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Introduccién

Recu:n!.emcnte en un consndcmblc nlimcro de pubhcacmncs ¥ hbros s¢ ha msnshdo

en que el algebra de Chfford es un poderoso lcnguaje para la Flsxca, ya quc es la

estructura matemwhc na ral de ob]etos Lalcs com 1 nimeros COmpleOS,'

Maple, que tamblen traba]an operaciones algebrmcas, pero los calcu]os sxmbolu:os no:

'son tan eﬁcxentcs como cl de; Mathe albic El calculo slmboh;:o de Mﬂlhematwa serd -

“de fundamental 1mportancla. par' !



El presente trabajo se divide en cuatro ‘capftulbs y dos apéndices‘ En'el primrm,v

se da una mtroduccxon gcnernl dl algebra de Cllﬂ'ord de un espacm vectorial de di-

resulta.dos de este tra aj en el quc se dan deta.lles 4s precisos sﬁ)bé los "élg“o:it‘,moé :

que se desarrollaron




1 El Algebra de Clifford.

1.1 Introduccién y Origenes del Algebra de Chfford

En 1844, Herman Grassmann. desarroll6 la idea de un numcra dmgtdo Consta de

un scgmento de. recta con una magmtud detcrmmada., un sentldo t dlrcccnon La -

magnitud de la r_e la ca‘nt‘ldad de vecg:s quc

n'Ase le conace como praducto

eztenor Obsetvese que—aA b es igual'a b Aa lo que indica que'el’ producto extenor o

no conmuta

El producto extenor,de tres vector(‘s produce un lrwertor [21 2] (ver Fxgura 3), ‘

elden vectores nos dara un n- vector R



Figura 2; Representacidn geométrica del bivector en sentido inverso al anterior



Figura 3: Reiircécntatidﬁ gcométrica de un trivcctor

Cas1 paralelamente, Clifford combma cst,as dos ideas ¥ deﬁne un nuevo producto,

de vectores que deno' ina Pr ucta Geometnco ab y quc se deﬁne como.__ :

entonces

azbiese; + apbyeres. (1)
Puesto que e, - ez = 0 y ez /\ e ‘entonces’
e,eg—el e;+e|/\eg 0+e1/\e2.—e|Aez, @

ezel =e A el —‘—el /\ e; = -e.eg.



tas_do: deas ydeﬁne un nuevo prciduci.o

l¢] m i

ue se define como:

doxy;lélék':a - b es el producto escalar usual que tiene el valor |a| |b| cos 6.

. ‘;Alb resultado anteriof s¢ le co Estos o_bjcf._oé son ;

" el estudio’ princi|

- Veamos un poco c6mo ‘e realiz pro‘duyczt\o’, ggqmt‘ét’.xrj‘iéo‘..:' Parria‘
“ello;a loé‘_vcdb:eg ay.
ey =(1,0)y e = (0,

, los representaremos en términos de una base candnica

(O}

€18y = € 3

&)

Ceei=ezAe




Por otro lado e[ - e, = | y e; A e; = 0 (pues no generan dreas), por lo que

,a;bl)ele, NG

: como en (4),

kS Sea R ely spamo ectonal Buc]ldlano sobre los numeros realcs, cou una bdse

{el,e,, e,.} tal quc ¢

- (e ?i) = 8.



Iutroduciremos en cstc uﬁpacw un producto uv de vectores que pertenecen a 12*, los

cuales cumplen con las pmpncdadcs asocnatlm ¥ dlslnblmv.\ con rcspcclo a la adicidn

¥ que sahsfacc la condlmon

p=0

i(,)—?‘yconb e

son blvectores y dlm(C;) ( ) F‘i‘halrﬁéﬁic,‘c',‘v; tiéhe unia hase {e'lég €.}, con




dim(C,) = 1, se denominan n- vcctores y también son Ilamados pseudoescalares [10)

y suelen ser denotados por I Obscrvo.sc que un. n- -vector arbltrano A.. puede ser

cscnlo como

! Observe que los 1- vectores son vectores comunes y seran
denotados como se especnﬁco enun prmmplo



El reverso es dis‘t.‘ribu@ivé [11, 8}, por lo glle

At= Al Al 4.+ AL

tores, puede'

El producto Ap: Byes el término d(. menor grado en’ A Bq y A A By'es cl tcrmmo dc .

mayor grado Con las deﬁmcmncs anterlores, apllcandolas en multl\'ectores, tenemos

la sngmente deﬁmcxon



Sea A, B € C(R") entonces -

A B :p,po(A) ( ) 2
A/\B - Zp.u(y )s A(B)

entnces B, se denomma como p-blade o snmplemu\te bladc?

2 No encontramos una tradncclon adecuada del term no " bladc por Io que prefenmos u!.ll\zarlo en
inglés, - sl : B



1.3 Proyeccmnes, Reﬂexlones y Rotacxones en 1? 3,

chr(.sunos nuevamentc al caso dc v«-ctor("- en It" quc s¢ dlscutm el Ia xm.uon l l

y restando, resulta -

.en [11] T ,
.. a->—-a"‘-§-"‘a1., - (16)



3
>

Fn general, para un plano deﬁmdo por Bz, ayy a (vease 'ig a) son: \’/ectores..

paralelos y ortogonalcs al plano, ‘que recxhcn los nombres de proyccczon ¥ rechazo

respechvamcm.c
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Figura 5: Proyeccidn y rechazo de un vector sobre un plano

1.3.2 Reflexiones.

Una reﬂexxon de un vector (z:, Y, z) sobre el ]ano zy o blen a lo largo del e]c z, estd

dada por | la transformacnon [9 20]:; :

(20)

' Vea.se Fxgura 6

En el algebra de Chﬁ'ord se puede reptesentar esta transformaclon por medio de

productos geometncos La rcﬂczwn‘ de un vector x a lo largo de un vector u esta
dada por [2 11, 12]: : : .

(21{ 

Para el ejemplo e la. transforma ion en’ (20), sabcmos‘ que Ia solucmn es que la

componente en z es negatlva, para resolverlo se nene que

. i X = rey +yez + Ze:h
' (22)




\< Y

X

Figura 6: Transformacion Lineal de un vector en’ el espacio.

Siguiendo los pasos de la funcién (721)‘ yiu‘i

Tere, eze
—u-lx 183 -+ yeze;

B qﬁe es el resultado esperado

" En el caso de que el vector u sea unitario; la ecuacién’

()

Véase laFlgura 7;.; Suj ‘a' el pl no de ;éﬂékiéh ,:

por medio de'un 2-blade dicho plano,
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Figura 7: Reflexion de un vector sobre un plano.

sblo es cuestién de multiplicarlo por el reverso del pseudoescalar; de R* en este caso,

u= leg

Por ultlmo senos pucden proporcnona los étdreéi]ué fdﬁﬁan el plano por el cual:

se reﬂela, el vector x. Para ello solo les apl amos el producto exlenor Y. tendremos

como resultado a By y realizamos los pasos antenores.



1.3.3 Rotaclones

anero, r(.t.scnblr(.mm una l'orma muy conwmcnt(. del produrm geométrico de. 2

vectores. Se t.ema que

bx‘ + azbz + (a1b, - a;bl)e|ez
donde Iy = gie;, Iq'ue“lo/
(2N

Ahora, si al v vec s otra reflexion a lo largo del -

vector umtano v. tel dn

[x uv.~ x- vu— - uv+x vu]/"—

;x"A o= —Ax"



Ahora, si sc resta de X34 con su conmutado tenemos
Cxpd-Axy  =xAA-AAX

L= x/\(uA yr)‘— (uVA vi AX

wAxAvV ()

Puesto que R = uv - A\(.'»Ut.iliial'\do la ecuacién

(27) y que u,v € C(

nes que acabamios de poner.quedan como -

“Ruféh&n

Se ut’ihzo‘él

la rotdcidn



=

Figura 8: Rotacidn de un vector en relacién a un plano. -

que se comporte de la misma forma que el pseudoescalar Ila forma de hacerlo es la

siguiente. ’l‘omamos el plano A Y. lo hacemos umtan ;
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Sea u = ‘Zel,v = 3e2 y x = Zel + e; — ea, utlhzando (35), y con un valor de

0.-1r/2 tmcmos sl

‘foR : S
37)

Ahora »ericov tr

: Considerembs LU
{el,eg,...,e } un

producto geomet.nco d est
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Ahora, un \cct.or b4 ER" pucdc ucrlblrse como:

. : x—kle,+k1ez+'~+kqe,,

donde L.,k;, . ..Ic son niimeros realcs. Tomando el producto extenor de x con By

tenemos que

"( - Zl)(xz - Ix)elea —;(' = n)(yz y‘i)e:e: = 0.‘



Factorizawlo lay e, s¢ obtiene

[(1 = -n)('I' - Jl) - ('I - Jl)(h - rn)]elez

De (43) sc obticne: s

f9, 20}

resulta P
" -Entonces las ,eciidqiii;lgs’ﬁérémgm _ de y.las es simétir‘icas‘ son.
(44) o ] ~ ,
“En partxcular, para una T -on los puntos F h yl) y Pz (12.!12);
conx = (z,y) y r= P,, se t.lene
: B‘

X—r= (1—11)81 + (y— ]A )ég, o R 7 S ‘(47)

£ (46)
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entonees ('l prmluclo oxu.rmr (l(. (44) con (Iﬁ) es:

'11)0182 - (.I '/l)(x —-ni)ee;
: : Z0..




1.4.3 'Hiperplénos. k
Para. hlperplanos, haromos un cjcmplo numérico’ qm. 108 prupuxuuuu un --pl.mo en

4 dxmensnones [15]
Encontrar la ecuacmn dcl ”~plmlo qm, m.nc como nornml @y
) (:c, _/,z w)

csol\'r‘r 0 ';ca

=., Je, - ez} es+ley

~1)es,

‘ '1)ezj!-('- 1)e3+(




Debemos tener entonces que ¢ = l—Jg,les’to es [7,2]

axb=(anb)ll,

o bien

aA/‘\b; Iya'x b,

24



2 El Sistema Mathematzca.

2.1 Introduccién y Descnpcuin.

lizar oﬁéfaéidnési malematicas [22].Se

Mathematica es un sistema general para r

puede utilizar de tres maneras: .7

1) Clculo numérico.. El p nidad de re»ayl‘iza‘i"

sido ‘cvzéygtﬁbiladofen la forma estdndar de'C.

:Mafhematica representa una sintesis de distintos formatos de paquetes:
* Formas numencas interactivas de lenguajes como [ BASIC o
* S|stemaa numéricos mtemctwos como MathCADk MATLAB Y TK'Solver

Maple, Reduce; '

* S|stemas algebmcos mo Macsyma,
y SMP..

* Interptetacién de lenguajes gréficos como PostSeri;

Sc;at.chpa.d :
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A conunuauon unos ejumplos de. las npu‘auoncs quc se Imccn en A\Ialhcmutua n-n‘

una sesién ll plca

La pnmem mvolucra snlo calculus numéricos. Se solicita’el, valor'de la funcién

log(d:r) .

Los céiculps- sirﬁboh

seno(zy):v

La grifica resultante se presenta n'la figura 9.-En‘la funcién S:.n[x y] hay un espacno

entre  y ¥ que se mterpreta como un producto. Para evitar confus:om-s la’ manera
correcta es:

ProwaDisinlens, (<, 0,Pi (1,004)]
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Figura 9: Gréfica del sin(xy)

Mathematica permite la definicién de funciones propias del usuario que pueden

utilizarse exclusivamente en una sesxon Por ejcmplo,

una vanablc. por e]emplo en’ form comparatna

: Oul[8] {2 3,5, 7 11,13, 17 19 23, 29}
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CIn(9] = v—’f[1o] -
Out[‘)] = {2,3,5, 7 11,13,17,19,23, 29}

A las tabla: gencradns en las sahdas 7 y9 sc lr‘s conocen con el nombra de Ilslas, que

se pucdc‘n mostmr. mscrtar 0 chmmar los datos de cualquu.r posmon.

In[12] = Insert[v. 10, 5]
. Out[12] = {2;3,5,7,10,11,13, 17 19 23, 29
a.mblen se puﬂo haber hecho como ‘
In13]:= Inserc[v, 10, —5]

Out13] = {2,3,5,7, 11,1310, 17 19 23 29}
Obsc‘rve que cuando la posicién donde se debc de’ msertar el dato es un numcm

negativo, cuenta desde el final hacna. el principio de la hsta‘ El coma do para clxmmar

un elemento de la lista es llamado Drop [], para entenderlo haremos un ejemplo

In(14]:= Drop[v, {5 5}]
Outll4] = {2,3,5,7, 13, 17,19,23, 29}

Exnsten otras dos funciones que pucden msertar datos que son Prepend [] y Append []



In[16] := Append[v 1}
Out[l(‘]_ {2 3,5,7,11,13,17,19,23,29, 1}

Observc que en las entradas 12 13 14 15 ¥ 16; . valor dc v no l'ue modlﬁcado solo .

. Pnra quc las modlhmcmm.

conscrven cn la

lista, la vanable v debe igualarse a las" fu 1ciones, 0 sea'v

Append[v; i],‘y_aht}ra v

serd la hsta de la sahda 16;

al sxst 2ma Malh- g

das son muchas y'

-2.2.1° Praéramaéion— F

~Un ejemplo de este upovde programamon fue dado en (53) y comio podran ver estd

igualada a una lntrucc n lla.mada Table [] Otro ejemplo es el deﬁmr una funcién’

para el logammo de un product

= 15»5;[3:- v 1= logls] + Iogly]
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O bien, definir la regla de la derivada para una variable z*

Que se puede utilizar asi: -

I n[2] aumato?;a[i.ol
Out{2] .

Aqui se puede ver blcn el trabajo e la mstruccxon Hodule, es decu‘, si se iguala una

variable 7 7 al resultado de"aumatona[n] no ‘se altera la funcnon porque la vanable b

interna es exclusnva de la funcwn y'la vanable 7 xtema es una vanable denommada B

por ejemplo

Global (se deﬁmra‘ este coﬁcepto despues),

La otra instruccién para hacer ciclos es Do, tiene como sintaxis

Dol instrucciones, {variable,imicio,fin,incremento}l: - - (53)
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donde variable controla el cicloj inicio ¢ mcremento son ¢l inicio y el incremento de

esta. ¥ fxn donde termma el ClClO. Sl sc omlten mxcxc e 1ncremento, éstos. lcndran

el valor uu:xo—l e 1ncremento—l

Para ejcmphﬁcar harem e mlsmo e emplo dc la nmon sumatona[n.]

“doble 'V;riable,' i

vériablé lo}:él "Los conleztos de las dos’ vanables

dticas. La func:on sumatorxa[n:l. por

ejemplo, que ha sldo creada, puede ser sustltunda. por la funcm mtgma Sum, cuya

sintaxis es:

Sm'n[f,y{i,imid,y ;mag,di},{j“,’jmixi.jniax,sij}f. .
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Se evalda la [uncmn f con rcqpecto a las vanablcs i y/u ]‘ (se puedc omlhr ]), d(.sde

In[IO] = ré:}i.”z';‘ua'd;iada['—SF]:

Out10] = x;ai;é:uadraﬂa[—_s]
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2.2.3 Programacnon Recurswa.

Otra fm'ma dz. programnr es por mcdlo dc loa mclodm récursivos, un cjemplo de ello

es la funcmn quc genera cl encsnmo termlno dc Flbonaccr 1,1,2,3,5,8,.. I(n 2)+(n-1);

o 303

compllan t.odas al mlsmo tlcmpo”‘ Las gr' ﬁcas .que'son salvadas enun, "+ MA ? al'ser.
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compiladas esas funciones presentan la grifica en pantalla, en cambio en un "*.M" las
funciones que generan graficas no pueden ser salvadas con valores especificos. En un
TEAMAY sc pucileﬁ hacér eééritds con respecto a las funciones y qué cs lo que hacen,
asi como el haccr prescntacnones yaque al ser recuperado ¢l archivo presenta todo en

pam,alla, en ¢ n M lo umco que se puede hacer es poner comentarios entre

los’ sxmbolos ( *cumen rio "), pero 10 son presentados en pantalla. A los archivos con

exbencxori ny M" son conocndos _como Paquetes

La estructum de un’ Paque[c en Malhcmattca esta definida por los Conteztos.

Exxsten dos hpos de éstos; el -

onte:to Global y'el Cante:to Privado. El Cotezto

GIobaI es utd 1zado en ) I’ thema ca, mdlc:‘mdo que cualquier variable o

funcmn que sea creada en la sesi6n se borrard su deﬁmcmn para cuando sea renovada,

ysi es parecxda auna funcién-de- Malhematxca ya |mphcxta marca.rii una prccaucxon :

con snmbolos parecndos. Se pued ver.que.el Conte:ta GIobaI esecl mvel mas ccrcano ;

uadema de Truba_;o y en una seslon son

" de C&ﬁquié _C'lobhl : ntezto Privado se tiene que todo lo’ que sei :
é‘n’cuentr'a‘ en él es exclusivo del Paquete 2 que se crea en memona )as vanablcs que

se traba]an en €él'y desaparecen cuando deja de trabajar El Cantezto Prluada es un -

mvel que du usuano no puede ccesa por e_]emplo existe una funcmn en el Conlezto

Prwado y el us

na funcnon con el mismo nombre, pero en-su ses]on,
no ocurre a.lgun or orque la. funcién en el Contezto Privado es exclusivamente de
este, y ttabajar la funclon del Contezto Privado no se afecta por la funcxon que cred

_ el usuario [1 7]

Se presentara un esquema de un Paqucte ylo anahzaremos parte por parte:
. "Begm Package["Paquetel"’]
= Nceds[" Paquetd" .

’ Pa.quetel usage = "Paquetel m es un paq ete que no hace nada”

5 Funcxonl .usage I"Funcmnl[n] ng hace nada." ;

- Funcnon2 usage =" Funcxon"[n m: 17] tampoco hacc nada

*Begin["'Private” ’]

N e s e o

. protected Unprotect[Sm, Cos]



R

s, :\ux[l’] l)o[lu qm- sca]

9. - statie \'.\r =

10., anuetel baddrgﬁ "'l’_rocailc;ldln; Bamaste a 1" con argumento "2

6. Da comxenzo a.l Con[ezto Privado,

777 Desactwa las. protecclones e las:funciones Sin -y, Cos para. que se puedan

redeﬁmr en el paquete estoes, las definiciones de'las uncmncs que antes de ser

mvocadu Paquetel son, removidas para qu : trabajen con respecto a lai eﬁmmon del .

paquete. No solamente se'puede hacer Eon Sin; y Cos sino con ¢ ualqmer funcmn que o
asi lo- rcquxera el paquete

8. Funcnones auxlllares del paquete Son funcwnes que cl usuarno nunca va, a
poder utlhzar )




9. Definicidn de variables locales (. estdticas )

10. Control de. qalldas de @ error por un_ mal manqo d(-‘

usuano

11, Deﬁmcmn dc la Funcidn
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3 Paquete para Cdlculos con Algebz"a‘de Clifford.

3.1 Esquema del Paquete -

e I‘culE c!’l”lﬂ" lgebra dc Chffor(l/

alcula el prlrn(.ro s

De (59), el prodgct‘fﬁ /r‘lds da

AzBa ( 1)27ce’+‘eg+‘e;',*° o+1

gcbra dc‘Cllfford o
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haciendo la suma médulo 2 en los exponentes de los vectores candnicos tendremos

D ABsT = Te efeleje)

(Z<B)') e
(f\’ﬂk_.le,"")) (’E (ﬂ, nk-;é""
R (45T

donde i + r,k

Veamos un e_]emp o preci

‘ multlvectores de C(R3), mgmendo el algom.mo tenemos que
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Paso 1. . .
A = ajefelel + arefelel 'y
. B= biejede] + bge"e‘,’eg, + b;je}g.‘_.eg.""

Observe que para‘A sus encadas

,0,0) yxmyl = (0, L esto es debido a
(62). I ‘

- 3. Se onﬁp&ag todos lo

4 Tomar todos los 1-b ¢3.a todas las comparaciones en ol |

thi+ azbs + (0;1"’.3 - dzbi) é}ﬁ’-z ‘

al que le extrag@éhqs un el término dé'ngadof e

Paso 1.
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= (a\by + 4161)9192 + (albn - a,b,)e‘e,

mo—,(00) ml—(l l) e
Paso 2. L : x
'.po‘=o+ko=o, p=t41=2

n'Clifford’ los vectores canénicos

pues e3e| # e‘e,



3.2.2 CrossProduct(v,v] l

Alias: Cp.

Descripcidn: Calcula el pro@iﬁjc',cj:r cruz de los :Vcctbrg:s vy

Argumentos: v y v son vectores. .
Comentarios: Es _'

sivyw so‘nl racti
8.2.3 " DotProduct [v,v]

~ Alias:

Descifipé[on dlial de’un iyy;-b]a:d m que’s chdqént\ja en un ‘espacio de

dimensién q; ‘resiltando un ,(d-r)-bléde. :

3.2.5 GeometricCos[n,n] -

Alias: GCos.
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Descripcién: Calcula la l'uncién Cos [m], donde m es un multivector.. El cdleulo se

basa en un dcsarrolln en serlc dc ’lay]ur de la funcién hasta una potencia n,

alrededor del cero

Argumentos: nes un’ multivector y n'es un ‘entero positivo.:

3.2.7 GeometricPower [m;n]

“Alias: GPover,

Descripcién: Eleva'el multivector m a una potencia n.

3.2.8 lGéonﬁetf Product [m m2,..
Ali;is: Gp :
Descripcién: *C;alcu‘la‘x el p;bauctq geoméirico de los multivectores m1,n2; . ;

Argumentos: n1,m2, . ..son multivectores cualesquiera:
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Comentarios: Sigue cl algommu correspondlcnte al producto gc.ometnco descerito
enla seccmn anterior. Estd rcspalada por funcnoncs pnvadas quc son: maxdm

y-ntuple.

3.2.9 GaometricProductSaries[syq:;m;‘.h] i

Alias: GSeries.

Descripcién: Calcula la serie de potencxas de 1a funcnon sym con respecto al mulh-

vector m, hasta una potencna. n

Argumentos: sym es una funcién 'deﬁriida; de Mathematica, m es un'ﬁiulf;fyiéctér yo.

es un entero positivo

Comentarios: sym puede se;

de potencias al red’ec:.{oi"dél

su valor sera 10,

3.2.10 GeometricSin[m,n

Alias: GSin,

Descripcidn: Calcula la serie de potencia de la funéidn‘Sér‘xo de‘l’ multiVegtor m hasta

Alias: _GTah. :

Descrlpcmn' Calcu]a la sene de po en ’a de la funcxon Tangente del mult.wector m

hasta una po ncm n, al tededor del punto cero,’

Argumentos: m'es un multivector y nesun entero positivo.
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Comentarios: Si se omite n, por defauit, su valor serd de 10.

3.2.12 Grade(m,r]

Alias: Ningurio.

'Des't':"rip‘c’:idn:' Extiae la'parte de grado r del miiltivector m,

yr es un' entero mayoi- o igual a0,

Comentanos. Sigue cl algontmo [ rrespond:ent.e al operador dc grado descnto en”,

‘la seccion anterior.: Se auxilia de la funcnon prnada grados e

3.2.13 ::Homogeneousf[b;x]

'la parte vectorial de un cuaterio -
Argum'entos: q es, un cuaterno,

Comentanos' Presenta el resul do en forma de un vector Es au‘uhada por las

funcnoncs axd:.m, coef y ransfor unc son pnvadas Se tu\o que desprotegcr

de su’ d(.ﬁmcmn ongmal



3.2.15 - InnerProduct [m1,m2;...]
Alias: Ip.:--

Descripceidn::

3.2,18" Uut,erPrqductv[mi',‘mZ
Alias: ‘ Dﬁp. g

Descripcién: - Realiza el brédlictoi e)‘(teridr‘dé los 'lmultivéétoreé ni,m2,...

Arguﬁehtoé; nl,n2 :son mn‘ltivcctores.:

Comentarios: Utiliza las funciones Gp y Grade.
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'3.2.19 . Projection[v,b]

Alias: Ninguno. o

Descripéi_én; Calépla 1a pfoycdcicfn del \{céior v sobre ¢l cschio generado por cl
blade b, i o ‘ ‘

Argumentos: v es un vector y b cs un r-blade;.

Comentario: las flg‘n‘c'idyxies Gp, Ip y Mvi.

"3.,2.20 " Pseudoescalar[n]

>A“1;8; Ninguno.

Descripcidn:: Genera el psetdoescalar de dimensidn n.

Argumentos: n es un entero positivo. : -

Comentarios:_Ninguno.

Alias: Qe.
Descripcién: Calcula el ¢
Comentarios: Se auxilia de la fur}ci_c'»n:'Tui-h ydc las funciones ﬁtivadas transform

y untransform. -

3.2.22 Quaternit;nIinAvierse[q]’ o

Alias: Qi.

Descripeion: Cal_;:}xla. el in‘{le:fsqlderl cuaterno q.

Argumentos: q es un‘cuaterno.

Con‘iehta’riosﬁ Auxiliada por las funciones Mvi, transform y untransform.



3.2.23 Quaternionﬂggnitude[ql )
Alias: Qmi= '

Descripcidn:’ Calcula rﬁ«ki;grnit,‘u‘d,‘dcl cuaterno Q.

Argumentos: q'es un cuaterno.

Comentarios:’ Auxiliada por las funciones Mégniﬁude,‘transform y untransform.

3.2.2}1 3 » Q}'x:afernmnl?rokduct [q1,92,"

Alias: Qp.

Deécripcnon: : qucula_ Qi 'productp ‘de losﬂcuvatrcj:r‘hos ‘Qi, kq2, st

..son cuaternos . .o ;

Argumentos:. q1, q2

Comentarios:: Es auxiliada por las funciones Gp, transfofﬁ.y untransform.

3.2.25 Relq

Aiiasf: Niﬁgﬁnb"‘

Descripcidn: ‘Extrac la parte real del cu%ﬁéri{é Q.

Argumentos: q'es un cuaterno,:

efinicion original. ;.

3.2.26 Réfiecfion tv,v,x]
Alias: Niiiéuqd

Descripcic_'m: Calcula la reflexidn csﬁccular de un vector v por el plano formado por

- losvectores w yx;' -

Argumentos: v,¥,x son vectores.

‘Es.auxiliada por las‘funcionéé Grade y‘trans‘for. -Fue necesario
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Comentanos. Las funcnoncs que intervienen son Gp, Uup, Dual y Homogeneousq

Esta ulhma determma si-las entradas son vectores. '

3.2.27 ’Rej'véccion[\‘r,b]' ,:>

' theta. se puede omitir y el dngulo de rota.cnon en este caso.es el formado'por los B

vectorcs vy

3.2.29.: :‘l'o.Basia' vl:

Alias: “Tb

Argtlx't:n‘ént\os:

es un_vector en forma de lista (forma esténdar en Mathematica).

Comentarios:: Ninguno.
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3.2.30 ToVector([v,d]
Alias: Tv

Descripcidn:. Transforma bel'.vc(;itor de la forlﬁa que mancja el paguete a la forma

funcién HQ: El b@ﬁ etro'd éé‘pg!ede 6mitir.‘ yen

n del ’liéta‘ resi‘x'lthiilg sera lé:dei val'our: mds gfa;nde de los

A'lias:‘i‘Nin‘gurid :

'Descripeidn: Calcula el reverso del multivector m.

Argumentos: m es un multivector.” | =~

Comentarios: Es auxiliada por la funcién Gp.
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4 Aplicai:iones :

En estc caplt.ulo moslra.remos la utilidad del dlgebra de Chﬂ'ord para calculos que in-
vo]ucran cantldades algcbralcm y geométricas. Conio veremos, ob]etos matcmallcos
tales como vcctores, nimeros complejos y cuaternos son sélo casos partxcularcs de
,multwcctorcs La exposicion sc desarrollard a través de aphcacxones snmplt.s ala-
cnstalograha geomctrlca en dimensiones arbitrarias, que ha cobl ado rclevanc:a desde
la aparicidn de materiales tales como las estructuras mconmcnsuradas Y los cuasi-

,cnsta]es que pueden interpretarse como estructuras perlodncas en 4 5 ] 6 dxmcnsnones

{14} Se mostrara tamblen cdmo el célculo con numcros complejoq y cuatcrnos puede

hacerse dent.ro del mismo paquete.

Debomos mencionar que noes el ob_]et.lvo de cste capltuln revnsar los concept.os .

xstalo aﬁ'a asn co o el calculo “con’ ,uaternos, de tal’ fnanera: ‘que”

donde Z cs cl cr;njunto;dc todos los enteros.
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Redes en R:’ En el espacio euclidiano tridimensional, la Red L estd generada por

la base Imcalmcnte mdependlente {a b, c} E Rse rlcﬁnc como R

donde la dg_l;ﬁ dé'Kfanéc}cer‘ ‘

=GN @A Aa),
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donde &; quicre decir que el j-ésino elemento del producto exterior se excluye. Por

lo tanto

SO
Ejemplo: Eucontrar,

'vp{:al'-if“;,é;.iili)'. donde
a = (1,0,‘0'.0), a:zw v e i

at2=el2

ate = ols]; il
H1/20[3] + 1/20a);

2,a13,a14]]

Observe que para los :resulladosva‘v

de vectores, la base reciproca sera:

h;[“] = TéVectér[ézs] j
" Out[l4] ={0,0,1,~1} -



_In{15] = TéVector[aM]
Out[15] =
Esto es, a! = {1, o 0,-1}, a*= {0, x 0,

‘ —1}, a“—{OOl.—l)ya‘—(OOOZ)
Puede verificarse facilmente que a; ai -

{oooz}

Como un ejemplo, consideremos la red en 6 dimensiones generada por la base

‘ {a1,22,..., 36} ;
donde

a,_( 1—10000),
kag=(l‘—l oooo),
,83—(0

—1 0, 0 0);

‘s (o‘ooo 1 —1),

que generan una rad cublca de 6 dlmensmnes canrada en'las caras {14]. ‘El volumen
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de la celda umdad de esta base es calculado como sigue:

ln[lG] =ai= —e[i} a a[:],.”

;a2,a3,a4,25, 6]

4.1, 4 Plnnos '

La descr)pcmn de p-planos en n dlmensmnes se dlscutlo en el capntulo 1. Mostraremos S

la’ descnpcmn de planos en re es de dlmenslon arbl-

t’rar_ix‘a. [5]

contiene a un

dado por la ecuacnon

| (66)

(P,j‘, Q){\(q




(n-YI)A;pl;;‘r’xo en’R"
(n-1)-planc en R"

dena lii; base de la Red Py es un’punto que pertenece a la. Red y:b.i)ril‘aici;x’él pasa cl

hipérplépo.

s ejes coordenados (indices de

7 Millvéx:)v;.isriempre‘ y.cuando el hiperplano no pase por.el origen.

~3) L§§ gi‘;dos de libertad del hiperplano e

- p-;;lﬁno :
tiene l‘a\s' kig;ue

1) L’oé érﬁa’dqs‘ d
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donde P; es un'punto de laRed y M es un p-vector que esta formado por coordenadas

enteras con respecto a la base dela Red.

AL +A

Es decir,

Los élen_l‘eivitoé‘de gradopar A forman a su vez un digebra, por 16 que a(g'ste_t':onjun‘to'

se denota por C;V(Ii’r)

s¢ le’ denomina subdlgebra par de C (R?)

s por si mismo un generador

C‘(R’) es éqgik{'ale[nt».’e al élgébra

jny[?(ﬂf%ytfahs{j[%‘.] x/. ;_-'Q ;[qg[éj; %



Como simple verificacidn, cnlcularcmos i"

ln[24] = Gp[trans[:.] trans[l]]

o= A+ = ko + kiere; + k.r,e;ea + kgeze:, i E
Al = (- klel + kzez + k;,e;, ¥ k7e1ege3
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Los elementos de grado par-Ay forman una subélgébra Ci(R3) de C(R’),'equivalento
al algebm de'los cua'.ernos Esto pucde verse con facnhdad si haccmos las sngulentu
xdentldades [11] e : )

J—elea, L ; S (67)

las cuales ber"rhi'_té‘n.la_g,;iguient‘,eé prop ed_ades‘ [1] .

© s = aple, 31
L Out[:n]_

‘ e In[32] = Qp[k 1]

Out[32] = J .

In[33] = up[j,ki
Out[33) =i



Ahora deflinimos un cuaterno
CIn]i=q=atbitci+dk

- encontramos su inverso

a—bi—cj—dk =~
a? +b2+92+d2

, €n ‘esta seccidn veremos cdmo utilizar

a'rotacién de un vector X sobre un plano
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Ejemplo: Encontrar la rotacién del vector x = (1,1,1) en el 'plano’ formado por

los vectores u = e,y v=1e;

e

- Rotation[x, e[1], 9[2] ';'é'o] ;
= ~olt] —of2] +ela]
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Conclusiones

Ln este traba.jo se descnbe un paqucte constrmdo para cl mtcm.\ Malhemutu:a quc

coordexiado", pe

apoyandose en

Por ctro lado, Chcnl reahza umcamente calculos nummcos : En el caso de Clifford,
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no st requiere de nna rcpr(.scn!.acién nizitricihl y los c;ilculbs pueden hacerse, ademas,

simhdlicamentc \mbos mcluyt.n funcmnes asocmdas a mullwectorc:, la'i cualcs sc

pue(lc.u rcaolvcr con scnes de 'I‘aylnr 'El programa.  Clical csla por otro lado cnfocado :

etismo ¥ Rclahvxdéd especlal lo

a problemas de la cuacnon de Dlrac, Electroma

cual no estd lmplement'
N e g

mejorarlo y ampharlo con el objehvo pnnclpal ‘de amcular el calculo con dxverqos

objetos matematlcos en’ un solo a]gorltmo
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Apéndice A

En este apéndice se enlista el paquete Clifford, desarrollado en esta tesis, para la version
2.0 de Mathematica. C

(* Set up the Package Context. *)
(* :Title: Clifford Algebra of a Vector Space. *)

(* :Summary:
This file contains declarations for calculations with Clifford
algebra of a n-dimensional vector space. The Euclidean inner
product is considered to construct the algebra. When loaded,
vectors (and multivectors) must be given as linear combinations '
of a canonical (orthonormal basis) that must be denoted by
e[1},e[2],..,e[n].

Example: The vector {1,2,0,-1} should be written as

ef1] + 2 e[2] - e[4].
With the exception of the function Dual[m,n], it is not
neccesary to define the dimension of the vector space, this
is calculated automatically by the function maxdim[ ]. *)

(* :Author: Oscar G. Caballero. *)

(* References: 1. D. Hestenes, 1987. New Foundations for Classical Mechanics.
D. Reide! Publishing Co. Holland
2. S. Gull, A. Lasenby and C. Doran, 1993. Imaginary Numbers
are not Real- The Geometric Algebra of Spacetime. Foundations of
Physics, Vol. 23, No. 9: 1175-1201. *)

BeginPackage["Clifford'"]



(* Usage message for the exported functibn dnd ;he Context itself *)

Clifford::usage = "Clifford. m is a package to resolve 0
Clifford Algebra.” i

GeometricProduct;:usage = "GeometricProduct{m1,m2

calculates the Geometric
Product of multivectors m1,m2,... Alias = Gp.": CAEC

Grade::usage = "Grade[m,r] gives the réyéét@f pan of thgjmullivec‘tor ‘m."' . 8 o

HomogeneousQ::usage = "HomogeneousQ[x,r] gives True lf xisa r-blade and False
otherwise. Alias = HQ."

Turn::usage = "Tum[m] gives the Reverse of the multivector m."
Magnitude::usage = "Magnitude[m] calculates the Magnitude of the multivector m."

Dual::usage = "Dual[m,n] calculates the Dual of the multivector m in a
n-dimensional space.”

InnerProduct:;usage = "InnerProduct[m!,m2,...] calculates the Inner Product of
multivectors mt,m2,... Alias = Ip."

OuterProduct::usage = "OuterProduct{m1,m2,...] calculates the Outer Product of
multivectors ml,m2,... Alias = Oup."

Rotation::usage = "Rotation[v,w,x,theta] Rotates the vector v by an angle theta
(in degrees), along the plane defined by w and x. The sense of the rotation
is from w to x. Default value of theta is the angle between w and x."

MultivectorInverse::usage = "MultivectorInverse[m] gives the inverse of a
multivector m if this exist. Alias =Mwi."

Reflection::usage = "Reflection{v,w,x] reflects the vector v by the plane
formed by the vectors w and x."



Projection::usage = "Projectionfv,w] calculate lhe Pro;ecnon of the vector v
on the subspace defined by the r-blade w.” ’ s

Rejection::usage = "Rejection[v,w] calculate the Rejeimon of vep;6r von

the subspace defined by the r-blade w."

ToBasis::usage = "ToBasis[x] Transform the vector fr
standar form used in this Package: ae[l]+be[2]

ToVector::usage ="ToVector[x,n] transform the n-dlmenslonal vector x fmm
ae[1]+be[2]+... to the standar Mathematica form (a,b ) The d aul value of
n is the highest of all efi}'s." e 4

CrossProduct::usage = "CrossProduct[u,v] gives the Cross Product of the ‘
three-dimensional vectors u and v. Alias=Cp."

DotProduct::usage = "DotProduct[u,v] gives the Inner Pro;iuc; of _v,ecto:s‘ruk and Voo
Alias = Dp." . e

QuaternionProduct::usage = "QuaternionProduct[ql,q2,...] gwes lhe product of
quaternions q1,q2,... Alias = Qp."

QuatemionInverse::usage = "QuaternionInverse[q] finds the inverse of a
quaternion q. Alias = Qi."

QuaternionMagnitude::usage = "QuaternionMagnitude[q] gives the magnitude of
a quaternion q. Alias =Qm."

QuaternionConjugate::usage = "QuaternionConjugate[q] gives the conjugated of a
quaternion q. Alias = Qc."

Pseudoescalar::usage = "Pseudoscalar[n] gives the n-dimensional pseudoscalar.”

GeometricPower::usage = "GeometricPower[m,n] calculates the Geometic Product of
a multivector m, n-times. Alias = GPower."
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GeometncProductSenes usage = "GeometncProductScnes[sym.m,n] calculates the
series of the function sym, of a multlveclor muptoa ‘power n. Default value of -
nis 10. Ahas = GSenes o

GeometricExp: usage = "GeometncExp erie of the fuﬁction_.
Exp, of a multivector m up to a power n :

Alias = GExp."

GeometricSin::usage = "GeometncSm[m,n] calculates the serie of the funcnon
Sin, of a multivector m up to' a power n: Default value of nis 10.” i
Alias = GSin."

GeometricCos::usage = "GeometricCos[m,n] calculates the series of the function
Cos, of a multivector m up to a power n. Default value of nis 10.
Alias = GCos."

GeometricTan::usage = "GeometricTan[m,n] calculates the series of the function
Tan, of a multivector m up to a power n. Default value of n is 10.
Alias = GTan."

(* Alias Section *)

$PreRead = StringReplace[#, { "Gp"->"GeometricProduct”,
“Ip"->"InnerProduct",
“Oup"->"OuterProduct”,
"Mvi"->"MultivectorInverse”,
"“Th"->"ToBasis",
"Tv"->"ToVector",
"HQ"->"HomogeneousQ",
"Cp"->"CrossProduct",
"Dp"->"DotProduct”,
"Qp"->"QuatemionProduct",
"Qi"->"Quaternioninverse",
"Qm"->"QuaternionMagnitude",
"Qc"->"QuatermnionConjugate",
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"GSeries"->"GeometricProductSeries",
"GPower"->"GeometricPower”,
"GExp"->"GeometricExp",
"GSin"->"GeometricSin",
"GCos"->"GeometricCos",
"GTan"->"GeometricTan"}]&

Begin[" Private’*] (* Begin the Private Context *)

(* Unprotect functions Re and Im to define our rules ‘)
protected = Unprotect [Re, Im]

(* Error Messages *)

Clifford::messagevectors = "' 1" function works only with vectors."
Clifford::messageblade = " 1" has no inverse." o
Clifford::messagedim = "Three must be the maximum dnmensnon "

(* Begin Geometric Product Section *)

GeometricProduct[m1_,m2_,m3__] := GeometricProduct[tmp[m1,m2],m3] /.
tmp->GeometricProduct

GeometricProduct[ml_,m2_] := geoprod[Expand{m1],Expand[m2]} // Expand

geoprod[a_,y_} := ay /; FreeQ[a,Global e{_?Positive]]

geoprod(x_,a_] := a x /; FreeQ[a,Global'e[_7Positive]]

geoprod[x_y_] := Module[{pl=ntuple[x,Max[maxdim[x},maxdim[y]]},
m,n,q=1,s,r={ },p2=ntuple{y,Max[maxdim{x],maxdim(y}]]},
s=Sum[p2{{m]}*p1[(n]],{m,Length{p1]-1},{n,m+1,Length{p2]}];

r=Mod[pl+p2,2};
Do[ Iffr[i]]==1,q *= Global'e[i]], {i,Length{r]} };
(-1)s*q]

geoprod[a_ x_y_] := a geoprod[x,y] /; FreeQ[a,Global'e[_?Positive]]
geoprod[x_,a_y_] := a geoprod{x,y] /; FreeQ[a,Global e[_?Positive]]
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) gcoprod[a x5, b y )= a b geoprod[x,y]/

FreeQ[a Global’ e[_"l’osxtlve]] && FrecQ[b Global' e[__?Posttwe]]
geoprod[x Plus,y_| Plus] —Dlstnbute[tmp[x,y],Plus]/ (mp->geoprod
geoprod[x_,y_] Plus] —Dlstnbute[lmp[x,y] Plus] /. tmp->geopmd
-geoprod[x_Plus,y ] := Dlstnbute[tmp[x,y],l’lus] /. tmp->geoprod
(* End of Geometric Product Section *)

(* Begin Grade Section *)

Grade[m_,r_?NumberQ] := gradehelp[Expand{m],r]

gradosfa_}] := 0 /; FreeQ[a,Global'e[_?Positive]]

grados[x_] := Plus @@ ntuple{x,Max[maxdim([x]]}

grados{a_ x_] := grados[x] /; FreeQ[a,Global'e[_?Positive]]
gradehelp[x_Plus,n_] := Distribute[tmp[x,n],Plus] /. tmp->gradehelp
gradehelp{x_,n_] := Iffgrados[x]=n,x,0]

(* End of Grade Section *)

(* Begin Inner Product Section *)

InnerProductim1_,m2_,m3__] := InnerProduct{tmp{m!,m2},m3} /. tmp->lnnerProduct

InnerProduct[ml_,m2_] := innprod[Expand{m1],Expand[m2]] // Expand

innprodfa_,y_] := 0/, FreeQ[a,Global'e[_?Positive]]

innprod[x_,a_} := 0/, FreeQ[a,Global'e[_7Positive]]

innprodfx_y_] := Module[{p=Plus @@ ntuplefx,Max[maxdim[x],maxdim{y]]],
q=Plus @@ ntuple[y,Max[maxdim[x]},maxdim[y]]]},

Grade[GeometricProduct[x,y],Abs[p-q]} ]
innprodfa_ x_,y_} := a innprod[x,y] /; FreeQ[a,Global'e[_?Positive]]
innprod[x_,a_y_1 := a innprod[x,y] /; FreeQ[a,Global'e[_?Positive]]
innprod[a_x_b_y ]:=ab innprod[x.y] /;

FreeQ[a,Global'e[ ?Positive]] && FreeQ[b,Global' e[ ?Positive]]
innprod{x_Plus,y_Plus] := Distribute[tmp{x,y],Plus] /. tmp->innprod
innprod[x_,y_Plus] := Distribute[tmp[x,y},Plus] /. tmp->innprod
innprod[x_Plus,y_] := Distribute[tmp[x,y],Plus] /. tmp->innprod
(* End of Inner Product Section *)
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(* Begin Outer Product Section *)

OuterProduct{ml_m2_,m3_ ] := OuterProduct[tmp[m],m2),m3] /. lmp—>0uterProdﬁqi
CuterProduct[m1_m2_] := outprod[Expand[m!],Expand[m2]] // Expand
outprod[a_yy ] :=ay/; FreeQ[a,Global'e[_?Positive]]

outprod{x_,a_] :=a x /; FreeQ[a,Global'e[_?Positive]]

outprod[x_y_] := Module[{p=Plus @@ ntuple[x,Max[maxdim{x], maxdlm[y]]]

q=Plus @@ ntuple[y,Max[maxdim[x],maxdim[y]]]}, o

Grade[GeometricProduct[x,y].p+q] ]
outprod[a_x_yy_] := a outprod{x,y] /; FreeQ[a,Global'e[_?Positive]}
outprod{x_,a_y_] := a outprod[x,y] /; FreeQ[a,Global' e[_?Posmve]]
outprod{a_x_b_y ]:=ab outprod{x,y] /;

FreeQ[a,Global'e[_?Positive]] && FreeQ[b,GIobal‘eL_?Posmve]]
outprod[x_Plus,y_Plus] := Distribute[tmp[x,y],Plus] /. tmp->outprod "~
outprod{x_y_Plus] := Distribute[tmp(x,y],Plus] /. tmp->outprod 8
outprod{x_Plus,y_] := Distribute[tmp[x,y],Plus] /. tmp->outprod -~
(* End of Outer Product Section *)

(* Begin Turn Section *)

Turn[m_] := backside[Expand[m]]

backsidefa_] := a /; FreeQ[a,Global' e[_?Positive]]

backside[x_] := x /; Length[x]==1

backside[x_] := GeometricProduct @@ Global' e/@Reverse[maxdim{x]]
backside[a_x_] :=a backside{x] /; FreeQ[a,Global'e[_?Positive]]
backside{x_Plus] := Distribute[tmp[x],Plus]} /. tmp->backside

(* End of Turn Section *)

(* Pseudoescalar function *)
Pseudoscalar[x_?Positive] := Apply[ Times,Global'e/@Table[i, {i,x}]]

(* HomogeneousQ function *)
HomogeneousQ[x_,r_?NumberQ) := SameQ[Expand[x] Grade[x r]]
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& Mngmtude functlon b B
Magmtude[v__] Sqrt[Gradc[GeometncProduct[v Tum[v]] (]

(* Dual ﬁmctlon") : . ¢
Dual[v_,x ?Posmve] = Geomcchroduct[v Tum[Pseudoscalar[x]]]

(* Begin Rotation function *)
Rotation[v_,w_,x_,angle_:Automatic] := Modulc[{bwector f, theta—angle‘Px/ 180},
If[({HomogeneousQ[v, 1]) || ({HomogeneousQ[w, 1]) {{ ({HomogeneousQ[x,1]),
Message[Clifford::messagevectors,Rotation]; $Failed,
bivector=OuterProduct{w,x];
Iflangle === Automatic,
theta=InnerProduct[w,x}/(Magnitude[w]*Magnitude[x]);
r=Sqrt[(1-+theta)/2]+Sqrt[(1-theta)/2)*bivector/Magnitude[bivector],
r=Cos[theta/2]+Sin[theta/2]*bivector/Magnitude[bivector]];
GeometricProduct{Tumn{r),v,r] 1]
(* End of Rotation *)

(* Begin MuitivectorInverse function *)
MultivectorInverse[v_] := I[
GeometricProduct[v,Turn[v]]==Grade[GeometricProductfv, Turn[v]],0],
Turn[v] / Magnitude[v]~2,
Message[Clifford::messageblade,v]; $Failed ]
(* End of Multivectorlnverse *)

(* Begin Reflection function *)
Reflection[v_,w_,x_} := Module[{u},

H[(HomogeneousQ[v,11) || ({HomogeneousQ[w, 1]) || ({HomogeneousQ(x, 11),
Message[Clifford::messagevectors,Reflection); $Failed,
u=Dual[OuterProduct[w,x],31;

GeometricProduct{-u,v,u] ] ]
(* End of Reflection *)



(* Projection funcnon *) ..
Pro;ectlon[v w 1= Geomelncl’roduct[lnnchroduct[v w] Mulnvectorlnvcrse[w]]

elﬁcPr&duct[OQferPi' 'uct[vA,‘\ENv],'Mﬁlitivé&torlnvéi{ée[iy]]

um{A{{1*Globalef), (i Lenghix]}] -

(‘ Begm ToVector funcuon *)
ToVector[x_,d_:Automatic] := Module[(dlm—d aux, v"Expand[x] hst—-{)),
aux=Flatten[maxdim[v]];
IffHomogeneousQ[v, 11, S
Iffd === Automatic, dim=Max[aux]};
list=Table[0, {dim}}; .
IffLength{aux]==1, list{[ aux[[l]] ]]—coef[v],
Doftist][ aux[[i}] J=coefIv{[i]]}, '
{i,Length[aux]}1 }; -

fist,
Message[Clifford::messagevectors, ToVector], SFaxled 1 ]
(* End of ToVector *)

(* Re function *)
Re[m_] := Module[{m1=transform[Expand{m]]}, Grade[ml 011

(* Begin CrossProduct function *)
CrossProductfu_,v_] :=
Module[ { aux=maxdim[Expand[u]],aux1=maxdim[Expand{v]]};
Iff(Max[aux]<4) && (Max[aux1]<4), e
IffTHomogeneousQ[u,1] && HomogeneousQ[v, 1],
Dual[OuterProductfu,v],3], : e

3
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Mess ! rChff‘o d: gevectors, CrossProduct],SFaxled]
Mes: 'Cllf“uu- tess i ], $Fa1|ed ] ]
(‘ End of CrossProduct ') ‘ :

[ DotProduct functxon ‘) ; ;
DotProduct[u v__] H[HomogeneousQ[u 1] && HomogeneousQ[v l]
: * InnerProduct[u,v],
Message[Clifford: messagevectors DotProduct] $Falled]

* Begin Im function *)

Im[x_] = Module[{1={0,0,0},v=transform{Expand[x]]},
l[[3]]—Coeﬁiclent[v Global e[ 1]Global"e[2]];
I{[2]]=Coefficient[v,Global e[ 1]Global"e[3]];

“{[13}=Coefficient[v,Global"e[2]Global'e[3]];

T

(* End of Im *)

(* Begin QuaternionProduct function *)

QuaternionProduct[x:_..] := Module[{aux={x},q=0}, :
Do plij=transform[Expand[aux{[[i]1]], {i,Length{aux]} ];’
q=p[1};

Do[ q=GeometricProductfq,p[i+1]], {i, Length[aux] l) ],
untransform[q] ] .
(* End of QuaternionProduct *)

(* QuaternionInverse function *)
QuaternionInverse[q_] == untransform[Mulnvectorlnverse[transfonn[Expand[q]]]]

(* QuaternionMagnitude function *)
QuaternionMagnitude{q_] := untransform{Magnitudeftransform[Expand[q]]]]



(* QuatemlonConjugate ﬁ.mcuon ‘) :
QuatemlonConjugate[q_] = untransfonn[Tum[transform[Expand[q]]]]

¢ ngin Gébmetric Power Séclion'? ’ (N T R
eome vectorlnverseGeometricPower[m,-n}] /;

u [Géothe&fic?éﬁer[rﬁ,n-1],m] f,

* Geometnc Exp functlon ‘) e B
GeometncExp[m n’: 10] —GeometncProductSenes[Exp,n'A,n]

(* Geometric Sin function *) .
GeometricSin[m_,n_:10] := GeomemePr

cth:rieS[Sin,}h,n]

(‘ Geometric Cos functlon
GeometricCos[m_, n_ 10] = GeometncProductSenes[Cos m,n]

(* Geometric Tan function *) A
GeometricTan[m_,u_:10] := GeometricProductSeric

(* Begin Geometric Product Series function *) [ :
GeometricProductSeries[sym_Symbol,m_,n_: 10] = Module[
{s=Series[sym[x},{x,0,n}],res=0,a=1},
Do(Iffi 1= 0, a=GeometricProduct[a,m]];
res += Coefficient[s,x,i]*a, {i,0,n}];
res  ]/; IntegerQ[n] && Positive[n]
(* End of Geometric Product Series *)



(‘ Begin maxdim Section *
maxdim(a_] = {0} /; FreeQ[a Global e[ 7Posmve]]
maxdlm[x_]:' Module[{l—{ }} lf[Length[x]—ll {x[[l]]}

* End of maxdlm Secuon * g

(* Begin ntuple funcnon ") e g
muple[x __,dlm_] Module[{bm—Tnble[O {dlm)]}
If Lengthfx]=1,bin{[ x{{1]] J]=1," :
Dol bin{{ x{[i,1]] ]] =1, {l Lensth[x]) ] X
bin]
(* End of ntuple *)’

(* transform funcnon ‘) :
transform[x_] = x // (Global‘ -> Global'e[2)Global"e[3],
T g Global‘ > Global'e[1]Global'e[3],
Globa! k => -Global'e[1]Global'e[2]}

(% antransform function *)

untransform{; x /I; {Global'e[2]Global'e[3] -> -Global'i,
: tobal"e[1]Global'e[3] -> Global j,
lobal'e[1]Global'e[2] -> -Global'k}

* Begln coef Sec :

, : ? a coei[x] I3 FreeQ[a,Global‘ e[_'?Posmve]]
coef[x_] = l/ Magnltude[x]—‘l

(*End of coef Seguon WE
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Protect[Evaluate[pmtqcl}ed]] (‘ Restore protecﬁon of the functions *)

End() : (* End the Private Context *) -

* Prbt‘eéf't{xp;‘ned 'symbole:. *

Protect[ GeometncProduct Grade Turn, Magml
OuterProduct Rotauon Multlvectoflnverse'Reﬂectlon HomogeneousQ, e
Projection, checncn ToBasns ToVé
QuaternionProduct, Quate
QuaternionConjugate, GeometncPo er, GeometncProductSenes
GeometrucExp, GeometncSm GeometncCos, Geomctnc’l‘an]

e, Dual‘ [nnerProduct

EndPackage{] (* End the Package Context *) '
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Apéndice B

Clifford Algebra

O. Caballero and J.L. Aragén’

Instituto de Fisica, Universidad Nacional Auténoma de México
: Apartado Postal 20-364
01000 México, Distrito Federal, México

e-mail: aragon@ifunam.ifisicacu.unam.mx

Abstract

The Clifford algebra of a n-dimensional vector space is introduced. It provides a general
language comprising vectors, complex numbers and quaternions. Grassmann algebra is
also naturally contained in a Clifford algebra. The exposition contains the basic ideas
and describes a package which can be a powerful tool since allows the manipulation of
all these mathematical objects.

* Author to whom dence must be addressed
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Introduction

The set of vectors in- R" with the: standar opcmuons of‘ uddmon of vectors ' and
multiplication for real numbers is a vector, . space, over the field of real numbers, which:

we denote as ¥”. It means that the addmon of 'tuples of the form (e g%,y and :
multiplication by real numbe ) in “pr perue whlch are those’ of a vcctor 3
1 ) ylmensronal vectors .

In the case of the vector space V" the ﬁeld F is the ‘set of real numbers All Lhat we
should need in order to construct’ an algebra from 7", would be'to deﬁne a product ab -
between vectors in’ V: One pamcular product in V" canbe deﬁned as follows

Letus consrde e vector space V" with the inner product <a, b5 and an onhonormal' ”f""
basis (el,e,, e, } 'We construct an algebra form V" by mtroducmg a product abof -
vectors in V" whrch satisfies the condition

ab+ba=2<a,b>1}, [¢))
where 1 is the identity of the algebra, The product so defined is associative

a(bc) = (ab)e, )

ESTA YESIS NO nege
SR BE LA BIBLIOTECA
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and we are construcung and algcbra A4 eqmpped wi

Wn.h the vector spacc and the producl (1), the resultmb algebra of all possnble sums and

products of vectors in V" is called the Clmjbrd alge bra of V" land is denoted by C(V"
) Note in pm‘tlcular thnt k

-3

@

. The elements ‘A (Equation 3) of the Clifford algebra C(V'") are called multivectors , and
_those of C,, p-vectors. In pamcular, 0-vectors are real numbers and dim(Cy)=1. C,
has the bams {€,,€55.-.,€,}, 50 I-vectors are simply vectors and dim(C,)=n. C, has the
basis {ee;,ee,,....,e;e,} and their elements (2-vectors) are also called bivectors.
Finally, C, has as basis {e,e;--e,} and since dim(C,)=1, the n-vectors of C(V") are
also referred as pseudoscalars that shall be denoted by I,.

In what follows, arbitrary multivectors or p-vectors will be denoted by non bold
uppercase characters without ornamentation such as A. In the particular case of vectors
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(l-vectors) thcse will be denoted as’in the very bcgmmng, by bolded lom.rcase
characters euch asa.: [/, will bc reservcd to pseudoscqlars or n \cctors ol C(V")

Bearmg in mmd the decompostt n of the vector space C(V”) as the dlrect sum of. the
subspaces C -0 < p<n,givenin (4), any multivector A ‘can be 3 ‘written as'

where * denotes the operatlon vel
(e|¢1

The operation reverse is distributive [Hestenes and Sobczyk 1985] so that thel reverse of .
an arbitrary multivector A can be easily calculated VR

If the inverse of a multivector A exists, thxs is denoted b
the equation AA™' =1.

Together the geometric product of multivectors, tv

defined in a Clifford algebra. For a p-vecto A eC'
product A-B is defined by

A.a={gf*'i?:e

Analogously, the outer product An
defined by

lnner and outer products se frequer

ecto calculatlons nnd a remarkable )
property has pl w dealmg w’ h N
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ab=a-b+anb. ‘ (8)

In this case, the geometric product has as symmetric part the familiar inner (or scalar)
product a-b and as anti symmetric (associative) part the outer product a Ab, which is a
bivector determined by the vectorsaand b.

Bivectors have an interesting geometric interpretation [Hestenes 1987]. Just as a vector
describes an oriented line segment, with the direction of the vector represented the
oriented line and the magnitude of the vector is equal to the length of the segment; so a
bivector describes an oriented plane segment, with the direction of the bivector
represented the oriented plane and the magnitude of the bivector measuring the area of
the plane segment. The same interpretation is extended to high-order terms: aAbac
represents an oriented volume, and so on.

A Package for Clifford algebra calculations

All that we should need in order to construct a package for multivector calculations,
would be to define the two basic operations: geometric product and grade operator. In
the first case, a simple algorithm for the computation of the geometric product between

multivectors can be devised by noticing that a general multivector (3) in C(V") is
formed by a linear combination of terms of the form

eper ey, )

where m =1,0 (i=1...,n). Letus call blades to multivectors of the form (9). The
geometric product of two of these blades is:

(e e )(ele] wrel) = (~1) el ne]h .l (10)

where the sum m, +7, is evaluated modulus two, and

s= Yrm,.

1siejsn

Equation 9 enables us to establish an isomorphism between blades and n-tuples
(my,my,...,m,) that can be more easily manipulated as it will be shown,

If we denote the j-th basis vector €, as e 131, a blade such as e,e,e, (eje3ele) using the
nomenclature of equation 9) is written as

e(llel3]al(4],
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and can be represented simply by (1,0,1,1). Care musl be taken in preservmg the -
canonical order of the expression, since for instance e [11 Iy [3] isa geomctnc product of
two vectorsand ell]e[3]1ze[31e{1]. ; .

Let us consider a Clifford algebra of V™. The": followi g’ code mblér'n;:‘nts‘ the
transformation of a blade onto a n-tuple: S :

ntuplefx_] := Module[{i=1,bin=Tableld,{
If({Length(x]==1," b:ln[
Por([ , i<=Length[x]
biall x[[1;111.1]
1 B R

dm}lo:
(2 -

1;
bin
]

The geometric product between two blades (Equation 10) can therefore be cvaluated"
with help of the function geoproa:

geoprod(x_,y_] :e Module ({plantuplelx],
plantuplelyl ,m,n,q=1,8,r={} }.
s=gun(p2(im])epilin]},
{m, Length{p1] -1},
{n,m+1,Length[p2]}
13
r=Mod[{pl+p2,2];
For [mel,mcsLength [r] ,m++,
If(r[(m]]wel,q*=e(n]
]
1,
(-1)"s*q
1

This last function evaluates the geometric product of two blades in a Clifford algebra
C(V*™). One step further consists in to calculate the geometric product of two arbitrary
multivectors as (3). This can be achieved from geoprod by providing the
transformation rules which contains the properties of the geometric product under
multiplication of blades by real numbers and addition of blades. Here is the behavior
under scalar muitiplication;

geoprod(a_,x ] := a x /; PreeQla,e(_?Positive]]
geoprodix_,a_] := a x /; FreeQla,e(_?Positivell
geoprod{a_ x_,y_ ] := a gecprodix,yl /s FreeQla,e(_ ?Po-icivell
geoprod(x_,a_y ] := a geoprod(x,y]l /; FreeQla,e[_?Positivel)
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geOpx:od[a . x b ;y ] ™ nb geoprod[x.y] /i - :
I Freeu[a,e[? _Positivel]’ && Freeo[b,c[ ?Poaitival].

and the distributivity of addition:

geoprod[x_Plus,y_Plus] :=

Distribute(tm(x,y] ,Plus] /. tm -> geoprod
geoprod{x_,y_Plus) := Distribute([tm(x,y],Plus] /. tm -> geoprod
geoprod[x Plus,y_]l:= Distribute[tm([x,y],Plus] /. tm -> geoprod

To complete the basic operations of a Clifford algebra, it remains to implement the grade
operator. The following auxiliary function calculates the grade of a blade

gradbladefa_] := 0 /; FreeQla,e[_?Positivel}
gradbladef{x_] := Plus @@ ntuple[x]
gradblade[a_ x_) := gradblade(x] /; FreeQ(a,el ?Ponitive]]

Now, grade [x,n] should extract the term of grade n from the multivector X. -Firstly,
we consider the case when the multivector X is a blade of grade r: (X), =0 if ren and
(X), = X if r=n. The code reads:

grade [x_,n_?NumbexQ] := Module [{m=gradblade{x]}, If [mewn,x,0]] o
For a general multivector X we have:

grade [x_Plus,n_?NumberQ] :=
Distribute{tm(x,n)],Plua) /. ta -> grade

The functions geoprod and grade enable us to construct all the operations which can
be defined in a Clifford algebra, such as outer product (outprodlv,w, ..]), inner
product (innprod [v,w, . .]), magnitude (magnitude [v}), inverse (mvinverse [v1),
reverse (turn(v]), dual (dual(v]), and many others, all included in the package
Clifford.m. This package works with general multivectors of the form (3), but
particular cases can help to envisage the power of multivector calculus, as is made
explicit in what follows,

Vectors

Given a Clifford algebra C(V"), n-dimensional vectors are J-vectors and he in the
subspace C,. A vector a is therefore

‘=(A)|'
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where A is a general multivector. The inner prodlrct “dcﬁncd in (6) becomes now the
standard "dot product” between vectors. - The "cross product "axbof vector calculus is
defined only in ¥* and is closely related to lhc outcr product of vectors a and b, < The
vector a xb is perpendicular to a Aband ‘with'the same magmtude |a'Ab| =|a x b| The .
explicit algebraic relation between them i is [Hestcnes 1987]:"' . : )

axb= (—I,)(l/\b), e (]il)‘

where I, =eee, is the pseudoscalar of C(V’). ‘We rtrlay.’actl\;rlllyf take this-as a
definition of the cross product. ER G -

From (11) it is easy to define the function croup:od[v,w that
product between two three dimensional vectors v and w:

crossprod[v_,w_] := geoprod(-e[l]e[2]e[3],ocutprodlv

The associativity of the geometric product (2) allows algebraic manipulations typicai of
real numbers that are no possible in the Gibbs' vector algebra since the cross and dot
products are not generally associative. For example

ax(bxc)=(axb)xec

Even more, many products such as a-(b-c) are not even defined. With Clifford algebra
all products are not only well defined but associative making simpler many algebraic
manipulations and allowing to define derivatives and integrals just as they are defined
for real functions of real variables, provided that we are careful to maintain the order of
the factors since geometric product is not commutative.

One specific example that shows the simplicity of some expressions if geometric product
is used, is conceming rotations. Consider a vector v in V" which is rotated by an angle 8
in the oriented plane characterised by the bivector a Ab. Afier the rotation, the vector v
is transformed into v', given by [Hestenes 1987]:

V=U'U, a2

where

=cos(® / 2) + sm(0 12).

The direction of the rotation (clockwise or counterclockwise) is specified by the
orientation of the bivector a Ab. Equation 12 gives the rotated vector v* with no matter
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the dimension of the space in which it is embcddcd Nrd,co"rresponding simple
expression exists in vector algebra, 5 S .

As a quite simple example, which can be, ensxly} sualised, consider the vector
v=(1,1,1), to be rotated 90° maintaining invariant the’ plane Xy :To characterise the
plane xy, we can use a ab where 2=(1,0,0) and b ,1,0))'in “which case we get a
rotation counterclockwise and is easy to see that v'=(=1,1,1)") butif we use baa then
the rotation is clockwise and v'=(1,-1,1). Here is this example solved with Clifford:

In[1):= << Clifford.m

In(2l:= v = ell] +al2] +e(3];

In[3]:= plane = outprodie([l],e[2]]/magnitude(outprodieill,e(2]]]
out{3]= efljel2)

The operator U is now defined (U™ is the reverse of U):

Infd] :.- u = Cos{Pi/4] + plane Sin[Pi/4);

In[S) :=» vprime = geoprod{turn{ul,geoprodiv,ull

out(51= -e[1)+e(2])+el3]

So we get a counterclockwise rotation where the vector v—(l 1,1) becomes
=(-1,1,1).

Complex numbers

Let us consider the Clifford algebra of the most simple space that has geometrical
structure: the plane ¥'?. Taking the canonical basis {e,,e,}, a basis for the Clifford
algebra C(V'?) is { ,e,,¢,,€,¢, } and a general multivector A in C(¥?) has the form

A=ky+ke +ke,+kee,.

We can express A as the sum of two multivectors: A = A, + A, where A, contain even
grade elements and A_ the odd grade elements. Thatis

A=A +A
A, =k +kee,,
LAl=ke +ke,.

We focus our attention into the..vector space formed by linear combinations of even
multivectors A,. This is itself an algebm so that it is called the even subalgebra of
C(r?), denoted by C,(V2). By taking
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LY R (13)
an element of 'C, (V?) can be written as’
z=ky + ki,

Since I =(e,e,)(ee;) =~(ee,e,0)=~1, and i |s nself a generator “of rotations . -
[Hestenes 1987], we see that C, (V' 2y is equnvalem to the algebm of complex numbers .

The algebraic operations of complex numbcrs can 't erefore, worked out Wllh:
Clifford. In order to get a more standard notatlon we deﬁne ﬁrstly the function - .

Inf6]:= trans(x] := x /. 1 -> o[:l.]elzl‘

which makes the identification (13). Here we have two compliex;m‘lmbers': -

In[7]:=ws=a +b i;
In{8l:= s = c +d4i;

Theproduct (a + b 1) (c + d 1) becomes

In{9] :» geoprod[tzrans(w],trans(z]] /. el[lle[2] -> 4
out(9jJsac -bc+bci+adi ;

The equivalence between some built-in basic operations of complex numberé in":
Mathematica and those of a Clifford algebra defined the package is shown in the
following table: L

Built-in Objets Clifford.m Objets

Re[z] grade(z, 0}

Im([z) geoprod (grade[z,2],-e8l1]le[2])
Conjugate[z] turn[z)

Abs [z] magnitude [z]

3

wcan be calculated with mvinversa:

The inverse of the complex

In[10]:~ n;rinvorsa[t:ul[w]] /. elilel2] -> 4

outfio). 22R1E
: 4a2+b2
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Quaternions

Following the same lines as in the previous section, we now develop the Clifford algebra
of the three-dimensional space ¥*, equipped with the canonical basis {e,,¢,,e,}. The
Clifford algebra C(V®) is an eighth-dimensional vector space and has the basis
{ ,€1,€;,€5,€,€,,€,€,,€,€;,€,€,¢;}. A general multivector A in C(V?) is written as

A=k +ke +k1e, ke, +kee, +kee +kee, +kee.e;,

Which can be also expressed as A A, +A, where

= k +kee, +kee; +kee,
_k e, + ke, + ke, +kee.e,.

A

The even-grade elements:-A; form a subalgebra C.(V*) of C(vY)," equivalent to the
algebra of quatermons Tlus can be seen by makmg the identifications

i=-ee, .
Ji=ee, N ()
k=-¢ee,, :
leading to the fémous equations -
R L Tl _pa_
i=)=k'=-1, as)
- ijk=—

With the identifications given in (14), an element of C, (V'*) can be written now as

Q=g +gi+q,i+qk,
which, in view of the properties (15), is a quaternion.

The algebra of quaternions is therefore comprised in the same package. The basic
operations of this algebra are carried out by the function already defined, such as
geoprod, mvinverse, magnitude and turn. To simplify the operations, we have
incorporated the definitions (14) and redefined some functions to work only with
quaternions and complex numbers. The new functions begin with the letter q, namely,
qprod, qinverse, qmagnitude and qturn.  So, for instance the inverse of the quaternion
q=a+3i+6j-10k is

Infil}:= q = a + 341 +63 - 10k;
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In(12) := gqinverse [él
a-31-'63 + 10k

145 + .a2

out(12)=

Grassmann algebra

The outer product (outprod) defined in (7) is assdciative and the idégtiw 1 m a Clifford
algebra C(V") is also the identity for the outer product. Conse‘que"r'i‘lly,"ht,hei’v‘e'clbr space
V" with the outer product is an algebra of dimension 2", which is called the Grassmann
algebra of V. 1t does not depend on the inner product of the vector space, but just on
the alternantion of the outer product.

Grassmann algebra has relevance in modem th ical physics [L by, Doran and
Gull 1993] and has the right structure for the theory of determinants. That the structure
of this algebra is contained in Clifford algebra allows to reformulate Grassmann
calculus [Lasenby et al. 1993], and to give an extensive treatment of determinants
{Hestenes and Sobczyk 19857, both in terms of Clifford algebra.

Summary

We have introduced the Clifford algebra of a vector space and developed a package for
calculations within this algebra. The relevance of Clifford algebra in physics’ and
mathematics lies in the fact that it provides a complete algebraic expression of geometric
concepts such as directed lines, areas, volumes, etc. (For this reason, Clifford algebra is
also referred as Geometric algebra [Hestenes and Sobczyk 1985)). Quantities such as
vectors, complex numbers, quaternions (and others non discussed here, such as Pauli
matrices and Dirac spinors [Hestenes, 1971]), are naturally contained in a Clifford
algebra. It becomes therefore an efficient mathematical language in a vast domain of
physics.

It should be said that our package Clifford was though for calculations in n-dimensional
crystallography using Clifford algebra [Gomez, Aragén, Dévila and Terrones, 1993] and
consequently a coordinate system is intrinsic. This may represent a limitation since the
most general formulation of a Clifford algebra is independent of a coordinate system.
Although, as it was shown in this work, the present state of the package has several
applications and can motivate their improvement to articulate the calculus with diverse
mathematical objects in the same algorithm.
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