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ResumenCon el �n de evitar la neesidad de los omponentes osuros en sistemas astrof��siosy osmol�ogios, a lo largo de esta tesis se muestra que es posible onstruir una teor��ade gravedad modi�ada onsistente on diferentes observaiones astrof��sias a partir deonsiderar la esala de aelerai�on de MOND a0 omo una onstante fundamental en lagravitai�on. Esto, sin introduir materia osura desonoida para ajustar las observaiones.Se onstruy�o primero la teor��a de gravedad extendida no{relativista modi�ando lafuerza gravitaional Newtoniana a partir de una funi�on �uniamente de la variable x, quedepende de la masa y el radio del sistema y a0. De este modo se ajustaron diversos fen�ome-nos astrof��sios dentro de los errores observaionales y se prob�o la onsistenia on el l��mitem�aximo a las desviaiones a la gravedad Newtoniana dentro del Sistema Solar.Luego se muestra de dos maneras que el r�egimen de aelerai�on MONDiano es el l��mitede ampo d�ebil de una teor��a m�etria extendida f(χ) = χ3/2: primero, a partir de un an�alisisa orden de magnitud de las euaiones de ampo resultantes para una m�etria est�atiaesf�eriamente sim�etria, perturbando la omponente temporal de la m�etria hasta segundoorden en potenias de v/c y a orden ero las omponentes radial y angular; despu�es, onel an�alisis ompleto de perturbaiones hasta segundo orden en las omponentes temporaly radial de diha m�etria y las omponentes angulares a orden ero.A partir de los omponentes m�etrios obtenidos del an�alisis perturbativo ompleto, semuestra que la teor��a ajusta la fenomenolog��a de las urvas de rotai�on planas y la relai�onTully{Fisher asoiada, as�� omo los lentes gravitaionales observados en galaxias y gruposde galaxias.Finalmente, tambi�en explor�e en mi trabajo de tesis la posibilidad de que la onstantede aelerai�on de MOND sea una antidad fundamental relaionada on algunas onstantesuniversales y no �uniamente una onstante fenomenol�ogia. Obtuvimos que es posible re-uperar relaiones que iniialmente pare��an \oinidenias" num�erias, pero que pudieranser manifestaiones de relaiones fundamentales en la f��sia.





AbstractIn the aim to avoid the neessity of dark omponents in astrophysial and osmologialsystems, throughout this thesis it is shown that it is possible to onstrut a modi�ed theoryof gravity onsistent with many astrophysial observations onsidering that MOND's ae-leration sale a0 is a fundamental onstant that enters into the gravitation. This, withoutintroduing unknown dark matter to �t the observations.First, we onstruted the extended non{relativisti theory of gravity modifying theNewtonian fore through a funtion only of the variable x, whih depends on the massand the radius of the system. In this way, we adjusted diverse astrophysial phenomenawithin the observational errors and heked the onsisteny with the upper limits of thedeviations to Newtonian gravity in the Solar System.Then, it is shown in two ways that the weak �eld limit of the theory f(χ) = χ3/2 givesus the MONDian aeleration regime: �rst, from an order of magnitude approah of theresulting �eld equations, for a stati spherially symmetri metri, perturbing the timemetri omponent up to the seond order in powers of v/c and up to zeroth order in theradial and angular omponents; then, performing the omplete perturbation analysis up tothe seond order in the time and radial omponents of the metri and up to zeroth orderin the angular omponents.From the metri omponents obtained from the omplete perturbation analysis, it isshown that our theory adjusts the phenomenology of the at rotation urves for disgalaxies and the assoiated Tully{Fisher relation, also the gravitational lenses observed ingalaxies and groups of galaxies.Finally in this thesis, I also explored the possibility of MOND's aeleration onstant tobe a fundamental quantity related to some universal onstants and not only a phenomeno-logial onstant. I obtained that it is possible to reover some relations initially thought asnumerial \oinidenes", but that may be manifestations of some fundamental relationsin physis.
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Caṕıtulo I

Introducción

Las observaiones de las supernovas tipo Ia, las anisotrop��as observadas en la radia-i�on �osmia de fondo en miroondas, las osilaiones a�ustias de la materia bari�onia, elespetro de potenias de materia, los lentes gravitaionales, entre otras, representan fuer-tes evidenias para el modelo osmol�ogio est�andar, el llamado modelo de onordania
ΛCDM. De las m�as reientes observaiones de la sonda espaial europea Plank, se suponeuna omponente bari�onia que ontribuye s�olo un 4% al ontenido atual de la densidad demateria{energ��a en el universo, junto on un 1% de radiai�on, mientras que las omponen-tes \osuras" son aproximadamente el 95%, alrededor del 27% materia osura fr��a (ColdDark Matter, CDM) y un 68% energ��a osura o ontribui�on de la onstante osmol�ogiapositiva Λ (Plank Collaboration et al., 2013).La materia osura fue postulada para expliar las urvas de rotai�on observadas engalaxias espirales, as�� omo los oientes masa{luminosidad en galaxias gigantes y �umulosde galaxias, los lentes gravitaionales y la formai�on de estrutura en el universo temprano,entre otros fen�omenos astrof��sios y osmol�ogios (ver la sei�on §1). Por su parte, la energ��aosura o la onstante osmol�ogia fue postulada para expliar la expansi�on aelerada deluniverso (Riess et al., 1998; Perlmutter et al., 1999).Hasta ahora el modelo ΛCDM es el que mejor ajusta a las observaiones existentes.Sin embargo, la b�usqueda direta o indireta de part��ulas andidato a materia osura haarrojado resultados nulos. Aunado a esto, la falta de un fundamento te�orio s�olido parala energ��a osura, abren la posibilidad de que no existan entes osuros en el universo sino



2 I INTRODUCCIÓNque, en alguna parte, la teor��a asoiada a estos fen�omenos astrof��sios y osmol�ogios tengaque ser modi�ada.Los modelos de materia y energ��a osuras se basan en que la teor��a de gravitai�on deNewton y la relatividad general de Einstein son las teor��as de gravedad v�alidas a todas lasesalas. Sin embargo, su validez s�olo ha sido probada on exelente preisi�on en sistemasuyas esalas no son mayores a las del Sistema Solar. En este sentido es onebible queambas, tanto expansi�on aelerada del universo omo mayor fuerza gravitaional requeridaen diferentes sistemas, representen un ambio en nuestro entendimiento de las interaionesgravitaionales.Desde un punto de vista geom�etrio, las teor��as de gravedad modi�ada son una alter-nativa viable a los problemas astrof��sios y osmol�ogios que la materia y energ��a osurastratan de resolver. De heho, la idea de modi�ar las leyes de gravedad vigentes es asitan antigua omo la gravitai�on de Newton misma. Casi 200 a~nos despu�es de que Newtonpubliara los Philosophi� naturalis prinipia mathematia (Newton, 1687), en su en-sayo \On the Hypotheses whih lie at the Bases of Geometry" (1856) (Sobre las hip�otesisque sirven de fundamento a la geometr��a), Riemann a�rmaba que las relaiones m�etriasdel espaio no pueden ser deduidas m�as que por la experienia, que hay que explorarla probabilidad de las hip�otesis, \dentro de los l��mites de observai�on, y juzgar por estoel grado de seguridad de la extensi�on de estos hehos fuera de estos l��mites, tanto en elsentido de los inonmensurablemente grandes, omo en el de los inonmensurablementepeque~nos" (Riemann, 1873a,b).Para �nales del siglo XIX, se re��a que era posible resolver todos los problemas de la f��si-a que se presentaran por medio de la me�ania Newtoniana y el eletromagnetismo l�asiode Maxwell. Fue entones uando surgieron experimentos y observaiones que desa�aronla teor��a estableida a dos esalas diversas a las que se estaba aostumbrado a tratar: aveloidades omparables a la de la luz y a esalas de longitud omparables on su longitudde onda de de Broglie.Los problemas a los que se enfrentaba la f��sia entones representaron un ambio enel entendimiento de la naturaleza omo se ono��a. El tener la posibilidad de explorarveloidades y energ��as grandes llev�o a Einstein a formular su teor��a de la relatividad, laespeial (Einstein, 2005) y la general (Einstein, 1916). El explorar las esalas m�as peque~nasde la materia deriv�o en la onstrui�on de la me�ania u�antia. Para 1887, se llev�o a abo



3uno de los experimentos m�as bellos e importantes en la historia de la f��sia: el experimentode Mihelson & Morley (1887). �Este desart�o la existenia del �eter, que suena ahora omoun \ente osuro", y sent�o las bases para la relatividad espeial de Einstein.Antes, Bouvard (1821) hab��a observado un movimiento an�omalo de Urano en su �orbi-ta y pensaba que podr��a deberse a que la gravedad del Sol a esa distania pudiera serdiferente de la Newtoniana o debido a un otavo planeta no desubierto a�un. En 1845,Le Verrier (1846) y Adams (ver Wa� & Kollerstrom, 2001) predijeron matem�atiamented�onde deber��a observarse Neptuno. Exatamente en esa posii�on fue observado por Galleen 1846 (ver Wa� & Kollerstrom, 2001). Posteriormente, las observaiones de la preesi�onan�omala de Merurio en su �orbita llevaron a Le Verrier (ver des sienes, 1859) a postularla existenia de un planeta desonoido entre el Sol y Merurio. �El llam�o a este planetafaltante Vulano. Le Verrier muri�o en 1877 reyendo en la existenia de este planeta, luegode que un astr�onomo a�ionado reportara su tr�ansito sobre el diso solar (ver Baum &Sheehan, 1997).Como sabemos este planeta nuna fue observado, y el problema se resolvi�o �uniamenteon una extensi�on a la teor��a de gravitai�on de Newton: la relatividad general de Einstein.Finalmente, otro experimento fue de�nitivo para probar la validez de la relatividad general:la deexi�on de la luz de las estrellas lejanas por el diso solar. La relatividad general predieun �angulo de deexi�on dos vees mayor al sugerido por la me�ania de Newton, y esto fuelo que se Dyson y Eddington observaron (Dyson et al., 1920).Todos estos experimentos y observaiones ambiaron la manera en que entendemos eluniverso. La lei�on m�as importante que hay que aprender de la historia es que han sido lasobservaiones y experimentos los que han llevado a trasender los paradigmas y a ambiaro extender las leyes de la f��sia. El amino que tom�o la f��sia a partir de las observaionesque desa�aron diretamente a la me�ania l�asia y al eletromagnetismo podr��a indiarnosel que podr��a tomar la teor��a atualmente aeptada. Debido a que la materia y energ��aosuras no han sido detetadas diretamente, debemos busar modi�aiones a la teor��agravitaional que ha sido usada para postular su existenia.La sonda espaial europea Plank ha obtenido el m�as preiso y detallado mapa de laluz m�as antigua del universo. As�� mismo, otras sondas y exploraiones que ya est�an enoperai�on, omo DES (Dark Energy Survey), Gaia, SDSS (Sloan Digital Sky Survey) IV,han omenzado a arrojar las primeras lues al modelo osmol�ogio aeptado y en un futuro



4 I INTRODUCCIÓNontinuar�an hai�endolo otras omo Eulid y SKA (Square Kilometre Array)†.
§1. Gravedad modificada no–relativistaLa materia osura se postul�o a prinipios de los 1930s uando omenzaron a surgirdisrepanias en las urvas de rotai�on observadas en galaxias de diso y en las dispersionesde veloidades observadas en �umulos de galaxias. En 1932, Jan Oort desubri�o que lasestrellas en la veindad solar se mov��an m�as r�apido de lo esperado (resultado que despu�esse on�rm�o era inorreto; ver Kuijken & Gilmore, 1989a). Por su parte, Zwiky (1933)not�o el mismo omportamiento on la veloidad de las galaxias en �umulos. A la materiaque podr��a expliar las observaiones le llamaron \materia faltante" o \materia osura".M�as tarde, Babok (1939) sugiri�o que el oiente masa{luminosidad se inrementaba onel radio para observaiones de la urva de rotai�on de la galaxia de Andr�omeda; sin embargo�el no lo atribuy�o a ninguna forma de materia faltante, sino a absori�on de la luz dentrode la galaxia o a \din�amia modi�ada" en las regiones externas. Finalmente, Rubin et al.(1980) presentaron evidenia ontundente que on�rmaba que un gran n�umero de galaxiasest�an dominadas por materia osura, ontenida en un \halo osuro" no visible.En un prinipio se pensaba que la materia faltante eran objetos que no pod��an versea trav�es de un telesopio, omo enanas af�es, agujeros negros, polvo, planetas, et., perolas abundanias observadas de estos objetos no alanzaban a uanti�ar el total de masaesperado por la din�amia gal�atia. De este modo se postul�o la materia osura \no bari�oni-a": part��ulas elementales que �uniamente interat�uan gravitaionalmente on la materiaonoida. Desde entones se han propuesto deenas de part��ulas nuevas que han sido des-artadas (ver, por ejemplo, Bertone et al., 2005). Atualmente el prinipal andidato es elneutralino, una part��ula supersim�etria resultado de una extensi�on del modelo est�andar

†En los pr�oximos a~nos, la gran antidad de datos de telesopios y detetores a bordo de sondas espaialesayudar�an a ajustar mejor los modelos de materia/energ��a osuras y las teor��as de gravedad modi�ada. Conesto, ser�a posible haer una elei�on m�as realista de una sobre la otra. Es importante notar que estasmisiones detetan radiai�on eletromagn�etia, no prueban diretamente la existenia de materia osura o sila teor��a gravitaional debe ser modi�ada. La detei�on direta de una part��ula de materia osura on ladensidad astrof��sia requerida (90% de toda la materia), sin duda signi�ar�a el �nal de esta disusi�on. Sinembargo en el futuro erano, s�olo se ontar�a on la detei�on indireta de las part��ulas de materia osura,as�� que la oherenia de las teor��as de gravedad modi�ada on los datos servir�a omo fuerte evidenia dela no existenia de la materia osura, pues no es posible probar on ning�un experimento la no existeniade ualquier entidad.



§1 GRAVEDAD MODIFICADA NO–RELATIVISTA 5de part��ulas elementales.Como solui�on alternativa a los problemas de materia faltante y expansi�on aeleradadel universo, se han formulado diversas propuestas que modi�an las teor��as de gravitai�onaeptadas a distintas esalas, tanto en el l��mite no{relativista omo en el relativista. Laidea prinipal detr�as de algunas de estas teor��as es el planteamiento de una modi�ai�on alas teor��as de gravedad Newtoniana y a la relatividad general de Einstein.Los requisitos que una teor��a de gravedad debe satisfaer en el r�egimen no{relativistason: (1) no sobrepasar los l��mites m�aximos observaionales de la desviai�on a la ley degravitai�on de Newton dentro del Sistema Solar, (2) ajustar las urvas de rotai�on planasen galaxias de diso y umplir on la relai�on Tully{Fisher para galaxias soportadas pormomento angular, as�� omo on la relai�on Faber{Jakson para galaxias soportadas porpresi�on y, reientemente, ajustar las regiones externas de �umulos globulares y de sistemasbinarios extendidos y (3) reproduir las relaiones de esala observadas en diferentes siste-mas, desde las galaxias esferoidales enanas del Grupo Loal hasta galaxias el��ptias gigantesy �umulos de galaxias, entre muhas otras pruebas donde tradiionalmente se requiere demateria osura.La primera modi�ai�on exitosa en este r�egimen es la Din�amia Newtoniana Modi�a-da (Modi�ed Newtonian Dynamis, MOND), desrita brevemente en la siguiente sei�on(ver Sanders & MGaugh, 2002, para un review sobre MOND). El estudio de esta pro-puesta es importante ya que, debido a su naturaleza fenomenol�ogia y a su �exito en ell��mite no-relativista, se entiende que ualquier teor��a fundamental de gravedad modi�adadeber��a ajustarse a ella en esalas gal�atias en el r�egimen de bajas aeleraiones. Como sedisutir�a en el Cap��tulo II, la teor��a de gravedad extendida que proponemos es equivalentea la desripi�on MONDiana en algunos sistemas, por ejemplo en los que son esf�eriamentesim�etrios, pero on ventajas notables.
MONDEn el l��mite no{relativista, Milgrom (1983b,a) introdujo la Din�amia Newtoniana Mo-di�ada para expliar las urvas de rotai�on planas observadas en galaxias espirales. Uti-lizando una onstante fenomenol�ogia de aelerai�on a0, Milgrom formul�o un riterio talque para aeleraiones super�iales muho mayores a a0, la din�amia es Newtoniana y



6 I INTRODUCCIÓNpara aeleraiones muho menores que a0, la din�amia se modi�a para produir �orbitasirulares on veloidades independientes del radio, a esalas su�ientemente grandes.Tal modi�ai�on a la din�amia en simetr��a esf�eria o il��ndria est�a dada por (Milgrom,1983b)
aµ(a/a0) = |∇φN| = GM(r)

r2
, (1.1)donde φN es el potenial gravitaional Newtoniano, G es la onstante de gravitai�on deNewton, M(r) es la masa enerrada al radio r y la funi�on de interpolai�on µ(a/a0) tienelos siguientes l��mites:

µ(a/a0) =

{
1, para a ≫ a0 ,

a/a0, para a ≪ a0 .
(1.2)En estos l��mites, el r�egimen de aeleraiones muy grandes respeto a a0 orresponde a gra-vitai�on Newtoniana y el de aeleraiones muy peque~nas respeto a a0 al llamado r�egimenprofundo de MOND (\deep MOND") o MONDiano. De las euaiones anteriores se dedueque en este r�egimen la aelerai�on est�a dada por

a = −
(GMa0)

1/2

r
. (1.3)Formalmente en un sistema on simetr��a il��ndria, omo es el aso de una galaxia dediso, la suposii�on de simetr��a esf�eria neesariamente introdue errores en los �alulos.Sin embargo, en analog��a on el aso Newtoniano, donde la urva de rotai�on de un disoin�nitamente delgado que deree exponenialmente se desv��a tan s�olo un 20% del asoesf�erio a radios grandes (ver, por ejemplo, Binney & Tremaine, 2008), el error produidose enuentra dentro del rango de error observaional. Entones, dado que las observaionesmuestran que las regiones externas de galaxias de diso aen dentro del r�egimen profundode MOND y que adem�as a estos radios la geometr��a es asi esf�eria, la veloidad irulartiende a una onstante a radios grandes:vflat = (GMba0)

1/4 ≈ onst., (1.4)ya que la aelerai�on entr��fuga es ac = v 2/r y se asume que la ontribui�on prinipala la masa bari�onia Mb se da a radios menores. De esta manera se reuperan las urvasde rotai�on planas observadas en galaxias de diso. M�as a�un, esta �ultima presripi�on es



§1 GRAVEDAD MODIFICADA NO–RELATIVISTA 7onsistente on la relai�on Tully{Fisher bari�onia, entre la veloidad en la parte plana dela urva de rotai�on y la masa bari�onia para un oiente masa{luminosidad onstante,omo sigue (MGaugh, 2005): vflat ∝ M
1/4
b . (1.5)Existen en la literatura diferentes funiones de interpolai�on que se han propuesto paraaraterizar la aelerai�on en rangos intermedios. La funi�on l�asia fue propuesta porMilgrom (1983b):

µ(a/a0) =
a/a0

»

1+ (a/a0)2
. (1.6)Otras funiones ajustan on mayor preisi�on las urvas de rotai�on, tanto de nuestra Gala-xia omo la de otras galaxias de distintos tama~nos y masas (ver, por ejemplo, la Figura II.2).Con las funiones de interpolai�on est�andar es posible ajustar on gran preisi�on las urvasde rotai�on de las galaxias de diso a todos los radios. Del mejor ajuste a urvas de rotai�onde galaxias espirales en la veindad Gal�atia se tiene que (Begeman et al., 1991)

a0 ≈ 1.2 × 10−10m/s2. (1.7)Hasta aqu�� MOND es s�olamente una presripi�on fenomenol�ogia, no una teor��a om-pleta, ya que viola el prinipio de onservai�on de momento. Estas leyes de onservai�on sepueden satisfaer autom�atiamente para una teor��a f��sia derivada de prinipios variaiona-les. En este sentido, Bekenstein & Milgrom (1984) onstruyeron una primera generalizai�onno{relativista de MOND a partir del siguiente lagrangiano auadr�atio, llamada AQUAL(AQUAdrati Lagrangian):
L = −

a2
0

8πG
g

Ç

|∇φN|2
a2
0

å

− ρφN, (1.8)donde ρ es la densidad de masa y g(y) es una funi�on adimensional, tal que se reupera laaelerai�on Newtoniana (o la euai�on de Poisson) para g(y) = y. De este lagrangiano seobtiene la euai�on de Poisson modi�ada:
∇ � [µ( |∇φN|

a0

)

∇φN] = 4πGρ, (1.9)



8 I INTRODUCCIÓNdonde µ(√y) = dg(y)/dy. En los l��mites Newtoniano y profundo de MOND se asume que:
g(y) =

{
y, y ≫ 1 ,

2
3y

3/2, y ≪ 1 .
(1.10)Para sistemas on geometr��a esf�eria, il��ndria o plana, la euai�on (1.9) se integradiretamente. Con la siguiente presripi�on para la aelerai�on:

a = −∇φN, (1.11)la solui�on orresponde a la f�ormula de MOND (1.1). Para sistemas que no tienen estasimetr��a, la integrai�on num�eria muestra que se puede utilizar la misma f�ormula onbuena preisi�on.MOND ha sido una modi�ai�on a la gravedad muy exitosa al ajustar las urvas derotai�on planas y la relai�on Tully{Fisher para galaxias de diso. En este sentido, ualquierteor��a de gravedad modi�ada que pretenda reemplazar a la materia osura debe onvergera la presripi�on MONDiana en el l��mite a ≪ a0. Sin embargo, del estudio de grupos y�umulos de galaxias se ha mostrado que, a�un en el r�egimen profundo de MOND, se requiereuna omponente dominante de materia osura en estos sistemas (del 60 al 80% de la masadin�amia o virial). Angus et al. (2008) mostraron que la regi�on entral de �umulos podr��aexpliarse para un halo de neutrinos on masa de 2 eV (que es aproximadamente el l��mitesuperior experimental). Sin embargo en la esala de grupos de galaxias, esta ontribui�onentral no puede expliarse por una ontribui�on on un halo de neutrinos de esa masa.Adem�as, MOND/AQUAL no es apaz de reproduir los lentes gravitaionales observadosen diferentes sistemas (Takahashi & Chiba, 2007; Natarajan & Zhao, 2008); esto se debeprinipalmente a ser una desripi�on no{relativista, por tanto no puede expliar fen�ome-nos de lentes gravitaionales y osmol�ogios donde se requiere de una teor��a relativista.Disutir�e estos problemas en la siguiente sei�on.
§2. Gravedad modificada relativistaEn el r�egimen relativista, el modelo ΛCDM supone la validez de la relatividad gene-ral desde esalas gal�atias hasta osmol�ogias e introdue materia y energ��a osuras para



§2 GRAVEDAD MODIFICADA RELATIVISTA 9ajustar las observaiones. Sin embargo, la relatividad general no ha sido probada inde-pendientemente en estas esalas, as�� que una alternativa natural es pensar que la teor��ade Einstein m�as el modelo est�andar de part��ulas fallan a estas esalas. En el r�egimenrelativista, las teor��as alternativas de gravedad modi�ada deben ajustar los lentes gravi-taionales observados, el espetro de potenias de materia, las anisotrop��as observadas enla radiai�on �osmia de fondo en miroondas, la formai�on de estrutura en el universotemprano, entre otros, todo esto sin asumir la existenia de materia osura, adem�as de laexpansi�on aelerada del Universo sin reurrir a la energ��a osura (ver, por ejemplo, Jain &Zhang, 2008).A ontinuai�on se resume la teor��a de gravitai�on relativista de Einstein junto onalgunas propuestas relevantes de gravedad modi�ada en esta direi�on.
Ecuaciones de campo en relatividad generalConsideremos la ai�on total S de un sistema gravitaional dada por

S = Sm + Sg , (2.1)donde Sm es la ai�on de la materia y Sg es la ai�on del ampo gravitaional. En relatividadgeneral (ver, por ejemplo, Landau & Lifshitz, 1975):
Sm = −

1

2c

∫

Lm√−g d4x , (2.2)para c la veloidad de la luz en el va��o, Lm la densidad Lagrangiana del sistema, g eldeterminante del tensor m�etrio gµν
† y d4x el elemento de volumen en el espaio{tiempo.El setor de gravedad est�a desrito por la ai�on de Hilbert SH:

SH = −
c
3

16πG

∫

R
√
−g d4x , (2.3)donde R es el esalar de Rii. Las euaiones de ampo de Einstein, que se obtienen de lavariai�on nula de la ai�on ompleta, es deir δ (Sg + Sm) = 0, on respeto a la m�etria,

†De aqu�� en adelante utilizamos la signatura (+,−,−,−) para la m�etria y la onveni�on de Einsteinpara suma sobre ��ndies repetidos.



10 I INTRODUCCIÓNest�an dadas por
Rµν −

1

2
gµνR =

8πG

c
4

Tµν, (2.4)para Rµν el tensor de Rii y el tensor de energ��a{momento Tµν de�nido a trav�es de larelai�on est�andar
δSm = −

1

2c
Tµν δg

µν. (2.5)Estas euaiones son difereniales no{lineales hasta de segundo orden en la m�etria, onsoluiones exatas derivadas prinipalmente on restriiones de simetr��a. De heho, Eins-tein re��a que no hab��a soluiones exatas, adem�as de la trivial para un espaio{tiempoplano, hasta que Shwarzhild mostr�o el ontraejemplo, al resolver las euaiones de ampopara un espaio{tiempo est�atio esf�eriamente sim�etrio en va��o (ver, por ejemplo, Misneret al., 1973).Al inluir la onstante osmol�ogia Λ en el lagrangiano del ampo gravitaional, laai�on (2.3) queda
Sg = −

c
3

16πG

∫

(R − 2Λ)
√
−gd4x , (2.6)y las euaiones de ampo de Einstein resultantes on onstante osmol�ogia son

Rµν −
1

2
gµνR =

8πG

c
4

Tµν +Λgµν. (2.7)Estas son las euaiones del modelo ΛCDM. Hist�oriamente, la onstante osmol�ogia fueintroduida por Einstein para tener un universo estaionario; a este modelo se le onoeomo el modelo est�atio de Einstein. El introduir esta onstante en las euaiones deEinstein ha sido algo que ha ambiado seg�un la �epoa. Las observaiones atuales desupernovas Ia indian que Λ 6= 0. Es muy importante notar que la adii�on de Λ fuela primera modi�ai�on a las euaiones de ampo de Einstein. Su aparii�on dentro dellagrangiano que desribe al espaio{tiempo signi�a que �este adquiere una urvatura queno puede ser eliminada de ninguna manera (ver Landau & Lifshitz, 1975). Esta urvaturase asoia generalmente al espaio va��o y las utuaiones u�antias que ourren debido alprinipio de inertidumbre de Heisenberg. Este resultado fue demostrado por Zeldovih,quien demostr�o que el va��o genera un tipo de fuerza antigravitaional o fuerza respulsivadel va��o (Landau & Lifshitz, 1975).



§2 GRAVEDAD MODIFICADA RELATIVISTA 11

Alternativas a la relatividad generalComo una extensi�on natural a la relatividad general, tenemos un tipo de teor��as queonsideran un lagrangiano que depende, no s�olo del esalar de Rii R, sino de una funi�ongeneral de �el. A estas teor��as se les denomina teor��as de gravedad f(R). En este aso laai�on gravitaional generalizada es (Capozziello & Faraoni, 2011)
Sg = −

c
3

16πG

∫

f(R)
√
−gd4x, (2.8)y la ai�on de la materia (2.2) permanee intata. El aso f(R) = R es el m�as simple yorresponde a la relatividad general.En la presente tesis nos enfoamos en un onjunto de teor��as f(R) onstruidas omouna generalizai�on de MOND. Esta lase de teor��as ser�a desrita on detalle en la siguientesei�on.La ai�on (2.8) se puede generalizar m�as inluyendo invariantes del tensor de Rii Rµνy del tensor de Weyl Cµναβ

†. Esta ai�on del ampo gravitaional puede esribirse omo
Sg = −κ

∫

f
Ä

R, RµνRµν, R
µναβRµναβ

ä√
−g d4x , (2.9)donde κ es una onstante de aoplamiento que mantiene las unidades orretas en la a-i�on. Iniialmente, estas teor��as se propusieron esperando obtener una teor��a de gravedadrenormalizable agregando a la ai�on t�erminos de grado mayor en la urvatura.Las teor��as de gravedad f(R) son las m�as simples de este tipo de teor��as (�estas se disutenen la siguiente sei�on). Las que ontienen al tensor de Weyl en el lagrangiano gravitaio-nal se denominan teor��as de gravedad onforme. Otras, llamadas teor��as de gravedad deGauss{Bonnet (Lovelok, 1971) ontienen al t�ermino del mismo nombre en el lagrangiano(R2 − 4RµνRµν + RµναβRµναβ). Otro aso espeial est�a dado por la gravedad de Lovelok(Lovelok, 1971), que inluye polinomios del tensor de Riemann en el lagrangiano. Estasteor��as onduen a euaiones onservadas de 2do. orden para la m�etria, en ualquier di-mensi�on, y se onsideran la generalizai�on de la relatividad general de Einstein para m�asde uatro dimensiones.

†El tensor de Weyl es la omponente libre de traza de tensor de Riemann. Es invariante bajo transfor-maiones onformes de la m�etria.



12 I INTRODUCCIÓNOtras teor��as de gravedad modi�ada a nivel relativista son las teor��as f(R, T) (Harkoet al., 2011), para R el esalar de Rii y T la traza del tensor de energ��a{momento, esdeir, T := Tα
α .Otro tipo de teor��as de ampo l�asias, adem�as de la relatividad general de Einstein,son las teor��as esalares{tensoriales (Brans & Dike, 1961). En esta aproximai�on lainterai�on gravitaional est�a mediada por un ampo esalar as�� omo por el tensorm�etrio (ambas teor��as se denominan m�etrias). El tensor de energ��a{momento dadopor la euai�on (2.5) es la fuente del ampo gravitaional, al igual que en relatividadgeneral, y ambas satisfaen el prinipio de equivalenia de Einstein. Sin embargo, lo queambia es la forma en que se da la interai�on por el ampo esalar al haer que la onstantegravitaional G pueda variar omo funi�on del espaio{tiempo. Las euaiones de ampo dela teor��a ontienen un par�ametro libre, ω (onstante de aoplamiento de Brans{Dike), quepuede ser ajustado de las observaiones. Datos reientes del experimento Cassini{Huygens,muestran que ω > 40, 000 (Bertotti et al., 2003). La teor��a adem�as umple on el prinipiode Mah (ver, por ejemplo, Misner et al., 1973) y adem�as predie la deexi�on de la luz yla preesi�on de la �orbita de Merurio. Como veremos en la sei�on §2 hay una equivaleniaentre las teor��as m�etrias f(R) y las teor��as de Brans{Dike para un ierto valor de laonstante de aoplamiento ω.Adem�as de estas propuestas hay toda una gama de teor��as de gravedad modi�adarelativista. Por ejemplo, RAQUAL (Relativisti AQUAL; Bekenstein & Milgrom, 1984), laprimera generalizai�on relativista de AQUAL. El problema on esta modi�ai�on es quepermite propagai�on superlum��nia de las ondas gravitaionales, adem�as de dejar invariantela deexi�on de la luz prediha por relatividad general (Bekenstein, 2004).Otra propuesta de Bekenstein (2004) es TeVeS (Tensor{Vetor{Salar), que desribela gravedad mediante una ombinai�on del tensor m�etrio m�as un ampo vetorial y dosampos esalares. �Esta, al ser derivada de una ai�on, umple on onservai�on de momentoy energ��a, adem�as de onverger a MOND en su l��mite de ampo d�ebil para una m�etriaest�atia esf�eriamente sim�etria. Sin embargo, es una teor��a muy ompliada (on variosgrados de libertad indeterminados) y tiene problemas al ajustar los lentes gravitaionalesen diferentes sistemas astrof��sios (Zhao et al., 2006; Mavromatos et al., 2009).Hay otras propuestas m�as reientes, omo la Gravedad Esalar{Tensorial{Vetorial(Salar{Tensor{Vetor Gravity, STVG) o tambi�en llamada Gravedad Modi�ada (Modi-



§2 GRAVEDAD MODIFICADA RELATIVISTA 13�ed Gravity, MOG) (Mo�at, 2006). STVG/MOG est�a basada en un prinipio variaionaly postula la existenia de un ampo vetorial y tres ampos esalares que son onstantesde la teor��a. En la aproximaion de ampo d�ebil, la teor��a produe una modi�ai�on tipo{Yukawa en la fuerza gravitaional, lo que resulta en mayor gravedad que la Newtonianalejos de la fuente. Se mantiene adem�as dentro de las desviaiones a la aelerai�on Newto-niana en el Sistema Solar. Esta modi�ai�on ha sido exitosa en reproduir las urvas derotaion y la relaion Tully{Fisher, los per�les de masa de umulos de galaxias, los lentesgravitaionales del Bullet Cluster y observaiones osmol�ogias sin la neesidad de materiaosura.Hay otra gran variedad de propuestas de gravedad modi�ada. Sin embargo, por lasimpliidad de las teor��as f(R) y su redui�on direta a la relatividad general, nos enfoamosen �estas para tratar de expliar las observaiones sin omponentes osuras. A ontinuai�onse disuten dihas teor��as.
Teoŕıas de gravedad f(R)Las teor��as de gravedad f(R) fueron propuestas primero por Buhdahl (1970) y lue-go retomadas por Starobinsky (1980). En estas la ai�on gravitaional est�a dada por laeuai�on (2.8).Hay dos formas de variar la ai�on (2.3) en relatividad general, que onduen a lasmismas euaiones de ampo (2.4). En el llamado formalismo m�etrio, la ai�on es unafuni�on �uniamente de la m�etria y derivadas de ella, esto es S = S[g], y la onexi�on Γ es lade Levi{Civita (dependiente de la m�etria). La otra forma es el denominado formalismode Palatini, propuesto por Einstein en 1925 (Ferraris et al., 1982), en el que la onexi�ony la m�etria se tratan de manera independiente. En este aso la ai�on depende de ambos,es deir, S = S[g, Γ]. De las dos formas la ai�on de la materia depende solamente de lam�etria†.En relatividad general no hay distini�on entre ambos formalismos en uanto a quelas euaiones de ampo son equivalentes, pero en teor��as de gravedad f(R) onduen adin�amias diferentes. Las teor��as m�etrias f(R) son hasta de uarto orden en la m�etria (ver,

†En una terera opi�on se onsidera, adem�as de la variai�on independiente de la ai�on on respetoa la m�etria y a la onexi�on, que el lagrangiano de materia Lm depende tambi�en de la onexi�on. A estasteor��as se les onoe omo teor��as f(R) en el formalismo m�etrio{af��n.



14 I INTRODUCCIÓNpor ejemplo, Capozziello, 2002; Nojiri & Odintsov, 2003; Carroll et al., 2004; Capozziello& Faraoni, 2011), mientras que la ventaja de variar a la onexi�on independientemente de lam�etria en el formalismo de Palatini es que las euaiones resultantes son hasta de segundoorden en la m�etria, al igual que las euaiones de ampo de Einstein (ver, por ejemplo,Olmo, 2005). Debido a esto son m�as senillas de tratar que las teor��as m�etrias f(R). Losprimeros modelos, sin embargo, presentaban onitos a esalas del Sistema Solar y on laf��sia a esalas peque~nas (ver Olmo, 2005, y referenias dentro). Reientemente hay todauna serie de trabajos que busan probar la viabilidad de estas teor��as.Se ha mostrado que las teor��as f(R) en la aproximai�on de Palatini son equivalentes a lasde Brans{Dike on el par�ametro ω = −3/2 y en la aproximai�on m�etria son equivalenteson ω = 0 (ver, por ejemplo, de Felie & Tsujikawa, 2010; Olmo, 2011).M�as generalmente, esta equivalenia existe entre las teor��as f(R) y las teor��as esalares{tensoriales†. Usualmente, las teor��as f(R) se trabajan en el llamado maro de Jordan(\Jordan frame")‡. La transformai�on entre un maro y otro se logra de�niendo una trans-formai�on onforme entre la m�etria gµν y un tensor m�etrio ~gµν de�nido en el maro deEinstein (\Einstein frame")§ de la forma:~gµν =Ω2gµν,

Ω2 =f ′(R),
(2.10)donde la prima denota derivada respeto al argumento y el fator onforme Ω puededepender del esalar de urvatura y de los ampos de materia. Eligiendo adeuadamenteese fator, es posible mapear una teor��a de gravedad no{est�andar, formulada en el marode Jordan, a otra que es est�andar en el maro de Einstein, donde la gravedad toma la forma

†Dos teor��as son onsideradas \din�amiamente equivalentes" si, bajo una rede�nii�on adeuada de losampos gravitaional y de materia, sus euaiones de ampo y/o sus aiones oiniden.
‡El lagrangiano en las teor��as esalares{tensoriales se expresa en el maro de Jordan, en el ual el tensorde energ��a{momento se onserva ovariantemente y las part��ulas de prueba se mueven en geod�esias dela m�etria del espaio{tiempo, o en el maro de Einstein, en el ual el tensor de energ��a{momento de losampos de materia no siempre se onserva ovariantemente y las part��ulas de prueba no neesariamentesiguen geod�esias.
§Hay un debate grande aera de u�al maro tiene signi�ado f��sio y �omo omparar ada formula-i�on on las observaiones y experimentos. Algunos autores argumentan que la equivalenia onforme noneesariamente india equivalenia f��sia (ver, por ejemplo, Faraoni et al., 1999; Capozziello et al., 2010),mientras que otros aseguran que si los relojes y reglas est�andares se ajustan apropiadamente, ambas teor��asson matem�atia y f��siamente equivalentes (Flanagan, 2004).



§2 GRAVEDAD MODIFICADA RELATIVISTA 15usual de Einstein.Se de�ne un ampo esalar omo Φ :=
»

3/2κ−1 ln f ′(R), donde κ es una onstante. Laai�on gravitaional generalizada en el maro de Einstein resulta
SE = −κ

∫
[

1

2κ2
~R−

1

2
( ~∇Φ)2 − V(Φ)

]

»

−~gd4x , (2.11)donde la tilde denota antidades en el maro de Einstein y el potenial V(Φ) est�a repre-sentado por:
V(Φ) =

f ′(R)~R − f(R)

2κ2(f ′(R))2
. (2.12)Esta ai�on orresponde a la de relatividad general m��nimamente aoplada a un ampoesalar real. En esta desripi�on las euaiones de ampo son de segundo orden en lam�etria, lo que hae m�as senillo su manejo. Hay algunas pruebas osmol�ogias de teor��asde gravedad f(R) en el maro de Jordan y su orrespondiente teor��a esalar{tensorial enel maro de Einstein (ver, por ejemplo, Bamba et al., 2012, y referenias dentro). Sinembargo, hay algunas indiaiones de que la transformai�on entre maros de referenia noes biun��voa, es deir, no hay erteza de que regresar los resultados del maro de Einsteinal de Jordan sea orreto (Faraoni et al., 1999; Capozziello et al., 2010).

Teoŕıas métricas f(R)Las teor��as m�etrias f(R) satisfaen diferentes pruebas astrof��sias y osmol�ogias ypresentan una alternativa s�olida al setor osuro (ver, por ejemplo, Sotiriou & Faraoni, 2010;Capozziello & Faraoni, 2011). La di�ultad que presentan es que presentan gen�eriamenteeuaiones difereniales no{lineales de uarto orden en la m�etria.En el formalismo m�etrio, la variai�on de la ai�on (2.3) para la ai�on gravitaio-nal (2.8), da las siguientes euaiones de ampo:
f ′(R)Rµν −

1

2
f(R)gµν = Tµν + f ′(R);µν − ∆f ′(R)gµν , (2.13)donde la prima denota derivada on respeto al argumento y ∆ al D'Alambertiano.Se ha mostrado que estas teor��as juegan un papel importante a esalas gal�atias, de�umulos de galaxias y esalas osmol�ogias. Por ejemplo, se ha mostrado que una teor��a
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f(R) ajusta el diagrama de Hubble on las observaiones m�as reientes de supernovas Ia(Capozziello et al., 2003; Torres, 2009). Adem�as es posible tener m�as lentes gravitaiona-les que los esperados en relatividad general (Mendoza & Rosas-Guevara, 2007; Mendozaet al., 2012). A esalas gal�atias es posible ajustar urvas de rotai�on de galaxias de diso(Capozziello et al., 2007a; Sobouti, 2007; Mendoza et al., 2012) y obtener la relai�on Tully{Fisher (Sobouti, 2007; Mendoza et al., 2012). Tambi�en se han ajustado satisfatoriamentelos per�les de masa de �umulos de galaxias (Capozziello et al., 2009a), entre otras pruebas.
§3. Esquema de la tesisA lo largo del trabajo de tesis hemos onstruido una teor��a de gravedad modi�ada queextiende las teor��as de gravitai�on de Newton y Einstein a esalas donde las observaionesrequieren l�asiamente de omponentes osuras.En el Cap��tulo II se muestra la onstrui�on de una teor��a de gravedad extendida no{relativista ompatible on las desviaiones a la gravitai�on de Newton en el Sistema Solar yque es apaz de reproduir las observaiones desde esalas gal�atias hasta extragal�atiassin materia osura. Esta teor��a asume que la onstante de aelerai�on de MOND, a0, esfundamental en la gravitai�on.En el Cap��tulo III se enuentra una generalizai�on relativista de MOND a partir de untipo espeial de teor��as m�etrias f(R), onstruida asumiendo que a0 es fundamental en lagravitai�on. Es por los resultados disutidos en la sei�on §2 que preferimos trabajar onlas teor��as f(R) en el maro de Jordan y no on las esalares{tensoriales en el de Einstein, apesar de que las euaiones son m�as senillas. Y en partiular en la aproximai�on m�etria,ya que omo se dijo antes, las teor��as f(R) en la aproximai�on de Palatini han presentadoproblemas on observaiones a nivel del Sistema Solar y on la f��sia del modelo est�andar depart��ulas elementales. Un n�umero onsiderable de estudios en la literatura se ha enfoadoa derivar la funi�on f(R) del ajuste on los datos sin utilizar materia y/o energ��a osurasex�otias. Vale la pena notar que experimentos en el Sistema Solar muestran la validez dela relatividad general a estas esalas, as�� que la teor��a m�etria f(R) debe onverger a �estaen este l��mite (Will, 1993).En el Cap��tulo IV se muestra que a partir del an�alisis de perturbaiones en una m�etriaest�atia, esf�eriamente sim�etria hasta segundo orden en potenias de v/c de la teor��a



§3 ESQUEMA DE LA TESIS 17desrita en el Cap��tulo III es posible reproduir las observaiones a nivel gal�atio deurvas de rotai�on planas y la relai�on Tully{Fisher y de lentes gravitaionales en gruposy �umulos de galaxias.En el Cap��tulo V se explora la posibilidad de que la onstante de aelerai�on a0 seauna antidad fundamental relaionada on algunas onstantes universales y no �uniamenteuna onstante fenomenol�ogia.Finalmente se enuentran las onlusiones del trabajo de tesis.* * *





Caṕıtulo I

Introduction

The observation of type Ia supernovae, the anisotropies observed in the mirowavebakground, the aousti osillations in the baryoni matter, the power{law spetrum ofgalaxies and gravitational lenses among others, represent strong evidenes for the standardosmologial model, the so{alled ΛCDM onordane model. From reent observationsof the European spae mission Plank, the ontribution of the baryoni matter to thepresent ontent of the matter{energy density of the universe was inferred to be only 4%,while the dark setor onstitutes ∼ 95%, of whih 27% is Cold Dark Matter (CDM) and
68% is dark energy or a positive osmologial onstant Λ (Plank Collaboration et al.,2013).The dark matter omponent was postulated in order to explain the observed rotationurves of spiral galaxies, as well as the mass to light ratios in giant galaxies and galaxylusters, the observed gravitational lenses and the struture formation in the early uni-verse, among other astrophysial and osmologial phenomena (see setion §1). On theother hand, the dark energy or a osmologial onstant has been postulated to explain theaelerated expansion of the universe (Riess et al., 1998; Perlmutter et al., 1999).Until now, the ΛCDM model adjusts best most of the observations. However, thediret or indiret searh of dark matter andidates has yielded null results. In addition,the lak of any further evidene for dark energy, opens up the possibility that there are nodark entities in the universe but instead, the theory assoiated to these astrophysial andosmologial phenomena needs to be modi�ed.



20 I INTRODUCTIONCurrent models of dark matter and dark energy are based on the assumption thatNewtonian gravity and Einstein's general relativity are valid at all sales. However, theirvalidity has only been demonstrated with high preision for systems whih sales are nolarger than the Solar System sale. In that sense is oneivable that both, the aeleratedexpansion of the universe and the stronger gravitational fore required in di�erent systems,represent a hange in our understanding of gravitational interations.From the geometrial point of view, modi�ed theories of gravity are viable alternativesto solve the astrophysial and osmologial problems that dark matter and dark energy aretrying to solve. In fat, the idea of modi�ed gravity laws is almost as old as the Newtoniangravity itself. Almost 200 years after the publiation of Newton's Philosophi� naturalisprinipia mathematia (Newton, 1687), in his essay \On the Hypotheses whih lie atthe Bases of Geometry" (1856), Riemann asserted that the metri{relations of spae areonly to be dedued from experiene, that we may therefore investigate the probability ofthe hypotheses "within the limits of observation...and enquire about the justie of theirextension beyond the limits of observation, on the side both of the in�nitely great and ofthe in�nitely small" (Riemann, 1873a,b).At the end of the XIX entury it was believed that all physis ould be explainedwith the Newtonian mehanis and the lassial eletromagneti theory of Maxwell. It wasthen when experiments and observations hallenged the established theory in two diversesales: for veloities omparable to the speed of light and for sales lose to its de Brogliewavelength.The problems that physis faed by then triggered a hange in understanding natureas it was known before. Considering the possibility of exploring large veloities and hugeenergies, yielded Einstein to develop his theory of relativity, speial (Einstein, 2005) andgeneral (Einstein, 1916). Exploring the smallest sales of matter results in the onstrutionof quantum mehanis. In 1887, one of the most beautiful and important experiments inphysis was arried by Mihelson & Morley (1887). This experiment disarded the existeneof the ether, and set the basis of Einstein's speial theory of relativity.Formerly, Bouvard (1821) observed an anomalous motion of Uranus in its orbit andthought it ould be due that the Sun's gravity at that distane is di�erent to the Newto-nian one or due to an eight planet not disovered by then. In 1845, Le Verrier (1846) &Adams (see Wa� & Kollerstrom, 2001) mathematially predited where Neptune should



21be observed. Exatly at that predited position it was observed by Galle in 1846 (see Wa�& Kollerstrom, 2001). Later, observations of the anomalous preession of Merury's orbitled Le Verrier (see des sienes, 1859) to postulate the existene of an unknown planetbetween Merury and the Sun. He alled that missing planet Vulan. Le Verrier died in1877 believing in the existene of that planet, after an amateur astronomer reported itstransit over the solar dis (see Baum & Sheehan, 1997).Vulan has in fat never been observed, and the problem was solved only with anextension of Newton's theory of gravity: Einstein's general relativity. There is anotherexperiment that onlusively demonstrated the validity of general relativity: the deetionof light of distant stars by the solar limb. General relativity predits a deetion angletwie the value expeted by Newtonian mehanis, and it was exatly what Dyson andEddington observed (Dyson et al., 1920).All these experiments and observations hanged the way we understand the universe.The most important lesson to learn from history is that observations and experimentstransend the paradigms and lead to hanges or extensions in the laws of physis. Theroad that physis took from the observations that diretly hallenged lassial mehanisand eletromagnetism, ould tell us the path that the nowadays aepted theory must take.Sine dark matter and dark energy have not been diretly deteted, we should look formodi�ations of the gravitational theory that has been used to postulate their existene.The European spae mission Plank has obtained the most preise and detailed map ofthe oldest light of the universe. Similarly, other missions and surveys already in operation,like DES (Dark Energy Survey), Gaia, SDSS (Sloan Digital Sky Survey) IV, have startedto highlight some aspets of the aepted osmologial model and other will ontinue doingit for the next years, like Eulid and SKA (Square Kilometre Array)†.
†In the upoming years, large amount of data from telesopes and detetors on board of spatial missionswill help to better shape both dark matter/energy models and modi�ed theories of gravity. With this, itmay be possible to make a realisti seletion of one above the other. It is important to note that thesemissions detet eletromagneti radiation, they do not diretly prove the existene of dark matter or ifthe gravitational theory should be modi�ed. Diret detetion of a dark matter partile with the requiredastrophysial density (90% of all matter) will ertainly be the end of this longstanding disussion. It isnon{diret detetion in the not so distant future, and further data oherene of modi�ed theories of gravitywill serve as strong evidene of the non{existene of dark matter partiles, sine it is no possible by anyexperiment to prove the non{existene of a ertain entity.
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§1. Non–relativistic modified gravityDark matter was postulated in the early 1930's when disrepanies began to emergein the observed rotation urves of dis galaxies and the observed veloity dispersions inlusters of galaxies. In 1932, Jan Oort found that stars in the solar neighbourhood weremoving faster than expeted (later, this result was on�rmed wrong; see Kuijken & Gilmore,1989a). Meanwhile, Zwiky (1933) noted the same behaviour in the speed of galaxies inlusters. They alled \missing matter" or \dark matter" to the mass that ould explain theobservations. Later, Babok (1939) suggested that the mass-to-light ratio inreased withthe radius for observations of the rotation urve of the Andromeda galaxy; he attributedit to absorption of light within the galaxy or \modi�ed dynamis" in the outer regions,not to any form of missing matter. Finally, Rubin et al. (1980) presented strong evideneon�rming that a large number of galaxies are dominated by dark matter, ontained in ainvisible \dark halo".Initially, it was thought that the missing matter were objets that ould not be seenthrough a telesope, as brown dwarfs, blak holes, dust, planets, et., but the expetedamount of these objets failed to quantify the total expeted mass to orretly explain thegalati dynamis. Thereby the \non baryoni" dark matter was postulated: elementarypartiles interating only gravitationally with known matter. Sine then, dozens of newproposed partiles have been disarded (see,e.g., Bertone et al., 2005). At the present timepreferred andidate is the neutralino, a supersymmetri partile result of an extension ofthe standard model of partile physis.As an alternative to the problem of missing matter and aelerated expansion of theUniverse, various proposals that modify the aepted theories of gravity at di�erent saleshave been formulated, in both the non{relativisti and the relativisti limits. The mainidea behind some of these theories is the proposal of a modi�ation to Newton's gravityand Einstein's general relativity.The requirements that a theory of gravity must satisfy in the non{relativisti regimeare: (1) do not exeed the maximum observational deviations to Newton's gravitation lawwithin the Solar System, (2) to �t the at rotation urves of dis galaxies and satisfy theTully{Fisher relation for angular momentum{supported galaxies, as well as the Faber{Jakson relation for pressure{supported galaxies and, reently, to �t the outer regions



§1 NON–RELATIVISTIC MODIFIED GRAVITY 23of globular lusters and wide binary systems and (3) to reprodue the observed salingrelations for di�erent systems, from dwarf spheroidal galaxies in the Loal Group to giantelliptial galaxies and lusters of galaxies, among many other tests that traditionally requiredark matter.The �rst suessful modi�ation in this regime was the Modi�ed Newtonian Dynamis(MOND), desribed briey in the next setion (see Sanders & MGaugh, 2002, for a review).It is important to study this proposal beause, due to its phenomenologial nature andits suess in the non-relativisti limit, it is understood that any fundamental theory ofmodi�ed gravity should adapt to it on galati sales in the low aelerations regime.As disussed in Chapter II, the extended gravity theory we propose is equivalent to theMONDian desription in some systems, for example in spherial symmetri ones, but withremarkable advantages.
MONDIn the non{relativisti limit, Milgrom (1983b,a) introdued the Modi�ed NewtonianDynamis to explain the observed at rotation urves of spiral galaxies. Using a phenome-nologial aeleration onstant a0, Milgrom formulated a riterion suh that for aelera-tions muh greater than a0, the dynamis is Newtonian and for aelerations muh smallerthan a0, the dynamis is modi�ed to produe irular orbits with veloities independentof the radial oordinate, at suÆiently large sales.Suh modi�ation to the dynamis in spherial or ylindrial symmetry is given by(Milgrom, 1983b)

aµ(a/a0) = |∇φN| = GM(r)

r2
, (1.1)where φN is the Newtonian gravitational potential, G is Newton's gravitational onstant,

M(r) is the enlosed mass at the radius r and the interpolation funtion µ(a/a0) has thelimits
µ(a/a0) =

{
1, for a ≫ a0 ,

a/a0, for a ≪ a0 .
(1.2)In these limits, the regime of aelerations muh greater than a0 orresponds to Newtoniangravity and the limit of aelerations muh smaller than a0 orresponds to the so{alled\deep MOND" or MONDian regime. From the last equations it follows that in this regime



24 I INTRODUCTIONthe aeleration is given by
a = −

(GMa0)
1/2

r
. (1.3)Formally in a system with ylindrial symmetry, like a dis galaxy, the spherial sym-metry assumption neessarily introdues errors in the alulations. However, analogue tothe Newtonian ase, where the rotation urve of an in�nitely thin dis dereasing expo-nentially deviates only 20% from the spherial ase at large radii (see, e.g., Binney &Tremaine, 2008), the resulting error is within the range of observational error. Then, giventhat the observations show that the external regions of dis galaxies are in the deep MONDregime and at these radii we have almost spherial symmetry, the irular veloity tendsto a onstant to large radii: vflat = (GMba0)

1/4 ≈ onst., (1.4)sine the entrifugal aeleration is ac = v 2/r and it is assumed that the main ontributionto the baryoni mass Mb is given at smaller radii. In this way the at rotation urvesobserved in dis galaxies are reovered. Moreover, this last presription is onsistent withthe baryoni Tully{Fisher relation, between the veloity in the at part of the rotationurve and the baryoni mass for a onstant mass to light ratio, as (MGaugh, 2005)vflat ∝ M
1/4
b . (1.5)We an �nd in the literature di�erent interpolation funtions whih have been proposedto haraterise the aeleration at intermediate ranges. The lassial funtion was proposedby Milgrom (1983b):

µ(a/a0) =
a/a0

»

1+ (a/a0)2
. (1.6)Others funtions �t with better preision the rotation urves of our Galaxy and others, ofdi�erent sizes and masses (f. Figure II.2). With the standard interpolation funtions itis possible to �t with high preision the rotation urves of dis galaxies at all radii. Fromthe best �t to rotation urves of spiral galaxies in the Galati neighbourhood we have(Begeman et al., 1991)

a0 ≈ 1.2 × 10−10m/s2. (1.7)



§1 NON–RELATIVISTIC MODIFIED GRAVITY 25So far, MOND is only a phenomenologial presription, not a omplete theory, beauseit violates momentum onservation. These onservation laws an be automatially satis�edby a physial theory derived from variational priniples. In this sense, Bekenstein & Mil-grom (1984) onstruted a �rst non{relativisti generalisation of MOND from the following`AQUAdrati Lagrangian' (AQUAL):
L = −

a2
0

8πG
g

Ç

|∇φN|2
a2
0

å

− ρφN, (1.8)where ρ is the mass density and g(y) is an dimensionless funtion, suh that the Newtonianaeleration is reovered (or the Poisson's equation) for g(y) = y. From this Lagragian,the following modi�ed Poisson's equation is obtained:
∇ � [µ( |∇φN|

a0

)

∇φN] = 4πGρ, (1.9)where µ(
√
y) = dg(y)/dy. In the Newtonian and deep MOND limits it is assumed that:

g(y) =

{
y, y ≫ 1 ,

2
3y

3/2, y ≪ 1 .
(1.10)For systems with spherial, ylindrial or at geometry, equation (1.9) integrates di-retly. With the following presription for the aeleration:

a = −∇φN, (1.11)the solutions orresponds to MOND's formula (1.1). For systems that have not this sym-metry, the numerial integration reveals that the same formula an be used with goodpreision.MOND is a very suessful modi�ation of gravity in that it an �t the at rotationurves and the Tully{Fisher relation for dis galaxies. In this sense, any modi�ed theory ofgravity, pretending to replae the dark matter, must onverge to the MONDian presriptionin the limit a ≪ a0. However, from the study of groups and lusters of galaxies it has beenshown that, even in the deep MOND regime, a dominant dark matter omponent is requiredin these systems (60 to 80% of the dynamial or virial mass). Angus et al. (2008) showed



26 I INTRODUCTIONthat the entral region of galaxy lusters ould be explained with a halo of neutrinos withmass of 2 eV (whih is about the value of the experimental upper limit). But on the saleof groups of galaxies, the entral ontribution an not be explained by a ontribution ofneutrinos with that mass. Moreover, MOND/AQUAL is not able to reprodue the observedgravitational lensing for di�erent systems (see, e.g., Takahashi & Chiba, 2007; Natarajan& Zhao, 2008), mainly beause it is a non{relativisti desription, and as suh it annot explain gravitational lensing and osmologial phenomena, whih require a relativistitheory of gravity. I will disuss these problems in the next setion.
§2. Relativistic modified gravityIn the relativisti regime, the ΛCDM model assumes the validity of general relativityfrom galati to osmologial sales and introdues dark matter and dark energy in order to�t the observations. However, general relativity has not been tested independently on thosesales, therefore a natural alternative is the possibility that Einstein's general relativity andthe standard model of partiles fail at these sales. In the relativisti regime, the alternativetheories of modi�ed gravity must �t the observed gravitational lenses, the power spetrumof matter, the observed anisotropies in the osmi mirowave bakground, the strutureformation in the early universe, among others, without assuming the existene of darkmatter, and at osmologial sales without the need of dark energy (see, e.g., Jain &Zhang, 2008).The next setion is a summary of the Einstein's relativisti gravitational theory and ofrelevant theories proposed to modi�ed gravity in this diretion.
Field equations in general relativityConsider the total ation S of a gravitational system given by

S = Sm + Sg , (2.1)



§2 RELATIVISTIC MODIFIED GRAVITY 27where Sm is the ation of matter and Sg is the ation of the gravitational �eld. In generalrelativity (see, e.g., Landau & Lifshitz, 1975):
Sm = −

1

2c

∫

Lm√−g d4x , (2.2)with c the speed of light in vauum, Lm the Lagrangian density of the system, g thedeterminant of the metri tensor gµν
† and d4x the volume element in spae{time. Thegravity setor is desribed by the Hilbert's ation SH:

SH = −
c
3

16πG

∫

R
√
−g d4x , (2.3)where R is the urvature or Rii's salar. The Einstein's �eld equations, obtained fromthe null variation of the omplete ation, i.e., δ (Sg + Sm) = 0, with respet to the metri,are given by

Rµν −
1

2
gµνR =

8πG

c
4

Tµν, (2.4)for Rµν the Rii tensor and the energy{momentum tensor Tµν de�ned through the standardrelation
δSm = −

1

2c
Tµν δg

µν. (2.5)These are seond order non{linear di�erential equations in the metri, with exat solutionsmostly derived with symmetry restritions. In fat, Einstein believed that there were noexat solutions, besides the trivial one for a at spae{time, until Shwarzhild showed theounterexample, solving the �eld equations for a stati spherially symmetri spae{timein vauum (see, e.g., Misner et al., 1973).By inluding the osmologial onstant Λ in the Lagrangian of the gravitational �eld,the ation (2.3) gives
Sg = −

c
3

16πG

∫

(R − 2Λ)
√
−gd4x , (2.6)and the resulting Einstein's �eld equations with osmologial onstant are

Rµν −
1

2
gµνR =

8πG

c
4

Tµν +Λgµν. (2.7)
†From now on we use the signature (+,−,−,−) for the metri and the Einstein's index onvention forthe summation over repeated indies.



28 I INTRODUCTIONThese are the equations of the ΛCDM model. Historially, the osmologial onstant wasintrodued by Einstein to have a stationary universe; this model is known as Einstein'sstati model. Introduing this onstant into the Einstein �eld equations has hanged de-pending on the epoh. From the atual observations of supernovae Ia, we know that Λ 6= 0.It is very important to note that the introdution of Λ was the �rst modi�ation to theEinstein's �eld equations. Its introdution in the Lagrangian that desribes the spaetime,implies that the spaetime aquires an intrinsi urvature (see Landau & Lifshitz, 1975).Suh urvature is assoiated to the vauum of the universe and the quantum utuationsdue to the Heinsenberg unertainty priniple. This last result was demonstrated by Zel-dovih, who demonstrated that vauum generates an antigravitational fore or repulsivefore of the vauum (Landau & Lifshitz, 1975).
Alternatives to general relativityAs a natural extension to general relativity, we have a kind of the theories that onsidera Lagrangian depending, not only on the Rii salar R, but on a general funtion of it.These theories are alled f(R) theories of gravity. In this ase the generalised gravitationalation is (Capozziello & Faraoni, 2011)

Sg = −
c
3

16πG

∫

f(R)
√
−gd4x, (2.8)and the ation of matter (2.2) remains intat. The ase f(R) = R is the simpler one andorresponds to general relativity.In this thesis we fous our attention in a lass of f(R) theories proposed as a relativistigeneralisation of MOND. These theories will be desribed in detail in the next setion.The ation (2.8) an be generalised further inluding invariants of the Rii tensor Rµνand of the Weyl tensor Cµναβ

†. This ation of the gravitational �eld an be written as
Sg = −κ

∫

f
Ä

R, RµνRµν, R
µναβRµναβ

ä√
−g d4x , (2.9)where κ is a oupling onstant that keeps the orret units in the ation. Initially, these

†The Weyl tensor is the trae-free omponent of the Riemann tensor. It is invariant under onformaltransformations of the metri.



§2 RELATIVISTIC MODIFIED GRAVITY 29theories were proposed in the pursuit of a re-normalisable theory of gravity adding to theation higher order terms in the urvature.The f(R) theories of gravity are the simpler among this kind of theories (I will dis-uss them in the next setion). Theories ontaining the Weyl tensor in the gravitationalLagrangian are alled onformal gravity theories. Others, alled Gauss{Bonnet gravitytheories (Lovelok, 1971) ontain the Gauss{Bonnet term (R2 − 4RµνRµν + RµναβRµναβ)in the Lagrangian. Another speial ase is the Lovelok gravity (Lovelok, 1971), whihinludes in the Lagrangian polynomials of the Riemann tensor. These theories lead to on-served seond order equations for the metri, in any dimension, and they are onsideredthe generalisation of the Einstein's general relativity in more than four dimensions.Other relativisti theories of modi�ed gravity are the f(R, T) theories (Harko et al.,2011), for the Rii salar R and T the trae of the energy{momentum tensor, i.e., T := Tα
α .Other kind of lassial �eld theories, besides Einstein's general relativity, are the salar{tensor theories of gravity (Brans & Dike, 1961). In this approah, the gravitational inter-ation is mediated by a salar �eld and the metri tensor (both are alled metri theories).The energy{momentum tensor given by equation (2.5) is the soure of the gravitational�eld, as in general relativity, and both satisfy the Einstein's equivalene priniple. However,the interation hanges with the salar �eld allowing the gravitational onstant G to varyas a funtion of the spae{time. The �eld equations of the theory ontain a free parameter,

ω (Brans{Dike oupling onstant), that an be adjusted from the observations. Reentdata from the Cassini{Huygens experiment, show that ω > 40, 000 (Bertotti et al., 2003).This theory also holds the Mah's priniple (see, e.g., Misner et al., 1973) and also preditsthe deetion of light and the preession of Merury's orbit. As we will see in setion §2there is an equivalene between the f(R) metri theories and the Brans{Dike theories fora spei� value of the oupling onstant ω.Additionally, there is a huge variety of modi�ed theories of gravity in the relativistiregime. For example, RAQUAL (Relativisti AQUAL; Bekenstein & Milgrom, 1984), the�rst relativisti generalisation of AQUAL. The problem with this modi�ation is that itallows for superluminal propagation of gravitational waves and maintains invariant thedeetion of light predited by general relativity (Bekenstein, 2004).Another proposal of Bekenstein (2004) is TeVeS (Tensor{Vetor{Salar), whih desri-bes the gravity through a ombination of the metri tensor plus a vetor �eld and two



30 I INTRODUCTIONsalar �elds. This theory meets the momentum and energy onservation priniples, be-ause it is derived from a variational priniple, and onverges to MOND in its weak �eldlimit for a stati spherially symmetri metri. However, is a very intrinated theory (withseveral, undetermined degrees of freedom) and presents some problems when �tting thegravitational lenses in astrophysial systems (Zhao et al., 2006; Mavromatos et al., 2009).There are other more reent proposals, like the Salar{Tensor{Vetor Gravity (STVG)or theModi�ed Gravity (Mo�at, 2006, MOG;). STVG/MOG is based on a variational prin-iple and postulates the existene of a vetor �eld and three salar �elds, whih are ons-tants of the theory. In the weak �eld approximation, this theory produes a Yukawa{likemodi�ation to the gravitational fore, or equivalently, a greater one than the Newtoniangravitational attration far from the soure. It also lies within the deviations to the New-ton's aeleration in the Solar System. This modi�ation has sueeded in reproduingrotation urves and the Tully{Fisher relation, mass pro�les in lusters of galaxies, gravita-tional lensing in the Bullet Cluster and the osmologial observations, all without requiringdark matter.There are many other proposals of modi�ed gravity. However, we have foused our at-tention on the f(R) theories to explain the observations without dark omponents, beauseof its simpliity and its diret redution to general relativity. I will disuss suh theoriesin the next setion.
f(R) theories of gravityThe lass of f(R) theories of gravity were initially proposed by Buhdahl (1970) andStarobinsky (1980). For these theories, the gravitational ation is given by equation (2.8).In general relativity, there are two ways of varying the ation (2.3) that lead to the same�eld equations (2.4). In the so{alled metri formalism, the ation is a funtion only of themetri tensor and its derivatives, this is S = S[g], and the onnetion is the Levi{Civita one(dependent on the metri). Another so{alled Palatini formalism, proposed by Einsteinin 1925 (Ferraris et al., 1982), in whih the onnetion Γ and the metri are independentbetween them. In this ase, the ation depends on both of them, i.e., S = S[g, Γ]. In bothways, the ation of matter depends only on the metri tensor †.

†A third option onsiders, besides the independent variation of the ation with respet to the metri



§2 RELATIVISTIC MODIFIED GRAVITY 31In general relativity there is no distintion between both formalisms beause the �eldequations are equivalent, but in f(R) theories they yield di�erent results. The f(R) metritheories yield equations whih ontain terms up to the fourth order in the metri (see, e.g.,Capozziello, 2002; Nojiri & Odintsov, 2003; Carroll et al., 2004; Capozziello & Faraoni,2011), meanwhile the advantage of varying independently the onnetion and the metriin the Palatini formalism is that the resulting equations ontain only seond order metriterms, just like the Einstein's �eld equations (see, e.g., Olmo, 2005). These equations aresimpler than those derived from f(R) metri theories. The �rst models, however, presentedproblems at the Solar System and small sales (see Olmo, 2005, and referenes therein).Reently, a whole variety of works are trying to prove the viability of these theories.It has been shown that f(R) theories in the Palatini formalism are equivalent to Brans{Dike theories with the parameter ω = −3/2 and in the metri approah are equivalentwith ω = 0 (see, e.g., de Felie & Tsujikawa, 2010; Olmo, 2011).This equivalene establishes a orrespondene between f(R) theories and salar{tensortheories†. Usually, f(R) theories are formulated in the so{alled Jordan frame‡. To trans-form between frames, a onformal transformation between the metri gµν and the metritensor ~gµν, de�ned in the Einstein frame§, is performed:~gµν =Ω2gµν,

Ω2 =f ′(R),
(2.10)where the prime denotes derivative with respet to the argument and the onformal fator

Ω an depend on the salar urvature and on the matter �elds. By arefully hoosing suhand the onnetion, that the Lagrangian of matter Lm depends also on the onnetion. These theories arealled f(R) theories in the metri{aÆne formalism.
†Two theories are onsidered \dinamially equivalent" if, under a suitable rede�nition of the gravita-tional and matter �elds, their �eld equations and/or their ations oinide.
‡The Lagrangian in salar{tensor theories is expressed in the Jordan frame, in whih the energy{momentum tensor is ovariantly onserved and in whih test partiles follow geodesis of the spae{timemetri, or in the Einstein frame, in whih the energy{momentum tensor of the matter �elds is not alwaysovariantly onserved and test partiles do not neessarily follow geodesis.
§There is a big disussion about the physial meaning of eah frame and how eah formulation isompared with the observations and experiments. Some authors argue that onformal equivalene does notneessarily indiate physial equivalene (see, e.g., Faraoni et al., 1999; Capozziello et al., 2010), whileothers argue that if standard loks and rulers are adjusted appropiately, both theories are mathematiallyand physially equivalent (Flanagan, 2004).



32 I INTRODUCTIONfator, it is possible to map a non{standard theory of gravity, formulated in the Jordanframe, to another that is standard in the Einstein frame, where gravity takes the usualEinstein form.A salar �eld is de�ned as Φ :=
»

3/2κ−1 ln f ′(R). The generalised gravitational ationin the Einstein frame is
SE = −κ

∫
[

1

2κ2
~R−

1

2
( ~∇Φ)2 − V(Φ)

]

»

−~gd4x , (2.11)where the tilde denotes quantities in the Einstein frame and the potential V(Φ) is repre-sented by
V(Φ) =

f ′(R)~R − f(R)

2κ2(f ′(R))2
. (2.12)This ation orresponds to general relativity minimally oupled to a real salar �eld. Inthis desription the �eld equations are of the seond order in the metri and therefore,they are simpler. There are some osmologial tests of f(R) gravity in the Jordan frameand its orresponding salar{tensor theory in the Einstein frame (see, e.g., Bamba et al.,2012, and referenes therein). However, there are some indiations that the transformationbetween frames is not biunivoal, i.e., there is no ertainty that going bak with the resultsfrom the Einstein frame to the Jordan frame is orret (Faraoni et al., 1999; Capozzielloet al., 2010).

f(R) metric theories

f(R) metri theories satisfy di�erent astrophysial and osmologial tests and presenta strong alternative to the dark setor (see, e.g., Sotiriou & Faraoni, 2010; Capozziello &Faraoni, 2011). The diÆulty with these theories is that they generially present non{lineardi�erential equations up to the fourth order in the metri.In the metri formalism, the null variation of the ation (2.3) for the gravitationalation (2.8), leads the following �eld equations:
f ′(R)Rµν −

1

2
f(R)gµν = Tµν + f ′(R);µν − ∆f ′(R)gµν , (2.13)where the prime denotes derivative with respet to the argument and ∆ is the D'Alambertian.



§3 THESIS OUTLINE 33It has been shown that these theories play an important role in galati sales, in lustersof galaxies and in osmologial sales. For example, it has been shown that an f(R) theoryadjust the Hubble diagram with the reent observations of type Ia supernovae (Capozzielloet al., 2003; Torres, 2009). Moreover, it is possible to obtain more gravitational lensing thatthe expeted in general relativity (Mendoza & Rosas-Guevara, 2007; Mendoza et al., 2012).In the galati sales it is possible to �t the rotation urves of dis galaxies (Capozzielloet al., 2007a; Sobouti, 2007; Mendoza et al., 2012) and the Tully{Fisher relation (Sobouti,2007; Mendoza et al., 2012). Also, the mass pro�les of lusters of galaxies have been adjustedsuessfully (Capozziello et al., 2009a), among other tests.
§3. Thesis outlineThroughout this thesis we have onstruted a modi�ed theory of gravity whih ex-tends Newton and Einstein's theories at sales where observations lassially require darkomponents.Chapter II shows the onstrution of a non{relativisti extended theory of gravityompatible with the deviations to Newton's gravitational aeleration in the Solar Systemand apable of reprodue the observations, from galati to extragalati sales, withoutdark matter. Suh theory assumes that MOND's aeleration onstant a0, is fundamentalin the gravitation.Chapter III shows a relativisti generalisation of MOND from a speial kind of f(R)metri theories of gravity, assuming that a0 is fundamental into the gravitation. Due tothe works disussed in setion §2, we prefer to work with f(R) theories in the Jordanframe instead of the salar{tensor ones in the Einstein frame. And in partiular, in themetri approximation beause, as was disussed in setion §2, f(R) theories in the Palatiniapproah present problems with the observations at the Solar System level and with thestandard model of elementary partiles. A onsiderable number of works in the literaturehas fous its attention to derive the f(R) funtion from the adjust of the data without usingdark matter and/or dark energy.It is worth noting that experiments at Solar System sales show the validity of generalrelativity; in this sense the f(R) metri theory must onverge to Einstein's theory in thislimit (Will, 1993).



34 I INTRODUCTIONChapter IV shows that the metri oeÆients obtained for the theory desribed inChapter III, from perturbation analysis developed up to the seond order in powers of v/cfor a stati spherial symmetri spae{time, reprodues exatly the observations of atrotation urves and the Tully{Fisher relation for dis galaxies and the gravitational lensesobserved in groups and lusters of galaxies.Chapter V shows that MOND's aeleration onstant a0 is a fundamental quantityrelated with some universal onstants, and not only a phenomenologial quantity.Finally, I show the onlusions of this thesis.



Caṕıtulo II

Gravedad Newtoniana extendida

En la b�usqueda de una formulai�on general para una teor��a de gravedad modi�ada enel r�egimen no{relativista y omo alternativa a la hip�otesis de materia osura, onstruimosun modelo v�alido para una amplia variedad de esalas astrof��sias. En este Cap��tulo semuestra �omo a trav�es de la inlusi�on de la onstante de aelerai�on de Milgrom en lagravitai�on, se pueden onstruir f�ormulas muy generales para la aelerai�on sentida poruna part��ula. El an�alisis dimensional muestra que esta inlusi�on ondue naturalmente ala aparii�on de una esala de masa{longitud en la gravedad, rompiendo su invariania deesala.En esta parte del trabajo de tesis, onstruimos una forma partiular de fuerza gravi-taional modi�ada y probamos su onsistenia on las observaiones en un amplio rangode entornos astrof��sios, desde el Sistema Solar hasta esalas extragal�atias. Mostramosque sobre ualquier rango limitado de par�ametros f��sios, que de�nen una lase espe���ade objetos astrof��sios, la dispersi�on de veloidades de un sistema debe estar dada por unaley de potenias de su masa y tama~no. Estas potenias apareen ligadas entre s�� a trav�esde una relai�on natural de onstrii�on de la teor��a. De aqu�� obtenemos una relai�on deequilibrio gravitaional generalizada, v�alida para todos los sistemas astrof��sios. Se pre-senta un esquema general para tratar distribuiones de densidad esf�eriamente sim�etrias,que en partiular muestra que el plano fundamental de las galaxias el��ptias, el equilibriovirial Newtoniano, las relaiones Tully{Fisher y Faber{Jakson, as�� omo las relaionesde esalamiento observadas en galaxias loales esferoidales enanas, no son mas que asos



36 GRAVEDAD NEWTONIANA EXTENDIDApartiulares de esa relai�on uando se aplia a las esalas de masa{longitud apropiadas.Adem�as, disutimos las impliaiones de esta aproximai�on omo teor��a de gravedad modi-�ada y destaamos las ventajas de trabajar on la fuerza, en la formulai�on de una teor��agravitaional, en lugar de alterar la segunda ley del movimiento de Newton.* * *



§4 INTRODUCTION 37

Extended Newtonian gravityIn the pursuit of a general formulation for a modi�ed gravitational theory at the non-relativisti level and as an alternative to the dark matter hypothesis, we onstrut a modelvalid over a wide variety of astrophysial sales. Through the inlusion of Milgrom's ae-leration onstant into a gravitational theory, we show that very general formulae an beonstruted for the aeleration felt by a partile. Dimensional analysis shows that thisinlusion naturally leads to the appearane of a mass-length sale in gravity, breaking itssale invariane. A partiular form of the modi�ed gravitational fore is onstruted andtested for onsisteny with observations over a wide range of astrophysial environments,from solar system to extragalati sales. We show that over any limited range of physialparameters, whih de�ne a spei� lass of astrophysial objets, the veloity dispersion ofa system must be a power law of its mass and size. These powers appear linked togetherthrough a natural onstraint relation of the theory. This yields a generalised gravitatio-nal equilibrium relation valid for all astrophysial systems. A general sheme for treatingspherial symmetri density distributions is presented, whih in partiular shows that thefundamental plane of elliptial galaxies, the Newtonian virial equilibrium, the Tully-Fisherand the Faber-Jakson relations, as well as the salings observed in loal dwarf spheroidalgalaxies, are nothing but partiular ases of that relation when applied to the appropria-te mass-length sales. We disuss the impliations of this approah for a modi�ed theoryof gravity and emphasise the advantages of working with the fore, instead of alteringNewton's seond law of motion, in the formulation of a gravitational theory.
§4. IntroductionThe dynamial mass to light ratios derived for spiral galaxies are usually muh greaterthan expeted for their stellar omponents. This is often interpreted as indiating the gra-vitational dominane of hypothetial dark matter. Alternatively, one ould argue that thedisrepany between dynamial mass and baryoni mass is telling us that the Newtonianlaw of gravity is not the one governing the dynamis. In partiular, the Modi�ed Newto-nian Dynamis (MOND) proposed by Milgrom (1983b) has been proved to be suessfulin explaining how galaxies rotate, without any dark matter (see e.g. Sanders & MGaugh,



38 GRAVEDAD NEWTONIANA EXTENDIDA2002, for a review).Reently, the range of astrophysial problems treated under the MOND hypothesis hasinreased signi�antly. Abundant reent publiations on veloity dispersion measurementsfor stars in the loal dwarf spheroidal galaxies, the extended and at rotation urves of spi-ral galaxies, the large dispersion veloities of galaxies in lusters, the gravitational lensingdue to massive lusters of galaxies, and even the osmologially inferred matter ontentfor the universe, have been suessfully modelled under MOND. These, not as indiretevidene for the existene of a dominant dark matter omponent, but as diret evidenefor the failure of the urrent Newtonian and general relativisti theories of gravity, in thelarge sale or low aeleration regimes relevant for the above (see e.g. Sanders & Noorder-meer, 2007; Nipoti et al., 2007; Famaey et al., 2007; Gentile et al., 2007; Tiret et al., 2007;S�anhez-Saledo et al., 2008; Bekenstein, 2004; Capozziello et al., 2007a; Sobouti, 2007;Mendoza & Rosas-Guevara, 2007, for reent examples). MOND has proved suessful onmany astrophysial situations, though diÆult on others (see e.g. Milgrom, 2008, 2010a;Bekenstein, 2006; Zhao, 2005, for a good review on these points).The key feature of Milgrom's Modi�ed Newtonian Dynamis is the introdution of afundamental aeleration sale a0 = 1.2 × 10−10ms−2 (see e.g. Milgrom, 2008) into gra-vitation. The introdution of a0 an alternatively be regarded as grounded upon diretempirial evidene, as the observed dynamis of large spiral diss attest. Additionally,non-relativisti gravity due to a point mass M, results in a fore on any test partile suhthat it is pulled towards M with an aeleration a. Fundamentally, Newton's onstant ofgravity G ompletes the desription of the problem and so, by means of Bukingham'stheorem of dimensional analysis (f. Sedov, 1959), the absolute value of the attrative a-eleration felt by the test partile loated at a distane r from the point mass M is givenby
a = a0 f(x), (4.1)where
x := lM/r, (4.2)



§4 INTRODUCTION 39with,
lM :=

(

GM

a0

)1/2

. (4.3)The aeleration expressed in equation (4.1) onverges to Newton's gravitational aele-ration when the funtion f(x) = x2 and to MOND's aeleration when f(x) = x. Thesetwo examples of funtions f represent the gravitational approah to an extended non-relativisti theory of gravity. The main problem is how to �nd a funtion f(x) whih, forthe appropriate limits, onverges to the Newtonian and MONDian regimes.Hernandez et al. (2010) showed that the Bekenstein (2004) funtion f(x) = x+x2 servesquite well when applied to dwarf spheroidal (dSph) galaxies and to the rotation urves atlarge radii of spiral galaxies, but is inonsistent with measured limits on departures fromNewtonian gravity at solar system sales. Also, Famaey & Binney (2005) showed that thispartiular form of the funtion f(x) does not work well when applied to our Galaxy. Despitethe fat that this presription has the orresponding limits as expeted (f(x) → x when
x ≪ 1 and f(x) → x2 when x ≫ 1), a more general funtion must be onstruted.Note that pure dimensional analysis, with the introdution of an aeleration sale a0,determines exatly the dimensional form that the aeleration must have. In very generalterms, it also shows that the introdution of a0 means that gravity has a harateristimass-length sale lM whih makes possible the onstrution of equation (4.1). With allthese, the aeleration turns out to be a funtion of the variable x only, whih as wewill show later, gives a robust way of working with an extended theory of gravity at thenon-relativisti level.It is important to note that Milgrom has already introdued the length lM (see e.g.Milgrom, 1983b,a, 1986; Milgrom & Sanders, 2008; Milgrom, 2008, where it appears asa transition radius). In these studies it is shown that this mass-length sale serves as atransition point where the MONDian regime passes to the Newtonian one. Milgrom &Sanders (2008) stressed the points that a mass distribution whose length is muh greaterthan its assoiated mass-length lM is in the MONDian regime (sine x ≪ 1) and a massdistribution whose length is muh smaller than its mass-length sale is in the Newtonianregime (sine x ≫ 1). The ase x = 1 an roughly be thought of as the point where thetransition from the Newtonian to the MONDian regimes ours.



40 GRAVEDAD NEWTONIANA EXTENDIDAWe now show that there is a onnetion between this approah and the one ommonlyused in the implementation of the MOND theory. The physial form of MOND is given by(see e.g. Bekenstein & Milgrom, 1984; Milgrom, 2001) an Aquadrati Lagrangian (AQUAL)and so, its variation reprodues the equation of motion. For relevant symmetries in theproblem, this approah gives the important result that the absolute value of the aelerationfelt by a test partile in the presene of a point mass is given by
a µ (a/a0) = |∇φN| = GM

r2
. (4.4)In this equation, the Newtonian salar potential is represented by φN and the interpolationfuntion µ(a/a0) is suh that µ(a/a0) = 1 in the Newtonian limit, whih orrespondsto a ≫ a0 and µ(a/a0) = a/a0 in the MONDian regime, with a ≪ a0. Equating theaeleration in relation (4.4) with that of equation (4.1), it follows that

µ(a/a0) =
x2

f(x)
, (4.5)whih impliitly shows that the MOND formalism an be equivalently expressed throughthe modi�ation of the gravitational fore (4.1). We note here that the MOND formulation(4.4) refers to a modi�ation of the dynamial setor of the theory, whereas equation (4.1)is ompletely based on the modi�ation of the gravitational fore. Both are operationallyequivalent formulations. The MOND formulation has always been takled through dyna-mial modi�ations. However, we show in this work that there are many advantages whenhoosing the modi�ation in the gravitational setor. Therefore we only use the onstant a0for onsisteny with the dynamial modi�ations. It is important to emphasise that in thegravitational modi�ations it is more natural to frame the problem in terms of the mass-length sale lM de�ned in equation (4.3). Furthermore, it is the use of dimensional analysiswhih tells us the very important fat that the dimensionless fore f(x) in equation (4.1)only depends on the ratio lM/r.The Chapter is organised as follows. Setion §5 introdues a partiular form of the fun-tion f(x). This is used in the subsequent setions for appliations in di�erent astrophysialenvironments, from solar system to galaxy luster sales. Finally, in Setion §7 we disussthe advantages of suh a general funtion f(x).
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§5. The force modelThe dimensionless gravitational fore f(x) in equation (4.1) felt by a given test partilemust be analyti, and as suh it an be written as
f(x) =

n=∞∑

n=−∞

cnx
n. (5.1)We now show how to obtain a reasonable f(x) by simple exploration of the Newtonian andMONDian regimes. First of all, notie that in the Newtonian and deep MOND limits, thefuntion f(x) is suh that f(x) = cN x2 and f(x) = cM x respetively, with cN = cM = 1.We now fous on the Newtonian x ≫ 1 regime and explore an expansion about that limitof the form
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(5.2)
The limit x → ∞ gives the Newtonian aeleration, so taking into aount all the terms ofthe geometri series for x > 1 then,
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. (5.3)We now put speial emphasis on the MONDian x ≪ 1 regime and explore the orres-ponding expansion, given by
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Note that the deep MOND regime is obtained in the limit x → 0, and so the geometri



42 GRAVEDAD NEWTONIANA EXTENDIDAseries of equation (5.4) for x < 1 gives
Å

a

a0

ã

=
x

1 − x
. (5.5)Equation (5.2) an be thought of as the series for the negative powers of relation (5.1)and equation (5.4) as the one for the positive powers of the same relation. The interestingthing to note is that both of them an be analytially ontinued for all values of x. For thelimit ases, the minus sign on the denominator of both equations (5.3) and (5.5) an behanged for a positive sign.Sine we are interested in the omplete analyti series let us propose a general a-eleration formula given by the addition or substration of equations (5.3) and (5.5) asfollows:
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x± x3

1± x
. (5.6)Note that this last equation tends to the Newtonian aeleration regime when x → ∞and to the MONDian aeleration limit when x → 0. In fat, due to the symmetry of thenumerator and denominator of equation (5.6), a more general relation an be postulated:
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ã

±

= x
1± xn+1

1± xn
. (5.7)This satis�es the Newtonian and MONDian aeleration limits for x → ∞, 0 respetively.Note also that the ase n = 1 with a minus sign is the same as two times the ase n = 0with a plus sign, and both orrespond to the Bekenstein ground state aeleration formula(Bekenstein, 2004). This has proved to be useful for the dynamial modelling of dSphgalaxies (Hernandez et al., 2010), but not for our own Galaxy (Famaey & Binney, 2005).The aeleration funtion (5.7) has no singularities, sine aording to l'Hôpital's rule,

a/a0 → (n + 1)/n as x → 1. In fat, to see this diretly, notie that for the minus sign itfollows from equation (5.7) that
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§5 THE FORCE MODEL 43For further appliations we note that the right hand side of equation (5.7) with a minussign an be Taylor expanded as follows:
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= x2 − x1−n + x2−n − x1−2n + x2−2n + . . . , (5.10)for x > 1. Choosing the positive sign we obtain:
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= x2 + x1−n − x2−n − x1−2n + x2−2n + . . . , (5.12)for x > 1. This shows that the Newtonian and MONDian regimes are reahed in the orretlimit regardless of the value of n.The extreme limiting ase of n → ∞ orresponds to the funtion
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x, for 0 ≤ x ≤ 1 (MONDian regime).
x2, for x ≥ 1 (Newtonian regime). (5.13)This aeleration formula is of no use due to the disontinuity on the �rst derivative at

x = 1, but serves as a referene to understand that the real aeleration must smoothlypass from the Newtonian to the MONDian regime. Also, as noted by Milgrom & Sanders(2008), the point where x = 1 represents approximately the transition from the Newtonianto the MONDian regimes. In the proposed model, this is stritly valid in the extreme ase,with n → ∞. This point is relevant, as any funtion moving away from the value a = a0at x = 1 seems to have a better hane at modelling a more real astrophysial situation,sine it will smoothly transit from the MONDian regime to the Newtonian one.Figure II.1 shows a plot of a/a0 as a funtion of x for various values of n and hoie of
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Figura II.1: The �gure shows the aeleration funtion a in units of Milgrom's onstant
a0 as a funtion of the parameter x. The thik dash-dot urve orresponds to the extremelimiting value n → ∞, i.e. a/a0 = x for x ≤ 1 and a/a0 = x2 for x ≥ 1. The urves aboveand below this extreme aeleration line represent values of n = 4, 3, 2, 1, for the minusand plus signs of equation (5.7) respetively. The extreme limiting urve has a kink at
x = 1 and is of no physial interest due to the unde�ned derivative at that point.signs in equation (5.7). From this �gure it is seen that the urves with n ∼ 3 − 4 are verylose to the extreme limiting ase, but preserve a good soft transition region between theMONDian and Newtonian regimes. However, it is through �ts with observations that anoptimal real number n is to be alibrated. In fat, the �t with observations must also giveus a way to deide between the plus or minus sign in equation (5.7).In order to �x the parameter n and the hoie of sign in equation (5.7), we onstrutdi�erent orresponding MOND interpolation funtions µ(a/a0) for this aeleration formu-la and ompare them with the best model for our Galaxy presented by Famaey & Binney(2005). To do that, we must substitute equations (5.7) and (4.1) into (4.5), yielding

µ(a/a0) = x
1± xn

1± xn+1
. (5.14)The funtion x(a/a0) that appears in equation (5.14) is obtained by solving numeriallyequation (5.7) for a �xed value of n. Figure II.2 shows that the best �t to the optimal
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Figura II.2: The �gure shows MOND's interpolation funtion µ(a/a0) for our Galaxy(dotted urve) as inferred by Famaey & Binney (2005). From bottom to top (not ountingthe dotted urve) the plots represent the following models: (1) Bekenstein ground stateaeleration model (Bekenstein, 2004), whih orresponds to our equation (5.7) with n = 1and a minus sign. (2) The interpolation formula µ(χ) = χ/(1+χ) (Famaey & Binney, 2005,dashed). (3) n = 2 for a minus sign. (4) n = 3 for a minus sign. (5) The interpolationformula µ(χ) = χ/
Ä

1+ χ2
ä1/2 (Milgrom, 1983b, dashed). (6) n = 3, plus sign. (7) n = 2,plus sign. (8) n = 1, plus sign.

µ(a/a0) obtained by Famaey & Binney (2005) for our Galaxy, is reprodued with theminus sign and with n = 3.13 ≈ 3. The e�etive gravitational aeleration formula ishene hosen as
Å

a

a0

ã

= f(x) = x
1− x4

1− x3
= x

1+ x+ x2 + x3

1+ x+ x2
. (5.15)Given observational errors, and unertainties in the mass to light ratios and their radialvariability in our galaxy, the onstrains of Figure II.2 are subjet to onsiderable unertain-ties. As suh, we intend to show merely that funtions of the proposed family are learlyonsistent with available estimates of µ(a/a0), in this rather unertain parameter range.In the following setion we show this partiular f(x) as onsistent with the muh morestringent onstraints available and the quasi{Newtonian sale of the solar system. Also,simple explanations for the observed strutural relations of elliptial and dwarf spheroidalgalaxies will be shown to appear naturally in Setion §6. Note that for this partiular ase,the funtion µ(a/a0) has an analyti solution, sine the funtion x(a/a0) from equation



46 GRAVEDAD NEWTONIANA EXTENDIDA(5.7) with n = 3 is the root of a fourth order polynomial in x. However, due to its ompli-ated form, we omit it here. It is interesting that for this value of n, the expansion about
x ≫ 1 begins with the Newtonian term, and then skips the following two terms aordingto equation (5.10). This guarantees that dynamis will remain extremely lose to New-tonian for a large range of values of x > 1 and sheds light on the extended Newtonianharater of the fore of gravity. Similarly, for x ≪ 1, the leading term of equation (5.9)gives the deep MOND regime x with the following one being x4. The absene of the x2 and
x3 terms implies that physis lose to the deep MOND regime will not present any strongvariations for a onsiderable range of values in x < 1.We also note that the aeleration funtion (4.1) is suh that Newton's theorems, i.e.the aeleration �eld at distane r from the entre of a spherial system depends only onthe total mass M(r) interior to r, while external shells result in no fore, are valid forany analyti funtion (5.1) whih depends on the parameter x only. In order to see this,suppose that a ∝ xp with p an integer number. Assume that the test partile is plaedat position r inside a spherially symmetri shell. If we trae a one with solid angle δΩand vertex at the test partile, the shell is interseted at two opposite points r1 and r2.The masses δM1 and δM2 ontained within the solid angle δΩ at these points keep theproportion δM2/δM1 = (r2/r1)

2. This relation means that (δM1/r
2
1)

p/2 = (δM2/r
2
2)

p/2,and so δxp(r1) = δxp(r2). In other words, the aeleration exerted by the outer shell atposition r anels out. Sine we an do this for any integer p, it follows that any analytialfuntion of x (f. equation (5.1)) guarantees Newton's theorems. This is an enouragingproperty of the aeleration (4.1).We now extend equation (4.1) to a vetor form. As noted above, the AQUAL formu-lation is satis�ed by our model and as suh its �eld equation (Poisson's generalisationformula) is given by (Bekenstein & Milgrom, 1984)
∇ � [µ(a/a0)∇φ] = 4πGρ = ∇2φN, (5.16)where the salar potential φ satis�es the ondition a = −∇φ. For systems with a highdegree of symmetry, Bekenstein & Milgrom (1984) showed that

Å

a

a0

ã

µ (a/a0) = −
1

a0
∇φN = −

G

a0

∫
(r− r ′)

|r − r ′|3
ρ(r ′)dV ′, (5.17)



§5 THE FORCE MODEL 47where we an now express the interpolation funtion µ through expression (4.5), and ρ(r)represents the matter density at the oordinate point r. On the other hand, the vetorform of equation (4.1) must neessarily be of the form
a = a0f(x)ea, (5.18)where the unit vetor ea points in the diretion of the aeleration a. Substitution ofequation (5.18) into (5.17) with help of relation (4.5) yields

x2ea = −
G

a0

∫
(r − r ′)

|r − r ′|3
ρ(r ′)dV ′. (5.19)This desription generalises the previous relations in the sense that a point mass M anbe diretly substituted for M(r) in all relevant equations.The magnitude of the vetorial equation (5.19) is the formula to alulate the variable xfor a given mass distribution density ρ(r). As an example, for a point mass M the densityis given by ρ(r) = Mδ(r), where δ represents Dira's delta funtion. Consequently, thevariable x is given by equation (4.2) as expeted. For the ase of a spherially symmetridistribution of matter, the density depends only on the radial oordinate r. This meansthat (Binney & Tremaine, 2008) x2ea = −GM(r)er/r

2, where M(r) is the mass ontainedwithin the radius r and er is a unit vetor in the diretion of the radial oordinate. Withthis, it follows that the variable x depends only on the mass ontained within the radius
r. Sine the general aeleration funtion f(x) is analyti (f. equation (5.1)), then it isalso lear from this point of view that Newton's theorems are valid for the lass of modelspresented in this Chapter.Reently Milgrom (2010b) has developed a quasi-linear formulation of MOND, whihin partiular an by applied to our spherial symmetri ase (see also Zhao & Famaey,2010). We now show that this is equivalent to our formulation. In this theory, a generalgravitational potential Φ := φN +ϕ is proposed, where ϕ satis�es the equation

∇2ϕ = ∇ � [ν (|∇φN|/a0) ∇φN] , (5.20)where ν(y) represents a new interpolation funtion whih tends to y−1/2 far away from thestrongest gravity regime. Our approah is equivalent to their results, sine the onnetion



48 GRAVEDAD NEWTONIANA EXTENDIDAbetween f(x) and ν is given by
f(x) = x2

î

ν(x2) + 1
ó

. (5.21)Comparing this last result with equation (4.5) it follows that µ = (ν+ 1)−1 and so, for
ν ≫ 1, then µ = ν−1. For the spei� value ν(y) = y−1/2 then

f(x) = x+ x2. (5.22)The above two equations show that the funtion f is spei�ally a funtion of x2 only, i.e.it depends exlusively on the Newtonian fore x2.In the following setions, we disuss several astrophysial systems where the proposedgravity law (5.15) an be tested over a wide range of values of x, and explore the various pre-ditions whih emerge. We perform omparisons mostly through expeted salings relatedto veloity dispersions, masses and equilibrium radii, derived from very general dimensio-nal arguments. We onsider mostly spherial mass distributions M(r), making use of thevalidity of Newton's theorems for spherial symmetry already disussed.
Solar system consistency and an illustrative rotation curve of our GalaxyAs a �rst test of the proposed fore law we ompare the variations with respet toNewtonian aeleration whih would be introdued at solar system sales, to the exquisitelymeasured upper limits on this quantity.For solar system sales with distanes of between 0.1 and ∼ 50 AU and taking M =

1M⊙, we get 102 . x . 104 (f. Figure II.7). Due to these large values, we note immediatelythat the deviations from Newtonian dynamis are negligible. Figure II.3 shows that ourmodel lies well within the observational upper limits for the departures from Newtonianradial aeleration for the planets in our solar system, as reported by Sereno & Jetzer(2006). In onsequene, under the proposed fore law, MONDian type dynamis have norelevane at solar system sales. In light of our results, we argue in favour of studies byAnderson et al. (2002); Turyshev & Toth (2009); Toth & Turyshev (2009), that regard theanomaly of the reession veloity of the Pioneer probes as an e�et of the thermal radiationof the spaerafts (see however, Bekenstein, 2006; Milgrom, 2009b, for interpretations of
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Figura II.3: The urve shows the frational modi�ations δa := (a− aNt) /aNt ourmodel introdues when ompared to purely Newtonian aeleration aNt. This is omparedwith the upper limits on the deviations from radial Newtonian aeleration as reportedby Sereno & Jetzer (2006). The diagram shows that the modi�ations introdued by ourmodel are always within the observed upper limits. From left to right the rosses representthe alulated values δa at the distane of Merury, Venus, Earth, Mars, Jupiter, Saturn,Uranus, Neptune and Pluto respetively.the anomaly as a signature of MOND).As a partiular example, we now turn to the rotation veloity urve of our Galaxy. Theirular rotation veloity V(r) assoiated to equation (5.15) is given by
V(r) =

Ç

a0lM 1 − x4

1 − x3

å1/2

. (5.23)For the ase of our Galaxy, the mass of the bulge and the mass of the dis as a funtion ofthe radial distane are respetively given by (see e.g. Allen & Santillan, 1991)
m(r)

∣

∣

∣bulge = mr3
Ä

a2 + r2
ä−3/2

, (5.24)
m(r)

∣

∣

∣dis = 2πΣ0r
2
⋆

ï

1−

Å

r

r⋆
+ 1

ã

e−r/r⋆

ò

, (5.25)where m = 1.4 × 1010 M⊙, a = 0.387 kp, Σ0 = 7 × 108M⊙ kp−2 and r⋆ = 3.5 kp. The



50 GRAVEDAD NEWTONIANA EXTENDIDAe�etive mass at a distane r from the entre of our Galaxy is then given by
M(r) = m(r)

∣

∣

∣bulge +m(r)
∣

∣

∣dis, (5.26)and so, by substitution of equation (5.26) into (5.23) the theoretial rotation urve of ourGalaxy, shown in Figure II.4, is obtained. Given the validity of Newton's theorems forspherial mass distributions in our ase, the inner rotation urve of Figure II.4 is fully selfonsistent. This ours sine in that region, the dynamis are ompletely dominated by thegalati bulge, whih has the same spherial symmetry as is assumed in the alulation.The same holds to a large degree for the alulated rotation urve beyond a few dissale radii, where the mass distribution has essentially onverged. In the intermediateregime, the assumption of spherial symmetry in the alulation neessarily introduessome error. However, by analogy with the Newtonian ase, where the rotation urve ofan exponentially dereasing in�nitely thin dis deviates only about 20% from that of theorresponding spherial mass distribution (see e.g Binney & Tremaine, 2008), this erroris probably small. The validation of this analogy through a full 3D implementation ofour model, lies beyond the sope of this �rst presentation of our model. In the light ofthis, Figure II.4 simply provides a graphial representation of the fat that our f(x) wasalibrated from our Galaxy's best �t µ(a/a0) as given by Famaey & Binney (2005).This rotation urve represents well the observed features of our Galaxy's rotation urve(see e.g Kuijken & Gilmore, 1989b). This was atually built into our model, as the value of nin the proposed fore law was alibrated from the numerial MOND interpolation funtionestimated by Famaey & Binney (2005), whih was obtained preisely from alibrationsagainst the rotation urve of our Galaxy.
§6. Equilibrium radii of bound configurationsIf we think of an arbitrary astrophysial equilibrium struture with total mass M, withharateristi equilibrium radius re and internal veloity dispersion σ, we an estimatethe relation between the above three quantities by equating the kinemati pressure to themean gravitational fore. Note that in this setion we use M to denote the total mass of anextended astrophysial system. Writing the kinemati pressure per unit mass as Cρσ2/M,
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Figura II.4: The �gure shows the rotation urve (ontinuous line) of our Galaxy usingthe theory of gravity proposed in this Chapter (f. equation 5.15). We have assumed thatonly dis (dashed-dotted line) and bulge (dotted line) ontributions to the rotation urveare present.replaing ρ for Mr−3e and equating this to the proposed fore law of equation (5.15) weobtain
C~σ2 =

R4e − 1

R4e − Re , (6.1)where we have introdued a dimensionless veloity dispersion ~σ := σ/(Ga0M)1/4 and anequilibrium radius Re := re/lM for the problem. The onstant C is expeted to be of order 1.We notie that for small values of Re, orresponding to large values of the variable x,i.e. the Newtonian regime, the right hand side of equation (6.1) redues to 1/Re. In thisase equation (6.1) leads diretly to the virial equilibrium relation of Newtonian gravity
re = C1/2σ/(Gρ)1/2. At the opposite MONDian limit, with small values of x and so, largevalues of Re, the right hand side of equation (6.1) tends to 1. In this limit, equation (6.1)yields the Faber-Jakson relation C1/2σ = (Ga0M)1/4. Allowing for a proportionality bet-ween isotropi veloity dispersions in pressure supported systems and rotation veloitiesin angular momentum supported ones, this last relation ould also be seen as the baryoniTully-Fisher relation whih also has an index lose to 4 (see e.g. Pueh et al., 2010). It isinteresting that in terms of the equilibrium gravitational radii of the proposed fore law,the galati Faber-Jakson relation appears as the \Jeans mass" solution for large values



52 GRAVEDAD NEWTONIANA EXTENDIDAof Re. Intermediate ases should be well desribed by the appropriate points along thetransition between the two limits of equation (6.1).If we think of a gravitationally bound system with an assoiated veloity dispersion
σ, the above results an also be easily understood from the point of view of dimensionalanalysis. Indeed, employing the same proedure we used in onstruting equation (4.1),the problem is now haraterised by the dispersion veloity σ of the system, the radius r,the total mass M, Newton's onstant of gravity G and Milgrom's onstant a0. With these,Bukingham's theorem of dimensional analysis demands that the veloity dispersion musthave the following form ~σ = g(x), (6.2)with g(x) an arbitrary funtion to be determined. A natural approximation often used, isto model observations over a limited parameter range through power law representations.As suh, we an explore the onsequenes of imposing a power law for the funtion g(x),i.e., ~σ ∝ xα = lαM r−α. (6.3)By omparing equations (6.1) and (6.3), we see that equation (6.3) is merely a powerlaw approximation to the full relation supplied by the proposed fore law. One is leadto expet that over any limited range of values of x, equation (6.1) should be auratelyapproximated by equation (6.3), with a suitable hoie of the parameter α, whih will moregenerally be a funtion of x.The strong predition of equation (5.15), as seen in equation (6.3), is that over anyonstrained range of values of x, e.g. orresponding to any well de�ned lass of astrophysialobjets, a relation of the type

σ = CrβMγ, (6.4)will always appear. Comparison with equation (6.3) yields diretly β = −α and showsthat the two power law indies of equation (6.4) are not independent, but will obey theneessary onstraint
γ =

1

4
−

β

2
. (6.5)Again, we see that the two limits explored above orrespond to α = 1/2 and α = 0,for the Newtonian and deep MOND regimes respetively. It is lear that the onstraint of



§6 EQUILIBRIUM RADII OF BOUND CONFIGURATIONS 53equation (6.5), obtained through dimensional analysis, is satis�ed in these two ases. Notethat this onstraint an also be derived through a power law approximation to the fullfore model of equation (6.1). In what follows it will beome evident that this power lawapproximation and the orresponding predited onstraint (6.5) aurately reprodue theempirial salings observed in elliptial galaxies and the well studied dwarf spheroidals ofthe loal group. We shall also present an exat expression for α(x) at all sales as a strongtestable predition.
The fundamental plane of elliptical galaxiesThe learest orrelations between the strutural parameters of elliptial galaxies areexpressed by the fundamental plane relations, �rst desribed by Djorgovski & Davis (1987);Dressler et al. (1987), as saling relations between the observed e�etive radius r of theGalaxy, the entral line of sight veloity dispersion σ, and the mean surfae brightness
I within the e�etive radius (see e.g. Bernardi et al., 2003; Desrohes et al., 2007, forreent observations). Assuming a onstant mass to light ratio and using the fat that themean surfae brightness is given by the luminosity L within the e�etive radius, suh that
I = L/2r2, measurements over large samples, now in the thousands of galaxies, give arelation idential to equation (6.4).In what follows we present a treatment for elliptial galaxies in isolation. Many suhsystems reside in galaxy lusters where external �eld e�ets might have some relevane,e.g. in aounting for the esape of high veloity stars (Wu et al., 2008). However, the wellestablished onstany of the basi saling relations for elliptials aross di�erent densityenvironments, implies that these external �eld e�ets are by far not the physial au-ses driving the struture of the fundamental plane. As suh, we shall not onsider suhenvironmental e�ets further at this point.A broad agreement in the literature yields values lose to the ones reported by Bernardiet al. (2003) of β = −0.3356 ± 0.023 and γ = 0.503 ± 0.025. The �rst interesting pointto note is that the above measured values deviate for β, slightly but notieably, fromthe Newtonian expetations of β = −1/2, γ = 1/2. This feature is termed the tilt in thefundamental plane, and has traditionally been explained in terms of mass to light ratioswhih vary as a funtion of mass for elliptial galaxies. Although suh explanations are not



54 GRAVEDAD NEWTONIANA EXTENDIDAunreasonable (see e.g. Desrohes et al., 2007), we shall see that this tilt in the fundamentalplane an be aounted for, at onstant mass to light ratios, by the slight deviations fromthe Newtonian limit expeted from equation (6.1) at the values of Re whih orrespond toelliptial galaxies.As already seen from equation (6.1) under the power law approximation of equa-tion (6.4), we an ompare the observed values for the power law salings of the fun-damental plane of equation (6.4) against the theoretial expetations of our model th-rough equation (6.5). For the observed value of β = −0.3356 ± 0.023, equation (6.5)implies γ = 0.418 ± 0.012. This is marginally onsistent with reent measurements of
γ = 0.503± 0.025 at a two sigma level, under the hypothesis of a onstant average mass tolight ratio for elliptial galaxies. We therefore see that a power law approximation througha dimensional analysis approah to the problem furnishes the relation between the indies
β and γ in equation (6.4), given by relation (6.5). The atual value of both indies willbe obtained theoretially through the use of the full fore model in what follows. It isnoteworthy that pratially all of the tilt in the fundamental plane an be aounted fordiretly by the expetations of equation (6.5). The fullest explanation might well inludea ertain degree of mass dependene for the average mass to light ratios, as pointed out byvarious studies (see e.g Desrohes et al., 2007).In order to evaluate the parameter α we proeed by �tting a power law funtion ofthe form (6.3) to equation (6.1). This an be done loally to the smooth funtion (6.1) byalulating the tangent line to the funtion log ~σ(log x) at a given point P0(x0, ~σ0), whihsatis�es the relation log ~σ = α(x0) log x+ log ~σ0 − α(x0) log x0. (6.6)The slope of the tangent line is given by

α(x) =
∂ log ~σ
∂ log x =

x3

2

3 + 2x+ x2

(1 + x+ x2)(1 + x+ x2 + x3)
, (6.7)whih simply means that the onstant α depends on the sale x0 of the system as shownby Figure II.5. Notie that α → 1/2 for the Newtonian x → ∞ regime and α → 0 for theMONDian x → 0 limit.
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Figura II.5: The plot shows the variation of the power index α with respet to x, in thegeneral gravitational equilibrium relation (see text) valid for all systems and at all sales.For large values of the parameter x, the Newtonian limit α = 1/2 is reahed, and for smallones onvergene to the MONDian one α = 0 is obtained. As shown in Figure II.7 manyastrophysial systems of interest fall in the intermediate regions about x = 1.For any given lass of astrophysial objets, the parameter α an now be obtained byevaluating x and then solving for α from equation (6.7).Note that typial values for elliptial galaxies with radii of order a few kp, and massesone order of magnitude around 1010M⊙ (see Figure II.7), we get x ∼ 1, whih from equa-tion (6.7) yields α ∼ 0.3. The tilt in the fundamental plane is hene naturally explained bythe fore law presented, requiring only minimum departures from onstant average valuesfor the mass to light ratios of elliptial galaxies.Reent studies spanning larger ranges of veloity dispersion and mass values for ellip-tial galaxies (e.g. Gargiulo et al., 2009; Desrohes et al., 2007), have begun to identifyslight trends in the power indexes of the fundamental plane. This is exatly what onewould expet from the developments presented here, as when one broadens the range ofphysial parameters, the power law approximation to equation (6.1) eases to be valid, anda warp will neessarily develop. Being elliptial galaxies very lose to the Newtonian limitof α = 1/2, we an estimate the �rst order trend of this warp against mass by onside-ring that typial densities for elliptial galaxies tend to drop as one goes to more massivesystems, whih would move the �t further away from the Newtonian regime, leading to a



56 GRAVEDAD NEWTONIANA EXTENDIDAgradual derease in α with inreasing total mass. By omparing with Figure 8 of Gargiuloet al. (2009), we see preisely this very trend, with the measured value for their index
a in the log re = a log σ0 �t (notie that a ∝ α−1) inreasing as the limit mass of thegalaxies inluded in the sample inreases. Therefore, the measured �rst order trends forthe fundamental plane indexes with mass, are seen to agree with the expetations of themodel presented.
Local dwarf spheroidal galaxiesWe now turn to the well studied dSph galaxies of the loal group and their salingrelations. Taking this time the �rst order terms for Re ≫ 1 in equation (6.1), we obtain

C~σ2 = 1 +
1

R3e . (6.8)Again we see that the �rst deviations from the deep MOND regime our after skipping the
R−1e and R−2e terms. This implies that near the deep MOND regime, gravitational physisremain largely unaltered. If we now solve for re from the above equation, we obtain

r3e = (GMa0)
2

a3
0

î

Cσ2 − (GMa0)1/2
ó . (6.9)Through full integration of isothermal equilibrium density pro�les for the loal dSph'sunder a fore law equivalent to what we propose here in the deep MOND regime, Hernandezet al. (2010) showed that a suitable desription of the problem an be found without theneed to invoke the presene of any dark matter. Still, this might require the onsistentinlusion of the disruptive e�ets of galati tides on the loal dwarfs, as pointed out bye.g. S�anhez-Saledo & Hernandez (2007); Angus (2008); MGaugh & Wolf (2010). It isinteresting to remark that Hernandez et al. (2010) also showed that there is a very learorrelation between the mass to light ratio resulting from the dynamial modelling inMOND type presriptions (or alternatively, the dark matter fration for these systems),and the relative ages of the stellar populations present, as diretly inferred from statistialstudies of their resolved stellar populations (see e.g. Hernandez et al., 2000; Dolphin, 2002;Helmi, 2008; Martin et al., 2008; Tolstoy et al., 2009). This orrelation is natural in asenario where only the stars present at as a soure of gravity, shining less as they age,
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Figura II.6: Measured values of half light radii r1/2 and internal veloity dispersions σfor the loal dSph galaxies with their assoiated one sigma unertainties. The solid linegives a best �t σ2 ∝ r1/2 relation, the exponent of whih results from the proposed forelaw. Data from the ompilation of Walker et al. (2010). The point for the heavily distortedSagittarius dwarf shown at the right end has been exluded from the �t.but appears ontrived under the dark matter hypothesis. Also, Hernandez et al. (2010)showed the expeted saling on average between σ4 and total stellar mass for the objets inquestion, within observational errors, expeted from the deep MOND regime. Introduingthis saling into equation (6.9) we obtain
re ∝ σ2. (6.10)We an now test the expetations of our proposed fore law through equation (6.10),by plotting the measured values of the veloity dispersion for the loal dSph galaxies,against their observed half-light radii. We assume that our re in equation (6.10) will beequal to some onstant times the measured half light radius r1/2 and take the ompilationfor these values found in (Walker et al., 2010) to plot Figure II.6. We see that in spite ofthe large errors present, the expeted saling of σ2 ∝ r1/2 given by the line shown, learlyholds rather well. We have preferred this partiular plane to test our model, as veloitydispersions and half light radii are the diretly measured observables, not a�eted by theassumption of rather unertain mass to light ratios.



58 GRAVEDAD NEWTONIANA EXTENDIDAFinally, we an try a �rst order extrapolation from the smallest Re ≪ 1 systems, thedSph galaxies, to the largest astrophysial strutures in that regime, galaxy lusters, bytaking values of r = 1kp and σ = 10 km s−1 from Figure II.6 and inreasing the veloitydispersion by a fator of 50. The expetation of equation (6.10) then being radii of 2.5×103times larger. Indeed, 2.5Mp and 500 km s−1 are representative values for the struturalparameters of large lusters of galaxies. Explaining the dynamis of galaxy lusters in thepure MOND formalism requires some unseen dark matter (see e.g. Sanders, 2003; Anguset al., 2010), so we defer the details of this problem to a latter study. Here we only point outthat the �rst order saling of equation (6.10), extrapolated aross ∼ 6 orders of magnitudein radius, is at least not signi�antly in error.Again, we see that having a well de�ned fore law, rather than dealing with a umberso-me MOND interpolation funtion, failitates the physis onsiderably. This allows a morediret traing of the astrophysial onsequenes, and yields more transparent preditions.Notie that the general results of the whole Setion §6 are not dependent on the details of
f(x), and will hold for any suh funtion within the theoretial framework introdued. Wenote however, the good agreement with observations for the partiular f(x) used.As a �nal summary of this setion, we present Figure II.7, with typial values of theparameter x for average masses and radii for a range of astrophysial objets. This �gure,when ompared to Figure II.5 learly omplements the results of the previous setions. Wesee that solar system dynamis will be utterly una�eted by the modi�ation proposed.Marginal modi�ations will appear in the dynamis of globular lusters (to within obser-vational unertainties, see e.g. Hernandez et al., 2010). A slight tilt is to be expeted inthe fundamental plane of elliptial galaxies and we see that the external regions of spiralgalaxies, galaxy lusters and loal dwarf spheroidal galaxies should appear as the mostheavily \dark matter dominated" systems.
§7. DiscussionWe have shown in this Chapter that if a modi�ation of either the dynamial or thegravitational part of Newton's gravity is to be performed, a gravitational modi�ationhas a greater advantage for physial larity and ease of alulations. Furthermore, it hasbeome lear that with the addition of Milgrom's aeleration onstant a0, all physial



§7 DISCUSSION 59relations must be at least funtions of the parameter x de�ned in equation (4.2), aor-ding to Bukingham's theorem of dimensional analysis. As examples, we have shown thatthe aeleration felt by a partile on a entrally symmetri gravitational �eld satis�es thisondition. Also, we show that the veloity dispersion assoiated to a system in the linearapproximation gives rise to a generalised gravitational equilibrium relation whih onvergesto the well known results of the fundamental plane in the desription of elliptial galaxies,the Tully-Fisher relation for spiral galaxies, the Faber-Jakson relation for elliptial gala-xies, the Jeans' stability riterion in the Newtonian limit and to orresponding observedrelations for dSph's galaxies.The inlusion of a0 in the theory of gravity means that a harateristi mass-length lMhas been added. This sale approximately indiates the transition between the MONDianand Newtonian regimes. By a suitable hoie of model, this transition an be built smoothly.On very general grounds, a harateristi sale lM has been introdued into gravitation andso, gravity is no longer sale invariant.We note also another testable predition: as preision inreases at solar system mea-surements the upper limits to departures from Newtonian aeleration will onverge tode�nite values, as implied by Figure II.3.The partiular aeleration funtion we built is perhaps only an approximation to amore general gravitational law. The funtions we built, although logial and quite preise inpriniple, may just be good andidates for the real gravitational theory and they should bethought of as suh: good approximations whih �t a wide variety of available astrophysialdata to within errors. However, it has to be through an extension of the general theoryof relativity that a more preise and fundamental form is to be found. This extendedrelativisti theory of gravity must show that the PPN approximations onverge in somelimit to the aeleration funtion built in this Chapter.The Newtonian harater of gravity has not been onviningly proved aross the as-trophysial sales explored in this work and as suh, modi�ations to the theory are feasible.It is also important to note that a very wide variety of modi�ed gravity theories of the ty-pe developed here, inluding MOND, are fundamentally falsi�able: a single a > a0 systemappearing as heavily dark matter dominated, would invalidate them all as an alternativeto the dark matter hypothesis.
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Figura II.7: The �gure shows di�erent values of x ∝ M1/2/r for typial masses Mand radii r of di�erent astrophysial systems: (1) Solar system at Earth's orbit. (2) Solarsystem at Jupiter's orbit. (3) Solar system at the Kuiper belt radius. (4) Globular lusters.(5) Elliptial galaxies and bulges of spirals. (6) Dwarf spheroidal galaxies. (7) Outer regionsof spiral galaxies. (8) Galaxy lusters.



Caṕıtulo III

MOND de teoŕıas métricas extendidasSiguiendo on el trabajo mostrado en el Cap��tulo anterior, en este se muestra �omoel r�egimen de MOND puede reuperarse en su totalidad omo el l��mite de ampo d�ebilde una teor��a gravitaional partiular formulada en la aproximai�on m�etria. Al igual quepara la gravedad Newtoniana extendida, esto es posible uando la onstante de aelerai�onde Milgrom se toma omo una antidad fundamental que se aopla a la teor��a de maneraonsistente. Como onseuenia de ello, la invarianza de esala de la interai�on gravitaio-nal se rompe naturalmente. En este sentido, la gravedad Newtoniana es el l��mite de ampod�ebil de la relatividad general y MOND es el l��mite de ampo d�ebil de la teor��a de gravedadextendida partiular. Tambi�en demostramos que la aproximai�on de simetr��as de Noetheral problema produe una antidad onservada oherente on esta extensi�on MONDianarelativista. * * *



62 MOND DE TEORÍAS MÉTRICAS EXTENDIDAS

MOND from extended metric theoriesWe show that the Modi�ed Newtonian Dynamis (MOND) regime an be fully reoveredas the weak-�eld limit of a partiular theory of gravity formulated in the metri approah.This is possible when Milgrom's aeleration onstant is taken as a fundamental quantitywhih ouples to the theory in a very onsistent manner. As a onsequene, the saleinvariane of the gravitational interation is naturally broken. In this sense, Newtoniangravity is the weak-�eld limit of general relativity and MOND is the weak-�eld limit of thatpartiular extended theory of gravity. We also prove that a Noether's symmetry approah tothe problem yields a onserved quantity oherent with this relativisti MONDian extension.
§8. IntroductionMilgrom (1983b,a) developed a non-relativisti theory of gravity in order to explain ob-served at rotation urves of spiral galaxies. This Modi�ed Newtonian Dynamis (MOND)theory has proved useful in explaining a great variety of astronomial phenomena withoutrequiring the presene of a dark matter omponent (see e.g. Milgrom, 2010a, and referenestherein).As explained by an extended Newtonian approah to gravity, Mendoza et al. (2011)showed that the key feature of MOND is the introdution of a fundamental aeleration a0in the theory, whih on itself at the non-relativisti level, makes gravity sale dependent.Through the years, �nding the relativisti extension of MOND has beome a big ha-llenge. The most suessful attempt was proposed by Bekenstein (2004) who formulated aTensor-Vetor-Salar (TeVeS) relativisti theory of MOND. This approah requires tensor,vetor and salar �elds to ahieve a self-onsistent desription. However, the many umber-some mathematial ompliations that TeVeS present are evident. Furthermore, it annotreprodue ruial astrophysial phenomena (see e.g. Ferreras et al., 2009).On the other hand, sine extended metri f(R) theories of gravity have proved very su-essful on a wide variety of osmologial senarios (see e.g. Capozziello & Faraoni, 2011;Sotiriou & Faraoni, 2010; Nojiri & Odintsov, 2006, 2011, and referenes therein) it is natu-ral to seek a relativisti generalisation of MOND in this diretion, whih has not deservedtoo muh attention sine Soussa (2003) and Soussa & Woodard (2003) developed a no-go



§9 DIMENSIONAL GROUNDING 63theorem whih prevented all metri f(R) theories of gravity to beome relativisti andi-dates for MOND. However, Mendoza & Rosas-Guevara (2007) showed ounterexamples ofthis no-go theorem disproving its general validity. Furthermore, the works by Capozzielloet al. (2006a, 2007a, 2009a) and Sobouti (2007) made lear that partiular f(R) models areapable of explaining phenomena usually asribed to MOND. Up to now, the hallengehas been to formulate a suitable f(R) theory able to onverge to standard MOND in thenon-relativisti regime.In this Chapter, we show how a partiular f(R) metri theory of gravity, derived from�rst priniples, is apable of reproduing MOND when its non-relativisti regime is reahed.To do so, in Setion §9 we set the foundations of a metri theory of gravity with the useof orret dimensional quantities. Then, in Setion §10 we solve the problem of a pointmass soure on a stati spae-time and �nd, at �rst order of approximation, the partiularform of the funtion f(R). In Setion §11 the integration onstants of the theory are �xedby solving the same problem in the formalism of metri perturbations. In Setion §12 weshow that the existene of a Noether symmetry on�rms the appearane of a harateristisale of the problem in the MONDian regime. Finally in Setion §13 we omment on theobtained results.
§9. Dimensional groundingLet us assume that a point mass M loated at the origin of oordinates generates a re-lativisti gravitational �eld in the MONDian regime and that a metri formalism desribesthe �eld equations.This problem is haraterised by the following quantities: the speed of light in vauum
c, the mass M of the entral objet generating the gravitational �eld, Newton's onstantof gravity G and Milgrom's aeleration onstant a0. With these parameters, two \funda-mental lengths" an be built:

rg := GM

c2
, lM :=

(

GM

a0

)1/2

. (9.1)The gravitational radius rg is a length that appears one relativisti e�ets are introduedon a theory of gravity. The mass-length sale lM, as desribed in (Mendoza et al., 2011), is a



64 MOND DE TEORÍAS MÉTRICAS EXTENDIDASharateristi length whih appears on a gravitational theory when MONDian e�ets are tobe taken into aount (for onsisteny we note here that a third length, λ := l2M/rg = c2/a0,that does not ontain the mass, an be onstruted as a ombination of the previous two).In the non-relativisti regime, a test partile loated at the radial oordinate r fromthe origin will obey the MONDian dynamis when lM/r ≪ 1. When lM/r ≫ 1 the gravi-tational �eld is Newtonian. As suh, when relativisti e�ets are taken into aount for thegravitational �eld, i.e. r & rg, then standard general relativity should be reovered in thelimit lM/r ≫ 1, and a relativisti version of MOND should be obtained when lM/r ≪ 1.This shows that the pursue of a omplete metri desription leads one to onsider thesale-dependene of gravity.The length sales presented in equation (9.1) must somehow appear in a relativistitheory of gravity whih aepts the fundamental nature of the onstant a0. For example,in the metri formalism, a generalised Hilbert ation SH an be written in the followingway:
SH = −

c3

16πGL2M

∫

f(χ)
√
−g d4x, (9.2)whih slightly di�ers from its traditional form (see e.g. Capozziello & Faraoni, 2011; Soti-riou & Faraoni, 2010; Capozziello et al., 2010b)

SH = −
c3

16πG

∫

f(R)
√
−gd4x , (9.3)sine we have introdued the following dimensionless quantity:

χ := L2MR, (9.4)where R is Rii's salar and LM de�nes a length �xed by the parameters of the theory.The expliit form of the length LM has to be obtained one a ertain known limit ofthe theory is taken, usually a non-relativisti limit. Note that the de�nition of χ gives aorret dimensional harater to the ation (9.2), something that is not ompletely lear inall previous works dealing with a metri desription of the gravitational �eld. For f(χ) = χthe standard Einstein-Hilbert ation is obtained.



§9 DIMENSIONAL GROUNDING 65On the other hand, the matter ation has its usual form,
Sm = −

1

2c

∫

Lm√
−g d4x, (9.5)with Lm the Lagrangian density of the system. The null variations of the omplete ation,i.e. δ (SH + Sm) = 0, yield the following �eld equations:

f ′(χ)χµν −
1

2
f(χ)gµν − L2M (∇µ∇ν − gµν∆) f

′(χ) =
8πGL2M

c4
Tµν, (9.6)where the dimensionless Rii tensor χµν is given by:

χµν := L2MRµν, (9.7)and Rµν is the standard Rii tensor. The Laplae-Beltrami operator has been writtenas ∆ := ∇α∇α and the prime denotes derivative with respet to its argument. Theenergy-momentum tensor Tµν is de�ned through the following standard relation: δSm =

−(1/2c) Tαβ δg
αβ. In here and in what follows, we hoose a (+,−,−,−) signature for themetri gµν and use Einstein's summation onvention over repeated indies.The trae of equation (9.6) is:

f ′(χ)χ − 2f(χ) + 3L2M ∆f ′(χ) =
8πGL2M

c4
T, (9.8)where T := Tα

α .Sine we are only interested on the gravitational �eld produed by a point mass soureloated at the origin, then the mass density ρ is given by
ρ = Mδ(r), (9.9)where δ(r) represents the three dimensional Dira delta funtion. With this, it follows thatthe only non-zero omponent of the energy-momentum tensor is given by

T00 = ρc2 = c2Mδ(r). (9.10)A point mass distribution generates a stationary spherially symmetri spae-time and



66 MOND DE TEORÍAS MÉTRICAS EXTENDIDASso, the trae equation (9.8) ontains all the relevant information relating the �eld equations.In what follows we assume a power law form for the funtion f(χ), i.e.
f(χ) = χb. (9.11)

§10. Order of magnitude approachLet us �rst analyse the problem desribed in the previous Setion by performing anorder of magnitude approximation of the trae equation (9.8). Under these irumstanes,d/dχ ≈ 1/χ, ∆ ≈ −1/r2 and the mass density ρ ≈ M/r3. This approximation implies thatequation (9.8) takes the following form:
χb (b− 2) − 3bL2M

χ(b−1)

r2
≈ 8πGML2M

c2r3
. (10.1)Note that the seond term on the left-hand side of equation (10.1) is muh greater thanthe �rst term when the following ondition is satis�ed:

Rr2 .
3b

2 − b
. (10.2)At the same order of approximation, Rii's salar R ≈ κ = R−2 , where κ is the Gaussianurvature of spae and R its radius of urvature and so, relation (10.2) essentially meansthat

Rc ≫ r. (10.3)In other words, the seond term on the left-hand side of equation (10.1) dominates the�rst one when the loal radius of urvature of spae is muh grater than the harateristilength r. This should our in the weak-�eld regime, where MONDian e�ets are expeted.For a metri desription of gravity, this limit must orrespond to the relativisti regimeof MOND. In this Chapter we will only deal with this approximation. At the end of theurrent Setion we show an equivalent relation to inequality (10.3) whih has a morephysial meaning.



§10 ORDER OF MAGNITUDE APPROACH 67Under assumption (10.3), equation (10.1) takes the following form:
R(b−1) ≈ −

8πGM

3bc2rL
2(b−1)
M

. (10.4)We now reall the well known relation followed by the Rii salar at seond order ofapproximation at the non-relativisti level (Landau & Lifshitz, 1975):
R = −

2

c2
∇2φ = +

2

c2
∇ �a, (10.5)where the negative gradients of the gravitational potential φ provide the aeleration a :=

−∇φ felt by a test partile on a non-relativisti gravitational �eld. At order of magnitude,equation (10.5) an be approximated as
R ≈ −

2φ

c2r2
≈ 2a

c2r
. (10.6)Substitution of this last equation on relation (10.4) gives

a ≈ −
c2r

2L2M

(

8πGM

3bc2r

)1/(b−1)

≈ −c(2b−4)/(b−1)r(b−2)/(b−1)L−2
M (GM)1/(b−1) . (10.7)This last equation onverges to a MOND-like aeleration a ∝ 1/r if b− 2 = −(b− 1),i.e. when

b = 3/2. (10.8)Also, at the lowest order of approximation, in the extreme non-relativisti limit, the veloityof light c should not appear on equation (10.7) and so, the only possibility is that LMdepends on a power of c, i.e.
L−2
M ∝ c(4−2b)/(b−1) = c2, and so, LM ∝ c−1. (10.9)As disussed in Setion §9, the length LM must be onstruted by fundamental para-meters desribing the theory of gravity and so, let us assume that

LM = ζ rαg lβM, with α+ β = 1, (10.10)



68 MOND DE TEORÍAS MÉTRICAS EXTENDIDASwhere the onstant of proportionality ζ is a dimensionless number of order one that willbe formally obtained in Setion §11. Substituting equation (10.10) and the value obtainedin (10.8) into relation (10.9) it then follows that
α = β = 1/2, i.e. LM ≈ r

1/2g l
1/2
M . (10.11)If we now substitute this last result and relation (10.8) in equation (10.7) it followsthat

a ≈ −
(a0GM)1/2

r
, (10.12)whih is the traditional form of MOND in spherial symmetry (see e.g. Milgrom, 2010a;Bekenstein, 2006, and referenes therein). Also, the results of equation (10.12) in (10.6)mean that

R ≈ rg
lM

1

r2
, (10.13)and so, inequality (10.3) is equivalent to

lM ≫ rg. (10.14)The regime imposed by equation (10.14) is preisely the one for whih MONDian e�etsshould appear in a relativisti theory of gravity, sine as disussed above lM ≫ r & rg.This is an expeted generalisation of the results presented by Mendoza et al. (2011).
§11. Weak field limit approachWe now use the trae (9.8) to the lowest order of perturbation. Results of this pertur-bation in the Newtonian limit for other metri theories of gravity have been reported byCapozziello et al. (2007b); Capozziello & Stabile (2009). However, sine we are interestedin the lowest order of approximation in the MONDian regime, we expet di�erent results.Under the assumption of spherial symmetry for a stati spae-time, with a diagonal



§11 WEAK FIELD LIMIT APPROACH 69metri given by (see e.g. Landau & Lifshitz, 1975)
g00 = 1+

2φ

c2
, g11 = −1,

g22 = −r2, g33 = −r2 sin2 θ, (11.1)then
∆f ′(χ) =

1√
−g

∂

∂xµ

(√
−ggµν

∂f ′(χ)

∂xν

)

,

= −
1

r2
∂

∂r

(

r2
∂f ′(χ)

∂r

)

= −∇2f ′(χ),

(11.2)at the lowest order of perturbation in φ/c2. In this ase, when ondition (10.3) or equiva-lently equation (10.14) is satis�ed, the trae (9.8) of the �eld equations is given by:
−3∇2f ′(χ) =

8πG

c2
ρ. (11.3)Note that this equation an also be obtained by performing a diret perturbation of (9.8).This is so beause in the weak �eld limit, the �eld equations (9.1) are studied at ordersof powers of c−2 (Capozziello et al., 2007b, 2009a). At the lowest zeroth-order of theperturbation, the Rii salar (0)R = 0 everywhere and so, it desribes a at spae-time.At the next seond perturbation order O(χ) = O(L2M) + O((2)R), where (2)R representsRii's salar at the seond order of the perturbation. Sine O(LM) = 1 aording torelation (10.9), then O(χ) = 4. If we now use the power law relation (9.11) with (10.8) andperturb the trae (9.8), it follows that the �rst two terms on the right-hand side are of order

O(χ3/2) = 6, while the remaining two terms are of order O(L2Mχ1/2) = 4 and so, it followsthat the trae (9.8) at its lowest non-zero perturbation order is exatly relation (11.3).Equation (11.3) an be integrated straightforward using the standard Poisson equationof Newtonian gravity:
∇2φN = 4πGρ, (11.4)for the Newtonian potential φN. Substitution of this relation on (11.3) yields

∇2

(

f ′(χ) +
2

3c2
φN) = 0. (11.5)



70 MOND DE TEORÍAS MÉTRICAS EXTENDIDASThe trivial solution of the previous Laplae-like equation ours when the argument of theLaplaian is equal to zero, and so
f ′(χ) = −

2

3c2
φN. (11.6)Substitution of equations (9.11), (10.8), (10.10), and (10.11) in relation (11.6) leads to

R =

(

4

9

)2

ζ−2
Å

rg
lM

ã

1

r2
, (11.7)where we have used the fat that for a point mass M, the Newtonian potential is given by:

φN = −G
M

r
. (11.8)We now substitute relation (10.5) into equation (11.7) to obtain:

2

c2
∇ �a =

(

4

9

)2

ζ−2
Å

rg
lM

ã

1

r2
. (11.9)Integrating this equation over a spherial volume of radius r and using Gauss's theoremon the left-hand side, we obtain

a = −

Ç

2
√
2

9ζ

å2Ç
c2rg
lM

å

1

r
, (11.10)and so, by hoosing

ζ =
2
√
2

9
, (11.11)we reah the MOND aeleration limit

a = −
(a0GM)1/2

r
, (11.12)at the lowest perturbation order of the theory.The formulation of the theory desribed so far implies that, as soon as we relax thehypothesis for whih the gravitational ation is stritly the one desribed by standardgeneral relativity, new harateristi lengths have to be onsidered. In the following Setion,we show that suh sales oherently appear as onstants of motion of the problem.
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§12. Noether’s symmetriesThe above results are based on the fat that we are assuming the power law rela-tion (9.11) for the gravitational ation. In partiular, for f(R) ∝ R3/2 the MOND aelera-tion regime is reovered. This partiular theory also admits exat osmologial solutionswhere a matter dominated era evolves towards the aelerated universe observed today(Capozziello et al., 2008) and reovers the observed dynamis at astrophysial sales (Ca-pozziello et al., 2009b). Also, this solution is partiularly relevant sine its onformal trans-formation is exatly invertible, as shown in (Capozziello, 2002). Noether's symmetries giverise to onserved quantities that are diretly related to harateristi length sales (Capoz-ziello et al., 2008).In order to develop a Noether's approah to the problem, let us onsider f(χ) gravity instati spherial symmetry, following the same ideas as the ones exposed in Setion §11. Thespherial point{like f(χ) Lagrangian an be obtained by imposing the spherial symmetrydiretly into the ation (9.2). As a onsequene, the in�nite number of degrees of freedomof the original �eld theory will be redued to a �nite number. The tehnique is based onthe hoie of a suitable Lagrange multiplier de�ned by assuming the known expliit formof Rii's salar R (Capozziello et al., 2007).The stati spherially symmetri metri an be expressed asds2 = A(r)c2dt2 − B(r)dr2 − C(r)dΩ2, (12.1)where dΩ2 := dθ2 + sin2 θdϕ2 is the angular displaement and C(r) := r2. Sine we areinterested in the weak-�eld limit approah of the f(χ) theory, let us assume B(r) = 1.The point{like f(χ) Lagrangian L is obtained by rewriting the ation (9.2) as
S = −

c3

16πGL2M

∫

[f(χ) − λ(χ − �χ)]√−g d4x, (12.2)where λ is a Lagrange multiplier and �χ = L2M
�R, for the known Rii salar �R expressed interms of the metri (12.1) with B(r) = 1:�R =

A ′′

A
+

2C ′′

C
+

A ′C ′

AC
−

A ′2

2A2
−

C ′2

2C2
−

2

C
. (12.3)



72 MOND DE TEORÍAS MÉTRICAS EXTENDIDASIn the previous equation, the prime denotes the derivative with respet to the radial oor-dinate r. Variations of the ation with respet to χ give the expliit form of the Lagrangemultiplier:
λ =

df(χ)dχ := fχ.Substituting this result in the ation (12.2) and eliminating the boundary terms (f.Capozziello et al., 2007), the point{like Lagrangian is obtained:L =−
L2M√
A

[

Afχ

2C
C ′2 + fχA

′C ′ +CfχχA
′χ ′+

2AfχχC
′χ ′



 −
√
A
î

(2L2M + Cχ)fχ − Cf
ó

.

(12.4)Note that this Lagrangian is anonial sine only the generalised positions, q = (A,C, χ),and their generalised veloities q ′ = (A ′, C ′, χ ′), appear expliitly.In the MONDian regime, where equation (10.3) holds, the last two terms on the right-hand side of equation (12.4) are of order Cf ≈ Cχ3/2 and so, both are muh smaller than
L2Mfχ. This statement is also true at the lowest non-zero order of perturbation, sine allterms on the right-hand side of equation (12.4) are of order 4, exept the last two whihare of order 6. With this, it follows that in the MONDian regime the Lagrangian (12.4)an be written asL = −

L2M√
A

[

Afχ

2C
C ′2 + fχA

′C ′ + CfχχA
′χ ′ + 2AfχχC

′χ ′ + 2A

]

. (12.5)We now searh for symmetries related to the yli variables and then redue the dy-namis. Aording to Noether's theorem, the existene of symmetry properties for thedynamis desribed by the Lagrangian implies the existene of onserved quantities (Ar-nol'd, 1989; Marmo et al., 1985; Morandi et al., 1990). In priniple, this approah allowsto selet partiular f(χ) gravity models ompatible with spherial symmetry.A onserved quantity exists if the Lie derivative of the Lagrangian (12.5) along thevetor �eld X vanishes:
LXL = αi∇qi

L + α ′
i∇q ′

i
L = 0, (12.6)for i = 1, 2, 3, in the on�guration spae (A,C, χ). Solving equation (12.6) means to �nd



§12 NOETHER’S SYMMETRIES 73out the funtions αi whih onstitute the Noether vetor (Arnol'd, 1989; Marmo et al.,1985). However, the relation (12.6) impliitly depends on the form of f(χ) and then, bysolving it, we also get f(χ) models ompatible with spherial symmetry. On the other hand,by �xing the f(χ) funtion, we an expliitly solve (12.6). In priniple, the same proedurean be worked out any time Noether's symmetries are identi�ed (Capozziello & DeFelie,2008).The general form of the Noether vetor is given by the solution of the Killing equationsfor the omponents αi of the vetor α in a at spae-time (f. Townsend, 1997):
α1 = k1A + p1,

α2 = k2C+ p2,

α3 = k3χ + p3, (12.7)with ki and pi onstants. Using the power law (9.11) and the general solution (12.7) inequation (12.6), it follows that
α = (2(1 − b)kA, 0, kχ) , (12.8)where k is an integration onstant and we have assumed in the alulations that b 6= 1,

χ ′ 6= 0 and 2AC ′ + A ′C 6= 0 in order to obtain solutions di�erent from general relativity(f. Setion §10). For this ase, the related onstant of motion, Σ0, is given by
Σ0 = αi∇q ′

i
L,

= L2Mb(b− 1)kA−1/2Cχb−2
î

2(b − 1)Aχ ′ −A ′χ
ó

.
(12.9)In general relativity, where b = 1, Noether's symmetry approah gives Σ0 = 2rg,whih is exatly the Shwarzshild radius (f. Townsend, 1997). On the other hand, inthe MONDian regime, where equation (12.9) is valid for b = 3/2, C(r) = r2 and at thelowest order of perturbation A(r) = 1 + 2φ/c2, the related onstant of motion is given by

Σ0 =
3

2
kr2glM. (12.10)The key point in this relation is that it inludes two harateristi lengths, namely



74 MOND DE TEORÍAS MÉTRICAS EXTENDIDASthe mass length-sale lM and the gravitational radius rg. This is oherent with the resultsdisussed on the previous Setions, sine both harateristi lengths must appear on aorret relativisti metri theory of MOND.
§13. DiscussionWe have shown that a metri theory of gravity f(χ) = χ3/2, where the dimensionlessRii salar χ is given by equation (9.4), onverges to MOND in the non-relativisti regime.We note that a previous attempt in this diretion was made in the B.S. thesis of Rosas{Guevara (2006), where a metri f(R) ∝ R3/2 theory was proposed to aount for relativistie�ets of MOND. However, the orret approximation (10.14) was never introdued onthat analysis and therefore, the MONDian limit was not ahieved on that work.We have also shown that the appearane of a new harateristi length related toMOND's aeleration is oherent with Noether's symmetries related to the problem.The metri theory of gravity presented here is by no means a omplete desriptionat all sales of gravitation. It only deals with the MONDian regime of gravity, i.e. whenequation (10.14) is valid. In other words, our desription breaks the sale invariane ofgravity in a more general way than the one desribed by Mendoza et al. (2011).The mass dependene of χ means that the mass needs to appear on Hilbert's a-tion (9.2). This is traditionally not the ase, sine that ation is thought to be purely afuntion of the geometry of spae-time due to the presene of mass and energy. However,it was Sobouti (2007) who �rst enountered this peuliarity in the Hilbert ation whendealing with a metri generalisation of MOND. Following his remarks (Sobouti, 2007), oneshould not be surprised if some of the ommonly aepted notions, even at the fundamentallevel of the ation, require generalisations and re-thinking. An extended metri theory ofgravity goes beyond the traditional general relativity ideas and in this way, we probablyneed to hange our standard view of its fundamental priniples.



Caṕıtulo IV

Lentes gravitacionales con gravedad f(χ)En este Cap��tulo se muestra el an�alisis de perturbaiones ompleto a segundo orden de lateor��a m�etria de gravedad f(χ) = χ3/2, desarrollada en el Cap��tulo anterior. Demostramosque la teor��a ajusta perfetamente para dos hehos observaionales: (1) la fenomenolog��ade las urvas de rotai�on planas asoiadas a la relai�on Tully{Fisher observada en galaxiasespirales y (2) los detalles de las observaiones de lentes gravitaionales en galaxias y gru-pos de galaxias, sin neesidad de materia osura. Mostramos �omo todas las observaionesdin�amias en urvas de rotai�on planas y lentes gravitaionales pueden ser resumidas ent�erminos de los oe�ientes m�etrios emp��rios requeridos de ualquier teor��a m�etria degravitai�on. Adem�as onstruimos los omponentes de la m�etria orrespondientes para lateor��a presentada hasta segundo orden en las perturbaiones y se muestra que son ompati-bles perfetamente on los derivados emp��riamente. Tambi�en se muestra que bajo la teor��apresentada, on el �n de ajustar ompletamente on los resultados observaionales, se debeelegir un signo espe���o del tensor de Riemann. Este signo orresponde al utilizado m�asampliamente hoy en d��a en la teor��a relativista. Adem�as se presenta y se hae disponiblep�ubliamente un programa omputaional, el �odigo MEXICAS (Metri EXtended-gravityInorporated through a Computer Algebrai System), desarrollado para su uso en el Sis-tema de C�omputo Algebraio (CAS) Maxima para la manipulai�on de las perturbaionesen una teor��a m�etria de gravitai�on. * * *



76 LENTES GRAVITACIONALES CON GRAVEDAD f(χ)

Gravitational lensing with f(χ) gravityIn this Chapter we perform a seond order perturbation analysis of the gravitationalmetri theory of gravity f(χ) = χ3/2 developed on the last hapter. We show that the theoryaounts in detail for two observational fats: (1) the phenomenology of attened rotationurves assoiated to the Tully-Fisher relation observed in spiral galaxies, and (2) the detailsof observations of gravitational lensing in galaxies and groups of galaxies, without the needof any dark matter. We show how all dynamial observations on at rotation urves andgravitational lensing an be synthesised in terms of the empirially required metri oeÆ-ients of any metri theory of gravity. We onstrut the orresponding metri omponentsfor the theory presented at seond order in perturbation, whih are shown to be perfetlyompatible with the empirially derived ones. It is also shown that under the theory beingpresented, in order to obtain a omplete full agreement with the observational results, aspei� signature of Riemann's tensor has to be hosen. This signature orresponds to theone most widely used nowadays in relativity theory. Also, a omputational program, theMEXICAS (Metri EXtended-gravity Inorporated through a Computer Algebrai Sys-tem) ode, developed for its usage in the Computer Algebrai System (CAS) Maxima forworking out perturbations on a metri theory of gravity, is presented and made publilyavailable.
§14. IntroductionWhen Einstein introdued his theory of general relativity, an astrophysial preditionfor the motion of the planet Merury (a massive partile) through its orbit was made(Einstein, 1916). The seond step was to test general relativity through the deetion oflight (massless partiles) oming from stars appearing near the Sun's limb during a solarelipse (Dyson et al., 1920). Both observations onstituted the �rst oherent steps towardsthe solid foundation of general relativity, a theory apable of desribing gravitation througha orret relativisti desription.In this sense, any metri theory of gravity must be ompatible with both kinds of ob-servations, the dynamial ones for massive partiles and the observations of the deetionof light for massless partiles. The orret approah is extensively desribed in the mono-



§14 INTRODUCTION 77graph by Will (1993) where it is shown that when working with the weak �eld limit ofa relativisti theory of gravity in a stati spherially spaetime, the dynamis of massivepartiles determine the funtional form of the time omponent of the metri, while thedeetion of light determines the form of the radial one (see also Will, 2006, and referenestherein).To order of magnitude and through a �rst perturbation analysis, Bernal et al. (2011b)have shown that it is possible to reover at rotation urves and the Tully-Fisher relation(i.e. a MONDian-like weak �eld limit) from a metri theory of gravity, whih inludes themass of the system in the gravitational �eld's ation. Suh limit is of high astrophysialrelevane at the sales of galaxies, where MOND aurately desribes the rotation urvesof spiral galaxies and the Tully-Fisher relation without the need of dark matter (see e.g.Milgrom, 1983a; Famaey & MGaugh, 2011). In this Chapter we show the strength of thealulations made by Bernal et al. (2011b) by doing an extensive analysis from perturbationtheory for a stati spherially symmetri metri and show that in the weak �eld limit ourresults are in perfet agreement not only with the Tully-Fisher relation, but are also inexat aordane with observations of gravitational lensing at a wide range of astrophysialsales.Extensions to Einstein's general theory of relativity have been proposed sine the publi-ation of the theory itself (see e.g. Shimming & Shmidt, 2004). However, it has not beenuntil reent times that observations at di�erent mass and length sales have onluded thatin order to keep Einstein's �eld equations valid, unknown dark matter and energy entitiesneed to be added to the theory. In this work, an equally important approah is takenwhere the existene of these dark unknown entities is not required. We show the theorybuilt by Bernal et al. (2011b) to be in aordane not only with the very well establishedobservations of the dynamis of massive partiles through the Tully-Fisher relation, butalso with the dynamis of massless partiles through the bending of light as astrophysiallyobserved.Mendoza & Rosas-Guevara (2007) and Rosas{Guevara (2006) showed for the �rst timethat metri theories of gravity are apable of produing more deetion of light that theone produed by Einstein's general relativity. This was done using the metri theory ofgravity onstruted by Sobouti (2007). The impliations of this result invalidated the soalled no-go theorem for metri f(R) theories of gravity proposed by Soussa & Woodard



78 LENTES GRAVITACIONALES CON GRAVEDAD f(χ)(2003); Soussa (2003). Furthermore, in the present work we show that it is possible toexplain the observed gravitational lensing for galaxies, and groups of galaxies without theneed of invoking dark matter. Developments by Capozziello et al. (see e.g. 2006b); Horv�athet al. (see e.g. 2012); Nzioki et al. (see e.g. 2011) in weak and strong lensing regimes ofextended metri theories of gravity have followed the work by Mendoza & Rosas-Guevara(2007) but are not ompletely oherent with di�erent astrophysial observations.Testing any metri theory of gravity against observations an be umbersome. From anation priniple one must derive �eld equations, whih in priniple, have to be solved fore.g. in spherially symmetri spaetimes. The solutions to this lead to metri oeÆientswhih in turn yield orbits for massive and massless partiles, to be then ompared againstastrophysial observations. These last are varied and diverse e.g., entrifugal equilibriumorbits at a variety of radii, for systems having total masses spanning several orders of mag-nitude, and the observed shears and austi positions of gravitational lensing observations.Fortunately, we have derived a muh more diret and generi approah. First, dynamialobservations regarding the amplitudes of galati at rotation urves satisfy a well knownsaling with the fourth root of the total baryoni ontent: the Tully-Fisher relation. Toseond order in perturbations of the veloity measured in units of the speed of light, this anbe shown to imply a de�nitive empirial form for the time omponent of any metri theorynot requiring dark matter. Seond, we show that all gravitational lensing observationson elliptial and spiral galaxies, as well as for groups of galaxies an be synthesised asthe requirement for the same isothermal total matter distribution as needed to explainthe observed spiral rotation urves and dynamis about elliptial galaxies, if one assumesEinstein's general relativity. This in turn, from studying diretly the lens equation ingeneral relativity, implies a bending angle whih is independent of the impat parameter,and whih sales with the square root of the total baryoni mass of a system. It an thenbe shown that this, in ombination with the empirial time omponent mentioned above,leads to a de�nitive empirial form for the radial omponent, for any metri theory notrequiring dark matter.Thus, we synthesise all dynamial and gravitational lensing astrophysial observationsat galati and galaxy group sales, to seond order in perturbation, into empirial timeand radial metri omponents. It is through omparing the above to perturbed metrioeÆients to the same order oming from the metri theory treated in this paper that we



§15 THE WEAK FIELD LIMIT 79are able to show its full ompatibility with all relevant dynamial and gravitational lensingastrophysial observations.The Chapter is organised as follows. In setion §15 the onept of weak �eld limit fora stati spherially symmetri metri is established and we de�ne the relevant orders ofperturbation to be used throughout the Chapter.In setion §16 we perturbe the vauum �eld equations for the metri theory built byBernal et al. (2011b) and show that for a point mass soure they losely resemble theones usually adopted in f(R) gravity in vauum. However, these equations slightly di�erunder the approximations of the mass and length sales assoiated to galaxies and groups ofgalaxies -where gravity is expeted to di�er from Einstein's general relativity in the abseneof any dark matter omponent. In setion §17 we obtain the solution for the Rii salar upto the seond order from the perturbed �eld equations and disuss the importane of thesignature in the Riemann tensor to yield the orret results. In setion §18 we obtain theoeÆients of the metri up to the seond order in perturbation. In setion §19 we obtainthe metri oeÆients up to the seond order in an empirial way, without referene toany spei� metri theory of gravity, using the dynamial phenomenology of galaxies andgroups of galaxies and the gravitational lensing produed by these objets. In that setionwe also ompare the metri oeÆients obtained in §18 with those empirially obtainedand show full onsisteny. Finally in setion §20 we disuss our results.
§15. The weak field limitAn exellent aount of perturbation theory applied to metri theories of gravity (inpartiular general relativity) an be found in the monograph written by Will (1993); Capoz-ziello & Stabile (2009). In this setion we de�ne the relevant properties of the perturbationtheory having in mind appliations to the metri theory developed by Bernal et al. (2011b).Let us onsider a �xed point mass M at the entre of oordinates generating a gra-vitational �eld. Under these onsiderations, the spaetime is stati and its spheriallysymmetri metri gµν is generated by the intervalds2 = gµνdxµdxν = g00 c

2dt2 + g11dr2 − r2dΩ2. (15.1)



80 LENTES GRAVITACIONALES CON GRAVEDAD f(χ)In the previous equation and in what follows, Einstein's summation onvention over re-peated indies is used. Greek indies take values 0, 1, 2, 3 and Latin ones 1, 2, 3. As suh,in spherial oordinates (x0, x1, x2, x3) = (ct, r, θ,ϕ), where c is the speed of light, t isthe time oordinate, r the radial one, and θ and ϕ are the polar and azimuthal anglesrespetively. Also, the angular displaement dΩ2 := dθ2+ sin2 θdϕ2. Due to the symmetryof the problem, the unknown funtions g00 and g11 are funtions of the radial oordinate
r only. We hoose a (+,−,−,−) signature for the metri of the spaetime.The radial omponent of the geodesi equationsd2xαds2 + Γαβλ

dxβds dxλds = 0 , (15.2)for the metri (15.1) in the weak �eld limit, i.e. when the speed of light c → ∞, is givenby (see e.g. Will, 1993)
1

c2
d2rdt2 =

1

2
g11g00,r, (15.3)where the subsript ( ),r := ∂/∂r denotes the derivative with respet to the radial oordi-nate. In the above relation we have assumed that for the weak �eld limit ds = c dt andsine the veloity v ≪ c then v i ≪ dx0/dt with v i := (dr/dt, rdθ/dt, r sin θdϕ/dt).In this limit, a partile bounded to a irular orbit about the mass M experienes aentrifugal radial aeleration given by: d2rdt2 =
v 2

r
, (15.4)for a irular or tangential veloity v .When material partiles are used as test partiles in the weakest limit of the theory,the metri takes the form (11.1) for a Newtonian gravitational potential φ.For a partile on irular motion about the mass M in the weak �eld limit, the lowestorder of the theory is obtained when the left-hand side of equation (15.3) is of order v 2/c2and when the right-hand side is of order φ/c2. Both are just orders O(1/c2) of the theory,or simply O(2). As suh, when lower or higher order orretions of the theory are intro-dued we will use the notation O(n) for n = 0, 1, 2, . . . meaning O(0),O(c−1),O(c−2), . . .respetively.Having in mind further astrophysial appliations (of motion of material partiles and



§16 FIELD EQUATIONS 81bending of light -massless partiles), we expand the metri gµν about a at Minkowskimetri ηµν := diag(1,−1,−1,−1) up to the seond order in time and radial position insuh a way that
g00 =g

(0)
00 + g

(2)
00 = 1 + g

(2)
00 +O(4),

g11 =g
(0)
11 + g

(2)
11 = −1 + g

(2)
11 +O(4),

g22 =g
(0)
22 = −r2,

g33 =g22 sin2 θ, (15.5)where the supersript (p) denotes the order O(p) at whih a partiular quantity is appro-ximated. From equations (15.5) it follows that the ontravariant metri omponents aregiven by
g00 =g00(0) + g00(2) = 1− g

(2)
00 +O(4),

g11 =g11(0) + g11(2) = −1− g
(2)
11 +O(4),

g22 =g22(0) = −1/r2,

g33 =g22/ sin2 θ. (15.6)
In fat, to the lowest order of perturbation, we need to �nd the time g

(2)
00 and radial g(2)11metri omponents up to the seond order to ompare with the astrophysial observationsof material partiles and bending of light (Will, 1993, 2006).

§16. Field equationsBernal et al. (2011b) proposed an extended gravitational �eld's ation in the metriapproah given by equation (9.2) for any arbitrary dimensionless funtion f(χ) of thedimensionless Rii salar (9.4) and
LM = ζr

1/2g l
1/2
M , (16.1)is a length sale with rg and lM given by equation (9.1), with lM the mass-length sale of thesystem de�ned by (Mendoza et al., 2011), and a0 = 1.2×10−10 m/s2 Milgrom's aeleration



82 LENTES GRAVITACIONALES CON GRAVEDAD f(χ)onstant (see e.g. Famaey & MGaugh, 2011, and referenes therein) and ζ is a ouplingonstant of order one whih has to be alibrated through astrophysial observations. This
f(χ) theory was onstruted by the inlusion of a0 as a fundamental physial onstant,whih has been shown to be of astrophysial and osmologial relevane (see e.g. Bernalet al., 2011b,a; Carranza et al., 2013; Mendoza et al., 2011; Mendoza, 2012; Hernandezet al., 2010, 2012; Hernandez & Jim�enez, 2012).Following the desription of Bernal et al. (2011b) the matter ation takes its ordinaryform (9.5), with Lm the Lagrangian matter density of the system. The null variation ofthe omplete ation, i.e. δ (Sf + Sm) = 0, with respet to the metri gµν yields the �eldequations (9.6), where the Laplae-Beltrami operator has been written as ∆ := ∇µ∇µ,the prime denotes the derivative with respet to the argument and the energy-momentumtensor Tµν is de�ned through the standard relation δSm = −(1/2c)Tαβδg

αβ. Also, thedimensionless Rii tensor is de�ned by equation (9.7). The trae of equations (9.6) isgiven by equation (9.8).Bernal et al. (2011b) have shown that the funtion f(χ) must satisfy the followinglimits:
f(χ) =






χ, when χ ≫ 1,

χ3/2, when χ ≪ 1.
(16.2)The limit χ ≫ 1 reovers Einstein's general relativity and the ondition χ ≪ 1 yields arelativisti version of MOND. In this last regime it follows (see Bernal et al., 2011b) fromthe trae equation (9.8) that:

f′(χ)χ − 2f(χ) ≪ 3L2M ∆f′(χ), (16.3)to all orders of approximation and so the trae (9.8) an be written as:
3L2M∆f′(χ) =

8πGL2M
c4

T. (16.4)Sine we are interested in the �eld produed by a point mass M, then the right-hand sideof equations (9.6), (9.8) and (16.4) are null and so the last relation in vauum an berewritten as:
∆f′(χ) = 0. (16.5)



§16 FIELD EQUATIONS 83As shown by Bernal et al. (2011b), f(χ) = χ3/2 yields the orret MONDian non-relativisti limit. However, for the sake of generality we will assume in what follows thatthe funtion f(χ) is of power-law form (9.11). In this ase, relation (16.5) is equivalent to
∆f′(R) = 0, (16.6)to all orders of approximation for a power-law funtion of the Rii salar
f(R) = Rb. (16.7)

Substitution of the power-law funtion (9.11) in the null variations of the gravitational�eld's ation (9.2) in vauum means that
δSf = −

c3

16πG
L
2(b−1)
M δ

∫

Rb√−g d4x = 0, (16.8)and so
δ

∫

Rb√−gd4x = 0. (16.9)This equation gives the same �eld equations as the null variation of the ation for astandard power-law metri f(R) theory (16.7) in vauum. With this in mind, we an followthe standard perturbation analysis for f(R) restrited by the onstraint equation (16.6)needed to yield the orret MOND-like limit. Sine we are only interested in a power-lawdesription of gravity far away from general relativity (f. equation (16.2)), then in whatfollows we use the standard f(R) �eld equations for vauum as desribed by Capozziello &Faraoni (2011) for a power-law desription of gravity given by equation (16.7) with b = 3/2,with the onstraint (16.6). To follow their notation, we write the �eld equations (9.6) invauum as
f′(R)Rµν −

1

2
f(R)gµν +Hµν = 0 , (16.10)where the fourth-order terms are grouped into the following quantity:

Hµν := − (∇µ∇ν − gµν∆) f
′(R) . (16.11)



84 LENTES GRAVITACIONALES CON GRAVEDAD f(χ)The trae of equation (16.10) is thus given by
f′(R)R − 2f(R) +H = 0 , (16.12)with
H := Hµνg

µν = 3∆f′(R). (16.13)In what follows the sign onvention used in the de�nition of the Riemann tensor beo-mes a relevant point in the subsequent disussion. As disussed in appendix A the solutionsto the di�erential �eld equations of any f(R) theory of gravity greatly depend on the sig-nature hosen for Riemann's tensor, a bifuration whih does not appear in Einstein'sgeneral relativity. Throughout the work we selet a partiular branh of solutions given bythe nowadays almost standard de�nition of Riemann's tensor in equation (0.3).In dealing with some of the umbersome algebrai manipulations that a perturbationto an f(R) theory of gravity presents, we have used the Computer Algebra System (CAS)Maxima to failitate the omputations. The MEXICAS (Metri EXtended-gravity Inorpo-rated through a Computer Algebrai System) ode (Copyright of T. Bernal, S. Mendoza andL.A. Torres and liensed with a GNU Publi Liense Version 3) we wrote for this is desri-bed in appendix B and an be downloaded from: http://www.mendozza.org/sergio/mexias.Further development on the treatment of the �eld equations by the MEXICAS ode is des-ribed in appendix C.For the ase of a stati spherially symmetri spaetime (15.1) it follows that
Hµν =− f′′

{

R,µν − Γ 1µνR,r − gµν
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g11,r

+ g11
Äln√−g
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§16 FIELD EQUATIONS 85and
H = 3f′′

îÄ

g11,r + g11
Äln√−g
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ä

R,r + g11R,rr

ó

+ 3f′′′g11R 2
,r .

(16.15)
We note that sine

√
−g = r2 sin θ{1 + [

g
(2)
00 − g

(2)
11

]

+O(4)
}1/2

, (16.16)then, by using the fat that ln (√−g),r = (
√
−g),r /

√
−g, it follows thatln Ä√−g

ä

,r
=

2

r
+

1

2

[

g
(2)
00,r − g

(2)
11,r

]

+O(4) . (16.17)Sine Rii's salar depends on the metri omponents and their derivatives up to theseond order with respet to the oordinates, it follows it an only have a non-null seondand higher perturbation orders, i.e.
R = R(2) + R(4) +O(6) . (16.18)The fat that R(0) = 0 is onsistent with the atness of spaetime assumption at the lowestzeroth order of perturbation. The expression for the seond order omponent of Rii'ssalar from the metri omponents (15.5) is given by

R(2) = −
2

r

[

g
(2)
11,r +

g
(2)
11

r

]

− g
(2)
00,rr −

2

r
g
(2)
00,r . (16.19)The global minus sign that appears on the right-hand side of equation (16.19) for Rii'ssalar R(2) at seond perturbation order di�ers from that reported by Capozziello et al.(2007b); Capozziello & Stabile (2009). As mentioned above, and disussed in appendix A,this fat ours due to the hoie of signs in the de�nition of Riemann's tensor. Thepartiular hoie used throughout the Chapter is the one given by equation (0.3) and so,our solutions lie in a di�erent branh as the one reported by those authors.
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§17. Lowest order solutionLet us now alulate the order of the trae equation (16.12) using relations (16.7)and (16.18). On the one hand, the lowest order of the �rst two terms on the left-hand sideof the trae equation is O(2b). On the other hand, diret inspetion of the right-hand sideof equation (16.15) results in the fat that the lowest order of H is O(2b− 2). Indeed, thelast term of the right-hand side of this equation is ∝ f′′′g11R 2
,r and so, to lowest order ofperturbation of relations (15.6) and (16.18), this means that H ontains terms of the form

R(2)b−3R
(2)2
,r and so, H is of order O(2b − 2). This analysis indiates that to lowest orderthe trae equation to onsider is

H(2b−2) = 3∆f′(2b−2)(R) = 0. (17.1)This result is onsistent with relation (16.6) to lowest order of approximation and is inperfet agreement with the perturbative study performed by Bernal et al. (2011b). Notealso that this is the only independent equation at this order.Diret substitution of equations (16.7) and (16.18) into the last equation leads to
H(2b−2) = 3b(b− 1)R(2)b−2g11(0)

ï

Äln√−g
ä(0)

,r
R
(2)
,r

+R
(2)
,rr

]

+ 3b(b− 1)(b − 2)R(2)b−3g11(0)R
(2)2
,r = 0.

(17.2)Substitution of expressions (15.6) and (16.17) in the previous equation leads to the follo-wing di�erential equation for Rii's salar at order O(2):
R(2)

[

2

r
R
(2)
,r + R

(2)
,rr

]

+ (b− 2)R
(2)2
,r = 0 , (17.3)whih an be written in a more suitable form as
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r
. (17.4)The solution of the previous equation is:

R(2)(r) =
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(b− 1)

(

A

r
+ B

)]1/(b−1)

, (17.5)



§18 F(χ) = χ3/2 METRIC COMPONENTS 87where A and B are onstants of integration.Far away from the entral mass, spaetime is at and so Rii's salar must vanish atlarge distanes from the origin. This means that the onstant B = 0 and so
R(2)(r) =

[

(b− 1)
A

r

]1/(b−1)

. (17.6)As explained by Bernal et al. (2011b), the ase b = 3/2 yields a MOND-like weak �eldlimit and so, substituting b = 3/2 in relation (17.6) yields:
R(2)(r) =

R̂

r2
, (17.7)where R̂ := A2/4. This is exatly the same result as the one obtained by Bernal et al.(2011b). As these authors have shown, this result yields a MONDian-like behaviour forthe gravitational �eld in the limit r ≫ lM ≫ rg. For this partiular ase, the lowest orderof approximation of the theory is O(1), whih has a higher relevane as ompared to theorder O(2) of standard general relativity for whih b = 1. Using very general arguments,the authors also showed that the onstant R̂ ∝ rg/lM is proportional to the square root ofthe mass of the entral objet. In order to alulate R̂ from perturbation analysis we needto �nd the expressions for the metri at order O(2) of approximation.

§18. f(χ) = χ3/2 metric componentsLet us now solve the �eld equations at the next order O(2b) of approximation. At thisorder we expet the metri omponents g(2)00 , g(2)11 and Rii's salar R(4) to play a relevantrole in the desription of the gravitational �eld. In fat, the �eld equations at this orderare given by
bR(2)b−1R

(2)
µν −

1

2
R(2)bg

(0)
µν +H(2b)

µν = 0, (18.1)where
H(2b)

µν = −(∇µ∇ν − gµν∆) f
′(2b)(R). (18.2)The omplete H(2b)

µν from equation (16.14) is written in appendix C.Now, from equation (16.6) it follows that the Laplae-Beltrami operator applied to f′(R)



88 LENTES GRAVITACIONALES CON GRAVEDAD f(χ)must be zero at all perturbation orders. In partiular ∆f′(2b) = 0. With this ondition, the�eld equations (18.1) simplify greatly and an be written as
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{
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(18.3)
Diret substitution of the following Christo�el symbols

Γ
1(0)
00 = 0 , Γ

1(2)
00 = −

1

2
g11(0)g

(2)
00,r , (18.4)and relations (15.5) and (15.6) in the 00 omponent of equation (18.3) leads to
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(2)
00,rR

(2)b−2R
(2)
,r = 0. (18.5)If we now substitute b = 3/2, expression (17.7) and the value of Rii's tensor at O(2) ofapproximation:
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, (18.6)into equation (18.5), we obtain the following di�erential equation for g(2)00 :
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= 0, (18.7)and so
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, (18.8)where k1 and r⋆ are onstants of integration. By substitution of this result in equa-tion (16.19) and using equation (17.7) we get the following di�erential equation for g(2)11 :
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g
(2)
11 (r) =

k1

r2
+

k2

r
−

R̂

3
, (18.10)where k2 is a onstant of integration.

§19. Metric coefficients from astronomical observationsIn this setion we derive the onstraints that the well established astrophysial pheno-menology of asymptotially at galati rotation urves satisfying the Tully-Fisher relation,and the umulative gravitational lensing observations for elliptial and spiral galaxies andgalaxy groups, imply for the metri oeÆients for stati, spherially symmetri spaetimesfor any metri theory of gravity where dark matter is not required.To begin with, let us take the radial omponent (15.3) of the geodesi equations (15.2)in the weakest limit of the theory. In this limit, the rotation urve for test partiles boundto a irular orbit about a mass M with irular veloity v(r) given by equation (15.4) isv 2(r)

c2r
=

1

2
g11g00,r. (19.1)Exept for the inner regions of spiral galaxies, v(r) an be well approximated by a onstantwhih sales with the fourth root of the total baryoni mass Mb of the spiral galaxy inquestion, as desribed by the Tully-Fisher empirial relation (see e.g. Milgrom & Sanders,2008; Famaey & MGaugh, 2011) v = (GMba0)

1/4. (19.2)In fat, it is from numerous observations of galati rotation urves and total baryonimass estimates, that the onstant a0 has been alibrated (see e.g. Famaey & MGaugh,2011, and referenes therein).We now substitute equations (15.5) and (15.6) to order O(2) of approximation and therelation (19.2) in equation (19.1) to obtain the following di�erential equation for g(2)00 :
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lnÅ r
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,

(19.4)where r⋆ is a sale radius whih, from the point of view only of the at rotation urves ofgalaxies and the Tully-Fisher relation, remains arbitrary. We therefore see that a neessaryand suÆient ondition in any metri relativisti theory of gravity, where all observationalonstraints of galati rotation urves are satis�ed without invoking dark matter, is that
g
(2)
00 must satisfy the previous empirially derived relation.Comparing the theoretial metri oeÆient g

(2)
00 given by (18.8) (obtained from per-turbation theory for f(χ) = χ3/2) and the empirial one (19.4) (obtained from the pheno-menology of at rotation urves and the Tully-Fisher relation), give the following valuesfor the integration onstants needed in equation (18.8):

k1 = 0, R̂ = 6rg/lM. (19.5)In this ase, the gravitational potential φ from equation (11.1) takes the form:
φ = −v 2 lnÅ r

r⋆

ã

= −(GMba0)
1/2 lnÅ r

r⋆

ã

, (19.6)whih yields a radial MONDian aeleration:
|a| = |∇φ| =

(GMba0)
1/2

r
, (19.7)Thus, in the v/c ≪ 1 limit, the f(χ) = χ3/2 presented is seen to agree to the observedphenomenology of the observed galati rotation urves in the absene of dark matter, asalready shown by Bernal et al. (2011b).The g11 metri oeÆient will be obtained from gravitational lensing phenomenology.We begin from the general deviation angle equation (see e.g. Shneider et al., 1992; Wein-berg, 1972)

β = 2

∫
∞

ri [−g00(r)g11(r)]
1/2dr

r [(r/ri)2g00(ri) − g00(r)]
1/2

− π, (19.8)



§19 METRIC COEFFICIENTS FROM ASTRONOMICAL OBSERVATIONS91where ri is the losest approah to the entral mass M, and it is related to the impatparameter b through the relation r2i = b2g00(ri).Over the last few years it has beome lear that the omplete phenomenology of gravi-tational lensing, at the level of extensive massive elliptial galaxies (see e.g. Gavazzi et al.,2007; Koopmans et al., 2006; Barnab�e et al., 2011), galaxy groups (see e.g. More et al.,2012), lusters of galaxies (see e.g. Newman et al., 2009; Limousin et al., 2007) and morereently spiral galaxies (see e.g. Dutton et al., 2011; Suyu et al., 2012) an be auratelymodelled using total matter distributions having isothermal pro�les, when treating theproblem from the point of view of Einstein's general relativity. All these observations showthat the dark matter halos needed to explain gravitational lensing under Einstein's generalrelativity obey the same Tully-Fisher saling with total baryoni mass as the ones neededto explain the observed rotation urves of spiral galaxies. This means that for a given totalbaryoni mass, spiral and elliptial galaxies, as well as lusters and groups of galaxies requi-re dark matter halos having the same physial properties to explain the observations; fromkinematis of rotation urves in the former ase to gravitational lensing in the latter one(Dutton et al., 2011; Suyu et al., 2012). Under Einstein's general relativity the majorityof these isothermal matter distribution, partiularly at large radii, must be omposed of ahypothetial dark matter.For a stati spherially symmetri total matter distribution MT, sine assuming thevalidity of Einstein's general relativity Shwarzshild's metri holds, and therefore g00S =

−1/g11S, we get:
g00S = 1−

2rg
r

= 1 −
2GMT(r)

c2r
= 1 − 2

Åv
c

ã2

. (19.9)The subsript S identi�es the oeÆients of the Shwarzshild metri, and MT(r) = v 2r/Grefers to the hypothetial isothermal total matter distribution (f. Binney & Tremaine,2008) needed to explain the observed lensing, when assuming general relativity. Fromthis it follows that the dark matter hypothesis provides a self-onsistent interpretation ofobserved phenomenology: the same dark matter halos, whih are required to explain theobserved rotation urves, have been solved for by analysing extensive lensing observations.From equation (19.9) it follows that for isothermal total matter halos under Einstein'sgeneral relativity, the metri oeÆient g00S does not depend on the radial oordinate. Wean see this by using the empirial Tully-Fisher relation (19.2) between the veloity and



92 LENTES GRAVITACIONALES CON GRAVEDAD f(χ)the total baryoni mass in the last identity above. Thus, the oeÆient (19.9) an thenbe taken outside of the integral (19.8) of the deviation angle, where for the Shwarzshildmetri and isothermal total matter halos we now obtain
β =

2

[1 − 2(v/c)2]1/2 ∫∞ri dr
r [(r/ri)2 − 1]

1/2
− π. (19.10)The above radial integral yields π/2 and we obtain the observed bending angle as

β =
π

[1 − 2(v/c)2]1/2 − π =
π

[1 − 2(GMba0)1/2/c2]1/2
− π. (19.11)

We see that the well established empirial result of lensing observations yielding isot-hermal total dark matter halos under the standard theory is stritly the observation ofonstant bending angles whih do not depend on the impat parameter, saling with theobserved baryoni total masses as indiated above.Now, sine (v/c)2 is of order O(2) we an write equation (19.11) as
β = π

Åv
c

ã2

= π
(GMba0)

1/2

c2
= π

rg
lM

. (19.12)The above equation summarises all empirial results of gravitational lensing at galatiand galaxy group sales: the bending angle does not depend on the impat parameter andsales with the square root of the total baryoni mass. This last equation gives a learillustration of the link between the dynamis and the spaetime urvature e�ets induedby the presene of an observed baryoni mass.We an now use the result of equation (19.12) to onstrain the metri oeÆient g11 forany metri theory of gravity, seeking an aurate desription of the observed gravitationallensing phenomena without the introdution of any hypothetial dark matter. To do this,let us return to the general lensing equation (19.8), and ask that the results obtained underthe Shwarzshild metri with isothermal total matter halos math those under any metri



§19 METRIC COEFFICIENTS FROM ASTRONOMICAL OBSERVATIONS93theory of gravity, at all losest approahes to the lens and for any total baryoni masses:
1

2
(β+ π) =

[

1 +

Åv
c

ã2
]
∫
∞

ri dr
r [(r/ri)2 − 1]

1/2

=

∫
∞

ri [−g00(r)g11(r)]
1/2 dr

r [(r/ri)2g00(ri) − g00(r)]
1/2

,

(19.13)atO(2) of approximation from equations (19.8) and (19.10). Let us rearrange integral (19.13)in suh a way that:
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}dr = 0. (19.14)Sine the result must hold for all impat parameters, the integrand of the above equationmust be equal to zero and so,
[

1 +

Åv
c

ã2
]2

1

(r/ri)2 − 1
=

−g00(r)g11(r)

(r/ri)2g00(ri) − g00(r)
, (19.15)Taking again v/c ≪ 1 it follows that that the metri oeÆient g11 is given by:
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(r/ri)2 [g00(ri)/g00(r)] − 1
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. (19.16)From a mathematial point of view, sine the ontribution to the integral in the lensingequation (19.8) is fully dominated by the region r ≈ ri, and given the very mild radialdependene of the empirial g00 term, we an take g00(ri) ≈ g00(r) in the above equationto yield:

g11(r) = −1− 2
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c
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= −1−
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1/2
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= −1− 2
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.

(19.17)Thus, any metri theory of gravity where g11 mathes the above expression in the regimewhere gravitational lenses are observed will aurately reprodue all the observed lensingphenomenology, with the total baryoni mass of the objet in question (galaxies or group ofgalaxies), and no hypothetial dark matter is assumed to exist. Equations (19.4) and (19.17)



94 LENTES GRAVITACIONALES CON GRAVEDAD f(χ)give empirial mathematial relations for the metri oeÆients at perturbation order O(2)whih reprodue all observed rotation veloity and gravitational lensing phenomenology,without the inlusion of any dark matter omponent.Notie that the mass dependene of the seond term on the right-hand side in expres-sion (19.17) for the metri oeÆient g11 is the same as the fator in expression (19.4)for g00. This last was obtained for a rigorously at rotation urve in aordane with theTully-Fisher relation. This shows that the ratio rg/lM of the two important harateristilengths of the extended metri theory of gravity proposed by Bernal et al. (2011b) is thedeterminant dimensionless measure of deviations from at spaetime at galati sales,exatly as expeted from the dimensional analysis in Hernandez (2012).The metri oeÆient g11 in equation (19.17) an be diretly ompared to the resultsfor the f(χ) = χ3/2 metri theory of Bernal et al. (2011b) obtained in equation (18.10) withthe inlusion of the results of equation (19.5). This means that the hoie of the integrationonstant
k2 = 0, (19.18)makes these expressions for the metri omponent g11 idential.Use of the mathematial approximation Ax ≈ 1 + x lnA to write the following expres-sions for the full empirial metri oeÆients gives:

g00 ≈ 1 + (2rg/lM) ln (r⋆/r) ≈ (r⋆/r)
2rg/lM , (19.19)

g11 ≈ −1 − (2rg/lM) ≈ e2rg/lM . (19.20)We note that all the approximations used in this setion introdue an error severalorders of magnitude smaller than the intrinsi observational unertainties in the empirialrelations used. Therefore, all of the expressions given an be onsidered as stritly equiva-lent in regards to the aurate modelling of astrophysial rotation urves and gravitationallensing data.
§20. DiscussionThrough the use of the weak �eld limit of the metri f(χ) = χ3/2 theory of gravityonstruted by Bernal et al. (2011b), we have shown that it is possible to explain both the



§20 DISCUSSION 95dynamis of massive partiles and the deetion of light by observed astronomial systemssuh as elliptial galaxies, spiral galaxies and groups of galaxies. Reently, the same metritheory of gravity was shown to be oherent also with the expansion dynamis of theobserved universe (Carranza et al., 2013; Mendoza, 2012). This is an expeted result froma theory of gravity onstruted through astronomial observations: it must be oherent atall sales. The regime of Einstein's general relativity is by no means violated, sine theappliations developed in this work (r ≫ lM) lie far away from the mass and length salesassoiated to the ones of Einstein's general relativity (r ≪ lM) (see e.g. Mendoza, 2012).The results of this work were onstruted using a stati spherially symmetri metriwith the time and radial omponents perturbed up to order O(2) of approximation. Thiswork generalises the one of Bernal et al. (2011b) in whih the radial metri omponentwas assumed up to order O(0) only and so, information on the hoie of signature ofthe Riemann tensor was lost (see appendix A). Suh information is very important whileworking with fourth order metri theories of gravity.We mention again the tremendous importane of a orret hoie for the signature of theRiemann tensor as desribed in appendix A. The hoie (0.3), and only that hoie, usedin this work yields results in agreement with astronomial observations. In other words,astronomial observations �x the orret (and unique) hoie of signature for Riemann'stensor. This is an important result, sine otherwise solutions from the other branh appearwhih are not in aordane with astronomial observations.Table IV.1 summarises our main results. It is important to note that the empirialvalues of the metri omponents g
(2)
00 and g

(2)
11 do not depend on any gravitational theoryand as suh, they represent funtions that any suessful theory of gravity (suh as the oneused in this Chapter) needs to math.An important fat arises from the usage of the f(χ) metri theory of gravity and not the

f(R) formalism. Although losely related to eah other, the orret dimensional approah
f(χ) introdues mass and length sales that, as shown by Bernal et al. (2011b), need tobe inorporated into the gravitational �eld ation. Although the �eld equations in vauumfor both f(χ) and f(R) under a power-law representation yield the same �eld equations(sine the mass M generating the gravitational �eld is a onstant), f(R) gravity is notapable of reproduing the ruial lensing observations as it laks a ruial onstraintequation. The gravitational theory f(χ) = χ3/2 is able to do so sine under this approah the
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g
(2)
00 g

(2)
11

−
2rg
lM

ln Ä r
r⋆

ä

−
2rg
lMObservations (Tully-Fisher) (lensing)

− R̂
3 ln Ä r

r⋆

ä

+ k1
r2

k1
r2

+ k2
r − R̂

3Theory
f(χ) = χ3/2 R̂ = 6rg/lM k1 = 0 R̂ = 6rg/lM k2 = 0

Tabla IV.1: The table shows the results obtained for the metri omponents g(2)

00 and g
(2)

11for a stati spherial symmetri spaetime in sales of galaxies and galaxy groups obtainedempirially from astronomial observations of these systems and the ones predited by themetri f(χ) = χ3/2 theory of gravity of Bernal et al. (2011b). A good metri theory ofgravity must be suh that it onverges to the inferred values presented in the table. Thetheory f(χ) = χ3/2 is in perfet agreement with the observed metri omponents. Thedimensionless ratio formed by the quotient of the gravitational radius rg to the mass-lengthsale lM (see equation (9.1)) is the determinant dimensionless quantity of the problem.Sine the metri omponents determine the \gravitational potential" of the system, thelength r⋆ is undetermined. However, sine the natural length sale of the system is lMone an always asumme r⋆ = lM, whih also ensures no sign hange in the potential inequation (19.6) over the domain of appliability r > lM.



§20 DISCUSSION 97orret limit where MONDian-like e�ets are expeted yield the onstraint equation (16.5)or (16.6). Notie however that both f(R) and f(χ) with the appropriate hoie of Riemann'stensor (0.3) are able to reprodue the at rotation urves of galaxies and the Tully-Fisherrelation.In an e�ort to generalise and look for a fundamental basis to an f(χ) theory of gravity,Carranza et al. (2013) and Mendoza (2012) have shown that these metri theories areequivalent to the the F(R, T) onstrution of Harko et al. (2011). These authors have alsoshown that the partiular theory f(χ) = χ3/2 is in exellent agreement with osmologialobservations of SNIa.An f(χ) theory of gravity satisfying the limits of equation (16.2) implies that gravityis no longer sale-invariant. In fat, preise gravity tests have been performed only atstrong regimes of Einstein's gravity, where χ ≫ 1, and so the involved aelerations oftest partiles are suh that a ≫ a0 (see e.g. Will, 2006). In exatly the opposite regime,where χ ≪ 1, where the involved aelerations of test partiles are suh that a . a0,gravity di�ers from Einstein's general relativity. The traditional approah of assumingEinstein's general relativity to be valid at all sales means that unknown dark entities areneeded to explain various astrophysial observations. This work heavily reinfores manyothers (Bernal et al., 2011b,a; Carranza et al., 2013; Mendoza et al., 2011; Mendoza, 2012;Hernandez et al., 2010, 2012; Hernandez & Jim�enez, 2012) that show how astrophysialand osmologial observations an be aounted for without assuming the existene of darkentities and extending gravity so as to be non sale-invariant.





Caṕıtulo V

Escala de MOND como cantidad fundamentalEn este Cap��tulo muestro la posibilidad de que la onstante de aelerai�on de MOND,
a0, sea una antidad fundamental relaionada on algunas onstantes universales y no�uniamente una onstante fenomenol�ogia. Esto a partir de que algunas relaiones de es-alamiento �osmio{u�antias indian que la esala de aelerai�on de MOND podr��a seruna antidad fundamental que determina las estruturas autogravitantes, desde estrellasy �umulos globulares hasta �umulos de galaxias y todo el universo observado. Se disutenadem�as las relaiones de `oinidenia' a partir de la ondii�on de uantizai�on de Diraque determina las masas de los agujeros negros primordiales.Es a trav�es de este trabajo que se da una justi�ai�on te�oria para utilizar la esalade aelerai�on a0 omo fundamental en la teor��a de gravitai�on, heho que hemos asumidoen los Cap��tulos anteriores para onstruir nuestra teor��a de gravedad extendida, tantono{relativista omo relativista. * * *
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MOND’s scale as a fundamental quantitySome quantum{osmi saling relations indiate that the MOND aeleration parame-ter a0 ould be a fundamental quantity ruling the self-gravitating strutures, ranging fromstars and globular lusters up to superlusters of galaxies and the whole observed universe.We disuss suh oinidene relations starting from the Dira quantization ondition rulingthe masses of primordial blak holes.
§21. IntroductionThe observed sales of astrophysial self-gravitating systems, like galaxies, galaxy lus-ters and the universe itself, onstitute a puzzle of modern physis. From a fundamentalpoint of view, it is expeted that all bounded self-gravitating strutures have a ommonorigin related to the osmi mirowave bakground radiation. Suh strutures should bringthe signature of primordial quantum utuations whih should have determined the salesof systems that we observe today.The main goal of studies dealing with this issue is to frame the large sale struture intosome unifying theory in whih all the today observed strutures an be treated under thesame fundamental standard. In this sense, the remnants of the primordial epohs, probedby the osmologial observations, are the ideal test to onstrain suh theories.Looking for a fundamental theory onneting the mirosopi to the marosopi sales,many \oinidenes" have been identi�ed among osmi and fundamental parameters, likethe osmologial onstant, the gravitational onstant, the speed of light and the Plankonstant. The so-alled Large Numbers Coinidene (LNC) (Eddington, 1931), for example,refers to some fundamental relations to pure numbers of order 1040. Eddington and Dirahypothesized that suh oinidenes ould be dynamially generated by the osmologialparameters related to quantum ones. Furthermore, this oinidene seems to to our atthe same epoh in whih other oinidenes related to osmi parameters our. This fatsuggests some underlying physial law that should be fully understood (Funkhouser, 2006).In addition, there is the issue involving the so-alled \dark" omponents, i.e. darkmatter and dark energy, being approximately the 95% of the total mass-energy ontent ofthe universe. In priniple, the dark matter was postulated to explain the observed rotation



§21 INTRODUCTION 101urves of spiral galaxies (Zwiky, 1937); then it was neessary to explain the mass to lightratios of galaxies and galaxy lusters, the gravitational lensing, the struture formationand most of astrophysial phenomena and strutures that esape the standard desriptionby Einstein (Newton) gravity and luminous matter (Binney & Tremaine, 2008). On theother hand, the dark energy has been postulated in order to explain the today observedaelerated expansion rate of the Hubble osmi uid, �rstly dedued by the supernovaeIa observations (Riess et al., 1998; Perlmutter et al., 1999).As alternatives to the dark matter and energy problems, several theories modifyingthe gravity, instead of the inlusion of unknown omponents, have been proposed, in bothnon-relativisti and relativisti regimes, indiating a failure in the Newtonian and generalrelativisti theories of gravity at large sales (see e.g. Capozziello & Faraoni, 2011; Mendozaet al., 2011).In the non-relativisti limit, Milgrom introdued the Modi�ed Newtonian Dynamis(MOND) (Milgrom, 1983b, 2008, 2009a) to explain the observed rotation urves of spiralgalaxies, through the inlusion of a phenomenologial aeleration sale a0 suh that, foraelerations muh greater than a0, the dynamis is Newtonian and for aelerations muhless than a0, the dynamis is modi�ed and redues to onstant irular veloities at largeradii.The MOND frame has been proved to be suessful on many astrophysial situations,but diÆult on others (see e.g. Mendoza et al., 2011, and referenes therein). Despite thesefats, the key feature of this modi�ation, is the introdution of an aeleration sale a0into the gravitational interation (Binney & Tremaine, 2008). Conerning a0, some of thementioned oinidenes an be onsidered involving the Hubble onstant, the osmologialonstants, and the the nuleon size (Funkhouser, 2006). Quantum mehanis and quantum�eld theory play a main role in understanding suh oinidenes showing that a0 ould beatually onsidered among the number of fundamental parameters of physis.In this Chapter, we will fae this problem. Starting from a quantum �eld theory ap-proah, a quantum relation for primordial blak holes has been proposed whose validityextends from the Plank sales to the today observed astrophysial strutures (Capozzielloet al., 2010a). It an be proven that suh a quantum relation is a saling one ontaining, inpriniple, the signature of astrophysial strutures starting from their basi onstituents,the nuleons (Capozziello et al., 2011). Spei�ally, it reprodues the so-alled Eddington-



102 ESCALA DE MOND COMO CANTIDAD FUNDAMENTALWeinberg relation (Weinberg, 1972), as well as the phenomenologial statistial hypothesisfor self-gravitating systems (Capozziello & Funkhouser, 2009a,b), where the harateris-ti sizes of astrophysial strutures an be reovered assuming that gravity is the overallinteration assembling systems from fundamental mirosopi onstituents.In this Chapter, we show how, starting from fundamental saling relations involvingosmologial oinidenes, MOND's aeleration emerges as a harateristi sale for self-gravitating astrophysial systems. We take into aount only harateristi masses, radiiand the baryoni omponents. It is worth noting that the aeleration sale is addressedwithout assuming any dark omponent.The Chapter is organized as follows. In Setion §22, we reall the saling hypothesisworking, in priniple, for all self-gravitating strutures, from Plank's sales to the universeitself. From the saling relations, a harateristi aeleration is dedued and identi�ed as
a0 in terms of fundamental quantities.In Setion §23, the signature of saling relations for several self-gravitating systems isdisussed as a onsisteny hek to obtain the harateristi sizes of the strutures fromtheir harateristi baryoni masses.Setion §24 is devoted to a brief summary on how the aeleration sale a0 modi�esthe Newtonian dynamis. In Setion §25, we disuss the oinidene relations showing that
a0 an be onsidered among the fundamental parameters of saling relations.Disussion and onlusions are reported in Setion §26.
§22. Scaling hypothesis for astrophysical systemsAssuming the Dira quantization ondition (Dira, 1931) and a quantum �eld theoryresult relating the eletri and magneti harges of primordial blak holes to their masses
M, the following quantization relation an be obtained (Capozziello et al., 2010a):

GM2 = n�hc , (22.1)where G is the gravitational onstant, n is the quantization number and �h is the reduedPlank onstant. For n = 1, the lowest mass allowed for a quantum blak hole is the Plankmass.



§22 SCALING HYPOTHESIS FOR ASTROPHYSICAL SYSTEMS 103Moreover, it an be shown that the above relation is valid for self-gravitating astrophy-sial struture, from globular lusters to the observed universe itself (Capozziello et al.,2010a), and numerial agreement has been found with the statistial hypothesis (basedon phenomenologial onsiderations) applied to self-gravitating systems, de�ned as boundstates with a very large number Nas of onstituents (Capozziello & Funkhouser, 2009a,b).This onnetion an be equivalently obtained either by onsidering the protons as theelementary onstituents or, as usual in astrophysis, by onsidering stars as the granularomponents of galaxies, and the galaxies the granular omponents of galaxy lusters andsuperlusters (\granular approximation").In this ontext, the working hypothesis is that the total ation of the astrophysialself-gravitating system, Aas, an be ahieved from the Plank onstant as
Aas ≈ �hN3/2as . (22.2)This means that the total ation is given by Aas = nas�h, where nas is the value of thequantum level number appearing in equation (22.1). By omparing this number with theorresponding value N3/2as from equation (22.2), a numerial saling with harateristi sizesof globular lusters, galaxies, galaxy lusters and the observed universe an be ahieved(Capozziello et al., 2000).However, it is interesting to note that the quantization relation (22.1) sales \analyti-ally" for any astrophysial system down to the Plank mass. In fat, the quantum relationan be rewritten in a more suitable form as (Capozziello et al., 2011):

GM2as = (

Nas
NBH)2 �hc , (22.3)where NBH is the number of protons in primordial blak holes.Writing the mass of the self-gravitating system onsidering its number of protons as

Mas ≈ Nasmp , (22.4)one gets simply bak GM2Pl = �hc, and the saling hypothesis (22.2) is immediately veri�ed(Capozziello et al., 2010a).Another interesting outome obtained by the quantization relation (22.1), an be ahie-



104 ESCALA DE MOND COMO CANTIDAD FUNDAMENTALved by using the relation
GMas
R2as ≡ 2πa⋆ , (22.5)where Ras is the harateristi radius of the astrophysial struture and the aeleration

a⋆ an be shown to be a universal onstant.In fat, it is possible to derive the size of the astrophysial struture in terms of thenumber of its fundamental onstituents (protons), Nas, and the fundamental sale of theproton, the Compton wavelength λp. It is
Ras ≈ 10

»

Nas λp . (22.6)Suh a result reprodues the statistial hypothesis relation proposed by Capozziello &Funkhouser (2009a,b) with a orreting fator of order 10 oming from statistial uner-tainties (Capozziello et al., 2011).By using the relation (22.4) for the mass Mas and the size Ras from equation (22.6), wean rewrite the saling relation (22.5) as
GMas
R2as =

Gmp

(10λp)2
≡ 2πa⋆ . (22.7)Also, by onsidering the ase of the observed universe and using the Rayhaudhuriequation (Rayhaudhuri, 1979), the last relation an be written as

GMu
R2u =

c2

Ru = 2πa⋆ . (22.8)It is interesting to notie that speializing equation (22.6) to the radius of the universeand using equations (22.4) and (22.8), the Eddington-Weinberg relation for the radius ofthe universe is easily obtained with the orreting fator 10:
h =

1

10

»

GRum3
p . (22.9)In addition, from equation (22.7), the value of the aeleration 2πa⋆ is found to be

2πa⋆ =
Gm3

p c
2

(10h)2
, (22.10)



§23 ASTROPHYSICAL SYSTEMS FROM SCALING RELATIONS 105whih is a onstant. Evaluating a⋆ in the last equation, we �nd the value a⋆ ≈ 1.01 ×
10−10 m/s2.It is important to stress that the equation for the onstant aeleration is valid forany astrophysial system where equation (22.6) gives its harateristi radius and equa-tion (22.4) gives its mean mass.As we will see, the derived value for a⋆ is very lose to the phenomenologial value ob-tained for the onstant aeleration sale introdued in the MOND theory, that is a⋆ ≈ a0.However the value of a⋆ has been obtained here ombining the fundamental quantities G,
h, c and mp. The meaning of this result is that the aeleration a0 ould be a fundamentalquantity as we want to show in the disussion below.
§23. Astrophysical systems from scaling relationsA self-gravitating astrophysial system is a gravitationally bounded assembly of starsand gas, and other point masses that an be negleted with respet to the main stellar andgas ontent. These systems vary over more than fourteen orders of magnitude in size andmass, from individual stars to star lusters ontaining 102 to 106 stars, through galaxiesontaining 105 to 1012 stars, to vast lusters ontaining thousands of galaxies (Binney &Tremaine, 2008).The properties of these self-gravitating strutures an be dedued by assuming themto be relaxed and virialized systems where gravity is the only overall interation (Binney& Tremaine, 2008). First, we de�ne globular lusters, galaxies and lusters of galaxies,onsidering their typial lengths and masses. For the harateristi mass we will only takethe baryoni one and, as the boundary (\size") of these systems is not univoally de�ned,we will suppose a harateristi length for the baryoni mass gravitationally bounded tothe system. It is important to remark that we are not assuming a dark matter omponentfor the systems. For example, for a spiral galaxy, we take a typial radius of ∼10 kp, whihis the typial radius for the visible disk, not ∼100 kp for the hypothetial dark matterhalo.Now, a star is not a purely self-gravitating system sine, inside it, gravity is balanedby the pressure due to eletromagneti and nulear interations. However, we an �nd aharateristi gravitational length for the gravitating objets around a star (as the size of



106 ESCALA DE MOND COMO CANTIDAD FUNDAMENTALa \planetary system" around it). Of ourse, this depends on the environment in whih thestar is embedded, but we an assume a typial one, as the solar neighborhood (Binney &Tremaine, 2008).To obtain the harateristi interation lengths for the systems, we are using the granu-lar approximation, onsidering the stars as the granular onstituents of the astrophysialstrutures, whose main onstituents are the protons.The globular lusters are very massive stellar systems, ontaining up to 106 stars (Mg ∼
106M⊙). The typial radii are of the order ∼10 p. These systems are assumed ompletelyvirialized due to ollisional interations between stars (Binney & Tremaine, 2008).A galaxy is a ollisionless gravitating system, with masses ranging from Mgal ∼ 108 ÷
109M⊙, for dwarf galaxies, and Mgal ∼ 1010÷1012 M⊙, for giant galaxies. The sizes are notwell de�ned sine there is no e�etive boundary for the systems. Astronomers de�ne opera-tive harateristi sizes as the e�etive radius, Re, ontaining half of the total luminosityor the tidal radius, Rt, de�ned as the distane from the enter where the density dropsto zero (Binney & Tremaine, 2008). Assuming as a typial interation length Rgal ∼ 1÷ 10kp is quite reasonable for systems ranging from dwarf to giant galaxies.Groups of galaxies are systems ontaining 10÷20 galaxies, but they are not onsideredself-gravitating systems beause they are always part of more extended self-gravitatingstrutures (lusters of galaxies). For example, our Loal Group is a part of the VirgoCluster.The lusters of galaxies are the largest self-gravitating strutures in the universe. Thebiggest lusters have masses ∼ 1015 M⊙ within ∼1 Mp from their enters.The superlusters of galaxies are not onsidered e�etive self-gravitating systems beau-se of their large sizes. For this reason, they are onsidered as expanding with the expansionrate of the universe. It is supposed that all the lusters of galaxies are part of a largersuperluster.Finally, the mean number of atoms (baryons) in the observable universe is supposed tobe ∼ 1080, orresponding to a mass of the order Mu ∼ 1023 M⊙. Furthermore, the estimatedsize for the observed universe vary between Ru ∼ 1025 − 1027 m.Let us now show how the saling relation (22.6) holds for astrophysial strutures. Tothis purpose, we write the mean radius Ras, oming from equation (22.6), in terms of themean baryoni mass Mas, given by equation (22.4) for the given astrophysial struture,
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Ras = 10

Ç

Mas
m3

p

å1/2
h

c
. (23.1)From this relation, we obtain, for a globular luster with mean mass Mg ∼ 106M⊙, theharateristi radius Rg ∼ 15p. For a typial giant galaxy with mean massMgal ∼ 1011M⊙,the orresponding harateristi radius is Rgal ∼ 5 kp. For a luster of galaxies with meanmass Mg ∼ 5×1014 M⊙, we have a harateristi radius of Rg ∼ 0.5 Mp. For the universe,assuming the mean mass Mu ∼ 1023M⊙, we obtain the mean radius Ru ∼ 1026 m.In this sense, we an alulate the orresponding harateristi interation radius of astar with mean mass Mstar ∼ 1M⊙, as Rstar ∼ 3 × 103au, where \au" is the astronomiunit.. This radius orresponds to the radius of the Oort loud, whih de�nes the typialoutest gravitational boundary of our Solar System.For the proton, we have that its harateristi interation radius, from the salingrelation (22.6), is given by Rp ≈ 10λp, and its harateristi aeleration sales as equa-tion (22.7).

§24. The MOND acceleration parameterThe aeleration onstant a0 has been phenomenologially introdued by Milgrom(1983b) as a ut-o� parameter in the MOND theory to disriminate between Newtoniangravity and modi�ed dynamis. MOND is onstruted to obviate the need of dark matterwhen applied to galati systems, for whih the standard Newtonian dynamis is a goodapproximation only for aelerations muh larger than a0, and the so-alled deep MONDregime is valid for aelerations muh less than a0.The best value for a0 is obtained from the �t to the rotation urves of spiral galaxiesin the deep MOND regime, in the viinity of our Galaxy and for a value for the Hubbleonstant H0 = 75 km s−1Mp−1, as a0 ≈ 1.2 × 10−10m/s2 (Begeman et al., 1991). Thisvalue is taken as a onstant of the theory for all the appliations to the di�erent systemsin the universe.At this stage, MOND is purely phenomenologial, and people has done many e�ortsto onstrut a fundamental theory from whih MOND would be the orret limit for theaelerations a ≪ a0 (see e.g. Mendoza et al., 2011, and referenes therein).



108 ESCALA DE MOND COMO CANTIDAD FUNDAMENTALIn the searh of suh fundamental theory, Milgrom �rst notied the following oini-dene between the value of the aeleration sale a0, the Hubble onstant at the presentepoh and the speed of light (Milgrom, 1983b, 2008):
2πa0 ≈ cH0 . (24.1)From the Friedmann-Lemâ�tre-Robertson-Walker osmologial equations, the last rela-tion an be written in terms of the osmologial onstant Λ as (see e.g. Milgrom, 2008)

2πa0 ≈ c

(

Λ

3

)1/2

, (24.2)sine H0 ≈ (Λ/3)1/2 at the present time.This fat an be interpreted, from one side, as the oinidene onneting MOND toosmology and dark energy, and, on the other side, as the inuene of the osmi largesales to the loal dynamis (Milgrom, 2008, 2009a).An additional omment to this oinidene is the fat that, as the Hubble parameter
H0 varies with osmi time, a0 varies too. This is not neessarily the ase sine a0 ouldbe related to Λ with the latter being onstant. In this ase, however, the problem of thetiny value of Λ with respet to the large value of gravitational vauum state still remains(the so-alled Cosmologial Constant Problem). Interestingly, variations of a0 ould indueseular evolution in galaxies and other galati systems (Milgrom, 2008). Although thevalue obtained from the rotation urve of a spiral galaxy, at the redshift z = 2.38, isonsistent with the loal measured value from the best studied rotation urves of spiralgalaxies in viinity of the Milky Way, this possibility is not ompletely disarded beauseof the high unertainties in the observations (Milgrom, 2008). If a0 does not vary with theosmi time, then this oinidene just ours at the present epoh.
§25. “Coincidences” for the value of a0Assuming a⋆ = a0, the saling relation (22.5) holds for two very di�erent systems: theobserved universe and the nuleon.In the ase of the universe, it is possible to onstrut a length sale l0 from the onstants
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G, c and a0, suh that l0 ≡ c2/a0 ≈ 1027 m, and a mass sale M0 ≡ µ0c
4 ≈ 6×1023M⊙ (seee.g. Milgrom, 2008). Looking for a onnetion with quantum theory, these sales an beseen as the Plank length and mass onstruted from the fundamental onstants �h, G and

c. In this sense, l0 and M0 an give the sales where MOND e�ets, ombined with gravity,are expeted. In fat, the Hubble radius and the mass of the universe an be written as
RH ≡ c

H0
≈ l0

2π
∼ 1026 m , (25.1)

Mu ≈ c3

GH0
≈ M0

2π
∼ 1023 M⊙ . (25.2)From these two relations, the oinidene (24.1) an be written as (Milgrom, 2008)

2πa0 ≈
GMu

R2
H

. (25.3)We an see that this result is exatly reprodued by equation (22.8) beause, despite of thedi�erent de�nitions for the radius of the universe, the orresponding value for the Hubbleradius (25.1) and the value we obtained in Setion §23 are of the same order of magnitude.This is beause the same mass sale (25.2) is assumed.Additionally, Milgrom pointed out that a0 is also the gravitational aeleration produ-ed by a partile of mass ∼ 100MeV/2 at a distane equal to its Compton wavelength andFunkhouser (2006) has studied the LNC for the fundamental quantities and the osmologi-al oinidene (24.1). He found that there exists a ritial aeleration oming from theseoinidenes and has solved them proposing the following saling law for the osmologialonstant:
Λ ≈

(

8πG

3c2

)

Gm2
n

λ4n
, (25.4)where mn is the nuleon mass and λn is its Compton wavelength. This equation may beinterpreted as the energy density assoiated with the osmologial onstant, saled to thegravitational energy density of the nuleon mass on�ned to a sphere with its Comptonwavelength as the radius.Evaluating the r.h.s. of the last saling relation, a disrepany of ∼ 4 orders of magnitudeis found with respet to the value of the osmologial onstant, Λ ≈ 3.9× 10−36 s−2. Thisdisrepany is approximately solved by replaing λn by bλn, where b is a onstant of order



110 ESCALA DE MOND COMO CANTIDAD FUNDAMENTAL10 (Funkhouser, 2006).Assuming the saling relation (25.4), and using the Eddington-Weinberg relation, theMOND's aeleration sale is found to be the harateristi gravitational aeleration ofthe nuleon mass at its Compton wavelength, saled by the same fator b = 10, that is
a0 ≈

Gmn

(bλn)2
. (25.5)This relation is equivalent to the Milgrom result for a partile of mass ∼ 100 MeV, exeptfor a fator 2π, reovered assuming equation (22.7).Finally, it is possible to show how to obtain the oinidene relation (24.1) from thequantization relation (22.1). Rewriting suh a quantum relation in terms of the angularmomentum J of the mass M, we have

GM2 = n�hc = Jc . (25.6)Now, the intrinsi angular momentum for a mass M and a radius R rotating at theangular veloity ω, is given by
J ∼ ωMR2. (25.7)Writing the last two relations for the mass and radius of the observed universe, by usingequation (25.7) in (25.6), and after rearranging terms, we have

GM2u
R2u ∼ ω0c ∼

c

T0
, (25.8)where ω0 represents the `intrinsi angular veloity' of the universe and T0 its `rotationperiod', that an be approximated by the age of the universe. Then, from the Hubbleonstant, H0 ∼ 1/T0, and from the saling relation (22.8), where a⋆ = a0, we reover theoinidene given by equation (24.1).An intrinsi angular momentum for the entire universe from whih this oinidene anbe derived, may have some impliation for the so-alled \axis of evil" (Land & Magueijo,2007).
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§26. DiscussionIn this hapter we have disussed some quantum-osmi oinidene relations involvingthe phenomenologial parameter a0 whih sets the so-alled MOND sale.In this perspetive, suh an aeleration seems more than only a phenomenologialparameter, but a fundamental quantity related to some universal onstants (.f. equa-tion (22.10)) and oming from a quantization ondition (22.1) for quantum-gravitationalsystems.From the identi�ation a⋆ = a0, the saling relations (22.6) and (22.5) hold for anyself-gravitating astrophysial struture where gravity is the overall interation that boundsthe system. Suh relations onnet the mirosopi onstituents (protons) with the maros-opi features of the astrophysial systems (radius and mass); the aeleration a0 gives thenatural ut-o� where dynamis hanges regime without invoking any dark matter. Beingonneted also with the Hubble parameter, H0, equation (24.1), and the osmologial ons-tant, Λ (equation (24.2)), a0 ould give rise also to a natural explanation for dark energyphenomena.As a �nal omment, we have to say that the relations presented here should be seriouslyonsidered in view to explain the universe ontent just with observable quantities. However,stating that a0 is a fundamental parameter, we do not pretend to be onlusive sine weneed a self-onsistent relativisti quantum �eld theory where MOND is fully reovered inthe weak �eld limit.





Conclusiones

A lo largo del trabajo de tesis se ha mostrado que es posible onstruir una teor��a degravedad modi�ada a partir de onsiderar la esala de aelerai�on de MOND a0, omo unaonstante fundamental involurada en los fen�omenos gravitaionales. Esta es la hip�otesislave de todo el trabajo. De este modo onstruimos la teor��a de gravedad extendida no{relativista, a partir de argumentos dimensionales, modi�ando la fuerza Newtoniana apartir de una funi�on �uniamente de la variable x, que depende de la esala de masa lM yel radio r del sistema.Esta teor��a es s�olo una aproximai�on a una ley de gravedad m�as general. Sin embargo,mostramos que el onsiderar a a0 omo onstante fundamental en la gravitai�on nos arrojaresultados muy interesantes, al poder ajustar diversos fen�omenos astrof��sios dentro de loserrores observaionales, por ejemplo, las urvas de rotai�on planas de galaxias espirales yla relai�on Tully{Fisher asoiada, las relaiones de equilibrio de las galaxias esferoidalesenanas y la relai�on Faber{Jakson y el plano fundamental de las galaxias el��ptias. Adem�as,nuestro modelo n = 3 es onsistente al l��mite m�aximo de las desviaiones a la gravedadNewtoniana dentro del Sistema Solar.Trabajos posteriores han mostrado que esta teor��a de gravedad extendida no{relativistaajusta las dispersiones de veloidades observadas en �umulos globulares (Hernandez &Jim�enez, 2012; Hernandez et al., 2013), las veloidades relativas en sistemas binarios ex-tendidos (Hernandez et al., 2012) y las dispersiones de veloidades en galaxias el��ptias(Jimenez et al., 2012), para un valor del par�ametro n ≥ 8. Adem�as, nuestro modelo n = 3genera desviaiones de la fuerza Newtoniana menores a las inertidumbres experimenta-les medidas en el laboratorio (Meyer et al., 2012) y en el sistema Tierra{Luna (Exirifard,2011), lo ual implia que los modelos on n ≥ 3 tambi�en pasan este test de onsistenia.En base a este trabajo nos propusimos onstruir una teor��a de gravedad extendida



114 CONCLUSIONESrelativista, que en su l��mite de ampo d�ebil onvergiera a nuestra propuesta de gravedadNewtoniana extendida. Para ello nos basamos en las funiones f(R) en su aproximai�onm�etria y onsideramos tambi�en a la esala a0 omo onstante fundamental en la teor��agravitaional. En el Cap��tulo III, proponemos una funi�on de la variable adimensional
χ = L2MR, en la que la masa del sistema en estudio es inluida a trav�es del par�ametro LM.En este mismo Cap��tulo enontramos que esta nueva longitud arater��stia es onsistenteon las simetr��as de Noether del problema.En los Cap��tulos III y IV se muestra que el r�egimen de aelerai�on MONDiano es justoel l��mite de ampo d�ebil para la teor��a f(χ) = χ3/2. Esto lo mostramos de dos maneras:primero en la sei�on §10, a partir de un an�alisis a orden de magnitud de las euaiones deampo resultantes para la teor��a χ3/2, para una m�etria est�atia esf�eriamente sim�etria,se perturb�o la m�etria en su omponente temporal hasta segundo orden en potenias dev/c y hasta orden ero en las omponentes radial y angulares. Posteriormente, en lasseiones §17 y §18, se muestra el an�alisis ompleto de perturbaiones hasta segundo ordenen t�erminos de v/c en las omponentes temporal y radial de diha m�etria. Luego, en lasei�on §19 se muestra a partir de los omponentes de la m�etria obtenidos, que la teor��aes onsistente on dos observaiones astron�omias ruiales: en el l��mite de ampo d�ebiles apaz de ajustar la fenomenolog��a de las urvas de rotai�on planas y la relai�on Tully{Fisher asoiada, as�� omo tambi�en ajusta los lentes gravitaionales observados en galaxiasy grupos de galaxias, ambas sin la neesidad de materia osura.Adiionalmente, enontramos que hay una degenerai�on en la elei�on de signo del ten-sor de Riemann uando se trabaja on teor��as de orden mayor en la ai�on gravitaional.Esta degenerai�on desaparee en relatividad general de manera natural, pero en teor��asm�etrias f(R) de uarto orden, y en partiular en nuestras teor��as m�etrias f(χ), onlui-mos que el signo debe ser elegido de la omparai�on on las observaiones. Es aqu�� dondees muy importante la introdui�on del esalar de Rii adimensional χ en nuestra teor��a,pues esta aproximai�on, orreta dimensionalmente, es apaz de reproduir los lentes gra-vitaionales requeridos para galaxias y grupos de galaxias, mediante la onstrii�on dadapor la euai�on (16.5). De la omparai�on on las observaiones de lentes gravitaionales,elegimos el signo orreto del tensor de Riemann que reprodujera la m�etria a segundoorden requerida. Este resultado hae una distini�on de nuestras teor��as m�etrias f(chi) onlas teor��as m�etrias f(R), pues ambas teor��as son apaes de reproduir el l��mite MONDiano



CONCLUSIONES 115para reuperar las urvas de rotai�on planas y la relai�on Tully{Fisher, pero �uniamentenuestra teor��a f(χ) = χ3/2 reprodue los lentes gravitaionales esperados.En trabajos posteriores, Carranza et al. (2013) y Mendoza (2012) han mostrado queestas teor��as f(χ) son equivalentes a las teor��as f(R, T) (Harko et al., 2011) que disutimos enla sei�on §2. Adem�as estos trabajos han mostrado que la teor��a partiular que utilizamos,
f(χ) = χ3/2, genera una expansi�on aelerada a �epoas tard��as. Carranza et al. (2013) hanmostrado que diha expansi�on es onsistente on la expansi�on aelerada deduida de lassupernovas tipo Ia.Por tanto, nuestra propuesta adem�as es onsistente al nivel de las observaiones os-mol�ogias. Esto es muy importante, pues la misma teor��a χ3/2 es apaz de reproduir lasobservaiones astrof��sias relativistas y no{relativistas, mostrando onsistenia en un rangode esalas desde los p�arses hasta los ientos de megap�arses.Hasta aqu�� s�olo hemos mostrado que es posible obtener el l��mite MONDiano y ajustaron las observaiones para sistemas en las regiones en que la gravitai�on entra en ester�egimen. Sin embargo, hemos visto que la transii�on entre los reg��menes Newtoniano yMONDiano se da de manera muy abrupta, por tanto, la regi�on de transii�on es muypeque~na (una funi�on `esal�on'; f. Figura II.1). En analog��a on el r�egimen no{relativista,Mendoza (2012) ha propuesto una funi�on de transii�on entre el r�egimen Newtoniano y elr�egimen profundo de MOND:

f(χ) = χ3/2
1± χp+1

1± χ3/2+p
→






χ3/2, para χ ≪ 1,

χ, para χ ≫ 1,
(26.1)que umple on los l��mites orretos: relatividad general se reupera para χ ≫ 1 y la versi�onrelativista de MOND, on χ3/2, se reupera para χ ≪ 1. Al igual que on el par�ametro

n para la funi�on de transii�on dada por la euai�on (5.7), el par�ametro p ≥ −1 debealibrarse del ajuste on las observaiones astron�omias y osmol�ogias, un problema parainvestigai�on futura.Una onseuenia de ambas teor��as de gravedad extendida, relativista y no{relativista,es que la invariania de la interai�on gravitaional on la esala y on la masa se pierde.De este modo, la gravedad de Newton es el l��mite de ampo d�ebil de relatividad general o
f(χ) = χ y MOND es el l��mite de ampo d�ebil de nuestra gravedad extendida f(χ) = χ3/2.



116 CONCLUSIONESLa dependenia de χ en la masa implia que �esta entra en la ai�on gravitaional. Enteor��a lagrangiana esto no ha sido propuesto anteriormente, en la ual se asume que laai�on es funi�on �uniamente de la geometr��a del espaio{tiempo debido a la presenia delas masas. Sin embargo, fue Sobouti (2007) quien se enfrent�o primero on esta peuliaridaden la ai�on gravitaional uando trabajaba en una generalizai�on m�etria de MOND. Unateor��a de gravedad extendida va m�as all�a de las ideas tradiionales de la relatividad generaly, en este sentido, probablemente neesitamos ambiar las noiones om�unmente aeptadas,inluso al nivel m�as fundamental en la ai�on.Nuestra teor��a de gravedad extendida est�a formulada en base a la fenomenolog��a ob-servada. Este es el valor prinipal de las teor��as presentadas. A�un uando la teor��a �ultimade gravedad modi�ada sea distinta a la presentada en esta tesis, podemos asegurar quelas omponentes m�etrias deber�an oinidir on nuestros resultados si es que pretendenreemplazar la materia osura omo omponente dominante del universo.Finalmente, tambi�en explor�e en mi trabajo de tesis la posibilidad de que la onstantede aelerai�on de MOND sea una antidad fundamental relaionada on algunas ons-tantes universales y no �uniamente una onstante fenomenol�ogia (f. euai�on 22.10).A partir de una ondii�on de uantizai�on para sistemas autogravitantes, obtuvimos quees posible reuperar relaiones que iniialmente pare��an `oinidenias' num�erias, peroque pudieran ser manifestaiones de relaiones fundamentales en la f��sia. Por ejemplo,la relai�on existente entre a0, la veloidad de la luz c y la onstante de Hubble H0 (f.euai�on 24.1) aparee naturalmente. Esta misma relai�on fue obtenida a partir de nuestrateor��a f(χ) = χ3/2 por Carranza et al. (2013), para la �epoa �osmia atual. Por tanto, sepuede postular la esala a0 omo una onstante fundamental de la naturaleza, heho quehemos supuesto para onstruir nuestra teor��a de gravedad extendida.



Conclusions

Throughout this thesis it has been shown that it is possible to onstrut a modi�edtheory of gravity from onsidering that MOND's aeleration sale a0, is a fundamentalonstant that enters into the gravitational phenomena. This is the key hypothesis of allthe work. In this way, we have onstruted the extended non{relativisti theory of gravity,from dimensional arguments, modifying the Newtonian fore through a funtion only ofthe variable x, whih depends on the mass length sale lM and the radius r of the system.This theory is only one approximation to a more general law of gravity. However, wehave showed that onsidering a0 as a fundamental onstant yields very interesting results,being able to adjust diverse astrophysial phenomena within the observational errors, e.g.the at rotation urves of spiral galaxies and the assoiated Tully{Fisher relation, theequilibrium relations for dwarf spheroidal galaxies and the Faber{Jakson relation and theFundamental Plane of elliptial galaxies. Also, our model n = 3 is onsistent with theupper limits of the deviations to Newtonian gravity in the Solar System.Subsequent works have shown that this non{relativisti extended theory of gravityadjusts the veloity dispersions observed in globular lusters (Hernandez & Jim�enez, 2012;Hernandez et al., 2013), the relative veloities in wide binary systems (Hernandez et al.,2012) and the veloity dispersions in elliptial galaxies (Jimenez et al., 2012), for a valueof the parameter n ≥ 8. In addition, our model n = 3 generates deviations from theNewtonian fore smaller than the experimental unertainties measured in the laboratory(Meyer et al., 2012) and in the Earth{Moon system (Exirifard, 2011), whih means thatmodels with n ≥ 3 also agree with these tests of onsisteny.Based on this work, we aim to onstrut an extended relativisti theory of gravity,that in its weak �eld limit onverge to our proposed extended Newtonian gravity. To dothis we used the f(R) funtions in the metri approah and also onsidered the sale a0 as a



118 CONCLUSIONSfundamental onstant in the gravitational theory. In Chapter III, we propose a funtion onthe dimensionless variable χ = L2MR, in whih the mass of the system is inluded throughthe parameter LM. In the same Chapter, we �nd that this new harateristi length isonsistent with the Noether symmetries of the problem.In Chapters III and IV it is shown that the weak �eld limit of the theory f(χ) = χ3/2gives us the MONDian aeleration regime. We obtained this result in two ways: �rst,in setion §10, from an order of magnitude approah of the resulting �eld equations forthe theory χ3/2, for a stati spherially symmetri metri, the perturbation was performedin the time omponent up to the seond order in powers of v/c and up to zeroth orderin the radial and angular omponents. Then, in setions §17 and §18, it is shown theomplete perturbation analysis up to the seond order in terms of v/c in the time and radialomponents of the metri. Later, in setion §19, from the metri omponents obtainedbefore, it is shown that our theory is onsistent with two ruial astronomial observations:in its weak �eld limit adjusts the phenomenology of the at rotation urves for dis galaxiesand the assoiated Tully{Fisher relation, also the gravitational lenses observed in galaxiesand groups of galaxies, both without the need of dark matter.Additionally, we �nd that there is a degeneration in the eletion of sign in the Riemanntensor when working with higher order theories in the gravitational ation. This degene-ration disappears naturally in general relativity, but in f(R) fourth order metri theories,and partiularly in our f(χ) metri theories, we onlude that the sign must be hosenfrom the omparison with the observations. Here, the introdution in our theory of thedimensionless Rii salar χ is very important, sine this approximation, dimensionallyorret, is apable of reproduing required gravitational lenses in galaxies and groups ofgalaxies, through the onstrition given by equation (16.5). Through the omparison withthe gravitational lensing observations, we hoose the orret sign for the Riemann tensorto reprodue the metri up to the seond order required. This result makes a distintionof our f(χ) metri theories with the f(R) ones, beause both theories are able to reproduethe MONDian limit to reover the at rotation urves and the Tully{Fisher relation, butonly our theory f(χ) = χ3/2 reprodues the expeted gravitational lensing.In subsequent works, Carranza et al. (2013) and Mendoza (2012) have shown thatthese f(χ) theories are equivalent to the f(R, T) theories (Harko et al., 2011), disussedin setion §2. Moreover, these studies have shown that the partiular theory f(χ) = χ3/2



CONCLUSIONS 119generates an aelerated expansion at late epohs. Carranza et al. (2013) have shown thatsuh expansion is onsistent with the aelerated expansion signalled by type Ia supernovae.Therefore, our proposal is also onsistent at the osmologial observational level. Thisis very important beause the same theory χ3/2 is be able to reprodue non{relativistiand relativisti astrophysial observations, showing onsisteny in a range of sales fromthe parses to hundreds of megaparses.So far, we have only shown that it is possible to obtain the MONDian limit and �tthe observations for the systems in the regions where the gravitation is in this regime.However, we have seen that the transition between the Newtonian and MONDian regimesours very abruptly, therefore, the transition region is very small (a step{like funtion;f. Figure II.1). In analogy to the non{relativisti regime, Mendoza (2012) has proposed atransition funtion from the Newtonian regime to the deep MOND one:
f(χ) = χ3/2

1± χp+1

1± χ3/2+p
→






χ3/2, for χ ≪ 1,

χ, for χ ≫ 1,
(26.2)that holds the orret limits: general relativity is reovered for χ ≫ 1 and the relativistiversion of MOND, with χ3/2, is reovered for χ ≪ 1. In the same form as the parameter n forthe transition funtion given by equation (5.7) was handled, the parameter p ≥ −1 must bealibrated with astronomial and osmologial observations, matter of future investigation.A onsequene of the both relativisti and non{relativisti extended theories of gravity,is that the sale and mass invariane of the gravitational interation is broken. Thus,Newton's gravity is the weak �eld limit of general relativity or f(χ) = χ and MOND isthe orresponding weak �eld limit of our extended gravity f(χ) = χ3/2. The dependeneof χ on the mass implies that the mass enters into the gravitational ation. This has notbeen proposed previously in Lagrangian theory, in whih it is assumed that the ation isa funtion only of the spaetime geometry, due to the presene of the masses. However,it was Sobouti (2007) who �rst enountered this peuliarity in the Hilbert ation whendealing with a metri generalisation of MOND. An extended metri theory of gravity goesbeyond the traditional general relativity ideas and in this way, we probably need to hangethe ommonly aepted notions, even at the fundamental level of the ation.Our extended theory of gravity is formulated on the basis of the observed phenomeno-



120 CONCLUSIONSlogy. This is the most valuable harateristi of the theories presented in this work. Evenif the �nal theory of gravity is di�erent from the theory presented in this thesis, we anassert that the metri omponents must oinide with our results if they intend to replaethe dark matter as the dominant omponent of the universe.Finally in this thesis, I also explored the possibility of MOND's aeleration onstantto be a fundamental quantity related to some universal onstants and not only a phenome-nologial onstant (f . equation 22.10). From a quantisation ondition for autogravitatingsystems, we obtained that it is possible to reover some relations initially thought as nu-merial `oinidenes', but that may be manifestations of some fundamental relations inphysis. For example, a relation between a0, the speed of light c and the Hubble onstant
H0 (f. equation 24.1) appears naturally. This same relation was obtained from our theory
f(χ) = χ3/2 by Carranza et al. (2013) for the atual osmi epoh. Therefore, one anpostulate the sale a0 as a fundamental onstant of nature, the basi foundation in thedevelopments presented in this thesis.



Apéndice A

About the sign in Riemann’s tensor

In the study of the gravitational �eld equations, the link between the urvature ofspaetime and the matter ontent is a key fat. All the information regarding the urvatureof spaetime is ontained in the Riemann urvature tensor Rα
βηθ, whih is a funtion of the�rst and seond derivatives of the metri. From a purely mathematial point of view, theRiemann tensor an be obtained from the ommutator of ovariant derivatives (Carroll,2004):

[∇µ,∇ν]V
ρ = Rρ

σµνV
σ, (0.1)for any vetor �eld Vα. From a geometrodynamial point of view, the urvature tensoris onstruted through the hange ∆Aµ in a vetor Aµ after being displaed about anyin�nitesimal losed ontour (Landau & Lifshitz, 1975): ∆Aµ =

∮
ΓλµνAλdxν. By the use ofStokes' theorem it then follows that for a suÆiently small losed ontour:

∆Aµ ≈ 1

2
Rλ

µνθAλ∆f
νθ, (0.2)where ∆fνθ represents the in�nitesimal area enlosed by the ontour of the line integral. Inthis respet, it follows that the Riemann tensor measures the urvature of spaetime (f.Landau & Lifshitz, 1975).In equations (0.1) and (0.2), the Riemann tensor has been de�ned as:

Rβ
µνα := Γβµα,ν − Γβµν,α + Γ

β
λνΓ

λ
µα − Γ

β
λαΓ

λ
µν. (0.3)



122 ABOUT THE SIGN IN RIEMANN’S TENSORIf Riemann's tensor is de�ned by equation (0.3), then Rii's tensor is Rνα := gβµRβµναand Rii's salar is Rα
α. Sine these are the most used de�nitions in relativity theorynowadays, we will refer to these quantities as \standard".However, there is another way in whih Riemann's tensor (and Rii's tensor) an bede�ned, usually adopted by mathematiians and by Computer Algebra Systems (CAS)suh as Maxima (http://maxima.soureforge.net). In these ases, the syntaxis is suh that(see e.g. Toth, 2005)

R[µ, ν, α, β] := Rβ
µνα

= Γβµν,α − Γβµα,ν + Γ
β
λαΓ

λ
µν − Γ

β
λνΓ

λ
µα.

(0.4)If Riemann's tensor is de�ned by equation (0.4), then Rii's tensor is Rνα := gβµRβµναand Rii's salar is Rα
α. Although this hoie of signs for the Riemann and Rii tensors isnot very muh in use these days, some well-known textbooks use them (see e.g. the Tableof Sign Conventions at the beginning of referene Misner et al., 1973). The CAS Maximauses the de�nition (0.4) and is suh that:

Rmaxima = −Rstandard, (0.5)in free-index notation.As disussed in the Table of Sign Conventions of Misner et al. (1973), general relativityan use any of the above de�nitions (and a few more) simply beause of the linearity withwhih Rii's salar and Rii's tensor appear in Einstein's �eld equations. This is howevernot the ase in metri f(R) theories of gravity, sine for example in those theories, the traeof the �eld equations is given by (see e.g. Capozziello & Faraoni, 2011):
f′(R)R − 2f(R) + 3∆f′(R) =

8πG

c4
T. (0.6)To highlight the point, let us substitute the power-law funtion (16.7) in the previousequation to obtain:

(b− 2)Rb + 3b∆Rb−1 =
8πG

c4
T. (0.7)This equation reets a ruial fat about the hoie of sign in Riemann's tensor. Due to



123the presene of the derivative term f′(R) = bRb−1, depending on the sign onvention of thede�nition of the Rii salar, there appears a sign fator (±)b−1 whih is not global to all theterms in the equation. This establishes a bifuration in this lass of solutions of the theory.Indeed, for a situation where f(R) = Ra + Rb or any more ompliated funtion of R, thereis not (a priori) any indiation of whih onvention in the de�nition of Riemann's tensorshould be used to desribe a partiular physial phenomena. In this artile we show thatthe onvention an be settled through the use of astrophysial observations. For example,the results presented in this artile were obtained with the standard de�nition of Riemann'stensor in equation (0.3). That hoie (and only that one) an aount for both observeddynamis of massive partiles in spiral galaxies through the Tully-Fisher relation, and forthe deetion of light observed in gravitational lenses. An important aspet to point outis that the ase f(R) = R of Einstein's general relativity is free from the above ambiguity.This is so beause it is possible to rede�ne the signature for the energy-momentum tensorto reover the same �eld equations (see e.g. Misner et al., 1973; Hobson et al., 2006).We see from this result that previous works by Capozziello et al. (2007b); Capozziello &Stabile (2009) have seleted the onvention used by the CAS Maxima in order to omputetheir results. In that respet, their results lie in another branh of the solutions of the�eld equations. If we would have taken for example, the de�nition of Riemann's tensor byMaxima, then the metri oeÆients would have been: g(2)00 = 2R̂ ln2(r)/9 + A ln(r) + Band g
(2)
11 = −2R̂ ln(r)/9 +D/r + (R̂ − A)/2 (where A, B and D are onstants). These arevery di�erent from the ones obtained in equations (18.8) and (18.10) and would have neverreprodued the astrophysial observations treated in this artile. It is only through theorret hoie of signs in the de�nition of Riemann's tensor, suh as the ones used inthe present artile and represented in equation (0.3), that the good agreement with theTully-Fisher relation and lensing observations an be orretly obtained.





Apéndice B

Comments about the Maxima code

In this setion we give a brief introdution to the ode we wrote in the Computer Alge-bra System (CAS) Maxima (http://maxima.soureforge.net) to obtain the �eld equations.Spei�ally, we work with the module ctensor (f. Toth, 2005). The syntax of suh moduleis that, when invoked, it runs an input interfae to design the form of the ovariant metri.The Maxima ode MEXICAS (Metri EXtended-gravity Inorporated through a Com-puter Algebrai System) is Copyright of T. Bernal, S. Mendoza and L.A. Torres, liensedunder a GNU Publi General Liense (GPL), version 3 (see http://www.gnu.org/lienses)an be obtained from: http://www.mendozza.org/sergio/mexias (see the setion aboutopyright and usage in that webpage).For the implementation of the ode, we onsider a perturbative approah in the para-meter ǫ := 1/c, suh that the ovariant omponents of the metri are given by
g00 = 1 + ǫ2g

(2)
00 +O(4),

g11 = −1 + ǫ2g
(2)
11 +O(4),

(0.1)where the angular omponents are given by the standard expressions for spherial oor-dinates as shown in equation (15.5). With these equations, it is simple to onstrut theontravariant omponents of the metri:
g00 = 1 − ǫ2g

(2)
00 +O(4),

g11 = −1 − ǫ2g
(2)
11 +O(4).

(0.2)



126 COMMENTS ABOUT THE MAXIMA CODEWith these onsiderations, the metri is reorded in the ctensor module. From thisfat, it is simple to invoke all the quantities required to onstrut the �eld equations,either in general relativity or for any extended metri theory of gravity. For example, in adesriptive way onerning the syntaxis of maxima it follows that:
christof(mcs) −→ Γλµν, (0.3)and with similar syntaxis for the Riemann tensor, the Rii tensor and the Rii salar.Due to the fat that the metri has an order parameter ǫ, all the tensorial quantitiesinvolved in the onstrution of the �eld equations will gain this dependene. In the for-malism of the ode, it is a ruial fat to extrat the perturbation order of every metriquantity to onstrut the �eld equations at the desired perturbation order. For example,for a generi quantity q alulated from the manipulation of the metri, if we onsider that

q(n) represents suh quantity at order n, we have:
q(0) = l��m

ǫ→0
q, (0.4)whih reprodues the at spaetime limit. For the seond order we have

q(2) = l��m
ǫ→0

q− q(0) −
*

0

ǫq(1)

ǫ2
, (0.5)and onsequently the fourth order is obtained by

q(4) = l��m
ǫ→0

q− q(0) −
*

0

ǫq(1) − ǫ2q(2) −
*

0

ǫ3q(3)

ǫ4
. (0.6)Similarly, higher perturbation orders an be obtained by the obvious generalisation of theprevious relation.In equations (0.5) and (0.6), it is implied that the �rst order quantities vanish, as is alsothe ase for the Christo�el symbols. This omputational proedure gives as an output akey result used in the artile orresponding to Rii's salar at seond perturbation order,given by equation (16.19).



Apéndice C

Extended field equations using Maxima

By using the Computer Algebra System (CAS) Maxima and the MEXICAS ode (seeappendix B), we obtained the �eld equations up to the seond order.The trae (16.12) of the �eld equations (18.1) to the order O(2b) of approximation anbe simpli�ed with the aid of the solutions found at the lowest order of approximation inSetion §17 to obtain
(b− 2)R(2)4 − 3b(b− 1)R(2)

{
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[
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(0.1)
The omponents H(2b)

µν of the �eld equations (16.10) at order O(2b) are given by:
H(2b)

µν = −b(b− 1)
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128 EXTENDED FIELD EQS. USING MAXIMA
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(0.2)

Dividing the �eld equations (18.1) by R(2)b−4 and using the trae (0.1) and the lastequation, a redued expression for the �eld equations is found:
−

2b− 1

6
R(2)4 + bR(2)3R
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(0.3)
whih an also be regarded as the traeless omponent of the �eld equations.
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