6
(−|φ1⟩ − |φ2⟩ − |φ3⟩+ |φ4⟩+ |φ5⟩+ |φ6⟩)

H H H |Eu, A1u, Au;A1u⟩ �� 1
2
√
3
(2|φ1⟩ − |φ2⟩ − |φ3⟩ − 2|φ4⟩+ |φ5⟩+ |φ6⟩)

H H H |Eu, B1u, Au;A1u⟩ �� 1
2(−|φ2⟩+ |φ3⟩ − |φ5⟩+ |φ6⟩)

H H H |Eu, A1u, Au;B1u⟩ �� 1
2(|φ2⟩ − |φ3⟩ − |φ5⟩+ |φ6⟩)

H H H |Eu, B1u, Au;B1u⟩ �� 1
2
√
3
(−2|φ1⟩+ |φ2⟩+ |φ3⟩ − 2|φ4⟩+ |φ5⟩+ |φ6⟩)

R R R |A1g, A1g, Ag;A1g⟩ ��� 1√
6
(|φ1⟩+ |φ2⟩+ |φ3⟩+ |φ4⟩+ |φ5⟩+ |φ6⟩)

R R R |A2g, B1g, Ag;B1g⟩ ��� 1√
6
(−|φ1⟩ − |φ2⟩ − |φ3⟩+ |φ4⟩+ |φ5⟩+ |φ6⟩)

R R R |Eg, A1g, Ag;B1g⟩ ��� 1
2(−|φ2⟩+ |φ3⟩ − |φ5⟩+ |φ6⟩)

R R R |Eg, B1g, Ag;B1g⟩ ��� 1
2
√
3
(2|φ1⟩ − |φ2⟩ − |φ3⟩ − 2|φ4⟩+ |φ5⟩+ |φ6⟩)

R R R |Eg, A1g, Ag;A1g⟩ ��� 1
2
√
3
(−2|φ1⟩+ |φ2⟩+ |φ3⟩ − 2|φ4⟩+ |φ5⟩+ |φ6⟩)

R R R |Eg, B1g, Ag;A1g⟩ ��� 1
2(|φ2⟩ − |φ3⟩ − |φ5⟩+ |φ6⟩)

GRQGH VH XWLOL]DURQ Γ, γ1, γ2, γ SDUD LQGLFDU ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV GH ORV JUXSRV� Oh� D4h� D2h \ D4h UHVSHFWLYDPHQWH�
FRQ YDORUHV SURSLRV ν� m1� m2 \ k� UHVSHFWLYDPHQWH� /D UHODFLyQ
HQWUH ORV YDORUHV SURSLRV HVWi GDGD SRU µ = ν + 3m1 + 7m2 + 9k�
7DEOD ����

���� 2EWHQFLyQ GHO JUXSR GH VLPHWUtD \
VXV UHSUHVHQWDFLRQHV LUUHGXFLEOHV

$SURYHFKDQGR OD SUR\HFFLyQ SUHYLDPHQWH GHWDOODGD VH SXHGH
REWHQHU OD FODVLILFDFLyQ FRUUHVSRQGLHQWH D ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV TXH VH PXHVWUD HQ OD 7DEOD ���� 3RU LQVSHFFLyQ HV
FODUR TXH HO VLVWHPD SUHVHQWD GHJHQHUDFLyQ DFFLGHQWDO� &XDQGR
VH WUDWD HO FDVR GH GLPHQVLyQ VHLV� VH SUHVHQWD XQD PXOWLSOLFLGDG
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7DEOD ���� 'HVFRPSRVLFLyQ GH ORV HVWDGRV GHJHQHUDGRV DVRFLDGRV FRQ OD SDUWLFXOD HQ XQD
FDMD F~ELFD FRQ SDUHGHV LPSHQHWUDEOHV� /DV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GH Oh FRQWHQLGDV HQ ORV
VXEHVSDFLRV GHJHQHUDGRV VH PXHVWUDQ H[SOLFLWDPHQWH�

'LPHQVLyQ 3DULGDG &RQGLFLyQ 5HSUHVHQWDFLyQ 3URGXFWR 'LUHFWR
� �nnn� n = 2p nx = ny = nz A2u

n = 2p+ 1 A1g

� �nnm� n = 2p nx = ny ̸= nz A2u ⊕ Eu A2u ⊗ Eg = Eu

m = 2p nx = nz ̸= ny

ny = nz ̸= nx

n = 2p+ 1 A1g ⊕ Eg A1g ⊗ Eg = Eg

m = 2p+ 1
n = 2p T2g

m = 2p+ 1
n = 2p+ 1 T1u

m = 2p
� �nml� n = m = l = 2p nx ̸= ny ̸= nz A1u ⊕ A2u ⊕ 2Eu Eg ⊗ Eu = A1u ⊕ A2u ⊕ Eu

n = m = l = 2p+ 1 A1g ⊕ A2g ⊕ 2Eg Eg ⊗ Eg = A1g ⊕ A2g ⊕ Eg

n = m = 2p T1g ⊕ T2g Eg ⊗ T1g = T1g ⊕ T2g

l = 2p+ 1
n = m = 2p+ 1 T1u ⊕ T2u Eg ⊗ T1u = T1u ⊕ T2u

l = 2p

GH � SDUD ODV UHSUHVHQWDFLRQHV Eg \ Eu�

������ 2EWHQFLyQ GH ORV RSHUDGRUHV TXH FRQHF�
WDQ HVWDGRV DFFLGHQWDOPHQWH GHJHQHUD�
GRV

6LJXLHQGR OD PHWRGRORJtD XVDGD SDUD OD FDMD FXDGUDGD >��@�
KD\ TXH LGHQWLILFDU ORV RSHUDGRUHV� F̂ (ρ)

r � TXH FRQHFWDQ ORV HVWD�
GRV DFFLGHQWDOPHQWH GHJHQHUDGRV� |ΦΓ

γ ⟩ \ |ΦΓ′
γ′ ⟩ GRQGH Γ \ Γ′ VRQ

UHSUHVHQWDFLRQHV LUUHGXFLEOHV� \ γ \ γ′ VRQ ODV FRPSRQHQWHV� /RV
HOHPHQWRV GH PDWUL] GHO RSHUDGRU HVWiQ GDGRV SRU�

⟨ΨΓ′

γ′ |F̂ (ρ)
r |ΦΓ

γ ⟩. ������
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(QWRQFHV VH EXVFDQ RSHUDGRUHV TXH SRUWHQ OD UHSUHVHQWDFLyQ ρ \
VDWLVIDJDQ OD VLJXLHQWH FRQGLFLyQ�

Γ′ ∈ ρ⊗ Γ =
∑

µ

⊕µ. ������

(Q OD UHGXFFLyQ GH ORV SURGXFWRV GLUHFWRV TXH VH PXHVWUDQ HQ OD
7DEOD ��� VH REVHUYD TXH ρ = Eg >��@�
'H OD WDEOD GH FDUDFWHUHV GHO JUXSR Oh� 7DEOD ���� VH REVHU�

YD TXH ORV DUPyQLFRV FDUWHVLDQRV TXH SRUWDQ OD UHSUHVHQWDFLyQ
LUUHGXFLEOH Eg VRQ�

Y 2
FRV 2φ(x

′, y′, z′) =
1

4

√
15

π

(x′2 − y′2)

r2
, ������

Y 2
0 (x

′, y′, z′) =
1

4

√
5

π

(2z′2 − x′2 − y′2)

r2
, ������

GRQGH ������ HV HO DUPyQLFR FDUWHVLDQR DVRFLDGR DO RUELWDO dx2−y2 \
������ HVWi DVRFLDGR FRQ HO RUELWDO dz2� (VWDV IXQFLRQHV HVWiQ UHIH�
ULGDV DO RULJHQ O′ >����@� 6LQ HPEDUJR HQ HO HVSDFLR GH PRPHQWRV
ORV FRUUHVSRQGLHQWHV RSHUDGRUHV SRUWDQ OD UHSUHVHQWDFLyQ Eg�

F̂ (Eg)
A1g ,Ag

=
1

4

√
5

π

(
2
∂2

∂z2
− ∂2

∂x2
− ∂2

∂y2
)
,

F̂ (Eg)
B1g ,Ag

=
1

4

√
15

π

( ∂2

∂x2
− ∂2

∂y2
)
, ������

(VWRV RSHUDGRUHV FRQPXWDQ FRQ HO +DPLOWRQLDQR� [Ĥ, F̂ (Eg)
A1g ,Ag

] =

[Ĥ, F̂ (Eg)
B1g ,Ag

] = 0� \ FRQHFWDQ HVWDGRV FRQ GLIHUHQWH UHSUHVHQWDFLyQ
LUUHGXFLEOH� SRU OR TXH H[SOLFDQ OD GHJHQHUDFLyQ DFFLGHQWDO� (VWRV
RSHUDGRUHV DFW~DQ GH PDQHUD DQiORJD DO YHFWRU GH 5XQJH�/HQ]
HQ HO iWRPR GH KLGUyJHQR� HO FXDO FRQHFWD UHSUHVHQWDFLRQHV LUUH�
GXFLEOHV GHO JUXSR O(3) >��@�
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6L VH WUDEDMD HQ HO VXEHVSDFLR L3 = {|ΨA2u⟩, |ΨEu
A1u

⟩, |ΨEu
B1u

⟩}� FRQ
n \ m SDU� VH WLHQH TXH ORV HVWDGRV HVWiQ DFFLGHQWDOPHQWH GHJH�
QHUDGRV� SRU OR TXH ORV HOHPHQWRV GH PDWUL] GH ORV RSHUDGRUHV
������ VRQ�

⟨ΨA2u |F̂ (Eg)
α |ΦEu

β ⟩ ̸= 0. α = A1g, B1g; β = A1u, B1u. ������

3DUD HVWH FDVR VH WLHQH HO VLJXLHQWH SURGXFWR GLUHFWR�

Eg ⊗ Eu = A1u ⊕ A2u ⊕ Eu, ������

(V QHFHVDULR REWHQHU ORV HOHPHQWRV GH PDWUL] GHO RSHUDGRU ĈII

HQ OD EDVH F̂ (Eg)
α ⊗ |ΦEu

β ⟩ FRQ HO REMHWR GH REWHQHU ODV FRPELQDFLR�
QHV OLQHDOHV TXH SRUWDQ UHSUHVHQWDFLRQHV LUUHGXFLEOHV� (QWRQFHV
VH WLHQH�

||⟨ΦEg

β′ |F̂ (Eg)
α′ ĈIIF̂

(Eg)
α |ΦEu

β ⟩|| =
∑

q

CqD
(Eg)
α′α (Rq)D

(Eu)
β′,β (Rq)

=
∑

q

Cq∆
(Eg⊗Eu)
α′β′;αβ (Rq), ������

GRQGH Rq ∈ &6&2�,, \∆(Eg⊗Eu)
α′β′;αβ (Rq) HV OD PDWUL] GHO SURGXFWR GLUHFWR

\ HVWi GDGD SRU

∆(Eg⊗Eu)
α′β′;αβ (Rq) = D(Eg)

α′α (Rq)D
(Eu)
β′,β (Rq), ������

\ HO &&2&�,, VH KD VXSXHVWR GH OD IRUPD�

ĈII =
∑

q

CqRq. ������

(V QHFHVDULR FRQVWUXLU '(Eg)(Rq) \ '(Eu)(Rq) FRQ Rq ∈ &&2&�,, SD�
UD REWHQHU ������� /D PDWUL] '(Eg)(Rq) VH JHQHUD D SDUWLU GH ORV
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RSHUDGRUHV F̂ (Eg)
α �

ORF̂
(Γ)
γ O−1

R =
∑

γ′

D(Γ)
γ′,γ(R) F̂ (Γ)γ′ . ������

'H HVWD IRUPD VH REWLHQHQ OD PDWULFHV D(Γ)
γ′,γ(R) DVRFLDGDV FRQ ORV

JHQHUDGRUHV

'(Eg)(C4(x)) =

(
−1

2 −
√
3
2

−
√
3
2

1
2

)
,

'(Eg)(C4(y)) =

(
−1

2

√
3
2√

3
2

1
2

)
,

'(Eg)(I) =

(
1 0

0 1

)
. ������

$XQTXH OD UHSUHVHQWDFLyQ '(Eu)(Rq) VH SXHGH JHQHUDU GH PD�
QHUD VLPLODU� UHVXOWD PiV VLPSOH REWHQHUOD D SDUWLU GH XQ FDPELR
GH EDVH� 3DUD HVWH FDVR VH SXHGH YHU HQ OD 7DEOD ��� TXH�

(|ΨA2u⟩, |ΨEu
A1u

⟩, |ΨEu
B1u

⟩) = (|Ψnnm⟩, |Ψnmn⟩, |Ψmnn⟩)6, ������

GRQGH�

6 =

⎛

⎜⎜⎝

1√
3

0 − 2√
6

1√
3

− 1√
2

1√
6

1√
3

1√
2

1√
6
.

⎞

⎟⎟⎠ . ������

/D DFFLyQ GH ORV RSHUDGRUHV VREUH OD EDVH RULJLQDO HVWD GDGD SRU�

R̂(|Ψnnm⟩, |Ψnmn⟩, |Ψmnn⟩) = (|Ψnnm⟩, |Ψnmn⟩, |Ψmnn⟩)∆(R), ������
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HQWRQFHV�

R̂(|ΨA2u⟩, |ΨEu
A1u

⟩, |ΨEu
B1u

⟩) = (|ΨA2u⟩, |ΨEu
A1u

⟩, |ΨEu
B1u

⟩) 6−1∆(R)6, ������

GRQGH VH WLHQH TXH�

6−1∆(R)6 = '(A2u)(R)⊕'(Eu)(R). ������

$ SDUWLU GH OD HFXDFLyQ DQWHULRU VH SXHGH REWHQHU OD UHSUHVHQWD�
FLyQ '(Eu)(R)� 3DUD ORV JHQHUDGRUHV DVRFLDGRV VH WLHQH�

'(Eg)(C4(x)) =

(
1
2 −

√
3
2

−
√
3
2 −1

2

)
,

'(Eg)(C4(y)) =

(
1
2

√
3
2√

3
2 −1

2

)
,

'(Eg)(I) =

(
1 0

0 1

)
. ������

8VDQGR OD UHSUHVHQWDFLyQ ������ VH REWLHQH OD PDWUL] GH SURGXFWR
GLUHFWR�

∆(Eg⊗Eu) =

⎛

⎜⎜⎜⎜⎝

194 0 0 9

0 240 9 0

0 9 240 0

9 0 0 194

⎞

⎟⎟⎟⎟⎠
. ������

$ SDUWLU GH ������ VH SXHGH REWHQHU OD PDWUL] GH HOHPHQWRV �������
TXH DO GLDJRQDOL]DUOD GDQ OXJDU D ODV VLJXLHQWHV IXQFLRQHV DGDS�
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WDGDV SRU VLPHWUtD

|ζA1u⟩ =
1√
2
[F̂ (Eg)

A1g ,Ag
|ΦEu

A1u
⟩+ F̂ (Eg)

B1g ,Ag
|ΦEu

B1u
⟩],

|ζA2u⟩ =
1√
2
[−F̂ (Eg)

A1g ,Ag
|ΦEu

B1u
⟩+ F̂ (Eg)

B1g ,Ag
|ΦEu

A1u
⟩],

|ζEu
A1u

⟩ =
1√
2
[−F̂ (Eg)

A1g ,Ag
|ΦEu

A1u
⟩+ F̂ (Eg)

B1g ,Ag
|ΦEu

B1u
⟩],

|ζEu
B1u

⟩ =
1√
2
[F̂ (Eg)

A1g ,Ag
|ΦEu

B1u
⟩+ F̂ (Eg)

B1g ,Ag
|ΦEu

A1u
⟩], ������

GRQGH
|ζA2u⟩ ≈ |ΦA2u⟩, ������

FRPR VH HVSHUDED� 6H SXHGHQ REWHQHU UHVXOWDGRV VLPLODUHV SD�
UD RWURV HVWDGRV TXH SUHVHQWHV GHJHQHUDFLyQ DFFLGHQWDO� HV GHFLU
TXH SDUD WRGR FRQMXQWR GH IXQFLRQHV GHJHQHUDGDV OD DFFLyQ GH
ORV RSHUDGRUHV ������ VREUH XQ FRQMXQWR GH HVWDGRV TXH SRUWDQ
XQD GHWHUPLQDGD UHSUHVHQWDFLyQ LUUHGXFLEOH� JHQHUD HVWDGRV SUR�
SRUFLRQDOHV D VXV HVWDGRV GHJHQHUDGRV�
8QD YH] FRPSUREDGR TXH ORV RSHUDGRUHV ������ HIHFWLYDPHQWH

FRQHFWDQ HVWDGRV DFFLGHQWDOPHQWH GHJHQHUDGRV� VH SXHGH KDFHU
OD SURSXHVWD GH TXH HVWRV RSHUDGRUHV VHDQ ORV JHQHUDGRUHV GH
XQ JUXSR ELGLPHQVLRQDO FRQWLQXR T � 3XHVWR TXH GLFKRV RSHUDGR�
UHV FRQPXWDQ� ODV WUDQVIRUPDFLRQHV DVRFLDGDV FRQ ORV RSHUDGRUHV
WDPELpQ FRQPXWDQ�

[F̂ (Eg)
A1g

, F̂ (Eg)
B1g

] = 0. ������

/RV HOHPHQWRV GHO JUXSR T VH REWLHQHQ D SDUWLU GH OD H[SRQHQFLD�
FLyQ�

U1(α) = e
iαF̂

(Eg)
A1g ; U2(β) = e

iβF̂
(Eg)
B1g . ������

GRQGH HO RSHUDGRU GH &DVLPLU GHO JUXSR T HV HO KDPLOWRQLDQR GH�
ELGR D TXH FRQPXWD FRQ ORV JHQHUDGRUHV GHO JUXSR \ SRU OR WDQWR



&$3Ë78/2 �� 5(68/7$'26 < ',6&86,Ï1 ��

WLHQH DVRFLDGD XQD HWLTXHWD� /RV HOHPHQWRV GHO JUXSR T HVWiQ
JHQHUDGRV HQ WpUPLQRV GHO SURGXFWR GLUHFWR

U(α, β) = U1(α)⊗ U2(β) = e
iαF̂

(Eg)
A1g

+iβF̂
(Eg)
B1g . ������

������ 1XHYR JUXSR GH VLPHWUtD G

(O QXHYR JUXSR GH VLPHWUtD HVWi GDGR SRU HO SURGXFWR VHPLGL�
UHFWR HQWUH HO JUXSR FRQWLQXR T \ HO JUXSR GLVFUHWR Oh

G = T ∧Oh. ������

/R DQWHULRU HV YiOLGR SXHV HO VXEJUXSR T HV LQYDULDQWH EDMR OD
DFFLyQ GH ORV HOHPHQWRV GH Oh�

ÔRU(α, β)Ô−1
R = e

i(αD
(Eg)
11 (R)+βD

(Eg)
12 )F̂

(Eg)
A1g

+i(αD
(Eg)
21 (R)+βD

(Eg)
22 )F̂

(Eg)
B1g

≡ U(α′, β′), ������

GRQGH

α′ = αD(Eg)
11 (R) + βD(Eg)

12 ,

β′ = αD(Eg)
21 (R) + βD(Eg)

22 .

(O JUXSR G VH SXHGH H[SUHVDU HQ WpUPLQRV GH FODVHV ODWHUDOHV
GHO JUXSR T GH OD VLJXLHQWH IRUPD�

G =
|λ|∑

λ=1

SλT ; ������
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GRQGH
|λ| = |G|

|T | = |Oh|; ������

HQWRQFHV Sλ ∈ Oh� 3RU OR WDQWR ORV HOHPHQWRV g ∈ G HVWiQ GDGRV
SRU�

g = ÔR U(α, β); R ∈ Oh, g ∈ G, ������

FRQ HO SURGXFWR HQWUH HOHPHQWRV GDGR SRU� gg′ = g′′�

������ 5HSUHVHQWDFLRQHV ,UUHGXFLEOHV

/DV UHSUHVHQWDFLRQHV LUUHGXFLEOHV VH REWLHQHQ SRU LQGXFFLyQ
>��@� 3DUD SRGHU OOHYDU DFDER HVWH SURFHGLPLHQWR HV QHFHVDULR
FRQVWUXLU ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO VXEJUXSR LQYDULDQ�
WH T � &RQVLGHUDQGR HO VXEHVSDFLR KH[DGLPHQVLRQDO� L6 = {|Ψn1n2n3⟩}�

|Ψ1⟩ ≡ |Ψn1n2n3⟩,

|Ψ2⟩ ≡ |Ψn2n3n1⟩,

|Ψ3⟩ ≡ |Ψn3n1n2⟩,

|Ψ4⟩ ≡ |Ψn2n1n3⟩,

|Ψ5⟩ ≡ |Ψn3n2n1⟩,

|Ψ6⟩ ≡ |Ψn1n3n2⟩,

VH HYDO~D OD DFFLyQ GH ORV HOHPHQWRV GH T VREUH ORV HVWDGRV� 3RU
HMHPSOR VREUH HO HVWDGR |Ψn1n2n3⟩�

Û(α, β)|Ψn1n2n3⟩ = e
iαF̂

(Eg)
A1g

+iβF̂
(Eg)
B1g |Ψn1n2n3⟩ = eiαk

(1)
n1n2n3+iβk

(2)
n1n2n3 , ������

HQWRQFHV
⟨Ψn1n2n3 | F̂

(Eg)
i |Ψn1n2n3⟩ = k(i)

n1n2n3
, ������
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\ SRU OR WDQWR

k(1)
n1n2n3

= ζ0(2n
2
3 − n2

1 − n2
2),

k(2)
n1n2n3

= ζ0
√
3(n2

1 − n2
2),

GRQGH

ζ0 =
π2

a2
1

4

√
5

π
. ������

/D UHSUHVHQWDFLyQ JHQHUDGD HVWi DVRFLDGD FRQ HO HVWDGR |Ψn1n2n3⟩�
HQWRQFHV VH OH DJUHJD DO HVWDGR HQ FXHVWLyQ OD HWLTXHWD NQ� \ VH
REWLHQH |ΨNQ

n1n2n3
⟩�

|φN1⟩ ≡ |ΨN1
n1n2n3

⟩,

|φN2⟩ ≡ |ΨN2
n2n3n1

⟩,

|φN3⟩ ≡ |ΨN3
n3n1n2

⟩,

|φN4⟩ ≡ |ΨN4
n2n1n3

⟩,

|φN5⟩ ≡ |ΨN5
n3n2n1

⟩,

|φN6⟩ ≡ |ΨN6
n1n3n2

⟩, ������

$O DSOLFDU ORV HOHPHQWRV GH T D ORV RWURV HVWDGRV GHO HVSDFLR L6 VH
REWLHQHQ ODV FLQFR UHSUHVHQWDFLRQHV DGLFLRQDOHV GHO VXEHVSDFLR�

N1 = ζ0(2n
2
3 − n2

1 − n2
2,
√
3(n2

1 − n2
2)),

N2 = ζ0(2n
2
1 − n2

2 − n2
3,
√
3(n2

2 − n2
3)),

N3 = ζ0(2n
2
2 − n2

3 − n2
1,
√
3(n2

3 − n2
1)),

N4 = ζ0(2n
2
3 − n2

1 − n2
2,
√
3(n2

2 − n2
1)),

N5 = ζ0(2n
2
1 − n2

3 − n2
2,
√
3(n2

3 − n2
2)),

N6 = ζ0(2n
2
2 − n2

1 − n2
3,
√
3(n2

1 − n2
3)).
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3DUD HVWDEOHFHU OD DQDORJtD GH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV
FRQ ORV JUXSRV HVSDFLDOHV� VH GHILQHQ ORV VLJXLHQWHV YHFWRUHV�

NQ ≡ (k(1)
n1n2n3

, k(2)
n1n2n3

),

W ≡ (α, β), ������

OR FXDO D\XGDUi D HVWDEOHFHU XQD UHSUHVHQWDFLyQ JUiILFD� /RV YHF�
WRUHV ������ HVWiQ HVFULWRV HQ XQD EDVH RUWRQRUPDO� (Q HVWD EDVH
OD UHSUHVHQWDFLyQ

D(NQ)(U(α, β)) = eiαk
(1)
n1n2n3+iβk

(2)
n1n2n3 , ������

VH SXHGH HVFULELU GH OD VLJXLHQWH IRUPD�

D(NQ)(U(W)) = eiNQ·W. ������

/DV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO VXEJUXSR T VH SXHGHQ
UHSUHVHQWDU FRPR SXQWRV HQ XQ SODQR� )LJXUD ���� (VWRV SXQWRV
VRQ HTXLGLVWDQWHV GHVGH HO RULJHQ� \ WRGRV ORV YHFWRUHV WLHQHQ OD
PLVPD PDJQLWXG�

|Ni| = 4(n4
1 + n4

2 + n4
3 − n2

1n
2
2 − n2

1n
2
3 − n2

2n
2
3). ������

/RV iQJXORV HQWUH ORV YHFWRUHV HVWiQ GDGRV SRU ORV VLJXLHQWHV SUR�
GXFWRV GLUHFWRV�

N1 · N2 = N2 · N3 = N1 · N3 = N4 · N5 = N5 · N6 = N4 · N6

= −2(n4
1 + n4

2 + n4
3 − n2

1n
2
2 − n2

1n
2
3 − n2

2n
2
3),

������

N1 · N4 = N3 · N5 = N2 · N6 = −4(n2
1 + n2

2)n
2
3 − 2(n4

1 + n4
2 − 4n2

1n
2
2), ������
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/D UHSUHVHQWDFLyQ HVWi IRUPDGD SRU GRV WULiQJXORV HTXLODWHURV
URWDGRV XQR FRQ UHVSHFWR D RWUR� FRPR VH REVHUYD HQ OD )LJXUD
����

A
1g

B
1g

!

!

!

!

!

!

"

"

"

"

"

"

#

#

#

#

#

#

$

$

$

$

$

$

%

%

%

%

%

%

!150 !100 !50 50 100

!150

!100

!50

50

100

150

)LJXUD ���� (VSDFLR GH UHSUHVHQWDFLRQHV SDUD HO VXEHVSDFLR KH[DGLPHQVLRQDO� n1 ̸= n2 ̸= n3

DQG L = 1� 3DUD HO GLDPDQWH� n1 = 1, n2 = 3, n3 = 2� SDUD HO WULDQJXOR� n1 = 2, n2 = 4, n3 = 1� SDUD
HO WULDQJXOR GH FDEH]D� n1 = 5, n2 = 1, n3 = 3� SDUD HO FLUFXOR� n1 = 1, n2 = 5, n3 = 2� \ SDUD HO
FXDGUDGR� n1 = 2, n2 = 4, n3 = 6�

6H SXHGHQ FRQHFWDU ORV YHFWRUHV PHGLDQWH WUDVQIRUPDFLRQHV
GH VLPHWUtD� )LJXUD ����
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!

!

!

!

!

!

C
4
y( )

C
3

2

C
3

C
4
z( )

C
4
x( )

k
n

B
1g

A
1g

)LJXUD ���� $FFLyQ GH ORV HOHPHQWRV UHSUHVHQWDWLYRV GH Oh VREUH N� HQ HO VXEHVSDFLR KH�
[DGLPHQVLRQDO�

6L VH WRPD HO VXEHVSDFLR WULGLPHQVLRQDO� L3 = {|Ψnnm⟩}�

|Ψ1⟩ ≡ |Ψnnm⟩,

|Ψ2⟩ ≡ |Ψnmn⟩,

|Ψ3⟩ ≡ |Ψmnn⟩,

DO HYDOXDU OD DFFLyQ GH ORV HOHPHQWRV GH T VREUH ORV HVWDGRV VH
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REWLHQHQ ORV HVWDGRV�

|φN1⟩ ≡ |ΨN1
nnm⟩,

|φN2⟩ ≡ |ΨN2
nmn⟩,

|φN3⟩ ≡ |ΨN3
mnn⟩, ������

FRQ ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV�

N1 = ζ0(2(m
2 − n2), 0),

N2 = ζ0(n
2 −m2,

√
3(n2 −m2),

N3 = ζ0(n
2 −m2,−

√
3(n2 −m2).

������

/D PDJQLWXG GH ORV YHFWRUHV HV� |N1| = |N2| = |N3|� \ ORV iQJXORV
HQWUH HOORV HVWiQ GDGRV SRU |N1|·|N2| = |N1|·|N3| = |N2|·|N3|� (QWRQFHV
ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV WDPELpQ VH SXHGHQ UHSUHVHQWDU
HQ XQ SODQR \ IRUPDQ XQ WULDQJXOR HTXLOiWHUR FRPR VH REVHUYD HQ
OD )LJXUD ����
6H SXHGHQ FRQHFWDU ORV YHFWRUHV PHGLDQWH WUDQIRUPDFLRQHV GH

VLPHWUtD� (Q HVWH FDVR VH FRQHFWDQ PHQGLDQWH URWDFLRQHV GH ���
JUDGRV� HV GHFLU C3 \ C2

3 � HVWR VH PXHVWUD HQ OD )LJXUD ����
'DGR TXH T HV LQYDULDQWH \ D(NQ)(U(W)) = eiNQ·W HV UHSUHVHQ�

WDFLyQ GH T HQWRQFHV HV SRVLEOH HQFRQWUDU ODV UHSUHVHQWDFLRQHV
FRQMXJDGDV TXH VLUYHQ SDUD OOHYDU D FDER OD LQGXFFLyQ�
&RQVLGHUHPRV OD UHSUHVHQWDFLyQ D(N1)(U(W)) = eiN1·W TXH HVWi GH�

ILQLGD SRU�
Û(W)|ΨN1

n1n2n3
⟩ = D(N1)(U(W)) |ΨN1

n1n2n3
⟩, ������

GRQGH
U(W) = U(α, β) = U1(α)⊗ U2(β). ������
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!

!

!

"

"

"

#

#

#

!60 !40 !20 20

!60

!40

!20

20

40

60

B
1g

A
1g

)LJXUD ���� (VSDFLR GH UHSUHVHQWDFLRQHV SDUD HO VXEHVSDFLR WULGLPHQVLRQDO� 3DUD HO GLDPDQWH�
n = 1,m = 3� SDUD HO FLUFXOR� n = 2,m = 4� \ SDUD HO FXDGUDGR� n = 1,m = 2�

$ SDUWLU GH ������ VH VDEH TXH

R̂ U(W) R̂−1 = U(W′); W′ = {α′, β′}, ������

(QWRQFHV OD UHSUHVHQWDFLyQ FRQMXJDGD VH REWLHQH GH OD VLJXLHQWH
IRUPD�

D(N1)(R̂ U(W) R̂−1) = D(N1)(U(W′)) =N1 D
(R)(U(W)). ������
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!

!

!

C
3

C
3

2

k
n

B
1g

A
1g

)LJXUD ���� $FFLyQ GH ORV HOHPHQWRV UHSUHVHQWDWLYRV GH Oh VREUH N� HQ HO VXEHVSDFLR WULGL�
PHQVLRQDO�

'DGR ������ HQWRQFHV VH WLHQH TXH

D(N1)(U(W′)) = eiα
′k

(1)
n1n2n3+iβ′k

(2)
n1n2n3 . ������

7RPDQGR ������ OD H[SUHVLyQ SXHGH UHHVFULELUVH GH OD VLJXLHQWH
IRUPD

D(N1)(U(W′)) = e
iαR̂F̂

(Eg)
A1g

R̂−1+iβR̂F̂
(Eg)
B1g

R̂−1

. ������

3DUD REWHQHU OD UHSUHVHQWDFLyQ FRQMXJDGD DVRFLDGD DO HVWDGR |Ψn1n2n3⟩
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HV QHFHVDULR REWHQHU

D(N1)(U(W′))|Ψn1n2n3⟩ = N1D
(R)(U(W))|Ψn1n2n3⟩

= eiαk
′(1)
n1n2n3

+iβk′(2)n1n2n3 |Ψn1n2n3⟩,

������

H[SUHVLyQ TXH VH SXHGH HVFULELU GH OD VLJXLHQWH IRUPD XVDQGR XQD
QRWDFLyQ PiV FRPSDFWD

N1D
(R)(U(W)) = DN′

(U(W)). ������

3DUD REWHQHU OD UHSUHVHQWDFLyQ FRQMXJDGD TXH SRUWD N′ KD\ TXH
FRQVLGHUDU TXH SDUD FXDOTXLHU FRPSRQHQWH GH F̂i�

⟨Ψn1n2n3 |R̂F̂iR̂
−1|Ψn1n2n3⟩ = ⟨R̂−1Ψn1n2n3 |F̂i|R̂−1Ψn1n2n3⟩, ������

HQWRQFHV FXDOTXLHU HVWDGR TXH SRUWD XQD UHSUHVHQWDFLyQ FRQMX�
JDGD N′ VH SXHGH REWHQHU GH OD VLJXLHQWH PDQHUD�

R̂−1|ΨN1
n1n2n3

⟩ = |ΨN′

n′
1n

′
2n

′
3
⟩. ������

/DV UHSUHVHQWDFLRQHV FRQMXJDGDV N1D
(R)(U(W))� JHQHUDGDV D SDU�

WLU GH WRGRV ORV R ∈ Oh� IRUPDQ HO FRQMXQWR GH UHSUHVHQWDFLRQHV
D(Nj)(U(W)) = eiNj ·W� (VWH FRQMXQWR HQ HO VXEHVSDFLR KH[DGLPHQVLR�
QDO IRUPD OD HVWUHOOD GH N1

N1S = {N1,N2,N3,N4,N5,N6}, ������

GRQGH FDGD HOHPHQWR HV XQD SXQWD GH OD HVWUHOOD� (O RUGHQ GH
OD HVWUHOOD HV |N1S| = 6 \ GDGR TXH HO Q~PHUR GH FRQMXJDFLRQHV
FRUUHVSRQGH FRQ HO RUGHQ GHO JUXSR G HQWRQFHV KD\ XQ JUXSR GH
HOHPHQWRV TXH WUDQVIRUPDQ D N1 HQ XQD UHSUHVHQWDFLyQ LGpQWLFD
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R HTXLYDOHQWH� (VWD HVWUHOOD HV LQYDULDQWH DQWH OD DFFLyQ GH ORV
HOHPHQWRV GH T \ ORV HOHPHQWRV GHO VXEJUXSR D2h� (O SURGXFWR
VHPLGLUHFWR HQWUH HVWRV GRV JUXSRV IRUPD HO JUXSR SHTXHxR GH
N1�

K(N1) = T ∧D2h. ������

(V QHFHVDULR HO JUXSR SHTXHxR SDUD SRGHU OOHYDU D FDER OD LQGXF�
FLyQ \ DVHJXUDU FRPSOHWLWXG H LUUHGXFLELOLGDG GH OD UHSUHVHQWD�
FLRQHV LUUHGXFLEOHV >��@� (O SUREOHPD HV TXH HVWH JUXSR SHTXHxR
HV LQILQLWR� SDUD WHQHU XQ JUXSR ILQLWR HV QHFHVDULR FRQVLGHUDU HO
FRJUXSR SHTXHxR GH N1�

K(N1)

T ≈ D2h. ������

'DGR HO GHVDUUROOR HQ FODVHV ODWHUDOHV�

K(N1) =
|λ|∑

λ

sλ T , ������

GRQGH sλ VRQ HOHPHQWRV GHO VXEJUXSR D2h� VH VDEH TXH SDUD FRQV�
WUXLU ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GH Oh HV QHFHVDULR HO GHVD�
UUROOR HQ FODVHV ODWHUDOHV VLJXLHQWH�

Oh =
|λ|∑

λ

pλ D2h; |λ| = |Oh|
|D2h|

, ������

\ H[SOtFLWDPHQWH

Oh = D2h+C4(x) D2h+C4(y) D2h+C4(z) D2h+CI
3 D2h+(CI

3 )
2 D2h ������

SXHV ORV HOHPHQWRV GHO JUXSR T VRQ GLDJRQDOHV HQ OD EDVH L6

\ G
T ≈ Oh� 6H REVHUYD TXH ORV HOHPHQWRV UHSUHVHQWDWLYRV GHO
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GHVDUUROOR HQ FODVHV ODWHUDOHV� {C4(z), C4(x), C4(y), C3, C2
3}� VRQ ORV

PLVPRV TXH ORV HOHPHQWRV TXH FRQHFWDQ ORV YHFWRUHV HQ OD )LJXUD
����
/D DFFLyQ GH ODV FODVHV ODWHUDOHV HVWDEOHFLGDV HQ ������ JHQHUDQ

HO VLJXLHQWH HVSDFLR GH UHSUHVHQWDFLRQHV�

ÔE|φN1⟩ = |φN1⟩,

ÔC4(x)|φN1⟩ = (−)n3+1|φN6⟩,

ÔC4(y)|φN1⟩ = (−)n1+1|φN5⟩,

ÔC4(z)|φN1⟩ = (−)n2+1|φN4⟩,

ÔCI
3
|φN1⟩ = |φN3⟩,

Ô(CI
3 )

2 |φN1⟩ = |φN2⟩, ������

3DUD OD FRQVWUXFFLyQ GH UHSUHVHQWDFLRQHV HV FRQYHQLHQWH FRQVL�
GHUDU FRPR EDVH {Ôpλ |φN1⟩; λ = 1, . . . , |λ|}� FRQ |λ| GDGD HQ �������
3DUD OOHYDU DFDER OD LQGXFFLyQ HV QHFHVDULR XWLOL]DU HO FRJUXSR

SHTXHxR DVRFLDGR FRQ ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO VXE�
JUXSR T � \D TXH HVWH JUXSR QR HV LQILQLWR� $O KDFHU OD SUR\HFFLyQ
GHO HVWDGR |φN1⟩ VREUH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GH D2h VH
REWLHQHQ HVWDGRV |φN1 ;Γ, γ⟩� /DV UHSUHVHQWDFLRQHV TXH VH REWLHQHQ
VRQ LUUHGXFLEOHV \ FRPSOHWDV� \ WLHQHQ OD IRUPD

Γ
N1
G = Γ.(N1T ) ↑ G ������

GRQGH GRV GH ODV HWLTXHWDV HVWiQ GDGDV SRU OD UHSUHVHQWDFLyQ LUUH�
GXFLEOH N1 GHO VXEJUXSR T \ OD WHUFHUD HWLTXHWD FRUUHVSRQGH FRQ OD
UHSUHVHQWDFLyQ LUUHGXFLEOH Γ DVRFLDGD FRQ k1K = D2h� ÒQLFDPHQWH
HV QHFHVDULR JHQHUDU ODV UHSUHVHQWDFLRQHV PDWULFLDOHV GH ORV JH�
QHUDGRUHV� U(W)�C4(x), C4(y), I \D TXH D SDUWLU GH pVWDV HV SRVLEOH
JHQHUDU HO UHVWR�
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/D DFFLyQ GH XQ HOHPHQWR GH T VREUH OD EDVH HVWi GDGR SRU�

Û(W)ÔR|φN1⟩ = ÔRÛ(W′)|φN1⟩, ������

GRQGH VH WRPD HQ FXHQWD OD LQYDULDQ]D ������� 'H OD ������ \ OD
������ VH SXHGH YHU TXH HO QXHYR HOHPHQWR U(W′) HVWi DVRFLDGR
FRQ HO LQYHUVR GH R � SRU OR WDQWR�

U(W′)|φN1⟩ =N1 D
(R−1)(U(W))|φN1⟩ = eiW·N

′ |φN1⟩, ������

GRQGH N′ HV XQD GH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO VXEJUXSR
T � (QWRQFHV� VLJXLHQGR ������ SDUD FDGD HVWDGR VH REWLHQH� HQ OD
QXHYD EDVH� OD UHSUHVHQWDFLyQ�

D(U(W)) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

eiW·N1 0 0 0 0 0

0 eiW·N6 0 0 0 0

0 0 eiW·N5 0 0 0

0 0 0 eiW·N4 0 0

0 0 0 0 eiW·N3 0

0 0 0 0 eiW·N2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

������

3DUD OD UHSUHVHQWDFLyQ DVRFLDGD DO JHQHUDGRU C4(x) HV QHFHVD�
ULR REWHQHU OD UHSUHVHQWDFLyQ EDVDO \ ORV VXEHOHPHQWRV SDUD FDGD
HOHPHQWR UHSUHVHQWDWLYR HQ HO GHVDUUROOR ������� OR TXH VH PXHV�
WUD HQ OD 7DEOD ���� (V FRQYHQLHQWH REWHQHU HO SURGXFWR GH C4(x)
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FRQ ORV HOHPHQWRV UHSUHVHQWDWLYRV�

C4(x)E = C4(x),

C4(x)C4(x) = C2(x),

C4(x)C4(y) = CI
3 ,

C4(x)C4(z) = CIII
3 ,

C4(x)C
I
3 = Ce

2 ,

C4(x)(C
I
3 )

2 = C3
4(z). ������

(QWRQFHV OD UHSUHVHQWDFLyQ SDUD C4(x) HVWi GDGD SRU�

D(C4(x)) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 (−1)n2+n3 0 0 0 0

1 0 0 0 0 0

0 0 0 0 (−1)n1+n2 0

0 0 0 0 0 (−1)n1+n2

0 0 1 0 0 0

0 0 0 (−1)n2+n3 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

������

GRQGH VH SXHGH KDFHU OD VLJXLHQWH LGHQWLILFDFLyQ�

χµ(E) = 1

χµ(C2(x)) = (−1)n2+n3

χµ(C2(z)) = (−1)n1+n2

VLHQGR χµ(h) OD UHSUHVHQWDFLyQ LUUHGXFLEOH GHO HOHPHQWR h ∈ D2h�
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7DEOD ���� 6XEHOHPHQWRV hλ(g) DVRFLDGRV GH ORV HOHPHQWRV UHSUHVHQWDWLYRV HQ HO GHVDUUROOR
�������

J pλ pλh hλ(g)
E E EE E

C4(x) C4(x) C4(x)E E
C2(x) E EC2(x) C2(x)
C3

4(x) C4(x) C4(x)C2(x) C2(x)
C4(y) C4(y) C4(y)E E
C2(y) E EC2(y) C2(y)
C3

4(y) C4(y) C4(y)C2(y) C2(y)
C4(z) C4(z) C4(z)E E
C2(z) E EC2(z) C2(z)
C3

4(z) C4(z) C4(z)C2(z) C2(z)
CI

3 CI
3 CI

3E E
(CI

3 )
2 (CI

3 )
2 (CI

3 )
2E E

CII
3 CI

3 CI
3C2(x) C2(x)

(CII
3 )2 (CI

3 )
2 (CI

3 )
2C2(y) C2(y)

CIII
3 (CI

3 )
2 (CI

3 )
2C2(x) C2(x)

(CIII
3 )2 CI

3 CI
3C2(z) C2(z)

CIV
3 (CI

3 )
2 (CI

3 )
2C2(z) C2(z)

(CIV
3 )2 CI

3 CI
3C2(z) C2(z)

Ca
2 C4(z) C4(z)C2(y) C2(y)

Cb
2 C4(z) C4(z)C2(x) C2(x)

Cc
2 C4(x) C4(x)C2(y) C2(y)

Cd
2 C4(x) C4(x)C2(z) C2(z)

Ce
2 C4(y) C4(y)C2(z) C2(z)

Cf
2 C4(y) C4(y)C2(x) C2(x)
I E EI I

S4(x) C4(x) C4(x)σIII
h σIII

h

S3
4(x) C4(x) C4(x)I I

S4(y) C4(y) C4(y)σII
h σII

h

S3
4(y) C4(y) C4(y)I I

S4(z) C4(z) C4(z)σI
h σI

h

S3
4(z) C4(z) C4(z)I I
σI
h E EσI

h σI
h

σII
h E EσII

h σII
h

σIII
h E EσIII

h σIII
h

SI
6 (CI

3 )
2 (CI

3 )
2I I

(SI
6)

5 CI
3 CI

3 I
SII
6 CI

3 CI
3σ

II
h σII

h

(SII
6 )5 CI

3 CI
3σ

III
h σIII

h

SIII
6 CI

3 CI
3σ

I
h σI

h

(SIII
6 )5 (CI

3 )
2 (CI

3 )
2IσII

h σII
h

SIV
6 CI

3 CI
3σ

II
h σII

h

(SIV
6 )5 (CI

3 )
2 (CI

3 )
2σI

h σI
h

σa
d C4(z) C4(z)σII

h σII
h

σb
d C4(z) C4(z)σIII

h σIII
h

σc
d C4(x) C4(x)σI

h σI
h

σd
d C4(x) C4(x)σII

h σII
h

σe
d C4(y) C4(y)σI

h σI
h

σf
d C4(y) C4(y)σIII

h σIII
h
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(QWRQFHV VH REWLHQH�

D(C4(x)) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 χµ(C2(x)) 0 0 0 0

χµ(E) 0 0 0 0 0

0 0 0 0 χµ(C2(z)) 0

0 0 0 0 0 χµ(C2(z))

0 0 χµ(E) 0 0 0

0 0 0 χµ(C2(x)) 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

������

'H OD PLVPD PDQHUD SDUD OD UHSUHVHQWDFLyQ DVRFLDGD FRQ HO JHQHUD�
GRU C4(y) VH QHFHVLWDQ ORV VLJXLHQWHV UHVXOWDGRV�

C4(y)E = C4(y),

C4(y)C4(x) = (CI
3I)

2,

C4(y)C4(y) = C2(y),

C4(y)C4(z) = CI
3 ,

C4(y)C
I
3 = Cb

2,

C4(y)(C
I
3 )

2 = C3
4 (x), ������

SRU OR WDQWR VH REWLHQH OD VLJXLHQWH UHSUHVHQWDFLyQ�

D(C4(y)) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 (−1)n1+n3 0 0 0

0 0 0 0 0 (−1)n1+n2

1 0 0 0 0 0

0 0 0 0 (−1)n1+n2 0

0 0 0 1 0 0

0 (−1)n1+n3 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

������

GRQGH
χµ(C2(y)) = (−1)n1+n3 , ������
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SRU OR TXH VH REWLHQH�

D(C4(y)) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 χµ(C2(y)) 0 0 0

0 0 0 0 0 χµ(C2(x))

χµ(E) 0 0 0 0 0

0 0 0 0 χµ(C2(x)) 0

0 0 0 χµ(E) 0 0

0 χµ(C2(y)) 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

������

/D UHSUHVHQWDFLyQ D(I) HV GLDJRQDO

D(I) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

χµ(I) 0 0 0 0 0

0 χµ(I) 0 0 0 0

0 0 0 0 0

0 0 0 χµ(I) 0 0

0 0 0 0 χµ(I) 0

0 0 0 0 0 χµ(I)

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

������

FRQ HOHPHQWRV χµ(I) = (−1)n1+n2+n3+1�
3DUD HO VXEHVSDFLR L3 HO FRJUXSR SHTXHxR GH N1 VH LGHQWLILFy FRPR

D4h� (VWR HV SRUTXH DGHPiV GH TXH N1 HV LQYDULDQWH DQWH ORV VXEJUXSRV
T \ D2h� HV LQYDULDQWH DQWH OD WUDQVIRUPDFLyQ σd� 'DGR TXH D4h = D2h +

σdD2h HQWRQFHV
K(N1) = T ∧D4h. ������

SRU OR WDQWR�
K(N1)

T ≈ D4h. ������

3DUD REWHQHU ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO JUXSR G HV QHFHVDULR
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KDFHU HO GHVDUUROOR HQ FODVHV ODWHUDOHV�

Oh =

|λ|∑

λ=1

pλD4h; |λ| = |Oh|
|D4h|

= 3. ������

([SOLFLWDPHQWH pVWD WRPD OD IRUPD

Oh = D4h + C3D4h + C2
3D4h. ������

(QWRQFHV ORV HOHPHQWRV UHSUHVHQWDWLYRV TXH FRQHFWDQ ORV YHFWRUHV HQ
OD )LJXUD ��� VRQ�

{
C3, C2

3

}
�

6LJXLHQGR HO PLVPR SURFHGLPHLQWR TXH SDUD HO VXEHVSDFLR KH[DGL�
PHQVLRQDO HV QHFHVDULR REWHQHU OD UHSUHVHQWDFLyQ EDVDO \ SDUD HOOR VRQ
QHFHVDULRV ORV VLJXLHQWHV UHVXOWDGRV�

C4(x)E = C4(x) = C4(x)E,

C4(x)C4(x) = C2(x) = EC2(x),

C4(x)C4(y) = CI
3 = C4(y)C4(z),

C4(y)E = C4(y) = C4(y)E,

C4(y)C4(x) = (CII
3 )2 = C4(x)C

3
4 (z),

C4(y)C4(y) = C2(y) = EC2(y).

-XQWDQGR ODV UHSUHVHQWDFLRQHV EDVDOHV \ ORV VXEHOHPHQWRV UHSUHVHQ�
WDWLYRV LQYROXFUDGRV HQ HO GHVDUUROOR ������ \ TXH VH PXHVWUDQ HQ OD
7DEOD ���� VH REWLHQHQ ODV VLJXLHQWHV UHSUHVHQWDFLRQHV LUUHGXFLEOHV SDUD
HO VXEHVSDFLR WULGLPHQVLRQDO�

D(C4(x)) =

⎛

⎜⎝
0 'µ(C2(x)) 0

'µ(E) 0 0

0 0 'µ(C4(z))

⎞

⎟⎠ ,

������
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D(C4(y)) =

⎛

⎜⎝
0 0 'µ(C2(y))

0 'µ(C3
4 (z)) 0

'µ(E) 0 0

⎞

⎟⎠ ,

�������

D(I) =

⎛

⎜⎝
'µ(I) 0 0

0 'µ(I) 0

0 0 'µ(I)

⎞

⎟⎠ ,

�������

GRQGH

'µ(E) = (−1)n+1

'µ(C4(z)) = (−1)n+1

'µ(C3
4 (z)) = (−1)n+1

'µ(C2(x)) = (−1)n+1

'µ(C2(y)) = (−1)m+1

χµ(I) = (−1)m+1.

�������

3DUD ORV HOHPHQWRV GH T VH WLHQH OD UHSUHVHQWDFLyQ VLJXLHQWH�

D(W) =

⎛

⎜⎝
eiW·N1 0 0

0 eiW·N2 0

0 0 eiW·N3

⎞

⎟⎠ .

�������

3DUD HO VXEHVSDFLR XQLGLPHQVLRQDO� OD UHSUHVHQWDFLyQ DVRFLDGD D U(W)
HV OD UHSUHVHQWDFLyQ LUUHGXFLEOH N = �� 3RU OR WDQWR Û(W)|Ψ�

nnn⟩ = |Ψ�
nnn⟩�

\ HQWRQFHV HO JUXSR SHTXHxR FRLQFLGH FRQ HO JUXSR G� SRU OR TXH HO
FRJUXSR SHTXHxR HV Oh� /RV HVWDGRV |Ψ�

nnn⟩ SRUWDQ ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV GHO JUXSR RFWDpGULFR� (Q OD )LJXUD ��� VH REVHUYD FyPR HO
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7DEOD ���� 6XEHOHPHQWRV hλ(g) DVRFLDGRV GH ORV HOHPHQWRV UHSUHVHQWDWLYRV HQ HO GHVDUUROOR
�������

g pλ pλh hλ(g)
E E EE E

C4(x) (CI
3 )

2 (CI
3 )

2C4(z) C4(z)
C2(x) E EC2(x) C2(x)
C3

4(x) (CI
3 )

2 (CI
3 )

2Ca
2 Ca

2

C4(y) CI
3 CI

3C
3
4(z) C3

4(z)
C2(y) E EC2(y) C2(y)
C3

4(y) CI
3 CI

3C
b
2 Cb

2

C4(z) E EC4(z) E
C2(z) E EC2(z) C2(z)
C3

4(z) E EC3
4(z) C3

4(z)
CI

3 CI
3 CI

3E E
(CI

3 )
2 (CI

3 )
2 (CI

3 )
2E E

CII
3 CI

3 CI
3C2(x) C2(x)

(CII
3 )2 (CI

3 )
2 (CI

3 )
2C2(y) C2(y)

CIII
3 (CI

3 )
2 (CI

3 )
2C2(x) C2(x)

(CIII
3 )2 CI

3 CI
3C2(z) C2(z)

CIV
3 (CI

3 )
2 (CI

3 )
2C2(z) C2(z)

(CIV
3 )2 CI

3 CI
3C2(z) C2(z)

Ca
2 (CI

3 )
2 (CI

3 )
2Ca

2 Ca
2

Cb
2 E ECb

2 Cb
2

Cc
2 (CI

3 )
2 (CI

3 )
2C3

4(z) C3
4(z)

Cd
2 CI

3 CI
3C

a
2 Ca

2

Ce
2 CI

3 CI
3C4(z) C4(z)

Cf
2 E ECa

2 Ca
2

I E EI I
S4(x) (CI

3 )
2 (CI

3 )
2S3

4(z) S3
4(z)

S3
4(x) (CI

3 )
2 CI

3 )
2σb

d σb
d

S4(y) CI
3 CI

3σ
b
d σb

d

S3
4(y) CI

3 CI
3S4(z) S4(z)

S4(z) E ES4(z) S4(z)
S3
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h

(SII
6 )5 CI

3 CI
3σ

III
h σIII

h

SIII
6 CI

3 CI
3σ

I
h σI

h

(SIII
6 )5 (CI

3 )
2 (CI

3 )
2σII

h σII
h

SIV
6 CI

3 CI
3σ

II
h σII

h

(SIV
6 )5 (CI
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d
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d
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QXHYR JUXSR QR SUHVHQWD GHJHQHUDFLyQ DFFLGHQWDO VLVWHPiWLFD�

���� 5RPSLPLHQWR GH VLPHWUtD

(Q HO DQiOLVLV GH URPSLPLHQWR GH VLPHWUtD� SULPHUR KDFHPRV OD UH�
GXFFLyQ GH VLPHWUtD GH XQD FDMD F~ELFD D XQ SDUDOHOHStSHGR GH EDVH
FXDGUDGD� a = b ̸= c� FX\R JUXSR SXQWXDO VH UHGXFH GH Oh D D4h� &RQVL�
GHUDQGR HVWD QXHYD VLPHWUtD DOJXQDV GH ODV WUDQVIRUPDFLRQHV GHO JUXSR
T ∧Oh \D QR GHMDQ LQYDULDQWH DO KDPLOWRQLDQR� SRU OR TXH KD\ TXH LGHQ�
WLILFDU HO JUXSR GH VLPHWUtD \ SDUD KDFHUOR VH KL]R XQD VXEGXFFLyQ�
3RGHPRV QRWDU TXH SDUD HO SDUDOHOHStSHGR GH EDVH FXDGUDGD HO HMH

z \D QR HV HTXLYDOHQWH D ORV GHPiV SRU OR TXH HO RSHUDGRU F̂ (Eg)
A1g ,Ag

TXH
HVWi DVRFLDGR FRQ HO RUELWDO dz2 \D QR HV UHOHYDQWH� (O JUXSR T VH UHGXFH
D ODV WUDQVIRUPDFLRQHV GDGDV SRU U(0,β)� SRU OR TXH VH WLHQH XQ QXHYR
JUXSR FRQWLQXR T1 JHQHUDGR XQLFDPHQWH SRU HO RSHUDGRU�

F̂ (B1g) =
1

4

√
15

π

(
∂2

∂x2
− ∂2

∂y2

)
, �������

HO FXDO SRUWD OD HWLTXHWD GHO VXEJUXSR D4h� &RQ HVWDV FRQVLGHUDFLRQHV VH
WLHQH OD VLJXLHQWH UHGXFFLyQ GH VLPHWUtD�

T ∧Oh ⊃ T1 ∧D4h. �������

/D VXEGXFFLyQ HVWi GDGD SRU�

µ
N1
G ↓ T1 ∧D4h. �������

/DV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO JUXSR T1 ∧ D4h VH REWLHQHQ D
SDUWLU GH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV GHO JUXSR G� 3DUD HOOR KD\
TXH DQDOL]DU ORV VXEHVSDFLRV�
&RQVLGHUDQGR HO VXEHVSDFLR XQLGLPHQVLRQDO VH WLHQH OD VXEGXFFLyQ
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D2hT    Oh

Ag!" #$

B
1u[ ]

B
2u[ ]

B
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B
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!" #$

B
2g

!" #$

B
1g

!" #$

Ag!" #$

Ag!" #$

Ag!" #$

A
u[ ]

B
2u[ ]

B
3u[ ]

B
1u[ ]

B
1u[ ]

B
3u[ ]

B
2u[ ]

A
1g ,0!" #$

A
2u
,0[ ]

B
2g
,0!" #$

A
1g ,0!" #$

B
1u
,0[ ]

111

A
1g , 0,0( )!" #$

222

A
2u
, 0,0( )!" #$

123( )

113( )

112( )

221( )

B
2u
, 3 3!

"
#
$

B
3g
, 3 3!

"
#
$

Ag ,8 3!
"

#
$

B
2u
, 3 3!

"
#
$

B
3u
,5 3!

"
#
$

B
1u
,8 3!

"
#
$

A
2u
, -6,0( )!" #$

B
2g
, 6,0( )!" #$

A
1g , -16,0( )!" #$

B
2u
, -13,3 3( )!

"
#
$

!
E

T    D4h!

)LJXUD ���� 'LDJUDPD GH HQHUJtD HVTXHPiWLFR GRQGH VH REVHUYD HO URPSLPLHQWR GH VLPHWUtD
GHVGH XQD FDMD F~ELFD D XQ SDUDOHOHStSHGR GH ODGRV GLVWLQWRV� /RV QLYHOHV GHJHQHUDGRV VH PXHVWUDQ
MXQWRV� \ ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV DVRFLDGDV FRQ HO JUXSR GH VLPHWUtD VH LQGLFDQ VREUH FDGD
FRQMXQWR GH QLYHOHV� $TXt VH FRQVLGHUD c > b > a� GRQGH c� b \ a VRQ ORV ODGRV GH ODV FDMDV�
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REWHQLGD GLUHFWDPHQWH GH ORV FDUDFWHUHV HQ OD 7DEOD ����

n LPSDU |Ψ0,A1g
nnn ⟩ ↓ |Ψ0,A1g

nnn ⟩

n SDU |Ψ0,A2u
nnn ⟩ ↓ |Ψ0,B1u

nnn ⟩, �������

(Q DPERV FDVRV OD UHSUHVHQWDFLyQ LUUHGXFLEOHV DVRFLDGD FRQ HO VXEJUXSR
T1 HV k = 0�
(Q HO VXEHVSDFLR WULGLPHQVLRQDO ORV HVWDGRV SRUWDUDQ ODV HWLTXHWDV

PRVWUDGDV HQ OD 7DEOD ���� 'DGR TXH IXHURQ HWLTXHWDGRV GH DFXHUGR D
OD FDGHQD ����� VH WLHQH TXH ORV HVWDGRV \D SRUWDQ OD HWLTXHWD DVRFLDGD
FRQ HO JUXSR SXQWDO D4h� 6LQ HPEDUJR GDGR TXH KXER XQ URPSLPLHQWR
GH VLPHWUtD ORV HVWDGRV SURSLRV VH YDQ D PRGLILFDU FRPR VH REVHUYD HQ
OD 7DEOD ����� (V SRVLEOH QRWDU TXH KD\ HVWDGRV SURSLRV GHJHQHUDGRV
TXH SRUWDQ UHSUHVHQWDFLRQHV LUUHGXFLEOHV GLVWLQWDV� SRU HMHPSOR FXDQGR
DPERV Q~PHURV FXiQWLFRV VRQ SDUHV� (e, e)�

|B1u, Au⟩ = |Ψnnm⟩

|B1u, Au⟩ =
1√
2
(|Ψnmn⟩+ |Ψmnn⟩),

|A1u, Au⟩ =
1√
2
(−|Ψnmn⟩+ |Ψmnn⟩). �������

/RV GRV ~OWLPRV HVWDGRV HVWiQ GHJHQHUDGRV \ FRPR SRUWDQ UHSUHVHQWD�
FLRQHV XQLGLPHQVLRQDOHV HO VLVWHPD SUHVHQWD GHJHQHUDFLyQ DFFLGHQWDO�
/RV JHQHUDGRUHV GHO JUXSR T1 ∧ D4h HVWiQ GDGRV SRU� {U(0,β), C4(z),

C2(x), I}� /D UHSUHVHQWDFLyQ DVRFLDGD FRQ ORV HOHPHQWRV GH T1 HV�

D(U(0,β)) =

⎛

⎜⎝
1 0 0

0 eiβk 0

0 0 e−iβk

⎞

⎟⎠ ,

�������

GRQGH�
k = ζ0

√
3(n2 −m2). �������



&$3Ë78/2 �� 5(68/7$'26 < ',6&86,Ï1 ��

/D UHGXFFLyQ GH VLPHWUtD HVTXHPDWL]DGD HQ HO HVSDFLR GH UHSUHVHQWD�
FLRQHV HV HTXLYDOHQWH D KDFHU OD SUR\HFFLyQ VREUH HO HMH k2�
/DV UHSUHVHQWDFLRQHV SDUD ORV RWURV JHQHUDGRUHV HVWiQ GDGDV SRU�

D(C4(z)) =

⎛

⎜⎝
(−1)n+1 0 0

0 0 (−1)n+1

0 (−1)m+1 0

⎞

⎟⎠ .

�������

D(C2(x)) =

⎛

⎜⎝
(−1)n+m 0 0

0 (−1)n+m 0

0 0 1

⎞

⎟⎠ , �������

D(I) =

⎛

⎜⎝
(−1)m+1 0 0

0 (−1)m+1 0

0 0 (−1)m+1

⎞

⎟⎠ , �������

(V FRQYHQLHQWH REWHQHU ODV UHSUHVHQWDFLRQHV DQWHULRUHV HQ OD EDVH
RULJLQDO GDGD SRU ������� \ FX\D FRQH[LyQ HVWi HVWDEOHFLGD SRU�

(|φN1
⟩, |φN2

⟩, |φN3
⟩) = (OE |φN1

⟩,OC4(x)|φN1
⟩,OC4(y)|φN1

⟩)0,

�������

GRQGH�

0 =

⎛

⎜⎝
(−1)n+1 0 0

0 (−1)m+1 0

0 0 (−1)n+1

⎞

⎟⎠ .

�������



&$3Ë78/2 �� 5(68/7$'26 < ',6&86,Ï1 ��

7DEOD ����� 5HGXFFLyQ GH VLPHWUtD GH Oh D D4h SDUD HO VXEHVSDFLR WULGLPHQVLRQDO�
Q P |γ1, γ2⟩ YHFWRU SURSLR
H H |B1u, Au⟩  |Ψnnm⟩
H H |B1u, Au⟩  1√

2
(|Ψnmn⟩+ |Ψmnn⟩)

H H |A1u, Au⟩  1√
2
(−|Ψnmn⟩+ |Ψmnn⟩)

R R |A1g, Ag⟩  |Ψnnm⟩
R R |A1g, Ag⟩  1√

2
(|Ψnmn⟩+ |Ψmnn⟩)

R R |B1g, Ag⟩  1√
2
(−|Ψnmn⟩+ |Ψmnn⟩)

H R |Eg, B3g⟩  |Ψmnn⟩
H R |Eg, B2g⟩  |Ψnmn⟩
H R |B2g, B1g⟩  |Ψnnm⟩
R H |Eu, B2u⟩  |Ψnmn⟩
R H |Eu, B3u⟩  |Ψmnn⟩
R H |A2u, B1u⟩  |Ψnnm⟩

(QWRQFHV DO KDFHU HO FDPELR GH EDVH VH REWLHQH�

0−1D(W)0 = D(W), �������

0−1D(C2(x))0 = D(C2(x)), �������

0−1D(I)0 = D(I), �������

0−1D(C4(z))0 =

⎛

⎜⎝
(−1)n+1 0 0

0 0 (−1)m+1

0 (−1)n+1 0

⎞

⎟⎠ . �������

6H REVHUYD TXH ODV UHSUHVHQWDFLRQHV HVWiQ GLDJRQDOL]DGDV SRU EOR�
TXHV� OR TXH VLJQLILFD TXH VRQ UHGXFLEOHV� /D UHGXFFLyQ GD XQD UHSUH�
VHQWDFLyQ ELGLPHQVLRQDO \ XQD XQLGLPHQVLRQDO DPEDV LUUHGXFLEOHV� /D
ELGLPHQVLRQDO HVWD GDGD SRU�

D(C4(z)) =

(
0 (−1)m+1

(−1)n+1 0

)
, D(k)(C2(x)) =

(
(−1)n+m 0

0 1

)
,
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D(k)(I) =

(
(−1)m+1 0

0 (−1)m+1

)
, D(k)(t) =

(
eikβ 0

0 e−ikβ

)
.

(VWDV UHSUHVHQWDFLRQHV FRLQFLGHQ FRQ ODV UHSUHVHQWDFLRQHV FRQVWUXLGDV
SRU LQGXFFLyQ SDUD HO JUXSR T ∧ Oh� /D UHSUHVHQWDFLyQ XQLGLPHQVLRQDO
HVWi GDGD SRU�

D(0)(t) = 1;

D(0)(C4(z)) = (−1)n+1;

D(0)(C2(x)) = (−1)n+m;

D(0)(I) = (−1)m+1, �������

GRQGH GH DFXHUGR D OD SDULGDG GH (n,m) YDUtD OD UHSUHVHQWDFLyQ LUUHGX�
FLEOH GHO JUXSR SXQWXDO TXH SRUWDQ�

(e, e) → B1u,

(o, o) → A1g,

(e, o) → B2g,

(o, e) → A2u.

(Q HO VXEHVSDFLR KH[DGLPHQVLRQDO L6 = {|Ψn1n2n3⟩} VH SXHGHQ LGHQWL�
ILFDU SDUHV GH IXQFLRQHV DVRFLDGDV FRQ OD PLVPD HQHUJtD�

{|φ1⟩, |φ4⟩},

{|φ2⟩, |φ5⟩},

{|φ3⟩, |φ6⟩}, �������

FRPR VH SXHGH DSUHFLDU GH �������
(Q OD 7DEOD ���� VH REVHUYD TXH FXDQGR WRGRV ORV Q~PHURV FXiQWLFRV

SUHVHQWDQ OD PLVPD SDULGDG HO VLVWHPD SUHVHQWD GHJHQHUDFLyQ DFFLGHQ�
WDO� SXHV HVWDGRV TXH SRUWDQ UHSUHVHQWDFLRQHV XQLGLPHQVLRQDOHV HVWiQ
GHJHQHUDGRV� 6LQ HPEDUJR� SDUD ORV FDVRV (e, e, o) \ (o, o, e) OD GHJHQHUD�
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7DEOD ����� 5HGXFFLyQ GH VLPHWUtD GH Oh D D4h SDUD HO VXEHVSDFLR KH[DGLPHQVLRQDO�
n1 n2 n3 |γ1, γ2⟩ YHFWRU SURSLR
H H H |A1u, Au⟩  1√

2
(|φ1⟩ − |φ4⟩)

H H H |A1u, Au⟩  1√
2
(|φ2⟩ − |φ5⟩)

H H H |A1u, Au⟩  1√
2
(|φ3⟩ − |φ6⟩)

H H H |B1u, Au⟩  1√
2
(|φ1⟩+ |φ4⟩)

H H H |B1u, Au⟩  1√
2
(|φ2⟩+ |φ5⟩)

H H H |B1u, Au⟩  1√
2
(|φ3⟩+ |φ6⟩)

R R R |A1g, Ag⟩  1√
2
(|φ1⟩+ |φ4⟩)

R R R |A1g, Ag⟩  1√
2
(|φ2⟩+ |φ5⟩)

R R R |A1g, Ag⟩  1√
2
(|φ3⟩+ |φ6⟩)

R R R |B1g, Ag⟩  1√
2
(|φ1⟩ − |φ4⟩)

R R R |B1g, Ag⟩  1√
2
(|φ2⟩ − |φ5⟩)

R R R |B1g, Ag⟩  1√
2
(|φ3⟩ − |φ6⟩)

H H R |A2g, B1g⟩  1√
2
(−|φ1⟩+ |φ4⟩)

H H R |B2g, B1g⟩  1√
2
(|φ1⟩+ |φ4⟩)

H H R |Eg, B2g⟩  |φ2⟩
H H R |Eg, B2g⟩  |φ6⟩
H H R |Eg, B3g⟩  |φ3⟩
H H R |Eg, B3g⟩  |φ5⟩
R R H |B2u, B1u⟩  1√

2
(−|φ1⟩+ |φ4⟩)

R R H |A2u, B1u⟩  1√
2
(|φ1⟩+ |φ4⟩)

R R H |Eu, B2u⟩  |φ2⟩
R R H |Eu, B2u⟩  |φ6⟩
R R H |Eu, B3u⟩  |φ3⟩
R R H |Eu, B3u⟩  |φ5⟩
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FLyQ HV QDWXUDO�

6L a = (−1)n1+n2� b = (−1)n2+n3 \ c = (−1)n1+n3� OD VXEGXFFLyQ OOHYD D
ODV VLJXLHQWHV UHSUHVHQWDFLRQHV SDUD ORV JHQHUDGRUHV�

D(C4(z)) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 a 0 0

0 0 0 0 c 0

0 0 0 0 0 c

1 0 0 0 0 0

0 1 0 0 0 0

0 0 a 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

�������

D(C2(x)) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b 0 0 0 0 0

0 b 0 0 0 0

0 0 a 0 0 0

0 0 0 c 0 0

0 0 0 0 a 0

0 0 0 0 0 c

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

�������

D(I) = (−1)n1+n2+n3+1

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

�������
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D(U(W)) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

eiW·N1 0 0 0 0 0

0 e−iW·N3 0 0 0 0

0 0 e−iW·N2 0 0 0

0 0 0 e−iW·N1 0 0

0 0 0 0 eiW·N3 0

0 0 0 0 eiW·N2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

�������

GRQGH

N1 = ζ0
√
3(n2

1 − n2
2),

N2 = ζ0
√
3(n2

2 − n2
3),

N3 = ζ0
√
3(n2

3 − n2
1),

�������

(V QHFHVDULR KDFHU HO FDPELR GH EDVH D OD EDVH RULJLQDO GHILQLGD
HQ ������� FRQ ORV HVWDGRV TXH SRUWHQ Ni \ −Ni ORFDOL]DGRV HQ IRUPD
FRQWLJXD� 'H HVWD IRUPD WHQHPRV�

(|φN1
⟩, |φN4

⟩, |φN2
⟩, |φN5

⟩, |φN3
⟩, |φN6

⟩) =

(OE |φN1
⟩,OC4(x)|φN1

⟩,OC4(y)|φN1
⟩,OC4(z)|φN1

⟩,OCI
3
|φN1

⟩,O(CI
3 )

2 |φN1
⟩)1,

�������

GRQGH OD PDWUL] GH WUDQIRUPDFLyQ HVWi GDGD SRU�

1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 0 0 0 0 (−1)n3+1

0 0 0 (−1)n1+1 0 0

0 (−1)n2+1 0 0 0 0

0 0 0 0 1 0

0 0 1 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. �������

�
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/DV UHSUHVHQWDFLRQHV HQ OD QXHYD EDVH WLHQHQ OD VLJXLHQWH IRUPD�

1−1D(U(W))1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

eiW·N1 0 0 0 0 0

0 e−iW·N1 0 0 0 0

0 0 eiW·N2 0 0 0

0 0 0 e−iW·N2 0 0

0 0 0 0 eiW·N3 0

0 0 0 0 e−iW·N3

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�������

1−1D(C4(z))1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 j 0 0 0 0

k 0 0 0 0 0

0 0 0 k 0 0

0 0 l 0 0 0

0 0 0 0 0 l

0 0 0 0 j 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�������

1−1D(C2(x))1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b 0 0 0 0 0

0 c 0 0 0 0

0 0 c 0 0 0

0 0 0 a 0 0

0 0 0 0 a 0

0 0 0 0 0 b

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�������

1−1D(I)1 = (−1)n1+n2+n3+1

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. �������

GRQGH a� b \ c VH GHILQLHURQ SUHYLDPHQWH� \ j = (−1)n1+1� k = (−1)n2+1 \
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l = (−1)n3+1�
'DGR TXH ODV UHSUHVHQWDFLRQHV VRQ GLDJRQDOHV HQ EORTXHV pVWDV VRQ

UHGXFLEOHV� (V SRVLEOH LGHQWLILFDU GRV VXEHVSDFLRV� (O VXEHVSDFLR XQLGL�
PHQVLRQDO� L1 = {|Ψnnn3⟩}� GRQGH k = 0� SRU OR TXH ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV VH FODVLILFDQ GH DFXHUGR D ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV
GHO JUXSR SXQWXDO D4h� 7DPELpQ VH WLHQH HQ VXEHVSDFLR ELGLPHQVLRQDO�
L2 = {|Ψnmn3⟩, |Ψmnn3⟩}� TXH VH SXHGH GHVDUUROODU HQ FODVHV ODWHUDOHV FRQ
D2h�

D4h = D2h + σa
dD2h. �������

7DPELpQ VH SXHGH WHQHU DOWHUQDWLYDPHQWH HO VLJXLHQWH GHVDUUROOR

D4h = D2h + σb
dD2h, �������

DXQTXH ODV UHSUHVHQWDFLRQHV LUUHGXFLEOHV VRQ HTXLYDOHQWHV SDUD DPERV
GHVDUUROORV�
7RPDQGR ������� VH REWLHQH

D(C4(z)) =

(
0 χµ(σb

v)

χµ(σa
v ) 0

)
;

D(k)(C2(x)) =

⎛

⎜⎝
χµ(C2(x)) 0

0 χµ(C2(z))

⎞

⎟⎠ ,

D(k)(I) =

⎛

⎜⎝
χµ(I) 0

0 χµ(I)

⎞

⎟⎠ ;

D(k)(t) =

(
eikβ 0

0 e−ikβ

)
, �������
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GRQGH

χµ(σb
v) = (−1)n+1; χµ(σa

v ) = (−1)m+1; χµ(C2(x)) = (−1)m+m;

χµ(C2(z)) = 1; χµ(I) = (−1)m+1. �������

/DV UHSUHVHQWDFLRQHV ������� FRLQFLGHQ FRQ ODV REWHQLGDV HQ OD LQGXF�
FLyQ� 3DUD HO SDUDOHOHStSHGR GH EDVH UHFWDQJXODU ORV HVWDGRV VH HWLTXHWDQ
GH DFXHUGR DO JUXSR D2h� (Q OD )LJXUD ��� VH PXHVWUD HO URPSLPLHQWR
GH VLPHWUtD GHVGH XQD FDMD F~ELFD KDVWD XQ SDUDOHOHStSHGR GH EDVH UHF�
WDQJXODU SDVDQGR SRU HO SDUDOHOHStSHGR GH EDVH FXDGUDGD� 6H REVHUYD
TXH FRQ HO SUHYLR DQiOLVLV GH UHGXFFLyQ GH VLPHWUtD WRGRV ORV QLYHOHV
PXHVWUDQ GHJHQHUDFLyQ QRUPDO� /D QRWDFLyQ XWLOL]DGD SDUD ODV UHSUH�
VHQWDFLRQHV LUUHGXFLEOHV HVWi GD SRU [µ,N]� GRQGH µ HV OD UHSUHVHQWDFLyQ
LUUHGXFLEOH GHO FRJUXSR SHTXHxR \ N HV OD UHSUHVHQWDFLyQ LUUHGXFLEOH GHO
JUXSR LQYDULDQWH T �



&DStWXOR �

&RQFOXVLyQ

5HGXFLU ODV UHSUHVHQWDFLRQHV JHQHUDGDV SRU ORV HVWDGRV SURSLRV SHU�
PLWLy LGHQWLILFDU OD GHJHQHUDFLyQ DFFLGHQWDO VLVWHPiWLFD� SRU OR TXH HO
JUXSR Oh� TXH HVWi DVRFLDGR FRQ OD VLPHWUtD JHRPHWULFD� HV XQ VXE�
JUXSR GHO JUXSR GH VLPHWUtD� 6H UHDOL]y OD SUR\HFFLyQ SRU HO PpWRGR GH
IXQFLRQHV SURSLDV� GRQGH HO &&2& HVWi GDGR SRU OD FDGHQD GH VXEJUXSRV
TXH HWLTXHWDQ D ORV HVWDGRV \ HO KDPLOWRQLDQR� 8QD FDUDFWHUtVWLFD SHFX�
OLDU GH OD SUR\HFFLyQ HV TXH SDUD HO VXEHVSDFLR KH[DGLPHQVLRQDO KD\
DOJXQRV FDVRV GRQGH DSDUHFH PXOWLSOLFLGDG SDUD ODV UHSUHVHQWDFLRQHV
LUUHGXFLEOHV ELGLPHQVLRQDOHV� Eg \ Eu�
3DUD H[SOLFDU OD GHJHQHUDFLyQ DFFLGHQWDO TXH RFXUUH HQ OD FDMD F~EL�

FD GH SDUHGHV LPSHQHWUDEOHV VH HQFRQWUy XQ JUXSR GH PD\RU VLPHWUtD�
HO FXDO IXH LGHQWLILFDGR FRPR� G = T ∧ Oh� (O QXHYR JUXSR GH VLPHWUtD
FRQWLHQH WUDQVIRUPDFLRQHV FRQWLQXDV \ GLVFUHWDV� OR TXH OR KDFH DQiORJR
D ORV JUXSRV FULVWDORJUiILFRV HVSDFLDOHV� ODV WUDQVIRUPDFLRQHV GLVFUHWDV
VRQ DQiORJDV DO JUXSR SXQWXDO PLHQWUDV TXH ODV WUDQVIRUPDFLRQHV FRQ�
WLQXDV VRQ DQiORJDV DO JUXSR GH WUDVODFLRQHV�
(O JUXSR FRQWLQXR T VH REWXYR DO LGHQWLILFDU ORV RSHUDGRUHV TXH FR�

QHFWDQ ORV HVWDGRV DFFLGHQWDOPHQWH GHJHQHUDGRV� /RV RSHUDGRUHV SRU�
WDQ OD UHSUHVHQWDFLyQ LUUHGXFLEOH ELGLPHQVLRQDO Eg \ GHVHPSHxDQ XQD
IXQFLyQ DQiORJD DO YHFWRU GH 5XQJH�/HQ] HQ HO iWRPR GH KLGUyJHQR QR

��
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UHODWLYLVWD� /RV HOHPHQWRV GH T VH REWXYLHURQ GH OD H[SRQHQFLDFLyQ GH
ORV RSHUDGRUHV�
'DGR TXH HO SUREOHPD WLHQH XQD DQDORJtD FRQ JUXSRV HVSDFLDOHV HQ

XQ VLVWHPD F~ELFR FULVWDORJUiILFR� HV IDFWLEOH FRQVWUXLU ODV UHSUHVHQWD�
FLRQHV LUUHGXFLEOHV GH G SRU PHGLR GH LQGXFFLyQ� OR TXH DVHJXUD LUUHGX�
FLELOLGDG \ FRPSOHWLWXG >��@� 3DUD SRGHU KDFHU HO DQiOLVLV GH OD UHGXFFLyQ
GH VLPHWUtD� ORV HVWDGRV GHO VLVWHPD VH HWLTXHWDURQ GH DFXHUGR D XQD
FDGHQD GH VXEJUXSRV TXH SHUPLWLHUDQ REWHQHU ORV SDUDOHOHStSHGRV GH
EDVH FXDGUDGD \ EDVH UHFWDQJXODU� $VXPLHQGR G FRPR HO JUXSR GH VL�
PHWUtD� OD GHJHQHUDFLyQ H[DPLQDGD D OR ODUJR GH HVWH WUDEDMR� OD FXDO
SUHGRPLQD HQ OD UHJLyQ GH EDMD HQHUJtD� HV QRUPDO� )LJXUD ���� $ PD\RU
HQHUJtD� ODV FRPELQDFLRQHV SRVLEOHV GH Q~PHURV FXiQWLFRV SHUPLWHQ OD
H[LVWHQFLD GH GHJHQHUDFLyQ SLWDJyULFD� FX\R DQiOLVLV HVFDSD D ORV ILQHV
GH HVWH WUDEDMR� \ D OD IHFKD QR KD VLGR SRVLEOH HQFRQWUDU XQ JUXSR EDMR
HO FXDO QR VH FRQVLGHUH DFFLGHQWDO HQ QLQJ~Q VLVWHPD GRQGH VH SUHVHQWH�
/D YHQWDMD GH WHQHU ODV IXQFLRQHV DSURSLDGDPHQWH HWLTXHWDGDV GH

DFXHUGR DO QXHYR JUXSR GH VLPHWUtD G HV TXH HV SRVLEOH GHGXFLU ODV UH�
JODV GH VHOHFFLyQ FRUUHFWDV� REWHQHUODV VLQ HPEDUJR QR HV WULYLDO� (VWR
VH GHEH D TXH ODV IXQFLRQHV DGDSWDGDV SRU VLPHWUtD WLHQHQ DVRFLDGDV
GRV HWLTXHWDV� XQD UHODFLRQDGD FRQ OD UHSUHVHQWDFLyQ GHO JUXSR FRQWL�
QXR \ OD RWUR FRQ OD GHO JUXSR SHTXHxR� OR TXH GLILFXOWD HO DQiOLVLV GH ORV
SURGXFWRV GLUHFWRV GH UHSUHVHQWDFLRQHV GH PDQHUD FRQVLGHUDEOH >��@�
(QWRQFHV� VH HVSHUD TXH FRQVLGHUDQGR OD VLPHWUtD FRPSOHWD VH LGHQWLIL�
TXHQ WUDQVLFLRQHV SURKLELGDV TXH VH KXELHUDQ WRPDGR FRPR SHUPLWLGDV
GH KDEHU VXSXHVWR D Oh FRPR HO JUXSR GH VLPHWUtD GHO VLVWHPD�
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