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INTRODUCCIÓN 

La caracterización estática y dinámica de medios estratificados es de interés en 

numerosos problemas de ingeniería sísmica y sismología. Las escalas de estudio de estos 

medios varían significativamente en función del objetivo buscado. A nivel de unos cuantos 

metros, las descripciones detalladas de los parámetros elásticos del terreno y de su 

variación espacial en las formaciones de los suelos, son de interés para problemas de 

geotecnia, ingeniería sísmica y valuación del riesgo sísmico local. Mientras que a nivel de 

las decenas de metros, se requiere del conocimiento de la geometría y de las velocidades 

de propagación de ondas sísmicas en los distintos estratos del suelo, a fin de evaluar sus 

efectos en la respuesta sísmica de configuraciones geológicas locales, como valles 

aluviales someros. Por otro lado, para medios estratificados en la escala de las decenas de 

kilómetros, se precisa de modelos razonables de la distribución de velocidades de ondas 

de cortante con la profundidad, que puedan ser empleados para modelar el campo de 

ondas sísmicas que se propaga en la corteza terrestre. En el caso de México se podrían 

explicar los fenómenos de duración y amplificación espectral, observados en algunos sitios 

en la cuenca de México y sus alrededores, durante la ocurrencia de movimientos fuertes 

generados en la zona de subducción. Asimismo, resulta de interés para fines de 

entendimiento y modelado del fenómeno sismológico, la distribución de velocidades en la 

estructura cortical y del manto superior terrestre bajo la parte centro sur de México. 

En este trabajo se presentan los resultados de varios estudios teórico-experimentales 

encaminados a la determinación del comportamiento estático y dinámico de medios 

estratificados a distintas escalas. Se proponen, fundamentan teóricamente, y validan 

experimentalmente, una serie de métodos y técnicas encaminadas a este propósito. 

 

 

 

 

 

 



 
 

 

RESUMEN 

 
Se presentan tanto la teoría como las evidencias experimentales del comportamiento 
estático y dinámico de medios estratificados en diferentes escalas de interés. En el contexto 
de cada aplicación se examinan los métodos y técnicas adecuados para los cálculos y las 
mediciones. En efecto, para inferir las propiedades elásticas de suelos estratificados 
someros (unos pocos metros), se desarrolló una técnica basada en la medición de 
inclinaciones inducidas en la superficie del terreno, para las cuales se diseñan y realizan 
experimentos de campo, y se invierten los datos obtenidos con métodos de optimización 
global. Por otro lado, en una escala vertical del orden de las centenas de metros, se presenta 
la implantación de métodos simplificados de simulación numérica para modelar la 
respuesta sísmica de valles aluviales y de rasgos topográficos en 3D, los resultados se 
validan con los producidos por otras técnicas más costosas. 

Finalmente, para medios estratificados en la escala de las decenas de kilómetros, se 
propone un método que considera el uso de registros sísmicos de banda ancha para calcular 
funciones de receptor de ondas P y S, respectivamente, con el fin de inferir la distribución 
vertical de velocidades a nivel de la corteza terrestre, mediante la inversión conjunta de 
ambas funciones de receptor, con lo que se restringe el espacio de búsqueda para el proceso 
de inversión, el cual produce modelos que satisfacen simultáneamente ambas funciones.  

Para concluir el trabajo se explora la posibilidad de obtener información de baja 
frecuencia a partir de los registros telesísmicos de banda ancha y una gran duración que 
permita observar tanto los múltiples provenientes del contacto corteza-manto, como las 
reflexiones y transmisiones de las fases sísmicas provenientes de contactos más profundos. 
  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



 
 

 

 

ABSTRACT 

 
We present both the theoretical basis and the experimental evidences, on the static and 
dynamic behavior of stratified media at different scales. Regarding the small scale (few 
meters), a procedure consisting on very precise measurements of the induced ground 
inclination is developed. The objective is to invert the curves obtained during the 
experiments and to infer elastic properties for the site under study using global optimization 
techniques. On the other hand, for a vertical scale of hundred meters, simplified numerical 
simulation methods are presented; they are useful to assess the seismic response of irregular 
shallow alluvial valleys and 3D topographical features. The results so obtained are 
validated with those produced by more sophisticated and expensive techniques. 

For stratified media in the scale of tens of kilometers, the use of a method consisting 
on the computation of P and S wave receiver functions, for broad band seismic records, is 
examined. The objective is to infer vertical velocity distributions in an earth’s crustal scale 
by join inversion of both receiver function waveforms. This allows constraining the search 
domain in the inversion process, which produces models that adjust simultaneously both 
kinds of functions.  

Finally, we explore the possibility of obtaining useful low frequency information 
from teleseismic broad band records. Such receiver functions should have enough duration 
to contain information not only from the crust-mantle transition, but also from reflections 
and transmissions of seismic phases arriving from deeper contacts. 
 
 

 

 

 

 

 

 

 

 

 



 

1.  TÉCNICAS INCLINOMÉTRICAS EN EL ESTUDIO DEL 
COMPORTAMIENTO ESTÁTICO DE SUELOS SOMEROS 

 

En esta primera parte del estudio, se presenta una técnica que consiste en la aplicación de 

mediciones con alta resolución de la inclinación inducida en el terreno. El objetivo es 

estimar algunas propiedades elásticas en suelos estratificados someros, mediante el análisis 

de la información obtenida en experimentos de campo y la implantación de métodos de 

inversión de datos geofísicos basados en las técnicas numéricas de optimación global.  

Se acepta que el medio responde elásticamente ante cargas estáticas aplicadas en la 

superficie. Esta suposición es válida solamente para ciertos valores de la carga conocida y a 

ciertas distancias de aplicación de la misma, por lo que fue necesaria la exploración previa 

del rango de aplicación de la técnica, el cual está en función de los valores mínimo y 

máximo que se pueden obtener con los instrumentos utilizados, de la relación señal a ruido 

en el sitio de medición, del valor de la carga puntual y de los valores mismos de los 

parámetros elásticos en el sitio de medición. Teniendo presentes estas restricciones, si la 

carga y las distancias de aplicación de la misma son conocidas, la inclinación relativa 

inducida en la superficie será función únicamente de las propiedades elásticas del medio. Si 

se hace variar la distancia de aplicación de la carga con respecto del punto de medición, 

entonces se observará una respuesta del terreno que será función de la distribución de las 

propiedades elásticas con la profundidad.  

La etapa de laboratorio del presente estudio fue realizada en el Institut de Physique du 

Globe de París. En ella se participó en la fabricación de los instrumentos portátiles que 

pudieran medir, de manera muy precisa, pequeños cambios en la inclinación inducida en el 

terreno.  



 

Posteriormente, se realizaron dos experimentos exploratorios de campo: el primero en un 

sitio cerca del sincrotrón de Grenoble, Francia, y el segundo en las arcillas de la zona del 

lago virgen de Texcoco, muy cerca de la ciudad de México. Con ellos se buscaba probar las 

ideas arriba mencionadas y dar validez a la técnica propuesta. Esto se llevó a cabo mediante 

la comparación de los resultados obtenidos con aquellos provenientes de fuentes 

independientes de información geofísica para los mismos sitios. En una tercera fase, se 

procedió al análisis de la información obtenida trabajando en el desarrollo e implantación 

de un esquema de inversión de datos geofísicos. 

Con el fin de tratar adecuadamente la aproximación homogénea y la de estratos planos 

horizontales al medio en estudio, se consideró el problema directo para la solución de los 

desplazamientos radiales y verticales ante cargas estáticas en un semiespacio elástico, por 

medio del problema de Boussinesq. Por otro lado, se consideraron configuraciones más 

realistas (medios estratificados), mediante el método de matrices de rigidez, propuesto por 

Kausel y Roesset (1981). 

La descripción de la técnica propuesta, las calibraciones necesarias en los instrumentos, el 

diseño de los experimentos y la validación de los resultados obtenidos, se presentan en dos 

trabajos publicados que forman los Apéndices A y B de este trabajo de investigación. A 

continuación se presenta una breve reseña de esas publicaciones. 

 

 

 

 

 

 



 

1.1 Concepción y fabricación del instrumento de medición 

Los dispositivos de medición fueron diseñados en el Laboratoire de Sismologie del Institut 

de Physique du Globe de París. La idea básica era contar con un instrumento ligero y 

compacto, pero robusto a cambios en condiciones climáticas, y muy preciso en sus 

mediciones. Se identificó al silicio como el material con más bajo coeficiente de dilatación, 

además de ser maleable, dúctil y, por lo tanto, fácil de trabajar. Se construyó entonces un 

instrumento monolítico que consiste básicamente en un péndulo horizontal, sujetado a un 

marco rectangular por medio de dos hilos muy delgados. La masa del péndulo es una placa 

semicircular de plata con una pequeña apertura en la parte media. Bajo la masa móvil del 

péndulo se instala una celda fotosensible, alimentada en sus extremos con +/- 5 Volts. Este 

elemento responde dando un voltaje variable en función de la parte iluminada, y la parte 

iluminada está en función de la inclinación que registra el suelo sobre el que el instrumento 

está instalado.  

En la parte superior del marco de silicio, se instala una pequeña lámpara o led que provee la 

luz necesaria para hacer funcionar la celda fotosensible. La lámpara es alimentada con dos 

hilos de 3 Volts. Esta pieza monolítica está montada en una base semicircular de silicio y 

sujetada con un vástago que va directamente a la base triangular que le sirve de soporte. La 

figura 1.1 a) muestra un esquema de las partes mecánicas del instrumento, mientras que en 

la 1.1 b) se muestra una foto de dos inclinómetros instalados en campo. 

 

 

 

 

 



 

 

El principio de funcionamiento del inclinómetro es el de un péndulo horizontal que 

responde a pequeñas variaciones de la inclinación de una línea vertical imaginaria. Esta 

línea pasa por el centro del marco rectangular de silicio, uniendo los dos hilos delgados que 

soportan al péndulo. Así, pequeñas variaciones en la inclinación de la línea imaginaria, 

provocadas por una inclinación del plano horizontal en el que se instala el instrumento, son 

traducidas en pequeñas oscilaciones del péndulo horizontal. Estos cambios en la posición 

de la masa del péndulo permiten que el rayo de luz proveniente de la lámpara fija en la 

parte superior incida en distintas porciones de la celda fotosensible, y con ello se provoque 

una diferencia de potencial correspondiente a ese giro (Blum et al., 1992). 

Para obtener el valor de inclinación en micro-radianes, es necesario multiplicar la 

diferencia de potencial obtenida en los extremos de la celda por el coeficiente propio del 

instrumento. En la práctica, cada instrumento posee un valor único de este coeficiente, 

ESQUEMA DE INCLINÓMETRO

Figura 1.1 a) Esquema de un inclinómetro 
compacto de silicio. Se muestran las partes 
eléctrica y mecánica y la base con tornillos 
regulatorios. 

Figura 1.1 b) Fotografía de dos inclinómetros 
compactos de silicio instalados en campo. 



 

determinado en laboratorio al momento de ser fabricado. La resolución con la que se 

fabrican estos instrumentos, es función del experimento particular para el que serán usados. 

En la figura 1 a), pueden observarse dos tornillos de rosca fina, que permiten hacer ajustes 

en el periodo del péndulo y llevar a éste a su posición de equilibrio en el centro del 

instrumento. 

En un experimento de campo se instalan bases inclinométricas, en las cuales se colocan dos 

o más instrumentos en cada una. Cada grupo de inclinómetros es alimentado con una tarjeta 

electrónica, la que a su vez se alimenta de una  fuente de 12 Volts de corriente directa. Esta 

tarjeta suministra un voltaje de +/-5 Volts para la celda fotosensible del instrumento y de 4 

Volts para el diodo luminoso; es también la encargada de recibir la señal procedente de la 

celda fotosensible y de transportarla hasta un equipo portátil de cómputo, donde se analiza 

y convierte (previa instalación de una tarjeta convertidora analógico-digital) a valores de 

inclinación en micro-radianes. Los algoritmos instalados en la computadora permiten 

almacenar archivos ASCII con los valores de inclinación observados en función del tiempo, 

además de información como fecha y hora de registro, distancia de observación y 

constantes de los instrumentos registradores. 

En Rodríguez-Zúñiga et al. (1995), Apéndice C, se hacen algunas consideraciones prácticas 

para establecer el rango de validez de las mediciones que se pueden obtener en campo. 

 

 

 

 

 

 



 

1.2 Diseño de los experimentos de campo de Texcoco y Grenoble. 

Con el objeto de validar la técnica propuesta para la obtención de perfiles de distancia 

contra inclinación inducida, en los Apéndices A y B se presentan el diseño y la ejecución 

de los experimentos de inclinometría en los sitios de Texcoco y Grenoble. 

Se realizaron mediciones de inclinación inducida en la zona de lago virgen de Texcoco, la 

que está formada básicamente por sedimentos arcillosos, sin consolidar, de origen 

volcánico y con un gran contenido de agua (Marsal y Mazari, 1959; Marsal y Graue, 1969). 

La ubicación del área, así como el dispositivo de medición, se muestran en las figuras 6 y 7 

del trabajo de Rodríguez-Zúñiga et al. (1997-1), Apéndice A. Esta zona es usada por la 

Comisión Nacional del Agua para investigaciones ambientales y geotécnicas. La selección 

de este sitio para llevar a cabo los experimentos obedece a dos razones: la primera, su 

estratigrafía es probablemente representativa de otras regiones de interés en la ciudad de 

México y la segunda, es que ofrece la posibilidad de realizar los experimentos con un buen 

control y con ruido urbano relativamente insignificante, además de cumplir con las 

hipótesis que implica el modelado con el problema directo. Por lo tanto, nuestro objetivo 

fue el de calibrar la técnica con el fin de que pueda ser usada en otros sitios de la ciudad 

para complementar otras mediciones geofísicas y geotécnicas. 

Las figuras 5 y 6 del Apéndice B, son gráficas representativas del nivel de inclinación 

reportado por los instrumentos durante los experimentos de Texcoco y Grenoble, 

respectivamente. En cada caso, se muestra en la parte superior la correspondiente curva de 

inclinación contra distancia aparente, que son la forma final de los datos obtenidos en esos 

experimentos. 

 

 



 

1.3 Modelado directo de curvas de inclinación contra distancia aparente 

De los experimentos realizados en los dos sitios de estudio, se obtuvieron series de registros 

digitales de tiempo contra inclinación. Estos registros muestran los valores de la inclinación 

inducida por la posición de la carga conocida a varias distancias de las estaciones 

inclinométricas. Considerando el nivel base de inclinación del sitio y, de acuerdo con el 

registro de distancias, estas series son convertidas en series de inclinación inducida contra 

distancia aparente. Este tipo de curvas presentan un decaimiento exponencial proporcional 

a 2/1 r , donde tanto la forma como la velocidad de decaimiento y el nivel de inclinación 

que muestran, son características que contienen la información necesaria para inferir los 

valores de los parámetros elásticos que las provocaron.  

Con el objeto de llevar a cabo una adecuada interpretación de la información presente en 

estos registros, se hace uso de las técnicas de inversión de datos geofísicos existentes en la 

literatura. Se trata de establecer procedimientos numéricos que permitan estimar los 

parámetros que, dada la geometría del experimento y el valor de la carga utilizada, 

provocaron las características observadas en las curvas de inclinación contra distancia. 

Más adelante en este trabajo, se presentan brevemente los conceptos básicos de la teoría de 

inversión en geofísica mediante un método de optimación global basado en algoritmos 

genéticos. La adecuada aplicación de la teoría de inversión, para la consecución del 

objetivo principal de este apartado (estimar razonablemente los parámetros elásticos de los 

sitios de estudio), requiere de una teoría o modelado directo del problema planteado. Esto 

es, cuando se proponen métodos de optimación que permitan estimar las mejores 

combinaciones de los valores de los parámetros del modelo estudiado, debe existir un 

procedimiento que verifique la bondad de los modelos propuestos.  



 

La manera de verificar qué tan buena es una combinación particular de parámetros 

(modelo), es obteniendo la curva teórica o respuesta esperada de ese modelo mediante el 

problema directo. Esta curva se obtiene suponiendo que se somete al modelo propuesto a la 

carga estática utilizada en el campo, con la geometría adoptada en los experimentos. Se 

precisa entonces, de una teoría basada en las ecuaciones de la elasticidad lineal que 

permitan obtener la curva teórica de inclinación contra distancia, dado un modelo particular 

de suelo y las condiciones de campo en las cuales se desarrollaron los experimentos. Esta 

teoría o modelado directo, para el caso de los desplazamientos inducidos con cargas en la 

superficie de un semiespacio homogéneo, o de un medio estratificado, lo constituyen el 

método de Boussinesq y el método de matrices de rigidez, respectivamente. A continuación 

se presentan las bases de estos métodos con el fin de justificar su utilización en el problema 

planteado. 

1.3.1  Método de Boussinesq para medio homogéneo 

Un medio homogéneo queda completamente definido mediante dos módulos elásticos y la 

densidad de masa. La suposición de homogeneidad requiere de una expresión para los 

desplazamientos radial y vertical provocados por la carga en la superficie (figura 1.2). Estas 

expresiones se conocen como la solución de Boussinesq (Fung, 1965). 
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Figura 1.2 Carga puntual en la superficie de un medio homogéneo. En este caso, la solución 
de Boussinesq establece las expresiones para los desplazamientos radial y vertical en 
cualquier punto del medio. 
 
 

donde:     P = Carga puntual,  υ = Relación de Poisson 

       µ =Constante de Lamé, 222
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La correspondiente inclinación en la superficie libre del semiespacio, al derivar UZ con 

respecto a la distancia horizontal es: 
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La  solución puede ser empleada como una primera  aproximación al valor global o 

promedio de E (módulo de Young). En efecto, si obtenemos  el  valor  del cociente entre el 

factor P rπ 2  y la inclinación observada (dado que la carga y la distancia de medición son 

x 

z 

r 

P 

R 

y 



 

conocidas), el resultado será precisamente la constante E / ( )1 2− υ , que es función 

únicamente del medio estudiado.  

        

1.3.2 Matrices de rigidez de Kausel y Roesset 

Las curvas obtenidas utilizando la aproximación homogénea con el método de Boussinesq, 

distan mucho de ser constantes paralelas al eje de las abscisas (Blum et al. 1992). Por el 

contrario, muestran una clara dependencia con la distancia. Esto implica la necesidad de 

utilizar una metodología más completa en la formulación del problema directo, que 

considere un medio con estratos homogéneos de distinto espesor y con distintas 

propiedades mecánicas entre ellos. Por otro lado, y de mayor interés, muestra también la 

posibilidad del acceso a la información de las propiedades elásticas a profundidad cuando 

la distancia sensor-carga aumenta.  

A continuación se presenta el formalismo propuesto por Kausel y Roesset (1981), para 

resolver el problema de calcular los desplazamientos ante cargas estáticas o dinámicas 

mediante el método de matrices de rigidez. En este caso particular, es necesario aplicar el 

método para frecuencia cero (problema estático) y número de onda mayor que cero (carga 

local). 

Considérese el modelo de la Fig 1.3, formado por estratos planos horizontales, sujeto a 

cargas verticales en la superficie. El problema de determinar los desplazamientos radiales y 

verticales sobre cualquier punto de la superficie, se lleva a cabo resolviendo las cargas en 

términos de sus transformadas de Fourier espacial y temporal, lo cual es equivalente a usar 

el método de separación de variables para encontrar soluciones de las ecuaciones de la 

elasticidad. 



 

 

     

          

   

    

   

 

 

                                       

 
 
Figura 1.3 Carga puntual en la superficie de un modelo formado  por (n) estratos. 
 
En estas condiciones, el método de matrices de rigidez provee la solución para los 

desplazamientos horizontal y vertical en cualquier punto del sistema. 

La aplicación del método de matrices de rigidez para el caso particular que nos interesa, se 

describe en el trabajo de Rodríguez-Zúñiga et al. (1997-1), Apéndice A, en donde se hacen 

las consideraciones particulares de frecuencia cero y número de onda distinto de cero. El 

valor teórico para la inclinación en la superficie de un sistema estratificado, producido por 

la presencia de una carga estática conocida, aplicada a cierta distancia también conocida, se 

obtiene evaluando numéricamente la derivada del desplazamiento Uz con respecto de r 
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En esta sección se ha descrito una metodología analítica para la obtención de algunas 

propiedades mecánicas del subsuelo, a partir de mediciones precisas de la inclinación del 
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terreno ante la presencia de una carga estática. De la aplicación práctica de la técnica 

presentada puede establecerse la relación directa entre las propiedades mecánicas del 

subsuelo y los registros de inclinación observada. En efecto, los análisis de los resultados 

obtenidos de los experimentos en la zona del lago de Texcoco, México y en Grenoble, 

Francia, mostraron la utilidad de la técnica para inferir modelos del subsuelo somero.  

Las comparaciones entre los modelos empleados para ajustar las inclinaciones observadas y 

los datos disponibles de la zona: perfiles de velocidad de onda S inferidos a partir de 

registros de cono eléctrico y curvas de dispersión de ondas de Love, muestran un excelente 

acuerdo y sugieren el gran potencial de este método, aun en sitios donde se carece de 

información previa.  

Los datos analizados parecen indicar la posibilidad de obtener mediciones más significantes 

a distancias mayores, con cargas mayores. Esto permitiría tener acceso a información a 

profundidad en experimentos bien controlados.  

Para determinar varios de los parámetros de interés en la caracterización de las propiedades 

elásticas y dinámicas del terreno, es preciso contar con el análisis conjunto y 

complementario, de los resultados provenientes de varias fuentes de información. Sin 

embargo, a la luz de los resultados presentados en este apartado puede establecerse que 

para la parte más somera, el análisis de las mediciones in-situ de la inclinación inducida en 

el terreno, con la técnica aquí presentada, proporciona resultados confiables y de buena 

resolución. 

 

 



 

 



 

2.  USO DE REGISTROS SÍSMICOS DE BUENA CALIDAD PARA ESTIMAR 
MODELOS CORTICALES DE VELOCIDAD 

 
En esta sección, se presentan algunos métodos de análisis aplicados a registros sísmicos de 

banda ancha, regionales y telesísmicos, con el fin de inferir modelos razonables de la 

distribución de velocidades de ondas de cortante con la profundidad. El objetivo 

fundamental es establecer las bases de una metodología que permita obtener 

representaciones confiables de la estructura de velocidades a escala regional en la parte 

centro sur de México, no sólo como un promedio para trayectorias regionales, sino también 

como modelos puntuales bajo los sitios instrumentados. Esta metodología está basada en la 

inversión conjunta de funciones de receptor de ondas P y de ondas S, utilizando para ello 

un esquema de optimización global basado en el uso de algoritmos genéticos. 

Los resultados obtenidos podrían ser empleados en el futuro para modelar los campos de 

ondas sísmicas que se propagan bajo la corteza de México. Un modelo adecuado de la 

estructura de velocidades de ondas sísmicas en la corteza superior puede ser útil para 

explicar la duración y amplificación espectral, observadas en la cuenca de México y sus 

alrededores durante la ocurrencia de movimientos fuertes en la zona de subducción.  

Los registros de eventos telesísmicos han sido utilizados para estimar la estructura 

litosférica de velocidades de propagación de ondas sísmicas. Algunos textos clásicos como 

el de Phinney (1964), tratan el problema de modelar las formas de onda de eventos lejanos 

en el dominio de la frecuencia, para inferir perfiles de velocidad de ondas S en el sitio de 

estudio. 

Las primeras investigaciones al respecto, utilizaban datos de instrumentos de periodo largo, 

mismos que les permitían construir algunos modelos simples de capas planas. Con estos 

modelos era posible obtener una explicación razonable de los datos observados. 



 

Con el uso difundido de los instrumentos digitales de banda ancha y el gran avance en 

materia de cómputo, en cuanto a velocidad de proceso y capacidad de memoria, hubo la 

necesidad de incrementar el detalle de los modelos propuestos; fue necesario implantar 

procedimientos de optimización que permitieran una exploración amplia de las posibles 

soluciones (modelos de estructuras de velocidades), que dieran una mejor explicación de 

las observaciones. 

En la escala regional, los registros digitales han sido ampliamente usados para extraer las 

curvas de dispersión de velocidades de fase y grupo de las ondas superficiales generadas en 

el trayecto. Las formas y amplitudes de estas curvas son fuertemente sensibles a la 

distribución de velocidades de cortante en el medio en que se generaron. Un trabajo clásico 

al respecto, es la serie de programas de inversión y generación de sismogramas sintéticos 

de Herrmann (1989), que han sido de gran utilidad en varios estudios encaminados a 

dilucidar la estructura cortical de velocidades en varias partes del mundo. Entre los trabajos 

encontrados en la literatura, se tienen aquellos que tratan el problema de inversión de las 

curvas de dispersión de ondas superficiales en el trayecto costa – cuenca de México, a partir 

de los cuales se cuenta con un modelo promedio de la corteza en esta zona de interés, entre 

estos sobresalen los de Campillo et al. (1992 y 1997) e Iglesias et al. (2001). En este último 

se utilizaron apilados de curvas de dispersión de velocidad de grupo, correspondientes a dos 

trayectorias, una perpendicular y otra paralela a la línea de costa. Las diferencias entre 

ambos modelos se asociaron con la zonificación en terrenos tectono estratigráficos 

propuestos para el sur de México por Campa y Coney, (1983). 

Paralelamente, se ha desarrollado la técnica del modelado de funciones de receptor, misma 

que surge con el procedimiento propuesto por Langston (1979), llamado ecualización de la 

fuente. Este procedimiento consiste en deconvolucionar el componente vertical del 



 

movimiento registrado en un sitio, a partir del componente radial. La hipótesis en la que se 

basa es la de considerar que las formas de onda telesísmicas de las ondas P, contienen 

información de la historia temporal de la fuente, de la estructura cercana a la fuente, de los 

efectos de propagación a través del manto y de la estructura en los alrededores del sitio, de 

tal manera que si se pudieran eliminar los efectos relacionados con la fuente y la 

propagación en el manto, sería posible asignar las características de la forma de onda 

restante a los efectos producidos por la estructura local bajo el receptor. 

Una revisión completa de la técnica del modelado de funciones de receptor, puede 

encontrarse en los textos de Langston (1979), Owens et al. (1984) y Ammon et al. (1990). 

El texto de Owens et al., incluye además las bases de una técnica de inversión linealizada. 

En otro trabajo, Ammon (1990), muestra que es posible analizar las funciones de receptor 

telesísmicas, preservando las amplitudes absolutas de las funciones construidas. Con el uso 

de las amplitudes reales, se minimiza el error producido cuando se  presentan interfases 

someras con grandes contrastes de velocidad, que pueden alterar las amplitudes aparentes 

de las fases Ps y producir algunas inexactitudes en los modelos arrojados. 

El trabajo de Cassidy (1992), presenta un breve recuento de los análisis con funciones de 

receptor hasta entonces realizados. Este autor hace énfasis en algunos otros estudios 

(Owens et al., 1988, Langston, 1979, y Lapp et al., 1990), en los que se utilizaron datos de 

periodo corto y de banda ancha para llevar a cabo análisis de funciones de receptor en 

rasgos tectónicos complejos, para los que no era válida la suposición de estructura plana 

horizontal de estratos homogéneos. 

Su estudio se concentra en la aplicación de funciones de receptor en interfases buzantes, 

para las que concluye la necesidad de aplicar apilamiento de funciones para intervalos 

definidos de distancias y orientaciones.  



 

Para el caso de México, Cruz-Atienza (2000), invirtió funciones de receptor de forma 

exhaustiva para varios grupos de eventos telesísmicos en estaciones permanentes de banda 

ancha obteniendo resultados de interés. 

Con base en los antecedentes arriba citados, este capítulo consiste en una explicación breve 

del procedimiento empleado para la obtención de funciones de receptor para ondas P, y en 

una justificación con bases físicas del porqué una función de receptor de ondas S debería 

contener información valiosa que complemente a la primera. Posteriormente, se presentan 

las bases de la metodología aquí propuesta para invertir conjuntamente ambas funciones de 

receptor para un sitio, utilizando un esquema de inversión global. 

Los ejemplos de aplicación de la metodología propuesta, son parte de un trabajo en 

preparación para ser sometido para su publicación. En estos ejemplos, las funciones de 

receptor son construidas para los registros en algunos sitios sobre la cuenca de México, 

correspondiente a eventos telesísmicos profundos.  

Para la obtención de las funciones de transferencia en la superficie de un modelo 

estratificado de capas planas y homogéneas, se hace uso de los métodos de Haskell (1953), 

y Kennett (1983). Estas funciones, obtenidas en el dominio de la frecuencia, son la base 

para la construcción de las funciones de receptor radiales que se observarían si esos 

modelos correspondieran con la realidad. 

Se establece entonces un problema de inversión en geofísica, en el que las funciones de 

receptor obtenidas de los registros, representen los datos u observaciones, las propiedades 

(espesor y velocidad de ondas S) de los estratos que forman el modelo representen los 

parámetros del modelo, y el método de Kennett o Haskell, junto con el procedimiento para 

la obtención de las funciones de receptor sintéticas, represente al problema directo o teoría 

que relaciona los datos y los parámetros. 



 

Se presentan resultados obtenidos mediante la aplicación de lo método de optimización 

global de algoritmos genéticos. Este método, junto con el de templamiento simulado 

(simulated annealing), se han utilizado en este contexto (ver Iglesias et al. 2001 y Cruz-

Atienza et al. 2010). 

En la parte final de este capítulo, se presentan algunos resultados aún de carácter 

especulativo, relacionados con la obtención de funciones de receptor de baja frecuencia. 

Estos análisis previos, revelan la presencia de una estructura en el manto superior de alta 

velocidad, justo debajo de la transición del moho. Los sismólogos llaman a esta región 

"lid", debido a que sobreyace a una zona de baja velocidad (LVZ), la cual, en este estudio, 

se encontró consistentemente alrededor de los 180 km de profundidad. Se cree que esta 

(LVZ) representa la parte superior de la astenósfera (reológicamente definida) de baja 

viscosidad. Las fuertes variaciones encontradas en el manto superior alrededor del mundo, 

están asociadas con rasgos tectónicos superficiales. En esta sección se intenta identificar 

sismológicamente la presencia de la Placa de Cocos subduciendo de manera sub-horizontal 

bajo la región sur de México. Esto se lleva a cabo examinando si se requiere su presencia 

para un razonable ajuste de las observaciones tal y como ha sido sugerido por análisis 

independientes de datos geofísicos. 

 

 

 

 

 

 

 



 

2.1 Funciones de receptor para ondas P 

Este proceso consiste en tomar la porción de ondas P de los componentes radial y vertical 

de eventos telesísmicos. Las razones para utilizar eventos muy lejanos son: 1) la porción de 

ondas P es suficientemente larga (del orden de varios minutos) antes de ser "contaminada" 

por cualquier fase de ondas S,  y 2) el ángulo con el que inciden los trenes de ondas P es 

casi vertical, con lo que se favorece una conversión energética de ondas polarizadas 

horizontalmente. 

La porción de ondas P está compuesta de efectos de fuente, efectos instrumentales y efectos 

debidos a la estructura cortical local. En el dominio de la frecuencia, los componentes 

radial y vertical de un registro sísmico se pueden escribir como: 
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La función de receptor se obtiene al deconvolucionar el componente vertical del radial, 

mediante el cociente espectral de ambos: 
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La transformada inversa de Fourier de H( )ω , es un componente horizontal del movimiento 

que representa, preferentemente, la respuesta del medio estratificado local (a nivel cortical) 

a una onda plana P. Esta serie de tiempo incluye el arribo directo de la onda P, más fases 



 

localmente convertidas de P a S, incluyendo algunos múltiples en los primeros 30 segundos 

después del arribo de la onda P directa. 

En la figura 2.1, se muestra el diagrama de rayos con las principales fases contenidas en la 

función de receptor radial para un modelo muy simple de una capa sobre un semiespacio. 

Las fases que arriban o se reflejan en la interface entre ambos medios son 1) PpPms, 2) 

PsPms+PpSmS, 3) PsSms, 4) Pp y 5) Ps. Las letras mayúsculas indican, con excepción del 

primer arribo P, que es común a todas las fases, ondas que viajan hacia abajo del modelo, 

mientras que las letras minúsculas muestran ondas que viajan hacia arriba. La letra m señala 

que hubo una reflexión del frente de onda en la frontera m entre el semiespacio y el estrato. 

 

 
                                                               
                               
                                                                      
     
 
 
 
 
Figura 2.1 Diagrama de rayos con la incidencia de un frente plano de ondas P. Se muestran 
las transmisiones y reflexiones de las ondas P y las SV convertidas. 
 
La función de receptor radial correspondiente a este modelo tendría la forma de la figura 

2.2. 

 
 
Figura 2.2 Función de receptor radial de ondas P, correspondiente al estrato de la figura 
3.1. Se muestra el arribo de la onda P  directa y sus múltiples. 
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La amplitud de los picos es función del contraste de velocidades entre el semiespacio y el 

estrato, así como de la distancia del epicentro. La separación entre ellos es función de la 

velocidad del estrato y su espesor. 

La función del receptor, así construida, es muy sensible a variaciones en la velocidad de las 

ondas de cortante bajo el receptor. Por tanto, el objetivo es utilizar un esquema de inversión 

apropiado para invertir las amplitudes y fases presentes en las funciones de receptor. Este 

proceso de inversión conducirá a la obtención de un modelo de distribución de velocidades 

de ondas de cortante con la profundidad bajo el sitio en estudio. 

Como primer paso se obtienen las transformadas de Fourier de los trenes de ondas P de 

cada componente. Posteriormente, se realiza el cociente espectral de R( )ω  entre V ( )ω , al 

resultado se le multiplica en el dominio de la frecuencia, con la transformada de Fourier de 

un pulso gaussiano cuya expresión en el tiempo es 
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Este paso es equivalente a convolucionar la función de receptor radial temporal con un 

pulso gaussiano o bien, a filtrar la señal resultado del cociente espectral, con un filtro 

pasabajas con frecuencia de corte establecida. La constante ξ  es un factor de normalización 

para que la amplitud máxima del pulso sea unitaria. t y ts p   son los parámetros que controlan 

el retraso y el periodo característico del pulso. La representación en el dominio de la 

frecuencia del pulso gaussiano, es casi plana en el intervalo que va desde cero Hertz hasta 

la frecuencia de corte. Por esta razón, el factor t p
 representa al mismo tiempo el ancho de la 



 

señal gaussiana en tiempo y el inverso de la frecuencia de corte del filtro pasabajas en 

frecuencia. 

Para llevar a cabo la inversión de las funciones de receptor obtenidas de los registros 

observados, se implantó un método de inversión global utilizando algoritmos genéticos. En 

este método, se definen los parámetros a ser invertidos y los límites superior e inferior que 

puede tomar cada uno de ellos. Con el fin de restringir las posibles soluciones a aquellas 

que sean físicamente posibles, se procedió a parametrizar el modelo de corteza, tomando 

diversos estudios previos como base. Estos consisten en experimentos de refracción y 

reflexión sísmica de gran escala, así como la inversión de curvas de dispersión observadas.  

Se propuso un modelo de corteza formado por siete capas, tomando como parámetros a 

modelar la velocidad de propagación de ondas S y el espesor local de cada estrato; se 

definieron entonces los límites inferior y superior para cada parámetro y su incremento. Las 

velocidades de ondas P fueron estimadas considerando al medio como un sólido de 

Poisson, es decir mediante una relación α β constante para cada estrato. Los factores de 

calidad (Q) y la densidad de masa (ρ ), se mantuvieron con valores fijos para cada estrato en 

todos los modelos.  

Una vez realizada la parametrización de los modelos, fue necesario emplear una función de 

costo (misfit function) o función objetivo, para evaluar la calidad de las soluciones 

obtenidas en cada iteración o generación de modelos. Esta función representa entonces una 

medida del grado de ajuste entre las funciones de receptor obtenidas con los modelos 

sintéticos y las calculadas a partir de las observaciones. En este caso particular, la norma l2 

fue utilizada como función de costo. 



 

El paso siguiente consiste en implantar los puntos básicos del método de búsqueda con 

algoritmos genéticos: codificación de parámetros, selección, cruza (crossover) y mutación 

de los modelos, en un proceso iterativo que finaliza al verificarse cierta tolerancia para la 

función de costo o cumplirse cierto número preestablecido de iteraciones. Una discusión 

detallada del empleo de este esquema se encuentra en Rodríguez-Zúñiga et al. (1997-2), 

presentado como el Apéndice B de este trabajo. 

Durante el proceso de inversión, se tuvo especial cuidado de evitar la convergencia hacia 

modelos físicamente no posibles. En efecto, el problema planteado, además de ser no lineal, 

es multimodal, lo que ocasiona la existencia de varias soluciones posibles. Sin embargo, se 

consideraron solamente aquellas que fueran consistentes con los resultados previos para la 

estructura de la corteza, provenientes de la inversión de curvas de dispersión y de estudios 

de reflexión sísmica. Los modelos finales así obtenidos, fueron tomándose en diferentes 

etapas del proceso de inversión como modelos iniciales para realizar nuevas inversiones. 

Finalmente, el mejor ajuste obtenido entre las funciones de receptor observadas y sintéticas 

para los sitios estudiados, muestran un buen acuerdo en cuanto a amplitudes y tiempos de 

arribo de la fase P, así como de las distintas fases convertidas.  

Estudios futuros sobre las funciones de receptor, obtenidas en los distintos sitios de registro 

de un arreglo regional de banda ancha, pueden redundar en la obtención de un perfil preciso 

de la variación horizontal del moho en el trayecto costa-cuenca, así como bajo la misma 

cuenca de México. Tales resultados contribuirán a enriquecer nuestro conocimiento sobre la 

estructura puntual para varios sitios, con lo que los estudios de modelado de la propagación 

de ondas sísmicas, e inclusive la localización misma de los eventos sísmicos, podrán 

realizarse con una mayor precisión.  

 



 

2.2 Funciones de receptor para ondas S 

La técnica de ecualización de la fuente propuesta por Langston (1979), es la base para 

construir las funciones de receptor de ondas P. Sin embargo, la misma idea de eliminación 

de los efectos de fuente y trayecto lejano, es también aplicable a formas de onda producidas 

por ondas tipo S. En el primer caso, se trata de enfatizar las conversiones de ondas P en SV 

contenidas en los registros radiales; para el segundo caso, si se toman los componentes 

radial y vertical de un mismo registro en su parte correspondiente a las ondas S, y se lleva a 

cabo el cociente espectral de ambos componentes, la transformada inversa de Fourier de 

este resultado producirá una serie temporal que físicamente representará la transmisión de 

ondas SV en la estructura local bajo el instrumento de registro. 

Los efectos de polarización de la onda S incidente, así como el ángulo con respecto de la 

vertical con el cual arriban las ondas S, son en este caso factores importantes en la amplitud 

y, algunas veces, en la causalidad de la serie de tiempo resultante. Como es de esperarse, 

las funciones de receptor así construidas son más energéticas y contienen también 

información valiosa sobre las estructura cercana por la cual viajaron. Así, las ecuaciones 

2.1 y 2.2 son aplicables a los mismos componentes radial y vertical, pero en su parte 

correspondiente a las ondas S.  

Con el propósito de validar la aplicación de las funciones de receptor para ondas S, se 

construyó un modelo estratificado hipotético formado por siete capas, sobre un semiespacio 

con las siguientes propiedades 

 

 

 



 

Capa Espesor (Km) Velocidad (Km/s) 

1 1.0 1.0 

2 2.0 3.0 

3 7.0 3.3 

4 3.0 3.5 

5 20.0 3.6 

6 4.0 3.8 

7 3.0 4.3 

Semiespacio **** 4.7 

Tabla 2.1. Modelo estratificado hipotético formado por siete capas sobre un semiespacio. 

Se supuso la incidencia de ondas tipo P y S en la base del sistema estratificado, con un 

ángulo de 30 grados con respecto de la vertical y con azimut de cero grados. Fue utilizado 

el método de matrices de reflexión-transmisión de Kennett (1983), para calcular las 

funciones de transferencia para ondas P y para ondas S, producidas en la superficie del 

modelo. Posteriormente, se llevaron a cabo los cocientes espectrales de los componentes 

radiales entre los componentes verticales para cada tipo de onda. 

Para obtener las funciones de receptor del modelo sintético estudiado, se realizó la 

multiplicación de los cocientes espectrales entre componentes con el espectro complejo de 

la función gaussiana, descrita por la ecuación 2.3. Las transformadas inversas de Fourier de 

estos resultados, representan las series de tiempo funciones de receptor para ondas P y 

ondas S, en el mismo modelo estratificado. Estas funciones se presentan en la figura 2.3. 

Como puede apreciarse, el máximo de ambas funciones ocurre cerca de los 30 segundos. 

Sin embargo, en la función de receptor de la onda P, se puede observar que antes de ese 



 

tiempo no existe energía, mientras que para la de la onda S, se tienen algunas amplitudes 

importantes antes de ese tiempo. Lo anterior indica que se debe tener especial cuidado al 

momento de construir las funciones de receptor de ondas S, en cuanto al parámetro que 

controla la posición del pico máximo en tiempo. 

 
Figura 2.3 Funciones de receptor de ondas P y S, para el modelo hipotético de siete capas 
sobre un semiespacio. 
 
Las funciones de receptor para ondas P y S, son utilizadas en este trabajo para definir un 

esquema de inversión conjunta. Se trata de un método basado en las ideas de la inversión 

global, del que se parte de suponer que la información buscada acerca de las propiedades 

dinámicas del sistema estratificado, está contenida en ambas funciones de receptor. Por 

tanto, si se calculan ambas funciones para un mismo sitio y se establece en el método de 

inversión algún criterio que mida la semejanza entre los modelos teóricos y las 

observaciones, este criterio debería satisfacer al mismo tiempo las funciones de receptor de 

ambos tipos de ondas. Con esta condición, se deberá restringir aún más el número de 

posibles soluciones en la búsqueda del modelo óptimo durante el proceso de inversión. 

Función de receptor de ondas P 

Función de receptor de ondas S 



 

Con el fin de mostrar la aplicabilidad de las funciones de receptor para ambos tipos de 

onda, se presentan los resultados de invertir conjuntamente las funciones sintéticas de 

receptor, obtenidas para el ejemplo hipotético arriba citado. 

Las funciones de receptor de la figura 2.3, son consideradas como "observaciones" en el 

proceso de inversión conjunta. Se establecen límites superior e inferior para los posibles 

valores de cada parámetro y se aplican los métodos descritos en el capítulo 3. La figura 2.4 

resume los resultados obtenidos. 

 

 
 



 

Figura 2.4 Resultados del proceso de inversión conjunta propuesto en el capítulo 3, 
aplicado a las funciones sintéticas de receptor para ondas P y S del modelo hipotético 
estudiado.  

Convergencia del esquema 



 

En este resumen de resultados, las gráficas de arriba muestran con rojo las funciones de 

receptor "observadas" para cada tipo de onda (se grafican 50 segundos de señal, de 20 a 70 

seg.), con verde se superponen las funciones obtenidas a partir de los modelos que 

presentaron el mejor ajuste en iteraciones intermedias del proceso de inversión. El número 

de iteración aumenta de abajo hacia arriba en las funciones de receptor mostradas para el 

componente radial de ondas P y S, de tal manera que el mejor ajuste conjunto es el que se 

muestra en la parte superior de ambos conjuntos de gráficas. 

La figura inferior izquierda, ilustra el modelo hipotético utilizado (línea azul) y los límites 

establecidos para las variaciones de los parámetros (línea envolvente roja). En la figura 

inferior derecha se indica la convergencia observada durante el proceso inverso conjunto; 

se indican solamente aquellas generaciones que mostraron una mejora en la función de 

ajuste. 

Puede verse que el ajuste no es al 100% entre las funciones de receptor “observadas” y las 

obtenidas con el modelo de mejor ajuste conjunto. Lo anterior es debido a un problema de 

pérdida de diversidad en la población de modelos arrojados por el método de algoritmos 

genéticos cuando el número de iteraciones es grande, resultando difícil para el método 

lograr una mejor convergencia, esto indica que se debe tener especial cuidado en la 

selección de los parámetros iniciales del proceso de inversión (número de individuos en la 

población, probabilidades de cruza y de mutación, etc.). Este problema de parametrización 

no es de solución única, está en función de cada problema inverso particular, por lo que al 

final de este ejercicio hubo pequeñas diferencias entre el mejor modelo invertido y el 

modelo hipotético con el que se generaron las curvas “observadas”, estas diferencias se 

dejaron deliberadamente, pues en situaciones reales resulta difícil lograr una mejora 

sustancial en la convergencia del método. 



 

2.3 Funciones de receptor de baja frecuencia: estructura litosférica 

En este apartado, se presentan algunos resultados obtenidos de aplicar el análisis de 

funciones de receptor para eventos telesísmicos profundos, con la idea de obtener 

información acerca de la estructura litosférica en el sur de México. Se trata de construir 

funciones de receptor de baja frecuencia, con una duración que permita observar no sólo los 

múltiples provenientes del contacto corteza-manto, sino también aquellas reflexiones y 

transmisiones de las fases sísmicas, provenientes de contactos más profundos a nivel 

litosférico.  

Se parte de suponer la aplicabilidad del método tradicional de análisis de funciones de 

receptor, para estructuras con dimensiones del orden de centenas de kilómetros. Para esto 

es necesario contar con registros sísmicos ricos en baja frecuencia y de muy buena calidad. 

Típicamente, telesismos de gran magnitud y a grandes profundidades, excitan muy bien la 

baja frecuencia. Si estos eventos son registrados con instrumentos de banda ancha, entonces 

será posible construir las funciones de receptor con las características deseadas. 

En esta parte del trabajo, se muestran algunos resultados de carácter preliminar referentes a 

la obtención y análisis de funciones de receptor de baja frecuencia aplicados a un arreglo 

temporal de estaciones de banda ancha que permaneció instalado en la parte sur de México 

durante los meses de abril y mayo de 1994, como parte de un proyecto de investigación 

financiado parcialmente por la Comunidad Económica Europea. En este proyecto 

participaron la Universidad de Lieja, Bélgica; la Universidad Joseph Fourier de Grenoble, 

Francia y la Universidad Nacional Autónoma de México. En la Tabla 2.2 se muestran los 

nombres y coordenadas geográficas de estas estaciones, incluyendo dos estaciones 

permanentes CUIG y PLIG. 

 



 

ESTACIÓN LATITUD LONGITUD 

ACTO (91) 20.327 -99.066 
TEOT (92) 19.688 -98.862 
TEXL (90) 19.465 -98.999 
TEXR (85) 19.501 -98.805 
POPO (87) 19.066 -98.628 

PARR & JIUT (81) 19.139 -99.174 
TEPO (83) 18.986 -99.075 

CUIG 19.329 -99.178001 
PLIG 18.389 -99.500999 

 
Tabla 2.2. Nombres y coordenadas de las siete estaciones de banda ancha y tres 
componentes usadas en este estudio. Se incluyen también las estaciones permanentes CUIG 
y PLIG. 
 
La ubicación de las estaciones de este arreglo se muestra en la figura 2.5, en la que se puede 

observar que cubre una parte importante del trayecto de las ondas sísmicas entre la zona de 

subducción y la cuenca de México. 

 

 

 

 

 

 

 



 

 
 

Figura 2.5 Se muestra la ubicación geográfica de dos estaciones permanentes de banda 
ancha CUIG y PLIG y siete estaciones del arreglo temporal cuyos nombres y coordenadas 
se indican en la Tabla 2.1 

 
 
 
 
 
 
 
 
 

 



 

Se utilizaron registros de velocidad, radiales y verticales, de varios telesismos ocurridos 

durante el periodo en el que estuvo instalado el arreglo temporal de estaciones (abril y 

mayo de 1994). Se presenta como ejemplo los resultados obtenidos para la inversión de las 

funciones de receptor obtenidas para el terremoto del 10 de mayo de 1994 en Argentina 

(M=6.2) cuya distancia epicentral fue de unos 6500 km. 

Para los propósitos buscados en esta sección, se utilizaron valores de t y ts p   = 10 seg. en el 

cálculo de las funciones de receptor observadas. Durante el proceso de inversión se tuvo 

especial cuidado de evitar la convergencia hacia modelos físicamente no posibles. En 

efecto, el problema planteado además de ser no lineal, es multimodal, lo cual ocasiona la 

existencia de varias soluciones posibles. Sin embargo se consideraron solamente aquellas 

que tuvieran relación con los resultados previos para la estructura de la corteza 

provenientes de la inversión de curvas de dispersión y de estudios de reflexión sísmica. Los 

modelos finales así obtenidos, fueron tomándose en diferentes etapas del proceso de 

inversión como modelos iniciales para realizar nuevas inversiones. 

La figura 2.6 muestra los resultados de 3 procesos de inversión independientes A), B) y C) 

en los cuales se hicieron variar algunos de los parámetros que controlan la convergencia del 

método de inversión. Los mejores modelos arrojados para cada uno de los procesos de 

inversión independientes, en cada una de las estaciones indicadas, fueron muy similares 

entre sí en cuanto a los valores de velocidades y espesores obtenidos, lo cual indica la 

consistencia del método utilizado. Estos modelos, fueron promediados para cada estación, y 

proyectados en una línea perpendicular a la trinchera, a fin de obtener una aproximación de 

la estructura litosférica de velocidades bajo el arreglo de estaciones, la cual se muestra en la 

figura 2.7. 



 

Estos análisis previos, revelan la presencia de una estructura en el manto superior de alta 

velocidad, justo debajo de la transición del moho. Los sismólogos llaman a esta región 

"lid", debido a que sobreyace a una zona de baja velocidad (LVZ) que en este estudio se 

encontró consistentemente alrededor de los 180 km de profundidad. Se cree que esta (LVZ) 

representa la parte superior de la astenósfera (reológicamente definida) de baja viscosidad.  

Las fuertes variaciones encontradas en el manto superior alrededor del mundo están 

asociadas con rasgos tectónicos superficiales. En esta sección se intenta identificar 

sismológicamente la presencia de la Placa de Cocos, subduciendo de manera sub-horizontal 

bajo la región sur de México. Esto se lleva a cabo examinando si se requiere su presencia 

para un razonable ajuste de las observaciones, tal y como ha sido sugerido por análisis 

independientes de datos geofísicos. 
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Figura 2.6 Funciones de receptor observadas (líneas continuas) y sintéticas (líneas 
discontinuas) que muestran los mejores ajustes obtenidos de tres procesos de inversión con 
parámetros independientes A), B) y C), en seis de las estaciones del arreglo temporal de 
banda ancha para el terremoto de Argentina del 10 de mayo de 1994 (M=6.2). 
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Figura 2.7 Sección litosférica de velocidades de propagación de ondas S, obtenida a 
partir del promedio de mejores modelos arrojados para cada proceso de inversión de 
las de funciones de receptor (Figura 2.6), observadas en el arreglo temporal de la 
figura 2.5 
 
 
 
 
 
 
 
 
 



 

3.  MODELADO MATEMÁTICO DE LA RESPUESTA SÍSMICA DE 
CONFIGURACIONES GEOLÓGICAS COMPLEJAS. 

 

3.1 Métodos de simulación numérica 

El modelado numérico de la respuesta sísmica de configuraciones geológicas complejas 

como la cuenca de México, para entender y con ello predecir las características del 

movimiento sísmico observado en su superficie durante la ocurrencia de terremotos fuertes, 

presenta dos tipos de limitaciones principales: Por un lado, no existe un conocimiento 

detallado de la distribución espacial de las velocidades de propagación de las ondas 

sísmicas, la densidad de masa del material y de su capacidad para disipar energía. 

Se desconoce también el detalle de la geometría tridimensional de la cuenca, que incluya la 

capa de sedimentos blandos de origen lacustre y la estructura de las formaciones geológicas 

más profundas.  

Por otra parte, aun cuando se contara con esta información de manera precisa, la gran 

extensión de la cuenca (aproximadamente 40 X 40 Km para cubrir adecuadamente los lagos 

de Xochimilco-Chalco y Texcoco) y la baja velocidad de propagación de las ondas sísmicas 

en los sedimentos arcillosos superficiales, exigen de cualquier método de simulación 

numérica, considerables recursos computacionales en cuanto a memoria de almacenamiento 

y velocidad de proceso. 

En este apartado se presentan dos trabajos encaminados a tratar con estas dos grandes 

imitaciones. El primero referente a la estimación de la respuesta sísmica de baja frecuencia 

de un valle aluvial tridimensional de geometría simple, Rodríguez-Zúñiga et al. (1995) 

(Apéndice D). El segundo trata con la estimación de los efectos de sitio ocasionados por l 



 

presencia de topografías tridimensionales ante la incidencia de ondas tipo P y SV, Ortiz-

Alemán et al. (1998) (Apéndice E). 

El propósito final de este apartado es el de presentar una parte del trabajo de investigación 

que consiste en la implantación de métodos de simulación numérica con los que se puedan 

modelar algunos de los aspectos de la respuesta sísmica de valles aluviales, como el de la 

Ciudad de México, y que por otra parte, permitan conjuntar, entender y calibrar los 

obtenidos del modelado empírico y del modelado matemático, con el fin de mostrar a este 

último como una herramienta poderosa de predicción de la respuesta sísmica de la cuenca 

de México ante distintos escenarios sísmicos, lo cual conllevaría a la postulación de 

hipótesis de carácter general, que en un futuro próximo, podrían ser consideradas para 

evaluar la respuesta sísmica tridimensional del valle y tomar en cuenta los resultados en la 

definición de las normas de diseño estructural para la ciudad de México. 

El desarrollo actual de las soluciones analíticas con modelos matemáticos, puede considerar 

medios estratificados para calcular el movimiento unidimensional de la superficie ante 

incidencia de ondas planas (Haskell, 1953; Aki y Richards, 1980). Para algunos casos 

bidimensionales escalares, se han presentado soluciones analíticas exactas (p. ej. Trifunac, 

1971; Sánchez-Sesma y Velázquez, 1987). Sin embargo, las configuraciones reales son 

complejas en geometría y distribución espacial de propiedades. Lo anterior ha motivado un 

amplio desarrollo de modelos numéricos.  

Varios han sido los trabajos encaminados a la solución del campo de desplazamientos en la 

superficie de depósitos sedimentarios en tres dimensiones, los trabajos de Hisada et al. 

(1993); Frankel (1993); Sánchez-Sesma y Campillo (1991) y Sánchez-Sesma y Luzón 

(1995), son algunos ejemplos. La introducción de los efectos tridimensionales en las 

distintas aproximaciones utilizadas, ha permitido el desarrollo de modelos numéricos 



 

rigurosos que demandan grandes recursos de cómputo, así como modelos simplificados 

cuya aplicación está restringida para cierto rango de frecuencias y tipos específicos de 

geometrías. 

 

3.2  Respuesta sísmica de valles aluviales someros mediante modelos simples 

En Rodríguez-Zúñiga et al. (1995) (Apéndice D), se propone un método para calcular de 

manera aproximada la respuesta sísmica de valles aluviales someros en 3D, la cual se basa 

en la solución exacta para la respuesta del movimiento antiplano de un depósito rectangular 

con base rígida móvil. Esta solución se extiende para el caso tridimensional con base en la 

forma explícita de la firma espectral de las ondas superficiales generadas localmente, de tal 

manera que la solución total considera de forma separada la respuesta unidimensional y los 

efectos laterales. Los resultados así obtenidos reproducen de manera fidedigna los aspectos 

más importantes de la respuesta sísmica de este tipo de configuraciones tridimensionales 

simples. La importancia de estos resultados radica en su potencial para capturar la física del 

fenómeno de la respuesta sísmica en baja frecuencia de configuraciones tridimensionales 

simples, motivando su afinación para ser utilizado como un estimador razonable de las 

características más importantes del movimiento del terreno en valles aluviales extendidos. 

 

 

 

 

 

 

 

 

 



 

3.3  Estimación de los efectos de sitio por topografías 3D mediante un enfoque 

rápido del IBEM con gradiente conjugado 

 

En Ortiz-Alemán et al. (1998) (Apéndice E), se hace mención de varios métodos 

desarrollados en la literatura para simular la respuesta sísmica de perfiles topográficos y 

cuencas aluviales ante la incidencia de ondas elásticas. En todos ellos el objetivo es el de 

resolver la ecuación de movimiento con diferentes grados de complejidad y realismo. 

Mencionan por su importancia los métodos de Elemento Finito (FEM), Diferencias Finitas 

(FDM), el del Número de Onda Discreto (DWNM), los métodos llamados híbridos y los 

métodos de Elementos de Frontera. El trabajo desarrollado consiste de la aplicación del 

método indirecto de elementos de frontera (IBEM) para calcular la respuesta sísmica de 

rasgos topográficos tridimensionales ante la incidencia de ondas elásticas tipo P y SV. El 

enfoque utilizado consiste en la representación integral de los campos de ondas difractadas 

usando fuentes de frontera. A este enfoque de frontera se le llama indirecto debido a que es 

necesario el cálculo de las fuerzas en las fronteras como un paso intermedio. 

La aplicación de las condiciones de frontera en este método, lleva a un sistema de 

ecuaciones integrales para las fuentes en la frontera. 

La discretización del dominio se realiza mediante una rectificación aproximada de la 

superficie mediante círculos, lo cual permite una integración numérica y analítica simple de 

la función de Green para un espacio libre elástico, isótropo y homogéneo. 

El problema así planteado presenta limitaciones serias para la frecuencia máxima de 

interés, lo anterior es debido a que el tamaño de la matriz de coeficientes crece de manera 

cuadrática con la frecuencia, de manera que para problemas de interés práctico pueden 



 

llegarse a obtener sistemas muy grandes, con las limitaciones numéricas y computacionales 

que esto representa. 

Para tratar con este problema se establecen varios criterios que aprovechan el significante 

decaimiento espacial que presentan las funciones de Green, se hace uso de la teoría de 

matrices porosas o ralas, para obtener soluciones aproximadas a bajo costo computacional. 

Los sistemas de ecuaciones arrojados por la aplicación del IBEM es de tres veces el número 

de elementos de frontera, por lo que se requiere un considerable número de operaciones 

para resolverlos, por lo que se aprovecha la porosidad de las matrices y se obtiene grandes 

ventajas al reducir el número de operaciones de punto flotante a una fracción del número de 

operaciones requerido para la solución del sistema completo original. 

El criterio aplicado se basa en Bouchon et al. (1996) quienes sugieren que la inversión de 

las matrices para los sistemas de ecuaciones puede acelerarse al remover algunos valores 

poco significantes después de aplicar un nivel mínimo. Esta es la representación numérica 

del hecho de que la función de Green en 3D presenta un significante decaimiento espacial 

proporcional a 1/r. 

En el trabajo se presentan sismogramas sintéticos para el desplazamiento en los 3 

componentes de puntos de un perfil sobre una configuración topográfica simple. Se 

presentan los resultados calculados con la solución completa del sistema de ecuaciones y 

con la aplicación de la teoría de matrices porosas. 

 

 

 

 

 



 

4. DISCUSIÓN FINAL Y APORTACIONES. 
 

El presente trabajo de investigación tiene como fundamento el contribuir con métodos y 

técnicas encaminadas a la caracterización física de propiedades elásticas, dinámicas y 

geométricas de medios estratificados en diferentes escalas, las cuales van desde las decenas 

de metros, hasta las centenas de kilómetros. En este estudio se proponen los fundamentos 

teóricos y las bases experimentales de métodos y técnicas que van desde la determinación 

de las propiedades elásticas de medios estratificados someros, con fines geotécnicos y 

como apoyo para la determinación del riesgo sísmico local, hasta una propuesta 

fundamentada para inferir la estructura geométrica y distribución de velocidades de la 

corteza y manto superior terrestres, con fines científico sismológicos. 

En la escala de las decenas de metros, se presentó una técnica original que consiste de las 

siguientes etapas: a) Fabricación de los instrumentos de medición, inclinómetros 

monolíticos de silicio, desarrollados por el Prof. Pierre A. Blum, del Instituto de Física del 

Globo de Paris; b) Diseño y ejecución de los experimentos de campo en Grenoble, Francia 

y en Texcoco, México; c) Inversión de las observaciones de campo mediante la adaptación 

de las soluciones encontradas en la literatura para los campos de desplazamiento en medios 

estratificados, en este caso, para frecuencia cero y número de onda distinto de cero, y la 

aplicación de una técnica de optimización global muy eficiente, y d) validación de los 

resultados con otras técnicas de uso común.  

Con base en lo anterior, la técnica de mediciones in situ de la inclinación inducida en el 

terreno, se presenta como un instrumento simple, confiable, de bajo costo y alta resolución 

para la caracterización de las propiedades elásticas y dinámicas de suelos estratificados 

someros.  



 

Por otro lado, con base en las bien documentadas observaciones del complejo movimiento 

que presentan algunos sitios de la Cuenca de México durante la ocurrencia de sismos 

fuertes, problema en extremo complejo que requiere entre otras cosas, de un mejor 

conocimiento de las características de generación y propagación de las distintas fases 

presentes durante la ocurrencia de movimientos fuertes, así como de una confiable 

representación de las propiedades mecánicas de los estratos arcillosos someros y de la 

estructura geológica profunda, se presenta el desarrollo del modelado numérico de 

configuraciones geológicas complejas, mediante soluciones analíticas y numéricas simples 

con las que se estiman los campos de desplazamientos en valles aluviales y rasgos 

topográficos tridimensionales del terreno.  

Esta parte del trabajo de investigación consistió en la implantación de métodos de 

simulación numérica con los que se puede modelar algunos de los aspectos de la respuesta 

sísmica de valles aluviales como el de la Ciudad de México, y de rasgos topográficos en 

3D, con el fin de mostrar al modelado numérico como una herramienta poderosa de 

predicción de la respuesta sísmica de este tipo de rasgos geológicos tridimensionales ante 

distintos escenarios sísmicos, con el fin de que puedan en un futuro ser consideradas como 

apoyo para evaluar la respuesta sísmica tridimensional del valle de México y tomar en 

cuenta los resultados en la definición de las normas de diseño estructural para la ciudad de 

México. 

En otro apartado se trata el problema de inferir la distribución vertical de velocidades de 

ondas S en la escala de la decena de kilómetros, a nivel de la corteza terrestre. El método 

propuesto considera la utilización de registros sísmicos de banda ancha para calcular 

funciones de receptor, las cuales contienen información sobre la distribución de velocidades 

bajo el receptor. Esta información es extraída mediante la utilización de un método de 



 

inversión que busca de manera óptima, un modelo de distribución de velocidades y 

espesores que produzca funciones de receptor sintéticas que mejor ajustan con las 

observadas. Aunque durante la implantación del método de inversión utilizado (Algoritmos 

genéticos) se hicieron ajustes y mejoras al método mismo, la aportación en este tema 

consiste en la demostración teórica de la obtención de funciones de receptor tanto para 

ondas P como para ondas S, así como la factibilidad de invertir de manera conjunta, las 

funciones de receptor observadas para cada tipo de onda. Esto permite restringir aun más el 

espacio de exploración de modelos posibles durante el proceso de inversión, debido a que 

los modelos analizados deben arrojar funciones de receptor sintéticas que satisfagan de 

manera conjunta ambas series de tiempo observadas. 

En la parte final del trabajo, se trata el problema de inferir información para estructuras con 

dimensiones del orden de centenas de kilómetros, a nivel de la litósfera terrestre, a partir 

del análisis de funciones de receptor producidas por eventos telesísmicos profundos. Se 

trata de construir funciones de receptor de baja frecuencia, con una duración que permita 

observar no sólo los múltiples provenientes del contacto corteza-manto, sino también 

aquellas reflexiones y transmisiones de las fases sísmicas, provenientes de contactos más 

profundos a nivel litosférico.  

La aportación en este tema consiste en la demostración de que los registros telesísmicos de 

banda ancha de eventos de gran magnitud y a grandes profundidades, son ricos en baja 

frecuencia, por lo que si son registrados con buena calidad, es posible construir las 

funciones de receptor con características tales que permitan inferir la estructura de la 

corteza y manto superior de la Tierra a partir de la inversión de las fases sísmicas 

prominentes contenidas en las funciones de receptor observadas. 

El estudio teórico experimental en su conjunto arrojó modelos de suelo somero, en los 



 

sitios de experimentación; características prominentes de la respuesta sísmica de valles 

aluviales y topografías simples en 3D; y modelos corticales y litosféricos de la distribución 

vertical de velocidades de onda y espesores bajo la parte centro sur de México, todos ellos 

validados con resultados obtenidos de estudios previos encontrados en la literatura, en los 

que se utilizaron varias técnicas de uso común. Sin embargo, la aportación final de este 

trabajo, consistió en el desarrollo, demostración y validación teórico experimental de 

métodos y técnicas originales y complementarias a las ya existentes, para caracterizar 

elástica y dinámicamente medios estratificados a distintas escalas. Se demostró la 

aplicabilidad de los métodos y técnicas aquí presentados, para ser utilizados para corroborar 

o continuar estudios previos, así como para obtener y analizar de forma masiva información 

de fuentes naturales o producida durante experimentos controlados. 
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Use of In situ measurements of ground inclination for determining 
shallow elastic parameters 

J. L. RODRiGUEZ-ZÚÑIGA,' R. GAULON,t P. A. BLUMt and 
F. J. SÁNCHEZ-SESMA '¡ 

'Ve present the applicatiun uf high-resolution 
ground inclinatíon measurernents to estimate 
sorne elastic properties in shallow stratified 
terraín. The direct problern for the solution of 
vertical and radial displacements under static 
loads is illustrated by means of the well-knm\'n 
Boussinesq problem for the elastic half-space. 
More realistic (stratified) configurations are 
taken into account by means of the stiffness 
matrix method proposed by Kauscl and Roessct. 
In order to test our procedure sorne inclination 
surveys were performed in the virgin Texcuco 
Lake zone in J\1exico City. Results are presented 
for the shear ",ave velucity and depth of the 
uppermost strata. A good fit beh\'een theoretical 
and observed inclinations was obtained. This 
leads to improved estimates of the ground 
parameters studied. Comparisons with results 
from ¡ndependent seismic wave refraction pro­
files and cone resistance values validate our 
procedure. The agreement between the results 
from measurernents of the ground surface 
inclinatíon and results from othcr cornmon, 
established techniques shows that the former 
technique provides a good estimate of ground 
elastic parameters. 

KE\'\VORDS: elasticity: in situ tcsting: stirrness. 

INTRODUCTION 
In many problems of geotcchnical and earthquake 
enginccring, it is essential to have detailed descrip­
tions of e1astic parameters and their spatial varia­
tions in surncial terrain. Among such problcms, 
the study of the seismic response of local si te 
configurations rcquircs the knowlcdge of wave 
propagation vcloeities in tile uppcr ground layers. 

Manuscript rcccivcd ?'!'!: rc"ised manuscript acccpled 11 
October 1996. 
Discussion 011 Ihis papcr c10ses 1 lune 1997; for furthcr 
dctails see p. ji. 
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Nous muntrons comment des mesures a haute 
résolution du pendage permettent d'estimer 
cert"ains parametres d'élasticité de couches 
superficielles st"ratifiées. Le problemr direct de 
la résolution des déplacements verticaux et 
radiaux sous Peffet de charges sta tiques est 
iIIustré a l'aide de la formule bien connue de 
Boussinesq pour la masse élastique semi-infinie. 
On tient compte de configurations stratifiées 
plus réalistes en utilisant la matricc de rigidité 
proposée par Kansel et Roesset (1981). Ponr 
vérifier nutre méthodoIogie, nous avons effectué 
des relevés de pendage dans la zone vierge du 
lac Texcoco a Mexico. Nous présentons les 
résultats obtenus pour la vitesse de Fonde de 
cisaillernent et la profondeur des couches super­
ficielles. Les valeurs théoriques du pendage 
concordent bien avec les valeurs obsen'ées, ce 
qui veut dire que notre méthode permet d'est­
imer avec plus de précision les parametres du 
terrain étudié. Elle est validée par des compar­
aisons avec les résultats d'études indépendantes 
de profils de réfraction des ondes sismiqut's et 
des valeurs de résistance en pointe. La con­
cordance entre les résultats des mesures du 
pendage des couches superficielles et les ré­
sultats d'autres tcchniques bien établies montn~ 
que les premie res offrent une bonne estimation 
des paramctres d'éJasticité du sol. 

In lhe last fe\v years. a wide variety of dynamic 
sources (quarry blasts. hammer blows. road traffie. 
etc.) have been applied for lhe indirect estimation 
of the dynamic ground behaviour. Physical proper­
ties such as seismic wave velocitics. eJastic eon­
stants and the depth of interface contact betwecn 
difTerent layers in stratificd soils have a significant 
influenee on somc measurable physieal phenomcna. 
such as the dispersion of surface waves, the first 
arrivals of P wavcs at an array of sensors on the 
surface in seisrnic expcriments and the ground in­
clination induced by static loads plaeed at difTerent. 
known distanees. 

Regarding lhe last issue. previous experiments 
on the use of a set of high-resolution tiltmetcrs 
for lhe analysis of struetural behaviour in SOllle 
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historie buildings and to measure the inuuced 
ground inclination have been conducted, In parti­
cular. measurements of soil inclination in the 
presencc of knO\vn stalie loads placed at knO\vn 
uistnnccs (Blum el al .. 1992; Hetuin el al.. 1989) 
llave indicated a direct relation between lhe level 
of inclination observed and lhe values of Young's 
elastic modulus E. Significant variations with depth 
of the values of this modulus have been also 
observed. These observations c1early suggest the 
possibility of obtaining information on the el as tic 
eharacteristics al depth while increasing lhe loau­
sensor distancc. Thus, it is possible to invert 
distance-inclination data to estimate a vertical pro­
file of elastic modulus. 

The aim of lhis \Vork is 10 describe lhe use of 
very precise measurerncnts of the induced ground 
inc1ination, under static loads, to obtain some 
elastic pararneters in shallow strntified terrain and 
to show the usefulness of this technique in de­
tennining the elastic characteristics of this mat­
erial. In particular, \Ve present lhe results obtained 
from a suite of profiles perfonned al the virgin 
Texcoco Lake, near Mexico City, which is fonned 
from very soft unconsolidated clay sediments, and 
compare them with results obtained from cone 
resistance values and seismic wave refraction pro­
files for the same arca. In the foIlowing, we 
present the solution of the Boussinesq problem for 
the half-space approximation. Next, the fonnalism 
proposed by Kausel & Roesset (1981) is applied to 
deal with stratified soils. FinaIly. \Ve present the 
data processing and comparisons. 

DIRECT PROBLEM 

Boussinesq sollllioll 
Let us consider a homogeneous, elastic half­

space as a first approximation to the real medium 
studied (Fig. 1 J. In this case the problem of the 
representation of the vertical displacement U: and 
the radial displaccment Ur at point q, induccd by 
the presence of a static load at the free surface, 
is given by the weIl knO\vn Boussinesq solution 
(Fung, 1965) 

Vo = _P- (2( 1 - )') + o:) 
4nllR R-

( 1 ) 

_ P (ro (1 - 2)')r) 
V -- - - '-'-:::--:-'-

,. - 4nll R R' R + = (2) 

where .u is lhe shear modulus, JI is the Poisson's 
ratio, P is lhe surface point load, R2 = r2 +,:2 and 
,.2 = X2 + y4. The corrcsponding inclination at the 
free surface of the half-space is obtained as 

In = evo I = a,. :=1) 

PO - )') 
2;rfl ,.2 

(3 ) 

... 
z 

Fig. 1. Point load P at the surface of a homogeneous 
half-space; Cartcsian and cylindrical coordinates are 
used for reference 

By using the relation 1' = E/2(1 + )'), this inclina­
tion can be written as 

(4) 

This solution is used to obtain a first approximation 
to the mean value of E. In faet, the ratio of the 
factor J' = Pln,.2 to the observed inclination 
(equation (4)), given the load and the distance of 
application from the origin, yields the value for the 
constant C = E/(I - v 2 ): 

l' = CP/nr' = C 
Jo Pln,-2 

(5) 

However, considering experimental data, this ratio 
is far from being a constant (Blum el al., 1991). 
Instead it has a clear dependence on distance. This 
suggests both the need of a more rigorous approaeh 
to deal with the direct problcm (one that can 
consider. at least, a stratified medium consisting of 
homogeneous laycrs with diffcrent properties) and 
the possibility of obtaining information on the 
variation of properties with depth by variation of 
the load-tiltmeter distance. 

In what folIows we \ViII surnmarize the formal­
ism proposed by Kausel & Rocsset (1981) for thc 
problem of static and dynamic load s treated by the 
stifTness matrix method. In our particular case, we 
necd to apply the solutions for zero frequency 
(static problem) and non-zero wavcnumbcr (local 
loading). 

Sta tic and dVllamic loads In strallfied media 
Lel us co~sider the horizontal iayered model of 

Fig. 2, subjected to vertical loads at the surface. 
Thc problem of dctennining the vertical and radial 
displacemenls at any point on the surface is solved 
by solving for the Joads in terms of their time and 
space Fourier and Hankcl transforrns respectively. 
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Half-space 

Fig. 2~. Point load P at the surface of a stratified 
medium 

which is equivalent to using the separation of 
variables method to find solutions of the elasticity 
equalions. In this way lhe field variables, which are 
functians of r, z and t, are transfonned into 
functions of k, z and w, where k and w are the 
radial and time frequencies respectively (it is usual 
to refer lo k as lhe radial wavenumber). The 
vertical dependence on :; remains in the form of 
ordinary differential operators. 

If lhe transfonned displacements and internal 
stresses al a given horizontal interface define the 
statc vector or motion-stress vector, which can be 
wriuen in cylindrical coordina tes as 

(6) 

then this vector should satisfy a first-ordcr difTer­
cntial equation in = (Aki & Richards, 1980), lt is 
possible lo show that a transfer or propagator ma­
trix (Haskell. 1953) relates state vectors al neigh­
bouring interfaces: 

(7) 

where H¡ is the transfer matrix for lhe jth ¡ayer. 
This matrix is a functian of the frequency w, the 
radial wavenumber k. lhe soil properties and the 
thickness h of the layer. 

It can be shown that lhe differential equations 
for lhe motion-stress vector in the transfer matrix 
approach, in lhe case of verticaJJy heterogeneous 
media, have exactly the same :; dependence in 
cylindrical or plane problems (Aki & Richards, 
1980), 

Stiffncss matril: approach 
According to Kausel & Roesset (1981), \Ve 

isolate a layer and preserve equilibriurn by appli-

cation of external loads 1', = S, at lhe upper 
interface and P2 = -52 at the lower interface. 
Then, fram equation (7), we have 

HI2][[¡'] 
Hn PI 

(8) 

where H mm are submatrices of the transfer matrix 
Hj. After sorne matrix algebra it is possible to 
obtain 

(9) 

or 

p= KV (10) 

where K is the stiffness matrix for the layer, P 'is 
the external load vector and [¡ is the displacement 
vector. This stiffness matrix is symmetrieal. In 
general it is of sixth order and has the same fonn 
for both Cartesian and cylindrical coordinates. 

As a eonsequence of the validity of Lamé's 
theorem (Aki & Richards, 1980) even in the 
limiting case w = 0, the scalar and vectorial wave 
equations are satisfied by potentials related to 
displacement and body force, If they are separated 
in three equivalent sea lar equations, then any 
motion can be naturally decomposed into three 
kinds of motian. Two of them are coupled and 
have lhe particle motion or polarization con­
tained in aplane; they locally define lhe radial 
and the vertical directions respectively. The other 
is not coupled and it is contained in a horizontal 
plane. These two kinds of motion and the third one 
are kinematically representative of P-SV and SH 
waves respectively. 

The P-SV waves are represented in columns/ 
rows 1,3,4 and 6 of the matrix K, and the SH waves 
in columns/rows 2 and 5. This dependence is illus­
trated in the following matrix: 

P-sv O P-SV P-SV O P-SV 
O SH O O SI-! O 

P-SV O P-SV P-SV O p-SV 
P-SV O P-SV P-SV O P-SV 

O SH O O SH O 
P-SV O P-SV p-SV O P-SV 

(11 ) 

In our particular case of a static vertical load placed 
al lhe origin (free surface of the stratified system), 
we have w = 0, k> O. In fact, while solving for the 
sta tic vertical load in tenns of the time and space 
Fourier and Hankel transfonns, lhe wavenumber k 
is lhe integration variable, which accounts for the 
spatial (radial) decomposition of the load by means 
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of the Hankel transformation, static load stands for 
no time decomposition «(1) = O). Moreover, owing to 
the axisymmctric loading, the SH (or transverse) 
components must be discardcd. Thc stiffncss matrix 
of c3ch Iayer takcs tlle form 

K =2kll[~1I 
l<.21 

( 12) 

\vhcrc 

_ ~ [( I + (l' / a 2 )SI CO - kil( I - (3' / ( 2
) 

-D (1+(J'/a2)SI'-D 

(1+(3'/a')SI2-D ] 
(1 + (3' /a')SI CO + kil( I _ (32/a') (13) 

K22 is the same as KII cxccpt that the off-diagonal 
signs are changed, 

K' _1 [k/¡{I-f32/ (2 )CO.-(l+(32/a ')SI 
p - - f:J'/ ' - D kil(1 - - w)SI 

- kil( I - (3' / a 2 )SI ] 
- kil(l - (32/(1' )CO - (l + (3' / a' )SI (14) 

K2I = KT2 (15) 

SI = sinh (kil), CO = cosh (kil), D = (1 + (3' /a')' 
SI'-(kil)'(l-fl'/a2

)', a=v'[(A+2fl)/P], (3= 
v'ell/ p) and P is lhe mass density; A and I' are 
commonly referred as the tWQ Lamé constants. 
Ncvcrtheless, in cngincering Iiteraturc, and for an 
isotropic elastic medium, the sccond Lamé constant 
,11 is hefe idcntificd as the shcar modulus (Fung, 
1965). Note than a and f3 are expressions for the 
wavc vclocities of lhe longitudinal and transverse 
components of motion respcctively in an elastic 
medium. 

The matrix for the half-space opening down­
wards is 

K = ., 1 
" 2kl' [ I 

I + {P/a' -(3-/cr 
( 16) 

The global stiffness matrix for the stratified 
syslem is constructed by overlapping the contribu­
lions of lhe layer matrices at cach interface of lhe 
systcm. The global load vector corresponds to lhe 
prescribcd external slresses at lhe interface. If 11 is 
lhe numbcr of layers, bcsides lhe half-space, lhe 
system has dimcnsions 2( 11 + 1) X 2( 11 + 1), whcre 
(11 + 1) is lhe numbcr of displacement vectors for 
which lhe syslem is solved. Al lhe lop of layer I 
the vectors have components V l

, where i = r, or 
z and / ranges from 1 lo n + 1. -fhe struct~re of lhe 
matrix, in thc case of a four-Iayer medium, is 
illustrated by equation (17), in which lhe over­
lapping elemcnts are dcpicted by solid cireles: 

o o o o 

o o o o 

o o • • o o 

o o • • o o 

o o • • o o x 
o o • • o o 

o o • • o o 

o o • • o o 

o o • • 
o o • • 

V~. 
U~ 
Ui , 
V: 
V~. 
U' 

(17) 

U;. 
U~ 
U' , 
U' 

Again, for the particular case of a vertical point 
force al lhe surface, lhe only non-zero clernent of 
the load vector is 

(18) 

On lhe olher hand, if \Ve define lhe pair of Hankel 
lransforms (Abramo\Vilz & Slegun, 1970) 

f(r) = IX kF(k)Jo(kr)dk 

" 
F(k) = Joc¡/(r)Jo(kr)dr 

" 

( 19) 

(20) 

and express lhe applied load al Z = O by means of 

0" = -- J,,(kr)kdk P lOO 
2Jf o 

(]=,. = O 

(21 ) 

(22) 

for a given k lhe field can be written in lhe form 

U, = r¡J¡(kr) 

U, = r,J,,( kr) 

o" = r,J¡(kr) 

o" = r,JIl(kr) (23 ) 

wherc 'jo, j = 1, . . " 4 are funclions of z and k. For 
j = I and 2 (i.e. for U, and U,) lhe Ui eorrespond 
lo lhe discrete vaJucs uj al the topO of layer /. 
Therefore, lhe radial and vertical displacements at 
z = O can be obtained from the expressions 

P Joo U, = +- r¡J¡(kr)kdk 
2.rr {) 

(24) 
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and 

u, = - - r,J,,( kr)k dk P IX 
2¡r () 

(25) 

At cach point r on the surface of the systcm \ve 
need to compute the integral ayer the whole range 
of wavenumbers. 

Finally, the theoretical value for the inc1ination 
at a surface subjected to a static load at a given 
distance is obtained by numerical cvaluation of the 
vertical displacemcnt derivativc with respcct to the 
r coordinatc: 

DU-I IT =---
al' ::=(J 

(26) 

At this stage, it is interesting to know the effect 
on 8u=/8r as a function of r for two simple soil 
types: (1) E = constant (Boussinesq problem) and 
(2) E = a + bz (linear variation of E with depth). 
With this goal in mind, \Ve computeLi the inc1i­
nation-distance rclationship for case (1) with E = 
15 MPa, and for case (2) assuming four conditions: 
(2a) a = 3, b = 0,3; (2b) a = 1'5, b = 0'15; (2c) 
a = 17,25, b = 0'5; and (2d) a = 723, b = -9. In 
all cases we considercd a layer with a depth of 
80 m overlying a rigid basement, and a static load 
of 13030 kg. Fig. 3(a) depicts the curves obtained. 
The continuous Une is the result for case (1), while 
the dashed Iines corrcspond to cases (2a), (2b), 
(2c) and (2d). The inset on the right exhibits the 
variation of E with depth for the cases studied. 
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The dashed Iines in the box eorrespond to the 
different Hnes used to plot the incIination -distance 
relationships. In arder to emphasize the differences 
be!ween al! the curves with distance, Fig. 3(b) 
sho\Vs the same results as fig. 3(a) on a logarith­
mie scale. 

Figure 3 clcarly illustrates how different cases 
(1) and (2) have to be to affee! the relationship 
significantly. The curves show a great variation in 
both shape and amount of inclination with dis­
tance. They are more sensitive to the uppennost 
rigidities of the layer, even for the extreme case 
of negative linear variation of E with depth. For 
increasing distances, the vertical variations of stiff­
ness change the trends of the inclination. However, 
the actual values may be below the noise level in 
experimeots. 

PRACTICAL CONSIDERATIONS 
lo arder to assess the range of validity of this 

approach in appIications it is instructive to coo­
sider the structure of the Boussinesq solution for 
tilt as a funetion of distanee (equation (4)). It is of 
the fonn 

PI 
JO=KrO (27) 

where Pis the load, K = -nEj(l - 1,0) = eonstant 
and r is the horizontal distance. Within the limits 
of elastícity, f o varies linearly with p. but the 
resolution of the instrument (in our case about 
10-7 rad), the ambient noise and the maximum tllt 
that can be recorded (about 10- 3 rad) impose limits 
on both the values of the load and the range of 
distances for which reasonabIe measurements can 
be obtained. In Fig. 4 the theoretieal tilt is plotted 
against distance for various loads (5000, 13 030, 
20000 and 25000 kg), with l' = 0-498 and K = 
20·88 MPa (E = 5 MPa, Fig. 4(a») and K = 41·76 
MPa (E = 10 MPa, Fig. 4Ib)). The limits for the 
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40 50 

lowest tilt (LT) and highest tilt (HT), as wel! as the 
variable ambient noise (N) (estimated to be around 
4 X 10-6 rad) are shown by horizontal dashed lines. 
It is c1ear that the range of use fuI distances depends 
criticalIy on the vaIue of the load and the mean 
value of E. Because the elastic constant is not 
known beforehand, an iterative approach is re­
quired. The upper limit of !he load is set by 
practical considerations, by the upper ¡imit of the 
instrumcnt aod by possible non-linear and oon­
elastie behaviour very c10se to the point load. Al! 
this suggests that particular care is required to set 
up the ranges and Iimits of the measuremeots at a 
giveo site. 

INSTRUMENT TECHNOLOGY 
The technology for compact tiltmeters is an Ori­

ginal idea of P. A. Blum of the Institut de Phys­
¡que du Globe de Paris. Fig. 5 shows a schematic 
representation of the iostrument; it consists basi­
eally of a horizontal pendulum suspended from a 
rectangular silica frame by means of two thin 
wires. The pendulum mass is a silver semicircular 
plate with a narro\V aperture. Just below the 
pendulum mass, a photosensitive cell~ fed by 
± 5 V at the edges, is plaeed. At the top of the 
rectangular frame is placed a small lamp. This 
device is mounted on a circular silica plate with a 
triangular base and protected by a traosparent 
pyrex cylinder. The dimensions of the instrument 
are shown io the figure. 

Small inclinations of thc imaginary vertical ¡ioe 
(shown dotted) in the plane of the frame (e) 
correspond to small rotations of the pendulum. 
Thus, the light beam illuminates different parts of 
the cell, giving a variable output voltage (V). By 
multiplying this by the instrument gain we obtain 
the inclination in microradians. This device is 
relatively insensitive to inclinations in the trans­
verse direction. 
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Fig.4. Theoretical titt as 3 funelion of distance for various loads (5000, 13030, 20000 and 25000 kg), ,,= 0·498 
aud la) K = 20·88 MPa (E = 5 MPa); lb) K = 41'76 MPa lE = 10 MPa); .he limi.s ror 'he lowes' (LT) aud highest 
(HT) mensurable tilt, and the variable ambient noise (N) are also shown 
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1-------80 mm ------1 

120mm 

Fig. 5. Schematic representatian of compact tiltmcter: 
a, horizontal pendulum; b. pendulum mass; e, rec­
tangular silica frarne; f1 and [2, thin silica "dres; L, 
lamp; B, circular silica plate , .. '¡th triangular base; e, 
photosensit¡\,c cel!; ~~ ""ire carrying Qutput voltage 

FIELD MEASUREMENTS OF GROUND INCLlNATION 
IN THE VIRGIN TEXCOCO LAKE ZONE 

We applied the thcory prcsentcd above to sorne 
measurements of ground inc1ination in the virgin 
Texcoco Lake zane. Fig. 6 illustrates the division 
of Mexico City into zoncs for earthquakc cngi­
neering purposcs. There are three zones: the hill 
zanc, formed by layers of lava flows; the transition 
zanc, composed of alluvial sandy and silty Jayers; 
and the lake zane, which consists of a 10- 100 m 
deposit of highly compressible, high water content 
c1ay underlain by resistant sands. Continuous lines 
indicate sorne important avenues including the 
Peñón-Texcoco road. The area enclosed by dashed 
lines (approximately 2·5 km X 4·5 km) represents 
the zone under study; it is located near Mexico 
City and is rnainly used for environmental and 
geotechnical research by the city authorities. We 
selected this sitc to perform the experirnents 
because (1) its stratigraphy is probably rcpresenta-

tive af other locations in Mexico City (sorne 
differences actually exist in the rnechanical proper­
ties of e1ay layers from various zones), and (2) it 
offers the possibility of performing the experiments 
with good control and relatively little urban noise. 
Therefore, our airn was to calibrate the technique 
with the goal of using it in other parts of the city 
to complement other geophysical and geotechnical 
measurements. Induced ground inclination mea­
suremcnts were performed along four prefiles. Two 
of them, following a direction parallel to the 
Peñón-Texcoco road (N70"E) were called LONG 1 
and LONG 2 (Fig. 7) and consisted of 25 loading 
points each. The other two profiles (TRANS 3 and 
TRANS 4) were selected following a perpendicular 
direetion (S20"W); they eonsisted of J3 and 19 
loading points, respectively. Two measurement 
stations (A and B) were plaeed near the starting 
points of the profiles. At eaeh station, three high­
resolution compact tiltmeters were instaIled. The 
instruments are able to measure the induced 
amount of ground inclination in only one direction. 
Fig. 7 also shows the names and the directions of 
sensitivity of the instruments installed on stations 
A and B. 

The sensitivity of the tiltmeters, about 10-7 rad, 
was enough to detect differences in the induced 
inclination of the ground, even when the load was 
plaeed at distanees between 30 and 35 m from the 
stations. 

The sta tic load, simulating a point load, \Vas a 
charged truck weighing 13 030 kg; 9735 kg for the 
baek axle and 3295 kg for the front axle. Fig. 7 
shows the directions in which the truck was driven 
for each profile. In order to stabilize the tiltmeters' 
response to the induced inclination, for automatic 
recording at a portable system the load \Vas placed 
at each point on the prefiles and rernained there 
for areund 90 s, a time long enough to get the 
tiltmeters to register without measurable oscilla­
tians. The reference level of the greund inclination 
was recorded at the beginning or at the end of 
each profile, in the absence of load. This value was 
used to compute the change inclination for each 
position of the load by means of the absolute 
difference between the reference level and the 
measured value for each position of the truck. 

DATA PROCESSING 
Figures 8(a), (b), (e) and (d) show the field 

measurements corresponding to prefiles LONG 1, 
LONG 2, TRANS 3 and TRANS 4 respeetively. 
Figs 8(a) and (b) display the behaviour of tili­
meters CH293 and CH294 respeetively, while Figs 
8(e) and (d) eorrespond to tilimeler CH295. The 
horizontal axis represents the time recorded con­
tinuously for cach prefiJe, and the vertical axis 
represents the amount of induced inclination. 
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Fig.6. Division of Mexico City ioto zones for earthquake enginccring purposcs: hiII zone, transition zonc 
snd lake zone; the dashed lines indicate lhe boundary of the regio n uoder study; sorne major .-oads are 
show" by continuous liDes 

Thc fir5t flat level observed in Fig. 8(a), befare 
the recording time ,= 368005, indicatcs the per­
manen! leve! of ground inclination for this profilc 
and this instrument. It \Vas recorded with the load 
placed far enough away (100 m) to avoid any 
inftucnce on the ¡nclinalion. In the rest of Fig. 8(a), 
and in the other figures, cach 'stcp' of the stair-likc 
plat represcnts the relative level of ground inclina­
tion for differcnt load positions on the profiles. 

Note that becausc of the tiItmeters' polarization, 

sorne eurve5 (namely th05e of Figs 8(a) and (d)) 
seem to show an ¡n crease of tiIt with time, that 
¡s, as the truck moves away. However, the actual 
datum is the absolute difference between the 
relative 'permanent leve!' of ground inclination 
(approximatcly 260 Ji rad in the cases ofthe records 
shown in Figs 8(a) and (d); 280 f1 rad for those of 
Figs 8(b) and (e)) and the sueeessive levels for the 
various load positions. This value is always de­
creasing with time. 
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Fig.7. Schematic representadon of the field arra)' for the induced ground inclination cxperiments in the Texcoco 
Lake zone (area indicated by dashed lines in Fig. 6); the small opeo symbols represent reference points for the 
first four stops of the truck on each profile, and the small bars represent each wheel of the truck 

In the general case, the Ioading time at each 
position was long enough to stabilize the system~ 
inc1uding the time necessary to stop the truck. 
it provides an easy-to-rcad flat leve!. However, Fig. 
8(b) does not exhibit flat steps for short distances; it 
sho\\'s that in this case the duration was insufficient. 
In spitc of this problem, the figure exhibits a 
reasonable behaviour of the inc1ination with dis­
tan ce (1/ r'). 

In order to compute the effects of the load, \vc 
assumc a homogeneous elastic half-space as a first 
approximation and apply it to sorne representative 
recorded data. Then we have to deal with the 
c1assical Boussinesq problem. We considcr a 
weighted distribution of the total load on the six 
wheels of the truck and consider them as six 
individual point loads. Thc global efTect is com­
puted taking into aceount the corrcction to the 
direction of sensitivity at cach point load (sec Fig. 
7). This involves projecting the rotation direction 
from each of the individual loads onto that of the 
tiltmeter sensitivity, and summing them to obtain 
an equivalent efTccL (In faet, this sum is onIy val id 
undcr the assumption of a homogeneous mcdium.) 
This cffect ean be treatcd as if caused by a point 
load. Aeeordingly, the analytieal solution for the 
Boussinesq problcm allows computation of the so-

called apparent distance 1'a, eorresponding to the 
distance at which a point load equal to that of the 
truck would produce an inclination equa] to that 
observed, 

(28) 

where PT is the total load of the truck, P,- is the 
load corrcsponding to lhe ¡th wheel, epi is the angle 
fonned by the sensitivity direction and the ith load 
direction and r¡ is the distance of lhe ¡th load. 
For each profiJe and each instrument, we compute 
the curve of apparent distance against observed 
inclination. Fig. 9 shows these curves for the two 
longitudinal profiles LONG I (eontinuous line) 
(tiltmetcr CH293) and LONG 2 (dotted lines) 
(tiltmeters CH293 and CH294). Fig. 10 shows, for 
the same profiles and the same instruments as in 
Fig. 9, the value of e from equation (5). This curve 
should be a straight line parallel to the horizontal 
axis for a homogcneous medium. 

So far, these comparisons have been done under 
the strong assumption of a homogeneous medium. 
This has served to iIIustrate the coherency betwcen 
difTerent profiles and different instruments. More-
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over, it is now cvident that a homogeneous medel 
cannot tit the observations and we need a more 
realistic mode!. In what follows, the stitTness 
matrix approach to find the dispIacements at the 
surface of stratitied media is applied to invert the 
collected data by a trial and error procedure. 
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Fig. 10. Apparent distance versus parameter e from 
equation (S) for the profiles LONG 1 (continuous line) 
and LONG 2 (dotted lines), using tiltmeters CH293 
aud CH294 

In order to havc an ¡nitial rnodel that alIows 
computations for the direct problern, sorne cone 
resistance values for the same zone were used. 
Resistance values as a function of depth were 
expressed in tenns of shear wave velocity as a 
function of depth" A detailed description of this 
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procedure for the special case of Mexico City clay 
can be found in Ovando & Romo (1991). The 
model obtained exhibits vatues of shear wave 
velocity ranging from 30 to 90 mis in the firsl 
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Fig. 1 J. Cone resistance values q~ from experiments 
carried out in the area indicated by dashed lines in 
Fig. 6, and depth distribution of shear wave velocit)' P 
obtained from empírical relationships for Mexico eit:y 
clay (Ovando & Romo, 1991) 

60 m of depth (Fig. 11). Therefore, we considered 
an initial madel consisting of two layers with shear 
wave velocities of 35 and 70 mis respectively. This 
procedure showed that clase a priori estimates of 
parameters for the initial model are not esscntiaJ: 
thicknesses of ¡ayers and elastic properties have 
influences on both the shape and the level of the 
obtained curves. P wave velocities were computed 
assuming a Poisson's ratio of 0·498 for the first 
layer and 0-495 for the second one (Marsal & 
Graue, 1969). Note that the P wave velocity is 
strongly sensitive to the assumed Poisson's ratio. 
We left variable the thiekness of these layers, to be 
determined after the best tit was made between 
eomputations of the direct problem and the ob­
served data. 

Figures 12-14 illuslrate the fit obtained between 
the theorctical computations and the data from 
the profiles: LONG 2, tiltmeter CH294 (Fig. 12); 
LONG 1, tiltmeter CH293 (Fig. 13); and LONG 2, 
tiltmeter CH293 (Fig. 14). In eaeh ease, the 
symbols represent observations, while the contin­
uous and dashed lines are the fit curves based on 
theoretical computations. In all cases the continuous 
line is the best fit to the data. It was obtained by 
starting with the computations for the initial model 
obtained from the cone resistance values, and 
modified to reaeh to the best fit with the data. 
The three final models matehing the data in 
Figs 12, 13 and 14 are summarized in Table 1 as 
rnodels 1, 2 and 3 respectively. In the same figures, 
the two different dashed Iines exhibit the behaviour 
of two wrong models, one of them having a 10% 
properties variation, and the other having an 80% 
properties variation, with respect to the corrcspond­
ing final models. 

These results c1early illustrate how sensitive the 
tit is to having a profile which is a little wrong, or 
very wrong. Significant 10ss of tit can be observed 
even in the fonner case. 

In arder to compare our results with those 
obtained from ¡ndependent, commonly established 
methods, we used data from several seisrnic 
refraction experiments designed to provide crucial 
infonnation to obtain the propagation character­
istics of surface waves in the same unconsolidated 
clay sediments in the Texcoco Lake region. A 
detailed description of such a set of experiments 
is reported by Ramos-Martinez el al. (1994). In 
particular, we will compare results from both the 
standard first break refraction analyses and the 
inversion of phase velocity dispersion curves. 

SHALLOW REFRACTION EXPERIMENTS 
In the tirst series of experiments we used small 

explosive charges as the source and 24 vertical 
geophones with a near-trace offset of 30 m for 
direct and reverse shots. The geophone separation 
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Fig. 13. Obscrved inclination from profilc LONG t, using tiltmetcr CH293, and thcorctically calculated 
inclination; the best fit gavc model 2 uf Table I 

\Vas 10 m (total length 240 m). In the seeond series 
of cxperiments we used a slcdgchammer as the 
source of S waves and 24 horizontal geophones 
separated 2 m from eaeh other (total len¡,'th 48 m). 
In this case, the near-trace offset was 5 m in both 
direct and reverse shots. 

Figure 15 shows typical seismograms for the 
direet shots of the first (Fig. 15(a» and the seeond 
(Fig. 15(b)) experiments. We applied standard first 
break analyses to the vertical component seismo­
grams. As an examplc, Fig. 16 shows the results 
for the direct shot of Fig. 15(a) and íts correspond­
ing reverse sho1. The P wave velocities for both 
shots are very similar, indicating that the subsoil 

layers have negligible dip. With this procedure, we 
can only estimate P wave velocities as a function 
of depth, thus the corresponding S wave velocities 
for the three inferred layers were computed 
assuming a Poisson 's ratio of 0·498 (Marsal & 
Graue, 1969). The average veloeity model obtained 
from this standard approach using several vertical­
component scismograms is shown in Table 2. 

D1SPERSION ANALYSIS 
AI-Eqabi & Herrmann (1993) and Jongmans & 

Demanet (1993) have shown the usefulness of the 
inversion of surface wavc dispersion curves lo 
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Table 1. Models obtained from the best fit between theoretical and observed inclinations (see Figs 12-14) 

H:m {J: mis a: mIs p: MPa 

18-0 35-0 525-0 1·84 
Model 1 60-0 70-0 700-0 7-35 

- 400-0 2000-0 980-0 

22·0 30-0 450-0 1-35 
Model 2 60-0 65-0 650-0 6-34 

- 400-0 2000-0 980-0 

18-0 33-0 495-0 1-64 
Model 3 60-0 70-0 700-0 7-35 

- 401J.() 2000-0 980-0 

Time: s 

(b) 

Fig. 15. Typical seismograms for dircct shot: (a) first rcfraction expcrimcnt, ycrtical-cornponent gcophoncs and P 
(cxplosive) source~ (h) second rcfraction cxperirncnt, horizontal-component geophones and S (sledgeharnrner) 
sourcc; the vertical axis corresponds to the surfacc lcngth of the prnfiles 
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Table 2. A\'crage madel obtained from standard first 
break anaIyses applied to the vertical-component 
seismograms, such as that sho"," in Fig. 15(a); fhe S 
wave vclocities were estimated assuming a Poisson '5 

ratio of 0·498 

H: m {3: mis a: mis 

17·0 38·0 600·0 
35'0 63·0 950·0 

200·0 1500·0 

determine elastic properties of subsoil. With this 
goal, the recording time of the seismograms shown 
in Fig. 15 \Vas programmed to be long enough to 
record surface waves, expccted to arrive signifi­
cantly ¡ater than direct ar refracted waves. In aIl 
cases we observed that surface waves are the 
largest amplitudes in the rccords. We computcd 
phase vclocity dispersion curves of thc surfacc 
waves by transforming the data to the ray 
paramcter-fi-cqucncy domain (p-w). Fig. 17(a) 
depicts the contours of phase vclocity for the 
Rayleigh wavcs contained in the vertical-compo­
nent seismograms of Fig. 15(a), whereas Fig. 17(b) 
exhibits the contours of phase velocity for the 
Love waves contained in the horizontal-component 
seismograms of Fig. 15(b). These observed disper­
sion curves were used as input into an inversion 
process to determine the P and S wave velocity 
distribution as a funetion of depth in the medium. 
As the computatíon of dispersion curves from a 
given earth model is a non-linear function of wave 
velocities in the mode!. the inversion was earried 
out iteratively, usíng the stochastic ¡nverse method 
described in Aki & Richards (1980). Thc initial 
modeI \Vas providcd by the first break analysis 
(Table 2). The invcrsian procedure is dcscribed 
in detail in Herrmann (1989) and AI-Eqabi & 
Herrmann (1993). The final model obtained from 

2 

2 

Rayleigh waves 

4 6 
Frequency: Hz 

(a) 

Lave waves 

4 6 
Frequency: Hz 

(b) 

B 10 

B 10 

Fig. 17. Observed contours of phase velocit)' for (a) 
Rayleigh waves, corresponding to Fig. 15(a); (b) Love 
waves, corrcsponding to Fig. 15(b); the results of 
theoretical computations fmm the final model of Table 
3 (bold symbols) are superposed 

surface wave inversian is given in Tablc 3. The 
theoretical dispersion curves for the Rayleigh and 
Lave surface waves, computed from this final 
model, are represented by bold symbols in Fig. 17. 

Table 3. Final model obtained from surface wave 
inversion of the data of Fig. 15 

H: m {3: mis u: mis 

18·0 
46·0 

35·0 
85·0 

200·0 

650'0 
850·0 

1700·0 
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DISCUSSION OF RESULTS 
A direct rclationship betwccn the elastic soil 

propcrties and the observed inclinations can be 
established from Fig. S. The ftat levels of about 
90 s duration corrcspond lo difTerent load posi­
tions; they sho\V relativc dífTercnces of lhe order of 
10 l' rad. The high sensitivity of the tiltmeters 
allo\Vs identification of such a small difTerence and 
provides a set of data containing lhe information 
we are looking foro 

The first value of the mean static Young's 
modulus, corresponding to lhe uppermost stmta, 
\Vas obtained using the Boussinesq solution. This 
value is represented in the curves for lhe e 
parameter (Fig. 10). The variation observed along 
the pro/lIes LONG I and LONG 2 seems probably 
to be duc to a change in the thiekness of the 
shallower layers. These curves and Table l c1early 
show lhe resolution in depth of the method. 
Parameter e takes values from around 4 to 
16 MPa. If we assume the reported mean value 
for the Poisson 's ratio of lhe surficiaI layers 
v = 0·498 (Marsal & Graue. 1969), then the 
Young's modulus takes values from 3 lo 12 MPa. 
On lhe other hand, the interpretation of the cone 
resistance values (Fig. 11), using the rclation 
E = 21'( I + v), Ir = pf3' and mass density p = 
1500 kgjm3, gives the estimated Young's modulus 
as 7·2 MPa and sueh a value is contained in the 
inferred data interval. 

The ¡attcr comparison can be validated by 
taking into aceount lhe faet that, in lhe former 
case, lhe estimated values of the parameter e \Vere 
obtained from the solution for a homogeneous 
half-space, whereas in the Jatter case, the shcar 
\\-'ave velocity used (40 mis) corresponds to a 
mean value for the first few metres of depth (see 
Fig. 11). Moreover. from the phase veloeity curves 
shown in Fig. 17 we can observe a general high­
frequency trend around 35 mis. This value corrc­
spands to the lowest shear wave velacity in the 
system, and matehes very well the interpretcd COIlC 

resistance values. as \Vell as lhe elastic parameters 
inferred from the inclination data. 

The good fits between the observed inclination 
and the stifTness matrix analytical solution shown 
in Figs 12, 13 and 14 were obtained from a trial­
and-error procedure. This was done scparately for 
each curve, by the correet combination of lhe 
layers' elastic properties and thicknesses in lhe 
individual models. The final models 1, 2 and 3 in 
Table 1 c1early show evidence of a first layer in 
which the shcar wave velocity localIy varies 
between 30 and 35 mis and the thiekness varies 
between 18 and 22 m. 

By comparing these uppermost layer properties 
with those obtaincd from the standard first break 
proeedure and from the invcrsion of the surfacc 
wave dispersion curves (Tables 2 and 3 respec-

tively), we can observe the usefulness of this new 
teehnique lo infer shallow stratigraphy. Moreover, 
111 order to illu5trate cIearly what has been 
achieved, Fig. 18 shows a schematic depth plot 
of stiffness from eaeh method. Thc values of shear 
wave vclocity \Vere converted lo their corrcspond­
ing Young's moduli. Thc various dashed ¡ines 
correspond lo the rcsults from comman, estab­
lished methods: first break analysis, surface wave 
inversion and cOlle resistance values; whercas the 
continuous ¡ine is the average inferred stifTness for 
eaeh layer (models 1, 2 and 3 in Table 1) obtained 
from the inclination measurements method. Thc 
dashed line corresponding to resulls from lhe cone 

o , , 
First break analysis 

Surface wave invetsion 

Cone resislance 

, -- Inclinalion measurements 
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Fig. 18. Stiffncss plotted against dcpth, by three 
common, establishcd methods; the continuous linc is 
the average inferred stiffness for each Jaycr in modcls 
t, 2, snd 3 of Table I 
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resistancc valucs is discontinuous because of the 
large fluctuations cxhibitcd by this dircct tcchnique 
in same depth intcrvals. 

Rcgarding the indination mcthod rcsults, the 
sccond layer \Vas not full)' infcrrcd from the 
inclination measurements, whcrcas the wave velo­
eities were \vcll dctermincd. Thc proposed thick­
ness (60 m) can be changed withaut significant 
1055 of tit to the observed curves in Figs 12-14; 
this is a conscquencc of the profile length, which 
\Vas not long cnough to find the depth of the clay 
sedimcnts. Thus, the thickness of the second 
infcrred layer anel propcrtics of the half-spacc 
were taken from previous works Oll the properties 
of the subsoil in Texcoco Lake, for example, Bard 
& Chávez-Gareía (1993). 

CONCLUSIONS 
A nc\\' procedllrc for obtaining sorne elastic 

properties of shallow subsoil has been prescnted. 
From in situ very precise mcasurements of lhe 
grollnd inclinations prodllceú by known loads 
placed al known dislances, it is possible to 
estimate elastic moduli which are related to the 
dynamic properties of the slIbsoil. The analysis of 
incIination profiles measllred in the virgin Texcoco 
Lake zone near Mexico eity shows the uscfulness 
of this technique for inferring shallow stratigraphy. 
Comparisons between lhe rnodels obtained from 
the fit belwccn the theorelicaI curves and lhe 
obscrved inclinations. and those inferred from lhe 
available data (conc resislancc values and disper­
sion curve analyses from wave refraction surveys) 
show an excelIent agrecment and suggest lhe great 
potential of lhe l11ethod even al sitcs where no 
previous infonnation is availabIe. The rcsolution in 
depth depcnds on the Jcngth of the rrofile. The 
Ionger the proflle. lhe deeper lhe resolutioll. 

The low noise scen in lhe analysed data indi­
cates lhe possibility of obtaining signifkam mea­
surements al cven longer distances, \\'ith greater 
loads. Our reslllts clcarly sho\\' the possibility of 
gathcring information about deep ground elastic 
propertics from well controlled expcrirnents carried 
out at the ground surface. Moreover. these first 
results suggesl the method can be used lo study 
viscoelastic soil propcrtics. The data collcctcd 
during the Tcxcoco Lakc experiment 5hould be 
anaiysed to accollnt for thc timc bchaviour of the 
ground response. 

In practice, in 51 tu measurements of ground 
inclinalion represcnt a new, easy-to-use mcthod for 
dctermining shalIow elastic paramcters. \Vell con­
troIled experiments wouId incrcasc the depth of 
pcnclration. Morcovcr, cnvirollmcntaI factors such 
as urban noisc are in gencral of high frequcncy so 
tha! they can be casily removcd by flltcrillg lhe 
signaIs. Thc IO\\' cost of instrumcnls and lhe 

reasonable accuracy they exhibit are the mam 
advantages of this approach over other common 
techniques. 

It is fram the analysis of the infonnation from 
diffcrcnt SOUfCCS of data that we can determine 
most of lhe paramctcrs involved in lhe dcscription 
of elastic and dynamic soil praperties. However, 
analysis of in situ soil inclinations provides a high­
resolution description for shallow strata. 
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NOTATlON 
e clastic constant 
E Yllung's modulus 

F(k) cllmplex function of wavenumbcr 
f( r) real fUl1cfion of distance 

N, transfer matrix for the jth layer 
h thickness of layer 

lo inc1ination at Ihe free surface of a half-space 
/-, theoretical value of inc1inalion 

Jo{:t) Bessel function nf zero order 
J ¡(.,..) Bessel function of first ordcr 

¡.; elastic constanl for a homogencous medium 
K stifTness matrix 
k wavcnumbcr 
11 numbcr of layen; 
P surface point load 
jJ external load vector 

P, load corresponding lo Ihe ¡Ih wheel of Ihe 
lruck 

P, total load of truck 
,. horizontal distancc 

r;¡ apparen! distancc 
r, distance of Ihe ilh load 
~5 stress veclor 
{t displncelllenl "eclor 
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Vi 
I 

[::::] 
ti: 

Z 

jth componenl of displacemcnl al Ihe interface 
between layers 1 - I and 1 
radial displacerncnt 
vertical displaccment 

displacement components in cylindrical coordi­
nates 

stale vector 
u P wavc vcJocity 
fJ S wave velocity 
JJ Lamé constan! (shcar modulus for un isotropic 

medium) 
l' Poisson '5 ratio 
p mass densily 

a j jlh component ar stress al Ihe interface bclwccn 
Jayers 1 - J and I 

[ ~~] slress componenlS in eylindrical coordinales 

r/J¡ angle fonned by Ihe sensitivity direclion of il1-
struments nnd Ihe ¡Ih load direction 

w frcqucncy 
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Among the class of global optimization techniques, which includes Monte Carlo 
and simulated annealing methods, the Genetic Algorithms constitute a new class 
of methods to solve highly non-linear optimization problems. The issue has 
generated considerable interest in the field of artificial intelligence, and recently, 
in some multi-parameter optimization geophysical problems. In this study, we 
explore the applicability of genetic algorithms to the inversion of high resolution 
ground inclination measurements produced by known loads placed at known 
distances. Our objective is to find a model for dynamic properties of the subsoil 
such as shear and compressional wave velocities and depth distributions of the 
uppermost strata, which are related to elastic moduli. Three parameters are needed 
for describing elastic isotropic horizontally homogeneous media: mass density p 
and Lam6 constants A and #, or mass density and P-wave and S-wave velocities. In 
general, the choice of parameters is not always a simple matter. In fact, although 
theoretically equivalent, if they are not adequately chosen, the numerical algo- 
rithms in the inversion can be inefficient. 

Ground inclination surveys were performed at the virgin Texcoco Lake, near 
Mexico City, and at the European Synchrotron radiation facility (ESRF) of 
Grenoble, France. From both sets of data we study the feasibility of applying 
genetic algorithms to rapidly and effectively explore the model space to find an 
optimal model for the shallow structure under study. Forward solution of vertical 
and radial displacements in a layered medium, under static loads, is calculated by 
means of the stiffness matrix approach (Kausel, E. & Roesett, J. M. Stiffness 
matrices for layered soil. Bulletin of the Seismological Society of America, 1981, 
71(6), 1743-1761.) Comparisons with results from common established techniques 
such as seismic wave refraction profiles, cone resistance values and inversion of 
surface wave dispersion curves were used for validation purposes. Our procedure 
represents a fast and accurate alternative method to infer the shallow elastic 
parameters in surficial soils. © 1997 Elsevier Science Limited. All rights reserved. 

Key words. genetic algorithms, elastic parameters, inversion, in situ testing 

I N T R O D U C T I O N  

A detailed description o f  elastic parameters  and their 
spatial variat ion in shallow ground  layers is essentia! for  
m a n y  problems o f  geotechnica! and ear thquake  engi- 
neering. Physical properties like seismic wave velocities, 
elastic constants  or  depth to interface contacts  o f  soil 
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layers have significant influence on some measurable 
physical phenomena,  such as dispersion o f  surface 
waves, first arrivals o f  P-waves in seismic experiments 
or  induced ground  inclination under  static loads. 

Measurements  o f  soil inclination due to the presence 
o f  static loads located at known distances have shown a 
s trong relationship between observed inclination and 
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Among the elass of global optimization techniques, which ineludes Monte Carlo 
and simulated annealing methods, the Genetic AIgorithms constitute a new elass 
of methods to solve highly non-linear optimization problems. The issue has 
generated considerable interest in the field of artificial intelligence, and recently, 
in sorne multi-parameter optimization geophysical problems. In this study, we 
explore the applicability of genetic algorithms to the inversion of high resolution 
ground inelination measurements produced by known loads placed at known 
distances. Our objective is to find a model for dynamic properties of the subsoil 
such as shear and compressional wave velocities and depth distributions of the 
uppermost strata, which are related to elastic moduli. Three parameters are needed 
for describing elastic isotropic horizontally homogeneous media: mas s density p 
and Lamé constants ),. and ¡.t, or mass density and P-wave and S-wave velocities. In 
general, the choice of parameters is not always a simple matter. In fact, although 
theoretically equivalent, if they are not adequately chosen, the numerical algo­
rithms in the inversion can be inefficient. 

Ground inelination surveys were performed at the virgin Texcoco Lake, near 
Mexico City, and at the European Synchrotron radiation facility (ESRF) of 
Grenoble, France. From both sets of data we study the feasibility of applying 
genetic algorithms to rapidly and effectively explore the model space to find an 
optimal model for the shallow structure under study. Forward solution ofvertical 
and radial displacements in a layered medium, under static loads, is calculated by 
means of the stiffness matrix approach (Kausel, E. & Roesett, J. M. Stiffness 
matrices for layered soil. Bulletin of the Seismological Society of America, 1981, 
71(6), 1743-1761.) Comparisons with results from common established techniques 
such as seismic wave refraction profiles, cone resistance values and inversion of 
surface wave dispersion curves were used for validation purposes. Our procedure 
represents a fast and accurate alternative method to infer the shallow elastic 
parameters in surficial soils. © 1997 EIsevier Science Limited. All rights reserved. 
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A detailed description of elastic parameters and their 
spatial variation in shallow ground layers is essential for 
many problems of geotechnical and earthquake engi­
neering. Physical properties like seísmíc wave velocíties, 
elastic constants or depth to interface contacts of soil 

layers have significant influence on some measurable 
physical phenomena, such as dispersion of surface 
waves, first arrivals of P-waves in seismic experiments 
or induced ground inclination under static loads. 

Measurements of soil inclination due to the presence 
of sta tic loads located at known distances have shown a 
strong relationship between observed inclination and 
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Young's elastic modulus Refs 2 & 3. Rodriguez-Z~fiiga 
et al. 4 introduced a procedure for obtaining meaningful 
information about the elastic properties distribution 
from ground inclination in situ measurements. In their 
paper, a layered model is achieved from the best fit 
between the observed distance-inclination curves and 
those obtained from theoretical computations, employ- 
ing a trial and error procedure. 

Inverse methods, based on iterative forward modeling, 
represent an alternative way in many practical situations 
for explaining observed data fairly well. An objective 
approach to solving inverse problems, given some par- 
ameter and when data error statistics are available is the 
stochastic inversion. 5 

Problems which are not too labor intensive in forward 
modeling are better achieved by using global optimiza- 
tion methods. These methods become more attractive 
than do local methods because they overcome many of 
the classical limitations. In fact, local methods often 
depend strongly on the starting model, and are prone 
to entrapment in local minima. Moreover, they need the 
calculation of derivative information that can be difficult 
and costly. 6 

Regarding global methods, both simulated annealing 
and genetic algorithms were conceived from natural 
optimization systems, simulated annealing uses an 
analogy with thermodynamics, whereas genetic algo- 
rithms have an analogy with biological evolution. 
Genetic algorithms approach introduced by Holland, 7 
Goldberg, 8 and Berg, 9 is a randomized search method 
that has been applied to nonlinear multi-parameter 
geophysical optimization problems. These algorithms 
use a transition probability rule to guide the search. 
The searching process starts from a population of 
randomly selected models and work with a binary coded 
set of model parameters transformed into a string. These 
algorithms are based on the principle of "survival of the 
fittest", in analogy with the mechanics of natural 
selection. ]0 With these procedures it is possible to explore 
a far greater range of potential solutions than do con- 
ventional methods. 

GENETIC A L G O R I T H M S  

Computers can function as complex adaptive systems. 
Either the hardware can be designed so that they do, or 
else computers with ordinary hardware can be pro- 
grammed to learn or adapt or evolve. Most of such 
designs or programs have depended on imitating a 
simplified picture of how some living complex adaptive 
systems work. 11 A typical geophysical inverse problem 
can be solved by using a combination of observations, an 
appropriate theory, and some a priori  information about 
the likely solution. 

Pioneered by John Hol l and /gene t i c  algorithms have 
been referred as an evolution from Monte Carlo methods 

for strongly non-linear geophysical optimization problems. 6 
Genetic algorithms are a powerful tool for locating an 
optimal model by rapidly exploring model space. They 
make use of a stochastic search through model space 
employing a transition probability rule to improve the 
solution. When using genetic algorithms, large and com- 
plex models are represented like binary coded strings. 
Mechanics of natural selection and genetics are applied to 
a randomly chosen population of models. Selection, 
crossover and mutation processes update the models, 
resulting in a new generation of"chromosomes" ,  emulat- 
ing the way biological systems evolve to produce more 
successful organisms. The whole process is repeated until 
the mean of the fitness function is close to the maximum 
fitness of the population, 

Like simulated annealing, genetic algorithms can be 
identified as a nonlinear multi-parameter optimization 
method. Both procedures are stochastic search techni- 
ques. Comparisons between them were made by Davis 12 
and Scales et al. j3 

In what follows, we summarize basic steps for the 
construction of our genetic algorithms-based code. 
Global ideas were taken from Holland 7't4 and Sambridge 
& Drijkoningen.~5 Some considerations were taken into 
account to our particular problem. The major procedure 
is summarized in Fig. 1. 

The optimization problem studied here is formulated 
in terms of a set of M unknowns Pi denoted by the model 
m, a forward modeling method, and an objective or 
misfit function of theoretical results and data O(m), 

I Model parameter code 

I INITIAL ENSEMBLE 
se l~on  at random Of an initiei popuiation 

o~ Qmod~ m ~ l , ~  .:Q t I 

I FORW~O.OOEUNG I 
I C0mp~ons ~f the syn~etic distan~nclination I 
| re=~n=h~P 1or mc~ ~ (m,)oft~e ¢~r*m popu!ati0n I 
I;,,, b~ means of the stiffrtese rnaUix approach I 

I EVALUATION OF THE MISFIT FUNCTION 

objeCUve function o{mki of uCh rnodel (ink) 

Zq2 
J achieved, or the maximurn~ YES 

number of generation reached, ~> I~ STOP 
or population becomes 

41, 
NO 

I : : APPLICATi~OF THE GENETIC ALGORITHMS STEPS I 

I :models to gen~e  a new population of the same size; I 

Fig. l. Basic steps for the construction of genetic algorithms 
based code. 

64

224 J. L. Rodríguez-Zúñiga et al. 

Young's e1astic modulus Refs 2 & 3. Rodríguez-Zúñiga 
et al.4 introduced a procedure for obtaining meaningful 
in forma ti o n about the e1astic properties distribution 
from ground inclination in situ measurements. In their 
paper, a layered model is achieved from the best fit 
between the observed distance-inclination curves and 
those obtained from theoretical computations, employ­
ing a tri al and error procedure. 

Inverse methods, based on iterative forward mode1ing, 
represent an aIternative way in many practical situations 
for explaining observed data fairly well. An objective 
approach to solving inverse problems, given sorne par­
ameter and when data error statistics are available is the 
stochastic inversion. 5 

Problems which are not too labor intensive in forward 
modeling are better achieved by using global optimiza­
tion methods. These methods beco me more attractive 
than do local methods because they overcome many of 
the classical limitations. In fact, local methods often 
depend strongly on the starting model, and are prone 
to entrapment in local minima. Moreover, they need the 
calculation of derivative information that can be difficult 
and costly.6 

Regarding global methods, both simulated annealing 
and gene tic algorithms were conceived from natural 
optimization systems, simulated annealing uses an 
analogy with thermodynamics, whereas genetic algo­
rithms have an analogy with biological evolution. 
Genetic algorithms approach introduced by HOlland,1 
Goldberg,8 and Berg,9 is a randomized search method 
that has been applied to nonlinear multi-parameter 
geophysical optimization problems. These algorithms 
use a transition probability rule to guide the search. 
The searching process starts from a population of 
randomly se1ected models and work with a binary coded 
set of model parameters transformed into a string. These 
algorithms are based on the principIe of "survival of the 
fittest", in analogy with the mechanics of natural 
selection. 10 With these procedures it is possible to explore 
a far greater range of potential solutions than do con­
ventional methods. 

GENETIC ALGORITHMS 

Computers can function as complex adaptive systems. 
Either the hardware can be designed so that they do, or 
e1se computers with ordinary hardware can be pro­
grammed to learn or adapt or evolve. Most of such 
designs or programs have depended on imitating a 
simplified picture of how sorne living complex adaptive 
systems work. 11 A typical geophysical inverse problem 
can be solved by using a combination of observations, an 
appropriate theory, and sorne a priori information about 
the likely solution. 

Pioneered by John Holland/ genetic algorithms have 
been referred as an evolution from Monte Carlo methods 

for strongly non-linear geophysical optirnization problems.6 

Genetic algorithms are a powerful tool for locating an 
optimal model by rapidly exploring model space. They 
make use of a stochastic search through model space 
employing a transition probability rule to improve the 
solution. When using genetic algorithms, large and com­
plex models are represented like binary coded strings. 
Mechanics ofnatural selection and genetics are applied to 
a randomly chosen population of models. Selection, 
crossover and mutation processes update the models, 
resulting in a new generation of"chromosomes", emulat­
ing the way biological systems evolve to produce more 
successful organisms. The whole process is repeated until 
the mean of the fitness function is close to the maximum 
fitness of the population. 

Like simulated annealing, gene tic algorithms can be 
identified as a nonlinear multi-parameter optimization 
method. Both procedures are stochastic search techni­
queso Comparisons between them were made by Davis 12 

and Scales el al. I3 

In what follows, we summarize basic steps for the 
construction of our gene tic algorithms-based codeo 
Global ideas were taken from Holland7

,14 and Sambridge 
& DrijkoningenY Sorne considerations were taken into 
account to our particular problem. The major procedure 
is summarized in Fig. 1. 

The optimization problem studied he re is formulated 
in terms of a set of M unknowns Pi denoted by the model 
m, a forward modeling method, and an objective or 
misfit function of theoretical results and data O(m), 

1 Modal ptlrarneter codo 1 
~ 

INITIAL ENSEMBLE 

FORWAAO MOOEllNG 
ComputatlOM 01 tho syntlletic distance-lnclinetion 

"IOIionlhlp Ior _eh modeI (mk) 011110 C\J1Tont populatlon 
bY m .. ns 01 tIle stilln ... rnatrlx approech 

EVAlUATION OF THe MISFIT FUNCTION 

VES 
.. STOP 

.. 
NO 

APPlICATION OF THE GENETIC ALGORITHMS STEPS 
op_on. 01 selectlon. eros.ovor and _\Ion lo Ih. currenl Se! 01 

modela to enerate a new ulation 01 the same size. 

Fig. 1. Basic steps for the construction of genetic algorithms 
based codeo 
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Table 1. Two-layer model for the Texcoco site 

Parameters Layers 
1 2 

P-wave velocity Min. 300 300 
a (m/s) Max 610 920 

Aa 10 30 
N. Mod 31 31 

S-wave velocity Min. 10 20 
(m/s) Max 72 113 

Aft 2 3 
N. Mod 31 31 

Thickness Min. 10 20 
h (m) Max 103 82 

Ah 3 2 
N. Mod 31 31 

Shear modulus Min. 0"50 3-00 
# (MPa) Max 2-36 9.20 

A# 0"06 0"20 
N. Mod 31 31 

For each parameter is shown the minimum, maximum and 
incremental values in the search space, as well as the number of 
possible values it can take. The model space contains 318 elements. 

that represents some estimation of  the misfit between the 
observed data set and the corresponding prediction of  
the model m, computed by the forward modeling 
method. By practical consideration or by some a priori  
information, we define a pair of  bounds a i and bi, 
respectively, that account for the minimum and maxi- 
mum possible values of  each parameter (ai <_ Pi <- bi), 
and some sampling interval di, that depends on the 
resolution we expect to have from the forward modeling. 
It means that di is as small as we need to affect in a 
sensitive way the forward modeling results, and for 
instance the objective function. Therefore, all possible 
vector models represented by the set of parameters Pi 
(components) are restricted to the values Pi =- ai + J × di, 
where j = 0 , . . . ,  Ni. 

Regarding our particular study, results from common 

established exploration methods such as seismic refrac- 
tion experiments and borehole logs, carried out in the 
Texcoco site (Mexico city) as well as in the European 
Synchrotron Radiation Facility (ESRF) of  Grenoble, 
France gave rise to some a priori  information about 
soil descriptions in both areas, where we have developed 
some inclination measurements. In order to minimize 
the total number of parameters to be searched by the 
optimization method, we kept the number of  strata 
reported by these methods. Varying thickness (h), wave 
velocity structure (~ and/7) and shear modulus (#) were 
considered for finding the best match between observed 
and synthetic distance-inclination relationships. Table 
1 and Table 2 specify the minimum, maximum, and 
incremental values of the parameters in the search 
space for both the Texcoco and the ESRF areas, 
respectively. 

Model  parameters coding 

This step consists of  choosing at random a group of  Q 
models to work with simultaneously and code each into a 
binary string. (Q models is the desired population. How- 
ever, we used two more locations in order to store and 
compare at each iteration the worst and the best model 
achieved, so that we can replace the former by the latter.) 
Each sub-string is the binary representation of the 
corresponding decimal parameter value. In such a way, 
when all the bits of any sub-string are zero, it is assumed 
to have the minimum value for that particular model 
parameter. In accordance, if the first lower order bit is 
one and all the other bits are zero, the model parameter 
value represented is the minimum one plus the specified 
resolution. If  all the bits are one, the maximum value of  
the model parameters is represented. In accordance with 
Table 1, the two-layer model for the Texcoco site admits 
31 s elements in the model space; whereas in Table 2 the 

Table 2. Eight-layer model for the ESRF site 

Parameters Layers 
1 2 3 4 5 6 7 8 

P-wave velocity Min. 1200 400 400 1450 1050 700 950 950 
a (m/s) Max 1810 1010 1010 2060 1660 1310 1560 1560 

Ac~ 10 10 10 10 10 10 10 10 
N. Mod 61 61 61 61 61 61 61 61 

S-wave velocity Min. 250 70 70 70 70 120 120 120 
/3 (m/s) Max 555 375 375 375 375 242 242 242 

A¢7 5 5 5 5 5 2 2 2 
N. Mod 61 61 61 61 61 61 61 61 

Thickness Min. 1"5 3 1-5 3 5 6 1.5 2"5 
h (m) Max 272 4'22 2"72 4.22 6.22 7'22 2-72 3"72 

Ah 0"02 0-02 0"02 0.02 0.02 0.02 0.02 0-02 
N. Mod 61 61 61 61 61 61 61 61 

Shear modulus Min. 212"00 57.00 62'00 62-00 62.00 32-00 32.00 32.00 
# (MPa) Max 303-50 105"80 110.80 110-80 110-80 80.80 80.80 80"80 

A# 1"50 0.80 0.80 0.80 0.80 0.80 0-80 0.80 
N. Mod 61 61 61 61 61 61 61 6l 

For each parameter is shown the minimum, maximum and incremental values in the search space, as well as the number of possible 
values it can take. The model space contains 6132 elements. 
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Table 1. Two-layer model for tbe Texcoco site 

Parameters Layers 
2 

P-wave velocity Min. 300 300 
o: (m/s) Max 610 920 

~Q 10 30 
N.Mod 31 31 

S-wave velocity Min. 10 20 
f3 (m/s) Max 72 113 

~f3 2 3 
N.Mod 31 31 

Thickness Min. 10 20 
h (m) Max 103 82 

~h 3 2 
N.Mod 31 31 

Shear modulus Min. 0·50 3·00 
tL (MPa) Max 2·36 9·20 

~tL 0·06 0·20 
N.Mod 31 31 

For each parameter is shown the minimum, maximum and 
incremental values in the search space, as weIl as the number of 
possible values it can take. The modeI space contains 31 8 eIements. 

that represents some estimation of the misfit between the 
observed data set and the corresponding prediction of 
the model m, computed by the forward modeling 
method. By practical consideration or by some a priori 
information, we define a pair of bounds ai and bi, 
respectively, that account for the mínimum and maxi­
mum possible values of each parameter (ai :S Pi :S bi), 
and some sampling interval di, that depends on the 
resolutíon we expect to have from the forward modeling. 
It mean s that di is as small as we need to affect ín a 
sensítive way the forward modelíng results, and for 
instance the objective function. Therefore, all possible 
vector models represented by the set of parameters Pi 
(eomponents) are restrieted to the values Pi = ai + j X di, 
wherej = O, ... , Ni' 

Regarding our particular study, results from eommon 

established exploration methods sueh as seismie refrae­
tion experiments and borehole logs, earried out in the 
Texeoeo site (Mexieo city) as well as in the European 
Synehrotron Radiation Facility (ESRF) of Grenoble, 
Franee gave rise to sorne a priori information about 
soil deseriptions in both areas, where we have developed 
some inclination measurements. In order to minimize 
the total number of parameters to be searehed by the 
optimization method, we kept the number of strata 
reported by these methods. Varying thiekness (h), wave 
veloeity structure (o: and (3) and shear modulus (J1.) were 
eonsidered for finding the best match between observed 
and synthetic distanee-inclination relationships. Table 
1 and Table 2 specify the minimum, maximum, and 
incremental values of the parameters in the seareh 
spaee for both the Texeoco and the ESRF areas, 
respecti vel y. 

Model parameters coding 

This step consists of ehoosing at random a group of Q 
models to work with simultaneously and eode each into a 
binary string. (Q models is the desired population. How­
ever, we used two more locations in order to store and 
compare at eaeh iteration the worst and the best model 
aehieved, so that we can replaee the former by the latter.) 
Each sub-string is the binary representation of the 
corresponding decimal parameter value. In such a way, 
when all the bits of any sub-string are zero, it is assumed 
to have the minimum value for that particular model 
parameter. In accordanee, if the first lower order bit is 
one and all the other bits are zero, the model parameter 
value represented is the minimum one plus the speeified 
resolution. If all the bits are one, the maximum value of 
the model parameters is represented. In aecordanee with 
Table 1, the two-layer model for the Texcoeo site admits 
31 8 elements in the model space; whereas in Table 2 the 

Table 2. Eight-Iayer model for the ESRF site 

Parameters Layers 
2 3 4 5 6 7 8 

P-wave velocity Min. 1200 400 400 1450 1050 700 950 950 
o: (m/s) Max 1810 1010 1010 2060 1660 1310 1560 1560 

~Q 10 10 10 10 10 10 10 10 
N.Mod 61 61 61 61 61 61 61 61 

S-wave velocity Min. 250 70 70 70 70 120 120 120 
f3 (m/s) Max 555 375 375 375 375 242 242 242 

~f3 5 5 5 5 5 2 2 2 
N.Mod 61 61 61 61 61 61 61 61 

Thickness Min. 1·5 3 1·5 3 5 6 1·5 2·5 
h (m) Max 272 4'22 2·72 4·22 6·22 7·22 2·72 3'72 

~h 0·02 0·02 0'02 0·02 0·02 0·02 0·02 0·02 
N.Mod 61 61 61 61 61 61 61 61 

Shear modulus Min. 212·00 57·00 62·00 62'00 62·00 32'00 32·00 32·00 
tL (MPa) Max 303·50 105'80 1l0·80 1l0'80 110·80 80·80 80·80 80·80 

~tL 1·50 0'80 0·80 0·80 0·80 0·80 0·80 0·80 
N.Mod 61 61 61 61 61 61 61 61 

For each parameter is shown the minimum, maximum and incremental values in the search space, as weIl as the number ofpossible 
va1ues it can take. The model space contains 61 32 elements. 
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MODEL PARAMETERS CODING 

Pl  P2 Pi P.-2 P.-1 P.  

I ,  ~ ,  .," . '  . I"".! I I I II I I I II I I I . I I I I i l  [ I I  I...- I If, i I I ' * * ' * ' ' ' * 0 '  ~ m 

°'% "..... ...""" .,."'" ".... ,. 

w°i?, i 
Pi = 0 0 0 0 0 Pi rain 
Pi = 0 0 0 0 1 Pi min+Z~ Pi 
Pi = 0 0 0 1 0 Pi min+2A Pi 
Pi = 0 0 0 1 1 Pi min+3A Pi 

pi = "I "I "I "I ; Pi max 

Fig. 2. A particular model string and the possible values one specific sub-string can take. 

eight-layer structure for the ESRF site considers 6132 
possible models. Figure 2 illustrates a particular model 
string and the possible values one specific sub-string 
(parameter) can take. 

Reproduction step 

From the randomly selected initial population of Q bit 
strings we evaluated their cost or misfit function O(m~), 
where k = 1 . . . .  , Q. In our particular case, the standard 
Lz-norm provides a good estimation of how well syn- 
thetic distance-inclination curves adjust observations. 
Then a parent population of Q is generated by selecting 
models according to their reproduction probability 
P~[mk]. Common forms of  P~[mk] involve the particular 
O(mk) value combined with the maximum (OMAx), 
mean (O) and standard deviation of the distribution 
of  the O(m) values in the current population. In our 
particular case, the reproduction probability takes the 
form 

Pn(mk) = PR(mK l) -t 
OMA X -- O(mK) 

Q(OMA X -- O) 
(1) 

CROSSOVER STEP 

~ r  ~nt 

1 1 1 1  1 10  1 1 11 1 0 1  ll°l I I I~ I~ I I~ I I...111°I I I°I I I I I 
: ,,..,.~ 

~ i i i ~ i ~ [ ~ ~ i  I '  ~,~ . . . . . . . . . . . . . . . . . . . . .  I ~ ~ i i ~ ,  I "  ,, ........... 

1 1 1  t 1 1 1 ~ I I°II 1133 I°I I°131 I.-.I l°l~iliiiJN~ilill 

[~i[~~~il~l. I!!H I °l I°I II 
Fig. 3. Crossover step: a point along the string is selected at 
random and the bits to the right of the selected position of the 

two coded model parameters are exchanged. 

Crossover and mutation steps 

Crossover is the fundamental mechanism of genetic 
rearrangement for both real organisms and genetic algo- 
rithms. Higher-ranking strings mate to create a new 
generation of offspring models. Two parent strings line 
up, then a random number between 0 and 1 is generated 
to determine whether the current pair are to be crossed 
over, if the value is in the interval (0, Pc), Pc being the 
probability of crossover, a point along the string is 
selected at random and the bits to the right of the 
selected position of  the two coded model parameters 
are exchanged (see Fig. 3). If  the random number is 
greater than Pc, then the two parents are not selected for 
crossover and pass through to the offspring population 
unaffected. After this step, the size of the offspring popu- 
lation remains as long as the original one. In order to 
insure a huge exploration of model space within each 
generation, a high crossover probability (about 0.9) is 
needed. The crossover probability establishes the rate of 
model parameter resampling. 

Mutation is the final process applied to the off- 
spring population of strings, it consists of modifying 
a particular bit in parity (Fig. 4). We introduced a 
mutauon probability Pm to alter a randomly selected 
bit in the model parameter code. Mutation is taken 
low but nonzero (Pro <- Ill, where l is the length of 
bits per string), it modifies a small fraction of the 
strings (typically one bit per string). This step does 
not generally advance the search for a solution. 

MUTATION STEP 

['lolllol'lolol'lllllO[~[°iol... 

l,iol,lol,lolol,l,l,lOlllOlol.., p]z]~ 
Fig. 4. Mutation step: it consists of selecting at random a 
particular bit in the model parameter code, then altering in 

parity its value. 
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MODEL PARAMETERS CODING 

P1 Pl Pi Pn·l Pn·1 Pn 

1111 1°101111011 \' b,·,t I*¡"\' 1*1"::.,:.10 1°11101111111 10 11011 lo Imk 

I··/:~~~:~· 
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Pi= o o o o o Pi min 
Pi= o o o o 1 Pi min+<l.Pi 
Pi'" o o o 1 o Pi min+2<1.Pi 
Pi= o o o 1 Pi min+Mpi 

Pi= Pi max 

Fig. 2. A particular model string and the possible values one specific sub-string can take. 

eight-layer structure for the ESRF site considers 61 32 

possible models. Figure 2 illustrates a particular model 
string and the possible values one specific sub-string 
(parameter) can take. 

Reproduction step 

From the randomly selected initial population of Q bit 
strings we evaluated their cost or misfit function O(mk), 
where k = 1, ... , Q. In our particular case, the standard 
L2-norm provides a good estimation of how well syn­
thetic distance-inclination curves adjust observations. 
Then a parent population of Q is generated by selecting 
models according to their reproduction probability 
Pr[mk]' Common forms of Pr[mk] involve the particular 
O(mk) value combined with the maximum (OMAX), 
mean (O) and standard deviation of the distribution 
of the O(m) values in the current population. In our 
particular case, the reproduction probability takes the 
form 

CROSSOVER STEP 

1I1.11111.BII· .. tli.llllfl 
+++++: 

I""I'II~~ 1~111~1Iq~1~11'!1"'!11~11~11~11 ... l""I'm-r'lllrnT,;, ;1~il,I~;;,I:;r,'~J 

1II1111.11II1~1~1··· 1\11" 1111 ~ 111111 

(1) 

Fig. 3. Crossover step: a point along the string is selected at 
random and the bits to the right of the selected position of the 

two coded model parameters are exchanged. 

Crossover and mutation steps 

Crossover is the fundamental mechanism of genetic 
rearrangement for both real organisms and genetic algo­
rithms. Higher-ranking strings mate to create a new 
generation of offspring models. Two parent strings line 
up, then a random number between ° and l is generated 
to determine whether the current pair are to be crossed 
over, if the value is in the interval (O, Pe), Pe being the 
probability of crossover, a point along the string is 
selected at random and the bits to the right of the 
selected position of the two coded model parameters 
are exchanged (see Fig. 3). If the random number is 
greater than Pe, then the two parents are not selected for 
crossover and pass through to the offspring population 
unaffected. After this step, the size of the offspring popu­
lation remains as long as the original one. In order to 
insure a huge exploration of model space within each 
generation, a high crossover probability (about 0.9) is 
needed. The crossover probability establishes the rate of 
model parameter resampling. 

Mutation is the final process applied to the off­
spring population of strings, it consists of modifying 
a particular bit in parity (Fig. 4). We introduced a 
mutation probability P m to alter a randomly selected 
bit in the model parameter codeo Mutation is taken 
low but nonzero (Pm'S 1/1, where 1 is the length of 
bits per string), it modifies a small fraction of the 
strings (typically one bit per string). This step does 
not generally advance the search for a solution. 

MUTATION STEP 

Fig. 4. Mutation step: it consists of selecting at random a 
particular bit in the model parameter code, then altering in 

parity its value. 
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Instead, it provides insurance against the development of  a 
uniform population incapable of  further evolution by 
avoiding the loss of  some potentially useful information. 

DATA A C Q U I S I T I O N  

One of the sites selected to perform inclination surveys 
is part  of  the virgin Texcoco Lake located at the north- 
eastern Mexico City. In this area surficial material consists 
of  very soft unconsolidated clay sediments from the ancient 
lake bed, similar to the subsoil of  damaged areas in down- 
town Mexico city during the 1985 earthquakes. 

A second set of  data was obtained near to the Syn- 
chrotron of  Grenoble, France. This site will be referred 
to as the ESRF site. Uppermost  strata in this area mainly 
consist of  silty, sandy gravels and clayey fine sand. 

Data  from both experiments were used to demonstrate 
the usefulness of  the inclination technique to estimate 
some elastic properties in shallow subsoils. 2'4 In this 
study we considered both sets of  data. 

Figures 5 and 6 show some representative examples of  
field measurements of  the induced ground inclination for 
the Texcoco and the ESRF sites, respectively. For  the 
Texcoco experiment, the bot tom curves in Fig. 5 are the 
time dependent inclination, they were recorded by two 

instruments (CH293 and CH294), and on two indepen- 
dent profiles (1 and 2). Each "s tep"  of  the stair-like plots 
exhibits the relative level of  ground inclination recorded 
with the static load (a charged truck of  known weight) 
placed at different known distances from the instrument 
position. Regarding the ESRF experiment, the bot tom 
curves in Fig. 6 exhibit the amount  of  ground inclination 
for one profile inside the Synchrotron. In this case, the 
curves depicted exhibit the behavior of  instruments 
(H515, H504, CH235 and CH233) when the static load 
(formed by various blocks of  concrete) is placed 5 m 
away from the instrument position. The measures were 
repeated two or three times to obtain a confident value. 

In both cases, the top curves correspond to the dis- 
tance-inclination relationships for two profiles and two 
instruments (Texcoco site); and two profiles and one 
instrument (ESRF site). They exhibit a reasonable behav- 
ior of  the inclination with distance (1/r2). Moreover, they 
illustrate the coherency between different profiles and 
different instruments. 

The top curves of  Figs 5 and 6 are representative of  the 
behavior of  both sites. They will represent the observed 
data in our inversion scheme. In fact, as the value of the 
static load and the distance of  application are known, the 
exhibited distance-inclination relationships depend only 
on the depth distribution of  elastic moduli. 
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Fig. 5. Field measurements for the Texcoco experiment. Bottom curves are the time dependent inclination for two profiles (I and 2) 
and two tiltmeters (CH293 and CH294). Top curves are the corresponding distance-inclination relationships. 
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Instead, it provides insurance against the development of a 
uniform population incapable of further evolution by 
avoiding the loss of sorne potentially useful information. 

DATA ACQUISITION 

One of the si tes selected to perform inclination surveys 
is part of the virgin Texcoco Lake located at the north­
eastern Mexico City. In tbis area surficial material consists 
ofvery soft unconsolidated clay sediments from the ancient 
lake bed, similar to the subsoil of damaged areas in down­
town Mexico city during the 1985 earthquakes. 

A second set of data was obtained near to the Syn­
chrotron of Grenoble, France. This site will be referred 
to as the ESRF site. Uppermost strata in this area mainly 
consist of silty, sandy gravels and clayey fine sand. 

Data from both experiments were used to demonstrate 
the usefulness of the inclination technique to estimate 
sorne elastic properties in shallow subsoils.2

,4 In this 
study we considered both sets of data. 

Figures 5 and 6 show sorne representative examples of 
field measurements of the induced ground inclination for 
the Texcoco and the ESRF sites, respectively. For the 
Texcoco experiment, the bottom curves in Fig. 5 are the 
time dependent inclination, they were recorded by two 

instruments (CH293 and CH294), and on two indepen­
dent profiles (l and 2). Each "step" of the stair-like plots 
exhibits the relative level of ground inclination recorded 
with the static load (a charged truck of known weight) 
placed at different known distances from the instrument 
position. Regarding the ESRF experiment, the bottom 
curves in Fig. 6 exhibit the amount of ground inclination 
for one profile inside the Synchrotron. In this case, the 
curves depicted exhibit the behavior of instruments 
(H515, H504, CH235 and CH233) when the static load 
(formed by various block s of concrete) is placed 5 m 
away from the instrument position. The measures were 
repeated two or three times to obtain a confident value. 

In both cases, the top curves correspond to the dis­
tance-inclination relationships for two pro files and two 
instruments (Texcoco site); and two profiles and one 
instrument (ESRF site). They exhibit a reasonable behav­
ior ofthe inclination with distance (1/r2). Moreover, they 
illustrate the coherency between different profiles and 
different instruments. 

The top curves ofFigs 5 and 6 are representative ofthe 
behavior of both sites. They will represent the observed 
data in our inversion scheme. In fact, as the value of the 
sta tic load and the distance of application are known, the 
exhibited distance-inclination relationships depend only 
on the depth distribution of elastic moduli. 

OBSERVED INCLlNATION FOR THE TEXCOCO EXPERIMENT 
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Fig. 6. Representative examples of the field measurements for the ESRF site. Bottom curves are the time-dependent inclination 
recorder in profile 5 with four tiltmeters and for the particular tiltmeter load distance of 5 m. Top curves are the distance-inclination 

relationships for two profiles (5 and 6). 

F O R W A R D  M O D E L I N G  

The observed data suggest the need of  a rigorous 
approach to deal with the direct problem (or forward 
modeling). It should consider, at least a stratified medium 
with homogeneous  layers of  different properties. In what 
follows we will summarize the formalism proposed by 
Kausel & Roesset I to the problem of  static and dynamic 
loads by the stiffness matrix method. In our particular 
case, we need to apply the solution for zero frequency 
(static problem) and nonzero wavenumber (local loading). 

Consider a horizontal layered medium, subjected to 
vertical loads at the surface. Determination of  vertical 
and radial displacements at any point on the surface is 
carried out by solving loads in terms of  their time and 
space Fourier and Hankel  transforms. This approach is 
equivalent to the separation o f  variables method for 
finding solutions o f  elasticity equations. 

If the transformed displacement and internal stresses 
at a given horizontal interface define the state vector or 
motion-stress vector, which can be written in cylindrical 
coordinates as, 

2 -- {u., u0,"z,".z, ~0z,"z}T = { ° } (2) 

Then this vector should satisfy a first order differential 
equation in z. 16 It is possible to show that a transfer or 
propagator matrix 17 relates state vectors at neighboring 
interfaces, 

Z j +  1 = [ - [ j g j  (3) 
where H i is the transfer matrix for the j th layer. This 
matrix is a function of  the frequency ~c, the radial 
wavenumber k, the soil properties and the thickness h 
of  the layer. 

Based on equilibrium considerations of  a single layer 
by the application o f  external loads 1 we can define 

[pP_-:] = [KI1 ~i~12] /J1 
LK21 K22J ( 0 2 ]  (4) 

or /~  = KO, where K is the stiffness matrix for the layer, 
P is the external load vector and /_? is the displacement 
vector. In general, this is a 6th order symmetrical matrix 
and has the same form for both Cartesian and cylindrical 
coordinates. 

For the particular case of  a static load located on the 
free surface o f  a layered medium, a detailed description 
on the application o f  the stiffness matrix approach 
is given in Rodriguez-Zflfiiga et  al. 4 Then for given 
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FORW ARD MODELING 

The observed data suggest the need of a rigorous 
approach to deal with the direct problem (or forward 
modeling). It should consider, at least a stratified medium 
with homogeneous layers of different properties. In what 
follows we will summarize the formalism proposed by 
Kausel & Roesset l to the problem of static and dynamic 
loads by the stiffness matrix method. In our particular 
case, we need to apply the solution for zero frequency 
(static problem) and nonzero wavenumber (localloading). 

Consider a horizontal layered medium, subjected to 
vertical loads at the surface. Determination of vertical 
and radial displacements at any point on the surface is 
carried out by solving loads in terms of their time and 
space Fourier and Hankel transforms. This approach is 
equivalent to the separation of variables method for 
finding solutions of elasticity equations. 

If the transformed displacement and internal stresses 
at a given horizontal interface define the state vector or 
motion-stress vector, which can be written in cylindrical 
coordinates as, 

(2) 

Then this vector should satisfy a first order differential 
equation in z .16 It is possible to show that a transfer or 
propagator matrix l7 relates state vectors at neighboring 
interfaces, 

Z¡+I = H¡Z¡ (3) 

where H¡ is the transfer matrix for the jth layer. This 
matrix is a function of the frequency w, the radial 
wavenumber k, the soil properties and the thickness h 
of the layer. 

Based on equilibrium considerations of a single layer 
by the application of external loads 1 we can define 

(4) 

or P = KV, where K is the stiffness matrix for the layer, 
P is the external load vector and V is the displacement 
vector. In general, this is a 6th order symmetrical matrix 
and has the same form for both Cartesian and cylindrical 
coordinates. 

For the particular case of a static load located on the 
free surface of a layered medium, a detailed description 
on the application of the stiffness matrix approach 
is given in Rodríguez-Zúñiga el al.4 Then for given 
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Table 3. Two-layer synthetic model constructed to test the feasibility of the genetic inversion 

229 

Parameters Layers Parameters Layers 
1 2 1 2 

P-wave velocity True val. 400 650 Thickness True val. 16 12 
a (m/s) Min. 200 400 h (m) Min. 10 8 

Max 600 900 Max 20 18 
Aa 10 25 Ah 1 1 
N. Mod 20 20 N. Mod 10 10 

S-wave velocity True val. 30 66 Shear modulus True val. 1'35 6.40 
/3 (m/s) Min 10 40 # (MPa) Min. 1.1 4.50 

Max 42 100 Max 2-1 7"50 
A/3 1 2 A# 0"05 0-10 
N. Mod 32 30 N. Mod 20 30 

For each parameter is shown the minimum, maximum and incremental values in the search space, as well as the 
number of possible values it can take. 

stratified media, it is possible to compute the radial U r 
and vertical Uz displacements at z = 0, as a function of  
the elastic parameters and depth distributions in the 
media. 

Finally, the theoretical value for the inclination at a 
surface subjected to a static load at a given distance, 
is obtained by numerical evaluation of the vertical 
displacement derivative with respect to the r coordinate 

IT aUz 
= Or z : 0  (5) 

The last expression constitutes the relatively fast forward 
modeling stage of  our inversion scheme. 

INVERSION OF SYNTHETIC D A T A  

In order to test the feasibility of  the genetic method 
explained above with inclination measurements, we used 
synthetic distance inclination curves obtained by the 
application of  a static load in a layered halfspace. The 

structural model we used is shown in Table 3. This is a 
two-layer model obtained from standard first break 
analyses carried out on various seismic refraction seis- 
mograms from the clay sediments of the Texcoco Lake, 
near Mexico City. A total of  eight parameters were 
selected, namey two P-wave velocities, two S-wave velo- 
cities, two shear moduli and two thicknesses. Table 3 
shows the upper and lower bounds in the search space of  
each parameter. In spite of  the theoretical equivalence 
between S-wave velocity and shear modulus at each 
homogeneous stratum, we construct the inversion 
schemata to search for both parameters, so that we 
avoid the necessity of  any a priori mass density knowl- 
edge. We constrain the model space to consider only 
models which P- and S-wave velocity ratios correspond 
to Poisson ratios (v) varying from 0.450 to 0.499, 
different values of  v will not correspond to clay sedi- 
ments. We did several inversions with different popula- 
tion sizes and different probability values for crossover 
and mutation. As a representative example, Fig. 7 shows 
the minimum misfit value as a function of generations for 
the inversion of  the synthetic curves in the case of  200 
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Fig. 7. Minimum misfit value as a function of generations for 
the inversion of the synthetic curves obtained from the theore- 
tical model in Table 3. No. of models = 200, Pc = 0"999 and 
Pm = 0" 1. In this particular example the exact optimal solution 

was reached after 50 generations. 
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Fig. 8. Synthetic distance-inclination curve obtained with the 
true model (symbols). The various continuous lines correspond 
to curves obtained from the best model at each successive 

generation in the inversion example. 
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Table 3. Two-layer syntbetic model constructed to test tbe feasibility of tbe genetic inversion 

Parameters Layers Parameters Layers 
2 2 

P-wave velocity True val. 400 650 Thickness True val. 16 12 
o: (m/s) Min. 200 400 h (m) Min. 10 8 

Max 600 900 Max 20 18 
boo: 10 25 boh 1 1 
N.Mod 20 20 N.Mod 10 10 

S-wave ve10city True val. 30 66 Shear modulus True val. 1·35 6·40 
f3 (m/s) Min 10 40 Jl (MPa) Min. 1·1 4'50 

Max 42 100 Max 2·1 7'50 
bof3 1 2 boJl 0'05 0·10 
N.Mod 32 30 N.Mod 20 30 

For each parameter is shown the minimum, maximum and incremental values in the search space, as well as the 
number of possible values it can take. 

stratified media, it is possible to compute the radial Ur 
and vertical Uz displacements at z = O, as a function of 
the elastic parameters and depth distributions in the 
media. 

Finally, the theoretical value for the inclination at a 
surface subjected to a sta tic load at a given distance, 
is obtained by numerical evaluation of the vertical 
displacement derivative with respect to the r coordinate 

Ir_
8Uz

l (5) 
- 8r z=o 

The last expression constitutes the relatively fast forward 
modeling stage of our inversion scheme. 

INVERSION OF SYNTHETIC DATA 

In order to test the feasibility of the genetic method 
explained aboye with inclination measurements, we used 
synthetic distance inclination curves obtained by the 
application of a static load in a laye red halfspace. The 
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Fig. 7. Minimum misfit value as a function of generations for 
the inversion of the synthetic curves obtained from the theore­
tical mode1 in Table 3. No. of models = 200, Pe = 0'999 and 
P m = 0·1. In this particular example the exact optimal solution 

was reached after 50 generations. 

structural model we used is shown in Table 3. This is a 
two-Iayer model obtained from standard first break 
analyses carried out on various seismic refraction seis­
mograms from the clay sediments of the Texcoco Lake, 
near Mexico City. A total of eight parameters were 
selected, namey two P-wave velocities, two S-wave velo­
cities, two shear moduli and two thicknesses. Table 3 
shows the upper and lower bounds in the search space of 
each parameter. In spite of the theoretical equivalence 
between S-wave velocity and shear modulus at each 
homogeneous stratum, we construct the inversion 
schemata to search for both parameters, so that we 
avoid the necessity of any a priori mas s density knowl­
edge. We constrain the model space to consider only 
models which P- and S-wave velocity ratios correspond 
to Poisson ratios (v) varying from 0·450 to 0·499, 
different values of v will not correspond to cIay sedi­
ments. We did several inversions with different popula­
tion sizes and different probability values for crossover 
and mutation. As a representative example, Fig. 7 shows 
the minimum misfit value as a function of generations for 
the inversion of the synthetic curves in the case of 200 
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Fig. 8. Synthetic distance-inc1ination curve obtained with the 
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to curves obtained from the best model at each successive 

generation in the inversion example. 
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models, Pc = 0.999 and Pm = 0"1. Figure 8 represents 
with symbols the synthetic curve obtained with the true 
model, while the various continuous lines correspond to 
curves obtained from the best model at each successive 
generation. In this particular example, the optimal solu- 
tion was reached after 50 generations; some other inver- 
sions took more iterations or did not reach the exact 
optimal solution, but rather a model near the optimal 
solution, this is because such a solution has a misfit very 
similar to that of  the optimal one. In any event, it is more 
effective to try several inversions and average the result- 
ing parameters rather than try to find the optimal 
combination of population size, Pc and Pro" 
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Fig. 9. Cone resistance values vs depth and the corresponding 
shear waves velocity. This test was performed on the same area 

of the Texcoco experiment. 
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Fig. 10. Typical seismograms from shallow refraction experi- 
ments carried out in the Texcoco area: (a) vertical component 
(P-wave) record; (b) horizontal component (S-wave) record. 
We applied common techniques to these data (first brake 

analyses and inversion of surface waves). 

DATA P R O C E S S I N G  A N D  RESULTS 

We applied our previously described genetic algorithms 
optimization method to the ground inclination data 
obtained from the experiments described above. Our 
aim is to find an optimal model in a multi-parameter 
space including depth distributions of  elastic moduli and 
some dynamic properties. 

In order to have an initial guess that allows modeling 
computations,  some cone resistance values from the 
Texcoco zone were used. Resistance values versus depth 
were expressed in terms of shear wave velocity versus 
depth. A detailed description of this procedure for the 
special case of  the Mexico City clay is found in Ovando & 
Romo. 2° The obtained values exhibit shear wave velocity 
ranging from 30 to 90 m/s at the first 60 m depth (Fig. 9). 
From this interpretation, we considered the horizontally 
homogeneous media described in Table 1, then model 
parameters  include P- and S-wave velocities, thickness 
and shear modulus for each layer. As in the synthetic 
examples, in the search space, each parameter  is varied 
according to a given increment, established by a desired 
resolution, within a specific range. 

Moreover,  Fig. 10 depicts typical seismograms we 
obtained from shallow refraction experiments in the 
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models, Pe = 0·999 and P m = 0·1. Figure 8 represents 
with symbols the synthetic curve obtained with the true 
model, while the various continuous hnes correspond to 
curves obtained from the best model at each successive 
generation. In this particular example, the optimal solu­
tion was reached after 50 generations; sorne other inver­
sions took more iterations or did not reach the exact 
optimal solution, but rather a model near the optimal 
solution, this is beca use such a solution has a misfit very 
similar to that of the optimal one. In any event, it is more 
effective to try several inversions and average the result­
ing parameters rather than try to find the optimal 
combination of population size, Pe and P m' 
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ments carried out in the Texcoco area: (a) vertical component 
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We applied common techniques to these data (first brake 

analyses and inversion of surface waves). 

DATA PROCESSING AND RESULTS 

We applied our previously described genetic algorithms 
optimization method to the ground inclination data 
obtained from the experiments described aboye. Our 
aim is to find an optimal model in a multi-parameter 
space including depth distributions of elastic moduh and 
sorne dynamic properties. 

In order to have an initial guess that allows modeling 
computations, sorne cone resistance values from the 
Texcoco zone were used. Resistance values versus depth 
were expressed in terms of shear wave velocity versus 
depth. A detailed description of this procedure for the 
special case ofthe Mexico City clay is found in Ovando & 
Romo.2o The obtained values exhibit shear wave velocity 
ranging from 30 to 90 mis at the first 60 m depth (Fig. 9). 
From this interpretation, we considered the horizontally 
homogeneous media described in Table 1, then model 
parameters include P- and S-wave velocities, thickness 
and shear modulus for each layer. As in the synthetic 
examples, in the search space, each parameter is varied 
according to a given increment, established by a desired 
resolution, within a specific range. 

Moreover, Fig. 10 depicts typical seismograms we 
obtained from shallow refraction experiments in the 
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Fig. 11. Contours of phase velocity obtained from the shallow 
refraction seismograms in Fig. 10: (a) vertical component 
(Rayleigh waves); (b) horizontal component (Love wave). 
Symbols are the synthetic curves obtained from the theoretical 

model produced by the inversion of the original data. 

same area (a detailed description of such a set of  experi- 
ments is reported in Ramos-Mart inez et a/.21). The 
recording time in these figures was programmed to be 
long enough to record surface waves, expected to arrive 
significantly later than direct or refracted waves. In both 
cases we observed that surface waves are the largest 
amplitudes in the records. We computed phase velocity 
dispersion curves of  surface waves by transforming the 
data to the ray parameter - f requency domain. Figure 11 a 
depicts contours of  phase velocity for the Rayleigh waves 
contained in the vertical component  seismograms of  
Fig. 10a, whereas Fig. l lb  exhibits the contours of  
phase velocity, now for the Love waves contained in 
the horizontal component  seismograms of Fig. 10b. 

From these phase velocity curves, we can observe a 
general high frequency trend around 35 m/s. This value 
corresponds to the lowest shear wave velocity in the 
system. This information was also used to propose the 
two-layer model with the given variation of  parameter  in 
Table 1. It was demonstrated 4 that close a priori  esti- 
mates of  parameters  for an initial model are not essential: 
depth of  layer and elastic properties have influence in 
both shape and level of  curves calculated by forward 
modeling. 

0 ~ i  I I I 

I i .... S ' u r f a c e  ' w a v e s  inve ' rs ' /on.  
, :: ---Cone ~'esistance 
i t - - I n ~  o f  /ncliTtations 

1o 'i 

i , 
L.__L~ .......... 

2o --", ..... i .......... 
' i 

i 

3o  

a. 
40 

I 
I 

1 50 ......... t ......................................... 
P 
I 

60 

70 ' ' J ' 
0 10 20 30 40 50 

YOUNG MODULUS E (MPa)  

Fig. 12. Results, Young's modulus vs depth, from the common 
established techniques (different dashed lines) and the actual 
genetic algorithm inversion of ground inclination (continuous 
line). This last curve corresponds to a model which represents 
the best fit between computations and observed data after 
running a fixed number of iterations or getting a prescribed 

tolerance on the error. 

Independent common established techniques applied 
to the seismograms of Fig. 10, and to the dispersion 
curves of  Fig. 11 (such as first break analyses and 
inversion of  the phase velocities) will constitute indepen- 
dent sources of  information to validate or calibrate our 
optimization procedure. Figure 12 summarizes results 
from both, these common techniques (different dashed 
lines) and the actual genetic algorithm inversion of  
ground inclination (continuous line). The curves corre- 
spond to the elastic Young's  modulus vs depth. This last 
curve corresponds to a model which represents the best 
fit between computat ions and observed data after run- 
ning a fixed number  of  iterations or getting a prescribed 
tolerance on the error. 

Regarding data for the ESRF site, estimation of  an 
initial model was obtained from in situ dynamic tests 
performed on this area in order to obtain the dynamic 
soil properties relevant to the upper formation encoun- 
tered. They consisted of  a set of  three boreholes located 
in the northwestern part  of  the ring, the measuring 
technique was the common "cross-hole test". Data  
interpretation and a design soil profile are available 
from Pecker. 22 As in the former case, they where used 
to construct the eight-layer model in Table 2 with the 
given variation of parameters.  In Table 4 we reproduce 
the design dynamic soil parameters reported by Pecker. 22 

Considering the variation of dynamic parameters with 
depth, no geological formation can be clearly distin- 
guished from one another, although the lower properties 
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Fig. 11. Contours of phase velocity obtained from the shallow 
refraction seismograms in Fig. 10: (a) vertical component 
(Rayleigh waves); (b) horizontal component (Love wave). 
Symbols are the synthetic curves obtained from the theoretical 

model produced by the inversion of the original data. 

same area (a detailed description of such a set of experi­
ments is reported in Ramos-Martínez et al. 21). The 
recording time in these figures was programmed to be 
long enough to record surface waves, expected to arrive 
significan tI y later than direct or refracted waves. In both 
cases we observed that surface waves are the largest 
amplitudes in the records. We computed phase velocity 
dispersion curves of surface waves by transforming the 
data to the ray parameter-frequency domain. Figure lla 
depicts contours ofphase velocity for the Rayleigh waves 
contained in the vertical component seismograms of 
Fig. lOa, whereas Fig. 11 b exhibits the contours of 
phase velocity, now for the Love waves contained in 
the horizontal component seismograms of Fig. IOb. 

From these phase velocity curves, we can observe a 
general high frequency trend around 35 mis. This value 
corresponds to the lowest shear wave velocity in the 
system. This information was also used to propose the 
two-Iayer model with the given variation of parameter in 
Table 1. It was demonstrated4 that cIose a priori esti­
mates ofparameters for an initial model are not essential: 
depth of layer and elastic properties have influence in 
both shape and level of curves calculated by forward 
modeling. 
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Fig. 12. Results, Young's modulus vs depth, from the common 
established techniques (different dashed lines) and the actual 
genetic algorithm inversion of ground inclination (continuous 
line). This last curve corresponds to a model which represents 
the best fit between computations and observed data after 
running a fixed number of iterations or getting a prescribed 

tolerance on the error. 

Independent common established techniques applied 
to the seismograms of Fig. 10, and to the dispersion 
curves of Fig. 11 (such as first break analyses and 
inversion ofthe phase velocities) will constitute indepen­
dent sources of information to validate or calibrate our 
optimization procedure. Figure 12 summarizes results 
from both, these common techniques (different dashed 
lines) and the actual genetic algorithm inversion of 
ground incIination (continuous line). The curves corre­
spond to the elastic Young's modulus vs depth. This last 
curve corresponds to a model which represents the best 
fit between computations and observed data after run­
ning a fixed number of iterations or getting a prescribed 
tolerance on the error. 

Regarding data for the ESRF site, estimation of an 
initial model was obtained from in situ dynamic tests 
performed on this area in order to obtain the dynamic 
soil properties relevant to the upper formation encoun­
tered. They consisted of a set of three boreholes located 
in the northwestern part of the ring, the measuring 
technique was the common "cross-hole test". Data 
interpretation and a design soil pro file are available 
from Pecker. 22 As in the former case, they where used 
to construct the eight-Iayer model in Table 2 with the 
given variation of parameters. In Table 4 we reproduce 
the design dynamic soil parameters reported by Pecker. 22 

Considering the variation of dynamic parameters with 
depth, no geological formation can be cIearly distin­
guished from one another, although the lower properties 
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Table 4. Eight-layer models obtained from common cross-hole analyses in the ESRF site 

Formation Depth Mass density a /3 E # v Damping 
(m) (kg/m 3) (m/s) (m/s) (MPa) (MPa) ratio (%) 

Backfill 0-2 1700 1500 400 795 272 0-46 
Grav. 0.45 
med. 2-6 1800 700 220 252 87 
sand 
Silty sandy 6-8 1900 700 220 266 92 0.45 5 
gravels 8-12 1900 1750 220 274 92 0.49 5 
Silty sandy 12-18 1900 1350 220 273 92 0.49 5 
gravels 18-25 1900 1000 180 183 62 0-48 
Sand & cobbles 25 27 1900 1250 180 183 62 0.49 
Clayey fine sand 27-30 1800 1250 180 174 58 0.49 
Reproduced from Pecker. 22 

can be related to the expected presence of higher clay 
content. 

Figure 13 shows the soil structures for the ESRF site, 
(a) reported by Pecker 22 and (b) obtained from the 
genetic algorithm inversion of the ground inclination 
data from profiles 5 and 6. This last model was obtained 
from the best fit between computat ions and observed 
data after running a fixed number  of  iterations or getting 
a prescribed tolerance on the error. Although not illus- 
trated in this figure, the obtained model includes a thin 
(0.18 m) rigid concrete plate on which the experiments 
were done. 

Figure 14 indicates with symbols the observed 
distance-inclination data from profiles 5 and 6, whereas 
lines are the synthetic distance-inclination curves com- 
puted by applying the stiffness matrix approach to two 
models produced by the genetic algorithm inversion. 
Continuous line corresponds to the model depicted in 

Fig. 13b, which includes the influence of the rigid thin 
plate of  concrete. The dashed curve was computed from 
the best model produced by the inversion scheme ignor- 
ing the presence of the concrete plate. 

It was demonstrated 4 that the inclination-distance 
curves are very sensitive to the uppermost  rigidities of  
the media, exhibiting great variations in both shape and 
amount  of  inclination with distance. 

D I S C U S S I O N  AND C O N C L U S I O N S  

Stochastic inversion using genetic algorithms was applied 
to data from very precise in situ measurements of  ground 
inclination, produced by known loads placed at known 
distances. With this novel approach it was possible to 
estimate elastic moduli, which are related to the subsoil's 
dynamic properties. 

0 

- 5  

- 1 0  

- ' i 5  

r~ 

- 2 0  

- 2 5  

- 3 0  

GENETIC ALGORITHM INVERSION AT GRENOBLE SYNCHROTRON SITE 

b 

a-fSO0 re~s, B-400 ~b/s. 1~-27200 Lo,n/m: 

a=?O0 m/s, ~=220 m/s. 1~=8700 |or~/m ~ 
-5 

a - T 0 0  w~/s, p=220 m~s. i~=9200 toe~/m E 

a:1750 ~/s,  ~=220 Tn~/~, p'9200 to~ .z  z -10 

a=1350 m~s. ~=220 m~=. p=e200 to1~/m: ~ -15 

~q 

-20 
a=tO00 m/s, #=t80 m/s, #=6200 ¢~z/m x 

-25 
a:1250 ~ s .  p=fSO ~/s,  I~=g200 to~ .z  I 

a-1250 wIV/S, e1-180 reds. p,-5800 ¢ ~ m  a 

-30 
I I I I I I 

0 2 4 6 8 10 
SOIL STRUCTURE MODEL PROM PECKER 

a-1370 v~/s, B-385 m/s, #-22700 L~V'~¢ T 

a=430 m/s, ~=295 m/s, p=8980 tm~ctm z 

a=680 m/s, IJ=335 m/s, 1~=8f20 t~a/m z 

=: f?90 m/s,  II-BO m/s. 1~='/400 to'him z 

a=t290 rials, p=260 m/s, 1~=67'60 to~t/'m: 

a=?30 ~%/s, p=196 ~ s ,  t1.=4400 t o t ~ t  z 

a=f540 rrV's, p:190 "m~s. lz=5360 t o ~ m  x 

al:1190 wV's. ~$-208 rn~s. p-6320 t ~ v ~  n 

, , i i i rio 
0 2 4 6 8 

SOIL STRUCTURE MODEL FROM INVERSION OF PROFILES 5 AND 6 

22 Fig. 13. Soil structures for the ESRF site, (a) reported by Pecker and (b) obtained from the genetic algorithm inversion of the ground 
inclination data from profiles 5 and 6. This last model was obtained from the best fit between computations and observed data after 

running a fixed number of iterations or getting a prescribed tolerance on the error. 
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Table 4. Eight-Iayer models obtained from common cross-hole analyses in tbe ESRF site 

Formation Depth Mass density CIó 

(m) (kg/m3
) (m/s) 

Backfill 0-2 1700 1500 
Grav. 
medo 2-6 1800 700 
sand 
Silty sandy 6-8 1900 700 
gravels 8-12 1900 1750 
Silty sandy 12-18 1900 1350 
gravels 18-25 1900 1000 
Sand & cobbles 25-27 1900 1250 
Clayey fine sand 27-30 1800 1250 

Reproduced from Pecker.22 

can be related to the expected presence of higher clay 
content. 

Figure 13 shows the soil structures for the ESRF site, 
(a) reported by Pecker22 and (b) obtained from the 
genetic algorithm inversion of the ground inclination 
data from profiles 5 and 6. This last model was obtained 
from the best fit between computations and observed 
data after running a fixed number of iterations or getting 
a prescribed tolerance on the error. Although not illus­
trated in this figure, the obtained model includes a thin 
(0'18 m) rigid concrete plate on which the experiments 
were done. 

Figure 14 indicates with symbols the observed 
distance-inclination data from profiles 5 and 6, whereas 
lines are the synthetic distance-inclination curves com­
puted by applying the stiffness matrix approach to two 
models produced by the genetic algorithm inversion. 
Continuous line corresponds to the model depicted in 
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Fig. 13b, which includes the influence of the rigid thin 
plate of concrete. The dashed curve was computed from 
the best model produced by the inversion scheme ignor­
ing the presence of the concrete plateo 

lt was demonstrated4 that the inclination-distance 
curves are very sensitive to the uppermost rigidities of 
the media, exhibiting great variations in both shape and 
amount of inclination with distance. 

DISCUSSION AND CONCLUSIONS 

Stochastic inversion using genetic algorithms was applied 
to data from very precise in situ measurements of ground 
inclination, produced by known loads placed at known 
distances. With this novel approach it was possible to 
estimate elastic moduli, which are related to the subsoil's 
dynamic properties. 
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Fig. 13. Soil structures for the ESRF site, (a) reported by Pecker22 and (b) obtained from the genetic algorithm inversion ofthe ground 
inc1ination data from profiles 5 and 6. This last model was obtained from the best fit between computations and observed data after 

running a fixed number of iterations or getting a prescribed tolerance on the error. 
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Fig. 14. Distance-inclination data from profiles 5 and 6 
(symbols), and synthetic distance-inclination curves computed 
by applying the stiffness matrix approach to two models 
produced by the genetic algorithm inversion. Continuous line 
corresponds to the model depicted in Fig. 13b, which includes 
the influence of the rigid thin plate of concrete. Dashed curve 
was computed from the best model produced by the inversion 

scheme ignoring the presence of the concrete plate. 

Model parameters in our inversion scheme include P- 
and S-wave velocities, thicknesses and shear moduli 
considering a multi-layered media. Forward modeling 
was computed by means of the stiffness matrix approach 
described in Kausel & Roesset, 1 for the particular case 
of zero frequency (static problem) and nonzero wave- 
number (local loading). The global stiffness matrix for 
the layered media has a banded structure, which must be 
solved for each model of the target populaton, and for 
the whole iterations. This operation was greatly 
improved by taking advantage of the sparcity, we used 
a conjugate gradient based approach for fast sparse 
matrix computations. 

Regarding results from the Texcoco, Mexico and the 
ESRF, France experiments, we can establish the high 
accuracy obtained by our inversion schemata. Compar- 
isons with results from common established techniques, 
applied to both sites, validate our procedure. 

Profiles of Young's modulus vs depth in Fig. 12 exhibit 
very similar values for the first layer (around 5 Mpa), 
between the common established techniques and our 
inversion of ground inclinations. Moreover, depth of 
this layer is well constrained (around 20m) by all 
methods. Rigidities for the second layer present more 
scattered values, although the value for the inversion of 
ground inclinations is roughly the average trend. 

At the ESRF site, the soil structure model obtained 
from inversion of profiles 5 and 6 is very similar to that 
inferred by Pecker e2 by using the common cross-hole 
method (Fig. 13a and b, respectively). Figure 14 evinces 
how sensitive is the inclincation response of the soil to 
the uppermost rigidities. In fact, the inclusion of the thin 
concrete plate (on which the experiment was performed) 
in the computations greatly improves our results. 

Results from the combination of a novel approach 
that uses ground inclination data, and the recently 
developed genetic algorithms, are encouraging. This 
combination represents a new low-cost and easy-to-use 

procedure for determining shallow elastic parameters. 
Environmental undesirable factors such as the urban 
noise can be easily removed by high frequency filtering 
of the recorded signal. 

Regarding the inversion procedure, the required diver- 
sity in the genetic algorithm process is guaranteed by a 
large target population of models and a small probability 
of mutation, which avoid the loss of some potentially 
useful information and the existence of a homogeneous 
population, incapable of further evolution. The major 
advantage in genetic algorithms lies in their ability to 
generate near optimal solutions rapidly. 

Nevertheless, some common problems when using 
genetic algorithms pointed out by GaUagher et al., 6 
namely premature convergence and lost of the driving 
force in the inversion process, occurred when no model 
in the population is particularly good to any other 
model. 

Regarding the last note of caution, special care should 
be taken when defining parameters such as the popula- 
tion size (Q), and probabilities of cross-over (Pc) and 
mutations (Pro). This fine tuning is still a rather ad hoc 
process. 

Despite these warnings, the genetic algorithm global 
optimization technique is a very useful tool that is finding 
many applications, not only in various non-linear geo- 
physical fields, but also in geotechnical and earthquake 
engineering problems. 
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Fig. 14. Distance-inelination data from profiles 5 and 6 
(symbols), and synthetic distance-inelination curves computed 
by applying the stiffness matrix approach to two models 
produced by the genetic algorithm inversion. Continuous line 
corresponds to the model depicted in Fig. 13b, which ineludes 
the infiuence of the rigid thin plate of concrete. Dashed curve 
was computed from the best model produced by the inversion 

scheme ignoring the presence of the concrete plate. 

Model parameters in our inversion scheme inelude P­
and S-wave velocities, thicknesses and shear moduli 
considering a multi-layered media. Forward modeling 
was computed by means of the stiffness matrix approach 
described in Kausel & Roesset, I for the particular case 
of zero frequency (static problem) and nonzero wave­
number (local loading). The global stiffness matrix for 
the layered media has a banded structure, which must be 
solved for each model of the target populaton, and for 
the whole iterations. This operation was greatIy 
improved by taking advantage of the sparcity, we used 
a conjugate gradient based approach for fast sparse 
matrix computations. 

Regarding results from the Texcoco, Mexico and the 
ESRF, France experiments, we can establish the high 
accuracy obtained by our inversion schemata. Compar­
isons with results from common established techniques, 
applied to both sites, valida te our procedure. 

Profiles ofYoung's modulus vs depth in Fig. 12 exhibit 
very similar values for the first layer (around 5 Mpa), 
between the common established techniques and our 
inversion of ground inelinations. Moreover, depth of 
this layer is well constrained (around 20m) by all 
methods. Rigidities for the second layer present more 
scattered values, although the value for the inversion of 
ground inelinations is roughly the average trend. 

At the ESRF site, the soil structure model obtained 
from inversion of profiles 5 and 6 is very similar to that 
inferred by Pecker22 by using the common cross-hole 
method (Fig. 13a and b, respectively). Figure 14 evinces 
how sensitive is the inelincation response of the soil to 
the uppermost rigidities. In fact, the inelusion of the thin 
concrete plate (on which the experiment was performed) 
in the computations greatIy improves our results. 

Results from the combination of a novel approach 
that uses ground inelination data, and the recentIy 
developed gene tic algorithms, are encouraging. This 
combination represents a new low-cost and easy-to-use 

procedure for determining shallow e1astic parameters. 
Environmental undesirable factors such as the urban 
noise can be easily removed by high frequency filtering 
of the recorded signal. 

Regarding the inversion procedure, the required diver­
sity in the genetic algorithm process is guaranteed by a 
large target population of mode1s and a small probability 
of mutation, which avoid the loss of sorne potentially 
useful information and the existence of a homogeneous 
population, incapable of further evolution. The major 
advantage in genetic algorithms lies in their ability to 
generate near optimal solutions rapidly. 

Nevertheless, sorne common problems when using 
genetic algorithms pointed out by Gallagher et al.,6 
namely premature convergence and lost of the driving 
force in the inversion process, occurred when no model 
in the population is particularIy good to any other 
model. 

Regarding the last note of caution, special care should 
be taken when defining parameters such as the popula­
tion size (Q), and probabilities of cross-over (Pe) and 
mutations (Pm)' This fine tuning is still a rather ad hoc 
process. 

Despite these warning s, the genetic algorithm global 
optimization technique is a very useful tool that is finding 
many applications, not only in various non-linear geo­
physical fields, but also in geotechnical and earthquake 
engineering problems. 
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A P P E N D I X  - -  S P A R S E  M A T R I X  

C O M P U T A T I O N S  

Sparse matrix techniques have become increasingly 
popular. This section includes a brief explanation on 

the implementation of a conjugate gradient based approach 
for fast sparse matrix computations.  

Linear systems derived from the application of the 
stiffness matrix approach have the form described in eqn 
(9), where this global stiffness matrix is a banded matrix 
we will call A. Different kinds of  efficient solvers for 
banded matrices are available, including both direct and 
indirect methods. 

At each genetic algorithms iteration, forward pro- 
blems must be solved a number of  times dependent on 
the dimension of the considered population. The size of  
matrix A is not a practical limitation. However, the 
considerable amount  of  forward problem calculations 
suggests the possibility of  getting a significant benefit 
from the exploitation of sparsity. Significant computa-  
tional savings were reached by reducing floating point 
operations up to a small fraction of  those originally 
required for the full system solution. 

Evolution mechanisms usually give rise to slow varia- 
tions on parameters from successive model generations. 
This last fact enhances the attractiveness of  an indirect 
solution method which can take the final solution from a 
previously calculated model as an initial guess for solving 
the next system of equations. 

Let us consider the linear system 

A x  = b 

and define an objective function of the form 

1 IA " x  - bl 2 f ( x )  - 

In order to minimize this function, the conjugate gradi- 
ent approach requires two subsidiary calculations: 

(1) Computa t ion  of the gradient 

V f ( x )  = A T. ( a . x -  b) 

(2) find the value of A which minimizes f ( x  + Au) for 
specified x and u, that is 

A - - u .  V f  
IA " ul z 

Only two kinds of  reference to matrix A are made by steps 
(1) and (2). In our case, they involve matrix multiplica- 
tions by a sparse vector requiring a number of  operations 
less or, at most, equal to the number of  nonzero elements 
in A. 

Additional computat ional  savings came from fast 
convergence rates as a result of  starting each iterative 
process taking the last final solution as an initial vector. 
Another  advantage is that systems considered in this 
paper are usually well conditioned. 
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APPENDIX - SPARSE MATRIX 
COMPUTATIONS 

Sparse matrix techniques have become increasingly 
popular. This section includes a brief explanation on 

the implementation of a conjugate gradient based approach 
for fast sparse matrix computations. 

Linear systems derived from the application of the 
stiffness matrix approach have the form described in eqn 
(9), where this global stiffness matrix is a banded matrix 
we will call A. Different kinds of efficient solvers for 
banded matrices are available, including both direct and 
indirect methods. 

At each genetic algorithms iteration, forward pro­
blems must be sol ved a number of times dependent on 
the dimension of the considered population. The size of 
matrix A is not a practical limitation. However, the 
considerable amount of forward problem calculations 
suggests the possibility of getting a significant benefit 
from the exploitation of sparsity. Significant computa­
tional savings were reached by reducing floating point 
operations up to a small fraction of those originally 
required for the full system solution. 

Evolution mechanisms usually give rise to slow varia­
tions on parameters from successive model generations. 
This last fact enhances the attractiveness of an indirect 
solution method which can take the final solution from a 
previously calculated model as an initial guess for solving 
the next system of equations. 

Let us consider the linear system 

Ax=b 

and define an objective function of the form 

In order to minimize this function, the conjugate gradi­
ent approach requires two subsidiary calculations: 

(1) Computation of the gradient 

'9f(x) =AT.(A·x-b) 

(2) find the value of A which minimizesf(x + AU) for 
specified x and u, that is 

A = _-_u_o '9_'1,,­
lA. ul 2 

Only two kinds of reference to matrix A are made by steps 
(1) and (2). In our case, they involve matrix multiplica­
tions by a sparse vector requiring a number of operations 
less or, at most, equal to the number of nonzero elements 
in A. 

Additional computational savings carne from fast 
convergence rates as a result of starting each iterative 
process taking the last final solution as an initial vector. 
Another advantage is that systems considered in this 
paper are usually well conditioned. 
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RESUMEN 

Se presenta un estudio de dispersion de ondas superficiales contenidas en registros de refraccion sismi­
ca Jlevados a cabo en zona de lago de la cuenca de Mexico. Se establecen modelos de velocidad del subsuelo 
somero mediante la inversion de las curvas de velocidad de fase correspondientes a ondas de Rayleigh. Para 
darvalidez a nuestros resultados se presentan comparaciones con aqueJlos obtenidos mediante mediciones 
directas de resistencia de pur.ta de co no electrico. 

Se calculan algunos parametros que representan la atenuacion sismica espacial de las ondas superficia­
les. Mediante el modelado directo, tomando como modelo teorico de distribucion de velocidades el obtenido 
con la inversion, se determinan las velocidades de grupo y la atenuacion correspondientes a ese modelo. Los 
parametros independientes en este calculo son los factores de atenuacion para las ondas P y S. Mediante un 
procedimiento de ensayo y error; estos parametros se lIevan a valores tales que permitan el mejor ajuste 
entre los facto res de atenuacion observados en las ondas superficiales de los registros y los arrojados por el 
modelo teo rico. 

INTRODUCCION 

En varios problemas de Geotecnia e Ingenieria Sismica, 
es importante contar con descripciones detalladas de [os 
par<\metros e[asticos del terreno y de su variacion en las 
formaciones de [os sue[os. Entre estos problemas, e[ estu­
dio de [a reE;Juesta sismica en configuraciones geo[ogicas 
loca[es requiere del conocimiento de [as ve[ocidades de 
propagacion de las ondas sismicas en [os distintos estratos 
del terreno. 

Se ha observado que a[gunas propiedades fisicas como 
[a ve[ocidad de propagacion de [as ondas sismicas, [as 
constantes e[asticas y e[ espesor de [os distintos estratos, 
inf[uyen de manera significante en [a aparicion de algunos 
fenomenos fisicos observab[es 0 medib[es, como [a disper­
sion ,de [as ondas superficia[es, [os retrasos en [as [[ega­
das del primer arribo de ondas P a un arreg[o de detectores 
en experimentos contro[ados, 0 [a inc[inacion inducida en 
e[ terreno por [a presencia de cargas estaticas (Rodriguez­
Zuiiiga et aI., 1994). 

Con base en esto, estudios previos (Jongmans y 
Demanet, 1993; A[-Eqabi y Herrmman, 1993; Jongmans y 
Campillo, 1993), han demostrado que, a partir de [os 
registros de refraccion sismica, es posib[e lIevar e[ analisis 
mas alia de [as interpretaciones convenciona[es de primeros 
arribos. En efecto, [a inversion de [as ondas superficia[es 

contenidas en [os registros, se ha presentado como una 
tecnica poderosa en [as descripciones de [as propiedades 
mecanicas del medio en e[ que se generan. Su importancia 
radica en que [as re[aciones de [as ve[ocidades de fase y 
grupo de sus modos de propagacion con [a frecuencia, 
dependen fuertemente de [a distribucion de velocidades 
en e[ medio. No obstante, se requiere de especial cuidado 
en [a etapa de generacion y registro de estas ondas y de 
tecnicas avanzadas de procesamiento e interpretacion de 
[a informacion (Gabrie[s et aI., 1987). En exp[oracion 
sismica, se han desarrollado diferentes tecnicas de filtrado 
que permiten identificar [a dispersion de las ondas super­
ficiales contenidas en los registros de refraccion. Entre elias 
la transformada (p-W) parametro de rayo-frecuencia; la 

doble transformada de Fourier if-k) , en la cual los datos 
definidos en los dominios tiempo-espacio, son represen­
tados en los dominios frecuencia-numero de onda, 
respectivamente, y e[ filtrado gaussiano pasabanda, que 
permite e[ ca[cu[o y apilamiento de [as envolventes de [as 
funciones fi[tradas, para corre[acionar [os maximos con [as 
lIegadas de [as ve[ocidades de grupo. Estas envo[ventes, 
son usadas tambien para hacer analisis de regresion de [a 
amp[itud [ogaritmica contra [a distancia, y con esto, estimar 
va[ores del coeficiente de atenuacion ane[astica y. 

Con base en [0 anterior, se realizaron series de experi­
mentos que comprendieron tiros de refraccion sismica 
teniendo especial cuidado en [a generacion y registro de 
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RESUMEN 

Se presenta un estudio de dispersión de ondas superficiales contenidas en registros de refracción sismi­
ca llevados a cabo en zona de lago de la cuenca de México. Se establecen modelos de velocidad del subsuelo 
somero mediante la inversión de las curvas de velocidad de fase correspondientes a ondas de Rayleigh. Para 
dar validez a nuestros resultados se presentan comparaciones con aquellos obtenidos mediante mediciones 
directas de resistencia de pur.ta de cono eléctrico. 

Se calculan algunos parámetros que representan la atenuación sismica espacial de las ondas superficia­
les. Mediante el modelado directo, tomando como modelo teórico de distribución de velocidades el obtenido 
con la inversión, se determinan las velocidades de grupo y la atenuación correspondientes a ese modelo. Los 
parámetros independientes en este cálculo son los factores de atenuación para las ondas P y S. Mediante un 
procedimiento de ensayo y error; estos parámetros se llevan a valores tales que permitan el mejor ajuste 
entre los factores de atenuación observados en las ondas superficiales de los registros y los arrojados por el 
modelo teórico. 

INTRODUCCION 

En varios problemas de Geotécnia e Ingeniería Sísmica, 
es importante contar con descripciones detalladas de [os 
parámetros elásticos del terreno y de su variación en las 
formaciones de [os suelos. Entre estos problemas, e[ estu­
dio de [a reE;:lUesta sísmica en configuraciones geológicas 
loca[es requiere del conocimiento de [as velocidades de 
propagación de las ondas sísmicas en [os distintos estratos 
del terreno. 

Se ha observado que algunas propiedades físicas como 
[a velocidad de propagación de [as ondas sísmicas, [as 
constantes elásticas y e[ espesor de [os distintos estratos, 
influyen de manera significante en [a aparición de algunos 
fenómenos físicos observables o medib[es, como [a disper­
sión ,de [as ondas superficiales, [os retrasos en [as [[ega­
das del primer arribo de ondas P a un arreglo de detectores 
en experimentos controlados, o [a inclinación inducida en 
e[ terreno por [a presencia de cargas estáticas (Rodríguez­
Zúñiga et al., 1994). 

Con base en ésto, estudios previos (Jongmans y 
Demanet, 1993; A[-Eqabi y Herrmman, 1993; Jongmans y 
Campillo, 1993), han demostrado que, a partir de [os 
registros de refracción sísmica, es posible llevar e[ análisis 
más allá de [as interpretaciones convencionales de primeros 
arribos. En efecto, [a inversión de [as ondas superficiales 

contenidas en [os registros, se ha presentado como una 
técnica poderosa en [as descripciones de [as propiedades 
mecánicas del medio en e[ que se generan. Su importancia 
radica en que [as relaciones de [as velocidades de fase y 
grupo de sus modos de propagación con [a frecuencia, 
dependen fuertemente de [a distribución de velocidades 
en e[ medio. No obstante, se requiere de especial cuidado 
en [a etapa de generación y registro de estas ondas y de 
técnicas avanzadas de procesamiento e interpretación de 
[a información (Gabrie[s et al., 1987). En exploración 
sísmica, se han desarrollado diferentes técnicas de filtrado 
que permiten identificar [a dispersión de las ondas super­
ficiales contenidas en los registros de refracción. Entre ellas 
la transformada (p-OJ) parámetro de rayo-frecuencia; la 
doble transformada de Fourier if-k) , en la cual los datos 
definidos en los dominios tiempo-espacio, son represen­
tados en los dominios frecuencia-número de onda, 
respectivamente, y e[ filtrado gaussiano pasabanda, que 
permite e[ cálculo y apilamiento de [as envolventes de [as 
funciones filtradas, para correlacionar [os máximos con [as 
llegadas de [as velocidades de grupo. Estas envolventes, 
son usadas también para hacer análisis de regresión de [a 
amplitud logarítmica contra [a distancia, y con esto, estimar 
valores del coeficiente de atenuación ane[ástica y. 

Con base en [o anterior, se realizaron series de experi­
mentos que comprendieron tiros de refracción sísmica 
teniendo especial cuidado en [a generación y registro de 
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ondas superficiales. Se selecciono la zona virgen del Lago 
de Texcoco, ubicada dentro del proyecto Texcoco de la 
Comision Nacional del Agua. Esta zona, es de especial 
interes debido, por un lado, a que su estratigrafia es repre­
sentativa de las de otros sitios de interes en la zona de lago 
de la Ciudad de Mexico y, por el otro, a que ofrece la 
posibilidad de realizar los experimentos con un buen con­
trol y con ruido urbano relativamente insignificante. Auna­
do a esto, la estratigrafia plana de la zona cumple con las 
hipotesis que implica el modelado con el problema directo. 
Esto convierte a la zona en gran laboratorio natural que 
ofrece la posibilidad de realizar estudios multidisciplinarios. 

Por 10 tanto, nuestro objetivo es el de estudiar la 
dispersion de las ondas superficiales contenidas en los 
registros de refraccion sismica generados con fuente 
controlada. La inversion de las curvas de velocidad de fase 
de los distintos modos de Love y Rayleigh excitados, 
permitira establecer modelos de velocidad del subsuelo 
somero, asi como parametros representativos de la 
atenuacion sismica del medio en estudio. Para validar los 
resultados obtenidos con esta tecnica se presentan 
comparaciones con aquellos obtenidos de mediciones 
directas de resistencia de punta de cono electrico, para un 
pozo de 60 m de profundidad localizado en la misma zona. 

INVERSION DE ONDAS SUPERFICIALES 
CON DATOS DE REFRACCION SISMICA EN 

LA CUENCA DE MEXICO 

ANTECI3JENlB 

Con base en experimentos previos de refraccion sismica 
realizados en el valle del Silencio en Toluca, Estado de 
Mexico, y en la cuenca de Xochimilco-Chalco Gomez­
Gonzalez et al. (1993) mostro la importancia de controlar 
variables que debido a Iimitaciones del equipo utilizado 
hasta entonces, no pudieron considerarse. La mas impor­
tante fue contar con geofonos cuya respuesta esta definida 
en frecuencias menores a las de los geofonos utilizados 
en la refraccion convencional. 

ADQUISICION DE DATOS 

Los primeros experimentos realizados tenian como 
proposito fundamental adquirir experiencia en la obtencion 
de datos de buena calidad, que permitieran la aplicacion 
optima de las tecnicas de procesamiento de datos para la 
ex1raccion de las curvas de dispersion. 

Los sitios de interes en la ciudad de Mexico, de acuerdo 
con sus caracteristicas geologicas, estan ahora densa­
mente poblados y por 10 tanto carecen de las condiciones 
necesarias para la realizacion de experimentos de este tipo. 
La cuenca de Xochimilco-Chalco, en una zona cercana al 
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cerro del Xico, al sureste de la ciudad de Mexico, cumplia 
con los requisitos basicos para efectuar los experimentos. 
Ademas, esta region es de origen lacustre con carac­
teristicas dinamicas simi lares a la zona de lago de la ciu­
dad de Mexico. 

EI equipo utilizado para este y posteriores experimentos 
fue un sismografo digital de alta resolucion Geometrics 
modelo ES-240 1 con capacidad de 40 Mbytes y entrada 
para 12 y 24 canales diseiiado para usarse en estudios de 
reflexion, refraccion y tomografia sismica. No obstante, la 
dificultad radicaba en los sensores (horizontales y 
verticales), ya que su respuesta en frecuencia (15-60 Hz), 
no permitia detectar la aparicion de las ondas superficiales 
generadas con fuente artificial. Esto se tradujo en un buen 
anal isis de primeros arribos de energia, pero no fue posible 
la aplicacion adecuada de la inversion de ondas 
superficiales (Gomez-Gonzalez et aI., 1993). Otras de las 
enseiianzas de este experimento, fue la seleccion adecuada 
del espaciamiento entre estaciones, de la distancia fuente­
receptor, asi como del tiempo de registro, el cual debe ser 
suficiente para permitir la deteccion de ondas superficia­
les, que en medios como las arcillas del sitio estudiado, 
viajan con velocidades muy bajas. 

Posteriormente, se realizaron nuevos experimentos en 
la zona virgen dellago de Texcoco. En una primera etapa, 
se realizo un tendido ubicado a 200 m del camino Peii6n­
Texcoco, con una direccion aproximada N10oE. En este 
experimento se utilizaron geofonos verticales cuya 
respuesta en frecuencia esta centrada en 4.5 Hz. Con ellos 
se pueden registrar seiiales hasta de 1.5 Hz aproximada­
mente. Como fuente sismica, se utilizaron explosivos 
enterrados a una profundidad de un metro. EI tendido 
maximo para el registro de ondas P fue de 230 m con un 
equiespaciamiento entre detectores de 10 m. En los 
diferentes perfiles solamente se modifico la posicion de la 
fuente con respecto al primer detector (5, 10, 15 Y 60 m). 

La Figura 1 muestra un registro de ondas P de 12 trazas 
con una duracion de 8 s y una distancia fuente receptor de 
60 m. En estos registros se observa un arribo de ondas 
con una velocidad muy lenta y amplitudes enormes 
comparadas con los primeros arribos del registro. Estas 
ondas corresponden a las ondas superficiales de Rayleigh. 

Posteriormente, se realizo otro experimento al oriente 
de la primera zona. En esta ocasion se trato de generar 
arribos directos de ondas P y S. La distancia fuente-receptor 
fue de 10 Y 30 m, y de 2 y 5 m, respectivamente. 

En las Figuras 2a y 2b se muestran un par de registros 
de campo para estos dos tipos de ondas. Nuevamente, se 
utilizaron explosivos como excitacion y sensores verticales 
para el caso de ondas P, y martillo y sensores horizontales 
para las ondas S. 
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ondas superficiales. Se seleccionó la zona virgen del Lago 
de Texcoco, ubicada dentro del proyecto Texcoco de la 
Comisión Nacional del Agua. Esta zona, es de especial 
interés debido, por un lado, a que su estratigrafía es repre­
sentativa de las de otros sitios de interés en la zona de lago 
de la Ciudad de México y, por el otro, a que ofrece la 
posibilidad de realizar los experimentos con un buen con­
trol y con ruido urbano relativamente insignificante. Auna­
do a ésto, la estratigrafía plana de la zona cumple con las 
hipótesis que implica el modelado con el problema directo. 
Esto convierte a la zona en gran laboratorio natural que 
ofrece la posibilidad de realizar estudios multidisciplinarios. 

Por lo tanto, nuestro objetivo es el de estudiar la 
dispersión de las ondas superficiales contenidas en los 
registros de refracción sísmica generados con fuente 
controlada. La inversión de las curvas de velocidad de fase 
de los distintos modos de Lave y Rayleigh excitados, 
permitirá establecer modelos de velocidad del subsuelo 
somero, así como parámetros representativos de la 
atenuación sísmica del medio en estudio. Para validar los 
resultados obtenidos con esta técnica se presentan 
comparaciones con aquellos obtenidos de mediciones 
directas de resistencia de punta de cono eléctrico, para un 
pozo de 60 m de profundidad localizado en la misma zona. 

INVERSION DE ONDAS SUPERFICIALES 
CON DATOS DE REFRACCION SISMICA EN 

LA CUENCA DE MEXICO 

ANTEcEDENn=s 

Con base en experimentos previos de refracción sísmica 
realizados en el valle del Silencio en Toluca, Estado de 
México, y en la cuenca de Xochimilco-Chalco Gómez­
González et al. (1993) mostró la importancia de controlar 
variables que debido a limitaciones del equipo utilizado 
hasta entonces, no pudieron considerarse. La más impor­
tante fue contar con geófonos cuya respuesta está definida 
en frecuencias menores a las de los geófonos utilizados 
en la refracción convencional. 

ADQUISICION DE DATOS 

Los primeros experimentos realizados tenían como 
propósito fundamental adquirir experiencia en la obtención 
de datos de buena calidad, que permitieran la aplicación 
óptima de las técnicas de procesamiento de datos para la 
ex1racción de las curvas de dispersión. 

Los sitios de interés en la ciudad de México, de acuerdo 
con sus características geológicas, están ahora densa­
mente poblados y por lo tanto carecen de las condiciones 
necesarias para la realización de experimentos de este tipo. 
La cuenca de Xochimilco-Chalco, en una zona cercana al 
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cerro del Xico, al sureste de la ciudad de México, cumplia 
con los requisitos básicos para efectuar los experimentos. 
Además, esta región es de origen lacustre con carac­
terísticas dinámicas similares a la zona de lago de la ciu­
dad de México. 

El equipo utilizado para éste y posteriores experimentos 
fue un sismógrafo digital de alta resolución Geometrics 
modelo ES-2401 con capacidad de 40 Mbytes y entrada 
para 12 y 24 canales diseñado para usarse en estudios de 
reflexión, refracción y tomografía sísmica. No obstante, la 
dificultad radicaba en los sensores (horizontales y 
verticales), ya que su respuesta en frecuencia (15-60 Hz), 
no permitía detectar la aparición de las ondas superficiales 
generadas con fuente artificial. Esto se tradujo en un buen 
análisis de primeros arribos de energía, pero no fue posible 
la aplicación adecuada de la inversión de ondas 
superficiales (Gómez-González et al., 1993). Otras de las 
enseñanzas de este experimento, fue la selección adecuada 
del espaciamiento entre estaciones, de la distancia fuente­
receptor, así como del tiempo de registro, el cual debe ser 
suficiente para permitir la detección de ondas superficia­
les, que en medios como las arcillas del sitio estudiado, 
viajan con velocidades muy bajas. 

Posteriormente, se realizaron nuevos experimentos en 
la zona virgen del lago de Texcoco. En una primera etapa, 
se realizó un tendido ubicado a 200 m del camino Peñón­
Texcoco, con una dirección aproximada N10 o E. En este 
experimento se utilizaron geófonos verticales cuya 
respuesta en frecuencia está centrada en 4.5 Hz. Con ellos 
se pueden registrar señales hasta de 1.5 Hz aproximada­
mente. Como fuente sísmica, se utilizaron explosivos 
enterrados a una profundidad de un metro. El tendido 
máximo para el registro de ondas P fue de 230 m con un 
equiespaciamiento entre detectores de 10 m. En los 
diferentes perfiles solamente se modificó la posición de la 
fuente con respecto al primer detector (5, 10, 15 Y 60 m). 

La Figura 1 muestra un registro de ondas P de 12 trazas 
con una duración de 8 s y una distancia fuente receptor de 
60 m. En estos registros se observa un arribo de ondas 
con una velocidad muy lenta y amplitudes enormes 
comparadas con los primeros arribos del registro. Estas 
ondas corresponden a las ondas superficiales de Rayleigh. 

Posteriormente, se realizó otro experimento al oriente 
de la primera zona. En esta ocasión se trató de generar 
arribos directos de ondas P y S. La distancia fuente-receptor 
fue de 10 Y 30 m, y de 2 y 5 m, respectivamente. 

En las Figuras 2a y 2b se muestran un par de registros 
de campo para estos dos tipos de ondas. Nuevamente, se 
utilizaron explosivos como excitación y sensores verticales 
para el caso de ondas P, y martillo y sensores horizontales 
para las ondas S. 
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Figura 1. Registro 1 normaJizado de ondas P con dura­
cion de 8 segundos. Distancia fuente-receptor de 80m 
y equiespaciamiento entre detectores ( L1 X ) de 10m. 
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b) Registro 3 ondas de S (4 s). Distancia fuente-recep­

tor de 5 m y L1X =2 m. 

PROCESAMIENTO DE LOS DATOS 

PRIMEROS ARRIBOS DE ENERGIA 

Para la determinacion de los modelos de velocidad inicia­
les, los cuales sirven como informacion a priori en un es­
quema de inversion, se analiza ron los primeros arribos de 
los tres registros recolectados. La Figura 3a muestra el ana­
lisis para el Registro 1 y el correspondiente a su tiro inverso, 
donde la pendiente de cad a una de las rectas corresponde 
a la velocidad de cada eslrato. 

Las velocidades obtenidas de los tiros inverso y directo 
son muy parecidas, 10 que sugiere la presencia de estratos 
casi pianos horizontales a 10 largo del perfil. La Figura 3b 
presenta el modelo de velocidad obtenido del promedio de 
analisis de esle registro y olros con menor duracion 
realizados en el mismo sitio. EI anidisis de primeros arri-
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b 

I h,=11 m : 3 m, Vp ' =700 m/s : 50 m/s 

~ 

h.=35 m : 11 m, Vp• =950 m/s :': 100 m/s 

~~~""''''''~''&-.~~~~ 
ha =a Vp3 =1,500 m/s : 200 m/s 

Figura 3. a) Domocronicas correspondientes al regis­
tro 1. b) Modelo inicial promedio de velocidad obteni­
do con primeros arribos. 
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bos solo permite determinar velocidades de ondas P. Las 
velocidades de ondas S utilizadas en la inversion se calcu­
laron suponiendo un valor de la relacion de Poisson en los 
estratos de 0.498 (Marsal y Graue, 1969). Las velocidades 
de ondas S obtenidas con este valor para los dos primeros 
estratos y el semiespacio fueron 38 mis, 63 m/s y 101 mis, 
respectivamente. 

Se aplico el mismo amilisis a los registros de la segunda 
etapa (Registros 2 y 3). En este caso si fue posible medir 
directamente velocidades de ondas S mediante el amilisis 
de primeros arribos. EI modelo inicial para esta zona se 
describe en la Figura 4. 

h,=1? m :: 3 m, Vp, =600 m/s :': 50 m/s 

V" =38 m/s :: 10 m/s 

~ 
h2=35 m :': 11 m, Vp2 =950 ml s !.100 ml s 

Va< =63 m/s :': 15 m/s 

~~~~~~~~~%~~~~ 
h. = a Vps=1500 m/s :': 100 m/s 

V .. =200 m/s :': 25 m/s 

Figura 4. Modelo inicial de velocidades obtenido con 
los registros de ondas P y S. 

EXlRACCION DE CURVAS DE DISPERSION DE VELOCIDAD 
DEFASE-

Para la determinacion de modelos de velocidad de ondas 
S a partir de la inversion de ondas superficiales, es nece­
saria la obtencion de curvas de dispersion de velocidad 
de fase. Por 10 tanto, se utilizo la transformacion de los 
datos al dominio parametro de rayo-frecuencia (p-w) 
(McMechan y Yedlin, 1981). EI parametro de rayo p 
cortesponde al vector lentitud y es el reciproco de la veloci­
dad de fase c. En este caso se requiere sumar (apiJar) to­
das las amplitudes dentro de un abanico de energia sobre 
todas las trazas de un registro de campo, a 10 largo de 
todos los rayos previamente definidos. Esto permite situar 
los datos en el dominio parametro de rayo-tiempo de inter­
cepcion (p-T), en el que basta aplicar una transformada de 
Fourier en la direccion Tpara obtener su equivalente en el 
dominio de la frecuencia w. Lo anterior conduce al calculo 
de las curvas de dispersion en las que es posible separar 
los modos de propagacion de las ondas superficiales, las 
cuales proporcionan las caracteristicas dimimicas de la 
estratigrafia (Herrmman, 1987). Una descripcion detallada 
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de esta tecnica y su aplicacion a sismogramas sinteticosl 
reales se puede encontrar en Gomez-Gonzalez y Calder6~ 
(1992). 

La transformacion p-w se aplico a los Registros 1 
Los resultados se presentan en forma de contomos 
energia en el plano frecuencia-velocidad de fase (f-c). I 
Figuras 5 a 7 muestran estos contomos para los Reni,'" 
1 a 3, respectivamente. En los dos primeros 
velocidades de fase corresponden a ondas de Ravleini 
En el utimo caso se trata de ondas de Love. 
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Figura 5, Curvas de dispersion de velocidad de 
para ondas de Rayleigh para el registro 1. 
los valores maxim os de contomos se definen 
vas observadas en los datos. Con Ifnea discontinUi 
muestran las curvas de dispersion teoricas 
modelo fina/de la Figura 8. 

INVERSION DE CURVAS DE DISPERSION 

Una vez calculadas las CUrvas de dispersion 
la transformacion pow, se procedio can la inversion 
para determinar la estratigrafia de los sitios estudiadoS.f 
la aplicacion del esquema de inversion, es necesario 
con un buen algoritmo que resuelva el problema 
problema directo consiste en determinar las 
dispersion de velocidades de fase dadas las propied~ 
dinamicas de los estratos. Estos parametros se 
de forma tal que las cUrvas de dispersi6n teoricas se 
a aquellas extraidas de los datos. Este procedimi 
realiza en forma automatica mediante la condnlc 
un esquema de inversion cuasi lineal para 
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Figura 6. Curvas de dispersion de ondas de Rayleigh 
observadas para el registro 2. Con Ifnea discontfnua 
se muestran el modo fundamental y 9 modos supe­
riores obtenidos del modelado directo. 
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problema no lineal (Tarantola. 1987). EI problema se reduce 
a resolver un sistema de ecuaciones en el que la matriz de 
coeficientes contiene las derivadas parciales de la velocidad 
de fase can respecto a los parametros que se desean 
invertir (pueden ser espesores de los estratos, velocidades 
de ondas S, densidades, etc). 

EI vector de terminos independientes contiene las 
diferencias entre las velocidades de fase observadas y las 
calculadas a partir del modelo inicial proporcionado, en este 
caso, par el analisis de primeros arribos. EI vector de inco­
gnitas contiene los valores de las correcciones para mi­
nimizar el vector de terminos independientes. Esle proce­
so es iterativo y term ina cuando el vector de terminos inde­
pendientes del sistema es cercano a cero a menor que 
una cierta tolerancia. Como se menciono anteriormente, 
los model as iniciales (Figuras 3b y 4) provienen de analisis 
de primeros arribos de los registros. Las Figuras 5 a 7 
muestran el ajuste de las curvas de dispersion teoncas (lInea 
discontrnua) con las observadas en los datos (curvas que 
se pueden seguir a 10 largo de los valores maxim as de los 
conlomos). Estas curvas teoricas corresponden a los mo­
delos finales proporcionados par la inversion (Figuras 8 y 9) 
para los dos sitios en los que se realizaron los experimentos. 

Can el objeto de contar can un parametro de compara­
cion, que permita validar los resultados obtenidos en este 
trabajo, la Figura 10 presenta un registro de resistencia de 
punta de cono electrico, correspondienle a la misma zona 
de estudio. En esta figura se presenta lambien el perfil de 
velocidad de ondas de cortante producto de la interpretacion 
del registro. 

h,=21 m Vp, =615 mls 

V., = 35 mls 

~ 
h.=45 m Vp• =810 mls 

Va. = 81 mls 

~~"'''~'''~~'\.~~%'''-''''0}J 
h. = C( Vp• =1800 mls 

V •• =200 mls 

Figura 7. Curvas de dispersion de ondas de Love ob-
servadas en el Registro 3. Con Ifnea discontfnua se Figura 8. Modelo final de velocidad a partir de la inver­
observan las curvas de dispersion teoricas para el sion de las curvas de dispersion observadas en el 
modo fundamental y 9 modos superiores del modelo Registro 1 (perfil 1 ). 
final de la Figura 9. 
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h,=18 m VPI =650 m/s 

V., =35 m/s 

~ 
h.=46 m Vp • =850 m/s 

V., =85 m/s 

~~""-"~"~~~"''''~~ 
h. = 0< Vp.=1700 m/s 

V,.=200 m/s 

Figura 9. Mode/o final de ve/ocidad a partir de la 
inversion de las curvas de dispersion observadas en 
los Registros 2 y 3 (perfil 2). 

ATENUACION SISMICA DE ONDAS 
SUPERFICIALES EN ZONA DE LAGO DE LA 

CUENCA DE MEXICO 

ANTECEDENTES 

Gtro para metro prominente en la caracterizacion 
geologica de los estratos superficiales que componen las 

. arcillas de la cuenca de Mexico, es el factor de calidad Q, 
que representa una medida de la atenuacion sismica. Su 
importancia radica en la infiuencia que present" este valor 
sobre la amplitud y la duracion del movimiento durante 
terremotos. 

En la literatura reciente, es posible encontrar varias 
aproximaciones interesantes al estudio de la atenuacion 
sismica a partir de registros del movimiento del ,erreno, 
entre ellos, Jongmans y Campillo (1993) determinan valores 
de Q con prospeccion sismica, validando sus resultados 
mediante comparaciones con simulaciones numericas 
usando el metodo del numero de onda discreto. En este 
tipo de aproximaciones, se puntualiza la importancia de 
variar la velocidad de las ondas sismicas y la atenuacion 
en el modelado directo, con el fin de obtener el mejor ajuste 
entre el movimiento del terreno calculado y observado. Por 
otro lado, si se dispone de registros de aceleracion a profun­
didad y en la superficie del terreno, la estimacion del factor 
de calidad del medio entre ambos registros se lieva a cabo 
de manera directa, mediante el cociente de la diferencia 
temporal y la pendiente medida sobre el logaritmo de la 
razon espectral entre ambos registros (Rodriguez, 1993). 
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Figura 10. Va/ores de resistencia de punta de un registro 
de cono electrico realizado en la zona de estudio. Se 
presenta tambien el perfil de ve/ocidad de onda S 
interpretado. 

En esta seccion, se presentan algunas estimaciones 
de la atenuacion sismica de las ondas superficiales 
captadas en los registros de refraccion sismica antes 
men cion ados. Se puntualiza la importancia de la capacidad 
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de estos materiales para disipar energia y sus re­
percusiones en la evaluaci6n de la respuesta sismica tan 
peculiar, observada durante terremotos. 

ATENUACION ANELASTICA Y 
AMPLITUD DE ONDAS SIS MICAS 

Las ondas sismicas sufren atenuaci6n en su amplitud 
durante su propagacion a traves de materiales reales que 
por su origen se denomina anelastica. Los mecanismos 
de este fenomeno pueden ser muy complejos, sin embar­
go, no es necesario conocerlos, debido a que puede ex­
presarse mediante el coeficiente de disipacion especifica, 
o factor de calidad, cuyo inverso es la friccion interna que 
representa la fracci6n de energia disipada durante un 
periodo en cada onda: 

I1E 
--=-
Q(Ol) 2ICE (1 ) 

E representa la energia prornedio alrnacenada durante un 
cicio a la frecuencia considerada, y LlE es la energia disi­
pada por el cicio debido a las irnperfecciones en la elas­
ticidad del rnaterial (Aki y Richards, 1980). 

En un medio elastico, con relaciones lineales esfuerzo­
deformacion la velocidad maxima de una particula es pro­
porcional a 2', entonces, 

1 Ii.A --=--
Q(Ol) rcA (2) 

Asi, si suponemos una onda plana propagandose en 
la direccion x, entonces podremos seguir un pico particular 
a 10 largo de una distancia dx y observar el decaimiento 
espacial de la amplitud en una frecuencia dada: 

dA 
M=-/... 

dx ' (3) 

/... = 2ICe = longitud de onda, c=velocidad de fase 
ol 

Sustituyendo en la ecuacion (2), 

1 2e dA 
-==---
Q wAdx 

o bien, 

dA wA 
dx 2eQ 

Cuya solucion exponencial es: 

A(x) ==Aoe-ounrQ 

(4) 

(5) 

(6) 

AI estimar los valores de Q, producto de la elasticidad 
no perfecta, deben considerarse tambien los efectos en la 
atenuacion espacial debidos al esparcimiento geometrico 
de la onda. Lo anterior provoca que las determinaciones 
de la Q intrinseca se limiten a medios con estratos pianos 
horizontales, 0 bien que los facto res calculados representen 
la contribucion de ambos efectos. 

ONDAS SUPERACIALES 

Como en el caso de las ondas de cuerpo, las ondas 
superficiales que se propagan una cierta distanciax sufren 
una disminucion de su amplitud, que puede expresarse 
como: 

-> ol 
A=A,_e_, con Y= oQ U 

send ~ J (7) 

EI factor sen 11 representa la disminucion de energia 
por unidad de area debido a la expansion geometrica del 
frente de onda. yes el factor de atenuacion an elastica de 
las ondas superficiales, funcion de la frecuencia (Ol), la 
velocidad de grupo (U) y el factorQ . , 

A partir de dos amplitudes registradas sobre una misma 
trayectoria a distancias Xo y XI de la fuente, el cociente 
entre las amplitudes de las ondas superficiales es, 

~ = send] e -1(1,-1,) 

AI sendo 
(8) 

EI valor del factorQ" asi obtenido, se relaciona con los 

facto res correspondientes a las ondas P y S (Q. Y QaJ. 
Cuando estos tlltimos son constantes se Iiene, 

1 m I-m 
-=-+--
Q, Q. Q, (9) 

donde m es funcion de los cocientes cia y clf3 (Udias y 
Mezcua, 1986). En la practica, Qn y QB varian con la 
profundidad y se consideran constantes con la frecuencia. 
Sin embargo a otra escala, en sismologia, al menos dentro 
de la astenosfera, se ha observado Q aproximadamente 
proporcional a la frecuencia para ondas P y S en varios 
trayectos y en la banda entre 0.3 y 20 Hz (Solomon, 1972). 

Por otro lado, Qs si es funcion de la frecuencia, debido 
a que con la frecuencia varia la penetracion efectiva de las 
ondas superficiales, y con esto, la profundidad de la cual 
conti en en informacion. Por 10 tanto, las observaciones de 
Qs' con la frecuencia permiten establecer modelos de la 
distribucion de Q

n 
y Qp con la profundidad. 

137 83

Dispersión de Ondas Supertiales y Atenuación Sísmica en ra Zona 
de Lago de la Cuenca de México 

de estos materiales para disipar energía y sus re­
percusiones en la evaluación de la respuesta sísmica tan 
peculiar, observada durante terremotos. 

ATENUACION ANELASTICA y 
AMPLITUD DE ONDAS SISMICAS 

Las ondas sísmicas sufren atenuación en su amplitud 
durante su propagación a través de materiales reales que 
por su origen se denomina anelástica. Los mecanismos 
de este fenómeno pueden ser muy complejos, sin embar­
go, no es necesario conocerlos, debido a que puede ex­
presarse mediante el coeficiente de disipación específica, 
o factor de calidad, cuyo inverso es la fricción intema que 
representa la fracción de energía disipada durante un 
periodo en cada onda: 

1 l1E 
--=--
Q(ro) 2rcE (1 ) 

E representa la energía promedio almacenada durante un 
ciclo a la frecuencia considerada, y LlE es la energía disi­
pada por el ciclo debido a las imperfecciones en la elas­
ticidad del material (Aki y Richards, 1980). 

En un medio elástico, con relaciones lineales esfuerzo­
deformación la velocidad máxima de una partícula es pro­
porcional a 2', entonces, 

1 li.A --=--
Q(ro) AA (2) 

Así, si suponemos una onda plana propagándose en 
la dirección x, entonces podremos seguir un pico particular 
a lo largo de una distancia dx y observar el decaimiento 
espacial de la amplitud en una frecuencia dada: 

M=dAt.. 
dx ' (3) 

t.. = 2rce = longitud de onda, c=velocidad de fase 
ro 

Sustituyendo en la ecuación (2), 

1 2e dA 
-==---
Q roAdx 

o bien, 

dA roA 

dx 2eQ 

Cuya solución exponencial es: 

(4) 

(5) 

(6) 

Al estimar los valores de Q, producto de la elasticidad 
no perfecta, deben considerarse también los efectos en la 
atenuación espacial debidos al esparcimiento geométrico 
de la onda. Lo anterior provoca que las determinaciones 
de la Q intrínseca se limiten a medios con estratos planos 
horizontales, o bien que los factores calculados representen 
la contribución de ambos efectos. 

ONDAS SUPERACIALES 

Como en el caso de las ondas de cuerpo, las ondas 
superficiales que se propagan una cierta distanciax sufren 
una disminución de su amplitud, que puede expresarse 
como: 

A=A,~, con y=_ro_ 
senil 2Q,U (7) 

El factor sen 11 representa la disminución de energía 
por unidad de área debido a la expansión geométrica del 
frente de onda. yes el factor de atenuación anelástica de 
las ondas superficiales, función de la frecuencia (ro), la 
velocidad de grupo (U) y el factorQ . , 

A partir de dos amplitudes registradas sobre una misma 
trayectoria a distancias Xo y XI de la fuente, el cociente 
entre las amplitudes de las ondas superficiales es, 

~ = senó,l e -1(x,-x,j 

Al senó'o (8) 

El valor del factorQ" asi obtenido, se relaciona con los 

factores correspondientes a las ondas P y S (Q" y QaJ. 
Cuando estos últimos son constantes se tiene, 

1 m l-m 
-=-+--
Q, Q" Q, (9) 

donde m es función de los cocientes e/a y e/f3 (Udias y 
Mézcua, 1986). En la práctica, Qa y QB varían con la 
profundidad y se consideran constantes con la frecuencia. 
Sin embargo a otra escala, en sismologia, al menos dentro 
de la astenósfera, se ha observado Q aproximadamente 
proporcional a la frecuencia para ondas P y S en varios 
trayectos y en la banda entre 0.3 y 20 Hz (Saloman, 1972). 

Por otro lado, Qs si es función de la frecúencia, debido 
a que con la frecuencia varía la penetración efectiva de las 
ondas superficiales, y con ésto, la profundidad de la cual 
contienen información. Por lo tanto, las observaciones de 
Qs' con la frecuencia permiten establecer modelos de la 
distribución de Qa y Qp con la profundidad. 

137 



" 

Rodriguez-ZClIliga, Romero-Jimenez, Ramos-Martinez y Gomez-Gonzalez 

PROCESAMIENTO DE LOS DATOS 

Con la identificacion de las ondas superficiales 
contenidas en los registros de refraccion, realizados en la 
zona virgen dellago de Texcoco, nuestro objetivo fue el de 
estimar la atenuacion espacial de estas ondas mediante 
los valores del factor Qs' De los registros obtenidos, se 
presenta el ami.lisis del correspondiente a ondas P, con 
duracion de 8 s, distancia fuente·receptor de 60 m y 
espaciamiento entre detectores de 10m (Figura 1) 

Los detectores empleados fueron geofonos cuya 
respuesta en frecuencia esta centrad a en 4.5 Hz y de 
componente vertical, por 10 que las fases de gran amplitud 
y baja velocidad observadas al final del registro, 
corresponden a la componente vertical de ondas 
s~perficiales de Rayleigh. 

Se calculo la transformada de Fourier de cada una de 
las trazas del registro, 10 que permitio expresar los 
resultados en el dominic de la frecuencia. En este dominio 
se aplico un analisis de filtrado multiple que consiste basica· 
mente en el paso de cada espectro de entrada por un filtro 
gaussiano pasabanda. Con esto se cal cui a la envoi vente 
de los espectros filtrados, se muestrean a 10 largo de Iineas 
de velocidad de grupo constante y se normalizan y apilan. 
Con base en que la envolvente debe presentar los maxi· 
mos en las lIegadas de .las velocidades de grupo, el algo· 
ritmo utiliza las cuatro amplitudes mas largas apiladas, las 
cuales deberfan corresponder a las velocidades de grupo 
de cada modo. Con las velocidades de gnupo de cada traza, 
se calcularon las velocidades de grupo promedio y su error 
estandar (detalles del metodo pueden verse en Romero· 
Jimenez, 1992). 

La Figura 11 muestra el resultado de este analisis. Se 
observa que solamente la curva promedio de velocidad de 
grupo de onda de Rayleigh de mayor amplitud esta bien 
definida (aquella representada por los cuadrados), m:=~'.ras 
que los otros tres conjuntos de simbolos, para la segunda, 
tercera y cuarta amplitud maxima (circulos, cruces y 
rombos, respectivamente) presentan una dispersion tan 
grande que no es posible definir alguna curva coherente. 

La estimacion del coeficiente de atenuacion r se lIevo 
a cabo mediante regresiones dellogaritmo de la amplitud 
con la distancia de las funciones envolventes sin normalizar. 
La Figura 12 i1ustra los resultados de este calculo. Los 
valores de y correspondientes a la banda de frecuencia 
captada de manera confiable por los sensores, varian entre 
1 y 3'10') (11m), con algunos valores espurios que pueden ser 
desechados. En la Tabla 1 se presenta, de manera resumida, 
los val ores del coeficiente de atenuacion y, la velocidad de 
gnupo promedio (V) y el factor de calidad (QsJ como funciones 
de la frecuencia extraidas mediante este analisis. 
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Figura 11. Curvas de dispersion de velocidad de grupo 
de ondas de Rayleigh calculadas con filtrado multiple 
de los datos de refraccion en zona virgen del Lago de 
Texcoco (slmbolos) Las Ifneas contfnuas representan 
curvas teoricas. 

Los amjlisis de primeros arribos e inversion de las curvas 
de dispersion de velocidad de fase, tratados en la seccion 
anterior, produjeron el modele de velocidades de la Figura B. 
Este resultado conforma aqui la distribucion de velocidades 
teo rica, a partir de la cual, el model ado directo permitio el 
calculo de las curvas de dispersi6n de velocidad de grupo y 
de su atenuacion. Las Iineas continuas de la Figura 11 mues· 
tran las curvas de velocidad de gnupo teoricas para el modo 
fundamental y 3 modos superiores de ondas de Rayleigh. 
Asimismo, las curvas continuas en la Figura 12 muestran el 
valor del coeficiente de atenuaci6n ycorrespondiente a estas 
cuatro curvas de velocidades de grupo te6ricas. 

Los calculos te6ricos de las Figuras II y 12 se realizaron 
suponiendo valores de los facto res de calidad para las on· 
das de cuerpo Q. y Qp: Mediante un procedimiento de 
ensayoy error, los valores de Q. y Qp que proporcionaron el 
mejor ajuste entre Qs teorico y observado fuerony Qp=Qa=42. 
Este ajuste puede ser verificado mediante la superposicion 
de las curvas teorica y observada del factor de atenuacion r 
como funcion de la frecuencia, Figura 12. Sin embargo, las 
Figuras 13 y 14 permiten una mejor inspecci6n visual del 
grado de ajuste entre ambos calculos, en elias se muestra 
el factor de atenuacion ycontra la frecuencia, mediante la 
exponencial e''''. Las curvas continuas de la Figura 13 
corresponden al valor de esta exponencial para el modo 
fundamental y los 3 siguientes modos superiores de 
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Figura 12. Factor de atenuacion r correspondiente a 
las curvas de dispersion mostradas en la Figura 11 
(simbolos). Con linea continua se muestran los co­
rrespondientes valores teoricos. 

Tabla 1. Coeficlente de atenuacl6n 'V 

velocldad de qrupo v factor Q •• como 
funclones de la frecuencia extralda de 
los datos de refracci6n. 

Free. (Hz) ),(Vm) U(m/seg) a, (adim) 

2.0 0.0020 33.0 95 
2.5 0.0030 30.0 87 
3.0 0.0050 32.0 58 
3.5 0,0100 32.0 34 
4.0 0.0120 34.0 31 
4.5 0.0140 36.0 28 
5.0 0.0150 36.0 29 
5.5 0.0180 34.0 28 
6.0 0.0190 33.0 30 
6.5 0.0190 33.0 33 
7.0 0.0200 34.0 32 
7.5 0.0200 35.0 34 
8.0 0.0200 35.0 36 

las curvas de velocidad de grupo contenidas en los datos . 
Las distancias analizadas fueron 60, 100, 140, 170,210 Y 
250m . 

Con el objeto de determinar la profundidad, a partir de la 
cual las curvas de dispersi6n de velocidad de grupo 
(presentes en los datos de refracci6n) contienen 
informaci6n, se procedi6 a calcular las formas modales 0 

desplazamientos en funci6n de la profundidad para el 
componente vertical de ondas de Rayleigh. En la Figura 
15 se presentan las formas mod ales del modo fundamental 
y los tres primeros modes superiores obtenidos para el 
modelo de velocidades te6rico de la Figura 8. Para cada 
modo, los periodos representados (0.2, 0.25 Y 0.333 seg) 
corresponden al rango de periodos del cual los datos de 
refracci6n presentan buena definici6n. 

Se puede observar que, en este rango de periodos, el 
modo fundamental no se presenta como el mas energeti­
co, y su atenuaci6n con la profundidad es inmediata. Los 
tres siguientes modos presentan una mayor amplitud en el 
primer estrato. No obstante, en la frecuencia central de 
definici6n de los sensores (0.25 seg) todos ellos se ate­
nuan con la profundidad al principio del segundo estrato. 

Las anterlores observaciones te6ricas, permitieron 
inferir la profundidad a la cual se asignaron los valores de r 
y Q extraidas de los registros. Efectivamente, estos pueden 
ser representativos de un promedio de los primeros 20 0 
25 m de las arcillas en estudio. 

DISCUSION DE LOS RESULTADOS 

Las Figuras 5 y 6 muestran que el modo fundamental 
de propagaci6n de ondas de Rayleigh 5610 es posible 
observarlo en una pequefia banda de frecuencias, debido 
a que el periodo dominante del sitio es de aproximadamente 
3,5 a 4 seg (Chavez-Garcia et aI., 1993), muy superior al 
periodo maximo que los sensores utilizados pueden 
registrar (0.66 seg). En cambio, en el caso de las ondas 
de Love se tiene informaci6n del primero, quinto y octavo 
modo superior. Por otro lado, el hecho de que hacia las 
bajas frecuencias se observen velocidades infinitas en_cada 
uno de los modos, sugier~ la presencia de un estrato con 
una velocidad muy superior a las obtenidas en los estratos 
someras. Esto indica que con este estudio, no se alcanz6 
la profundidad suficiente para enconlrar la base de las 
arcillas, debido a que no se pudo determinar esta alta 
velocidad. Conclusiones simi lares son reportadas por 
Chavez-Garda et al. (1993) en un estudio paralelo utilizan­

velocidad de grupo de onda de Rayleigh en el modelado do sism6metros Lennartzde 3 componentes cuya respuesta 
directo; mientras que en la Figura 14 esta curva contfnua en frecuencia esta centrada en I Hz. 
representa la atenuaci6n del tercer modo superior. En ambos 
casos, la curva definida con simbolos, corresponde al valor 
de; la misma exponencial calculada con el factor de 
atenuaci6n l'Producto del promedio de las atenuaciones de 
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No obstante, las comparaciones de los resultados 
obtenidos en este trabajo can las interpretaciones de la velo­
cidad de ondas S, de los registros de cono electrico (Figura 
10), condujeron a valores muy similares para los dos es­
tratos inferidos. Lo que sugiere que es posible la descrip­
cion, can una buena resolucion, de los estratos utilizando 
inversion de ondas superficiales en registros de refraccion. 

Par otra parte, en las curvas de dispersion de velocidad 
de grupo extraidas de los datos (Figura 11), es posible aso­
ciar sola mente un conjunto de simbolos can alguna curva 
de dispersion, sin embargo, no seria correcto asociar esta 
curva con un modo de propagacion particular, debido a que 
en el rango de frecuencias de definicion de los datos en el 
modelo en estudio, las velocidades de grupo de los distintos 
modos son muy parecidas. EI model ado directo (lineas 
continuas Figura 11) indica que los minimos en las curvas 
de dispersion de los distintos modos se presentan muy 
juntos, es precisamente en este intervalo de frecuencia 
(donde aparece este minima) en el que cada curva de 
dispersion es mas energetica y exhibe las fluctuaciones 
mas grandes de velocidad. No obstante, can base en las 
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de los datos de refraccion (simbolos). 
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Figura 14. Atenuacion e-'" can el valor de y del 3er. 
modo superior de dispersion de grupo del modelo 
teorico (linea continua) y can el valor de y extraido de 
los datos de refraccion (simbolos). La atenuacion de este 
modo ajusta mejor can las observaciones. 

observaciones de que el maximo contenido en los datos y 
puesto en evidencia por el filtrado multiple, presenta una 
tendencia relativamente plana para frecuencias mayo res a 
1.5 Hz, se podria asociar esta curva al primero, segundo 0 

tercer modo superior, 0 a un promedio de los tres, ya que 
segun el model ado directo, es a partir de estas frecuencias 
que estos modos presentan una tendencia plana, mientras 
que los siguientes mod os superiores exhiben este nivel 
plano a frecuencias cada vez mayo res. Ademas, la 
frecuencia minima captada par los geofonos utilizados en 
el experimento (1.5 Hz) no permite que los registros 
contengan informacion confiable a frecuencias menores, 
por ejemplo alrededor de la frecuencia dominante del sitio 
(0.25 Hz) 10 que impide a priori observar el modo 
fundamental de las ondas de Rayleigh. Lo anterior, y la 
comparacion entre las curvas teorica y observada de la 
Figura 14, dan validez a la aseveracion de que la curva de 
dispersion definida por los datos y su correspondiente valor 

'r 
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de atenuacion anelastica y, corresponden al tercer modo 
superior de propagacion de ondas de Rayleigh. Sin 
embargo, para este caso en particular, las variaciones 
obtenidas en los resultados finales si esta curva observada 
se asociara al segundo 0 cuarto modo superior, serian casi 
imperceptibles. 

CONCLUSIONES 

Se invirtieron las curvas de dispersion de ondas superfi­
ciales obtenidas de registros de refraccion sismica, reco­
lectados en la zona virgen del lago de Texcoco. Para la 
deteccion de las ondas superficiales utilizadas en la inver­
sion fue necesario el uso de geofonos de baja frecuencia. 
Se utilizaron explosivos como fuente en la generacion de 
ondas de Rayleigh y martillo para las ondas de Love. Esto 

~ ) ~ 0 

inversion de ondas superficiales para el calculo de las 
propledades mecanicas del subsuelo. Ademas, esta 
tecnica es de facil empleo bajo costo, caracteristicas que 
la hacen una herramienta importante a considerar en 
estudios de exploracion geoffsica aplicados a la ingenieria. 

Con el mismo conjunto de datos, se presentaron estima­
ciones de la atenuacion sismica de ondas superficiales. 
Mediante un analisis de filtrado multiple fue posible definir 
una curva de velocidad de grupo representativa de los pri­
meros modos superiores de ondas de Rayleigh. EI analisis 
de regresion dellogaritmo de la amplitud contra la distancia, 
en las funciones envolventes producto del filtrado, permitio 
inferir el valor de atenuacion an elastica ycomo funcion de 
la frecuencia para estas ondas. Con el modelado directo, 
tomando como modele teo rico de distribucion de 
velocidades el obtenido con la inversion de curvas de 
dispersion de fase, se determinaron las velocidades de 
grupo y las atenuaciones correspondientes al modele en 
estudio. En este calculo, los parametros independientes 

; ; 0 fueron los factores de atenuacion de ondas P y S (Q y 
,.~.-~ .. ~. QpJ, los cuales, mediante un procedimiento de ensayo y 
: : : error, fueron lIevados a valores tales que permitieran el 

........ , .. , ... , ... ~"~'" . .. .. .. ~ mejor ajuste entre las atenuaciones cal cui ad as y obser-
;;: : _ vadas de las ondas superficiales producidas en el medio. 
::: ; .. ..§. Una vez hecho el ajuste, la profundidad de asignacion de 

...... _.[ .. [ ... [ ...... [ ............. [ ......... [ .. [. g -g los valores de atenuacion obtenidos fue calculada median-
iii i : :: ~ te un analisis de la profundidad de penetracion que, para 
:::; ; ::.2 los periodos en los que se definen los datos, presentan en 

........ : ... : .. "i" .. ··t-- ......... "i' ..... ··t··~· ~ £ el modelo teorico los "cuatro" primeros modos de 

::: j :: : : propagacion. 
:::: :: : : 0 .... -'f'-f' "f" .. "f' ........... -..... "f"f"f' "' Los resultados consignados en este trabajo son -de 
::: : : : : caracter preliminar. Representan, sin embargo, las bases 

____ ;). ) ____ ) __ . __________ ;. ____ ))).:is de un procedimiento sustentado en consideraciones ffsicas 
; ; ; :; ; ; para determinar, a partir de mediciones en la superficie de 
: :: . . . las ondas superficiales excitadas con explosivos, los valores 
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I 

Figura 15. Amplitud te6rica del desplazamiento verti­
cal de ondas de Rayleigh para los 4 primeros modos 
de propagaci6n. En cada modo, las 3 curvas corres­
ponden a la amplitud calculada para 3 periodos (0.20, 
0.25, 0.33 seg). 

permitio la descripcion vertical de las formaciones arcillosas 
del lago de Texcoco, representativas de las arcillas de la 
zona de lago en la ciudad de Mexico, en la que se encuentra 
una gran cantidad de asentamientos humanos. Las curvas 
de dispersi6n obtenidas muestran velocidades de fase de 
estas ondas superficiales muy bajas. Estas ondas se 
propagan con una gran amplitud en estratos someros en 
los que el contraste de sus propiedades mecanicas con 
los estratos subyacentes es enorme. Las comparaciones 
de los resultados obtenidos en este trabajo, con la 
informacion proveniente de los registros de resistencia de 
punta de co no electrico. 'T.-.c'cco 18 confiabilidad de la 

de la atenuacion anelastica del subsuelo somero. 
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Seismic Response of Shallow Alluvial Valleys: 

The Use of Simplified Models 

b y  J. L. R o d r f g u e z - Z f f i i g a ,  F. J. S~inchez-Sesma,  and  L. E.  P t r e z - R o c h a  

Abstract A method is proposed to approximately compute the seismic response 
of  shallow three-dimensional (3D) alluvial valleys. It is based on the exact solution 
for a simple configuration. Namely,  the antiplane response of  a rectangular deposit 
with a moving rigid base. In such a solution, which is used as a f ramework for our 
approximations, the spectral signature of  locally generated surface waves is explicit. 
Thus, an approximate expression is constructed to separately account for one-di- 
mensional (1D) response and lateral effects. Results are presented for two- and three- 
dimensional cases. Comparisons are provided with rigorous solutions as well. Our 
formulas allow for fast computations. 

Introduction 

The effects of local site conditions on earthquake 
ground motion can produce concentrated damage. This is 
due to the very efficient trapping of energy (in basins) and/ 
or to focusing of seismic waves by irregular interfaces and 
topographies. These phenomena lead to significant spatial 
variations of ground motion in both amplitude and duration. 
For recent reviews see Sfinchez-Sesma (1987) and Aki 
(1988). The physical bases of the problem are reasonably 
well understood. However, it is usual in practice that site 
effects are taken into account by means of the simplified 1D 
shear model. We believe there is a need for criteria and pro- 
cedures to explicitly account for the effects of lateral heter- 
ogeneity in applications. 

In this work, a simplified model is proposed to approx- 
imately simulate the seismic response of three-dimensional 
shallow alluvial basins. Rigorous (Horike et al., 1990) and 
approximate (Graves and Clayton, 1992) computations are 
being produced for elastic (but simple) and acoustic (but 
complex) basin structures, respectively. The results are en- 
couraging. However, realistic simulations can be very dif- 
ficult, even with supercomputers. On the other hand, the 
knowledge of the detailed structure of extended geological 
features in many cases is still limited. As a result, most de- 
scriptions of local geology remain essentially qualitative. 
They have large uncertainties. Therefore, there is room to 
accept some simplifications. 

For shallow uniformly layered basin configurations var- 
ious solutions have been recently advanced (e.g., Calder6n 
et al., 1992; Fujiwara and Takenaka, 1992; Hisada et al., 
1993) that make use of boundary integral formulations in 
which normal modes of surface waves are employed to deal 
with the layered regions. These solutions may still be very 
expensive for realistic configurations. We believe there is 

even more room for simplifying assumptions that allow for 
approximate computations for extended basins. 

In what follows, our approximations are heuristically 
constructed from the exact solution for the antiplane re- 
sponse of a rectangular deposit with a moving rigid base. In 
such a solution, which is used as a framework for our ap- 
proximations, the spectral signature of locally generated sur- 
face waves is explicit. Thus, an approximate expression is 
constructed that separately accounts for 1D response and 
lateral effects. Results are presented for two- and three-di- 
mensional cases under normal and oblique incidence of 
S waves. Comparisons are provided with rigorous solutions. 

An Exact  Solution 

Consider the rectangular elastic basin of width 2a and 
depth h supported on a rigid base shown in Figure 1. For 
harmonic antiplane motion of the base given by vo exp(icot), 
where Vo = vo(co), i = , / - ~ ,  co = circular frequency, and 
t = time, the motion in the layer must be a solution of the 
reduced wave equation or Helmholtz' equation 

V2v + (co/fl)2v = 0, (1) 

where v = v (x, z, co), fl = p ~ , / z  = shear modulus, and 
p = mass density. Free surface boundary condition is given 
by 

Ov = 0.  ( 2 )  

In order to satisfy upper and lower boundary conditions, 
assume the solution is of the form 
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by J, L. Rodríguez-Zúñiga, F. J, Sánchez-Sesma, and L. E. Pérez-Rocha 

Abstraet A method is proposed to approximate1y compute the seismic response 
of shallow three-dimensional (3D) alluvial valleys. It is based on the exact solution 
for a simple configuration, Namely, the antiplane response of a rectangular deposit 
with a moving rigid base. In such a solution, which is used as a framework for our 
approximations, the spectral signature of locally generated surface waves is explicit. 
Thus, an approximate expression is constructed to separately account for one-di­
mensional (lD) response and lateral effects. Results are presented for two- and three­
dimensional cases. Comparisons are provided with rigorous solutions as welL Our 
formulas allow for fast computations. 

Introduction 

The effects of local site conditions on earthquake 
ground motion can produce concentrated damage. This is 
due to the very efficient trapping of energy (in basins) and/ 
or to focusing of seismic waves by irregular interfaces and 
topographies. These phenomena lead to significant spatial 
variations of ground motion in both amplitude and duration. 
For recent reviews see Sánchez-Sesma (1987) and Aki 
(1988). The physical bases of the problem are reasonably 
well understood. However, it is usual in practice that site 
effects are taken into account by means of the simplified ID 
shear model. We believe there is a need for criteria and pro­
cedures to explicitly account for the effects of lateral heter­
ogeneity in applications. 

In this work, a simplified model is proposed to approx­
imately simulate the seismic response of three-dimensional 
shallow alluvial basins. Rigorous (Horike et al., 1990) and 
approximate (Graves and Clayton, 1992) computations are 
being produced for elastic (but simple) and acoustic (but 
complex) basin structures, respectively. The results are en­
couraging. However, realistic simulations can be very dif­
ficult, even with supercomputers. On the other hand, the 
knowledge of the detailed structure of extended geological 
features in many cases is stilllimited. As a result, most de­
scriptions of local geology remain essentially qualitative. 
They have large uncertainties. Therefore, there is room to 
accept sorne simplifications. 

For shallow uniforrnly layered basin configurations var­
ious solutions have been recently advanced (e.g., Calderón 
et al., 1992; Fujiwara and Takenaka, 1992; Hisada et al., 
1993) that make use of boundary integral formulations in 
which normal modes of surface waves are employed to deal 
with the layered regions. These solutions may still be very 
expensive for realistic configurations. We believe there is 
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even more room for simplifying assumptions that allow for 
approximate computations for extended basins. 

In what follows, our approximations are heuristically 
constructed from the exact solution for the antiplane re­
sponse of a rectangular deposit with a moving rigid base. In 
such a solution, which is used as a framework for our ap­
proximations, the spectral signature of locally generated sur­
face waves is explicit. Thus, an approximate expression is 
constructed that separately accounts for ID response and 
lateral effects. Results are presented for two- and three-di­
mensional cases under normal and oblique incidence of 
S waves. Comparisons are provided with rigorous solutions. 

An Exact Solution 

Consider the rectangular elastic basin of width 2a and 
depth h supported on a rigid base shown in Figure 1. For 
harmonic antiplane motion of the base given by Vo exp(ieot), 
where Vo = vo(eo) , i = R, eo = circular frequency, and 
t = time, the motion in the layer must be a solution of the 
reduced wave equation or Helmholtz' equation 

V2v + (eo/ff'P v = O, (1) 

where v = v (x, z, eo), fJ = J¡;iP, f1 = shear modulus, and 
p = mass density. Free surface boundary condition is given 
by 

avl = o. 
az z~o 

(2) 

In order to satisfy upper and lower boundary conditions, 
as sume the solution is of the form 
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Figure l .  Rectangular elastic deposit of 
depth h and half-width a. Oblique incidence of 
SH waves with angle 7 with respect to the ver- 
tical. 

- - -  k (2n + 1)~zz v cos coz/fl + A. cos k.x  cos (3) 
Vo cos coh/fl n=o 2h 

The first term is the 1D solution for the infinite layer over- 
laying a moving rigid base. The second is a sum of solutions 
of  equation (1), provided 

1 
kn = ~ x/~ S - a~,, (4) 

where 09, = (2n + 1)co 0 and coo = 2nfll4h. At x __+ a we 
should have v = Vo and equation (3) becomes 

k (2n + 1)nz cos coz/fl 
A, cos k,a cos - 1 (5) 

,=o 2h cos coh/fl' 

which is a cosine Fourier series. Multiplying both sides of  
equation (5) and integrating from zero to h it comes out that 

1 4 ( - 1 )  n (-0 2 

A, - 2" (6) cos k,a z~ (2n + 1) co2 _ co, 

Therefore, the exact solution of the problem is 

Y COS COZ/f l  

v0 cos coh/~ 
4 , ~  ( -  1)" co2 cos kfi  

+ . . . .  z~ cos co.z/ft. (7) 
zc .=o (2n + 1) o9 2 - ~ cos k.a 

The time factor exp(icot) has been omitted in the sequel and 
hereafter. The summation can be interpreted as the contri- 
bution of surface waves to the total solution. Each term in 
the series represents a normal mode. Their weight factors 
and spectral signature are explicit. Moreover, the first term 
of  equation (7) can be expanded in Fourier series in the same 
way. The result is 

cos o~z//~ _ 4 ~ ( -  1)- 
cos coh/fl zc .=o (2n + 1---------3 o9. 2 co------~ cos co.z/ft. (8) 

Equation (8) can be modified to take into account oblique 
incidence. In fact, if  the layer is excited at the base with the 
motion corresponding to an incident plane SH wave arriving 

from a half-space with shear-wave velocity fie and incidence 
angle 7, the motion in the layer is given by 

cos nz exp( - icox/fle sin 7) 
cos t/h 

4 ~-~ ( - -  1 )  n (-On 2 cos co,~z/fl e x p ( -  icoxlfle sin 7) 
(9) z~ 

7r ,=o (2n + 1) (o2 _ co2 [1 - (fl/fle)2 sin 2 7] ' 

where ~/ = x/(co/fl) 2 - (co~fiE) 2 sin 2 7 is the vertical wave- 
number for the layer. Equation (9) is the formal extension 
of equation (8), it required the substitution of  co/fl by ~/and 
the inclusion of the common horizontal phase factor. Note 
that the interaction of  the layer with the half-space is ne- 
glected. This implies that the motion of the base has unit 
amplitude and phase expressed as e x p [ -  icox/flE sin 7], x be- 
ing the direction of wave propagation. For shallow, soft lay- 
ers this is not a very restrictive assumption. In order to con- 
sider the effects of  lateral boundaries it is also assumed that 
vertical variation of input motion in the half-space is negli- 
gible at the basin edges. Thus, considering equation (9) and 
solving for lateral boundary conditions, the equivalent of  
equation (7) for oblique incidence can be written as 

( - 1 ) "  1 f 
Vv0 = 4z~ ,=0 ~ (2n + 1)o~, - ¢b 2 [co2e-ik'x 

cos k ~  sin k ~ ] ]  cos coz 
- cb 2 c o s k ' a - -  i s i n k ' a  /~ - -  

cos ~ sin k, aJJ fl ' 

(10) 

with k'  = co~fie sin 7 and & = cox/1 - (.rifle) 2 sin 2 7. This 
exact solution has a simple structure. Evaluated at the edges 
it is clearly the solution for the incident field. It shows that 
the peak response of  each normal mode stems from the peaks 
of  the 1D response. Given a mode n, 09, is a cutoff frequency 
and for frequencies lower than co, the cosine terms become 
hyperbolic thus giving decaying contributions from the 
edges. For higher frequencies lateral propagation clearly 
shows up. Note that these normal modes correspond to the 
laterally unbounded layer and do not match the modal struc- 
ture chosen by Bard and Bouchon (1985) to study the res- 
onant behavior of  alluvial valleys. Our expression does not 
provide explicitly the val ley 's  natural frequencies for deep 
valleys. Instead, it gives the total response regardless the 
shape ratio. 
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v cos wziP ~ (2n + l)nz 
- = + ~ An cos knx cos . 
Vo cos wh/P n~O 2h 

(3) 

The first term is the ID solution for the infinite layer over­
laying a moving rigid base. The second is a sum of solutions 
of equation (1), provided 

(4) 

where wn = (2n + l)wo and Wo = 2np/4h. At x ± a we 
should have v = Vo and equation (3) becomes 

00 (2n + l)nz cos wzi P 
~ An cos kna cos 2h = 1 - h/P' (5) 
n~O cos w 

which is a cosine Fourier series. Multiplying both sides of 
equation (5) and integrating from zero to h it comes out that 

1 4 (_1)n w2 

A = --- . (6) 
n cos kna n (2n + 1) w2 - w~ 

Therefore, the exact solution of the problem is 

v cos wziP 

Vo cos wh/P 

The time factor exp(iwt) has been omitted in the sequel and 
hereafter. The summation can be interpreted as the contri­
bution of surface waves to the total solution. Each term in 
the series represents a normal mode. Their weight factors 
and spectral signature are explicito Moreover, the first term 
of equation (7) can be expanded in Fourier series in the same 
way. The result is 

cos wziP = .i ~ ( -1)n of1:. 
~ ---'-_':- _--,,-n_ COS wnzip. 

cos wh/P n n~O (2n + 1) ~ - w2 
(8) 

Equation (8) can be modified to take into account oblique 
incidence. In fact, if the layer is excited at the base with the 
motion corresponding to an incídent plane SH wave arriving 

Figure 1. Rectangular elastic deposit of 
depth h and half-width a. Oblique incidence of 
SR waves with angle y with respect to the ver­
tical. 

from a half-space with shear-wave velocíty PE and incidence 
angle y, the motion in the layer is given by 

cos nz exp( - iWX/PE sin y) 

cos r¡h 

4 00 (-I)n w~ cos wnzfP exp( - iWX/PE sin y) 
=-~ 00 

n n~O (2n + 1) w~ - w2 [1 - (P/PE)2 sin2 y] , 

where r¡ = J(w/P? - (W/PE)2 sin2 y is the vertical wave­
number for the layer. Equation (9) is the formal extension 
of equation (8), it required the substitution of w/P by r¡ and 
the inc1usion of the common horizontal phase factor. Note 
that the interaction of the layer with the half-space is ne­
glected. This implies that the motion of the base has unit 
amplitude and phase expressed as exp[ - iWX/PE sin y], x be­
ing the direction of wave propagation. For shallow, soft lay­
ers this is not a very restrictive assumption. In order to con­
sider the effects of lateral boundaries it is also assumed that 
vertical variation of input motion in the half-space is negli­
gible at the basin edges. Thus, considering equation (9) and 
solving for lateral boundary conditions, the equivalent of 
equation (7) for oblique incídence can be written as 

A [ cos k~ sin k~J} cos wz - w2 COS k' a --- - i sin k' a -.-- ---, 
cos kna sm kna P 

(10) 

with k' = WIPE sin y and ro = wJl - (P/PE)2 sin2 y. This 
exact solution has a simple structure. Evaluated at the edges 
it is c1early the solution for the incident field. It shows that 
the peak response of each normal mode stems from the peaks 
ofthe ID response. Given a mode n, W n is a cutofffrequency 
and for frequencies lower than wn the cosine terms become 
hyperbolic thus giving decaying contributions from the 
edges. For higher frequencíes lateral propagation c1early 
shows up. Note that these normal modes correspond to the 
laterally unbounded layer and do not match the modal struc­
ture chosen by Bard and Bouchon (1985) to study the res­
onant behavior of alluvial valleys. Our expression does not 
provide explicitly the valley's natural frequencíes for deep 
valleys. Instead, it gives the total response regardless the 
shape ratio. 
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Regarding the interface shape at the basin edges of flat 
alluvial valleys, it was found by means of analytical models 
that such a shape has little effect on the generated surface 
waves (Rodriguez-Zfifiiga and S~inchez-Sesma, 1991). In 
their analytical solution for the antiplane response of a single 
layer resting on a moving rigid base with a vertical or in- 
clined wall, it was found that the surface-wave contributions 
to the ground motion are relatively insensitive to the shape. 
Moreover, they found that the most important contribution 
comes from the fundamental mode. 

Approximat ions  

In order to use our exact solution as a framework, we 
have to assign new meaning to the different variables that 
appear in it. This is based upon heuristic considerations and 
has to be validated through comparisons of results with more 
rigorous solutions. It will be assumed in what follows that 
(1) the frequencies are lower than twice the resonant fre- 
quency f0; (2) oblique incidence of SH waves, coming up 
with an incidence angle 7 with respect to the z axis and some 
azimuthal direction obo; (3) the impedance contrast between 
the layer and the basement rock should be high. It is for an 
infinitely large contrast that we have the analytical solution. 
Moreover, in this case, the modal shapes of fundamental 
mode for Love and Rayleigh (horizontal component) waves 
will be similar, therefore, (4) we assume the modal shapes 
for horizontal components equal; (5) the wavenumber of 
fundamental mode, which in the exact solution can be imag- 
inary for low frequencies, will be assumed real and given 
by co/c(co) with c = cL or cR for Love or Rayleigh waves, 
respectively. The spectral signature for surface waves, which 
is explicit in the exact solution, is left unchanged. In order 
to simulate the 1D response with loss of energy toward the 
basement rock, co o will be made complex, having the form 
COo[1 + i~(co)], where ~(co) is an equivalent damping. Con- 
sidering a free surface factor of 2, we have therefore an 
approximate expression that accounts for the basin response 
in terms of fundamental mode (n = 0): 

1 [ [ cos kox 
v = 2Vo co~] cb_..__.~ 2 ~2e-ik,x _ (/~2 COS k'a COS koa 

sin k°x]l (11) 
- i sin k'a sin koaJJ" 

For obvious reasons, the factor 4/n has been omitted. Note 
that for x = - a the motion is 2vo exp( - icox/flE sin 7), as 
expected. 

By using a simplified ray theory at the edges it is pos- 
sible to simulate energy radiation. It will suffice to substitute 

cos kox cos kox 
cos koa by . , (12) cos kox + i(/~d3fl/~Ec) sm koa 

where/.t R and/z e are the shear modulus for the basement rock 

and for the basin, respectively. A similar scheme for upper 
modes and, for instance, higher frequencies would require 
detailed knowledge of the modal structure. To do this, sur- 
face waves should be studied numerically to obtain disper- 
sion curves, modal shapes, participation factors, and their 
frequency dependence. Our approach can be naturally ex- 
tended to deal with high frequencies if it is assumed that the 
motion at the interface is prescribed. Therefore, the normal 
modes of the layer resting on a rigid base will suffice to get 
the exact solution. We wanted to relax the rigid base as- 
sumption by introducing the dispersion curve that accounts 
for the elastic half-space. At this stage, our approximation 
is reasonable up to frequencies of 2fo, i.e., twice the funda- 
mental frequency because the first higher mode becomes im- 
portant for this frequency. This is a safety lower limit. In 
fact, for infinite impedance contrast the cutoff frequency is 
three times the fundamental one. On the other hand, the con- 
tribution of the fundamental mode is the largest. 

Simplified 3D Models  

In order to apply the above ideas to three-dimensional 
basins, we assume an incident plane SH wave arriving at the 
base in the x' direction for the irregular 3D model of Figure 
2a. The generalized multi-polar expansions (e.g., Aki and 
Richards, 1980) for the horizontal radial (r) and azimuthal 
(ob) components of surface motion have, respectively, the 
forms 

1 
u7 = ~ Jm(kr)im exp(imob), J'(qr) exp(imob) (13) 

1 

u'~ = -J'm(kr) exp(imob), ~- Jm(qr)im exp(imob), (14) 
qr 

where Jm(*) are the cylindrical Bessel functions of the first 
kind, order m and argument (*). Again, wavenumbers are 
defined as k = m/cL and q = co/c e, where c L and c R are the 
dispersion curves of each fundamental mode. These dis- 
placements can be written as 

ur = 2 [Jm-l(kr) + Jm+l(kr)][Am COS mob +Bm sin mob] 
m = 0  

+ [J,,_l(qr) - Jm+l(qr)][Cm COS mob + D,, sin mob] 
(15) 

u¢ = 2 [Jm-,(kr) - Jm+l(kr)][-Am sin mob 
m = 0  

+ B,. cos mob] + [Jm-l(q r) 

+ Jm+l(qr)][-Cmsinm¢ + Dmcosm¢]. (16) 

At r = R(Ob), ob (see Fig. 2) we impose the boundary 
conditions 
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Regarding the interface shape at the basin edges of flat 
alluvial valleys, it was found by means of analytical models 
that such a shape has little effect on the generated surface 
waves (Rodríguez-Zúñiga and Sánchez-Sesma, 1991). In 
their analytical solution for the antip1ane response of a single 
layer resting on a moving rigid base with a vertical or in­
clined wall, it was found that the surface-wave contributions 
to the ground motion are relatively insensitive to the shape. 
Moreover, they found that the most important contribution 
comes from the fundamental mode. 

Approximations 

In order to use our exact solution as a framework, we 
have to assign new meaning to the different variables that 
appear in it. This is based upon heuristic considerations and 
has to be validated through comparisons of results with more 
rigorous solutions. It will be assumed in what follows that 
(1) the frequencies are lower than twice the resonant fre­
quency fa; (2) oblique incidence of SH waves, coming up 
with an incidence angle y with respect to the z axis and sorne 
azimuthal direction e/>o; (3) the impedance contrast between 
the layer and the basement rock should be high. It is for an 
infinitely large contrast that we have the analytical solution. 
Moreover, in this case, the modal shapes of fundamental 
mode for Love and Rayleigh (horizontal component) waves 
will be similar, therefore, (4) we assume the modal shapes 
for horizontal components equal; (5) the wavenumber of 
fundamental mode, which in the exact solution can be imag­
inary for low frequencies, will be assumed real and given 
by m/c(m) with c = CL or CR for Love or Rayleigh waves, 
respectively. The spectral signature for surface waves, which 
is explicit in the exact solution, is left unchanged. In order 
to simulate the ID response with loss of energy toward the 
basement rock, mo will be made complex, having the form 
mo[l + i¿(m)], where ¿(m) is an equivalent damping. Con­
sidering a free surface factor of 2, we have therefore an 
approximate expression that accounts for the basin response 
in terms of fundamental mode (n = O): 

1 { A [ cos kox v = 2v m2e~ik'x - m 2 cos k' a ---
o m6 - w2 o cos koa 

sin koxJ} - i sin k'a -.-- . 
sm koa 

(11) 

For obvious reasons, the factor 4hr has been omitted. Note 
that for x = ± a the motion is 2vo exp( - imx/fJE sin y), as 
expected. 

By using a simplified ray theory at the edges it is pos­
sible to simulate energy radiation. It will suffice to substitute 

where Jl R and Jl E are the shear modulus for the basement rock 

J. L. Rodríguez-Zúñiga, F. J. Sánchez-Sesma, and L. E. Pérez-Rocha 

and for the basin, respectively. A similar scheme for upper 
modes and, for instance, higher frequencies would require 
detailed knowledge of the modal structure. To do this, sur­
face waves should be studied numerically to obtain disper­
sion curves, modal shapes, participation factors, and their 
frequency dependence. Our approach can be naturally ex­
tended to deal with high frequencies if it is assumed that the 
motion at the interface is prescribed. Therefore, the normal 
modes of the layer resting on a rigid base will suffice to get 
the exact solution. We wanted to relax the rigid base as­
sumption by introducing the dispersion curve that accounts 
for the elastic half-space. At this stage, our approximation 
is reasonable up to frequencies of 2/0, Le., twice the funda­
mental frequency because the first higher mode becomes im­
portant for this frequency. This is a safety lower limit. In 
fact, for infinite impedance contrast the cutoff frequency is 
three times the fundamental one. On the other hand, the con­
tribution of the fundamental mode is the largest. 

Simplified 3D Models 

In order to apply the aboye ideas to three-dimensional 
basins, we as sume an incident plane SH wave arriving at the 
base in the x' direction for the irregular 3D model of Figure 
2a. The generalized multi-polar expansions (e.g., Aki and 
Richards, 1980) for the horizontal radial (r) and azimuthal 
(e/» components of surface motion have, respectively, the 
forms 

1 
u';' = - lm(kr)im exp(ime/», l~(qr) exp(ime/» (13) 

kr 

1 
u'J, = -l~(kr) exp(ime/», - lm(qr)im exp(ime/», (14) 

qr 

where lm(*) are the cylindrical Bessel functions of the first 
kind, order m and argument (*). Again, wavenumbers are 
defined as k = mieL and q = m/cR, where CL and CR are the 
dispersion curves of each fundamental mode. These dis­
placements can be written as 

U r = 2: [lm~¡(kr) + lm+¡(kr)][Am cos me/> + Bm sin me/>] 
m=O 

+ [Jm~¡(qr) - lm+¡(qr)][Cm cos me/> + Drn sin me/>] 

(15) 

uq, = 2: [Jm~¡{kr) - lm+¡(kr)][ -Am sin me/> 
m=O 

+ lm+¡(qr)][ -Cm sin me/> + Dm cos mcp]. (16) 

At r = R(cp), cp (see Fig. 2) we impose the boundary 
conditions 
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Figure 2. (a) 3D irregular deposit. Oblique incidence of SH waves in the direction 
x' with angle 7 with respect to the vertical. (b) 3D axisymrnetric deposit and section 
A-A'. 
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Figure 3. Dispersion curves for the fundamental modes of Love (CL) and Rayleigh 
(CR) waves corresponding to the 2D model studied by Kawase. 

/~r = sin(¢ - ¢o) e x p [ -  ico/fl~ sin ~ r cos(¢  - ¢o)], and 

u¢ = cos (¢  - ¢o) e x p [ -  io/fle sin y r cos(¢  - ¢o)1 

(17) 

and construct a linear system of equations for the unknown 
coefficients Am, Bin, Cm, and Dm of the wave expansions. The 
solution is obtained in the least-squares sense. 

The final expressions for the horizontal components of  

the 3D displacement field at the surface of  the basin will 
consider equations (15) and (16) to account for lateral ef- 
fects. We shall represent the Cartesian components of  these 
displacements (by a simple transformation of  coordinates, 
i.e., from r, ¢ to x, y) as [ U  ~] and [U~,], respectively. At the 

boundary, these Cartesian components can be written as 
- 2 u  0 sin Co and 2u o cos ¢o, omitting the common factor 
exp[ - ico/fle sin 7 r cos(q5 - ¢o)] = exp[ - ico/fle sin 7x']. 
These are the Cartesian equivalent of equations (17). There- 
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Figure 2. (a) 3D irregular deposit. Oblique incidence of SH waves in the direction 
x' with angle y with respect to the vertical. (b) 3D axisymmetric deposit and section 
A-A'. 
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Figure 3. Dispersion curves for the fundamental modes of Love (C L) and Ray1eigh 
(CR ) waves corresponding to the 2D model studied by Kawase. 
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Ur = sine <P - <Po) exp[ - iW/fJE sin y r cos( <P - <Po)]' and 

U,¡, = cos( <P - <Po) exp[ - iW/fJE sin y r cos( <P - <Po)] 

(17) 

the 3D displacement field at the surface of the basin will 
consider equations (15) and (16) to account for lateral ef­
fects. We shall represent the Cartesian components of these 
displacements (by a simple transformation of coordinates, 
i.e., from r, <p to x, y) as [usw] and [usw], respectively. At the 

and construct a linear system of equations for the unknown 
coefficients Am, Bm, Cm' and Dm of the wave expansions. The 
solution is obtained in the least-squares sense. 

The final expressions for the horizontal components of 

x y 

boundary, these Cartesian components can be written as 
- 2uo sin <Po and 2uo cos <Po, omitting the common factor 
exp[ - iW/fJE sin y r cos(<P - <Po)] = exp[ - iW/fJE sin yx']. 
These are the Cartesian equivalent of equations (17). There-
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Figure 4. Synthetic seismograms for vertical incidence of SH waves at the rectan- 
gular deposit. (a) Results from Kawase, (b) results from this work. 

40 

fore, we can write the following for the surface horizontal 
displacements: 

llux = 2u0 { -~°°z sin ~b o exp( - ioglflE sin 7 x') -- d.~[UU].] 
J 
(18) 

u y =  2uo l l {  °9~c°s4~oexp(-i°9/flesinTx')-&2[U~]} 
cog - ~b 2 

(19) 

These formulas match boundary conditions at every point of 
the irregular boundary. The 1D and the locally generated 
parts of response are represented by the first and second 
terms, respectively, in each formula. In addition to the equiv- 
alent damping introduced in ¢90, we considered hysteretic 
damping for the lateral effects by multiplying the waven- 
umbers k and q by (1 - i/2Q), where Q = quality factor. 
In this way, the internal dissipation of energy is approxi- 
mately accounted for. 

In order to gauge the validity of our approach we pre- 
sent, in what follows, some comparisons with rigorous so- 
lutions. Then, the response of an irregular configuration is 
studied both in frequency and time domains. 
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Figure 7. Synthetic seismograms for three corre- 
lated points on the two- and three-dimensional mod- 
els, 7 = 0 and q5 o = 90. 

Results 

To compare our results with those from rigorous com- 
putations, let us consider the 2D model studied by Kawase 
(personal comm.) using the discrete wavenumber boundary 
element method (Kawase and Aki, 1989). It consists of a flat 
soft layer with a rectangular basement (with reference to Fig. 
1, h = 1 km and a = 4 kin). Shear-wave velocities are 1 
and 2.5 km/sec for layer and basement, respectively. It was 
assumed a Poisson ratio of one-third and uniform density 
through the model. Figure 3 displays the dispersion curves 
for the Love and Rayleigh fundamental modes for the model. 

For obtaining synthetics, the fast Fourier transform al- 
gorithm has been used. Figure 4 displays our results and 
Kawase's ones for vertical incidence of SH waves. The input 
signal is a Ricker wavelet with characteristic period of 4 sec, 
which corresponds to the fundamental frequency of the sin- 

gle layer. There is remarkable similarity between both sets 
of synthetics, with some minor differences that, no doubt, 
are related to our approximations. The fact that such a good 
fit can be obtained with a single formula is encouraging. 
Perhaps we are beginning to understand the mechanisms of 
seismic response of shallow valleys. 

For an axisymmetric three-dimensional valley (as the 
one depicted in Fig. 2b) with the same mechanical proper- 
ties, depth, and radius (half-width) of the previous example, 
we applied equations (18) and (19) and assume the charac- 
teristic period for the Rickers' wavelet to be 4 sec. Figure 5 
displays synthetic seismograms along the x axis (section 
A-A') for the three cases. The first two correspond to vertical 
incidences (7 = 0°) with ~b 0 = 90, 0, respectively. There- 
fore, the incident motions are in the u x and uy directions. 
Figures 5a and 5b present the corresponding synthetics. Fig- 
ure 5c depicts the synthetics for an oblique incidence with 
7 = 30° and azimuth ~b 0 = 0. The only motion along section 
A-A' is Uy. In these three cases, the displayed seismograms 
have the same direction of motion as the incident waves. 
The first set of results in Figure 5 (left) corresponds to the 
computation done by S~nchez-Sesma and Luz6n (1995) us- 
ing an indirect boundary element method, whereas the sec- 
ond one (right) is the result of our computations. Synthetics 
from both methods are very similar. However, our results 
overestimate somewhat the amplitudes with respect to those 
from the rigorous IBEM. Figure 5a clearly shows the three- 
dimensional character of the longitudinal section which is 
governed basically by Rayleigh waves, whereas Figures 5b 
and 5c display wave trains with velocity corresponding to 
Love waves. Of course, this interpretation is only a guideline 
because the motion is composed by the two types of waves. 
For this 3D example the fitting is only reasonable. This time, 
boundary conditions for our simplified approach correspond 
to a rigid surrounding and there is no way to account for 
leaking energy. This is the reason for the excess in ampli- 
tudes. In any event, the essential 3D effects are well repre- 
sented. 

Figure 6 shows synthetics for oblique incidence on the 
same axisymmetric deposit. In this case, the displacement 
for Uy with 7 = 60 and 0b0 = 0, shows high concentration 
of energy on the detectors of the opposite side, with respect 
to the direction of field incidence, which is a well-known 
result. It is also possible to identify the dispersive charac- 
teristics of the surface waves traveling from one side of the 
deposit to the other. 

In order to compare results from this 3D example and 
the simplest 2D equivalent, we consider the response of three 
points along the y axis, assuming vertical incidence (7 = 0°) 
and ~b o = 90. The incident motion is thus composed only 
by ux. Figure 7 shows synthetics for an incident Ricker's 
wavelet with characteristic period tp = 4 sec. Significant 
changes can be seen between 3D and 2D seismograms in 
both amplitude and duration. 

These results allow us to establish that the response in 
fiat valleys is composed by the one-dimensional response 
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To compare our results with those from rigorous com­
putations, let us consider the 2D model studied by Kawase 
(personal comm.) using the discrete wavenumber boundary 
element method (Kawase and Aki, 1989). It consists of a Hat 
soft layer with a rectangular basement (with reference to Fig. 
1, h = 1 km and a = 4 km). Shear-wave velocities are 1 
and 2.5 kmIsec for layer and basement, respective1y. It was 
assumed a Poisson ratio of one-third and uniform density 
through the model. Figure 3 displays the dispersion curves 
for the Love and Rayleigh fundamental modes for the model. 

For obtaining synthetics, the fast Fourier transform al­
gorithm has been used. Figure 4 display s our results and 
Kawase' sones for vertical incidence of SH waves. The input 
signal is a Ricker wavelet with characteristic period of 4 sec, 
which corresponds to the fundamental frequency of the sin-
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gle layer. There is remarkable similarity between both sets 
of synthetics, with some minor differences that, no doubt, 
are related to our approximations. The fact that such a good 
fit can be obtained with a single formula is encouraging. 
Perhaps we are beginning to understand the mechanisms of 
seismic response of shallow valleys. 

For an axisymmetric three-dimensional valley (as the 
one depicted in Fig. 2b) with the same mechanical proper­
ties, depth, and radius (half-width) of the previous example, 
we applied equations (18) and (19) and assume the charac­
teristic period for the Rickers' wavelet to be 4 seco Figure 5 
displays synthetic seismograms along the x axis (section 
A-A') for the three cases. The first two correspond to vertical 
incidences (y = 0°) with cfJo = 90, O, respectively. There­
fore, the incident motions are in the Ux and uy directions. 
Figures 5a and 5b present the corresponding synthetics. Fig­
ure 5c depicts the synthetics for an oblique incidence with 
y = 30° and azimuth cfJo = O. The only motion along section 
A-A' is uy • In these three cases, the displayed seismograms 
have the same direction of motion as the incident waves. 
The first set of results in Figure 5 (left) corresponds to the 
computation done by Sánchez-Sesma and Luzón (1995) us­
ing an indirect boundary element method, whereas the sec­
ond one (right) is the result of our computations. Synthetics 
from both methods are very similar. However, our results 
overestimate somewhat the amplitudes with respect to those 
from the rigorous IBEM. Figure 5a clearly shows the three­
dimensional character of the longitudinal section which is 
govemed basically by Rayleigh waves, whereas Figures 5b 
and 5c display wave trains with velocity corresponding to 
Love waves. Of course, this interpretation is only a guideline 
because the motion is composed by the two types of waves. 
For this 3D example the fitting is only reasonable. This time, 
boundary conditions for our simplified approach correspond 
to a rigid surrounding and there is no way to account for 
leaking energy. This is the reason for the excess in ampli­
tudes. In any event, the essential 3D effects are well repre­
sented. 

Figure 6 shows synthetics for oblique incidence on the 
same axisymmetric deposito In this case, the displacement 
for uy with y = 60 and cfJo = O, shows high concentration 
of energy on the detectors of the opposite side, with respect 
to the direction of field incidence, which is a well-known 
result. It is also possible to identify the dispersive charac­
teristics of the surface waves traveling from one side of the 
deposit to the other. 

In order to compare results from this 3D example and 
the simplest 2D equivalent, we consider the response of three 
points along the y axis, assuming vertical incidence (y = 0°) 
and cfJo = 90. The incident motion is thus composed only 
by U
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changes can be seen between 3D and 2D seismograms in 
both amplitude and duration. 

These results allow us to establish that the response in 
Hat valleys is composed by the one-dimensional response 
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Figure 8. Sequence of amplitude of the Uy displacement at the surface of the irregular 
model on the grid. The times shown are 6, 9, 12, and 15 sec. 

l 
4 2 ~ - 2  - 4  

Figure 9. Synthetic seismograms at three points localized on the surface of the ir- 
regular model. The incoming Ricker's wavelet is shown below. 

strongly modified by surface waves. This is particularly clear 
in Figure 5b (7 = 0 and tho = 0) due to the lower velocity 
of Love modes, although modified by other wave contribu- 
tions from the basin's edge. 

For the irregular configuration shown in Figure 2a, syn- 
thetic seismograms were computed on the whole surface o f  
the deposit, using an equal-spaced grid of 5 × 5 km (cen- 

tered at the origin of the deposit). In this case, ? = 0 and ~b o 
= 0, the characteristic period of the Ricker's wavelet was 4 
sec. Figure 8 shows the sequence of amplitude of the uy 
displacement at the surface of the grid at different times (6, 
9, 12, and 15 sec). It shows the evolution of this horizontal 
displacement, which is essentially governed by the 1D con- 
tribution at earlier times, exhibiting lateral propagation of 
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strongly modified by surface waves. This is particularly clear 
in Figure 5b (y = O and epo = O) due to the lower velocity 
of Love modes, although modified by otb.er wave contribu­
tions from the basin's edge. 

For the irregular configuration shown in Figure 2a, syn­
thetic seismograms were computed on the whole surface of 
the deposit, using an equal-spacedgrid of 5 X 5 km (cen-

tered at the origin of the deposit). In this case, y = O and epo 
= O, the characteristic period of the Ricker' s wavelet was 4 
seco Figure 8 shows the sequence of amplitude of the uy 
displacement at the surface of the grid at different times (6, 
9, 12, and 15 sec). It shows the evolution of this horizontal 
displacement, which is essentially govemed by the ID con­
tribution at earlier times, exhibiting lateral propagation of 
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Figure 10. Computations for the amplitude (u r and ux) at a given frequency ("snap- 
shots" of frequency) at the whole surface of the irregular model on the grid. The 
presented frequencies are 0.4 and 0.6 Hz. 

surface waves for later times. The arrows indicate the pas- 
sage of the incoming wave field. 

In order to observe the time history of the horizontal 
(uy) displacement at different locations on the surface of the 
irregular deposit, Figure 9 shows the computed synthetic 
seismograms at three points from the center to the edge of 
the model. The properties of the incoming Ricker's wavelet 
(shown below) are the same for Figure 8. The highest am- 
plitude corresponds to the point localized farther from the 
deposit edges. Moreover, the waveform is now affected by 
the irregular boundary shape. 

For the same configuration, Figure 10 shows computa- 
tions for the amplitude at a given frequency ("snapshots" of 
frequency) on the whole surface of the grid. The frequencies 
studied (0.4, 0.6 Hz) show the increase of complexity in the 
distribution of maxima with increasing frequency. More- 
over, they can be correlated to the irregular shape of the 

deposit's boundary. In this case, referring to Figure 2a, y = 
60, ~b 0 = 90. The represented amplitude corresponds to the 
y and x directions. 

Conclusions 

A simplified formulation has been presented to approx- 
imately simulate the low-frequency seismic response of 
three-dimensional shallow alluvial valleys. It stems from the 
exact solution for the antiplane response of a rectangular 
deposit with a moving rigid base. Such a solution, which 
separately accounts for 1D response and lateral effects, is 
used as a framework for our approximations. In particular, 
the spectral signature of locally generated surface waves, 
which is explicit, is preserved. Results are presented for two- 
and three-dimensional cases. Comparisons are provided with 
rigorous solutions to validate our approximations. 
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Figure 10. Computations for the amplitude (uy and u) at a given frequency ("snap­
shots" of frequency) at the whole surface of the irregular model on the grid. The 
presented frequencies are 0.4 and 0.6 Hz. 

surface waves for later times. The arrows indicate the pas­
sage of the incoming wave field. 

In order to observe the time history of the horizontal 
(uy) displacement at different locations on the surface of the 
irregular deposit, Figure 9 shows the computed synthetic 
seismograms at three points from the center to the edge of 
the model. The properties of the incoming Ricker' s wavelet 
(shown below) are the same for Figure 8. The highest am­
plitude corresponds to the point localized farther from the 
deposit edges. Moreover, the waveform is now affected by 
the irregular boundary shape. 

For the same configuration, Figure 10 shows computa­
tions for the amplitude at a given frequency ("snapshots" of 
frequency) on the whole surface of the grid. The frequencies 
studied (004, 0.6 Hz) show the increase of complexity in the 
distribution of maxima with increasing frequency. More­
over, they can be correlated to the irregular shape of the 

deposit's boundary. In this case, referring to Figure 2a, y = 
60, <Po = 90. The represented amplitude corresponds to the 
y and x directions. 

Conclusions 

A simplified formulation has been presented to approx­
imately simulate the low-frequency seismic response of 
three-dimensional shallow alluvial valleys. It stems from the 
exact solution for the antiplane response of a rectangular 
deposit with a moving rigid base. Such a solution, which 
separately accounts for ID response and lateral effects, is 
used as a framework for our approximations. In particular, 
the spectral signature of locally generated surface waves, 
which is explicit, is preserved. Results are presented for two­
and three-dimensional cases. Comparisons are provided with 
rigorous solutions to validate our approximations. 
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Despite the simplicity of our models, we believe they 
capture the physics of the phenomenon and allow for fast 
and accurate computations for the low-frequency seismic re- 
sponse in shallow 3D irregular configurations. Our results 
allow us to point out the remarkable role played by surface 
waves in the basin's response. They suggest that reasonable 
estimates of seismic ground motion in extended alluvial val- 
leys can be obtained using simplified models. This is the 
subject of our current research. 
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Despite the simplicity of our models, we believe they 
capture the physics of the phenomenon and allow for fast 
and accurate computations for the low-frequency seismic re­
sponse in shallow 3D irregular configurations. Our results 
allow us to point out the remarkable role played by surface 
waves in the basin's response. They suggest that reasonable 
estimates of seismic ground motion in extended alluvial val­
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subject of our current research. 
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Computing Topographical 3D Site Effects Using a Fast IBEM/Conjugate 

Gradient Approach 

by Carlos Ortiz-Alem~in, Francisco J. Sfinchez-Sesma, Jos6 L. Rodriguez-Zff i iga,  
and Francisco Luz6n 

Abstract We briefly review the basis of the indirect boundary element method 
(IBEM) and apply it to compute the seismic response of three-dimensional topo- 
graphic features for incident P and S waves. The method is based on the integral 
representation for scattered and diffracted waves using single-layer boundary 
sources. This approach is called indirect because source strengths should be obtained 
as an intermediate step. Boundary conditions lead to a system of integral equations 
for surface's sources. The discretization is based on the approximate rectification of 
involved surfaces using circles. This allows simple numerical and analytical integra- 
tion of the exact Green's function for an unbounded, homogeneous, isotropic elastic 
space. In previous work, the accuracy of this approach has been verified. However, 
a serious limitation comes from the maximum frequency of interest because the size 
of the coefficient matrix grows as the square of frequency, and it can be easily too 
large for problems of practical interest. To overcome this difficulty, various threshold 
criteria were designed taking advantage from the significant spatial decay exhibited 
by Green's functions. Fast approximate solutions were obtained by using sparse 
matrix computations. Encouraging results are presented. 

Introduction 

Site effects due to surficial geology can produce ampli- 
fication of seismic ground motion to a large extent. In order 
to predict such effects, several methods have been developed 
to simulate the seismic response of models from topographic 
profiles and alluvial basins under incidence of elastic waves. 
For a recent review, the reader is referred to Sfinchez-Sesma 
(1996). 

Such numerical methods are designed to solve the equa- 
tions of motion with varying degrees on complexity and re- 
alism, yet with some limitations. Among them, we have the 
finite-element method (FEM), the finite-difference method 
(FDM), the boundary element method (BEM), the discrete 
wavenumber method (DWN), and the so-called hybrid meth- 
ods. Most of them can deal with plane SH, P, and Rayleigh 
waves. In many instances, a realistic input to the site models 
can be simulated for various source types (Olsen etal. ,  1995; 
Bouchon and Barker, 1996; Graves, 1996; Olsen and Ar- 
chuleta, 1996). 

Boundary element methods have been applied to cal- 
culate the seismic response of various types of geological 
structures (Sfinchez-Sesma and Campillo, 1991, 1993; S~I- 
chez-Sesma et al., 1993; Pedersen et al., 1994; Sfinchez- 
Sesma and Luzdn, 1995). Dimensionality reduction and a 
relatively simple fulfillment of radiation conditions at infin- 
ity are recognized advantages over domain approaches. 
However, some of the capabilities from finite differences and 

finite elements for modeling complex configurations are not 
available yet in the IBEM formulation. Nevertheless, there is 
a wide class of problems where information on geometry 
and properties has large uncertainties, so a full-fledged finite- 
difference analysis may be quite expensive as compared to 
a simple IBEM study. 

Yet, another difficulty arises because the size of the co- 
efficient matrix grows with frequency (in 3D problems, such 
growth goes with the square of frequency), and it can easily 
be too large for problems of practical interest. 

This article is an extension of a recent study in which 
the IBEM was applied to simulate wave diffraction by three- 
dimensional topographies (Luz6n et al., 1997). Our goal 
now is to reduce the numerical burden of this method. We 
follow the approach suggested by Bouchon et aL (1995) to 
take advantage of the significant spatial decay (l/r) of elastic 
Green's functions for displacements and tractions. Then, af- 
ter selecting a threshold criterion, we neglect very small en- 
tries in the coefficient matrix, which become sparse, and the 
system of equations is dealt with using the conjugate gra- 
dient iterative approach. 

Integral Representation Using Boundary Sources 

Consider the domain V, occupied by an elastic material, 
and its boundary S. The displacement field under harmonic 
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finite elements for modeling complex configurations are not 
available yet in the IBEM formulation. Nevertheless, there is 
a wide class of problems where information on geometry 
and properties has large uncertainties, so a full-fledged finite­
difference analysis may be quite expensive as compared to 
a simple IBEM study. 

Yet, another difficulty arises because the size of the co­
efficient matrix grows with frequency (in 3D problems, such 
growth goes with the square of frequency), and it can easily 
be too large for problems of practical interest. 

This article is an extension of a recent study in which 
the IBEM was applied to simulate wave diffraction by three­
dimensional topographies (Luzón et al., 1997). Our goal 
now is to reduce the numerical burden of this method. We 
follow the approach suggested by Bouchon et al. (1995) to 
take advantage of the significant spatial decay (1Ir) of elastic 
Green's functions for displacements and tractions. Then, af­
ter selecting a threshold criterion, we neglect very small en­
tries in the coefficient matrix, which become sparse, and the 
system of equations is dealt with using the conjugate gra­
dient iterative approach. 

Integral Representation U sing Boundary Sources 

Consider the domain V, occupied by an elastic material, 
and its boundary S. The displacement field under harmonic 



394 C. Ortiz-Alem~n, F. J. Sfinchez-Sesma, J. L. Rodrfguez-Zdfiiga, and F. Luz6n 

excitation, neglecting body forces, can be expressed by 
means of the single-layer boundary integral: 

u,(x) = f 4g~)G,¢x, 4)dS~, (1) 
S 

where u~ (~) is the ith component of displacement at £ G~j(Y, 
~) denotes the Green's function, and gbj(~) is the force den- 
sity at ~ in the direction j. 

This integral representation allows computation of 
stresses and tractions by direct application of Hooke's law, 
except at boundary singularities. Considering equilibrium 
conditions around an internal neighborhood of the boundary 
and by a limiting process, it is possible to write 

t,(£) = ~ 4~,(~) + 4aj(~)T~j(X, ~)dS¢, (2) 
s 

where t~ is the ith component of traction at the boundary and 
T0(£, ~) denotes traction of the Green's function. Further 
details can be found in Sfinchez-Sesma and Campillo (1991) 
and S~nchez-Sesma and Luzdn (1995). Detailed expressions 
are given there for the Green's functions in 2D and 3D, 
respectively. 

Diffraction of  Elastic Waves by Topography 

Consider a three-dimensional topographical feature as 
shown in Figure 1. The total ground motion in this config- 
uration is the result from the superposition of the so-called 
diffracted waves and the free field: 

~, = .!0~ + ul~, (3) 

where u! °) is free-field displacement, which is the solution 
to the equations of motion in absence of irregularity. In the 
case of incidence of plane waves upon a half-space or a 
horizontally layered media, such a reference solution is an- 
alytical and under certain conditions can be extended beyond 

the 
Campillo, 1991). 

The diffracted field is given by 

original definition domain (see Sfinchez-Sesma and 

u} 4 = f 4,j(~)G~j(g ~)dS¢. (4) 
S 

The traction free-boundary condition implies that 

then, from equation (2), 

t? ~ + t} ~ = 0; (5) 

1 f = _6o~ 4,~(x) + 4,~(~)Tdx, ~)d& (x). 
S 

(6) 

This expression is discretized along a finite portion of 
the boundary S. Assuming that q5i(~) is constant over each 
of the boundary elements leads to a system of linear equa- 
tions with the following form: 

N 

4)i (~,)tgx°, ~) = - t f  °~ (xO 
t = l  

where 

forn  = 1 . . . . .  N, (7) 

tij(x., ~,) = ~aifi., + ;A, Vo (x,,, {)dSe. (8) 

These integrals are computed numerically except when 
n = l. In this case, we have 

1 
t;j (xn, ~n) = ~ 6 U- (9) 

Once the values of qSj(~z) are known, the diffracted field is 
computed by means of 

Z Figure 1. Plan and cross section of the 
three-dimensional mountain of irregular shape 
on the surface of an elastic half-space. Surface 
geometry is given by equation (13). 
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diffracted waves and the free field: 

(3) 

where u¡O) is free-field displacement, which is the solution 
to the equations of motion in absence of irregularity. In the 
case of incidence of plane waves upon a half-space or a 
horizontally layered media, such a reference solution is an­
alytical and under certain conditions can be extended beyond 

the original definitíon domain (see Sánchez-Sesma and 
Campillo, 1991). 

The diffracted field is given by 

u~d) = f 4J/~)Gij(x, ~)dS;;. (4) 
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The traction free-boundary condition implies that 

I~O) + lid) = O; (5) 

then, from equation (2), 

1 f - - ~ 2: 4J¡{x) + 4J¡(!;,)Tij(x, l;,)dS~ = - ti (x). (6) 
S 

This expression is discretized along a finite portion of 
the boundary S. Assuming that 4J/~) is constant over each 
of the boundary elements leads to a system of linear equa­
tions with the following form: 

N 

2. 4Jj (I;,¡)t;/xm 1;,1) = - tíO) (Xn) for n = 1, ... , N, (7) 
1=1 

where 

These integrals are computed numerically except when 
n = l. In this case, we have 

(9) 

Once the values of 4J/I;,I) are known, the diffracted field is 
computed by means of 

Figure 1. Plan and cross section of the 
three-dimensional mountain of irregular shape 
on the surface of an elastic half-space. Surface 
geometry is given by equation (13). 
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N 
u~ a~ = ~ q~j (~z)gij(x, ~l), (10) 

l= l  

where 

go( x, ~t) = /AS1 Go(x, ~)dS~. (11) 

These integrals are also computed numerically, except 
in the case when x lies in a neighborhood of  ~l, for which 
analytical expressions were used. This kind of  approxima- 
tion is enough if the minimum wavelength is at least four 
diameters. 

Fast  IBEM/Conjuga te  Gradien t  A p p r o a c h  

The system of linear equations expressed by (7) can be 
written in matrix form as 

We considered a 377-element discrete region for these 
computations. Thus, the resultant system of equations was 
represented by a 1131 × 1131 matrix. Amplitudes from off- 
diagonal elements grow as a function of  frequency for a 
given discretization, giving raise to a decrease of  the sys- 
tem's condition number. In any case, nonzero elements are 
roughly 80% of the total number of  matrix locations, so 
strictly speaking, we are not dealing with a sparse system. 
Original nonzero elements location pattern is shown in Fig- 
ure 2a. 

In order to transform original systems into sparse matrix 
approximations, as suggested by Bouchon et al. (1995), a 
thresholding strategy was designed from simplified relations 
based on the physics of  problem formulation. According to 
this new approach, all contributions from elements located 

Mq~ = t. (12) 

The total number of  equations is three times the number of  
boundary elements. The amplitudes of  the complex coeffi- 
cient matrix M are larger for its main diagonal terms. 

IBEM formulations give rise to large systems of equa- 
tions, and the considerable amount of operations required 
for solving them suggests the possibility of  getting some 
benefit from exploitation of  sparsity. Significant computa- 
tional savings can be reached by reducing floating-point 
operations up to a fraction of  those originally required for 
the full system's solution. 

Following the suggestion from Bouchon et al. (1995), 
matrix inversion was speeded up by removing some matrix 
entries by applying various threshold criteria. In other words, 
the Green's functions exhibit a significant spatial decay 
( - l / r )  in 3D, and the associated stresses may have very 
small influence at large relative distances. However, we 
should note that, for a given discretization, the stresses are 
a growing linear function of  frequency. 

Resul ts  

In order to test this approach, we studied the seismic 
response of  the 3D mountain of  irregular shape on the 
surface of  an elastic half-space as depicted in Figure 1. 
The region is formed by points from the z = 0 plane with 
r < a and R > b or r > a, where r = (x 2 + y2)1/2 and R = 
[(x - a) 2 + y2]m. The surface geometry is given by 

Z(X, y )  = h ( R  2 - b 2) I1 
2 a ( a  - -  x) 1, (13) 

where a = 2 km, b = 1 km, and h = 0.2. S-wave propa- 
gation velocity was fl = 1 km/sec, Poisson coefficient was 
v = 0.25, and the quality factor for P and S waves was 
assumed to be Q = 500. 

mm 
mm 

m 
A B 

C D 

Figure 2. Nonzero elements location patterns cor- 
responding to (a) original full system; (b) sparse ap- 
proximation for a threshold value estimated from 
equation (14) by considering e = 0.01; (c) case for e 
= 0.03; (d) case for e = 0.05. 

Table 1 
Size of sparse matrices formed after applying threshold criteria. 

Storage requirements are relative to the original full system's 
size. CPU times are normalized respect to time consumption for the 
solution of the full system by using sparse matrix computations. 

Threshold (e) Nonzero Storage CPU Time 

0 1,003,519 0.7845 1.0 
0.01 609,329 0.4763 0.6 
0.03 87,359 0.0683 0.08 
0.05 32,195 0.0250 0.03 
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Table 1 
Size of sparse matriees formed after applying threshold eriteria. 
Storage requirements are relative to the original full system's 

size. CPU times are normalized respeet to time eonsumption for the 
solution of the full system by using sparse matrix eomputations. 

Threshold (e) Nonzero Storage CPU Time 

O 1,003,519 0.7845 1.0 
0.01 609,329 0.4763 0.6 
0.03 87,359 0.0683 0.08 
0.05 32,195 0.0250 0.03 



396 C. Ortiz-AlemSn, F. J. Sfinchez-Sesma, J. L. Rodrfguez-Zdfiiga, and F. Luz6n 

A )  P wc~ve 7 = 3 0  p=O ( F u r l  s o l u t i o n )  
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Figure 3. Synthetic seismograms for incident P waves, with azimuth 4, = 0, and 
an incidence angle 7 = 30°. A Ricker wavelet was considered as incoming wave, with 
a characteristic period tp = 3 sec. Displacements were computed from transfer func- 
tions corresponding to (a) full system's solution; (b) sparse approximation for a thresh- 
old value estimated from equation (14) by considering e = 0.01; (c) case for e = 0.03; 
(d) case for e = 0.05. 
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Figure 3. Synthetic seismograms for incident P waves, with azimuth 4> = O, and 
an incidence angle y = 30°. A Ricker wavelet was considered as incoming wave, with 
a characteristic period tp = 3 seco Displacements were coroputed froro transfer func­
tions corresponding to (a) fun system' s solution; (b) sparse approximation for a thresh­
old value estimated from equation (14) by considering e = 0.01; (c) case for e = 0.03; 
(d) case for e = 0.05. 
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A) SH wave  7=30 ~=0 (Full  solut ion)  B)  SH wave  7=30  cp=O ~=0.01 
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Figure  4. Synthetic seismograms for incident SH waves, with azimuth ~b = 0, and 
an incidence angle 7 = 30°. A Ricker wavelet was considered as incoming wave, with 
a characteristic period tp = 3 sec. Displacements were computed from transfer func- 
tions corresponding to (a) full system's solution; (b) sparse approximation for a thresh- 
old value estimated from equation (14) by considering e = 0.01; (c) case for e = 0.03; 
(d) case for ~ = 0.05. 
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Figure 4. Synthetic seismograms for incident SH waves, with azimuth cP = O, and 
an incidence angle y = 30°. A Rieker wavelet was considered as incoming wave, with 
a characteristic period tp = 3 seco Displacements were eomputed from transfer func­
tions corresponding to (a) full system's solution; (b) sparse approximation for a thresh­
old value estimated from equation (14) by considering e = 0.01; (e) case for e = 0.03; 
(d) case for e = 0.05. 
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outside a distance ratio from the point of tractions evaluation 
were removed. Such a distance ratio was computed as 

rcq 
r ~ - -  (14) 

e N  b ' 

where Nb is the number of boundary elements and e is a 
control parameter expressed as a percentage of the corre- 
sponding density force (0. Another advantage from this strat- 
egy compared to an amplitude criteria is that frequency de- 
pendence can be ignored by assigning a constant value to 
the normalized frequency r/ = t/max (maximum value al- 
lowed by discretization). In this way, sparsity patterns are 
the same for all frequency steps, and computation of indexes 
from nonzero elements is performed just once, allowing ad- 
ditional computational savings. 

Considering/]max -----  2, various sparsity patterns for e = 
0.01, 0.03, and 0.05 are presented in Figures 2b, 2c, and 2d, 
respectively. The resultant sparse matrices were inverted by 
using a biconjugate gradient approach similar to that de- 
scribed by Press et al. (1994). Convergence rates were im- 
proved by using the main diagonal part of the coefficient 
matrix as a preconditioner. The iterations required by the 
algorithm grow linearly from 6 to 8 steps for the zero fre- 
quency until 13 to 16 steps for the highest frequency. The 
corresponding number of nonzero elements, normalized 
storage requirements with respect to the original system's 
size, and normalized CPU time relations are included in Ta- 
ble 1. 

Synthetic seismograms were computed assuming a 
Ricker wavelet as incoming wave, with a characteristic pe- 
riod tp = 3 sec. We considered the incidence of P and SH 
waves, with an azimuth ~b = 0, and an incidence angle 7 = 
30 ° with respect to the vertical. Time-domain responses 
along two orthogonal directions (x = 0 and y = 0) were 
computed. Computation of the full system was carried out 
by using the same sparse matrix-biconjugate gradient rou- 
tine for comparison purposes. CPU times were significantly 
reduced with respect to those using standard matrix inver- 
sion methods. 

Results for cases of P- and SH-wave incidence are por- 
trayed in Figures 3 and 4, respectively. In both cases, re- 
ductions on the number of retained elements led to a pro- 
gressive loss of minor reflections and small-amplitude 
distortions on seismic ground motion. Nevertheless, the 
main features of motion are preserved even when the size of 
sparse systems represents less than 3% of the original sys- 
tem's size. 

Conclusions 

Linear systems derived from the application of the in- 
direct boundary element method (IBEM) can be converted 
into sparse systems by using threshold criteria, as suggested 

by Bouchon et al. (1995) for the boundary element method 
(BEM). The solution of such sparse versions, instead of the 
original full IBEM systems, implied significant savings on 
both floating-point operations and storage requirements. 

IBEM formulations give raise to slow variations on sets 
of equations from successive frequency calculations. By us- 
ing the conjugate gradient approach, some extra benefit was 
reached as the solution from each one of these sets was taken 
as an initial guess for solving the next frequency step. 
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outside a distance ratio from the point of tractions evaluation 
were removed. Such a distance ratio was computed as 

(14) 

where Nb is the number of boundary elements and e is a 
control parameter expressed as a percentage of the corre­
sponding density force rp. Another advantage from this strat­
egy compared to an amplitude criteria is that frequency de­
pendence can be ignored by assigning a constant value to 
the normalized frequency 1J = 1Jmax (maximum value al­
lowed by discretization). In this way, sparsity pattems are 
the same for all frequency steps, and computation of indexes 
from nonzero elements is performed just once, allowing ad­
ditional computational savings. 

Considering 1Jmax = 2, various sparsity pattems for e = 
0.01,0.03, and 0.05 are presented in Figures 2b, 2c, and 2d, 
respectively. The resultant sparse matrices were inverted by 
using a biconjugate gradient approach similar to that de­
scribed by Press et al. (1994). Convergence rates were im­
proved by using the main diagonal part of the coefficient 
matrix as a preconditioner. The iterations required by the 
algorithm grow linearly from 6 to 8 steps for the zero fre­
quency until 13 to 16 steps for the highest frequency. The 
corresponding number of nonzero elements, normalized 
storage requirements with respect to the original system's 
size, and normalized CPU time relations are included in Ta­
ble 1. 

Synthetic seismograms were computed assuming a 
Ricker wavelet as incoming wave, with a characteristic pe­
riod tp = 3 seco We considered the incidence of P and SH 
waves, with an azimuth ljJ = O, and an incidence angle y = 
30° with respect to the vertical. Time-domain responses 
along two orthogonal directions (x = O and y = O) were 
computed. Computation of the full system was carried out 
by using the same sparse matrix-biconjugate gradient rou­
tine for comparison purposes. CPU times were significantly 
reduced with respect to those using standard matrix inver­
sion methods. 

Results for cases of P- and SH-wave incidence are por­
trayed in Figures 3 and 4, respectively. In both cases, re­
ductions on the number of retained elements led to a pro­
gressive loss of minor reflections and small-amplitude 
distortions on seismic ground motion. Nevertheless, the 
main features of motion are preserved even when the size of 
sparse systems represents less than 3% of the original sys­
tem's size. 

Conc1usions 

Linear systems derived from the application of the in­
direct boundary element method (IBEM) can be converted 
into sparse systems by using threshold criteria, as suggested 

by Bouchon et al. (1995) for the boundary element method 
(BEM). The solution of such sparse versions, instead of the 
original full IBEM systems, implied significant savings on 
both floating-point operations and storage requirements. 

IBEM formulations give raise to slow variations on sets 
of equations from successive frequency calculations. By us­
ing the conjugate gradient approach, sorne extra benefit was 
reached as the solution from each one of these sets was taken 
as an initial guess for solving the next frequency step. 
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