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n+1 \ {0}

)

/∼

),!)" x ∼ y #' x = λy 3%*% %-8A! λ ∈ R \ {0};

()*+ =='  ! %)"-%!$" ,+'$'*"+,# "- %)9"$'5, B*"%-C *"%- "! "- !,+1*" )" -,# "#3%&',#

3*,/"&$'5,# *"%-"#; D%+1'E! )"!,$%*"+,# &,+, [x] % -% &-%#" )" "60'5%-"!&'% )" P
n
%

-% 60" 3"*$"!"&" x ∈ R
n+1 \ {0}7 / -" )"!,+'!%*"+,# #'+3-"+"!$" "0.)& "'&( $)%*&;

F)"+2# --%+%*"+,# ' $)# "'&( $)%*# / "+#.& "'&( $)%*& % P
1
/ P

2
*"#3"&$'5%+"!$";

<,+, #'80'"!$" 3%#, !%$0*%-7 '!$*,)0&'*"+,# 0! #'#$"+% )" &,,*)"!%)%# %)"&0%), 3%*%

+%!"9%* -,# "#3%&',# 3*,/"&$'5,#;

 !"#$#%#&$ =G' D,+"+,# 0!% 1%#" β )" R
n+1

/ [x] ∈ P
n
; H"% x = (x1, ..., xn+1)β

-% "I3*"#'(! )" x ∈ R
n+1 \ {0} "! -% 1%#" β; ?".!'+,# -% "I3*"#'(! "! $&&', .#,#!

1&-&23. #! )" [x] "! -% 1%#" β &,+, [x] := [x1 : ... : xn+1]β;

J,$"+,# 60" 0! 30!$, )" P
n
$'"!" $%!$%# &,,*)"!%)%# K,+,8E!"%# &,+, *"3*"#"!4

$%!$"#L #'! "+1%*8, "#$" 3*,1-"+% !, "# 8*%5" /% 60"7 #' $"!"+,# ),# 30!$,# x7 y "!
R

n+1 \ {0} 60" "#$2! "! -% +'#+% &-%#" )" "60'5%-"!&'% "!$,!&"# [x] = [y] / 3,* )".!'4
&'(! [x1 : ... : xn+1]β = [y1 : ... : yn+1]βL 3"*, "#$, ,&0**" #' / #(-, #' xi = λyi 3%*%

i = 1, ..., n+ 1 / %-8A! λ ∈ R \ {0};

()*+ =M'  ! %)"-%!$" #(-, "#&*'1'*"+,# "I3-N&'$%+"!$" -% 1%#" )" -%# &,,*)"!%)%#

K,+,8E!"%# &0%!), #"% *"-"5%!$" 60E 1%#" "#$"+,# 0#%!),;

F!$"# )" &,!$'!0%* #"*2 A$'- ,1#"*5%* 60" "! 0! "#3%&', 3*,/"&$'5, P
n
3,)"+,# $,+%*

)" &%)% &-%#" A!'&%+"!$" -,# *"3*"#"!$%!$"# )" !,*+% 0!,L "- *"#0-$%), #"*2! $,),# -,#

30!$,# )" -% "#:"*% S
n
3"*, ')"!$'.&%),# 3,* %!$N3,)%#;  #$% :,*+% )" 5"* 0! "#3%&',

3*,/"&$'5, #"*2 -% 60" 0$'-'O%*"+,# 3%*% *"3*"#"!$%* %-80!%# )" -%# .80*%# )" ,19"$,# "!

P
1
/ P

2
% -, -%*8, )" "#$" $*%1%9,L -% ,$*% :,*+% 60" 0#%*"+,# 3%*% *"3*"#"!$%* % P

2
#"*2

&,!#')"*%*-, &,+, R
2
0!'), % 0!% *"&$% B%- '!.!'$,C7 "#$% :,*+% )" 5"*-, "# 90#$'.&%)%

3,* -,# *"#0-$%),# 60" #" 5"*2! "! -% H"&&'(! =;M; P"$,+%!), -% ')"% )" *"3*"#"!$%* -,#

"#3%&',# 3*,/"&$'5,# 3,* +")', )" 0!% "#:"*%7 ,1#"*5"+,# 60" %- ')"!$'.&%* -%# %!$N3,)%#

)" S
1
5,-5"+,# % ,1$"!"* % S

1
/ "#, '+3-'&% 60" $,3,-(8'&%+"!$" P

1 ∼= S
1
;

 !"#$#%#&$ =Q' H"% L ⊂ R
n+1

0! "#3%&', -'!"%- )" )'+"!#'(! m+1L )".!'+,# 0! !04 !5

"#$%& "'&( $)%*& , ,%- .!%/. - &,+, "- &,!90!$, l := {[x] ∈ P
n : x ∈ L \ {0}}; F- &%#,

3%*$'&0-%* )" #01"#3%&',# 3*,/"&$'5,# )" )'+"!#'(! = -" --%+%+,# ' $)#! "'&( $)%*#!6

F -,# #01"#3%&',# 3*,/"&$'5,# )" )'+"!#'(! !4= -"# --%+%+,# 1%" '"+#.&! "'&( $)%*&!6



 !"! #$%&'()$ %*)+#',(-)$  .

 !"#$#%#&$  !' [x1] , ..., [xk] ∈ P
n
"#$%& "&  !"#$#%& '(&()*+ #' ()*+,)'"- #).(/&0)&$/

1" #)# -"2-"#"&$*&$"#

{

xk1 , ..., xkj

}

⊂ {x1, ..., xk} ⊂ R
n+1

(/& j ≤ n+ 1 "# )& (/&0)&$/

+'&"*+3"&$" '&1"2"&1'"&$"4

5/ "# 1'67('+ 8"- ,)" +* 1"9&'(':& *&$"-'/- &/ 1"2"&1" 1" +/# -"2-"#"&$*&$"#4

(!)*!+,  ;' ,(*& [x1] , ..., [xn+2] ∈ P
n
-&* $!+($$#%& .(  -&/!" (&  !"#$#%& '(&()*+0

(&/!&$(" (1#"/( -&* 2*"( β ⊂ R
n+1

(& +* $-*+ [xi] = [01 : ... : 0i−1 : 1i : 0i+1 : ... : 0n+1]β
$-*&.! i < n+ 20 3 [xn+2] = [11 : 12 : ... : 1n+1]β4

 !+)-.*,%#&$' </3/ +/# 2)&$/# "#$%& "& 2/#'(':& ="&"-*+ "&$/&("#

β′ = {x1, ..., xn+1} "# )&* .*#" 2*-* R
n+1

$*+ ,)" xi = (01, ..., 0i−1, 1i, 0i+1, ..., 0n+1)β′

()*&1/ i < n + 2> *1"3%# xn+2 = r1x1 + ... + rn+1xr+1 2*-* *+=)&/# ri ∈ R 1'#$'&?

$/# 1" ("-/4 @A/-* (/&#'1"-"3/# "+ (/&0)&$/ β = {r1x1, ..., rn+1xn+1}4 B#$" (/&0)&$/ "#

.*#" C* ,)" β′ +/ "#D *1"3%# rixi = (01, ..., 0i−1, 1i, 0i+1, ..., 0n+1)β ()*&1/ i < n + 2 C

xn+2 = (11, 12, ..., 1n+1)β4 E/- +/ $*&$/ β "# )&* .*#" (/& +* 6/-3* 1"#"*1*4 �

 !"#$#%#&$  F' G"9&'3/# *+ ')- ! .( /)*&"5!)6*$#!&("  )!3($/#7*" .( P
n
(/3/ "+

(/&0)&$/ (/('"&$" PGL(n + 1,R) := GL(n + 1,R)/∼D "& 1/&1" L ∼ M #' C #:+/ #'

L = λM 2*-* *+=H& λ ∈ R \ {0}4 @ )& "+"3"&$/ 1" PGL(n + 1,R) +" ++*3*-"3/#

/)*&"5!)6*$#%&  )!3($/#7* C +/ 1"&/$*-"3/# (/3/ [L] 1/&1" L "# )& -"2-"#"&$*&$" 1"

+* (+*#" 1" ",)'8*+"&('*4

I/1/ *)$/3/-9#3/ +'&"*+ 2)"1" -"2-"#"&$*-#" "& 6/-3* 1" 3*$-'J (/& -"#2"($/ * )&*

.*#"D 2/- +/ $*&$/ $/1* $-*&#6/-3*(':& 2-/C"($'8* $'"&" )&* -"2-"#"&$*(':& "& 6/-3* 1"

3*$-'J4 @#7D 1/# 3*$-'("# -"2-"#"&$*-%& +* 3'#3* $-*#6/-3*(':& 2-/C"($'8* #' C #:+/ #'

)&* "# )& 3H+$'2+/ "#(*+*- &/ ("-/ 1" +* /$-*4

K&* $-*&#6/-3*(':& 2-/C"($'8* [L] ∈ PGL(n+1,R) 1"9&" )&* 6)&(':& "& [L] : Pn → P
n

1" +* #'=)'"&$" 6/-3*L [L] [x] := [L (x)] 4 B#$* 1"9&'(':& &/ 1"2"&1" 1"+ -"2-"#"&?

$*&$" 1" +/# 2)&$/#> #' x, y ∈ [x] #/& 1/# -"2-"#"&$*&$"# 1'#$'&$/# 1" +* (+*#"D "&$/&("#

x = λy 2*-* *+=H& &H3"-/ -"*+ λ 1'#$'&$/ 1" ("-/4 E/- +/ $*&$/D [L] [x] = [L (x)] =
[L(λy)] = [λL (y)] = [L (y)]4 I*32/(/ 1"2"&1" 1"+ -"2-"#"&$*&$" 1" +* 6)&(':& C* ,)" #'

L,M ∈ [M ] "&$/&("# L = λ′M 2*-* *+=H& &H3"-/ -"*+ λ′ &/ ("-/> 2/- +/ $*&$/D

[L] [x] = [L (x)] = [(λ′M)(x)] = [λ′(M(x))] = [M (x)] = [M ] [x]4

/0-!*1,%#&$  M' N*# $-*&#6/-3*('/&"# 2-/C"($'8*# #/& 6)&('/&"# .'C"($'8*# C #) '&8"-?

#* "# )& "+"3"&$/ 1" PGL(n + 1,R)4 K&* $-*&#6/-3*(':& 2-/C"($'8* 3*&1* ()*+,)'"-

#)."#2*('/ 2-/C"($'8/ 1" 1'3"&#':& k * )& #)."#2*('/ 2-/C"($'8/ 1" "#* 3'#3* 1'3"&?

#':&D C* ,)" $/1/ *)$/3/-9#3/ +'&"*+ 2-"#"-8* +/# #)."#2*('/# +'&"*+"# 1" ()*+,)'"-

1'3"&#':&4

(!)*!+,  O' ,(*& [x1] , ..., [xn+2] ∈ P
n
C [y1] , ..., [yn+2] ∈ P

n
.!" $!&8-&/!" .( n + 2

 -&/!" (&  !"#$#%& '(&()*+0 (&/!&$(" (1#"/( -& 9&#$! *-/!6!):"6! +#&(*+

[L] ∈ PGL(n+ 1,R) /*+ ;-( [L] [xi] = [yi] i ∈{1, ..., n+ 2}4



 !"! #$%&'()$ %*)+#',(-)$  .

 !"#$%&'()*+,  !" #$ %#!"#&' () *!+#&!, ,-*!.#"/ ,0. *1"+0+' +# 2#.#"'$0+'+/

3-# [xi] = [01 : ... : 0i−1 : 1i : 0i+1 : ... : 0n+1] 4-'.+! i < n + 2/ 5 [xn+2] =
[11 : 12 : ... : 1n+1]6 7!.,0+#"#&!, ' L′ 4!&! $' &'8"09 3-# 80#.# *!" 4!$-&.', $!, :#4;
8!"#, yi 5 .!8#&!, 3-# #,8' &'8"09 +#<.# -. ' 8"'.=!"&'40>. *"!5#480:' 8'$ 3-#

[L′] [xi] =









y11 y21 . . . yn+11

y12 y22 . . . yn+12
6

6

6

6

6

6

6

6

6

6

6

6

y1n+1
y2n+1

· · · yn+1n+1









[xi] = [yi]

*'"' i < n+26 ?# $' +#<.040>. +# *!,040>. 2#.#"'$ +#+-40&!, 3-# $!, :#48!"#, 4!$-&.',
yi 3-# 4!&*!.#. $' &'8"09 ,!. $0.#'$&#.8# 0.+#*#.+0#.8#,/ 5 *!" $! 8'.8! [L′] #,8@ #.
PGL(n+ 1,R)6 7!&! ,!. $0.#'$&#.8# 0.+#*#.+0#.8#, #A0,8#. ri ∈ R .! 4#"! 8'$#, 3-#

r1y1+...+rn+1yn+1 = yn+16 BC!"'/ *!+#&!, 4!.,0+#"'" -.' .-#:' &'8"09 L 4!. :#48!"#,
4!$-&.', riyi/ #.8!.4#, [L] ∈ PGL(n+ 1,R) 5

[L] [xn+2] =









r1y11 r2y21 . . . rn+1yn+11

r1y12 r2y22 . . . rn+1yn+12
6

6

6

6

6

6

6

6

6

6

6

6

r1y1n+1
r2y2n+1

· · · rn+1yn+1n+1









[xn+2] = [yn+2] .

B+#&@,/ *'"' i < n+ 2/








r1y11 r2y21 . . . rn+1yn+11

r1y12 r2y22 . . . rn+1yn+12
6

6

6

6

6

6

6

6

6

6

6

6

r1y1n+1
r2y2n+1

· · · rn+1yn+1n+1









[xi] = [riyi] = [yi] .

D.8!.4#, [L] #, $' 8"'.,=!"&'40>. *"!5#480:' 3-# E-,4'&!,6

F' -.040+'+ $' !E8#.#&!, +# 3-# -.' !8"' 8"'.,=!"&'40>. *"!5#480:' [L′] +# &'8"09
"#*"#,#.8'.8# L′ 4!. #.8"'+', l′kl/ 8'$ 3-# [L′] [xi] = [yi] 4-'.+! i < n + 2/ C'4# 3-#
.#,#,'"0'&#.8# ,# 4-&*$'. $', 02-'$+'+#,

[

l′1i : l
′

2i : ... : l
′

n+1 i

]

= [yi]/ 5 *!" $! 8'.8!
(

l′1i, l
′

1i : ... : l
′

n+1 i

)

= siyi *'"' '$2-.!, si ∈ R +0,80.8!, +# 4#"! 6  #"! '+#&@,/ 4!&!

[L′] [xn+2] = [yn+2]/ 8#.#&!, 3-# [L
′] [xn+2] = [s1y1 + ...+ sn+1yn+1] = [yn+2]6 D.8!.4#,

t (s1y1 + ...+ sn+1yn+1) = yn+2 4!. t ∈ R .! 4#"!/ #, +#40" ts1y1+ ...+tsn+1yn+1 = yn+26

 #"! $!, :#48!"#, yi ,!. -.' E',#/ *!" $! 8'.8! tsi = ri 5 #.8!.4#, tL′ = L #, +#40"

[L′] = [L]6 �

 !"! ! #$%&'() *% P
2
! D$ #,8-+0! +# $', *"!*0#+'+#, +# $', 4>.04', *"!5#480:', #,

E',8'.8# '&*$0!G ,0. #&E'"2!/ *'"' #$ "#,8! +# $' 8#,0, .!, 0.8#"#,'"@. ,>$! -.!, 4-'.8!,

"#,-$8'+!,6 B,H 3-# +'"#&!, -. E"#:# "#,-&#. +# $', *"!*0#+'+#, +#,8'4'+', *'"' $!,

<.#, +# #,8# 8"'E'I!/ #. '$2-.!, 4',!, ,0. +#&!,8"'40>.6

 !-)+)()*+ JK, F$'&'&!,  !"# $ %&'() *#+$ '$ $-2'" 2#!&18"04! +#<.0+! *!"L

C :=
{

[x : y : z]β ∈ P
2 : Ax2 +By2 + Cz2 +Dxy + Exz + Fyz = 0

}

+!.+# .! 8!+!, $!, 4!#<40#.8#, ,!. 4#"!6



 !"! #$%&'()$ %*)+#',(-)$  .

 !"#$!% &'# #( )!*+'*"! ,*"#-.!- #%", /.#* 0#1*.0! 2, &'# (, )!*0.).3* #* (, 0#1*.).3*

0# )3*.), *! 0#4#*0# 0#( -#4-#%#*",*"# 0#[x : y : z]β ∈ P
2
5 4'#% %. '*, "#-*, x, y, z

%,".%6,)# (, #)',).3*5 ,( %#- 7%", 8!$!97*#, 0# 9-,0! :5 )',(&'.#- $;(".4(! λx, λy, λz
",$/.7* (, %,".%6,)#< =0#$>%5 '*, )3*.), 4-!2#)".?, *! ".#*# '*, ;*.), #)',).3* ,%!@

).,0,5 "!0!% (!% $;(".4(!% #%),(,-#% *! )#-! 0# %' #)',).3* 0#1*#* , (, $.%$, )3*.),<

A>% ,;*5 ,( #%)!9#- '*, /,%# 0.6#-#*"# 4,-, (,% )!!-0#*,0,%5 (, #)',).3* 0# (, )3*.),

?,-B,5 4#-! %.#$4-# #* '*, #)',).3* 8!$!9#*#, 0# 9-,0! 0!% 2 4!- (! ",*"! ",$/.#*

0#1*# '*, )3*.),<

 

C* ,0#(,*"# *!% -#6#-.-#$!% , '*, )3*.), %.$4(#$#*"# 4!- (, #)',).3* &'# (, 0#1*#5

%!/-#*"#*0.#*0! &'# *!% -#6#-.$!% , '* %'/)!*+'*"! 0# P
2
<

 !"#!$% :D&  !"# $%#$& '(#)&* +%*)%#)&* !# P
2
$&# ", -!#&* $(").& +! !,,&* !# '&*%/

$%0# 1!#!.",2 !#)&#$!* !3%*)! (#" 4#%$" $0#%$" 5(! '"*" '&. !,,&*6

'!$"()#%*+,-& E!- #( F#!-#$, DG 4!0#$!% %'4!*#- &'# (!% )',"-! 4'*"!% #*

4!%.).3* 9#*#-,( ".#*#* )!!-0#*,0,% [1 : 0 : 0]5 [0 : 1 : 0]5 [0 : 0 : 1] 2 [1 : 1 : 1]< H#,
[α : β : γ] #( 4'*"! -#%",*"#5 #*"!*)#% (!% ).*)! 4'*"!% %# #*)'#*"-,* #* '*, ;*.), )3*.),
%. 4!0#$!% #*)!*"-,- )!#1).#*"#% 4,-, '*, #)',).3* 0# '*, )3*.), Ax2 +By2 +Cz2 +
Dxy + Exz + Fyz5 &'# %# ,*'(# #* (!% ).*)! 4'*"!% &'# "#*#$!%I #% 0#).-5 %. #J.%"#*
A,B,C,D,E, F ∈ R *! "!0!% )#-! ",(#% &'#

A = 0

B = 0

C = 0

A+B + C +D + E + F = 0

Aα2 +Bβ2 + Cγ2 +Dαβ + Eαγ + Fβγ = 0I

%.$4(.1),*0! "#*#$!%

D + E + F = 0

Dαβ + Eαγ + Fβγ = 0

C%"# %.%"#$, )(,-,$#*"# ".#*# %!(').!*#% *! "-.?.,(#%5 4!- (! )',( #J.%"# ,( $#*!% '*,

)3*.), &'# 4,%, 4!- (!% 4'*"!%< E,-, &'# (, )3*.), %#, ;*.), *#)#%.",$!% &'# "!0,% (,%

%!(').!*#% %#,* '* $;(".4(! #%),(,- 0# '*, %!(').3* 4,-".)'(,- 0.6#-#*"# 0# )#-!< C%"!

!)'--# %. 2 %3(! %. (, $,"-.K

LD<:<DM

(

1 1 1
αβ αγ βγ

)

".#*# -,*9! :<

E,-, 0#$!%"-,- #%"!5 /,%",-> )!* ?#- &'# (!% 0!% -#*9(!*#% 0# #%", $,"-.K %!* (.*#,(@

$#*"# .*0#4#*0.#*"#%< E-.$#-!5 #( %#9'*0! -#*9(3* *! 4'#0# %#- )#-! 2, &'# #%"! .$@

4(.),-B, &'# ,( $#*!% 0!% 0# (,% )!!-0#*,0,% 0# [α : β : γ] %#-B,* )#-!5 4!- (! &'# %#-B,
.9',( , ,(9'*! 0# (!% !"-!% )',"-! 4'*"!% -#%",*"#%5 )!*"-,0.).#*0! (,% 8.43"#%.%< =8!-,

 

 !" #"$%&' ( )



 !"! #$%&'()$ %*)+#',(-)$  .

 !"#$%&'# (!) *# +# ,)$%*#$)  #$ *-$)&*')$.) +)")$+-)$.) / 0#'# (αβ, αγ, βγ) $#

) 0),#1 )$.#$0) λ (1, 1, 1) = (αβ, αγ, βγ) "&,& &*%2$ λ ∈ R +- .-$.# +) 0),#/ "#, *#

.&$.#3

λ = αβ, λ = αγ 4λ = βγ ⇒ αβ = αγ = βγ

5#'# &* ')$# +# +) *# $2'),# α, β, γ  #$ +-6),)$.) +) 0),#/ )$.#$0) 

α = β = γ 6= 0

7),# ) .#  -%$-80&,9& (!) [α : β : γ] = [1 : 1 : 1] 0#$.,&+-0-)$+# *& :-";.) - +) (!) *# 

0-$0# "!$.#  #$ +-6),)$.) < 7#, *# .&$.# *& '&.,-= ><?<> .-)$) ,&$%# ?< �

 !"#$#%#&$ ??' @)&$ +# 0#$A!$.# A,B ⊂ P
n
/ +)0-'# (!)  #$  !"#$%&'()*$+&$ $,-'.

()/$+&$0  - )B- .) f ∈ PGL(n+ 1,R) .&* (!) f (A) = B<

5#$ C& ) )$ ) .& +)8$-0-;$/  ) "!)+)$ -+)$.-80&, *# 0#$A!$.# ",#4)0.-D&')$.) )(!-E

D&*)$.) & !$& 0;$-0& 0!&*(!-),&<

F& 0;$-0&  #$ ",#4)0.-D&')$.) -$D&,-&$.) 1 ) +)0-, *& -'&%)$ +) !$& 0;$-0& C&A#

!$& .,&$ 6#,'&0-;$ ",#4)0.-D& ) .&'C-G$ !$& 0;$-0&< H!$(!) *& )0!&0-;$ +) *& 0;$-0&

,) !*.&$.) D&,9&/ ) "# -C*) +).),'-$&,*& "#, ')+-# +) *& .,&$ 6#,'&0-;$ ",#4)0.-D&

&"*-0&+& 4 *& )0!&0-;$ +) *& 0;$-0& #,-%-$&*< I) :)0:#/ C& J$+# ) )$ )**#/  ) "!)+)

:&0), !$& 0*& -80&0-;$ ",#4)0.-D& +) 0;$-0& ,) !*.&$+# 0!&.,# .-"# ",#4)0.-D&')$.)

+-6),)$.) /  - )B0*!-'# &* 0#$A!$.# D&09#<

 

12+'%) 3%-)%'2+ %)+2+'%) 4-+&"0 $+  "0'%'2+ 5$+$!)/

K#  -$%!*&, x2 + y2 − z2 = 0 7!)+) .)$), 'J +) 0!&.,#

7&, +) ,)0.& x2 − y2 = 0 LJB-'# 0!&.,#

M)0.& +#C*) x2 = 0 LJB-'# +# 

7!$.# x2 + y2 = 0 LJB-'# !$#

@- .#'&'# 0!&.,# "!$.# 8A# a, b, c, d ∈ P
2

)$ "# -0-;$ %)$),&*/ )* N)#,)'& ?> $# 

%&,&$.-=& (!) &*  )*)00-#$&, 0!&*(!-), "!$.# +-6),)$.) χ ∈ P
2

.)$+,)'# !$& 2$-0&

0;$-0& Cχ .&* (!) a, b, c, d, χ ∈ Cχ< 7#, #.,& "&,.)/ *& !$-0-+&+ +) ) .& 0;$-0& $# 

%&,&$.-=& (!) &* ) 0#%), 0!&*(!-), #.,# χ′ ∈ P
2
+- .-$.# & $!) .,# 0!&.,# "!$.# 8A# /

*& $!)D& 0;$-0& Cχ′
) .&* (!) Cχ′ = Cχ ; Cχ′ ∩ Cχ = {a, b, c, d}< O .#  -%$-80& (!)

) .& 6&'-*-& +) 0;$-0& $# +& !$& "&,.-0-;$ +) P
2 \ {a, b, c, d} / *& 0!&* -*! .,&'# )$ *&

P-%!,& ><?<><

O .& 6&'-*-& +) 0;$-0& 0#$ .& +) 0#$-0& $#  -$%!*&,) 4 .,) "&,) +) ,)0.& & #0-&+& 

& *& )0!&0-#$) xy − xz = 0/ xy − yz = 0 4 xz − yz = 0 (!)  #$ *& 0#$-0&  -$%!*&,) 

+) *& 6&'-*-&<

 

 !" #!!$ % &



 !"! #$%&'()$ %*)+#',(-)$  .

 !"#$% &'('&'  !"#$%& '() $*%+)( '*"+(& ," P
2

 !"!"! #$ %$&'( )%*&$+$! -% )%.!" $)*.%/% ,& *"( /, 0(& +,1%& $,"+)%0,& /,0

,&+*/#( $02&#$( /, 0% 3,(1,+)4% ')(5,$+#6%7 ," 0% '),&,"+, &,$$#!" /%),1(& *" ),&*1,"

/, %03*"(& ),&*0+%/(& 82&#$(& ," 0% 1%5()4% /, 0(& $%&(& &#" /,1(&+)%$#!"9 :*, "(&

',)1#+#)2 /,;"#) 0% )%.!" $)*.%/% ," ,0 $%&( /, <%$,& /, ),$+%& ," P
2
=

)*+!,!-!., >?' @,%" a, b, c, d ∈ P
1
/#&+#"+(& 5 &,% ϕ ∈ PGL(2,R) +%0 :*, ϕ(a) = [1 : 0]9

ϕ(b) = [0 : 1] 5 ϕ(c) = [1 : 1]= A,;"#1(& % 0%  !"#$ % &"!'! '( a9 b9 c 5 d $(1(
ϕ(d) ∈ P

1
7 % 0% $*%0 /,"(+%),1(& $(1( (a, b; c, d)=

/01*$2%-!., >B' C(+,1(& :*, ," 0% /,;"$#!" %"+,)#() (a, b; c, d) /,',"/, /,0 ()/,"
/, 0(& '*"+(& a, b, c, d ∈ P

1
9 %*":*, %03*"%& ',)1*+%$#(",& /, ,00(& "( %0+,)%" 0% )%.("

$)*.%/%=

!

@# +(1%1(& 0%& $(()/,"%/%& <(1(3D",%& /, $*%+)( '*"+(& /#&+#"+(& a = [a1 : a2]9
b = [b1 : b2]9 c = [c1 : c2] 5 d = [d1 : d2] +,"/)4%1(& :*, 0% ,E'),&#!" /, 0% +)%"&F()G
1%$#!" ')(5,$+#6% ϕ /, 0% A,;"#$#!" >? &,)2

ϕ =

[

b2 (a2c1 − a1c2) −b1 (a2c1 − a1c2)
a2 (b2c1 − b1c2) −a1 (b2c1 − b1c2)

]

.

 

 ! "#$%&"'($! ) *'$($+!+ +" ϕ "%&! ,!-!'&$.!+! /0- "1 2"0-"3! 45

!

6"- 78309 : ;



 !"! #$%&'()$ %*)+#',(-)$  .

 !" #! $%&$!' $(&()!* +,(

ϕ ([d1 : d2]) = [(b2d1 − b1d2) (a2c1 − a1c2) : (a2d1 − a1d2) (b2c1 − b1c2)] .

-. /(*0!)!1(&.2%)!* #%* 3!!"/(&%/%* /( (*$( 4,&$!' !5$(&()!*

(b2d1 − b1d2) (a2c1 − a1c2)

(a2d1 − a1d2) (b2c1 − b1c2)
,

(# 3,%# (* ,& &6)("! (& #!* "(%#(* (7$(&/./!*

 

+,( 3!""(*4!&/( % ,&% /(8&.3.9& ):* ,*,%#

/( #% "%29& 3",2%/%;

 

<& %/(#%&$( ,*%"()!* .&/.*$.&$%)(&$( #% "%29& 3",2%/% /(8&./%

3!)! ,& 4,&$! /( #% "(3$% 4"!=(3$.>% ! 3!)! &,)("! "(%# (7$(&/./!' = 4!/()!* 4%*%"

/( ,&% (74"(*.9& % !$"% 4!" )(/.! /( #% *.1,.(&$( 5.=(33.9&?

[a : b] 7−→
a

b
*. b (* /.*$.&$! /( 0

[a : 0] 7−→ ∞

@!$()!* +,( /( #% /(8&.3.9& /( "%29& 3",2%/% = /(# A(!"()% BC *( /(/,3( +,( 4%"%

/!* 3,%"$($%* /( 4,&$!* /.D("(&$(* a, b, c, d = a′, b′, c′, d′ (& P
1
' (7.*$( ,&% $"%&*D!")%3.9&

4"!=(3$.>% φ $%# +,( φ (a) = a′' φ (b) = b′' φ (c) = c′ = φ (d) = d′ *. = *9#! *. (a, b; c, d) =
(a′, b′; c′, d′);

E,&+,( /.)!* #% /(8&.3.9& /( "%29& 3",2%/% 4%"% P
1
' *( (7$.(&/( /( )%&("% &%$,"%# %

3,%"$($%* /( 4,&$!* %#.&(%/!* (& 3,%#+,.(" (*4%3.! 4"!=(3$.>!? 3,%#+,.(" "(3$% 4"!=(3$.>%

(& P
n
(*$: /($(").&%/% 4!" ,& *,5(*4%3.! #.&(%# /( /.)(&*.9& F (& R

n+1
G 4!" #! $%&$!'

(7.*$( ,& *.*$()% /( 3!!"/(&%/%*' /($(").&%/! 4!" ,&% 5%*( /( /!* (#()(&$!*' 4%"%

(*( *,5(*4%3.!' 3!&*.*$(&$( (& 4%"(* /( &6)("!* "(%#(* (# 3,%#' %# 0!)!1(&.2%"#!' /% ,&

*.*$()% /( 3!!"/(&%/%* 0!)!1H&(%* 4%"% /.30% "(3$% 4"!=(3$.>%;

 !"#$#%#&$ FI' J(3.)!* +,( ,& 3!&K,&$! /( "(3$%* {li ⊂ P
2 : i = 1, 2, ..., n} (* ,&  !"

#$ % &$'(!) *. (7.*$( p ∈ P
2
$%# +,( li ∩ lj = {p} 4%"% $!/! i 6= j' = ##%)%)!* *+&(,'$ #$-

 !" %# 4,&$! p;

E0!"% (&,&3.%"()!*' *.& /()!*$"%3.9&' #!* "(*,#$%/!* /( #% "%29& 3",2%/% +,( &!* 4("L

).$(& (7$(&/(" #% /(8&.3.9& % 0%3(* /( 3,%$"! "(3$%* (& (# 4#%&! 4"!=(3$.>!;

(!)*!+, FM' .$!% {li ⊂ P
2 : i = 1, 2, 3, 4} /%  !" #$ '/!(&0 &$'(!) #$- 1-!%0 1&02$'(,*0

2 m,n ⊂ P
2
#0) &$'(!) #,)(,%(!) 3/$ %0 1$&($%$'$% !-  !"4 ., '0%),#$&!50) -0) 1/%(0)

#$ ,%($&)$'',6% xi ∈ li ∩m 2 x′i ∈ li ∩ n #$ -!) &$'(!) #$-  !" '0% -!) &$)1$'(,*!) &$'(!)

m 2 l7 $%(0%'$) (x1, x2; x3, x4) = (x′1, x
′

2; x
′

3, x
′

4)4

 

 !"#$%&'()!# *!# "+)&'!# '&(*&# &,-&"%$%!# .!)! R∪{∞}/ %!"%& *(# !0&'(.$!"&# 12& $"3!*2.'("
! %(" .!)! '&#2*-(%! ∞ #& %&4"&" 0!' )&%$! %& 2" *5)$-&6
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 !"! #$% &'()*&% +& A
n
&' P

n
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 !"# "#$%#&'( )*+' ,#&$!"%')-./ !# $0"-#/# '1 2%$+#)"'% ' m #/ n ,#!,# p( -&21-)' 1'
,#3/-)-./ ,# %'4./ )%*4',' 2'%' */ 5'4 ,# )*'"%$ %#)"'!6

 

 !"#$#%#&$ 78' 9#' {li ⊂ P
2 : i = 1, 2, 3, 4} */ 5'4 ,# )*'"%$ %#)"'! #/ P

2
+ !#'/

xi ∈ li∩m 1$! 2*/"$! ,# -/"#%!#))-./ )$/ */' %#)"' )*'1:*-#%' m ⊂ P
2
:*# /$ 2#%"#/#4;

)' '1 5'46 <#3/-&$! 1'  !"#$ % &"!'! '() *!" '( %&!+ ,  (%+!- )$&$ (x1, x2; x3, x4) + 1'
,#/$"'&$! )$&$ (l1, l2; l3, l4)6

 1 !-=*-#/"# "#$%#&' /$! -/,-)' :*# 1' %'4./ )%*4',' ,# */ 5'4 ,# )*'"%$ %#)"'! #! */

-/>'%-'/"# 2%$+#)"->$6

(!)*!+, 7?' .(! {li ⊂ P
2 : i = 1, 2, ..., 4} &$ *!" '( %&!+ ,  (%+!- ($ P

2
/

ϕ ∈ PGL(3,R)0 ($+,$%(- (l1, l2; l3, l4) = (ϕ (l1) , ϕ (l2) ;ϕ (l3) , ϕ (l4))1
!

 !"! #$% &'()*&% +& A
n
&' P

n
!

@/' >#4 :*# 5#&$! 2%#!#/"',$ #1 =%*2$ ,# "%'!A$%&')-$/#! 'AB/ + #1 =%*2$ 2%$+#)"->$ 2$%

&#,-$ ,# &'"%-)#!( 2$,#&$! '/'1-4'% */' %#1')-./ -&2$%"'/"# #/"%# #1 #!2')-$ 2%$+#)"->$

+ #1 #!2')-$ 'AB/6

C$&#&$! */ 5-2#%21'/$ 2%$+#)"->$ l D,# ,-&#/!-./ n − 1E #/ P
n
6 F$,#&$! #/)$/"%'%

*/' 0'!# ,# R
n+1

"'1 :*# 1' #G2%#!-./ #/ )$$%,#/','! 5$&$=H/#'! ,# #!"# 5-2#%21'/$

!#' l = {[x1 : x2 : ... : xn+1] ∈ P
n : xn+1 = 0}6"  /"$/)#!( #G-!"# */ 5$&#$&$%3!&$ ,#

A
n
#/ P

n \ l ,',$ 2$% 1' A*/)-./

DI6J6IE i(x1, x2, ..., xn)→ [x1 : x2 : ... : xn : 1]

K$ #! ,-AB)-1 >#% :*# #!"' A*/)-./ #! */ #/)'L#6 K$"#&$! ',#&M! :*#( #/ 2%-/)-2-$( #!"'

A*/)-./ ,#2#/,# ,#1 5-2#%21'/$ l + ,# 1' 0'!# #!)$=-,' 2'%' /*#!"%$ !-!"#&' ,# )$$%,#;
/','!6 F#%$ #!"$ /$ #! */ -/)$/>#/-#/"# 2'%' #1 #!"*,-$ ,# 1'! 2%$2-#,',#! =#$&H"%-)'!

,# P
n
+' :*# )*'1:*-#% A*/)-./ ,# #!"# "-2$( !# 2*#,# )$/>#%"-% #/ $"%' !-&-1'% 2$% &#,-$

,# */' "%'/!A$%&')-./ 2%$+#)"->'6

-!+, 7N' 2,',- ),- ($%!3(- '( A
n
($ P

n
'( 4$5',- %,6, ($ 71817 -,$ 9 ,/(%+5:!6($+(

(;&5:!)($+(-1

 !+)./*,%#&$' 9#'/ ,$! #/)'L#! il, im : An → P
n
,#"#%&-/',$! 2$% 1$! %#!2#);

"->$! 5-2#%21'/$! l,m ⊂ P
n
+ !#'/ α, β */ 2'% ,# 0'!#! ',#)*','! α = {a1, ..., an+1} +

β = {b1, ..., bn+1} ,# R
n+1

( :*# 2#%&-"'/ ,#3/-%1#! )$&$ #/ I6J6I6 O5$%'( #G-!"# */ P/-)$

'*"$&$%3!&$ 1-/#'1 L "'1 :*# L(ai) = bi6 9'0#&$! :*# L #! -/>#%"-01# +( 2$% 1$ "'/"$(

 

 !"! #$! %&'()*"!+,-$ %&. *&("&'! /&" 01'(/ 2 3

!

 !"! #$! %&'()*"!+,-$ /&" ,45%&' 2 3

"

 (" &6&'7.( 7(%&'() *('!" n + 1 7#$*() &$ 7(),+,-$ 8&$&"!.9 %& .() +#!.&) )-.( n &)*:$ +($;

*&$,%() &$ l < &$+($*"!" #$! 4!)& %& R
n+1

*!. =#& .!) +(("%&$!%!) %& &)*() 7#$*() )&!$ [1 : 0 : ... : 0]9
[0 : 1 : ... : 0]9>>>9 [0 : 0 : ... : 1 : 0] 7!"! .() =#& )& &$+#&$*"&$ &$ l < [0 : 0 : ... : 1] 7!"! &. "&)*!$*&>



 !"! #$% &'()*&% +& A
n
&' P

n
! ,-

 !"#  $ GL(n+1,R)%  $"&$' !( L  !  ) * +* ! $",$" - .$, /,"*01 [L] ∈ PGL(n+1,R)2
34&*, ! , (x1, x2, ..., xn) ∈ A

n
2 5$"&$' !

[L] ◦ il(x1, x2, ..., xn) = [L] [x1 : x2 : ... : xn : 1]α = [L(x1, x2, ..., xn, 1)α]

= [x1L(a1)+, ...,+xnL(an) + L(an+1)]

= [x1b1+, ...,+xnbn + bn+1]

= [x1 : x2 : ... : xn : 1]β = im(x1, x2, ..., xn)

�

5) ) /, ,$" *0&* 0/+)0', 6. ( +,*, 7$ ! - ) +),$& +*&8 '"09& 8 !. : &/ "*;,( "&-&! )&!

 $',< ! - 7$0-&! -  !", =&*/, !&$  ! $'0,)/ $"  ) /0!/&% +&* )& ",$"&( - ,4&*,  $

,- ),$" $&! * = *0* /&! ,  ))&! '&/& .$  $',< ',$>$0'& - A
n
 $ P

n
8 $& 4,* /&!

-0!"0$'0>$ - ) 40+ *+),$& 8 ), ?,! 6. )& - 7$ $ , / $&! 6. ! , $ ' !,*0&2

@&!  $',< ! ',$>$0'&! - )  !+,'0& ,=;$  $  ) +*&8 '"09& !&$ * ) 9,$" ! +,*,  )  !".-0&

- ),! * ),'0&$ !  $"*  !"&! -&!  !+,'0&!( 8 ! .!,$(  $"* &"*,! '&!,!( +,*, - /&!"*,*

" &* /,! : &/A"*0'&! - )  !+,'0& ,=;$ '&$ 4 **,/0 $",! - )  !+,'0& +*&8 '"09&2 5!"&  !

+&!0?) :*,'0,! , 6. ), * ),'0>$  !",?) '0-, +&* .$  $',< ',$>$0'& 0$-.' .$ /&$&/&*B

7!/& - ) :*.+& - "*,$!=&*/,'0&$ ! ,7$ !  $  ) +*&8 '"09&2 C 4 '4&  !"&  ! .$ +&'&

/#! : $ *,)( $& $ ' !0",/&!  D+);'0",/ $"  )  $',< !0$& E$0',/ $" - ) !.? !+,'0& l
6. )& - 7$ 2

 !"#!$% FG&  !" l ⊂ P
n
#$ %&'!(')"$* + G !) ,*$-#$.* /! .*/"0 )"0 .("$01*(2",&*$!0

'(*+!,.&3"0 4#! 5-"$ " l6 !$.*$,!0 G !0 &0*2*(1* " Af(n,R)2

'!$"()#%*+,-& H&/ /&! .$, ?,! α = {a1, ..., an+1} ,- '.,-, +,*, 6. l =
{[x1 : x2 : ... : xn+1] ∈ P

n : xn+1 = 0}( !0$ + *-0-, - : $ *,)0-,- !.+&$:,/&! 6. ),!

'&&*- $,-,! 4&/&:A$ ,! - [ai] = [01 : 02 : ... : 0i−1 : 1i : 0i+1 : ... : 0n+1]2
I , [M ] ∈ PGL(n + 1,R) ",) 6. [M ] [x] ∈ l !0 8 !&)& !0 [x] ∈ l2 34&*,( '&/&

[M ] [ai] = [m1i : m2i : ... : mn+1 i]( 6.  ! ), 0B !0/, '&)./$, - ), /,"*01 M (  $"&$' !

[m1i : m2i : ... : mn+1 i] ∈ l !0 i < n + 1 8 [m1n+1 : m2n+1 : ... : mn+1n+1] /∈ l% +&* )&

",$"&( mi n+1 = 0 !0 i < n+ 1 8 mn+1n+1 6= 02 5!"& 6.0 * - '0* 6. 

[M ] =









m11 m12 · · · m1n+1

m21 m22 · · · m2n+1
2

2

2

2

2

2

2

2

2

2

2

2

0 0 · · · mn+1n+1









J&* &"*, +,*" (  ! '),*& 6. !0 [M ] ∈ PGL(n+ 1,R) "0 $  !", =&*/,(  $"&$' !

[M ] [x1 : x2 : ... : xn : 0] ∈ l

+,*, '.,)6.0 * +.$"& 6.  !"  $ l2 3!;( " $ /&! 6. 



 !"! #$% &'()*&% +& A
n
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n
! , 

G =















[M ] ∈ PGL(n+ 1,R) : [M ] =









m11 m12 · · · m1n+1

m21 m22 · · · m2n+1
 

 

 

 

 

 

 

 

 

 

 

 

0 0 · · · mn+1n+1
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



















!"#$% &#'('#) *+ $(,$()(+&%+&( %-(.*%-# ,%$% .%-% (/('(+&# -( G0 1*( )($2 -343-3$

(+&$( /% .##$-(+%-% mn+1n+1 5 %)6 #7&(+-$('#) *+ .#+8*+&# 3)#'#$9# -()"#'#:(+3;%-#

G ∼=















[N ] ∈ GL(n+ 1,R) : [N ] =









n11 n12 · · · n1n+1

n21 n22 · · · n2n+1
 

 

 

 

 

 

 

 

 

 

 

 

0 0 · · · 1























-#+-( nij = mij/mn+1n+1  <($# ()&( .#+8*+&# () (=%.&%'(+&( /% $(,$()(+&%.3>+ .#+

'%&$3.() -(/ :$*,# %96+0 ,#$ /# .*%/ G ∼= Af(n,R) �

<%$% .#+./*3$ ()&% )(..3>+0 3+&$#-*.3$('#) *+% +#&%.3>+ ?&3/ @%-# l0 *+ "3,($,/%+#

,$#5(.&34# (+ P
n
0 ,#-('#) -(A+3$ *+ (+.%8( .%+>+3.# i -( A

n
(+ P

n
5 % )* 4(; ,#-('#)

-(A+3$ *+ 3)#'#$A)'#0 1*( -(+#&%$('#) .#'# ī0 -(/ :$*,# %96+ .#$$(),#+-3(+&( (+ (/

)*7:$*,# -( &$%+)9#$'%.3#+() ,$#5(.&34%) 1*( A8%+ % l0 1*( .#+)3)&( (+ -()"#'#:(+3;%$

.#'# )( 43# (+ (/ &(#$('% %+&($3#$ 
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 !"#$%&! '( $&)*+,-#$%&)(!

 !"! #$%&'()$ *+ '),-./0&'(),+$ &-,+$ *+ %/,1)$2 A
d
k

)& "*+,-* $+"' .- -/"!0+'/ .- 0'123%*!0+'1-/ 4%- !5'*.!*-,'/ /-*6 -& .- &'/ -/"!0+'/

.- 0'123%*!0+'1-/ .- "%1$'/ -1 -/"!0+'/ !21-/7  ',-10-,'/ 0'1 %1!/ .-21+0+'1-/

!%8+&+!*-/7

 !"#$%&' 9:( ;!*! %1 0'1<%1$' X .-1'$!*-,'/ 0',' Xk
!& "*'.%0$' 0!*$-/+!1' 0'1=

/+/$-1$- -1 $'.!/ &!/ >=!.!/ '*.-1!.!/ .- -&-,-1$'/ .- X7

)*+%'%$%&' 9(( ?!.' (x1, ..., xk) ∈ Xk
@ .-21+,'/ /%  !"!#$% 0',' -& 0'1<%1$'

{x1, ..., xk} ⊂ X A &' .-1'$!,'/ 0',' sop (x1, ..., xk)7

)*+%'%$%&' 99( ?-0+,'/ 4%- %1 0'1<%1$' 21+$' .- "%1$'/ {x1, ..., xi} ⊂ A
n
&'() ! A

n

/+ "!*! $'.! f ∈ Af(n) $!& 4%- f(xk) = xk 0'1 k = 1, ..., i /- $+-1- 4%- f = Id7

,-.*/0#$%&' 9B( C'$-,'/ 4%- .-& D-'*-,! E /- .-.%0- 4%- %1 0'1<%1$' .- "%1$'/

-1 "'/+0+F1 3-1-*!& x1, ..., xi 2<!1 ! A
n
/+ A /F&' /+ i ≥ n+ 17

GH'*! +1$*'.%0+*-,'/ &! 1'0+F1 .- -/"!0+' .- 0'123%*!0+F1 .- "%1$'/ 0'&'*-!.'/ -1

A
n
7 )1 "*+,-* &%3!* 1-0-/+$!,'/ 0'1/+.-*!* %1 0'1<%1$' 21+$' .- "%1$'/ 0'&'*-!.'/ -1

A
n
I -/$' 0'1 &! +1$-10+F1 .- .+J-*-10+!*&'/7 G/#I "'* -<-,"&'I "'.*#!,'/ $',!* -& "%1$'

(0, 0, ..., 0) 0'1 0'&'* *'<' AI "!*! 1%-/$*'/ 21-/I /-*#! .+/$+1$' .- (0, 0, ..., 0) !,!*+&&'7 K!
,!1-*! -1 &! 4%- J'*,!&+L!*-,'/ -/$' /-*6 "-1/!* &'/ 0'&'*-/ 0',' /%5#1.+0-/ .- 1%-/=

$*'/ "%1$'/7 G/#I !/+31!*-,'/ %1 1M,-*' ! 0!.! 0'&'*@ -1 -& -<-,"&' !1$-*+'* $-1.*#!,'/

4%- (0, 0, ..., 0)1 6= (0, 0, ..., 0)27

N+ 2<!,'/ %1 1M,-*' k .- 0'&'*-/I "'.-,'/ .!* ! k "%1$'/ 0'&'*-!.'/ .- .+/$+1$' 0'=
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 !"#$%&! '" ($)*+,+-* ($ !&.&#/$ 01$)*+,+-* 234 ."#" .&($# ."!"# ($ 5* ,&*65*/&

,&'&#$"(& ($ .5*/&! (x1, x2, ..., xk)7 " ,&*!+($#"# !+%.'$%$*/$ $!&! .5*/&! ,&%& 5* !589
,&*65*/& {x1, x2, ..., xk}7 $* $' ,5"' *& (+:$#$*,+"#$%&! $' ,&'&# *+ $' &#($*; <&# $6$%.'&7
$' !&.&#/$ ($ '&! .5*/&! ,&'&#$"(&! (0, 0, ..., 0)17 (0, 0, ..., 0)2 $! $' ,&*65*/& =5$ !-'&
,&*/+$*$ "' .5*/& (0, 0, ..., 0);
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A .$#& $!/$ $!.",+&7 ,&%& /&("! '"! B$&%$/#C"!7 /+$*$ 5*" %"*$#" ($ ($)*+# ,5"*(&

(&! ,&*65*/&! !&* +*(+!/+*/&! $* /D#%+*&! ($ !5 B$&%$/#C"; E#",+"! "' B#5.& ($ /#"*!:&#9
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 !"#$#%#&$ 2H' 1"(&! (x1, x2, ..., xk) , (y1, y2, ..., yk) ∈ (An)k7 ($,+%&! =5$ !&*  !"#$

%&#'& &()*+ ,&#'&- !+ $I+!/$ f ∈ Af(n) /"' =5$ (f (x1) , f (x2) , ..., f (xk)) = (y1, y2, ..., yk);

()*+*,#%#&$ 2J' . /&, 0*1# 2&3#*2 04%4 (x1, x2, ..., xk) ∼ (y1, y2, ..., yk) -*

(x1, x2, ..., xk) &-  !"#%&#'& &()*+ ,&#'&  (y1, y2, ..., yk)5 &- 2& &()*+ ,&#0*  

 !-*,.)/%#&$' K$"* (x1, x2, ..., xk) , (y1, y2, ..., yk) , (z1, z2, ..., zk) ∈ (An)k L

f, g ∈ Af(n);

<"#" ($%&!/#"# '" #$M$I+8+'+("( 8"!/" &8!$#F"# =5$ idAn ∈ Af (n) $*/&*,$! $!
,'"#& =5$ (x1, x2, ..., xk) ∼ (x1, x2, ..., xk);
<"#" '" !+%$/#C" &8!$#F$%&! =5$ !+ (f (x1) , f (x2) , ..., f (xk)) = (y1, y2, ..., yk)
$*/&*,$! ,&%& f−1 ∈ Af (n) /$*$%&! =5$ (f−1 (y1) , f

−1 (y2) , ..., f
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(x1, x2, ..., xk) , L .&# '& /"*/& (y1, y2, ..., yk) ∼ (x1, x2, ..., xk);
N+*"'%$*/$7 ."#" '" /#"*!+/+F+("( /$*$%&! =5$7 !+ (f (x1) , f (x2) , ..., f (xk)) =
(y1, y2, ..., yk) L (g (y1) , g (y2) , ..., g (yk)) = (z1, z2, ..., zk) $*/&*,$!

(g ◦ f (x1) , g ◦ f (x2) , ..., g ◦ f (xk)) = (z1, z2, ..., zk)7 ,&%& g ◦ f ∈ Af (n) /$9
*$%&! =5$ (x1, x2, ..., xk) ∼ (z1, z2, ..., zk);
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/ /% )&#% %!+ 2& 0!+ +: %! /+0? 8
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& !+ 2& 0!+ )!%!(/#3!+ #(H,0(#(,!+ (x, y)1 , (x, y)2 , ..., (x, y)k4 %# ,1#'/ 3/ /%%!+ H#<! & 
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C0,% / %#+ 3/+)(,2),! /+ 3/ )! >'&(#),! /+8

-*.%'%$%&' NP( G/# (x1, x2, ..., xi, ..., xk) ∈ (An)k4 3/),1!+ 5&/ 0,/ / & # !"#$%&'!()*+

,& m -.+/$0 +, xi1 = xi2 = ... = xim = xi8 Q!1! /% "/)"! 3/ 0/ /( & # #'%!1/(#),- /+

, 7#(,# 0/ (/+2/)0! # 0(# +*!(1#),! /+ #> /+4 3/> ,1!+ 5&/ 〈x1, x2, ..., xi, ..., xk〉 ∈ A
n
k

0,/ / & # !"#$%&'!()*+ ,& m -.+/$0 +, / )&#%5&,/( (/2(/+/ 0# 0/ (x1, x2, ..., xi, ..., xk)
3/ /%%# xi1 = xi2 = ... = xim = xi8
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3
!,)1! %, 0$*,'

< "% 1!.)* '1)'&',*$ "*7!4'" =%! G(2, 3) ∼= G(1, 3)( *#!4*" #*#' =%! $*" 1!.)*" !, R
3
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1
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1
4J ;")* )-!,! %, 1!01!K

"!,)*,)! #! $* F'14* (x′1, x
′

2, x
′

3, 0) 0*1* *$&%,'" x
′

i ∈ R .', i = 1, 2, 3( <* =%! 0*1* )'#*
.',+&%1*.-/, 0'#!4'" !,.',)1*1 %,* )1*,"$*.-/, T ∈ Af (1) =%! .%40$* T (x4) = 0 <
#!+,-4'" x′i := T (xi)2 @'1 ')1' $*#' .'4' sop ((x′1, x

′

2, x
′

3, 0)) +E* * A
1
#!7! .',)!,!1 *$
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1
42 36'1* "!* ')1' 1!01!"!,)*,)! (y4, y2, y3, 0) ∈ 〈x
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"', *F?,4!,)! !=%-8*$!,)!" "- < "/$' "- !D-")! %, *%)'4'1+"4' $-,!*$ #! R =%! $$!8! $'"

0%,)'" #! %,* * $* ')1* LM!1 A!'1!4* NOJ !" #!.-1( "- < "/$' "- x′i = λyi 0*1* *$&:,
λ ∈ R

∗
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′
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′
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2
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′
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′
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1
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′
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′
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′
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 !"#$%&'("%! &) '&#*)+(%! ("+&'$!' *#('&,!# $"%$#+$"+(,&"+& %!# "!,&"-)(+*'(# .('(

)!# .*"+!# %& A
1
4/ .!' #* -)(#& %& &0*$1()&"-$( 2 !"! 〈x1, x2, x3, x4〉34 5 .!' )( .('(,&6

+'$7(-$8" %& A
1
4 .!' ,&%$! %& -!!'%&"(%(# 9!,!:;"&(# 1$#+(# &" &) +&!'&,( ("+&'$!'

2 !"! [x : y : z]3<

 ! ! ! A
1
4 "#$# %&"'()*+! =&#-'$>(,!# (9!'( A

1
4 .!' ,&%$! %& .&:(%! %& -&)%(#

%& %$?&'&"+&# %$,&"#$!"&#< @#+! -!,.)&,&"+('A )( %&#-'$.-$8" 0*& 5( +&"&,!# %& &#+&

&#.(-$!<

B!,&,!# -*(+'! .*"+!# -!)!'&(%!# x1, x2, x3, x4 &" A
1
+()&# 0*& CD&" ( A

1
< E*#-('&,!#

)!# %$?&'&"+&# +$.!# %& -!"C:*'(-$!"&# .!#$>)&# -!" >(#& &" #* #!.!'+& 5 #* !'%&" %&

-!)!'(-$8" $"%*-$%! .!' &) !'%&" )$"&() %&
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 !"#$% &'&'(' F!# +$.!# %& -!"C:*'(-$!"&# %& A
1
4

,-.# /&01 F(# -!"C:*'(-$!"&# -!" *"( (:)!,&'(-$8" %& G .*"+!#< @) #!.!'+& %&

&#+(# -!"C:*'(-$!"&# #!" %!# .*"+!# %& )( '&-+( (?H" 5 .!' )! +("+! -*()0*$&'

-!"C:*'(-$8" %& &#+& +$.! -!" )( ,$#,( -!)!'(-$8" &# (?H",&"+& &0*$1()&"+&<

I#H4 &#+( -!"C:*'(-$8" .('(,&+'$7( *" #!)! .*"+! %& A
1
4 .!' -(%( -!)!'(-$8"

%$?&'&"+&< =& 9&-9! .!%&,!# -('(-+&'$7(' -(%( *"! %& &#+!# .*"+!# .!' &) -!)!'

0*& "! &#+A &" )( (:)!,&'(-$8" %& G .*"+!#4 .!' &))! )( %&"!+('&,!# 〈x, xi〉 %!"%&
i &# %$-9! -!)!'< =& &#+( ,("&'( +&"&,!# J .*"+!# %$?&'&"+&# %& &#+& +$.!<

,-.#  & 1 F(# -!"C:*'(-$!"&# -!" %!# (:)!,&'(-$!"&# %& K .*"+!#< I) $:*() 0*& &"

&) -(#! G6L #* #!.!'+& #!" %!# .*"+!#< I#H 0*& &" +!+() +&"&,!# G -!"C:*'(-$!"&#

%& &#+& +$.! -!" %$#+$"+( -!)!'(-$8" 0*& '&.'&#&"+(" &) ,$#,! "M,&'! %& .*"+!#

%& A
1
4< =&"!+('&,!# ( &#+( -!"C:*'(-$8" %& )( #$:*$&"+& ,("&'( 〈xij, xkl〉 %!"%&

)!# #*>H"%$-&# '&.'&#&"+(" )!# -!)!'&# &" -(%( *"( %& )(# (:)!,&'(-$!"&#<
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 !"# $%&%&'  !" #$%&'()!#*$%+" ,(+ -*+%+% (%! "$.! !'.$/+)!#*0% 1+ 2 3(%-$"4 5%

+"-+ #!"$ -+%1)+/$" ,(+ "( "$3$)-+ 1+ -)+" 3(%-$" )+3)+"+%-!1$ +% .! )+#-! )+!.

"+ 6+)7 #$/$ -)+" %8/+)$" a, b, c ∈ R -!.+" ,(+ a < b < c4 9* +% A
1
-$/!/$" -)+"

3(%-$" +% +"-! 1*"3$"*#*0%: #(!.,(*+) -)!%";$)/!#*0% !;<% f 3)+"+)6!)7 $ *%6+)-*)7
+. $)1+%

 

: +" 1+#*) f (a) < f (b) < f (c) $ f (c) < f (b) < f (a)= 3$) .$ -!%-$
3$1+/$" ..+6!) (%! #$%&'()!#*0% #(!.,(*+)! ! (%! !;<%/+%-+ +,(*6!.+%-+: 1$%1+

a = 0: > c = 1= 1+ -!. /!%+)! ,(+ b "+ +%#$%-)!)7 +% +. *%-+)6!.$ (0, 1)= > #$%
+"+ 3(%-$ 3!)!/+-)*?!)+/$" -$1!" .!" #$%&'()!#*$%+" 1+ -*3$ 2@A@A !;<%/+%-+

+,(*6!.+%-+" > #$% .! /*"/! #$.$)!#*0% +% A
1
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!$'"% )(+ '*%%$+,*&!"$&2$+ ( 〈x14, x3, x3〉0 〈x1, x24, x3〉 1 〈x1, x2, x34〉9

M*2$=*+ 6/$ (!$=B+ !$ )(+ '*&-./%('"*$+ !$+'%"2(+ $& $) ,B%%(#* (&2$%"*% &*+ #()2(

'*&2$=,)(% )(+ '*&-./%('"*&$+ $& )(+ 6/$ x10 x2 1 x3 &* +*& !"#$%$&2$+ ,(%( '*&+"!$%(%

2*!* P
1
4L $+2(+ +$%B&E 〈x12, x3, x4〉0 〈x1, x23, x4〉 1 〈x13, x2, x4〉0 !$-&"!(+ ,*% x1 = x20

x2 = x30 x1 = x30 %$+,$'2"3(=$&2$9 N>"6/$=*+ $+2*+ 2%$+ ,/&2*+ $& )( !$+'%",'"4&

!$ P
1
4 ,*% =$!"* !$ +/ '$%'(&D( ( *2%(+ '*&-./%('"*&$+9 G" 2$&$=*+ /&( +/'$+"4& !$

'*&-./%('"*&$+ (x1k , x2k , x3k , x4k) !*&!$ x1k := [1 : 0]0 x2k := [0 : 1]0 x3k := [1 : 1] 1
x4k :=

[

1 : 1
k

]

−→
k→∞

[1 : 0] = x1k 0 '(!( $)$=$&2* !$ $+2( +/'$+"4& +$ ,/$!$ =(&!(% =$H

!"(&2$ )( 2%(&+#*%=('"4& ,%*1$'2"3( φk =

[

1 0
0 k

]

( *2%* ,%*1$'2"3(=$&2$ $6/"3()$&2$

(y1k , y2k , y3k , y4k) !*&!$ yik := φk (xik)9 O( 2%(&+#*%=('"4& φk A('$ 6/$ y1k = [1 : 0]0
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&! 0/3$! "0'*/3$,+! 3'.$,/./ 3')' -%=<0%"' !& <0%"' !7#. 9/ 9,)/.-,4. 56 >!)'- ! %-!0

/-$! "0'",/9!9 "!0! 9/?.,0 %.! 7%.3,4. 9/ A
1
4 ! P

1
46

 '.-,9/0/)'- 〈x〉 ∈ A
1
4 * -/! i : A1 → P

1
%. /.3!@/ 3!.4.,3' 9/ &! 0/3$! !7#. /. &!

0/3$! "0'*/3$,+!6 A/.,/.9' /. 3%/.$! B%/ %. "%.$' /. A
1
4 /- %.! 3&!-/ 9/ /B%,+!&/.3,!

9/ 3%!0$/$!- 9/ "%.$'- 9/ A
1
1 "'9/)'- 3'.-,9/0!0 %. 0/"0/-/.$!.$/ 9/ 9,3C! 3&!-/

* !"&,3!0&/ ! 3!9! "%.$' .%/-$0' /.3!@/ ! P
1
)!.$/.,/.9' &! ),-)! 3'&'0!3,4. 9/&

"%.$' * -% ,)!</.6 D%/<'1 "!0! 9/?.,0 F 1 3'.-,9/0!)'- &! 3&!-/ 3'00/-"'.9,/.$/ ! /-$!
3'.?<%0!3,4. /. P

1
46 E- 9/3,0F

”F : A1
4 → P

1
4 F (〈x〉A) = 〈i(x)〉P ”

G'.9/ -, x = (x1, x2, x3, x4) /- %. 0/"0/-/.$!.$/ 9/ &! 3&!-/1 /.$'.3/- i(x) :=
(i(x1), i(x2), i(x3), i(x4))6

 !"#$% &'(')' D! 9/?.,3,4. ,.$%,$,+! 9/ F 6

H-$! /- &! ,9/! </./0!& "!0! 3'.-$0%,0 &! 7%.3,4. B%/ 9/-/!)'-I "/0' $/./)'- B%/ 9/J

)'-$0!0 B%/ /-$8 =,/. 9/?.,9!6 G/ C/3C' +/0/)'- B%/ 9,3C! 0/<&! 9/ 3'00/-"'.9/.3,!

.' /-$! 9/?.,9! "!0! !&<%.'- "%.$'- 9/ A
1
46 2,. /)=!0<'1 ! "!0$,0 9/ 3'.'3/0 &'- "%.$'-

/. &'- B%/ .' "'9/)'- 9/?.,0&!1 /.3'.$0!0/)'- %.! .%/+! 7%.3,4. K/. %. -%=3'.@%.$'

9/ A
1
4L B%/ -/08 /& '=@/$' 9/ .%/-$0' /-$%9,'6

  



 !"! #$%&'&$'#( F : A
1
4 → P

1
4  )

 !"! #$% &'()$% *'+ ($ %,-+( , ./(.+ 01!

 !"!#$% !" !%!"&'( )" *+$,-!#( *(+( .!/"'+ -( 0)"&'1" F &$#$ .!%!(#$%2 -(% &$"/3)4

+(&'$"!% !" A
1
4 &)5$ %$*$+6! !% )"( .)*-( !" A

1
7  !"! -$% 8)! 6'!"!" (3-$#!+(&'$"!% .!

6+!% *)"6$% 5 (8)!--(% 8)! 9'!"!" .! )" *(+ .! (3-$#!+(&'$"!% .! .$% *)"6$%:

;!(#$% 8)< %)&!.! 5 &1#$ !9'6(+ !%6! 6'*$ .! *)"6$%: ='3)'!".$ -( /-$%$0>( .! ")!%6+$

,$%8)!?$ .! .!/"'&'1" *(+( F ("(-'&!#$% -$ 8)! $&)++!2 !%6$% 6'*$% .! &$"/3)+(&'1"

6'!"!" &$#$ %$*$+6! .$% *)"6$% !" A
1
7 (%> 8)! (- (*-'&(+-!% i 6!".+!#$% .$% *)"6$%

.! P
1
@ *!+$ !" P

1
"!&!%'6(#$% (- #!"$% 6+!% *)"6$% *(+( /?(+-$: A"6$"&!% !%6(% .)*-(%

.! *)"6$% "$ 6'!"!" )"( +!*+!%!"6(&'1" !" P
1
4 B9!+ C:DE: F( #$.'/&(&'1" "!&!%(+'( .!

")!%6+( 0)"&'1" %!+G +!.!/"'+-( 6$#(".$ %) .$#'"'$ ( )" %),&$"?)"6$ A1
4 ⊂ A

1
47 .!/"'.$

.! -( %'3)'!"6! 0$+#( A1
4 := {〈x〉 ∈ A

1
4 : |sop (〈x〉)| > 2}@ !% .!&'+7 6$#(#$% A1

4 #!"$%

%'!6! *)"6$%2 -(% &)(6+$ .)*-(% 8)! 6'!"!" )"( (3-$#!+(&'1" .! 6+!% *)"6$%7 5 -(% 6+!%

8)! &$"6'!"!" .$% (3-$#!+(&'$"!% .! .$% *)"6$%:

 !2! 3+4(0+(.$ F : A1
4 → P

1
4

H+$&!.(#$% ( -( .!/"'&'1" 0$+#(- .! F : I$#$ *+'#!+ *(%$ .!#$%6+(+!#$% 8)! !%6G
,'!" .!/"'.( &$#$ 0)"&'1":

 !"#$#%#&$ JK' =!( 〈x1, x2, x3, x4〉 ∈ A1
4 = {〈x1, x2, x3, x4〉 ∈ A

1
4 : |sop (〈x〉)| > 2} 5 %!(

i : A1 → P
1
)" !"&(?! .! -( +!&6( (0>" !" -( +!&6( *+$5!&6'9(7 .!/"'#$% -( 0)"&'1" F

&$#$2

F : A1
4 → P

1
4 F (〈(x1, x2, x3, x4)〉A) = 〈(i (x1) , i (x2) , i (x3) , i (x4))〉P

()*+*,#%#&$ JL' F "#$% & "' (")' (*!

 !-*,.)/%#&$' =!( 〈x1, x2, x3, x4〉 ∈ A1
4 5 6$#!#$% .$% +!*+!%!"6("6!%

(x1, x2, x3, x4)7 (y1, y2, y3, y4) ∈ 〈x1, x2, x3, x4〉:  $#(".$ !- !"&(?! i : A
1 → P

1
8)! .!/"!

( ")!%6+( 0)"&'1" F .!#$%6+(+!#$% 8)! 〈i (x1) , i (x2) , i (x3) , i (x4)〉 =
〈i (y1) , i (y2) , i (y3) , i (y4)〉: H(+( !--$ ,(%6( &$" *+$,(+ 8)! !M'%6! )"( !-!#!"6$

φ ∈ PGL(2,R)7 6(- 8)!

(i (x1) , i (x2) , i (x3) , i (x4)) ∼
φ
(i (y1) , i (y2) , i (y3) , i (y4))

%(,!#$% 8)! !M'%6! )"( 6+("%0$+#(&'1" (0>" ϕ 8)! N(&! 8)!

(x1, x2, x3, x4) ∼
ϕ
(y1, y2, y3, y4) ,

(N$+( (*-'&(#$% !- $*!+(.$+ ī '".)&'.$ *$+ !- !"&(?! i !"6+! Af(1) 5 PGL(2,R) ( ϕ
*(+( .!/"'+ φ := ī(ϕ): H$+ -(% *+$*'!.(.!% 9'%6(% .! ī B9!+ =!&&'1" L:DE %(,!#$% 8)!

(i (x1) , i (x2) , i (x3) , i (x4)) ∼
φ
(i (y1) , i (y2) , i (y3) , i (y4))

!% .!&'+ 〈i (x1) , i (x2) , i (x3) , i (x4)〉 = 〈i (y1) , i (y2) , i (y3) , i (y4)〉: �



 ! ! "# $%&'%()*&+",)% -" F !  .

 ! "#$"$%&'&() !)*+#&$# )$% ,!#!)*&-! ./+0 1!1! i0 "$1+2$% 1+3)&# /)! 4/)'&() F 0
"$# 5$ '/!5 %+#6! !1+'/!1$ 1+)$*!#5! '$2$ Fi7 8&) +29!#,$ +) 5! %&,/&+)*+ "#$"$%&'&()

1+2$%*#!#+2$% ./+ +) #+!5&1!1 5! 4/)'&() Fi )$ 1+"+)1+ 1+5 +)'!:+ i7

 !"#"$%&%'( ;<)  !" #$!%&'! Fi ()*!&(" %+,+ )! -" .)*!&%&'! /0 !+ ()1)!() ()-

)!%"2) i3

*+,"$-!.&%'() =$)%&1+#+2$% 1$% +)'!:+% i, j : A1 → P
1
> %/% #+%"+'*&?!% 4/)@

'&$)+% Fi0 Fj 1+3)&1!% '$2$ +) 5! A+3)&'&() ;B7 CD$#! %+! 〈x〉 ∈ A1
4 > *$2+2$% /)

#+"#+%+)*!)*+ x ∈ 〈x〉0 !D$#! "$# +5  +2! <E +F&%*+ φ ∈ PGL(2,R) *!5 ./+ i(x) ∼
φ
j(x)

> "$# 5$ *!)*$ 〈i(x)〉 = 〈j(x)〉7 �

G#!'&!% !5 #+%/5*!1$ !)*+#&$# 1+)$*!#+2$% %&2"5+2+)*+ '$2$ F ! 1&'D! 4/)'&()7

 ! ! "# $%&'%()*&+,-)% ., F !

 ! 1+2$%*#!'&() 1+5 H+$#+2! ;I )$% 1!#J &)4$#2!'&() "#+'&%! %$9#+ 5! &2!,+) &)?+#%!

1+ /) "/)*$ +) P
1
4 9!:$ F 0 > "$# 5$ *!)*$ )$% 1+%'#&9&#J %/ '$2"$#*!2&+)*$ ,+$2K*#&'$7

L+#$ !)*+% 1+ 1+2$%*#!#5$ )$% %+#J M*&5 "#$9!# !5,/)$% #+%/5*!1$% ./+ )$% "#$"$#@

'&$)!#J) &)4$#2!'&() !1&'&$)!5 %$9#+ F 7

/0$+!1.&%'( ;N) F +% %$9#+>+'*&?!7

*+,"$-!.&%'() 8+! 〈y1, y2, y3, y4〉 ∈ P
1
40 *$2+2$% /) "/)*$ y0 ∈ P

1
*!5 ./+ y0 /∈

{y1, y2, y3, y4}0 !D$#! *$2+2$% +5 +)'!:+ '!)()&'$ iy0 1+ A
1
+) P

1
./+ +%*! 1+3)&1$ "$# +5

%/9+%"!'&$ "#$>+'*&?$ {y0} ⊂ P
1
O?+# 8+''&() P7NQ7 =$2$ +5 '$):/)*$ {y1, y2, y3, y4} +%*J

+) 5! &2!,+) 1+ iy0 +)*$)'+% "$1+2$% /%!# %/ 4/)'&() &)?+#%! "!#! $9*+)+# +5 '$):/)*$
{

i−1y0
(y1) , i

−1
y0

(y2) , i
−1
y0

(y3) , i
−1
y0

(y4)
}

∈ A
1
0 "$# 5$ *!)*$

〈

i−1y0
(y1) , i

−1
y0

(y2) , i
−1
y0

(y3) , i
−1
y0

(y4)
〉

∈ A1
4

>! ./+ i−1y0
+% 9&>+'*&?! > +55$ &2"5&'! 5! '!#1&)!5&1!1 1+5 %$"$#*+ 1+ /) '$):/)*$ +% +5

2&%2$ ./+ +5 1+ %/ &2!,+) 9!:$ i−1y0
7 R)*$)'+%S

F
(

〈

i−1y0
(y1) , i

−1
y0

(y2) , i
−1
y0

(y3) , i
−1
y0

(y4)
〉

A

)

=

Fiy0

(

〈

i−1y0
(y1) , i

−1
y0

(y2) , i
−1
y0

(y3) , i
−1
y0

(y4)
〉

A

)

=

=
〈

iy0
(

i−1y0
(y1)

)

, iy0
(

i−1y0
(y2)

)

, iy0
(

i−1y0
(y3)

)

, iy0
(

i−1y0
(y4)

)〉

P
= 〈y1, y2, y3, y4〉P

�

2+,. ;T) 4& 〈x1, x2, x3, x4〉 ∈ A1
4 )5 $!" %+!*6$7"%&'! () 8&1+ 6)!97&%+: )!8+!%)5

F (〈x1, x2, x3, x4〉) )5 $!" %+!*6$7"%&'! () 8&1+ 6)!97&%+ )! P
1
4



 ! ! "# $%&'%()*&+",)% -" F !  .

 !"#$%&'()*+,  ! 〈x1, x2, x3, x4〉 "# $" %!&' (")*+!,' ")%'),"# "- #'&'+%"

{x1, x2, x3, x4} $" "#. ,')/(0+.,!1) %!")" ,0.%+' &0)%'#2 34'+. #". i 0) "),.5" ,.)1)!,'
$" -. +",%. .67) ") -. +",%. &+'8",%!9.: ")%'),"# i ({x1, x2, x3, x4}) "# 0) ,')50)%' ") P

1

$" ,0.%+' &0)%'#: ;<# .=) sop 〈i (x1) , i (x2) , i (x3) , i (x4)〉 = i ({x1, x2, x3, x4})> &"+'
-.# =)!,.# ,')/(0+.,!')"# $" P

1
4 ,') "#%" #'&'+%" #') -.# $" %!&' (")*+!,'2 ?'+ -' %.)%'

F (〈x1, x2, x3, x4〉) = 〈(i (x1) , i (x2) , i (x3) , i (x4))〉 "# $" %!&' (")*+!,'2 �

-!"' @@,  ! A1
4 "# $%&%'"(&!)%*+ ,+- ". #!#("'% *" ,++&*"-%*%# /+'+01-"%# *" .%

 ",,!2- 343456 7 F : A1
4 → P

1
4 "# .% 89-,!2- *" .% :";-!,!2- <=> "-(+-,"#?

F ([x : y : z]) = 〈[x : 1] , [y : 1] , [z : 1] , [0 : 1]〉P

4

 !"#$%&'()*+,  ". [x : y : z] ∈ A1
4 "A&+"#.$' ") ,''+$").$.# 4';'(*)".#2 B)C

%'),"#: &'+ ,1;' .#',!.;'# -.# ,''+$").$.#: %")";'# D0" [x : y : z] = 〈x, y, z, 0〉: $')$"
"- #"(0)$' %*+;!)' "#%< "A&+"#.$' ,';' 0). ,-.#" $" ,')/(0+.,!1)"# $" &0)%'# '+$"C

).$'#2 34'+.

F ([x : y : z]) = F (〈x, y, z, 0〉A) = 〈(i (x) , i (y) , i (z) , i (0))〉P

$')$" i "# "- "),.5" ,.)1)!,' $" A
1
") P

1
> &"+'

{i (x) , i (y) , i (z) , i (0)} = {[x : 1] , [y : 1] , [z : 1] , [0 : 1]}

?'+ -' %.)%'E

F (〈x, y, z, 0〉A) = 〈[x : 1] , [y : 1] , [z : 1] , [0 : 1]〉P

�

3)%"# $" &+'F.+ "- %"'+";. ,")%+.- $" "#%" ,.&7%0-': "A%")$"+";'# -. 60),!1) F > &.+.
"--' %")$+";'# D0" ,.;F!.+ #0 ,'$';!)!'

 

&'+ P 1
4 2

./$!&0'()*+ @G, F #" "A%!")$" $" ;.)"+. ,')%!)0. . -'# &0)%'# $" %!&' HCH ") A
1
4

I.$. &0)%' $"- %!&' HCH "#%< ,')%")!$' ") $'# +",%.# &+'8",%!9.# 6'+;.$.# $" &0)%'#

$"- %!&' HCJCJ2  0&')(.;'#: #!) &*+$!$. $" (")"+.-!$.$: D0" "- &0)%' ") ,0"#%!1) "#

〈x12, x34〉2 B) 0). 9",!)$.$ .$",0.$. $" 〈x12, x34〉 #1-' 4.8 ,')/(0+.,!')"# $"- %!&'

(")*+!,' K") ,"-$.# $" $!;")#!') HL 8 $"- %!&' HCJCJ $" -. 6'+;. 〈x1, x2, x34〉 8 〈x12, x3, x4〉
K,')%")!$.# ") $'# +",%.# &+'8",%!9.#L2 ?'+ -. $"/)!,!1) $" F 8 $" P 1

4 #.F";'# D0"

F (〈x1, x2, x34〉) = F (〈x12, x3, x4〉)2 ?'+ '%+' -.$': -.# ,')/(0+.,!')"# $" %!&' (")*+!,'

") -. 9",!)$.$ $" 〈x12, x34〉 #') ,"+,.)'# . -.# $'# +",%.# $" %!&' HCJCJ 8 &'+ -' %.)%'

#0# !;<(")"# F.5' F #"+<) ,"+,.).# .- &0)%' 〈x1, x2, x34〉P = 〈x12, x3, x4〉P ") P 1
4 2 ?'+

-' ,0.- -. ;.)"+. ).%0+.- $" "A%")$"+ -. 60),!1) #"+< ")9!.+ "- &0)%' 〈x12, x34〉A .

〈x1, x2, x34〉P = 〈x12, x3, x4〉P 2

 

 ! "#$%&'$' #( )! $*)(+ '# !+,$-&.! -+!(#"/$" %$ !+0#!-%$,)"$ F 1$"$ %$ 2)!-&.! ')"$!,# #%

$"3)0#!,+ '# %$ 4*(#"/$-&.! 567 8$ 9)# -$0*&$0+( () -+'+0&!&+: 1#"+ -+0+ P 1
4 #( )! #(1$-&+ -+-&#!,#

'# P
1
4 -+!(#"/$"#0+( %$ 0&(0$ !+,$-&.! 1$"$ &!'&-$" %$ 2)!-&.! &!')-&'$ 1+" F $ '&-;+ -+-&#!# ')"$!,#

#% $"3)0#!,+ '# %$ +*(#"/$-&.!<



 ! ! "# $%&'%()*&+",)% -" F !  .

 !"#$#%#&$  !' "#$ Ā1
4 := A1

4 ∪ {〈xij, xkl〉 ∈ A
1
4 : i, j, k, l ∈ {1, 2, 3, 4}}% &#'()*+,

F̄ : Ā1
4 → P 1

4 -+*+.

F̄ (〈x〉A) =

{

F (〈x〉A) ,) 〈x〉A (+ #, /# 0)1+ 232

〈xi, xj, xkl〉P = 〈xij, xk, xl〉P ,) 〈x〉A = 〈xij, xkl〉A

(!)*!+,  4'  ! "#!$%& "&'%()! *% +& ,+&-. %& P 1
4 /!0. F̄ 1 %) +&! 23&"2! %& A

1
4 (
∼= P

2)4
%& 5! 6!#"5"! 7+% ,!)! ,.( 2+!-(. ,+&-.) 80.) %& ,.)"2"3& $%&%(!51 9 %)-.) ,+&-.) ).&

!7+%55.) %& *.&*% F̄ &. %)-: *%8&"*!;

 !+)-.*,%#&$' ")( 156/)/$ /# 7#(#6$8)/$/9 ,:1+(7$*+, ;:# 8+, -:$06+ 1:(0+,

'<+, 1+6 8+, ;:# 1$,$ (:#,06$ =$*)8)$ /# ->()-$, ,+(. [1 : 0 : 0]9 [0 : 1 : 0]9 [0 : 0 : 1] ?
[1 : 1 : 1]% @A+6$ ,)7:)#(/+ #8 16+-#/)*)#(0+ /# 8$ "#--)>( 2%2%B 0#(/6#*+, :($, -++6/#3

($/$, A+*+75(#$, /# A
1
4 #( 8$, ;:# 8+, -:$06+ 1:(0+, /# 0)1+ C3B 0)#(#( 8$, -++6/#($/$,.

〈x, x1〉 = [1 : 0 : 0]9 〈x, x2〉 = [0 : 1 : 0]9 〈x, x3〉 = [0 : 0 : 1] ? 〈x, x4〉 = [1 : 1 : 1]%

D6+-#/$*+, 1+6 -$,+,% "#$ 〈X〉 ∈ P 1
4 .

/,-) 0' 〈X〉 (+ #, /# 0)1+ 7#(56)-+9 #, /#-)6 〈X〉 ,>8+ 1:#/# ,#6 $87:(+ /# 8+, 06#,

1:(0+, 〈y14, y2, y3〉E〈y1, y23, y4〉9 〈y1, y24, y3〉E〈y13, y2, y4〉 + 〈y1, y2, y34〉E〈y12, y3, y4〉%

":1+(7$*+, ;:# 〈X〉 = 〈y14, y2, y3〉 = 〈y1, y23, y4〉 ? 0+*#*+, [x1 : x2 : x3] ∈ Ā1
4 0$8 ;:#

F̄ ([x1 : x2 : x3]) = 〈X〉9 #(0+(-#, 1+6 #8 F#*$  G [x1 : x2 : x3] (+ #, /# 0)1+ 7#(56)-+%

H,0+ ,)7()'-$ ;:# ,>8+ 1:#/# ,#6 :($ -+('7:6$-)>( /# 0)1+ 232 > 23B3B9 ;:# ,+( 8+,

0)1+, 6#,0$(0#, #( Ā1
4% IJ, $K(9 ,) -+(,)/#6$*+, 8$ #L16#,)>( /# F #( -++6/#($/$,

A+*+75(#$, MN#6 F#*$   O 0#(#*+, ;:# ,)

F̄ ([x1 : x2 : x3]) = 〈y14, y2, y3〉 = 〈y1, y23, y4〉 ,

#(0+(-#,9 /# 8$ /#'()-)>( /# F̄ 9 /#/:-)*+, ;:#. [x1 : x2 : x3] = [0 : x2 : x3] >

[x1 : x2 : x3] = [x1 : x2 : x2] > [x1 : x2 : x3] = [0 : 1 : 1]% H, /#-)69 [x1 : x2 : x3] #, 8$

:()>( /# /# 8$, 6#-0$, 16+?#-0)N$, l :=
{

[x1 : x2 : x3] ∈ Ā1
4 : x1 = 0

}

?

m :=
{

[x1 : x2 : x3] ∈ Ā1
4 : x2 = x3

}

% D+6 K80)*+ (+0#*+, ;:# l ∪ m #, #L$-0$*#(0#

8$ 1$60# ;:# ,# #(-:#(06$ #( Ā1
4 /# 8$ ->()-$ /$/$ 1+6 8$ #-:$-)>( xy − xz = 09 ;:# #,

:($ /# 8$, ->()-$, /#7#(#6$/$, /# (:#,06$ =$*)8)$%

@(J8+7$*#(0# ,# /#*:#,06$ ;:# F̄−1 (〈y1, y24, y3〉) = F̄−1 (〈y13, y2, y4〉) #, 8$ )(0#6,#-3

-)>( -+( Ā1
4 /# 8$ ->()-$ xy − yz = 09 ? F̄−1 (〈y1, y2, y34〉) = F̄−1 (〈y12, y3, y4〉) #, 8$

)(0#6,#--)>( -+( Ā1
4 /# 8$ ->()-$ xy − xz = 0%

/,-) 1' 〈X〉 #, /# 0)1+ 7#(56)-+9 #, /#-)6 ,: ,+1+60# -+(,0$ /# -:$06+ 1:(0+, /),0)(0+,%

"#$( [x1 : x2 : x3] , [y1 : y2 : y3] ∈ Ā1
4 0$8#, ;:# F̄ ([y1 : y2 : y3]) = F̄ ([x1 : x2 : x3]) =

〈X〉%



 ! ! "# $%&'%()*&+",)% -" F !  .

 ! "# $!%&'(')& $! F̄ * !" +!,# -. /! 0'!&! 12! [x1 : x2 : x3] * [y1 : y2 : y3] /3& $! 0'43
5!&67'(38 (3,3 !& "3/ 42&03/ $! 0'43 5!&67'(3 0!&!,3/ 12! F̄ = F 9 43$!,3/ 07#:#;#7
/)"3 (3& F < =>37# (3,3 F ([x1 : x2 : x2]) = F ([y1 : y2 : y3]) !&03&(!/?

〈[x1 : 1] , [x2 : 1] , [x3 : 1] , [0 : 1]〉P = 〈[y1 : 1] , [y2 : 1] , [y3 : 1] , [0 : 1]〉P

4!73 !/03 3(277! /' * /)"3 /' !@'/0! 2&# 07#&/A37,#(')& 473*!(0'B#

[

a b
c d

]

∈ PGL(2,R)

0#" 12!?

CD<D<EF

[

a b
c d

] [

0
1

]

=

[

0
1

] [

a b
c d

] [

xi

1

]

=

[

yi
1

]

4#7# i = 1, 2, 3<  ! >!(>39 (3,3 #,:#/ /3& (3&%527#('3&!/ $!" 0'43 5!&67'(39 (2#"12'!7
7!47!/!&0#&0! $! /2/ ',G5!&!/ :#;3 F (3&/0# $! (2#073 42&03/ $! P1

!& 43/'(')& 5!&!7#"8

#/H 12!9 $! !&(3&07#7 2&# ,#07'I 473*!(0'B#

[

a b
c d

]

12! (2,4"# "#/ !(2#('3&!/ $! D<D<E9

&!(!/#7'#,!&0! !/0#7G !& PGL(2,R)< =>37# $! "# 47',!7# '52#"$#$ $! D<D<E 43$!,3/
$!$2('7 12! [b : d] = [0 : 1] * !&03&(!/ b = 0<  ! !/03 * $! "#/ 307#/ '52#"$#$!/ 3:0!&!,3/
12! "#/ '52#"$#$!/ $! D<D<E 3(277!& /' * /)"3 /'?

[

axi

cxi + d

]

=

[

yi
1

]

⇔ axi = yi (cxi + d) ⇔ axi − cxiyi − dyi = 0

+#/ J"0',#/ '52#"$#$!/ 4"#&0!#& !" /'/0!,# $! !(2#('3&!/?

ax1 − cx1y1 − dy1 = 0,
ax2 − cx2y2 − dy2 = 0,
ax3 − cx3y3 − dy3 = 0.

K2/ /3"2('3&!/ $'/0'&0#/ $! (!739 /' !@'/0!&9 /!7G& "#/ !&07#$#/ 12! /! &!(!/'0#& 4#7# "#

,#07'I

[

a b
c d

]

<  ! &3 /!7 #/H "# J&'(# /3"2(')& 0!&$7H# 12! /!7 "# ,#07'I (!73 12! &3

4!70!&!(! # PGL(2,R) * &3 (2,4"! "#/ !(2#('3&!/ $! D<D<E< L!73 !/03 3(277! /' * /)"3
/'?

∣

∣

∣

∣

∣

∣

x1 −x1y1 −y1
x2 −x2y2 −y2
x3 −x3y3 −y3

∣

∣

∣

∣

∣

∣

= 0

CD<D<MF
⇔ x1(x2y2y3 − x3y3y2)− x2(x1y1y3 − x3y3y1) + x3(x1y1y2 − x2y2y1) = 0

L37 307# 4#70!9 /243&5#,3/ 12! C !/ 2&# ()&'(# $! "# A#,'"'# 12! 4#/# 437 "3/ 42&03/

[1 : 0 : 0]9 [0 : 1 : 0]9 [0 : 0 : 1] * [1 : 1 : 1]< N&03&(!/9 /'

Ax2 +By2 + Cz2 +Dxy + Exz + Fyz = 0



 ! ! "# $%&'%()*&+",)% -" F !  .

 ! "#  $%#$&'( ) ( *#" + C, #"  -#"%#*"#  ( ".! $%#/*. 0%(/.! #(/ *&.* ! / (+* 1.!2

A = 0

B = 0

C = 0

A+B + C +D + E + F = 0

3.* ". $%#" + +%$&1.! 4% "#  $%#$&'( ) ( *#" + C  ! + "# 5.*1# Dxy+Exz+Fyz = 0
$.( D + E + F = 06

7(/.($ ! [x1 : x2 : x3] , [y1 : y2 : y3] ∈ C !& 8 !'". !& #19.! !#/&!5#$ ( "#  $%#$&'( ) ( *#"

+ C:  ! + $&*, !& 8 !'". !&

D + E + F = 0,

Dy1y2 + Ey1y3 + Fy2y3 = 0,

Dx1x2 + Ex1x3 + Fx2x3 = 0.

3 *.  !/.  ! 0.!&9" !& 8 !'". !&  ;&!/ ( !."%$&.( ! (. /*&-&#" ! 0#*# ".! $. <$& (/ ! D, E
8 F 6 7!/. .$%** !& 8 !'". !&  " + / *1&(#(/ + " !&!/ 1# +  $%#$&.( !  ! $ *.:  ! + $&*,

!& 8 !'". !&

∣

∣

∣

∣

∣

∣

1 1 1
y1y2 y1y3 y2y3
x1x2 x1x3 x2x3

∣

∣

∣

∣

∣

∣

= 0

⇔ x2x3y3y1 − x1x3y3y2 + x1x2y2y3 − x3x2y2y1 + x3x1y1y2 − x2x1y1y3 = 0

4%  !  ;#$/#1 (/ "#  $%#$&'( =6=6>6

?!@, F̄ ([y1 : y2 : y3]) = F̄ ([x1 : x2 : x3]) = 〈X〉 !& 8 !'". !& [x1 : x2 : x3], [y1 : y2 : y3] ∈ C6

A  !/. B"/&1., 8 + 4% F  ! !.9* 8 $/&-#, $.($"%&1.! 4% "# &1#) ( &(- *!# + %(#

$.(<)%*#$&'( + /&0. ) (C*&$.  ! %(# $'(&$# 4% 0#!# 0.* [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]
8 [1 : 1 : 1]6 �

D.( "# &(5.*1#$&'( 0*.0.*$&.(#+# 0.*  " / .* 1# 0* -&., 0.+ 1.! !#9 * $%E" ! 0%(/.!

+ A
1
4 /& ( ( "# 1&!1# &1#) ( 9#F. F̄ 6 D.(!&+ *#(+. # A

1
4 $.1. P

2
$.( $%#/*. 0%(/.!

<F.! 8 "# 5#1&"&# + $'(&$#! 4% 0#!#( 0.*  "".! $.1.  ( "# G&)%*# H6>6H, $#+# $'(&$#

/& ( %( 1&!1. 0%(/. $.1. &1#) ( 9#F. F̄ 6 ?!@, -& (+. # A
1
4 $.1. $ "+#! + -#*&#!

+&1 (!&.( !, +.! /*&E()%".! $.10% !/.! 0.* $.(<)%*#$&.( ! + " /&0. ) (C*&$. ! 1#0 #(

 ( %( 1&!1. &(/ *-#". + $.(<)%*#$&.( ! ) (C*&$#! + P 1
4 !&  " .*+ ( + ".! $.".* ! 4% 

$#*#$/ *&I# # %(. ! .9/& ( + 0 *1%/#* $@$"&$#1 (/ # "# $.".*#$&'( $#*#$/ *@!/&$# + "

./*. /*&E()%".6 J 0* ! (/#1.!  !/.  ( "# G&)%*# =6=6H6 ?+&$&.(#"1 (/  !/ B"/&1. * !%"K

/#+. (.! &(+&$#  " $.10.*/#1& (/. + (% !/*# 5%($&'( .*&)&(#" F : A1
4 → P

1
4 8# 4%  ( ".!

0%(/.! ) (C*&$.!  " $.10.*/#1& (/.  ! &+C(/&$. # F̄ : 8  ( ".! 0%(/.! * !/#(/ ! / ( 1.!

4% $#+# %(# + "#! ! &! * $/#! + "#! $'(&$#! + ) ( *#+#! ! 1#0 #( * !0 $/&-#1 (/ 

 ( %(. + ".! ! &! 0%(/.! (. L#%!+.*M  ( P
1
4 + #$% *+. !% $.".*#$&'( $#*#$/ *&!/&$#6



 ! ! "# $%&'%()*&+",)% -" F ! ./

 !"#$% &'&'('  !"#!$!%&'()*% +! A
1
4 (,-, +,-)%), +! F

.,&!-,$ /0! !1 2'$, 3 +!1 4!,#!-' 56 !$ 1' "'#&! 70%+'-!%&'1 !% 1' +!-,$&#'()*% +!

1' +!$(#)"()*% +!1 (,-",#&'-)!%&, +! F 8 9%0%()'#!-,$ !$&! ('$, +!1 &!,#!-' ':,#'
(,-, 0% (,#,1'#),; <' /0! "'#' (,%(10)# !$&! ('"=&01, +!-,$&#'#!-,$ $0 !/0)>'1!%()'

' 0% &!,#!-' (,%,()+, +! 1' ?!,-!&#=' "#,<!(&)>'8 @'#' +!-,$&#'# +)(:' !/0)>'1!%()'

+'#!-,$ 0%' )%&!#"#!&'()*% ?!,-A&#)(' +! 1' 70%()*% F '0B)1)C%+,%,$ !% 1' #!1'()*% +!

1'$ (,%D?0#'(),%!$ "#,<!(&)>'$ (,% 1' #'E*% (#0E'+'8

)*$*+%$!* 5F'  !" Gen := {〈x〉 ∈ A
1
4 : 〈x〉 !# $! %&'( )!*+,&-(} !*%(*-!# ." &/")!*

&*0!,#" $! 1* '1*%( )!*+,&-( !* P 1
4 2"3( F |Gen !# 1*" -4*&-" *( $!)!*!,"$" !* A

1
4 (
∼= P

2)
$! ." 5"/&.&" 61! '"#" '(, -1"%,( '1*%(# 73(# !* '(#&-&4* )!*!,".8 9 !#%(# '1*%(# #(*

.(# -1"%,( $! %&'( :;<=

G:,#' +'#!-,$ 0%' +!D%)()*% /0! %,$ "!#-)&)#C !%0%()'# 0% &!,#!-' !/0)>'1!%&!8



 ! ! "# $%&'%()*&+",)% -" F ! ./

 !"#$#%#&$  !' "#$% &'%&( )*%+(, a, b, c, d, x ∈ P
2
#% )(,'&'-% .#%#/$01 2#3%'4(, 0$

 !"#$ % &"!'! '( a) b) c * d + ,*(%-!',. '(.'( x &(4( 0$ /$5-% &/*5$2$ (la, lb; lc, ld) 2#0
6$5 {la, lb, lc, ld} 78#/ "#&&'-% 9:;:;< =*# +'#%# &(4( 8>/+'&# $ x ? @(/4$2( )(/ &$2$ *%$

2# 0$, /#&+$, )$,$% )(/ aA bA c ? d /#,)#&+'8$4#%+#: B#%(+$4(, 0$ /$5(% &/*5$2$ 2# 0(,

&'%&( )*%+(, &(4( (a, b; c, d)x:

C(+#4(, =*#A 2# 0$ 2#3%'&'-% ? 2#0 D#(/#4$ ;EA ,# 2#2*&# =*# #,+$ /$5-% &/*5$2$ #,+F

G'#% 2#3%'2$ ? #, *% '%8$/'$%+# )/(?#&+'8(: H2'&'(%$04#%+# %(+#4(, =*# 0$ &(%2'&'-%

2# )#2'/ 0(, )*%+(, #% )(,'&'-% .#%#/$0 '4)0'&$ =*# (a, b; c, d)x ∈ R \ {0, 1}:

(!)*!+,  9' /(!$ a, b, c, d ∈ P
2

($ +,.0%0#$ 1($( !2 * λ ∈ R \ {0, 1}) (2 %,$3&$-,

{x ∈ P
2 : (a, b; c, d)x = λ} (. 2! %#$0%! 4&( +!.! +, a) b) c) d * x ) .0$ 2,. +&$-,. a) b)

c * d 5

I(2#4(, #%&(%+/$/ *%$ 2#4(,+/$&'-% 2#0 +#(/#4$ $%+#/'(/ #% 0'G/( 2# J/$*,+#'%

 

1

%(,(+/(, 0( )/(G$/#4(, $0 4(,+/$/ 0$ #=*'8$0#%&'$ #%+/# >,+# ? #0 K(/(0$/'( LM:

H6(/$ 8#$4(, =*> /#0$&'-% +'#%# 0$ /$5-% &/*5$2$ &(% %*#,+/$, &(%3.*/$&'(%#, )/(?#&N

+'8$, 2# &*$+/( )*%+(, ? &-4( $ )$/+'/ 2# #00$ ,# )*#2# /#'%+#/)/#+$/ 0$ @*%&'-% F :

-./!*0,%#&$  ;' B$2$ 0$ @(/4$ #% =*# 2#3%'4(, 0$ /$5-% &/*5$2$ 78#/ B#3%'&'-% ;O<

&(4( *% )*%+( 2# P
1
=*# '%2'&$ &*F%2( &*$+/( )*%+(, &(% (/2#% ,(% )/(?#&+'8$4#%+#

#=*'8$0#%+#, $ (+/(, &*$+/( )*%+(, (/2#%$2(,A )(2#4(, 2#2*&'/ =*# #% #0 &$,( 2# &*$+/(

)*%+(, #% )(,'&'-% .#%#/$0 0$, 2#3%&'(%#, 2# &(%3.*/$&'-% ? 2# /$5-% &/*5$2$ &('%&'2#%1

#, 2#&'/A ,' a, b, c, d ∈ P
1
,(% &*$+/( )*%+(, 2',+'%+(, #%+(%&#, 〈a, b, c, d〉 = (a, b; c, d):

H &(%+'%*$&'-% 2#3%'/#4(, *%$ @*%&'-% %*#8$ =*#A &(4( ,# 8#/F #% 0$ ,'.*'#%+# )/()(,'N

&'-%A #, *%$ 2#3%'&'-% $0+#/%$+'8$ 2# F ? =*# '0*,+/$4(, #% 0$ P'.*/$ O:O:;:

 !"#$#%#&$  O' "#$% a, b, c, d ∈ A
1
4 (
∼= P

2) &(% &((/2#%$2$,Q a = [1 : 0 : 0]A b = [0 : 1 : 0]A
c = [0 : 0 : 1] ? d = [1 : 1 : 1]A 2#3%$4(,

G : Gen −→ P
1

G ([x : y : z]) := (a, b; c, d)[x:y:z]

#% 2(%2# (a, b; c, d)[x:y:z] #, 0$ /$5-% &/*5$2$ 2# a, b, c ? d )/(?#&+$2(, 2#,2# [x : y : z]:

1*)2)/#%#&$  R' 6! ! -,', [x : y : z] ∈ Gen ⊂ A
1
4 .( -0($( 4&( G ([x : y : z]) =

F ([x : y : z])

 !+)/3*,%#&$' "#$ [x : y : z] ∈ Gen: K$0&*0#4(, G ([x : y : z]) = (a, b; c, d)[x:y:z]
#% +>/4'%(, 2# *%$ /$5-% &/*5$2$ 2# )*%+(, #% *%$ /#&+$: I$/$ #00( &(%,'2#/#4(,

0$ /#&+$ )/(?#&+'8$ l := {[α1 : α2 : α3] ∈ P
2 : α3 = 0} &(% *% ,',+#4$ 2# &((/2#%$2$,

6(4(.>%#$, 2$2( )(/ β := {(1, 0, 0) , (0, 1, 0)} 1 $,SA )$/$ +(2( [α1 : α2 : 0] ∈ l ,*,

&((/2#%$2$, #% 0$ G$,# β ,#/F% [α1 : α2]β: H6(/$A $0 '.*$0 =*# #% 0$ B#3%'&'-%  !A

 

 !" #"$%&'!() * +



 ! ! "# $%&'%()*&+",)% -" F ! ./

 !"#$% &'&'('  ! "#$%&'$ (

)*+,+*- ,. /!0 1, 2,%)!- {la, lb, lc, ld} %*$ 342)&%, [x : y : z]5 ,$%*$)2,+*- .*- 6#$)*- 1,
&$),2-,%%&'$ 1, %!1! 2,%)! 1,. /!0 %*$ l7 8! 9#, a = [1 : 0 : 0] : b = [0 : 1 : 0] 5 ,$)*$%,-
l ∩ la = {[1 : 0 : 0]} : l ∩ lb = {[0 : 1 : 0]}7 ;/*2!5 %*+* )*1* 6#$)* ,$ lc : ld 9#,1!
1,),2+&$!1* 6*2 .!- -&<#&,$), ,%#!%&*$,- 1, 6.!$*- ,$ R

3
=

>?7?7?@

lc : r (x, y, z) + s (0, 0, 1) 67 !7 r, s ∈ R

ld : t (x, y, z) + u (1, 1, 1) 67 !7 t, u ∈ R

A!2! ,$%*$)2!2 .!- &$),2-,%%&*$,- 1, l %*$ lc : ld -, 1,B,$ %#+6.&2 .!- &<#!.1!1,-=

rz + s = 0

tz + u = 0

,$)*$%,-5

s = −rz

u = −tz

C#-)&)#:,$1* ,$ ?7?7? 2,-#.)!=



 ! ! "# $%&'%()*&+",)% -" F ! . 

l ∩ lc = {[rx : ry : rz − rz]} = {[x : y : 0]} =
{

[x : y]β

}

l ∩ ld = {[tx− tz : ty − tz : tz − tz]} = {[x− z : y − z : 0]} =
{

[x− z : y − z]β

}

 !"#$%!&'() *(+ ,- .!/&%0%1& 23) ,- '!/&%0%1& '! +-41& '(5,! '! #& 6-4 '! 0#-7+(

+!07-" 89!+ ,- .!/&%0%1& :;< = ,(" +!"#,7-'(" '!, *>++-?( -&7!+%(+) 7!&!$(" @#! *-+-

7('( [x : y : z] ∈ GenA

G (x : y : z) = (a, b; c, d)[x:y:z]

= (la, lb : lc, ld)

= ([1 : 0 : 0] , [0 : 1 : 0] ; [x : y : 0] , [x− z : y − z : 0])

=
(

[1 : 0]β , [0 : 1]β ; [x : y]β , [x− z : y − z]β

)

B(+ (7+- *-+7!) C+-0%-" - ,- D5"!+9-0%1& 2: *('!$(" !E*+!"-+ F !& 7F+$%&(" '! ,- +-41&

0+#4-'- *-+- (57!&!+

F ([x : y : z]) = 〈[x : 1] , [y : 1] , [z : 1] , [0 : 1]〉 = ([x : 1] , [y : 1] ; [z : 1] , [0 : 1])

G"H *-+- '!$("7+-+ @#! G ([x : y : z]) = F ([x : y : z]) 5-"7- *+(5-+ @#!A

(

[1 : 0]β , [0 : 1]β ; [x : y]β , [x− z : y − z]β

)

= ([x : 1] , [y : 1] ; [z : 1] , [0 : 1])

.!$("7+-+!$(" !"7( I,7%$( !E6%5%!&'( '%+!07-$!&7! ,- !@#%9-,!&0%- *+(=!07%9- '! -$J

5(" 0(&K#&7("A

ϕ :=

[

(y2 − zy) x − (x2 − zx) y
(y2 − zy) − (x2 − zx)

]

!&7(&0!"A

8LMLMN<

ϕ ([1 : 0]) = [(y2 − zy) x : (y2 − zy)] = [x : 1]
ϕ ([0 : 1]) = [− (x2 − zx) y : − (x2 − zx)] = [y : 1]

ϕ ([x : y]) = [y2x2 − zyx2 − x2y2 + zxy2 : xy2 − zyx− yx2 + zyx]
= [z (xy2 − x2y) : (xy2 − x2y)] = [z : 1]

!& '(&'! (y2 − zy)) (x2 − zx) = (xy2 − x2y) "(& 7('(" '%"7%&7(" '! 0!+() =- @#! '! &(
"!+ -"H 7!&'+H-$("A

y2 − zy = 0 ⇒ y2 = zy ⇒ y = z

x2 − zx = 0 ⇒ x2 = zx ⇒ x = z

xy2 − x2y = 0 ⇒ xy2 = x2y ⇒ y = x



 ! ! "# $%&'%()*&+",)% -" F ! ..

 ! "#$ %! &#'(' )#"'('*+ &!*,#' x+ y - z )!% %'"')$*.$/'%0' (.1'*'%0') '%0*' )2 - (.)0.%3

0!) (' "'*! -$ ,#' [x : y : z] ∈ Gen4 5!/! {[1 : 0] , [0 : 1] , [x : y]} - {[x : 1] , [y : 1] , [z : 1]}
)!% "!%6#%0!) (' &#%0!) '% &!).".7% 8'%'*$ + '%0!%"') ϕ ∈ PGL (2,R)4

9!* : 0./!;

ϕ ([x− z : y − z]) =
[(y2 − zy) (x2 − zx)− (x2 − zx) (y2 − zy) : (y2 − zy) (x− z)− (x2 − zx) (y − z)] =

[0 : 1]

<' ')0$ : 0./$ .8#$ ($(+ (' =4=4>+ -  $ <'?%.".7% @= 0'%'/!) ,#';

(

[1 : 0]β , [0 : 1]β ; [x : y]β , [x− z : y − z]β

)

= ([x : 1] , [y : 1] ; [z : 1] , [0 : 1])

,#' ')  ! ,#' ,#'*2$/!) ('/!)0*$*4 �

<'  $ &*!&!).".7% $%0'*.!* )' ('(#"' (.*'"0$/'%0'  $ ',#.A$ '%".$ '%0*' %#')0*! *')# 0$(!

&*.%".&$ - ' 0'!*'/$ (' 8'!/'0*2$ ,#' /'%".!%$/!) $%0')+ $)2 0'%'/!) ' ).8#.'%0'

"!*! $*.!;

 !"!#$"%! BC&  ! "#$%#&' () * #! +$%$!'%,$ -. /$0 #12,3'!#04#/5



 !"#!$%&'()'

 !"  !"#$%& '( )(& *!%#$"& '(& %+, -"+./0%+"& )( #$%&'()*+,$%- $. /*+- ,0 1*%,.$23- $. 4$,%+-

,% +56 4)$768+,96 2,%6:  !"#$%&% ' ()*+,&-&!).-/ 0%)*%&$1 23456 ;<==>?@ !!!A!<B:

 <" *!%#$"& '( 7.&$)8,##!9. -.-/:&!#- - /-" ;%)*%&$:-": C$%3$ 36 #(2+()* D8$%EF,8*@ <==G:

 H" 1234"5& 6( 7( 0%)*%&$:- ",+%$!)$: D3,+$),*2 1,)@ !GBI:

 I" 8%!#3% 9":3+& 6( J* 8$FK,%*+$),* 36 8,%8$ 4(%+$- 6% 62 42*%$: L6-,- 36 2,86%8,*+()*@ C*8(2+*3

36 #,6%8,*-@ MNO1@ <==H:

 >" 8/:2%+,& ;( -(& 8"!/<=>& ?( -(& -%#@$/!<"+& ?( A(& %+, B/!C%+"5%& 7( 7( #$FK,%*P

+$),*2 '6$F6+),6-@ 8$%96Q 4$2R563)* *%3 -85(K6)+ 8622-: <8=-.#%" !. >-&?%*-&!#" @2426 ;!GBS?@

H=!AH!T:

 T" 8!%D<./E+& F( 9( 7.&$)8,#&!). &) A!;?%$ 0%)*%&$1: 1*8F,22*%@ !G><:

 S" -%D5"E< ?"4/!"& -( D-4*8,$- 36 8$%&'()*8,$%6-: L6-,- 36 2,86%8,*+()*@ C*8(2+*3 36 #,6%8,*-@

MNO1@ <==!:

 B" ?%43!/G&  ( ;(& %+, B/%,/& '( 7.&$)8,##!9. - /- ;%)*%&$:- -=-.B-8-: J*- U)6%-*- 36 #,6%8,*-@
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