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,- B!"5-(/C) *# ,!$ ST 0 $# 7- #)(!) "-*! @&# 5&#$ "- &) (&"/!$! (!5'!";

 -5/#) ! #) 8-:-$ */5#)$/!)#$% (!5! #, "#'!" -*! #) <GL? '-"- d = 1%  -58/U)

'"#$#) - &)- I#$ "&( &"-J #) d < 2 #) #, '! #)(/-, @&25/(! 0 $# 5-)/A#$ - #) &)

("#(/5/#) ! #) #, (-,!" #$'#(2A(! <O% =>?3 D$ - I#$ "&( &"-J )! #$ 5P$ @&# #, (!5;

'!" -5/#) ! )!;5!)C !)! *# µ(T ) 0 *# CV (T, V )% #$ *#(/"% #, (-58/! I$&-9#J

#) $& '#)*/#) #3 M#$(&8"/5/#) !$ "#(/#) #$ 7-) #)(!) "-*! #, (!)*#)$-*! *#

6#"5/ K6MT% '!" $&$ $/1,-$ #) /)1,U$N <GV? #) *C)*# ,!$ P !5!$% '!" *#8-:! *#

&)-  #5'#"- &"- ("2 /(- Tc #) 9#W *# B!"5-" 5!,U(&,-$ B!"5-) '-"#$ *# P !5!$

(!)B!"5-)*!  /'!;P !5! *# #$'2) #) #"! (!5! 8!$!)#$% -)P,!1!$ - ,!$ ST *# ,-

 #!"2- XTY% #, (!)*#)$-*! *# 6#"5/  -58/U) $# ,# 7- ,,-5-*! #, $#. ! #$ -*! *#
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&)- (&"9- <GG? '&#*# #$ -" #) "# O 0 L *#'#)*/#)*! *# (&-) - P"#- $#- ,,#)-*-
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 !"#$% &'  !"#$% %&%$'(!)% '* +% ,'-. /0012 )3*)' 4' 5#'46$% +% $%78* )' +% $'4!46!9!)%)

ρc/ρab )' +34 &+%*34 &'$&'*)!(#+%$'4 ρc : &%$%+'+34 ρa,b '* +34 4#&'$(3*)#(63$'4 6!&3

 !"#$$%& ' ' ($%& '*6$' )34 : 6$'4 )!5'*4!3*'4.

 ! "#$%  # &'"!#(# % ")%*+ ,# -% )#-%.!/( Ω(µ, T, V ) = -(Ξ0 ,/(,# Ω(µ, T, V ) =

U−TS−µN # #- 1&"#(.!%- "#)$&,!(2$!.& 3 Ξ = 4)[e−β(Ĥ−µN̂)] -% 5)%( 67(.!/(

,# 1%)"!.!/( ,&(,# ρ̂ ∝ e−β(Ĥ−µN̂)
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9- 1)# #("# # "7,!&  # .#(")% #( -% ,!$#( !&(%-!,%, ,# -&  ! "#$% ,# :#)$!
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 &( )#-%"!*%$#("# .&(&.!,% 0 -% ,! .7 !/( "%$'!+(  # .#(")%)2 #( ,!$#( !&(# (&

#("#)% 0 $#,!%("# !("#)1&-%.!&(# 8
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 ! "#$%!&'#! #&%()!%*+#'! $,(-( $() "( .!)#/$ &!&*+(%)/$0 (- 1/%(&'#!-  (&&!)"23/&($ 4567
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 !"#$ %&'(& & !& )*#%$#& + & !& $%,"-)'(& & # ') + ./,$&% 0!&1 + 2"/ 0 ,'(&

# .0&'&'-/ # % !& '/3 !"#$4% $%,"-)'$&! ,/! -$5! 678889

:% /! #&0()"! ; /-)",$&. - /! <8=> /?)/%,/. - ! - '/-"!)&, - /%# %)'&, -

/% !& @/A9 BCDE 0&'& ,$./%-$ %/- % /%)/'&- #"&%, T → ∞> /-)",$&%, /! 0 F

)/%#$&! 2"(.$# µ + /! #&! ' /-0/#(G# CV /% A"%#$4% ,/ !& )/.0/'&)"'& &H- !")&

/%# %)'&%, "% # .0 ')&.$/%) I&%4.&! J 0&'& d < 2> /%)/'&  % > /-)",$&. -

! - #&- - !(.$)/> T → ∞ + T → 0 /% #"&!2"$/' ,$./%-$4% d > 0 + "% &%K!$F

-$- #"&!$)&)$3 #"&%, d → 0> $%)/'0'/)&#$4% 2"/ +&#/ /% !& .&%$A/-)&#$4% ,/!

0'$%#$0$ ,/ /?#!"-$4% ,/ L&"!$9

:% /! #&0()"! M 0'/-/%)&. - "% &%K!$-$- 0&'& /! <8N /% d ≤ 2> /%)/'&  % >

. -)'&%, !& % /?$-)/%#$& ,/ "%& )'&%-$#$4% ,/ A&-/9 :-)",$&. - /! 0 )/%#$&!

2"(.$# µ + /! #&! ' /-0/#(G# CV /% A"%#$4% ,/ !& )/.0/'&)"'& &H- !")& 0&'&

#"&!2"$/' ,$./%-$4% d > 0 + . -)'&. - 2"/ ! - '/-"!)&, - &%&!()$# - /% d =
0 BOPQOME -"5$/'/% "%& ,$3/'5/%#$& ,/ µ(T ) 0&'& ) ,& T R $%)/'0'/)&#$4% 2"/

% - # %,"#/ &! 0'$%#$0$ ,/ $%#/')$,".H'/ ,/ S/$-/%H/'5> -"5$'$/%, 0 -$H!/-

I&% .&!(&-J /-0&#$&!/-9
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-$ d/s > 19 :-) - '/-"!)&, - 0 ,'K%  A'/#/' %"/3&- $%)/'0/')&#$ %/- BME - H'/ /!

# .0 ')&.$/%) ,/ ! - -"0/'# %,"#) '/-> )&.H$*% !& ,/-#'$0#$4% /-)&,(-)$#& ,/

! - 5&-/- #"K%)$# - "-&%, !&- A"%#$ %/- 0 !$! 5&'$). BOV> WPE -"5$'$/%, "%&

0 -$H!/ /2"$3&!/%#$& ,/ &.H - -$-)/.&- 0 ' -$.0!/- )'&%-A '.&#$ %/- BODE9

:% /! #&0()"! U -/ ,&% !&- # %#!"-$ %/- 5/%/'&!/- 2"/ - %  X /! <8= #"&%, 

d → 0> µ → +∞ + -/ $%)/'0'/)& # . "% 0'/#"'- ' ,/! L'$%#$0$ ,/ :?#!"-$4%

,/ L&"!$ YL:LX   X /! <8N #"&%, d → 0> µ → −∞ -$ n → 0 + % - ,$#/ 2"/

/% /! -$-)/.& ,/ N -/ !& 0&')(#"!&- % 0"/,/% # %G%&'-/ ,/! ) ,    X Z.H -

# .0 ')&.$/%) - ,$3/'5/%)/- /% /! 0 )/%#$&! 2"(.$# - % ,/H$, - &! L'$%#$0$ 

,/ 8%#/')$,".H'/ ,/ S/$-/%H/'5 YL8SX9
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 ! "#$" %&'($)*+ "#$),-&."/+# "* 0&# -,"&* ," 1"./-2 '&.$-"!,+ ," *& 3)!%-4!

,"* 0.&! '+$"!%-&* $"./+,-!5/-%+ Ω(µ, T, Ld)2 &!&*-6&/+# "* '+$"!%-&* 7)(/-8
%+ "! 3)!%-+! ," *& $"/'".&$).& µ(T )2 &#( %+/+ $&/9-:! "* %&*+. "#'"%(;%+

CV (T,L
d) "! ,-/"!#-+!"# 0 < d < 3 '&.& $+,& T <  * %5*%)*+ ,"* '+$"!%-&*

7)(/-%+ = "* %&*+. "#'"%(;%+ #" **">&! & %&9+ %+! $:%!-%&# ," %5*%)*+ !?/".-%+ =

"!%+!$.&/+# *+# *(/-$"# %)&!,+ T → ∞ = '&.& T → 0 "! %)&*7)-". ,-/"!#-4!
d > 02 "!$".& + !+< @& ,->".0"!%-& "!%+!$.&,& "! "* '+$"!%-&* 7)(/-%+ %)&!8
,+ d → 0 A')!$+ %)5!$-%+ -,"&*B "# ,"9-,+ &* '.-!%-'-+ ," "C%*)#-+! ," '&)*-
DE EF<

 ! ! "#$%&'()* +%,-#.(&/-('#

G+!#-,"."/+# )! #-#$"/& 3(#-%+ %+/')"#$+ ," N '&.$(%)*&# -,:!$-%&# %+!;!&,&#

"! )! >+*?/"! V = Ld
," ,-/"!#-+!"# d > 0 ,4!," d "# *& ,-/"!#-4!< H)"#$.+

&!5*-#-# #" %"!$.&.5 "! "* *(/-$" $"./+,-!5/-%+ N →∞ = V →∞ '".+ #) .&64!2

*& ,"!#-,&, ," !?/".+ n = N/Ld
'"./&!"%" %+!#$&!$"<  ! "* /&.%+ $"4.-%+

,"* "!#"/9*" 0.&! %&!4!-%+ I"3<JKK2 '50< LMN2 "! ,+!," $"!"/+# -!$".%&/9-+

," "!".0(& = ," '&.$(%)*&#2 !)"#$.&# >&.-&9*"# #".5! "* '+$"!%-&* 7)(/-%+ µ2 "*
>+*?/"! Ld

= *& $"/'".&$).& T <  * '+$"!%-&* $"./+,-!5/-%+ D+ 0.&! '+$"!%-&*F
'&.& )! 0&# -,"&* %)5!$-%+ "! ,-/"!#-+!"# d > 0 JKK2 '50< OPQN "#$& ,&,+ '+.

Ω(µ, T, Ld) =
1

a

∑

n

*! [1 + az "C'(−βεn)] DO<OF

,4!," β = 1/kBT 2 kB *& %+!#$&!$" ," R+*$6/&!!<  * 0.&! '+$"!%-&* Ω(µ,Ld, T )
,"'"!," ," *&# >&.-&9*"# µ2 T = Ld

= *& %+!"C-4! %+! *& "#$&,(#$-%& ," *&# '&.$(%)8

*&# "# & $.&>:# ," *& 0.&! 3)!%-4! ," '&.$-%-4! I"3<JKK2 '50< OPQN2 *!Ξ (µ, T, V ) =
Ω(µ, T, Ld)< S- a = 0 #" $-"!" *& "#$&,(#$-%& ," T&CU"**8R+*$6/&!! DTR2 %&#+
%*5#-%+F2 #- a = 1 *& ," 1"./-8V-.&% D1VF = #- a = −1 "# *& ," R+#"8 -!#$"-!
DR F %+/+ ."#)*$&,+ ," *&# 3)!%-+!"# ," +!,& &!$-#-/:$.-%&# = #-/:$.-%&#2 '&.&

*+# %&#+# a = 12 a = −1 ."#'"%$->&/"!$"W z = "C'(βµ) "# *& 3)0&%-,&,! ,"*
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 ! "#$% & εn '( #!)#*+%'(,# -# '% #*#,).% -# /*% 0%,".1/'% #* #' # "%-( n2 3*

#' 1% ( 1'4 !1( a = 0  # 0/#-# +#, -# 56267 8/#

Ω(µ,Ld, T )
 !

= z
∑

n

#90(−βεn). 562:7

;(* !-#,#$( /* )% !-#%' 1/4*"!1( #* d > 0 -!$#* !(*# < #' =%$!'"(*!%*(
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∑d
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2
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~
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mL2

d
∑
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-(*-# ni = 0,±1,±2, . . . # #' *?$#,( -# 0%,".1/'% #* #' *!+#' -# #*#,).% εn2
@#A*%$( ki ≡ (2π/L)ni #' $($#*"( -# /*%  ('% 0%,".1/'% #* #' *!+#' -# #*#,).%
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d
∑
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k2
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a

∑

k

'* [1 + a z #90(−βεk)] . 562G7

H %*-( '% #90%* !B* -#' '()%,!"$( '*(1 + x) = −
∑

∞

l=1(−x)
l/l 0%,% |x| < 1
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Ω(µ,Ld, T ) = −
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k

∞
∑
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l

l
. 562I7
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∑

 

→ (2s+ 1)

(

L

2π

)d ∫
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-(*-# s # #' # 0.* -# '% 0%,".1/'%2 3 "% #90,# !B* # +%'!-% #* d #= 0< 0/# "(

8/#  ! "($%$( d = 0 -# '% #90,# !(* 562D7 +#$( 8/#  ('( "#*#$( /* # "%-(

n = 0< #' # "%-( F% # ε02 R/ "!"/&#*-( 562Q7 #* 562I7

Ω = −
1

a
(2s+ 1)(L/2π)d 562N7

×
∞
∑

l=1

(−az)l]

l

∫

∞

−∞

dk1 #90[−β l(~2/2m)k2
1]

×

∫

∞

−∞

dk2 #90[−β l(~2/2m)k2
2] . . .

×

∫

∞

−∞

dkd #90[−β l(~2/2m)k2
d]
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 !"#$%&' x = βεk ( )'*!%&' $+ +,*#)$ "'%),%-' &.%&$ ~
2/mL2 ≪ kBT (

/-$0)' 1-$ +!0 !/2'3#*!"#'%$0 0$ 4-$+4$% $3!")!0 $% N −→∞5 0$ /-$&$ 2$0'+4$2
$0)! #%)$62!+ &$ !"-$2&' "'% 789:5 ';)$%#$%&'

Ω = −
1

a
(2s+ 1)β−d/2+1

(

mL2

2π~2

)d/2 ∞
∑

l=1

(−az)l

ld/2+1
<=>?@

A'&$*'0 #&$%)#B"!2 +! 0-*! $% )C2*#%'0 &$ +!0 D-%"#'%$0 &$ E$2*# 0# a = 1
&$ +! D'2*!

fν(z) = −

∞
∑

l=1

(−z)l

lν
=

1

Γ(ν)

∫

∞

0

dx
xν−1

z−1
$3/x+ 1

<=>=F@

&'%&$ 0 ≤ z <∞, ν > 0 ( +!0 D-%"#'%$0 &$ G'0$ 0# a = −1

gν(z) =

∞
∑

l=1

(z)l

lν
=

1

Γ(ν)

∫

∞

0

dx
xν−1

z−1
$3/x− 1

<=>==@

&'%&$ 0 ≤ z < 1, ν > 05 4$2 H$D> 7II5 !/C%&#"$0 J5 K:> L0)!0 D-%"#'%$0 0$
/-$&$% 6$%$2!+#M!2 *$&#!%)$ +! D-%"#.% A'+#+'6!2#)*' N#ν(z) 7I85 ?F: ( 0$ !0'"#!%
"'% +!0 #%)$62!+$0 &$ E$2*# <a = 1@ ( G'0$ <a = −1@ &$ +! D'2*!

−aLid/2(−a z) =
1

Γ(d/2)

∫

∞

0

dx
xd/2−1

z−1
$3/x+ a

. <=>=9@

O0,5 0$ /-$&$ $3/2$0!2 $+ 62!% /')$%"#!+ /!2! +'0 6!0$0 #&$!+$0 &$ E$2*# ( &$

G'0$ &$ +! D'2*!

Ω(µ, T, Ld) = −aAd

N#d/2+1(−az)

βd/2+1
<=>=P@

&.%&$ Ad = (2s + 1)
(

mL2/2π~
2
)d/2

> N! D-%"#.% /'+#+'6!2#)*' $0 -%! D-%"#.%

"'*/+$Q! &$ 4!2#!;+$ "'*/+$Q! "'% &'*#%#' {C \ [1,∞)} ( −∞ < H$[z] < 1>
N! $"-!"#.% &$ $0)!&' /!2! $+ 6!0 #&$!+ "-R%)#"' $0

dΩ(µ, T, Ld) = −SdT − Pd(Ld)−Ndµ

&.%&$ N $0 $+ %S*$2' &$ /!2),"-+!05 P +! /2$0#.% ( S +! $%)2'/,!> O0,5 /'&$*'0
$%"'%)2!2 +!0 /2'/#$&!&$0 )$2*'&#%R*#"!0 &$+ 0#0)$*! !+ "!+"-+!2 +!0 "'22$0/'%T

&#$%)$0 &$2#4!&!0 &$ <=>=P@

N ≡ −

(

∂Ω

∂µ

)

Ld,T

<=>=U@

P ≡ −

(

∂Ω

∂Ld

)

µ,T

<=>=V@

S ≡ −

(

∂Ω

∂T

)

µ,Ld

. <=>=8@

?



 ! "#"$%&! '#("$#! U )*"+" "#,-#($!$." "# /! 0"12 3445 )6%2 789: ,-# /! $"/!,';#

U ≡ −kBT
2 ∂

∂T

(

Ω

kBT

)

µ,Ld

<727=>

"/ ,!/-$ ".)",&?,- CV (T, V ) ." )*"+" "#,-#($!$ !/ +"$'@!$ ".(! "A)$".';# ,-#

$".)",(- ! T 5 +"B!#+- N C V ,-#.(!#(".2

0".*/(! '#("$".!#(" ".(*+'!$ /!. +'1"$"#(". ".(!+&.(',!. )-$ "/ #DE"$- +" -,*F

)!,';#5 E"+'!#(" /! .'%*'"#(" "A)$".';# @"$ 0"123445 )6%2 7GH:

nεk =
1

"A) [β(εk − µ)] + a
<7274>

+-#+" nεk ". "/ #DE"$- )$-E"+'- +" ".(!+-. I*" -,*)!# /!. )!$(&,*/!. ,-#

"#"$%&! εk2 J/ %$!?,!$ /" ",2 <7274> ("#"E-. /-. ,!.-. )!$! KL ,*!#+- a = 15 MN
,*!#+- a = −1 C OM ,*!#+- a = 0 "# /! K'%*$! 727 )!$! "/ ,!.- ($'+'E"#.'-#!/
d = 32

 !"#$% &'&(  ! "#$%&' (% ')*+,)-." $%(-, nεk (% !,/ %/0,(1/0-),/ (% 2%&$-34-&,)

5246 /- a = 17 8'/%3 -"/0%-" 58 6 /- a = −1 9 :,;<%!!38'!0=$,"" 5:86 /- a = 0
(% *" >,/ (% +,&01)*!,/ /-" -"0%&,))-." )'"?",(,/ %" *" @'!#$%" L3

5d = 36A 2->*&,
>%"%&,(, +'& %! ,*0'& , +,&0-& (% !, %/0,(1/0-), (% !, %;+&%/-." 5BABC6A

PQ."$@!E-. I*" )!$! KL <a = 1> ,*!#+- εk < µ5 /! "#"$%&! +"/ .'.("E!
εk → EF 5 EF ". /! "#"$%&! +"/ ".(!+- Q!." //!E!+! "#"$%&! +" K"$E' C 〈nεk〉 → 15
". +",'$ .-/- ".(! -,*)!+- )-$ *#! .-/! )!$(&,*/!2 JR-$!5 )!$! MN <a = −1>
-Q."$@!E-. I*" .' µ → 05 εk/kT ('"#+" !/ @!/-$ E6. Q!B-5 +'%!E-. *# ε0 C

7S



 !"!#$% &'! !( ")#!*$ +! $,'-.,/0" #!+/. %! 1'!(1! /"2"/ $3 !% $ !% ,$"$,/+$

,$#$ !( !% .+$ +! ,$"+!"%.,/0" +! 4$%!56/"% !/" !" +/#!"%/$"!% d = 37 8#9$%

,.%$%  /!"+!" .( (:#/ ! ,(;%/,$ ,'."+$ | εk − µ |≪ kT 7

 !"! #$%&'()*+ ,-./)($

<.*. !( =>? ,$"2".+$ !" '" 1$()#!" Ld
+! +/#!"%/0" d > 0 @ ,$" '".

*!(.,/0" +! +/%-!*%/0" !"!*A:.5#$#!" $ ,'.+*; /,.3 !( A*." -$ !",/.( BC7CDE !%

Ω ≡ −Ad

F/d/2+1(z)

βd/2+1
BC7CGE

+0"+! Ad = (2s+1)
(

mL2/2π~
2
)d/2

@ β ≡ 1/kBT 7 <$+!#$% $9%!*1.*3 %/" -!*+!*

A!"!*.(/+.+ &'! !(  H*#/"$ 2s + 1 = 2 @. &'! !% .#$% ,$"%/+!*."+$ I!*#/$"!%

s = 1/23 -$* %/#-(/,/+.+ !" ($% ,;(,'($%  $#.*!#$% s = 0 %.9/!"+$ &'! "$%

*!I!*/#$% . I!*#/$"!% @ +! (. #/%#. I$*#. !" !( ,.%$ +! 9$%$"!%7 J%.*!#$% (.

"$ .,/0" +! (.% /" !A*.(!% +! ?!*#/ fν(z) = −F/ν(−z) $ 4$%! gν(z) = F/ν(z)
-.*. *!I!*/*"$% .  .( %/% !#. %!A'" %!. !( !% '+/$7

6( -$ !",/.( &':#/,$ -.*. !( =>? ,$#$ I'",/0" +! (.  !#-!*. '*. .9%$(' .

-.*. ,'.(&'/!* +/#!"%/$" d > 0 %! !",'!" *. +! (. !,'.,/0" +! ")#!*$ BC7CKE

N = Ad

fd/2(z)

βd/2
BC7LME

0  .#9/H"

N =
1

Γ(d/2)

(

mL2

2π~2

)d/2 ∫

∞

0

dε
εd/2−1

!N-(β[ε− µ]) + 1
. BC7LCE

O% . !,'.,/0"  .#9/H" %! -'!+! !%,*/9/* ,$#$

N =

∫

∞

o

dε g(ε)n(ε) BC7LLE

+$"+!

g(ε) =
εd/2−1

Γ(d/2)

(

mL2

2π~2

)d/2

BC7LDE

!% (. +!"%/+.+ +! !% .+$% BPQR3 -$* %'% %/A(.% !" /"A(H%E @

n(ε) = [!N-(β[ε− µ]) + 1)]
−1

BC7LKE

!% (. +/% */9',/0" +! ?!*#/5P/*.,7 6" T = 03 n(ε) = θ (EF − ε) !% (. I'",/0"

!%,.(0" @ µ(T ) ≡ EF !% (. !"!*A:. +! ?!*#/3 !" $",!% +! (. !,7 BC7LCE %! $9 /!"!

n ≡
N

Ld
=

1

Γ(d/2)

(

2

d

)

( m

2π~2

)d/2

E
d/2
F BC7LSE
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 !" # EF ≡ kBTF $ %& '!(#")*+& ,-./*)! µ(T ) 0# #")-#"(1+  # 23$456 7 23$436

7+ ,-# &+  #"0* + n #0 )!"0(+"(# '+1+ )-+&,-*#1 (#/'#1+(-1+8 !9(#"#/!0 &+

0*:-*#"(# #;'1#0*<" '+1+ )-+&,-*#1  */#"0*!" d > 0

T d/2Γ(d/2)fd/2(z) =
2

d
T
d/2
F . 23$4=6

%" d = 28 f1(z) = &"(1 + z) 2>#?$ @AA8 B'C" *)# %D6E #0(! "!0 )!" -)# + -"+

?!1/+ +"+&.(*)+ '+1+ #& '!(#")*+& ,-./*)! )-+" ! T → 0  # &+ ?!1/+

µ(T )/EF = (T/TF ) &"(#;'(TF /T )− 1) −−−→
T→0

1

'-#0(! ,-# µ(0)/EF = 1 7 )-7+ #;'1#0*<" "! #0 #;'+" *9&# #" 0#1*#  # '!(#"F

)*+0 '+1+ T/TF $ G+1+ d #= 2 #& '!(#")*+& ,-./*)! "! 0# '-# # #;'1#0+1  # ?!1/+

+"+&.(*)+8 C0(# 0# #")-#"(1+ "H/#1*)+/#"(#  # 23$4=6 #" ?-")*<"  # &+ (#/'#1F

+(-1+ +90!&-(+ #" -"* + #0  # &+ (#/'#1+(-1+  # I#1/* 2T/TF 6$ B& :1+J)+1
µ(T )/EF !9(#"#/!0 &+ I*:-1+ 3$4 '+1+  */#"0*!"#0 d K 3L48 MLN8 38 48 M$ O#

!90#1P+ #& )!/'!1(+/*#"(! /!"<(!"! #"  */#"0*!"#0 d > 28 7 #& )-1*!0! )!/F

'!1(+/*#"(! "!F/!"<(!"! '+1+  */#"0*!"#0 d < 2 @5QD$
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 !"#$% &'()  ! "#$%&'()! *+,-('# %& .+&'(/& 0% !) $%-1%2)$+2) )34#!+$) %& +&(0)0%4

0% !) %&%25,) 0% 6%2-( µ(T )/EF '#&$2) !) $%-1%2)$+2) )34#!+$) %& +&(0)0%4 0% !) $%-7

1%2)$+2) 0% 6%2-( T/TF 1)2) +& 5)4 (0%)! 0% 6%2-( %& 0(-%&4(#&%4 d = 1
2
, 3

4
, 1, 2, 38
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 !"#!$%&'#( )*#%) +#( +,'-$&( .)%) &+ .#$&!"-)+ /0,'-"#1 2()!3# +) &4.)!5

(-6! .)%) z57%)!3&( 89&:1 ;<<= ).>!3-"&  ?@= &( 3&"-%= "0)!3# T → 0 3#!3&
fν(z) ≃ (+! z)ν/Γ(ν + 1) + (π2/6)(ν − 1)(+! z)ν−2/Γ(ν) + · · · = #A$&!&'#(

µ(T )/EF −−−−−−→
T/TF→0

1− (d/2− 1)(π2/6)(T/TF )
2 +O(T 4) 8B1CD@

>($) &( +) ++)')3) &4.)!(-6! 3& E#''&%:&+3 .)%) T .&/0&F)( ;<<= G.>!3-"&  ?=

!#$&'#( /0& ) .%-'&% #%3&! &( .#(-$-H# .)%) $#3) d ≤ 2= '-&!$%)( /0& .)%)
T (0I"-&!$&'&!$& 7%)!3&( &+ .#$&!"-)+ /0,'-"# 3-H&%7& !&7)$-H)'&!$&1 G*#%)=

0()!3# +) &4.)!(-6! .)%) z5.&/0&F)( 8H&% 9&:1 ;<<= ).>!3-"&  ?@= &( 3&"-% T →∞
J fν(z) ≃ z − z2/2ν + z3/3ν − · · · = #A$&!&'#(

µ(T )/EF −−−−−−→
T/TF→∞

−(T/TF ) +!
[

Γ(d/2)(T/TF )
d/2(d/2)

]

8B1C<@

&+ "0K+= &( &+ +,'-$& "+K(-"# .)%) T 7%)!3&(1

 !"! ! #$%&'($)' d → 0

G*#%)= )!)+-"&'#( /0& (0"&3& "#! µ(T ) "0)!3# d → 01 E- d → 0= V → 1 &(
0! L.0!$# "0K!$-"# -3&)+M= #A(&%H)'#( /0& +) 3&!(-3)3 n = N/Ld→0 → N J +)

:0!"-6! 3& N&%'- fd/2(z) −−−→
d→0

Li0(z) ;C?= &!$#!"&( 3& +) &"1 8B1CO@ $&!&'#(

ĺım
d→0+

n = ĺım
d→0+

N/Ld = −Li0(−z) 8B1CP@

J "#'# Li0(z) = z/1 + z .#3&'#( 3&"-%

nd→0 = −
z

1 + z
8B1QO@

"#'# z ≡ &4.(βµ) .#3&'#( $#')% +#7)%-$'#( J 3&R)'#( )+ .#$&!"-)+ /0,'-"#
"#'#

βµ(T ) = +!

[

nd→0

1− nd→0

]

8B1QB@

(- nd→0 → 1 $&!&'#( /0& µ → +∞1  + .#$&!"-)+ /0,'-"# 3-H&%7& "0)!3# &+
(-($&') 3& :&%'-#!&( &( "#!I!)3# &! d → 01  ($# !#( 3-"& /0& &+ (-($&') J)
!# $-&!& +) ").)"-3)3 3& )"&.$)% .)%$,"0+)(= &( 3&"-%= !&"&(-$)'#( 0! $%)A)R#

-!I!-$# (#A%& &+ (-($&') .)%) /0& &($# #"0%%)1  ($) 3-H&%7&!"-) &( 3&A-3) )+

.%-!"-.-# 3& &4"+0(-6! 3& S)0+- /0& &!0!"-) /0& &! &+ &(.)"-# 3& "#!I70%)"-6!

(#+# .0&3& (&% #"0.)3# .#% 0!) .)%$,"0+)1

 !"! #$%&' ()*+,-.,&

T) &4.%&(-6! 3&+ ")+#% &(.&",I"# .)%) 0! 7)( -3&)+ (& #A$-&!& ) .)%$-% 3&+

")'A-# 3& +) &!&%7,) -!$&%!) 3&+ (-($&') "#! %&(.&"$# ) +) $&'.&%)$0%) 3&R)!3#

&+ H#+U'&! "#!($)!$&
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CV (T,L
d) ≡

[

∂U(T, Ld)

∂T

]

Ld

 !"#$%

&' ()(*+,' -).(*)'  !"!/% 0' 1'0120'345 6( 0' (1"  !"!#% 7'*' (0 89: ;<<= 7>+"

#??@= ()14).*'345 A2(

U(T, Ld) =
d

2

N

β

fd/2+1(z)

fd/2(z)
=

d

2
NkBT

fd/2+1(z)

fd/2(z)
 !"##%

B5')64 0'5 *(0'1-4)(5 6( *(12**()1-' ;<<= '7C)6-1( D@ 7'*' 0' E2)1-F) 6(

:(*3-

z
∂fd/2(z)

∂z
=

∂fd/2(z)

∂ 0)(z)
= fd/2−1(z)  !"#G%

1

z

(

∂z

∂T

)

N,Ld

= −kBβ(d/2)
fd/2(z)

fd/2−1(z)
 !"#H%

5( ()12().*' A2( (0 1'04* (57(1,I14 (5

CV (T, L
d) =

d

2
Ad

[

(d/2 + 1)kBfd/2+1(z) +
fd/2

βd/2+1

1

z

(

∂z

∂T

)

Ld

]

=
d

2
NkB(d/2 + 1)

fd/2+1(z)

fd/2(z)
−
d

2
NkB(d/2)

fd/2(z)

fd/2+1(z)
 !"#J%

*('+*27')64= 5( 4K.-()( (0 1'04* (57(1,I14 7'*' 2) +'5 6( E(*3-4)(5 7'*' 12'0A2-(*

6-3()5-F) d > 0

2CV (T, L
d)

dNkB
= (d/2 + 1)

fd/2+1(z)

fd/2(z)
− (d/2)

fd/2(z)

fd/2−1(z)
.  !"#/%

L46(345 +*'I1'* 0' M0.-3' (N7*(5-F) () E2)1-F) 6( 0' .(37(*'.2*' () 2)-6'6(5

6( 0' .(37(*'.2*' 6( :(*3- T/TF = '0 *(540O(* )M3(*-1'3().( 7'*' µ(T )" P(

(5.' E4*3' '0 +*'I1'*  !"#/% 4K.()(345 0' :-+2*' !"#"

D) 0' :-+2*' !"# ()14).*'345 2)' Q(5.*21.2*'R A2( '7'*(1( () 6-3()5-4)(5

d < 2= 5-) (3K'*+4 )4 S'T .*')5-1-F) 6( E'5( T' A2( (0 1'3K-4 () 0' 7()6-().(

(5 14).,)24" U0 )4 (N-5.-* 2)' .(37(*'.2*' 1*,.-1' Tc 72(5.4 A2( (0 74.()1-'0

A2,3-14= 5- K-() (5 0' 2)-6'6 () T = 0= 2CV (T,L
d)/dNkB (5 14).-)2' 7'*' .464

T = (0 1'04* (57(1,I14 3')-I(5.' 2)' Q')43'0,'R () d < 2 ;H/@ 12')64 52 7*-3(*'

6(*-O'6' 1'3K-' 6( 5-+)4 04 A2( (5 2) *(V(W4 6(0 14374*.'3-().4 )4X34)F.4)4

6(0 74.()1-'0 A2,3-14" L'*' 6-3()5-4)(5 d ≥ 2 6(5'7'*(1( 0' (5.*21.2*'" D5

)4.'K0( 3()1-4)'* A2( (5.' 14)I+2*'1-F) '7'*(1( () (0 +'5 -6('0 6( Y45( ()

6-3()5-4)(5 d > 2 ()14).*')64 0' E'345' .*')5-1-F) 6( E'5( 6(0 14)6()5'64= T'

A2( () (5.( 1'54= 5- (N-5.( 2)' 6-514).-)2-6'6 () 0' 7*-3(*' 6(*-O'6'"

&45 0,3-.(5 7'*' (0 1'04* (57(1,I14 12')64 T → 0 T T → ∞ 5( ()12().*')

' 7'*.-* 6( 0' (N7')5-F) 6( zX+*')6(5 7'*' fd/2(z)=  T → 0% 4K.()(345 0'

(N7')5-F) 7'*' 0' ()(*+,' -).(*)' U(T, Ld)
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 !"#$% &'()  ! "#!$% &'(&")*"$ 2CV (T )/dNkB &+ ,-+"./+ 0& !# 1&2(&%#1-%# #3'$!-1#

&+ -+.0#0&' 0& !# 1&2(&%#1-%# 0& 4&%2. 5T/TF 6 0&'0& T = 0 7#'1# 1&2(&%#1-%#' 0&!
$%0&+ 0& 1010

(#%# 0.2&+'.$+&' d = 1/4, 1/2, 1, 2, 38 4.9-%# 9&+&%#0# ($% &! #-1$%:
#(#%&".0# &+ !# ;&,8 <=>? (#%# T (&@-&A#'8

2U(T, Ld)/dNEF −−−→
T→0

(

2

d+ 2

)

+
π2

6

(

T

TF

)2

+ · · · .  !"#$%

&'(' )* *+,-.) /*01-/2 T →∞ 31',21 *' )45'61-76 8) z95):3)6;1 5'(' fd/2(z) ≃

z − z2/2d/2 + . . . < 8)  !"##% 1) 2=.-)6)

2U/dN −−−−→
T→∞

kBT.  !"#>%

?2.),21 :3) 1- d = 3 ()/35)(',21 8)  !"#>% *' )45()1-76 /*01-/' 8) *' )6)(@+'

-6.)(6' 5'(' 36 @'1 -8)'*A U = 3
2NkBT " B* /'*/3*'( *'1 8)(-C'8'1 8)  !"#$%

<  !"#>% 1) )6/3)6.('6 *21 *+,-.)1 5'(' CV (T,L
d) /3'682 T → 0 < T → ∞A

()15)/.-C',)6.)

2CV (T, L
d)/dNkB −−−→

T→0
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3

T

TF
 !"DE%

2CV (T, L
d)/dNkB −−−−→

T→∞
1 +

z
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 !"#$%#&'" (# )*+,-. /0# 1023(' T → 04 2CV (T, L
d)/dNkB #" 563#25 72$2

8'(2 (6&#3"693 d > 0+ :3 )*+,*. #5 "#;03(' 8<$&63' 86#3(# 2 1#$'4 70#"8' /0#
T → ∞ = z → 0 #38'31#" 2CV (T, L

d)/dNkB → 1 72$2 8'(2 (6&#3"693 d > 04
/0# 1'$$#"7'3(# 25 $#"0582(' 15>"61' 72$2 #5 ;2" 6(#25 = /0# #"8> (# 210#$(' 1'3

#5 5?&68# (# 52" #@7$#"6'3#" (# :63"8#63 = A#!=# (#5 125'$ #"7#1?B1' (# 03 "956('+

 !"! ! #$%&'($)' d → 0

CD'$24 232561#&'" /0# "01#(# 1'3 #5 125'$ #"7#1?B1' 1023(' d → 0+  !"#$E
%2&'" (# )*+FG.

2CV (T, L
d)

dNkB
−−−→
d→0

f1(z)

f0(z)
)*+,H.

= 70#"8' /0# f1(z) = 53(1− z) = f0(z) = −z/1 + z IJJK '!8#3#&'"

2CV (T,L
d)

dNkB
−−−→
d→0

−(1 + z)
53(1− z)

z
, )*+,F.

8#3#&'" /0# CV > 0 72$2 8'(2 d #38'31#" "6 −z53(1 − z) = 53(1 − z) #38'31#"
z = −1 7#$' "6 z = −1 ⇒ 53(−1) = βµ4 5' 10>5 #" 2!"0$(' 70#"8' /0# #5
7'8#31625 /0?&61' "6#&7$# #" 7'"686%'+ L6 z = 1 52 6;025(2( "# 10&75#4 #"8'
6&75612 /0# µ → +∞ 1'&' =2 D2!?2&'" '!"#$%2(' #3 52 "#11693 238#$6'$ (#5

7'8#31625 /0?&61'+ M"82 #"8$0180$2 "# &236B#"82 1'&' 03 ND'&!$'O IPGK #3 #5

125'$ #"7#1?B1' = 10=2 638#$7$#821693 I*K #"8> #3 #5 7$631676' (# #@150"693 (#

Q2056 = 5' /0# 3'" &0#"8$2 #" /0# #5 "6"8#&2 #3 d→ 0 )N7038' 10>3861' 6(#25O.4
3' 70#(# 21#782$ &>" 72$8?1052" µ(T )→ +∞ =2 /0# 86#3# #3#$;?2 63B3682 = "#

%# $#R#S2(' #3 CV (T, L
d) −−−→

d→0
∞ 72$2 8'(2 T +

*T



 !"#$

 

 !"!#$% &'! !( )$(*#!" +!( %,%-!#. !% V = Ld
%, /$"%,+!0.#$% d → 01 V → 11 !( /'.(

+!2"! '" 3'"-$ ,+!.( !" (. +,#!"%,4" !%3./,.(5 67$0. 8,!"1 !( 3'"-$ !% '" !(!#!"-$ 9!$#:-0,/$

.+,#!"%,$".(1 "$ -,!"! ", )$(*#!"1 ", ;0!. ", ($"9,-'+ ", $-0$ .";($9$ +,#!"%,$".(< "$ !%

'" $8=!-$ >?%,/$< +!%/0,8! '". 3$%,/,4" !" !( !%3./,$1 +!-!0#,".+. 0!%3!/-$ +! '" %,%-!#.

+! /$$0+!".+.% 30!!%-.8(!/,+$5 @" !%-! !%-'+,$ /$#$ !" -$+. (. -!0#$+,";#,/. +! ($% 9.%!%

,+!.(!% %! /$"%,+!0." . (.% 3.0-?/'(.% 3'"-'.(!%1 .'"&'! %! .%$/,. (. #.%. .-0.):% +! (. !/'./,4"

+!( "*#!0$ +! 3.0-?/'(.% N 1 %," !#8.09$ !( (?#,-! -!0#$+,";#,/$ %! 0!%3!-. 3'!% #,!"-0.%
L → ∞1 d → 0 /$" (. +!"%,+.+ +! "*#!0$ n ≡ N/Ld

/$"%-."-!5 @" !%-! !%-'+,$ "$ !%

,#3$0-."-!1 3$0 !( #$#!"-$ !( )$(*#!" $ !( !%3./,$ +,#!"%,$".( &'! $/'3. /.+. 3.0-?/'(.1

.'"&'! !"/$"-0.#$% &'! '". %$(. 3.0-?/'(. A3'"-'.(B1 %$($ 3'!+! $/'3.0 !( !%3./,$ 3'"-'.(

,+!.( d = 0 !" !( /.%$ +!( 9.% +! C!0#,1 #,!"-0.% &'! 3.0. !( 9.% +! D$%! ","9'". 3.0-?/'(.

3'!+! $/'3.0 !%-! !%3./,$ 3'"-'.( ,+!.(5

!

E. >'9./,+.+ !% '%.+. 3.0. .30$F,#.0 (. 30!%,4" +! ($% 9.%!% 0!.(!% &'! ($% !%-,#.+$%

'%."+$ (. (!G +! ($% 9.%!% ,+!.(!%5 E. >'9./,+.+ "$% 3!0#,-! '%.0 #'/7.% 0!(./,$"!% +!%.0H

0$((.+.% 3$0 '" %,%-!#.5 @" !( #'"+$ 0!.(1 ($% 9.%!% %! .30$F,#." .( /$#3$0-.#,!"-$ +!(

9.% ,+!.( . 8.=.% 30!%,$"!% G .(-.% -!#3!0.-'0.%1 8.=$ /,!0-.% /$"+,/,$"!% !( ).($0 +! (. >'H

9./,+.+ %! .30$F,#. .( ).($0 +! (. 30!%,4" G. &'! ","9'". %'%-."/,. !% 0!.(#!"-! ,+!.(5 6

30!%,$"!% #$+!0.+.% ($% 9.%!% 0!.(!% -,!"!" ,"-!0.//,$"!% +! .-0.//,4" G !" .(-.% 30!%,$"!%

(.% 0!3'(%,$"!% ,"-!0#$(!/'(.0!% %! )'!()! ,#3$0-."-!%5 6#8.% ,"-!0.//,$"!% 0!%'(-." !" '".

+!%),./,4" +!( /$#3$0-.#,!"-$ A,+!.(B !" +$"+! !%.% ,"-!0.//,$"!% !"-0! ;-$#$% $ #$(:/'(.%

3'!+!" %!0 ,9"$0.+.%5

 !



 !"#$%&' (

 !" #$%!& $% '("%

 ! "#$" %&'($)*+ "#$),-&."/+# "* 0&# -,"&* ," 1+#" 234156 7!&*-8&."/+# "*

'+$"!%-&* 9)(/-%+ "! :)!%-+! ," *& $"/'".&$).& µ(T ); &#( %+/+ $&/<-=! "* %&*+.
"#'"%(>%+ CV (T, V ) "! ,-/"!#-+!"# 0 < d ≤ 3 '&.& $+,& T 6 ?&*%)*&/+# *&
$"/'".&$).& ," $.&!#-%-@! Tc '&.& *& 1 ? "! d = 3; /-"!$.&# 9)" '&.& d < 2
!+ "A-#$" $.&!#-%-@! ," :&#"; Tc = 06  !%+!$.&/+# "* '+$"!%-&* 9)(/-%+ B "*
%&*+. "#'"%(>%+ !C/".-%&/"!$" /+#$.&!,+ !)"#$.+# ."#)*$&,+# 0.D>%&/"!$" "!

:)!%-@! ," *& $"/'".&$).& "! )!-,&,"# ," *& $"/'".&$).& ," E"./- T/TF ; ,"<-,+
& 9)" !+# -!$"."#& %+/'&.&. &/<+# #-#$"/&# B& 9)" "! "* #-0)-"!$" %&'($)*+

,-#%)$-."/+# *& "9)-F&*"!%-& "!$." &/<+# 0&#"#6  !%+!$.&/+# "* %+/'+.$&/-"!$+

," µ B CV %)&!,+ T → 0 B '&.& T → ∞ "! %)&*9)-". ,-/"!#-@! d > 06
7!&*-8&/+# $&/<-=! "* %&#+ d = 0; "* G')!$+ %)D!$-%+ -,"&*H ,+!," n/nF = 0
!+# %+!,)%" & 9)" *& :)0&%-,&, z → 0; "# ,"%-.; µ→ −∞ ,"<-,+ &* '.-!%-'-+ ,"

-!%".$-,)/<." ," I"-#"!<".06

 !"! #$%&'()*+ ,-./)($

J&.& "* 341 %+!>!&,+ "! )! F+*C/"! Ld B %+! )!& ."*&%-@! "!".0(&K/+/"!$+
%)&,.D$-%&; "* 0.&! '+$"!%-&* 2L6LM5 "#

Ω(µ, T, Ld) = Ω0 +Ad

gd/2+1(z)

βd/2+1
2N6L5

,+!," Ω0 "# "* '+$"!%-&* $"./+,-!D/-%+ "! "* "#$&,+ <&#"6  * !C/".+ ," '&.$(%)K

*&# "! "* 341 "# N = − (∂Ω/∂µ)T,Ld ; ,".-F&!,+ 2N6L5 "!%+!$.&/+#

N = N0 +Ne = N0 +Ad

gd/2(z)

βd/2
2N6N5

,+!," N0 "# "* !C/".+ ," <+#+!"# "! "* "#$&,+ <&#" B Ne #+! *+# 9)" "#$D! "!

*+# "#$&,+# "A%-$&,+#; Ad =
(

mL2/2π~
2
)d/2

; z = "A'(βµ) "# *& :)0&%-,&, ,"*
#-#$"/& B β = 1/kBT 6 O& $"/'".&$).& %.($-%& ,"* #-#$"/& Tc #" +<$-"!" %)&!,+
N0 = 0; "# ,"%-. %)&!,+ µ = 0; z → 1; ," *& "%6 2N6N5 "!%+!$.&/+#

LP



kBTc =

(

N

Ad gd/2(1)

)2/d

.  !"#$

%&'()* +, d = 3* -'+ ../0) )

(

Nβ3/2/A3

)

= g3/2(1) = ζ(3/2) 12/+3' 42/ gd/2(z) =
Lid/2(z)* Li3/2(1) = ζ(3/2) 0/( 5/6+" 789* :;< ='-=/ ζ(3/2) /+ .) 62->,?- @/3) =/

5,/A)-- =/ '(=/- 3/2 B A3 =
(

mL2/2π~
2
)3/2

/-3'->/+ 1'=/A'+ /->'-3()(

kBTc =
(

2π~
2/mL2

)3/2
(N/ζ(3/2))

2/3

.) >'-'>,=) /C1(/+,?- 1)() .) 3/A1/()32() >(D3,>) 1)() .) EFG /- d = 3" H'=/I

A'+ 'J+/(0)( 42/ +, d ≤ 2 B z → 1 .) 62->,?- =/ E'+/ gd/2(1) → ∞ ⇒ Tc = 0
-' &)B 3/A1/()32() >(D3,>) B 1'( 3)-3' -' /C,+3/ .) EFG /- d ≤ 2"

F. 1'3/->,). 42DA,>' 1)() /. KLE .' /->'-3()A'+ ) 1)(3,( =/ .) />"  !"!$ B .)

62->,?- =/ E'+/ gd/2(z) /- +2 (/1(/+/-3)>,?- ,-3/M(). 788* %1N-=,>/ O< =/ 6'(A)

42/ .) =/-+,=)= n = N/Ld +/) >'-+3)-3/* 1)() >2).42,/( =,A/-+,'- d > 0 /+

n =
Ad

βd/2Ld
gd/2(z).  !"P$

%&'()* =,0,=,/-=' .) />"  !"P$ 1'( nF ≡ (k
2
F /4π)

d/2/Γ(d/2 + 1) 'J3/-/A'+

n/nF = Γ(d/2 + 1)(T/TF )
d/2gd/2(z)  !"9$

='-=/ TF ≡ EF /kB ≡ ~
2k2
F /2mkB * =/ /+3) 6'(A) 1'=/A'+ )=,A/-+,'-).,@)( /.

+,+3/A)* )=/AQ+ =/ 42/ 1'=(/A'+ >'A1)()( )AJ'+ +,+3/A)+ /- /. >)1D32.' #"

F. 1'3/->,). 42DA,>' +/ 'J3,/-/ =/  !"9$ 1)() 0 < d ≤ 3 B n/nF = 1* /.

(/+2.3)=' +/ A2/+3() /- .) R,M2() !"S* /. >'A1'(3)A,/-3' =/ µ(T )/EF 1)()

n/nF = 1 >'- d >'A' 1)(QA/3('" H'=/A'+ 'J+/(0)( 42/ µ(0)/EF = 0 1)()

3'=) d* /- d = 2 B /- =,A/-+,'-/+ d ≤ 2 'J+/(0)A'+ 42/ -' /C,+3/ >'-=/-+)>,?-

1)() /. KLE* /- /+3) TM2() /+ ,-3/(/+)-3/ 'J+/(0)( 42/ A,/-3()+ .) =,A/-+,?-

d→ 0 B T → 0 3/-/A'+ 2-) @'-) 42/ -' /+ UA)1/)=)V 1'( /. 1'3/->,). 42DA,>'*

.) @'-) 0 ≤ T/TF ≤ S"9 ='-=/ µ → −∞ >2)-=' T ≫ 1* +'.2>,?- 42/ 1'=(D)

).>)-@)(+/ /- .) =,+>2+,?- =/. .DA,3/ =/. >'-3D-2' /- /. )1N-=,>/ %"

F- .) R,M2() !"! M()T>)A'+ z 0+ T/TF 0+ d* ='-=/ z = /C1(βµ)* ='-=/ 3/-I

/A'+ =,6/(/-3/+ 0).'(/+ =/ .) =/-+,=)= n/nF " WJ+/(0)A'+ 42/ >2)-=' n/nF → 0*
µ(T ) → −∞ 1)() 3'=) T " F- .) R,M2() !"# 'J+/(0)A'+ /. >'A1'(3)A,/-3' /-

.) =/-+,=)= n/nF → 0 >2)-=' d → 0 ⇒ z → 0* =/ 6'(A) 42/ µ → −∞" F.

1'3/->,). 42DA,>' /+3) )+'>,)=' >'- .) 62->,?- =/ 3()J)X' 3/(A'=,-QA,>'* =/

6'(A) 42/ +, µ > 0 .'+ ).(/=/='(/+ /X/(>/- 2- 3()J)X' +'J(/ /. +,+3/A) 1)()

,-3('=2>,( 2-) -2/0) 1)(3D>2.)* >2)-=' µ < 0 +/ ,-3/(1(/3) 42/ /. +,+3/A) /X/(>/

2- 3()J)X' +'J(/ .'+ ).(/=/='(/+* /+ =/>,( /. +,+3/A) /+3) +)>)-=' .)+ 1)(3D>2.)+

=/. +,+3/A) B .)+ >/=/ ) +2+ ).(/=/='(/+" G2)-=' µ → −∞ -'+ /+3) =,>,/-='

42/ -' 12/=/- /C,+3,( 1)(3D>2.)+ /- /. +,+3/A)* /+3' ,A1.,>) 42/ n/nF = 0" Y)+

1)(3D>2.)+ /- /. +,+3/A) =/ E'+/ -' 12/=/ >'-T-)(+/ >2)-=' d→ 0"

S:



 !"#$% &'()  !"#$%&'( )*+,&%! µ(T )/EF -'.' #( /'0 1# 2!0# #$ d 3 45 65 75 7865 9:75

9:997 ; 1#$0&1'1 n/nF = 1:

 !"!"! #$%&'($)' d→ 0

 !"#$% d→ 0 &'() *" +,!",-.# /0123 4+ 5!+$+ +657+4"7

ĺım
d→0+

n/nF = 8-0(z) /0193

,%:% Li0(z) = g0(z) = z/1 + z 5%$+:%4 $+,-7 ;!+

nd→0 =
z

1 + z
/01<3

,%:% z ≡ +65(βµ) =%:"#$% *%>"7-=:%4 **+>":%4 " *" +657+4-.# 5"7" +* 5%=+#,-"*
;!?:-,% ,!"#$% d→ 0

βµ(T ) = *#

[

nd→0

1 + nd→0

]

/01@3

,%:% n = N/Ld ,!"#$% d → 0 ⇒ n → N A %B4+7C":%4 µ < 0 5"7" =%$" N
D 5"7" =%$" T 1  !"#$% nd→0 → 0 +#,%#=7":%4 ;!+ µ → −∞1 E+#+:%4 ;!+
,!"#$% d→ 0 "* F5!#=% ,!G#=-,% -$+"*HA *"4 5"7=?,!*"4 +# +* 4-4=+:" $+ I%4+ #%
5!+$+# ,%#J#"74+ 5!+4=% ;!+ nd→0 = N → 01

0K



 !"#$% &'&(  !"#$%&'( )*+,&%! µ(T )/EF -'.' #( /'0 1# 2!0# #$ 3*$%&4$ 1# (' "#,5

-#.'"*.' #$ *$&1'1#0 1# (' "#,-#.'"*.' 1# 6#.,& T/TF -'.' 1&,#$0&!$#0 0 < d < 27
%!$ (' 1#$0&1'1 1# $8,#.! %!,! -'.9,#".! -'.' n/nF : ;7 <=>7 <=<;7 <=<<;=

 !"#! !$%&'($)*! !* +(!'&"*) *) *% #,-)+('* . '$) %# /*)*0#%(1#'(2) +* %#!

3&)'($)*! ,$%(%$/#0("4$5 ,&*!"$ 6&* 7(ν(z) )$ *! #)#%8"('# *) d = 0 9:;<5 *) *!"*
*!"&+($ &!#4$! %#! 0*%#'($)*! +* 0*'&00*)'(# 9==< *) %#! ()"*/0#%*! +* >*04( ?

.$!* ,#0# #,0$@(4#0)$! # d→ 0A

 ! ! "#$%& '()*+,-+%

7# *)*0/8# ()"*0)# ,#0# *% B.C !* *)'&*)"0# # ,#0"(0 +* D;A;EF $G"*)(*)+$

U(T,Ld) =
d

2

N

β

gd/2+1(z)

gd/2(z)
DHA:F

+*0(I#)+$ -!"# *@,0*!(2) '$) 0*!,*'"$ # T +*J#)+$ N,Ld '$)!"#)"*! $G"*)*4$!
*% '#%$0 *!,*'8K'$ CV (T, L

d)

CV (T, L
d) =

d

2

Ad

βd/2

[

kB(d/2 + 1)gd/2+1(z)−
µ(T )

T
gd/2(z)

]

DHA;LF

H;



 !"#$% &'()  ! "#$!%&'!' z (!)! *+ $!, '* -.,* */ "#/%&0/ '* +! 1*2(*)!1#)! */

#/&'!'*, '* +! 1*2(*)!1#)! '* 3*)2& T/TF (!)! '&2*/,&./*, 0 < d < 1 %./ +!

'*/,&'!' '* /42*). %.2. (!)52*1). (!)! '*/,&'!'*, n/nF 6 78 9:;8 9:<8 9:78 9:997:

 !" #$#!%&'() Ad &' *+ &,-.& $/' +'#&.$). % ! +'() *+ .&*+0$/' (& .&0!..&'0$+

1&. 2&34 5667

1

z

(

∂z

∂T

)

N,V

= −kBβ(d/2)
gd/2(z)

gd/2−1(z)

)"#&'&8) &* 0+*). & -&09:0) -+.+ !' ;+ (& <) & &' 0!+*=!$&. ($8&' $/' d > 0

CV (T, V ) =
d

2
NkB

[

(d/2 + 1)
gd/2+1(z)

gd/2(z)
− (d/2)

gd/2(z)

gd/2−1(z)

]

. >?4@@A

B* 0+*). & -&09:0) & *+ 0+'#$(+( (& &'&.;9+ '&0& +.$+ -+.+ &*&1+. !' ;.+() *+

#&8-&.+#!.+ (&*  $ #&8+C & (&0$.C -)(&8) +;.&;+. &'&.;9+ +*  $ #&8+ % & -&.+.

=!& -!&(+ )0!..$. !'+ #.+' $0$/' (& 3+ &4 B #+ #.+' $0$/'  & #$&'& 0!+'() &,$ #&

!'+ ($ 0)'#$'!$(+( &' *+ -.$8&.+ (&.$1+(+ (& CV C & (&0$.C D+% !' 0+8"$)  E"$#)

&' *+ -&'($&'#& &' *+ 0!.1+ (&* 0+*). & -&09:0)C + & #)  & *& 0)')0& 0)8) !'+

#.+' $0$/' (& 3+ & (& -.$8&. ).(&' 5F?74 G'+*$0&8) 0!+*$#+#$1+8&'#& CV &'

d = 3C .& )*1$&'() 'E8&.$0+8&'#& >?4@@A )"#&'&8) *+ H$;!.+ ?4I4

J" &.1+8) & #& 0+8"$) +".!-#) &' *+ -&'($&'#& &' CV (T, V )/NkB &' d =
3C & #& 0+8"$) &' *+ -&'($&'#& ') 8!& #.+ !'+ #.+' $0$/' (& 3+ & &' &* ;+ 

??



 !"#$% &'()  ! "#!$% &'(&")*"$ CV (T, V )/NkB (#%# &! +#' ,& -$'&. &/ 01/"23/ ,& !#

4&5(&%#41%# &/ 1/2,#,&' ,& !# 4&5(&%#41%# ,& 6&%52 T/TF . (#%# ,25&/'23/ d = 37

 ! "#$!% &$'( !$ )( *#+#*, ( *#+ !+$(*,-+  ! "#$!./,+$'!,+ 0"/123 4,56,!+ #

!$'! (+7),$,$% 8# !9#$ *#+',+6(: 5:7;*(+ # () :!$#)<!: +=9!:,*(9!+'! !) *()#:

!$8!*>;*# 8(:(  ,9!+$,#+!$ d ≤ 2 #?'!+,!+ # )( @,56:( A3B3 C?$!:<(9#$ D6!

+# !E,$'! *(9?,#$ (?:68'#$ !+ )( 8!+ ,!+'!  ! )($ *6:<($  !) *()#: !$8!*>;*#% !$

 !*,:% +# !E,$'! *#+ !+$(*,-+  ! "#$!./,+$'!,+ !+ d ≤ 2 !+'!:( # +#3

 !"! #$%&% '()*+, -, CV

/) *()#: !$8!*>;*# 8(:( 6+ 5($ , !()  ! "#$! *#+ 6+( :!)(*,-+ *6( :7',*(

!+!:5>(.9#9!+'# 8(:( *6()D6,!:  ,9!+$,-+ !$

2CV (T, L
d)

dNkB
=

d+ 2

2

gd/2+1(z)

gd/2(z)
−
d

2

gd/2(z)

gd/2−1(z)
. 0A3FA2

 !"!#! $%&'()%*( d = 3

/+*#+':!9#$ !) *()#: !$8!*>;*# *6(+ # T < Tc% !$  !*,: *6(+ # µ(T ) = 0 ⇒
z = 1% !+'#+*!$  ! )( !E8:!$,-+ 0A3FA2 D6! ( *#9#

AG



 !"#$% &'()  ! "#!$% &'(&")*"$ CV (T, V )/NkB &+ ,-+"./+ 0& !# 1&2(&%#1-%# &+

-+.0#0&' 0& !# 1&2(&%#1-%# 0& 3&%2. T/TF 4 (#%# 0.2&+'.$+&' d 5 64 74 84 8974 89:;

2CV (T,L
d)

dNkB
=

d+ 2

2

gd/2+1(1)

gd/2(1)
−
d

2

gd/2(1)

gd/2−1(1)
 !"#$%

&' d = 3 () &(*+,-. /012',. &( 3,+)3 4+(&/. 5+( )3 6+,7'8, -( 9.&( g1/2(1)
-':(1*(; (,/.,7(& /(,(2.& CV (Tc)

CV (Tc)

NkB
=
15

4

ζ(5/2)

ζ(3/2)
≃ #"<!=  !"#>%

?3 5+( g5/2(1) = ζ(5/2) ? g3/2(1) = ζ(3/2) @A=; <BC" D, )3& E*+13& !"> ? !"=

.9&(1:32.& 5+( (&/( :3).1 4313 () 73).1 (&4(7FE7. (, Tc ,. &( 3)73,G3; )3 13G8,

(& -(9'-. 3 5+( ).& 7H)7+).& (&/H, ,.123)'G3-.& 7., 1(&4(7/. 3 )3 /(24(13/+13

-( I(12' TF ; 4+(&/. 5+( 4.&/(1'.12(,/( :32.& 3 7.243131 329.& &'&/(23&"

JK.13; 7+3,-. T > Tc; z ≪ 1 ? d = 3 /(,(2.&

CV (T, L
3)

NkB
=
15

4

g5/2(z)

g3/2(z)
−
9

4

g3/2(z)

g1/2(z)
 !"#=%

7+3,-. T → ∞; z ≡ (L4[µ(T )/kBT ] → 1 )3 6+,7'8, -( 9.&( gd/2(z) < ζ(d/2)
/(,(2.& (,/.,7(&

!>



CV (T, L
3)

NkB
−−−−→
T→∞

15

14

ζ(5/2)

ζ(3/2)
−
9

4

ζ(3/2)

ζ(1/2)
=
3

2

 !"#$ %&' '()* +' !,&'$+# ,#- '" ,*",&"# -./'$0,# 1$'('-)!+# '- "!( 23&$!( 456

7 4585

 !"! ! #$%&'($)' d < 3

9-,#-)$'/#( &-! ':1$'(0;- +' CV 1!$! '" 3!( +' <#(' '- d = 2= #>('$ !/#(

%&' g1(z) = −"-(1 − z)= !(? ,#/# )!/>0@- g0(z) = z/(1 − z) ABCD '-)#-,'(

(&()0)&7'-+# '- E45C4F #>)'-'/#(

CV (T, L
2)

NkB
=
(1− z)"-(1− z)

z
− 2

g2(z)

"-(1− z)
E45CGF

(0 '()! ':1$'(0;- "! 3$!2,!/#( '- H&-,0;- +' "! )'/1'$!)&$! '- &-0+!+'( +'

"! )'/1'$!)&$! +' I'$/0 T/TF #>)'-'/#( "! I03&$! 45G= "! ,&*" '( 0+@-)0,! (0

3$!2,!/#( "! ',&!,0;- E45C4F ,&!-+# d = 25

 !"#$% &'()  ! "#!$% &'(&")*"$ CV (T, V )/NkB (#%# &! +#' ,& -$'&. &/ 01/"23/ ,& !#

4&5(&%#41%# &/ 1/2,#,&' ,& !# 4&5(&%#41%# ,& 6&%52 T/TF (#%# d = 27

JK#$!= )#/'/#( '" "?/0)' +'" ,!"#$ '(1',?0,# ,&!-+# T → ∞L "! H&3!,0+!+

z ≡ ':1(βµ) −−−−→
T→∞

1 7! %&' β = 1/kBT −−−−→
T→∞

0 7 1&'()# %&' gν(z) =

48



Σ∞l=1z
l/lν  !"#$"%!& gν(z) −−−−→

T→∞
z '()( ν > 1 &*+&#,#*-!".$ z '$) gν(z) !"

/01203 $+#!"!4$&

2CV (T, V )

dNkB
−−−−→
T→∞

1 /01253

!& !6 674,#! '()( #$.( d1 8$.!4$& %(6%*6() !&#! 674,#! &, )!&$69!4$& ":4!),%(;

4!"#! 6( !<')!&,=" /01203 $+#!",!".$ 6( >,?*)( 015 6( %*@6 !&#( .! (%*!).$ %$"

!6 ("@6,&,& ("#!),$)1

 !"#$% &'()  !"#$% &'(' %) *')+( %,&%*!-*+ 2CV (T, V )/dNkB %. /0.*#1. 2% )' $%"&%(3

'$0(' %. 0.#2'2%, 2% )' $%"&%('$0(' 2% 4%("# T/TF *0'.2+ T →∞ &'(' 2#"%.,#+.%,

d 5 67 87 97 9:87 9:;<

A6 674,#! .! CV %*(".$ T → 0 6$ !"%$"#)(4$& 4!.,("#! 6( !<')!&,=" .! 6(

B*?(%,.(. z ≡ !<'(µ/kBT )1 8*!&#$ C*! T → 0 #(4+,D" µ → 0 !6 674,#! !&#(

,".!#!)4,"(.$1 E+&!)9!4$& .! 6( >,?*)( 012 C*! !" d ≤ 1 µ > T  !& .!%,) µ
&! (%!)%( 4@& )@',.(4!"#! ( %!)$ C*! T  !" !&#! %(&$ z → 1 6( B*"%,=" .! F$&!

!"#$"%!& gd/2(1) = ζ(d/2) 6( B*"%,=" G!#( .! H,!4("" .! $).!" d/21
I, #$4(4$& !6 %),#!),$ .! 6( &!?*".( .!),9(.( - .!),9(4$& %$" )!&'!%#$ ( 6(

#!4'!)(#*)( T  #!"!4$& '()( d ≤ 3 

∂2

∂T 2

(

2CV (T, V )

3NkB

)

> 0

0J



 ! "#!$%  &' "()"$ *+ , -, .(,+.$ % !#*+/$  ,  ! +,* %/#!$ (0, 1)0  ,*$," &  &

"1,"#/#  , (0, 1)0  & 2 "+% ∂CV /∂T → 0 "-#,2$ T → 03 45$%#0 &+ d < 20 !#

& 6-,2# 2 %+/#2# 2 ! "#!$%  &' "()"$  &

∂2

∂T 2

(

2CV (T, V )

dNkB

)

< 0

CV *+ , -, .78+.$ % !#*+/$  , (0, 1)0  ! "#!$%  &' "()"$  & "$,/ 8$  ,  ! +,9

* %/#!$ #:+ %*$ (0, 1) ; ∂CV /∂T → ∞ "-#,2$ T → 03 < '- 2 , "$,&-!*#% !#&

2 %+/#2#& 2 ! CV '#%#  ! =>?  ,  ! 4'@,2+" A3

 !"!"! #$%&'($)' d→ 0

<+ d→ 0 !# & 6-,2# 2 %+/#2#

∂2

∂T 2

(

2CV (T, V )

dNkB

)

→∞

2 +6-#! B$%.# $"-%% "-#,2$ d = 2  ! "#!$%  &' "()"$ 2+/ %6 "-#,2$ T → 03
C! #,7!+&+& 2 !# & 6-,2# 2 %+/#2# ,$& .- &*%# D- "-#,2$ T → 0  ,  ! E'-,*$

"-7,*+"$ +2 #!F d→ 0  ! "#!$%  &' "()"$ CV →∞0 % &-!*#2$ D-  &*# 2 #"- %2$

"$, ,- &*%$ #,7!+&+& '- &*$ D- µ→ −∞0 &+,  .:#%6$ '#%# *$2# T  , 2+. ,&+1,

d → 0 ,$  8+&*  , %6(# 2+&'$,+:! '#%# "#.:+#% !# * .' %#*-%# 2 ! &+&* .#

CV → 0 '- &*$ N → 00 % &-!*#2$ D- & .- &*%#  , !# G+6-%# H3I3

HJ



 !"#$%&' (

 !"#$%&'()#% '(*+' '& ,%- .'

/'+0# 1 '& ,%- .' 23-'

 ! "#$" %&'($)*+ "#$),-&."/+# *& "0)-1&*"!%-& ," &/2+# #-#$"/&#3 4.-/".&5

/"!$" 6)" "!%+!$.&,+ '+. 7&8 "! 9:;< =>?@A ,"#%.-2-"!,+ )!& "0)-1&*"!%-& "!

*+# #-#$"/&# ," B+#" 8 C"./- "! ,-/"!#-D! d = 23 4&.$-."/+# ," *& ."*&%-D!
," ,-#'".#-D! E"!".&*-F&,& "!$." *& "!".E(& 8 "* /+/"!$+ ε ∝ ks

A "! '&.$-%)5

*&. "#$),-&."/+# *& ."*&%-D! d/sA ,D!," d "# *& ,-/"!#-D! 8 s > 0 "* $-'+ ,"
."*&%-D! "!$." *& "!".E(& 8 "* /+/"!$+ G*-!"&*A %)&,.H$-%&A "$%3I3  #$),-&."/+#

*& "0)-1&*"!%-& ," *+# E&#"# %)&!,+ d = sA "#$" $-'+ ," ."*&%-D! "# "#$),-&,+ "! "*
'."#"!$" $.&2&J+ ,+!," d = s = 2A E.HK%&/"!$" "!%+!$.&/+# )!& "0)-1&*"!%-&
"!$." "* LMC 8 "* LMB "! "* %&*+. "#'"%(K%+ CV 8 "! *& "!".E(& -!$".!& U %+!

)!& ,-6"."!%-& "!$." &/2+# ," )!& %+!#$&!$"A &#( %+/+ $&/2-N! "! "* '+$"!%-&*

0)(/-%+ "! ,D!," #+*+ ,-K"."! "! *& "!".E(& ," C"./- EF 3

O" 6+./& E"!".&* /+#$.&/+# 0)" #+*+ #- d/s > 1 "P-#$" 6&#" ," %+!,"!#&%-D!
'&.& "* LMB3

 !"! #$%&'()* +$*$,&%(-&.& .$ $*$,+/&0121$*32

Q"& εk = cs

∑d
i=1 k

s
i A ,+!," ki = (2π/L)nkA nk "* !R/".+ ," '&.$(%)*&# "! "*

!-1"* ," "!".E(& εk 8 cs )!& %+!#$&!$"3 Q" S&! "#$),-&,+ ? $-'+# ," ."*&%-+!"#

"!$." *& "!".E(& 8 "* /+/"!$+ "! ,+!,"  I *& %)&,.H$-%& ,+!," s = 2 8 εk ∝ k2

,+!," *& %+!#$&!$" c2 = 2π2
~

2/2mL2
0)" ,"#%.-2" )! E&# #-! -!$".&%%-+!"#A

  I *& ."*&%-D! *-!"&* ,+!," s = 1 8 εk ∝ kA *& %+!#$&!$" ," '.+'+.%-+!&*-,&,
"# c1 = (2π2

~
2/2mL2)1/2

8 0)" ,"#%.-2" & )! E&# &$.&'&,+ '+. '+$"!%-&*"#

&./D!-%+#A    I 8 *& ."*&%-D! ," ,-#'".#-+! 0)" "P-#$" "!$." *+# T4 ,+!," s = 1
8 εk ∝ k3

U"&/+# "!$+!%"# 0)" *& 6)!%-D! ,"* E.&! '+$"!%-&* "#

Ω(µ,Ld, T ) = −
1

a

∑

k

*! [1 + az "P'(βεk)] G?39I

V>



 !" # a = 1 $!%%#&'!" # ( )( #&*( +&*,$(  # -#%.,/0,%($1 a = −1 ( 2!&#/

3,"&*#," 4 a = 0 ( 5(67#))/2!)*8.(""9 :&(" ! )( #6'("&,;"  #) )!<(%,*.!

)"(1 + x) = −
∑

∞

l=1(−x)l/l '(%( |x| < 1 *#"#.!& =>#

Ω =
1

a

∑

k

∞
∑

l=1

(−a #6'[−β(εk − µ)])
l

l
?@9AB

*!.(" ! #) )+.,*# *#%.! ,"C.,$! '! #.!& ('%!6,.(% )( &>.( &!D%#  '!% )(

,"*#<%()

∑

 

→

(

L

2π

)d ∫

d =

(

L

2π

)d
2πd/2

Γ(d/2)

∫

dk kd−1
?@9@B

#"*!"$#& #) <%(" '!*#"$,()

Ω =
1

a

(

L

2π

)d
2πd/2

Γ(d/2)

∫

dk kd−1
∞
∑

l=1

(−a z #6'[βεk])
l

l
?@9EB

%#/#&$%,D,.!& )( ,"*#<%() #" *F%.,"!&  # ε #" G#8  # k

Ω =
1

a

(

L

2π

)d
2πd/2

Γ(d/2)

1

s c
d/s
s

∫

∞

0

dε
εd/s−1

z−1
#6'(βε) + a

?@9HB

I($,#" ! x = βεk 4 *!.(" ! #) )+.,*#  #) $!"*+">! !D*#"#.!&1

Ω =
1

a

(

L

2π

)d
2πd/2

Γ(d/2)

1

s c
d/s
s βd/s

∫

∞

0

dx
xd/s−1

z−1
#6'(x) + a

. ?@9JB

K( L>"$,;" '!),)!<(%,*.! &# #6'%#&( #" L!%.( ,"*#<%() $!.!

−aK,d/s(−az) =
1

Γ(d/s)

∫

∞

0

dx
xd/s−1

z−1ex + a
. ?@9MB

K( L>"$,;"  #) <%(" '!*#"$,() *#%.! ,"C.,$! '(%( >" <(& , #() $>C"*,$! $!"

>"( %#)($,;" #"#%<+(/.!.#"*! <#"#%(),8( ( #" $>()=>,#%  ,.#"&,;" d > 0 #&

Ω(µ, T, Ld) = −aAd/s

Lid/s(−az)

βd/s
?@9NB

 !" # Ad/s = Γ(d/s)Ld/Γ(d/2)s c
d/s
s βd/s 2d−1 πd/2

9 3&*( %#)($,;" &# '># # #&/

$%,D,%  # L!%.( .C& <#"#%() $!" )( <#"#%(),8($,;"  # )( L>"$,;" '!),)!<(%,*.! #"

#) ('F" ,$# 29

 !"! #$%&'()*+,&( -* )./ 0(/*/ &-*()*/ ,%1+2&,./

3&*> ,#.!& () OP- 4 () OP2 $>(" ! )( %(8;" #"*%# )(  ,.#"&,;" d 4 )(

%#)($,;"  #  ,&'#%&,;" s #& )( >", ( 1 #&  #$,% d/s = 11 #"*!"$#&  # )( #6'%#&,;"
?@9NB '(%( #) OP- 4 '(%( #) OP2 %#&'#$*,G(.#"*# #&

AQ



ΩF = −A1
Li1(−z)

β2
 !"#$

ΩB = A1
Li1(z)

β2
 !"%&$

'()'* A1 = mL2/2π~
2
" +,-*./01(- 23* 01,0- *45.*-6()*- -() 70-6 6'8)9670-:

*47*59( 5(. ;0 .*;076<) '* ;0 =3>076'0' 50.0 ?*.16 @ 50.0 A(-*" B0)'*) *)7()9.<

C#&: #!D ;0 =(.10 23* *) 23* -* .*;076()0) ;(- '6;(>0.691(- 5(. 1*'6( '* -3

0.>31*)9(" E) ;0 F*="CGH: 5I> %J%#D -* '*-7.6,* *-90 .*;076<) *)7()9.0)'( 3)0

.*;076() *)9.* ;0- =3>076'0'*- '* ;(- -6-9*10-

K ! x "# $% %&'"() ("*+ , x < 1 , y = −x/(1− x)- "%.)%/"#

Li0(x) = −Li0(y)/ [1 + Li0(y)]  !"%%$

Li1(x) = −Li1(−y)  !"%H$

,

Li2(x) = −Li2(y)−
1

2
[Li1(y)]

2
.  !"%!$

0*# ("+*/!)%"# 1" 0*%1"% "23("#*% +* .(*%#4)('*/!5% 1" +)# 3)+!+)67

*(!.')# 8*9) +*# .(*%#4)('*/!)%"# 1" :$+"( 1" x * y ;<=>? @"*')#

*A)(* +* ("+*/!5% "%.(" +)# 6*#"# 1" B"('! , 1" C)#"?  ! +*# 1"%#!7

1*1"# ("1$/!1*# #)% 1" +* '!#'* 4)('* ."%"')#

nλ = Li1(zB) = −Li1(−zF )  !"%L$

1)%1" n "# +* 1"%#!1*1 1" %&'"()- λ = βh2/2πm- +* +)%6!.$1 1"

)%1* '"1!* .D('!/* zB , zF - #)% +*# 4$6*/!1*1"# 3*(* C)#" , 3*(*

B"('! ("#3"/.!E*'"%."?  ! +*# 3*(.F/$+*# 1" *'8)# #!#."'*# %) .!"%"%

"#3!% , .!"%"% +* '!#'* '*#*- "%.)%/"# +* /)%1!/!5% 1" *((!8* #!67

%!G/* H$" #$# ."'3"(*.$(*# #)% .*'8!D% +*# '!#'*#? I)( +*# ("+*7

/!)%"# 1" 0*%1"% ."%"')#

Li1(−zF ) = Li1(−zB/[1− zB ]).  !"%J$

I)1"')# /)%/+$!( H$" *+ ."%"( +* '!#'* 1"%#!1*1 ("1$/!1* #!6%!G/*

H$"

zF = zB/(1− zB)  !"%M$

+*# 1)# 4$6*/!1*1"# "#.*% ("+*/!)%*1*# 3)( +*# .(*%#4)('*/!)%"# 1"

:$+"(?N

!&



 ! "#$%"&'() *+,-./ 01"&2%! 31" $!%! d = s 45& 6!&"& 7"8") "&2!% %"4!9'5)!75&
:1)7!0")2!40")2" $5% &1& :16!9'7!7"&, ;&!)75 4!& %"4!9'5)"& 7"  !)7") <"!05&

31" &19"7" 95) 4! ")"%6=! ')2"%)! $!%! !085& &'&2"0!&,  ! ")"%6=! ')2"%)! $!%!

"4 >?@ 95) 4!& %"4!9'5)"& 7"  !)7") 31"7!

β
U(zB)

N
=

Li2(zB)

Li1(zB)

=
Li2(−zB/[1− zB ]) +

1
2 [Li1(−zB/[1− zB ])]

2

Li1(−zB/[1− zB ])
*+,-A/

1&!)75 4! "#$%"&'() *+,-B/ 582")"05&

U(zB)

N
=

U(zF )

N
+
1

2β
Li1(−zF )

=
U(zF )

N
− n

~
2π

m
*+,-C/

"4 &"61)75 2D%0')5 7" *+,-C/ "& ')7"$")7'")2" 7" T E 95%%"&$5)7" "#!92!0")2"

! 4! ")"%6=! 7"4 "&2!75 8!&" $5% $!%2=914! 7"4 6!& 7" F"%0' ") d = 2G 1
2 ε

(0)
F ,

H" !31= $57"05& 95)941'% 31" &' 4!& 75& 7")&'7!7"& %"719'7!& &5) 4!& 0'&0!&G

4!& ")"%6=!& 7" 45& 6!&"& 7" F"%0' E @5&" 7'I"%") &(45 $5% 4! ")"%6=! 7"4 6!& '7"!4

7" F"%0'G "&25 &'6)'I9! 31" "4 9!45% "&$"9=I95 7"8" &"% "4 0'&05 ") d = sG "& 7"9'%
7"%'<!)75 *+,-C/ 95) %"&$"925 ! T E 7"J!)75 ! N E V 95)&2!)2"&G 582")"05&

(

∂U(zB)/N)

∂T

)

N,V

=

(

∂
(

U(zF )/N − 1/2β−1ρλ2
)

∂T

)

N,V

CV (T, V )B = CV (T, V )F *+,-K/

7()7" CV (T, V )B G CV (T, V )F &5) "4 9!45% "&$"9=I95 7" @5&" E F"%0' %"&$"92'L

<!0")2",

M4 !)N4'&'& )O0"%'95 7" !91"%75 ! 4! "9, *-,+A/ CV $!%! F"%0' E 4! "9, *P,-P/

CV $!%! @5&"G 01"&2%! 4! "31'<!4")9'! 91!)75 d = s = 2 "& 7"9'% d/s = 1 ") 4!
F'61%! +,-,

 ! "31'<!4")9'! ")2%" !085& &'&2"0!& &') ')2"%!99'() ") d/s = 1 01"&2%! 31"
!085& 6!&"& 2=$'9!0")2" 2'")") "4 0'&05 950$5%2!0'")25 ( 8'") 91!)75 95)

s = 2 E 95)I)!75& ") 1) <54O0") L2
( 91!)75 "&2!) 95)I)!75& $5% 1) $52")9'!4

!%0()'95 s = 1G d = 1Q 7" :5%0! 0N& 6")"%!4 91!)75 4! %"4!9'() 7" 7'&$"%&'()
")"%6=!L050")25 "& '7D)2'9!0")2" '61!4 ! 4! 7'0")&'()G "& 7"9'% d/s = 1,  !
"31'<!4")9'! 7" 45& &'&2"0!& 7" F"%0' E @5&" &" R! 95)2"0$4!75 2!08'") 9505

95)&"91")9'! 7"4 "&217'5 7" 4!& :1)9'5)"& $54'456!%'205G :1)9'5)"& 950$4"J!& 7"

<!%'!84" 950$4"J! 95) 750')'5 {C \ [1,∞)} 75)7" 4! :1)9'() 7" F"%0' fd/s(z)
4! %!0! $%')9'$!4 7" 4! :16!9'7!7 "&2! ") −∞ < Re[z] < 0 E $!%! 4! :1)9'5) 7"
@5&" gd/s(z)G "& 0 < Re[z] < 1G 1) "&217'5 0N& $%5:1)75 ") "&2" &")2'75 $57%=!
95)J"21%!% 1)! )1"<! "&2!7=&2'9!,

+-



 !"#$% &'()  !"#$ %&'%()*(# '!$! %" +,- . %" +,/ (#0 10! $%"!(230 4% 42&'%$&230

s = 2 %0 425%0&230 d = 26

 !



 !"#$%&' (

 !"#$%&'!"(&

 !" #$%!& $% '%()*

 ! "# $%& '("%# (" )"*+' "!,-!.*%+-& /!% ('0"*$"!,'% "! "# 1-."!,'%# 2/3+',-

µ → +∞ ,/%!(- d → 0 4 #% ("!&'(%( (" !5+"*- n ≡ N/Ld → 16  7'&."
/!% %!-+%#3% "! "# ,%#-* "&1",38,- CV "! ('+"!&'-!"& d < 2 "!."*%& - !-9
CV "& ,-!.3!/- 4 !- "7:';" /!% .*%!&',',<! (" =%&" 4 "! 1%*.3,/#%* ,/%!(-

d → 09 CV → +∞6  ! %#.%& ."+1"*%./*%& T ≫ 1 *",/1"*%+-& #-& 0%#-*"& "!
"# #3+'." ,#>&',- 1%*% .-(% d9 "&.- !-& 1/"(" '!(',%* 2/" "# ,>#,/#- !5+"*',- "!
('+"!&'-!"& =*%,,'-!%#"& "&.% (" %,/"*(- ,-! #% ."-*3%6

?% '!."*1*".%,'<! &-;*" "# ,-+1-*.%+'"!.- ("# 1-."!,'%# 2/3+',- 1%*% "# @A)

"& #% &'$/'"!."B C/%!(- d→ 09 µ(T ) ('0"*$" 1-&'.'0%+"!."9 "&.%+-& ##"0%!(- %#
&'&."+% % /! D1/!.- ,/>!.',- '("%#E (-!(" nd→0 → 16 F","&'.%+-& /!% ,%!.'(%(
(" "!"*$3% '!8!'.% 1%*% %$*"$%* /!% 1%*.3,/#% +>& %# &'&."+%9 "&.- &" 0" *"G"H%(-

"! "# ,%#-* "&1",38,- CV → ∞ 1-*2/" !","&'.%+-& (" "!"*$3% '!8!'.% 1%*%

,%+;'%* #% ."+1"*%./*% ("# &'&."+%6  # !5+"*- (" 1%*.3,/#%& N/Ld→0 → 1
,/%!(- "&.%+-& ,-!8!%!(- "# &'&."+% "! d = 09 "&.- !-& '!(',% 2/" &-#%+"!."
/! ="*+'<! 1/"(" -,/1%* "&." "&.%(-9 *"&/#.%(- 2/" "& (";'(- %# 1*'!,'1'- ("

"7,#/&'<! (" I%/#' 2/" "!/!,'% 2/" &-#- "& 1-&';#" ("H%* % /!% 1%*.3,/#% J&'!K

"&13!L 1-* "&.%(-6

 !" #$%!& $% +,"%

I%*% "# $%& '("%# (" M-&" "! d > 2 "&.% #% ;'"! ,-!-,'(% M C9 "7'&." ('&,-!K
.'!/'(%( "! d = 3 1%*% "# ,%#-* "&1",38,- CV 9 +'"!.*%& "! d ≤ 2 !- "7:';" /!%
.*%!&','<! (" =%&"9 "& (",'* #% 1*'+"*% ("*'0%(% ("# ,%#-* "&1",38,- "& ,-!.3!/%6

I-* -.*- #%(- "# &'&."+% (" M-&" +/"&.*% /!% ('0"*$"!,'% !"$%.'0% "! "# 1-."!K

,'%# 2/3+',- µ → −∞ ,/%!(- d → 09 +'"!.*%& 2/" "! CV → 0 ,/%!(- d → 06
 &." ,-+1-*.%+'"!.- &" *"G"H% "! #% =/$%,'(%( ("# &'&."+%9 +'"!.*%& #% ("!&'(%(

(" !5+"*- n/nF → 09 z → 09 "&.- !-& 1/"(" '!(',%*9 1/"&.- 2/" #% =/$%,'(%(
%1*-7'+% #% 1*"&'<! ("# &'&."+% 2/" "! "# D1/!.- ,/>!.',- '("%#E !- "7'&." 1*"K

NN



 !"# $%& '( )%& N/Ld→0 → 0* +, !#'&$-&',.!"# /& 0, /!1&-2&#.!, /& µ & 0,

 !2%!&#'&3 4! &0 $('&#.!,0 )%56!.( & ', , (.!,/( .(# &0 '-,7,8( '&-6(/!#96!.( :

&0  !2#( #( !#/!.,  (7-& )%!&#  & & ', ;,.!&#/( &0 '-,7,8(<  ,7&6( )%& µ < 0
&0  ! '&6, & ', ;,.!&#/( &0 '-,7,8(  (7-& 0( ,0-&/&/(-& < & /&.!-< & ', .&/!&#/(

$,-'5.%0, < /& =(-6, )%& .%,#/( .(#>#,6( &0  ! '&6, &# d = 0< µ(T ) → −∞
0, $,-'5.%0, #( $%&/&# .(#>#,- & :  & & .,$,# , 0( ,0-&/&/(-& /&0  ! '&6,<

: & '(  & 1& -&?&8,/( &# &0 #@6&-( /& $,-'5.%0, $%& '( N/Ld→0 → 0*

 !"!#!$%&'(

+,  !6!0!'%/& &# ,67(  ! '&6, ,$,-&.&# &# d = 2<  (# &)%!1,0&#'&  A &#

&0 $('&#.!,0 )%56!.(< µ(T )  "0( /!>&-&# $(- 0, &#&-25, /& B&-6! EF &# &0 & ',/(

7, & C/& ,)%5 &0 !#'&-D /& #(-6,0!E,- ,67(  !'&6, .(# TF A<   A &# 0, &#&-25,

!#'&-#, U /(#/& /!>&-&# $(- %#, .(# ',#'&< 0, &#&-25, /&0 & ',/( 7, & /&0 2, 

!/&,0 /& B&-6! :    A  (# !/D#'!.,6&#'& !2%,0& &# &0 .,0(- & $&.5>.( CV * F ',

 !6!0!'%/ #( 6%& '-, )%& ,67( 2, & .%,#/(  (# .(#>#,/(  (7-& %# $0,#(<

=(-6,# %#, 6&E.0, /& =&-6!(#& : 7( (#& :, )%& '!&#&# %#, /!=&-&#.!, &#'-&

&00( /& 0, &#&-25, /& B&-6! EF *

F ', &)%!1,0&#.!, /& ,67( 2, & &# %#  ! '&6, 7( "#G=&-6!"#  & /, .%,#H

/( d/s = 1< & /&.!-< .%,#/( 0, /!6&# !"# & !/D#'!.,6&#'& !2%,0 ,0 &I$(#&#'&

/& 0, -&0,.!"# /& /! $&- !"# &#&-25,H6(6&#'(* +( 2, & !/&,0&  (# /!=5.!0& /&

&#.(#'-,- &# 0, #,'%-,0&E,< $&-( $(/&6( .(#>#,-0( .(# '-,6$, "$'!., :

6,2#D'!., C$('&#.!,0& /& ( .!0,.!"#A /(#/& '!&#&# %#, -&0,.!"# /& &#&-25,H

6(6&#'( 0!#&,0* 4! $(/&6( J,$0,#,-K & '&  ! '&6,< ( /&8,-0(  (7-& %# >0,H

6&#'( $(/-5,6( & $&-,- )%& &0 2, , 5 .(#>#,/(< '%1!&-, %# .(6$(-',6!&#'(

7( "#G=&-6!"#* L9 ,@#<  & ;, 6( '-,/( )%& 0, & '-%.'%-, /& 0(  %$&-.(#/%.H

'(-& & ', =(-6,/, $(- .,$, <  (7-& 0, .%,0&  & '-,# $(-', 0, .,-2, &0D.'-!.,<

.(#8&'%-,#/( )%& & '(  ! '&6, $%&/,#  &- %#, 6&E.0, /& 2, & /& 7( (#& 

: =&-6!(#& .(#>#,/( & $,.!,06&#'& &# 2 + ǫ /!6&# !(#& * +, !6$0!.,.!(#& 

: .(# &.%&#.!, )%& $%&/,# .(#/%.!-<  (# &I'-&6,/,6&#'& ,0&#',/(-, < ',#'(

&0 $(/&- &#.(#'-,- %#, '&(-5, )%& /& .-!7, >#,06&#'& , 0(  %$&-.(#/%.'(-& <

.(6( &0 $-&/&.!- #%&1( 6,'&-!,0& )%& '&#2,# =, &  %$&-.(#/%.'(-, .(# %#, Tc

/& '&6$&-,'%-, ,67!&#'&*

M'-,  !6!0!'%/ 6%& '-, )%& ,67(  ! '&6, & '9# -&0,.!(#,/( /& 6,#&-,

69 =%#/,6&#',0* +, =%#.!(#& /& N( & !d/2(z) : B&-6! "d/2(z) )%&  (# &IH

$-& ,/, 6&/!,#'& 0, =%#.!(#& $(0!0(2,-!'6( +!d/2(z) /(#/& ,67( & '9# -&0,H

.!(#,/( $(- 0, =%2,.!/,/ z = &I$(βµ) .%:( /(6!#!( & '9 &# −∞ < z < 0
$,-, B&-6! : 0 < z < 1 $,-, N( &< /& 0, =(-6, zF = zB/1 − zB < -&0,.!"# )%&

$%&/& !2%,06&#'&< ,$-(I!6,- 0, $-& !(#& /& ,67(  ! '&6, < ',67!D# $%&/&

!#/!.,-#( %#, '-,# =(-6,.!"# 69 =%#/,6&#',0 &#'-& ,67(  ! '&6, *

+, =%#.!"# $(0!0(2,-!'6( & %#, =%#.!"# .(6$0&8, /& 1,-!,70& .(6$0&8, .(#

/(6!#!( {C \ [1,∞)}< $&-( '(6,6( z ∈ R< & /&.!- '(6,6(  (0( 0, $,-'& -&,0

/& µ< & '( & ', ,.%&-/( ,0 '(6,- 0, $,-'& -&,0 /& 0, =%#.!"# /& $,-'!.!"#*

OP



 !"#$%!&$ d→ 0' ()( * (+,

 ! "#$%&$'() *$ +,-&!.- /0-)!/$/ /0 0)1$/() 234567 0- +,-&!.- /0 *() 0)1$/()

/0 0-0#"8$ εk 290# $:;-/!&0 <= >!",#$ <457 :$#$ 9$#!$) /!'0-)!(-0)= (?)0#9$'()

@,0 &,$-/( εk → 0 A *$ /!'0-)!.- d→ 0= g(εk)→ +∞ *() 0)1$/() )0 &(-/0-)$-

&0#&$-$'0-10 $ d = 0 2:,0)1( @,0 *$ &,#9$ :#0)0-1$/$ 0) 0* *8'!1074 B* )!)10'$

-() ',0)1#$ @,0 1(/() *() -!90*0) /0 0-0#"8$ )(- :()!?*0) &,$-/( -() $&0#&$'()

$ *$ /!'0-)!.- -,*$ ( C:,-1(D&0#(E /0 /!'0-)!.-= 0)1( 0) ,- &*$#( #0F0G( /0*

:#!-&!:!( /0 !-&0#1!/,'?#0 /0 H0!)0-?0#" 2IJH7= ∆x∆p ≥ ~/2= ∆E∆t ≥ ~/24
K!0-1#$) 'L) :#0&!)!.- (?10-"$'() 0- *$ :()!&!.-= @,0/$#L !-/010#'!-$/$ *$

0-0#"8$ $)(&!$/$ $* )!)10'$= !-/0:0-/!0-10'0-10 /0 *$ 0)1$/8)1!&$ &(- *$ @,0

0)10'() 1#$?$G$-/( 0 !-/0:0-/!0-10'0-10 /0 *$ 10':0#$1,#$= )!0':#0 A &,$-D

/( &(-)!/0#0'() 1(/$) *$) &(':(-0-10) !",$*0) 0- 0* )!)10'$ 2&(-/!&!(-0) /0

!)('01#8$7= &(-/!&!.- @,0 )(*( (&,##!#8$ 0- 0* 9$&8(4

M0 *$ 3

a
*0A /0 *$ 10#'(/!-L'!&$ *$ 0-0#"8$ !-10#-$ 0) dU = µdN + TdS4

N,$-/( d → 0 ⇒ µ → ±∞ :$#$ &,$*@,!0# T = )!"-!+&$ 0-1(-&0) @,0 d → 0= T
0) !-/0:0-/!0-10 ⇒ ∆Q = 0 :(# *$ 5

a
*0A 10-0'() @,0 dS = 0 ∀ z= 0-1(-&0)

U → ±∞ &,$-/( d → 04 N('( (∆U/∆N)S,V = µ A &('( ∆U =
∑

∆ε n(ε)=
/(-/0 n(ε) 0)1L /0%-!/$ 0- 2345O7= :$#$ $'?() )!)10'$) 10-0'() @,0 ∆ε→ ±∞
⇒ ∆p → ±∞ 0-1(-&0) ∆x → ±0= *( &,$* -() &(-/,&0 $* IJH4 P$ &(-/!&!.-

/0 &(-%-$# $ *() )!)10'$) /0 Q()0 A >0#'! 0- d → 0 -() !':!/0 &(-(&0# :(#

&(':*01( *$ 0-0#"8$ $)(&!$/$ $* )!)10'$4 R-$ 1(1$* !-&0#1!/,'?#0 $)(&!$/$ 0- 0*

'('0-1,' -() &(-/,&0 $ @,0 -,-&$ S$A ,- 0)1$/( 0)1$&!(-$#!( 0- /!'0-)!.-

-,*$= 09(*,&!(-$ /0 0)1$/( $ 0)1$/(= 0)1( 0) &(-)!)10-10 &(- @,0 *$ +,-&!.- /0

(-/$ 0) -( *(&$*!T$?*0 A @,0 *$ +,-&!.- /0-)!/$/ /0 0)1$/() /!90#"$ &,$-/(

d→ 04 N,$-/( &(-)!/0#$'() $ *() +0#'!(-0) 0- d→ 0 A µ→ +∞ 0-&(-1#$'()

@,0 n(ε)→ 1= 0) /0&!# ).*( ,- +0#'!.- )!-D0):8- :,0/0 )!1,$#)0 0- 0* 0):$&!( /0

&(-%",#$&!.-= &(-/!&!.- @,0 0) 0-,-&!$/$ :(# 0* I#!-&:!( /0 BU&*,)!.- /0 I$,*!

2IBI74 B- 0* &$)( /0 Q()0 &,$-/( d → 0= µ → −∞ )0 1!0-0 @,0 n(ε) → 0= -!
,- )(*( ?().- :,0/0 &(-%-$#)0 &,$-/( d→ 04 P$) /!90#"0-&!$) 0- 0* :(10-&!$*

@,8'!&( )(- &*$#$ ',0)1#$ /0* IJH4

 !- 0'?$#"(= )! 1('$'() 0* *8'!10 /0* &(-18-,(= 0- 0* C:,-1(D&0#(E /0 /!D

'0-)!.-= )(*( 0U!)1!#L ,- )(*( -!90* /0 0-0#"8$ 2&$#L&10# /!)&#01( /0 *$ 0-0#"8$7

!-/0:0-/!0-10'0-10 /0 *$ 0)1$/8)1!&$= 0* )!)10'$ :(/#8$ '()1#$# @,0 )0 /0:*!0D

"$- -!90*0) /0 0-0#"8$ )! &$*&,*$'() /0 *$ 0&4 2<437 &(- d = 0+ ǫ /!'0-)!(-0)= ǫ
0-10#$ ( -( A :$#$ 1(/$ T = &(- *( &,L* )0 :(/#8$ 0U:*!&$# *$ T(-$ /0* :(10-&!$*

@,8'!&( :$#$ 0* VJQ= &,$-/( d → 0 A T → 0 *$) &,#9$) )0 :0"$- &$/$ 90T

'L) 0-1#0 )!= )!- **0"$# $ C'$:0$#E 1(/( 0* &,$/#$-104 B)10 :#(?*0'$ 0-1#0 0*

*8'!10 /0* &(-18-,( 2*8'!10 10#'(/!-L'!&(7 A 0* &$#L&10# /!)&#01( /0 *$ 0-0#"8$=

:,0/0 /$# :!0 $ *$) /!90#"0-&!$) 0-&(-1#$/$) 0- 0)10 0)1,/!( A $W- 'L) &(- 0*

0)1,/!( /0 *$) /!'0-)!(-0) +#$&1$*0) 0* 0)1,/!( :(/#8$ '()1#$# &(- ,- :(&( 'L)

/0 :#(+,-/!/$/ 0* &$#L&10# /!)&#01( /0 *$ /!'0-)!.- +8)!&$4

6X



 !"#$%&'  

 !"#$ $% %&'()$ *$% +!,)&,-!

 ! "#$!%&'( #(#")*!+,-,#(.- /!"! 0( )!1 %02(.&%- 1&( &(.#"!%%&-(#1 #1

εk =
~

2m

d
∑

i=1

k2i 34567

8-(8# d #1 $! 8&,#(1&'( 9 k #1 #$ :#%.-" 8# -(8! 8# ,-,#(.-5 ;& 1'$- #<&1.&#"!

$! %-,/-(#(.# x= $! "#$!%&'( 8# 8&1/#"1&'( 1#"&! εk = ξk2 8-(8# ξ = ~/2m5
;& )"!>%!,-1 εk = ξk2 #( ?0(%&'( 8#$ :#%.-" 8# -(8! 8# ,-,#(.- #(

0(&8!8#1 8# ξ %$!"!,#(.# .#(#,-1 0(! ?0(%&'( %0!8"2.&%!= -@.#(8"*!,-1 $-1

(&:#$#1 8# #(#")*! εk A0# 1# #(%0#(."!( 1'$- #( 0(! 8&,#(1'(5 4B-"!= 1& %-(1&8+
#"!,-1 $!1 %-,/-(#(.#1 x, y #1.!"*!,-1 #( 0( /$!(-= $! "#$!%&'( 8# 8&1/#"1&'(

1#"*!

εk = ξ(k2x + k2y) 345C7

)"!>%!(8- D1.! #</"#1&'( #( 0(&8!8#1 8# ξ -@.#(#,-1 $! >)0"! 4565
 ! >)0"! 456 ,0#1."! $-1 (&:#$#1 8# #(#")*! #( ?0(%&'( 8#$ :#%.-" 8# -(8!

8# ,-,#(.- #( 8-1 8&,#(1&-(#1= %!8! /0(.- "#/"#1#(.! 0( (&:#$ 8# #(#")&! εk5
E-8#,-1 -@1#":!" #$ %-,/-".!,&#(.- 8# $-1 (&:#$#1 8# #(#")*! 1& )"!>%!,-1 $!

?0(%&'( 8#(1&8!8 8# #1.!8-1 /!"! 8&?#"#(.#1 8&,#(1&-(8#1 d #( $! >)0"! 45C5  !
>)0"! 8# $! 8#(1&8!8 8# #1.!8-1 ,0#1."! A0# %0!(8- d → 0= g(εk) → ∞ 9 $-1

(&:#$#1 8# #(#")*! εk → 0= 1&( #,@!")- ∆εi = cte= (- &,/-".!(8- $! #1.!8*1.&%!5
;& %-(1&8#"!,-1 $! #(#")*! .-.!$ 8#$ 1&1.#,! E 9 1& $!1 /!".*%0$!1 #1.!( %-(+

>(!8!1 #( 0( :-$F,#( V 9 (- &(.#"!%.02(= $! #(#")*! .-.!$ 8#$ 1&1.#,! 1#"*! $!

10,! 8# $!1 #(#")*!1 εi 8# $!1 /!".*%0$!1 &(8&:&80!$#1

E =
∑

i

ni εi 345G7

8-(8# ni #1 #$ (F,#"- 8# /!".*%0$!1 %!8! 0(! %-( #(#")*! εi5 H# !%0#"8- !

$! ,#%2(&%! %02(.&%! $!1 #(#")*!1 8# 0(! 1-$! /!".*%0$! εi 1-( 8&1%"#.!1 9 101

:!$-"#1 8#/#(8#( 1-@"# #$ :-$F,#( #( #$ %02$ #1.#( %-(>(!8!1= 8# !%0#"8- !

GI



 !"#$% &'()  !"#$#% &# #'#()*+ εk #' ,-'.!/' &#$ "#.01( &# 1'&+ &# 212#'01 * #'
-'!&+&#% ξ = ~/2m3 #' d = 2 &!2#'%!1'#%4

 !"# $#! %#!&'$ ! ()$#* ! + $)  , *-.) E ")/'&0, !#, +&!1* "#!2 3& 1#,!&+ *)/#!

4, -*), (#$5/ ,6 1#, 4, -*), ,5/ *# + %)*".14$)! 7N ∼ 10238 $)  , *-.)

"#")$ + $ !&!" /) E 94  !  $ %)*:/ "*# + $ !&!" /)6 %4 + 1#,!&+ *)*! 1#/#

4,) ()*&)'$ 1#,".,4) ; $) ! %)*)1&<,  ,"* ,&( $ ! ∆εi → 06 % *# !#$# %#*94 

" , /#! ∼ 1023 =#*/)! + * %)*"&* $)  , *-.)6 !&,  /')*-# )$ 1#,>,)*  $ !&!" /)

d→ 0 $) + ,!&+)+ +  !")+#! )4/ ,") ; εk → 02
?$ !&!" /) ,#! /4 !"*) 94 "#+#! $#! ,&( $ ! +  , *-.) !#, %#!&'$ !  , $)

+&/ ,!&<, ,4$)6  !"#  ! 4, 1$)*# * @ A# + $ %*&,1&%&# + &,1 *"&+4/'* + B &! ,C

' *-6 ∆x∆p ≥ ~/2 /& ,"*)! ! )/#! /:! %* 1&!#!  , $) %#!&1&<,6 94 +)*: &,+ C

" */&,)+) $)  , *-.) )!#1&)+) )$ !&!" /)6 &,+ % ,+& ," / ," + $)  !")+.!"&1)

94  !" /#! "*)')A),+#2

DE#*) ( )/#! 94 !41 + 1#,  $ $./&" " */#+&,:/&1#6 1&"),+# $) F =2 GH6

%:-2 IHJKLM

 !"#$%&'$( )"& &* +,'-.& /&0'$1-%2'-3$ 4LT 5 6"&07 .$'71$

&% d = 38 9:&'$( 7 z . . . Ω(3d) #707 "% ;7( 1& N #70.-3"*7( &%

"% <$*='&% V = L3> ?$0 3$%.-%"73-@% 7%7*,.-37 1& *7( 6"%3-$%&(

#$*-*$;70-.'$ &% Ω8 $A.&%&'$( Ω(2d) &* %"&<$ #$.&%3-7* #707 "% ;7(

1& 20&7 L2 . . . B%7 3$'#$(-3-@% 1& L &% Ω(2d) %$ C73& "%7 Ω(3d)
#&0$ "%7 3$'#$(-3-@% 1& 1&%(-171 1& 70&7 1& L C$:7( &( -;"7* 7* <7*$0

NO



 !"#$% &'()  !"#$%" &'"($&)& &' '(*)&+( g(εk) #+"*,) -+( "$.'-'( &' '"',/0) εk 1),)
&$2','"*'( &$3'"($+"'( d→ 04 d = 1, 2, 35

 ! " #$ %&' () $# ()!* (#( () +'$,-)!. )$ /0'")*' /1)() "'-/#0#0*)

)! "'-' /'(02# "#$"1$#0*) Ω(d) /#0# "#(# d. *)/#0#(#-)!3)4 5#(#

"6$"1$' /'(02#  -/$ "#0 3'-#0 LT () 7'0-# *)/#0#(# . . . 8 d +# ()

2 → 1. $#  -#9)! )* ':+ #4 ;$ 60)# L2 )* ()*"'-/1)*3# )! L $ !)#*

()*"'!)"3#(#*. * d +# () 1→ 0. <#= L0 /1!3'* ()*"'!)"3#('*4 

!"#$%"& '"%() $&'$ (*+,-&-&. #$&#$ $, /0*'" #$ 1-&'( #$, '$)"$%( #$ 2-"01-,,$.

1$) ,( 3$45 677. /+85 99: #$ ,( 4")%(

∂ρ

∂t
+ [ρ,H] = 0

;&'$ '$")$%( *"& <(=,( #$ >0$ $, $*&$%=,$ #$, &-&'$%( $&'+ ?'"#" $, '-$%/" 

0*-4")%$%$*'$ #-&')-=0-#" $* '"#"& ,"& %-@)"$&'(#"& /"&-=,$&. /$)%(*$@$ @"*A

&'(*'$5 !"#)B(%"& '"%() Ω C (/,-@() $, '$")$%( #$ 2-"01-,,$ $* 40*@-D* #$ ,(

#-%$*&-D*. &- &$ @0%/,$ ,( -80(,#(# ( @$)". $, /"'$*@-(, '$)%"#-*+%-@" &$)B(

0*-4"%$ $* '"#( d C &$)B( 1+,-#" '"%() LT $* @0(,>0-$) #-%$*&-D*5

2( 40*@-D* #$ /()'-@-D* 1( $* $&'$ &$*'-#"5 2( 40*@-D* #$ /()'-@-D* /()(

0* 8(& ,-=)$ $& Ξ = E)[−$F/(βĤ)] 677:. Ĥ $& $, <(%-,'"*-(*" #$, &-&'$%(5 G-

<(=,(%"& #$ 0* &-&'$%( @0+*'-@". H&'$ $&'+ )$,(@-"*(#" @"* ,( %(')-I #$ #$*&-#(#

ρ̂5 E"%() LT . -%/,-@( '"%() ,( 40*@-D* #$ /()'-@-D* @"*'B*0(. $& #$@-). '"%() ,"&
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 !" #$%&'( ) * &%  # ("+% ,'#-+#.')/ 0 * 1 (+%# -'2%( -'*%) &%) )'&.,!'# ) * 

&% 3.#,!4# * '#*% * &  )5%,!' * 6!&1 (- ,'(( )5'#*! #- / 7.#8.  # &% 9 3/ :;<

*!, 8. 5%(% ,%*% d =%> .#  )5%,!' * 6!&1 (- *!3 ( #- ? * %=+ &% * ),'# @!4#

 #-( &%) *!3 ( #- ) L/

A& 5'- #,!%& - (2'*!#B2!,' * &% 3'(2%

Ω(µ, T, Ld) = −
1

a

∑

k

&#

(

1 + azeβεk
)

. C7/DE

 ) &%  @5( )!4# 5%(%  & ,%)' *!),( -'? * %8.+ ) 5. * #  #,'#-(%( N  & #F2 ('

* 5%(-+,.&%)? P &% 5( )!4# > S &%  #-('5+%/ 7& .)%( &% !* #-!*%* * & &'"%(!-2'? ) 

5. * (  ),(!1!( C7/DE ,'2' CG/GE? %& -'2%(  & &+2!- - (2'*!#B2!,'? N → ∞?

V → ∞ > &% * #)!*%* n 5 (2%# , ,'#)-%#- ? 5'* 2') (  25&%H%( &% ).2%

)'1( &')  )-%*') εk 5'( .#% !#- "(%&/

7='(%?  )-%2') )'1(  &  )5%,!'Ik?  #  )-  )5%,!' ) 3'(2% .#% ( J!&&% * 
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